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Notation
In the following table, we summarize the notation used in this thesis.

General
a.e. almost everywhere . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

w.r.t. with respect to . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
δjk Kronecker delta . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

A ≲ B A ≤ CB for some immaterial constant C . . . . . . . . . . .
A ≲p B A ≤ CB for some constant Cp depending on p . . . . . .
A ≃ B A ≲ B and B ≲ A . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
I ⋐ J I being compactly contained in J . . . . . . . . . . . . . . . . . . .
a ∧ b the minimum of two reals a and b . . . . . . . . . . . . . . . . . .
a+ max{a, 0} for a real number a . . . . . . . . . . . . . . . . . . . . .
p′ the Hölder conjugate exponent of p . . . . . . . . . . . . . . . . .
ξ′ the first d− 1 variables of ξ ∈ Rd . . . . . . . . . . . . . . . . . . .

| · | the Euclidean norm on Rd or Cd . . . . . . . . . . . . . . . . . . . .
supp(f) the support of a function f . . . . . . . . . . . . . . . . . . . . . . . . .
⟨λ⟩, ⟨ξ⟩ (1 + λ2)1/2, (1 + |ξ|2)1/2 for λ > 0, ξ ∈ Rd . . . . . . . . . . .
X∼ the completion of a normed space X . . . . . . . . . . . . . . .
(·|·) the scalar product in a Hilbert space . . . . . . . . . . . . . . .

⟨·|·⟩X×X′ duality bracket in X ×X ′ . . . . . . . . . . . . . . . . . . . . . . . . . .
y · ξ ∑d

j=1 yjξj for y, ξ ∈ Rd . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
sinc(z) sin(z)

z
for z ̸= 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Sets
N,N0 the natural numbers, the natural numbers including

zero . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Z,R,C the integers, the reals, the complex numbers . . . . . . . .
C−,C+ the left open half-plane, the right open half-plane . .

2Z the set {2k | k ∈ Z} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Sω the open sector of angle ω . . . . . . . . . . . . . . . . . . . . . . . . .
M the topological closure of a set M . . . . . . . . . . . . . . . . . .
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B(x, r) the open ball in Rd, centered at x with radius r > 0
B(x, r) the closed ball in Rd, centered at x with radius r > 0
A(r1, r2) the open annulus in Rd with radii 0 ≤ r1 < r2 ≤ ∞ .

Calculus and Fourier Analysis
∂αx partial derivative ∂α1

x1 · · · ∂αd
xd

for α ∈ Nd
0 and x ∈ Rd

∂j ∂xj
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

∇x the gradient (∂x1 , . . . , ∂xd
) . . . . . . . . . . . . . . . . . . . . . . . . . .

∆x the Laplacian ∂2
x1 + · · · + ∂2

xd
. . . . . . . . . . . . . . . . . . . . . . .

Dα
x i−|α|∂αx . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

∂nt partial derivative of order n ∈ N0 w.r.t. time . . . . . . . .
Dn
t i−|α|∂nt . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Mm the multiplication operator associated to m : Rd → C
F the Fourier transform . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

m(Dx) the Fourier multiplier operator F−1MmF . . . . . . . . . .
|Dx|α, ⟨Dx⟩α the Fourier multiplier operators associated to | · |α,

⟨ · ⟩α, α ∈ R . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Function Spaces
Ck(V ) the space of k-times differentiable functions on V . . .
C0,1(R) the space of bounded Lipschitz functions . . . . . . . . . . .
C∞
c (Rd) the space of smooth, compactly supported functions
S(Rd) the Schwartz space . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
S ′(Rd) the space of tempered distributions . . . . . . . . . . . . . . . .
Lp(Rd) the Lebesgue space . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Hα(Rd) the L2-based Sobolev space of order α ∈ R . . . . . . . . .
Hα
L(Rd) L-adapted Sobolev space of order α ∈ R . . . . . . . . . . . .

Wα,p(Rd) the Lp-based Sobolev space of order α ∈ R . . . . . . . . .
Ẇα,p(Rd) the Lp-based homogeneous Sobolev space of order α ∈

R . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Lp(R;X) the Bochner space of p-integrable functions f : R →

X . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
W k,p(R;X) the Lp(R;X)-based vector-valued Sobolev space of or-

der k ∈ N0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Ck(R;X) the space of k-times differentiable functions with val-

ues in X . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Ck
b (R;X) the space of functions f in Ck(R;X) with ∂ℓtf

bounded for all 0 ≤ ℓ ≤ k . . . . . . . . . . . . . . . . . . . . . . . . . . .
Cb(R;X) C0

b (R;X) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Ċ1
b (R;X) the space of functions u in C1(R;X) with u′ ∈

Cb(R;X) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
S(Rd;X) the space of Schwartz functions with values in X . . .

FL1 the space F(L1(Rd)) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
FM the space F(M(Rd)), M(Rd) the space of complex

Borel measures with finite variation norm . . . . . . . . . .

Operator Theory
Dom(L) the domain of a linear operator L . . . . . . . . . . . . . . . . . . .

R(L) the range of a linear operator L . . . . . . . . . . . . . . . . . . . .
L∗ the adjoint operator of L in a Hilbert space . . . . . . . . .
L′ the adjoint operator of L in a Banach space . . . . . . . .
σ(L) the spectrum of a linear operator L . . . . . . . . . . . . . . . .
ρ(L) the resolvent set of a linear operator L . . . . . . . . . . . . .
R(λ, L) the resolvent of L at λ ∈ C . . . . . . . . . . . . . . . . . . . . . . . .
L the closure of a linear operator . . . . . . . . . . . . . . . . . . . . .
Lα fractional power of L . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(eiy·D)y∈Rd the d-parameter C0-group generated by iD . . . . . . . . .
⟨DL⟩α the operator (Id + L)α

2 or its extension (Id + L )α
2 .

L(X, Y ) the space of bounded linear operators from X to Y
L(X) the space L(X,X) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
C(X) the space of closed operators in X . . . . . . . . . . . . . . . . . .

Basic Differential Geometry
TωS the tangent space at the point ω ∈ S . . . . . . . . . . . . . . . .
NωS the normal space at the point ω ∈ S . . . . . . . . . . . . . . .
dfω the differential of f in ω . . . . . . . . . . . . . . . . . . . . . . . . . . . .
dS distance function on S . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Further Remarks

We preserve the letter d to denote the dimension of the Euclidean space Rd.
We use the convention

(Ff)(ξ) :=
∫
Rd

e−iy·ξf(y) dξ (f ∈ S(Rd))

for the Fourier transform with (F−1f)(y) = (2π)−d(Ff)(−y). Up to some
exceptions (which should be clear from the context), we preserve the letter
ψ to denote a generic C∞

c (Rd)-function of the frequency variable ξ ∈ Rd,
where ψ is supported away from the origin. In contrast, we use the letter φ
to denote C∞

c (Rd)-functions supported in a neighborhood of the origin. From
time to time, we also use φ to define mollifiers or, more importantly, a phase
function. We use the letter λ ∈ 2Z to denote the ’size’ of the frequency in the
Littlewood–Paley decomposition, and we use the notation ψλ to denote the
rescaled function ψλ(ξ) = ψ( ξ

λ
) (again, up to some exceptions that should

be clear from the context). The letter α will always denote a regularity
parameter in R or a multiindex in Nd

0. We also want to warn the reader
that D does not refer to a derivative, but to a more general generator of a
C0-group (eiy·D)y∈Rd . We use ∇x and Dx = −i∇x for spatial as well as ∂t
and Dt = −i∂t for temporal derivatives instead.
Very frequently (and especially in Chapters 3 and 4), functions are C2-
valued. In this case, we often suppress the target space in the notation
and write Lp(R), H1(R), etc. instead of Lp(R;C2), H1(R;C2) to ease nota-
tion. Concerning mixed-norm spaces, we frequently write Lpt (R; Lqx(Rd)) and
∥ · ∥Lp

t (R;Lq
x(Rd)) in place of Lp(R; Lq(Rd)) and ∥ · ∥Lp(R;Lq(Rd)), respectively, in

order to emphasize with respect to which variables the Lp- and Lq-norms are
taken. For the theory of Bochner spaces, we refer the reader to [30]. We only
assume familiarity with just basic facts about vector-valued Sobolev spaces,
as can be found in e.g. [10].
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1. Introduction
Since their early formulation in the 1740s by d’Alembert in the context
of the vibrating string [14], wave equations have remained an active area
of research to this day, owing to the ubiquity of wave phenomena both in
nature and applications. In this thesis, we investigate wave equations with
rough coefficients, specifically those that exhibit regularity weaker than C2.
Let us try to motivate the research question physically. Consider a wave
equation of the form

(
D2
t −

d∑
j,k=1

cjkDxj
Dxk

)
u(t, x) = 0, (t, x) ∈ R × Rd, (1.1)

where the coefficients cjk are allowed to depend on space and time. The
case cjk = δjk corresponds to the well-known classical wave equation, which
describes wave propagation in a homogeneous medium. On the other hand,
one motivation for studying wave equations with low-regularity coefficients
(aside from quasilinear problems (see Section 1.2)) is to understand the prop-
agation of waves in inhomogeneous, rough media. In dimension d ≥ 2, a key
feature of the behavior of waves is dispersion, i.e., the phenomenon by which
waves spread out over time, and one might ask:
Under which conditions do waves in inhomogeneous, rough media disperse
in the same way as corresponding ones in homogeneous media?
One way to measure dispersion mathematically is via so-called Strichartz
estimates. Thus, one could ask the following related question:
Under which regularity assumptions on the coefficients cjk do solutions u to
(1.1) satisfy the same Strichartz estimates as solutions to the classical wave
equation?
We address this question, and in particular our contribution to it, in the
next section.

1.1. Background on Strichartz Estimates and
Main Results

Strichartz estimates refer to a family of space-time estimates for the so-
lutions of linear dispersive equations and play a fundamental role in the

11



1.1. Background on Strichartz Estimates and Main Results

well-posedness theory of nonlinear dispersive equations. For a solution u ∈
S(R × Rd) of the classical wave equation in dimension d ≥ 2

(D2
t + ∆x)u = F in R × Rd, u(0, ·), Dtu(0, ·) = h, (1.2)

they read in the homogeneous case F = 0
∥|Dx|1−αu∥Lp

t (R;Lq
x(Rd)) ≲ ∥g∥Ḣ1(Rd) + ∥h∥L2(Rd). (1.3)

Here, (p, q, α) ∈ [0,∞]3 satisfy the admissibility conditions

2 ≤ p ≤ ∞, 2 ≤ q < ∞,
1
p

+ d

q
= d

2 − α,
2
p

+ d− 1
q

≤ d− 1
2 . (1.4)

Triples satisfying (1.4) are called (wave-admissible) Strichartz triples, and
they are referred to as strict if the fourth condition in (1.4) holds with an
equality. Scaling symmetry and the Knapp example show that the third and
fourth condition in (1.4) are in fact necessary for (1.3) to hold (see [58]). The
conditions p, q ≥ 2 can also be shown to be necessary. We assume q < ∞
in (1.4) because in general, (1.3) fails to hold when q = ∞ (see [18], [26] ;
however, we note that this failure can be remedied if one replaces the space
L∞
x (Rd) by the homogeneous Besov space Ḃ0

∞,2, see e.g. [7, Corollary 8.25],
provided that one excludes the forbidden triple (2,∞, 1) in dimension d = 3).
On the other hand, q = 2 is permitted. In fact, (∞, 2, 0) is the trivial
Strichartz triple as in this case, (1.3) is just the energy inequality, which is
easy to prove. At the other extreme, strict Strichartz triples with p = 2, i.e.,
(2, 2(d−1)

d−3 , d+1
2(d−1)) for d ≥ 4, are called endpoint Strichartz triples, and (1.3)

for such triples are much harder to prove.
Strichartz estimates for the wave equation have a long history. In his seminal
work, Strichartz [57] proved (1.3) in the case p = q. Later, Ginibre–Velo [23]
and Lindblad–Sogge [37] independently established (1.3) for all non-endpoint
Strichartz triples. Finally, Keel–Tao [34] settled the endpoint case. There
also exist Strichartz estimates for (1.2) in the inhomogeneous setting in (1.2)
where F ̸= 0. They read
∥|Dx|1−αu∥Lp

t (R;Lq
x(Rd)) ≲ ∥g∥Ḣ1(Rd) + ∥h∥L2(Rd) + ∥|Dx|α̃F∥Lp̃′

t (R;Lq̃′
x (Rd)) (1.5)

for all Schwartz solutions u to (1.2) and all Strichartz triples (p, q, α), (p̃, q̃, α̃)
(see [58, Theorem 2.6]). The fruitfulness of Strichartz estimates in the study
of nonlinear problems was already conjectured by Segal [46] in the 1970s and
has since been proven in a plethora of works (see e.g. [53], [58], [7] for an
account of nonlinear wave equations).
In this thesis, we are concerned with an analog of (1.3) for variable-coefficient
linear wave equations. More precisely, we consider

(
D2
t − P (t, x,Dx)

)
u(t, x) = F (t, x), (t, x) ∈ R × Rd,

u(0, x) = g(x), x ∈ Rd,

Dtu(0, x) = h(x), x ∈ Rd,

(1.6)

12



1 Introduction

where Dt := 1
i
∂t, Dx := 1

i
∇x and P (t, x,Dx) is an elliptic second order

differential operator

P (t, x,Dx) :=
d∑

j,k=1
Dxj

cjk(t, x)Dxk
or P (t, x,Dx) :=

d∑
j,k=1

cjk(t, x)Dxj
Dxk

in divergence or standard form, respectively. Variable-coefficient wave equa-
tions arise in the description of many physical phenomena (e.g., electro-
magnetism, general relativity, acoustics, etc.). Although these are often-
times of quasilinear structure, establishing local well-posedness of quasilin-
ear wave equations with rough initial data (i.e., initial data belonging to
Hα(Rd) × Hα−1(Rd) for low values α > d

2) often involves an approximation
scheme in which Strichartz estimates are used for a linearized wave equation
(see e.g. [60], [6], [50] and the references therein). Here, one difficulty is
that the linearized wave equation is rough in the sense that its coefficients
cjk are of low regularity. Therefore, it is essential to understand how low
regularity of the coefficients affects the availability of Strichartz estimates.
In the following, we state the regularity assumptions that we impose on our
coefficients cjk. Note that we also have to make a structural assumption,
which we need to obtain better results than the ones in the literature (see
Section 1.2 for a more thorough discussion).

Assumption 1.1.1. We have cjk = 0 if j ̸= k and

cjj(t, x) := bj(t)aj(xj), (t, x) ∈ R × Rd, j ∈ {1, . . . , d}, (1.7)

where a1, . . . , ad and b1, . . . , bd are functions from R to R with the following
properties.

(Aa) There exist constants 0 < m1 ≤ m2 < ∞ such that

m1 ≤ aj(x) ≤ m2 for all x ∈ R and j ∈ {1, . . . , d}. (1.8)

The functions a1, . . . , ad are Lipschitz continuous and we assume that

m3 := max
1≤j≤d

∥∥∥ d
dx log(aj)

∥∥∥
L1(R)

< 4. (1.9)

(Ab) The functions b1, . . . , bd are continuously differentiable and for some
sufficiently small ε0 ∈ (0, 1

2) we have

1 − ε0 ≤ bj(t) ≤ 1 + ε0 for all t ∈ R and j ∈ {1, . . . , d}. (1.10)

We set m4 := max1≤j≤d ∥b′
j∥∞ < ∞. Moreover, we assume that there

exists some sufficiently small ε1 = ε1(m1,m2,m4) > 0 such that

max
1≤j≤d

∥b′
j∥L1(R) ≤ ε1. (1.11)
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1.1. Background on Strichartz Estimates and Main Results

Thus, P (t, x,Dx) is of the form

P (t, x,Dx) =
d∑
j=1

Dxj
bj(t)aj(xj)Dxj

or P (t, x,Dx) =
d∑
j=1

bj(t)aj(xj)D2
xj
.

To ease notation, we will write P (t) := P (t, x,Dx) (and occasionally just P )
in the following. In order to state our main result, we interpret (1.6) as an
abstract Cauchy problem, for which we use the following notion of a weak
solution.

Definition 1.1.2 (Weak Solutions in Hα(Rd)). Let α ∈ R and suppose that
g ∈ Hα(Rd), h ∈ Hα−1(Rd), and F ∈ L1(R; Hα−1(Rd)). Then, a function
u ∈ C(R; Hα(Rd)) ∩ C1(R; Hα−1(Rd)) ∩ W 2,1

loc (R; Hα−2(Rd)) is called a weak
solution to (1.6) in Hα(Rd) if

D2
t u(t) = P (t)u(t) + F (t) in Hα−2(Rd) for a.e. t ∈ R,
u(0) = g,

Dtu(0) = h.

The following theorems are then the main results of this thesis.

Theorem 1.1.3 (Existence and Uniqueness of Weak Solutions in Hα(Rd)).
Let α ∈ [−1, 2] and suppose that g ∈ Hα(Rd), h ∈ Hα−1(Rd), and F ∈
L1(R; Hα−1(Rd)). Then, there exists a unique weak solution u to (1.6).

Regarding Theorem 1.1.3, we can weaken the assumptions on the coefficients
bj a bit, see Remark 3.3.9. For the following theorems, we suppose d ≥ 2.

Theorem 1.1.4 (Global-In-Time Strichartz Estimates for Weak Solutions
in H1(Rd)). Let (p, q, α) be a wave-admissible Strichartz triple and α ∈ [0, 2].
Suppose that g ∈ H1(Rd), h ∈ L2(Rd), and F ∈ L1(R; L2(Rd)). Then, the
weak solution to the wave equation (1.6) satisfies the global-in-time Strichartz
estimate

∥|Dx|1−αu∥Lp
t (R;Lq

x(Rd)) ≲ ∥g∥H1(Rd) + ∥h∥L2(Rd) + ∥F∥L1(R;L2(Rd)). (1.12)

In Section 4.4, we demonstrate how the assumption of continuous differen-
tiability of the coefficients bj can be weakened to Lipschitz continuity:

Theorem 1.1.5 (Global-In-Time Strichartz Estimates for Weak Solutions
in H1(Rd)). Let (p, q, α) be a wave-admissible Strichartz triple and α ∈ [0, 2].
Suppose further that b1, . . . , bd as in (Ab) are only Lipschitz continuous and
that g ∈ H1(Rd), h ∈ L2(Rd), and F ∈ L1(R; L2(Rd)). Then, the weak solu-
tion to the wave equation (1.6) satisfies the global-in-time Strichartz estimate

∥|Dx|1−αu∥Lp
t (R;Lq

x(Rd)) ≲ ∥g∥H1(Rd) + ∥h∥L2(Rd) + ∥F∥L1(R;L2(Rd)). (1.13)
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Note that these results are global in time. Theorems 1.1.4 and 1.1.5 general-
ize the corresponding result in [21], in that we can assume for a multiplicative
time-dependence of the coefficients (we give a more detailed overview over
existing results in the literature and a comparison with our result in Sec-
tion 1.2 below).
The main challenge in this setting arises from the lack of smoothness in the
coefficients, which causes approaches by phase space methods, as used in e.g.
[59], [60], [51], to break down. However, the lack of smoothness is compen-
sated by the crucial structural assumption (1.7), which opens the door for
an operator-theoretic approach. This operator-theoretic approach, which has
its roots in Frey-Portal’s work on sharp Lp-estimates for wave equations with
Lipschitz coefficients [19], is essential for the proofs of the theorems above, as
they replace Fourier multipliers by more useful operator-adapted analogs de-
fined by functional calculus. Combining this with a parametrix construction
which goes back to Smith [47], we are able to prove Theorem 1.1.3. Despite
being interesting in its own right, the key point of Theorem 1.1.3 is that
it comes with a useful representation formula for the weak solution that is
good enough for the purpose of proving global-in-time Strichartz estimates.
In fact, Theorem 1.1.4 (and Theorem 1.1.5) will essentially follow from a
dispersive estimate for the Fourier transform of a surface-carried measure.

1.2. Review of Existing Results and Discussion
One of the main difficulties in proving Strichartz estimates revolves around
finding an effective way of representing the solution or at least a good enough
approximation thereof. The classical wave equation (1.2) is amenable to
Fourier analysis which provides an explicit representation of the solution
of (1.2) in terms of Fourier multipliers. In this case, the proof of (1.3)
essentially relies first and foremost on the crucial dispersive estimates for
the ψ ∈ C∞

c (Rd \ {0})-truncated half-wave propagator

∥eit|Dx|ψ(Dx)f∥Lq(Rd) ≲ψ (1 + |t|)− d−1
2 (1− 2

q
)∥f∥Lq′ (Rd) (1.14)

for q ≥ 2, 1
q′ = 1 − 1

q
. For q = 2, this estimate is an immediate consequence

of Plancherel’s theorem, while for q = ∞, it is obtained via the stationary
phase method for oscillatory integrals. The estimate for intermediate values
of q is then derived by interpolating these two endpoints. Combining (1.14)
with Littlewood–Paley theory, a TT ∗-argument and the Hardy–Littlewood–
Sobolev inequality then gives the desired Strichartz estimate (1.3), provided
that p > 2 (see [7, Chapter 8] for details). The inapplicability of the Hardy–
Littlewood–Sobolev inequality in the endpoint case, however, makes a more
sophisticated proof necessary which goes back to Keel–Tao (see [34]). In a
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number of works since then, local (in-time) Strichartz estimates1 have also
been established for linear variable-coefficient wave equations such as (1.6).
We give a brief (non-exhaustive) overview in the following.
(I) Smooth Metrics: If the coefficients cjk are assumed to be smooth,
Lax’s parametrix construction for the half-wave propagator [36] (see also
[25, Chapter 6] or [52, Section 4.1] for a more accessible presentation in
the setting of wave equations) yields at least for sufficiently small times t a
representation of the solution u of (1.6) given by

u(t, ·) = F0(t)g + F1(t)h+R0(t)g +R1(t)h,

where, roughly speaking, Fj(t) are Fourier integral operators (FIOs) order
−j and Rj(t) are smoothing operators. Local Strichartz estimates (at least
in the non-endpoint case) are then a consequence of mapping properties
of such FIOs proved by Kapitanski ([32, Theorem 2], [33, Theorem 7.5]),
see also the result by Mockenhaupt-Seeger-Sogge ([42, Theorem 3.1]) who
studied FIOs in an even more general framework.
(II) Metrics with Limited Regularity (the C2-Case): In the case,
where the coefficients cjk possess only limited regularity, Lax’s parametrix
construction is unfortunately not available anymore. Nevertheless, under the
assumption of C1,1-coefficients, local Strichartz estimates were first proved by
Smith (in dimensions d = 2, 3) [47] and then in full generality by Tataru [59]
for C2-coefficients. The proofs first use Littlewood–Paley theory and ideas
originating from paradifferential calculus (see [9], [11]) to reduce the wave
equation (1.6) to wave equations of the form (D2

t −Pλδ)uλ = Fλ+Rλ, where
uλ, Fλ are localized in frequency at scale λ > 0 and Pλδ is obtained from
P by truncating the coefficients in frequency at scale λδ for some δ ∈ (0, 1).
Here, Rλ is an error term, and the parameter δ is chosen in such way that
Rλ is of the same ’strength’ as the driving force Fλ. It turns out that the
C2-assumption and the choice δ = 1

2 achieves exactly this. In a second
step, one has to produce a tractable approximation of uλ. We remark that,
while Pλδ has smooth coefficients, Lax’s parametrix construction does not
apply since it involves an asymptotic sum of Hörmander-type symbols which
does not yield a convergent expression here2. For this reason, Smith and
Tataru applied wave packet techniques or phase space methods ([47], [51],
[59], [60]) to produce a parametrix for (D2

t−Pλδ)uλ = 0 in order to prove local
Strichartz estimates for uλ with constants uniform in λ. These parametrices
are essentially obtained by the pullback of the Hamiltonian flow of the symbol
of

√
Pλδ , conjugated by a wave packet/phase space transform. Here, the C2-

1By this, we mean that (1.3) holds with ∥|Dx|1−αu∥Lp
t (R;Lq

x(Rd)) replaced by
∥|Dx|1−αu∥Lp

t (I;Lq
x(Rd)) or ∥⟨Dx⟩1−αu∥Lp

t (I;Lq
x(Rd)) for some bounded interval 0 ∈ I ⊆ R.

2One can remedy this using a sharper truncation depending on the time interval but
this leads to weaker estimates (see [6]).
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assumption is again crucial in at least two ways. First, it allows to control the
error between the parametrix and the exact solution operator, and second, it
translates to the regularity of the Hamiltonian flow which is needed to prove
dispersive estimates for the kernel of the parametrix. However, we mention
that, with a more careful analysis, one can slightly weaken the assumption
by just assuming ∂βt,xcjk ∈ L1

t (I; L∞
x (Rd)) for all |β| ≤ 2, which has important

applications for the local wellposedness theory of quasilinear wave equations
(see [60]).
(III) Metrics in the Low Regularity Regime (the Cr-Case with 0 ≤
r < 2): Strichartz estimates for wave equation with less regular coefficients,
namely coefficients in Cr(R × Rd) (r ∈ [0, 2)), are still available; however in
this case, these estimates are weaker in the sense that there occurs a loss
of derivatives compared to (1.3) (see [59, Corollary 6]). More precisely, we
have for Strichartz triples (p, q, α) and d ≥ 4, σr := 2−r

2+r

∥⟨Dx⟩1−α− σr
p u∥Lp

t (I;Lq
x(Rd)) ≲|I| ∥g∥H1(Rd) + ∥h∥L2(Rd). (1.15)

As counterexamples by Smith–Tataru [49] demonstrate, this loss is necessary
in general, at least in the case of Strichartz estimates for inhomogeneous lin-
ear wave equations.
(IV) Directionally Separable Time-Independent Lipschitz Metrics:
The counterexamples produced by Smith–Tataru do not rule out the exis-
tence of low regularity metrics for which the full Strichartz estimates do hold
without loss of derivatives. In fact, if a1, . . . , ad satisfy (Aa) from Assump-
tion 1.1.1 and

cjk(t, x) := δjk · aj(xj) t ∈ R, x ∈ Rd, i.e., if

P (t, x) =L :=
d∑
j=1

Dxj
aj(xj)Dxj

or P (t, x) = L :=
d∑
j=1

aj(xj)D2
xj

then one recovers the full global-in-time Strichartz estimates without loss of
derivatives (see [21]).
Comparing with these results, we would like to shed light on strengths and
weaknesses of Theorem 1.1.4.

(1) First, we note that in comparison to (IV), the essential new feature
in Theorem 1.1.4 is that we can allow for a ’multiplicative’ time-
dependence of the coefficients. Besides being interesting in its own
right, time-dependence of the coefficients is important in order to effec-
tively use the Strichartz estimates in quasilinear problems (as alluded
to in the beginning of Section 1.1). However, the ’multiplicative’ struc-
ture in our case prevents a straightforward application to quasilinear
problems.
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1.2. Review of Existing Results and Discussion

(2) Concerning the C1-assumption on the time-dependent coefficients bj
(see (Ab) in Assumption 1.1.1), we remark that one cannot hope to
obtain a wellposedness result or global Strichartz estimates without
loss assuming mere Hölder-continuity for the coefficients bj. Indeed, in
this case, wave equations do not even necessarily admit distributional
solutions for smooth initial data [13, Theorem 10]. However, following
the paradifferential smoothing procedure used in [47], we can deduce
that Lipschitz-regularity for the coefficients bj is in fact enough to
deduce Theorem 1.1.4 (see Corollary 4.4.1).

(3) We also note that local-in-time Strichartz estimates in the setting of
Theorem 1.1.4 can be (in some cases) recovered from the results de-
scribed in (II) by a change of variables. Indeed, due to our struc-
tural assumption (1.7), the coordinate transformation φ : Rd → Rd,
φ(x) = (φ1(x1), . . . , φd(xd)) with φj(xj) =

∫ xj

0
1√
aj(y) dy leads to the

equation

(D2
t − P̃ (t,Dx))ũ = F̃ +Rũ, ũ(0) = g̃, Dtũ(0) = h̃ (1.16)

with u(t, x) = ũ(t, φ(x)), F (t, x) = F̃ (t, φ(x)), g(x) = g̃(φ(x)), h(x) =
h̃(φ(x)) and P̃ (t,Dx) = ∑d

j=1 bj(t)D2
xj

and R := ∑d
j=1 cj(t, xj)Dxj

,
cj ∈ L∞(R2). Let 0 ∈ I ⊆ R be a bounded interval. Observe that
Hölder’s and the energy inequality imply

∥Rũ∥L1
t (I;L2

x(Rd)) ≲|I| ∥u∥L∞
t (I;Ḣ1(Rd)) ≲ ∥g∥Ḣ1(Rd) + ∥h∥L2(Rd)

Thus, (at least if bj ∈ C2(R)) [59, Corollary 5], implies for any Strichartz
triple (p, q, α) and compactly supported smooth solution u

∥⟨Dx⟩1−αu∥Lp
t (I;Lq

x(Rd))

≲∥⟨Dx⟩1−αũ∥Lp
t (I;Lq

x(Rd))

≲|I|∥g̃∥H1(Rd) + ∥h̃∥L2(Rd) + ∥F̃∥L1
t (I;L2

x(Rd)) + ∥Rũ∥L1
t (I;L2

x(Rd))

≲|I|∥g∥H1(Rd) + ∥h∥L2(Rd) + ∥F∥L1
t (I;L2

x(Rd)).

So, the main point of Theorem 1.1.4 is that the Strichartz estimates
are global-in-time. For more regular coefficients (at least C2), global
Strichartz estimates have already been obtained under the assumption
of asymptotic flatness of the coefficients and non-existence of trapped
rays (see e.g. [61], [48], [41]). The asymptotic flatness compares to
our assumptions (1.9), (1.11), and trapped rays are precluded by the
structural assumption (1.7).

(4) Unlike in (1.3), we have inhomogeneous norms on the right-hand side
of (1.12). However, this can be remedied, see Remark 4.4.2.
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(5) We do not discuss the full inhomogeneous Strichartz estimates as in
(1.5), but note that we do have the energy case (p̃, q̃, α̃) = (∞, 2, 0).

(6) The key reason why we can relax the C2-regularity of the coefficients
to Lipschitz regularity in our setting, is the structural assumption
(1.7). In the interest of gaining a little microlocal intuition, let us
assume for a moment that aj ∈ C2(R). Then, we find that, due to
(1.7), the Hamiltonian ODEs associated with the symbol p(t, x, ξ) =
(∑d

j=1 bj(t)aj(xj)ξ2
j )1/2, given by

ẋ(t) = ∂ξp(t, x(t), ξ(t)), x(0) = x0 ∈ Rd,

ξ̇(t) = −∂xp(t, x(t), ξ(t)), ξ(0) = ξ0 ∈ Rd \ {0},

decouple into d two-dimensional systems for (xj, ξj) given by

ẋj(t)
aj(xj(t))

= bj(t)
ξj(t)
p0

, ξ̇j(t) = −bj(t)a′
j(xj)

ξ2
j (t)
2p0

, (1.17)

where p0 := p(0, x0, ξ0). This leads to a decoupled Hamiltonian flow
χt : (x0, ξ0) 7→ (x(t), ξ(t)) which, for the purpose of obtaining Strichartz
estimates, is close enough to the case of the flat Laplacian, in which
χt(x0, ξ0) = (x0 + t ξ0

|ξ0| , ξ0). As it appears, these heuristics do not break
down if aj is only assumed to be Lipschitz, although the ODE for ξj in
(1.17) need not be well-defined in this case. However, unfortunately,
deviating from this structural assumption by allowing aj to depend
on transverse components xk, k ̸= j, turns out to be a very delicate
matter.

1.3. Outline of the Thesis
In Chapter 2, we lay the groundwork for proving the main results. The
chapter is divided into three sections. The first section briefly recalls the
holomorphic functional calculus for sectorial operators and in particular,
their fractional powers. This is followed by a more detailed discussion of the
Phillips functional calculus for bounded d-parameter C0-groups, which serves
as a foundational tool for the thesis and is also included for the benefit of
readers who may not be familiar with it. The second section focuses on half-
wave groups in one dimension. Finally, the third section brings together the
concepts of operator theory and one-dimensional half-wave groups, thereby
setting up the framework as introduced in [19] and which we need to prove
the main results in Chapters 3 and 4.
Chapter 3 is devoted to the construction of a parametrix for the wave equa-
tion (1.6) under Assumption 1.1.1. Here, we adapt an approach, originally
developed by Smith [47], to our specific setting.
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1.3. Outline of the Thesis

In Chapter 4, we use the parametrix constructed in Chapter 3 to prove
global-in-time Strichartz estimates. A key ingredient is the analysis of the
Fourier transform of a surface-carried measure. To avoid hindering the flow
of the text, we have moved the somewhat lengthy proof of the properties of
this surface to the appendix.
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2. Preliminaries
In this chapter, we provide the operator-theoretic background for Chapter 3
and Chapter 4. In Section 2.1, we briefly recall the holomorphic functional
calculus for sectorial operators; we then give a more detailed account of the
Phillips functional calculus for generators of d-parameter C0-groups, as it is
one of the main tools used in this thesis and not frequently discussed in the
literature. In Section 2.2, we study one-dimensional half-wave equations in
Lp(R) for p ∈ (1,∞). These are essentially the building blocks for the type
of wave equations we deal with in this thesis.

2.1. Functional Calculus
Functional calculus is concerned with inserting an operator L into (suitable)
functions f in order to make sense of expressions like e.g. e−tL or

√
L.

One well-known instance of this is the Borel functional calculus for self-
adjoint operators in a Hilbert space. In the more general setting of Banach
spaces, one can use tools from complex analysis (Cauchy’s integral theorem
and formula) and from harmonic analysis (namely the Fourier transform) in
order to meaningfully define functional calculi. For an extensive exposition
of the theory, we refer the reader to [27], [35], and [31, Chapter X].

2.1.1. A Short Motivation
If L is a self-adjoint operator in some Hilbert space X, then by the spectral
theorem (see e.g. [27, Theorem D.5.1, Theorem D.6.1]), there is an algebra
homomorphism from the space of bounded Borel-measurable functions into
the space of bounded operators,

Ψ: Bb(σ(L)) → L(X), f 7→ f(L) := Ψ(f).

The map Ψ is uniquely determined by its algebraic and continuity properties
and called the Borel functional calculus for L. The significance of such
a functional calculus lies in the fact that it allows to treat the possibly
complicated operator L much as if it was just a number. To illustrate this,
suppose that L ̸= 0 is nonnegative (i.e., σ(L) ⊆ [0,∞)) and consider the
abstract (wave-type) evolution equation

D2
t u(t) = Lu(t) (t ∈ R), u(0) = g ∈ X, Dtu(0) = h ∈ X. (2.1)
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Basic ODE theory tells us that in the scalar case (i.e., X = C and L ∈ [0,∞))
the solution of (2.1) is given by

u(t) = cos(t
√
L)g + itsinc(t

√
L)h (t ∈ R), (2.2)

where sinc(z) := sin(z)
z

for z ̸= 0 and sinc(0) = 1. But in fact, applying
the functional calculus Ψ, we can make sense of the expression (2.2) in the
general vector-valued case by putting

Cos(t
√
L) := Ψ(cos(t

√
z)) ∈ L(X), Sinc(t

√
L) := Ψ(sinc(t

√
z) ∈ L(X)

for t ∈ R. For instance, it can then be shown that

u : R → X, u(t) = Cos(t
√
L)g + itSinc(t

√
L)h (2.3)

is the unique classical solution to (2.1), provided that g ∈ Dom(L) and h ∈
Dom(

√
L) (see Subsection 2.1.2 for the precise definition of the square root√

L). The significance of (2.3) is that it provides us with a representation of
the solution that might be useful for the purpose of proving estimates that
one is interested in. In essence, this example captures much of the approach
that we use in Chapter 3.
If L is not self-adjoint or X is not a Hilbert space, the spectral theorem
is not available anymore. However, it is possible to construct a functional
calculus for so-called sectorial operators L, and we will briefly recall this
construction in the following subsection. The presentation will closely follow
([27, Chapters 2 and 3]).

2.1.2. Functional Calculus for Sectorial Operators
We denote by Sω := {z ∈ C | z ̸= 0, arg(z) < ω} the open sector of angle
ω ∈ [0, π) in the complex plane.

Definition 2.1.1 (Sectorial Operators). A closed, densely defined, linear
operator L : Dom(L) ⊆ X → X in a Banach space X is called sectorial of
angle ω ∈ [0, π) if its spectrum σ(L) is contained in Sω and if for any larger
angle ϑ ∈ (ω, π) we have the estimate

sup
z∈C\Sϑ

∥zR(z, L)∥L(X) < ∞. (2.4)

We call an operator just sectorial if it is sectorial of some angle.

Guided by Cauchy’s integral formula from complex analysis, we can define a
functional calculus for a sectorial operator L on suitable algebras of bounded
holomorphic functions (although holomorphy is way more restrictive com-
pared to mere measurability as in the self-adjoint case, it turns out to be
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sufficient for many purposes). For ϑ ∈ (0, π), we let H(Sϑ) denote the set of
holomorphic functions f : Sϑ → C and consider the subspace

H∞
0 (Sϑ) :=

{
f ∈ H(Sϑ) | ∃α > 0: |f(z)| ≲

(
|z| ∧ 1

|z|

)α
(z ∈ Sϑ)

}
. (2.5)

Given a sectorial operator L of angle ω ∈ [0, π) and any fixed angle ϑ ∈
(ω, π), we can define an elementary functional calculus for L on the algebra
H∞

0 (Sϑ) by

Ψ: H∞
0 (Sϑ) → L(X), ψ 7→ ψ(L) := 1

2πi

∫
∂Sν

ψ(z)R(z, L) dz, (2.6)

where ν ∈ (ω, ϑ) and ∂Sν is parametrized by some positively-oriented (piece-
wise smooth) path γ. The resolvent estimate (2.4) and the decay bounds
in (2.5) ensure that the integral which defines ψ(L) converges absolutely in
L(X). Moreover, it follows from Cauchy’s integral theorem for vector-valued
holomorphic functions that ψ(L) does not depend on the specific choice of
the angle ν ∈ (ω, ϑ) or the path γ. The map Ψ is an algebra homomorphism,
but its domain is rather restrictive by demanding decay both at 0 and ∞ for
functions in H∞

0 (Sϑ). We therefore extend in a first step Ψ linearly to the
algebra

E(Sϑ) := H∞
0 (Sϑ) ⊕ ⟨(1 + z)−1⟩ ⊕ ⟨1⟩

by putting
f(L) := ψ(L) + c(Id + L)−1 + d

if f = ψ + c(1 + z)−1 + d for some ψ ∈ H∞
0 (Sϑ) and c, d ∈ C. This gives

rise to a well-defined algebra homomorphism E(Sϑ) → L(X) that extends Ψ
and which we (under abuse of notation) still denote by Ψ. However, E(Sϑ) is
still a rather small space, as it, for instance, does not contain the fractional
powers zα : Sϑ → C, z 7→ zα (Re(α) > 0) since they lack sufficient decay at
∞. Therefore, we extend Ψ even further by a technique called regularization:
We introduce the subalgebra of regularizers

RL(Sϑ) := {e ∈ E(Sϑ) | e(L) is injective}

and the algebra M(Sϑ) := {f : Sϑ → C is meromorphic}. We then call a
function f ∈ M(Sϑ) regularizable and e ∈ RL(Sϑ) a regularizer for f if
ef ∈ E(Sϑ). Finally, set ML(Sϑ) := {f ∈ M(Sϑ) | f is regularizable} and
define

Ψ̃ : ML(Sϑ) → C(X), f 7→ f(L) := e(L)−1(ef)(L),
where e is any regularizer for f and C(X) is the space of closed linear opera-
tors in X. It turns out that this gives a well-defined map called the extended
functional calculus for L (see [27, Subsection 1.2.2]).

