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Notation

In the following table, we summarize the notation used in this thesis.

() xxxr

sinc(z)

NaNO

Z.R,C
C_,C,

= &%

General

almost everywhere........... ... ... ..l
with respect to....... ..
Kronecker delta ............. ... ... .. ... ...,
A < CB for some immaterial constant C' ...........
A < OB for some constant C}, depending on p......
ASBand BS A oo
I being compactly contained in J...................
the minimum of two realsa and b ..................
max{a,0} for a real number a .....................
the Holder conjugate exponent of p.................
the first d — 1 variables of E € R ...................
the Euclidean norm on R® or C¢....................
the support of a function f.............. ... ... ...
(L4+X)V2 (1) 2 for A>0,E€RY....... ..
the completion of a normed space X ...............
the scalar product in a Hilbert space ...............
duality bracket in X x X' ..... ... ... ... ... ...

Z?Zl y;&fory, EERY ..o
% for 2 £ 0.

Sets

the natural numbers, the natural numbers including
753 4 o J P
the integers, the reals, the complex numbers........
the left open half-plane, the right open half-plane ..
theset {28 |k €Z}. ..o
the open sector of angle w ............ ... ... ...,

the topological closure of aset M ..................
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the open ball in R?, centered at = with radius » > 0
the closed ball in R?, centered at x with radius r > 0

the open annulus in RY with radii 0 < r; < ry < 0.

Calculus and Fourier Analysis

partial derivative 997 - -- 994 for @ € N§ and = € R

the gradient (Opy, ..., 0ny) «vvvvereeiiii i
the Laplacian 92 + - - - + 02

Tq
e U
partial derivative of order n € Ny w.r.t. time........
el

the multiplication operator associated to m: R¢ — C
the Fourier transform ............ ... .. .. ... .. ...
the Fourier multiplier operator F 1M, F ..........

the Fourier multiplier operators associated to | - |,
() a€R

Function Spaces

the space of k-times differentiable functions on V' ...
the space of bounded Lipschitz functions ...........
the space of smooth, compactly supported functions
the Schwartz space ........ ... .. .. ... ... ...
the space of tempered distributions ................
the Lebesgue space ......... ... ... il
the L2-based Sobolev space of order « € R .........
L-adapted Sobolev space of order a € R............
the LP-based Sobolev space of order a € R .........
the LP-based homogeneous Sobolev space of order o €

the LP(R; X')-based vector-valued Sobolev space of or-
der k£ € NO .........................................

the space of k-times differentiable functions with val-
Ues in X oo
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CF(R; X)

the space of functions f in C*(R;X) with 9ff
bounded forall 0 < £ <Fk....... ... ...,

CPR; X)) oot

the space of functions u in CY(R;X) with v/ €
Cb(R,X) ..........................................

the space of Schwartz functions with values in X ...
the space F(LY(RY)).....oooiiiii

the space F(M(R?)), M(R?) the space of complex
Borel measures with finite variation norm ..........

Operator Theory

the domain of a linear operator L...................
the range of a linear operator L ....................
the adjoint operator of L in a Hilbert space.........
the adjoint operator of L in a Banach space ........
the spectrum of a linear operator L ................
the resolvent set of a linear operator L .............
the resolvent of Lat A€ C ........................
the closure of a linear operator .....................
fractional power of L ........................ ... ...
the d-parameter Cy-group generated by ¢D .........
the operator (Id + L)% or its extension (Id +.£)% .
the space of bounded linear operators from X to Y
the space L(X,X) ..o

the space of closed operatorsin X ..................

Basic Differential Geometry

the tangent space at the point weS................
the normal space at the pointw €S ...............
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distance function on'S ....... ...
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Further Remarks

We preserve the letter d to denote the dimension of the Euclidean space R
We use the convention

(FAEQ = [ e fy)ds (f € S®RY)

for the Fourier transform with (F~1f)(y) = (2m)"4Ff)(—y). Up to some
exceptions (which should be clear from the context), we preserve the letter
Y to denote a generic C°(R?)-function of the frequency variable ¢ € RY
where 1 is supported away from the origin. In contrast, we use the letter ¢
to denote C°(R?)-functions supported in a neighborhood of the origin. From
time to time, we also use ¢ to define mollifiers or, more importantly, a phase
function. We use the letter A € 2% to denote the ’size’ of the frequency in the
Littlewood—Paley decomposition, and we use the notation ¥, to denote the
rescaled function ¢, (€) = (%) (again, up to some exceptions that should
be clear from the context). The letter o will always denote a regularity
parameter in R or a multiindex in Nd. We also want to warn the reader
that D does not refer to a derivative, but to a more general generator of a
Co-group (e¥P),cpa. We use V, and D, = —iV, for spatial as well as 9,
and D; = —i0; for temporal derivatives instead.

Very frequently (and especially in Chapters 3 and 4), functions are C%-
valued. In this case, we often suppress the target space in the notation
and write LP(R), H'(R), etc. instead of LP(R;C?), H'(R;C?) to ease nota-
tion. Concerning mixed-norm spaces, we frequently write L} (R; L4 (R?)) and
I+ lLpsaray in place of LP(R; LY(R?)) and || - ||Le(r;Laqray), Tespectively, in
order to emphasize with respect to which variables the LP- and L%-norms are
taken. For the theory of Bochner spaces, we refer the reader to [30]. We only
assume familiarity with just basic facts about vector-valued Sobolev spaces,
as can be found in e.g. [10].
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1. Introduction

Since their early formulation in the 1740s by d’Alembert in the context
of the vibrating string [14], wave equations have remained an active area
of research to this day, owing to the ubiquity of wave phenomena both in
nature and applications. In this thesis, we investigate wave equations with
rough coefficients, specifically those that exhibit regularity weaker than C2.
Let us try to motivate the research question physically. Consider a wave
equation of the form

d
(D? = % cjtDa, Dy, Jult,r) =0, (t,2) € R xRY, (1.1)
5.k=1 ‘

where the coefficients c¢;;, are allowed to depend on space and time. The
case cji = 0; corresponds to the well-known classical wave equation, which
describes wave propagation in a homogeneous medium. On the other hand,
one motivation for studying wave equations with low-regularity coefficients
(aside from quasilinear problems (see Section) is to understand the prop-
agation of waves in inhomogeneous, rough media. In dimension d > 2, a key
feature of the behavior of waves is dispersion, i.e., the phenomenon by which
waves spread out over time, and one might ask:

Under which conditions do waves in inhomogeneous, rough media disperse
in the same way as corresponding ones in homogeneous media?

One way to measure dispersion mathematically is via so-called Strichartz
estimates. Thus, one could ask the following related question:

Under which reqularity assumptions on the coefficients c;i, do solutions u to
(1.1)) satisfy the same Strichartz estimates as solutions to the classical wave
equation?

We address this question, and in particular our contribution to it, in the
next section.

1.1. Background on Strichartz Estimates and
Main Results

Strichartz estimates refer to a family of space-time estimates for the so-
lutions of linear dispersive equations and play a fundamental role in the

11



1.1. Background on Strichartz Estimates and Main Results

well-posedness theory of nonlinear dispersive equations. For a solution u €
S(R x RY) of the classical wave equation in dimension d > 2

(D2 +AJu=F inRxRY  w0,-), Du(0,-)=h, (1.2)

they read in the homogeneous case F' = (

1 Da '™ *ullr e ey S 91l may + [[P]lL2(®ay- (1.3)
Here, (p,q,a) € [0, 00]? satisfy the admissibility conditions
1 d d 2 d—1 d-1
2<p<00,2<qg<o0, - +-==——-—qa, —+—<—— (14
p g 2 p q 2

Triples satisfying are called (wave-admissible) Strichartz triples, and
they are referred to as strict if the fourth condition in holds with an
equality. Scaling symmetry and the Knapp example show that the third and
fourth condition in are in fact necessary for to hold (see [58]). The
conditions p,q > 2 can also be shown to be necessary. We assume ¢ < oo
in because in general, fails to hold when g = oo (see [1§], [26] ;
however, we note that this failure can be remedied if one replaces the space
L°(RY) by the homogeneous Besov space Bgo’z, see e.g. [7, Corollary 8.25],
provided that one excludes the forbidden triple (2, 00, 1) in dimension d = 3).
On the other hand, ¢ = 2 is permitted. In fact, (00,2,0) is the trivial
Strichartz triple as in this case, is just the energy inequality, which is
easy to prove. At the other extreme, strict Strichartz triples with p = 2, i.e.,
(2, 2(;__31), 2(?_11)) for d > 4, are called endpoint Strichartz triples, and
for such triples are much harder to prove.

Strichartz estimates for the wave equation have a long history. In his seminal
work, Strichartz [57] proved in the case p = ¢. Later, Ginibre—Velo [23]
and Lindblad—Sogge [37] independently established for all non-endpoint
Strichartz triples. Finally, Keel-Tao [34] settled the endpoint case. There
also exist Strichartz estimates for in the inhomogeneous setting in (|1.2))

where F' # 0. They read

1D ullipmasen < ol + Ille@s) + 11De*Fll g g gy (15)

for all Schwartz solutions u to and all Strichartz triples (p, ¢, @), (p, ¢, @)
(see [58, Theorem 2.6]). The fruitfulness of Strichartz estimates in the study
of nonlinear problems was already conjectured by Segal [46] in the 1970s and
has since been proven in a plethora of works (see e.g. [53], [58], [7] for an
account of nonlinear wave equations).

In this thesis, we are concerned with an analog of for variable-coefficient
linear wave equations. More precisely, we consider

(D} = P(t,z,D.))u(t,x) = F(t,z), (t,x)€R xR,
u(0,2) = g(z), z € R, (1.6)
Dyu(0,x) = h(z), z € RY,

12



1 Introduction

where D, = %8,5, D, = %Vm and P(t,z,D,) is an elliptic second order
differential operator

d
P(t,z,D,) Z D, ciu(t,x)Dy,  or P(t,x,Dy) = > c¢j(t,x)Dy, Dy,

7,k=1 j,k=1

in divergence or standard form, respectively. Variable-coefficient wave equa-
tions arise in the description of many physical phenomena (e.g., electro-
magnetism, general relativity, acoustics, etc.). Although these are often-
times of quasilinear structure, establishing local well-posedness of quasilin-
ear wave equations with rough initial data (i.e., initial data belonging to
H*(R?) x H*"!(R?) for low values a > %) often involves an approximation
scheme in which Strichartz estimates are used for a linearized wave equation
(see e.g. [60], [6], [50] and the references therein). Here, one difficulty is
that the linearized wave equation is rough in the sense that its coefficients
c;i are of low regularity. Therefore, it is essential to understand how low
regularity of the coefficients affects the availability of Strichartz estimates.
In the following, we state the regularity assumptions that we impose on our
coefficients c;,. Note that we also have to make a structural assumption,
which we need to obtain better results than the ones in the literature (see
Section (1.2 for a more thorough discussion).

Assumption 1.1.1. We have cj, =0 if j # k and
¢ty ) = bj(t)a(x;), (tLz) eRxRY je{l,....d}, (L7

where ay,...,aq and by, ..., by are functions from R to R with the following
properties.

(A,) There exist constants 0 < my < my < 0o such that
my < aj(x) <my forallz eR andje{l,...,d}. (1.8)

The functions aq, ...,aq are Lipschitz continuous and we assume that

mz = max ||<=log(a;) < 4. (1.9)

1<j<d L(R)

(Ay) The functions by, ..., by are continuously differentiable and for some
sufficiently small gy € (0, %) we have

1—e9<bj(t)<1l+e forallteRandje{1,...,d}. (1.10)

We set my == maxi<j<q||l;||cc < 00. Moreover, we assume that there
exists some sufficiently small 1 = €1(my, mo, my) > 0 such that

lrgagde liw) < é1. (1.11)

13



1.1. Background on Strichartz Estimates and Main Results

Thus, P(t,x, D,) is of the form

P(t,z,D,)

||M&

d
t)aj(z;)D,; or P(t,z,D,) = ij(t)aj(xj)Dij.
=1

To ease notation, we will write P(t) := P(t,x, D,) (and occasionally just P)
in the following. In order to state our main result, we interpret as an
abstract Cauchy problem, for which we use the following notion of a weak
solution.

Definition 1.1.2 (Weak Solutions in H*(R?)). Let a € R and suppose that
g € H*(R?%),h € H*Y(RY), and F € L'(R;H*'(R%)). Then, a function
u € C(R; H*(RY)) N CHR; H*(RY)) N W (R; H*2(RY)) is called a weak
solution to in H*(RY) if

DZu(t) = P(t)u(t) + F(t) in H* %(R%) for ae. t € R,
u(0) =g,
Du(0) = h.

The following theorems are then the main results of this thesis.

Theorem 1.1.3 (Existence and Uniqueness of Weak Solutions in H*(R?)).
Let a € [—1,2] and suppose that g € H¥(R?), h € H* Y (RY), and F €
LY(R; HoY(RY)). Then, there exists a unique weak solution u to (1.6]).

Regarding Theorem we can weaken the assumptions on the coefficients
b; a bit, see Remark For the following theorems, we suppose d > 2.

Theorem 1.1.4 (Global-In-Time Strichartz Estimates for Weak Solutions
in HY(RY)). Let (p,q, ) be a wave-admissible Strichartz triple and o € [0, 2].
Suppose that g € HY(RY), h € L3(R?), and F € LY(R;L*(R?)). Then, the
weak solution to the wave equation satisfies the global-in-time Strichartz
estimate

Do ullrira®ay S N9l way + [12ll2@e) + 1F ez @y (1.12)

In Section [4.4] we demonstrate how the assumption of continuous differen-
tiability of the coefficients b; can be weakened to Lipschitz continuity:

Theorem 1.1.5 (Global-In-Time Strichartz Estimates for Weak Solutions
in HY(R?)). Let (p,q, @) be a wave-admissible Strichartz triple and o € [0, 2].
Suppose further that by, ..., by as in (Ay) are only Lipschitz continuous and
that g € HY(R?), h € L2(R?), and F € L'(R; L?(R%)). Then, the weak solu-
tion to the wave equation satisfies the global-in-time Strichartz estimate

|||Dx|1_au||Lf(R;Lg(Rd)) S gl ey + 1hllz@ay + ([ Fllo @z@ayy.  (1.13)

14



1 Introduction

Note that these results are global in time. Theorems|[1.1.4]and [1.1.5| general-
ize the corresponding result in [2I], in that we can assume for a multiplicative
time-dependence of the coefficients (we give a more detailed overview over
existing results in the literature and a comparison with our result in Sec-
tion [1.2] below).

The main challenge in this setting arises from the lack of smoothness in the
coefficients, which causes approaches by phase space methods, as used in e.g.
[59], [60], [51], to break down. However, the lack of smoothness is compen-
sated by the crucial structural assumption , which opens the door for
an operator-theoretic approach. This operator-theoretic approach, which has
its roots in Frey-Portal’s work on sharp LP-estimates for wave equations with
Lipschitz coefficients [19], is essential for the proofs of the theorems above, as
they replace Fourier multipliers by more useful operator-adapted analogs de-
fined by functional calculus. Combining this with a parametrix construction
which goes back to Smith [47], we are able to prove Theorem . Despite
being interesting in its own right, the key point of Theorem is that
it comes with a useful representation formula for the weak solution that is
good enough for the purpose of proving global-in-time Strichartz estimates.
In fact, Theorem (and Theorem will essentially follow from a

dispersive estimate for the Fourier transform of a surface-carried measure.

1.2. Review of Existing Results and Discussion

One of the main difficulties in proving Strichartz estimates revolves around
finding an effective way of representing the solution or at least a good enough
approximation thereof. The classical wave equation is amenable to
Fourier analysis which provides an explicit representation of the solution
of in terms of Fourier multipliers. In this case, the proof of
essentially relies first and foremost on the crucial dispersive estimates for
the 1 € C>°(R?\ {0})-truncated half-wave propagator

. _d=1l¢_2
[P 4(De) flluacesy So (L4 )T N f ey (114)

for ¢ > 2,% =1- é. For ¢ = 2, this estimate is an immediate consequence
of Plancherel’s theorem, while for ¢ = oo, it is obtained via the stationary
phase method for oscillatory integrals. The estimate for intermediate values
of ¢ is then derived by interpolating these two endpoints. Combining
with Littlewood—Paley theory, a TT*-argument and the Hardy—Littlewood—
Sobolev inequality then gives the desired Strichartz estimate , provided
that p > 2 (see [7, Chapter 8] for details). The inapplicability of the Hardy—
Littlewood—Sobolev inequality in the endpoint case, however, makes a more
sophisticated proof necessary which goes back to Keel-Tao (see [34]). In a

15



1.2. Review of Existing Results and Discussion

number of works since then, local (in-time) Strichartz estimatesﬂ have also
been established for linear variable-coefficient wave equations such as ({1.6)).
We give a brief (non-exhaustive) overview in the following.

(I) Smooth Metrics: If the coefficients c;;, are assumed to be smooth,
Lax’s parametrix construction for the half-wave propagator [36] (see also
[25, Chapter 6] or [52], Section 4.1] for a more accessible presentation in
the setting of wave equations) yields at least for sufficiently small times t a
representation of the solution u of given by

u(t, ) = Fo(t)g + F1(t)h + Ro(t)g + Ry (t)h,

where, roughly speaking, .%;(t) are Fourier integral operators (FIOs) order
—j and R;(t) are smoothing operators. Local Strichartz estimates (at least
in the non-endpoint case) are then a consequence of mapping properties
of such FIOs proved by Kapitanski ([32, Theorem 2], [33, Theorem 7.5]),
see also the result by Mockenhaupt-Seeger-Sogge ([42, Theorem 3.1]) who
studied FIOs in an even more general framework.

(IT) Metrics with Limited Regularity (the C*-Case): In the case,
where the coefficients cj; possess only limited regularity, Lax’s parametrix
construction is unfortunately not available anymore. Nevertheless, under the
assumption of C'-coefficients, local Strichartz estimates were first proved by
Smith (in dimensions d = 2, 3) [47] and then in full generality by Tataru [59]
for C?-coefficients. The proofs first use Littlewood—Paley theory and ideas
originating from paradifferential calculus (see [9], [I1]) to reduce the wave
equation to wave equations of the form (D? — Pys)uy = F)\+ Ry, where
uy, F are localized in frequency at scale A > 0 and P,s is obtained from
P by truncating the coefficients in frequency at scale \° for some 6 € (0, 1).
Here, R, is an error term, and the parameter ¢ is chosen in such way that
Ry is of the same ’strength’ as the driving force F). It turns out that the
(C?-assumption and the choice § = % achieves exactly this. In a second
step, one has to produce a tractable approximation of uy. We remark that,
while Pys has smooth coefficients, Lax’s parametrix construction does not
apply since it involves an asymptotic sum of Hormander-type symbols which
does not yield a convergent expression hereﬂ For this reason, Smith and
Tataru applied wave packet techniques or phase space methods ([47], [51],
[59], [60]) to produce a parametrix for (DZ— Pys)uy = 0 in order to prove local
Strichartz estimates for uy with constants uniform in X\. These parametrices
are essentially obtained by the pullback of the Hamiltonian flow of the symbol
of v/Pys, conjugated by a wave packet /phase space transform. Here, the C?-

!By this, we mean that holds  with ||| Dy |'~*ul|Lp riLa(ma)) replaced by
D2 '~ *ul| e (r;Le (ray) oF (D)~ *ullLe (1,18 ey for some bounded interval 0 € I C R.

20ne can remedy this using a sharper truncation depending on the time interval but
this leads to weaker estimates (see [0]).
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1 Introduction

assumption is again crucial in at least two ways. First, it allows to control the
error between the parametrix and the exact solution operator, and second, it
translates to the regularity of the Hamiltonian flow which is needed to prove
dispersive estimates for the kernel of the parametrix. However, we mention
that, with a more careful analysis, one can slightly weaken the assumption
by just assuming 85 +Cik € L (I; L (R?)) for all | 8| < 2, which has important
applications for the local wellposedness theory of quasilinear wave equations
(see [60]).

(IIT) Metrics in the Low Regularity Regime (the C"-Case with 0 <
r < 2): Strichartz estimates for wave equation with less regular coefficients,
namely coefficients in C"(R x RY) (r € [0,2)), are still available; however in
this case, these estimates are weaker in the sense that there occurs a loss
of derivatives compared to (1.3) (see [59, Corollary 6]). More precisely, we

. . — 2—7
have for Strichartz triples (p,¢,«) and d > 4, 0, == 57—

or

(D) ™ % ullup ey Sinp gl ey + 1lze). (1.15)

As counterexamples by Smith-Tataru [49] demonstrate, this loss is necessary
in general, at least in the case of Strichartz estimates for inhomogeneous lin-
ear wave equations.

(IV) Directionally Separable Time-Independent Lipschitz Metrics:
The counterexamples produced by Smith—Tataru do not rule out the exis-
tence of low regularity metrics for which the full Strichartz estimates do hold

without loss of derivatives. In fact, if ay, ..., aq satisfy (A,) from Assump-
tion [L.I.1] and
Cjk<t,$) =04k aj(xj) teR,x e Rd, ie., if
d d
P(t,x) =L =Y Dya;(x;)D,; or P(t,x)=L= ) a;(x;) D7,
=1 =1

then one recovers the full global-in-time Strichartz estimates without loss of
derivatives (see [21]).

Comparing with these results, we would like to shed light on strengths and
weaknesses of Theorem [.1.4]

(1) First, we note that in comparison to (IV), the essential new feature
in Theorem is that we can allow for a 'multiplicative’ time-
dependence of the coefficients. Besides being interesting in its own
right, time-dependence of the coefficients is important in order to effec-
tively use the Strichartz estimates in quasilinear problems (as alluded
to in the beginning of Section. However, the 'multiplicative’ struc-
ture in our case prevents a straightforward application to quasilinear
problems.

17



1.2. Review of Existing Results and Discussion

(2)

Concerning the C'-assumption on the time-dependent coefficients b;
(see (A;) in Assumption [L.1.1]), we remark that one cannot hope to
obtain a wellposedness result or global Strichartz estimates without
loss assuming mere Holder-continuity for the coefficients b;. Indeed, in
this case, wave equations do not even necessarily admit distributional
solutions for smooth initial data [I3, Theorem 10]. However, following
the paradifferential smoothing procedure used in [47], we can deduce
that Lipschitz-regularity for the coefficients b; is in fact enough to
deduce Theorem [1.1.4] (see Corollary [£.4.1)).

We also note that local-in-time Strichartz estimates in the setting of
Theorem can be (in some cases) recovered from the results de-
scribed in (II) by a change of variables. Indeed, due to our struc-
tural assumption , the coordinate transformation ¢: R? — R?,
o(x) = (p1(z1), ..., palxa)) with ¢i(z;) = [o7 mdy leads to the
equation

(D} — P(t,D,))i = F + Ra, u(0)=g, Dwu(0)=~h  (1.16)
with u(t,z) = a(t, ¢(x)), F(t,x) = F(t,0(2)), 9(x) = §(e(x)), h(z) =
h(p(x)) and P(t,D,) = Y, b;(t)D7, and R = Y0_, ¢;(t,2;) Dy,
¢;j € L*(R?). Let 0 € I C R be a bounded interval. Observe that
Holder’s and the energy inequality imply

IRl iz ey Sinp lull gin ey S 19/l @ay + 1Alleeee

Thus, (at least if b; € C*(R)) [59, Corollary 5], implies for any Strichartz
triple (p, ¢, &) and compactly supported smooth solution u

(D)~ ullLr (rLa @)
SH<Dx>1iaaHLf(I;LZ(Rd))
Sinllglleer ey + ||}~Z||L2(Rd) + ||F||Lg(1;Lg(Rd)) + 1Rl (1,02 (mey)
Sinllglle ey + 1PlL2@ay + 1F L2 may)-

So, the main point of Theorem is that the Strichartz estimates
are global-in-time. For more regular coefficients (at least C?), global
Strichartz estimates have already been obtained under the assumption
of asymptotic flatness of the coefficients and non-existence of trapped
rays (see e.g. [61], [48], [41]). The asymptotic flatness compares to
our assumptions , ED, and trapped rays are precluded by the
structural assumption @

Unlike in ({1.3)), we have inhomogeneous norms on the right-hand side
of (1.12). However, this can be remedied, see Remark 4.4.2|
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1 Introduction

(5) We do not discuss the full inhomogeneous Strichartz estimates as in
(1.5), but note that we do have the energy case (p, ¢, &) = (00, 2,0).

(6) The key reason why we can relax the C%-regularity of the coefficients
to Lipschitz regularity in our setting, is the structural assumption
(1.7). In the interest of gaining a little microlocal intuition, let us
assume for a moment that a; € C*(R). Then, we find that, due to
(L.7), the Hamiltonian ODEs associated with the symbol p(t,z,§) =

(34— bj(t)aj(x;)E0)12, given by

i) = Oeplt,x(t). (1), 2(0) =z € RY,

§(t) = = dup(t, 2(1),€(1)),  £(0) = & € R\ {0},
decouple into d two-dimensional systems for (x;,§;) given by

ORI 50
PPN RRACA 2

;&) = =bi(t)aj(x;) (1.17)
where py = p(0,x0,&). This leads to a decoupled Hamiltonian flow
Xt (To,&0) — (x(t),&(t)) which, for the purpose of obtaining Strichartz
estimates, is close enough to the case of the flat Laplacian, in which
Xt(xo, &) = (2o —i—t%, o). As it appears, these heuristics do not break
down if a; is only assumed to be Lipschitz, although the ODE for &; in
(1.17) need not be well-defined in this case. However, unfortunately,
deviating from this structural assumption by allowing a; to depend
on transverse components xy, k # j, turns out to be a very delicate
matter.

1.3. Outline of the Thesis

In Chapter 2, we lay the groundwork for proving the main results. The
chapter is divided into three sections. The first section briefly recalls the
holomorphic functional calculus for sectorial operators and in particular,
their fractional powers. This is followed by a more detailed discussion of the
Phillips functional calculus for bounded d-parameter Cy-groups, which serves
as a foundational tool for the thesis and is also included for the benefit of
readers who may not be familiar with it. The second section focuses on half-
wave groups in one dimension. Finally, the third section brings together the
concepts of operator theory and one-dimensional half-wave groups, thereby
setting up the framework as introduced in [19] and which we need to prove
the main results in Chapters 3 and 4.

Chapter 3 is devoted to the construction of a parametrix for the wave equa-
tion (1.6) under Assumption Here, we adapt an approach, originally
developed by Smith [47], to our specific setting.
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1.3. Outline of the Thesis

In Chapter 4, we use the parametrix constructed in Chapter 3 to prove
global-in-time Strichartz estimates. A key ingredient is the analysis of the
Fourier transform of a surface-carried measure. To avoid hindering the flow
of the text, we have moved the somewhat lengthy proof of the properties of
this surface to the appendix.
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2. Preliminaries

In this chapter, we provide the operator-theoretic background for Chapter 3
and Chapter 4. In Section 2.1, we briefly recall the holomorphic functional
calculus for sectorial operators; we then give a more detailed account of the
Phillips functional calculus for generators of d-parameter Cy-groups, as it is
one of the main tools used in this thesis and not frequently discussed in the
literature. In Section [2.2] we study one-dimensional half-wave equations in
LP(R) for p € (1,00). These are essentially the building blocks for the type
of wave equations we deal with in this thesis.

2.1. Functional Calculus

Functional calculus is concerned with inserting an operator L into (suitable)
functions f in order to make sense of expressions like e.g. e " or /L.
One well-known instance of this is the Borel functional calculus for self-
adjoint operators in a Hilbert space. In the more general setting of Banach
spaces, one can use tools from complex analysis (Cauchy’s integral theorem
and formula) and from harmonic analysis (namely the Fourier transform) in
order to meaningfully define functional calculi. For an extensive exposition
of the theory, we refer the reader to [27], [35], and [31, Chapter X].

2.1.1. A Short Motivation

If L is a self-adjoint operator in some Hilbert space X, then by the spectral
theorem (see e.g. |27, Theorem D.5.1, Theorem D.6.1]), there is an algebra
homomorphism from the space of bounded Borel-measurable functions into
the space of bounded operators,

W By(o(L) = LX), f s f(L) = U(f).

The map V¥ is uniquely determined by its algebraic and continuity properties
and called the Borel functional calculus for L. The significance of such
a functional calculus lies in the fact that it allows to treat the possibly
complicated operator L much as if it was just a number. To illustrate this,
suppose that L # 0 is nonnegative (i.e., o(L) C [0,00)) and consider the
abstract (wave-type) evolution equation

DXu(t) = Lu(t) (t€R), u(0)=ge€ X, Dwu(0)=heX. (2.1)
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2.1. Functional Calculus

Basic ODE theory tells us that in the scalar case (i.e., X = Cand L € [0, 00))
the solution of (2.1 is given by

u(t) = cos(tV'L)g + itsinc(tvVL)h  (t € R), (2.2)

where sinc(z) = SIHT(Z) for z # 0 and sinc(0) = 1. But in fact, applying
the functional calculus ¥, we can make sense of the expression (2.2)) in the
general vector-valued case by putting

Cos(tV'L) == W(cos(ty/z)) € L(X), Sinc(tVL) = U(sinc(ty/z) € L(X)
for t € R. For instance, it can then be shown that
uw: R — X, u(t) = Cos(tv'L)g + itSinc(tvV'L)h (2.3)

is the unique classical solution to (2.1)), provided that g € Dom(L) and h €
Dom(v/L) (see Subsection @I for the precise definition of the square root
V'L). The significance of (2.3) is that it provides us with a representation of
the solution that might be useful for the purpose of proving estimates that
one is interested in. In essence, this example captures much of the approach
that we use in Chapter 3.

