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Abstract. We develop a complete local wellposedness theory for a Max-
well system on R® and a large class of nonlinear material laws which are
nonlocal in time. Such constitutive relations are typical for nonlinear op-
tics. The problem was treated before in the Sobolev space H® for s > 3/2
by means of energy methods. Using a recently shown Strichartz estimate,
we can lower this level of regularity to s > 1. In this context 'charge-type’
terms would spoil the analysis. We avoid them by the Helmholtz projec-
tion for the divergence operator with coefficients, which requires mapping
properties of the projection also in H*? with g # 2.
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1. Introduction

Electromagnetic theory is based on the Maxwell equations. They contain con-
stitutive relations that describe the interaction of the material and the fields,
where retarded material laws play an important role in optics, for instance.
We treat a large class of nonlinear relations, as discussed in [4], [6] or [9]. If
the coefficients of the nonlinearity are differentiable in time (which is true in
the standard models), the system is of semilinear nature though nonlocal in
time. One can treat it using energy methods in the Sobolev space H® with

Funded by the Deutsche Forschungsgemeinschaft (DFG, German Research Foundation) —
Project-1D 258734477 — SFB 1173.

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00030-025-01156-1&domain=pdf

13 Page 2 of 33 C. Bresch and R. Schnaubelt NoDEA

s> %, since this is a Banach algebra. On the spatial domain R3, existence and
uniqueness of solutions was shown in [2] in such a framework, see also [7] for
recent results on domains for s = 2 and [9] for the linear case. In this paper we
study the full space case and establish a complete local wellposedness theory
within H*® for s € (1, %] This reduction of the regularity level is caused by
dispersive methods, using a Strichartz estimate from the current paper [16].
For instantaneous material laws, which lead to quasilinear problems, related
progress was achieved in [17] in the 2D setting and in [16], [18] for certain 3D
cases.
The system of macroscopic Maxwell equations is given by

0,D=curlH-J, 0,B=—culE, t>0, zeR3 (1.1)

where we use a unit system for which the constants £y and pg are 1. The two
Gaufl laws

divD =p, divB=0

for the charge p can be absorbed into the initial conditions divD(0) = p(0)
and divB(0) = 0 since solutions of (1.1) satisty

divD(t) = divD(0) — /t divJ(7)dr, divB(t) = divB(0) (=0) (1.2)

because of divcurl = 0. The electric displacement D = E + P is related to
the electric field E by the polarization P describing the density of electric
dipoles in the medium. Analogously, the magnetic field H = B — M is given
by the magnetic induction B and the magnetization M caused by the density
of magnetic dipoles. Moreover, we assume that the free current density is of
the form J = oE + Jg, where o denotes the conductivity of the medium and
Jo is a given, externally applied current density.

So far, (1.1) is underdetermined and has to be complemented by material
laws specifying the dependence of P and M on the fields. In this work we study
nonlinear material laws which include retardation effects, such as

t ot

P(E)(t,2) = ve(2)E(t ) + / /R(t vt =1, 2)[E(r,2), B(, 2)] dr dr”

— 00 —00

for t > 0, € R3, and a bilinear response function R(t,t',z) : R3 x R3 — R3.
Actually we treat finite sums of analogous n-linear terms and also allow for a
nonlinear and retarded magnetization, where all nonlocal terms may depend
on (E,H) = u. We assume that the kernels are C? or H? in z and WHInW 1>
in time, roughly speaking. See Section 2 for the details, and [4] or [6] for the
background in nonlinear optics, for instance. We stress that the retarded terms
act on history functions u; : 7 +— wu(t + 7) for 7 < 0. So one has to prescribe
the prehistory uy(7) for 7 < 0 in (1.1).

Under our assumptions, in (1.1) one can differentiate the nonlocal terms
in time without applying 0; to the fields. One can then control the result-

3

ing terms in H*(R3) for s > 2 since this space embeds into L>(R?), see

[2]. To lower the regularity level to s € (1,3], we involve the Sobolev space
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H*9(R3) — L*°(R?) with o > % and large ¢. This is only possible if one ex-
ploits dispersive behavior, namely Strichartz estimates, as the linear part does
not leave invariant such spaces unless ¢ = 2. Recently in [16] such estimates
were shown for scalar permittivity € := 1 + x, and permeability u = 1+ X,
see [17] for the 2D case. Here we need C? coefficients to prevent a regularity
loss, see [16]. At least for the 2D case these results are sharp, [17]. We are
only aware of one earlier paper [8] on Strichartz estimates for the Maxwell sys-
tem, where the coefficients were assumed to be smooth and constant outside
a compact set. For matrix-valued coefficients the available theory in 3D is still
restricted to special cases, see [16] and [18].

In the next section we discuss the basic framework and the material laws.
Here the analysis is quite involved because of the nonlocality and complex
structure of the nonlinear terms, and also since we have to work with the norms
of both H® and H*Y in the estimates. In Section 3 we reformulate the system
(1.1) as the retarded evolution equation (3.1). Moreover, we recall that the
linear and instantaneous part is governed by a Cy-group in H?®. Then we discuss
the Strichartz estimate (3.6) for the linear and instantaneous Maxwell system
from [16]. It bounds the norm of the fields in LP((0,7), H=7*9) by the L?-norm
of the initial value and the norm of the inhomogeneity in L!((0,T), L?), where
p,q > 2, 11; + é = % and vy =1— %. One thus increases the spatial integrability
at the expense of a loss in regularity, compared to the energy estimate. Here
the endpoint ¢ = oo has to be excluded, see [20]. This fact prevents us to
reach the regularity level H' in the local wellposedness theory. In contrast to
the analogous results for the wave equation, see [21] and [22], the Strichartz
estimate (3.6) contains also charge terms on the right. Extra regularity of p
is needed to counteract the large kernel of curl. In Theorem 3.4 we shift the
regularity level from L? to H® with s € (1, %] and to H*~79 by means of
lengthy commutator estimates.

Our main arguments are based on linearization and perturbation argu-
ments, treating the nonlocal part as an inhomogeneity. It thus causes addi-
tional charges compared to the unperturbed system, which would spoil the
final result. As a remedy we apply the Helmholtz projection @ mapping onto
the kernel N(curl) x N(curl) along N(div(e)) x N(div(u-)). This splits the
problem into a ‘charge free’ part and a part without curls, which are treated by
the Strichartz inequality respectively direct estimates. For this we need map-
ping properties of @ also in H*?(R3) that we establish in Section 4, based on
elliptic regularity and a bootstrapping argument.

Based on these preparations, in Theorem 5.4 and Theorem 5.6 we then es-
tablish local wellposedness of the Maxwell problem (3.1) in the spaces
Cb((—oo,t],Hs)ﬂLp((—oo,t),H“’q) for s € (1, %}, 0< % < s—1and % = %—%,
including a blow-up criterion and continuous dependence on data. We also
show that our solutions coincide with those obtained for more regular data
with the same maximal existence times, if the relevant conditions are met, see
Proposition 5.7. This fact is crucial if one has to approximate data by regular
one to justify, e.g., energy estimates. In all the arguments we have to take care
of the influence of the prehistory and work in spaces C'(J, H®) N LP(J, H*1).
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2. Function spaces and constitutive relations

In the following we use the standard (complex) function spaces CF(R?) and
C7(R3) of bounded continuously differentiable and Hélder continuous func-
tions for k € Ny and r € Ry \ N. Moreover, we work with usual Lebesgue
and Sobolev spaces LP and WP and with the maximal domains H (curl)
and H(div) of curl and div in L?(R3)3. We write a < b if a < ¢b for some
constant ¢ > 0 etc. The Fourier transform is given by Fu(§) = u(§) =
(2m)~2 Jps u(z)e™ ¢ de for f € L'(R?), and F also denotes its extension
to the space of tempered distributions S*(R?).

In the context of homogeneous fractional derivatives we also use the sub-
space Sj(R?) of u € §*(R?) such that [|[#(AD)ul;« — 0 as X — oo for any
9 € C(R?), where §(AD)u := F~1(0(\-)a). We note that u € S*(R?) with
u € L (R?) belong to Si(R?). See p.22 in [3]. We need the fractional deriva-
tives (V) u:= F~1((£)°0) and |V|*u:= F1(|¢|° 1) for s € R, u € S*(R3),
resp. u € S (R3). Here (€)" stands for the map & — (£)° = (1+¢|?)% etc. The
fractional Sobolev spaces are then given by

H¥P(R®) = {u € S*(R®) | (V)" u € LP(R?)}
for s € R and p € (1,00), endowed with the canonical norm, where we put
H*(R3) := H*?(R3). For s € Ny, it is known that H*?(R?) coincides with the
usual Sobolev space.
The following conditions on parameters will be used throughout the pa-

per. Triples (p, ¢, ) satisfying the first statement are called strict wave admis-
sible.

Assumption 2.1. Let p,q € (2, 00) fulfill %—i— % = % and set v =1 — % € (0,1).
Let s € (1, 3] withs>1+é and define a = s —y € (%,%)

Note that H*4(R3) < L>(R?) by Sobolev’s embedding which is crucial
in the following. The next two lemmas are frequently used to handle products
appearing in our model for the constitutive relations below. They follow from
Sobolev’s embedding, interpolation, and Theorem 4.6.4.2 in [15], for instance.