Example 2.1.2 (Fractional Powers). Let L be a sectorial operator.
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(a) Let α ∈ C and n ∈ N with n > Re(α) > 0. Then, the function
e := (1+z)−n is a regularizer for zα and e(L)−1 = (Id+L)n. Therefore,
we may define

Lα := (zα)(L) = (I + L)n
(

zα

(1 + z)n

)
(L) ∈ C(X)

as the fractional power of L of order α. In the case α = 1/2, the
notation

√
L := L1/2 is also customary and

√
L is referred to as the

square root of L. We also set L0 := Id.

(b) If L is injective, we can define Lα even for all α ∈ C. Indeed, in this
case, we may choose the regularizer en := zn(1 + z)−2n, where n ∈ N
is such that n > |Re(α)|.

The fractional powers of a sectorial operator satisfy many properties (law of
exponents, etc.) that are known to hold for complex numbers. We record
some of them for later reference in the following proposition.
Proposition 2.1.3 (Properties of Fractional Powers). Let L be a sectorial
operator in X and α, β ∈ C with Re(α),Re(β) > 0.

(a) We have Lα+β = LαLβ. In particular, Dom(Lα) ⊆ Dom(Lβ), provided
that 0 < Re(β) < Re(α).

(b) One has Dom((εId + L)α) = Dom(Lα) for all ε > 0.

(c) If T ∈ L(X) commutes with L, then it also commutes with Lα.

(d) Dom(Lα) is a core for Dom(Lβ) if 0 < Re(β) < Re(α).

(e) Let γ, δ ∈ C. If L is injective, then
(1) (Lγ)−1 = L−γ = (L−1)γ,
(2) LγLδ ⊆ Lγ+δ, Dom(Lδ) ∩ Dom(Lγ+δ) = Dom(LγLδ).

In particular, (Id + L)γ+δ = (Id + L)γ(Id + L)δ.
Proof. See for instance [27, Sections 3.1, 3.2].

If the estimate
∥ψ(L)∥L(X) ≲ϑ ∥ψ∥∞ for all ψ ∈ H∞

0 (Sϑ), (2.7)
holds, then L is said to have a bounded H∞(Sϑ)-calculus on X. Assuming
additionally L to be injective, one can extend the holomorphic functional
calculus (2.6) to a bounded homomorphism of Banach algebras by defining
H∞(Sϑ) → L(X), ψ(L)x := lim

n→∞
ψn(L)x (ψ ∈ H∞(Sϑ), x ∈ X), (2.8)

where (ψn)n∈N ⊆ H∞
0 (Sϑ) is any sequence which is bounded in H∞(Sϑ) and

which converges locally uniformly to ψ. In this case, the estimate (2.7) holds
for all ψ ∈ H∞(Sϑ) (see e.g. [31, Section 10.2], [1, Section (D), Theorem D]).
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2 Preliminaries

2.1.2.1. Extrapolation Scales

Let L be a sectorial operator in X. One useful application of fractional
powers is the definition of a scale of Sobolev spaces adapted to the operator
L. We recall the definition given in [35].

Definition 2.1.4 ([35, Definition 15.21]). Let L be a sectorial operator in
X. Then, we define a scale of spaces (Xα

L)α∈R by letting

(Xα
L , ∥ · ∥Xα

L
) :=

(Dom(Lα), ∥(Id + L)α · ∥X), α ≥ 0,
(X, ∥(Id + L)α · ∥X)∼, α < 0.

We frequently write ∥ · ∥α instead of ∥ · ∥Xα
L

if the operator L is clear from
the context. Note that, if β ≤ α, then Xα

L ↪→ Xβ
L by Proposition 2.1.3. The

definition is motivated by the case, where L = −∆x is minus the Laplacian
in Lp(Rd), p ∈ (1,∞), with domain Dom(∆x) = H2,p(Rd). In this case,
Xα
L coincides with the Besselpotential space H2α,p(Rd) := {u ∈ S ′(Rd)|(Id −

∆x)2αu ∈ Lp(Rd)} of order 2α ∈ R.

Proposition 2.1.5 ([35, Proposition 15.23]). Let L be a sectorial operator
in X and α > 0.

(a) The operator (Id + L)α : Dom(Lα) → X is an isometry Xα → X with
inverse (Id + L)−α, and the operator (Id + L)−α : X → X extends to
an isometry J−α : X−α

L → X whose inverse (J−α)−1 is an extension of
the operator (Id + L)α : Dom(Lα) → X.

(b) If X is reflexive, there is a natural isomorphism X−α
L =

(
(X ′)αL′

)′
.

We also put Jα := (Id + L)α for α ≥ 0. To simplify some arguments, we
prefer the family of operators (Jα)α∈R to be defined on one common space.
One way to do this is to mimick the definition of distributions. To this end,
we suppose that L is sectorial of angle ω < π

2 in a reflexive Banach space X.
Since X is reflexive, L′ is also sectorial of angle ω (the reflexivity is needed
to ensure that L′ is densely defined). Since ω < π

2 , the test function space

D∞
L′ :=

⋂
α≥0

Dom((L′)α).

is dense in X ′ (as L′ is the generator of an analytic semigroup). We define a
topology on D∞

L′ by saying that a sequence (x′
n)n in D∞

L′ converges to x′ ∈ D∞
L′

if (x′
n)n converges to x′ in Dom((L′)α) for all α ≥ 0. This makes D∞

L′ a Frechét
space. By Proposition 2.1.3 (b) and (e), (Id + L′)α : D∞

L′ → D∞
L′ defines an

isomorphism for each α ∈ R and

(Id + L′)α+β = (Id + L′)α(Id + L′)β (α, β ∈ R). (2.9)
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We define the space of distributions

D′
L := (D∞

L′ )′ = {φ : D∞
L′ → C is linear and continuous}.

We equip D′
L with the weak*-topology, i.e., φn → φ in D′

L if φn(x′) → φ(x′)
for all x′ ∈ D∞

L′ . It is readily checked that if φ : D∞
L′ → C is a linear functional,

then

φ ∈ D′
L ⇐⇒ ∃C, α ≥ 0: |φ(x′)| ≤ C∥x′∥α, x′ ∈ D∞

L′ . (2.10)

By duality, (Id+L′)α induces an isomorphism (Id+L )α := ((Id+L′)α)′ : D′
L →

D′
L for every α ∈ R.

Proposition 2.1.6. Suppose that X is reflexive and that L is a sectorial
operator of angle ω < π

2 in X. Let further α, β ∈ R. Then:

(a) (Id + L )α+β = (Id + L )α(Id + L )β.

(b) X ↪→ D′
L and (Id + L)αx = (Id + L )αx for x ∈ Dom(Lα), α ≥ 0.

(c) Xα
L = {u ∈ D′

L | (Id + L )αu ∈ X} and (Id + L )α|Xα
L

= Jα.

(d) (Id + L )β : Xα
L → Xα−β

L is an isomorphism.

2.1.3. Phillips Functional Calculus
In this section, we introduce the Phillips functional calculus for generators
of d-parameter C0-groups. The theory extends without any pitfalls to the al-
ready developed theory in the case of one-parameter C0-(semi)groups, which,
for instance, can be found in [27, Section 3.3].

2.1.3.1. Definition and Basic Properties

Let X be a Banach space and D := (D1, . . . , Dd) be a d-tuple of linear
operators in X such that

(a) for each j ∈ {1, . . . , d}, the operator iDj is the generator of a bounded
C0-group (eiyDj )y∈R on X, and

(b) for each y = (y1, . . . , yd) ∈ Rd, the operators eiy1D1 , . . . , eiydDd ∈ L(X)
are commuting.

We then obtain a bounded d-parameter C0-group (eiy·D)y∈Rd defined by

eiy·D : Rd → L(X), eiy·D := eiy1D1 · · · eiydDd (2.11)

satisfying
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(i) ei0·D = Id,

(ii) ei(y+y′)·D = eiy·Deiy′·D for all y, y′ ∈ Rd,

(iii) eiy·Dx → x (y → 0) for all x ∈ X.

We call iD the generator of the bounded d-parameter C0-group (eiy·D)y∈Rd

and define
M := sup

y∈Rd

∥eiy·D∥L(X) < ∞. (2.12)

With a d-parameter bounded C0-group at hand, one may define the Phillips
functional calculus for D. To this end, we denote by (M(Rd), ∥ · ∥M(Rd),+, ∗)
the Banach algebra of complex Borel measures with finite variation norm,
and push this Banach algebra forward via the Fourier transform.

Definition 2.1.7 (The spaces FM and FL1). We define FM := F(M(Rd))
⊆ BUC(Rd) and equip this space with the norm ∥φ∥FM := ∥F−1φ∥M(Rd).
We also define the subalgebra FL1 := F(L1(Rd)) ⊆ FM, where we identify
L1(Rd) with a subspace of M(Rd) via the isometric embedding ι : L1(Rd) →
M(Rd), f 7→ f dx.

The spaces (FM, ∥·∥FM,+, ·) and its closed subspace (FL1, ∥·∥FM,+, ·) are
Banach algebras. We will frequently use that ∥ · ∥FM is scaling-invariant on
FL1, i.e., ∥φt∥FM = ∥φ∥FM for all t > 0 and φ ∈ FL1, where φt(ξ) := φ(tξ)
for ξ ∈ Rd (this follows from F−1φt = 1

td
(F−1φ)( ·

t
) for φ ∈ FL1). Also note

that we clearly have S(Rd) ↪→ FL1.

Definition 2.1.8 (Phillips Functional Calculus). For φ ∈ FM, we define
φ(D) ∈ L(X) by

φ(D) : X → X, φ(D)x :=
∫
Rd

e−iy·Dx dµφ(y), (2.13)

where µφ := F−1φ ∈ M(Rd).

It is immediate from the definition that we have

∥φ(D)∥L(X) ≤ M∥φ∥FM for all φ ∈ FM.

We will mostly work with φ ∈ FL1. In this case, F−1φ ∈ L1(R) and thus
(2.13) is

φ(D)x =
∫
Rd

(F−1φ)(y)e−iy·Dx dy (x ∈ X).

Example 2.1.9. Let p ∈ [1,∞) and X = Lp(Rd).
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(a) Consider the unbounded operator Dx := 1
i
(∂x1 , . . . , ∂xd

) : Dom(Dx) ⊆
X → Xd, f 7→ Dxf with Dom(Dx) := W 1,p(Rd). Then, iDx generates
the d-parameter translation group (eiy·Dx)y∈Rd defined by

(eiy·Dxf)(z) := f(z + y) for all f ∈ X, y ∈ Rd and a.e. z ∈ Rd

and

φ(Dx)f = (F−1φ) ∗ f = F−1(φf̂) for φ ∈ FL1, f ∈ S(Rd).

Thus, in this case, the operator φ(Dx) coincides with the Fourier multi-
plier operator associated with the symbol φ (see e.g. [24, Section 2.5]).

(b) Similarly, if a = (a1, . . . , ad) : Rd → Rd is measurable, then the mul-
tiplication operator Ma = (Ma1 , . . . ,Mad

) : Dom(Ma) ⊆ X → Xd,
f 7→ fa, with domain Dom(Ma) = {f ∈ X | faj ∈ X for all j}, gen-
erates the bounded d-parameter C0-group defined by eiy·Maf := eiy·af .
Thus, for φ ∈ FL1 and f ∈ X, we have by Fourier inversion

φ(Ma)f =
∫
Rd

(F−1φ)(y)e−iy·af dy = (φ ◦ a)f = Mφ◦af.

Hence, φ(Ma) is just the multiplication operator Mφ◦a.

(c) The most important example in this thesis lies somewhat in between
(a) and (b), where a bounded d-parameter C0-group is constructed
from d commuting one-dimensional half-wave groups: Suppose that p ∈
(1,∞). We will then show in Section 2.2 that i

√
L = i(

√
L1, . . . ,

√
Ld)

generates a bounded C0-group on X, where Lj :=
√
Djaj(xj)Dj or

Lj :=
√
aj(xj)D2

j for functions aj : R → R with suitable properties
(see Corollary 2.2.10). The associated Phillips functional calculus for√

L will then be extensively used in Chapter 3 and Chapter 4.

We collect some basic properties of the Phillips functional calculus for D in
the following proposition.

Proposition 2.1.10 (Properties of the Phillips Functional Calculus). The
following statements hold true.

(a) The map Φ: FM → L(X), φ 7→ φ(D), defines a unit-preserving,
bounded homomorphism of Banach algebras:

(αφ+ ψ)(D) = αφ(D) + ψ(D), 1(D) = Id,
(φψ)(D) = φ(D)ψ(D), ∥φ(D)∥L(X) ≤ M∥φ∥FM

for all φ, ψ ∈ FM and α ∈ C. Moreover, (eitej ·)(D) = eitDj for t ∈ R
and j ∈ {1, . . . , d}.
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(b) If X is reflexive and φ ∈ FM, then (φ(D))′ = φ(D′). Similarly,
(φ(D))∗ = φ(D∗), if X is a Hilbert space.

(c) Let φ ∈ FL1, x ∈ X and k ∈ N. Suppose that φα ∈ FL1 for all α ∈ Nd
0

with |α| ≤ k, where φα(ξ) := ξαφ(ξ), ξ ∈ Rd. Then for any |α| ≤ k,
we have φ(D)x ∈ Dom(Dα) and

Dαφ(D)x = φα(D)x. (2.14)

Moreover, Dαφ(D)x = φ(D)Dαx if x ∈ Dom(Dα).

(d) Let φ ∈ FL1. If p ∈ (1,∞) and X = Lp(Rd), we have

∥φ(D)∥L(Lp(Rd)) ≲ ∥φ(Dx)∥L(Lp(Rd)),

where φ(Dx) := F−1MφF denotes the Fourier multiplier operator as-
sociated to the symbol φ. In particular, we have

∥φ(D)∥L(L2(Rd)) ≲M ∥φ∥L∞(Rd),

∥φ(D)∥L(Lp(Rd)) ≲M,p,d sup
|α|≤[d/2]+1

∥∥∥ | · ||α|∂αφ(·)
∥∥∥

L∞(Rd)
, p ∈ (1,∞).

Proof. Let x ∈ X.

(a) The linearity and boundedness of Φ is clear. Let t ∈ R and j ∈
{1, . . . , d} and define et,j(ξ) := eitξj for ξ ∈ Rd. Observe that et,j ∈ FM
since F−1(et,j) = δ−tej

∈ M(Rd) and thus

et,j(D)x =
∫
Rd

e−iy·Dx dδ−tej
(y) = eitej ·Dx = eitDjx.

In particular, if t = 0, we get 1(D)x = e0,j(D) = e0Djx = x. It
remains to show the multiplicativity of Φ. To this end, let φ, ψ ∈
FM. By the basic properties of the Fourier transform on S ′(Rd), we
have F−1(φψ) = (F−1φ) ∗ (F−1ψ) ∈ M(Rd). Thus, using Fubini’s
theorem and writing µφ := F−1φ, µψ := F−1ψ and µφψ := F−1(φψ),
we compute

φ(D)ψ(D)x =
∫
Rd

e−iu·D
(∫

Rd
e−iv·Dx dµψ(v)

)
dµφ(u)

=
∫∫

Rd×Rd
e−i(u+v)·Dx d(µφ ⊗ µψ)(u, v)

=
∫
Rd

e−iy·Dx d(µφ ∗ µψ)(y)

=
∫
Rd

e−iy·Dx dµφψ(y) = (φψ)(D)x.
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(b) Let X be reflexive and φ ∈ FM. Then (e−iy·D)′ = e−iy·D′ (see e.g. [16,
Subsection I.5.14]) and therefore

φ(D)′x =
∫
Rd

(
e−iy·D

)′
x dµφ(y) =

∫
Rd

e−iy·D′
x dµφ(y) = φ(D′)x.

Now, if X is a Hilbert space, we similarly have (e−iy·D)∗ = eiy·D∗ and
µφ = µφ− (where φ−(y) = φ(−y)). This implies

φ(D)∗x =
∫
Rd

eiy·D∗
x dµφ(y) =

∫
Rd

eiy·D∗
x dµφ(−y) = φ(D∗)x.

(c) Let k ∈ N, φ ∈ FL1 and φα ∈ FL1 for all |α| ≤ k. This implies
F−1φ ∈ W k,1(Rd) and by a standard density argument, we may in fact
assume that φ ∈ S(Rd). Suppose first k = 1 and α ∈ Nd

0 with |α| = 1.
Then, α = ej for some j ∈ {1, . . . , d} and we have for any h ̸= 0

eihDj − Id
ih

φ(D)x =
∫
Rd

(F−1φ)(y)e−i(y−hej)·D − e−iy·D

ih
x dy

=
∫
Rd

(F−1φ)(y + hej) − (F−1φ)(y)
ih

e−iy·Dx dy
(2.15)

By dominated convergence, the last integral converges for h → 0 to∫
Rd

1
i
∂j(F−1φ)(y)e−iy·Df dy =

∫
Rd

(F−1φej
)(y)e−iy·Df dy = φej

(D)f,

where φej
(ξ) = ξjφ(ξ), ξ ∈ Rd. This shows that φ(D)x belongs to

Dom(Dj) with
Djφ(D)x = φej

(D)x.

If x belongs to Dom(Dj), then it follows from the first line of (2.15)
and dominated convergence that

eihDj − Id
ih

φ(D)x →
∫
Rd

(F−1φ)(y)e−iy·DDjx dy = φ(D)Djx (h → 0)

and thus by uniqueness of the limit, Djφ(D)f = φej
(D)f = φ(D)Djf .

This proves the assertion in the case k = 1. The general case follows
from a straightforward induction on the order of α.

(d) The assertion immediately follows from Coifman-Weiss’s transference
principle (see [12, Theorem 2.4]) and Mihlin’s multiplier theorem (see
e.g. [24, Theorem 6.2.7]).
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Lemma 2.1.11 (Interchange of Phillips Calculus and Bochner Integration).
Let I ⊆ R be an interval and g ∈ L1(I; FL1). Then, for φ :=

∫
I g(t) dt ∈ FL1

and x ∈ X, we have (∫
I
g(t) dt

)
(D)x =

∫
I
gt(D)x dt.

Proof. This is essentially a consequence of Fubini’s Theorem. Let g ∈
L1(I; FL1) and φ :=

∫
I g(t) dt ∈ FL1. Since F−1 : FL1 → L1(Rd) is bounded

(in fact even an isometry), we have h := F−1 ◦ g ∈ L1(I;L1(Rd)) and
F−1φ =

∫
I F−1g(t) dt ∈ L1(Rd). By [30, Proposition 1.2.24 and 1.2.25],

there exists f ∈ L1(I × Rd) with ∥f∥L1(I×Rd) = ∥g∥L1(I;FL1) < ∞ satisfy-
ing (F−1φ)(y) =

∫
I f(t, y) dt for a.e. y ∈ Rd and f(t, ·) = F−1g(t) for a.e.

t ∈ I. Let x ∈ X. By the boundedness of (eiy·D)y∈Rd , we clearly have
(t, y) 7→ f(t, y)e−iy·Dx ∈ L1(I × Rd;X), so Fubini’s theorem implies

φ(D)x =
∫
Rd

(F−1φ)(y)e−iy·Dx dy =
∫
Rd

∫
I
f(t, y)e−iy·Dx dt dy

=
∫
I

∫
Rd
f(t, y)e−iy·Dx dy dt =

∫
I

∫
Rd

F−1g(t)e−iy·Dx dy dt =
∫
I
gt(D)x dt,

as desired.

With the Phillips functional calculus, we are able to define approximations
of the identity adapted to D.

Lemma 2.1.12 (Approximation of the Identity). Let φ ∈ FL1 with φ(0) =
1. For t > 0, set φt(ξ) := φ(tξ), ξ ∈ Rd. Then

φ(tD)x := φt(D)x → x (t → 0) for all x ∈ X.

Proof. Let φ ∈ FL1 with φ(0) = 1 and set ρ := F−1φ ∈ L1(Rd). Then,
for t > 0 we have F−1φt = ρt, where ρt(·) := 1

td
ρ( ·

t
). Note also that the

assumption φ(0) = 1 implies
∫
Rd ρt(y) dy = 1. Now let x ∈ X. Then we have

for all δ > 0

∥φt(D)x− x∥

=
∥∥∥∥∫

Rd
ρt(y)(e−iy·Dx− x) dy

∥∥∥∥
≤
∫
Bδ(0)

∣∣∣ρt(y)
∣∣∣ ∥∥∥e−iy·Dx− x

∥∥∥ dy +
∫
Rd\Bδ(0)

∣∣∣ρt(y)
∣∣∣ (1 +M)∥x∥ dy

≤ ∥ρ∥L1(Rd) · sup
|y|≤δ

∥∥∥e−iy·Dx− x
∥∥∥+ (1 +M) ∥x∥ ∥ρ∥L1(Rd\B δ

t
(0)).

Thus, by Lebesgue’s theorem of dominated convergence,

lim sup
t→0

∥φt(D)x− x∥Lp(Rd) ≤ ∥ρ∥L1(Rd) · sup
|y|≤δ

∥∥∥e−iy·Dx− x
∥∥∥ for all δ > 0.
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Letting δ → 0 and using the strong continuity of y 7→ e−iy·D, we infer the
claim.

Lemma 2.1.12 shows that x can be approximated by φ(tD)x as t → 0. The
rate of convergence can be linked to the ’regularity’ assumptions made on x.
The more regular x is, the faster the guaranteed rate of convergence, which
is the content of the next lemma.
Next, we construct L0 := D2

1 + · · ·+D2
d in a similar fashion as one constructs

(minus) the Laplacian from the partial derivatives.

Lemma 2.1.13 (Sectoriality of L). The operator L0 := D2
1 + · · · + D2

d is
closable. Moreover, L := L0 is sectorial of some angle ω ≤ π

2 and

(λId + L)−1 =
[
(λ+ | · |2)−1

]
(D) for Re(λ) > 0. (2.16)

Proof. For λ ∈ C+ := {z ∈ C | Re(z) > 0} we define rλ(ξ) := (λ + |ξ|2)−1,
ξ ∈ Rd. Then, rλ ∈ FL1 and in fact,

Gλ(y) := (F−1rλ)(y) = 1
(4π) d

2

∫ ∞

0
t−

d
2 e−tλe− |y|2

4t dt (y ∈ Rd) (2.17)

(see e.g. [54, Subsection 5.3.1]). Thus, Rλ := rλ(D) ∈ L(X) is well-defined.
The identity rλ − rµ = (µ− λ)rλrµ translates to

Rλ −Rµ = (µ− λ)RλRµ for all λ, µ ∈ C+ (2.18)

by Proposition 2.1.10 (a). Therefore, {Rλ ∈ L(X) | λ ∈ C+} is a pseu-
doresolvent on X. Moreover, since r1(0) = 1 and λ2rλ2 = r1( ·

λ
) for λ > 0,

Lemma 2.1.12 implies for all x ∈ X

1
t2
R 1

t2
x = r1(tD)x → x (t → 0+). (2.19)

Observe that the operators Rλ all have the same kernel and range by (2.18).
Combining this with (2.19), we find that the operators Rλ are injective and
have dense range. Therefore, we may invoke [16, Proposition III.4.6] to
see that the operator L := R−1

1 − Id with domain Dom(L) = R(R1) is a
densely defined, closed operator in X with (λId +L)−1 = Rλ for all λ ∈ C+.
Moreover, we have for all λ ∈ C+ the estimate

∥(λId + L)−1∥L(X) ≤ M∥rλ∥FM ≤ M∥r1∥FM

Re(λ) . (2.20)

Here, for λ ∈ (0,∞), the second inequality in (2.20) follows from rλ =
λ−1r1(λ− 1

2 ·) and the scaling invariance of ∥·∥FM on FL1. For general λ ∈ C+,
we obtain from (2.17) the pointwise bound |Gλ| ≤ (Re(λ))−1+ d

2 |G1(Re(λ) 1
2 ·)|

which implies ∥rλ∥FM = ∥Gλ∥1 ≤ (Re(λ))−1∥r1∥FM. Now, (2.20) is enough
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to conclude that L is sectorial of angle π
2 . Indeed, if ϑ ∈ (π2 , π) and µ ∈ C\Sϑ,

then Re(−µ) = | cos(ϑ)||µ| > 0 and thus

∥(µId − L)−1∥L(X) = ∥(−µId + L)−1∥L(X) ≤ M∥r1∥FM

Re(−µ) = Cϑ
|µ|

with Cϑ := M∥r1∥FM| cos(ϑ)|−1 > 0. It remains to show that L = L0. To
this end, let further φ ∈ C∞

c (Rd) with φ(0) = 1 and set φt(ξ) := φ(tξ) for
t > 0. For a vector x ∈ X and t > 0, we write xt := φ(tD)x. Then, the
following assertions hold true for all x ∈ X and t > 0:

(i) xt ∈ Dom(L0) ∩ Dom(L) and (Id + L0)xt = (Id + L)xt,

(ii) [(Id + L)x]t = (Id + L0)xt if x ∈ Dom(L),

(iii) (Id + L0)xt = [(Id + L0)x]t if x ∈ Dom(L0),

(iv) xt → x as t → 0.
Assertions (iii) and (iv) follow immediately from Proposition 2.1.10 (c) and
Lemma 2.1.12, respectively. To prove (i), observe first that xt ∈ Dom(L0)
by Proposition 2.1.10 (c). Then, we use Proposition 2.1.10 (a) to write xt =
[r1(1+ | · |2)φt](D)x = R1(Id+L0)xt, which implies (i) since R1 = (Id+L)−1.
Finally, if x ∈ Dom(L), then [(Id + L)x]t = [(1 + | · |2)φtr1](D)(Id + L)x =
[(1 + | · |2)φt](D)x = (Id + L0)xt, proving (ii).
From these properties, it follows easily that L0 = L. Indeed, if x ∈ Dom(L0),
then (xt)t>0 belongs to Dom(L) by (i) and xt

(Id + L)xt

 =
 xt

(Id + L0)xt

 =
 xt

[(Id + L0)x]t

 →

 x

(Id + L0)x

 ,
where we used (i), (iii) and then (iv). Since L is closed, it follows that x ∈
Dom(L) and (Id+L)x = (Id+L0)x. In other words, L0 ⊆ L and thus L0 ⊆ L.
Conversely, if x ∈ Dom(L), then we similarly see that (xt, (Id + L0)xt)t>0
converges to (x, (Id +L)x) which shows that L ⊆ L0. It follows that L0 = L
as desired.
Remark 2.1.14. Suppose that X is a UMD-space (see (2.52) for a defini-
tion). Then [31, Theorems 10.6.7 and 10.7.10] imply that the operators D2

j

have a bounded H∞-calculus of angle 0. It now follows from a version of the
famous Dore-Venni Theorem [45] that L0 is closed and thus L = L0.
We have seen in the lemma above that L = D2

1 + · · · +D2
d is a sectorial op-

erator. In addition to the Phillips functional calculus for D = (D1, . . . , Dd),
there is then the holomorphic functional calculus for L available as intro-
duced in Subsection 2.1.2, and the natural question arises how these func-
tional calculi are related. It is natural to expect that the composition rule
ψ(L) = (ψ ◦ | · |2)(D) holds, at least for suitable functions ψ. In the next
lemma we show that under reasonable assumptions, this is indeed the case.
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Proposition 2.1.15 (Some Composition Rules). Let L = D2
1 + · · · +D2

d.
For z ∈ Sπ

2
∪ {0} set gz : Rd → C, gz(ξ) := e−z|ξ|2 and for t ∈ R define

wt : Rd → C, wt(ξ) := eit|ξ|. Let further ψ ∈ C∞
c (Rd) with supp(ψ) ⊆

Rd\{0}. Then the following statements hold true.

(a) The operator −L generates the analytic semigroup (e−zL)z∈Sπ
2

∪{0} on
X defined by e−zL := gz(D) ∈ L(X). In particular, L is sectorial of
angle 0.

(b) Let α ≥ 0. Then for all x ∈ X we have

Lαψ(D)x = (| · |2αψ)(D)x. (2.21)

If x ∈ Dom(Lα), then Lαψ(D)x = ψ(D)Lαx. If L is injective, then
these identities even hold for all α ∈ R.

(c) Let α ∈ R. Then for all x ∈ X, we have

(Id + L)αψ(D)x = ((1 + | · |2)αψ)(D)x.

If x ∈ Dom(Lα), then (Id + L)αψ(D)x = ψ(D)(Id + L)αx.

(d) If i
√
L generates a C0-group (eit

√
L)t∈R on X, then(

wtψ
)
(D)f = eit

√
Lψ(D)x for all x ∈ X and t ∈ R. (2.22)

(e) Let ϑ ∈ (0, π) and suppose that ψ ∈ H∞
0 (Sϑ) with |ψ(z)| ≲ |z|α ∧ |z|−1

for some α > d+1
2 . Define h : Rd → C, h(ξ) = ψ(|ξ|2) for ξ ̸= 0 and

h(0) = 0. If h belongs to FL1, then

ψ(L)x = h(D)x (x ∈ X). (2.23)

Proof. (a) For z ∈ Sπ
2

we clearly have gz ∈ S(Rd) ⊆ FL1 and

gz(D)x =
∫
Rd

(4πz)− d
2 e− |y|2

4z e−iy·Dx dy (x ∈ X). (2.24)

It follows from this representation and dominated convergence that
Sπ

2
→ L(X), z 7→ gz(D) is strongly analytic (which is equivalent

to analyticity w.r.t. the uniform operator topology by Cauchy’s in-
tegral formula and the uniform boundedness principle). Since g0 = 1,
g0(D) = Id is clear. Now, Proposition 2.1.10 (a) and a similar reason-
ing as in Lemma 2.1.12 reveal that (gz(D))z∈Sπ

2
∪{0} is a bounded ana-

lytic semigroup on X with generator A, say. By [16, Theorem II.4.6],
this means that A is sectorial of angle 0. It remains to show that
−L = A. A moment’s thought reveals that for each fixed φ ∈ S(Rd)
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the map (0,∞) → S(Rd), t 7→ φ(t·), is differentiable with derivative
(δφ)′(t) = 1

t
δψ(t), ψ(ξ) := ∇ξφ(ξ) · ξ.

gt+h − gt
h

→ ∂tgt (h → 0) in S(Rd),

it follows from Proposition 2.1.10 (a) that (0,∞) → L(X), t 7→ gt(D),
is differentiable with derivative d

dtgt(D) = (∂tgt)(D) for all t > 0. Since
∂tgt(ξ) = −|ξ|2gt(ξ) for all ξ ∈ Rd, we conclude from Proposition 2.1.10
(c) for all x ∈ X that

d
dtgt(D)x = −

d∑
j=1

(ξ2
j gt(ξ))(D)x = −

d∑
j=1

D2
jgt(D)x = −Lgt(D)x.

This shows that −L ⊆ A. Since L is sectorial by Lemma 2.1.13,
ρ(L) ̸= ∅, thus L = A.

(b) Let n be an integer larger than α. Letting ε → 0 in [27, Proposi-
tion 3.3.5] gives the representation formula

Lαy = cn,α

∫ ∞

0
tn−αe−tLLny

dt
t

(y ∈ Dom(Ln)) (2.25)

(with cn,α := (Γ(n − α))−1). Let x ∈ X. By Proposition 2.1.10 (c),
ψ(D)x belongs to Dom(Ln), so (2.25) together with (a) leads to

Lαψ(D)x = cn,α

∫ ∞

0
tn−α

(
| · |2ngtψ

)
(D)x dt

t

= lim
ε→0,
R→∞

cn,α

∫ R

ε
tn−α

(
| · |2ngtψ

)
(D)x dt

t
.

(2.26)

By Lemma 2.1.11, cn,α times the integrand on the right-hand side is
equal to (

cn,α

∫ R

ε
tn−α| · |2ngt(·)ψ(·) dt

t

)
(D) =: hε,R(D) (2.27)

and the change of variables τ = |ξ|2t shows that

hε,R(ξ) =
(
cn,α

∫ R|ξ|2

ε|ξ|2
τn−αe−τ dτ

τ

)
ψ(ξ)|ξ|2α, ξ ∈ Rd.

Using the compact support of ψ away from the origin, it is readily
checked that hε,R → ψ(·)| · |2α in S(Rd) as ε → 0 and R → ∞. Thus
inserting (2.27) into (2.26) we conclude

Lαψ(D)x = (| · |2αψ)(D)x.
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This shows (2.21). If x ∈ Dom(Lα), then Lαψ(D)x = ψ(D)Lαx follows
immediately from Proposition 2.1.3 (c) (using that L0 commutes with
ψ(D) by Proposition 2.1.10 (c) and therefore so does L = L0). If
L is injective, then L−α is well-defined and by the identities already
established, we have for x ∈ X

Lα
(
| · |−2αψ

)
(D)x =

(
| · |2α| · |−2αψ

)
(D)f = ψ(D)x.

Applying L−α = (L−1)α on both sides gives (|·|−2αψ)(D)x = L−αψ(D)x
as desired. Finally, L−αx ∈ Dom(Lα), so Lαψ(D)L−αx = ψ(D)L−αLαx =
ψ(D)x. But this implies ψ(D)L−αx = L−αψ(D)x. We have proved (b).

(c) This is proved in a similar fashion as (b).

(d) Let x ∈ X. Note that using (b) and arguing in a similar fashion as in
(a), one obtains for all t ∈ R that

d
dt(wtψ)(D)x = (i| · |wtψ)(D)x = i

√
L(wtψ)(D)x (t ∈ R),

(w0ψ)(D)x = ψ(D)x,

Since classical solution of abstract Cauchy problems are unique (see
e.g. [2, Theorem 3.1.12]), we deduce

(wtψ)(D)x = eit
√
Lψ(D)x for all t ∈ R

as desired.

(e) Let ψ ∈ H∞
0 (Sϑ) for some ϑ ∈ (ω, π) and suppose that g := ψ ◦ | · |2

lies in FL1. Fix an angle ϑ′ ∈ (ω, ϑ), a function φ ∈ C∞
c (Rd) with

φ(0) = 1 and define the sequence (φt)t∈(0,1) as in Lemma 2.1.12. Let
x ∈ X. Then, for all z ∈ C\Sω and t ∈ (0, 1)

(φtrz)(D)x = φt(D)(z − L)−1x, (2.28)

where rz(ξ) := (z − |ξ|2)−1, ξ ∈ Rd. Indeed, for z ∈ C− := {w ∈ C |
Re(w) < 0}, this follows immediately from (2.16). The identity then
extends to all z ∈ C \ Sω by the identity theorem since both sides
of (2.28) are holomorphic functions of z. Invoking Lemma 2.1.12 and
using (2.28), we obtain

ψ(L)x = lim
t→0

φt(D)ψ(L)x

= lim
t→0

1
2πiφt(D)

∫
∂Sϑ′

zψ(z)(zId − L)−1x
dz
z

= lim
t→0

1
2πi

∫
∂Sϑ′

zψ(z)(φtrz)(D)x dz
z

= lim
t→0

1
2πi

∫
∂Sϑ′

∫
Rd
zψ(z)

[
F−1(φtrz)

]
(y)e−iy·Dx dy dz

z
. (2.29)
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We want to apply Fubini’s theorem. Observe that for t ∈ (0, 1), y ∈ Rd

and z ∈ ∂Sϑ′ \ {0} we have

(1 + |y|)d+1|[F−1(φtrz)](y)| ≃d max
|α|≤d+1

|yα[F−1(φtrz)](y)|

≤ (2π)−d max
|α|≤d+1

∥∂αξ (φtrz)∥1 ≲φ,d t
−d max

|α|≤d+1
∥∂αξ rz∥∞ ≲ (td|z|1+ d+1

2 )−1.

Thus, the norm of the integrand in (2.29) is bounded by

M |zψ(z)|(td|z|1+ d+1
2 )−1(1 + |y|)−(d+1)∥x∥ ≲ ρ(z)(1 + |y|)−(d+1)t−d∥x∥,

with ρ(z) := (|z| ∧ 1
|z|)

β, β = α − d+1
2 > 0. Therefore, we may use

Fubini’s theorem to conclude that the right-hand side of (2.29) is equal
to

lim
t→0

1
2πi

∫
Rd

∫
∂Sϑ′

ψ(z)
[
F−1(φtrz)

]
(y) dz e−iy·Dx dy

= lim
t→0

1
2πi

∫
Rd

F−1
(∫

∂Sϑ′

ψ(z)
z − | · |2

dz · φt
)

(y)e−iy·Dx dy

= lim
t→0

∫
Rd

F−1
(
ψ(| · |2)φt

)
(y)e−iy·Dx dy = lim

t→0
h(D)φt(D)x = h(D)x,

where we used Cauchy’s integral formula and Lemma 2.1.12 in the
second and forth equality, respectively.

Remark 2.1.16. By the chosen notation it is tempting to view the C0-group
(eit

√
L)t∈R generated by i

√
L as in Proposition 2.1.15 (d) through the lense

of the holomorphic functional calculus for L by setting eit
√
L := (eit

√
z)(L)

for t ∈ R. However, the function ft : z 7→ eit
√
z does not lie in H∞

0 (Sω) and
even worse is not regularizable. Therefore, ft is not a admissible functions
for the sectorial functional calculus for L and thus, when we write eit

√
L, we

simply mean the C0-group i
√
L, defined by semigroup theory (see e.g. [44]

for rigorous definitions).

