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 A B S T R A C T

This work introduces a phase-field model based on the grand potential formulation for simulating corrosion 
in multiphase systems, validated against analytical solutions and numerical benchmarks. The framework 
investigates corrosion processes in complex microstructures, emphasizing how interfacial mobility governs 
pit evolution. In order to simulate fluid-pressure induced crack growth in these corrosion pits, the phase-
field fracture model for brittle materials was extended to account for application of pressure along the pit 
surface. The results show that increasing pit depth in multiphase systems significantly reduces the critical 
relative pressure required for crack initiation and propagation, demonstrating the strong linkage between 
morphology and mechanical failure within the present comparative phase-field framework. These dynamics 
are analyzed across multiple microstructural configurations, illustrating how phase boundaries and local 
topology influence degradation through pitting and subsequent micro-crack formation. This work advances 
mesoscale corrosion–mechanics understanding by (1) integrating grand potential–driven dissolution with 
pressure-dependent fracture analysis in a sequential morphology-to-failure framework and (2) clarifying how 
variations in interfacial mobility within multiphase alloys control pit development and the susceptibility to 
pressure-induced cracking. The findings provide insights relevant to structural components such as piping 
systems and flow channels in industrial environments where corrosion and internal pressure coexist.
1. Introduction

Localized corrosion, particularly pitting, is a critical degradation 
mechanism in structural alloys exposed to aggressive environments. 
Unlike uniform dissolution, pitting produces highly irregular morpholo-
gies that act as stress concentrators, promoting crack initiation and 
ultimately governing the mechanical reliability and service life of en-
gineering components [1–3]. The progression from pit formation to 
crack nucleation has been widely documented across stainless steels, 
aluminum alloys, and high-strength steels [4,5], highlighting the need 
for mechanistic models capable of capturing both the evolution of pit 
morphology and its role in promoting localized mechanical failure.

Pitting corrosion is particularly severe in environments containing 
hot, chloride-rich brines, such as those encountered in geothermal 
systems, marine structures, and chemical processing facilities [6,7]. 
In such conditions, elevated temperatures, high ionic strength, and 
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dissolved species including Cl−, CO2, and H2S destabilize protective 
films on metallic surfaces and promote localized dissolution [8,9]. 
These chemistries frequently lead to rapid pit development and subse-
quent cracking in steels and corrosion-resistant alloys, underscoring the 
importance of predictive tools that can relate microstructural features 
to pit morphology and the onset of mechanically assisted failure.

Pitting corrosion is particularly critical in high-strength alloys such 
as stainless steels and aluminum alloys, where breakdown of the passive 
film leads to highly localized dissolution and the formation of deep, 
sharp cavities [2,4]. These pits act as strong stress concentrators and 
frequently serve as sites for crack initiation, thereby governing the 
mechanical reliability and service life of engineering components [3,5]. 
Experimental and field studies have documented rapid pit growth and 
pit-to-crack transitions under aggressive chemistries, demonstrating 
that susceptibility to pit-induced cracking depends strongly on local 
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environment, alloy composition, and microstructure [10,11]. In partic-
ular, chloride-containing brines, dissolved gases, and elevated temper-
atures promote accelerated pit deepening and subsequent cracking in 
both carbon steels and corrosion-resistant alloys. Although advanced 
materials such as duplex and high-nickel stainless steels exhibit im-
proved resistance to localized corrosion, deep pits and pit-induced 
fracture are still frequently observed under severe conditions [12–14]. 
These observations underscore the need for predictive, microstructure-
sensitive mechanistic models capable of resolving pit morphology evo-
lution and assessing the conditions under which localized corrosion 
triggers mechanical failure.

Numerical models for pitting corrosion have traditionally relied on 
sharp-interface formulations that track the moving metal–electrolyte 
boundary through prescribed interface kinetics or electrochemical
boundary conditions [15–18]. Although these methods can capture 
dissolution processes, they often require explicit interface tracking, 
remeshing, or level-set reconstruction to represent evolving pit geome-
tries [19–21]. Such approaches become increasingly cumbersome in 
concentrated electrolytes, where dissolution is governed by chemical 
potential gradients [22], or when pits interact with microstructural 
features. Alternative frameworks, including ALE methods, mesh-free 
schemes such as peridynamics, and cellular automata models, offer 
various advantages but still face challenges when simulating complex 
interfaces or assessing pit-induced mechanical response [23–25]. These 
limitations have motivated the use of phase-field methods, which nat-
urally accommodate evolving morphologies without explicit interface 
tracking.

The phase-field method provides a flexible alternative for modeling 
dissolution processes, as it represents the metal–electrolyte interface 
through a diffuse order parameter and eliminates the need for explicit 
interface tracking [26]. Early phase-field corrosion models primarily 
focused on electrochemical formulations, linking interface kinetics to 
local current density (using Butler–Volmer/Tafel kinetics approach) 
or pH-dependent reaction rates [27,28]. Subsequent studies incorpo-
rated film precipitation, galvanic effects, or microstructural features to 
explore complex pit morphologies and electrochemically assisted crack-
ing [29–32]. While these frameworks have advanced understanding of 
localized corrosion, most rely on conventional Ginzburg–Landau [29] 
or Kim–Kim–Suzuki formulations [27] and face challenges when ap-
plied to multiphase alloys or when assessing pit-induced mechanical 
failure under evolving geometries.

Despite these advances, existing phase-field corrosion models re-
main limited in their ability to handle multiphase alloys and to evaluate 
pit-induced mechanical failure in evolving geometries. Most formu-
lations are based on traditional free-energy descriptions that tightly 
couple interface width and energy, making it difficult to represent 
complex microstructures or to efficiently simulate dissolution in multi-
component systems. In contrast, the grand-potential phase-field frame-
work [33] decouples these quantities, enables straightforward control 
of interfacial properties, and has demonstrated scalability in other 
multi-phase, multi-component problems; in this work, it is implemented 
within the Pace3D simulation framework [34], a multiphysics platform 
designed to model complex microstructure evolution under coupled 
physical influences, whose integrated data analysis capabilities facil-
itate the identification of pore–structure–property relationships and 
provide deep insight into the underlying physical mechanisms. Yet, this 
formulation has not been applied to corrosion, leaving a significant 
gap in modeling corrosion-driven degradation in heterogeneous alloys 
where interface energetics and microstructure strongly influence pit 
evolution. The modeling approach adapted in this work is intended to 
capture the mechanistic evolution of pit morphology and its influence 
on pressure-induced cracking, rather than to predict absolute corrosion 
rates or fully coupled chemo-mechanical interactions.