Lemma 2.2. Let Assumption 2.1 be true, m € H*(R3) + CZ(R?), u € H*(R?),
and v € H*I(R3). Then the products mu and muv belong to H*(R3) and
H>4(R3), respectively, and they satisfy

lmull o S lImllgzioz [wlge s Imollgaa S Imllge oz 10l o -
b b

Lemma 2.3. Let Assumption 2.1 be true, u,v € H*(R})NH*4(R?), and 1,7 €
H*9(R3). Then uv € H*(R?), v € H*4(R3), and we have
luvl[zs S lullmsl|vllgee + [Jullzeollolze, a0 zea S @l mea|ol g
We now introduce the function space in which we obtain solutions to

the Maxwell system in Section 5. For parameters s, p, ¢, and « satisfying the
conditions of Assumption 2.1 and b € R, we define

Z5P(b) := Cy((—o0,b], H*(R*)®) N LP ((—00,b), H*(R?)°),
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with the canonical norm. We often write just Z(b).

Constitutive relations (or material laws) describe the interaction of phys-
ical systems with electromagnetic fields. We choose E and H as variables, and
for polarization and magnetization we impose a relation of the form

P(E,H)(t,z) = xo(z)E(t, z) + P(E,H)(t, 2),
M(E, H)(t,7) = Xm(2)H(t, ) + M(E, H)(t, 2),

where Y, and xp, are the electric respectively magnetic susceptibilities, which
we assume to be scalar-valued. The terms x.E and y,H describe a linear,
isotropic, local-in-space and instantaneous response of the medium to fields
E and H. We iocus on the nonlinear, anisotropic and retarded contributions
1~3(E7 H) and M(E, H). In many cases, P can be regarded as independent of H
and M as independent of E, leading to a standard model in nonlinear optics (if

(2.1)

M = 0), see [4], [6], and [9]. This is not true in so-called bianisotropic materials
which exhibit a coupling of electric and magnetic effects. In our model we allow
for such couplings in the retarded terms of (2.1). Introducing the permittivity
€:=1+ xe and permeability p := 1+ xm, we obtain

D=cE+P(E,H), B=;H+M(E, H).

We combine E and H into a variable v = (E,H). The retarded part is given
by N summands

(P(E,H), M(E, H)) ZI‘(")

which can be written in components as

5 (w)(t, ) (2.2)

/ / R%L])l =t =, )ug (r, @) g, (e, ) gy,

for jo € {1,...,6}. (We use the Einstein convention of summing over repeated
indices.) Here R(™) = (R(") ) i RZy xR — R is called the nth order

J0J1--Jn
response function and R(™) (T1,...,7Tn, ) is a tensor of rank n + 1 for each

(11, Tn,z) €ERY S0 X R3. It weights the contributions of the electromagnetic
fields at times 71, ..., 7T, to the polarization and magnetization at time ¢. The
material response described by (2.2) is local in space, but nonlocal in time.
Due to causality, the integrals run only up to time ¢. The model incorporates
time invariance, since the response functions only depend on time differences
t — r;. By a substitution, we can also write

Fg.:)(u)(ux) :/n R]:j)l g (r,z H wj, (t — T, x) dT. (2.3)
>0

From now on, we omit the spatial varlable z. On the material coefficients
and the external current density Jy we impose the following assumptions.
While the conductivity o is matrix-valued with entries in H?*(R3) + CZ(R?),
permittivity € and permeability u have to be strictly positive scalars and belong



13 Page 6 of 33 C. Bresch and R. Schnaubelt NoDEA

to CZ(R3). The response functions are assumed to be twice differentiable in
space and once in time, with a decaying memory described by a map ¢. An
additional function ¢s,, defined by shifts of ¢ is needed in the proof of the
continuity of I', see Lemma 2.8.

Assumption 2.4. Let Assumption 2.1 be true, let n > 0, and &, 1 € CZ(R3) be
real-valued functions satisfying e(z), u(z) > n for all x € R3. Let o be con-
tained in H2(R3)**34CZ(R?)**® and Jo in L ([0, 00), H*(R?)*NH*(R3)?).

Also, Rg-on_)”jn € CH(R%,, H*(R?) + CZ(R?)) is real-valued and bounded
by -

n
max { | R ()| ey |0m RS 5 D) oo } < TT 6(7m)

m=1

for a map ¢ € L'((0,00)) N Cy([0,00)) and all n € {1,...,N}, £ € {1,...,n},
Joy -y jn € {1,--+,6}, T = (11,...,7) € RZ,. Finally, the function ¢g :
R>o — R defined by -

Gsup(t) =sup {@p(t+h) | -1 <h <1, t+h >0}

is contained in L*((0,00)) N L*((0,00)).

—1 -1

We note that Assumption 2.4 implies that e+ and p~+ are also contained
in C#(R?). The parameters ¢ and p are combined into the matrix

- <€I3><3 0 >
) 0 plzxs)”

We define the space LZ ,(R?)® as L?(R?)® endowed with the scalar product
(EBm|Em) = (EE) o (HE)

where (F‘G) := [ps F - Gdz is the usual scalar product on L*(R?)3.
L2(R3)3

An often used model to describe the optical properties of materials is
the Lorentz oscillator model, in which electrons bound to atoms are treated
as damped harmonic oscillators, see Section 7.5 of [11]. This model can be
generalized by including anharmonic and anisotropic terms in the potential.
One obtains expressions for the response functions that include trigonometric
polynomials times decaying exponentials and that satisfy Assumption 2.4 for

a function ¢ of the form Ke *! with K,w > 0, see e.g. Appendix A.2 of [5].



NoDEA Local wellposedness of Maxwell systems with. .. Page 7 of 33 13

Since (1.1) contains ;D and 0,B, we need an expression for 9,I'(u). A
formal differentiation of (2.2) (justified in Lemma 2.11) yields

[/ / amR%” (Mg (E=11) o uy, (E—7p)dry .. dTy

/ / ]0 Jn T1,...,Tg_1,0,7'g+1,...,Tn)Ujl(t—Tl)...Ujeil(t—T(_l)

g, (g, (= Teg1) oy, (E— 1) dry . A1 dTgger - .. dTy
= Z/ O, RJZ) i )H’u,jm(t—Tm)dT +/ JO n Hu] t—Tm)
/=1 ]R>0 m=1 8]RT'>0
_.y(n)
=Y (u)(t). (2.4)

We set Y (u) := Zi:;l Y™ (u) with V(") (u) given by (2.4) for jo € {1,...,6}.

In the remainder of this section we study properties of the retarded part
of the material law and show that 0,I'(u) = Y (u) holds in a weak sense. First
a useful formula is recalled, using the standard convention that empty sums
and products evaluate to zero respectively one.

Lemma 2.5. Let v; and w; be elements of a commutative ring fori € {1,...,n}
and n € N. Then it holds
n n n -1 n
va—me Z((va)(w—wg) H wm>.
m=1 m=1 /=1 m=1 m=¢+1

One can check that the expressions (2.3) and (2.4) are well-defined ele-
ments of H*%(R3) for a.e. t < b and suitable functions u.

Lemma 2.6. Let Assumption 2.4 be true, b € R and u be contained in the space
LP((—00,b), H**(R3)%). Take n € {1,...,N} and jo € {1,...,6}. Then the
maps Fj(:’t), G%L’t) :R2 ) — HYY(R3) defined by

() =R, () [ it -
m=1

G§: " Z O, R§: Jn H uj,, (t
m=1

are Bochner integrable for every t € (—oo,b). The map H;:’t) : ORY, —
H*1(R3) defined by

(nt)(y _ ) -
H; (1) = R . (1) H uj,, (t = Tm)

m=1

is Bochner integrable for a.e. t € (—00,b).
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Here the measurability is shown approximating by simple functions and
using Lemmas 2.2, 2.3 and 2.5. The latter also yield the integrability via

/Rn HF(nt (T)HHa,q dr < Z H/ &) 5, (t = 7o) o ATom

J1s-jn=1m=1
< ||¢||Lp’((o,oo)) ||u||7LLp((_oo7b)7Ha,q) ) (2.5)

and analogously for the other maps.

Since our spaces are separable, strong measurability of a map f is equiv-
alent to that of (f, ¢) for all test functions ¢, say. So we can transfer measura-
bility from H*4(R?) to H*(R3) based on Lemma 2.6. The integrability in H*
is then shown by Lemmas 2.2 and 2.3 and Hélder’s inequality via, e.g.,

Lo 10 o (26)
RZ
S 3 3 [ sttty TT ol

Ji,--in=14=1 m=1,m#{

S ||¢HL1((0700)) ||¢||L;’((0,Oo)) Sglg l[u(r)[l g«

n—1
Ul Lo (o0 b, Fra) -

Corollary 2.7. Let Assumption 2.4 be true, b € R, uw € Z(b), n€ {1,...,N},
and jo € {1,...,6}. Then the maps F(" b G(" 0, : R, — H*(R3) defined
as in Lemma 2 6 are Bochner mtegmble for every t € (—o0,b). The map
Hj(.:’t) : ORZ, — H*(R®) defined as in Lemma 2.6 is Bochner integrable for
a.e. t € (—o0,b).

We next show boundedness and continuity in time of the nonlinearity.