If L is not self-adjoint or X is not a Hilbert space, the spectral theorem
is not available anymore. However, it is possible to construct a functional
calculus for so-called sectorial operators L, and we will briefly recall this
construction in the following subsection. The presentation will closely follow
([27, Chapters 2 and 3]).

2.1.2. Functional Calculus for Sectorial Operators

We denote by S, = {z € C | z # 0,arg(z) < w} the open sector of angle
w € [0,7) in the complex plane.

Definition 2.1.1 (Sectorial Operators). A closed, densely defined, linear
operator L: Dom(L) € X — X in a Banach space X is called sectorial of
angle w € [0, m) if its spectrum o (L) is contained in S,, and if for any larger
angle ¥ € (w, ) we have the estimate

sup |[[2R(z, L)|zx) < oo. (2.4)
z€C\Sy

We call an operator just sectorial if it is sectorial of some angle.

Guided by Cauchy’s integral formula from complex analysis, we can define a
functional calculus for a sectorial operator L on suitable algebras of bounded
holomorphic functions (although holomorphy is way more restrictive com-
pared to mere measurability as in the self-adjoint case, it turns out to be
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2 Preliminaries

sufficient for many purposes). For ¢ € (0, 7), we let H(Sy) denote the set of
holomorphic functions f: Sy — C and consider the subspace

H(Sy) = {f € H(S9) | Ja > 0: |f(2)] S (]s| A )" (2 € S)}. (25)

Given a sectorial operator L of angle w € [0,7) and any fixed angle ¢ €
(w, ), we can define an elementary functional calculus for L on the algebra

HEo(Sy) by

U HE(S)) = LX), s (L) = —— / _O@RE D (26

2w

where v € (w, ) and 05, is parametrized by some positively-oriented (piece-
wise smooth) path . The resolvent estimate and the decay bounds
in ensure that the integral which defines ¥(L) converges absolutely in
L(X). Moreover, it follows from Cauchy’s integral theorem for vector-valued
holomorphic functions that (L) does not depend on the specific choice of
the angle v € (w,¥) or the path 7. The map W is an algebra homomorphism,
but its domain is rather restrictive by demanding decay both at 0 and oo for
functions in H§°(Sy). We therefore extend in a first step W linearly to the
algebra

E(Sy) = HyF(Sp) @ ((1+2)") & (1)

by putting
f(L) =(L)+c(Id+ L) ' +d

if f=1v+c(l+2z)""+dfor some p € H*(Sy) and ¢,d € C. This gives
rise to a well-defined algebra homomorphism £(Sy) — L£(X) that extends ¥
and which we (under abuse of notation) still denote by ¥. However, £(Sy) is
still a rather small space, as it, for instance, does not contain the fractional
powers z%: Sy — C, z — z* (Re(a) > 0) since they lack sufficient decay at
0o. Therefore, we extend ¥ even further by a technique called regularization:
We introduce the subalgebra of regularizers

RL(Sy) = {e € E(Sy) | e(L) is injective}

and the algebra M(Sy) = {f: Sy — C is meromorphic}. We then call a
function f € M(Sy) regularizable and e € Rp(Sy) a regularizer for f if
ef € £(Sy). Finally, set M1 (Sy) = {f € M(Sy) | f is regularizable} and
define .

U Mp(Sy) = C(X), [ f(L) = e(L) (ef)(L),

where e is any regularizer for f and C(X) is the space of closed linear opera-
tors in X. It turns out that this gives a well-defined map called the extended
functional calculus for L (see [27, Subsection 1.2.2]).

Example 2.1.2 (Fractional Powers). Let L be a sectorial operator.
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2.1. Functional Calculus

(a) Let « € C and n € N with n > Re(a) > 0. Then, the function
e == (1+z)~" is a regularizer for z* and e(L)~! = (Id+L)". Therefore,
we may define

«

L* = (z*)(L) = (I+ L)" <(1+z)">(L) € C(X)

as the fractional power of L of order a. In the case a = 1/2, the
notation VL := L'/? is also customary and v/L is referred to as the
square root of L. We also set L° := Id.

(b) If L is injective, we can define L even for all @ € C. Indeed, in this
case, we may choose the regularizer e, = z"(1 + z)™?", where n € N
is such that n > |Re(a)].

The fractional powers of a sectorial operator satisfy many properties (law of
exponents, etc.) that are known to hold for complex numbers. We record
some of them for later reference in the following proposition.

Proposition 2.1.3 (Properties of Fractional Powers). Let L be a sectorial
operator in X and «, € C with Re(a),Re(S) > 0.

(a) We have L*P = L*LP. In particular, Dom(L®) C Dom(L?), provided
that 0 < Re(8) < Re(a).

(b) One has Dom((eld + L)*) = Dom(L®) for all e > 0.
(¢c) If T'€ L(X) commutes with L, then it also commutes with L.
(d) Dom(L®) is a core for Dom(L?) if 0 < Re(3) < Re(«).
(e) Let v,0 € C. If L is injective, then
(1) (L) =L7"= (L"),
(2) L'L° C L' Dom(L%) N Dom(L"™) = Dom(L"L?).
In particular, (Id + L)"*° = (Id + L)*(I1d + L)°.
Proof. See for instance [27], Sections 3.1, 3.2]. O
If the estimate

[P(L)llex) So [[$llee for all o € H(Sy), (2.7)

holds, then L is said to have a bounded H*(Sy)-calculus on X. Assuming
additionally L to be injective, one can extend the holomorphic functional
calculus (2.6) to a bounded homomorphism of Banach algebras by defining

H=(Sy) = £(X), (L)e = lim ¢u(L)x (4 € H(Sy),z € X), (23)
where (1, )nen C H§®(Sy) is any sequence which is bounded in H*(Sy) and

which converges locally uniformly to 1. In this case, the estimate ([2.7)) holds
for all ¢» € H>®(Sy) (see e.g. [31), Section 10.2], [, Section (D), Theorem DJ).
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2 Preliminaries

2.1.2.1. Extrapolation Scales

Let L be a sectorial operator in X. One useful application of fractional
powers is the definition of a scale of Sobolev spaces adapted to the operator
L. We recall the definition given in [35].

Definition 2.1.4 ([35, Definition 15.21]). Let L be a sectorial operator in
X. Then, we define a scale of spaces (X§),cr by letting

(Dom(L?), [[(Id + L)* - [|x), « =0,

(XE M1 llxg) = {(X, 11+ L) - [lx)™, a<0.

We frequently write || - ||, instead of [ - ||xe if the operator L is clear from

the context. Note that, if 5 < a, then X} — Xf by Proposition . The
definition is motivated by the case, where L = —/A, is minus the Laplacian
in LP(RY), p € (1,00), with domain Dom(A,) = H?P(R?). In this case,
X¢ coincides with the Besselpotential space H2*?(R?) := {u € §'(RY)|(Id —
A,)?u € LP(RY)} of order 2a € R.

Proposition 2.1.5 ([35, Proposition 15.23]). Let L be a sectorial operator
in X and o > 0.

(a) The operator (Id 4+ L)*: Dom(L*) — X is an isometry X* — X with
inverse (Id + L)~, and the operator (Id + L)~*: X — X extends to
an isometry J_o: X7 — X whose inverse (J_,)~" is an extension of
the operator (Id + L)*: Dom(L®*) — X.

(b) If X is reflexive, there is a natural isomorphism X[ = ((X’)%,)/.

We also put J, = (Id + L)* for a« > 0. To simplify some arguments, we
prefer the family of operators (J,)aecr to be defined on one common space.
One way to do this is to mimick the definition of distributions. To this end,
we suppose that L is sectorial of angle w < 7 in a reflexive Banach space X.
Since X is reflexive, L' is also sectorial of angle w (the reflexivity is needed
to ensure that L’ is densely defined). Since w < 7, the test function space

D == () Dom((L")%).

a>0

is dense in X’ (as L’ is the generator of an analytic semigroup). We define a
topology on D% by saying that a sequence (x/,),, in D35 converges to =’ € D53
if (z!,),, converges to ' in Dom((L")*) for all & > 0. This makes D3’ a Frechét
space. By Proposition 2.1.3] (b) and (e), (Id + L')*: D37 — D3 defines an
isomorphism for each o € R and

(Id + L) = (Id + L)*(Id + L')* (a, B € R). (2.9)
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2.1. Functional Calculus

We define the space of distributions
D) = (DY) ={p: D}y — C is linear and continuous}.

We equip D) with the weak™-topology, i.e., ¢, — ¢ in D} if p,(z') = p(2)
for all 2’ € D3S. It is readily checked that if ¢: D — C is a linear functional,
then

peD, < 3C,a>0: |p)| <Oz, 2" €DF. (2.10)

By duality, (Id+L')* induces an isomorphism (Id+.2)* = ((Id+L")*)": D}, —
D) for every a € R.

Proposition 2.1.6. Suppose that X is reflexive and that L is a sectorial
operator of angle w < 7 in X. Let further o, 8 € R. Then:

(a) (Id + £)* = (Id + £L)*(1d + £)*.
(b) X = D} and (Id+ L)z = (Id + £)*x for x € Dom(L?*), a > 0.
(¢) Xg ={ueDp|(Id+ L) € X} and (Id + L)% xe = Ju.

(d) Id+ .2)°: X¢ — X0F is an isomorphism.

2.1.3. Phillips Functional Calculus

In this section, we introduce the Phillips functional calculus for generators
of d-parameter Cy-groups. The theory extends without any pitfalls to the al-
ready developed theory in the case of one-parameter Cy-(semi)groups, which,
for instance, can be found in |27, Section 3.3].

2.1.3.1. Definition and Basic Properties

Let X be a Banach space and D = (Dy,...,D,) be a d-tuple of linear
operators in X such that

(a) for each j € {1,...,d}, the operator ¢D; is the generator of a bounded
Co-group (e¥Pi), g on X, and

(b) for each y = (y1,...,94) € R? the operators e1P1 .. eWeli € L£(X)
are commuting.

We then obtain a bounded d-parameter Co-group (e¥'?), cga defined by
eV P R L(X), eVl = g1D1 ... giWaDa (2.11)

satisfying
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2 Preliminaries

(i) eP =1d,
(ii) WD = gwDe D for all y,y € RY,
(iii) e¥Pzr -z (y—0) foralze X.

We call iD the generator of the bounded d-parameter Co-group (e?? )yeRrd
and define

M = sup [P zx) < . (2.12)
y€ERd
With a d-parameter bounded Cy-group at hand, one may define the Phillips
functional calculus for D. To this end, we denote by (M(R?), || - |[acray, + *)
the Banach algebra of complex Borel measures with finite variation norm,
and push this Banach algebra forward via the Fourier transform.

Definition 2.1.7 (The spaces FM and FL!). We define FM := F(M(R?))
C BUC(R?) and equip this space with the norm ||| 7y = [|F o lmma-
We also define the subalgebra FL' := F(L}(RY)) C FM, where we identify
L!(R?) with a subspace of M(R?) via the isometric embedding ¢: L'(RY) —
M(RY), f s fda.

The spaces (FM, || || #m, +, -) and its closed subspace (FLY, ||-|| #u, +, ) are
Banach algebras. We will frequently use that || - || zn is scaling-invariant on
FLY e, [|odllzv = |l@ll7m for all ¢ > 0 and ¢ € FL!, where ¢;(&) = ¢(t£)
for £ € R? (this follows from F~ly, = & (F 1¢)(;) for ¢ € FL'). Also note
that we clearly have S(R?) — FL!.

Definition 2.1.8 (Phillips Functional Calculus). For ¢ € FM, we define
p(D) € L(X) by

po(D): X - X, p(D)x = /Rd e WP du,(y), (2.13)

where p, = F lp € M(R?).
It is immediate from the definition that we have
lo(D)]lzxy < M||¢||Fzm for all p € FM.

We will mostly work with ¢ € FL'. In this case, F'p € L}(R) and thus
B13) is

p(D)e = [ (Flo) e Pudy (v € X).

Rd

Example 2.1.9. Let p € [1,00) and X = L(R?).
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2.1. Functional Calculus

(a)

Consider the unbounded operator D, = %(8,,,...,8,,): Dom(D,) C

X = X% f+ D, f with Dom(D,) :== WP(R?). Then, iD, generates
the d-parameter translation group (¢%?+),cpa defined by

(VP f)(2) = f(z+vy) forall fe X,y cRand a.e. z € R?
and
o(Da)f = (F o)« f=F H(pf) for p e FL!, f € SR

Thus, in this case, the operator ¢(D,) coincides with the Fourier multi-
plier operator associated with the symbol ¢ (see e.g. [24] Section 2.5]).

Similarly, if @ = (a1,...,a4): RY — R? is measurable, then the mul-
tiplication operator M, = (M,,,...,M,,): Dom(M,) C X — X%
f — fa, with domain Dom(M,) = {f € X | fa; € X for all j}, gen-
erates the bounded d-parameter Cy-group defined by e®Ma f .= eia f,
Thus, for ¢ € FL! and f € X, we have by Fourier inversion

(M) f = / (F o) (y)e ™ fdy = (¢oa)f = Meaf-

Rd

Hence, ¢(M,) is just the multiplication operator M ,.

The most important example in this thesis lies somewhat in between
(a) and (b), where a bounded d-parameter Cy-group is constructed
from d commuting one-dimensional half-wave groups: Suppose that p €
(1,00). We will then show in Section that ivVL =i(VLi,...,\/Lg)
generates a bounded Cy-group on X, where L; = v Dj;a;(z;)D; or
L; = Va;(z;)D? for functions a;: R — R with suitable properties
(see Corollary . The associated Phillips functional calculus for
VL will then be extensively used in Chapter [3| and Chapter

We collect some basic properties of the Phillips functional calculus for D in
the following proposition.

Proposition 2.1.10 (Properties of the Phillips Functional Calculus). The
following statements hold true.

(a)

The map ®: FM — L(X), ¢ — @(D), defines a unit-preserving,
bounded homomorphism of Banach algebras:

(e +9)(D) = ap(D) + (D), (D) = 1d,
() (D) = ¢(D)y(D), lo(D)llex) < Mllellrm

for all p,vp € FM and o € C. Moreover, (e%°)(D) = e fort € R

and j € {1,...,d}.
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2 Preliminaries

(b) If X is reflexive and ¢ € FM, then (¢(D)) = @(D’). Similarly,
(p(D))* =o(D"), if X is a Hilbert space.

(c) Let p € FL', z € X and k € N. Suppose that o, € FL' for all « € N4
with o < k, where 0o (&) = £%p(€), € € R, Then for any |a| < k,
we have ¢(D)x € Dom(D%) and

D%p(D)x = po(D)x. (2.14)
Moreover, D*¢(D)x = p(D)D“x if x € Dom(D?).

(d) Let p € FL . Ifp € (1,00) and X = LP(RY), we have

le(D)lewe@ay S (Do)l cwr ey,

where o(D,) = F 'M,F denotes the Fourier multiplier operator as-
sociated to the symbol . In particular, we have

HSD(D)Hc(L?(Rd)) Su H@HLO@(Rd),

leDewnmay Sarpa sup || [M0%0) 0 P € (1,00).

la<[d/2]+1 )’

Proof. Let x € X.

(a) The linearity and boundedness of ® is clear. Let ¢ € R and j €
{1,...,d} and define e, ;(§) == €' for £ € R?. Observe that e, ; € FM
since F~ (e ;) = O_te; € M(R?) and thus

e—zy-DI_ d(s—tej <y) — ezte]--Dx — eztDjl’.

et,j(D)x = /]Rd
In particular, if ¢t = 0, we get 1(D)z = ey (D) = iz = z. Tt
remains to show the multiplicativity of ®. To this end, let ¢,y €
FM. By the basic properties of the Fourier transform on S’(R?), we
have F~ (o) = (F o) * (F 1) € M(R?). Thus, using Fubini’s
theorem and writing p, == F 1o, uy = F 1 and pgy = F 1 e0),
we compute

D)oy = [ e ( [ e Padnglo)) (o

e Py d(py ® puy) (u, v)

I
——

Rd x R4

e Y Prd(py * 11y)(y)

eV Pr dpgy(y) = () (D)x.

I
T

IS

IS
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2.1. Functional Calculus

(b)

Let X be reflexive and ¢ € FM. Then (e"%") = e=¥P" (see e.g. [16,
Subsection 1.5.14]) and therefore

p(D)w = /

. / ; /
» (e’ly'D) rduy,(y) = /Rd e WP duy(y) = o(D)x.

Now, if X is a Hilbert space, we similarly have (e”%P)* = %" and

g = p= (where ¢~ (y) = ¢(—y)). This implies

p(D)'x = /R e e dim(y) = /]R eV dpg(—y) = (D).
Let k € N, € FL! and ¢, € FL! for all |a] < k. This implies
F~lp € WhkL(R?) and by a standard density argument, we may in fact
assume that ¢ € S(RY). Suppose first k = 1 and o € N& with |a| = 1.
Then, a = ¢; for some j € {1,...,d} and we have for any h # 0

eihDj —Id . efi(yfhej)-D _ efiy-D
D= [ (Fe)Ww) — v dy
_ [ oyt he) = (FO)W) iyp, dy
R4 th
(2.15)

By dominated convergence, the last integral converges for h — 0 to
[ AoF e P fay = [ (F oo w)e P fdy = oo (D),

where ¢, (§) = §p(§), § € R?. This shows that ¢(D)x belongs to
Dom(D;) with

D;p(D)x = @, (D).
If « belongs to Dom(D;), then it follows from the first line of (2.15))
and dominated convergence that

ethDi — 1d
th
and thus by uniqueness of the limit, D;jp(D)f = ¢.,(D)f = ¢(D)D;,f.

This proves the assertion in the case £ = 1. The general case follows
from a straightforward induction on the order of a.

p(D)r — [ (F@))e P Dizdy = o(D)Dyz (b= 0)

The assertion immediately follows from Coifman-Weiss’s transference
principle (see [12, Theorem 2.4]) and Mihlin’s multiplier theorem (see
e.g. [24, Theorem 6.2.7]).

O
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Lemma 2.1.11 (Interchange of Phillips Calculus and Bochner Integration).
Let I C R be an interval and g € L*(I; FLY). Then, for ¢ .= [; g(t)dt € FL!
and x € X, we have

(/zg(t) dt>(D)fU = /Igt(D)iCdt.

Proof. This is essentially a consequence of Fubini’s Theorem. Let g €
LYI; FLY) and ¢ == [; g(t) dt € FL'. Since F~1: FL! — L'(R?) is bounded
(in fact even an isometry), we have h = F1og € L*I;L*(R?Y)) and
Flo = [ Flgt)dt € L'(RY). By [30, Proposition 1.2.24 and 1.2.25],
there exists f € L'(1 x R?) with || f||p1(rxre) = [|9]l1(r1) < oo satisfy-
ing (F'o)(y) = [; f(t,y)dt for a.e. y € R and f(t,-) = F 'g(t) for a.e.
t € I. Let z € X. By the boundedness of (%), cra, we clearly have
(t,y) = f(t,y)e ¥Px € L}Y(I x R% X), so Fubini’s theorem implies

(D= [ (F e Pray= [ [ 1ty Paaray
= /I/]Rd ft,y)e ¥ Prdydt = /I/]R‘i Flgt)e ¥ Prdydt = /Igt(D)x dt,

as desired. n

With the Phillips functional calculus, we are able to define approximations
of the identity adapted to D.

Lemma 2.1.12 (Approximation of the Identity). Let ¢ € FL' with ©(0) =
1. Fort >0, set o;(€) == p(t€), £ € RY. Then

o(tD)x =i (D)xr - x (t—0) forallzx e X.

Proof. Let ¢ € FL! with ©(0) = 1 and set p = F o € LY(R?). Then,
for ¢ > 0 we have F ¢, = p, where p'(-) = 4p(;). Note also that the
assumption ¢(0) = 1 implies [ga p'(y) dy = 1. Now let x € X. Then we have
for all 6 > 0

ln(D)z — x|

[ # e Pa— )

= /B(S(O) )] — o] dy+ /]Rd\Ba(O) '] (1 + M) dy

< llpllu re) - |51‘1<I; Hefiy'Dx - xH + (1 + M) [|]] ||:0HL1(Rd\B%(O))-
Y=

Thus, by Lebesgue’s theorem of dominated convergence,

lir{l sup loe(D)x — 2|1 gay < [lpllLre) - sup He_iy'Dx - ZL’H for all § > 0.
—

ly|<d

31
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Letting & — 0 and using the strong continuity of y +— e %", we infer the

claim. n

Lemma shows that x can be approximated by ¢(tD)x as t — 0. The
rate of convergence can be linked to the 'regularity’ assumptions made on z.
The more regular x is, the faster the guaranteed rate of convergence, which
is the content of the next lemma.

Next, we construct Ly :== D?+- -+ D? in a similar fashion as one constructs
(minus) the Laplacian from the partial derivatives.

Lemma 2.1.13 (Sectoriality of L). The operator Ly == D} + --- + D? is
closable. Moreover, L := Lq is sectorial of some angle w < 5 and

A+ L)~ = [(A+ - )7'|(D)  for Re()) > 0. (2.16)

Proof. For A € C, = {z € C | Re(z) > 0} we define ry(§) = (A + |{[*) !
¢ € RY Then, ry € FL! and in fact,

G)\< ) (J’T T’)\

y 2
d/ e e M dt (yeRY)  (2.17)
(4m)z
(see e.g. [54, Subsection 5.3.1]). Thus, R = r\(D) € L(X) is well-defined.
The identity 7\ — r, = (@ — A)rar, translates to

Ry—R,=(p—AN)Rx\R, forall \,peCy (2.18)

by Proposition [2.1.10] (a). Therefore, {R) € L(X) | A € C.} is a pseu-
doresolvent on X. Moreover, since r1(0) = 1 and Ary. = ri(5) for A > 0,

Lemma [2.1.12] implies for all x € X
1R1x—r1(tD)x%:c (t — 0+). (2.19)

Observe that the operators R all have the same kernel and range by .
Combining this with , we find that the operators R, are injective and
have dense range. Therefore, we may invoke [16, Proposition II1.4.6] to
see that the operator L := Ry — Id with domain Dom(L) = R(R,) is a
densely defined, closed operator in X with (A[d+ L)™' = R for all A € C,.
Moreover, we have for all A € C, the estimate

M| || Fm

Md+ L)t <M <
[(AId + L) 2y < MIrallzm < Ro()

(2.20)
Here, for A € (0,00), the second inequality in (2.20]) follows from r\, =
A~1ry(A~2-) and the scaling invariance of |- || 7as on FLY. For general A € C,.,
we obtain from (2.17) the pointwise bound |G| < (Re(A))"17% |G (Re(A)z-)]
which implies ||ry]lzm = [|Galli < (Re(N) |71l 7m. Now, (2.20) is enough
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to conclude that L is sectorial of angle Z. Indeed, if ¥ € (5, 7) and u € C\ Sy,
then Re(—p) = | cos(9)||u| > 0 and thus

Mlrillrm _ Co
Re(—p) |yl

with Cy = M||ry||7m| cos(?)|~* > 0. It remains to show that L = Ly. To
this end, let further ¢ € C°(RY) with ¢(0) = 1 and set ;(£) = p(t€) for
t > 0. For a vector z € X and t > 0, we write z; == @(tD)x. Then, the
following assertions hold true for all x € X and t > 0:

(i) @+ € Dom(Lg) N Dom(L) and (Id + Lg)x; = (Id + L)z,
(i) [(Id + L)x]; = (Id + Lg)z: if x € Dom(L),
(iti) (Id + Lo)x; = [(Id + Lg)z]; if € Dom(Ly),

1(p1d = L) Ml2ey = [I(=pld + L) o) <

(iv) xy > x as t — 0.

Assertions (iii) and (iv) follow immediately from Proposition (c) and
Lemma [2.1.12] respectively. To prove (i), observe first that z; € Dom(Lo)
by Proposition (c). Then, we use Proposition (a) to write z; =
[r1(1+]-1?)¢e) (D)x = Ry(Id+ Lo )z, which implies (i) since Ry = (Id+ L)™'
Finally, if z € Dom(L), then [(Id + L)z]; = [(1 + | - |?)eer1](D)(Id + L)z =
[(1+ ] Py (D) = (14 + Lo)z,, proving (i).

From these properties, it follows easily that Ly = L. Indeed, if z € Dom(Ly),
then (x;);~0 belongs to Dom(L) by (i) and

((Id + L)xt) B ((Id + Lo)xt) - ([(Id + Lo)a:]t) - ((Id + Lo)a:) ’

where we used (i), (iii) and then (iv). Since L is closed, it follows that = €
Dom(L) and (Id+L)x = (Id+Lg)z. In other words, Ly C L and thus Ly C L.
Conversely, if z € Dom(L), then we similarly see that (z, (Id 4+ Lg)zt)=0
converges to (z, (Id + L)z) which shows that L C Ly. It follows that Ly = L
as desired. O

Remark 2.1.14. Suppose that X is a UMD-space (see for a defini-
tion). Then [3T, Theorems 10.6.7 and 10.7.10] imply that the operators D7
have a bounded H*-calculus of angle 0. It now follows from a version of the
famous Dore-Venni Theorem [45] that Lg is closed and thus L = L.

We have seen in the lemma above that L = D? 4 --- 4+ D2 is a sectorial op-
erator. In addition to the Phillips functional calculus for D = (D, ..., Dy),
there is then the holomorphic functional calculus for L available as intro-
duced in Subsection [2.1.2] and the natural question arises how these func-
tional calculi are related. It is natural to expect that the composition rule
(L) = (o] - |*)(D) holds, at least for suitable functions 1. In the next
lemma we show that under reasonable assumptions, this is indeed the case.
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2.1. Functional Calculus

Proposition 2.1.15 (Some Composition Rules). Let L = D} +---+ D2.
For z € Sz U{0} set g.: R — C, g.(&) = e ¢ and for t € R define
wy: R — C, wy(€) = ™l Let further v € C*(RY) with supp(z)) C
RI\{0}. Then the following statements hold true.

(a) The operator —L generates the analytic semigroup (e*ZL)ZGS%U{O} on

X defined by e *F = g.(D) € L(X). In particular, L is sectorial of
angle 0.

(b) Let o > 0. Then for all x € X we have
Loy(D)z = (|- [**¢)(D)z. (2.21)

If v € Dom(L®), then L*(D)x = (D)L*x. If L is injective, then
these identities even hold for all o € R.

(c) Let « € R. Then for all z € X, we have
(10 + L*9(D)x = (1 +] - P)*6) (D).
If x € Dom(L?), then (Id 4+ L)*¢(D)x = ¢(D)(Id + L)*x.
(d) If iv'L generates a Co-group (¢VE),cr on X, then

(wtl/})(D)f = eitﬁw(D)m forallz € X and t € R. (2.22)

(e) Let ¥ € (0,7) and suppose that € HS(Sy) with [(2)| < [2|* Azt
for some a > %. Define h: RT — C, h(€) = ¥(|£]?) for € # 0 and
h(0) = 0. If h belongs to FL, then

Y(L)x =h(D)x (z e X). (2.23)
Proof.  (a) For z € Sz we clearly have g. € S(R?) € FL' and

2
g.(D)x = Ad(4wz)_ge_%e_iy'Dx dy (z € X). (2.24)
It follows from this representation and dominated convergence that
Sz — L(X), 2 = g.(D) is strongly analytic (which is equivalent
to analyticity w.r.t. the uniform operator topology by Cauchy’s in-
tegral formula and the uniform boundedness principle). Since gy = 1,
go(D) = 1Id is clear. Now, Proposition (a) and a similar reason-
ing as in Lemma [2.1.12| reveal that (gz(D))ZES%U{O} is a bounded ana-

lytic semigroup on X with generator A, say. By [16, Theorem I1.4.6],
this means that A is sectorial of angle 0. It remains to show that
—L = A. A moment’s thought reveals that for each fixed ¢ € S(R?)
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2 Preliminaries

the map (0,00) — S(R?), t — ¢(t-), is differentiable with derivative
(0,)'(t) = 790(1), (&) = Vep(§) - €.

W 8 (h—0) inSRY,
it follows from Proposition [2.1.10| (a) that (0,00) — L(X), t — g:(D),
is differentiable with derivative = g;(D) = (8,g;)(D) for all t > 0. Since

0:g:(€) = —|€|2g:(€) for all ¢ € R?, we conclude from Proposition [2.1.10
(c) for all z € X that

IS

D) == S (Eal©)(D)r = — 3 DDy = ~LadD)e

Jj=1

This shows that —L C A. Since L is sectorial by Lemma [2.1.13]
p(L) # 0, thus L = A.