In this study, we address these gaps by adopting a grand-potential-
based phase-field model to simulate pitting corrosion, alongside a 
phase-field fracture model to capture the subsequent mechanical failure 
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driven by pressure-induced cracking in metallic alloys under conditions 
representative of the interior environments of pipelines and channels 
in geothermal systems. Given the significantly different timescales typ-
ically associated with pitting corrosion and crack formation, the two 
processes are simulated here in a decoupled manner. This treatment 
is intended to isolate the mechanistic role of corrosion-pit morphology 
in pressure-induced crack initiation while reducing modeling complex-
ity. In practice, it also offers computational advantages relative to a 
fully coupled treatment, although a formal performance benchmark 
is beyond the scope of the present work. It is most appropriate for 
regimes in which pit evolution is much slower than the quasi-static 
mechanical response and in which feedback from local stress states 
to dissolution kinetics remains of secondary importance. To model 
pressure-induced cracking, pressure is applied at the fluid–metal sur-
face using a diffuse-interface approach by extending the mechanical 
model with a whole-domain formulation of the linear momentum 
balance. The phase-field modeling framework is validated through 
benchmark tests in pseudo-1D and 2D systems and is subsequently 
applied to study how cracks nucleate and propagate under increasing 
pressure at the fluid-metals surface with corrosion pits. We further ex-
tend the analysis to dual-phase and multi-phase alloy microstructures, 
examining how metallic phase arrangements influence pit morphology 
evolution and susceptibility to cracking. The article is organized as fol-
lows: Section 2 presents the phase-field model equations for simulating 
corrosion and crack formation. Section 3 details the simulation results 
and provides a systematic discussion. Finally, Section 4 concludes the 
article and outlines potential directions for future research.

2. Methods

This section presents the grand-potential phase-field formulation 
used to simulate dissolution-driven pit evolution in multiphase al-
loys and the subsequent phase-field fracture model employed to simu-
late pressure-induced cracking. Because corrosion and crack formation 
evolve on markedly different time scales, the two processes are treated 
sequentially. This sequential treatment is intended for regimes in which 
pit morphology evolves over a much longer timescale than the quasi-
static mechanical response, so that the dominant effect of corrosion on 
fracture is the geometric weakening introduced by the pit. Corrosion 
simulations first yield the pit morphology and surface geometry, which 
are then used as inputs to the fracture mechanics problem. Pressure 
loading is applied through a diffuse-interface representation of the 
fluid–solid boundary, and fracture evolution is computed using the 
phase-field fracture formulation of brittle materials. This sequential 
framework isolates the mechanistic influence of pit morphology on 
crack initiation and enables systematic evaluation of microstructure-
dependent failure susceptibility. The governing equations for the cor-
rosion and fracture models, along with the numerical implementation, 
are presented in the following subsections.

2.1. Multiphase field model based on grand-potential approach

2.1.1. Multiphase and multicomponent system
A multiphase-field model is used to simulate corrosion in metallic 

pipes. This model is derived from a grand potential functional, fol-
lowing the formulation of Choudhury et al. [33]. The grand potential 
functional 𝛺 (in J) depends on the order parameters 𝝓 = {𝜙𝛼 ,… , 𝜙𝑁}
(dimensionless) of 𝑁 phases and the volumetric chemical potentials 
𝝁 = {𝜇1, 𝜇2,… , 𝜇𝐾−1} (in Jm−3) of 𝐾 components. It is expressed as: 

𝛺(𝝓,𝛁𝝓,𝝁) = 𝛺int +𝛺bulk = ∫𝑉

⎡

⎢

⎢

⎢

⎢

1
𝜖
𝜔(𝝓) + 𝜖𝑎(𝝓,𝛁𝝓)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
+𝜓(𝝓,𝝁)
⏟⏟⏟

⎤

⎥

⎥

⎥

⎥

d𝑉 . (1)
⎣ int bulk
⎦
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Here, 𝜔(𝝓) is the multi-obstacle potential (in Jm−2) and 𝑎(𝝓,∇𝝓) is 
the gradient energy density (in Jm−4), both contributing to interfacial 
energy. The parameter 𝜖 (in meters) controls the interface thickness. 
In the present work, 𝜖 is treated as a diffuse-interface regulariza-
tion parameter rather than as an independently calibrated physical 
interface thickness. Within the grand-potential formulation, it arises 
from the balance between the obstacle-potential and gradient-energy 
contributions in Eq. (1), and therefore sets the thickness of the diffuse 
metal-brine interface. Its value was chosen relative to the mesh so that 
the interface remains adequately resolved while keeping the computa-
tions tractable. For the corrosion validation cases, we retain 𝜖 = 5μm
from the benchmark configuration of Mai et al. [27] and Zhi et al. [35], 
while in the qualitative multiphase alloy simulations we use 𝜖 = 4𝛥𝑥. 
Keeping 𝜖 fixed within each simulation set ensures that differences 
in pit evolution arise primarily from microstructure and interfacial 
properties rather than from changes in interface regularization. The 
gradient term is defined as: 

𝑎(𝝓,∇𝝓) =
𝑁,𝑁
∑

𝛼<𝛽
𝛾𝛼𝛽 |𝒒𝛼𝛽 |2, (2)

where 𝒒𝛼𝛽 = 𝜙𝛼∇𝜙𝛽 −𝜙𝛽∇𝜙𝛼 is the generalized gradient vector orthog-
onal to the 𝛼-𝛽 interface. 𝛾𝛼𝛽 represents the interfacial energy of the 𝛼-𝛽
interface. The potential 𝜔(𝝓) is: 

𝜔(𝝓) =
⎧

⎪

⎨

⎪

⎩

(

16
𝜋2

∑

𝛼𝛽
𝛾𝛼𝛽 𝜙𝛼𝜙𝛽 +

∑

𝛼𝛽𝛿
𝛾𝛼𝛽𝛿 𝜙𝛼𝜙𝛽𝜙𝛿

)

, if 𝝓 ∈ 

∞, otherwise.
(3)

Here,  = {
∑𝑁
𝛼=1 𝜙𝛼 = 1 , 𝜙𝛼 ≥ 0 ∀𝛼 ∈ {1⋯𝑁}} is the Gibbs 

simplex [36]. The ternary term (𝛾𝛼𝛽𝛿) prevents third-phase formation at 
binary interfaces. The chemically interpolated grand potential density 
is given by: 

𝜓(𝝓,𝝁) =
𝑁
∑

𝛼=1
𝜓𝛼(𝝁)ℎ𝛼(𝝓), (4)

with 

𝜓𝛼(𝝁) = 𝑓 𝛼(𝐜𝛼(𝝁)) −
𝐾−1
∑

𝑖=1
𝜇𝑖𝑐

𝛼
𝑖 (𝝁). (5)

Here, 𝑓 𝛼 is the Helmholtz free energy of phase 𝛼, and 𝐜𝛼 = {𝑐𝛼1 , 𝑐
𝛼
2 ,… ,

𝑐𝛼𝐾−1} is the composition vector in that phase. From the
phase-dependent 𝐜𝛼 , an interpolated composition 𝐜 ≡ {𝑐1,… , 𝑐𝐾−1} is 
written as: 

𝑐𝑖 =
𝑁
∑

𝛼=1
𝑐𝛼𝑖 ℎ𝛼(𝝓), ∀1 ≤ 𝑖 ≤ 𝐾 − 1. (6)

We use ℎ𝛼(𝝓) = 𝜙𝛼 as the interpolation function, which satisfies 
the constraint ∑𝑁

𝛼=1 ℎ𝛼(𝝓) = 1. Assuming local quasi-equilibrium, the 
chemical potential is equal across coexisting phases: 

𝜇𝑖 =
𝜕𝑓 𝛼(𝒄𝛼)
𝜕𝑐𝛼𝑖

=
𝜕𝑓 𝛽 (𝒄𝛽 )
𝜕𝑐𝛽𝑖

= ⋯ =
𝜕𝑓𝑁 (𝒄𝑁 )
𝜕𝑐𝑁𝑖

. (7)