Lemma 2.8. Let Assumption 2.4 be true, b€ R, u € Z(b) andn € {1,...,N}.
Then T'(u) is contained in the space Cy((—o0,b], H*(R3)% N H*(R*)Y) and
satisfies

sup [ ) (1)

o S ||UHTLLp((7oo,b),Ha,q) )

Heoa

n n—1
sup [P (@)@)|| S sup w7 0l ooty 100
t<b Hs t<b

Proof. Let n € {1,...,N}, jo € {1,...,6}, and ¢ < b. The boundedness of
I'(u) follows as in (2.5) and (2.6) by
@ @), S 181w (0,00 1o irmny
n n—1
|52 @), % 19110000 157,000y S0 N el a1 -

We now prove continuity from the right. (The other case is done similarly.)
Let h € [0,1] with ¢ + h < b. We set W, = (—o0, )" and write k") . (¢, h,7)
for the norm

RS (¢t +h =i, t+h—ry) — RS (¢ =t = 10) | oo
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As above, Lemmas 2.2 and 2.3 yield

(n) (n)
Hr t+h) Tl (u)(t)HHaq

n
[ kJ:)j t,h,r H 1w, (Tm)ll o dr
W m=1

Jise-dn=1

n
+/Wt+h\WfHRj:) in (t+h—r1,...,t+h— 7“n)||HQ+Cg H 1w, (T[] e A

m=1

Fu () Nl o 0y + Z Z/ Ot + h— i)y (1) e

n=1k=1

1 / Ot +h = 12m) [ty (ra)l| e P

m=1,m#k

S (1) + B 1l o (0,00 16127 0,000 ) 180,100

with

6 1
o7

fily =3 (/W K () dr)

We have fi(h) — 0 as h — 0% by Lebesgue’s theorem, using the continuity in
time of the response functions as well as the estimate

(n) 5
ki o (th,r) H boup( (2.7)

and Assumption 2.4. The calculation in H*(R?) proceeds similarly with some
modifications as in (2.6). We omit the details. O

We now turn to the question in which sense the formal differentiation
of I'(u) in (2.4) can be justified. As a first step, using the algebra property of
H?(R3), we can differentiate sufficiently regular u in a classical sense. The proof
is rather standard (though tedious) and a minor modification of Lemma 3.17
in [5], so that it is not presented here.

Lemma 2.9. Let Assumption 2.4 hold, b€ R, and u € Cy((—o0,b], H*(R?)5).
Then T'(u) belongs to C*((—o0,b), H*(R?)®) with 9,T'(u) =Y (u), see (2.4).

In our setting, u is less regular than H? and we only obtain 9,T'(u) = Y (u)
in a weak sense. As a preparation for proving this in Lemma 2.11, we state
estimates that easily follow from Lemma 2.8 and the variants of inequality
(2.6) for G;Z’t) and HJ(-:’t).

Lemma 2.10. Let Assumption 2.4 be true, a,b € R with a < b, J = (a,b),
u€ Z(b), andn € {1,...,N}. Then T'(u) and Y (u) are contained in the space
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L'((a,b), H*(R*)%) and satisfy
o)

n—1
u”LP((—oo,b),HU‘vQ)a (2.8)

S 0= a)+ 0= )7 ] sup fu(r)]

ey S = @5 )

e

Ll(J,HS) UHLP(( o0,b),H q)'

We can now differentiate the polarization and magnetization in time.

Lemma 2.11. Let Assumption 2.4 hold, a,b € R with a < b and u € Z(b).
Then I'(u) belongs to W ((a,b), H*(R®)%) with 8,I'(u) =Y (u), see (2.4).

Proof. We use mollifiers x in R? and define u® (t) = x;/ * u(t) for t <
b and k € N. Since u® € Cy((—00,b], H*(R?)%), Lemma 2.9 implies that
I'(u®)) is contained in C'((—o0,b), H*(R?)®) with &, (u(k)) =Y (u(k)). It
thus remains to show the limits T' (u®) — T'(u) and Y (u®) — Y(u) in
L'((a,b), H*(R*)5) as k — co. Let n € {1,...,N} and jjo € {1,...,6}.

1) We start with the convergence of (T’ (u(k)))k. Using Lemmas 2.2
and 2.5, we obtain

(n) (, (k) (n) (n)
HFJ" (u )( )- Hs S Z/n ‘RJ" an ‘H2+C§

-1
H( H uﬁ',?(t—rm))( (k)(t—Tl)—uﬂ t—Te H uj,, (t— T H SdT
m=1

m=~¢+1

for a.e. t < b. The products of the fields can be estimated using Lemma 2.3.
This leads to

[0 (W) () =T () ()|, S Z/n 1)
197 = [[ o) [Z [ ==, h [Oe=r],...
j=1 (=1 ti=1

m=1,m=#i

n
Nt == ute=ral,., TT Tt =l
k=041

n

190y = oo 35 TT [ -7,
j=1 (=1 mm=1

-Hu(k)(t—Tz)—U(t—Té)HHs ﬁ ||u(t_7'k>||Ha~4}v

k=0+1

10 ﬁ Zn:{ZHutn ||H5HH (= 7n)|

j=1 =1 “i=0¢+1

Hewd

n

. Hu(k)(t—n) —U(t—Te)HHa‘q H ||U(t_7k)||HM}

k=0+1,k#i
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In the case n = 1, both I{l’k) and Iél’k) vanish. The properties of mollifiers
show that Ij(n’k)(t,T) converges to 0 as k — oo for a.e. (t,7) € (—o0,b) x RZ,
and all j € {1,2,3}. We further estimate

n f{—1 n
k
") <233 o(n Supllu( Mo TT 0w llult =)l greca »
(=1 1=1 m=1,m%#1
k
"0t 7) <2Z¢> (7e SupHu( M- [T 60m) lult = 7)o
(=1 m=1,m#L
nk
(t,7) <2Z Z o(i Sup||u( M- TT 0m) llult = 7o)l greca -
(=1 i=(+1 m=1,m%#i

The integrals over RZ of the terms ﬂ )(t 7) on the right are bounded by

191l L1 (0,000 16117 SHPHU( gz 1l o 0,0, ey < 00

for a.e. t < b and all j € {1,2,3} due to Holder, so that T (u(*)) tends to
L (u) pointwise in H® as k — oo by dominated convergence. Since also

[e™ @) =2 @)@ sup )l 055y

Lebesgue’s theorem implies the convergence in L' ((a,b), H*(R?)®).
2) We now prove Y™ (u®)) — Y () in L' ((a, b), H*(R?)%) as k — oo.

The convergence of the summands involving 8T[R(”) is shown as in step 1).
The remaining ones have to be treated a bit differently. As above we estimate

n n 3
k
HR]Z) Jn ( H u.]m T”L H u]m TWL)) HHL" S Z I " )

m=1 i=1

for a.e. t < b. In the case n =1, we have I{Lk) = Iél’k) =0 for all £ € N and
/ B0t dr = I(8,0) < sup [u(r)|[ . < oo (2.9)
8R>0 TSb
Forn > 1, j € {1,2,3} and a.e. t < b it holds
7(n)
/ IV (t,r)dr (2.10)
oRY,

n—2
S Sg% ()|l g (lluHLP((foo,b),H"“q) + ||“(t)HHaq) HUHLP((foo,b),HO‘aq) < 0.
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As in step 1), Lebesgue’s theorem now implies

n k
/{))R” Rgo ]n H u( ) (t — 1) dr — R;:.)._jn (1) H uj,, (t — 1) dr
in H*(R?). Using (2.9) and (2.10) for the majorant, we arrive at the limit

Rn) u; = Tpp)dT — R(" uj (+— Tm)dr
BRQO Jo-- ]n H 8R J0-+-Jn )an;[1 J ( )

in L' ((a, b), H® (RS)) as k — 0o, again by Lebesgue’s theorem. O

Let Assumption 2.4 hold. Lemma 2.11 motivates to define the map F :
Z(0) — H*(R®)® given by FF = """ F(™ for F(") : Z(0) — H*(R?)® and

F(n = —Vj, |:Z/ a‘wal) Jn ) H ujk(_Tk‘) dr
k=1
+/ R;? (7 H ujk(Tk)dT]
IRZ g k=1

for jo € {1,...,6}, where vj, = ¢! if jo < 3 and v, = p~ ' if jo > 4. If
u= (E,H) € Z(b) for some b € R, in (1.1) we can thus write

SPEEHN) _
— O (ulﬁ(E,H)(t)> = -k 0 (u)(t) = F(uy) (2.11)

for a.e. t < b. Here we use the history function u; € Z(0) given by u:(7) :=
u(t+7) for all 7 g 0.

Since ¢!, 7t € CZ(R?), Lemmas 2.2 and 2.11 show that F(u.) : t —
F(u;) is contained in L{ ((—o0,b), H*(R?)®). The next result collects esti-
mates for F' needed in our main wellposedness results.

Lemma 2.12. Let Assumption 2.4 be true. Let r,b > 0 and u,u € Z(b) satisfy
lull 75y < 7 and [[u]| ;) < r. Then we have the estimates

1
IF@ s oy S (B+07) (1+77),
1) = F@ s g0,y S (0407 ) (L rY ™) flu =l

1F () = P s oy S (0467 ) (7YY flu= il -

Proof. The first estimate follows directly from (2.8). We proceed similarly to
the proof of Lemma 2.11 for the other two statements, focusing on the more
complicated case H®. (The Banach algebra H*? can be treated more easily.)
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Let 0 <t <bandn e {1,...,N}. We compute

<Z/ tTdT+Z/

H F) () — FO(7,)

ORZ,
n £—1 -1
s oG lutt = 7). [T omm) llult = 7l gas
(=1 i=1 m=1,m%1
o(re) ult = 7) = it = 70) | o [ 6() It = 72l o
k=0+1
n -1
L(t,7) = > [ TT 0r) It = 7)o 60) 1t = 70) =t = 70)| 1
/=1 m=1
IT o) it = 7)o |
k=0(+1
n n —1
Ltr) =32 30 (o) it = 7)o T 6rm) It = 7)o
(=1 i=0+1 m=1

n

o) ult = 7) = it = )l goa T] 60) N8t = 7)o |-

k=041 ki

If n =1, we have I} = 0 = I3 and Ir(t,71) = ¢(71) ||u(t — 1) — w(t — 1) -
So the claim is clear. For n > 1 we deduce

Z/ St dr St ju— ull 7y -

again by means of Holder’s inequality. The integral over ORZ leads to the six
cases where u, u and u — u are evaluated on the boundary either in the H*- or
the H*9-norm. This results in

S /a L) ar e il g+ ) e [

" 2| oo 1= Tl 2y + 7™ [[ut) = WU oo

Holder’s inequality in time then implies the assertion. U

3. The linear part and Strichartz estimate

We write the Maxwell system (1.1) as the retarded evolution equation
u'(t) = (A+ B)u(t) + F(u) +g(t), t=0,
u(t) =un(t), t<O0,

with the Mazwell operator

0 lcurl . —150
A= (—}Acurl € 0 ) and the perturbation B = ( 6 > . (32
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The external current density Jo from Assumption 2.4 leads to the inhomo-
geneity g : [0,00) — RS defined by

o= (7 5Y). (33)

which belongs to L{, ([0, 00), H*(R?)% N H*4(R*)%). Since the nonlinear term
F(uy) at time ¢ depends on all values u(r) for r < ¢, the initial condition «(0)
is not sufficient, but instead a whole history function uy has to be prescribed.