(b) Let n be an integer larger than a. Letting ¢ — 0 in [27, Proposi-
tion 3.3.5] gives the representation formula

% dt
L%y = cnya/ t"_o‘e_tLL”yT (y € Dom(L")) (2.25)
0

(with ¢, = (I'(n — a))™!). Let z € X. By Proposition [2.1.10] (c),
¥(D)z belongs to Dom(L"), so (2.25)) together with (a) leads to

© " dt
Lo(D)z = cpa / (|- Prge) (D)a<
0 t
2.26)
: R n—ao n di (
= lim cn,a/E (] gt@/z)(D)xT.
R—o0
By Lemma [2.1.11} ¢, , times the integrand on the right-hand side is

equal to

dt
t

(6 [ 1 0w S )0 = hnlD) 220

and the change of variables 7 = |£|*t shows that

€]
her(©) = (e [0 0wl e

€12

Using the compact support of 1) away from the origin, it is readily
checked that h. g — ¥(-)| - |** in S(R?) as € — 0 and R — oo. Thus

inserting ([2.27)) into (2.26)) we conclude
Ly(D)z = (|- [**¢)(D)a.
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This shows (2.21)). If z € Dom(L®), then L*¢(D)z = (D)L follows
immediately from Proposition 2.1.3] (¢) (using that Ly commutes with
¥(D) by Proposition [2.1.10 (¢) and therefore so does L = Ly). If
L is injective, then L% is well-defined and by the identities already
established, we have for z € X

Lo(|-[2) (D)e = (|- [+ 7220) (D) f = w(D)a.

Applying L= = (L) on both sides gives (|-|72*1)(D)x = L~*)(D)x
as desired. Finally, L=%z € Dom(L®), so L*Y (D)L~ “x = (D)L~ *L*x
(D)z. But this implies (D)L~ “x = L=*)(D)z. We have proved (b).

This is proved in a similar fashion as (b).

Let € X. Note that using (b) and arguing in a similar fashion as in
(a), one obtains for all t € R that

) (D) = (il - b (D) = VI (w) (D) (¢ € R),
() (D) = ¥(D)s.

Since classical solution of abstract Cauchy problems are unique (see
g. [2, Theorem 3.1.12]), we deduce

(web)(D)z = e™Tp(D)x for all t € R
as desired.

Let v € H(Sy) for some ¥ € (w,7) and suppose that g = ¢ o |- |?
lies in FL!'. Fix an angle ¢/ € (w,?), a function p € C®(R?) with
©(0) = 1 and define the sequence (¢;)ie(0,1) as in Lemma . Let
z € X. Then, for all z € C\S,, and ¢t € (0,1)

(oir2)(D)z = @u(D)(2 — L) 'w, (2.28)

where r,(€) = (z — [€]*)7, € € RL Indeed, for z € C_ == {w € C |
Re(w) < 0}, this follows immediately from (2.16). The identity then
extends to all z € C\ S, by the identity theorem since both sides
of are holomorphic functions of z. Invoking Lemma and

using (2.28)), we obtain
U(L)w = lim e D)Y(L)

=l g e(D) [ ()l — 1) e
— 1 1 D dz
= fi%zm-/asﬁ, ) or)D)z=>
dz
B B —iy-D
= lim o /8579/ /R d F Y purs)] (n)e rdy—. (229)
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We want to apply Fubini’s theorem. Observe that for t € (0,1), y € R?
and z € 0Sy \ {0} we have

L+l F o)l (w)] =0 max [y [F " (prr=)](y)]
< —d o < —d ), 1+41y -1
< (2m)7" max [10g (o)l Spa t™ max [107:]leo S (¢7]27) 7

Thus, the norm of the integrand in (2.29)) is bounded by
d+1 —
Mz (2)](t)2[75) T L+ [y) ™ 2]] S p(2) (L + )~ D],

with p(z) = (|]z| A Z|)5 B =a—%t > 0. Therefore, we may use
Fubini’s theorem to conclude that the right-hand side of (2.29) is equal
to

lim —— / [.v D) dze ™ Pad

mo— asﬂ, )| (y) dze P dy

t—0 271

S 1 -1 w( ) —iy-D
_15‘8%/]1@? </6519,z—| gz |y)e e dy

= lim [ F (&l P)er) (e ¥ P dy = lim h(D)gi(D)a = h(D)a,

t—0 JRd

where we used Cauchy’s integral formula and Lemma [2.1.12] in the
second and forth equality, respectively.
O

Remark 2.1.16. By the chosen notation it is tempting to view the Cy-group
(eVL),cp generated by iv/L as in Proposition (d) through the lense
of the holomorphic functional calculus for L by setting e/VZ = (¢iVZ)(L)
for t € R. However, the function f;: z + e"V* does not lie in H3°(S,,) and
even worse is not regularizable. Therefore, f; is not a admissible functions
for the sectorial functional calculus for L and thus, when we write eitﬁ, we
simply mean the Cy-group iv/L, defined by semigroup theory (see e.g. [44]
for rigorous definitions).

2.1.3.2. A Littlewood—Paley Theory Adapted to D

Proposition 2.1.17 (Calderén Reproducing Formula). Suppose that ¢ €
C>=(R?) is supported away from the origin and satisfies

/Ooow(tg)‘it =1 forall ¢&eR?\{0}.
Then,

o0 dt d
/ T/)(tD)I‘T =z forallz € | JR(D;)
0 et
where the above integral is understood to be an improper integral in X .
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2.1. Functional Calculus

Proof. Let ¢ € C®°(R?) be as in the statement of the proposition. Now
define for 0 <e <r < o0

r d
verl©) =[085 €eR,

and for r > 0

V) = [ 08)

r

it, ¢ € R\ {0} and ¢, (0) == 1.

Then 1., and v, o are smooth functions, 1., being supported away from
the origin, v, - being supported in a bounded neighborhood of the origin.
We have to show that

d
Yer(D)z =z (e = 0,7 —o00) forallze |JR(D;). (2.30)
j=1

By a standard density argument, it suffices to show ([2.30)) for x in U;-l:1 R(D;)
and the uniform boundedness of the operator family (¢, ,(D))o<c<r<oco-

Step 1: Convergence on U?_, R(D;).

We show ([2.30)) first for = € U;l:l R(D;). To this end, let = € R(D;) for some
j €{1,...,d}. We observe that ¥. o, = 1., + ¥ and thus

Ver(D)z = & = (Yeoo(D)T = 7) = Uroo(D)a. (2.31)

We estimate the two terms on the right-hand side of ([2.31]) separately. Note

that 1. oo = ¥1.(¢) and that 9 o(0) = 1. Using Lemma [2.1.12] we obtain
for the first term on the right-hand side of (2.31)

Veoo(D)x —2 — 0 (e —0).
So it remains to show that
Uroo(D)x — 0 (r — 00). (2.32)

Asz € R(D,) by assumption, we can write x = D,y for some y € Dom(D);).
Set (&) = & (€) for € € R and observe that

§troo(€) = &¥1.00(r€) = 1 h1.00(r€)  for 7> 0.
Now Proposition [2.1.10| (¢) yields the identity

1 -
wr,oo(D)x = (gjwr,coxD)y = ;(wl,ooer)y
which, by Proposition (a), implies

- 1
[roe D)1l < (Mlld1cl7aallgll) ~ = 0 (2.33)
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as r — oo. This shows ([2.32]).
Step 2: Uniform boundedness of (wa,r(D)>

0<e<r<oo

The family of operators (150(D))s>0 are uniformly bounded as

|1¥5.00(D) || 2(x) £ M||[V5.00 ]| 7m = M ||t1,00|| 701 for all 6 > 0.

This in turn implies for all 0 < e < r < oo

[Ver (D)l 2x) = [the.00(D) = Proo(D)| 2x) < 2M 401,00l 7

which shows the uniform boundedness of (1., (D))o<c<r<oo- O

We also have a discrete version of Proposition which can be proved
in similar fashion.

Proposition 2.1.18 (Discrete Calder6n Reproducing Formula). Suppose
that ¢ € C*(R?) is supported away from the origin and satisfies

) =1 forall £€#0, where ¥\(&) = ¢<5>_

Ae2Z A
Then,
d ——
Z Ua(D)x =x  forall x € U R(D;).
j=1

€L

Remark 2.1.19. Let L == D? +---+4 D2. Then Propositions and
are also true for f € R(L®) if @ > 0. The proof of Proposition
extends verbatim to this case with one minor modification: one only has to
replace 1) by @ = | - |*% in the first step of the proof above and apply

Lemma [2.1.15[ (b). Then (2.33]) becomes

e (D)FIl = (@ )100(rD)gllr™ < (M| zaa)r™ =0 (1 = 0).

For Proposition [2.1.18| one argues similarly.

Proposition 2.1.20 (Littlewood—Paley Inequality). Suppose that X is a
Hilbert space.

(a) Suppose that there exists some Cp > 0 such that
le(D)lleexy < Collellss  for all o € CZ(RY). (2.34)

Then for all ¢ € C=®(R?) supported away from the origin, we have

0 dt
/ ||¢(tD)5U||27 <y Cllz|* for all x € X.
0
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(b) Suppose that there exists some Cp« > 0 such that
lo(D)llexy < Cp-llelloe  for all ¢ € CZ(RY). (2.35)

Suppose further that U?:1 R(D;) is dense in X and that ¢ € C°(R?)
s a function as described in Proposition|2.1.17. Then

1 %0 dt
o2 -[|z]1? Se / |v(tD)z||*— for all z € X.
D* 0 t

Proof. The proof is similar to the proof of the equivalence of the bounded
H>-calculus and quadratic estimates (see [Il, Section (F), Theorem F]). How-
ever, for the sake of completeness, we provide a proof.

To prove (a), let 1 € C>°(R?) be supported away from the origin and z € X
Then, monotone convergence and the change of variables t = 2/s (j € Z)
show that

0 pdt 271 ) dt
fy WDl =3 [ D)l

2 : d 2 , d
= [ w@sD)|? = tim [* S [u(@sD)e|

jez Nz /Ly
Let (g;)jez be a Rademacher sequence on some probability space (€2, B,P)
(i.e., a sequence of i.i.d. random variables with P(e; = +1) = § for all
j € Z). Then we have for the integrand on the right-hand side of the above

display
2

. (2.36)

Z z—:j@/)(stD)x

l7I<N

> [¥(@sD)z||* =E

ljI<N

Since 1 has compact support away from the origin, we may pick 0 < r; < ry
such that supp(¢)) C {€ € R?: ry < [€] < 72} and it is readily checked that
for all s € (1,2) the functions & — 1(27s€) and & — (2%s€) are disjointly
supported whenever |j — k| > ny = [logy(;2)]. This implies

‘w 5 sj<w>w<2jsS)Hm < @y + DYl

li]I<N

uniformly in s € (1,2), w € Q and N € N. Using this and (2.37)), we can
estimate the right-hand side of (2.36]) by

E(c%@m . 1>2||w||20||x||3> — O3 (2ny + 2 el
which finally gives

0 dt
/0 [P(ED)z]* == < Cp(2nmy + 1)%[[¥ |5 log(2) [l
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as desired.

To prove (b), let v € C>®(R?Y) be as in Proposition and v € X.
Without loss of generality, we may assume = # 0. Pick another real-valued
function ¢ € C°(R%) supported away from the origin such that ) = 1 on
the support of ¢. By Proposition [2.1.17, we have

x—/ th—

2l = (alz) = [~ (al(tD)) S

Now, by construction, we have 1) = 1 and thus,

which implies
dt

= (2.37)

(z|yp(tD)x) = (z|p(tD)p(tD)x) = (YD) z|p(tD)z) for all t >0

by Proposition [2.1.10[ (a) and (b). So the right-hand side of (2.37)) is equal
to

L
o [ el

where we used the Cauchy—Schwarz inequality and applied part (a) to D*.
Dividing by Cp«||x|| gives the claim. O

In view of Proposition [2.1.20] we consider the following set of assumptions.

Assumption 2.1.21. There exist constants Cp,Cp« > 0 such that for all
© € C=(RY) the following holds.

(HX) X is a Hilbert space and UI_, R(D;) is dense in X,
(Do) [le(D)ll2x) < Cpll@lloo,
(DZ) [le(D7)lleexry < Cpll@lloo

Remark 2.1.22. (a) By Remark[2.1.19] we can replace the set Ul_; R(D;)
in (HX) by R(L), where L = D} +---+4 D3. But for any reflexive
Banach space X and sectorial operator A in X, we have the direct sum
decomposition X = N(A) @ R(A) [31], Proposition 10.1.9]. So (HX) is
fulfilled if X is a Hilbert space and L is injective.

(b) If X = L2(R%), then (D) and (DZ)) are always satisfied by the
Coifman—Weiss’ transference principle stated in Proposition [2.1.10|(d).
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As an immediate consequence of Proposition [2.1.20] we have the following.

Corollary 2.1.23 (Plancherel). Suppose that (HX), (D) and (D%) are
fulfilled. Then,

/°° ||¢(tD)x||20t“ ~y 2|? forallz € X,
0

provided that ¢ € C®(RY) is supported away from the origin and satisfies
IS w(te) 4 =1 for all € # 0.

We also have a discrete version of Corollary [2.1.23] The proof is similar to
one of Corollary [2.1.23| and is therefore omitted.

Corollary 2.1.24 (Discrete Plancherel). Suppose that (HX), (D), and
(D%.) are fulfilled. Let further v € C®(R?) be supported in the annulus
A(3,2) ={¢ e RY| 5 < [¢| < 2} and satisfy

S Ua€) =1 forall §£0, where () :w®

€L

Then, 2
2 H%(D)xH ~y ||z||* for allz € X.
Ae2Z

Corollary 2.1.25 (X-Boundedness of Almost-Orthogonal Operators). Let
(HX), (Dwo), and (D%.) be satisfied. Let further 1 € C(R?) be as in Corol-
lary and assume that h == (hy)xeoz 5 a sequence of functions on R?
such that hy is smooth on an open neighborhood of K := supp(¥,) for all
A € 2% and ||h]|so = supyeoz ||ha|lLeo(xy) < 00. Then,

T:X =X, Te=Y (ha)(D)z

Ae2L

is a well-defined linear bounded operator with |T|| < [|hlle. More precisely,
for x € X, there holds

ITzl* S 32 () (D)al® S MRS 32 loa(D)zl* = [[AlS [l (2.38)

Ag2Z \e2Z

Proof. Let z € X. Given a finite subset I C 2%, we define

Trx = j{:(}ZA@DA)(l))JTEE X.

el

By Corollary [2.1.24] we have

I Trel® = 3 (D) Tra*. (2.39)

ue2z
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But by the support properties of the ¥, and (D), we see that

[ DTl = || ¥ @) (D] £ 3 (v ) (D),

AelNI Ael,NI

where 1, := {§, 1,21} Inserting this into (2.39) gives

ITrl* < 32 > [(hagn)(D)z]?

ne2Z Ael,NI

=2 2 I )(D)z]* = 33 ([t (D).

el pely Ael

(2.40)

Choose another function ¢ € C>(R?) supported in A(%, 2) with ¢ = 1 on
the support of 1. Then, ¥ 1, = 1, for all A € I, and invoking (D) again,
we can estimate each term on the right-hand side of (2.40|) according to

() (D)2 = [ (haa)(D)er(D)all? S llhathallZla (D)l

Taking the infimum over all such ), we are able to replace ||hyty|/% on
the right-hand side by ||hx||L=(x,). Hence, the right-hand side of is
estimated by
BlIAl% D lloa(D)]* = [|AlIS =],
Xl

where we used Corollary for the last estimate. From this, we con-
clude that (Tjz) is Cauchy w.r.t. I. Thus, the limit Tjx = lim; 02 Tz =
Saeoz(hahy)(D)z exists in X and [|[Tx|]3 < ||h||%||z]|3. Moreover,
immediately follows from the estimates obtained for (77z); by taking the
limit I — 2%. The proof is complete.

[l

Let L = D} + -+ + D% Then, L is sectorial of angle 0 by Lemma (a).
We want to extend Corollary to the extrapolation spaces X¢ for o € R
as defined in Subsection [2.1.2.1, To this end, we will need to extend the
definition of the Phillips functional calculus, at least for suitable functions.
It is convenient to introduce the notation (D.) == (Id + %)z, where .Z is
the extension of L to D} as defined in Subsection 2.1.2.1] Recall that by

Proposition [2.1.6] (c),
X¢={ueD}|(D)**ue X}, acR.

Definition 2.1.26 (Extension of the Phillips Functional Calculus). Suppose
that X is reflexive and let o € C®°(RY). If z € X¢ for some o € R, we define

p(D)z = ((€)**¢)(D)y € X

where y = (Dp)?**x € X.

43



2.1. Functional Calculus

This definition does not depend on o € R. Indeed, let x € X7 N X f with
B < a, say. Then, (Dp)*z = (D)~ P{Dp)**x = (Id + L)~ P(Dp)**x
by Proposition and thus by Proposition 2.1.15| (c)

(@()2)DUDL) = (o() ) (D)(Id + L)~ (Dp)*x
= (p(+) 72 {) N DNDL)* e = (o{ ) *) (D)D) >z

Lemma [2.1.15| (¢) shows that ¢(D)z = ¢(D)zx if z € X§¢ and o > 0. Thus,
we have a reasonable extension. To ease notation, we will just write p(D)

instead of (D).

Corollary 2.1.27. Let (HX), (Dy) and (D%,) be satisfied, o € R. Assume
further that Xy is a dense subset of X. Suppose further that ¢ € C>°(RY) is
supported away from the origin and satisfies

D) =1 forall £€#0, where ¥\(&) = w<§>.

A2z A
Then,
Z Un(D)x =2 for all v € X¥(RY).
Ae2Z

In particular,
S¥0 = span{u(D)z | ¥ € C(RY), supp() € R1\ {0}z € Xo}
belongs to Nzeg Dom(L?) and is dense in X

Proof. The inclusion S;° C Nger Dom(L?) follows immediately from Propo-
sition (b). The assertion concerning the density follows from a 2e-
argument, using Proposition , the boundedness of ¥(D) for compactly
supported smooth 1 and the density of Xy in X. O

Theorem 2.1.28 (X ?-Boundedness of Almost-Orthogonal Operators). Sup-
pose that (HX), (Do) and (DX,) are fulfilled. Let « € R and v € R. Let
further ¢ € C®(R?) be as in Corollary|[2.1.24 and assume that h := (hy)seo2
is a sequence of functions on R? such that hy is smooth on an open neighbor-
hood of Ky = supp(yy) for all X € 2% and ||h||s = supyeqz [|Ax Lo (xy) < 00.
Then,
T: Xy — X777, Tz=>Y (AN (hy)(D)z
Ae2?

is a well-defined linear bounded operator with |T|| < ||h||leo- Moreover, for
x € X¢, there holds

T2 < D2 ) (D)yI* S RIS 32 I9a(D)yll* 2 (1Al 2l

Ae2Z A2z

where y = (Dp)*x € X.
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Proof. Let x € X§ and set y I=~<DL>2a$ € X. Choose some compactly
supported smooth function with ¢ € C>(R¢) with ¢ = 1 on the support of
. For finite I C 2%, we define Trz == S5/ (A\)?(hathy)(D)x. By definition

and Proposition (c),
(D) Ty =3 (V7)™ hatha ) (D)y = Y- (B3 ) (D),

el Ael

where h) =

we obtain

17220 = | Azg@zhmw)yu?

S S IBRaa) (D)yl* S D [(haoa)(D)yl)?

el N

QW Y. Applying Corollary|2.1.25/and then Proposition|2.1.10|(d),

and further ({2.38))
YN )D)yl* S M17llse Y2 1A D)yl? = Nyl = 1115

Ael Ael

Now, the assertion follows by taking the limit I — 2% just as in Corol-

lary [2.1.25] [

Proposition 2.1.29 (Squarefunction Characterization of the LP-norm). Sup-
pose that for each 1 < p < oo, the operator 1D, is the generator of a bounded
d-parameter Co-group (e¥Pr) on X, = LP(R?) with (e¥Pr) = P and
Wb f = WP f for f e X,NX,. Suppose further that L, = D} +---+D3
is injective for all p € (1,00). If ¢ € C=(R?) is as in Proposition [2.1.17]

then
H ([ \w(tDp)f(x)F?)%

Similarly, if (Vx)reoz s defined as in Corollary then

H > ua(D )é

g2z

~ ||fll, forall f e X,. (2.41)

p

~ ||fll, forall f e X,. (2.42)

p

Proof. We use the Kahane-Khintchine inequality and Coifman—Weiss’ trans-
ference principle. Let f € X,. For finite I C 2% we define S;f =
(Caer [UA(Dy) fI1)Y? € X,,. Let (£))aeez be a Rademacher sequence on some
probability space (€2, B,P). By the Kahane-Khintchine inequality, we have
for a.e. x € R?

p

(Sif(@))" ~E| 3 ¢;[va(D,)f] ()

el
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2.2. One-Dimensional Halt-Wave Equations

Integrating w.r.t. z € R?, invoking Fubini’s theorem and Proposition|2.1.10](d)
gives

P

dx

> e[ta(Dy) f|(x)

Ael

Isifly= [ B

p
=E S A

§:5A¢H(L%)f

el

where, in the last step, we used that the "Mihlin norm’ of . = Y c;ex(w)y
does not depend on w € ). By monotone convergence, we infer

S [l

H( ) |wA<Dp>f<x>|2)%

g2z

p

The reverse inequality is proved by a duality argument (in a similar fashion
as Proposition (b); note that the injectivity of L, implies the density
of its range, so that the Calderén reproducing formula is available on all of
X, by Remarks [2.1.19/and [2.1.14]). O

2.2. One-Dimensional Half-Wave Equations

In this section, we consider half-wave equations as abstract Cauchy problems
in L?(R), p € (1,00). The main goal is to show that (under suitable condi-
tions) the corresponding Cy-groups are bounded on LP(R) for all p € (1, 00)
and that they satisfy a Lo°L}-estimate. These results lay the foundation for
the results derived in Chapter [3]and Chapter [4l

2.2.1. 1”-Boundedness and L°°L}-Estimates

We assume that a: R — R is a function satisfying the following assumptions.
Assumption 2.2.1.
(H1) There are 0 < m; < mgy < oo such that

my < a(x) <mg forallx € R.

(H2) The function a is Lipschitz continuous.

H3) We have L log(a) € L'(R) with
dz

< 4.

d
4 log(a) @)
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Let p € [1,00]. Since we want to deal with second-order differential op-
erators in divergence and standard form simultaneously, we will work in
X, = LP(R; C?), where we endow C? with the Euclidean norm. We consider
the differential operator

Ly: D(L,) € Xp = Xp, Lpf = (-&aic Odz) (fl) _ (—(afi)’)

"
0 —a dz2 f2 —ajy

with domain D(L,) := W*P(R; C?). If it is clear from the context, we will su-
press the target space C? and often simply write LP(R) instead of L?(R; C?),
etc. Our goal in this section is to show that iv/L, generates a bounded C-
group (eVIr),cp on LP(R) for p € (1,00) and that the corresponding cosine
function satisfies the

I[Cos(tV'Ly) fI(2) Lo nicen S I fln - for £ € LY(R) NLP(R).

To begin with, we show that L, is sectorial which in particular guarantees
that its square root v/ L, is well-defined.

Proposition 2.2.2 (Sectoriality of L,). Let p € (1,00) and suppose that a
satisfies (H1) and (H2). Then, L, is sectorial with o(L,) C [0,00). More-
over, the resolvents are consistent in the sense that R(\,L,)f = R(\, La) f
for f € X, N X, and Re(X\) < 0.

Proof. Let p € (1,00). Define the operators L, = —d%ad% and Ly, =
—add—; in L?(R) with domains Dom(L;,) = Dom(Ly,) = W*?(R). Clearly,

L, =Ly, ® Ly,, so it suffices to show the assertions for L, and L, sep-
arately. For Lo, the assertions follow from [40, Theorem 3.3] (even for
all p € [1,00] and for more general complex-valued a € L>*(R)). To show
the sectoriality of L, ,, we first note that if p = 2, then form methods and
regularity theory for elliptic equations imply that L, is nonnegative and
self-adjoint (just consider the associated form a: W1?(R) x W?(R) — C,
a(u,v) = (au'|v")2®) and apply e.g. [43, Propositions 1.22 and 1.24], [22]
Theorem 8.8]). In particular, L, 5 is sectorial of angle 0. To extrapolate to
general p € (1,00) \ {0}, one could argue by the beautiful theory of heat
kernel estimates (see e.g. [43 Chapter 7]), but since this approach does not

P

spare us the proof of L1 5~ = Ls,, we sketch a more direct approach.
We first observe the a priori estimate
[ullop S 11 pully + llull, (uw€ W?P(R)). (2.43)

For elliptic operators in LP(IR%), this estimate follows from Mihlin’s theorem
from harmonic analysis and a perturbation argument using . However,
since d = 1, this estimate is significantly easier. Indeed, using we have
for u € W?P(R)

ma [l < flaw”[lp = [|Lapu + a'u'll, < |[Lapully + lla']loollu'll,
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2.2. One-Dimensional Halt-Wave Equations

and thus

[ullap 2= lullp + lullp + [lwlly

[a']] 0
my

<

(Lupull, + (1 . )||u’||p+ ull,

1
my

1 Ha’Hoo) <€p e? )
< —|Lipull, + [ 1+ — "N, + —|lull, | + ||
agaly+ (1 1) (=) +

for any € > 0 (in the last step, we used the inequalities of Gagliardo—
Nirenberg and Young). Choosing ¢ such that e < 1+ %, we infer
(2-43). Note that immediately implies that L, , is closed. Proceeding
as in the proof of [44 Theorem 3.6], one shows that the numerical range
W (Lip) = {{L1pu, W)oere | ©w € W2E(R), [Jull, = 1,u” == u|ufP~?} satis-
fies

o 2
W(Lyp) €S, with w,:=arctan <27:121’pp_‘1) (2.44)

(there are subtleties to keep in mind, however: first, one may assume u €
C(R) to establish as the latter space is dense in W2P(R); if p € (1,2),
one needs to be a little bit more cautious because of possible singularities of
(u*)’. To circumvent this, one replaces u* by u’ = (g2 + ]u\2)p2;2@ and then
takes the limit ¢ — 0). Now it suffices to show that —1 € p(L;,), for then
Theorem [44], 1.3.9] would imply that L, is sectorial of angle w,. First, note
that and Holder’s inequality in particular yield

1(0d + Lip)ully, > lull, (u€ W*P(R)), (2.45)

which implies that Id + L, , is injective and has closed range. Thus, to prove
—1 € p(Ly,), it remains to show that R(Id+ L; ) is dense in L?(R). To this
end, we will show that D := L*(R) N L?(R) is contained in R(Id 4+ L; ;) and
distinguish the cases p € (1,2) and p € (2, 0).

Case 1: p € (1,2). Let f € D. Then, u == (Id+ L12)"'f € W??*(R) and in
fact, u also belongs to W'P(R) by [5, Theorem 2.4]. Now choose some cutoff
¢ € CX(R) with ¢ = 1 on B(0,1) and put ¢,(-) = ©(5),u, = up, and
fn = fon for n € N. Then, Holder’s inequality implies that (u,), belongs
to W*P(R) since p < 2. Thus, gives

un = umllep S N1 L1p(un — wm)llp + [ltn — wnllp (2.46)
for all m,n € N. By the product rule, we have

||L1,p(un - um)”p
= |(L12u)(¢n — ©m) — 200 (¢ — ©m) + L1 p(n — ©m)|lp
< |[(L1,2w) (0n — @m)llp + 2|Ia||oo!|90||oo(% + %) [ [|p 4 [[ellpll L1 p(©n — ©m)lloo

Sfn = Fanllp + (3 + 2l + llwn = wmlly
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and plugging this into ([2.46[), we infer

= tmllzp S N = Fnllo + (5 + 5 )l + [l =l (2.47)

for all m,n € N. Tt follows that (u,), is a Cauchy sequence in W??(R), thus
there exists v € W2P(R) with u,, — v in W2?P(R) as n — oo. On the other
hand, dominated convergence implies u,, — u in W?(R) as n — oo. Since
L%-convergence implies a.e. convergence along subsequences, we deduce u =

v € W2P(R) with
(Id + Ll,p)u = (Id -+ LLQ)'LL = f (248)

This shows that D C R(Ald + L, ;) as desired.

Case 2: p € (2,00). One proceeds exactly as in Case 1, with the difference
that one uses mollifiers instead of cutoffs. Let f € D. Once again, put
= (Id+Ly2)"'f € W2(R)NW'P(R). Choose ¢ € C°(R) with supp(y) C
B(0,1), [ge(z)dz =1 and put ¢, = ne(n-), u, = u* ¢, and f, * @, for
n € N. Then, Young’s convolution inequality implies (u,), C W*P(R) since
p > 2. A short computation gives Lu, = f,, — u, + r, with

(a(z) —a(z —y)) ,

(o) = [ SRR = y)oa(y) dy — (@u)(@) (249)

with p,(y) = np(ny), ply) = —y¢'(y). Integration by parts, one checks that
[ p(y)dy = 1 and thus, |(H2)| implies that the integral in (2.49)) converges to
a'u’ in LP(R) as n — oo. On the other hand, we also have a’'u], — a'u’ in

LP(R) as u € WHP(R). We conclude 7, — 0 in LP(R). Hence, (2.43)) yields

[ = wmllap S (11 ptin = Luptimllp + [[tun = wmll,
< fn = Fullp + [lun = wmllp + lInllp + l7mllp = 0

as m,n — oco. Now, we may argue exactly as in Case 1 to conclude that
u, = u € W*P(R) with (Id + Ly ,)u = f. Finally, to prove consistency of
resolvents, note that we actually proved R(\, L1,)f = R(\, L12)f for f € D
and A = —1. One can check that the proof extends verbatim to the case
Re(\) < 0. O

Remark 2.2.3. With more work, one can even show that o(L,) = 0(La,)
and that the resolvents are consistent on C \ o(Ly2) (see e.g. [43, Theo-
rem 7.10]), but we do not need this here.