The temporal evolution of the interpolated composition for the compo-
nent 𝑖 can be expressed as: 
𝑐̇𝑖 = −∇ ⋅ 𝒋𝑖, (8)

where 𝒋𝑖 is the corresponding flux. Rewriting Eq. (8) with the help of 
Eq. (6) and using the product rule, we have, 

𝑐̇𝑖 =
𝑁
∑

𝛼=1
ℎ̇𝛼(𝝓) 𝑐𝛼𝑖 (𝝁) +

𝑁
∑

𝛼=1
ℎ𝛼(𝝓) 𝑐̇𝛼𝑖 (𝝁), (9)

the evolution of chemical potential is obtained by inverting each 𝑐̇𝛼𝑖 (𝝁), 
in favor of 𝝁̇ as, 

𝜇̇𝑖 =

[ 𝑁
∑

ℎ𝛼(𝝓)
𝜕𝑐𝛼𝑗 (𝝁)

]−1 [

𝑐̇𝑗 −
𝑁
∑

𝑐𝛼𝑗 (𝝁) ℎ̇𝛼(𝝓)

]

. (10)

𝛼=1 𝜕𝜇𝑖 𝛼=1
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The evolution of the order parameter is governed by 
𝜕𝜙𝛼
𝜕𝑡

= −
𝑀𝛼𝛽

2𝜖

(

𝛿𝛺int
𝛿𝜙𝛼

−
𝛿𝛺int
𝛿𝜙𝛽

+
8
√

𝜙𝛼(1 − 𝜙𝛼)
𝜋

𝛥𝛼𝛽bulk

)

, (11)

where 𝑀𝛼𝛽 is the interface mobility coefficient of the 𝛼 − 𝛽 interface, 

𝛥𝛼𝛽bulk =
𝛿𝛺bulk
𝛿𝜙𝛼

−
𝛿𝛺bulk
𝛿𝜙𝛽

, (12)

and 
𝛿(⋅)
𝛿𝜙𝛼

∶=
𝜕(⋅)
𝜕𝜙𝛼

− ∇ ⋅
𝜕(⋅)
𝜕∇𝜙𝛼

(13)

the variational derivative.

2.1.2. Two-phase and two-component system
To examine corrosion phenomena at a more computationally effi-

cient and physically interpretable level, we now focus on a simplified 
binary system consisting of two phases and two components, repre-
senting the solid metal and the liquid electrolyte. The phase fields are 
collected in the vector 𝝓 = {𝜙𝑠, 𝜙𝓁}, with the constraint 𝜙𝑠 + 𝜙𝓁 = 1. 
For the binary system, we denote the chemical potential vector as 𝝁. 
Since only one component concentration is independent, this reduces 
to a single chemical potential, hereafter denoted simply as 𝜇. While 
the previous section outlines the general grand-potential framework for 
multiphase and multicomponent systems, this reduced model isolates 
the essential mechanisms of corrosion at metal–electrolyte interfaces. 
It enables focused analysis of chemical potential gradients, interface 
motion, and mass transport, while also providing a computationally 
efficient platform for benchmarking and validation. Such simplification 
thus serves as a foundational basis for later multiphase extensions. 
In this binary solid–liquid case, the grand potential density can be 
expressed as, 
𝜓(𝝓,𝝁) = ℎ(𝜙)𝜓s(𝜇s) + (1 − ℎ(𝜙))𝜓l(𝜇l) = 𝜙s𝜓s(𝜇s) + (1 − 𝜙s)𝜓l(𝜇l), (14)

with 
𝜓s(𝜇s) = 𝑓s(𝑐′s(𝜇s)) − 𝜇s𝑐

′
s(𝜇s), 𝜓l(𝜇l) = 𝑓l(𝑐′l (𝜇l)) − 𝜇l𝑐

′
l (𝜇l). (15)

Here, the prime is indicating a normalization with the solid concen-
tration, i.e., 𝑐′ ∶= 𝑐∕𝑐solid. Also this means, that 𝑐′s and 𝑐′l  are the 
normalized concentrations of the co-existing solid and liquid phases, 
respectively. Assuming dilute solution thermodynamics, the free energy 
densities are, 
𝑓l(𝑐′l ) = 𝐴(𝑐′l − 𝑐

′
le)

2, 𝑓s(𝑐′s) = 𝐴(𝑐′s − 𝑐
′
se)

2. (16)

Here, 𝐴 is the free energy density curvature, which is assumed to be 
similar for both the solid and liquid phases. The value of 𝐴 is computed 
such that the phase transformation driving force in the resulting ap-
proximate system is similar to that of the actual thermodynamic system. 
𝑐′se and 𝑐′le are the normalized equilibrium concentrations for the solid 
and liquid phases respectively, and are given by, 
𝑐′se =

𝑐solid
𝑐solid

= 1, 𝑐′le =
𝑐sat
𝑐solid

(17)

with the saturation concentration 𝑐sat. The chemical potential thus 
becomes, 

𝜇 = 𝜇l = 𝜇s =
𝜕𝑓l(𝑐′l )

𝜕𝑐′l
=
𝜕𝑓s(𝑐′s)
𝜕𝑐′s

. (18)

Hence, 
𝑐′l (𝜇l) =

𝜇l
2𝐴

+ 𝑐′𝑙𝑒, 𝑐′s(𝜇s) =
𝜇s
2𝐴

+ 𝑐′𝑠𝑒. (19)

Interpolated total concentration, 
𝑐′(𝜇, 𝜙) = 𝜙s𝑐

′
s(𝜇) + (1 − 𝜙s)𝑐′l (𝜇). (20)

The Cahn-Hilliard equation governs the conserved concentration field, 

𝜕𝑐(𝒙, 𝑡)
= ∇ ⋅

(

𝑀̄(𝜙)∇𝜇
)

. (21)

𝜕𝑡
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Here 𝑀̄(𝜙) is the mobility, which relates the flux density with the 
gradient of the chemical potential. This reads 
𝑀̄(𝜙) = ℎ(𝜙)𝑀̄s + (1 − ℎ(𝜙))𝑀̄l, (22)

For all phase-specific mobilities 𝑀̄𝛼 , the following applies,

𝑀̄𝛼 = 𝐷𝛼
𝜕𝑐𝛼(𝜇)
𝜕𝜇

, (23)

𝑀̄𝛼∇𝜇 = 𝐷𝛼∇𝑐𝛼 . (24)

The phase-dependent mobility therefore combines diffusional transport 
and the local thermodynamic response of concentration to chemical 
potential. In the present framework, it should be interpreted as an effec-
tive phase-field descriptor of dissolution kinetics rather than as a stan-
dalone directly measurable electrochemical constant. In practice, these 
effective mobility parameters may be calibrated against experimen-
tally measured observables such as pit-depth evolution, preferential 
phase dissolution, phase-selective pit morphologies, or electrochemical 
response under controlled environmental conditions. Substituting into 
Eq. (21), we obtain, 
𝜕𝑐(𝒙, 𝑡)
𝜕𝑡

= ∇ ⋅
(

ℎ(𝜙)𝐷s∇𝑐s + (1 − ℎ(𝜙))𝐷l∇𝑐l
)

. (25)

Assuming that the diffusion of metal ions in the solid phase is negligi-
ble, it can be considered, 𝐷s = 0 and 𝐷l = 𝐷 as suggested also in the 
work of Mai et al. [27]. By applying the chain rule to Eq. (20) follows 
for the evolution equation of the chemical potentials, 
𝜕𝑐(𝜇, 𝜙)
𝜕𝜇