To treat (3.1), we use the strongly continuous group generated by A, =
A+ B. On LE)M(R?’)ﬁ, the operator A is equipped with the domain D(A) =
H(curl) x H(curl). Tt is well known to be skew-adjoint and therefore generates
a unitary Cop-group S(-) by Stone’s theorem, cf. [1]. Since B is bounded on
L2 ,,(R?)%, the sum A, on D(A) generates a Co-group S, (-), also on L*(R?).
These groups can be restricted to H*(R3)S.

Lemma 3.1. Let Assumption 2.4 be true. Then the restrictions S()|H and
SU(~)‘HS to H*(R3)S are again Cy-groups which are generated by the part A‘Hs
of A in H*(R3)8, respectively A<7|Hs'

Proof. We use the isomorphism L = I — A : H*(R3)® — L?(R3)S. Since
the coefficients belong to C?, the operator LA,L™! on D(A) is a bounded
perturbation of A,. Standard semigroup theory now yields that Sg(-)|H2 is
a Cyp-group generated by AU|H2, cf. Theorems 4.5.5 and 4.5.8 in [14]. The

assertion then follows by interpolating between L?(R?)® and H?(R?)S. O

In the following we mostly omit the restriction symbols. In the crucial fixed-
point argument of Lemma 5.1 we regard the nonlinearity in (3.1) as an in-
homogeneity (by freezing w), in which we also absorb the term Bu. So we
consider the evolution equation

W) = Au(t) + f(8), £20,  u(0)=uo. (3.4)
Let f € L*((0,T), H*(R*)5) for some T > 0 and ug € H*(R?)%. Then the
problem (3.4) has a unique mild solution u € C ([0, T], H*(R?)®) given by

w(t) = S(#)uo + /0 S(t—7)f(r)dr, te[0,T]. (3.5)

In contrast to (3.3), here we allow for nonzero ‘magnetic’ components in f
since they appear in the analysis.

Remark 3.2. In the above situation, note that the mild solution u is continuous
in H*(R?)°. Since this space is contained in D(A|HS*1), Theorem 8.1.3 in [25]
implies that u belongs to W1 ((0,T), H*~') and solves (3.4) in H*~1(R?)®
for a.e. t > 0. It is called a strong H*®-solution. Conversely, a strong solution
satisfies (3.5) by Theorem 8.1.1 of [25].

To control the nonlinearity F in (3.1), we need the space H*9. However,
the above groups do not leave invariant L9-spaces for ¢ # 2. To overcome
this fundamental difficulty in wave-type problems, Strichartz estimates are a
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powerful tool. We use the recent result Theorem 1.3 of [16] for the isotropic
linear Maxwell system due to Schippa, which we state in a simplified version.

Theorem 3.3. Let e, € C*(R x R?,R) satisfy 0% (e, ) € L' (R, L (R*)?) for
all « € N} with |a] =2 and n < e(t,z), pu(t,z) < n~t for all (t,r) € R x R?
and some 1 > 0. Set

. 5[3><3 0 L 0 curl L - -1
R = ( 0 ,LLISXS) ) ACD Ca (Curl 0 ) L:= 8t ACOK/ )

v = (v1,v2) with v1,ve : R X R - R3 p= (div(vl),div(vg)).

Let p,q € [2,00] satisfy ; + ¢ = 5 and (p,q) # (2,00), y:= 5 — 2 — =, and

T € (0,1]. Then we have the estimate

v~ UHLP((O,T)’Lq) S vl oo 0,7y, 22y + 1Ll 0,7, 22) (3.6)
_1 _1
+|[IvI~2 p(O)HIﬂ +][IvI72 8tpHL1((O,T),L2)’
provided the right-hand side is finite.

Observe that for the triple (p,q,v) = (00,2,0) the result holds trivially.
In the above estimate one controls increased space integrability ¢ > 2, but
has to pay a prize in regularity and time regularity. The conditions on the
exponents cannot be improved (if v(0) # 0), in particular the endpoint case
(2,00,1) is forbidden, cf. [20]. We note that the ‘charge’ p is given by the data
v(0) and Lo, cf. (1.2). Moreover, it is needed to counteract the huge kernel of
Aco containing functions (Vi, V1)) which may belong to L2\ H 7.

We next bring the estimate (3.6) into a form more suited to our problem,
given by the next theorem. One could replace T' < 1 by any 7" > 0 obtaining
a constant Cst, (7)) nondecreasing in T

Theorem 3.4. Let Assumption 2.4 be true, T € (0,1], ug € H*(R®)®, and f €
LY((0,T), H*(R*)%). Then the mild solution v = (E,H) of (3.4) is contained
in the space LP((0,T), H*1(R®)%) and satisfies

||U||Lp((o,T)7Ha,q) < CStr( ol g + ||f||L1((0,T),Hs) + ”P(O)”Hs_%

+ [18epll (3.7)

LY((0,7),H"" %) )’
if the norms of p = (div(eE),div(uH)) are finite.

Proof. We consider € and p as constant functions on [0,7] and extend them
to maps satisfying the conditions of Theorem 3.3.

1) We first replace the homogeneous fractional derivatives by Sobolev
spaces, cf. §3.2.1 in [16]. To this aim, we use the Fourier cut-off Sy = F~1yF
for a smooth function x being 1 on B(0, 1) and with support in B(0,2). Since

1

—ry = % =5 - %, Sobolev’s embedding and Plancherel imply

1 1
SovllLe 0,1y, 570y S 1) Xl Lo (0,1),22) S T# vl ((0,1),L2)>
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Note that Sy commutes with div, (V)? and d;, that Sy is bounded on L?(R?)®
and that |¢] = (€) on R3\ B(0,1). By (3.6) and Plancherel the high-frequency
part w = v — Syv can thus be estimated via
- 1
V™" wllzo 0.1y, L9y S llwllzoe 0,7),22)+ 1 Lwll Loy, 22y + T2 ([ p(0)]]
+

=

H-

Ll((o,T),H*%)>‘

Note that [Sp, L] = (Acok™1)So + [£71, AcoSo]. Since s~ ! is Lipschitz, the
second commutator is bounded on L?(R3)¢ by Proposition 4.1.A in [23]. Hence
(3.6) is also true with inhomogeneous fractional derivatives.

2) Next we pass to u = (E,H) and to H*. We set v = x 1v. Since
e, u € CZ(R3), k™! is contained in B(H%q/ (R?)5) by interpolation, and duality
then implies k= € B(H~"4(R?)%). So step 1) yields the estimate

191 2o 0,7y, =) S W0l poe 0,1, 22) + LKD) | L1 0,1y, L2
1ROy + 107 gy oty B9)
for p:=(div(ety), div(uvs)), v=(01,02), omitting the dependence on T'<1.
Let ug € H*(R3)S, f = (K,L) € L'((0,T), H*(R®)*3), and u = (E, H)
be the mild solution of (3.4). By Remark 3.2 it is a strong H®-solution. By
(3.5), the map w := (V)" u satisfies the energy-type estimate
||UHLoo((o,T),Hs) = ||w||Loo((o,T),L2) S lluollgre + Hf”Ll((o,T),Hs)- (3.9)
This estimate, (3.8) and a = s — 7 from Assumption 2.1 imply
HuHLP((O,T),H‘WI) = ||w||LP((O,T),H*%<J) S lluollgrs + Hf“Ll (0,T),H*) (3.10)
T ) [ PN E—
with L(kw) = k(0w — k7' Acow) and p, := (div(e (V)" E), div(p (V)* H)).

As (V)" € B(H**,H™'), 8w belongs to L'((0,T), H~'(R*)5). Equa-
tion (3.4) leads to

Orw = (V)s(ﬁ_lAcou + f) =K Mo (V) u + [(V)S, n_l]Acou + (V) f.
(3.11)

Theorem 1.4 in [13] yields the commutator estimate
(V)7 (@) =& (V)W 2 SV Ol o [l 2+ IVl o ()40 o
(3.12)
for 7 > 0 and 7 # 1. We further have

V) (@) = (V) ¢l 2 S M@l 9] 22 (3.13)

for 7 € (0,1] by Proposition 4.1.A in [23]. Remark 2.2.2.3 and Theorems 2.3.8
and 2.5.7 in [24] imply that (V)7 is a bounded operator from CJ (R?) to L>°(R?)
for r > 7. With 7 = s, inequality (3.12) shows the boundedness of the com-
mutators [(V)*,v] and [(V)",v7!] from H*"*(R?) to L*(R?) for v € {e, u}
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as s < 2 and v € CZ. So (3.11) and (3.9) lead to
”L("{w)”Ll((O,T),L?) 5 ||8tw - ﬁilACOwHLl((O’T),LQ) (314)
S NAcoull o,y me-1) + 1 pr oy, m5) S Nwollgrs + W pr o,y 10 -

We now turn to the terms involving ps, treating only the first compo-
nent. (The second one does not differ.) Here the commutators [(V)®, 9;e] and
[(V)*,8; L] occur for i € {1,2,3}. To avoid additional regularity of € and 4,

=
we have to exploit that ps is estimated only in H ~2. Observe that
1 s Pt 1 o
(V)72 (V) m] = [(V)"7 7 m] + [m, (V)2 (V)"
+(V)7F [(V),m] (V)
for m = O;e or 82% in C§~ Since s < %, the commutators on the right are

L?-bounded thanks to (3.13). Thus [(V)*,m]: H*~! — H~7 is continuous.
The charge can be written in the form

div (¢ (V)° B) = (V)* div(cE) + [¢, (V)°] divE + [Ve, (V)°] - E
In H~# these terms are estimated by [|div(E)|, ._3 + B[ .; i,
05Ol -1 S POz + lluoll s - (3.15)
Next, working in H~2?(R3) and using (3.11), we obtain
D¢ (ps), = div (e (V)" )E)
= div (curl VY H + ¢ [(V)*, e cwrlH + (V)* eK + [e, (V)] K)
= Ve ([(V)*, e cwlH) +¢ [(V)*, V] curlH
+ (V) div(eK) + [Ve, (V)] - K + [¢, (V)°] divK.