Theorem 2.2.4 (Kato-Property of L,). Letp € (1,00). Then, Dom(VL,) =
WLP(R) and
IV Lyullp = [ gzull, € WH(R). (2.50)
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2.2. One-Dimensional Halt-Wave Equations

Proof. [4, Theorem 5.1] shows that

{fue WHR) | VL€ X,} ={ue WHR) | Lue X,},

(2.51)
[Loullp = || g5ulls

Now, let f € Dom(v/L,). Since Dom(L,) is a core for Dom(v/L,) and C=(R)
is dense in Dom(L,) = W??(R), we find a sequence (f,), in C°(R) with
fo — fin Dom(V/L,) as n — oo. Since C®(R) C X,N X, and the resolvents
are consistent by Proposition , we have R(\, L,)f, = R(\, Lo)f, for
A € C_ and thus V'L, f, = VL. f,. Now it follows from that (v Lyfn)n
is a Cauchy sequence in WP(R). Thus, there exists g € WP(R) with
fn — g in W'P(R). In particular, f, — f and f, — g in L?(R) so that
f = g almost everywhere. Hence, f = g € W'?(R). The converse inclusion
is proved similarly. ]

Since Ly is self-adjoint w.r.t. the equivalent scalar product
1 . Lo
(U, v) 4 = (A7 U, V)r2ric2y, With A= 0 ,
a

it follows from the Borel functional calculus for L, that iy/Ls generates a
bounded Cy-group on L?(R). For general p € (1,00), this is a more subtle
issue. In order to prove that z'\/L_p generates a bounded Cy-group, we use
the following result, which is a corollary from the theory of abstract cosine
functions on Banach spaces (see e.g. [2, Sections 3.14-3.16]). To state it, we
need the notion of a UMD-space. One of the equivalent definitions is the
following: A Banach space X is called a UMD-space if the X-valued Hilbert
transform

(Hx f)(t) = 71T p.v./Rtf(_Slds (f € S(R; X),t € R) (2.52)

extends to a bounded operator on LP(R; X) for all (or equivalently one)
p € (1,00).

Theorem 2.2.5 (Fattorini’s Square Root Reduction). Let X be a UMD-
space and L be a sectorial operator in X. IfiD is the generator of a Cy-group
(e'P),cr on X and if L = D2, then iv/L generates a Co-group (eVE),cp.
Moreover, if we set

. . t
Cos(tD) = ;(eZtD + e_”D), t Sinc(tD)x = / Cos(sD)xds (x € X),
0
then t — Sinc(tD) € C(R;Dom(v/L))f and

VI f = Cos(tD)f + itV/LSinc(tD) f (2.53)
forall f € X andt € R.
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Proof. By assumption, —L = D? is the generator of the cosine function
(Cos(tD))ier. Now, the assertion follows immediately from [2, Theorem 3.16.7
and Proposition 3.16.3]. O

Let p € [1,00) and recall that X,, = L?(R; C?). We define the Dirac operator

D, by
0 _d
D, = (a 4 Odﬂ”) (2.54)

da

which we view as the closed unbounded operator
: _ [/
D,: Dom(D,) C X, = X,,, D,f = K
a;fi

with domain Dom(D,) = W"?(R;C?). We observe that D2 = L,. Indeed,
for f € Dom(D;) = W?*?(R; C?) = Dom(L,) we have

0 _d 0 _d _dg4d 0
D2 — dz dz — dz " dx 5 =L f.
pf (a(fx 0 ) (ad‘; 0 ) / ( 0 —afxz) o

Thus, in order to use Theorem [2.2.5, we need to show that ¢D, generates a
Co-group. To this end, we need the following lemma.

Lemma 2.2.6. Let p € [1,00). Let b € LY(R) N L>®°(R) be real-valued with
1bllLiw) < 1. We consider the linear operators A and B in X, = LP(R; C?)

given by
A (20 and B=op|" 1 ,
0 —0, 1 0

with domains Dom(A) = WHP(R; C?) and Dom(B) = X,,. Then, C .= A+ B
generates a bounded Co-group (e'“)ier on X,. Moreover, if f € L}(R;C?)N
LP(R; C?), there is a measurable version of R? — C2, (t,x) — (' f)(z) with

esssup (e f) ()] dt < [|f]r- (2.55)

z€R

Proof. Let p € [1,00). It is clear that A generates the bounded Cy-group
(e")ier on X, given by

(4 f)(z) = (?Eﬂc + 2) forac. reRandallt € R, f = (fi, f2) € X,
2T —

Moreover, we have B € L£(X,) as b € L*(R) by assumption. Now, it follows
from standard perturbation theory of Cp-(semi)groups that C' = A + B
is the generator of a Cop-group (e!“)icr (see e.g. [16, Theorem III.1.3]).
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2.2. One-Dimensional Halt-Wave Equations

However, the boundedness of (e/“);cg is a more subtle issue. It would be an
immediate consequence of the Kato-Trotter product formula (see e.g. [10,
Corollary II1.5.8]) if both Cy-groups (e1);er and (e'?);cr were contractive.
Unfortunately, contractivity even fails for (e'4),cg if p # 2. In fact, we have

el 2ex,y = 2P0 for all ¢ # 0. (2.56)

Therefore, we adopt a different approach and show the boundedness of
(e'“)ser using the Dyson-Phillips series: We define the strongly continuous
operator family (5,,(t))wer in £(X,) by

t
So(t)f = f, Spa(t)f = / et=94BS, (s)fds (2.57)
0
forallt € R, n € Ny, and f € X,,. As for each t € R, we have

N
Y8, (t) = €'© (N —o0) in L£(X,)

(see e.g. [16, Theorem III.1.10]), it suffices to show for some A, > 0 that
Z 150 ()| (x,) < M, forall t € R. (2.58)

We consider first the case p = 1 and show ([2.58]) by finding first an explicit
representation of (S,(t))nen. To this end, we define b; € L*(R) N L>®(R) by
bi(x) = b(x +t) for t € R and a.e. x € R. Let f = (f1, fo) € X;. Then,

induction and a tedious calculation shows that
f“t K (t,r,z) fi(r)dr
(Su®)f) (@) = Bm | T
f K (t77a7 m)f2<7n) dT’
forallt € R;n € Nand z € R, where £ € L£(X;) is the isometry defined by

1 _
L0 S
and the kernels K*: R® — R are functions of the form

K;(t,r,x):k:(MT_x,HT_w,x), K, (t,r,z) =k, (Ht  Et i ; TJ)

with k,(u,v,+) =kl (u,v,-) given by

(2.59)

kl(ua v, ) = bv? kg(U,U, ) = /bv+81b51 dsla
0

/]

=]

u

v+ 51+82b32 d81 d327

<

[
/]

U
/ v+S1 sH—sz 32+33 dSl dSQ d53

v 83
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and for odd n > 5

0 S4 U
kTZ(u’U? ) = // / / e '//bv+81b81+82b82+53 T
0 v S3

bsn—1+5n—2b5n—l dSl e dsnfl'

k'fl<u7vv') = /// / "'//bv+81b81+82b82+83"'
v oS3

bs, _1+s,_obs,_,dsy -+ dsp_1.

The function k;, (u,v,-) is defined by the same formula as k,(u,v,-), with
every occurrence of b, replaced by b_, in the above integrals. Now, observe
that for each t,r € R,

I s ey < 20BIT - (n € N). (2.60)

Indeed, for instance, in the case where n > 6 is even, we have for K,, = K
and every t,r € R

LKt )] de

R

= /]R o /]R |b7T7;71+s1b81+82 T b5n71+5n72b5n71|(x) dzdsy--- dsp

= / > / D(==5E2 + 51)b(s1 4 S2) - - - b(Sp—1 + Sp—2)b(sp—1)| dwdsy - -+ ds,_y
= 20bls [ -+ [ o1+ 52) - blsam + su-)blsn-1) sy -+ dsuy = 2]l

where we used the changes of variables s; — s;+x, s3+— s3+x,...,8,.1 —
Spn—1+x in the third line. The other cases can be proved similarly. Therefore,

we obtain from (2.59)) and ([2.60))

15 () £ x,
<z < /K (t,r, ) fi(r

< 2</R|!K:(t,r,-)\!1\f1(r)\dr+ H/RHK;(t,r,~>H1\f2(r)\dr>
< Bl Al + 1 f2ll) < 22 1BlI71F 11,

for all n € N. This proves ||S,(t)|zx,) < 2z ||b||™ for all n € N and ¢ € R.
For n = 0, this estimate is also true by (2.56). Thus, since [|b]|; < 1,

21/2
1 —[bllLr )

||/K (t,r,-) fa(r)dr

(2.61)

1€ £x,) < Z 1Sn ()]l 2(x1) <
n=0

— M, (teR), (2.62)
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2.2. One-Dimensional Halt-Wave Equations

which proves the boundedness of (e/“),cr in the case p = 1. To prove
the assertion for general p € (1,00), let us be more precise and write C,
for the X,-realization of the operator C. For p = 2, it is readily checked
that C' := —iC5 is a self-adjoint operator in the Hilbert space X, and thus
16792 £(x,) = || € t0||£ (x,) = 1 for all t € R by Stone’s theorem (here, eit? s
defined by the Borel functlonal calculus for C'). Now, for general p € (1,00),
note that it follows from (2.57)) and - that

elOr f = lCaf foralll1<p<g<oo, feX,NX,.

Hence, the boundedness of (e!“?),cg for p € (1,2) follows by interpolating
the cases pp = 1 and p; = 2. The case p € (2,00) follows from a duality
argument, noting that (C,) = —C,, and thus (e!®)" = 7' for t € R and
P € (1,2) being the Holder conjugate of p.

Finally, we prove (2.55). Suppose first that f € L'(R;C?*) N W'P(R;C?).
Since Dom(C) = Dom(A) = WP(R;C?), we have that t — e'“ f belongs
to C(R; WP(R; C?)) and therefore also to C(R; Cy(R; C?)) by Sobolev em-
bedding. In particular, R? — C2, (t,z) ~ (e!“f)(x) is well-defined and
continuous. Now, note that a similar reasoning as in the proof of
yields for n € N the bounds

K (7, @) < 20[0]17 1Dl (2.63)
L) at < 2] (2.64)
R
The bound (2.63) together with (2.62) imply that >} _, Sk(t)f converges

uniformly to €' f as n — oo. The bound (2.64) implies [ |S,(¢)f(z)|dt <
1611711 f]|1 and thus, we conclude

/|et0f \dt</\So |dt+Z/|Sk )| dt
S I Z 1ol S 11 S -

uniformly in # € R% For general f € LY(R) N LP(R;C?), one argues by
approximation using [30, Propositions 1.2.24, 1.2.25|The proof is complete.
m

Armed with Lemma [2.2.6] we are now in the position to prove that ¢D,
generates a bounded Cy-group on X, for all p € [1, 00).

Proposition 2.2.7 (Boundedness of (e"*7);cgr on LP and L°L}-Estimates).
Let p € [1,00) and X, = LP(R;C?). Then, the operator iD,, generates a
bounded Cy-group (e"Pr),cp on X, with €*Prf = P2 f for f € X, N Xs.
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2 Preliminaries

Moreover, for all f € X; N X, there is a measurable version of R* —

C2, (t,x) — (e®Pr f)(2) with

esssup | (7 f)(@)]dt S [If]|x- (2.65)

z€R

Proof. Let p € [1,00). We show that ¢D, is isomorphically equivalent to a
generator of a bounded Cy-group. To ease notation, we just write D in place
of D, in the following. We first observe that iD = M d%, where

M = M(z) =i (afx) _01) (z € R)

has eigenvalues A; /o = £iva(z). We may therefore diagonalize M according
to

Va(r) —iva(z)

where A = diag(1, —1). By [(HI)] the lincar operator Ty : X, — X, Ty f =
U f, associated to U defines an isomorphism and using (H2), we may conju-
gate 1D by Ty, which yields for f € Dom(D)

U-'MU = Va(@) A, U =U(z) = (1 ! )

Cif =T DIy f=U"'"MIUf=U"'"MULf+U'M(LU)f
=AVad)f+UTTM(EU)f  (2.66)
= AVak)f +o@)Ve

with

1 -1 ~ /
v:( ) b(z) = 7 (x €R).

1 -1

Next, we define a transformation that maps the vector field vVa(z)-L to -
To this end, put

T,f = f oy, where p(x) = /OI a_%(y) dy, zeR.
It follows again from (Hl) that T, deﬁnes an isomorphism on X,. Then,
since Va(z) LT, f = T,-Lf, we get from
Cgf = walClT@f = Af + b(x)Vf

=A@$+bw»+w@»($‘;), biehopt, (207

Finally, we define a transformation that maps - + b(z) to -L. To this end,
we let

T.f =mf, m(z)=a"i(¢"'(x)) (z€R).
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2.2. One-Dimensional Halt-Wave Equations

Again, ((H1)| implies that the multiplication operator 7}, is an isomorphism
on X,. Then, we finally obtain

-1
Cf&T%JEMf—A%+M@(? 0)

— A+ B,

A::A(EE:(% %) and B::b([l) _01),

with domains Dom(A) = W'?(R;C?) and Dom(B) = X,. Changing vari-
ables = = p(y), we have

where

1] z) = 1 7 ]d(y)]

4 Jr |a(y)]
by [(H3)l It now follows from Lemma that C' is the generator of a
bounded Cy-group (e'“);cr. But this means that iD is the generator of the

Cy-group given by

<1

Lia
dy = 1‘ 4z log(a) Li(R)

et =TT~ forallt € R (2.68)

with T' .= T,,T,Ty. Finally, in view of [(H1)[ and |(H2)} it is clear that T
is also an isomorphism on L*°(R;C?). Thus, (2.65) follows from (2.55)) and
2.69). u

Theorem 2.2.8 (Boundedness of (¢?VZr),cp on L and L°L!-Estimates).
Let p € (1,00) and X, = LP(R;C?). Then, iv/L, has domain WP(R;C?)
and generates a bounded Cy-group (¢VIr),cp on X, with etVIp f — gitVIa g
for all f € X, N Xs5. Moreover, for all f € L'(R;C?*) NLF(R;C?), there is a
measurable version of R — C2, (t,z) — (e™VEr f)(z) with

I[Cos(tv'Ly) (@) e sty S I/ (2.69)

Proof. Let p € (1,00). We already proved Dom(v/L,) = W'?(R;C?) in
Theorem [2.2.4] Tt is a classical fact in harmonic analysis that X, is a UMD-
space (since p € (1,00)). Therefore, Proposition and Theorem [2.2.5]
imply that iv/L, generates a Co-group (eVZr),cp. To prove that (e/VT»)
is bounded, let f € X, and t € R. We use (2.53)) to estimate

teR

&% fl, < 1ICoS(D,) fllp + VI, Sine(tDy) £l

Since (e*Pr) g is bounded, we have

1 , , 1
ICos(tDp) flly < 5 (1™ Fllo + e £110) Sp 5 o+ 1F1) = 1111
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2 Preliminaries

On the other hand, we have by Theorem [2.2.4] and |(H1)]

VL, Sinc(tD,) fll, = ||-LSinc(tD,) f]l, = || D,Sinc(tDy) £,

and further by the theory of Cy-(semi)groups

1 t t
DSt 11, = 3| D, [P ras D, [P

p

; eitDpf 4+ e—itDpf . pr

1 i —i
< S (e Fllp + 171 + e £l + 11£1) < 1F1

by the boundedness of (e*Pr),cr. Finally, (2.69) follows immediately from
(2.65)) in view of the identity Cos(tv/'Ly,) = Cos(tD,) = 3(e'Pr + e~ Pr) for
all t € R. The proof is complete. O

Remark 2.2.9. (1) Let p € {1,00}. Then, we cannot expect iv'L, to

generate a Cp-group on X,. In the simplest case a = 1, the operator
Ly, = —dd—; generates the bounded Cy-group eVl — F ~M,,,F on
L2(R), where m, is the Fourier multiplier given by m,(¢) = e™lél (¢ €
R). However, m; is not a Fourier multiplier on LP(R) for each fixed
t # 0. Indeed, by dilation invariance, m; is a LP-Fourier multiplier
if and only if m; is a LP-Fourier multiplier. Approximating m; by
my (&) = e Il (e > 0), we arrive at

1 1
.F_l(ml) = 5((51 + 5_1) —FZ(p'Uaj ‘l’p'U

1 ) in S'(RY)

rz—1
which is not a finite Borel measure. By [24, Theorem 2.5.8], e

does not extend to a bounded operator on L!(R). By duality, the
same holds for L*(R).

We would also like to stress that the presented approach via Fattorini’s
theorem is limited to dimension one. It hinges only on cf. Lemma/2.2.6
which uses that wave equations in dimension one are non-dispersive
and essentially transport equations; and in fact for p € (1,00), it is

itV —Ag

well-known that e is a bounded operator on L? if and only if

p=2ord=1.

In [21l Proposition 2] it was already proven under [(H1)| and |(H2)| that
for each p € (1, 00), the operator i\/L_p is the generator of a Cy-group.
We made an effort to prove that this Cy-group is indeed bounded, and
this is why we needed . The boundedness of (¢VIr),cp is im-

portant to us because a growth bound of type |[e®VZr || < Me*l!h would
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2.2. One-Dimensional Halt-Wave Equations

restrict the class of functions ¢ for which gp(\/L_p) in the sense of the
Phillips functional calculus (see Definition [2.1.8)) renders a well-defined
bounded operator. On the other hand, [(H3)| also allows us to prove
the estimate for Cos(tv/L,), which was already known for its
first component Cos(tv/'L,,) for more general a (see e.g. [8, Theo-
rem 1.1]) but (at least to the author) unclear for its second component

Cos(tV'La,).

2.2.2. A Construction of a d-Parameter Cy-Group

Suppose now that ai,...,a;: R — R are functions which satisfy [(H1)|, [(H2)]

and [(H3)] Let p € (1,00). By Theorem [2.2.8, we obtain for cach a; a
corresponding bounded half-wave Cy-group on X, = L?(R; C?). From these

d (one-parameter) bounded Cy-groups, we want to construct a bounded d-
parameter Co-group on Z, = LP(R% C?). To this end, we lift ai,...,dqy to
functions a4, ..., aq on R? by setting

aj(x) = aj(z;) == (v1,...,2q),7 €{1,...,d}.

For j € {1,...,d}, we define the operator L; :== L,, by

D;a;D; 0
L= ( 343 ) with domain

Dom(L;) = {u € Z, | Dfu € Z, for k € {0,1,2}}.
As in the case d = 1, one can show that L, is sectorial and that

Dom(V'L,) = {u € Z, | d;u € Z,},
IV Ljull, = (1050,

Corollary 2.2.10. Let p € (1,00), d > 2 and Z, = LP(R% C?). Then, the
operator z'\/L_p = z’(\/m, cee \/H,p) generates a bounded d-parameter Cy-
group (€VVIr),cp on Z, with ¥V f = ewVE2 f for f € X,NX,. Moreover,
for all f € LY(R%,C?) N LP(RY; C?), we have

ICos(yv Ly f) (@) | Lo ey ey S 1111, (2.70)
where Cos(yv/Ly) = 17—, Cos(y;V'Ljp)-

Proof. That L; generates a bounded Cp-group (eit‘/fj)teR is a consequence
of Theorem [2.2.8] and Lemma below. Note that L;L, = LiL; for all
J,k € {1,...,d} and thus by functional calculus, the same holds for their
square roots. This implies that their Cy-groups are commuting, too (by
the Euler exponential formula, for instance). Finally, follows from

Lemma [2.2.11} (2.69), and Fubini’s theorem. O
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2 Preliminaries

Lemma 2.2.11 (Lifting of Cy-Groups on LP-spaces). Let p € [1,00), d > 2
and X = LP(R;C?), Y = LP(R¥ 1 C?) and Z = LP(R% C?). Suppose
that 1A is the generator of a Co-group (T'(t))ier on X. Then, the operator
iA ® Oy generates a Co-group (S(t))ier on Z with ||S(t)|lzzy = 7))
for allt € R.

Proof. Let D := C>*(R), Yy == {1y|M € B(R*!),|M| < 0o} CY and put
—{Lahog neNpeD fre XgeX} 2

where pr(A) € L(X) is defined by the Phillips functional calculus for A.
Note that Z; is dense in Z. Indeed, Z = X ® Y, by standard integration
theory and X ® Yy = Z, by Lemma . Let t € R and h € Z;. Then,
h = Yr 1 pr(A)fi ® gp for some n € N, ¢ € D, fr, € X and g € Yo.
Writing e4 == T'(t), we set

Z Aop(A) fr) @ gk

Proceeding as in the proof of [15, Section 4.1, Lemma 1.1], one shows that
S(t)f does not depend on the representation of h. By Proposition (a),
we have for ¢ € D that eAp(A) = p,(A) with ¢, := e € D. This implies
that So(t) leaves Zy invariant and thus, Sy(t): Zy — Zy is a well-defined
linear operator. To estimate ||Sy(t)h| 2z, we first note that we may assume
without restriction that the supports of the g, are disjoint. Then, by Fubini’s
theorem,

1So ()Rl = >_ lle™or(A) fill lgelly
k=1
< le" Iz x ZH% Vel llgelly = e 1 1R 11,

which shows that Sy(t) is bounded with [|S(t)|lzz) < [|e™|lz(x). Since
Zy is dense in Z, there is a unique extension S(t) € L(Z) of Sy(t) with
1S(O)]lez) < |le®|z(x)- Note that the properties of a Cy-group translate
from (e");cr to (So(t))ier in a straightforward fashion. By a standard
density argument and the fact that |S(¢)|zz) < |le"*||z(x), these properties
extend to (S(t))ier. We conclude that (S(t)):cr defines a Cy-group on Z.
Choose ¢ € D with ¢(0) = 1. Then, Lemma and the density of
span(Yp) in Y imply for h =30, i @ gr € X ®Y

n n

= i Z H(tD) fi) ® gk =D (" fi) ® g (2.71)

k=1 k=1
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Choosing h = f ® g € X ® Y with ||g|ly = 1, we easily deduce from (2.71]
that [|S()]lzz) > le"]|zx) and thus [|S(t)||zz) = || z(x) for all ¢ € R.
It remains to identify the generator of (S(t))icr, which we denote by B.

We deduce from Proposition (c) and that By C iA ® 0y C B,
where By = i(A ® Oy)|z,. On the other hand, since Zj is dense in Z and
S(t)-invariant, it is in fact a core for Dom(B) by [16], Proposition I1.1.7]. But
this means precisely that By = B and since B is closed (being a generator of
a Cop-group), it follows that By = A ® 0y = B. The proof is complete. [

2.3. Preparation of the Proof of Theorem [1.1.3
and Theorem [1.1.4

In this section, we collect the tools developed in the previous sections as
a preparation for the proofs of Theorem [I.1.3] and Theorem [I.1.4] The
coefficients by, . . ., by play no role here; we only recall from Assumption [1.1.1}

(A,) There exist constants 0 < m; < mg < oo such that
my < aj(x) <my forallzeRandje{l,...,d}.
The functions ay, ..., aq are Lipschitz continuous, and we assume that

m3 = max |- log(a;) < 4.

1<j<d

L' (R)

For each j € {1,...,d} and p € (1,00) we recall the operator L;, in
LP(R%; C?) defined by

[ Dja;D; 0
e 0 a;D; )

Dom(L;,) = {f € L(R%; C?) | Dfu € L?(R%; C?) for k € {0,1,2}},

as introduced in Subsection We have seen in Corollarym that
ivLy, == i(VLiyp, ...,V Lay) generates a bounded Co-group (e VL) g on
LP(RY) := LP(R?; C?). Since e¥VIr f = V2 f for f € X, N X,, there is no
danger of ambiguity, and we will just write e VL instead of v VEr,

This d-parameter bounded Cy-group gives rise to the Phillips functional cal-
culus for /L as introduced in Subsection m

Definition 2.3.1 (Phillips Functional Calculus For v/L). Let p € (1, 00).
For ¢ € FL', we define (/L) € L(LP(R%)) by

p(VL): LP(RY) - L(RY), o(VD)f = [ (F'e)(y)e Ve dy.

Rd
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Remark 2.3.2. If ¢ € FL! is even in every component, i.e., if

0(€) = p9(¢) = =i > p(eiba, ... eq€s) (£ €RY),

(51')?:16{_1»1}‘1

then the same is true for ¢ = Fly. In this case, we have by Fubini’s
theorem

1 . . .y 7
e(VL)f = i </R¢(y)2<e_lylm +e_zy1m) dyl>e_ly '\/ff dy’
1 ; : o 7
_ [ < [ om (e 4 ) dy1>e—w VUt 4y
Ré-1 R

= /Rd_1 </ ¢(y)COS(ylm>) dy1>e_iy,'mf dy’
T / y)Cos(yv'L) f dy.

Thus, for such functions ¢, we are free to replace e~y VL by Cos(y\/f) in
the integral which defines ¢(v/L). This observation turns out to be useful
in Chapter

We also consider the operator L in L?(R?) := L2(R%; C?) defined by

(2.72)

d D.a.D,
Li—L1,2+'--+Ld72_(23:1 i 0 )

d . 2
0 =105 D5

with domain H*(R?). Note that L is self-adjoint w.r.t. the equivalent scalar
product

10

(u,v)4 = <A’1u,v>L2(Rd;C2), with A= (0
a

), a:=ay--aq. (2.73)

Moreover, L is injective with spectrum contained in [0, 00). In particular, L
is sectorial, and we may therefore define an L-adapted L?(R?)-based Sobolev
scale of spaces as in Subsection [2.1.2.1] For a € R, we set

ole

(H%(Rd)a [ - ||Hg(Rd)) = (L2(Rd))

{(Dom( £),011d+ L)% - [l2), a>0,
(L2(Rd) ||(Id+L) “l2)~,  a<O.

We also set HX(RY) == N,er HY(RY), H;(R?) = Uper HF (RY) and we will
frequently write || - [[o instead of [ - [l (gra). Let 6 € R. We recall from
Proposition that the fractional power (Id + L) 2 extends to an operator
(D) = (Id + %)% on H;®(RY) such that (D;)?: H$(RY) — HY?(RY) is
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a bounded isomorphism for all @ € R. For ¢ € C®(R?) and f € H$(R?),
the Phillips functional calculus for v/L extends to H$(R?) by letting

p(VL)f = ((-)*¢)(VL)g, g:=(Dp)*f € L*R)

(see Definition [2.1.26)). Moreover, as L is injective, the fractional powers
L? are defined for all 3 € R by Proposition (e), and thus Proposi-
tion [2.1.15] (b) implies that

LPY(VL)f = (|- P9) (VL) (f € H{(RY)) (2.74)

for all a, 3 € R and all smooth ¢ € C°(R?) supported away from the origin.
It follows similarly from Proposition [2.1.15| (b) that

(DL)?e(VL)f = ((-)’0)(VL)f (f € H{(R")) (2.75)

for all a, 3 € R and ¢ € C>*(R?). We use the following result in order to
switch from the L-adapted scale to the classical one.

Proposition 2.3.3 (Kato). (a) Fora € [-2,2], we have HS (R?) = H*(R?)
and
I(Id + L) = ullz = [{Do)*ullz  (u € H*(R?)).

(b) For all B € [-1,1] and ¢ € (1,00), we have WH9(RY) = W5 9(RY)
with equivalent norms HLgqu ~ |[|D.|Pul,. Here, the L-adapted 1.9-
based homogeneous Sobolev space Wi (RY) is defined as in [35, Defi-
nition 15.21] with A replaced by the closure of the Li-part of VL and
a replaced by (B therein.

Proof. Consider first the case @ = 2. Then, H%(RY) = Dom(L) = H?(R?)
by definition. The estimate [lu[lgz ge) < [[uflmz@a) is trivial (by the Lips-
chitz continuity of the a;), and the reverse one then follows from the open
mapping theorem. Thus, H%(R?) = H?(R?) with equivalent norms. For
a = 0, there is nothing to prove. For intermediate value o € (0,2), one ar-
gues by interpolation, as both (HY (R?))zep and (H?(R%))ser form complex
interpolation scales [39, Theorem 4.17]. The case a € [—2,0) follows from
duality. The second assertion is a very deep result, known as the Kato square
root problem for ¢ = 2 and § = 1, which was resolved in [3] (for operators
in divergence form with even complex L*>-coefficients). By virtue of the
structural assumption , we may extrapolate this to general ¢ € (1, 00).
Indeed, condition ([1.7)) in particular implies that L = Ly +---+ L4 is a sum
of commuting (essentially one-dimensional) operators so that the generated
semigroup
e—tL — e—tL1 . e—tLd (t c R)

factors. Now, [5, Theorem 2.36] shows that (e *F),- as well as (vVV e 7F) 50

satisfy Gaussian estimates. Combining this with [20], [35, Theorem 15.28]
and a duality argument, we infer the claim. O
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In order to prove Theorem [1.1.4] we will heavily make use of the Phillips
functional calculus and the Littlewood—Paley type results as developed in
Subsection [2.1.3. For the convenience of the reader, we restate them here
in the setting of the concrete operator v/L. To this end, we fix some stan-
dard (homogeneous) Littlewood—Paley partition of unity, i.e., some radially
symmetric ¢ € C°(R?) supported in {¢ € R?: < [£] < 2} such that we
have

Z (&) =1 forall £#0, where¢,(&) = z/;(i) (2.76)

A2z

Proposition 2.3.4 (Calderén Reproducing Formula on H¢ (R?)). Let o € R

and f € H¥(RY). Then,
> n(VL)f =]

Ae2?
In particular, for D = C>®(RY),
Syg =80 = span{¢(VL)f | ¥, f € D,supp(s)) € R\ {0}}  (2.77)
belongs to Nger Dom(LP) N Npe(1.00) LP(R?) and is dense in HE (R?).