2.1.3.2. A Littlewood–Paley Theory Adapted to D

Proposition 2.1.17 (Calderón Reproducing Formula). Suppose that ψ ∈
C∞
c (Rd) is supported away from the origin and satisfies∫ ∞

0
ψ(tξ) dt

t
= 1 for all ξ ∈ Rd \ {0}.

Then, ∫ ∞

0
ψ(tD)x dt

t
= x for all x ∈

d⋃
j=1

R(Dj),

where the above integral is understood to be an improper integral in X.
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2.1. Functional Calculus

Proof. Let ψ ∈ C∞
c (Rd) be as in the statement of the proposition. Now

define for 0 < ε < r < ∞

ψε,r(ξ) :=
∫ r

ε
ψ(tξ) dt

t
, ξ ∈ Rd,

and for r > 0

ψr,∞(ξ) :=
∫ ∞

r
ψ(tξ) dt

t
, ξ ∈ Rd \ {0} and ψr,∞(0) := 1.

Then ψε,r and ψr,∞ are smooth functions, ψε,r being supported away from
the origin, ψr,∞ being supported in a bounded neighborhood of the origin.
We have to show that

ψε,R(D)x → x (ε → 0, r → ∞) for all x ∈
d⋃
j=1

R(Dj). (2.30)

By a standard density argument, it suffices to show (2.30) for x in ⋃dj=1 R(Dj)
and the uniform boundedness of the operator family (ψε,r(D))0<ε<r<∞.
Step 1: Convergence on ⋃d

j=1 R(Dj).

We show (2.30) first for x ∈ ⋃d
j=1 R(Dj). To this end, let x ∈ R(Dj) for some

j ∈ {1, . . . , d}. We observe that ψε,∞ = ψε,r + ψr,∞ and thus

ψε,r(D)x− x =
(
ψε,∞(D)x− x

)
− ψr,∞(D)x. (2.31)

We estimate the two terms on the right-hand side of (2.31) separately. Note
that ψε,∞ = ψ1,∞(ε·) and that ψ1,∞(0) = 1. Using Lemma 2.1.12 we obtain
for the first term on the right-hand side of (2.31)

ψε,∞(D)x− x → 0 (ε → 0).

So it remains to show that

ψr,∞(D)x → 0 (r → ∞). (2.32)

As x ∈ R(Dj) by assumption, we can write x = Djy for some y ∈ Dom(Dj).
Set ψ̃(ξ) := ξjψ(ξ) for ξ ∈ Rd and observe that

ξjψr,∞(ξ) = ξjψ1,∞(rξ) = r−1ψ̃1,∞(rξ) for r > 0.

Now Proposition 2.1.10 (c) yields the identity

ψr,∞(D)x = (ξjψr,∞)(D)y = 1
r

(ψ̃1,∞)(rD)y

which, by Proposition 2.1.10 (a), implies

∥ψr,∞(D)f∥ ≤
(
M∥ψ̃1,∞∥FM∥g∥

)1
r

→ 0 (2.33)

38



2 Preliminaries

as r → ∞. This shows (2.32).

Step 2: Uniform boundedness of
(
ψε,r(D)

)
0<ε<r<∞

The family of operators (ψδ,∞(D))δ>0 are uniformly bounded as

∥ψδ,∞(D)∥L(X) ≤ M∥ψδ,∞∥FM = M∥ψ1,∞∥FM for all δ > 0.

This in turn implies for all 0 < ε < r < ∞

∥ψε,r(D)∥L(X) = ∥ψε,∞(D) − ψr,∞(D)∥L(X) ≤ 2M∥ψ1,∞∥FM,

which shows the uniform boundedness of (ψε,r(D))0<ε<r<∞.

We also have a discrete version of Proposition 2.1.17 which can be proved
in similar fashion.

Proposition 2.1.18 (Discrete Calderón Reproducing Formula). Suppose
that ψ ∈ C∞

c (Rd) is supported away from the origin and satisfies

∑
λ∈2Z

ψλ(ξ) = 1 for all ξ ̸= 0, where ψλ(ξ) := ψ

(
ξ

λ

)
.

Then, ∑
λ∈2Z

ψλ(D)x = x for all x ∈
d⋃
j=1

R(Dj).

Remark 2.1.19. Let L := D2
1 + · · · +D2

d. Then Propositions 2.1.17 and
2.1.18 are also true for f ∈ R(Lα) if α > 0. The proof of Proposition 2.1.17
extends verbatim to this case with one minor modification: one only has to
replace ψ̃ by ψ(α) := | · |αψ in the first step of the proof above and apply
Lemma 2.1.15 (b). Then (2.33) becomes

∥ψr,∞(D)f∥ = ∥(ψ(α))1,∞(rD)g∥r−α ≤ (M∥|ψ(α)∥FM)r−α → 0 (r → ∞).

For Proposition 2.1.18, one argues similarly.

Proposition 2.1.20 (Littlewood–Paley Inequality). Suppose that X is a
Hilbert space.

(a) Suppose that there exists some CD > 0 such that

∥φ(D)∥L(X) ≤ CD∥φ∥∞ for all φ ∈ C∞
c (Rd). (2.34)

Then for all ψ ∈ C∞
c (Rd) supported away from the origin, we have∫ ∞

0
∥ψ(tD)x∥2 dt

t
≲ψ C

2
D∥x∥2 for all x ∈ X.
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(b) Suppose that there exists some CD∗ > 0 such that

∥φ(D∗)∥L(X) ≤ CD∗∥φ∥∞ for all φ ∈ C∞
c (Rd). (2.35)

Suppose further that ⋃dj=1 R(Dj) is dense in X and that ψ ∈ C∞
c (Rd)

is a function as described in Proposition 2.1.17. Then

1
C2
D∗

∥x∥2 ≲ψ

∫ ∞

0
∥ψ(tD)x∥2 dt

t
for all x ∈ X.

Proof. The proof is similar to the proof of the equivalence of the bounded
H∞-calculus and quadratic estimates (see [1, Section (F), Theorem F]). How-
ever, for the sake of completeness, we provide a proof.
To prove (a), let ψ ∈ C∞

c (Rd) be supported away from the origin and x ∈ X.
Then, monotone convergence and the change of variables t = 2js (j ∈ Z)
show that ∫ ∞

0
∥ψ(tD)x∥2 dt

t
=
∑
j∈Z

∫ 2j+1

2j
∥ψ(tD)x∥2 dt

t

=
∑
j∈Z

∫ 2

1
∥ψ(2jsD)x∥2 ds

s
= lim

N→∞

∫ 2

1

∑
|j|≤N

∥ψ(2jsD)x∥2 ds
s
.

Let (εj)j∈Z be a Rademacher sequence on some probability space (Ω,B,P)
(i.e., a sequence of i.i.d. random variables with P(εj = ±1) = 1

2 for all
j ∈ Z). Then we have for the integrand on the right-hand side of the above
display ∑

|j|≤N
∥ψ(2jsD)x∥2 = E

∥∥∥∥∥ ∑
|j|≤N

εjψ(2jsD)x
∥∥∥∥∥

2

. (2.36)

Since ψ has compact support away from the origin, we may pick 0 < r1 < r2
such that supp(ψ) ⊆ {ξ ∈ Rd : r1 < |ξ| < r2} and it is readily checked that
for all s ∈ (1, 2) the functions ξ 7→ ψ(2jsξ) and ξ 7→ ψ(2ksξ) are disjointly
supported whenever |j − k| > nψ := ⌊log2( r2

r1
)⌋. This implies∥∥∥∥∥ξ 7→

∑
|j|≤N

εj(ω)ψ(2jsξ)
∥∥∥∥∥

∞
≤ (2nψ + 1)∥ψ∥∞

uniformly in s ∈ (1, 2), ω ∈ Ω and N ∈ N. Using this and (2.37), we can
estimate the right-hand side of (2.36) by

E

(
C2
D(2nψ + 1)2∥ψ∥2

∞∥x∥2
2

)
= C2

D(2nψ + 1)2∥ψ∥2
∞∥x∥2

2,

which finally gives∫ ∞

0
∥ψ(tD)x∥2 dt

t
≤ C2

D(2nψ + 1)2∥ψ∥2
∞ log(2)∥x∥2
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as desired.
To prove (b), let ψ ∈ C∞

c (Rd) be as in Proposition 2.1.17 and x ∈ X.
Without loss of generality, we may assume x ̸= 0. Pick another real-valued
function ψ̃ ∈ C∞

c (Rd) supported away from the origin such that ψ̃ = 1 on
the support of ψ. By Proposition 2.1.17, we have

x =
∫ ∞

0
ψ(tD)x dt

t
,

which implies
∥x∥2 = (x|x) =

∫ ∞

0
(x|ψ(tD)x) dt

t
. (2.37)

Now, by construction, we have ψ̃ψ = ψ and thus,

(x|ψ(tD)x) = (x|ψ̃(tD)ψ(tD)x) = (ψ̃(tD∗)x|ψ(tD)x) for all t > 0

by Proposition 2.1.10 (a) and (b). So the right-hand side of (2.37) is equal
to
∫ ∞

0
(ψ̃(tD∗)x|ψ(D)x) dt

t
≤
(∫ ∞

0
∥ψ̃(tD∗)x∥2 dt

t

) 1
2
(∫ ∞

0
∥ψ(tD)x∥2 dt

t

) 1
2

≲ψ̃ CD∗∥x∥
(∫ ∞

0
∥ψ(tD)x∥2 dt

t

) 1
2

,

where we used the Cauchy–Schwarz inequality and applied part (a) to D∗.
Dividing by CD∗∥x∥ gives the claim.

In view of Proposition 2.1.20, we consider the following set of assumptions.

Assumption 2.1.21. There exist constants CD, CD∗ > 0 such that for all
φ ∈ C∞

c (Rd) the following holds.

(HX) X is a Hilbert space and ⋃dj=1 R(Dj) is dense in X,

(D∞) ∥φ(D)∥L(X) ≤ CD∥φ∥∞,

(D∗
∞) ∥φ(D∗)∥L(X′) ≤ C∗

D∥φ∥∞.

Remark 2.1.22. (a) By Remark 2.1.19, we can replace the set ⋃dj=1 R(Dj)
in (HX) by R(L), where L = D2

1 + · · · +D2
d. But for any reflexive

Banach space X and sectorial operator A in X, we have the direct sum
decomposition X = N(A) ⊕ R(A) [31, Proposition 10.1.9]. So (HX) is
fulfilled if X is a Hilbert space and L is injective.

(b) If X = L2(Rd), then (D∞) and (D∗
∞) are always satisfied by the

Coifman–Weiss’ transference principle stated in Proposition 2.1.10 (d).
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As an immediate consequence of Proposition 2.1.20 we have the following.

Corollary 2.1.23 (Plancherel). Suppose that (HX), (D∞) and (D∗
∞) are

fulfilled. Then, ∫ ∞

0
∥ψ(tD)x∥2 dt

t
≃ψ ∥x∥2 for all x ∈ X,

provided that ψ ∈ C∞
c (Rd) is supported away from the origin and satisfies∫∞

0 ψ(tξ) dt
t

= 1 for all ξ ̸= 0.

We also have a discrete version of Corollary 2.1.23. The proof is similar to
one of Corollary 2.1.23 and is therefore omitted.

Corollary 2.1.24 (Discrete Plancherel). Suppose that (HX), (D∞), and
(D∗

∞) are fulfilled. Let further ψ ∈ C∞
c (Rd) be supported in the annulus

A(1
2 , 2) := {ξ ∈ Rd | 1

2 < |ξ| < 2} and satisfy

∑
λ∈2Z

ψλ(ξ) = 1 for all ξ ̸= 0, where ψλ(ξ) := ψ

(
ξ

λ

)
.

Then, ∑
λ∈2Z

∥∥∥ψλ(D)x
∥∥∥2

≃ψ ∥x∥2 for all x ∈ X.

Corollary 2.1.25 (X-Boundedness of Almost-Orthogonal Operators). Let
(HX), (D∞), and (D∗

∞) be satisfied. Let further ψ ∈ C∞
c (Rd) be as in Corol-

lary 2.1.24 and assume that h := (hλ)λ∈2Z is a sequence of functions on Rd

such that hλ is smooth on an open neighborhood of Kλ := supp(ψλ) for all
λ ∈ 2Z and ∥h∥∞ := supλ∈2Z ∥hλ∥L∞(Kλ) < ∞. Then,

T : X → X, Tx :=
∑
λ∈2Z

(hλψλ)(D)x

is a well-defined linear bounded operator with ∥T∥ ≲ ∥h∥∞. More precisely,
for x ∈ X, there holds

∥Tx∥2 ≲
∑
λ∈2Z

∥(hλψλ)(D)x∥2 ≲ ∥h∥2
∞
∑
λ∈2Z

∥ψλ(D)x∥2 ≃ ∥h∥2
∞∥x∥2. (2.38)

Proof. Let x ∈ X. Given a finite subset I ⊆ 2Z, we define

TIx :=
∑
λ∈I

(hλψλ)(D)x ∈ X.

By Corollary 2.1.24, we have

∥TIx∥2 ≃
∑
µ∈2Z

∥ψµ(D)TIx∥2. (2.39)

42



2 Preliminaries

But by the support properties of the ψλ and (D∞), we see that

∥ψµ(D)TIx∥2 =
∥∥∥ ∑
λ∈Iµ∩I

(ψµhλψλ)(D)x
∥∥∥2

≲
∑

λ∈Iµ∩I
∥(hλψλ)(D)x∥2,

where Iµ := {µ2 , µ, 2µ}. Inserting this into (2.39) gives

∥TIx∥2 ≲
∑
µ∈2Z

∑
λ∈Iµ∩I

∥(hλψλ)(D)x∥2

=
∑
λ∈I

∑
µ∈Iλ

∥(hλψλ)(D)x∥2 = 3
∑
λ∈I

∥(hλψλ)(D)x∥2.
(2.40)

Choose another function ψ̃ ∈ C∞
c (Rd) supported in A(1

2 , 2) with ψ̃ = 1 on
the support of ψ. Then, ψ̃λψλ = ψλ for all λ ∈ I, and invoking (D∞) again,
we can estimate each term on the right-hand side of (2.40) according to

∥(hλψλ)(D)x∥2 = ∥(hλψ̃λ)(D)ψλ(D)x∥2 ≲ ∥hλψ̃λ∥2
∞∥ψλ(D)x∥2

Taking the infimum over all such ψ̃, we are able to replace ∥hλψ̃λ∥2
∞ on

the right-hand side by ∥hλ∥L∞(Kλ). Hence, the right-hand side of (2.40) is
estimated by

3∥h∥2
∞
∑
λ∈I

∥ψλ(D)x∥2 ≃ ∥h∥2
∞∥x∥2,

where we used Corollary 2.1.24 for the last estimate. From this, we con-
clude that (TIx) is Cauchy w.r.t. I. Thus, the limit TIx = limI→2Z TIx =∑
λ∈2Z(hλψλ)(D)x exists in X and ∥Tx∥2

2 ≲ ∥h∥2
∞∥x∥2

2. Moreover, (2.38)
immediately follows from the estimates obtained for (TIx)I by taking the
limit I → 2Z. The proof is complete.

Let L = D2
1 + · · · +D2

d. Then, L is sectorial of angle 0 by Lemma 2.1.15 (a).
We want to extend Corollary 2.1.25 to the extrapolation spaces Xα

L for α ∈ R
as defined in Subsection 2.1.2.1. To this end, we will need to extend the
definition of the Phillips functional calculus, at least for suitable functions.
It is convenient to introduce the notation ⟨DL⟩ := (Id + L ) 1

2 , where L is
the extension of L to D′

L as defined in Subsection 2.1.2.1. Recall that by
Proposition 2.1.6 (c),

Xα
L = {u ∈ D′

L | ⟨DL⟩2αu ∈ X}, α ∈ R.

Definition 2.1.26 (Extension of the Phillips Functional Calculus). Suppose
that X is reflexive and let φ ∈ C∞

c (Rd). If x ∈ Xα
L for some α ∈ R, we define

φ(D)x := (⟨ξ⟩−2αφ)(D)y ∈ X

where y := ⟨DL⟩2αx ∈ X.
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This definition does not depend on α ∈ R. Indeed, let x ∈ Xα
L ∩ Xβ

L with
β ≤ α, say. Then, ⟨DL⟩2βx = ⟨DL⟩−2(α−β)⟨DL⟩2αx = (Id + L)−(α−β)⟨DL⟩2αx
by Proposition 2.1.6 and thus by Proposition 2.1.15 (c)

(φ⟨ · ⟩−2β)(D)⟨DL⟩2βx = (φ⟨ · ⟩−2β)(D)(Id + L)−(α−β)⟨DL⟩2αx

= (φ⟨ · ⟩−2β⟨ · ⟩−2(α−β))(D)⟨DL⟩2αx = (φ⟨ · ⟩−2α)(D)⟨DL⟩2αx.

Lemma 2.1.15 (c) shows that φ(D)x = φ(D)x if x ∈ Xα
L and α ≥ 0. Thus,

we have a reasonable extension. To ease notation, we will just write φ(D)
instead of φ(D).

Corollary 2.1.27. Let (HX), (D∞) and (D∗
∞) be satisfied, α ∈ R. Assume

further that X0 is a dense subset of X. Suppose further that ψ ∈ C∞
c (Rd) is

supported away from the origin and satisfies

∑
λ∈2Z

ψλ(ξ) = 1 for all ξ ̸= 0, where ψλ(ξ) := ψ

(
ξ

λ

)
.

Then, ∑
λ∈2Z

ψλ(D)x = x for all x ∈ Xα
L(Rd).

In particular,

SX0
D := span{ψ(D)x | ψ ∈ C∞

c (Rd), supp(ψ) ∈ Rd \ {0}, x ∈ X0}

belongs to ⋂β∈R Dom(Lβ) and is dense in Xα
L .

Proof. The inclusion SX0
D ⊆ ⋂

β∈R Dom(Lβ) follows immediately from Propo-
sition 2.1.15 (b). The assertion concerning the density follows from a 2ε-
argument, using Proposition 2.1.18, the boundedness of ψ(D) for compactly
supported smooth ψ and the density of X0 in X.

Theorem 2.1.28 (Xα
L-Boundedness of Almost-Orthogonal Operators). Sup-

pose that (HX), (D∞) and (D∗
∞) are fulfilled. Let α ∈ R and γ ∈ R. Let

further ψ ∈ C∞
c (Rd) be as in Corollary 2.1.24 and assume that h := (hλ)λ∈2Z

is a sequence of functions on Rd such that hλ is smooth on an open neighbor-
hood of Kλ := supp(ψλ) for all λ ∈ 2Z and ∥h∥∞ := supλ∈2Z ∥hλ∥L∞(Kλ) < ∞.
Then,

T : Xα
L → Xα−γ

L , Tx :=
∑
λ∈2Z

⟨λ⟩2γ(hλψλ)(D)x

is a well-defined linear bounded operator with ∥T∥ ≲ ∥h∥∞. Moreover, for
x ∈ Xα

L , there holds

∥Tx∥2
Xα−γ

L
≲
∑
λ∈2Z

∥(hλψλ)(D)y∥2 ≲ ∥h∥2
∞
∑
λ∈2Z

∥ψλ(D)y∥2 ≃ ∥h∥2
∞∥x∥2

Xα
L
,

where y := ⟨DL⟩αx ∈ X.
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Proof. Let x ∈ Xα
L and set y := ⟨DL⟩2αx ∈ X. Choose some compactly

supported smooth function with ψ̃ ∈ C∞
c (Rd) with ψ̃ = 1 on the support of

ψ. For finite I ⊆ 2Z, we define TIx := ∑
λ∈I⟨λ⟩2γ(hλψλ)(D)x. By definition

and Proposition 2.1.15 (c),

⟨DL⟩2(α−γ)TIx =
∑
λ∈I

(
⟨λ⟩2γ⟨ · ⟩−2γhλψλ

)
(D)y =

∑
λ∈I

(
h̃γλhλψλ

)
(D)y,

where h̃γλ := ⟨λ⟩2γ

⟨ · ⟩2γ ψ̃λ. Applying Corollary 2.1.25 and then Proposition 2.1.10 (d),
we obtain

∥TIx∥2
Xα−γ

L
=
∥∥∥∑
λ∈I

(h̃γλhλψλ)(D)y
∥∥∥2

≲
∑
λ∈I

∥(h̃γλhλψλ)(D)y∥2 ≲
∑
λ∈I

∥(hλψλ)(D)y∥2

and further (2.38)∑
λ∈I

∥(hλψλ)(D)y∥2 ≲ ∥h∥∞
∑
λ∈I

∥ψλ(D)y∥2 ≃ ∥y∥2 = ∥f∥2
Xα

L
.

Now, the assertion follows by taking the limit I → 2Z just as in Corol-
lary 2.1.25.

Proposition 2.1.29 (Squarefunction Characterization of the Lp-norm). Sup-
pose that for each 1 < p < ∞, the operator iDp is the generator of a bounded
d-parameter C0-group (eiy·Dp) on Xp = Lp(Rd) with (eiy·Dp)′ = eiy·Dp′ and
eiy·Dpf = eiy·D2f for f ∈ Xp∩X2. Suppose further that Lp := D2

1,p+· · ·+D2
d,p

is injective for all p ∈ (1,∞). If ψ ∈ C∞
c (Rd) is as in Proposition 2.1.17,

then ∥∥∥∥∥∥
(∫ ∞

0
|ψ(tDp)f(x)|2 dt

t

) 1
2
∥∥∥∥∥∥
p

≃ ∥f∥p for all f ∈ Xp. (2.41)

Similarly, if (ψλ)λ∈2Z is defined as in Corollary 2.1.18, then∥∥∥∥∥∥
( ∑
λ∈2Z

|ψλ(Dp)f(x)|2
) 1

2
∥∥∥∥∥∥
p

≃ ∥f∥p for all f ∈ Xp. (2.42)

Proof. We use the Kahane-Khintchine inequality and Coifman–Weiss’ trans-
ference principle. Let f ∈ Xp. For finite I ⊆ 2Z, we define SIf :=
(∑λ∈I |ψλ(Dp)f |2)1/2 ∈ Xp. Let (ελ)λ∈2Z be a Rademacher sequence on some
probability space (Ω,B,P). By the Kahane–Khintchine inequality, we have
for a.e. x ∈ Rd

(
SIf(x)

)p
≃ E

∥∥∥∥∥∑
λ∈I

εj
[
ψλ(Dp)f

]
(x)
∥∥∥∥∥
p

.
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2.2. One-Dimensional Half-Wave Equations

Integrating w.r.t. x ∈ Rd, invoking Fubini’s theorem and Proposition 2.1.10 (d)
gives

∥SIf∥pp =
∫
Rd

E
∥∥∥∥∥∑
λ∈I

ελ
[
ψλ(Dp)f

]
(x)
∥∥∥∥∥
p

dx

= E
∥∥∥∥∥∑
λ∈I

ελψλ(Dp)f
∥∥∥∥∥
p

≲ ∥f∥pp,

where, in the last step, we used that the ’Mihlin norm’ of φε := ∑
λ∈I ελ(ω)ψλ

does not depend on ω ∈ Ω. By monotone convergence, we infer∥∥∥∥∥∥
( ∑
λ∈2Z

|ψλ(Dp)f(x)|2
) 1

2
∥∥∥∥∥∥
p

≲ ∥f∥p.

The reverse inequality is proved by a duality argument (in a similar fashion
as Proposition 2.1.20 (b); note that the injectivity of Lp implies the density
of its range, so that the Calderón reproducing formula is available on all of
Xp by Remarks 2.1.19 and 2.1.14).

2.2. One-Dimensional Half-Wave Equations
In this section, we consider half-wave equations as abstract Cauchy problems
in Lp(R), p ∈ (1,∞). The main goal is to show that (under suitable condi-
tions) the corresponding C0-groups are bounded on Lp(R) for all p ∈ (1,∞)
and that they satisfy a L∞

x L1
t -estimate. These results lay the foundation for

the results derived in Chapter 3 and Chapter 4.

2.2.1. Lp-Boundedness and L∞
x L1

t -Estimates
We assume that a : R → R is a function satisfying the following assumptions.

Assumption 2.2.1.

(H1) There are 0 < m1 ≤ m2 < ∞ such that

m1 ≤ a(x) ≤ m2 for all x ∈ R.

(H2) The function a is Lipschitz continuous.

(H3) We have d
dx log(a) ∈ L1(R) with∥∥∥ d

dx log(a)
∥∥∥

L1(R)
< 4.
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Let p ∈ [1,∞]. Since we want to deal with second-order differential op-
erators in divergence and standard form simultaneously, we will work in
Xp := Lp(R;C2), where we endow C2 with the Euclidean norm. We consider
the differential operator

Lp : D(Lp) ⊆ Xp → Xp, Lpf =
− d

dxa
d

dx 0
0 −a d2

dx2

f1

f2

 =
−(af ′

1)′

−af ′′
2


with domain D(Lp) := W 2,p(R;C2). If it is clear from the context, we will su-
press the target space C2 and often simply write Lp(R) instead of Lp(R;C2),
etc. Our goal in this section is to show that i

√
Lp generates a bounded C0-

group (eit
√
Lp)t∈R on Lp(R) for p ∈ (1,∞) and that the corresponding cosine

function satisfies the

∥[Cos(t
√
Lp)f ](x)∥L∞

x (R;L1
t (R)) ≲ ∥f∥1 for f ∈ L1(R) ∩ Lp(R).

To begin with, we show that Lp is sectorial which in particular guarantees
that its square root

√
Lp is well-defined.

Proposition 2.2.2 (Sectoriality of Lp). Let p ∈ (1,∞) and suppose that a
satisfies (H1) and (H2). Then, Lp is sectorial with σ(Lp) ⊆ [0,∞). More-
over, the resolvents are consistent in the sense that R(λ, Lp)f = R(λ, L2)f
for f ∈ Xp ∩X2 and Re(λ) < 0.

Proof. Let p ∈ (1,∞). Define the operators L1,p := − d
dxa

d
dx and L2,p :=

−a d2

dx2 in Lp(R) with domains Dom(L1,p) = Dom(L2,p) = W 2,p(R). Clearly,
Lp = L1,p ⊕ L2,p, so it suffices to show the assertions for L1,p and L2,p sep-
arately. For L2,p, the assertions follow from [40, Theorem 3.3] (even for
all p ∈ [1,∞] and for more general complex-valued a ∈ L∞(R)). To show
the sectoriality of L1,p, we first note that if p = 2, then form methods and
regularity theory for elliptic equations imply that L1,2 is nonnegative and
self-adjoint (just consider the associated form a : W 1,2(R) × W 1,2(R) → C,
a(u, v) := (au′|v′)L2(R) and apply e.g. [43, Propositions 1.22 and 1.24], [22,
Theorem 8.8]). In particular, L1,2 is sectorial of angle 0. To extrapolate to
general p ∈ (1,∞) \ {0}, one could argue by the beautiful theory of heat
kernel estimates (see e.g. [43, Chapter 7]), but since this approach does not
spare us the proof of L1,2

Lp

= L2,p, we sketch a more direct approach.
We first observe the a priori estimate

∥u∥2,p ≲ ∥L1,pu∥p + ∥u∥p (u ∈ W 2,p(R)). (2.43)

For elliptic operators in Lp(Rd), this estimate follows from Mihlin’s theorem
from harmonic analysis and a perturbation argument using (H2). However,
since d = 1, this estimate is significantly easier. Indeed, using (H1) we have
for u ∈ W 2,p(R)

m1∥u′′∥p ≤ ∥au′′∥p = ∥L1,pu+ a′u′∥p ≤ ∥L1,pu∥p + ∥a′∥∞∥u′∥p
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and thus

∥u∥2,p ≃ ∥u′′∥p + ∥u′∥p + ∥u∥p

≤ 1
m1

∥L1,pu∥p +
(

1 + ∥a′∥∞

m1

)
∥u′∥p + ∥u∥p

≤ 1
m1

∥L1,pu∥p +
(

1 + ∥a′∥∞

m1

)(
εp

p
∥u′′∥p + ε−p′

p′ ∥u∥p
)

+ ∥u∥p

for any ε > 0 (in the last step, we used the inequalities of Gagliardo–
Nirenberg and Young). Choosing ε such that εp < 1 + ∥a′∥∞

m1
, we infer

(2.43). Note that (2.43) immediately implies that L1,p is closed. Proceeding
as in the proof of [44, Theorem 3.6], one shows that the numerical range
W (L1,p) := {⟨L1,pu, u

∗⟩Lp×Lp′ | u ∈ W 2,p(R), ∥u∥p = 1, u∗ := u |u|p−2} satis-
fies

W (L1,p) ⊆ Sωp with ωp := arctan
(
m2|p− 2|

2m1
√
p− 1

)
(2.44)

(there are subtleties to keep in mind, however: first, one may assume u ∈
C∞
c (R) to establish (2.44) as the latter space is dense in W 2,p(R); if p ∈ (1, 2),

one needs to be a little bit more cautious because of possible singularities of
(u∗)′. To circumvent this, one replaces u∗ by u∗

ε := (ε2 + |u|2) p−2
2 u and then

takes the limit ε → 0). Now it suffices to show that −1 ∈ ρ(L1,p), for then
Theorem [44, 1.3.9] would imply that L1,p is sectorial of angle ωp. First, note
that (2.44) and Hölder’s inequality in particular yield

∥(Id + L1,p)u∥p ≥ ∥u∥p (u ∈ W 2,p(R)), (2.45)

which implies that Id+L1,p is injective and has closed range. Thus, to prove
−1 ∈ ρ(L1,p), it remains to show that R(Id +L1,p) is dense in Lp(R). To this
end, we will show that D := L2(R) ∩ Lp(R) is contained in R(Id + L1,p) and
distinguish the cases p ∈ (1, 2) and p ∈ (2,∞).
Case 1: p ∈ (1, 2). Let f ∈ D. Then, u := (Id + L1,2)−1f ∈ W 2,2(R) and in
fact, u also belongs to W 1,p(R) by [5, Theorem 2.4]. Now choose some cutoff
φ ∈ C∞

c (R) with φ = 1 on B(0, 1) and put φn(·) := φ( ·
n
), un := uφn and

fn := fφn for n ∈ N. Then, Hölder’s inequality implies that (un)n belongs
to W 2,p(R) since p < 2. Thus, (2.43) gives

∥un − um∥2,p ≲ ∥L1,p(un − um)∥p + ∥un − um∥p (2.46)

for all m,n ∈ N. By the product rule, we have

∥L1,p(un − um)∥p
= ∥(L1,2u)(φn − φm) − 2au′(φn − φm)′ + uL1,p(φn − φm)∥p
≤ ∥(L1,2u)(φn − φm)∥p + 2∥a∥∞∥φ∥∞

(
1
n

+ 1
m

)
∥u′∥p + ∥u∥p∥L1,p(φn − φm)∥∞

≲ ∥fn − fm∥p +
(

1
n

+ 1
m

)
∥u∥1,p + ∥un − um∥p
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and plugging this into (2.46), we infer

∥un − um∥2,p ≲ ∥fn − fm∥p +
(

1
n

+ 1
m

)
∥u∥1,p + ∥un − um∥p (2.47)

for all m,n ∈ N. It follows that (un)n is a Cauchy sequence in W 2,p(R), thus
there exists v ∈ W 2,p(R) with un → v in W 2,p(R) as n → ∞. On the other
hand, dominated convergence implies un → u in W 2,2(R) as n → ∞. Since
Lq-convergence implies a.e. convergence along subsequences, we deduce u =
v ∈ W 2,p(R) with

(Id + L1,p)u = (Id + L1,2)u = f. (2.48)

This shows that D ⊆ R(λId + L1,p) as desired.
Case 2: p ∈ (2,∞). One proceeds exactly as in Case 1, with the difference
that one uses mollifiers instead of cutoffs. Let f ∈ D. Once again, put
u := (Id+L1,2)−1f ∈ W 2,2(R)∩W 1,p(R). Choose φ ∈ C∞

c (R) with supp(φ) ⊆
B(0, 1),

∫
R φ(x) dx = 1 and put φn := nφ(n·), un = u ∗ φn and fn ∗ φn for

n ∈ N. Then, Young’s convolution inequality implies (un)n ⊆ W 2,p(R) since
p > 2. A short computation gives Lun = fn − un + rn with

rn(x) =
∫
R

(a(x) − a(x− y))
y

u′(x− y)ρn(y) dy − (a′u′
n)(x) (2.49)

with ρn(y) = nρ(ny), ρ(y) = −yφ′(y). Integration by parts, one checks that∫
ρ(y) dy = 1 and thus, (H2) implies that the integral in (2.49) converges to

a′u′ in Lp(R) as n → ∞. On the other hand, we also have a′u′
n → a′u′ in

Lp(R) as u ∈ W 1,p(R). We conclude rn → 0 in Lp(R). Hence, (2.43) yields

∥un − um∥2,p ≲ ∥L1,pun − L1,pum∥p + ∥un − um∥p
≤ ∥fn − fm∥p + ∥un − um∥p + ∥rn∥p + ∥rm∥p → 0

as m,n → ∞. Now, we may argue exactly as in Case 1 to conclude that
un → u ∈ W 2,p(R) with (Id + L1,p)u = f . Finally, to prove consistency of
resolvents, note that we actually proved R(λ, L1,p)f = R(λ, L1,2)f for f ∈ D
and λ = −1. One can check that the proof extends verbatim to the case
Re(λ) < 0.

Remark 2.2.3. With more work, one can even show that σ(L1,p) = σ(L2,p)
and that the resolvents are consistent on C \ σ(L1,2) (see e.g. [43, Theo-
rem 7.10]), but we do not need this here.

Theorem 2.2.4 (Kato-Property of Lp). Let p ∈ (1,∞). Then, Dom(
√
Lp) =

W 1,p(R) and
∥
√
Lpu∥p ≃ ∥ d

dxu∥p u ∈ W 1,p(R). (2.50)
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Proof. [4, Theorem 5.1] shows that

{u ∈ W 1,2(R) |
√
L2u ∈ Xp} = {u ∈ W 1,2(R) | d

dxu ∈ Xp},
∥L2u∥p ≃ ∥ d

dxu∥p
(2.51)

Now, let f ∈ Dom(
√
Lp). Since Dom(Lp) is a core for Dom(

√
Lp) and C∞

c (R)
is dense in Dom(Lp) = W 2,p(R), we find a sequence (fn)n in C∞

c (R) with
fn → f in Dom(

√
Lp) as n → ∞. Since C∞

c (R) ⊆ X2 ∩Xp and the resolvents
are consistent by Proposition 2.2.2, we have R(λ, Lp)fn = R(λ, L2)fn for
λ ∈ C− and thus

√
Lpfn =

√
L2fn. Now it follows from (2.51) that (

√
Lpfn)n

is a Cauchy sequence in W 1,p(R). Thus, there exists g ∈ W 1,p(R) with
fn → g in W 1,p(R). In particular, fn → f and fn → g in Lp(R) so that
f = g almost everywhere. Hence, f = g ∈ W 1,p(R). The converse inclusion
is proved similarly.

Since L2 is self-adjoint w.r.t. the equivalent scalar product

⟨u, v⟩A := ⟨A−1u, v⟩L2(R;C2), with A =
1 0

0 a

 ,
it follows from the Borel functional calculus for L2 that i

√
L2 generates a

bounded C0-group on L2(R). For general p ∈ (1,∞), this is a more subtle
issue. In order to prove that i

√
Lp generates a bounded C0-group, we use

the following result, which is a corollary from the theory of abstract cosine
functions on Banach spaces (see e.g. [2, Sections 3.14-3.16]). To state it, we
need the notion of a UMD-space. One of the equivalent definitions is the
following: A Banach space X is called a UMD-space if the X-valued Hilbert
transform

(HXf)(t) := 1
π
p.v.

∫
R

f(s)
t− s

ds (f ∈ S(R;X), t ∈ R) (2.52)

extends to a bounded operator on Lp(R;X) for all (or equivalently one)
p ∈ (1,∞).

Theorem 2.2.5 (Fattorini’s Square Root Reduction). Let X be a UMD-
space and L be a sectorial operator in X. If iD is the generator of a C0-group
(eitD)t∈R on X and if L = D2, then i

√
L generates a C0-group (eit

√
L)t∈R.

Moreover, if we set

Cos(tD) := 1
2
(
eitD + e−itD

)
, t Sinc(tD)x :=

∫ t

0
Cos(sD)x ds (x ∈ X),

then t 7→ Sinc(tD) ∈ C(R; Dom(
√
L))f and

eit
√
Lf = Cos(tD)f + it

√
LSinc(tD)f (2.53)

for all f ∈ X and t ∈ R.
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Proof. By assumption, −L = D2 is the generator of the cosine function
(Cos(tD))t∈R. Now, the assertion follows immediately from [2, Theorem 3.16.7
and Proposition 3.16.3].

Let p ∈ [1,∞) and recall that Xp = Lp(R;C2). We define the Dirac operator
Dp by

Dp :=
 0 − d

dx
a d

dx 0

 (2.54)

which we view as the closed unbounded operator

Dp : Dom(Dp) ⊆ Xp → Xp, Dpf =
−f ′

2

ajf
′
1

 .
with domain Dom(Dp) = W 1,p(R;C2). We observe that D2

p = Lp. Indeed,
for f ∈ Dom(D2

p) = W 2,p(R;C2) = Dom(Lp) we have

D2
pf =

 0 − d
dx

a d
dx 0

 0 − d
dx

a d
dx 0

 f =
− d

dxa
d

dx 0
0 −a d2

dx2

 = Lpf.

Thus, in order to use Theorem 2.2.5, we need to show that iDp generates a
C0-group. To this end, we need the following lemma.

Lemma 2.2.6. Let p ∈ [1,∞). Let b ∈ L1(R) ∩ L∞(R) be real-valued with
∥b∥L1(R) < 1. We consider the linear operators A and B in Xp = Lp(R;C2)
given by

A :=
∂x 0

0 −∂x

 and B := b

0 −1
1 0

 ,
with domains Dom(A) = W 1,p(R;C2) and Dom(B) = Xp. Then, C := A+B
generates a bounded C0-group (etC)t∈R on Xp. Moreover, if f ∈ L1(R;C2) ∩
Lp(R;C2), there is a measurable version of R2 → C2, (t, x) 7→ (etCf)(x) with

ess sup
x∈R

|(etCf)(x)| dt ≲ ∥f∥1. (2.55)

Proof. Let p ∈ [1,∞). It is clear that A generates the bounded C0-group
(etA)t∈R on Xp given by

(etAf)(x) :=
f1(x+ t)
f2(x− t)

 for a.e. x ∈ R and all t ∈ R, f = (f1, f2) ∈ Xp.