Let E,. = L'((0,T),H"). The properties of the commutators, (3.5) and the
equation div(eK) = 9, div(eE) — divcurlH imply

Ve ([(V),e7] curlH) Iz SIH(VW)° ,e ] cwrlH)

Is_,
2
gy Slulls, Slluollge + 111

By S ol s + /]

= div(eK)l g, = 19pllz, »

2 2

B < e,

S ldivKllg, , < I/l

1
2

<||curlH|
le [(V)", VL] - curlH||, < [lcurlH]

g

Eg»

Eg»

Nf=

1(V)* div(eK)||

[SE

S 1K

Ve, (V)] K]l
e, (V)] divKK||

[N

Eg

[N

We arrive at

||atpsHL1((O,T),H7%) S ||u0||]-]S + ||fHL1((O,T)7HS) + ||atpHL1((O.,T)7H57%) .
(3.16)

Formulas (3.10), (3.14), (3.15) and (3.16) lead to (3.7). O
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Let M = 0 for simplicity. Then div(uH) = divB describes the magnetic
charges and vanishes. But div(eE) does not describe the free electric charges,
since the contribution P of the polarization to the D-field is missing. Handling
these ‘charge-like’ terms is difficult, so in Section 5 we use a projection operator
to split our problem into a part involving p and a ‘charge-free’ part. The
first one is handled directly and for the second one we can use the Strichartz
estimate. This projection operator is the topic of the next section.

4. Helmholtz projection

To deal with the divergence and curl operators, we first define the spaces
Cx R ={f¢€ C°° R?)? | dwf_o} VCE(R?) ={Vo|p € CZ(R?)},
L?,(RS):ng,(R3) . GR) ={feL’R®?|3peLi (R®: f=Vo},

and collect known results on the Helmholtz decomposition of L?(R?)? into
divergence-free functions and gradients of scalar maps, cf. Lemmas I1.2.5.1
and 11.2.5.4 in [19].

Lemma 4.1. We have L?*(R®)® = LZ(R3) &, G(R3) and
—
LZ(R%) = {f € L*(R*)? | divf =0} = N(div), G(R®)=VC(R3)
The next lemma states that curl-free functions are given by gradients.

Lemma 4.2. It holds G(R®) = {v € L?*(R®)*| curlv = 0} = N(curl). Moreover,
¢ in the definition of G(R?) also belongs to Sj:(R3) and ¢ to Li (R?).

Proof. Since curlV = 0, we have G(R?) C N(curl) which implies N (curl)* C
G(R?)*. Let f € N(div) and g € N(curl). We use mollifiers and define g,, :=
x1 *g € C®(R*)?N L>(R3)? for n € N. Then we have g, — g in L*(R?)?
as n — oo. Since curlg, = X1 ¥ curlg = 0, it is well known that there is a
sequence (¢,,) in C*°(R?)N L>°(R3)3 with g, = V¢, for all n € N. Lemma 4.1
provides a sequence (f,,) in C2°(R3)3 N N(div) with limit f in L?(R?)3. We
infer

f-gdx = lim fn Vo, dz = — hm div(f,)én dz = 0,
R;; n—0o0 n— R3

and hence N(div) C N (curl) The Helmholtz decomposition then yields
N(curl)* € G(R*)* = N(div) € N(curl)*,

from which we conclude N (curl) = G(R?).

Note that i, F¢, converges to gy in L?(R?) as n — oo, and thus also
pointwise a.e. and with a pointwise majorant h € L?(R?) for k € {1,2,3},
after passing to a subsequence. Hence, F¢,, is bounded by 3h/|¢|; € LY(B)
on B = B(0,1) and by 3h on R?\ B. Using dominated convergence, we see
that F¢,, tends to —igy /& =: ¢ in S*(R3) N LL _(R3). For ¢ = F~ 14 we infer
V¢ =g and ¢ € S (R?), see p.22 in [3]. O
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For the remainder of this section, let § € W1°°(R3) be bounded from
below by some positive constant 1. We define L3(R3)? as the space L*(R3)3
equipped with the weighted scalar product

(f‘g)Lg =] o5 -gdr

For V' C L%(R3)? we denote by V+¢ the orthogonal complement of V with
respect to (-|-) L2 The next lemma yields a Helmholtz decomposition with
respect to this weighted scalar product, replacing div(f) by the expression
div(6f). We define the operators divy : H(div) — L?(R3) and Ap : H(curl) —
L2(R3)3 by divy(f) = div(0f) and Ay = 0~ Lcurl. (Note that divy(f) = 0divf+
Vo - f).

Lemma 4.3. It holds N(curl)*¢ = N(divy).
Proof. Let u € N(curl)t? and ¢ € C2°(R3). Since curlVy = 0, it follows

Ou-Vodr = (u‘Vg@) 0,

R3 Lg N
which implies fu € H(div) and divg(u) = 0.
Conversely, let u € N(divg) and v € N(curl). Lemmas 4.1 and 4.2 provide

a sequence (¢,) in C2°(R?) with V¢, — v in L?(R3)3. So we obtain

(u‘v) = lim Ou -V, dr = — lim div(6u) ¢, dz = 0.
6

n—oo Jp3 n—oo Jp3

O

Let Qp : L?(R?)3 — L2(R®)3 be the orthogonal projection with respect
to (+[-) 3 onto N(curl) = N(Ay). The orthogonal projection onto N(Ap)te is

thus given by ée = I — Qy. We collect basic properties.

Lemma 4.4. We have N(Qy) = R(Qp) = N(divy) and R(Qy) = N(Qy) =
N(curl).

In the sequel, we need boundedness properties of Qg on our Sobolev
spaces. The next lemma states that Qy can be restricted to a bounded linear
operator on H*(R3)? as well as to a bounded linear operator from L?*(R3)3 N
H*9(R3)3 to H*4(R?)3. We denote these restrictions also by Qp. We do not
know whether one can discard L? here, but this matter plays no role below
(where we only need «, s € [0, 2]). For smooth ¢ > 0 being 1 outside a compact
set, the arguments in §4.3 of [8] imply boundedness of @y on H*? and H*.
They involve the theory of Fourier integral and pseudodifferential operators,
which we want to avoid.

Lemma 4.5. Letn >0,k € N, g € [2,00) and s € [0,k]. Let € CF(R3) satisfy
O(x) > n for all z € R3. Then we have

1900l oo S N0l o + N0l 22 (4.1)
1Q0vll g+ S [0l g7
for all v € S(R3)3.
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Proof. Let v € S(R?)3. Lemmas 4.1 and 4.2 provide a function ¢ € L _(R3)N
S;(R3) with Qpv = V¢ and gZ) € Ll _(R3). By the Sobolev embedding, ¢
belongs to L°(R?) and [[¢]|Ls < [QovL2 < [[v]lz2. (See Theorem 1.38 in [3].)
We define the differential operator £ by Lu = div(0Vu) and observe that
Lo = div(§Qpv) = div(fv) — div(0(I — Qp)v) = div(fv) =: g € H "O(R?).
The main theorem in [12] shows that £ — X is an isomorphism from H'%(R3)
to H=15(R3) for some A > 0. So ¢ = (L — X)L (g — \@) lies in H16(R3) and
10l e S Mgl -6 + N 16 S N0l e + 101l s,
which implies ||Qgvl| ;6 S 1@l 16 S Jvllzs + ||v] 2. Hence, Qp € B(L*(R?)?)

~

restricts to a bounded linear operator from L?(R?)3 N L6(R3) to LE(R3)3.
Let r € [2,6] and take 8 € [0,1] with 1 = g + ﬂ It follows

1Qovll,- < [|Qovl7 ||QeU||L6’B S vl + vl e - (4.3)
Now we choose some § € (0,1] and set r := 3 — §. Since V¢ € L"(R3) and
¢ € 8* (R3) by Proposition 2.2 in [10] the map ¢ is contained in L94(R3) for
q = = — 3, and hence

[0l < 11Qe0lILr S llvlle + [0l e -

As aresult, ¢ belongs to L4(R3) for all ¢ € [6, ). By [12], the operator £— Xis
an isomorphism from HY4(R3) to H~1(R3) for some A = A(q) > 0. Therefore
b= (L—N\)" Yg— /\(b) € HY4(R3) is bounded by

16l S N9l -1 + 10110 S M0llpa + 1010 SH0llLa + [0l (44)
for all ¢ € [6,00). This inequality and (4.3) imply [|Qev| ;. < vl e + ] 12
for all ¢ € [2,00) and therefore (4.1) for s = 0.