Proof. Just use Corollary [2.1.27, D C LP(R%), and (VL) € L(LP(RY)) for
all p € (1,00) and ¢ € D. O

Proposition 2.3.5 (L2-Boundedness of Almost Orthogonal Operators). The
following statements hold true.

(a) Let h € FL'. Then ||h(VL)| ca2@aey S [|h]lso-

(b) Let « € R and v € R. Assume that h = (hy)xeoz 1S a sequence of
functions on R? such that hy is smooth on an open neighborhood of
Ky = supp(¢y) for all A € 2% and ||h||ls = supyeoz [[ha]|Leo(ry) < 0.
Then,

T:Hi(R) = Hy "(RY), Tf =3 (N (hr)(VL)S

A2z

is a well-defined linear bounded operator with || T|| < ||h||eo. Moreover,
for f € H¥(RY), there holds

ITffa@a) S 32 1) (VE)gll3 < 3 Ioa(VE)gll3 = || flfe o).

Ae2Z Ae2Z
where g = (Dp)*f € L2(RY).
Proof. See Proposition [2.1.10| (d) and Theorem [2.1.28] O
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Proposition 2.3.6 (Squarefunction Characterization of the LP-norm). Let
1 <p<oo. Then,

H( ) \wmf(a:)f)l/z

g2z

~||fll, forall f € LP(RY).

p

Proof. See Proposition [2.1.29| m

Lemma 2.3.7 (Differentiation under the Sum). Let o € R, f € H%(R%),
and n € Ny. Suppose that {h;» | A € 22t € R} is a set of smooth functions
on RE\ {0} which satisfy the following assumptions:

(i) For all X\ € 2% and each & € Ky = supp(¢y), the map t — hy\(€)
belongs to C™(R; C) and

OFhen(©)] < CHN" (0<k <n)
with some locally bounded function t — C(t).

(ii) For each fived ty € R, \ € 2%, we have

|07 he s = O} e 0 (t—to).

’L?(K/\)

Then, for all k € {0,...,n}, the map

wit = T f =3 (heathn) (VL) f

Ae2Z
belongs to C*(R; HY™"(RY)) and it holds

u®(t) = 37 @) VL), [ @)llai S CONflla (t €R).

Ae2Z

Proof. Fix a € R, f € H3(R?), and let n € Ny. First of all, we observe
that assumption (i) with & = 0 implies that ||ht,>\||Lg°(K,\) < C(t) for all
A € 2% and t € R. Thus, Proposition [2.3.5 (b) shows that the operator
T(t): HY *(R?) — HY*(R?) is a well-defined and bounded with ||T(2)] <
C(t) for each t € R and k € {0,...,n}. We set g == (Dp)*f € L}(R?) and
prove that u: ¢t — T'(t)f belongs to C*(R; H} *(R%)) for all k € {0,...,n}
by induction on n.

e n = 0: By the opening remarks, we have ||u(t)|loa < [T flla S
C(t)]|f||a for all t € R. To prove that u is continuous, fix t, € R. We
have to show that

T)f —T(te)f =0 (t—to) in HF(RY).
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First, we use (i) to see that [|hlle = SUPyeoz y_so)<1 ||ht,)\||Lg°(KA) is

finite. By Definition [2.1.26| and Proposition [2.1.15| (¢), we have
(D) a(D)f = (D)*((-)""¢a)(D)g = ¥a(D)g.
Let t € R with |t — to| < é. Then, Proposition [2.3.5] (b) yields

1T f — T@O)f”%I%(Rd)
S 0 (s = hg )10 ) (VI3

Ae2Z

SRS 2 1oa(VL)gls < llglls = 11F g -

Ae2Z

Moreover, for each A € 2% we have

1((hex = Pao ) ) (VI3 S ([ (hex = hag)thalIZllgll3 — 0

as t — to by Proposition[2.3.5] (a) and assumption (ii). Thus, it follows
from dominated convergence in ¢*(2%) that

1T f = T(to) fllag ey S D2 N((her = haga )i ) (VI FII3 = 0

Ae2Z

as t — to. This shows that u belongs to C(R; H¥ (R)).

e n > 1: By the induction hypothesis, we may suppose that for any
k€{0,...,n — 1} the map u: t — T(t)f belongs to C*(R; HY*(R%))
with

uD() = 3 (RIS, 1P B)la-k S CH)Ifla (¢ ER),
Ae2Z

where hgk/\) = OFh; . We have to show that u € C™(R;H} "(R?)).
But v € C"'(R;H}""Y(R%) by induction hypothesis and since
H™ " (RY) — HE™(RY), we infer u € C"~1(R: HY"(R?)). Hence, it
remains to show that u(™~ is continuously differentiable with values
in HY ™(R?) and that ||u™ (t)|la—n < C(#)]|f]la- To this end, fix again
to € R.

First, note that by Proposition m (b),
o(to) = 3 (0] hig ) (VL) f € HE (R, [[v(to)lla—n S CO)]|flas
Ae2Z

since |0)"hiy A ()] < C(to)(A)™ on K, by assumption (i). Let us set
C = supy;_y4, <1 C(t) < oo and put

(hﬁ,";”(s) — h D)

pea(§) = t— 1o

- afhto,xs)) @ (€40
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2.3. Preparation of the Proof of Theorem|1.1.3 and Theorem l.l.ZI

for |t —to] <1, A € 2Z. An application of the fundamental theorem of
calculus and (i) shows that for £ € K,

1
lpea(§)] < <5>_"/0 0] P4 (t—t0) A (&) — Of g A ()| AT
< C(t) )™ /O Lopymdr < C

Thus, for 0 < |[t—to| < 1, it follows once again from Proposition[2.3.5] (b)
that

(2.78)

< Y (peatn) (VL)gll3

g2z

Se 2 Ila(VL)glls < llgll3 = 1/l rey-

Ae2Z

Moreover, if §; := |t — to|, then Proposition [2.3.5 (a), the first line of
[2.78)), and assumption (ii) yield for each \ € 2%

1(peat)) VI)gll2 S loeatiallooligllz
S N 7Mgllz sup 07 hsx = 07 hig All e acy) = 0

Y
‘S—t0|§5t

as t — to. Applying dominated convergence in ¢*(2%) once again, we
infer that u(™ (to) = v(t) in HY "(R?). Using that

(D)™ u™ () = 3 (hiatp ) (VL)g,  hya = () "0y,

xe2zZ

the continuity of u™: R — HY ™(R?) is shown exactly as the already
shown continuity of u: R — H¢(R).

The proof is complete. O

Lemma 2.3.8 (Extension of the Operator L; to H}(R?)). Let« € R, n € Ny
and j € {1,...,d}. Then, the operator (L;)": S g, — S5 extends uniquely
to a bounded operator from H$(R?) to HY ™(RY). In particular, for each
t € R, we have P(t): H}(R?) — H} ?(R9).

Proof. Uniqueness is clear, since S ; is dense in H (R?) by Corollary [2.1.27]

Now, just note that the operator

T:HF(RY) = HE"(RY), Tf =3 2((%)"w)(VD)f

Ae2Z
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2 Preliminaries

is bounded by Proposition 2.3.5] (b) and that by Proposition (c) and
Proposition we have T'f = (L;)5 f for f € S /i~ The second assertion
is proved analogously. The second assertion follows from P(t) = }1:1 bi(t)L;
and the first assertion with n = 2. ]
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3. A Parametrix Construction
and Weak Solutions

Equipped with the tools from Chapter 2, we now proceed to prove Theo-
rem in this chapter, which serves as a bridge to the proof of the global-
in-time Strichartz estimates (Theorem in Chapter 4. The chapter is
structured as follows: we begin in Section with an outline of the proof
strategy, in which we also briefly explain how Theorem is used in the
proof of Theorem in Chapter 4. The central part of this chapter is
the parametrix construction in Section [3.2] which is subsequently utilized in
Section [3.3] to establish the existence of weak solutions.

We deal with operators in divergence and standard form simultaneously by
considering the (decoupled) two-dimensional system

(D} = P())u(t) = F(t), u(0)=g, Du(0)=h, (3.1)

where P(t) is given by

o ([ Z0i(8) D) D, 0
P(t) T ij(t)LJ - ( 0 d bj(t)aj(xj)Dz )

7j=1 7j=1 Tj

and the functions g, h: R? — C? and F(t) = F(t,-): R? — C? are fixed. In
this section, we aim to find a parametrix for (3.1)). It will turn out to be
convenient to use the notation

B(t) = diag(bi(t),...,ba(t)) (t € R)

and we write || A|| for the operator norm of a matrix A € R%*¢. In particular,
|B® ()| = lr£1a<xd\b(k) (t)| for k € {0,1} and t € R. We will also frequently
SIS

write

Op =D~ P(t) (teR).

Moreover, for the rest of this thesis, we fix some standard Littlewood—Paley
sequence (1) )xe9z as introduced in ([2.76)).

3.1. Strategy of Proof

In this section, we want to briefly explain the main ideas of the proof of
Theorem and how the latter is linked to the proof of Theorem [1.1.4]
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3.2. The Parametrix Construction

in Chapter . We use a parametrix construction for that goes back to
Smith [47] (see also [33, Section 4] in the context of smooth wave equations).
The idea is to construct families of operators (C(t, s)) ¢, s)erz in L(HF(R?))
and (S(t, $)).s)erz in L(HF(RY); HY ™ (R?)) which are approximate solution
operators to the equation (D? — P(t))u = 0, in the sense that

(Df = P(1)C(t, 5): HE(RY) — HZ ™' (RY),
(Df = P(1))S(t,5): HE(R?) — HZ(R?)

are bounded operators. This then allows us to prove the existence of a weak
solution that can be represented by

u(t) = C(t,0)g + S(t,0)h + /Dt S(t, 5)G(s) ds.

Here, G € LY(R; H¢ '(R%)) is the solution to a Volterra equation and de-
pends on g, h, and F. Uniqueness is shown by energy estimates.
The key point of the structural assumption on the coefficients of P(t) (see
(1.7)) is that it provides us with a Phillips functional calculus for v/L, which
in turn allows to construct the operators C(t, s) and S(t, s) in a fairly explicit
way. In fact, C(t,s) and S(t, s) will be constructed in terms of operators of
the form

T(t,5) = (#u)(VI) (3:2)
with an explicit phase function ¢, : R? — R that is positively homoge-
neous of degree one and smooth away from the origin, and some amplitude
1 € C=(R?) supported away from the origin. At this point, we also want
to highlight that the Borel functional calculus for the self-adjoint operator
VL = VL1 +---+ Ly is not enough to define the operator in in a
meaningful way. Indeed, for (suitable) radial functions p: [0,00) — R, we
have p(v/L) = (po|-|)(vL) (cf. Proposition (e)); however, in general,
the phase function ¢; s is not radial.
To prove the global-in-time Strichartz estimates (Theorem in Chap-
ter 4 later, we appeal to the abstract framework developed by Keel-Tao [34]
for which we need dispersive estimates for the operator in (3.2]). Using the
properties of the Phillips functional calculus for v/L and the L?L;—bounds for

Cos(yv/L) as proved in Corollary m, proving these dispersive estimates
essentially boils down to pointwise estimates for the Fourier transform of the
surface measure over the hypersurface Sff;l ={£ e R | pr4(&) =t — s}
This is the heart of the proof. Finally, we only need to use Proposition [2.3.3]

to relate the spaces H$(RY) and H*(R?), as well as the homogeneous norms
| LAul|, and ||| D,|ul|, to deduce Theorem m

3.2. The Parametrix Construction

In this section, we construct a parametrix for Opu = 0.
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3 A Parametrix Construction and Weak Solutions

3.2.1. Derivation of a Parametrix

To motivate our ansatz for the parametrix, we first recall the easier time-
independent case, where B(t) = Id for all ¢ € R. Then P(t) = L and
since iv/L generates a bounded Cy-group on L2(R?) (by the Borel functional
calculus for L), we can express the solution of in terms of the Cy-

group (eVL),cr. For the latter, we have by Proposition [2.1.15| (d) for any
f € L3(R?), s,t € R and \ € 2% the representation

=Ly (VL) f = (ei(tfs”'l%)(\/f)f = /Rd E(t— s,y)e ™ VEfdy,

where Ky(7,y) = F (el )(y) = (2m) 7 foa /W EHTIDY(€) A€ s the 1y-
truncated kernel of the classical half-wave group. Summing over the frequen-
cies A\ € 2%, we obtain from Proposition the representation

tsff Z/ Ky\(t —s,y)e Zy\Ffdy 1nL2(]Rd)
Ae2L

Guided by this observation, in the time-dependent case, we seek a parametrix
of the form

tsf—ZT,\tsf—Z/K,\tsy) Zy*Ffdy (3.3)

A2z Ae2Z

with a kernel Ky: RxRxR? — C. Let A € 2% and fix s € R. If we formally
integrate by parts, we find for any f € H?(R9)

M=~

P(t)T\(t,s)f = > b;(t) /Rd Ka(t, s,y)Lye #VEf dy

.
Il
-

Il
M=

bi(t) [ Kt s.p) (D) e VEf dy

.
Il
-

/D Ki\(t,s,y)e zy\rfdy

< (t, D) Ex(t,s,y))e Vi f dy

%\TM&

with symbol

= bi(t) B(t)€l€), (t,€) e R x R™

J=1

So formally, we have

D? — P(t))Ta(t,s)f = D? — p(t, D,)) Kx(t, s, y)|e"®VEf dy.
( ) LI ) |
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3.2. The Parametrix Construction

Therefore, it is natural to require K to solve the wave equation
(D} — p(t, D)) Kx(t,s,y) =0, (t,y) € R xR,

and to this end, we follow the idea of Lax’s parametrix construction (see
[36], [52, Section 4.1] or [25, Chapter 6]): We are looking for a solution of
the form

Ki(t,s,y) = (271r)d /]Rd POy, (£) de, (3.4)

where the phase functions ®* solve the eikonal equations

&;q)i = +q(t, qu)i)’ q)i<5> $,Y,8s) = Ys * &s

with symbol ¢(t,&) = Vp(t, &) = V(B(t)£|€) and fixed y,, & € RY The
theory on Hamilton—Jacobi equations implies that equations of this type are
solvable (at least locally in time) (see e.g. [62, Chapter 1.15]), and in fact, in
our particular case, we can construct the solutions ®* explicitly. Let us focus
on ®F first. We recall that the full symbol ¢ (¢, y,1,€) = n—q(t, £) generates
a Hamiltonian flow (ys, &) — (y(t),£(t)) on the phase space R} x R¢, which
is defined by the ODE

y(t) = Veqy (t,y(t),n(t), &(1))
E(t) = =Vyaq (t,y(t),n(t),£(t) =0, £(s) = &,

which can be easily integrated:

Il
|
—~
™
—~
~
~—
I
—~
~
:m
Iy
—~
~ | ~~—
~
~—
—
~
[\&}
<
—~
~
|
<
»

0=t 10 =1 [ O (R

Now it can be shown that (see [I7, Subsection VIII.64.2])

CI)+(t, S7y7€s) = ys'gs = <y+/ 5 |§ 1/2 dT) fs =Yy és”‘/ €s|§s)

Turning to &, we note that the full symbol is then given by qq (t,y,7,£) =
N+ q(t,§) and we similarly obtain

(¢, 5,9, &) = Yse€ (y /t Bt )5 y-é /t(B( )El&s)2 d

7S YsSs) = Ys'Ss = \Y— | T e a1 9T |'Ss = YSs™ T)Ss|Ss T.
s (B(1)&s1€:)1/2 s

Letting & == &, vary over RY, we can write ®*(¢,s,9,£) = y- & £ ¢4 4(€) with

©1.5(€) = [H(B(7)€]€)Y2 d7, and plugging this expression back into (3.4]), we

get

1

K/:\t(t? Say) = (27T)d

/d ei(y.giwt,s(ﬁ))w)\(n) dn = F_l(eiwt’”ﬂ,\)(y)
R

72



3 A Parametrix Construction and Weak Solutions

and therefore finally the expression
Tt 9)f = () (VL) f.
In the next subsection, we verify that the operators

Tt ) = Y TE(ts) = Y (59 (VE) (35)

A2z Ae2Z

indeed define parametrices for the wave operator (p = D? — P(t) in the
scale of L-adapted Sobolev spaces H} (R?), a € R.

3.2.2. The Parametrix and its Properties
Let s,t € R. Recall the phase function

t 1
P RIS R, g = [ (Bl dr (36)
constructed in the previous subsection.

Lemma 3.2.1 (Pointwise Estimates for Derivatives of the Phase Function).
For s, t,ty € R, £ € R4\ {0} and o € NZ, we have the bounds

108 01,6 (€)] S €171t — s, (3.7)
O ()] = [€], 107 pes (O S IB' (W 1€, :
107 .5(8) = 0/ Pro.s ()] S [81(IE = Lo + |1 B'(t) — B'(to) 1), (3.9)

where we wrote 02y, (&) for 02¢1 s(€)|i=t,- Moreover, ¢ = —ps; and thus
Oy s = =0t |,=s for all k € {0,1,2}, and p; , is positively homogeneous

S
of degree one.

We first show that the operators defined in (3.5) are bounded operators on
HY¢(RY), o € R.

Proposition 3.2.2 (Boundedness of Parametrices I). Let « € R. Then, the
linear operators

T*(t,s): HE(RY) = HE(RY), T(t,s)f = Y (e un)(VL)S

Ag2Z

are bounded with operator norms uniformly bounded in s,t € R.

Proof. Let s,t,oc € R. As observed in Lemma [3.2.1, we have ¢, = —¢p,,
which implies the identity T (¢,s) = T~ (s,t). Thus, it is enough to show
the boundedness of T'(t,s) := T*(t,s) on H}(RY). Put h := e¥¥ts. Clearly,
|h]l = 1. Now, Proposition (b) shows that T'(t,s) is bounded on
H¢(R?) with operator norm ||T|| < ||h]|e = 1. O
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3.2. The Parametrix Construction

Clearly, the wave operator Op = D? — P(t) is a differential operator of order
two. Therefore, if (R(t, s)); is a nontrivial family of operators in £(H¢ (R%))
which is unrelated to Op, one would expect that the action of Op on R(t, s)
loses two derivatives in the scale of L-adapted Sobolev spaces H¥ (R¢). More
precisely, we would expect OpR(t, s): H¥(R?) — H$ *(R?) boundedly. How-
ever, as we shall see in the following, OpT*(t, s) maps H$ (R?) to HYH(R?)
boundedly. Consequently, (JpT=(t,s) behaves one order better than ex-
pected, and it is in this sense that the operators T*(t,s) can be thought
of as parametrices, i.e., approximate solution operators to the wave equa-
tion Opu = 0. This better behavior allows us to prove a representation of
the solution of (see Theorem , which we will subsequently use to
show global-in-time Strichartz estimates. We begin with some preparatory
lemmas.

Lemma 3.2.3 (Strong Differentiability of Parametrices I). Let so,ty € R
and assume f € HE(RY) for some o € R. Then, for all k € {0,1,2}, the
maps

ts TE(t,s0)f and s+ T*(ty,s)f

belong to CF(R; HY*(R®)) with

DiT*(t,50)f = Y (Dfe* oy ) (VL) f,

Ae2Z

DET(ty,5)f = Y (Die*#0s4\)(VL)f  and

Ae2Z

IDET(t, 50) flla—k + 1D T (to, 8) flla—t < 1| fla-

Proof. Let so,tg,a € R and f € H¢(RY). Since T*(t,s) = TT(s,t) for
s,t € R, it suffices to consider the maps u®: t — T*(t,s0)f. But in this
case, the corresponding statement is just a straightforward consequence of
Lemma and Lemma . Indeed, put hyy = eF¥t=0 for all t € R, \ €
2%, Then, hy  is smooth away from the origin, and by Lemma we have
the bounds

heald)] = 1,
Duur(©)] = 1D ()] < €] S (), (3.10)

D2 ()] = | (Dipra(©))” + Dy (€)] Soma 6 + 161 S (607
Using and , one also checks that
DRy (€) = Dhug a(€)] S (€0 (It — tol + |1 B'(2) — B(to)ll).
Therefore, Lemma implies u* € CF(R; HY *(R9)) for k € {0,1,2} as

desired.
]
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3 A Parametrix Construction and Weak Solutions

Lemma 3.2.4 (Derivative Gain on Dyadic Frequencies). Let s,t € R, A €
22 and f € H3(R?) for some a € R. Then,

(D7 = P(t)) (e*n ) (VL) f = A0 1o - 03) (VL) £,

where i is smooth away from the origin with ||y ||y S ||B'(t)]] and
K = supp(y).

Proof. On the one hand, dominated convergence and Lemma |[3.2.1] imply
Di (e ¢2) (VL) f = (Die?4,) (VL) . (3.11)
Recalling that ¢, 4(¢) = f;(B(T)ﬂf)% d7, we compute
Die'#+© = Dy((B()g[€)? - @) = ((B(t)§[6) + Di(B(1)&]¢)? )e'ee©

Plugging this into (3.11]), we get
D7 (e ) (VL) f
= ((B(t)E[&)e™ 1) (VL) f + A(e Dy(B(1)§15) 241 ) (VL) f.
By Proposition [2.1.10| (¢), the first term on the right-hand side is equal to

Z: bi(t)(Ee™ =y ) (VL) f = ij(t)Lj(e"“’“%)(\/f)f = P(t)(e"4h)(VL)f.
We therefore conclude

(D7 = P(t)) (1) (VL) f = A(e" Dy(B(t)4]5) 205 ) (VL) f.
But by , we have
(Di(B)515)2] = IDZeus DI S IB OIS = [BOI (€ € K,
so the assertion follows setting 7 5(&) = (Dt(B(t)§|§)%. O
Theorem 3.2.5 (Derivative Gain I). Let s,t,oc € R. Then, the operator
(Df = P(1))T(t,s): HE(RY) — HZ ™' (R7)

is bounded with an operator norm uniform in s and t. Moreover, we have
the following estimates,

(@) D} = PENT(t, ) fllna-rmay S 1B O - 1f g ey,
(ii) (D} = PWO)T=(t, 5) Ly @me ey S 1B 1ll Fllg (ra)-

75



3.2. The Parametrix Construction

Proof. 1t is enough to prove the estimates (i) and (ii). Let s,¢,a € R and
f € H¢(R?). To ease notation, we just give the proof for T := T'* (the proof
for T~ is analogous). By Lemma we have D?T(t,s)f € Hy ?(R%).
On the other hand, Proposition and Lemma [2.3.8 yield P(¢)T'(t,s)f €
H2(R). Thus, (D? — P(t))T(t,s)f is a well-defined element in H$ ?(R?).
Now, Lemma [3.2.3] and Lemma imply

(D} = PO)T(t,5)f = Y (D} = P(t)) (e ) (VL)

Ae2Z
= > A0 (VL)
Ae2Z
= Z )‘(ht,s,ﬂpx\)(\/f)f
Ae2Z
with ‘
hesa: RIN{0} = C, heon(§) = €O, 5(€)
satisfying

1 salleee ey = lreallue S 1B/ @)

uniformly in A € 2% and s € R. It therefore follows from Propositionm (b)
that (Dt2 - P(t))T(t, s)f in fact belongs to H ' (RY) and that

I(DF = PENT (¢, 5) f g1 ey S 1B @I 1F g (ray-

This proves (i), and (ii) follows by integrating (i) with respect tot € R. [

Based on the operators T(t, s), we define the following two families of op-
erators C(t,s) and S(t, s), which play a similar role as Cos((t — s)v/L) and
i(t — s)Sinc((t — s)v/L) do in the time-independent case.

Definition 3.2.6. Let s,t,a € R. For f € H}(R?), we define

Clt,s)f = > ((cosoprs) - 1) (VL)S,

Ae2Z

St s)f =iy (Sin i .sz)(\/f)f. (3.12)

€2z Ospr,s

The properties established for T*(t, s) extend to C(t,s) in a natural way.
The situation for S(t, s) is slightly different. In view of the factor |Dsp | 1 ~
€|~ in (3.12), the mapping properties of S(t,s) are even improved by one
order in the H$(R%)-scale (see Lemma [3.2.7) (b) (iv) below). This will be
crucial in Subsection [3.3.2l Another difference is that the very same fac-
tor reduces the strong differentiability of s — S(¢,s) by one order, which
fortunately turns out to be irrelevant for our purposes.

Lemma 3.2.7 (Relation between Parametrices). Let s,t,a € R.
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3 A Parametrix Construction and Weak Solutions

(a) We have
Clts)f = ;(Tﬂt, HT (1) (fEHRY).  (313)
(b) Define for f € H¥(RY)

Tt 5)f = 3 (hestn) (V). mxwz@ﬁﬁﬁﬁ?

Then:
(i) T(t,s) € LHF(RY)) with | T(t, s)|| < (t - 5).
(i) The map T — T(1,5)f belongs to C*(R; HY ¥(RY)) for all k €

{0,1,2}.
(iii) The map T — T(t,7)f belongs to C*(R;HS *(RY)) for all k €
{0,1}.
(iv) We have the identity
S(t,s)f =i(Dr) ' T(t,s)f (f € HE(RY)). (3.14)
(v) We have

(D} = P(t)) (he,stn) VL) f = MFraptn) (VL) f (X € 27),

where 7 x: RT\ {0} — C is smooth and satisfies the estimate
17t s llLgs ey S I1B' (D], Kx = supp(ha).

Proof. Assertion (a) is obvious. To prove (b), we first observe the estimates

|Bt,s(€>| 5 <t - 8>7 |atﬁt,s(§)| 5 <§>7

; - ) (3.15)
[Oshu,s ()] Soma (¢ = $)(€)s 07 hes(E)] S (8 =)&)

and
|Daht o(€) = Dahy sy ()] S (€)*(Is = 50l + [1B'(s) = B'(s0)l])
|D2hes(€) = D}y o (€)] Sy (€0 (It = tol + | B'(t) — B'(to)]).
for s,t, 50,0 € R, £ € R?\ {0}. Indeed, implies

© O
|6590t,s(§)| B |§| ~

while for || < 1, (3.7) gives

- |sin(pr,s(6))] _ [es(6)]
hts < 3 g )
sl < 2 G o@l ~ el

(3.16)

|hes ()] < 1 for |¢] > 1,

< |t —s].
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3.2. The Parametrix Construction

This shows |he o(€)] < (t — s). Using this estimate and (3.8)), we deduce

| cos(#1,s(6))] 015 (€)]

9] = D Bl ) < )
0u0n(€)] = | cos(a(©)(€) — mﬁt,s@|

S A& + 1B/ (5)] lhes(€)]
Sma (&) +{t —5) < 2(t = 5)(&)

and finally

o) ()7 — m cos(sot,s<£>><£>\

St = 8)EP B @)(€) Sma {t = 5)(E)*
The bounds (3.16)) are shown similarly. Using (3.15]) and (3.16)), one may ar-

gue as in the proofs of Proposition and Lemma to show assertions
(i), (ii), and (iii). Furthermore, the boundedness of (D;)~!: H}(RY) —

HT(R?) (see Proposition m (d)) and Proposition [2.1.15( (¢) shows for
each f € HY(R?)

(0210 (€)] =

WD)t 8) f =i > (D) Hheston) VL) f

A2z
=i 3 (O hat) (VL) f = S(t,9),
re2z
proving (iv). Finally, (v) is exactly shown as Lemma [3.2.4] O

The following two theorems are the main results of this section.

Theorem 3.2.8 (Boundedness and Strong Differentiability of Parametri-
ces II). Let a € R.

(a) Let s,t € R. Then, the linear operators

C(t,s): HY(R?) — HY(R?), (3.17)
S(t,s): HY(R?) — HF™(RY) (3.18)

are bounded with |C(t,s)|| S 1 and ||S(t,s)]| S (t—s).

(b) Let f € H¥(RY) and so,to € R and k € {0,1,2}. Then, the map
Usy: t > C(t,s0)f belongs to CFR;HEF(RY)) with |[ul(t)[ar <

~

I flla- The map v, : t — S(t,s0)f belongs to C*(R; HI 1 (R?)) with
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3 A Parametrix Construction and Weak Solutions

108 Ollasi-r < ¢ = 50" flla. The map wy,: s — S(to.s)f

Y

belongs to CL(R; H (RY)). Moreover,

O(t, t) = Id, DtC<t, 8)|t:s = 0, (319)
S(t, t) = O, DtS<t, S)|t:3 = Id, (320)

where the time derivative is to be understood in the strong sense.