Moreover, we have B ∈ L(Xp) as b ∈ L∞(R) by assumption. Now, it follows
from standard perturbation theory of C0-(semi)groups that C = A + B
is the generator of a C0-group (etC)t∈R (see e.g. [16, Theorem III.1.3]).
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2.2. One-Dimensional Half-Wave Equations

However, the boundedness of (etC)t∈R is a more subtle issue. It would be an
immediate consequence of the Kato-Trotter product formula (see e.g. [16,
Corollary III.5.8]) if both C0-groups (etA)t∈R and (etB)t∈R were contractive.
Unfortunately, contractivity even fails for (etA)t∈R if p ̸= 2. In fact, we have

∥etA∥L(Xp) = 2|1/p−1/2| for all t ̸= 0. (2.56)
Therefore, we adopt a different approach and show the boundedness of
(etC)t∈R using the Dyson-Phillips series: We define the strongly continuous
operator family (Sn(t))t∈R in L(Xp) by

S0(t)f := etAf, Sn+1(t)f :=
∫ t

0
e(t−s)ABSn(s)f ds (2.57)

for all t ∈ R, n ∈ N0, and f ∈ Xp. As for each t ∈ R, we have
N∑
n=0

Sn(t) → etC (N → ∞) in L(Xp)

(see e.g. [16, Theorem III.1.10]), it suffices to show for some Mp > 0 that
∞∑
n=0

∥Sn(t)∥L(Xp) ≤ Mp for all t ∈ R. (2.58)

We consider first the case p = 1 and show (2.58) by finding first an explicit
representation of (Sn(t))n∈N. To this end, we define bt ∈ L1(R) ∩ L∞(R) by
bt(x) = b(x + t) for t ∈ R and a.e. x ∈ R. Let f = (f1, f2) ∈ X1. Then,
induction and a tedious calculation shows that(

Sn(t)f
)
(x) = En

1
2
∫ x+t
x−t K

+
n (t, r, x)f1(r) dr

1
2
∫ x+t
x−t K

−
n (t, r, x)f2(r) dr

 (2.59)

for all t ∈ R, n ∈ N and x ∈ R, where E ∈ L(X1) is the isometry defined by

Ef :=
0 −1

1 0

 f =
−f2

f1


and the kernels K±

n : R3 → R are functions of the form

K+
n (t, r, x) = k+

n

(
r+t−x

2 , r−t−x2 , x
)
, K−

n (t, r, x) = k−
n

(
x+t−r

2 , x−t−r
2 , x

)
with kn(u, v, ·) := k+

n (u, v, ·) given by

k1(u, v, ·) := bv, k2(u, v, ·) :=
u∫

0

bv+s1bs1 ds1,

k3(u, v, ·) :=
0∫
v

u∫
0

bv+s1bs1+s2bs2 ds1 ds2,

k4(u, v, ·) :=
u∫

0

0∫
v

u∫
s3

bv+s1bs1+s2bs2+s3 ds1 ds2 ds3
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and for odd n ≥ 5

kn(u, v, ·) :=
0∫
v

u∫
0

sn−1∫
v

u∫
sn−2

· · ·
s4∫
v

u∫
s3

bv+s1bs1+s2bs2+s3 · · ·

bsn−1+sn−2bsn−1 ds1 · · · dsn−1.

and similarly for even n ≥ 6,

kn(u, v, ·) :=
u∫

0

0∫
v

u∫
sn−1

sn−2∫
v

· · ·
s4∫
v

u∫
s3

bv+s1bs1+s2bs2+s3 · · ·

bsn−1+sn−2bsn−1 ds1 · · · dsn−1.

The function k−
n (u, v, ·) is defined by the same formula as kn(u, v, ·), with

every occurrence of bτ replaced by b−τ in the above integrals. Now, observe
that for each t, r ∈ R,

∥K±
n (t, r, ·)∥L1(R) ≤ 2∥b∥n1 (n ∈ N). (2.60)

Indeed, for instance, in the case where n ≥ 6 is even, we have for Kn = K+
n

and every t, r ∈ R∫
R

|Kn(t, r, x)| dx

≤
∫
R

· · ·
∫
R

|b r−t−x
2 +s1

bs1+s2 · · · bsn−1+sn−2bsn−1|(x) dx ds1 · · · dsn−1

=
∫
R

· · ·
∫
R

|b( r−t+x2 + s1)b(s1 + s2) · · · b(sn−1 + sn−2)b(sn−1)| dx ds1 · · · dsn−1

= 2∥b∥1

∫
R

· · ·
∫
R
b(s1 + s2) · · · b(sn−1 + sn−2)b(sn−1)| ds1 · · · dsn−1 = 2∥b∥n1 ,

where we used the changes of variables s1 7→ s1 +x, s3 7→ s3 +x, . . . , sn−1 7→
sn−1+x in the third line. The other cases can be proved similarly. Therefore,
we obtain from (2.59) and (2.60)

∥Sn(t)f∥X1

≤ 1
2

(∥∥∥∥∥
∫
R
K+
n (t, r, ·)f1(r) dr

∥∥∥∥∥
1

+
∥∥∥∥∥
∫
R
K−
n (t, r, ·)f2(r) dr

∥∥∥∥∥
1

)

≤ 1
2

(∫
R

∥K+
n (t, r, ·)∥1|f1(r)| dr +

∥∥∥∥∥
∫
R

∥K−
n (t, r, ·)∥1|f2(r)| dr

)
≤ ∥b∥n1 (∥f1∥1 + ∥f2∥1) ≤ 2 1

2 ∥b∥n1 ∥f∥X1

(2.61)

for all n ∈ N. This proves ∥Sn(t)∥L(X1) ≤ 2 1
2 ∥b∥n1 for all n ∈ N and t ∈ R.

For n = 0, this estimate is also true by (2.56). Thus, since ∥b∥1 < 1,

∥etC∥L(X1) ≤
∞∑
n=0

∥Sn(t)∥L(X1) ≤ 21/2

1 − ∥b∥L1(R)
=: M1 (t ∈ R), (2.62)

53



2.2. One-Dimensional Half-Wave Equations

which proves the boundedness of (etC)t∈R in the case p = 1. To prove
the assertion for general p ∈ (1,∞), let us be more precise and write Cp
for the Xp-realization of the operator C. For p = 2, it is readily checked
that C̃ := −iC2 is a self-adjoint operator in the Hilbert space X2 and thus
∥etC2∥L(X2) = ∥eitC̃∥L(X2) = 1 for all t ∈ R by Stone’s theorem (here, eitC̃ is
defined by the Borel functional calculus for C̃). Now, for general p ∈ (1,∞),
note that it follows from (2.57) and (2.62) that

etCpf = etCqf for all 1 ≤ p ≤ q < ∞, f ∈ Xp ∩Xq.

Hence, the boundedness of (etCp)t∈R for p ∈ (1, 2) follows by interpolating
the cases p0 = 1 and p1 = 2. The case p ∈ (2,∞) follows from a duality
argument, noting that (Cp)′ = −Cp′ and thus (etCp)′ = e−tCp′ for t ∈ R and
p′ ∈ (1, 2) being the Hölder conjugate of p.
Finally, we prove (2.55). Suppose first that f ∈ L1(R;C2) ∩ W 1,p(R;C2).
Since Dom(C) = Dom(A) = W 1,p(R;C2), we have that t 7→ etCf belongs
to C(R;W 1,p(R;C2)) and therefore also to C(R;Cb(R;C2)) by Sobolev em-
bedding. In particular, R2 → C2, (t, x) 7→ (etCf)(x) is well-defined and
continuous. Now, note that a similar reasoning as in the proof of (2.60)
yields for n ∈ N the bounds

|K±
n (t, r, x)| ≤ 2∥b∥n−1

1 ∥b∥∞, (2.63)∫
R

|K±
n (t, r, x)| dt ≤ 2∥b∥n1 . (2.64)

The bound (2.63) together with (2.62) imply that ∑n
k=0 Sk(t)f converges

uniformly to etCf as n → ∞. The bound (2.64) implies
∫
R |Sn(t)f(x)| dt ≲

∥b∥n1 ∥f∥1 and thus, we conclude
∫
R

|etCf(x)| dt ≤
∫
R

|S0(t)f(x)| dt+
∞∑
k=0

∫
R

|(Sk(t)f(x)| dt

≲ ∥f∥1

∞∑
k=1

∥b∥k−1
1 ∥b∥ ≲ ∥f∥1 ≲ ∥f∥1.

uniformly in x ∈ Rd. For general f ∈ L1(R) ∩ Lp(R;C2), one argues by
approximation using [30, Propositions 1.2.24, 1.2.25]The proof is complete.

Armed with Lemma 2.2.6, we are now in the position to prove that iDp

generates a bounded C0-group on Xp for all p ∈ [1,∞).

Proposition 2.2.7 (Boundedness of (eitDp)t∈R on Lp and L∞
x L

1
t -Estimates).

Let p ∈ [1,∞) and Xp = Lp(R;C2). Then, the operator iDp generates a
bounded C0-group (eitDp)t∈R on Xp with eitDpf = eitD2f for f ∈ Xp ∩ X2.
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Moreover, for all f ∈ X1 ∩ Xp, there is a measurable version of R2 →
C2, (t, x) 7→ (eitDpf)(x) with

ess sup
x∈R

∫
R

|(eitDpf)(x)| dt ≲ ∥f∥1. (2.65)

Proof. Let p ∈ [1,∞). We show that iDp is isomorphically equivalent to a
generator of a bounded C0-group. To ease notation, we just write D in place
of Dp in the following. We first observe that iD = M d

dx , where

M = M(x) = i

 0 −1
a(x) 0

 (x ∈ R)

has eigenvalues λ1/2 = ±i
√
a(x). We may therefore diagonalize M according

to

U−1MU =
√
a(x) Λ, U = U(x) =

 1 1
i
√
a(x) −i

√
a(x)

 ,
where Λ = diag(1,−1). By (H1), the linear operator TU : Xp → Xp, TUf =
Uf , associated to U defines an isomorphism and using (H2), we may conju-
gate iD by TU , which yields for f ∈ Dom(D)

C1f := T−1
U iDTUf = U−1M d

dxUf = U−1MU d
dxf + U−1M( d

dxU)f
= Λ

(√
a d

dx

)
f + U−1M( d

dxU)f

= Λ
(√

a d
dx

)
f + b̃(x)V f

(2.66)

with

V =
1 −1

1 −1

 , b̃(x) = (
√
a)′(x)
2 (x ∈ R).

Next, we define a transformation that maps the vector field
√
a(x) d

dx to d
dx .

To this end, put

Tφf := f ◦ φ, where φ(x) :=
∫ x

0
a− 1

2 (y) dy, x ∈ R.

It follows again from (H1) that Tφ defines an isomorphism on Xp. Then,
since

√
a(x) d

dxTφf = Tφ
d

dxf , we get from (2.66)

C2f := Tφ−1C1Tφf = Λf + b(x)V f

= Λ( d
dx + b(x)) + b(x)

0 −1
1 0

 , b := b̃ ◦ φ−1.
(2.67)

Finally, we define a transformation that maps d
dx + b(x) to d

dx . To this end,
we let

Tmf := mf, m(x) := a− 1
4 (φ−1(x)) (x ∈ R).
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Again, (H1) implies that the multiplication operator Tm is an isomorphism
on Xp. Then, we finally obtain

Cf := Tm−1C2Tmf = Λ d
dx + b(x)

0 −1
1 0


= A+B,

where

A := Λ d
dx =

∂x 0
0 −∂x

 and B := b

0 −1
1 0

 ,
with domains Dom(A) = W 1,p(R;C2) and Dom(B) = Xp. Changing vari-
ables x = φ(y), we have

∥b∥L1(R) = 1
4

∫
R

|a′(y)|
|a(y)| dy = 1

4
∥∥∥ d

dx log(a)
∥∥∥

L1(R)
< 1

by (H3). It now follows from Lemma 2.2.6 that C is the generator of a
bounded C0-group (etC)t∈R. But this means that iD is the generator of the
C0-group given by

eitD = T etCT−1 for all t ∈ R (2.68)
with T := TmTφTU . Finally, in view of (H1) and (H2), it is clear that T
is also an isomorphism on L∞(R;C2). Thus, (2.65) follows from (2.55) and
(2.68).

Theorem 2.2.8 (Boundedness of (eit
√
Lp)t∈R on Lp and L∞

x L
1
t -Estimates).

Let p ∈ (1,∞) and Xp = Lp(R;C2). Then, i
√
Lp has domain W 1,p(R;C2)

and generates a bounded C0-group (eit
√
Lp)t∈R on Xp with eit

√
Lpf = eit

√
L2f

for all f ∈ Xp ∩X2. Moreover, for all f ∈ L1(R;C2) ∩ Lp(R;C2), there is a
measurable version of R2 → C2, (t, x) 7→ (eit

√
Lpf)(x) with

∥[Cos(t
√
Lp)f ](x)∥L∞

x (R;L1
t (R)) ≲ ∥f∥1. (2.69)

Proof. Let p ∈ (1,∞). We already proved Dom(
√
Lp) = W 1,p(R;C2) in

Theorem 2.2.4. It is a classical fact in harmonic analysis that Xp is a UMD-
space (since p ∈ (1,∞)). Therefore, Proposition 2.2.7 and Theorem 2.2.5
imply that i

√
Lp generates a C0-group (eit

√
Lp)t∈R. To prove that (eit

√
Lp)t∈R

is bounded, let f ∈ Xp and t ∈ R. We use (2.53) to estimate

∥eit
√
Lpf∥p ≤ ∥Cos(tDp)f∥p + ∥

√
LpSinc(tDp)f∥p.

Since (eisDp)s∈R is bounded, we have

∥Cos(tDp)f∥p ≤ 1
2
(
∥eitDpf∥p + ∥e−itDpf∥p

)
≲p

1
2(∥f∥p + ∥f∥p) = ∥f∥p.
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On the other hand, we have by Theorem 2.2.4 and (H1),

∥
√
LpSinc(tDp)f∥p ≃ ∥ d

dxSinc(tDp)f∥p ≃ ∥DpSinc(tDp)f∥p

and further by the theory of C0-(semi)groups

∥DpSinc(tDp)f∥p = 1
2

∥∥∥∥∥Dp

∫ t

0
eisDpf ds+Dp

∫ t

0
e−isDpf ds

∥∥∥∥∥
p

= 1
2
∥∥∥eitDpf − f + e−itDpf − f

∥∥∥
p

≤ 1
2
(
∥eitDpf∥p + ∥f∥p + ∥e−itDpf∥p + ∥f∥p

)
≲ ∥f∥p

by the boundedness of (eisDp)s∈R. Finally, (2.69) follows immediately from
(2.65) in view of the identity Cos(t

√
Lp) = Cos(tDp) = 1

2(eitDp + e−itDp) for
all t ∈ R. The proof is complete.

Remark 2.2.9. (1) Let p ∈ {1,∞}. Then, we cannot expect i
√
Lp to

generate a C0-group on Xp. In the simplest case a = 1, the operator
L2 = − d2

dx2 generates the bounded C0-group eit
√
L2 = F−1MmtF on

L2(R), where mt is the Fourier multiplier given by mt(ξ) := eit|ξ| (ξ ∈
R). However, mt is not a Fourier multiplier on Lp(R) for each fixed
t ̸= 0. Indeed, by dilation invariance, mt is a Lp-Fourier multiplier
if and only if m1 is a Lp-Fourier multiplier. Approximating m1 by
m1,ε(ξ) := e−(ε−i)|ξ| (ε > 0), we arrive at

F−1(m1) = 1
2
(
δ1 + δ−1

)
+ i

(
p.v.

1
x+ 1 + p.v.

1
x− 1

)
in S ′(Rd)

which is not a finite Borel measure. By [24, Theorem 2.5.8], ei
√

−∂2
x

does not extend to a bounded operator on L1(R). By duality, the
same holds for L∞(R).

(2) We would also like to stress that the presented approach via Fattorini’s
theorem is limited to dimension one. It hinges only on cf. Lemma 2.2.6
which uses that wave equations in dimension one are non-dispersive
and essentially transport equations; and in fact for p ∈ (1,∞), it is
well-known that eit

√
−∆x is a bounded operator on Lp if and only if

p = 2 or d = 1.

(3) In [21, Proposition 2] it was already proven under (H1) and (H2) that
for each p ∈ (1,∞), the operator i

√
Lp is the generator of a C0-group.

We made an effort to prove that this C0-group is indeed bounded, and
this is why we needed ((H3)). The boundedness of (eit

√
Lp)t∈R is im-

portant to us because a growth bound of type ∥eit
√
Lp∥ ≤ Meω|t| would
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restrict the class of functions φ for which φ(
√
Lp) in the sense of the

Phillips functional calculus (see Definition 2.1.8) renders a well-defined
bounded operator. On the other hand, (H3) also allows us to prove
the estimate (2.69) for Cos(t

√
Lp), which was already known for its

first component Cos(t
√
L1,p) for more general a (see e.g. [8, Theo-

rem 1.1]) but (at least to the author) unclear for its second component
Cos(t

√
L2,p).

2.2.2. A Construction of a d-Parameter C0-Group
Suppose now that ã1, . . . , ãd : R → R are functions which satisfy (H1), (H2),
and (H3). Let p ∈ (1,∞). By Theorem 2.2.8, we obtain for each aj a
corresponding bounded half-wave C0-group on Xp = Lp(R;C2). From these
d (one-parameter) bounded C0-groups, we want to construct a bounded d-
parameter C0-group on Zp := Lp(Rd;C2). To this end, we lift ã1, . . . , ãd to
functions a1, . . . , ad on Rd by setting

aj(x) = ãj(xj) x = (x1, . . . , xd), j ∈ {1, . . . , d}.

For j ∈ {1, . . . , d}, we define the operator Lj := Lj,p by

Lj =
DjajDj 0

0 ajD
2
j

 with domain

Dom(Lj) = {u ∈ Zp | Dk
j u ∈ Zp for k ∈ {0, 1, 2}}.

As in the case d = 1, one can show that Lj is sectorial and that

Dom(
√
Lj) = {u ∈ Zp | ∂ju ∈ Zp},

∥
√
Lju∥p ≃ ∥∂ju∥p.

Corollary 2.2.10. Let p ∈ (1,∞), d ≥ 2 and Zp = Lp(Rd;C2). Then, the
operator i

√
Lp := i(

√
L1,p, . . . ,

√
Ld,p) generates a bounded d-parameter C0-

group (eiy·
√

Lp)t∈R on Zp with eiy·
√

Lpf = eiy·
√

L2f for f ∈ X2 ∩Xp. Moreover,
for all f ∈ L1(Rd;C2) ∩ Lp(Rd;C2), we have

∥Cos(y
√

Lpf)(x)∥L∞
x (Rd;L1

y(Rd)) ≲ ∥f∥1, (2.70)

where Cos(y
√

Lp) := ∏d
j=1 Cos(yj

√
Lj,p).

Proof. That Lj generates a bounded C0-group (eit
√
Lj )t∈R is a consequence

of Theorem 2.2.8 and Lemma 2.2.11 below. Note that LjLk = LkLj for all
j, k ∈ {1, . . . , d} and thus by functional calculus, the same holds for their
square roots. This implies that their C0-groups are commuting, too (by
the Euler exponential formula, for instance). Finally, (2.70) follows from
Lemma 2.2.11, (2.69), and Fubini’s theorem.
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Lemma 2.2.11 (Lifting of C0-Groups on Lp-spaces). Let p ∈ [1,∞), d ≥ 2
and X := Lp(R;C2), Y := Lp(Rd−1;C2) and Z = Lp(Rd;C2). Suppose
that iA is the generator of a C0-group (T (t))t∈R on X. Then, the operator
iA⊗ 0Y generates a C0-group (S(t))t∈R on Z with ∥S(t)∥L(Z) = ∥T (t)∥L(X)
for all t ∈ R.

Proof. Let D := C∞
c (R), Y0 := {1M |M ∈ B(Rd−1), |M | < ∞} ⊆ Y and put

Z0 :=
{ n∑
k=1

φk(A)fk ⊗ gk | n ∈ N, φk ∈ D, fk ∈ X, gk ∈ Y0
}

⊆ Z,

where φk(A) ∈ L(X) is defined by the Phillips functional calculus for A.
Note that Z0 is dense in Z. Indeed, Z = X ⊗ Y0 by standard integration
theory and X ⊗ Y0 = Z0 by Lemma 2.1.12. Let t ∈ R and h ∈ Z0. Then,
h = ∑n

k=1 φk(A)fk ⊗ gk for some n ∈ N, φk ∈ D, fk ∈ X and gk ∈ Y0.
Writing eitA := T (t), we set

S0(t)h :=
n∑
k=1

(eitAφk(A)fk) ⊗ gk.

Proceeding as in the proof of [15, Section 4.1, Lemma 1.1], one shows that
S(t)f does not depend on the representation of h. By Proposition 2.1.10 (a),
we have for φ ∈ D that eitAφ(A) = φt(A) with φt := eit·φ ∈ D. This implies
that S0(t) leaves Z0 invariant and thus, S0(t) : Z0 → Z0 is a well-defined
linear operator. To estimate ∥S0(t)h∥Z , we first note that we may assume
without restriction that the supports of the gk are disjoint. Then, by Fubini’s
theorem,

∥S0(t)h∥pZ =
n∑
k=1

∥eitAφk(A)fk∥pX∥gk∥pY

≤ ∥eitA∥pL(X)

n∑
k=1

∥φk(A)fk∥pX∥gk∥pY = ∥eitA∥pL(X)∥h∥pZ ,

which shows that S0(t) is bounded with ∥S(t)∥L(Z) ≤ ∥eitA∥L(X). Since
Z0 is dense in Z, there is a unique extension S(t) ∈ L(Z) of S0(t) with
∥S(t)∥L(Z) ≤ ∥eitA∥L(X). Note that the properties of a C0-group translate
from (eitA)t∈R to (S0(t))t∈R in a straightforward fashion. By a standard
density argument and the fact that ∥S(t)∥L(Z) ≤ ∥eitA∥L(X), these properties
extend to (S(t))t∈R. We conclude that (S(t))t∈R defines a C0-group on Z.
Choose φ ∈ D with φ(0) = 1. Then, Lemma 2.1.12 and the density of
span(Y0) in Y imply for h = ∑n

k=1 fk ⊗ gk ∈ X ⊗ Y

S(t)h = lim
t→0

n∑
k=1

(eitAφ(tD)fk) ⊗ gk =
n∑
k=1

(eitAfk) ⊗ gk. (2.71)
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Choosing h = f ⊗ g ∈ X ⊗ Y with ∥g∥Y = 1, we easily deduce from (2.71)
that ∥S(t)∥L(Z) ≥ ∥eitA∥L(X) and thus ∥S(t)∥L(Z) = ∥eitA∥L(X) for all t ∈ R.
It remains to identify the generator of (S(t))t∈R, which we denote by B.
We deduce from Proposition 2.1.10 (c) and (2.71) that B0 ⊆ iA ⊗ 0Y ⊆ B,
where B0 := i(A ⊗ 0Y )|Z0 . On the other hand, since Z0 is dense in Z and
S(t)-invariant, it is in fact a core for Dom(B) by [16, Proposition II.1.7]. But
this means precisely that B0 = B and since B is closed (being a generator of
a C0-group), it follows that B0 = A⊗ 0Y = B. The proof is complete.

2.3. Preparation of the Proof of Theorem 1.1.3
and Theorem 1.1.4

In this section, we collect the tools developed in the previous sections as
a preparation for the proofs of Theorem 1.1.3 and Theorem 1.1.4. The
coefficients b1, . . . , bd play no role here; we only recall from Assumption 1.1.1:

(Aa) There exist constants 0 < m1 ≤ m2 < ∞ such that

m1 ≤ aj(x) ≤ m2 for all x ∈ R and j ∈ {1, . . . , d}.

The functions a1, . . . , ad are Lipschitz continuous, and we assume that

m3 := max
1≤j≤d

∥∥∥ d
dx log(aj)

∥∥∥
L1(R)

< 4.

For each j ∈ {1, . . . , d} and p ∈ (1,∞) we recall the operator Lj,p in
Lp(Rd;C2) defined by

Lj,p :=
DjajDj 0

0 ajD
2
j

 ,
Dom(Lj,p) := {f ∈ Lp(Rd;C2) | Dk

j u ∈ Lp(Rd;C2) for k ∈ {0, 1, 2}},

as introduced in Subsection 2.2.2. We have seen in Corollary 2.2.10 that
i
√

Lp := i(
√
L1,p, . . . ,

√
Ld,p) generates a bounded C0-group (eiy·

√
Lp)y∈Rd on

Lp(Rd) := Lp(Rd;C2). Since eiy·
√

Lpf = eiy·
√

L2f for f ∈ Xp ∩X2, there is no
danger of ambiguity, and we will just write eiy·

√
L instead of eiy·

√
Lp .

This d-parameter bounded C0-group gives rise to the Phillips functional cal-
culus for

√
L as introduced in Subsection 2.1.3.

Definition 2.3.1 (Phillips Functional Calculus For
√

L). Let p ∈ (1,∞).
For φ ∈ FL1, we define φ(

√
L) ∈ L(Lp(Rd)) by

φ(
√

L) : Lp(Rd) → Lp(Rd), φ(
√

L)f :=
∫
Rd

(F−1φ)(y)e−iy·
√

Lf dy.
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Remark 2.3.2. If φ ∈ FL1 is even in every component, i.e., if

φ(ξ) = φ(e)(ξ) := 1
2d

∑
(εj)d

j=1∈{−1,1}d

φ(ε1ξ1, . . . , εdξd) (ξ ∈ Rd),

then the same is true for ψ := F−1φ. In this case, we have by Fubini’s
theorem

φ(
√

L)f =
∫
Rd−1

(∫
R
ψ(y)1

2
(
e−iy1

√
L1 + e−iy1

√
L1
)

dy1

)
e−iy′·

√
L′
f dy′

=
∫
Rd−1

(∫
R
ψ(y)1

2
(
eiy1

√
L1 + e−iy1

√
L1
)

dy1

)
e−iy′·

√
L′
f dy′

=
∫
Rd−1

(∫
R
ψ(y)Cos(y1

√
L1)

)
dy1

)
e−iy′·

√
L′
f dy′

= · · · =
∫
Rd
ψ(y)Cos(y

√
L)f dy.

Thus, for such functions φ, we are free to replace e−iy·
√

L by Cos(y
√

L) in
the integral which defines φ(

√
L). This observation turns out to be useful

in Chapter 4.

We also consider the operator L in L2(Rd) := L2(Rd;C2) defined by

L := L1,2 + · · · + Ld,2 =
∑d

j=1 DjajDj 0
0 ∑d

j=1 ajD
2
j

 (2.72)

with domain H2(Rd). Note that L is self-adjoint w.r.t. the equivalent scalar
product

⟨u, v⟩A := ⟨A−1u, v⟩L2(Rd;C2), with A =
1 0

0 a

 , a := a1 · · · ad. (2.73)

Moreover, L is injective with spectrum contained in [0,∞). In particular, L
is sectorial, and we may therefore define an L-adapted L2(Rd)-based Sobolev
scale of spaces as in Subsection 2.1.2.1. For α ∈ R, we set

(Hα
L(Rd), ∥ · ∥Hα

L(Rd)) := (L2(Rd))
α
2
L =

(Dom(Lα
2 ), ∥(Id + L)α

2 · ∥2), α ≥ 0,
(L2(Rd), ∥(Id + L)α

2 · ∥2)∼, α < 0.

We also set H∞
L (Rd) := ⋂

α∈R Hα
L(Rd), H−∞

L (Rd) := ⋃
α∈R Hα

L(Rd) and we will
frequently write ∥ · ∥α instead of ∥ · ∥Hα

L(Rd). Let β ∈ R. We recall from
Proposition 2.1.6 that the fractional power (Id +L)β

2 extends to an operator
⟨DL⟩β := (Id + L )β

2 on H−∞
L (Rd) such that ⟨DL⟩β : Hα

L(Rd) → Hα−β
L (Rd) is
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a bounded isomorphism for all α ∈ R. For φ ∈ C∞
c (Rd) and f ∈ Hα

L(Rd),
the Phillips functional calculus for

√
L extends to Hα

L(Rd) by letting

φ(
√

L)f := (⟨ · ⟩−αφ)(
√

L)g, g := ⟨DL⟩αf ∈ L2(Rd)

(see Definition 2.1.26). Moreover, as L is injective, the fractional powers
Lβ are defined for all β ∈ R by Proposition 2.1.3 (e), and thus Proposi-
tion 2.1.15 (b) implies that

Lβψ(
√

L)f = (| · |2βψ)(
√

L)f (f ∈ Hα
L(Rd)) (2.74)

for all α, β ∈ R and all smooth ψ ∈ C∞
c (Rd) supported away from the origin.

It follows similarly from Proposition 2.1.15 (b) that

⟨DL⟩βφ(
√

L)f = (⟨ · ⟩βφ)(
√

L)f (f ∈ Hα
L(Rd)) (2.75)

for all α, β ∈ R and φ ∈ C∞
c (Rd). We use the following result in order to

switch from the L-adapted scale to the classical one.
Proposition 2.3.3 (Kato). (a) For α ∈ [−2, 2], we have Hα

L(Rd) = Hα(Rd)
and

∥(Id + L)α
2 u∥2 ≃ ∥⟨Dx⟩αu∥2 (u ∈ Hα(Rd)).

(b) For all β ∈ [−1, 1] and q ∈ (1,∞), we have Ẇ β,q(Rd) = Ẇ β,q
L (Rd)

with equivalent norms ∥Lβ
2 u∥q ≃ ∥|Dx|βu∥q. Here, the L-adapted Lq-

based homogeneous Sobolev space Ẇ β,q
L (Rd) is defined as in [35, Defi-

nition 15.21] with A replaced by the closure of the Lq-part of
√
L and

α replaced by β therein.
Proof. Consider first the case α = 2. Then, H2

L(Rd) = Dom(L) = H2(Rd)
by definition. The estimate ∥u∥H2

L(Rd) ≲ ∥u∥H2(Rd) is trivial (by the Lips-
chitz continuity of the aj), and the reverse one then follows from the open
mapping theorem. Thus, H2

L(Rd) = H2(Rd) with equivalent norms. For
α = 0, there is nothing to prove. For intermediate value α ∈ (0, 2), one ar-
gues by interpolation, as both (Hβ

L(Rd))β∈R and (Hβ(Rd))β∈R form complex
interpolation scales [39, Theorem 4.17]. The case α ∈ [−2, 0) follows from
duality. The second assertion is a very deep result, known as the Kato square
root problem for q = 2 and β = 1, which was resolved in [3] (for operators
in divergence form with even complex L∞-coefficients). By virtue of the
structural assumption (1.7), we may extrapolate this to general q ∈ (1,∞).
Indeed, condition (1.7) in particular implies that L = L1 + · · · +Ld is a sum
of commuting (essentially one-dimensional) operators so that the generated
semigroup

e−tL = e−tL1 · · · e−tLd (t ∈ R)
factors. Now, [5, Theorem 2.36] shows that (e−tL)t>0 as well as (

√
t∇xe−tL)t>0

satisfy Gaussian estimates. Combining this with [20], [35, Theorem 15.28]
and a duality argument, we infer the claim.
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In order to prove Theorem 1.1.4, we will heavily make use of the Phillips
functional calculus and the Littlewood–Paley type results as developed in
Subsection 2.1.3. For the convenience of the reader, we restate them here
in the setting of the concrete operator

√
L. To this end, we fix some stan-

dard (homogeneous) Littlewood–Paley partition of unity, i.e., some radially
symmetric ψ ∈ C∞

c (Rd) supported in {ξ ∈ Rd : 1
2 < |ξ| < 2} such that we

have

∑
λ∈2Z

ψλ(ξ) = 1 for all ξ ̸= 0, where ψλ(ξ) := ψ

(
ξ

λ

)
. (2.76)

Proposition 2.3.4 (Calderón Reproducing Formula on Hα
L(Rd)). Let α ∈ R

and f ∈ Hα
L(Rd). Then, ∑

λ∈2Z
ψλ(

√
L)f = f.

In particular, for D := C∞
c (Rd),

S√
L := SD√

L = span{ψ(
√

L)f | ψ, f ∈ D, supp(ψ) ∈ Rd \ {0}} (2.77)

belongs to ⋂β∈R Dom(Lβ) ∩ ⋂p∈(1,∞) Lp(Rd) and is dense in Hα
L(Rd).

Proof. Just use Corollary 2.1.27, D ⊆ Lp(Rd), and ψ(
√

L) ∈ L(Lp(Rd)) for
all p ∈ (1,∞) and ψ ∈ D.

Proposition 2.3.5 (L2-Boundedness of Almost Orthogonal Operators). The
following statements hold true.

(a) Let h ∈ FL1. Then ∥h(
√

L)∥L(L2(Rd)) ≲ ∥h∥∞.

(b) Let α ∈ R and γ ∈ R. Assume that h := (hλ)λ∈2Z is a sequence of
functions on Rd such that hλ is smooth on an open neighborhood of
Kλ := supp(ψλ) for all λ ∈ 2Z and ∥h∥∞ := supλ∈2Z ∥hλ∥L∞(Kλ) < ∞.
Then,

T : Hα
L(Rd) → Hα−γ

L (Rd), T f :=
∑
λ∈2Z

⟨λ⟩γ(hλψλ)(
√

L)f

is a well-defined linear bounded operator with ∥T∥ ≲ ∥h∥∞. Moreover,
for f ∈ Hα

L(Rd), there holds

∥Tf∥2
Hα−γ

L (Rd) ≲
∑
λ∈2Z

∥(hλψλ)(
√

L)g∥2
2 ≲

∑
λ∈2Z

∥ψλ(
√

L)g∥2
2 ≃ ∥f∥2

Hα
L(Rd),

where g := ⟨DL⟩αf ∈ L2(Rd).

Proof. See Proposition 2.1.10 (d) and Theorem 2.1.28.
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Proposition 2.3.6 (Squarefunction Characterization of the Lp-norm). Let
1 < p < ∞. Then,∥∥∥∥∥∥

( ∑
λ∈2Z

∣∣∣ψλ(√L)f(x)
∣∣∣2)1/2

∥∥∥∥∥∥
p

≃ ∥f∥p for all f ∈ Lp(Rd).

Proof. See Proposition 2.1.29.

Lemma 2.3.7 (Differentiation under the Sum). Let α ∈ R, f ∈ Hα
L(Rd),

and n ∈ N0. Suppose that {ht,λ | λ ∈ 2Z, t ∈ R} is a set of smooth functions
on Rd \ {0} which satisfy the following assumptions:

(i) For all λ ∈ 2Z and each ξ ∈ Kλ := supp(ψλ), the map t 7→ ht,λ(ξ)
belongs to Cn(R;C) and

|∂kt ht,λ(ξ)| ≤ C(t)⟨λ⟩k (0 ≤ k ≤ n)

with some locally bounded function t 7→ C(t).

(ii) For each fixed t0 ∈ R, λ ∈ 2Z, we have∥∥∥∂nt ht,λ − ∂nt ht0,λ
∥∥∥
L∞

ξ
(Kλ)

→ 0 (t → t0).

Then, for all k ∈ {0, . . . , n}, the map

u : t 7→ T (t)f :=
∑
λ∈2Z

(ht,λψλ)(
√

L)f

belongs to Ck(R; Hα−k
L (Rd)) and it holds

u(k)(t) =
∑
λ∈2Z

(∂kt ht,λψλ)(
√

L)f, ∥u(k)(t)∥α−k ≲ C(t)∥f∥α (t ∈ R).

Proof. Fix α ∈ R, f ∈ Hα
L(Rd), and let n ∈ N0. First of all, we observe

that assumption (i) with k = 0 implies that ∥ht,λ∥L∞
ξ

(Kλ) ≤ C(t) for all
λ ∈ 2Z and t ∈ R. Thus, Proposition 2.3.5 (b) shows that the operator
T (t) : Hα−k

L (Rd) → Hα−k
L (Rd) is a well-defined and bounded with ∥T (t)∥ ≲

C(t) for each t ∈ R and k ∈ {0, . . . , n}. We set g := ⟨DL⟩αf ∈ L2(Rd) and
prove that u : t 7→ T (t)f belongs to Ck(R; Hα−k

L (Rd)) for all k ∈ {0, . . . , n}
by induction on n.

• n = 0: By the opening remarks, we have ∥u(t)∥α ≤ ∥T (t)∥∥f∥α ≲
C(t)∥f∥α for all t ∈ R. To prove that u is continuous, fix t0 ∈ R. We
have to show that

T (t)f − T (t0)f → 0 (t → t0) in Hα
L(Rd).
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First, we use (i) to see that ∥h∥∞ := supλ∈2Z,|t−t0|≤1 ∥ht,λ∥L∞
ξ

(Kλ) is
finite. By Definition 2.1.26 and Proposition 2.1.15 (c), we have

⟨DL⟩αψλ(D)f = ⟨DL⟩α(⟨ · ⟩−αψλ)(D)g = ψλ(D)g.

Let t ∈ R with |t− t0| ≤ δ. Then, Proposition 2.3.5 (b) yields

∥T (t)f − T (t0)f∥2
Hα

L(Rd)

≲
∑
λ∈2Z

∥
(
(ht,λ − ht0,λ)ψλ

)
(
√

L)g∥2
2

≲ ∥h∥2
∞
∑
λ∈2Z

∥ψλ(
√

L)g∥2
2 ≲ ∥g∥2

2 = ∥f∥2
Hα

L(Rd).

Moreover, for each λ ∈ 2Z we have

∥
(
(ht,λ − ht0,λ

)
ψλ)(

√
L)g∥2

2 ≲ ∥(ht,λ − ht0,λ)ψλ∥2
∞∥g∥2

2 → 0

as t → t0 by Proposition 2.3.5 (a) and assumption (ii). Thus, it follows
from dominated convergence in ℓ1(2Z) that

∥T (t)f − T (t0)f∥Hα
L(Rd) ≲

∑
λ∈2Z

∥
(
(ht,λ − ht0,λ)ψλ

)
(
√

L)f∥2
2 → 0

as t → t0. This shows that u belongs to C(R; Hα
L(Rd)).