Now let s € (0,1). We set ¢ := (V)* ¢ and have |[¢s]| ;4 S |6 1.0- By
the first part of Theorem 1.4 in [13], it holds (V)* (0V¢) = 0 (V)® Vé+ R with
a remainder term R satisfying

1Rlo S 109 0ll e [0l o + 1961 |[(9)° 7 V6| S 1911
Because of div(0Qyv) = div(fv), we obtain the equation
div (0V,) = (V)* div(0V¢) — div(R) = (V)* div(0v) — div(R) =: gs.
We can bound gy in H~"4(R3) by c(||v]| g0 + [|¢]|z1.q). As above and us-
ing (4.4), we deduce
[$sll i SNgsll—1.0 + 1¥slg-1a S Iollgoa + 110110 S I0llgoa+ 0]l 2,
1900l s1e.0 = IKV)* V@l Lo S 1¥sllgrra S 0l gres + [Vl 2 -

The general result is then proved via induction, invoking the second part of
Theorem 1.4 in [13] at the end. O

Now we define the projection @ for the Maxwell problem on L2 ,(R?)®

*(u) - (&)

by
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for (E,H) € L*(R?)%, and we set é := I — Q. The needed properties of @) and
@ follow from the above results on Qp. The statement on S(-) is a consequence
of the resolvent approximation.

Lemma 4.6. Let 1 > 0, ¢ € [2,00) and s € [0,2]. Assume that e, € CZ(R?)
satisfy e(x), p(x) > n for all z € R3. Let Q be defined as above, A by (3.2),
and S(-) denote the group generated by A.

Then the operator @ is the orthogonal projection onto N(A) in L§71L(R3)6
with respect to (|)L§ L It satisfies

N(Q) = R(Q) = {(B, H) € I(B)® | div(c ) = div(;H) = 0}
R(Q) = N(Q) = {(E, H) € L*(R*)° | cwlE = curlH = 0}
as well as QAu = AQu =0 for all uw € D(A) and QS(t) = S(t)Q for t € R.

Furthermore, Q|S and Q|5 can be uniquely extended to bounded linear
operators on H*(R3)S and from L*(R3)% N H*49(R3)® to H*9(R3)S.

By the above lemma we can simplify the Strichartz estimate (3.7) if the
data are ‘charge-free’.

Corollary 4.7. In the setting of Theorem 3.4, let Quo = 0 and Qf = 0. Then
the mild solution u of (3.4) is contained in LP((0,T), H*1(R*)%) and satisfies
Qu =0 by (3.5) as well as the estimate

||U||LP((0,T),HW) < OStr( l[uoll g7« + ”fHLl((o,T),Hs) ) (4.5)

5. Local wellposedness

Our goal is to show local wellposedness for (3.1). (Recall the definitions made
before and after this equation.) Let Assumption 2.4 be true, J be an interval
with supJ > 0 which contains (—o0,0], and uy, belong to Z(0). Set J; =
J NRsg. We say that u = (E,H) is a mild solution of (3.1) on J if u is
an element of C'(J, H*(R?)%) N L?((—o0, b), H*4(R?)%) for all b < sup J and
satisfies Duhamel’s formula
_ [ Se ) (wn(0)) + fy So(t =) (Flur) +g(r)) dr, te Ty, 5.1)
un(t), t<0. '
Using standard perturbation theory for semigroups, one can equivalently re-
quire

= {S’(t) (un(0)) + fot S(t—7)(Bu(t) + F(ur) + g(7)) dr, te Jy,
un(t), t<0.

We stress that a mild solution belongs to Wl’l(JJr, Hs_l(R?’)ﬁ) and satisfies
(3.1) for a.e. t > 0, see Remark 3.2. In particular, concatenating and shifting
mild solutions lead again to mild solutions.

If we applied the Strichartz estimate (3.7) to the mild solution u of (3.1),
the charge contributions on its right-hand side would spoil the resulting local
wellposedness theory. As a remedy we split the problem into two parts, using
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the projection onto ‘charge-free’ fields from Lemma 4.6. Set u = v + w with
v := Qu and w := Qu. Since @ commutes with A and maps into N(A) the

functions v and w are mild solutions of the two sub-problems
V'(t) = Q(Bu(t) + F(u) +g(t)), t=>0, (5.2)
v(t) = Quy(t), t<0, '

respectively
w'(t) = Aw(t) + Q(Bu(t) + F(us) + g(t)), ¢>0,
w(t) = Qun(t), <0,

As @ projects onto ‘charge-free’ fields, the Strichartz estimate from Corol-
lary 4.7 can be used for w. In the sub-problem for v, we can integrate the
nonlinearity F'(u;) directly by means of (2.11) and Lemmas 2.2 and 2.11, lead-
ing to

v(t) = Qun(0) +/0 Q(Bu(r) +g(r)) d7 + Q™' (D(w)(0) = T(w)(1)).  (5.4)

Additionally we have to require that the curl-free part Qun(0) at the
initial time lies in H*?(R3)%. As we see in Lemma 5.1, Quy,(0) € H*9(R3)°
implies the additional property Qu € C(J N0, 00), H*%(R*)®). This is needed
for the construction of a mild solution on a maximal time interval, where we
restart problem (3.1) using the shifted solution as a new initial history uy,.

The next lemma yields a local solution by means of the core fixed-point
argument. With the constant Csi, from (5.10) we set

M= sup [|S@®)llgpey =1, K:=1+M+ Cgp. (5.5)
0<t<1

(5.3)

Lemma 5.1. Let Assumption 2.4 be true and ro > 0. Then there exists a time
bo = bo(ro) € (0,1] such that for each uy, € Z(0) with Quy(0) € H*9(R3)C
and |Qun(0)|| gra.a + lunll z(0) + 1191l L1 ((0,1), rronE0) < 7o there is a mild solu-
tion u € Z(bg) of (3.1) on (—o0,bg]. It is the only mild solution of (3.1) on
(=00, bo] satisfying ||ull 54,y < 1+ Kro for K from (5.5), and Qu is contained
in C([0,bo), H**(R®)%). For each b € (0,bo], the restriction of u to (—oco,b] is
the unique mild solution on (—oc0,b] with |[ul 5,y <1+ Kro.

Proof. Let 1o > 0 and up, € Z(0) with Quin(0) € H*? and ||Qun(0)|| ya.c +
lunll 20y + 191 21 0,1y, enpranay < To- We set 7 := 14 Krg. For a time b € (0,1]
(specified later) we define the space

Z(b,r) :={ue Z()| Ul _oeg) = b lull 2y < r}

equipped with the complete metric induced by the norm of Z(b). On Z(b,r)
we introduce the fixed-point map ® = ®,, , by

O(u)(t) = S(t)un(0) + fot S(t—7)(Bu(r) 4+ F(uy) + g(7))dr, 0<t<b,
! - Uh(t), t<0.
(5.6)
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As above, we split ® into ®; + $5 given by

O, (u)(t) = Qup(0) + fo ( )+ F(u;) 4+ g(r )) dr, 0<t<b,
1 Quy(t), £ <0,
Oy (u)(1) = {Qu}f;th + fo (Bu( )+ F(ur)+g(r))dr, ?Zts b,

Let u = (E,H),u = (E;H) € Z(b,r) and f := Bu+ F(uJ)+g € L1((0,b), H®).

1) We first show that ® maps into Z(b,r). Clearly, ®(u) is contained in
C((—o0,b], H*). Set Ey(b) = L*((0,b), H®). By Lemma 2.12, there exists a
constant C’ > 0 such that

1N e 0,0, 15) < 0N Bllg(as o SUP [w@)l e + 1F(w)ll g, ) + 1915, 1)
<C'(14rN )(b+b?) (b)

Hence, ®(u) belongs to Cj,((—oc, b], H*(R?)®) with
s [20) 0. < M (10 + () 657

For LP((—o00,b), H*?), we start with ®(u). As in (5.4), we can write

By (u) () = Qun (0 / QB (u(r) + g(r))dr + Qx~* (T(u)(0) — T(u)(£)}5.8)

for t € (0,b). Since b < 1, Lemmas 2.2, 2.8, 4.6 and Holder’s inequality yield

H /Ot QB(u(r) +g(r)dr||

S HBHcg HQ”B(L%WHG,‘I,H‘*#) (HUHLI((O,t),HSﬂHQ»q) + ||g|‘L1((O,t),HSﬂH“"1))
ST+ 9l L o,0),manmeay 5
|Q&™H(T(w)(0) = T(@)(1)) [ e
S T(u)(0) = D)) g2 + IT(w)(0) = T(@)(t)ll gas S 1+ 7Y
using also the assumption on uy. We thus obtain

~ 1
||(I)1(u)|‘Lp((o,b)7Ha,q) < Cb» (1 +ro + TN) (5.9)

for a constant C' > 0. For ®y(u) we use the Strichartz estimate. By Lem-
mas 2.2, 2.12 and 4.6, Qf belongs to Ll((O, b), HS) and satisfies

~ 1 1
1QF] 5,y < 5 ((0+07) (1 +1%) + gl g, 1) < LB A+7Y) + llgll g, vy )
for a constant L > 0. Corollary 4.7 then shows ®5(u) € L ((0,b), H*?) and

1P20) | o 0.5y ey < Cste (| Quingoy || g + L(OF (L4 ) + lgll g, 1))
SC’Str(ro—i—bP/(l—i—r ). (5.10)
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Involving also uy, estimates (5.7), (5.9) and (5.10) lead to

19 () 5y < (1+ M +Cbv + Csee)ro + (Cb7 + Cseebr” ) (1+ ) + Muw(b).
Since the right-hand side converges to (1+ M + 53“)7“0 = Kryas b — 0, there
exists a time bél)(ro) € (0, 1] with [[@(w)| 7y < r for all b € (0, bél)(ro)]

2) We now prove that the map @ is a strict contraction on Z(b,r) for
sufficiently small b. It holds

[3St—7)(B(u(r)~u(r)) + F(u,)—F(a,))dr, 0<t<b,

D (u)(t) — B(@)(t) = {07 o

Observe that
‘ /Ot S(t—7)B(u(r) —u(r)) dr
Together with the properties of F' in Lemma 2.12, we infer

|@@)(t) = D@ D)l e S MB+57) 1+ fu=llz0)  (5:12)
for all ¢ € [0,b]. For L?((0,b), H*?), the part ®; = Q® satisfies

[7Q(B(u(r) —a(r)) + F(u,) — F(ii,))dr, 0<t<b,
0, <0.