Proof. In view of the identity (3.13), the boundedness of C(t,s) and its
strong differentiability as stated in (b) immediately follow from Proposi-
tion and Lemma |3.2.3] respectively. Combining the strong differentia-
bility of C'(¢, s) with Proposition then also yields (3.19)). To prove the
corresponding statements for S(t, s), we use that S(t,s) = i(Dy)'T(t, s) by
Lemma (b) (iv). Thus, the assertions for S(¢, s) follow from the prop-
erties of T'(t, s) stated in Lemmam (b) (i)-(iii), and the fact that (Dy)~!
gains one derivative in the H (R%)-scale, i.e., (D)~': H¥(RY) — H¢™. O

Theorem 3.2.9 (Derivative Gain II). Let s,t,a € R. Then,
(D? = P(1))C(t,5): HY(R?) — HE ' (RY),
(DF — P(t))S(t,5): H} (R?) — H (R?)

are bounded. More precisely, the following estimates hold true, uniformly in
s € R.

|(DF = P1))C(t,8) fllgsgay S 1B O 11l zey.

(D2 = P()S(t, ) fllig ey S 1B O 1 fllstg ey,
and

1(D} = P(&)) Ct, 9) fllupons— rayy S 1Bl F 1tz ey

H(D? - P(t)>5(t>S)fHL,}(R;Hg(Rd)) S “B/Hl”f”H%(Rd)-

Proof. Once again, the properties for C(t, s) follow from Theorem and
the identity . To prove the assertions for S(t,s), we once again use
S(t,s) =i(Dy)'T(t,s) as stated in Lemma (b) (iv). Using (b) (v) of
the very same lemma in place of Lemma [3.2.4] we find that Theorem |3.2.5
holds true with 7'(t,s) in place of T*(t,s). Thus, the assertions for S(t, s)
follow again from the fact that (Dy)~": H$(R?) — H} ™. O

3.3. Weak Solutions in H¢(RY)

In this section, we establish the existence and uniqueness of weak solutions
to (3.1) in H¥(RY), using the parametrices constructed in the previous sec-
tion. First, we define weak solutions in H¢(R¢) in the same manner as in
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3.3. Weak Solutions in H (R?)

Definition|1.1.2} except that the classical Sobolev spaces H*(R?) are replaced
by the L-adapted ones. For later reference, we give the definition.

Definition 3.3.1 (Weak Solution in H%(R?)). Let o € R and suppose that
g € H¥(RY),h € H} ' (RY), and F € LY(R;H} '(R%). Then, a function
u € C(R;HE(RY)) N CYR; HSH(RY)) N Wik (R; HY 2(R?)) is called a weak
solution of in HY(RY) if

D2u(t) = P(t)u(t) + F(t) in H?7%(RY) for a.e. t € R,
u(0) =9,
Dyu(0) = h.

We will use energy methods to ensure that weak solutions are unique. Ex-
istence will then be established using an iterative procedure involving the
parametrices C'(¢, s) and S(t, s).

3.3.1. Uniqueness of Weak Solutions in H¢(RY)

The classical energy inequalities yield for linear wave equations with C°(R¢)-
coefficients the uniqueness of weak solutions in the scale of the standard
Sobolev spaces H*(R?), a € R. As the coefficients of our wave operator
[lp possess only limited regularity, these energy inequalities are applicable
only in a restricted range of exponents a. However, combining these with
Proposition gives a first result.

Lemma 3.3.2 (Classical Energy Inequalities). Let J C R be a bounded open
interval with 0 € J. If

we C(J;HL(RY) N C'(J; L2(RY) n W' (J; H ' (RT))
with Opu = (D? — P(t))u € L1(J; L3(RY)), then
||U||C(7;H;(Rd)) §|J\ ||U(0)||H1L(Rd)+||Dtu(0)||L2(Rd)+||DPU||L1(J;L2(Rd))- (3.21)

Proof. We first observe that holds with H (R?) replaced by the clas-
sical Sobolev space H!(R?). Indeed, a careful inspection of the proof of [53]
Chapter I, Theorem 3.1] shows that the latter is applicable with s = 0 in
the assumptions of that theorem (the coefficients ¢;(t,z) = b;(t)a;(x;) of
P(t) are C' with respect to time and Lipschitz w.r.t. z, so taking one time
derivative and integrating by parts once w.r.t. x is justified to make the en-
ergy inequality work). But, H¥'(R?) = H*'(R?) by Proposition [2.3.3} so the
claim follows. O

Note that Lemma in particular implies the uniqueness of weak solutions
in Hi (R?). In the following, we lift this result to general exponents o € R.
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3 A Parametrix Construction and Weak Solutions

The reason why we can do this is that, while (D,)* does not commute with
P(t) = X%, b;(t)L; for large a (by the limited regularity of the coefficients

=1
a;), the fr]actional power (Dp)® in fact does (on appropriate subsets of func-
tions). In order to exploit this fact, we need the following approximation
lemma. To state it, we introduce some notation first. Let « € R, p € [1, 00],
m € Np, and J C R be a bounded open interval. Put

e [WHEHRY) for p e [1,00),
Tl o™(T;HG(RY)  for p = oo

Let u € WP and n € Ny. Then, we set Zy, == {—n,...,n} and define

= 5 u(VL)u(t) forallte ]

A€2Zn

if p=o0. If p € [1,00), we define IT,,u by the same expression in an almost
everywhere sense. If [ € J is an open subinterval and 47" < dist(7, J¢), we

define

(Snu)(t) = (pn * u)( /gont—s (s)ds fortel,

where @, (t) = 4"p(4"t) and ¢ € C*(R) satisfies supp(¢) C (—1,1) and
Jep(t)di = 1.

Lemma 3.3.3 (Approximation Lemma). Let I € J be bounded open inter-
vals in R and m,? € Ng,p € [1,00], 0,7 € R.

(a) For alln € Ny, we have I, € LOV W) with ||IL, || <, 207+
Moreover, 11, — Id strongly on W7 as n — oo.

(b) For all n > ng, we have S, € LIV, W) with ||S,|| < 47,
where ng s such that 4= < dist(I, J¢). Moreover, if u € Wyl then
(Spu)® = S,u® for k <m and Syu — ul; in WP as n — oo.

Proof. (a) Suppose first that p € [1,00). If v < 0, then ||IL,|| < 1 since
HS (RY) — HS(R?) in this case. Therefore, we may suppose v > 0. By

Proposition [2.1.15| (¢) and Proposition [2.1.10] (d), we then have

||Hnu(t)||Hz+7(Rd) S Z <>‘>7||U( )HHO‘(Rd) S 2(n+1)w||u(t)||H%(Rd)
A€2Zn

for a.e. t € J. Raising this inequality to the p-th power and integrating it
with respect to ¢t € .J, we deduce the bound ||IL,|| < 2+17. This proves the
first claim. To prove the second claim, note that we have proved that (IL,),
is in particular umformly bounded on W}, Let v € D := C*(J;H}(RY)).
Then, II,v — v in W7 by Proposition and the uniform continuity
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3.3. Weak Solutions in H (R?)

of v. Now, since D is dense in W7 (see e.g. [10, Corollary 1.4.37]), the

strong convergence of (II,,), to Id on W7'P follows from a standard density

el
argument using uniform boundedness. The case p = co is proved similarly.
(b) These assertions are proved exactly as in the case of scalar-valued func-

tions (see e.g. [29, Section 1.3]). O

Proposition 3.3.4 (Energy Estimates in H¢(R?)). Let J C R be a bounded
open interval with 0 € J. Suppose further that for some o € R, the function
u belongs to C(J; HE(RY))NCY(J; HY HRD))NW2L(J; HE3(RY). If Opu €
LY(J; HYH(RY)), then

||U||C(7;Hg(Rd)) Sl ||U(O>||H%(1Rd) + ||Dtu(0)||H°L“*1(Rd) + ||DPU||L1(J;H3*1(R4))-

Proof. Let J C R,a € R and u be as in the statement of the proposition.
Fix some open interval I with 0 € I C J. To ease notation, we simply write
H¢ = H¢(RY), L? = L*(R?), etc. in the following. Now, for n € N with
4" > (dist (7, J¢))~t, we define u,,: I — HS by

un(t) = (S TLyu)(t) = /]R onl(t — $)Lu(s)ds (¢ €T).

Observe that u, belongs to C(I;HY). Indeed, since u € C(J;HY), it
follows that IT,u € C'(J; H5) for all § € R by Lemma (a) and therefore
u, € C*T:;H?) by Lemma (b) for all 5 € R and k£ € Ny. This
proves u, € C*°(I;H). But then also v, = (Dp)* 'u, € C*(I;HY) and
Opv, € CHI; HP) C LY(I;1?) (note that the loss of regularity in ¢ arises
from the fact that the b; are only C'). Applying Lemma to v,, we
obtain

||Un||C(T;Hg): ||Un||C(T;Hi)
S 1o (0l + [[Deva(0) |z + 10ponllLiaee) (3.22)
= Nun(O)lug + [ Detin(0) lpg—r + 10 punll 1 g1y,
where, for the last equality, we used that Op and (D7)*"! commute when
applied to u,. Now, we want to pass to the limit n — oo in (3.22)). By

Lemma [3.3.3] we infer u,, — u in C(T; H$) and Dyu,, — Dyu in C1(I; H¢™Y).
We claim that

HDPunHLl(I;Hg—l Si HDPu”Ll(J;H(g—l) + 2771”“”0(?;&;)- (3.23)
Taking (3.23|) for granted, we may let n — oo in (3.22)) to obtain
lulle@mgy Sin lu(0)[[ag + [[Dew(0)]|go-1 + |10pullgpe-ry,  (3.24)

and we infer the claim from (3.24) by simply exhausting J by open, com-
pactly contained subintervals I € J. So it remains to prove (3.23)). First,
(b)

note that since u € W2!(.J; HY ?) by assumption, Lemma implies

D?un = D?(‘Pn * ILu) = (on * HnD?u) = SanDtQU (3.25)
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3 A Parametrix Construction and Weak Solutions

in L'(7; HY?). On the other hand, since P(t) = ?:1 b;(t)L;, one may verify
that
(Puy,)(t) = (S,I1,Pu)(t) — Ru(t) fortel (3.26)

with Ru = ?:1 Rju and
Ryu(t) = [ oalt = 5)(b5(1) — by () (L) 5) ds.
Note that by Lemma and Lemma [3.3.3] (a)
I Ryt) gt < 105 o Tt oy [ fone = )it = o] ds

< ma - (20wl o e, ) - 47" el

S Q_n”UHC(IHg)
for each ¢t € T and thus
||RU||L1(1;H3*1) S 2_n||u||0(7,Hg)- (3.27)

Combining (3.25) and ((3.26]), we conclude
Opuy, = (D? — P)u, = S,11,0pu — Ru  in LY(I; H$™),

and applying Lemma [3.3.3[ and (3.27)) gives

HDPun”Ll(I;H‘z—l) < HSanDPunHLl([;Hg—l) + ||Ru"L1(I;H‘g_1)

Si ”DPunHLl(I;Hg—l) + 27n“uHC(j,Hg)
as desired. This completes the proof. O]

Corollary 3.3.5 (Uniqueness of Weak Solutions in H¢(R?)). Let o € R and
suppose that g € HY(R?), h € HY 1(RY), and F € LY(R; HY *(R?)). If u and
v are weak solutions to (3.1)) in HY(RY), then u = v.

Proof. Define J,, := (—n,n) for n € N. Applying Proposition to w, =
(u —v)|7- gives w, = 0. Letting n — oo yields w = 0 and thus u = v as
desired. ]

3.3.2. Existence of Weak Solutions in H$(R?)

In this subsection, we aim to establish the existence of weak solutions to
in H¥(R?). We prove existence using an idea by Smith [47], which was
subsequently also used by Hassell-Rozendaal in their LP-theory for rough
wave equations [28]. To motivate the idea, we once again consider first
the easier time-independent case B(t) = Id (t € R) as in the beginning
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of Subsection m Then P(t) = L and since iv/L generates a Co-group
(e"VL),cp on L2(R?), we have the representation (cf. (2.3))

u(t) = Cos(tV'L)g + it Sinc(tV'L)h + /Ot i(t — s)Sinc((t — s)VL)F(s) ds,
where

Cos(tV'L) == ( VL - ”\/Z), tSinc(tV/'L) : / Cos(svV'L)d

Now, the idea in the time-dependent case is to replace the operators Cos((t—
s)v/L) and i(t — s) Sinc((t — 5)v/L) by the operators C(t,s) and S(t, s) con-
structed in Subsection 3.2.2 So we make the ansatz

u(t) = C(t,0)g + S(t,0)h + [ "S(t, $)G(s) ds

with a suitable function G' € L'(R; H9~'(R%)). This function will turn out
to be the solution to a Volterra equation. Recall that we know from Theo-

rem [3.2.9 that

Ri(t,s) = (D? — P(t))C(t,s): H3(RY) — HY H(RY),
Ry(t,s) == (D? — P(t))S(t,s): HS"Y(R?) — HSH(RY)

boundedly.

Lemma 3.3.6 (Volterra-Operator). Let a € R and G € LY(R; HY H(R?)).
Put

V(t) = /OtS(t,s)G(s) ds (t e R).
Then, V € C(R; H3(RY))NCY(R; HYH(RY))NW2 ! (R; HS2(RY)). Moreover,
(D} — P(t))V(t) = [(Id + iR)G](t)
for a.e. t € R, where
R: L'(R;Hi '(RY)) — LY(R; HE'(RY)), (RG)(t) = /0 Ro(t,5)G(s) ds

has operator norm |R| < C||B'||y with a constant C' depending only on
my, Mo and my.

Proof. Let a € R and G € LY(R; HY " H(R%)). We write

V(t):/otv(t,s)ds (t € R).
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where we have set v(t,s) == S(t,s)G(s) for t € R and a.e. s € R. Then, by
Theorem [3.2.8, we have for a.e. s € R and all k € {0,1,2}

v(-,s) € C*(R;H¢*(R?))  with
1Dk, )i S 4t = )Gl (3.25)
First Step: V € C(R; Hg(RY))
Fix ty € R and let t € R. We have to show V(t) — V(t5) in H¥(RY) as
t — tg. Observe that
VO = Vitola < [ Totllads+ [ o(t.5) = oftas)lads. (329

Now for the first integral on the right-hand side of (3.29)), we have

t t
| ot )lads S (¢ =to) [ 1G(6)lards =0 (= to).

where we used with £ = 0 and then dominated convergence. To
estimate the second integral on the right-hand side of , note that once
again by (with £ = 0), the integrand converges to zero as t — t, for
a.e. s and is controlled by (tg — $)||G(5)||az1 < (to)||G(8)||az1 if |t —to] < 1.
Thus, we conclude once again that

to
/ [u(t, s) — v(to, 8)llads — 0 (t — to)
0

by dominated convergence. This shows that V € C(R; H$(R?)).
Second Step: V € C1(R; Hy '(RY))
Let t € R. Then, for h # 0,

V(t+h)-V(t) /Hh v(t+h,s)—v
ih o ih

(t’ S) 1 t+h
ds + — / t.s)d
s+ ) v(t, s)ds
= Al,h + A2,h~
Now, it follows again from (3.28) with £ = 1 and dominated convergence

that .
Ay — / Dyw(t,s)ds (h—0) in HY H(RY).
0

Turning to Agyp, we have to be a bit more careful since G need not be
continuous and thus we cannot use the fundamental theorem. But using
S(t,t) = 0 and Theorem (b), we have

/]R]l(t,t+h)(8) <s ; t) S(t,s) — S(t7t)G(s) ds

182 i flacr = —

a—1

1
< /R Tt (5) /0 10.S(t, ¢ + (5 — )7)G(5)||ar dr ds

< [ Laem(@IG(s) lards =0 (b 40)
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One argues similarly for h 1 0. This proves that V € C*(R; H} ' (RY)) with
D,V (t) = [¢ Dyv(t, s)ds.
Third Step: D,V € WL (R; Hy 2(R9))
Let J := (=T,T), T > 0. We have to show that D,V € Wb (J;H} *(R?)).
Exactly as in the second step, one writes
DV (t+ h) — D,V (t)
ih
B /Hh Dyw(t + h,s) — Dy(t, s) 1 tth
A .

d _
in T
=t Ay p(t) + Don(t).

Dyv(t, s)ds

Using (3.28)) with & = 2 and dominated convergence, we deduce A;;, —
[y D?v(t,s)ds in C(J; H$2(R4)) — LY(J; H¢*(R%)) as h — 0. Turning to
Ag (1), we further split for A > 0

182,(t) = 3G (1) lla—
1 ftth 1 [t+h
<3 [TIDSEG6) ~ G@llaads + 1 [ 1G(5) ~ GO)lards
= A%,h(t) + A%,h(t)y
so that
182a(t) = 36O | jermy2amy < [ Abalt)dt+ [ A3, (0)at

Arguing just as in the proof of [10, Proposition 1.4.29]), we find [; A3, (t) dt —
0 as h } 0. On the other hand, using (3.20)) and (3.28)), we estimate

[D:S(t,5)G(s) — G(8)|la—z = [[D:S(t, 5)G(s) — DiS(s, 8)G(5)]|a2
g/o ID2S(s + (t — 5)7, 8)G(5)|as dT |t — 5]
S G (s)|[aalt — s,

which implies
1 t+h
[abwars [ [ G ) alt - sldsdr
7 2 JhJt
_ T+h (1 rs G <\
< AT e o) GO ards < (G e =0

for h | 0. One argues similarly for the limit A 1T 0. Thus, we have shown
that

DV (t+h)— D,V (t

- ) — /OtDth(t, s)ds+1G(t) (h—0)
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in L} (J; HY2(R%)). It now follows (see e.g. [10]) that D,V € W (J; HS2(R%))
with

D2V / D2u(t,s)ds + 1G(t) in HY2(R?) (3.30)
for a.e. t € R.

Fourth Step: Conclusion
By Theorem |3.2.8 and Lemma [2.3.8 we have

t
POV(E) = [ P(t)u(t,s)ds in G (RY),
0
Recalling that (D? — P(t))v(t,s) = Ray(t, s)G(s), it follows that

+/R2

= 2[(Id +R)G](t).

(Di = P()V(t)

== sh—t

Now by Theorem [3.2.9, we have for a.e. t € R
I(RG) ()| o1 (ga)
< [ IRt )Gy e s
S [ IBONCE ug-1ods < IBON - 1G] g ey
which yields
IRGILs gmg— ey S 1Bl - (Gl o= ey

as desired. Finally, tracing back all constants arising in the preceding proofs,
one checks that the implicit constant only depends on m4 and on the L2-
bounds for the Phillips functional calculus for /L, the latter depending
in turn on M = sup,cga He_iy‘\/fHE(Lz(Rd)). But M ~,,, m, 1 by the self-
adjointness of Ly, ..., Ly with respect to (2.73]). [

Theorem 3.3.7 (Existence and Uniqueness of Weak Solutions in H¥(R?)).
Let g1 be as in (1.11)) and suppose that 1 € (0, %), where C' is the constant
from Lemma|3.3.6. Let o € R and suppose that g € H3(RY), h € HY H(RY),
and F € LY(R;HY 1(R?)). Then, there exists a unique weak solution u to
in HY(RY). Moreover, there exists G € L'(R; HY 1 (R?)) such that

t
ult) = C(t,0)g + S 0)h + [ S(t,5)G(s)ds (¢ €R) (3.31)
0
and we have the estimate

||G||L1(R;Hg*1(n@d)) N ||9||Hg(Rd) + ||h||Hg*1(Rd) + ||F||L1(R;Hg*1(w))-
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Proof. Let a € R and suppose that ¢ € H$(R?), h € HY '(RY), and
F e LY(R;HY '(R%)). Uniqueness of weak solutions was already proved in
Corollary [3.3.5, To prove existence, define for a given G € L}(R; HY ! (R?))

the function u by the right-hand side of (3.31). Then, by Theorem
and Lemma 3.3.6, « € C(R; H3(R%))NC(R; HY~ 1(Rd))ﬂW1icl(R HY~ 2(Rd))

with u(0) =g¢ and Diu(0) = h. Now Theorem and Lemma imply
that u is a weak solution to (3.1 in H¥(RY) if and only if for a.e. t € R

F(t) = (D7 = P(t))ult) = R(t,0)g + Ra(t,0)h + [(Id + iR)G|(t),
which is equivalent to
LI +iR)G(t) = F(t) — Ra(t,0)g — Ra(t, 0)h.

Since ||R||£(L1(R;HCLY71(R(1))) < C||B'|ly € Ce; < 1 by Lemma and the
assumption, the operator Id + iR is invertible. On the other hand, R;(¢,0)g
and Ry(t,0)h belong to L} (R; HY H(R?)) with

HRl(tao)g|’Lt1(R;H“_l(Rd S I8 ”gHHO‘(Rd

[ Ra(t, 0) Al Ly ropro—1 gayy S 1Bl o1 may

by Theorem [3.2.9 Therefore, if we choose
G =i(Id+iR) (F - Ry(t,0)g — Ro(t,0)h) € LL(R; Hy~'(RY)),

it follows that u given by (3.31]) indeed defines a weak solution to (3.1)).
Moreover, we have the estimate

HGHLtl(R;Hg*(Rd))
S 1R 0)gllns mome— (may) + 1 B2(E 0)2l|y @e 1 may) + 1 F Il @ms 1 mey)
S ||9||Hg(Rd) + ||h||Hg*1(Rd) + ||FHL1(R;H(;*1(Rd))‘

as desired. The proof is complete. O]

By Proposition [2.3.3] we can identify the spaces H*(R?) and H¢$(R?) for
€ [-2,2], so Theorem immediately gives the proof of Theorem [1.1.3}

Corollary 3.3.8 (Existence and Uniqueness of Weak Solutions in H®(IR%)).
Let €1 > 0 be as in Theorem and suppose additionally —1 < a < 2.
Assume that g € H¥(R?), h € H*"Y(R?), and F € LY(R; H*1(RY)). Then,
the function u as in Theorem defines the unique weak solution to (3.1)
in H®(R?).
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3 A Parametrix Construction and Weak Solutions

Remark 3.3.9. Theorem [3.3.7]and hence Corollary are also true under
milder conditions on the coefficients by, ..., by. First, observe that up to now,
we did not use the smallness of gy as in (A;) of Assumption [1.1.1l Thus, it
would be enough if the coefficients b; are bounded from above and below by
a positive constant, just as the coefficients a; are. Second, the smallness of
g1 > 0 was only needed in the proof of Theorem [3.3.7|in order to invert the
operator Id + iR on L'(R; H¢ '(R%)) (using a Neumann-series argument).
However, without assuming the smallness of £;, we can invert this operator
locally in time, i.e., on the space L!(J;H} '(R?)), where J := (=T, T) for
some fixed 7" € (0, 00). Indeed, a straightforward induction on k € Ny yields

IRMG| <G (keNy) (332
LL(HET (RD) S T LL(J;HY ™ (R4)) 0 ‘

with
t,seJ t,s€J

where we used Theorem and (A;). Thus, A = 32 ,(—1)**R* con-
verges in £(L*(J; HY 1(R?))) (with operator norm bounded by a constant
times €™7) and defines the inverse of Id + iR. Following the proof of The-
orem [3.3.7, we obtain a unique weak solution on .J, i.e., a unique function
uy € C(J;HE(RY)) N CH(J;HEH(RY)) N W>H(J;HE*(RY)) with u(0) = g,
Dywu(0) = h and D?u = P(t)u(t) + F(t) for a.e. t € J. Exhausting R by
bounded open intervals J then gives the claim. Observe that this gives only
G € L (R; H*"1(R%)) in the representation formula for u. Nevertheless, we

have shown that, for the purpose of proving Theorem [1.1.3] we can replace
(Ap) by the condition

(A}) The functions by, . .., by are continuous differentiable (or only Lipschitz
continuous, see Section 4.4)) and we have

mq Sbj(t) Smg
forallt € Rand j € {1,...,d}.

Thus, we have seen: The smallness of €; ensures that G € L}(R; H{ ' (R?)),
which in turn means that the energy stays globally bounded, which is gen-
erally nontrivial (see e.g. [61]). However, this is a minimum requirement
in order to prove global-in-time Strichartz estimates, which we turn to next
and which is our prior interest in this thesis.
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4. Global-In-Time Strichartz
Estimates

In this chapter, we prove global-in-time Strichartz estimates for (3.1)). The
key ingredients are dispersive estimates for the operator (e**ts¢),)(v/L) that
was used to construct the parametrices C(t,s) and S(t,s). Once these dis-
persive estimates are established, Strichartz estimates will follow from the
representation formula for the weak solution and from the abstract
machinery developed by Keel-Tao [34], which converts dispersive estimates
into Strichartz estimates. We assume d > 2 in this chapter.

4.1. Decay Estimates for Truncated Half-Wave
Kernel

Let s,t € R. We are looking for dispersive estimates of the form
; _d-1
(=2 ) (VL) fllioe ey S (1 + ¢ = s) 77 || fll ey (4.1)
for f € L}(R?) NL3(RY). Recall that
() (VI)f = [ KE @) fdy

with

Ktjfs(y) = (271r)d /Rd ei(y{i@t,s(ﬁ))w(g) d¢ (y e RY).

As we shall see, (4.1]) will be a consequence of the L>®-estimate

_da-1
2 .

G ey S (14 [t = s])

~

(4.2)

In view of the identity K;fs = K, we may restrict our attention to K;, =
K. The kernel K, , is a so-called oscillatory integral (see [55, Chapter VIII]
for a well-written introduction) and as such, its asymptotic behavior is
largely governed by the critical points of its phase, i.e., by those points
in the support of 1) in which the &-gradient of the full phase function

Cb(y, 5) = (Dt,s(ya g) =y g - (;Dt,s(g) (y7€ € Rd)
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4.1. Decay Estimates for Truncated Halt-Wave Kernel

vanishes. This happens exactly when y = V¢, (£). We are therefore led to
consider the singular set

B(7)¢

S = Veon @\ ) = { [ AT arce R\ 0} (3

Note that X5 = Ve, s(ST1) as Ve, is positively homogeneous of de-
gree zero, and hence Y, ; is compact by the continuity of Ve, and the
compactness of S7"!. One can think of 3; ; being the ¢-section of the light
cone Cso = User ({t} X Zt,s) emanating from the point (s,0) € R x R? in
Minkowski space. The light cone C; arises as the singular support of the
distribution

1

/d el E=¢ts(9) ¢ € D'(R x RY)
R

(see e.g. [29, Section 8.1] for a glimpse of the microlocal analysis of oscil-
latory integrals). The term ’light cone’ is motivated by the classical, time-
independent case B(t) = Id (t € R), where Cyo = {(t,y) € R L: |y| =
|t — s|} is the standard double cone centered at (s,0) in Minkowski space
(and where X, ; is a sphere of radius |t — s|, accordingly).

We first establish L*>°-estimates away from the light cone and subsequently
derive L*>°-bounds in a neighbourhood of the light cone by a more refined
analysis. To this end, it turns out to be convenient to introduce the normal-
izations

@t,s = i%pt,sa it,s = izt,s = @t,s(sd_l)' (44)
for (t,s) € A°:={(1,0) e R* | T # 7}.

4.1.1. Estimates away from the Light Cone

By the principle of nonstationary phase, we expect rapid decay if y is far
away from > ;. The following proposition makes this heuristic precise and
serves as a first step towards the proof of (4.2)).

Proposition 4.1.1 (Rapid Decay away from the Light Cone). Let N € Ny
and o > 0. Then,

(K ()] <

~

No (L]t =s[)™ if  dist(y,Ss) > 8]t — 5.