• n ≥ 1: By the induction hypothesis, we may suppose that for any
k ∈ {0, . . . , n− 1} the map u : t 7→ T (t)f belongs to Ck(R;Hα−k

L (Rd))
with

u(k)(t) =
∑
λ∈2Z

(h(k)
t,λψλ)(

√
L)f, ∥u(k)(t)∥α−k ≲ C(t0)∥f∥α (t ∈ R),

where h
(k)
t,λ := ∂kt ht,λ. We have to show that u ∈ Cn(R; Hα−n

L (Rd)).
But u ∈ Cn−1(R; Hα−(n−1)

L (Rd)) by induction hypothesis and since
Hα−(n−1)
L (Rd) ↪→ Hα−n

L (Rd), we infer u ∈ Cn−1(R; Hα−n
L (Rd)). Hence, it

remains to show that u(n−1) is continuously differentiable with values
in Hα−n

L (Rd) and that ∥u(n)(t)∥α−n ≲ C(t)∥f∥α. To this end, fix again
t0 ∈ R.
First, note that by Proposition 2.3.5 (b),

v(t0) :=
∑
λ∈2Z

(∂nt ht0,λψλ)(
√

L)f ∈ Hα−n
L (Rd), ∥v(t0)∥α−n ≲ C(t)∥f∥α,

since |∂nt ht0,λ(ξ)| ≤ C(t0)⟨λ⟩n on Kλ by assumption (i). Let us set
C := sup|t−t0|≤1 C(t) < ∞ and put

ρt,λ(ξ) :=
(
h

(n−1)
t,λ (ξ) − h

(n−1)
t0,λ (ξ)

t− t0
− ∂nt ht0,λ(ξ)

)
⟨ξ⟩−n (ξ ̸= 0)

65



2.3. Preparation of the Proof of Theorem 1.1.3 and Theorem 1.1.4

for |t− t0| ≤ 1, λ ∈ 2Z. An application of the fundamental theorem of
calculus and (i) shows that for ξ ∈ Kλ

|ρt,λ(ξ)| ≤ ⟨ξ⟩−n
∫ 1

0
|∂nt ht0+τ(t−t0),λ(ξ) − ∂nt ht0,λ(ξ)| dτ

≤ C(t)⟨ξ⟩−n
∫ 1

0
2⟨λ⟩n dτ ≲ C.

(2.78)

Thus, for 0 < |t−t0| ≤ 1, it follows once again from Proposition 2.3.5 (b)
that ∥∥∥∥∥u(n−1)(t) − u(n−1)(t0)

t− t0
− v(t0)

∥∥∥∥∥
2

Hα−n
L (Rd)

=
∥∥∥ ∑
λ∈2Z

(
ρt,λψλ)(

√
L)g

∥∥∥2

2

≲
∑
λ∈2Z

∥
(
ρt,λψλ)(

√
L)g∥2

2

≲C

∑
λ∈2Z

∥ψλ(
√

L)g∥2
2 ≲ ∥g∥2

2 = ∥f∥2
Hα

L(Rd).

Moreover, if δt := |t − t0|, then Proposition 2.3.5 (a), the first line of
(2.78), and assumption (ii) yield for each λ ∈ 2Z

∥
(
ρt,λψλ)(

√
L)g∥2 ≲ ∥ρt,λψλ∥∞∥g∥2

≲ ⟨λ⟩−n∥g∥2 sup
|s−t0|≤δt

∥∂nt hs,λ − ∂nt ht0,λ∥L∞
ξ

(Kλ) → 0

as t → t0. Applying dominated convergence in ℓ1(2Z) once again, we
infer that u(n)(t0) = v(t0) in Hα−n

L (Rd). Using that

⟨DL⟩α−nu(n)(t) =
∑
λ∈2Z

(h̃t,λψλ)(
√

L)g, h̃t,λ := ⟨ · ⟩−n∂nt ht,λ,

the continuity of u(n) : R → Hα−n
L (Rd) is shown exactly as the already

shown continuity of u : R → Hα
L(Rd).

The proof is complete.

Lemma 2.3.8 (Extension of the Operator Lj to Hα
L(Rd)). Let α ∈ R, n ∈ N0

and j ∈ {1, . . . , d}. Then, the operator (Lj)n : S√
L → S√

L extends uniquely
to a bounded operator from Hα

L(Rd) to Hα−n
L (Rd). In particular, for each

t ∈ R, we have P (t) : Hα
L(Rd) → Hα−2

L (Rd).

Proof. Uniqueness is clear, since S√
L is dense in Hα

L(Rd) by Corollary 2.1.27.
Now, just note that the operator

T : Hα
L(Rd) → Hα−n

L (Rd), T f :=
∑
λ∈2Z

λn
((

ξj

λ

)n
ψλ
)
(
√

L)f
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is bounded by Proposition 2.3.5 (b) and that by Proposition 2.1.10 (c) and
Proposition 2.3.4, we have Tf = (Lj)

n
2 f for f ∈ S√

L. The second assertion
is proved analogously. The second assertion follows from P (t) = ∑d

j=1 bj(t)Lj
and the first assertion with n = 2.
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3. A Parametrix Construction
and Weak Solutions

Equipped with the tools from Chapter 2, we now proceed to prove Theo-
rem 1.1.3 in this chapter, which serves as a bridge to the proof of the global-
in-time Strichartz estimates (Theorem 1.1.4) in Chapter 4. The chapter is
structured as follows: we begin in Section 3.1 with an outline of the proof
strategy, in which we also briefly explain how Theorem 1.1.3 is used in the
proof of Theorem 1.1.4 in Chapter 4. The central part of this chapter is
the parametrix construction in Section 3.2, which is subsequently utilized in
Section 3.3 to establish the existence of weak solutions.
We deal with operators in divergence and standard form simultaneously by
considering the (decoupled) two-dimensional system(

D2
t − P (t)

)
u(t) = F (t), u(0) = g, Dtu(0) = h, (3.1)

where P (t) is given by

P (t) :=
d∑
j=1

bj(t)Lj =
∑d

j=1 bj(t)Dxj
aj(xj)Dxj

0
0 ∑d

j=1 bj(t)aj(xj)D2
xj


and the functions g, h : Rd → C2 and F (t) = F (t, ·) : Rd → C2 are fixed. In
this section, we aim to find a parametrix for (3.1). It will turn out to be
convenient to use the notation

B(t) := diag(b1(t), . . . , bd(t)) (t ∈ R)

and we write ∥A∥ for the operator norm of a matrix A ∈ Rd×d. In particular,
∥B(k)(t)∥ = max

1≤j≤d
|b(k)(t)| for k ∈ {0, 1} and t ∈ R. We will also frequently

write
□P := D2

t − P (t) (t ∈ R).
Moreover, for the rest of this thesis, we fix some standard Littlewood–Paley
sequence (ψλ)λ∈2Z as introduced in (2.76).

3.1. Strategy of Proof
In this section, we want to briefly explain the main ideas of the proof of
Theorem 1.1.3 and how the latter is linked to the proof of Theorem 1.1.4
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3.2. The Parametrix Construction

in Chapter 4. We use a parametrix construction for (3.1) that goes back to
Smith [47] (see also [33, Section 4] in the context of smooth wave equations).
The idea is to construct families of operators (C(t, s))(t,s)∈R2 in L(Hα

L(Rd))
and (S(t, s))(t,s)∈R2 in L(Hα

L(Rd); Hα+1
L (Rd)) which are approximate solution

operators to the equation (D2
t − P (t))u = 0, in the sense that

(D2
t − P (t))C(t, s) : Hα

L(Rd) → Hα−1
L (Rd),

(D2
t − P (t))S(t, s) : Hα

L(Rd) → Hα
L(Rd)

are bounded operators. This then allows us to prove the existence of a weak
solution that can be represented by

u(t) = C(t, 0)g + S(t, 0)h+
∫ t

0
S(t, s)G(s) ds.

Here, G ∈ L1(R; Hα−1
L (Rd)) is the solution to a Volterra equation and de-

pends on g, h, and F . Uniqueness is shown by energy estimates.
The key point of the structural assumption on the coefficients of P (t) (see
(1.7)) is that it provides us with a Phillips functional calculus for

√
L, which

in turn allows to construct the operators C(t, s) and S(t, s) in a fairly explicit
way. In fact, C(t, s) and S(t, s) will be constructed in terms of operators of
the form

T (t, s) = (eiφt,sψ)(
√

L) (3.2)
with an explicit phase function φt,s : Rd → R that is positively homoge-
neous of degree one and smooth away from the origin, and some amplitude
ψ ∈ C∞

c (Rd) supported away from the origin. At this point, we also want
to highlight that the Borel functional calculus for the self-adjoint operator√
L =

√
L1 + · · · + Ld is not enough to define the operator in (3.2) in a

meaningful way. Indeed, for (suitable) radial functions ρ : [0,∞) → R, we
have ρ(

√
L) = (ρ◦ | · |)(

√
L) (cf. Proposition 2.1.15 (e)); however, in general,

the phase function φt,s is not radial.
To prove the global-in-time Strichartz estimates (Theorem 1.1.4) in Chap-
ter 4 later, we appeal to the abstract framework developed by Keel–Tao [34]
for which we need dispersive estimates for the operator in (3.2). Using the
properties of the Phillips functional calculus for

√
L and the L∞

x L1
y-bounds for

Cos(y
√

L) as proved in Corollary 2.2.10, proving these dispersive estimates
essentially boils down to pointwise estimates for the Fourier transform of the
surface measure over the hypersurface Sd−1

t,s = {ξ ∈ Rd | φt,s(ξ) = t − s}.
This is the heart of the proof. Finally, we only need to use Proposition 2.3.3
to relate the spaces Hα

L(Rd) and Hα(Rd), as well as the homogeneous norms
∥Lβu∥q and ∥|Dx|βu∥q to deduce Theorem 1.1.4.

3.2. The Parametrix Construction
In this section, we construct a parametrix for □Pu = 0.
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3 A Parametrix Construction and Weak Solutions

3.2.1. Derivation of a Parametrix
To motivate our ansatz for the parametrix, we first recall the easier time-
independent case, where B(t) = Id for all t ∈ R. Then P (t) = L and
since i

√
L generates a bounded C0-group on L2(Rd) (by the Borel functional

calculus for L), we can express the solution of (3.1) in terms of the C0-
group (eit

√
L)t∈R. For the latter, we have by Proposition 2.1.15 (d) for any

f ∈ L2(Rd), s, t ∈ R and λ ∈ 2Z the representation

ei(t−s)
√
Lψλ(

√
L)f =

(
ei(t−s)| · |ψλ

)
(
√

L)f =
∫
Rd
Kλ(t− s, y)e−iy·

√
Lf dy,

where Kλ(τ, y) = F−1(eiτ | · |ψλ)(y) = (2π)−d ∫
Rd ei(y·ξ+τ |ξ|)ψλ(ξ) dξ is the ψλ-

truncated kernel of the classical half-wave group. Summing over the frequen-
cies λ ∈ 2Z, we obtain from Proposition 2.3.4 the representation

ei(t−s)
√
Lf =

∑
λ∈2Z

∫
Rd
Kλ(t− s, y)e−iy·

√
Lf dy in L2(Rd).

Guided by this observation, in the time-dependent case, we seek a parametrix
of the form

T (t, s)f :=
∑
λ∈2Z

Tλ(t, s)f :=
∑
λ∈2Z

∫
Rd
Kλ(t, s, y)e−iy·

√
Lf dy (3.3)

with a kernel Kλ : R×R×Rd → C. Let λ ∈ 2Z and fix s ∈ R. If we formally
integrate by parts, we find for any f ∈ H2(Rd)

P (t)Tλ(t, s)f =
d∑
j=1

bj(t)
∫
Rd
Kλ(t, s, y)Lje−iy·

√
Lf dy

=
d∑
j=1

bj(t)
∫
Rd
Kλ(t, s, y)(Dyj

)2e−iy·
√

Lf dy

=
d∑
j=1

bj(t)
∫
Rd
D2
yj
Kλ(t, s, y)e−iy·

√
Lf dy

=
∫
Rd

(p(t,Dy)Kλ(t, s, y))e−iy·
√

Lf dy

with symbol

p(t, ξ) :=
d∑
j=1

bj(t)ξ2
j = (B(t)ξ|ξ), (t, ξ) ∈ R × Rd.

So formally, we have(
D2
t − P (t)

)
Tλ(t, s)f =

∫
Rd

[(
D2
t − p(t,Dy)

)
Kλ(t, s, y)

]
e−iy·

√
Lf dy.
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3.2. The Parametrix Construction

Therefore, it is natural to require Kλ to solve the wave equation

(D2
t − p(t,Dy))Kλ(t, s, y) = 0, (t, y) ∈ R × Rd,

and to this end, we follow the idea of Lax’s parametrix construction (see
[36], [52, Section 4.1] or [25, Chapter 6]): We are looking for a solution of
the form

K±
λ (t, s, y) = 1

(2π)d
∫
Rd

eiΦ±(t,s,y,ξ)ψλ(ξ) dξ, (3.4)

where the phase functions Φ± solve the eikonal equations

∂tΦ± = ±q(t,∇yΦ±), Φ±(s, s, y, ξs) = ys · ξs

with symbol q(t, ξ) :=
√
p(t, ξ) =

√
(B(t)ξ|ξ) and fixed ys, ξs ∈ Rd. The

theory on Hamilton–Jacobi equations implies that equations of this type are
solvable (at least locally in time) (see e.g. [62, Chapter I.15]), and in fact, in
our particular case, we can construct the solutions Φ± explicitly. Let us focus
on Φ+ first. We recall that the full symbol q+

0 (t, y, η, ξ) = η−q(t, ξ) generates
a Hamiltonian flow (ys, ξs) 7→ (y(t), ξ(t)) on the phase space Rd

y ×Rd
ξ , which

is defined by the ODE

ẏ(t) = ∇ξq
+
0 (t, y(t), η(t), ξ(t)) = − B(t)ξ(t)

(B(t)ξ(t)|ξ(t))1/2 , y(s) = ys,

ξ̇(t) = −∇yq
+
0 (t, y(t), η(t), ξ(t)) = 0, ξ(s) = ξs,

which can be easily integrated:

ξ(t) = ξs, y(t) = ys −
∫ t

s

B(τ)ξs
(B(τ)ξs|ξs)1/2 dτ (t ∈ R).

Now it can be shown that (see [17, Subsection VIII.64.2])

Φ+(t, s, y, ξs) = ys·ξs =
(
y+
∫ t

s

B(τ)ξs
(B(τ)ξs|ξs)1/2 dτ

)
·ξs = y·ξs+

∫ t

s
(B(τ)ξs|ξs)

1
2 dτ.

Turning to Φ−, we note that the full symbol is then given by q−
0 (t, y, η, ξ) =

η + q(t, ξ) and we similarly obtain

Φ−(t, s, y, ξs) = ys·ξs =
(
y−
∫ t

s

B(τ)ξs
(B(τ)ξs|ξs)1/2 dτ

)
·ξs = y·ξs−

∫ t

s
(B(τ)ξs|ξs)

1
2 dτ.

Letting ξ := ξs vary over Rd, we can write Φ±(t, s, y, ξ) = y · ξ ±φt,s(ξ) with
φt,s(ξ) :=

∫ t
s (B(τ)ξ|ξ)1/2 dτ , and plugging this expression back into (3.4), we

get

K±
λ (t, s, y) = 1

(2π)d
∫
Rd

ei(y·ξ±φt,s(ξ))ψλ(η) dη = F−1(e±iφt,sψλ)(y)
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3 A Parametrix Construction and Weak Solutions

and therefore finally the expression

T±
λ (t, s)f = (e±iφt,sψλ)(

√
L)f.

In the next subsection, we verify that the operators

T±(t, s) =
∑
λ∈2Z

T±
λ (t, s) =

∑
λ∈2Z

(e±iφt,sψλ)(
√

L) (3.5)

indeed define parametrices for the wave operator □P = D2
t − P (t) in the

scale of L-adapted Sobolev spaces Hα
L(Rd), α ∈ R.

3.2.2. The Parametrix and its Properties
Let s, t ∈ R. Recall the phase function

φt,s : Rd → R, φt,s(ξ) :=
∫ t

s
(B(τ)ξ|ξ) 1

2 dτ (3.6)

constructed in the previous subsection.

Lemma 3.2.1 (Pointwise Estimates for Derivatives of the Phase Function).
For s, t, t0 ∈ R, ξ ∈ Rd \ {0} and α ∈ Nd

0, we have the bounds

|∂αξ φt,s(ξ)| ≲α |ξ|1−|α||t− s|, (3.7)
|∂tφt,s(ξ)| ≃ |ξ|, |∂2

t φt,s(ξ)| ≲ ∥B′(t)∥ |ξ|, (3.8)
|∂2
t φt,s(ξ) − ∂2

t φt0,s(ξ)| ≲m4 |ξ|(|t− t0| + ∥B′(t) −B′(t0)∥), (3.9)

where we wrote ∂2
t φt0,s(ξ) for ∂2

t φt,s(ξ)|t=t0. Moreover, φt,s = −φs,t and thus
∂ksφt,s = −∂kτφτ,t |τ=s for all k ∈ {0, 1, 2}, and φt,s is positively homogeneous
of degree one.

We first show that the operators defined in (3.5) are bounded operators on
Hα
L(Rd), α ∈ R.

Proposition 3.2.2 (Boundedness of Parametrices I). Let α ∈ R. Then, the
linear operators

T±(t, s) : Hα
L(Rd) → Hα

L(Rd), T±(t, s)f =
∑
λ∈2Z

(e±iφt,sψλ)(
√

L)f

are bounded with operator norms uniformly bounded in s, t ∈ R.

Proof. Let s, t, α ∈ R. As observed in Lemma 3.2.1, we have φt,s = −φs,t,
which implies the identity T+(t, s) = T−(s, t). Thus, it is enough to show
the boundedness of T (t, s) := T+(t, s) on Hα

L(Rd). Put h := eiφt,s . Clearly,
∥h∥∞ = 1. Now, Proposition 2.3.5 (b) shows that T (t, s) is bounded on
Hα
L(Rd) with operator norm ∥T∥ ≲ ∥h∥∞ = 1.
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3.2. The Parametrix Construction

Clearly, the wave operator □P = D2
t −P (t) is a differential operator of order

two. Therefore, if (R(t, s))t,s is a nontrivial family of operators in L(Hα
L(Rd))

which is unrelated to □P , one would expect that the action of □P on R(t, s)
loses two derivatives in the scale of L-adapted Sobolev spaces Hα

L(Rd). More
precisely, we would expect □PR(t, s) : Hα

L(Rd) → Hα−2
L (Rd) boundedly. How-

ever, as we shall see in the following, □PT
±(t, s) maps Hα

L(Rd) to Hα−1
L (Rd)

boundedly. Consequently, □PT
±(t, s) behaves one order better than ex-

pected, and it is in this sense that the operators T±(t, s) can be thought
of as parametrices, i.e., approximate solution operators to the wave equa-
tion □Pu = 0. This better behavior allows us to prove a representation of
the solution of (3.1) (see Theorem 3.3.7), which we will subsequently use to
show global-in-time Strichartz estimates. We begin with some preparatory
lemmas.

Lemma 3.2.3 (Strong Differentiability of Parametrices I). Let s0, t0 ∈ R
and assume f ∈ Hα

L(Rd) for some α ∈ R. Then, for all k ∈ {0, 1, 2}, the
maps

t 7→ T±(t, s0)f and s 7→ T±(t0, s)f
belong to Ck

b (R; Hα−k
L (Rd)) with

Dk
t T

±(t, s0)f =
∑
λ∈2Z

(
Dk
t e±iφt,s0ψλ

)
(
√

L)f,

Dk
sT

±(t0, s)f =
∑
λ∈2Z

(
Dk
se±iφt0,sψλ

)
(
√

L)f and

∥Dk
t T

±(t, s0)f∥α−k + ∥Dk
sT

±(t0, s)f∥α−k ≲ ∥f∥α.

Proof. Let s0, t0, α ∈ R and f ∈ Hα
L(Rd). Since T±(t, s) = T∓(s, t) for

s, t ∈ R, it suffices to consider the maps u± : t 7→ T±(t, s0)f . But in this
case, the corresponding statement is just a straightforward consequence of
Lemma 2.3.7 and Lemma 3.2.1. Indeed, put ht,λ := e±iφt,s0 for all t ∈ R, λ ∈
2Z. Then, ht,λ is smooth away from the origin, and by Lemma 3.2.1, we have
the bounds

|ht,λ(ξ)| = 1,
|Dtht,λ(ξ)| = |Dtφt,s0(ξ)| ≲ |ξ| ≲ ⟨ξ⟩,

|D2
tht,λ(ξ)| =

∣∣∣(Dtφt,s0(ξ)
)2

+D2
tφt,s0(ξ)

∣∣∣ ≲m4 |ξ|2 + |ξ| ≲ ⟨ξ⟩2.

(3.10)

Using (3.9) and (3.10), one also checks that

|D2
tht,λ(ξ) −D2

tht0,λ(ξ)| ≲m4 ⟨ξ⟩3
(
|t− t0| + ∥B′(t) −B′(t0)∥

)
.

Therefore, Lemma 2.3.7 implies u± ∈ Ck
b (R; Hα−k

L (Rd)) for k ∈ {0, 1, 2} as
desired.
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3 A Parametrix Construction and Weak Solutions

Lemma 3.2.4 (Derivative Gain on Dyadic Frequencies). Let s, t ∈ R, λ ∈
2Z, and f ∈ Hα

L(Rd) for some α ∈ R. Then,(
D2
t − P (t)

)(
eiφt,sψλ

)
(
√

L)f = λ
(
eiφt,s · rt,λ · ψλ

)
(
√

L)f,

where rt,λ is smooth away from the origin with ∥rt,λ∥L∞(Kλ) ≲ ∥B′(t)∥ and
Kλ := supp(ψλ).

Proof. On the one hand, dominated convergence and Lemma 3.2.1 imply

D2
t (eiφt,sψλ)(

√
L)f = (D2

t eiφt,sψλ)(
√

L)f. (3.11)

Recalling that φt,s(ξ) =
∫ t
s (B(τ)ξ|ξ) 1

2 dτ , we compute

D2
t eiφt,s(ξ) = Dt((B(t)ξ|ξ) 1

2 · eiφt,s(ξ)) =
(
(B(t)ξ|ξ) +Dt(B(t)ξ|ξ) 1

2
)
eiφt,s(ξ).

Plugging this into (3.11), we get

D2
t (eiφt,sψλ)(

√
L)f

= ((B(t)ξ|ξ)eiφt,sψλ)(
√

L)f + λ
(
eiφt,sDt(B(t) ξ

λ
| ξ
λ
) 1

2ψλ
)
(
√

L)f.

By Proposition 2.1.10 (c), the first term on the right-hand side is equal to

d∑
j=1

bj(t)(ξ2
j eiφt,sψλ)(

√
L)f =

d∑
j=1

bj(t)Lj(eiφt,sψλ)(
√

L)f = P (t)(eiφt,sψλ)(
√

L)f.

We therefore conclude(
D2
t − P (t)

)(
eiφt,sψλ

)
(
√

L)f = λ
(
eiφt,sDt(B(t) ξ

λ
| ξ
λ
) 1

2ψλ
)
(
√

L)f.

But by (3.8), we have

|(Dt(B(t) ξ
λ
| ξ
λ
) 1

2 | = |D2
tφt,s( ξλ)| ≲ ∥B′(t)∥ | ξ

λ
| ≃ ∥B′(t)∥ (ξ ∈ Kλ),

so the assertion follows setting rt,λ(ξ) := (Dt(B(t) ξ
λ
| ξ
λ
) 1

2 .

Theorem 3.2.5 (Derivative Gain I). Let s, t, α ∈ R. Then, the operator

(D2
t − P (t))T±(t, s) : Hα

L(Rd) → Hα−1
L (Rd)

is bounded with an operator norm uniform in s and t. Moreover, we have
the following estimates,

(i) ∥(D2
t − P (t))T±(t, s)f∥Hα−1

L (Rd) ≲ ∥B′(t)∥ · ∥f∥Hα
L(Rd),

(ii) ∥(D2
t − P (t))T±(t, s)f∥L1

t (R;Hα−1
L (Rd)) ≲ ∥B′∥1∥f∥Hα

L(Rd).
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Proof. It is enough to prove the estimates (i) and (ii). Let s, t, α ∈ R and
f ∈ Hα

L(Rd). To ease notation, we just give the proof for T := T+ (the proof
for T− is analogous). By Lemma 3.2.3, we have D2

tT (t, s)f ∈ Hα−2
L (Rd).

On the other hand, Proposition 3.2.2 and Lemma 2.3.8 yield P (t)T (t, s)f ∈
Hα−2
L (Rd). Thus, (D2

t − P (t))T (t, s)f is a well-defined element in Hα−2
L (Rd).

Now, Lemma 3.2.3 and Lemma 3.2.4 imply

(D2
t − P (t))T (t, s)f =

∑
λ∈2Z

(
D2
t − P (t)

)(
eiφt,sψλ

)
(
√

L)f

=
∑
λ∈2Z

λ
(
eiφt,srt,λ · ψλ

)
(
√

L)f

=
∑
λ∈2Z

λ(ht,s,λψλ)(
√

L)f

with
ht,s,λ : Rd \ {0} → C, ht,s,λ(ξ) = eiφt,s(ξ)rt,λ(ξ)

satisfying
∥ht,s,λ∥L∞(Kλ) = ∥rt,λ∥L∞(Kλ) ≲ ∥B′(t)∥

uniformly in λ ∈ 2Z and s ∈ R. It therefore follows from Proposition 2.3.5 (b)
that

(
D2
t − P (t)

)
T (t, s)f in fact belongs to Hα−1

L (Rd) and that

∥(D2
t − P (t))T (t, s)f∥Hα−1

L (Rd) ≲ ∥B′(t)∥ ∥f∥Hα
L(Rd).

This proves (i), and (ii) follows by integrating (i) with respect to t ∈ R.

Based on the operators T±(t, s), we define the following two families of op-
erators C(t, s) and S(t, s), which play a similar role as Cos((t − s)

√
L) and

i(t− s)Sinc((t− s)
√
L) do in the time-independent case.

Definition 3.2.6. Let s, t, α ∈ R. For f ∈ Hα
L(Rd), we define

C(t, s)f :=
∑
λ∈2Z

(
(cos ◦φt,s) · ψλ

)
(
√

L)f,

S(t, s)f := i
∑
λ∈2Z

(
sin ◦φt,s
∂sφt,s

· ψλ
)

(
√

L)f. (3.12)

The properties established for T±(t, s) extend to C(t, s) in a natural way.
The situation for S(t, s) is slightly different. In view of the factor |∂sφt,s|−1 ≃
|ξ|−1 in (3.12), the mapping properties of S(t, s) are even improved by one
order in the Hα

L(Rd)-scale (see Lemma 3.2.7 (b) (iv) below). This will be
crucial in Subsection 3.3.2. Another difference is that the very same fac-
tor reduces the strong differentiability of s 7→ S(t, s) by one order, which
fortunately turns out to be irrelevant for our purposes.

Lemma 3.2.7 (Relation between Parametrices). Let s, t, α ∈ R.
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(a) We have

C(t, s)f = 1
2
(
T+(t, s) + T−(t, s)

)
f (f ∈ Hα

L(Rd)). (3.13)

(b) Define for f ∈ Hα
L(Rd)

T̃ (t, s)f :=
∑
λ∈2Z

(h̃t,sψλ
)
(
√

L)f, h̃t,s(ξ) := ⟨ξ⟩sin(φt,s(ξ))
∂sφt,s(ξ)

.

Then:
(i) T̃ (t, s) ∈ L(Hα

L(Rd)) with ∥T̃ (t, s)∥ ≲ ⟨t− s⟩.
(ii) The map τ 7→ T̃ (τ, s)f belongs to Ck(R; Hα−k

L (Rd)) for all k ∈
{0, 1, 2}.

(iii) The map τ 7→ T̃ (t, τ)f belongs to Ck(R; Hα−k
L (Rd)) for all k ∈

{0, 1}.
(iv) We have the identity

S(t, s)f = i⟨DL⟩−1 T̃ (t, s)f (f ∈ Hα
L(Rd)). (3.14)

(v) We have(
D2
t − P (t)

)
(h̃t,sψλ)(

√
L)f = λ(r̃t,s,λψλ)(

√
L)f (λ ∈ 2Z),

where r̃t,s,λ : Rd \ {0} → C is smooth and satisfies the estimate
∥r̃t,s,λ∥L∞

ξ
(Kλ) ≲ ∥B′(t)∥, Kλ := supp(ψλ).

Proof. Assertion (a) is obvious. To prove (b), we first observe the estimates

|h̃t,s(ξ)| ≲ ⟨t− s⟩, |∂th̃t,s(ξ)| ≲ ⟨ξ⟩,
|∂sh̃t,s(ξ)| ≲m4 ⟨t− s⟩⟨ξ⟩, |∂2

t h̃t,s(ξ)| ≲ ⟨t− s⟩⟨ξ⟩2 (3.15)

and

|Dsh̃t,s(ξ) −Dsh̃t,s0(ξ)| ≲m4 ⟨ξ⟩2
(
|s− s0| + ∥B′(s) −B′(s0)∥

)
,

|D2
t h̃t,s(ξ) −D2

t h̃t0,s(ξ)| ≲m4 ⟨ξ⟩3
(
|t− t0| + ∥B′(t) −B′(t0)∥

)
.

(3.16)

for s, t, s0, t0 ∈ R, ξ ∈ Rd \ {0}. Indeed, (3.8) implies

|h̃t,s(ξ)| ≤ ⟨ξ⟩
|∂sφt,s(ξ)|

≃ ⟨ξ⟩
|ξ|

≲ 1 for |ξ| ≥ 1,

while for |ξ| ≤ 1, (3.7) gives

|h̃t,s(ξ)| ≤ 2 | sin(φt,s(ξ))|
|∂sφt,s(ξ)|

≲
|φt,s(ξ)|

|ξ|
≲ |t− s|.
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This shows |h̃t,s(ξ)| ≲ ⟨t− s⟩. Using this estimate and (3.8), we deduce

|∂th̃t,s(ξ)| = | cos(φt,s(ξ))| |∂tφt,s(ξ)|
|∂sφt,s(ξ)|

⟨ξ⟩ ≲ ⟨ξ⟩,

|∂sh̃t,s(ξ)| =
∣∣∣∣∣ cos(φt,s(ξ))⟨ξ⟩ − ∂2

sφt,s(ξ)
∂sφt,s(ξ)

h̃t,s(ξ)
∣∣∣∣∣

≲ ⟨ξ⟩ + ∥B′(s)∥ |h̃t,s(ξ)|
≲m4 ⟨ξ⟩ + ⟨t− s⟩ ≤ 2⟨t− s⟩⟨ξ⟩

and finally

|∂2
t h̃t,s(ξ)| =

∣∣∣∣∣h̃t,s(ξ)|∂tφt,s(ξ)|2 − ∂2
t φt,s(ξ)
∂sφt,s(ξ)

cos(φt,s(ξ))⟨ξ⟩
∣∣∣∣∣

≲ ⟨t− s⟩|ξ|2 + ∥B′(t)∥⟨ξ⟩ ≲m4 ⟨t− s⟩⟨ξ⟩2.

The bounds (3.16) are shown similarly. Using (3.15) and (3.16), one may ar-
gue as in the proofs of Proposition 3.2.2 and Lemma 3.2.3 to show assertions
(i), (ii), and (iii). Furthermore, the boundedness of ⟨DL⟩−1 : Hα

L(Rd) →
Hα+1
L (Rd) (see Proposition 2.1.6 (d)) and Proposition 2.1.15 (c) shows for

each f ∈ Hα
L(Rd)

i⟨DL⟩−1T̃ (t, s)f = i
∑
λ∈2Z

⟨DL⟩−1(h̃t,sψλ)(
√

L)f

= i
∑
λ∈2Z

(⟨ξ⟩−1h̃t,sψλ)(
√

L)f = S(t, s)f,

proving (iv). Finally, (v) is exactly shown as Lemma 3.2.4.

The following two theorems are the main results of this section.

Theorem 3.2.8 (Boundedness and Strong Differentiability of Parametri-
ces II). Let α ∈ R.

(a) Let s, t ∈ R. Then, the linear operators

C(t, s) : Hα
L(Rd) → Hα

L(Rd), (3.17)
S(t, s) : Hα

L(Rd) → Hα+1
L (Rd) (3.18)

are bounded with ∥C(t, s)∥ ≲ 1 and ∥S(t, s)∥ ≲ ⟨t− s⟩.

(b) Let f ∈ Hα
L(Rd) and s0, t0 ∈ R and k ∈ {0, 1, 2}. Then, the map

us0 : t 7→ C(t, s0)f belongs to Ck
b (R; Hα−k

L (Rd)) with ∥u(k)
s0 (t)∥α−k ≲

∥f∥α. The map vs0 : t 7→ S(t, s0)f belongs to Ck(R; Hα+1−k
L (Rd)) with
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∥v(k)
s0 (t)∥α+1−k ≲ ⟨t − s0⟩1−(1∧k)∥f∥α. The map wt0 : s 7→ S(t0, s)f

belongs to Ċ1
b (R; Hα

L(Rd)). Moreover,

C(t, t) = Id, DtC(t, s)|t=s = 0, (3.19)
S(t, t) = 0, DtS(t, s)|t=s = Id, (3.20)

where the time derivative is to be understood in the strong sense.

Proof. In view of the identity (3.13), the boundedness of C(t, s) and its
strong differentiability as stated in (b) immediately follow from Proposi-
tion 3.2.2 and Lemma 3.2.3, respectively. Combining the strong differentia-
bility of C(t, s) with Proposition 2.3.4 then also yields (3.19). To prove the
corresponding statements for S(t, s), we use that S(t, s) = i⟨DL⟩−1T̃ (t, s) by
Lemma 3.2.7 (b) (iv). Thus, the assertions for S(t, s) follow from the prop-
erties of T̃ (t, s) stated in Lemma 3.2.7 (b) (i)-(iii), and the fact that ⟨DL⟩−1

gains one derivative in the Hα
L(Rd)-scale, i.e., ⟨DL⟩−1 : Hα

L(Rd) → Hα+1
L .

Theorem 3.2.9 (Derivative Gain II). Let s, t, α ∈ R. Then,(
D2
t − P (t)

)
C(t, s) : Hα

L(Rd) → Hα−1
L (Rd),(

D2
t − P (t)

)
S(t, s) : Hα

L(Rd) → Hα
L(Rd)

are bounded. More precisely, the following estimates hold true, uniformly in
s ∈ R.

∥
(
D2
t − P (t)

)
C(t, s)f∥Hα−1

L (Rd) ≲ ∥B′(t)∥ · ∥f∥Hα
L(Rd),

∥
(
D2
t − P (t)

)
S(t, s)f∥Hα

L(Rd) ≲ ∥B′(t)∥ · ∥f∥Hα
L(Rd),

and

∥
(
D2
t − P (t)

)
C(t, s)f∥L1

t (R;Hα−1
L (Rd)) ≲ ∥B′∥1∥f∥Hα

L(Rd),

∥
(
D2
t − P (t)

)
S(t, s)f∥L1

t (R;Hα
L(Rd)) ≲ ∥B′∥1∥f∥Hα

L(Rd).

Proof. Once again, the properties for C(t, s) follow from Theorem 3.2.5 and
the identity (3.13). To prove the assertions for S(t, s), we once again use
S(t, s) = i⟨DL⟩−1T̃ (t, s) as stated in Lemma 3.2.7 (b) (iv). Using (b) (v) of
the very same lemma in place of Lemma 3.2.4, we find that Theorem 3.2.5
holds true with T̃ (t, s) in place of T±(t, s). Thus, the assertions for S(t, s)
follow again from the fact that ⟨DL⟩−1 : Hα

L(Rd) → Hα+1
L .

3.3. Weak Solutions in Hα
L(Rd)

In this section, we establish the existence and uniqueness of weak solutions
to (3.1) in Hα

L(Rd), using the parametrices constructed in the previous sec-
tion. First, we define weak solutions in Hα

L(Rd) in the same manner as in
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Definition 1.1.2, except that the classical Sobolev spaces Hα(Rd) are replaced
by the L-adapted ones. For later reference, we give the definition.

Definition 3.3.1 (Weak Solution in Hα
L(Rd)). Let α ∈ R and suppose that

g ∈ Hα
L(Rd), h ∈ Hα−1

L (Rd), and F ∈ L1(R; Hα−1
L (Rd)). Then, a function

u ∈ C(R; Hα
L(Rd)) ∩ C1(R; Hα−1

L (Rd)) ∩ W 2,1
loc (R; Hα−2

L (Rd)) is called a weak
solution of (3.1) in Hα

L(Rd) if
D2
t u(t) = P (t)u(t) + F (t) in Hα−2

L (Rd) for a.e. t ∈ R,
u(0) = g,

Dtu(0) = h.

We will use energy methods to ensure that weak solutions are unique. Ex-
istence will then be established using an iterative procedure involving the
parametrices C(t, s) and S(t, s).

3.3.1. Uniqueness of Weak Solutions in Hα
L(Rd)

The classical energy inequalities yield for linear wave equations with C∞
b (Rd)-

coefficients the uniqueness of weak solutions in the scale of the standard
Sobolev spaces Hα(Rd), α ∈ R. As the coefficients of our wave operator
□P possess only limited regularity, these energy inequalities are applicable
only in a restricted range of exponents α. However, combining these with
Proposition 2.3.3 gives a first result.

Lemma 3.3.2 (Classical Energy Inequalities). Let J ⊆ R be a bounded open
interval with 0 ∈ J . If

u ∈ C(J ; H1
L(Rd)) ∩ C1(J ; L2(Rd)) ∩W 2,1(J ; H−1

L (Rd))

with □Pu = (D2
t − P (t))u ∈ L1(J ; L2(Rd)), then

∥u∥C(J ;H1
L(Rd)) ≲|J | ∥u(0)∥H1

L(Rd) +∥Dtu(0)∥L2(Rd) +∥□Pu∥L1(J ;L2(Rd)). (3.21)

Proof. We first observe that (3.21) holds with H1
L(Rd) replaced by the clas-

sical Sobolev space H1(Rd). Indeed, a careful inspection of the proof of [53,
Chapter I, Theorem 3.1] shows that the latter is applicable with s = 0 in
the assumptions of that theorem (the coefficients cj(t, x) = bj(t)aj(xj) of
P (t) are C1 with respect to time and Lipschitz w.r.t. x, so taking one time
derivative and integrating by parts once w.r.t. x is justified to make the en-
ergy inequality work). But, H±1

L (Rd) = H±1(Rd) by Proposition 2.3.3, so the
claim follows.