S b”u_a”Z(b) : (5.11)
HS

Oy (u)(t) — @1 (u)(t) = {

As above, Lemma 2.12 yields
- 1 _ -
@1 (u) — (I)l(“)HLp((o,b),Ha,q) S (pr + b)(l +rV ) [u - UHZ(b) - (5.13)
Concerning ¢, = @CI), Corollary 4.7, estimate (5.11), and Lemma 2.12 imply

—~ 1 _ ~
||<I)2(u) — (I)Q(U)HLP((O,I)),H&vq) S OStr (b + bp’)(l + TN 1) Hu o UHz(b) )
(5.14)

Estimates (5.12), (5.13) and (5.14) lead to a time b(()Q) € (0,1] with
1®(u) = (@] 55y < 3 lu =l 5

for all b € (0, b(()Q)] . So with by := min {b(gl), b(()Q) }, the map @ is a strict contrac-
tion on Z(bg,r) and Banach’s fixed-point theorem yields a unique u € Z(bo, )
satisfying ®(u) = u. The variants with b < by are clear.

Finally Qu belongs to C ([0, bo], H*4(R?)®) because of (5.8), the assump-
tion Quy(0) € H*4(R3)S and the mapping properties of the involved maps,
see Lemmas 2.2, 2.8 and 4.6. 0

The mild solution in Lemma 5.1 is only unique under a condition on its
size. We now show that mild solutions in Z(b) are unique unconditionally.

Lemma 5.2. Let Assumption 2.4 be true, uy, € Z(0), Quyp(0) € H*4(R3)S,
and u € Z(Ty), v € Z(Tz) be mild solutions of (3.1) on (—oo,T] respectively
(=00, Ts]. We then obtain u = v on (—oo, T3] with Tz = min{T,Ts}.
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Proof. Without loss of generality, let 77 < T5. We define
t=sup{t < Ty |u(r) =v(r) for all 7 < t}.
Then we have £ > 0, and u(f) = v() by continuity. Suppose that ¢ < T;. The

functions @ := u(++t) and ¥ := v(++{) are mild solutions on (—oo, T} — #] if
uy, is replaced by u(++ 1) and g by g(++1). We set

To i= ||Uh||z(£) + HQHLl((tA,1+tA),HSr‘1Ha#1) + HQuh(f)HH(x,q .
Lemma 5.1 yields a time bo = bo(79) > 0 and a mild solution w of
w'(t) = (A+ B)w(t) + F(w) 4+ g(t +1), t>0,
w(t) =u(t+1), t<0,

on (—o0, by and it is the only one with lwll 73,y < 1+ K#o. There is also a
time by € (0,bo] with £+ by < Ty and [l 5, 18] 5y < 1+ K7o. Tt then

follows @ = w =  on (—00, b;], which contradicts the definition of . O

We next show that solutions do not depend on the parameters (s, p, ¢, )
as far as the assumptions are met.

Lemma 5.3. Let the conditions in Assum]gtjon 2.4 be true for (s,p,q,a) and
(3,0,q,@). Let uy belong to Z5(0) N %%%(O) with Qup(0) € H*Y(R3)® N
H*U(R?)®. Let u € Z3P(Th) and @ € Z3%(T) be mild solutions of (3.1) on
(=00, T1], resp. (—o0,Ts]. Then u =1 on (—oo,T5] for Tz = min{T},T2}.

Proof. We proceed as in the proof of Lemma 5.2, assume T} < T, and define #
and 7 analogously for u, u, uy, and g in these spaces. The fixed-point argument
in the proof of Lemma 5.1 also works if Z(b) is replaced by Z3%(b) N Zé’fg(b)
and H*9(R3)S by H*4(R?)S N H®(R3)C. This yields a solution in this space
for ¢ > ¢ which extends v and 7, violating the definition of . O

Lemma 5.2 allows us to define the mazimal existence time
t* (un,g) := sup{b > 0 |3 a mild solution u’ € Z(b) of (3.1) on (—o0,b]}.

The interval J© (up,g) := (—00,tT (up,g)) is called the mazimal ewistence
interval. By means of uniqueness, setting u(t) := u®(t) for t < b < t* we
obtain a mild solution of (3.1) on J¥ (uy, g), called mazimal mild solution.

We can now state the existence and uniqueness of a maximal mild solution
and give a blow-up condition.

Theorem 5.4. Let Assumption 2.4 be true. Let uy, € Z(0) satisfy Quyn(0) €
H>4(R3)S. Then the following assertions hold.

1. There exists a unique mild solution u of (3.1) on J* (un,g) such that
Qu € C (JT (un, g) NRxq, H*4(R?)5).

2. If t* (un, g) < oo, then there exists a sequence (ty) in (0,7 (up,g)) with
ty — tT (un, g) and

()l s + 1l Lo (oo ), oy — 005k — o0 (5.15)
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Proof. The first statement is a consequence of Lemmas 5.1 and 5.2 and the
definition of the maximal existence interval.

We prove the second assertion by contradiction. Let tT := t™ (uy, g) < oo,
u = (E,H), and suppose (5.15) is false. By monotone convergence, we obtain

C 1= sup [0l + ] (oo 5y p1omy < -
t<tt
Let 0 < t < t*. Formula (5.4) and Lemma 2.8 yield

1
[Qu(t)l| groa S HQUh(O)IIqu + () el ooy, mamy T 19021+ preva)

T S Y L R sup )] < .

n=1
Let C be the quantity on the right and (f) be a sequence in (0,¢%) with ¢ —
tTask — oco. Weset 7 := C+C+gll 11 0,144+, rr=npre.ay and define sequences
(fx) and (gi) of functions by fi(t) := u(t+ty) and gi(t) := g(t+ty) fort < t*—
tp and k € N. Then we have || il 7o) + |Qfk(0) | owa +19x Nl 21 (0,1), Hren o) <

7o for all k € N. Lemma 5.1 provides a time by = by (fo) > 0, independent of
k, such that

V'(t) = (A+Bv(t) + Fv) + gi(t), t=0,  v(t)= fi(t), t=<0,

has a mild solution v; on (—00,bg] for all k € N. We now pick k € N with
tr + bo > t* and obtain a mild solution of (3.1) on the interval (—oo, t) + bo],
contradicting the definition of ¢*. O

Remark 5.5. Observe that the coefficients are real-valued and that ) and the
fractional derivatives appearing in the Strichartz estimate leave invariant real-
valued functions. Let the data uy and g be real. Then Lemma 5.1 can also be
shown in spaces of real-valued functions, and the solution is real.

The next result provides continuous dependence on the initial data uy
and the inhomogeneity g.

Theorem 5.6. Let Assumption 2.4 be true and uy € Z(0) satisfy Quy(0) €
H*%(R3)S. Let u be the mazimal mild solution of (3.1) on (—oco,t"(un, g)) and
let b € (O,t+(uh,g)). Then there exist constants § = 6(b,un,g) > 0 and C =
C(b,un, g) > 0 such that for vy, wy, € Z(0) with Qu,(0), Quy(0) € H*9(R3)S
and d,e € L}, ([0,00), H*(R®)® N H*4(R*)5) satisfying
l[un = vnll 20y + 1Q (un(0) = v (Ol oa + 19 = Al L1 (0,0), o E0) <0,
[un = wnll 20y + 1Q (un(0) = wn(O)ll graa + 19 = €ll L1 ((0.0), 15100y < 6
we have min {t* (vy, d), t* (wp,e)} > b and

[v—=wlzp + sup [|Q(v(t) — w(t))ll o
0<t<b

< C(llon = wnll 7o) + 1Q (v8(0) = wn(0))llgres + ld = €ll 1 (0,09, 75 rr7r00) )

where v and w are the mild solutions of (3.1) for vy, and d, resp. wy and e.
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Proof. Given b € (O,t*(uh,g)), we redefine g, d and e be setting them to 0
for t > b. This does not change the mild solutions for ¢ < b and simplifies the
presentation below. We set b" = max{b, 1}, M;, := supo<;<p [|5(t)|| g(z7+) and

To =14 [ull 7o) + sup Qut)lgea + 191 ((0,), 7o Fr00) -
0<t<b

1) Let 4, € (0,1) and vy, wy, d, and e be as in the claim, with ¢ replaced by
01. In particular, we have the estimates

ol 20y + Q0O ree + 1l 1 (0.3 000
||wh||z(o) + [ Qun(0)[| groa + HeHLl((o,b),Hsme)

Lemma 5.1 thus yields a time by := by(7o) € (0,1] smaller than ¢*(vy,, d) and
t* (wn, ) such that [[v]| gy Wl 75, < 1+ KTo =: 7 and v = @y, q(v) and
w = @y, (w) on [0,by] with the fixed-point map from (5.6). Let 0 < § <t <
by. Observe that

v(0) = w(B) = Pu, a(v)(0) = Doy, a(W)(0) + Puy a(w)(0) = P, e (w)(0)5.16)
The first difference on the right is equal to

4
/0 SO — 7)(B(v(r) — w(r)) + Fv,) — F(w,)) dr. (5.17)