Proof. This follows from the principle of nonstationary phase. For the sake
of completeness, we provide a proof. Since K;, = K, and X;, = 5, we
may just consider K, := K, with full phase function ®,,. Now, let N € Ny
and § > 0. Let further s, € R and y € R? with dist(y, X, ) > |t — s|. The

estimate is trivial if ¢ = s, for then |K,(y)| < (2m)7¢|]¢[|; by the triangle
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4 Global-In-Time Strichartz Estimates

inequality. So without restriction, we may suppose t # s. Put @t’s = i@m.
Then,

K s(y) = (271r)d /Rd ei(t—s)é(y,é)w(f) de.
Now, observe that
’qu)ts(y )| = i s||y Vg%s(ﬁ) Z ist(y, Ets) >0 (4.5)
and that by (3.7), we have for any o € N§ with |a| > 2
08D (y, €)| = 08 Ge,s(6)] Sa €' S 1 om supp(y)). (4.6)

Vedy s (1,6) . .
For v(y, &) = m (y € R4, € # 0), the estimates (4.5), (4.6) imply
for all o € N¢ the bounds

1080(y,6)] Sas 1 on supp(y). (4.7)

Now let £ be the differential operator defined by L := eld + v(y €) - D¢ with
g = sgn(t — s). Then, LVet=)2WE = N(1 4 |t — 5)Nelt=9*W:E) and we
infer from (4.7) that ||(ET)N¢||OO <ns 1. Thus, integrating by parts, we
obtain

(271') (1 + |t . 5|)N|Kts | _ ’/ LN gi(t=s) yf) df‘
_ 0i(t=5)2(y€) T
[ e d€’
Sa (£ Y )loe S 1
as desired. O

4.1.2. Estimates in a Neighborhood of the Light Cone

Ford > 0,let X9 := {y € R* | dist(y, %) < 6|t—s|} denote the open d[t—s|-
neighborhood of ¥, . Then, Proposition tells us that the significant
contributions to || K || come from those y lying in X9 . In order to obtain
the required L*°-bounds for K s on Zf}s, we shall invoke the stationary phase
theorem for nondegenerate critical points (see e.g. [29, Theorem 7.7.5]).
Recall that critical points of ®(y, &) are those £ € supp(¢) such that

Yy = v&@t,s (5)

Since Ve, s is positively homogeneous of degree zero, critical points come
in radial rays: if £ is a critical point, so is r¢ for any r» > 0. In particular,
critical points of ® are degenerate in radial direction. We address this by
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4.1. Decay Estimates for Truncated Halt-Wave Kernel

performing a suitable change of variables. More precisely, we will see in

Proposition that for t # s

1 e —r IrY-w
Kis(y) = (27r)d/o e t(/ggl e Y (rw) dw) dr,

where S‘fgl is the hypersurface defined by
Stit={E e R | @0(6) =1} (4.8)

and dw is the surface measure on S{,' normalized by |V¢@,|. The L>®-
bounds for K, are then reduced to corresponding bounds for the Fourier
transform of the surface-carried measure do = ¢(rw)dw. This is exactly
where assumption enters the picture: it guarantees that Sf;l is a small
perturbation of the unit sphere, with still nonvanishing Gaussian curvature.
By stationary phase on Sﬁ;l, we then obtain the desired decay of order
(1+|t—s))~F fory e ..

Recall that A¢ = {(t,s) € R? | t # s}. It follows immediately from
and that there exists some annulus in which all hypersurfaces S;l,
(t,s) € A°, are contained. More precisely, for all (t,s) € A°

st {eert L <lel< 2] (4.9)
with ¢ = ¢1., = V1 + €0 and ¢y = ca, = /1 — &¢. Similarly, we deduce
from ([1.10) and (4.3) that

~ c2 C2

S C{EeR: 2 < g <l (4.10)

We summarize important properties of the hypersurfaces S‘Z;l in the follow-
ing proposition, for which we provide a proof in the appendix (see Proposi-

tion |A.0.1)).
Proposition 4.1.2 (Properties of S{;). Let (¢, s) € A°.

(i) Stdgl is a smooth, compact hypersurface in R, with normal space at
each w € S;{;l given by

No(8551) = span{ V@i (@)} (4.11)

Moreover, S,’;‘{gl is the boundary of the compact, strictly convex set

Cis ={6 R | 3 (€) < 1}
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4 Global-In-Time Strichartz Estimates

ii) The Gauss map on S given b
P ts 9 Y

n: S — 8 n(w) = 7V§Sft,s(w>
7 |v§90t,s(w>|
is a diffeomorphism with n(—w) = —n(w). In particular, for each

v € S there exists exactly one wy € Sff;l such that £v = n(dwy).

(7ii) Let n be the Gauss map from (ii) and eq from sufficiently small.
Then, there ezists some k = k(g9) > 0 independent of (t,s) € A® such
that in each point w € Sf;l the principal curvatures ki(w), ..., kg_1(w)
with respect to —n satisfy k;(w) > k.

(iv) Let dw = |Vepys| P dHY be the (d — 1)-dimensional Hausdorff mea-

sure on Sigl, normalized by |Ve@y s|. Then,

» f(z)dx :/0 ( i f(rw) dw)rd_l dr

for any integrable function f: R? — C.

Remark 4.1.3. We want to emphasize that the nonvanishing Gaussian cur-
vature of S{;' as implied by Proposition (iii) is the crucial property
that we will need to establish the L*°-bounds for Kf;. In fact, our proof of

this property is the only point where we need £y to be small.

We want to treat the family of hypersurfaces (Sﬁ;l)(t,s)e Ac essentially as one
hypersurface, and to this end, we need to make sure that implicit constants
arising in our estimates are uniform in the parameter (¢, s) € A°¢. This is why
we need the following two lemmas. The first one, roughly speaking, asserts
that the unit normals on S are uniformly separated in angle, provided that
S is a hypersurface satisfying the properties stated in Proposition m (ii)
and (iii).

Lemma 4.1.4. Let S be a smooth hypersurface in R® with bijective, smooth

Gauss map n: S — St satisfying n(—w) = —n(w) for all w € S. Sup-
pose that there exists k > 0 such that in each point w € S, the principal
curvatures ky(w), ..., Kq4—1(w) with respect to —n satisfy x;(w) > k. Put

ce =21 >0 and cq, = (d — 1)"2¢, > 0. Then, for all § € (0,c;Y)
and w,wy € S with |w +wy| > §, there exists some v € T,,(S) with |v| =1
and

|(vln(wo))| = caxd.

Proof. Let w € S. Recall that the principal curvatures xi(w), ..., kg—1(w)
with respect to —n are the eigenvalues of the self-adjoint shape opera-
tor Ly: T,(S) — T,(S), L, = Dyn. Under the identification 7T,(S) ~
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4.1. Decay Estimates for Truncated Halt-Wave Kernel

Tn(w)(Sdfl), we have dn, = L, and thus by the inverse function theorem
that ™! is smooth with || d(n™!),|| = [[(dny-1)) 7| < 7' forall v € S971
Thus,

[~ () = 07 (vo)| < [l dn” oo dga- (v, 1) <
-1

2K‘V—V0|

for v,1y € S% 1. In particular, n~! is Lipschitz continuous with Lipschitz
constant J-. Thus, if 6 € (0, 2) and w,w, € S with |w + wp| > 0, then

(22)" < (2o = wnl)? < [nfw) - mlen)
= [n(w)* + [n(wo) [ = 2(n(w)|n(wo))
= 2(1 - (n(w)|n(wo)))a

which implies (n(w)[n(wp)) < 1 — 3(22)2. Replacing wp by —wp and using

that n(—wp) = —n(wp), we also get —(n(w)|n(wp)) <1 — 1(22)2 and thus

|(n(w)[n(w))] <1 - (2,’?5) =
(note that r € (0,1) by the assumption on ¢). Now choose an orthonormal
basis (v1,...,v4-1) of T,,(S). Then,

d—1

> 1(wjln(wo))I* = In(wo)|* — |(n(w)|n(wo)* = 1 = r* > 1 —7r.

=1

Thus, there must exist some j € {1,...,d — 1} such that

(s ln(@o)l? > 751 - 1) = gy (22)° = &8,
proving the claim. O

The next lemma guarantees that we can find a A®independent number of
parametrizations of Sf;l which satisfy bounds which are uniform in (¢, s) €
A°. We provide a proof in Lemma

Lemma 4.1.5. Let &y = (2dz¢;) " € (0,1). Then, for each (t,s) € A® there
exists an open cover U == {U%" | j € {1,...,2d}} of S{;' such that the
following holds for all (t,s) € A® and j € {1, ...,2d}.

(i) For each w € S{;1 we have B(w,dy) C Uy® for some i € {1,...,2d}.
(i) There exists an open, convex 0-neighborhood Vjt’s C R and a smooth

parametrization g§’s: Vjt’s — U?S which is a graph of a smooth function
and which satisfies the following bounds,

Hg;’SHCM(V;’S) Swl (M € Ny),
(G (©)zlz) > 1 (€ eV |z =1),
195°(€) — g5 ()| > € — | (&,m e V)
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4 Global-In-Time Strichartz Estimates

uniformly w.r.t. (t,s) € A°. Here, Gﬁs(f) = (3kg§’s(f)|3gg§’s(§))k,g

denotes the Gram matrixz of g;fs.

The following two theorems are the main tools we need to establish the L°°-
bounds for Kffs, and are a consequence of the principles of stationary and
nonstationary phase.

Theorem 4.1.6 (Stationary Phase). LetS be a compact smooth hypersurface
in R with a Gauss map n: S — S 1. Suppose there exists k € (0,1)
such that at each point w € S the principal curvatures ki(w), ..., Kkq—1(w)
satisfy kj(w) > k. Let dw denote the surface measure on'S and suppose that
p e C>®(S) and p € CX(R) with supp(p) C (—1,1). Then, there exists § > 0
such that for all N € Ny, one has the estimate

a\d ‘
Kcm) i [ sy (<5) 5(w) d

uniformly in p € Riwg € S, and vy = n(wy), with an implicit constant
AN = AN(H,p,B,(;, S)

Proof. We want to apply [29, Theorem 7.7.5] but we shall proceed with a
little caution as we want to track how implicit constants really depend on
the hypersurface S.

For each w € S there exist open neighborhoods U, C S of w and V,, C R%!
of 0, along with a smooth parametrization g, : V,, — U, with ¢,(0) = w. By
the implicit function theorem, we may assume without restriction that g,
is the graph of a smooth function. By possibly shrinking V,,, we may also
assume that V, is convex and that

d—1
Sy @+ )TN

CM,w = ||gw||chl(vw) < 00 (M S No), (4.12)
(Gu(§)z|z) > 1 (€ € Vi, |z| = 1), (4.13)
190,(8) — gw(n)] = 1€ — ] (&n € VL), (4.14)

where G, (&) = (0k9.,(£)]|009u (&) )r.e denotes the Gramian of g, (note that
, follow from g, being of graph-type). As the hypersurface S is
compact, we find finitely many sets U,,,..., U, (m € N) which cover S.
We abbreviate V; :=V,,,, U; = U, and g; = g,, for j € {1,...,m} and let
us also set

Cy = max Cu, (M eNy). (4.15)

je{l,m}
By the Lebesgue number lemma, there exists some §y > 0 such that for each
wo € S the closed dg-ball B(wy, dp) is fully contained in one of the U;. Now,
let 6 € (0,60) be fixed later and N € N. Suppose that § € C*(S) and
p € CX(R) with supp(p) C (—1,1). Given wy € S and vy = n(wy) € N, (S),
we consider the oscillatory integral

Js() = [ p(252)8w) dw (n € R)

97



4.1. Decay Estimates for Truncated Halt-Wave Kernel

Clearly, the integrand has its support in B(wg, d) C B(wp,dp). Thus, there
exists some j = j(wp) such that B(wp, ) C U; and therefore

Jst) = [ e 95;5(6) e,

Vi
where & = g; " (wo), pja(€) = p(“521E)) B(g;(€)) Vet G5 (€) and

itV — Rd: [i(&) = vo - g;(§).

We claim that &, is a critical point of f;. Indeed, since T = {t1,...,t4_1} =
{019;(&0), - -, 04-19;(&0) } C 10y (S) and vy € N, (S), we have

Oefi(&o) =v-0kg;(§) =0 forallke{l,...,d—1}.

Moreover, &, is nondegenerate. Indeed, the Hessian of f; is given by

H £;(&) = (v0|Okeg; (€0))ne = — (11(9rg;(&0), aegj(fo)))w = —(H(tx, o) ke,

where II denotes the second fundamental form w.r.t. —n (see e.g. [63, Chap-
ter 1, Proposition 9.1]). Let V := {vy,...,v4_1} be an orthonormal basis
of T,,,(S) corresponding to the principal curvatures k1 (wp), - . ., kq—1(wo) and
let V = ((to|vg))pe € RUD*(E@=D be the transition matrix from T to V.
From the identity in the above display, we then obtain H f;(&) = —VTAV,
where A = diag(ki(wo), - . ., Kd_1(wo)). Thus, for all x € R with |z| =1
we conclude

|(H fi(&o)xlx)| = (AVz|Vz) = w(Ve|Vi) =k,

where we used VIV = G,;(&) together with in the last step. In
particular, this implies the nondegeneracy of &.
Finally, we claim that for some § = 6(dp, k,Cy) > 0, we have that p;s is
compactly supported in B(&p, ) C V; and that

V(&) = 516 —&| forall £ € B(&,0). (4.16)

First of all, observe that p; s is compactly supported in B;s = gj_l(B(wo, 9)).
Now, on the one hand, (#.14)) implies that B; C B(&, ). On the other hand,
we infer from (4.12) and the convexity of V; that

19;(6) =g (M| < CLlE—nl (§;meV))

which (together with the continuity of g;' and B(wo,dy) C U;) implies

that B(&o, g—i) C V;. So we have the chain of inclusions Bs C B(&,0) C

B(&, %) C V; provided that ¢ < g—z, which we may assume. Then, for all
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¢ € B(&,d), we infer from Taylor’s theorem (with ¢; > 0 a constant only
depending on the dimension d and C' := c4(1 + Cy))

Ve fi(€)] > [Hf;(€) (€ — &) — ClE — &
> K|E = &| — ClE — &
> 51& — &

provided that 6 < 55. So

§ == min{%, % (4.17)
does the job (here, we used C; < Cy < C). Now, Theorem [29, Theorem
7.7.5] implies that

d N — LU0 W —d=1_
\Qm)efMOAwﬁSAu+mD% ¥ (ueR),

where
A= A(Mv O3M+17 K, d7 (||ﬁ5||02M(Vj));n:1)

and M € N is such that M > N + %. Note that this estimate does not

depend on wy € S (in view of (4.15))). Therefore, the proof is complete. [

Theorem 4.1.7 (Nonstationary Phase). Let S be a compact smooth hyper-
surface in R® with surface measure dw and 3 € C*(S), f € C*(S). Suppose
further that for some & > 0 we have ||df,|| > & for all w in the support of
B. Then, for any N,{ € Ny we have

<O+ (neR)

0 i f(w
DM/Se“f( )B(w) dw

with C = C(N, 0,5, 5, f,S).

Proof. By dominated convergence,

Dﬁ/gei“f(w)ﬁ(w) dw = /Sei“f(“)(f(w))eﬁ(w) dw.

As in the proof of Theorem [£.1.6] we may choose a finite open cover U =
{U; | 7 €{1,...,m}} (m € N) with smooth parametrizations g;: V; — U;
(where V; C R%"! is open). As in (4.13)), we may assume (G;(£)z|z) > 1 for
all j € {1,...,m}, £ € V}, and |z| = 1. Now, choose a smooth partition of
unity (o)7L, of S subordinate to the cover . Then,

frrmen - fe o -
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Using the parametrization g;, the j-th term in the above sum is equal to

Ij(#) ::/Vei“f(gj(g))hj(f) de¢

J

with h;(€) = (f*By;)(g;(€))Vdet G;(£). A moment’s thought reveals that

the assumption || d,, f|| > ¢ implies
Ve(fog)©l =5 €€V (4.18)

where ¢; = minj\ 1 eex;, | =1 MOkg;(€)] = minpzrger, [(G(EAN)] > 0.
Indeed, if § € K, then by assumption there exists v € Ty, ) (S) with |v] =1
and |d, f(v)| > $. But we can write v = Y{"{ \pOkg;(€) for some A € R?!
and hence, setting w(&) == V¢(f o g;)(€), we conclude

N[

<14l @) = 1 Nanl©)] < W)l < [wle)]

where we used that

d—1 d—1

1= o] = (2_: AeOkg; (€)] z_:)\kang'(f)) = (G(OAA) = |Al.

This proves (4.18). Now, we may apply [29, Theorem 7.7.1] to obtain the
estimate

()] S Crgs(L+ )™ (neR)

. 1/ o g;l 1751
O gilleN+1(& )N IleN (K;)
C LR o= = J J . 4:]_9
Therefore, setting Cy, .5 = 271 Cy 45 gives the claim. O

Remark 4.1.8. Two remarks concerning the validity of Theorems [4.1.6/and
Theorems FL1.7 are in order.

(i) Theorems{.1.6(and [4.1.7|remain true if one multiplies the surface mea-
sure dw by some nonzero smooth function b on S since we can always
replace § by (b. This is a minor detail but worth mentioning since
we want to use these theorems after applying Proposition m (iv),
where the surface measure is normalized by |V¢@; 4.

(ii) Fourier transforms of surface-carried measures have already been stud-
ied a long time ago, and the asymptotic decay estimates as in Theo-
rems (.1.6| and [4.1.7) are classical by now (see e.g. [38], [56], [52]).
However, little emphasis is typically placed on the exact quantities
that the implicit constants depend on. We considered this to be an
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issue because we want to apply Theorems and Theorems to
the family of hypersurfaces (Sg;l)(ms)e ac. This is the reason why we
really attempted to shed light on the dependence of implicit constants.
Indeed, a careful inspection of the proofs (see in particular (4.17))) and
Lemma [£.1.5 show that § > 0 as in Theorem [.1.6] can be chosen inde-
pendently from (¢,s) € A° and that the bounds in Theorem and
Theorem hold wuniformly w.r.t. (t,s) € A

We are finally in the position to also treat the case where y is near ¥, 5, and
to prove the desired L*°-bounds for Kfs.

Theorem 4.1.9 (Decay Estimate for Ki5,). There are constants Cy > 0
(N € Ny) such that the following estimates hold true for all s,t € R,y € R?,
and all N € Ny:

K7 ()] < On(1+ [y) ™% (1 + dist(y, 1.0)) ™. (4.20)

In particular,
_d-1
2

15 lloe S (L4t = s]) (s,t € R). (4.21)

Proof. Let s,t € R. As in the proof of Proposition 4.1.1] we may restrict to
K, = K, with full phase function ®. Note that the claim is trivial if s = ¢,
for then K;; = F 14 € S(RY) and %;; = {0}. We may therefore suppose
(t,s) € A€ in the following. We divide the proof into three steps.

Step 1: Rescaling

Recall the normalizations @y s = 7=, and Y= A2 = ¢us(ST) from
(@.4) and define ®(z,€) == 2z - € — Gp4(€) for (2,€) € R? x R% Then,

) = (o [ v

1
(2m) QW)dI(t -5 (%))7 (4.22)

—

where
I02) = I(h2) = [ M0y (z e R AER),
and would follow from the uniform estimates
10 2)| Si (L4 A2 ™% (14 [Ndist(2,500)) ™ (2 €RE A ER). (4.23)

This is what we will show next.

Step 2 : The Proof of Estimate (4.23))

We deal first with the easier case z = 0 and then proceed with the case
z # 0.

Case 1 : z=0.
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4.1. Decay Estimates for Truncated Halt-Wave Kernel

Put § == dist(0,%,,) > 0. Then, § ~ 1 by (#.10) and therefore, Proposition
immediately implies

[IX0)] Sy (L+ ANV S (L+ A6 (A€R)

which is exactly (4.23]).

Case 2 : z # 0.
Let 2 € R?\ {0} and set v, == TE€ Sl Let x € C>°((0,00)) with x = 1 on

(3¢2,2¢1), where ¢; and ¢, are the constants from (4.9). By Propositionm
(iv), we then have

I\ z) = /OO e A < /Sd_l W (rw) dw)x(r)rdl dr
- / =i\ J(r| Az, )X (r) dr,

where Y(r) = 7% 1x(r) and for fixed r > 0,

J(p,v) = J] (p,v) = /S‘H e h(rw)dw (e R,ve ST,
By Proposition (iii), there is exactly one w, € Sd ! such that v, =
n(+w,). We localize J(u, v,) around +w,: To this end, we choose p € C°(R)
such that p = 1 on (-3, 3), supp(p) C (—1,1) and split J(p, ) = Jy (p, v2)+
Jo(p,v.) + J3(p, v,), where

Ji(p,v.) = /Sd*l ei“”z'“p<|w_5w2‘)w(rw) dw,
)= [,

yS

R = [, omsu) (155 4 p(25) )

t,s

) ei“”z'”p< W;“’z‘ )Q/J(rw) dw,

Here, the parameter § > 0 is the same as in Theorem 4.1.6, the hypothesis
of which are satisfied by Proposition and Remark (ii). Then, we
obtain the splitting I(\, z) = I1(A, 2) + Ia(\, 2) + I3(A, z) with

B 2) = [ e A )R () dr

for k = {1,2,3}. We estimate each of these terms separately. Let k € {1,2}.
Note that by Euler’s relation for ¢ q,

v D s\Wz) "Wz D s\Wz 1 1
Vzwz:n(wz)wz: égpt, (W) d == SDt’ (W) = = —

|v§95t,s (w2)| |v§95t,s (w2)| |v5¢t,8(wz)| 9
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4 Global-In-Time Strichartz Estimates

and therefore

L), 2) = / T LT T (A2 ) R () dir
0
where ¢ := sgn()). Hence, integrating by parts and applying Theorem [£.1.6]
we obtain
(-2 ')) 2)

=1 ( —ma-:z'>>e—ir'*ijk<r|xz|, v2)X(r) dr

0

| [F oo (—w“fjsz|,uz>>z<r>)dr
0

< [|ox (e aoet i)

N . .
v 2 [ T O R dr Sy (L4 el

=0

dr

=]

~

This yields

[

1 2)] S (1 e (14 (1 = 22 ) "

for k € {1,2}. For k = 3, we use the principle of nonstationary phase.
Indeed, Lemma 1mphes (for 6 < ¢!, which we may assume without
restriction) that f. S ' = R, f(w) = v, - w satisfies

ldfoll = cand

uniformly z € R?\ {0}, (t,s) € A, w, € S{;" and w € S{5'\ (Bs(w.) U
Bs(—w,)). Thus, by Theorem [4.1.7]

| DrTs(, va)| Sear (14 ()™ (N, £ € Ny).

Following the above argument in the case k € {1,2}, we therefore obtain
(A= =)) B0 )
> N —i'rM ~
= A CR R (CPERANG

Sva X [ |pre ] D (AL )

LENS,
|e|=N

NNMZ/ Al (14 Az M - [ DB (R ()] dr
LEN,
[e|=N

< (1 4+ |Az])~ M=),

dr

. ’Df%}(r)‘ dr
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4.1. Decay Estimates for Truncated Halt-Wave Kernel

Choosing M = 2N gives
L) Sx (4 )™ (1AL = )
Since [I(\, 2)| < |1 (A, 2)| + |I2(A, 2)| 4+ |I5(), )|, we have proved that
T 2)] S (1 A=)~ (14 A (1= D))

Now it just remains to recall that o = |V¢@, s(ew,)| >~ 1 by (4.10]) as well as
z= %Vg@t s(w,), which gives

dlst(z Zts < ‘z — Ve s(ew,)| = 0‘1 — % )
This proves as desired.
Step 3 : The Proof of
Recall from that
Sis C{EER: & < [¢] < &) (4.24)
with ¢ = %, Co = % Therefore, we deduce from the uniform bounds
1IN 2)| < (14 |A|)—‘%1 (A ER,z € RY). (4.25)

Indeed, if dist(z, X¢s) < %, then ([{:24) implies [2| > &, so ([#23) with N = 0
yields
IO S A+ )™ F Sea T+ A)™F (AeRzeRY).
On the other hand, if dist(z, ELS) > 31,
N > % in (4.23) yields
I 2)] Sx (L4 Aldist(2, 20)) ™ Sow L+A)F (A€ R,z € RY).

This proves (4.25). Now, (4.20) is an immediate consequence of (4.25) in
view of (4.22)). The proof is complete. O

Remark 4.1.10. We want to remark a useful observation concerning the
validity of Theorem m To this end, let 8 € C>°(R?) be supported away
from the origin and let f: R — R be a function. We set B(7) := B(f(7))
for 7 € R and consider

8 o /R [ewePeOge) e, 7,,(6) = /:(B(T)ﬂg)%dT

Kat,s (y) =
Observe that all results presented in this section are preserved under the
transformation B — B (and ¢ +— ) as they solely rely on ([1.10]), which
is invariant under this transformation. Therefore, we are allowed to apply
Theorem [4.1.9 to th , to see that

then choosing some N € N with

_d=1
[KE ()] Ss (1Lt ]t — )

We will use this later with the affine linear transformation f(7) :=  + s for
fixed A > 0 and s € R.
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4 Global-In-Time Strichartz Estimates

4.2. Strichartz Estimates for
Frequency-Localized Approximate Solutions

In Subsection [3.2.2) we constructed the parametrices C(¢,s) and S(t,s) on
the basis of the parametrices T*(t, s), where

TE(ts) = Y Tt s), TE(ts) = (590 (VL). (4.26)

€22

In this section, we prove Strichartz estimates for the A-frequency-localized
operators T (¢, s) with a constant which is uniform in X € 2%. It essentially
suffices to consider Ti(t,s), as the estimates for general A can then be re-
covered by a scaling argument. The Strichartz estimates for TiE(¢, s) are in
turn obtained via the famous Keel-Tao argument [34] and in order to apply
the latter, we use the kernel bounds established in Theorem and the
L°L, -estimates for Cos(yv/L) from Corollary [2.2.10] (see Lemma .

To prepare for the scaling argument, we define for A > 0 the dilation operator

B IARY = IRY, (30)(@) = fa(x) = £(3).

and the rescaled operator Ly == (Ljy,..., Lgx) by

D;a;\D;
L-)\ — 7%, J ’ a,})\(.) = a.:=).
: ( 0 aDj ’ /)
Lemma 4.2.1 (Scaling Symmetry of 1D-Half-Wave Groups). Let A > 0 and
y € R%. Then,
5y AVE = inVIng, (4.27)
In particular,
sup ||elym||L(L2(Rd)) S 1. (428)
A>0,ycRd

Proof. Let f € H%(R?). Then a straightforward computation reveals the
identity
Lyfx = AL,

which, by functional calculus, entails

VLyfy = A (VL)

But this implies that for each j € {1,...,d}, the function u: R — L*(R%),
u(t) = (eii‘/ff f )A is a classical solution to the abstract Cauchy problem

u'(t) =iV Lju(t) (teR), u(0)=f.
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4.2. Strichartz Estimates for Frequency-Localized Approximate Solutions

Therefore, the uniqueness of classical solutions (see e.g. [2, Theorem 3.1.12])
gives
(e5VEif) = el fy (tER), (4.29)

This identity extends to all f € L2(R?) by density of H2 (R?) in L?(R?). Since
j=1,...,d to obtain

(BVEf), =™y (v eRY, [ ELARY),

which is exactly (4.27)). The second claim is now a straightforward conse-
quence, since

d d
2 2

G e I [ P PP CR I
where in the above display | - || denotes the norm in £(L2(R)). O
Lemma 4.2.2. We have

|Cos(yvVInf) (@)l e ey S Il (4.30)

for all f € L2(RY) NLYRY) and all X > 0.

Proof. This is an immediate consequence of Corollary [2.2.10] noting that
the implicit constant in (2.70) just depends on mq,ms, and mg, which are
invariant under the transformation a; — aj; x. O

Lemma 4.2.3 (Dispersive Estimates for T5). Let s,t € R, A > 0 and sup-
pose that € C2(R?) is supported away from the origin. We define

unl6) = [ (B dr, B(r) = B(3+5) (wuveR),

u

(i) We have

[(eiicpt,sﬁ/\)(\/i)f] _ (eii%@ﬂ),oﬁ)(\/L_/\)f)\ (f € LQ(Rd))‘

A
(ii) For all o,7 € R, there holds the estimate
[1(e5778) (VEn)glloe S (147 —0) " T llglls (g € L'(R)NLA(RY)).
Proof. Let s,t € R, A >0 and f € L?(R%). By Remark we have

[(eim'i@ / Ko+ Cos(y\/_)> (4.31)

Pt,s
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4 Global-In-Time Strichartz Estimates

with
1
(2m)4

KRE(y) = F e 8)(y) = 5 [ V@5, (¢) de.

Applying the changes of variables § — A\ and 7 +— T + s, we obtain

4 O ‘
Kﬁ?,;i(y) — @) /Rd oty éiksot,é(f))ﬁ(g) d¢

A4 iOWEL
— 2ny /Rde (\y gi‘ﬂ/\(tfs),o(f))ﬂ(f) d¢ = )‘ngj(Et N o()‘y)'

Substituting this into (4.31]), applying the change of variables y — ¥ and
invoking Lemma |4.2.1 we arrive at

[(e*77 5 (VL / NEZE | (w)[CosyvE) /] d
= Kﬁf& 2o()[Cos($VIL) £ dy

)
= )

90/\(15 s),0 <y

» Cos(yv/Ln) frdy
- (eil%\(tfs),oﬁ) (\/L_A)f/\

This proves (i). Similarly, if g € L*(R%) N L*(RY), it follows from Theo-
rem [£.1.9, Remark and Lemma that for all 7,0 € R

| o
/ ‘Cos y\/_A) }( )’

Nﬂ+h—UD2HMh

K“

Pr,o

which proves (ii). O

Definition 4.2.4 (v-Admissibility). Let v > 0. Then, an exponent pair
(p,q) € [2,00]? is called y-admissible if (p,q,0) # (2,00,1) and * s tH1<3
Note that if (p,q,«) is a wave-admissible Strichartz triple, then (p,q) is
dgl—admissible (cf. (1.4)). The following is the famous result by Keel-Tao.