𝜕𝜇(𝒙, 𝑡)
𝜕𝑡

=
𝜕𝑐(𝒙, 𝑡)
𝜕𝑡

−
(

(𝑐s(𝜇) − 𝑐l(𝜇))
𝜕ℎ(𝒙, 𝑡)
𝜕𝑡

)

. (26)

The evolution of the chemical potential field 𝜇 can then be isolated as,
𝜕𝜇(𝒙, 𝑡)
𝜕𝑡

=
[

ℎ(𝜙)
𝜕𝑐s(𝜇)
𝜕𝜇

+ (1 − ℎ(𝜙))
𝜕𝑐l(𝜇)
𝜕𝜇

]−1

×
(

∇ ⋅ 𝑀̄(𝜙)∇𝜇 −
(

𝑐s(𝜇) − 𝑐l(𝜇)
) 𝜕ℎ(𝒙, 𝑡)

𝜕𝑡

)

. (27)

This formulation allows the chemical potential to be the only conserved 
variable that evolves in time, simplifying numerical implementation. 
From 𝜇, the local concentrations of each phase are recovered through 
their constitutive relations. This avoids artificial oscillations that often 
arise in models where concentration is interpolated across interfaces. 
The model is robust and extensible to systems with multiple solid 
phases and grain boundaries, as elaborated by Hoffrogge et al. [37]. 
Thus, it serves as a solid foundation for simulating corrosion in metallic 
environments.

2.2. Application of pressure on the diffuse liquid–solid interface

To impose mechanical boundary conditions on an internal surface 
in a phase-field framework, we begin with the momentum balance 
formulated over the entire domain 𝑉 = 𝑉s ∪ 𝑉v assuming quasi-static 
conditions (negligible inertia and body forces). This includes both the 
material (solid) region 𝑉s and the void (non-material) region 𝑉v. The 
formulation employs an indicator function 𝐼 , which takes the value 1 
in the solid domain and 0 in the void.

2.2.1. Whole-domain momentum balance
Following the procedure from [38], the strong form of the mo-

mentum balance can be expressed in a whole-domain formulation 
with stress boundary conditions. Starting from the weak form of the 
momentum balance and exploiting that the stress at the solid-void 
interface 𝜕𝑉s is the prescribed boundary traction tensor 𝝈bc, we obtain

0 = ∫𝑉s
−𝝈 ∶ ∇𝝂 d𝑉 + ∫𝜕𝑉s

−𝝈bc𝒏 ⋅ 𝝂 d𝑆

= −𝐼𝝈 ∶ ∇𝝂 + 𝛿𝑆𝝈bc𝒏 ⋅ 𝝂 d𝑉 . (28)
∫𝑉
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Herein, 𝝂 is a vector valued test function, 𝐼 the indicator function, 
𝛿𝑆 ∶= ‖∇𝐼‖ the surface Dirac distribution, 𝒏 the outward pointing 
unit normal, 𝝈 the Cauchy stress tensor, and ∶ denotes the double 
contraction in the direct tensor notation. The usage of the indicator 
function allows the extension of the volume integral from 𝑉s to 𝑉 , while 
the surface Dirac allows transforming the surface integral to a volume 
integral due to its localization property. Integration by parts, exploiting 
that 𝐼 = 0 on 𝜕𝑉 , and demanding Eq. (28) to hold for arbitrary test 
functions 𝝂, yields the strong form of the local momentum balance in 
a whole-domain formulation
∇ ⋅ (𝐼𝝈) − 𝝈bc ⋅ ∇𝐼 = 𝟎, (29)

∇ ⋅ (𝐼𝝈) + 𝒕bc 𝛿𝑆 = 𝟎, (30)

The two forms are equivalent which can be shown using that ∇𝐼 points 
in interface normal direction and thus, can be written as 
∇𝐼 = −‖∇𝐼‖𝒏 = −𝛿𝑆 𝒏. (31)

Furthermore, the boundary traction vector 𝒕bc = 𝝈bc𝒏 is determined 
using the lemma of Cauchy. When the applied boundary condition 
is purely hydrostatic (pressure loading), the boundary traction vector 
reduces to,
𝒕bc = −𝑝𝒏,

where 𝑝 is the prescribed external pressure acting normally on the 
interface.

2.2.2. Diffuse interface approximation
In the phase-field framework, the sharp indicator function 𝐼 is 

replaced by a continuous phase-field variable 𝜙s, which smoothly tran-
sitions between 1 (solid) and 0 (void) over a diffuse interface. The 
momentum balance then becomes, 
∇ ⋅ (𝜙s𝝈) + 𝒕bc 𝛿𝑆 = 𝟎, (32)

where 𝛿𝑆 is a smooth approximation of the surface Dirac delta dis-
tribution 𝛿𝑆 . Several choices are commonly used for 𝛿𝑆 , including 
𝛿𝑆 = ‖∇𝜙s‖, 𝛿𝑆 = 2𝜖 ‖∇𝜙s‖2, and 𝛿𝑆 = 6𝜙s(1 − 𝜙s) ‖∇𝜙s‖. Here, 𝜖 is 
the interfacial width parameter controlling the thickness of the diffuse 
interface. In this work, the last approximation is employed leading to 
𝒕bc𝛿𝑆 = 6𝜙s(1−𝜙s)𝑝∇𝜙s. This diffuse formulation allows the application 
of stress boundary conditions without explicitly tracking the interface 
geometry, making it well-suited for complex evolving interfaces in 
solid-mechanics phase-field models. The Cauchy stress tensor can be 
determined by means of Hooke’s law as 𝝈 = Cs ∶ 𝜺 if a single solid phase 
is considered, where 𝜺 = 1

2

(

𝛁𝒖 + 𝛁𝑇 𝒖
) is the strain, 𝒖 the displacement 

field, and Cs the stiffness of the solid. In this case, ∇ ⋅ (𝜙sCs ∶ 𝜺) arises 
in Eq. (32), which is similar to a linearly interpolated mixture stiffness 
between two phases, where the void phase exhibits a zero phase-
specific stiffness. Therefore, without a boundary pressure, this results in 
a similar equation like the commonly used approach for porous media 
employing interpolation with a zero stiffness phase cf. [39]. If multiple 
solid phases are considered, the interpolated Cauchy stress needs to be 
used yielding 

𝜙s𝝈 =
𝑁s
∑

𝛼=1
𝜙𝛼 𝝈𝛼 , 𝜙s =

𝑁s
∑

𝛼=1
𝜙𝛼 (33)

with 𝑁s being the number of solid phases and 𝝈𝛼 the corresponding 
phase-specific stress.