We write Ei(1) = L'((0,7), H*) and E, o(7) = L'((0,7), H* N H*). Since
t <by <1, Lemmas 2.2 and 2.12 then imply
[@0,a(0)(0) = Puy, a(w)(O)]] . (5.18)
< My(Cr 1Bl ezt sup [[o(0) — w(B) . + [ F(v2) — Fw.)
0<0<t

B

< Crpt? (1+7V71) v — wllz

with a constant Cy, > 0. The term @, q(w)(0) — Py, (w)(0) is written as

0
Dy (0) = S(6) (vn(0) — wy(0)) + /0 S —7)(d(r) —e(r))dr, (5.19)
and can be estimated by
ID2(O) |71+ < My ([lon(0) — wn(0)][ = + lld — el 0))- (5.20)
As v(t) — w(t) = vn(t) — wy(t) for t<0, inequalities (5.18) and (5.20) lead to

sup [0(6) = w(O) | - (5.21)

.
7

< Crpt? (L+ 7 o = wll ) + My (llow—wnll 7o) + lld—ell s, 1) )-

We turn to the estimate for v —w in L?((0,¢), H*4(R?)5). Like in (5.13)
and (5.14), one controls the term (5.17) via

£ _N—
||@’Uh,d(v) - ®’Uh,d(w)||Lp((O’t)’Ha,q) S CQtpl (1 + TN 1) ||'U - w”Z(t) (5.22)
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for a constant Cy >0. To treat (5.19), we again use the projection @ and set
t
X(0)i= QDa(6) = Q((0) ~ wn(0) + | Q(a(r) — e(r) dr,
0

~ ~ t ~
U(t) = QDa(0) = QS(t) (vn(0) — wn(0)) + /0 QS(t —7)(d(r) —e(r)) dr.
The first term is bounded by
||X||Lp((o7t),qu) < ||Q(Uh(0) - wh(O))Hqu + QI [ld— 6HLl((o,t),HSmH“wq) :

Since 1) solves
() = Ap(t) + Q(d(t) — e(t), t 20, (0) = Q(un(0) — wn(0)),
we can apply the Strichartz inquality from Corollary 4.7 and infer
120l 2 0,0,y S Cste (Jln = wnll ) + 1 = ell s o,0.14))
It follows
1@ (1) = B e ()l oy preer < Xl 0y trmt) + 18 ooy oo
< C5 (1Q(M(0) — n(0)) s + lon — w0l 0y + Il — el ) (5:23)
for a constant C3 > 0. Formulas (5.16), (5.22) and (5.23) yield
10 = 0l (oo ey < Cat?” (14T o = w5, (5.24)
+ (14 G3) [[|Q(vn(0) = wn(0))[| jrava + lon = will oy + ld =€l g, 1y ]-
Since Q(v(t) — w(t)) is given by

Q) ~un0) + [ QBT ~ wlr)) + F(er) = ) +dlr) — elr))ar
Lemma 2.12 implies
1R () = w®) | 0. = Qo0 (0) = wn(0))]| .
+Ca(t7 W+ o —wl ) + = el )
for a constant Cy > 0. Together with (5.21) and (5.24), we arrive at

lo— wlizy + sup [ Qu(r) = w(r))|| oy < Csbra 177 0 = wl 5
0<r<t

+ C’g,b( llon — U)h”Z(O) + ||Q(vh(0) — wh(O)) Hqu +|ld — BHES,a(t))

for constants C5 7, > 0 and Cgp > 1. The first term on the right can be
absorbed for small ¢. For ¢ € [0, b;] and some by := b1 (7o) € (0, by, we obtain

v =wlz+ sup QM) =) o (5.25)

S 206,1)( ||’Uh - whHZ(O) + HQ(’Uh(O) — ’LUh(O))HHa q + ||d — e| Ee.al t))

2) If by > b, we have min {t* (v, d), tT (wy,e)} > by > by > b, and the
proof is complete with 0 := d; € (0,1) and C := 2Cp,. If by < b we restrict
01 to be smaller than (4C, b)_l Using the special case wy, = up and e = g
in (5.25), we obtain [|v]| 5, )+ [|Qu(b1)l re.a +[Id]l ) < To. Analogously,

Es o(14b1
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it holds [[wl| 7, ) + 1Qw(b1)[| oo + €l &, . 155,y < To- Thus we can iterate the
above procedure. Here it is crucial that the step size b; depends only on 7y and
b. Applying Lemma 5.1 to the shifted data vy, := v(++ by), Wy := w(++ b1),
d :=d(-+ b)) and € := e(+ + by), we find mild solutions ¥ = ®; 4(v) and
W = Pg, z(w) on [0,b] satisfying max{[[?]| g, » |0l 2,y } < T The same
estimates as above then yield

7= @l + sup QG = B) | e

< 2Cs5 (1[0 = @ 50y + [|Q (@ (0) = @n(0)) | jyars + |d -2
for all ¢ € [0, b1]. Shifting back, together with (5.25) we conclude

[v—=wlzq) + 02171'1; |Q(vn(T) — wi(r)) HHWI

< Sc’g,b( v — w”z(o) + ||Q(U(O) - w(O)) Hqu +|d - EHES,a(t) )

for all t € [0,2b1]. If 2by > b the proof is complete with § := §; € (0, (406,1,)_1)
and C := 8Cg’b. Otherwise we iterate again. This procedure terminates after a
finite number of steps, depending on 7. Hence, the constants 6 and C' depend
on uy, g, and b. O

Esya(t))

Let Assumption 2.4 be true. We look at data u;, and g with additional
regularity, namely u, € Cy,((—o0,0], H¥(R?)%) N LP((—00,0), H*(R?)%) with
Quy(0) € H*(R?*)® and g € Li([0,00), H¥(R?)S N H*%(R3)%) for some
% < § < 2. Theorem 5.4 provides a maximal mild solution in the space
C((—o0,tF), H*(R?)%) N LP(—o0,t), H*9(R*)%). On the other hand, the Ba-
nach algebra structure of H*(R?) allows to prove local wellposedness in
Cy((—o0,t], H*(R?)°), without using the Strichartz estimate, cf. [2]. So we
also have a maximal mild solution @ of (3.1) in C((—o0,t7), H¥(R®)®). Here
we write ¢t} and tI to distinguish between the two maximal existence times.
The next proposition shows that the two solutions coincide on the intersection
of their maximal existence intervals and that these intervals are the same if
s is close to 1 or s = 2. For simplicity, we restrict to s € (%,2]. Larger val-
ues of § can be treated as well, but require higher regularity assumptions on
coefficients and on Jj.

Proposition 5.7. Let Assumption 2.4 be true, % < § < 2 and uy be contained
in Cy((—00, 0], H¥(R*)®) N LP((—o0,0), H*(R?)®) with Quy(0) € H*(R?)°.
Let Jo also belong to Li, ([0, 00), H¥(R?)?). Then we have t7 > tI and the
above mentioned solutions u and U coincide for t < tF. If additionally § >

s+3-— %, then it holds tT = tf and H® — H>9.

Proof. 1) Set @ = min{a,5— 2+ %} > 2 and 5 := a+1—§ < s. We thus have
the embeddings H%4(R3) — H%(R?), H*(R3) — H®(R®) and H*(R3) —
H*1(R?). Hence, uy, is contained in Z3%(0) with Quy(0) € H™4(R?)% and
for any T' < min {¢{, I}, both u and @ belong to Z3% (T). Therefore it holds
u(t) = u(t) for all t < min{t$, ¢S} by Lemma 5.2.

§77s



13 Page 30 of 33 C. Bresch and R. Schnaubelt NoDEA

2) Let b € (0,t]) and assume ¢ < b. The blow-up condition in H*(R3)®
then provides a sequence (t;) in (0,t1) satisfying t, — 3 and [Ju(t)|| s — oo
as k — oo. We set r := [lul| 2 ) < co. Lemma 2.3 also holds if H*(R3) is
replaced by H®(R?). So as in Lemma 2.10, we can compute

[ F (ur)ll = S sup [u(@)|] = + IIU(T)HHa,q/ ¢(0) lu(T — 0)]| = dO
o<t 0

for all 7 € [0,¢1). We set e(t) := sup, < [|[u(7)|| s for t € [0,¢1) and estimate
Duhamel’s formula by

t
lu@)ll s < llun(0)]| s +/0 1 (ur) s d7 + [lgllLr 0.0,

Sr un(0)]] 5 +/0 e(7) dT+/O [e(T) | .o /Ooo ¢(0) lu(r = 0)]| s A0 dr

+ 19l 0,p),15)-
Observe that

/0 D(0) lu(m = 0)]| = O < ||¢||L1((o,oo)) e(0) + ||¢HLoo((o,oo)) /0 e(0) do

t
51+/ e(0) do.
0

This inequality and fot lu(T)|| goa dT < b7 7 lead to

e(t) §c+d/0te(r)d7

for all t € [0,¢]) with positive constants ¢ = ¢(b,r) and d = d(b,r). Gronwall’s
inequality now implies e(t;,) < ceds < e < 00 as k — oo which contradicts
the blow-up condition. So we have ¢ > b and since b € (0,t7) is arbitrary, we
conclude that tI > tF.

3) Let § > s+ % — %. Assumption 2.1 then yields § — % >a— %, so that
H3(R3) — H*4(R3) by Sobolev’s embedding. Let b € (O,t;f) and suppose
t+ < b. Theorem 5.4 provides a sequence (ty) in (0,t]) satisfying tx — ¢ and
wi = ([t )| e + 1wl 2o (= o0,t0), Hroay — 00 @s k — oo. But we can estimate
wy by

1
Csup [lu(7)]| gs + Cb» sup u(7)l| s < oo
7<b 0<7<b

for all k € N, where C' > 0 is a constant independent of k. Therefore we have
t¥ > b and since b € (0,t}) is arbitrary, the claim follows. O
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