Theorem 4.2.5 ([34, Theorem 1.2]). Let (2, 1) be a measure space and H
be a Hilbert space. Suppose that U(t): H — L*(Q) is a linear operator for
each t € R satisfying the following properties:

(i) Uniform Boundedness: For allt € R and f € H

1U ) fllez@) S [1f]a-
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4.2. Strichartz Estimates for Frequency-Localized Approximate Solutions

(it) Truncated Decay: For some ~y > 0, we have
IUSU@) gl S A+t =s) gl foralls;teR,ges,
where S C LY(Q) NL2(Q) denotes a dense subset in L'(2).
Then, the estimates
U f e sy S e (f € H)

and

/ U U(s) F(s) ds

Sl (F e LY (R; LT (),
LY (RLL()

hold true for any y-admissible exponent pairs (p,q), (P, q).

Theorem 4.2.6 (Global Strichartz Estimates for T5). Suppose that (p, q, @)
is a wave-admissible Strichartz triple. Let X € 2% and s € R. Then,

175 () (VI) e @egee S Iflle - (f € LA(RY), (4.32)
with an implicit constant independent of s and .

Proof. Let (p,q,a) be a wave-admissible Strichartz triple. For s, € R and
A >0 we let

Guol@) = [[(BOEO 7 (R, B =B(5+s) (TER)

as in Lemma [4.2.3| Let 8 :=| |9 and let f € L2(RY). By Lemma [2.1.15
(b) and Lemma [4.2.3| (a), we have

L% (¥ ) (VL) f () = A~ (eﬂ%’sﬁx) (VL) f(x)
o (eiiéx(t—s)’oﬁ)(\/L_A)f)\(/\x)
= A UL(A(E = s)) Al (Az)

for a.e. x € RY, where we define for 7 € R
Us(r): LA(RY) = LA(RY),  Us(r)f = (e57B3) (VL)) f.
Let us suppose for a moment that

U+ (7) fliz@raeay S IF2 (f € LARY), (4.33)
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4 Global-In-Time Strichartz Estimates

whose proof we postpone to the end. Now, applying the change of variables

z+— %, t+ { and invoking (4.33)), we obtain
1% (590 ) (VL) fllup sz reyy = AN (UL (AE = 9) ) A2) |l szz rey)

A‘<a+%+%) 10 @)Fx) (@) llp iz rey)

(qalyd
<A (*P*q)anHLg(Rd)

N

—(a—d41yd
NG p)HfHLg(Rd):”f”L?c(Rd)’

N

where the last equality follows from the fact (p,q, ) is a wave-admissible
Strichartz triple. Thus, it remains to prove . To ease notation, we
provide the proof for U := U, (the proof for U_ is analogous). To this end,
we want to verify properties (i) and (ii) in Theorem [{.2.5] Property (i) is
easy since

1) fll2 S N Bllcll fll2 Sp 1Fll2 (F € LARY), 7 € R)

by Proposition [2.3.5] (a) (note that the bounds are independent of A by

(4.28])). As Ly and therefore also /Ly is self-adjoint w.r.t. (2.73), we have
by Proposition [2.1.10| (b)

(U(0))* = (e%705) (VL) = (e 8) (VL)
and therefore
U@ (U(0)" = (e Prot200)82) (VL) = (e 82) (VL.
Thus, by Lemma [£.2.3] (b)
U@ @) gllee = ||(e¥78) (VINg[_ < (U+lr=al) T llgls (r,0 €R)
for g € LY(R?) N L?(R?), which shows (ii). Applying Theorem (sep-

arately in both components of L2(R?) = L%*(R% C?)), we obtain (4.33)) as

desired.

]

4.3. Global Strichartz Estimates

In Theorem |4.2.6], we proved global-in-time Strichartz estimates for the oper-
ators T5 (, s) with a constant uniform in A € 2%. The following is a roadmap
that will lead us from these uniform estimates for the operators T5 (¢, s) to
the global-in-time Strichartz estimates for the weak solution to ({3.1)):
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4.3. Global Strichartz Estimates

(1) We obtain global-in-time Strichartz estimates for T% (¢, s) by patching
the estimates for (T5),coz together with the help of Proposition [2.1.29]
This is done in Theorem [4.3.21

(2) In Corollary [4.3.3] we carry over the estimates for T=(¢,s) to corre-
sponding ones for C(t, s) and S(t, s) using Lemma [3.2.7]

(3) We use the estimates for C(t,s) and S(t,s) obtained in (2) and the
representation formula (3.31)) in Theorem to prove global-in-time
Strichartz estimates for the weak solution to (3.1)) in H: (R?) (see The-

orem [£3.4).

(4) Finally, in order to prove Theorem [I.1.4] it remains to employ Propo-
sition [2.3.3]to identify the L-adapted spaces with the standard Sobolev
spaces. This is the point that leads to additional restrictions for the
regularity parameter « of the Strichartz triple.

Before we go on this journey, we recall the Christ-Kiselev lemma, which will
allow us to estimate the Duhamel term in the representation formula (3.31])
later on.

Lemma 4.3.1 (|58, Lemma 2.4]). Let X,Y be Banach spaces and let K €
CRxR;L(X,Y)). Suppose that 1 < p < q < o0 is such that

for all F € LY(R; X). Then, one also has

[EEOFE) | Sl

L{(R;Y)

H /_; K(t,s)F(s)ds

S 1 ey o)
LY(R;Y)

Theorem 4.3.2 (Strichartz Estimates for Parametrices I). Suppose that
(p,q, @) is a wave-admissible Strichartz triple.

(i) The estimate
HL_%Ti(t’S)f”Lf(R;L%(Rd)) Sl (feSyg)
holds uniformly in s € R.

(ii) Moreover, if (p,q, &) is another wave-admissible Strichartz triple with
P < p, then

t a+a
/ L2 T%(t, 5)G(s) ds
0

< ) -/
LP(R;(LE (R%))) ~ ||G||L$ (R;LE (R9))

Jor all measurable functions G: R — S 5, of compact support.
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4 Global-In-Time Strichartz Estimates

Proof. Let (p,q,a) be a wave-admissible Strichartz triple.

(i) Let f € S and s € R. Then, Proposition [2.1.29| followed by an appli-
cation of Minkowski’s inequality (p,q > 2) gives

112
T sz = | 3 /D57 91

pe2? L} (R;LE (R9))

2
Ly (R;LE(RY))

(4.34)

S (VL)L ETE (e, 8) f

pue2z

Note that by the Phillips functional calculus and the fact that the v, are
almost disjointly supported, we have

(VL)L 3T (t,5)f = 3 (|- | ynih,) (VL) f

Ae2Z

= Y L) (VL) (VL) f,

Al

where I, := {§,p,2p}. So the sum on the right-hand side of (4.34) can be
estimated by

Z Z L*%(eii%‘sw/\)(\/i)w,u(\/f)f ip(RLq(Rd))
pe2Z Aely o
— Z Z L_%(e:twt’s@b\)(\/i)w#(\/i)f ip(RLq(Rd))
AE2Z pely o
Y Y VD=3 S e D] ~ 112
AE2Z pEly pe2r

where we used Theorem and Corollary [2.1.24] This proves (i).

(ii) Let (p,q,&) be another wave-admissible Strichartz triple with p’ < p.
Fix s € R. Since S, is dense in L2(R?), it follows from (i) that

To: LARY) = LY(R; LI(RY), (Tof)(t) = L™5T*(t,5)f

is a bounded linear operator. Recalling the scalar product (2.73)) on L2(R9),
we may define the equivalent dual pairing

(F.G) = [ (F(r),G(r)adr
on L2(R; LI(RY)) x L¥ (R; LI (R%)). Since T, is bounded, the adjoint operator
T2 LV (R; LT (R?)) — L%(R%) and thus the composition 7,7, are bounded,
too (here, we wrote T instead of 7 for the adjoint operator to align our
notation with the classical T7*-argument as in [23]). Let G: R — S 5 be
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4.3. Global Strichartz Estimates

measurable and of compact support. Then, a straightforward computation
reveals

T:G = [ T(s)G(r)dr,
R
and using that
TE(t,s)T*(s,7) = T*(t,7), T*(t,s)* =T%(s,t) for t,s,7€R

as identities on £(L%(R%)), we conclude
(TTG)) = [ L5 T4t 7)G(r) dr
R

for a.e. ¢ € R. Now, the claim follows from the boundedness of 7,7, and
Lemma [£.3.1] [

Corollary 4.3.3 (Strichartz Estimates for Parametrices II). Suppose that
(p,q, ) is a wave-admissible Strichartz triple.

(i) We have

1L C( ) fligmasmay S NE2 e (f € HLRT)  (4.35)

and

125 S(t ) fllgmasmoy S Il (FELA®Y)  (436)
uniformly in s € R.

(ii) Suppose that (p,q, &) is another Strichartz triple with ' < p. Then,
there holds the inhomogeneous estimate

/ LTS 5)Gls) ds

< =/ =1
LE(R (L2 (RD))) ™ 11 gt oy

for G € LV (LI (R%)).

Proof. Let (p,q, @) be wave-admissible and let f € S 5. By Lemma (a)
and Proposition [2.1.15[ (b), we may write

LZ°C(t,s)f = YL 3T*(t,s)L3 f + L™ 3T (t,5)L3 f,

)

so Theorem |4.3.2| gives ||LPT&C<1§,S)f”Lf(R;Lg(Rd)) < ||L2f||; uniformly in
s € R. Now, (4.35) follows as S g is dense in H}(R?) (in particular, the
left-hand side L2 C(t, s)f is to be understood as a limit in L?(R; Lg(R%))).
This proves (4.38)). By the definition of S 5, we find y € C°(R?) supported
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4 Global-In-Time Strichartz Estimates

away from the origin such that y(vL)f = f. In view of (3.2.6), we may
then write

L7S(t,s)f = LL73TH(t, 8)mo (VL) f — L 3T (t, s)my(VL) f

with m(€) == Wx(é). Since ||ms (VL) f|l2 < || f]|2, we argue as above

to infer (4.36). Finally, (ii) is proved similarly using ||m(v/L)]| £ ) S

by Proposition [2.1.10| (d). O

From the preceding corollary and Theorem [3.3.7] we obtain Strichartz esti-
mates for weak solutions in H} (R9).

Theorem 4.3.4 (Global-In-Time Strichartz Estimates for Weak Solutions

in HL (RY)). Let (p, q, o) be a wave-admissible Strichartz triple. Suppose that

g € HE(RY), h € L2(R?), and F € LY(R;L*(RY)). Then, the weak solution

to the wave equation satisfies the global-in-time Strichartz estimate
127 ullp sy S N9l g + IRl + 1Fll @),

Proof. By Theorem [3.3.7, we have the representation

u@zCﬁﬁM+S@®h+£S@@m@® (t € R)
with
Gl @rzeey) S l9llm @y + [1Rllz@ey + [ FllLi @iz @e)- (4.37)
By Corollary (i), we have
122 O, 0)9(x) lpaey S ILEgll2 S lgllay o).
1273 S (1, 0)g(2) [ wsgeey S B2

Moreover, applying Corollary (ii) with (p, G, &) = (00,2,0) (note that
then p' =1 <2 <p) and (4.37)), we find

Combining Theorem [4.3.4] with Proposition [2.3.3] we arrive at the proof of
Theorem [I.1.4]

Corollary 4.3.5 (Global-In-Time Strichartz Estimates for Weak Solutions
in HY(RY)). Let (p,q, ) be a wave-admissible Strichartz triple and o € [0, 2].
Suppose further that g € HY(RY), h € L*RY), and F € LY(R;L*(RY).
Then, the weak solution to the wave equation satisfies the global-in-
time Strichartz estimate

S NGl 2y
L7 (LE (R))

KL?%@gm@®

S gl ey + [Allez@ay + [ F )l @z @a)-
O

|||Dx|1_au||Lf(R;Lg(Rd)) S 9l ey + [hllz@ay + [ Fllo @iz@ayy.  (4.38)
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4.4. Paradifferential Smoothing and the Proof of
Theorem [1.1.5!

In this last section, we want to indicate how to relax the regularity assump-
tion on the coefficients b; from C* to Lipschitz. One can use a paradifferential
smoothing procedure as described in [47] to essentially reduce to the C''-case.
We only sketch the ideas. So we suppose that (A,) holds and that by, ..., by
satisfy

(Ap)rip The functions by, ..., by are Lipschitz continuous and for some suffi-
ciently small gy € (0,1) we have

1—e9<bj(t) <1l+¢e forallteRandje{l,...,d}. (4.39)

We set my = maxi<j<q ||bj||c < 00. Moreover, we assume that there
exists some sufficiently small 1 = &1(mq, mg, my) > 0 such that

gljag}{d ||b;||L1(]R) S 1. (440)

Recall that, by the Rademacher Theorem, Lipschitz functions are differen-
tiable a.e., so makes sense. Now, we smooth out the coefficients using
a mollifier. More precisely, let p € C2°(R) be nonnegative with [ p(t)dt = 1
and supp(p) C (—1,1). For A € 22, we set p(t) = Ap(At),

B (t) == diag(b} (1), ..., b} (1)), b? = ptx b;.

and PMt) = Y9, b} (t)L;. Observe that the conditions (4.39), are

J=1"]
invariant under convolution with p*. Now, the idea is to replace the para-

metrices TE(t, s) as defined in Subsection by

THE = X () VD) 20 = [ (Bl R

Ae2Z

i.e., Tj (t,s) is obtained from T*(t, s) by replacing B(t) with B(t) at fre-
quency scale A\. We may argue as we already did for T=(¢, s) to see that

(D = P(1)) T4t 5)f
= Y (D} = PO 0)(VI)S + 3 (PA(1) = P(0)(€ ) (V) f

g2z Ae2Z

— Ry(t,s)f + Ro(t, s)[.

Now, observe that both operators R;(t,s) and Rs(t, s) are of order one, i.e.,
bounded operators from H$(R?) — HY !(RY). Indeed, Ri(t,s)f is treated
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4 Global-In-Time Strichartz Estimates

exactly as in Lemma [3.2.4) and thus, R;(¢,s) is of order one. To handle
Rs(t, s)f, note that each term in the sum is

(PA(t) = P() () (V) f
= 200 = b ) (V) f = Ay nin) (VI f

with

Since b; is Lipschitz, we have

~Y

b3 = bjlloe < 1Blloe < 14,

50 |hesa| S 1 on the support of ¥y. It follows that T (¢, s) define paramet-
rices for the wave operator (p, from which we may deduce all the previous
results, at least locally in time. To get global results, however, it is more con-
venient to work with the parametrices T*(t, s) directly. Indeed, repeating
the proofs in Chapter [3] with minor modifications shows that Theorem |3.3.
remains valid under (Ap)p. Since the arguments in this chapter do not
use the regularity of the b;, we deduce Theorem which we record as a
corollary:

Corollary 4.4.1 (Global-In-Time Strichartz Estimates for Lipschitz-coeffi-
cients). Let (p,q,«) be a wave-admissible Strichartz triple and « € [0,2].
Suppose further that the conditions (A,) and (Ap)uyp, hold true and that
g € H'(RY), h € L3(R?), and F € L}(R; L*(R%)). Then, the weak solution
to the wave equation satisfies the global-in-time Strichartz estimate

1D:'~*ullp@ra@ay < Ngllueey + [Rlliega + 1 Fllu@eege).  (441)

Remark 4.4.2. In contrast to the Strichartz estimates for the classical
wave equation, we have the inhomogeneous norm ||g|g:gay in place of the
homogeneous norm || g||H1L (rey ON the right-hand side of the Strichartz esti-

mates. This is because we used the inhomogeneous scale H¢(R?), o € R,
for the parametrix construction. However, using the homogeneous scale of
spaces H‘L“(Rd), a € R, (see [35, Appendix E| for a precise definition) for
the parametrix construction, one should also be able to obtain with
19/ly11 ey on the right-hand side.
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A. Properties of S%{gl

In this section, we provide proofs of Proposition [4.1.2] and Lemma [4.1.5
which summarized some important properties of the hypersurfaces Sf;l. Re-
call that for (¢,s) € A°

STt = {E € R Gra(€) = 1}, Byoi={Vedro(§) e RY | # 0},

where @, .: RY = R, 3,.,(€) = == [{(B(7)£|€)2 dr. As was already observed

t—s
in (4.9) and (4.10), we have
~ 62 C2
sitcf{eert: <<t} S.c{ceR: 2 < <dL (A

with ¢ == ¢1, = V1 + ¢ and ¢z == o, = /1 — 9. We will frequently use
that Ve (&) = B(€)€ for £ # 0, where

B(¢) = diag(Bi(), ..., Ba(§)), B;(§) = t i s /St (B(?—j)gi“)lﬂ dr.

Note that by (A.1)) we have
c<Bjw)<é (weSl ' jedl,....d}) (A.2)

CS ~ C3
with ¢:= =2 and ¢ = 2.
Cc1 Cc2
Proposition A.0.1 (Properties of S{3'). Let (t,s) € A,

(i) Sf;l is a smooth, compact hypersurface in R, with normal space at
each w € Sg;l given by

Nu(S{5Y) = span{ V@, o(w)}. (A.3)
Moreover, Sﬁ;l is the boundary of the compact, strictly convex set

Cis ={C€R?| 3 (€) < 1}

ii) The Gauss map on S given b
P ts 9 )

Vebrs
n: S S n(w) = Pt ) ()
7 ’vﬁgpt,s((‘u”
is a diffeomorphism with n(—w) = —n(w). In particular, for each

v € S4L there exists exactly one wy € Sf;l such that £v = n(£wy).
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(iii) Let n be the Gauss map from (ii) and ¢ from (1.10)) sufficiently small.
Then, there exists some k = k(g9) > 0 independent of (t,s) € A® such
that in each point w € Sff;l, the principal curvatures ki (w), ..., Ka—1(w)

with respect to —n satisfy k;(w) > k.

(iv) Let dw = |Vepys| P dHY be the (d — 1)-dimensional Hausdor(f mea-
sure on Si5' normalized by |Vepys|. Then

/]Rd f(z)dz = /OOO ( it frw) dw)rd_l dr

for any integrable function f: R? — C.

Proof. Let (t,s) € A°.

(i) Clearly, @;¢: R\ {0} — R is smooth with V@, (£) = B(£)¢ # 0 for all
¢ # 0. As 0 does not belong to S, = (¢,5)"!(1), we infer that 1 is a regular
value of @, ,. This implies that S{;' = (¢,s)71(1) is a smooth hypersurface
in RY satisfying .

The set Cy 4 is closed by the continuity of ¢; ; and bounded as C; s C B, (0)
by ED and the positive homogeneity of ¢, ;. Hence, C; ;s and therefore also
Sﬁl; (being a closed subset of Cy 5) are compact. To prove that C g is strictly
convex, we just note that @; ; defines a strictly convex norm on R?. Indeed,

in view of (|1.10)), for each 7 € R the function

R 5 R, & (B(r)E[€)?

defines a strictly convex norm and the norm axioms as well as strict convexity
are preserved under integration (with respect to 7).

By definition, U = {£ € R?: @, (£) < 1} belongs to Cy s and is open by the
continuity of ¢, ,. We infer that U belongs to the interior of C;, and thus
0Cs C Cis \U = Sf;l. Conversely, if w € Sf;l, we consider h: R — R,
h(T) = @1 s(w + Tv), with v == V@, (w) # 0. Then h is differentiable in
0 with A'(0) = |v|*> > 0 which implies p(w + 7v) = h(7) > h(0) = 1 and
similarly ¢(w — 7v) = h(—7) < h(0) = 1 for sufficiently small 7 > 0. For
those 7, we conclude w+7v ¢ Cy 5 and w—71v € C} 4, showing that w € 9C; 5.
We have proved that Sf;l = 0C} .

(iii) Let n be the Gauss map as defined in (ii) and w € S{;'. Recall that the
principal curvatures kq(w), ..., ks—1(w) with respect to —n are the eigenval-
ues of the self-adjoint shape operator

Lo: T,(SEY) = Tu(SHY),  Lu(v) = Dyn(w)

(here, D, denotes the directional derivative along the tangent vector v).
Thus, we have to show that there exists some x € (0, 1) such that x;(w) > &
for all (s,t) € A, j € {l,....,d — 1} and w € S‘;{;l. Equivalently, we
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A Properties of Sf;l

need to show that the bilinear form associated with L,,, namely the second
fundamental form in w defined by

TS x TL(SHY) = R, 1Lu(v,0) = (Lyv|?)

is positive definite, uniformly in (s,¢) € A° and w € Sd_l. Unfortunately,
the strict convexity of Cy 5, as shown in (i), only implies that I1,, is positive
semi-definite. To prove strict positive definiteness, we employ a perturbation
argument. Fix w = (wi,...,wq) € S{;'. A computation yields for any
v e TS

Vedrs(W)] - (v, 0) = (Vidrs(w)vv) = (Bw)v|v) — (Rw)vlv)  (A.4)
with

R(w) = (rn(@)wyen) s () = — /t (bj(T)bk(T) dr.  (A5)

t—sJs (B(T)w|w)3/?
Therefore, in view of , ,
IL,(v,v) 2 (Bw)vlv) — (R(w)vlv) 2 [vf* = (R(w)v]v).
So it is enough to show that
(R(w)vlv)| = O(eo) - [0 (v € Tu(S{S1)). (A.6)

Put v = V¢p, s(w) = B(w)w. Without restriction, we may assume v, # 0.
Then, Tw(ngl) = span{vy,...,v4 1} with v = vger — vpeq. Now, if v €
Tw(ngl), then there exists A € R4! such that v = sz ApU, and thus

Y ARG

k=1
with
(R(w)vg|vy) = Krjde — rdek> Bg — (rdde — rddBk) Bj}ijkws
= [(rjk - rjd> B3 + rjd<Bd — Bk) Bd} WWEWS
+[(7‘dd - Tdk)B B + T’dk<Bk - Bd)B ]ijkwd

Now, by (1.10) we have ||by — b;|loc < 2¢¢ for all 5,k € {1,...,d}. Hence,

(o= < (2 [ s ar) - = bl 5

and similarly

Bute) ~ 8uoll < (2 [ g &) I~ bl S
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We conclude that |(R(w)vg|v;)| S €olwjwr|w3 and since |wq| ~ |vq| by (A.2),
we obtain

d—1
(R(w)vlv)| S eovi D Ajdelwjllwn| S covg| A < eolvf?
jk=1

(the last inequality follows from the identity |v|* = (A|v/)? + v3|A|?, which is
readily verified). This proves (A.6)) and therefore the claim.

(i) Note that by (iii), dn,: T,(S{s"') — S ! has nonvanishing determinant
for each w € ¢!, so n is a local diffeomorphism. Also, n(—w) = —n(w) for
w € Sff;l follows immediately from the definition of n. Therefore, it suffices
to show that n is bijective.

Injectivity: Suppose that v = n(w;) = n(wy) for some wy,wy € S¢,'. By (i),
the set C; 5 is strictly convex and n is the outer unit normal vector field on
the boundary of Cy ;. Therefore, we must have C; \{w;} C H;, where H; is
the open supporting hyperplane at w; defined by

Hy = {eR": (€ —wlv) <0} (je{1,2}).

But this is only possible if w; = w».

Surjectivity: Let v € S9!, We consider the linear function
RS R, flw)=v-w.

By the extreme value theorem and the compactness of C},, there are ex-
tremal points wy,ws € Cy s in which f attains a maximum and a minimum.
The function f, being linear, cannot attain extremal values in the interior
of C} s and thus w; and ws have to lie on 9C; ; = Sf;l. In particular, f(w;)
and f(ws) are local extremas on S{;'. Therefore, v = V,, f(w;) must belong
to N, (S¢;1) by the Lagrange multiplier theorem. Combining this with (i),
we conclude +n(wy) = v = £n(wy). If n(w;) = n(ws), then w; = wy by
the already shown injectivity. But then f would have to be constant (since
minimum and maximum of f would be equal), contradicting the fact that
f # 0 is linear. So either v = n(w;) or v = n(wy), which shows that n is
surjective.

(iv) The idea is to foliate R*\ {0} by the level sets of ¢, s and to observe that
the level sets scale according to {@; s = r} = rS{;' (r > 0) by the positive
homogeneity of @;,. To make this idea precise, we let @; (£') = ¢;(£',0)
for ¢ € R*! and define the @} ,-adapted open unit ball in R*"! by

B={g R | (&) < 1}.
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A Properties of Sf;l

For fixed ¢ € B, the continuous function
fe:[0,00) 5> R, h @s(E D)

satisfies fo(0) = @} (') < 1 and limj o0 f(h) > limy o coh = co. Invoking
the intermediate value theorem and the strict injectivity of f, we deduce
that there exists a unique point h = h(§’) > 0 such that fe(h(¢')) = 1.
By allowing £’ to vary over B, this defines a function h: B — R and it is
straightforward to show that

Sies =Sist NRL = {(¢, £h(¢)): £ € B}
Moreover, h is smooth by the implicit function theorem with

_ Vedis(9(€)
Dapr,s(9(&"))

where g(&') = (&', h(£)) for £ € B. Now, it is readily checked that

Veh(e) = (€ eB), (A7)
G: (0,00) x B—RL, (r,&) = rg(¢)
is a smooth diffeomorphism with inverse given by
g—l(g) = (@t,s(&)v ﬁl@))) 5 € Ri

We compute the Jacobian determinant of G. We have

_ ’ ( ¢ rlg_y ) ‘
h(€') r(Veh(€)"

— fl TId,1 _ Td—l N l o
_‘&@%(wmww) 0)| h(€) = (Veh(€)I€)

The latter expression can be simplified. Indeed, by (A.7)),

g'(r,¢)

nE) = (Veh()l¢)
(Vers(gENIE)  (Vebus(a@))la(€)) 1

MO @) T e @) Obn(e@)

where we used Euler’s relation (Vggﬁt,s(fﬂf’) = ¢ s(§) for 1-homogeneous

functions and that g(¢') € S{;'. Therefore, we conclude

1

M &Y =pd-1  —
1G'(r, )] [0ar,s(9(€)))]
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On the other hand,

dH(g(€")
e’

= (1+|Voh(€))* (1+ [Verpra(€) >5Z|vg¢t,s<g<f’>>|
P

|ad80ts( (&) |8dg5t75(g(£’))|'

Comparing expressions yields

a1 dwlg(€))

G/ =

Now, let f: R — C be integrable. Changing variables 2 = rg(¢’) and
applying Fubini’s theorem, we obtain

/Rif( dx—/ (/f dg(f))dg) a1 4y
_/ (/Sd rw)dw)rd_ldr,

t,s,+

and changing variables z = (2/,x4) — (2/, —x4), we obtain from the above
identity similarly

/Rg flo)de = /000 ( /Sf;,l- frw) dw> rtdr.

Summing these equations yields the claim. O

Lemma A.0.2. Let & = (2dz¢,)' € (0,1). Then, for each (t,s) € A
there exists an open cover UY* = {U?S | j€{1,...,2d}} of S{,* such that
the following holds for all (t,s) € A° and j € {1,...,2d}:

(i) For each w € S{;' we have B(w,dy) C Uy for some i € {1,...,2d}.

(ii) There exists an open, convex 0-neighborhood Vjt’s C R and a smooth
parametrization g;’sz Vjt’s — [U;’S which is a graph of a smooth function
and which satisfies the following bounds,

ng"chM(ij) Sl (M € Np),
(G4 (&)zlr) > 1 €€V |z =1),
195°() = 9" ()] = [€ = (€.n € V)

uniformly w.r.t. (t,s) € A°. Here, G;s(f) = (8kg§’s(§)|8gg§’s(§))kvg

denotes the Gram matrix of g§’5.

Proof. The idea is to use the parametrization from the proof of Proposi-
tion (iv) in every coordinate direction. To be precise, let (¢, s) € A°and
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A Properties of Sf;l

let B C R¥1 h =h": B — R be as in the proof of Proposition (iv).
Now for (¢,s) € A®and j € {1,...,d}, we put

Uiy ={we S{TH | fw > 2}, Vg = (h") 71 ((%, )
and define

g]:l: Vt:i: — Uj +> g;:fl:(g) = (517 s agj—la iht’&(&)a&j#—la s 7€d—1)

(to ensure better readability in the following, we deviated slightly from the
notation used in Proposition (iv) and wrote ¢ instead of &’ for a variable
in R4~1). To prove (i), let w E S . Then, there exists some j € {1,...,d}

with |w;| = |w|s. But then 1mplies
wi| > d 2 |w| > d 2e7t = 26.

So B(w, &) C U % if w; > 0 and B(w,dy) C Uts if w] < 0, proving (i). In
particular, {U’ g e{l,...,2d} is an open cover of S5 .. To prove (ii), we
first note that 0 € V 4 since ht *(0) =1 > &y. Moreover, V I is open since it
is the preimage of (%, c0) under the continuous function ht ¢ and it is convex
since hy s is a convex function (the latter follows from the deﬁnition of ht*
and the fact that Sf;l is the boundary of the (even strictly) convex set Cy ,
see Proposition 1| (i) and (iv)). Now, we observe that it follows from
(A1), (A.7) and mductlon that for all « € NI, (t,5) € A¢, j € {1,...,d},
§EV andg] —gji

10897 ()] Sa 108" (€)] Sa 10501595 () o [R5™(€)] 1Y <o 1.

Similarly, since G7°(¢) = diag(l,...,1,1 4+ [V (€)[?), it is clear that
(G5°(&)z|z) > 1 for all |z| = 1. Finally, the inequality [g;°(¢) — ¢;°(n)| >
|€ — | is trivial as g] is a graph. The proof is complete (after an obvious

relabeling of the U7%). O
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