2.3. Phase-field based crack modeling

To model crack growth in the solid phases, we introduce a scalar 
crack phase-field 𝜙𝑐 , ranging from 0 in intact material to 1 in fully 
broken regions and the displacement vector 𝐮 describing the mechani-
cal deformation field. Under small strain assumption, the strain tensor 
is given by 𝜺 = 1 (𝛁𝒖 + 𝛁𝑇 𝒖

)

. The total free energy of a multiphase 
2
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heterogeneous material with 𝑁s solid phases and a crack phase is 
formulated as a volume integral of the free energy density 𝑓 over the 
domain 𝑉 ,
 [𝜺, 𝜙𝑐 ,∇𝜙𝑐 ] = ∫𝑉

𝑓 d𝑉

= ∫𝑉

[ 𝑁s
∑

𝛼=1
𝜙𝛼 𝑓 𝛼el(𝜺, 𝜙𝑐 )

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟
Elastic strain energy density

+ 1
2

𝑁s
∑

𝛼=1
𝜙𝛼 𝐺𝛼𝑐

(

𝜖𝑐 |∇𝜙𝑐 |
2 + 1

𝜖𝑐
𝑤(𝜙𝑐 )

)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Crack surface energy density

]

d𝑉 . (34)

The first term in the integral represents the elastic strain energy density 
of the multiphase solid obtained by interpolating the phase-specific 
elastic energy densities 𝑓 𝛼el using the solid phase-field 𝜙𝛼 correspond-
ing to phase 𝛼. In order to prevent non-physical crack growth under 
compressive states, 𝑓 𝛼el is split into a positive (tensile) and a negative 
(compressive) part, 

𝑓 𝛼el(𝜙𝑐 , 𝜺
𝛼) = (1 − 𝜙𝑐 )2

[

𝑓 𝛼el(𝜺
𝛼)
]+

+
[

𝑓 𝛼el(𝜺
𝛼)
]−
, (35)

representing the tension-compression split for isotropic elastic stiffness, 
according to Miehe et al. [40]. The positive and negative parts are given 
by 
[

𝑓 𝛼el(𝜺
𝛼)
]±

= 1
2
𝜆𝛼 ⟨𝜀𝛼1 + 𝜀

𝛼
2 + 𝜀

𝛼
3⟩

2
± + 𝜇𝛼

3
∑

𝑖=1
⟨𝜀𝛼𝑖 ⟩

2
± , (36)

in terms of the phase-specific Lame’ parameters 𝜆𝛼 and 𝜇𝛼 , and the 
phase-specific principal strains 𝜀𝛼𝑖 ∀ 𝑖 ∈ {1, 2, 3}. The scalar operator ⟨⟩±
represents the Macaulay brackets defined as ⟨𝑞⟩± = 𝑞±|𝑞|

2 , 𝑞 being any 
arbitrary scalar. The second term in the integral (Eq. (34)) represents 
the regularized crack surface energy density. Here 𝐺𝛼𝑐  is the critical 
energy release rate of phase 𝛼, interpolated across all solid phases 
using summation. The regularization is achieved using the gradient 
term 𝜖𝑐 |𝛁𝜙𝑐 |2 and the potential term 𝑤(𝜙𝑐 )∕𝜖𝑐 , where 𝑤(𝜙𝑐 ) = 9

16𝜙𝑐
is the obstacle type potential, and 𝜖𝑐 is a length-scale parameter that 
controls the width of the diffuse crack interface. Here, 𝜖𝑐 is the crack 
regularization length and therefore controls the intrinsic width of the 
diffuse crack zone. In all fracture simulations, we set 𝜖𝑐 = 3𝛥𝑥 with 
𝛥𝑥 = 1μm, so that the ratio 𝜖𝑐∕𝛥𝑥 remains fixed across all cases. 
This choice allows a consistent comparison of the effect of pit mor-
phology on crack initiation under the same numerical regularization. 
Accordingly, the fracture results are interpreted as comparative trends 
at fixed 𝜖𝑐∕𝛥𝑥, rather than as mesh-converged, material-specific crack-
initiation thresholds. It should be noted that 𝜖𝑐 denotes the model 
regularization length, not the apparent width of the damaged band in 
post-processed fields, which may extend over more grid cells depending 
on the threshold used to define the crack region and the direction along 
which the width is measured. A dedicated sensitivity and convergence 
study with systematic variation of 𝛥𝑥 and 𝜖𝑐 would be required to 
establish mesh-converged quantitative crack-initiation thresholds, such 
an analysis is beyond the scope of the present work. The effective 
stress is formulated as a linear interpolation according to Eq. (33) 
using the phase-specific stresses 𝝈𝛼 = C𝛼 ∶ 𝜺, using the Voigt/Taylor 
homogenization scheme [41].
Crack phase-field evolution. The crack order parameter 𝜙𝑐 evolves ac-
cording to an Allen–Cahn type equation that drives the system towards 
minimal energy. The evolution equation is given by, 

𝜖𝑐
𝜕𝜙𝑐
𝜕𝑡

= −𝑀𝑐
𝛿
𝛿𝜙𝑐

= −𝑀𝑐

(

𝜕𝑓
𝜕𝜙𝑐

− ∇ ⋅
𝜕𝑓

𝜕(∇𝜙𝑐 )

)

= 𝑀𝑐

[

−
𝑁s
∑

𝛼=1
𝜙𝛼

𝜕𝑓 𝛼el(𝜺, 𝜙𝑐 )
𝜕𝜙𝑐

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Crack driving force 

− 1
𝜖𝑐

𝜕𝜔(𝜙𝑐 )
𝜕𝜙𝑐

+ ∇ ⋅

(𝑁s
∑

𝜙𝛼 𝐺𝛼𝑐 𝜖𝑐 ∇𝜙𝑐

) ]

.

(37)
𝛼=1
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where 𝑀𝑐 is a kinetic mobility parameter (𝑀𝑐 ≥ 0) and 𝛿∕𝛿𝜙𝑐 is the 
variational derivative of the free energy functional with respect to 𝜙𝑐 . 
The crack driving force , corresponding to the first term in Eq. (37), 
is defined as 

 = 2(1 − 𝜙𝑐 )
𝑁s
∑

𝛼=1

[

𝑓 𝛼el(𝜺
𝛼)
]+
𝜙𝛼 , (38)

while the effective compressive energy density, obtained from the 
negative part in Eq. (35), is 

𝑓−
el =

𝑁s
∑

𝛼=1
𝜙𝛼

[

𝑓 𝛼el(𝜺
𝛼)
]−
. (39)

Momentum balance with applied pressure at the diffuse interface. Incor-
porating the degradation ℎ(𝜙𝑐 ) due to the crack field and using linear 
interpolation of solid stresses (Eq. (33)), the momentum balance in the 
present phase-field framework becomes 

∇ ⋅

(

ℎ(𝜙𝑐 )
𝑁s
∑

𝛼=1
𝜙𝛼 𝝈𝛼

)

= −𝑝 𝛿𝑆 𝒏 , (40)

where the left-hand side represents the divergence of the effective stress 
in the solid and the right-hand side accounts for applied pressure at the 
diffuse interface. The phase-specific stress is determined by 𝝈𝛼 = C𝛼 ∶ 𝜺
using a Voigt–Taylor homogenization scheme which assumes all phase-
specific strains to be identical. The crack degradation function reads, 

ℎ(𝜙𝑐 ) =

{

(1 − 𝜙𝑐 )2, if 1 − 𝜙𝑐 > 𝜙th
𝜙2
th, else.

(41)

that ensures a smooth degradation of stresses where the crack phase 
is present, while maintaining a residual stiffness where the solid phase 
field is below a threshold 𝜙th. 𝑝 is the applied fluid pressure (e.g. at 
the brine-solid surface) treated here as a distributed volumetric source 
term, 𝒏 is the local unit normal vector pointing outward from the 
solid into the fluid (i.e. along the direction of pressure action), and 𝛿𝑆
is a smoothly localized approximation of the Dirac delta distribution 
that serves to confine the pressure loading to the diffuse solid–fluid 
interface. Detailed derivation of the formulation application of pressure 
at the diffuse interface is provided in Section 2.2. The crack evolution 
Eq. (37) and the linear momentum balance Eq. (40) are solved in a stag-
gered manner. The mechanical equilibrium is solved implicitly, while 
the phase-field evolution for the crack is discretized using an explicit 
Euler scheme in time and central differences for spatial derivatives. A 
rotated staggered grid is used for discretization, with displacements 
stored at cell corners and phase fields and stresses evaluated at cell 
centers. These equations are solved iteratively at each (boundary or 
interface pressure) load increment until the crack phase-field reaches 
steady state.