Note that Lemma 3.3.2 in particular implies the uniqueness of weak solutions
in H1

L(Rd). In the following, we lift this result to general exponents α ∈ R.
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3 A Parametrix Construction and Weak Solutions

The reason why we can do this is that, while ⟨Dx⟩α does not commute with
P (t) = ∑d

j=1 bj(t)Lj for large α (by the limited regularity of the coefficients
aj), the fractional power ⟨DL⟩α in fact does (on appropriate subsets of func-
tions). In order to exploit this fact, we need the following approximation
lemma. To state it, we introduce some notation first. Let α ∈ R, p ∈ [1,∞],
m ∈ N0, and J ⊆ R be a bounded open interval. Put

Wm,p
J,α :=

Wm,p(J ; Hα
L(Rd)) for p ∈ [1,∞),

Cm(J ; Hα
L(Rd)) for p = ∞.

Let u ∈ Wm,p
J,α and n ∈ N0. Then, we set Zn := {−n, . . . , n} and define

(Πnu)(t) :=
∑
λ∈2Zn

ψλ(
√

L)u(t) for all t ∈ J

if p = ∞. If p ∈ [1,∞), we define Πnu by the same expression in an almost
everywhere sense. If I ⋐ J is an open subinterval and 4−n < dist(I, J c), we
define

(Snu)(t) := (φn ∗ u)(t) =
∫
R
φn(t− s)u(s) ds for t ∈ I,

where φn(t) := 4nφ(4nt) and φ ∈ C∞
c (R) satisfies supp(φ) ⊆ (−1, 1) and∫

R φ(t) dt = 1.

Lemma 3.3.3 (Approximation Lemma). Let I ⋐ J be bounded open inter-
vals in R and m, ℓ ∈ N0, p ∈ [1,∞], α, γ ∈ R.

(a) For all n ∈ N0, we have Πn ∈ L(Wm,p
J,α ,W

m,p
J,α+γ) with ∥Πn∥ ≲γ 2(n+1)γ+.

Moreover, Πn → Id strongly on Wm,p
J,α as n → ∞.

(b) For all n ≥ n0, we have Sn ∈ L(Wm,p
J,α ,W

m+ℓ,p
I,α ) with ∥Sn∥ ≲ 4nℓ+,

where n0 is such that 4−n0 < dist(I, J c). Moreover, if u ∈ Wm,p
J,α , then

(Snu)(k) = Snu
(k) for k ≤ m and Snu → u|I in Wm,p

I,α as n → ∞.

Proof. (a) Suppose first that p ∈ [1,∞). If γ ≤ 0, then ∥Πn∥ ≤ 1 since
Hα
L(Rd) ↪→ Hα+γ

L (Rd) in this case. Therefore, we may suppose γ > 0. By
Proposition 2.1.15 (c) and Proposition 2.1.10 (d), we then have

∥Πnu(t)∥Hα+γ
L (Rd) ≲

∑
λ∈2Zn

⟨λ⟩γ∥u(t)∥Hα
L(Rd) ≲γ 2(n+1)γ∥u(t)∥Hα

L(Rd)

for a.e. t ∈ J . Raising this inequality to the p-th power and integrating it
with respect to t ∈ J , we deduce the bound ∥Πn∥ ≲ 2(n+1)γ. This proves the
first claim. To prove the second claim, note that we have proved that (Πn)n
is in particular uniformly bounded on Wm,p

J,α . Let v ∈ D := C∞(J ; Hα
L(Rd)).

Then, Πnv → v in Wm,p
J,α by Proposition 2.3.4 and the uniform continuity
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of v. Now, since D is dense in Wm,p
J,α (see e.g. [10, Corollary 1.4.37]), the

strong convergence of (Πn)n to Id on Wm,p
J,α follows from a standard density

argument using uniform boundedness. The case p = ∞ is proved similarly.
(b) These assertions are proved exactly as in the case of scalar-valued func-
tions (see e.g. [29, Section 1.3]).
Proposition 3.3.4 (Energy Estimates in Hα

L(Rd)). Let J ⊆ R be a bounded
open interval with 0 ∈ J . Suppose further that for some α ∈ R, the function
u belongs to C(J ; Hα

L(Rd))∩C1(J ; Hα−1
L (Rd))∩W 2,1(J ; Hα−2

L (Rd)). If □Pu ∈
L1(J ; Hα−1

L (Rd)), then

∥u∥C(J ;Hα
L(Rd)) ≲|J | ∥u(0)∥Hα

L(Rd) + ∥Dtu(0)∥Hα−1
L (Rd) + ∥□Pu∥L1(J ;Hα−1

L (Rd)).

Proof. Let J ⊆ R, α ∈ R and u be as in the statement of the proposition.
Fix some open interval I with 0 ∈ I ⊆ J . To ease notation, we simply write
Hα
L := Hα

L(Rd), L2 := L2(Rd), etc. in the following. Now, for n ∈ N with
4n ≥ (dist(I, J c))−1, we define un : I → Hα

L by

un(t) := (SnΠnu)(t) =
∫
R
φn(t− s)Πnu(s) ds (t ∈ I).

Observe that un belongs to C∞(I; H∞
L ). Indeed, since u ∈ C(J ; Hα

L), it
follows that Πnu ∈ C(J ; Hβ

L) for all β ∈ R by Lemma 3.3.3 (a) and therefore
un ∈ Ck(I; Hβ

L) by Lemma 3.3.3 (b) for all β ∈ R and k ∈ N0. This
proves un ∈ C∞(I; H∞

L ). But then also vn := ⟨DL⟩α−1un ∈ C∞(I; H∞
L ) and

□Pvn ∈ C1(I; H∞
L ) ⊆ L1(I; L2) (note that the loss of regularity in t arises

from the fact that the bj are only C1). Applying Lemma 3.3.2 to vn, we
obtain

∥un∥C(I;Hα
L) = ∥vn∥C(I;H1

L)

≲|I| ∥vn(0)∥H1
L

+ ∥Dtvn(0)∥L2 + ∥□Pvn∥L1(I;L2)

= ∥un(0)∥Hα
L

+ ∥Dtun(0)∥Hα−1
L

+ ∥□Pun∥L1(I;Hα−1
L ),

(3.22)

where, for the last equality, we used that □P and ⟨DL⟩α−1 commute when
applied to un. Now, we want to pass to the limit n → ∞ in (3.22). By
Lemma 3.3.3, we infer un → u in C(I; Hα

L) and Dtun → Dtu in C1(I; Hα−1
L ).

We claim that

∥□Pun∥L1(I;Hα−1
L

≲|I| ∥□Pu∥L1(J ;Hα−1
L ) + 2−n∥u∥C(J ;Hα

L). (3.23)

Taking (3.23) for granted, we may let n → ∞ in (3.22) to obtain

∥u∥C(I;Hα
L) ≲|I| ∥u(0)∥Hα

L
+ ∥Dtu(0)∥Hα−1

L
+ ∥□Pu∥L1(J ;Hα−1

L ), (3.24)

and we infer the claim from (3.24) by simply exhausting J by open, com-
pactly contained subintervals I ⋐ J . So it remains to prove (3.23). First,
note that since u ∈ W 2,1(J ; Hα−2

L ) by assumption, Lemma 3.3.3 (b) implies

D2
t un = D2

t (φn ∗ Πnu) = (φn ∗ ΠnD
2
t u) = SnΠnD

2
t u (3.25)
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in L1(I; Hα−2
L ). On the other hand, since P (t) = ∑d

j=1 bj(t)Lj, one may verify
that

(Pun)(t) = (SnΠnPu)(t) −Ru(t) for t ∈ I (3.26)
with Ru = ∑d

j=1 Rju and

Rju(t) =
∫
R
φn(t− s)(bj(t) − bj(s))(LjΠnu)(s) ds.

Note that by Lemma 2.3.8 and Lemma 3.3.3 (a)

∥Rju(t)∥Hα−1
L

≤ ∥b′
j∥∞∥Πnu∥C(J ;Hα+1

L )

∫
R

|φn(t− s)||t− s| ds

≲ m4 ·
(
2(n+1)∥Πnu∥C(J ;Hα

L)

)
· 4−n∥φ∥1

≲ 2−n∥u∥C(J ;Hα
L)

for each t ∈ I and thus

∥Ru∥L1(I;Hα−1
L ) ≲|I| 2−n∥u∥C(J,Hα

L). (3.27)

Combining (3.25) and (3.26), we conclude

□Pun = (D2
t − P )un = SnΠn□Pu−Ru in L1(I; Hα−1

L ),

and applying Lemma 3.3.3 and (3.27) gives

∥□Pun∥L1(I;Hα−1
L ) ≤ ∥SnΠn□Pun∥L1(I;Hα−1

L ) + ∥Ru∥L1(I;Hα−1
L )

≲|I| ∥□Pun∥L1(I;Hα−1
L ) + 2−n∥u∥C(J,Hα

L)

as desired. This completes the proof.

Corollary 3.3.5 (Uniqueness of Weak Solutions in Hα
L(Rd)). Let α ∈ R and

suppose that g ∈ Hα
L(Rd), h ∈ Hα−1

L (Rd), and F ∈ L1(R; Hα−1
L (Rd)). If u and

v are weak solutions to (3.1) in Hα
L(Rd), then u = v.

Proof. Define Jn := (−n, n) for n ∈ N. Applying Proposition 3.3.4 to wn :=
(u − v)|Jn

gives wn = 0. Letting n → ∞ yields w = 0 and thus u = v as
desired.

3.3.2. Existence of Weak Solutions in Hα
L(Rd)

In this subsection, we aim to establish the existence of weak solutions to
(3.1) in Hα

L(Rd). We prove existence using an idea by Smith [47], which was
subsequently also used by Hassell–Rozendaal in their Lp-theory for rough
wave equations [28]. To motivate the idea, we once again consider first
the easier time-independent case B(t) = Id (t ∈ R) as in the beginning
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of Subsection 3.2.1. Then P (t) = L and since i
√
L generates a C0-group

(eit
√
L)t∈R on L2(Rd), we have the representation (cf. (2.3))

u(t) = Cos(t
√
L)g + it Sinc(t

√
L)h+

∫ t

0
i(t− s)Sinc((t− s)

√
L)F (s) ds,

where

Cos(t
√
L) := 1

2
(
eit

√
L + e−it

√
L
)
, t Sinc(t

√
L) :=

∫ t

0
Cos(s

√
L) ds.

Now, the idea in the time-dependent case is to replace the operators Cos((t−
s)

√
L) and i(t− s) Sinc((t− s)

√
L) by the operators C(t, s) and S(t, s) con-

structed in Subsection 3.2.2. So we make the ansatz

u(t) = C(t, 0)g + S(t, 0)h+
∫ t

0
S(t, s)G(s) ds

with a suitable function G ∈ L1(R; Hα−1
L (Rd)). This function will turn out

to be the solution to a Volterra equation. Recall that we know from Theo-
rem 3.2.9 that

R1(t, s) := (D2
t − P (t))C(t, s) : Hα

L(Rd) → Hα−1
L (Rd),

R2(t, s) := (D2
t − P (t))S(t, s) : Hα−1

L (Rd) → Hα−1
L (Rd)

boundedly.

Lemma 3.3.6 (Volterra-Operator). Let α ∈ R and G ∈ L1(R; Hα−1
L (Rd)).

Put
V (t) :=

∫ t

0
S(t, s)G(s) ds (t ∈ R).

Then, V ∈ C(R; Hα
L(Rd))∩C1(R; Hα−1

L (Rd))∩W 2,1
loc (R; Hα−2

L (Rd)). Moreover,

(D2
t − P (t))V (t) = 1

i
[(Id + iR)G](t)

for a.e. t ∈ R, where

R : L1(R; Hα−1
L (Rd)) → L1(R; Hα−1

L (Rd)), (RG)(t) =
∫ t

0
R2(t, s)G(s) ds

has operator norm ∥R∥ ≤ C∥B′∥1 with a constant C depending only on
m1,m2 and m4.

Proof. Let α ∈ R and G ∈ L1(R; Hα−1
L (Rd)). We write

V (t) =
∫ t

0
v(t, s) ds (t ∈ R),
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where we have set v(t, s) := S(t, s)G(s) for t ∈ R and a.e. s ∈ R. Then, by
Theorem 3.2.8, we have for a.e. s ∈ R and all k ∈ {0, 1, 2}

v(·, s) ∈ Ck(R; Hα−k
L (Rd)) with

∥Dk
t v(t, s)∥α−k ≲ ⟨t− s⟩1−(k∧1)∥G(s)∥α−1. (3.28)

First Step: V ∈ C(R; Hα
L(Rd))

Fix t0 ∈ R and let t ∈ R. We have to show V (t) → V (t0) in Hα
L(Rd) as

t → t0. Observe that

∥V (t) − V (t0)∥α ≤
∫ t

t0
∥v(t, s)∥α ds+

∫ t0

0
∥v(t, s) − v(t0, s)∥α ds. (3.29)

Now for the first integral on the right-hand side of (3.29), we have∫ t

t0
∥v(t, s)∥α ds ≲ ⟨t− t0⟩

∫ t

t0
∥G(s)∥α−1 ds → 0 (t → t0),

where we used (3.28) with k = 0 and then dominated convergence. To
estimate the second integral on the right-hand side of (3.29), note that once
again by (3.28) (with k = 0), the integrand converges to zero as t → t0 for
a.e. s and is controlled by ⟨t0 − s⟩∥G(s)∥α−1 ≲ ⟨t0⟩∥G(s)∥α−1 if |t− t0| ≤ 1.
Thus, we conclude once again that∫ t0

0
∥v(t, s) − v(t0, s)∥α ds → 0 (t → t0)

by dominated convergence. This shows that V ∈ C(R; Hα
L(Rd)).

Second Step: V ∈ C1(R; Hα−1
L (Rd))

Let t ∈ R. Then, for h ̸= 0,
V (t+ h) − V (t)

ih
=
∫ t+h

0

v(t+ h, s) − v(t, s)
ih

ds+ 1
ih

∫ t+h

t
v(t, s) ds

=: ∆1,h + ∆2,h.

Now, it follows again from (3.28) with k = 1 and dominated convergence
that

∆1,h →
∫ t

0
Dtv(t, s) ds (h → 0) in Hα−1

L (Rd).

Turning to ∆2,h, we have to be a bit more careful since G need not be
continuous and thus we cannot use the fundamental theorem. But using
S(t, t) = 0 and Theorem 3.2.8 (b), we have

∥∆2,h∥α−1 =
∥∥∥∥∥
∫
R
1(t,t+h)(s)

(
s− t

h

)
S(t, s) − S(t, t)

s− t
G(s) ds

∥∥∥∥∥
α−1

≤
∫
R
1(t,t+h)(s)

∫ 1

0
∥∂sS(t, t+ (s− t)τ)G(s)∥α−1 dτ ds

≲
∫
R
1(t,t+h)(s)∥G(s)∥α−1 ds → 0 (h ↓ 0).
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One argues similarly for h ↑ 0. This proves that V ∈ C1(R; Hα−1
L (Rd)) with

DtV (t) =
∫ t

0 Dtv(t, s) ds.
Third Step: DtV ∈ W1,1

loc (R; Hα−2
L (Rd))

Let J := (−T, T ), T > 0. We have to show that DtV ∈ W 1,1(J ; Hα−2
L (Rd)).

Exactly as in the second step, one writes

DtV (t+ h) −DtV (t)
ih

=
∫ t+h

0

Dtv(t+ h, s) −Dtv(t, s)
ih

ds+ 1
ih

∫ t+h

t
Dtv(t, s) ds

=: ∆1,h(t) + ∆2,h(t).

Using (3.28) with k = 2 and dominated convergence, we deduce ∆1,h →∫ t
0 D

2
t v(t, s) ds in C(J ; Hα−2

L (Rd)) ↪→ L1(J ; Hα−2
L (Rd)) as h → 0. Turning to

∆2,h(t), we further split for h > 0

∥∆2,h(t) − 1
i
G(t)∥α−2

≤ 1
h

∫ t+h

t
∥DtS(t, s)G(s) −G(s)∥α−2 ds+ 1

h

∫ t+h

t
∥G(s) −G(t)∥α−2 ds

=: ∆1
2,h(t) + ∆2

2,h(t),

so that

∥∆2,h(t) − 1
i
G(t)∥L1

t (J ;Hα−2
L (Rd)) ≤

∫
J

∆1
2,h(t) dt+

∫
J

∆2
2,h(t) dt.

Arguing just as in the proof of [10, Proposition 1.4.29]), we find
∫
J ∆2

2,h(t) dt →
0 as h ↓ 0. On the other hand, using (3.20) and (3.28), we estimate

∥DtS(t, s)G(s) −G(s)∥α−2 = ∥DtS(t, s)G(s) −DtS(s, s)G(s)∥α−2

≤
∫ 1

0
∥D2

tS(s+ (t− s)τ, s)G(s)∥α−2 dτ |t− s|

≲ ∥G(s)∥α−1|t− s|,

which implies∫
J

∆1
2,h(t) dt ≤

∫
J

1
h

∫ t+h

t
∥G(s)∥α−1|t− s| ds dt

≤
∫ T+h

−T

(
1
h

∫ s

s−h
|t− s| dt

)
∥G(s)∥α−1 ds ≤ ∥G∥L1(R;Hα−1

L (Rd))h → 0

for h ↓ 0. One argues similarly for the limit h ↑ 0. Thus, we have shown
that

DtV (t+ h) −DtV (t)
ih

→
∫ t

0
D2
t v(t, s) ds+ 1

i
G(t) (h → 0)
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in L1
t (J ; Hα−2

L (Rd)). It now follows (see e.g. [10]) thatDtV ∈ W 1,1(J ; Hα−2
L (Rd))

with
D2
tV (t) =

∫ t

0
D2
t v(t, s) ds+ 1

i
G(t) in Hα−2

L (Rd) (3.30)

for a.e. t ∈ R.
Fourth Step: Conclusion
By Theorem 3.2.8 and Lemma 2.3.8, we have

P (t)V (t) =
∫ t

0
P (t)v(t, s) ds in Hα−1

L (Rd).

Recalling that (D2
t − P (t))v(t, s) = R2(t, s)G(s), it follows that

(D2
t − P (t))V (t) = 1

i
G(t) +

∫ t

0
R2(t, s)G(s) ds

= 1
i
[(Id + iR)G](t).

Now by Theorem 3.2.9, we have for a.e. t ∈ R

∥(RG)(t)∥Hα−1
L (Rd)

≤
∫ t

0
∥R2(t, s)G(s)∥Hα−1

L (Rd) ds

≲
∫ t

0
∥B′(t)∥∥G(s)∥Hα−1

L (Rd) ds ≤ ∥B′(t)∥ · ∥G∥L1(R;Hα−1
L (Rd)),

which yields

∥RG∥L1(R;Hα−1
L (Rd)) ≲ ∥B′∥1 · ∥G∥L1(R;Hα−1

L (Rd))

as desired. Finally, tracing back all constants arising in the preceding proofs,
one checks that the implicit constant only depends on m4 and on the L2-
bounds for the Phillips functional calculus for

√
L, the latter depending

in turn on M := supy∈Rd ∥e−iy·
√

L∥L(L2(Rd)). But M ≃m1,m2 1 by the self-
adjointness of L1, . . . , Ld with respect to (2.73).

Theorem 3.3.7 (Existence and Uniqueness of Weak Solutions in Hα
L(Rd)).

Let ε1 be as in (1.11) and suppose that ε1 ∈ (0, 1
C

), where C is the constant
from Lemma 3.3.6. Let α ∈ R and suppose that g ∈ Hα

L(Rd), h ∈ Hα−1
L (Rd),

and F ∈ L1(R; Hα−1
L (Rd)). Then, there exists a unique weak solution u to

(3.1) in Hα
L(Rd). Moreover, there exists G ∈ L1(R; Hα−1

L (Rd)) such that

u(t) = C(t, 0)g + S(t, 0)h+
∫ t

0
S(t, s)G(s) ds (t ∈ R) (3.31)

and we have the estimate

∥G∥L1(R;Hα−1
L (Rd)) ≲ ∥g∥Hα

L(Rd) + ∥h∥Hα−1
L (Rd) + ∥F∥L1(R;Hα−1

L (Rd)).
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Proof. Let α ∈ R and suppose that g ∈ Hα
L(Rd), h ∈ Hα−1

L (Rd), and
F ∈ L1(R; Hα−1

L (Rd)). Uniqueness of weak solutions was already proved in
Corollary 3.3.5. To prove existence, define for a given G ∈ L1(R; Hα−1

L (Rd))
the function u by the right-hand side of (3.31). Then, by Theorem 3.2.8
and Lemma 3.3.6, u ∈ C(R; Hα

L(Rd))∩C1(R; Hα−1
L (Rd))∩W 2,1

loc (R; Hα−2
L (Rd))

with u(0) = g and Dtu(0) = h. Now Theorem 3.2.9 and Lemma 3.3.6 imply
that u is a weak solution to (3.1) in Hα

L(Rd) if and only if for a.e. t ∈ R

F (t) = ((D2
t − P (t))u(t) = R1(t, 0)g +R2(t, 0)h+ 1

i

[
(Id + iR)G

]
(t),

which is equivalent to

1
i

(
Id + iR

)
G(t) = F (t) −R1(t, 0)g −R2(t, 0)h.

Since ∥R∥L(L1(R;Hα−1
L (Rd))) ≤ C∥B′∥1 ≤ Cε1 < 1 by Lemma 3.3.6 and the

assumption, the operator Id + iR is invertible. On the other hand, R1(t, 0)g
and R2(t, 0)h belong to L1

t (R; Hα−1
L (Rd)) with

∥R1(t, 0)g∥L1
t (R;Hα−1

L (Rd)) ≲ ∥B′∥1∥g∥Hα
L(Rd),

∥R2(t, 0)h∥L1
t (R;Hα−1

L (Rd)) ≲ ∥B′∥1∥h∥Hα−1
L (Rd)

by Theorem 3.2.9. Therefore, if we choose

G = i
(
Id + iR

)−1(
F −R1(t, 0)g −R2(t, 0)h

)
∈ L1

t (R; Hα−1
L (Rd)),

it follows that u given by (3.31) indeed defines a weak solution to (3.1).
Moreover, we have the estimate

∥G∥L1
t (R;Hα−1

L (Rd))

≲ ∥R1(t, 0)g∥L1
t (R;Hα−1

L (Rd)) + ∥R2(t, 0)h∥L1
t (R;Hα−1

L (Rd)) + ∥F∥L1
t (R;Hα−1

L (Rd))

≲ ∥g∥Hα
L(Rd) + ∥h∥Hα−1

L (Rd) + ∥F∥L1(R;Hα−1
L (Rd)).

as desired. The proof is complete.

By Proposition 2.3.3, we can identify the spaces Hα(Rd) and Hα
L(Rd) for

α ∈ [−2, 2], so Theorem 3.3.7 immediately gives the proof of Theorem 1.1.3:

Corollary 3.3.8 (Existence and Uniqueness of Weak Solutions in Hα(Rd)).
Let ε1 > 0 be as in Theorem 3.3.7 and suppose additionally −1 ≤ α ≤ 2.
Assume that g ∈ Hα(Rd), h ∈ Hα−1(Rd), and F ∈ L1(R; Hα−1(Rd)). Then,
the function u as in Theorem 3.3.7 defines the unique weak solution to (3.1)
in Hα(Rd).
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Remark 3.3.9. Theorem 3.3.7 and hence Corollary 3.3.8 are also true under
milder conditions on the coefficients b1, . . . , bd. First, observe that up to now,
we did not use the smallness of ε0 as in (Ab) of Assumption 1.1.1. Thus, it
would be enough if the coefficients bj are bounded from above and below by
a positive constant, just as the coefficients aj are. Second, the smallness of
ε1 > 0 was only needed in the proof of Theorem 3.3.7 in order to invert the
operator Id + iR on L1(R; Hα−1

L (Rd)) (using a Neumann-series argument).
However, without assuming the smallness of ε1, we can invert this operator
locally in time, i.e., on the space L1(J ; Hα−1

L (Rd)), where J := (−T, T ) for
some fixed T ∈ (0,∞). Indeed, a straightforward induction on k ∈ N0 yields

∥RkG∥L1(J ;Hα−1
L (Rd)) ≲

(CJ T )k
k! ∥G∥L1(J ;Hα−1

L (Rd)) (k ∈ N0) (3.32)

with
CJ := sup

t,s∈J
∥R2(t, s)∥L(Hα−1

L (Rd)) ≲ sup
t,s∈J

∥B′(t)∥ ≤ m4,

where we used Theorem 3.2.9 and (Ab). Thus, A := ∑∞
k=0(−1)kikRk con-

verges in L(L1(J ; Hα−1
L (Rd))) (with operator norm bounded by a constant

times em4T ) and defines the inverse of Id + iR. Following the proof of The-
orem 3.3.7, we obtain a unique weak solution on J , i.e., a unique function
uJ ∈ C(J ; Hα

L(Rd)) ∩ C1(J ; Hα−1
L (Rd)) ∩ W 2,1(J ; Hα−2

L (Rd)) with u(0) = g,
Dtu(0) = h and D2

t u = P (t)u(t) + F (t) for a.e. t ∈ J . Exhausting R by
bounded open intervals J then gives the claim. Observe that this gives only
G ∈ L1

loc(R; Hα−1(Rd)) in the representation formula for u. Nevertheless, we
have shown that, for the purpose of proving Theorem 1.1.3, we can replace
(Ab) by the condition

(A′
b) The functions b1, . . . , bd are continuous differentiable (or only Lipschitz

continuous, see Section 4.4) and we have

m1 ≤ bj(t) ≤ m2

for all t ∈ R and j ∈ {1, . . . , d}.

Thus, we have seen: The smallness of ε1 ensures that G ∈ L1(R; Hα−1
L (Rd)),

which in turn means that the energy stays globally bounded, which is gen-
erally nontrivial (see e.g. [61]). However, this is a minimum requirement
in order to prove global-in-time Strichartz estimates, which we turn to next
and which is our prior interest in this thesis.
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4. Global-In-Time Strichartz
Estimates

In this chapter, we prove global-in-time Strichartz estimates for (3.1). The
key ingredients are dispersive estimates for the operator (e±iφt,sψλ)(

√
L) that

was used to construct the parametrices C(t, s) and S(t, s). Once these dis-
persive estimates are established, Strichartz estimates will follow from the
representation formula (3.31) for the weak solution and from the abstract
machinery developed by Keel–Tao [34], which converts dispersive estimates
into Strichartz estimates. We assume d ≥ 2 in this chapter.

4.1. Decay Estimates for Truncated Half-Wave
Kernel

Let s, t ∈ R. We are looking for dispersive estimates of the form

∥(e±iφt,sψ)(
√

L)f∥L∞(Rd) ≲ (1 + |t− s|)− d−1
2 ∥f∥L1(Rd) (4.1)

for f ∈ L1(Rd) ∩ L2(Rd). Recall that

(e±iφt,sψ)(
√

L)f =
∫
Rd
K±
t,s(y)e−iy·

√
Lf dy

with
K±
t,s(y) := 1

(2π)d
∫
Rd

ei(y·ξ±φt,s(ξ))ψ(ξ) dξ (y ∈ Rd).

As we shall see, (4.1) will be a consequence of the L∞-estimate

∥K±
t,s∥L∞(Rd) ≲ (1 + |t− s|)− d−1

2 . (4.2)

In view of the identity K+
t,s = K−

s,t, we may restrict our attention to Kt,s :=
K−
t,s. The kernel Kt,s is a so-called oscillatory integral (see [55, Chapter VIII]

for a well-written introduction) and as such, its asymptotic behavior is
largely governed by the critical points of its phase, i.e., by those points
in the support of ψ in which the ξ-gradient of the full phase function

Φ(y, ξ) := Φt,s(y, ξ) := y · ξ − φt,s(ξ) (y, ξ ∈ Rd)
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vanishes. This happens exactly when y = ∇ξφt,s(ξ). We are therefore led to
consider the singular set

Σt,s := ∇ξφt,s(Rd \ {0}) =
{∫ t

s

B(τ)ξ
(B(τ)ξ|ξ)1/2 dτ | ξ ∈ Rd \ {0}

}
. (4.3)

Note that Σt,s = ∇ξφt,s(Sd−1) as ∇ξφt,s is positively homogeneous of de-
gree zero, and hence Σt,s is compact by the continuity of ∇ξφt,s and the
compactness of Sd−1. One can think of Σt,s being the t-section of the light
cone Cs,0 := ⋃

t∈R

(
{t} × Σt,s

)
emanating from the point (s, 0) ∈ R × Rd in

Minkowski space. The light cone Cs,0 arises as the singular support of the
distribution

Ks(t, y) := 1
(2π)d

∫
Rd

ei(y·ξ−φt,s(ξ)) dξ ∈ D′(R × Rd)

(see e.g. [29, Section 8.1] for a glimpse of the microlocal analysis of oscil-
latory integrals). The term ’light cone’ is motivated by the classical, time-
independent case B(t) = Id (t ∈ R), where Cs,0 = {(t, y) ∈ Rd+1 : |y| =
|t − s|} is the standard double cone centered at (s, 0) in Minkowski space
(and where Σt,s is a sphere of radius |t− s|, accordingly).
We first establish L∞-estimates away from the light cone and subsequently
derive L∞-bounds in a neighbourhood of the light cone by a more refined
analysis. To this end, it turns out to be convenient to introduce the normal-
izations

φ̃t,s := 1
t−sφt,s, Σ̃t,s := 1

t−sΣt,s = φ̃t,s(Sd−1). (4.4)

for (t, s) ∈ ∆c := {(τ, σ) ∈ R2 | τ ̸= σ}.

4.1.1. Estimates away from the Light Cone
By the principle of nonstationary phase, we expect rapid decay if y is far
away from Σt,s. The following proposition makes this heuristic precise and
serves as a first step towards the proof of (4.2).

Proposition 4.1.1 (Rapid Decay away from the Light Cone). Let N ∈ N0
and δ > 0. Then,

|K±
t,s(y)| ≲N,δ (1 + |t− s|)−N if dist(y,Σt,s) ≥ δ|t− s|.

Proof. This follows from the principle of nonstationary phase. For the sake
of completeness, we provide a proof. Since K+

t,s = K−
s,t and Σt,s = Σs,t, we

may just consider Kt,s := K−
t,s with full phase function Φt,s. Now, let N ∈ N0

and δ > 0. Let further s, t ∈ R and y ∈ Rd with dist(y,Σt,s) ≥ δ|t− s|. The
estimate is trivial if t = s, for then |Kt,s(y)| ≤ (2π)−d∥ψ∥1 by the triangle
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inequality. So without restriction, we may suppose t ̸= s. Put Φ̃t,s := 1
t−sΦt,s.

Then,
Kt,s(y) = 1

(2π)d
∫
Rd

ei(t−s)Φ̃(y,ξ)ψ(ξ) dξ.

Now, observe that

|∇ξΦ̃t,s(y, ξ)| = 1
|t−s| |y − ∇ξφt,s(ξ)| ≥ 1

|t−s|dist(y,Σt,s) ≥ δ (4.5)

and that by (3.7), we have for any α ∈ Nd
0 with |α| ≥ 2

|∂αξ Φ̃(y, ξ)| = |∂αξ φ̃t,s(ξ)| ≲α |ξ|1−|α| ≲ 1 on supp(ψ). (4.6)

For v(y, ξ) := ∇ξΦ̃t,s(y,ξ)
|∇ξΦ̃t,s(y,ξ)|2 (y ∈ Rd, ξ ̸= 0), the estimates (4.5), (4.6) imply

for all α ∈ Nd
0 the bounds

|∂αξ v(y, ξ)| ≲α,δ 1 on supp(ψ). (4.7)

Now let L be the differential operator defined by L := εId + v(y, ξ) ·Dξ with
ε := sgn(t − s). Then, LNei(t−s)Φ̃(y,ξ) = εN(1 + |t − s|)Nei(t−s)Φ̃(y,ξ) and we
infer from (4.7) that ∥(LT )Nψ∥∞ ≲N,δ 1. Thus, integrating by parts, we
obtain

(2π)d(1 + |t− s|)N |Kt,s(y)| =
∣∣∣∣∣
∫
Rd

(
LNei(t−s)Φ̃(y,ξ)

)
ψ(ξ) dξ

∣∣∣∣∣
=
∣∣∣∣∣
∫
Rd

ei(t−s)Φ̃(y,ξ)(LT )Nψ(ξ) dξ
∣∣∣∣∣

≲d ∥(LT )Nψ∥∞ ≲N,δ 1

as desired.

4.1.2. Estimates in a Neighborhood of the Light Cone
For δ > 0, let Σδ

t,s := {y ∈ Rd | dist(y,Σt,s) < δ|t−s|} denote the open δ|t−s|-
neighborhood of Σt,s. Then, Proposition 4.1.1 tells us that the significant
contributions to ∥Kt,s∥∞ come from those y lying in Σδ

t,s. In order to obtain
the required L∞-bounds for Kt,s on Σδ

t,s, we shall invoke the stationary phase
theorem for nondegenerate critical points (see e.g. [29, Theorem 7.7.5]).
Recall that critical points of Φ(y, ξ) are those ξ ∈ supp(ψ) such that

y = ∇ξφt,s(ξ).

Since ∇ξφt,s is positively homogeneous of degree zero, critical points come
in radial rays: if ξ is a critical point, so is rξ for any r > 0. In particular,
critical points of Φ are degenerate in radial direction. We address this by
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performing a suitable change of variables. More precisely, we will see in
Proposition 4.1.2 that for t ̸= s

Kt,s(y) = 1
(2π)d

∫ ∞

0
e−irt

(∫
Sd−1

t,s

eiry·ωψ(rω) dω
)

dr,

where Sd−1
t,s is the hypersurface defined by

Sd−1
t,s := {ξ ∈ Rd | φ̃t,s(ξ) = 1} (4.8)

and dω is the surface measure on Sd−1
t,s normalized by |∇ξφ̃t,s|. The L∞-

bounds for Kt,s are then reduced to corresponding bounds for the Fourier
transform of the surface-carried measure dσ := ψ(rω) dω. This is exactly
where assumption (1.10) enters the picture: it guarantees that Sd−1

t,s is a small
perturbation of the unit sphere, with still nonvanishing Gaussian curvature.
By stationary phase on Sd−1

t,s , we then obtain the desired decay of order
(1 + |t− s|)− d−1

2 for y ∈ Σδ
t,s.

Recall that ∆c = {(t, s) ∈ R2 | t ̸= s}. It follows immediately from (1.10)
and (4.8) that there exists some annulus in which all hypersurfaces Sd−1

t,s ,
(t, s) ∈ ∆c, are contained. More precisely, for all (t, s) ∈ ∆c

Sd−1
t,s ⊆

{
ξ ∈ Rd : 1

c1
≤ |ξ| ≤ 1

c2

}
(4.9)

with c1 := c1,ε0 :=
√

1 + ε0 and c2 := c2,ε0 :=
√

1 − ε0. Similarly, we deduce
from (1.10) and (4.3) that

Σ̃t,s ⊆
{
ξ ∈ Rd : c2

2
c1

≤ |ξ| ≤ c2
1
c2

}
. (4.10)

We summarize important properties of the hypersurfaces Sd−1
t,s in the follow-

ing proposition, for which we provide a proof in the appendix (see Proposi-
tion A.0.1).

Proposition 4.1.2 (Properties of Sd−1
t,s ). Let (t, s) ∈ ∆c.

(i) Sd−1
t,s is a smooth, compact hypersurface in Rd, with normal space at

each ω ∈ Sd−1
t,s given by

Nω(Sd−1
t,s ) = span

{
∇ξφ̃t,s(ω)}. (4.11)

Moreover, Sd−1
t,s is the boundary of the compact, strictly convex set

Ct,s := {ξ ∈ Rd | φ̃t,s(ξ) ≤ 1}.
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4 Global-In-Time Strichartz Estimates

(ii) The Gauss map on Sd−1
t,s given by

n : Sd−1
t,s → Sd−1, n(ω) = ∇ξφ̃t,s(ω)

|∇ξφ̃t,s(ω)|

is a diffeomorphism with n(−ω) = −n(ω). In particular, for each
ν ∈ Sd−1 there exists exactly one ω0 ∈ Sd−1

t,s such that ±ν = n(±ω0).

(iii) Let n be the Gauss map from (ii) and ε0 from (1.10) sufficiently small.
Then, there exists some κ = κ(ε0) > 0 independent of (t, s) ∈ ∆c such
that in each point ω ∈ Sd−1

t,s the principal curvatures κ1(ω), . . . , κd−1(ω)
with respect to −n satisfy κj(ω) ≥ κ.

(iv) Let dω := |∇ξφ̃t,s|−1 dHd−1 be the (d− 1)-dimensional Hausdorff mea-
sure on Sd−1

t,s , normalized by |∇ξφ̃t,s|. Then,
∫
Rd
f(x) dx =

∫ ∞

0

(∫
Sd−1

t,s

f(rω) dω
)
rd−1 dr

for any integrable function f : Rd → C.

Remark 4.1.3. We want to emphasize that the nonvanishing Gaussian cur-
vature of Sd−1

t,s as implied by Proposition 4.1.2 (iii) is the crucial property
that we will need to establish the L∞-bounds for K±

t,s. In fact, our proof of
this property is the only point where we need ε0 to be small.

We want to treat the family of hypersurfaces (Sd−1
t,s )(t,s)∈∆c essentially as one

hypersurface, and to this end, we need to make sure that implicit constants
arising in our estimates are uniform in the parameter (t, s) ∈ ∆c. This is why
we need the following two lemmas. The first one, roughly speaking, asserts
that the unit normals on S are uniformly separated in angle, provided that
S is a hypersurface satisfying the properties stated in Proposition 4.1.2 (ii)
and (iii).

Lemma 4.1.4. Let S be a smooth hypersurface in Rd with bijective, smooth
Gauss map n : S → Sd−1 satisfying n(−ω) = −n(ω) for all ω ∈ S. Sup-
pose that there exists κ > 0 such that in each point ω ∈ S, the principal
curvatures κ1(ω), . . . , κd−1(ω) with respect to −n satisfy κj(ω) ≥ κ. Put
cκ :=

√
2π−1κ > 0 and cd,κ := (d − 1)− 1

2 cκ > 0. Then, for all δ ∈ (0, c−1
κ )

and ω, ω0 ∈ S with |ω ± ω0| ≥ δ, there exists some v ∈ Tω(S) with |v| = 1
and

|(v|n(ω0))| ≥ cd,κδ.