The steady state is defined when the domain-averaged 𝐿2-norm 
of the crack phase-field change falls below a tolerance 𝜖ss. As crack 
evolution is treated as a quasi-static process in the present staggered 
framework, the time steps associated with Eq. (37) represent numerical 
relaxation steps used to reach equilibrium under a given pressure 
increment, rather than physical propagation-time increments.  At each 
relaxation step, the mechanical and phase fields are iteratively updated, 
and the irreversibility condition 𝜙̇𝑐 ≥ 0 is enforced to prevent crack 
healing. For reducing computational costs, the material points exceed-
ing a critical damage threshold 𝜙crit𝑐 = 1 − 𝜖d are assumed to be fully 
cracked and assigned 𝜙𝑐 = 1.0, 𝜖d denoting the damage tolerance.

The presented phase-field crack model is an extension of the single 
crack order parameter (SCOP) model described in Schöller et al. [42] by 
incorporating the isotropic tension compression split [40] and account-
ing for the applied pressure at the diffuse interface within the linear 
momentum balance equation.

Importantly, the incorporation of a pressure boundary condition 
within the diffuse-interface mechanical framework is a novel aspect of 
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this study (as discussed in detail in previous Section 2.2). To our knowl-
edge, this approach has not previously been applied in phase-field 
corrosion–fracture models. It enables the simulation of fluid-induced 
stresses acting on corroding surfaces, providing a robust means to 
capture pressure-induced cracking in evolving geometries.

2.4. Modeling aspects

The present framework is subject to several modeling aspects and 
assumptions that define the scope of the results.

• Artificially increased diffusion coefficients are employed to re-
duce computational cost during pit evolution, while this approach 
preserves morphological trends, it alters absolute timescales. Con-
sequently, the model is not intended to predict quantitative cor-
rosion rates without calibration against experimental data.

• All simulations are performed in two dimensions, which restricts 
the representation of pit morphology, curvature evolution, and 
crack-tip/crack-front stress fields. Accordingly, the present work 
is intended as a mechanistic mesoscale study rather than as a 
direct quantitative prediction for three-dimensional engineering 
geometries. Extension to fully three-dimensional, experimentally 
informed microstructures is expected to improve quantitative 
realism while preserving the qualitative mechanisms identified in 
this study.

• Corrosion and fracture are modeled sequentially rather than 
through a fully coupled chemo-mechanical formulation. This 
reflects the intended separation between the slower evolution 
of pit morphology and the quasi-static equilibration of pressure-
induced crack formation, but neglects feedback from local stress 
states to dissolution kinetics. Such feedback may become im-
portant in regimes involving stress-assisted dissolution, passive-
film rupture/re-passivation, or stress-corrosion-sensitive chem-
istry at highly curved pit bases. The omission of this coupling 
is therefore non-conservative, for example, in cases where ten-
sile stress accelerates localized dissolution, the present frame-
work may overestimate the resistance to failure. The present 
formulation is thus intended for mechanistic mesoscale anal-
ysis of morphology-to-failure transitions rather than for fully 
coupled quantitative prediction in strongly chemo-mechanically 
interactive environments.

• Electrochemical processes are treated in a simplified manner, 
without explicit resolution of electric potential fields, charge 
transport, or re-passivation phenomena. Local chemistry effects 
beyond saturation-controlled dissolution are therefore not cap-
tured.

• The mechanical response is described using small-strain linear 
elasticity, with identical elastic properties assumed for all metallic 
phases. Plastic deformation, creep, hydrogen-assisted damage, 
and other inelastic mechanisms are not considered.

• Crack resistance is assumed to be homogeneous and phase-
independent. Variations in fracture toughness between phases and 
environmentally assisted cracking mechanisms are not explicitly 
modeled.

• Pressure loading is applied quasi-statically and uniformly at the 
fluid–metal interface using a diffuse-interface formulation. Dy-
namic fluid–structure interaction effects, pressure gradients, and 
flow-induced loading are not included.

• The representation of multiphase alloys is limited to idealized 
microstructures and simplified interfacial mobility contrasts. In-
corporating experimentally informed phase distributions, elastic 
heterogeneities, and measured brine chemistries would further 
improve predictive capability.
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Table 1
Simulation parameter set for corrosion (Mai et al. [27]).
 Parameter Symbol Value Nondim. 

value
 

 Interfacial energy 𝛾 10 Jm−2 1  
 Diffusion coefficient 𝐷 8.5 × 10−10 m2 s−1 4.25 × 10−5 
 Interface mobility coefficient 𝑀 2m3 J−1 s−1 1  
 Curvature of free energy density 𝐴 5.35 × 107 Jmol−1 5.35  
 Metal concentration 𝑐metal 143mol L−1 143  
 Saturation concentration 𝑐sat 5.1mol L−1 5.1  
 Interface thickness parameter 𝜖 5 μm 5  

These modeling aspects do not affect the mechanistic conclusions 
drawn in this work, but they define the intended mesoscale scope of the 
framework and outline clear directions for future model refinement.

2.5. Model implementation

All simulations in this work were carried out using the in-house 
solver Pace3D [34] tailored for the decoupled multiphysics phase-
field models described above. The code base is implemented in the C 
programming language and designed for high-performance computing 
applications. It utilizes the Message Passing Interface (MPI) standard 
for parallelization, incorporating domain decomposition and dynamic 
workload redistribution. This allows for efficient simulation of large-
scale domains, including microstructures containing numerous grains 
or intricate interface geometries. 

For reproducibility, the present simulations employed the grid res-
olutions, pressure increments, and convergence tolerances specified 
in the corresponding parameter tables. The mechanical equilibrium 
problem was solved implicitly within the staggered scheme, while 
the crack phase field was advanced by explicit relaxation steps until 
the domain-averaged 𝐿2-norm of the crack-field change fell below 
the prescribed tolerance. All simulations were executed on a Linux-
based high-performance computing (HPC) cluster. As representative 
computational context, the pseudo-1D and 2D validation simulations 
were executed on 200 and 800 CPU cores, respectively, with approx-
imate wall-clock times of 72 h and 70 h. The qualitative corrosion 
simulations for multiphase pit evolution were typically run on 256 CPU 
cores with approximate runtimes of 9 h, while the fracture simulations 
were typically run on 10 CPU cores with approximate runtimes of 
1–2 h. These values are reported to provide practical context for the 
computational cost of the present framework rather than as a formal 
benchmark against a fully coupled implementation.

3. Results and discussion

This section first validates the corrosion and mechanical formu-
lations, and then presents simulation results for pit evolution and 
pressure-induced cracking in multiphase alloys. Section 3.1 bench-
marks the phase-field corrosion model in pseudo-one-dimensional (1D) 
and two-dimensional (2D) configurations and verifies the diffuse stress 
boundary condition against analytical solutions. Section 3.2 then ana-
lyzes pitting corrosion and pressure-induced cracking in single-phase, 
dual-phase, and polycrystalline alloy systems, with particular emphasis 
on the roles of microstructure, interfacial energetics, and interfacial 
mobility.

3.1. Model validation

3.1.1. Validation of corrosion model
The simulation results are validated in both pseudo-one-dimensional 

and two-dimensional configurations by comparison with the bench-
mark study of Mai et al. [27] & Zhi et al. [35]. This provides a 
basis for assessing the model’s accuracy in reproducing key features 

https://pace3D.iam.kit.edu
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of corrosion phenomena. The parameters governing corrosion behav-
ior are summarized in Table  1. These values are adapted from Zhi 
et al. [35], which compiles relevant data from experimental literature 
and established materials databases. For simulations conducted using
Pace3D, all parameters are represented in non-dimensional form. Unless 
otherwise specified in individual simulation cases, the values listed in 
Table  1 are used consistently throughout. In particular, the interface-
thickness parameter was kept unchanged for the validation study; 𝜖 =
5μm was retained from the benchmark setup in order to preserve direct 
comparability with the reference results.

Pseudo 1D pitting corrosion
The pseudo-one-dimensional configuration used in this study mir-

rors the simulation setup of the pencil electrode test described by Mai 
et al. [27]. A schematic illustration along with the associated boundary 
conditions is presented in Fig.  1a. In this model, a metallic wire with a 
diameter of d = 25 μm is embedded in an epoxy matrix, leaving only one 
circular face exposed to the surrounding electrolyte. It is assumed that 
at the initial moment (𝑡 = 0), a saturated salt layer rapidly forms on the 
exposed metal surface. This assumption allows the corrosion process to 
be treated as diffusion-controlled. The formation of this salt film is at-
tributed to the application of a sufficiently high anodic potential, which 
activates electrochemical reactions at the metal–electrolyte interface. 
In the phase-field framework, the evolution of the system is captured 
without the need to explicitly track or impose boundary conditions 
at the corrosion front. Instead, boundary conditions are prescribed 
on the outer edges of the computational domain. Specifically, the 
interface between the metal and electrolyte (i.e., the exposed face of the 
wire) is assigned Dirichlet boundary conditions, where the normalized 
concentration of metal is set to 𝑐′ = 0 and the corresponding phase 
field order parameter is initialized as 𝜙 = 0 in the liquid phase. On 
the opposite end of the domain, representing the bulk region of the 
metal phase, fixed values of 𝑐′ = 1 and 𝜙 = 1 are applied. The lateral 
surfaces of the wire, encapsulated by the insulating epoxy, are modeled 
using Neumann boundary conditions (zero-flux) to ensure no mass or 
phase-field flux across these boundaries.

The pseudo-one-dimensional setup used in this study can effectively 
be approximated as a one-dimensional problem, since the dominant 
corrosion-driven metal dissolution occurs along the longitudinal axis of 
the wire. This simplification is consistent with analytical models [43] 
and previous numerical work, such as that by Mai et al. [27], who in-
vestigated similar configurations. To further evaluate the performance 
of our model, we compare our results with experimental data from 
Ernst et al. [44,45], as presented in the recent study by Zhi et al. [35]. 
These experimental results are not generated in the present work, but 
are used here as a reference dataset for validation of the corrosion 
model.

Although their simulations capture the general diffusion-controlled 
behavior, a noticeable deviation from the experimental trend is ob-
served. This discrepancy, as discussed in [35], is primarily due to the 
limited thickness of the electrolyte domain used in their numerical 
setup. The reduced diffusion space constrains ion transport, resulting 
in an underestimation of the metal dissolution rate and consequently 
slower pit growth compared to experimental observations. Fig.  1b 
illustrates the ion concentration profiles in the electrolyte at vari-
ous time steps from our simulation. These results confirm that the 
saturation condition at the metal-electrolyte interface (𝑐 = 𝑐sat) is 
naturally fulfilled within the phase-field framework. Fig.  1c shows the 
evolution of pit depth (here, pit depth is defined as the maximum 
vertical distance between the initial metal surface and the deepest point 
of the corrosion pit at a given simulation stage) as a function of 

√

𝑡, 
comparing our results with (a) the analytical benchmark from [43], (b) 
numerical results from Mai et al. [27], and (c) experimental data from 
Ernst et al. and Zhi et al. [35,44,45]. Overall, the present simulation 
results show quantitative agreement with the analytical and numerical 
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benchmarks, and captures the expected trend typical of diffusion-
controlled processes. Future validation against replicate experimental 
datasets with uncertainty quantification would further strengthen the 
quantitative assessment of the model. The model demonstrates high 
predictive capability and provides a robust basis for future extensions 
to 2D pitting corrosion analysis.

2D pitting corrosion
To assess the predictive accuracy of the implemented phase-field 

framework for two-dimensional (2D) corrosion processes, we extended 
our 1D validation to a 2D pitting corrosion scenario. The setup fol-
lows the same geometric and physical assumptions as outlined by Zhi 
et al. [35], enabling a direct comparison with their benchmark study. 
The simulation domain consists of a metallic region in contact with an 
electrolyte (a liquid phase), partially covered by a protective coating. 
A localized opening in the coating initiates pit formation under a 
constant overpotential [35]. Dirichlet boundary conditions are applied 
along the exposed metal-electrolyte interface, with 𝑐′ = 0 and 𝜙 =
0 in the electrolyte region, while homogeneous Neumann boundary 
conditions are imposed at the lateral boundaries to reflect symmetry 
or insulation conditions (see Fig.  2a). The normalized concentration 𝑐′
and electrochemical potential 𝜙 of the metal are initialized consistently 
with the configuration used by Zhi et al. [35]. All material properties 
and model parameters, including diffusivity, interface kinetics, and 
saturation concentration, are adopted directly from Zhi et al. [35] and 
Mai et al. [27] (Table  1) to maintain consistency and ensure a reliable 
basis for comparison. Unlike the full-domain approach employed in Zhi 
et al. [35] and other studies, our simulation restricts the electrolyte 
domain to the region within and immediately surrounding the pit, as 
shown in Fig.  2b. This is because our numerical framework (Pace3D) 
requires boundary conditions to be defined on the outer edges of the 
simulation domain. To compensate for the absence of a larger surround-
ing electrolyte volume, we assume that the electrolyte above the pit is 
continuously replenished by fluid flow, as would occur in real systems 
such as pipes or open channels. Therefore, the ion concentration at the 
pit mouth is effectively maintained.

Fig.  2b shows the temporal evolution of pit morphology as predicted 
by our 2D phase-field simulation, plotted at selected time steps (20 s, 
35 s, 50 s, and 90 s). The distribution of the metal ion concentration 
illustrates the progression of the dissolution front as the corrosion 
pit propagates into the metal substrate. To quantitatively evaluate 
the simulation outcome, Fig.  2c compares the pit depth versus time 
obtained from our model with the published 2D simulation results of 
Zhi et al. [35]. Both datasets show a near-parabolic trend, characteristic 
of diffusion-controlled pitting corrosion. The close match between the 
two results confirms that our model accurately reproduces the interface 
motion and concentration-driven kinetics. It is worth noting that no 
artificial scaling of the concentration gradient or additional fitting 
parameters were introduced in our simulation. The agreement achieved 
is solely based on the physical transport of ionic species through diffu-
sion as reported in their study, thereby validating the robustness and 
consistency of our implementation. The strong quantitative agreement 
between our results and those reported by Zhi et al. [35] validates 
our phase-field corrosion model as well as the underlying assumptions 
regarding the numerical setup, indicating that it is sufficient to capture 
the key mechanisms driving pit propagation.