Proof. Let ω ∈ S. Recall that the principal curvatures κ1(ω), . . . , κd−1(ω)
with respect to −n are the eigenvalues of the self-adjoint shape opera-
tor Lω : Tω(S) → Tω(S), Lω = Dvn. Under the identification Tω(S) ≃
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Tn(ω)(Sd−1), we have dnω = Lω and thus by the inverse function theorem
that n−1 is smooth with ∥ d(n−1)ν∥ = ∥( dnn−1(ν))−1∥ ≤ κ−1 for all ν ∈ Sd−1.
Thus,

|n−1(ν) − n−1(ν0)| ≤ ∥ dn−1∥∞ dSd−1(ν, ν0) ≤ π
2κ |ν − ν0|

for ν, ν0 ∈ Sd−1. In particular, n−1 is Lipschitz continuous with Lipschitz
constant π

2κ . Thus, if δ ∈ (0, 1
cκ

) and ω, ω0 ∈ S with |ω ± ω0| ≥ δ, then(
2κδ
π

)2
≤ (2κ

π
|ω − ω0|)2 ≤ |n(ω) − n(ω0)|2

= |n(ω)|2 + |n(ω0)|2 − 2(n(ω)|n(ω0))
= 2

(
1 − (n(ω)|n(ω0))

)
,

which implies (n(ω)|n(ω0)) ≤ 1 − 1
2(2κδ

π
)2. Replacing ω0 by −ω0 and using

that n(−ω0) = −n(ω0), we also get −(n(ω)|n(ω0)) ≤ 1 − 1
2(2κδ

π
)2 and thus

|(n(ω)|n(ω0))| ≤ 1 − 1
2

(
2κδ
π

)2
=: r

(note that r ∈ (0, 1) by the assumption on δ). Now choose an orthonormal
basis (v1, . . . , vd−1) of Tω(S). Then,

d−1∑
j=1

|(vj|n(ω0))|2 = |n(ω0)|2 − |(n(ω)|n(ω0)|2 ≥ 1 − r2 ≥ 1 − r.

Thus, there must exist some j ∈ {1, . . . , d− 1} such that

|(vj|n(ω0))|2 ≥ 1
d−1(1 − r) = 1

2(d−1)

(
2κδ
π

)2
= c2

d,κδ
2,

proving the claim.

The next lemma guarantees that we can find a ∆c-independent number of
parametrizations of Sd−1

t,s which satisfy bounds which are uniform in (t, s) ∈
∆c. We provide a proof in Lemma A.0.2.

Lemma 4.1.5. Let δ0 := (2d 1
2 c1)−1 ∈ (0, 1). Then, for each (t, s) ∈ ∆c there

exists an open cover U t,s := {Ut,s
j | j ∈ {1, . . . , 2d}} of Sd−1

t,s such that the
following holds for all (t, s) ∈ ∆c and j ∈ {1, . . . , 2d}:

(i) For each ω ∈ Sd−1
t,s we have B(ω, δ0) ⊆ Ut,s

i for some i ∈ {1, . . . , 2d}.

(ii) There exists an open, convex 0-neighborhood V t,s
j ⊆ Rd−1 and a smooth

parametrization gt,sj : V t,s
j → Ut,s

j which is a graph of a smooth function
and which satisfies the following bounds,

∥gt,sj ∥CM (V t,s
j ) ≲M 1 (M ∈ N0),

(Gt,s
j (ξ)x|x) ≥ 1 (ξ ∈ V t,s

j , |x| = 1),
|gt,sj (ξ) − gt,sj (η)| ≥ |ξ − η| (ξ, η ∈ V t,s

j )
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uniformly w.r.t. (t, s) ∈ ∆c. Here, Gt,s
j (ξ) = (∂kgt,sj (ξ)|∂ℓgt,sj (ξ))k,ℓ

denotes the Gram matrix of gt,sj .
The following two theorems are the main tools we need to establish the L∞-
bounds for K±

t,s, and are a consequence of the principles of stationary and
nonstationary phase.
Theorem 4.1.6 (Stationary Phase). Let S be a compact smooth hypersurface
in Rd with a Gauss map n : S → Sd−1. Suppose there exists κ ∈ (0, 1)
such that at each point ω ∈ S the principal curvatures κ1(ω), . . . , κd−1(ω)
satisfy κj(ω) ≥ κ. Let dω denote the surface measure on S and suppose that
β ∈ C∞(S) and ρ ∈ C∞

c (R) with supp(ρ) ⊆ (−1, 1). Then, there exists δ > 0
such that for all N ∈ N0, one has the estimate∣∣∣∣∣

(
d

dµ

)N
e−iµν0·ω0

∫
S

eiµν0·ωρ
(
ω−ω0
δ

)
β(ω) dω

∣∣∣∣∣ ≲N (1 + |µ|)− d−1
2 −N

uniformly in µ ∈ R, ω0 ∈ S, and ν0 = n(ω0), with an implicit constant
AN = AN(κ, ρ, β, δ, S).
Proof. We want to apply [29, Theorem 7.7.5] but we shall proceed with a
little caution as we want to track how implicit constants really depend on
the hypersurface S.
For each ω ∈ S there exist open neighborhoods Uω ⊆ S of ω and Vω ⊆ Rd−1

of 0, along with a smooth parametrization gω : Vω → Uω with gω(0) = ω. By
the implicit function theorem, we may assume without restriction that gω
is the graph of a smooth function. By possibly shrinking Vω, we may also
assume that Vω is convex and that

CM,ω := ∥gω∥CM (Vω) < ∞ (M ∈ N0), (4.12)
(Gω(ξ)x|x) ≥ 1 (ξ ∈ Vω, |x| = 1), (4.13)
|gω(ξ) − gω(η)| ≥ |ξ − η| (ξ, η ∈ Vω), (4.14)

where Gω(ξ) := (∂kgω(ξ)|∂ℓgω(ξ))k,ℓ denotes the Gramian of gω (note that
(4.13), (4.14) follow from gω being of graph-type). As the hypersurface S is
compact, we find finitely many sets Uω1 , . . . ,Uωm (m ∈ N) which cover S.
We abbreviate Vj := Vωj

, Uj := Uωj
and gj := gωj

for j ∈ {1, . . . ,m} and let
us also set

CM := max
j∈{1,...,m}

CM,ωj
(M ∈ N0). (4.15)

By the Lebesgue number lemma, there exists some δ0 > 0 such that for each
ω0 ∈ S the closed δ0-ball B(ω0, δ0) is fully contained in one of the Uj. Now,
let δ ∈ (0, δ0) be fixed later and N ∈ N. Suppose that β ∈ C∞(S) and
ρ ∈ C∞

c (R) with supp(ρ) ⊆ (−1, 1). Given ω0 ∈ S and ν0 = n(ω0) ∈ Nω0(S),
we consider the oscillatory integral

Jδ(µ) :=
∫
S

eiµν0·ωρ
(
ω−ω0
δ

)
β(ω) dω (µ ∈ R).
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Clearly, the integrand has its support in B(ω0, δ) ⊆ B(ω0, δ0). Thus, there
exists some j = j(ω0) such that B(ω0, δ) ⊆ Uj and therefore

Jδ(µ) =
∫
Vj

eiµfj(ξ)ρ̃j,δ(ξ) dξ,

where ξ0 := g−1
j (ω0), ρ̃j,δ(ξ) := ρ

(
gj(ξ)−gj(ξ0)

δ

)
β(gj(ξ))

√
detGj(ξ) and

fj : Vj → Rd, fj(ξ) = ν0 · gj(ξ).

We claim that ξ0 is a critical point of fj. Indeed, since T := {t1, . . . , td−1} :=
{∂1gj(ξ0), . . . , ∂d−1gj(ξ0)} ⊆ Tω0(S) and ν0 ∈ Nω0(S), we have

∂kfj(ξ0) = ν · ∂kgj(ξ0) = 0 for all k ∈ {1, . . . , d− 1}.

Moreover, ξ0 is nondegenerate. Indeed, the Hessian of fj is given by

Hfj(ξ0) = (ν0|∂kℓgj(ξ0))k,ℓ = −
(
II(∂kgj(ξ0), ∂ℓgj(ξ0))

)
k,ℓ

= −(II(tk, tℓ))k,ℓ,

where II denotes the second fundamental form w.r.t. −n (see e.g. [63, Chap-
ter 1, Proposition 9.1]). Let V := {v1, . . . , vd−1} be an orthonormal basis
of Tω0(S) corresponding to the principal curvatures κ1(ω0), . . . , κd−1(ω0) and
let V := ((tℓ|vk))k,ℓ ∈ R(d−1)×(d−1) be the transition matrix from T to V .
From the identity in the above display, we then obtain Hfj(ξ0) = −V TΛV ,
where Λ := diag(κ1(ω0), . . . , κd−1(ω0)). Thus, for all x ∈ Rd−1 with |x| = 1
we conclude

|(Hfj(ξ0)x|x)| = (ΛV x|V x) ≥ κ(V x|V x) ≥ κ,

where we used V TV = Gj(ξ0) together with (4.13) in the last step. In
particular, this implies the nondegeneracy of ξ0.
Finally, we claim that for some δ = δ(δ0, κ, C4) > 0, we have that ρ̃j,δ is
compactly supported in B(ξ0, δ) ⊆ Vj and that

|∇fj(ξ)| ≥ κ
2 |ξ − ξ0| for all ξ ∈ B(ξ0, δ). (4.16)

First of all, observe that ρ̃j,δ is compactly supported in B̃δ := g−1
j (B(ω0, δ)).

Now, on the one hand, (4.14) implies that B̃δ ⊆ B(ξ0, δ). On the other hand,
we infer from (4.12) and the convexity of Vj that

|gj(ξ) − gj(η)| ≤ C1|ξ − η| (ξ, η ∈ Vj)

which (together with the continuity of g−1
j and B(ω0, δ0) ⊆ Uj) implies

that B(ξ0,
δ0
C1

) ⊆ Vj. So we have the chain of inclusions B̃δ ⊆ B(ξ0, δ) ⊆
B(ξ0,

δ0
C1

) ⊆ Vj provided that δ ≤ δ0
C1

, which we may assume. Then, for all
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ξ ∈ B(ξ0, δ), we infer from Taylor’s theorem (with cd > 0 a constant only
depending on the dimension d and C := cd(1 + C4))

|∇ξfj(ξ)| ≥ |Hfj(ξ0)(ξ − ξ0)| − C|ξ − ξ0|2

≥ κ|ξ − ξ0| − C|ξ − ξ0|2

≥ κ
2 |ξ − ξ0|

provided that δ ≤ κ
2C . So

δ := min{ δ0
C
, κ

2C} (4.17)

does the job (here, we used C1 ≤ C4 ≤ C). Now, Theorem [29, Theorem
7.7.5] implies that∣∣∣∣∣

(
d

dµ

)N
e−iµν0·ω0Jδ(µ)

∣∣∣∣∣ ≤ A(1 + |µ|)− d−1
2 −N (µ ∈ R),

where
A := A(M,C3M+1, κ, d, (∥ρ̃δ∥C2M (Vj))mj=1)

and M ∈ N is such that M > N + d−1
2 . Note that this estimate does not

depend on ω0 ∈ S (in view of (4.15)). Therefore, the proof is complete.

Theorem 4.1.7 (Nonstationary Phase). Let S be a compact smooth hyper-
surface in Rd with surface measure dω and β ∈ C∞(S), f ∈ C∞(S). Suppose
further that for some δ̃ > 0 we have ∥ dfω∥ ≥ δ̃ for all ω in the support of
β. Then, for any N, ℓ ∈ N0 we have∣∣∣∣∣Dℓ

µ

∫
S

eiµf(ω)β(ω) dω
∣∣∣∣∣ ≤ C(1 + |µ|)−N (µ ∈ R)

with C = C(N, ℓ, δ̃, β, f,S).

Proof. By dominated convergence,

Dℓ
µ

∫
S

eiµf(ω)β(ω) dω =
∫
S

eiµf(ω)(f(ω))ℓβ(ω) dω.

As in the proof of Theorem 4.1.6, we may choose a finite open cover U :=
{Uj | j ∈ {1, . . . ,m}} (m ∈ N) with smooth parametrizations gj : Vj → Uj

(where Vj ⊆ Rd−1 is open). As in (4.13), we may assume (Gj(ξ)x|x) ≥ 1 for
all j ∈ {1, . . . ,m}, ξ ∈ Vj, and |x| = 1. Now, choose a smooth partition of
unity (φj)mj=1 of S subordinate to the cover U . Then,

∫
S

eiµf(ω)(f(ω))ℓβ(ω) dω =
m∑
j=1

∫
S

eiµf(ω)(f(ω))ℓβ(ω)φj(ω) dω.
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Using the parametrization gj, the j-th term in the above sum is equal to

Ij(µ) :=
∫
Vj

eiµf(gj(ξ))hj(ξ) dξ

with hj(ξ) := (f ℓβφj)(gj(ξ))
√

detGj(ξ). A moment’s thought reveals that
the assumption ∥ dωf∥ ≥ δ̃ implies

|∇ξ(f ◦ gj)(ξ)| ≥ δ̃
2 (ξ ∈ Vj). (4.18)

where cj := min|λ|=1,ξ∈Kj
|∑d−1

k=1 λk∂kgj(ξ)| = min|λ|=1,ξ∈Kj
|(Gj(ξ)λ|λ)| > 0.

Indeed, if ξ ∈ Kj, then by assumption there exists v ∈ Tgj(ξ)(S) with |v| = 1
and | dωf(v)| ≥ δ̃

2 . But we can write v = ∑d−1
k=1 λk∂kgj(ξ) for some λ ∈ Rd−1

and hence, setting w(ξ) := ∇ξ(f ◦ gj)(ξ), we conclude

δ̃
2 ≤ | dωf(v)| = |

d−1∑
k=1

λkwk(ξ)
∣∣∣ ≤ |λ||w(ξ)| ≤ |w(ξ)|,

where we used that

1 = |v| = (
d−1∑
k=1

λk∂kgj(ξ)|
d−1∑
k=1

λk∂kgj(ξ)) = (Gj(ξ)λ|λ) ≥ |λ|.

This proves (4.18). Now, we may apply [29, Theorem 7.7.1] to obtain the
estimate

|Ij(µ)| ≲ CN,ℓ,j,δ̃(1 + |µ|)−N (µ ∈ R)
with

CN,ℓ,j,δ̃ :=
∥f ◦ gj∥CN+1(Kj)∥hj∥CN (Kj)

(cj δ̃)2N
. (4.19)

Therefore, setting CN,ℓ,j,δ̃ := ∑m
j=1 CN,ℓ,δ̃ gives the claim.

Remark 4.1.8. Two remarks concerning the validity of Theorems 4.1.6 and
Theorems 4.1.7 are in order.

(i) Theorems 4.1.6 and 4.1.7 remain true if one multiplies the surface mea-
sure dω by some nonzero smooth function b on S since we can always
replace β by βb. This is a minor detail but worth mentioning since
we want to use these theorems after applying Proposition 4.1.2 (iv),
where the surface measure is normalized by |∇ξφ̃t,s|.

(ii) Fourier transforms of surface-carried measures have already been stud-
ied a long time ago, and the asymptotic decay estimates as in Theo-
rems 4.1.6 and 4.1.7 are classical by now (see e.g. [38], [56], [52]).
However, little emphasis is typically placed on the exact quantities
that the implicit constants depend on. We considered this to be an
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issue because we want to apply Theorems 4.1.6 and Theorems 4.1.7 to
the family of hypersurfaces (Sd−1

t,s )(t,s)∈∆c . This is the reason why we
really attempted to shed light on the dependence of implicit constants.
Indeed, a careful inspection of the proofs (see in particular (4.17)) and
Lemma 4.1.5 show that δ > 0 as in Theorem 4.1.6 can be chosen inde-
pendently from (t, s) ∈ ∆c and that the bounds in Theorem 4.1.6 and
Theorem 4.1.7 hold uniformly w.r.t. (t, s) ∈ ∆c.

We are finally in the position to also treat the case where y is near Σt,s, and
to prove the desired L∞-bounds for K±

t,s.

Theorem 4.1.9 (Decay Estimate for K±
t,s). There are constants CN > 0

(N ∈ N0) such that the following estimates hold true for all s, t ∈ R, y ∈ Rd,
and all N ∈ N0:∣∣∣K±

t,s(y)
∣∣∣ ≤ CN(1 + |y|)− d−1

2 (1 + dist(y,Σt,s))−N . (4.20)

In particular,
∥K±

t,s∥∞ ≲ (1 + |t− s|)− d−1
2 (s, t ∈ R). (4.21)

Proof. Let s, t ∈ R. As in the proof of Proposition 4.1.1, we may restrict to
Kt,s := K−

t,s with full phase function Φ. Note that the claim is trivial if s = t,
for then Kt,t = F−1ψ ∈ S(Rd) and Σt,t = {0}. We may therefore suppose
(t, s) ∈ ∆c in the following. We divide the proof into three steps.
Step 1: Rescaling
Recall the normalizations φ̃t,s = 1

t−sφt,s and Σ̃t,s = 1
t−sΣt,s = φ̃t,s(Sd−1) from

(4.4) and define Φ̃(z, ξ) := z · ξ − φ̃t,s(ξ) for (z, ξ) ∈ Rd × Rd. Then,

Kt,s(y) = 1
(2π)d

∫
Rd

ei(t−s)Φ̃
(

y
t−s

, ξ

)
ψ(ξ) dξ =: 1

(2π)d I
(
t− s,

(
y
t−s

))
, (4.22)

where

I(λ, z) := It,s(λ, z) :=
∫
Rd

eiλΦ̃(z,ξ)ψ(ξ) dξ (z ∈ Rd, λ ∈ R),

and (4.20) would follow from the uniform estimates∣∣∣I(λ, z)
∣∣∣ ≲N (1 + |λz|)− d−1

2 (1 + |λ|dist(z, Σ̃t,s))−N (z ∈ Rd, λ ∈ R). (4.23)

This is what we will show next.
Step 2 : The Proof of Estimate (4.23)
We deal first with the easier case z = 0 and then proceed with the case
z ̸= 0.
Case 1 : z = 0.
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Put δ := dist(0, Σ̃t,s) > 0. Then, δ ≃ 1 by (4.10) and therefore, Proposition
4.1.1 immediately implies

|I(λ, 0)| ≲N (1 + |λ|)−N ≲ (1 + |λ| δ)−N (λ ∈ R)

which is exactly (4.23).

Case 2 : z ̸= 0.
Let z ∈ Rd \{0} and set νz := z

|z| ∈ Sd−1. Let χ ∈ C∞
c ((0,∞)) with χ = 1 on

(1
2c2, 2c1), where c1 and c2 are the constants from (4.9). By Proposition 4.1.2

(iv), we then have

I(λ, z) =
∫ ∞

0
e−irλ

(∫
Sd−1

t,s

eirλz·ωψ(rω) dω
)
χ(r)rd−1 dr

=
∫ ∞

0
e−irλJ(r|λz|, νz)χ̃(r) dr,

where χ̃(r) := rd−1χ(r) and for fixed r > 0,

J(µ, ν) := Jrt,s(µ, ν) :=
∫
Sd−1

t,s

eiµν·ωψ(rω) dω (µ ∈ R, ν ∈ Sd−1).

By Proposition 4.1.2 (iii), there is exactly one ωz ∈ Sd−1
t,s such that ±νz =

n(±ωz). We localize J(µ, νz) around ±ωz: To this end, we choose ρ ∈ C∞
c (R)

such that ρ = 1 on (−1
2 ,

1
2), supp(ρ) ⊆ (−1, 1) and split J(µ, νz) = J1(µ, νz)+

J2(µ, νz) + J3(µ, νz), where

J1(µ, νz) :=
∫
Sd−1

t,s

eiµνz ·ωρ
(

|ω−ωz |
δ

)
ψ(rω) dω,

J2(µ, νz) :=
∫
Sd−1

t,s

eiµνz ·ωρ
(

|ω+ωz |
δ

)
ψ(rω) dω,

J3(µ, νz) :=
∫
Sd−1

t,s

eiµνz ·ωψ(rω)
(

1 − ρ
(

|ω−ωz |
δ

+ ρ
(

|ω+ωz |
δ

))
dω.

Here, the parameter δ > 0 is the same as in Theorem 4.1.6, the hypothesis
of which are satisfied by Proposition 4.1.2 and Remark 4.1.8 (ii). Then, we
obtain the splitting I(λ, z) = I1(λ, z) + I2(λ, z) + I3(λ, z) with

Ik(λ, z) =
∫ ∞

0
e−irλJk(r|λz|, νz)χ̃(r) dr

for k = {1, 2, 3}. We estimate each of these terms separately. Let k ∈ {1, 2}.
Note that by Euler’s relation for φ̃t,s,

νz · ωz = n(ωz) · ωz = ∇ξφ̃t,s(ωz) · ωz
|∇ξφ̃t,s(ωz)|

= φ̃t,s(ωz)
|∇ξφ̃t,s(ωz)|

= 1
|∇ξφ̃t,s(ωz)|

=: 1
σ

102



4 Global-In-Time Strichartz Estimates

and therefore

Ik(λ, z) =
∫ ∞

0
e−irλ(1− ε|z|

σ
) · e−ir |λz|

σ Jk(r|λz|, νz)χ̃(r) dr,

where ε := sgn(λ). Hence, integrating by parts and applying Theorem 4.1.6,
we obtain ∣∣∣(λ(1 − ε|z|

σ

))N
Ik(λ, z)

∣∣∣
=
∣∣∣∣∣
∫ ∞

0

(
(−Dr)Ne−irλ(1− ε|z|

σ
)
)

e−ir |λz|
σ Jk(r|λz|, νz)χ̃(r) dr

∣∣∣∣∣
=
∣∣∣∣∣
∫ ∞

0
e−irλ(1− ε|z|

σ
)DN

r

(
e−ir |λz|

σ Jk(r|λz|, νz)χ̃(r)
)

dr
∣∣∣∣∣

≤
∫ ∞

0

∣∣∣∣∣DN
r

(
e−ir |λz|

σ Jk(r|λz|, νz)χ̃(r)
)∣∣∣∣∣ dr

≲N

N∑
ℓ=0

∫ ∞

0
(1 + r|λz|)− d−1

2 |∂N−ℓ
r χ̃(r)| dr ≲N (1 + |λz|)− d−1

2 .

This yields

|Ik(λ, z)| ≲N (1 + |λz|)− d−1
2
(
1 +

∣∣∣λ(1 − ε|z|
σ

)∣∣∣)−N

for k ∈ {1, 2}. For k = 3, we use the principle of nonstationary phase.
Indeed, Lemma 4.1.4 implies (for δ < c−1

κ , which we may assume without
restriction) that f : Sd−1

t,s → R, f(ω) = νz · ω satisfies

∥ dfω∥ ≥ cd,κ δ

uniformly z ∈ Rd \ {0}, (t, s) ∈ ∆c, ωz ∈ Sd−1
t,s and ω ∈ Sd−1

t,s \ (Bδ(ωz) ∪
Bδ(−ωz)). Thus, by Theorem 4.1.7,

|Dℓ
rJ3(µ, νz)| ≲ℓ,M (1 + |µ|)−M (N, ℓ ∈ N0).

Following the above argument in the case k ∈ {1, 2}, we therefore obtain∣∣∣(λ(1 − ε|z|
σ

))N
I3(λ, z)

∣∣∣
≤
∫ ∞

0

∣∣∣∣∣DN
r

(
e−ir |λz|

σ J3(r|λz|, νz)χ̃(r)
)∣∣∣∣∣ dr

≲N,d

∑
ℓ∈N3

0,
|ℓ|=N

∫ ∞

0

∣∣∣Dℓ1
r e−ir |λz|

σ

∣∣∣ · ∣∣∣Dℓ2
r J3(r|λz|, νz)

∣∣∣ · ∣∣∣Dℓ3
r χ̃(r)

∣∣∣ dr
≲N,M

∑
ℓ∈N3

0,
|ℓ|=N

∫ ∞

0
|λz|ℓ1+ℓ2(1 + r|λz|)−M ·

∣∣∣Dℓ3
r (χ̃(r))

∣∣∣ dr
≲ (1 + |λz|)−(M−N).
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4.1. Decay Estimates for Truncated Half-Wave Kernel

Choosing M = 2N gives

|I3(λ, z)| ≲N (1 + |λz|)−N
(
1 + λ

∣∣∣1 − ε|z|
σ

∣∣∣)−N
.

Since |I(λ, z)| ≤ |I1(λ, z)| + |I2(λ, z)| + |I3(λ, z)|, we have proved that

|I(λ, z)| ≲N (1 + |λz|)− d−1
2
(
1 +

∣∣∣λ(1 − ε|z|
σ

)∣∣∣)−N
.

Now it just remains to recall that σ = |∇ξφ̃t,s(εωz)| ≃ 1 by (4.10) as well as
z = |z|

σ
∇ξφ̃t,s(ωz), which gives

dist(z, Σ̃t,s) ≤
∣∣∣z − ∇ξφ̃t,s(εωz)

∣∣∣ = σ
∣∣∣1 − ε|z|

σ

∣∣∣ ≃
∣∣∣1 − ε|z|

σ

∣∣∣.
This proves (4.23) as desired.
Step 3 : The Proof of (4.20)
Recall from (4.10) that

Σ̃t,s ⊆ {ξ ∈ Rd : c̃1 ≤ |ξ| ≤ c̃2} (4.24)

with c̃1 := c2
2
c1
, c̃2 := c2

1
c2

. Therefore, we deduce from (4.23) the uniform bounds

|I(λ, z)| ≲ (1 + |λ|)− d−1
2 (λ ∈ R, z ∈ Rd). (4.25)

Indeed, if dist(z, Σ̃t,s) ≤ c̃1
2 , then (4.24) implies |z| ≥ c̃1

2 , so (4.23) with N = 0
yields

|I(λ, z)| ≲ (1 + |λz|)− d−1
2 ≲c̃1,d (1 + |λ|)− d−1

2 (λ ∈ R, z ∈ Rd).
On the other hand, if dist(z, Σ̃t,s) ≥ c̃1

2 , then choosing some N ∈ N with
N ≥ d−1

2 in (4.23) yields

|I(λ, z)| ≲N (1 + |λ|dist(z, Σ̃t,s))−N ≲δ1,N (1 + |λ|)− d−1
2 (λ ∈ R, z ∈ Rd).

This proves (4.25). Now, (4.20) is an immediate consequence of (4.25) in
view of (4.22). The proof is complete.
Remark 4.1.10. We want to remark a useful observation concerning the
validity of Theorem 4.1.9. To this end, let β ∈ C∞

c (Rd) be supported away
from the origin and let f : R → R be a function. We set B(τ) := B(f(τ))
for τ ∈ R and consider

Kβ
φt,s

(y) := 1
(2π)d

∫
Rd

ei(y·ξ−φt,s(ξ))β(ξ) dξ, φt,s(ξ) :=
∫ t

s
(B(τ)ξ|ξ) 1

2 dτ.

Observe that all results presented in this section are preserved under the
transformation B 7→ B (and ψ 7→ β) as they solely rely on (1.10), which
is invariant under this transformation. Therefore, we are allowed to apply
Theorem 4.1.9 to Kβ

φt,s
to see that∣∣∣Kβ
φt,s

(y)
∣∣∣ ≲β (1 + |t− s|)− d−1

2 .

We will use this later with the affine linear transformation f(τ) := τ
λ

+ s for
fixed λ > 0 and s ∈ R.
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4 Global-In-Time Strichartz Estimates

4.2. Strichartz Estimates for
Frequency-Localized Approximate Solutions

In Subsection 3.2.2, we constructed the parametrices C(t, s) and S(t, s) on
the basis of the parametrices T±(t, s), where

T±(t, s) =
∑
λ∈2Z

T±
λ (t, s), T±

λ (t, s) =
(
e±iφt,sψλ

)
(
√

L). (4.26)

In this section, we prove Strichartz estimates for the λ-frequency-localized
operators T±

λ (t, s) with a constant which is uniform in λ ∈ 2Z. It essentially
suffices to consider T±

1 (t, s), as the estimates for general λ can then be re-
covered by a scaling argument. The Strichartz estimates for T±

1 (t, s) are in
turn obtained via the famous Keel–Tao argument [34] and in order to apply
the latter, we use the kernel bounds established in Theorem 4.1.9 and the
L∞
x L1

y-estimates for Cos(y
√

L) from Corollary 2.2.10 (see Lemma 4.2.2).
To prepare for the scaling argument, we define for λ > 0 the dilation operator

δλ : L2(Rd) → L2(Rd), (δλf)(x) := fλ(x) = f
(
x
λ

)
.

and the rescaled operator Lλ := (L1,λ, . . . , Ld,λ) by

Lj,λ :=
Djaj,λDj

0 aj,λD
2
j

 , aj,λ(·) := aj
(

·
λ

)
.

Lemma 4.2.1 (Scaling Symmetry of 1D-Half-Wave Groups). Let λ > 0 and
y ∈ Rd. Then,

δλei
y
λ

√
L = eiy

√
Lλδλ. (4.27)

In particular,
sup

λ>0,y∈Rd

∥eiy
√

Lλ∥L(L2(Rd)) ≤ 1. (4.28)

Proof. Let f ∈ H2
L(Rd). Then a straightforward computation reveals the

identity
Lλfλ = λ−2(Lf)λ,

which, by functional calculus, entails
√

Lλfλ = λ−1(
√

Lf)λ.

But this implies that for each j ∈ {1, . . . , d}, the function u : R → L2(Rd),
u(t) :=

(
ei t

λ

√
Ljf

)
λ

is a classical solution to the abstract Cauchy problem

u′(t) = i
√
Lj,λu(t) (t ∈ R), u(0) = fλ.
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4.2. Strichartz Estimates for Frequency-Localized Approximate Solutions

Therefore, the uniqueness of classical solutions (see e.g. [2, Theorem 3.1.12])
gives (

ei t
λ

√
Ljf

)
λ

= eit
√
Lj,λfλ (t ∈ R). (4.29)

This identity extends to all f ∈ L2(Rd) by density of H2
L(Rd) in L2(Rd). Since

eiy·
√

Lλ = eiy1
√
L1,λ · · · eiyd

√
Ld,λ for y ∈ Rd, we may apply (4.29) iteratively for

j = 1, . . . , d to obtain(
ei

y
λ

√
Lf
)
λ

= eiy
√

Lλfλ (y ∈ Rd, f ∈ L2(Rd)),

which is exactly (4.27). The second claim is now a straightforward conse-
quence, since∥∥∥eiy·

√
Lλ

∥∥∥ =
∥∥∥δλ(ei y

λ
·
√

L
)
δλ−1

∥∥∥ ≤
∥∥∥δλ∥∥∥∥∥∥(ei y

λ
·
√

L
)∥∥∥∥∥∥δλ−1

∥∥∥ ≤ λ
d
2 · 1 · λ− d

2 = 1,

where in the above display ∥ · ∥ denotes the norm in L(L2(Rd)).

Lemma 4.2.2. We have

∥Cos(y
√

Lλf)(x)∥L∞
x (Rd;L1

y(Rd)) ≲ ∥f∥1 (4.30)

for all f ∈ L2(Rd) ∩ L1(Rd) and all λ > 0.

Proof. This is an immediate consequence of Corollary 2.2.10, noting that
the implicit constant in (2.70) just depends on m1,m2, and m3, which are
invariant under the transformation aj 7→ aj,λ.

Lemma 4.2.3 (Dispersive Estimates for T±
λ ). Let s, t ∈ R, λ > 0 and sup-

pose that β ∈ C∞
c (Rd) is supported away from the origin. We define

φ̄u,v(ξ) :=
∫ v

u
(B̄(τ)ξ|ξ) 1

2 dτ, B̄(τ) := B
(
τ
λ

+ s
)

(u, v ∈ R).

(i) We have[(
e±iφt,sβλ)(

√
L)f

]
λ

=
(
e±iφ̄λ(t−s),0β

)
(
√

Lλ)fλ (f ∈ L2(Rd)).

(ii) For all σ, τ ∈ R, there holds the estimate∥∥∥|(e±iφ̄τ,σβ
)
(
√

Lλ)g∥∞ ≲ (1+ |τ−σ|)− d−1
2 ∥g∥1 (g ∈ L1(Rd)∩L2(Rd)).

Proof. Let s, t ∈ R, λ > 0 and f ∈ L2(Rd). By Remark 2.3.2, we have
[
(e±iφt,sβλ)(

√
L)f

]
λ

=
∫
Rd
Kβλ,±
φt,s

(y)
(
Cos(y

√
L)f

)
λ

dy (4.31)
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4 Global-In-Time Strichartz Estimates

with

Kβλ,±
φt,s

(y) := F−1(e±iφt,sβλ)(y) = 1
(2π)d

∫
Rd

ei(y·ξ±φt,s(ξ))βλ(ξ) dξ.

Applying the changes of variables ξ 7→ λξ and τ 7→ τ
λ

+ s, we obtain

Kβλ,±
φt,s

(y) = λd

(2π)d
∫
Rd

ei(λy·ξ±λφt,s(ξ))β(ξ) dξ

= λd

(2π)d
∫
Rd

ei(λy·ξ±φ̄λ(t−s),0(ξ))β(ξ) dξ = λdKβ,±
φ̄λ(t−s),0(λy).

Substituting this into (4.31), applying the change of variables y 7→ y
λ

and
invoking Lemma 4.2.1, we arrive at[

(e±iφt,sβλ)(
√

L)f
]
λ

=
∫
Rd
λdKβ,±

φ̄λ(t−s),0(λy)
[
Cos(y

√
L)f

]
λ

dy

=
∫
Rd
Kβ,±
φ̄λ(t−s),0(y)

[
Cos

(
y
λ

√
L
)
f
]
λ

dy

=
∫
Rd
Kβ,±
φ̄λ(t−s),0(y)Cos

(
y
√

Lλ

)
fλ dy

= (e±iφ̄λ(t−s),0β)(
√

Lλ)fλ.

This proves (i). Similarly, if g ∈ L1(Rd) ∩ L2(Rd), it follows from Theo-
rem 4.1.9, Remark 4.1.10 and Lemma 4.2.2 that for all τ, σ ∈ R

ess sup
x∈Rd

∣∣∣(e±iφ̄τ,σβ)(
√

Lλ)g(x)
∣∣∣ =

∣∣∣∣∣
∫
Rd
Kβ,±
φ̄τ,σ

(y)
[
Cos

(
y
√

Lλ

)
g
]
(x) dy

∣∣∣∣∣
≤
∥∥∥Kβ,±

φ̄τ,σ

∥∥∥
∞

∫
Rd

∣∣∣[Cos
(
y
√

Lλ

)
g
]
(x)
∣∣∣ dy

≲ (1 + |τ − σ|)− d−1
2 ∥g∥1,

which proves (ii).

Definition 4.2.4 (γ-Admissibility). Let γ > 0. Then, an exponent pair
(p, q) ∈ [2,∞]2 is called γ-admissible if (p, q, σ) ̸= (2,∞, 1) and 1

p
+ γ

q
≤ γ

2 .

Note that if (p, q, α) is a wave-admissible Strichartz triple, then (p, q) is
d−1

2 -admissible (cf. (1.4)). The following is the famous result by Keel–Tao.

Theorem 4.2.5 ([34, Theorem 1.2]). Let (Ω, µ) be a measure space and H
be a Hilbert space. Suppose that U(t) : H → L2(Ω) is a linear operator for
each t ∈ R satisfying the following properties:

(i) Uniform Boundedness: For all t ∈ R and f ∈ H

∥U(t)f∥L2
x(Ω) ≲ ∥f∥H .
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4.2. Strichartz Estimates for Frequency-Localized Approximate Solutions

(ii) Truncated Decay: For some γ > 0, we have

∥U(s)U(t)∗g∥L∞
x (Ω) ≲ (1 + |t− s|)−γ∥g∥L1

x(Ω) for all s, t ∈ R, g ∈ S,

where S ⊆ L1(Ω) ∩ L2(Ω) denotes a dense subset in L1(Ω).

Then, the estimates

∥U(t)f∥Lp
t (R;Lq

x(Ω)) ≲ ∥f∥H (f ∈ H)

and ∥∥∥∥∫ t

0
U(t)U(s)∗F (s) ds

∥∥∥∥
Lp

t (R;Lq
x(Ω))

≲ ∥f∥H (F ∈ Lp̃
′

t (R;Lq̃′

x (Ω))),

hold true for any γ-admissible exponent pairs (p, q), (p̃, q̃).

Theorem 4.2.6 (Global Strichartz Estimates for T±
λ ). Suppose that (p, q, α)

is a wave-admissible Strichartz triple. Let λ ∈ 2Z and s ∈ R. Then,

∥L− α
2 (e±iφt,sψλ)(

√
L)f∥Lp

t (R;Lq
x(Rd)) ≲ ∥f∥2 (f ∈ L2(Rd)), (4.32)

with an implicit constant independent of s and λ.

Proof. Let (p, q, α) be a wave-admissible Strichartz triple. For s, t ∈ R and
λ > 0 we let

φ̄t,0(ξ) =
∫ t

0
(B̄(τ)ξ|ξ) 1

2 dτ (ξ ∈ Rd), B̄(τ) = B
(
τ
λ

+ s
)

(τ ∈ R)

as in Lemma 4.2.3. Let β := | · |−αψ and let f ∈ L2(Rd). By Lemma 2.1.15
(b) and Lemma 4.2.3 (a), we have

L− α
2 (e±iφt,sψλ)(

√
L)f(x) = λ−α

(
e±iφt,sβλ

)
(
√

L)f(x)

= λ−α
(
e±iφ̄λ(t−s),0β

)
(
√

Lλ)fλ(λx)
= λ−α[U±(λ(t− s))fλ](λx)

for a.e. x ∈ Rd, where we define for τ ∈ R

U±(τ) : L2(Rd) → L2(Rd), U±(τ)f :=
(
e±iφ̄τ,0β

)
(
√

Lλ)f.

Let us suppose for a moment that

∥U±(τ)f∥Lp
τ (R;Lq

x(Rd)) ≲ ∥f∥2 (f ∈ L2(Rd)), (4.33)
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4 Global-In-Time Strichartz Estimates

whose proof we postpone to the end. Now, applying the change of variables
x 7→ x

λ
, t 7→ t

λ
and invoking (4.33), we obtain

∥L− α
2 (e±iφt,sψλ)(

√
L)f∥Lp

t (R;Lq
x(Rd)) = λ−α∥(U±(λ(t− s))fλ)(λx)∥Lp

t (R;Lq
x(Rd))

≲ λ
−
(
α+ 1

p
+ d

q

)
∥(U(t)fλ)(x)∥Lp

t (R;Lq
x(Rd))

≲ λ
−
(
α+ 1

p
+ d

q

)
∥fλ∥L2

x(Rd)

≲ λ
−
(
α− d

2 + 1
p

+ d
p

)
∥f∥L2

x(Rd) = ∥f∥L2
x(Rd),

where the last equality follows from the fact (p, q, α) is a wave-admissible
Strichartz triple. Thus, it remains to prove (4.33). To ease notation, we
provide the proof for U := U+ (the proof for U− is analogous). To this end,
we want to verify properties (i) and (ii) in Theorem 4.2.5. Property (i) is
easy since

∥U(τ)f∥2 ≲ ∥eiφ̄τ,0β∥∞∥f∥2 ≲β ∥f∥2 (f ∈ L2(Rd), τ ∈ R)

by Proposition 2.3.5 (a) (note that the bounds are independent of λ by
(4.28)). As Lλ and therefore also

√
Lλ is self-adjoint w.r.t. (2.73), we have

by Proposition 2.1.10 (b)

(U(σ))∗ =
(
eiφ̄σ,0β

)
(
√

Lλ) =
(
eiφ̄0,σβ

)
(
√

Lλ)

and therefore

U(τ)(U(σ))∗ =
(
ei(φ̄τ,0+φ̄0,σ)β2

)
(
√

Lλ) =
(
eiφ̄τ,σβ2

)
(
√

Lλ).

Thus, by Lemma 4.2.3 (b)

∥U(τ)(U(σ))∗g∥∞ =
∥∥∥(eiφ̃τ,σβ2

)
(
√

Lλ)g
∥∥∥

∞
≲ (1+|τ−σ|)− d−1

2 ∥g∥1 (τ, σ ∈ R)

for g ∈ L1(Rd) ∩ L2(Rd), which shows (ii). Applying Theorem 4.2.5 (sep-
arately in both components of L2(Rd) = L2(Rd;C2)), we obtain (4.33) as
desired.

4.3. Global Strichartz Estimates
In Theorem 4.2.6, we proved global-in-time Strichartz estimates for the oper-
ators T±

λ (t, s) with a constant uniform in λ ∈ 2Z. The following is a roadmap
that will lead us from these uniform estimates for the operators T±

λ (t, s) to
the global-in-time Strichartz estimates for the weak solution to (3.1):
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(1) We obtain global-in-time Strichartz estimates for T±(t, s) by patching
the estimates for (T±

λ )λ∈2Z together with the help of Proposition 2.1.29.
This is done in Theorem 4.3.2.

(2) In Corollary 4.3.3, we carry over the estimates for T±(t, s) to corre-
sponding ones for C(t, s) and S(t, s) using Lemma 3.2.7.

(3) We use the estimates for C(t, s) and S(t, s) obtained in (2) and the
representation formula (3.31) in Theorem 3.3.7 to prove global-in-time
Strichartz estimates for the weak solution to (3.1) in H1

L(Rd) (see The-
orem 4.3.4).

(4) Finally, in order to prove Theorem 1.1.4, it remains to employ Propo-
sition 2.3.3 to identify the L-adapted spaces with the standard Sobolev
spaces. This is the point that leads to additional restrictions for the
regularity parameter α of the Strichartz triple.

Before we go on this journey, we recall the Christ-Kiselev lemma, which will
allow us to estimate the Duhamel term in the representation formula (3.31)
later on.

Lemma 4.3.1 ([58, Lemma 2.4]). Let X, Y be Banach spaces and let K ∈
C(R × R; L(X, Y )). Suppose that 1 ≤ p < q ≤ ∞ is such that∥∥∥∥∥

∫
R
K(t, s)F (s) ds

∥∥∥∥∥
Lq

t (R;Y )
≲ ∥F∥Lp

t (R;X)

for all F ∈ Lpt (R;X). Then, one also has∥∥∥∥∥
∫ t

−∞
K(t, s)F (s) ds

∥∥∥∥∥
Lq

t (R;Y )
≲ ∥F∥Lp

t (R;X).

Theorem 4.3.2 (Strichartz Estimates for Parametrices I). Suppose that
(p, q, α) is a wave-admissible Strichartz triple.

(i) The estimate

∥L− α
2 T±(t, s)f∥Lp

t (R;Lq
x(Rd)) ≲ ∥f∥2 (f ∈ S√

L)

holds uniformly in s ∈ R.

(ii) Moreover, if (p̃, q̃, α̃) is another wave-admissible Strichartz triple with
p̃′ < p, then∥∥∥∥∫ t

0
L−α+α̃

2 T±(t, s)G(s) ds
∥∥∥∥

Lp
t (R;(Lq

x(Rd)))
≲ ∥G∥Lp̃′

t (R;Lq̃′
x (Rd))

for all measurable functions G : R → S√
L of compact support.
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Proof. Let (p, q, α) be a wave-admissible Strichartz triple.
(i) Let f ∈ S√

L and s ∈ R. Then, Proposition 2.1.29 followed by an appli-
cation of Minkowski’s inequality (p, q ≥ 2) gives

∥L− α
2 T±(t, s)f∥2

Lp
t (R;Lq

x(Rd)) ≃
∥∥∥∥∥
( ∑
µ∈2Z

∣∣∣ψµ(
√

L)L− α
2 T±(t, s)f

∣∣∣2) 1
2
∥∥∥∥∥

2

Lp
t (R;Lq

x(Rd))

≲
∑
µ∈2Z

∥∥∥ψµ(
√

L)L− α
2 T±(t, s)f

∥∥∥2

Lp
t (R;Lq

x(Rd))
.

(4.34)

Note that by the Phillips functional calculus and the fact that the ψλ are
almost disjointly supported, we have

ψµ(
√

L)L− α
2 T±(t, s)f =

∑
λ∈2Z

(| · |−αe±iφt,sψλψµ)(
√

L)f

=
∑
λ∈Iµ

L−α(e±iφt,sψλ)(
√

L)ψµ(
√

L)f,

where Iµ := {µ2 , µ, 2µ}. So the sum on the right-hand side of (4.34) can be
estimated by ∑

µ∈2Z

∑
λ∈Iµ

∥∥∥L− α
2 (e±iφt,sψλ)(

√
L)ψµ(

√
L)f

∥∥∥2

Lp
t (R;Lq

x(Rd))

=
∑
λ∈2Z

∑
µ∈Iλ

∥∥∥L− α
2 (e±iφt,sψλ)(

√
L)ψµ(

√
L)f

∥∥∥2

Lp
t (R;Lq

x(Rd))

≲
∑
λ∈2Z

∑
µ∈Iλ

∥∥∥ψµ(
√

L)f
∥∥∥2

2
= 3

∑
µ∈2Z

∥∥∥ψµ(
√

L)f
∥∥∥2

2
≃ ∥f∥2

2.

where we used Theorem 4.2.6 and Corollary 2.1.24. This proves (i).
(ii) Let (p̃, q̃, α̃) be another wave-admissible Strichartz triple with p̃′ < p.
Fix s ∈ R. Since S√

L is dense in L2(Rd), it follows from (i) that

Ts : L2(Rd) → Lp̃t (R;Lq̃x(Rd)), (Tsf)(t) = L− α̃
2 T±(t, s)f

is a bounded linear operator. Recalling the scalar product (2.73) on L2(Rd),
we may define the equivalent dual pairing

⟨F,G⟩ :=
∫
R
⟨F (τ), G(τ)⟩A dτ

on Lp̃τ (R;Lq̃x(Rd))×Lp̃′
τ (R;Lq̃′

x (Rd)). Since Ts is bounded, the adjoint operator
T ∗
s : Lp̃

′

t (R;Lq̃′
x (Rd)) → L2(Rd) and thus the composition TsT ∗

s are bounded,
too (here, we wrote T ∗

s instead of T ′
s for the adjoint operator to align our

notation with the classical TT ∗-argument as in [23]). Let G : R → S√
L be
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4.3. Global Strichartz Estimates

measurable and of compact support. Then, a straightforward computation
reveals

T ∗
s G =

∫
R

Tτ (s)G(τ) dτ,

and using that

T±(t, s)T±(s, τ) = T±(t, τ), T±(t, s)∗ = T±(s, t) for t, s, τ ∈ R

as identities on L(L2(Rd)), we conclude

(TsT ∗
s G)(t) =

∫
R
L− α+α̃

2 T±(t, τ)G(τ) dτ

for a.e. t ∈ R. Now, the claim follows from the boundedness of TsT ∗
s and

Lemma 4.3.1.

Corollary 4.3.3 (Strichartz Estimates for Parametrices II). Suppose that
(p, q, α) is a wave-admissible Strichartz triple.

(i) We have

∥L
1−α

2 C(t, s)f∥Lp
t (R;Lq

x(Rd)) ≲ ∥L
1
2f∥2 (f ∈ H1

L(Rd)) (4.35)

and

∥L
1−α

2 S(t, s)f∥Lp
t (R;Lq

x(Rd)) ≲ ∥f∥2 (f ∈ L2(Rd)) (4.36)

uniformly in s ∈ R.

(ii) Suppose that (p̃, q̃, α̃) is another Strichartz triple with p̃′ < p. Then,
there holds the inhomogeneous estimate∥∥∥∥∫ t

0
L

1−α−α̃
2 S(t, s)G(s) ds

∥∥∥∥
Lp

t (R;(Lq
x(Rd)))

≲ ∥G∥Lp̃′
t (R;Lq̃′

x (Rd))

for G ∈ Lp̃
′

t (Lq̃′
x (Rd)).

Proof. Let (p, q, α) be wave-admissible and let f ∈ S√
L. By Lemma 3.2.7 (a)

and Proposition 2.1.15 (b), we may write

L
1−α

2 C(t, s)f = 1
2L

− α
2 T+(t, s)L 1

2f + 1
2L

− α
2 T−(t, s)L 1

2f,

so Theorem 4.3.2 gives ∥L 1−α
2 C(t, s)f∥Lp

t (R;Lq
x(Rd)) ≲ ∥L 1

2f∥2 uniformly in
s ∈ R. Now, (4.35) follows as S√

L is dense in H1
L(Rd) (in particular, the

left-hand side L 1−α
2 C(t, s)f is to be understood as a limit in Lpt (R; Lqx(Rd))).

This proves (4.35). By the definition of S√
L, we find χ ∈ C∞

c (Rd) supported
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4 Global-In-Time Strichartz Estimates

away from the origin such that χ(
√

L)f = f . In view of (3.2.6), we may
then write

L
1−α

2 S(t, s)f = 1
2L

− α
2 T+(t, s)ms(

√
L)f − 1

2L
− α

2 T−(t, s)ms(
√

L)f

with ms(ξ) := |ξ|
(B(s)ξ|ξ)1/2χ(ξ). Since ∥ms(

√
L)f∥2 ≲ ∥f∥2, we argue as above

to infer (4.36). Finally, (ii) is proved similarly using ∥ms(
√

L)∥L(Lq̃′
x (Rd)) ≲ 1

by Proposition 2.1.10 (d).

From the preceding corollary and Theorem 3.3.7, we obtain Strichartz esti-
mates for weak solutions in H1

L(Rd).
Theorem 4.3.4 (Global-In-Time Strichartz Estimates for Weak Solutions
in H1

L(Rd)). Let (p, q, α) be a wave-admissible Strichartz triple. Suppose that
g ∈ H1

L(Rd), h ∈ L2(Rd), and F ∈ L1(R; L2(Rd)). Then, the weak solution
to the wave equation (3.1) satisfies the global-in-time Strichartz estimate

∥L
1−α

2 u∥Lp
t (R;Lq

x(Rd)) ≲ ∥g∥H1
L(Rd) + ∥h∥L2(Rd) + ∥F∥L1(R;L2(Rd)).

Proof. By Theorem 3.3.7, we have the representation

u(t) = C(t, 0)g + S(t, 0)h+
∫ t

0
S(t, s)G(s) ds (t ∈ R)

with
∥G∥L1(R;L2(Rd)) ≲ ∥g∥H1

L(Rd) + ∥h∥L2(Rd) + ∥F∥L1(R;L2(Rd)). (4.37)
By Corollary 4.3.3 (i), we have

∥L
1−α

2 C(t, 0)g(x)∥Lp
t (Lq

x(Rd)) ≲ ∥L
1
2 g∥2 ≲ ∥g∥H1

L(Rd),

∥L
1−α

2 S(t, 0)g(x)∥Lp
t (Lq

x(Rd)) ≲ ∥h∥2.

Moreover, applying Corollary 4.3.3 (ii) with (p̃, q̃, α̃) = (∞, 2, 0) (note that
then p̃′ = 1 < 2 ≤ p) and (4.37), we find∥∥∥∥∥
∫ t

0
L

1−α
2 S(t, s)G(s) ds

∥∥∥∥∥
Lp

t (Lq
x(Rd))

≲ ∥G∥L1(L2(Rd))

≲ ∥g∥H1
L(Rd) + ∥h∥L2(Rd) + ∥F∥L1(R;L2(Rd)).

Combining Theorem 4.3.4 with Proposition 2.3.3, we arrive at the proof of
Theorem 1.1.4.
Corollary 4.3.5 (Global-In-Time Strichartz Estimates for Weak Solutions
in H1(Rd)). Let (p, q, α) be a wave-admissible Strichartz triple and α ∈ [0, 2].
Suppose further that g ∈ H1(Rd), h ∈ L2(Rd), and F ∈ L1(R; L2(Rd)).
Then, the weak solution to the wave equation (3.1) satisfies the global-in-
time Strichartz estimate

∥|Dx|1−αu∥Lp
t (R;Lq

x(Rd)) ≲ ∥g∥H1(Rd) + ∥h∥L2(Rd) + ∥F∥L1(R;L2(Rd)). (4.38)
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4.4. Paradifferential Smoothing and the Proof of
Theorem 1.1.5

In this last section, we want to indicate how to relax the regularity assump-
tion on the coefficients bj from C1 to Lipschitz. One can use a paradifferential
smoothing procedure as described in [47] to essentially reduce to the C1-case.
We only sketch the ideas. So we suppose that (Aa) holds and that b1, . . . , bd
satisfy

(Ab)Lip The functions b1, . . . , bd are Lipschitz continuous and for some suffi-
ciently small ε0 ∈ (0, 1

2) we have

1 − ε0 ≤ bj(t) ≤ 1 + ε0 for all t ∈ R and j ∈ {1, . . . , d}. (4.39)

We set m4 := max1≤j≤d ∥b′
j∥∞ < ∞. Moreover, we assume that there

exists some sufficiently small ε1 = ε1(m1,m2,m4) > 0 such that

max
1≤j≤d

∥b′
j∥L1(R) ≤ ε1. (4.40)

Recall that, by the Rademacher Theorem, Lipschitz functions are differen-
tiable a.e., so (4.40) makes sense. Now, we smooth out the coefficients using
a mollifier. More precisely, let ρ ∈ C∞

c (R) be nonnegative with
∫
R ρ(t) dt = 1

and supp(ρ) ⊆ (−1, 1). For λ ∈ 2Z, we set ρλ(t) = λρ(λt),

Bλ(t) := diag(bλ1(t), . . . , bλd(t)), bλj := ρλ ∗ bj.

and P λ(t) = ∑d
j=1 b

λ
j (t)Lj. Observe that the conditions (4.39), (4.40) are

invariant under convolution with ρλ. Now, the idea is to replace the para-
metrices T±(t, s) as defined in Subsection 3.2.2 by

T±
# (t, s)f :=

∑
λ∈2Z

(
eiφλ

t,sψλ
)
(
√

L)f, φλt,s(ξ) :=
∫ t

s
(Bλ(τ)ξ|ξ)1/2 dτ,

i.e., T±
# (t, s) is obtained from T±(t, s) by replacing B(t) with Bλ(t) at fre-

quency scale λ. We may argue as we already did for T±(t, s) to see that(
D2
t − P (t)

)
T±

# (t, s)f

=
∑
λ∈2Z

(D2
t − P λ(t))(eiφλ

t,sψλ)(
√

L)f +
∑
λ∈2Z

(P λ(t) − P (t))(eiφλ
t,sψλ)(

√
L)f

=: R1(t, s)f +R2(t, s)f.

Now, observe that both operators R1(t, s) and R2(t, s) are of order one, i.e.,
bounded operators from Hα

L(Rd) → Hα−1
L (Rd). Indeed, R1(t, s)f is treated
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4 Global-In-Time Strichartz Estimates

exactly as in Lemma 3.2.4, and thus, R1(t, s) is of order one. To handle
R2(t, s)f , note that each term in the sum is

(P λ(t) − P (t))(eiφλ
t,sψλ)(

√
L)f

=
d∑
j=1

(bλj (t) − bj(t))(ξ2
j eiφ

λ
t,sψλ)(

√
L)f = λ(ht,s,λψλ)(

√
L)f

with
ht,s,λ :=

d∑
j=1

[
λ(bλj (t) − bj(t))

](
ξj

λ

)2
eiφλ

t,s

Since bj is Lipschitz, we have

λ∥bλj − bj∥∞ ≲ ∥b′
j∥∞ ≤ m4,

so |ht,s,λ| ≲ 1 on the support of ψλ. It follows that T±
# (t, s) define paramet-

rices for the wave operator □P , from which we may deduce all the previous
results, at least locally in time. To get global results, however, it is more con-
venient to work with the parametrices T±(t, s) directly. Indeed, repeating
the proofs in Chapter 3 with minor modifications shows that Theorem 3.3.7
remains valid under (Ab)Lip. Since the arguments in this chapter do not
use the regularity of the bj, we deduce Theorem 1.1.5, which we record as a
corollary:

Corollary 4.4.1 (Global-In-Time Strichartz Estimates for Lipschitz-coeffi-
cients). Let (p, q, α) be a wave-admissible Strichartz triple and α ∈ [0, 2].
Suppose further that the conditions (Aa) and (Ab)Lip hold true and that
g ∈ H1(Rd), h ∈ L2(Rd), and F ∈ L1(R; L2(Rd)). Then, the weak solution
to the wave equation (3.1) satisfies the global-in-time Strichartz estimate

∥|Dx|1−αu∥Lp
t (R;Lq

x(Rd)) ≲ ∥g∥H1(Rd) + ∥h∥L2(Rd) + ∥F∥L1(R;L2(Rd)). (4.41)

Remark 4.4.2. In contrast to the Strichartz estimates for the classical
wave equation, we have the inhomogeneous norm ∥g∥H1(Rd) in place of the
homogeneous norm ∥g∥Ḣ1

L(Rd) on the right-hand side of the Strichartz esti-
mates. This is because we used the inhomogeneous scale Hα

L(Rd), α ∈ R,
for the parametrix construction. However, using the homogeneous scale of
spaces Ḣα

L(Rd), α ∈ R, (see [35, Appendix E] for a precise definition) for
the parametrix construction, one should also be able to obtain (4.38) with
∥g∥Ḣ1(Rd) on the right-hand side.
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A. Properties of Sd−1
t,s

In this section, we provide proofs of Proposition 4.1.2 and Lemma 4.1.5,
which summarized some important properties of the hypersurfaces Sd−1

t,s . Re-
call that for (t, s) ∈ ∆c

Sd−1
t,s := {ξ ∈ Rd : φ̃t,s(ξ) = 1}, Σ̃t,s := {∇ξφ̃t,s(ξ) ∈ Rd | ξ ̸= 0},

where φ̃t,s : Rd → R, φ̃t,s(ξ) := 1
t−s

∫ t
s (B(τ)ξ|ξ) 1

2 dτ . As was already observed
in (4.9) and (4.10), we have

Sd−1
t,s ⊆

{
ξ ∈ Rd : 1

c1
≤ |ξ| ≤ 1

c2

}
, Σ̃t,s ⊆

{
ξ ∈ Rd : c2

2
c1

≤ |ξ| ≤ c2
1
c2

}
. (A.1)

with c1 := c1,ε0 :=
√

1 + ε0 and c2 := c2,ε0 :=
√

1 − ε0. We will frequently use
that ∇ξφ̃t,s(ξ) = B(ξ)ξ for ξ ̸= 0, where

B(ξ) := diag(B1(ξ), . . . ,Bd(ξ)), Bj(ξ) := 1
t− s

∫ t

s

bj(τ)
(B(τ)ξ|ξ)1/2 dτ.

Note that by (A.1) we have

c ≤ Bj(ω) ≤ c̃ (ω ∈ Sd−1
t,s , j ∈ {1, . . . , d}) (A.2)

with c := c3
2
c1

and c̃ := c3
1
c2

.

Proposition A.0.1 (Properties of Sd−1
t,s ). Let (t, s) ∈ ∆c.

(i) Sd−1
t,s is a smooth, compact hypersurface in Rd, with normal space at

each ω ∈ Sd−1
t,s given by

Nω(Sd−1
t,s ) = span

{
∇ξφ̃t,s(ω)}. (A.3)

Moreover, Sd−1
t,s is the boundary of the compact, strictly convex set

Ct,s := {ξ ∈ Rd | φ̃t,s(ξ) ≤ 1}.

(ii) The Gauss map on Sd−1
t,s given by

n : Sd−1
t,s → Sd−1, n(ω) := ∇ξφ̃t,s(ω)

|∇ξφ̃t,s(ω)|

is a diffeomorphism with n(−ω) = −n(ω). In particular, for each
ν ∈ Sd−1 there exists exactly one ω0 ∈ Sd−1

t,s such that ±ν = n(±ω0).
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(iii) Let n be the Gauss map from (ii) and ε0 from (1.10) sufficiently small.
Then, there exists some κ = κ(ε0) > 0 independent of (t, s) ∈ ∆c such
that in each point ω ∈ Sd−1

t,s , the principal curvatures κ1(ω), . . . , κd−1(ω)
with respect to −n satisfy κj(ω) ≥ κ.

(iv) Let dω := |∇ξφ̃t,s|−1 dHd−1 be the (d− 1)-dimensional Hausdorff mea-
sure on Sd−1

t,s normalized by |∇ξφ̃t,s|. Then
∫
Rd
f(x) dx =

∫ ∞

0

(∫
Sd−1

t,s

f(rω) dω
)
rd−1 dr

for any integrable function f : Rd → C.

Proof. Let (t, s) ∈ ∆c.
(i) Clearly, φ̃t,s : Rd \ {0} → R is smooth with ∇ξφ̃t,s(ξ) = B(ξ)ξ ̸= 0 for all
ξ ̸= 0. As 0 does not belong to Sd−1

t,s = (φ̃t,s)−1(1), we infer that 1 is a regular
value of φ̃t,s. This implies that Sd−1

t,s = (φ̃t,s)−1(1) is a smooth hypersurface
in Rd satisfying (A.3).
The set Ct,s is closed by the continuity of φ̃t,s and bounded as Ct,s ⊆ Bc2(0)
by (A.1) and the positive homogeneity of φ̃t,s. Hence, Ct,s and therefore also
Sd−1
t,s (being a closed subset of Ct,s) are compact. To prove that Ct,s is strictly

convex, we just note that φ̃t,s defines a strictly convex norm on Rd. Indeed,
in view of (1.10), for each τ ∈ R the function

Rd → R, ξ 7→ (B(τ)ξ|ξ) 1
2

defines a strictly convex norm and the norm axioms as well as strict convexity
are preserved under integration (with respect to τ).
By definition, U := {ξ ∈ Rd : φ̃t,s(ξ) < 1} belongs to Ct,s and is open by the
continuity of φ̃t,s. We infer that U belongs to the interior of Ct,s and thus
∂Ct,s ⊆ Ct,s \ U = Sd−1

t,s . Conversely, if ω ∈ Sd−1
t,s , we consider h : R → R,

h(τ) = φ̃t,s(ω + τν), with ν := ∇ξφ̃t,s(ω) ̸= 0. Then h is differentiable in
0 with h′(0) = |ν|2 > 0 which implies φ̃(ω + τν) = h(τ) > h(0) = 1 and
similarly φ̃(ω − τν) = h(−τ) < h(0) = 1 for sufficiently small τ > 0. For
those τ , we conclude ω+τν /∈ Ct,s and ω−τν ∈ Ct,s, showing that ω ∈ ∂Ct,s.
We have proved that Sd−1

t,s = ∂Ct,s.
(iii) Let n be the Gauss map as defined in (ii) and ω ∈ Sd−1

t,s . Recall that the
principal curvatures κ1(ω), . . . , κd−1(ω) with respect to −n are the eigenval-
ues of the self-adjoint shape operator

Lω : Tω(Sd−1
t,s ) → Tω(Sd−1

t,s ), Lω(v) = Dvn(ω)

(here, Dv denotes the directional derivative along the tangent vector v).
Thus, we have to show that there exists some κ ∈ (0, 1) such that κj(ω) ≥ κ
for all (s, t) ∈ ∆c, j ∈ {1, . . . , d − 1} and ω ∈ Sd−1

t,s . Equivalently, we
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need to show that the bilinear form associated with Lω, namely the second
fundamental form in ω defined by

IIω : Tω(Sd−1
t,s ) × Tω(Sd−1

t,s ) → R, IIω(v, ṽ) = (Lωv|ṽ)

is positive definite, uniformly in (s, t) ∈ ∆c and ω ∈ Sd−1
t,s . Unfortunately,

the strict convexity of Ct,s, as shown in (i), only implies that IIω is positive
semi-definite. To prove strict positive definiteness, we employ a perturbation
argument. Fix ω = (ω1, . . . , ωd) ∈ Sd−1

t,s . A computation yields for any
v ∈ Tω(Sd−1

t,s )

|∇ξφ̃t,s(ω)| · IIω(v, v) = (∇2
ξφ̃t,s(ω)v|v) = (B(ω)v|v) − (R(ω)v|v) (A.4)

with

R(ω) = (rjk(ω)ωjωk)dj,k=1, rjk(ω) := 1
t− s

∫ t

s

bj(τ)bk(τ)
(B(τ)ω|ω)3/2 dτ. (A.5)

Therefore, in view of (A.1), (A.2),

IIω(v, v) ≳ (B(ω)v|v) − (R(ω)v|v) ≳ |v|2 − (R(ω)v|v).

So it is enough to show that

|(R(ω)v|v)| = O(ε0) · |v|2 (v ∈ Tω(Sd−1
t,s )). (A.6)

Put ν := ∇ξφ̃t,s(ω) = B(ω)ω. Without restriction, we may assume νd ̸= 0.
Then, Tω(Sd−1

t,s ) = span{v1, . . . , vd−1} with vk := νdek − νked. Now, if v ∈
Tω(Sd−1

t,s ), then there exists λ ∈ Rd−1 such that v = ∑d−1
k=1 λkvk and thus

(R(ω)v|v) =
d−1∑
j,k=1

λjλk(R(ω)vk|vj)

with

(R(ω)vk|vj) =
[(
rjkBd − rjdBk

)
Bd −

(
rdkBd − rddBk

)
Bj

]
ωjωkω

2
d

=
[(
rjk − rjd

)
B2
d + rjd

(
Bd − Bk

)
Bd

]
ωjωkω

2
d

+
[(
rdd − rdk

)
BjBk + rdk

(
Bk − Bd

)
Bj

]
ωjωkω

2
d.

Now, by (1.10) we have ∥bk − bj∥∞ ≤ 2ε0 for all j, k ∈ {1, . . . , d}. Hence,

|(rjk − rjd)(ω)| ≤
(

1
|t− s|

∫ t

s

bj(τ)
(B(τ)ω|ω)3/2 dτ

)
· ∥bk − bd∥∞ ≲ ε0.

and similarly

|Bd(ω) − Bk(ω)| ≤
(

1
|t− s|

∫ t

s

1
(B(τ)ω|ω)1/2 dτ

)
· ∥bk − bd∥∞ ≲ ε0.
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We conclude that |(R(ω)vk|vj)| ≲ ε0|ωjωk|ω2
d and since |ωd| ≃ |νd| by (A.2),

we obtain

|(R(ω)v|v)| ≲ ε0ν
2
d

d−1∑
j,k=1

λjλk|ωj||ωk| ≲ ε0ν
2
d |λ|2 ≤ ε0|v|2

(the last inequality follows from the identity |v|2 = (λ|ν ′)2 + ν2
d |λ|2, which is

readily verified). This proves (A.6) and therefore the claim.

(ii) Note that by (iii), dnω : Tω(Sd−1
t,s ) → Sd−1 has nonvanishing determinant

for each ω ∈ Sd−1
t,s , so n is a local diffeomorphism. Also, n(−ω) = −n(ω) for

ω ∈ Sd−1
t,s follows immediately from the definition of n. Therefore, it suffices

to show that n is bijective.
Injectivity: Suppose that ν := n(ω1) = n(ω2) for some ω1, ω2 ∈ Sd−1

t,s . By (i),
the set Ct,s is strictly convex and n is the outer unit normal vector field on
the boundary of Ct,s. Therefore, we must have Ct,s\{ωj} ⊆ Hj, where Hj is
the open supporting hyperplane at ωj defined by

Hj := {ξ ∈ Rd : (ξ − ωj|ν) < 0} (j ∈ {1, 2}).

But this is only possible if ω1 = ω2.
Surjectivity: Let ν ∈ Sd−1. We consider the linear function

f : Rd → R, f(ω) = ν · ω.

By the extreme value theorem and the compactness of Ct,s, there are ex-
tremal points ω1, ω2 ∈ Ct,s in which f attains a maximum and a minimum.
The function f , being linear, cannot attain extremal values in the interior
of Ct,s and thus ω1 and ω2 have to lie on ∂Ct,s = Sd−1

t,s . In particular, f(ω1)
and f(ω2) are local extremas on Sd−1

t,s . Therefore, ν = ∇ωf(ωj) must belong
to Nωj

(Sd−1
t,s ) by the Lagrange multiplier theorem. Combining this with (i),

we conclude ±n(ω1) = ν = ±n(ω2). If n(ω1) = n(ω2), then ω1 = ω2 by
the already shown injectivity. But then f would have to be constant (since
minimum and maximum of f would be equal), contradicting the fact that
f ̸= 0 is linear. So either ν = n(ω1) or ν = n(ω2), which shows that n is
surjective.
(iv) The idea is to foliate Rd\{0} by the level sets of φ̃t,s and to observe that
the level sets scale according to {φ̃t,s = r} = rSd−1

t,s (r > 0) by the positive
homogeneity of φ̃t,s. To make this idea precise, we let φ̃′

t,s(ξ′) := φ̃t,s(ξ′, 0)
for ξ′ ∈ Rd−1 and define the φ̃′

t,s-adapted open unit ball in Rd−1 by

B := {ξ′ ∈ Rd−1 | φ̃′
t,s(ξ′) < 1}.
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For fixed ξ′ ∈ B, the continuous function

fξ′ : [0,∞) → R, h 7→ φ̃t,s(ξ′, h)

satisfies fξ′(0) = φ̃′
t,s(ξ′) < 1 and limh→∞ f(h) ≥ limh→∞ c2h = ∞. Invoking

the intermediate value theorem and the strict injectivity of f , we deduce
that there exists a unique point h = h(ξ′) > 0 such that fξ′(h(ξ′)) = 1.
By allowing ξ′ to vary over B, this defines a function h : B → R and it is
straightforward to show that

Sd−1
t,s,± := Sd−1

t,s ∩ Rd
± = {(ξ′,±h(ξ′)) : ξ′ ∈ B}.

Moreover, h is smooth by the implicit function theorem with

∇ξ′h(ξ′) = −∇ξ′φ̃t,s(g(ξ′))
∂dφ̃t,s(g(ξ′)) (ξ′ ∈ B), (A.7)

where g(ξ′) := (ξ′, h(ξ′)) for ξ′ ∈ B. Now, it is readily checked that

G : (0,∞) × B → Rd
+, (r, ξ′) 7→ rg(ξ′)

is a smooth diffeomorphism with inverse given by

G−1(ξ) =
(
φ̃t,s(ξ), ξ′

φ̃t,s(ξ)

)
, ξ ∈ Rd

+.

We compute the Jacobian determinant of G. We have

∣∣∣G ′(r, ξ′)
∣∣∣ =

∣∣∣∣∣
 ξ′ rId−1

h(ξ′) r(∇ξh(ξ′))T

 ∣∣∣∣∣
=
∣∣∣∣∣
 ξ′ rId−1

h(ξ′) −
(
∇ξ′h(ξ′)|ξ′

)
0

 ∣∣∣∣∣ = rd−1
∣∣∣h(ξ′) − (∇ξ′h(ξ′)|ξ′)

∣∣∣.
The latter expression can be simplified. Indeed, by (A.7),

h(ξ′) −
(
∇ξ′h(ξ′)|ξ′

)
= h(ξ′) +

(
∇ξ′φ̃t,s(g(ξ′))|ξ′

)
∂dφ̃t,s(g(ξ′)) =

(
∇ξφ̃t,s(g(ξ′))|g(ξ′)

)
∂dφ̃t,s(g(ξ′)) = 1

∂dφ̃t,s(g(ξ′)) ,

where we used Euler’s relation
(
∇ξφ̃t,s(ξ)|ξ

)
= φ̃t,s(ξ) for 1-homogeneous

functions and that g(ξ′) ∈ Sd−1
t,s . Therefore, we conclude

|G ′(r, ξ′)| = rd−1 1
|∂dφ̃t,s(g(ξ′))| .
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On the other hand,

dHd−1(g(ξ′))
dξ′ = (1+|∇ξ′h(ξ′)|2) 1

2 =
(

1+ |∇ξ′φ̃t,s(ξ′)|2
|∂dφ̃t,s(g(ξ′))|2

) 1
2

= |∇ξφ̃t,s(g(ξ′))|
|∂dφ̃t,s(g(ξ′))| .

Comparing expressions yields

|G ′(r, ξ′)| = rd−1 dω(g(ξ′))
dξ′ .

Now, let f : Rd → C be integrable. Changing variables x = rg(ξ′) and
applying Fubini’s theorem, we obtain

∫
Rd

+

f(x) dx =
∫ ∞

0

(∫
B
f(rg(ξ′)) dω(g(ξ′))

dξ′ dξ′
)
rd−1 dr

=
∫ ∞

0

(∫
Sd−1

t,s,+

f(rω) dω
)
rd−1 dr,

and changing variables x = (x′, xd) 7→ (x′,−xd), we obtain from the above
identity similarly

∫
Rd

−

f(x) dx =
∫ ∞

0

(∫
Sd−1

t,s,−

f(rω) dω
)
rd−1 dr.

Summing these equations yields the claim.

Lemma A.0.2. Let δ0 := (2d 1
2 c1)−1 ∈ (0, 1). Then, for each (t, s) ∈ ∆c

there exists an open cover U t,s := {Ut,s
j | j ∈ {1, . . . , 2d}} of Sd−1

t,s such that
the following holds for all (t, s) ∈ ∆c and j ∈ {1, . . . , 2d}:

(i) For each ω ∈ Sd−1
t,s we have B(ω, δ0) ⊆ Ut,s

i for some i ∈ {1, . . . , 2d}.

(ii) There exists an open, convex 0-neighborhood V t,s
j ⊆ Rd−1 and a smooth

parametrization gt,sj : V t,s
j → Ut,s

j which is a graph of a smooth function
and which satisfies the following bounds,

∥gt,sj ∥CM (V t,s
j ) ≲M 1 (M ∈ N0),

(Gt,s
j (ξ)x|x) ≥ 1 (ξ ∈ V t,s

j , |x| = 1),
|gt,sj (ξ) − gt,sj (η)| ≥ |ξ − η| (ξ, η ∈ V t,s

j )

uniformly w.r.t. (t, s) ∈ ∆c. Here, Gt,s
j (ξ) = (∂kgt,sj (ξ)|∂ℓgt,sj (ξ))k,ℓ

denotes the Gram matrix of gt,sj .

Proof. The idea is to use the parametrization from the proof of Proposi-
tion A.0.1 (iv) in every coordinate direction. To be precise, let (t, s) ∈ ∆c and
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let B ⊆ Rd−1, h = ht,s : B → R be as in the proof of Proposition A.0.1 (iv).
Now for (t, s) ∈ ∆c and j ∈ {1, . . . , d}, we put

Ut,s
j,± := {ω ∈ Sd−1

t,s | ±ωj > δ0
2 }, V t,s

j,± := (ht,s)−1(( δ0
2 ,∞))

and define

gt,sj,± : V t,s
j,± → Ut,s

j,±, gt,sj,±(ξ) = (ξ1, . . . , ξj−1,±ht,s(ξ), ξj+1, . . . , ξd−1)

(to ensure better readability in the following, we deviated slightly from the
notation used in Proposition A.0.1 (iv) and wrote ξ instead of ξ′ for a variable
in Rd−1). To prove (i), let ω ∈ Sd−1

t,s . Then, there exists some j ∈ {1, . . . , d}
with |ωj| = |ω|∞. But then (A.1) implies

|ωj| ≥ d− 1
2 |ω| ≥ d− 1

2 c−1
1 = 2δ0.

So B(ω, δ0) ⊆ Ut,s
j,+ if ωj > 0 and B(ω, δ0) ⊆ Ut,s

j,− if ωj < 0, proving (i). In
particular, {Ut,s

j,± : j ∈ {1, . . . , 2d} is an open cover of St,sd−1. To prove (ii), we
first note that 0 ∈ V t,s

j,± since ht,s(0) = 1 > δ0. Moreover, V t,s
j,± is open since it

is the preimage of ( δ0
2 ,∞) under the continuous function ht,s, and it is convex

since ht,s is a convex function (the latter follows from the definition of ht,s
and the fact that Sd−1

t,s is the boundary of the (even strictly) convex set Ct,s,
see Proposition A.0.1 (i) and (iv)). Now, we observe that it follows from
(A.1), (A.7) and induction that for all α ∈ Nd−1

0 , (t, s) ∈ ∆c, j ∈ {1, . . . , d},
ξ ∈ V t,s

j and gt,sj = gt,sj,±

|∂αξ g
t,s
j (ξ)| ≲α |∂αξ ht,s(ξ)| ≲α |∂jφ̃t,s(gt,sj (ξ))|−(2|α|+1) ≃ |ht,sj (ξ)|−(2|α|+1) ≲α,δ0 1.

Similarly, since Gt,s
j (ξ) = diag(1, . . . , 1, 1 + |∇ξh

t,s
j (ξ)|2), it is clear that

(Gt,s
j (ξ)x|x) ≥ 1 for all |x| = 1. Finally, the inequality |gt,sj (ξ) − gt,sj (η)| ≥

|ξ − η| is trivial as gt,sj is a graph. The proof is complete (after an obvious
relabeling of the Ut,s

j,±).
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