3.1.2. Validation of the diffuse application of stress boundary condition
The diffuse application of the pressure boundary condition is vali-

dated using two benchmark elasticity problems. The first is an Euler–
Bernoulli bending beam subjected to a uniform pressure load on its 
upper surface. The beam of length 𝐿 and height 𝐻 is embedded in 
a larger computational domain, and the pressure is applied through 
the diffuse-interface formulation of the momentum balance, Eq. (32). 
The corresponding analytical solution for the displacement, bending 
moment, and normal stress follows from classical beam theory and is 
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Fig. 1. Validation of the 1D phase-field corrosion model. (a) Schematic representation of the Pseudo-1D simulation setup. (b) Concentration profile at various 
time steps. (c) Comparison of pit depth versus √𝑡 among different datasets: experimental measurements from Ernst et al. [44,45] as showcased in the work of 
Zhi et al. [35], analytical 1D solution provided by Scheiner et al. [46] and showcased in the work from Mai et al. [27] for numerical benchmarking, and the 
current study. Replicate-level uncertainty information was not available in the benchmark source used here.
summarized in Appendix  A. The boundary conditions for the sharp- and 
diffuse-interface formulations are sketched in Fig.  3.

Numerical simulations are performed for a sequence of mesh re-
finements, with the beam discretized using 240 𝑟 × 20 𝑟 cells in the 
𝑥- and 𝑧-directions, where the refinement factor 𝑟 ∈ {1, 2, 3, 4, 6}. 
The diffuse interface thickness 𝛿 is chosen as 𝛿 = 3.6𝛥𝑧, leading to 
𝛿∕𝐻 = 0.18∕𝑟. The extended domain above and below the beam is 
discretized accordingly. The normalized displacement 𝑤̃ and bending 
moment (torque) 𝑀̃ along the beam are used as benchmark quantities 
and are compared to the analytical solution (Fig.  4).

The convergence behavior is quantified using Richardson extrapo-
lation [47,48], as outlined in Appendix  B. Two extrapolated solutions 
are obtained: one using the three finest grids (𝑟 = {3, 4, 6}, denoted 
‘‘ext, fine’’) and one using the intermediate set (𝑟 = {2, 3, 4}, de-
noted ‘‘ext, mid’’). Fig.  4 shows the normalized displacement and 
torque for all refinements together with the extrapolated solutions 
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and the analytical reference, while Table  2 reports the relative er-
rors and estimated orders of accuracy. The numerical results exhibit 
monotonic convergence towards the analytical solution with an ob-
served order of accuracy close to first order. The two extrapolated 
predictions differ by less than 1%, and both agree well with the analyt-
ical reference, indicating that the diffuse pressure boundary condition 
converges to the sharp-interface solution as the interface thickness
decreases.

It is further observed that the torque exhibits smaller relative errors 
than the displacement, especially on coarser grids. This behavior is at-
tributed to a slight overestimation of the geometrical moment of inertia 
in the diffuse-interface representation, which affects the displacement 
more strongly than the torque. A closed-form expression for the diffuse 
moment of inertia and its dependence on the interface thickness is 
derived in Appendix  C and confirms that this error is intrinsic to 
diffuse-interface models and vanishes in the sharp-interface limit 𝛿 → 0.
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Fig. 2. Validation of the 2D phase-field corrosion model. (a) Schematic representation of the 2D simulation setup. (b) Concentration profile at various time steps. 
(c) Comparison of pit depth versus time (t) as showcased in the work of Zhi et al. [35] and the current study.

Fig. 3. Sketch of the Euler–Bernoulli bending beam used for validation. Left: Sharp interface with boundary conditions. Right: Diffuse interface at top and bottom 
where the stress boundary conditions are is diffusively applied.

Fig. 4. Comparison of the analytical results for the normalized bending displacement 𝑤̃ and torque 𝑀̃ with the simulations and different refinements 𝑟. 
Additionally, the estimation using Richardson extrapolation is given by dash-dotted lines using the tuple 𝑟 = {3, 4, 6} (ext,fine) and 𝑟 = {2, 3, 4} (ext,mid), 
respectively.
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Table 2
Comparison of the results for simulations and RE estimations compared to the analytical solution. 
Relative error 𝑒 regarding the maximum bending 𝑤̃(1) and torque 𝑀̃(0) in % and estimated 
average order of accuracy 𝑚̂ for the RE.
 Displacement
 𝑟 = 1 𝑟 = 2 𝑟 = 3 𝑟 = 4 𝑟 = 6 ext, mid ext, fine 
 𝑚̂(𝑤̃) – – – – – 0.7854 0.8521  
 𝑒(𝑤̃) 40.1003 23.2980 16.4429 12.7341 8.8317 −1.8980 −0.6241 
 Torque
 𝑟 = 1 𝑟 = 2 𝑟 = 3 𝑟 = 4 𝑟 = 6 ext, mid ext, fine 
 𝑚̂(𝑀̃) – – – – – 0.9614 1.2973  
 𝑒(𝑀̃) −4.7372 −3.0406 −2.4623 −2.1791 −1.9019 −1.2903 −1.5013 
As a second benchmark, we consider a spherical stress state in which 
a solid ball of radius 𝑅 is subjected to a uniform external pressure 
applied via the diffuse interface. The analytical solution corresponds 
to a homogeneous hydrostatic stress 𝝈 = 𝑝 𝟏 and strain 𝜺 = 𝑝∕(3𝐾) 𝟏, 
with 𝐾 denoting the bulk modulus. Simulations are performed in 
a cubic domain of size 1.5𝑅 × 1.5𝑅 × 1.5𝑅, discretized with 100𝑟
cells per direction for 𝑟 ∈ {1, 2, 4}, and an interface thickness 𝛿 =
4𝛥𝑥 (such that 𝛿∕𝑅 = 0.054∕𝑟). The resulting spherical strains from 
the simulations are 0.9192%, 0.9532%, and 0.9710% from coarsest 
to finest grid, respectively, compared to the analytical value of 1%. 
Richardson extrapolation yields an extrapolated strain of 0.9906% with 
an estimated order of accuracy of 0.934. These results further confirm 
that the diffuse pressure boundary condition appropriately transfers 
fluid pressure onto the solid and reproduces the expected hydrostatic 
response with decreasing interface thickness.

Overall, the diffuse-interface formulation for applying a pressure 
boundary condition is shown to be accurate, first-order convergent, 
and stable across different mesh refinements. The close agreement 
with the analytical bending-beam reference and homogeneous spherical 
stress test confirms that the method reliably transmits fluid pressure 
to the solid domain. These results establish the mechanical robustness 
required for the subsequent corrosion–fracture simulations presented in 
Section 3.2.2.

3.2. Simulation-based results and analysis

Following the validation of the modeling framework, this section 
investigates pit evolution and failure in multiphase alloys under corro-
sive brine conditions. Section 3.2.1 explores pitting corrosion behavior 
in dual-phase and multiphase metallic systems using a qualitative 
modeling approach, with emphasis on the morphological evolution 
of pits across different alloy configurations. Section 3.2.2 examines 
pressure-induced crack growth at evolving corrosion pit surfaces in 
different microstructures, employing the pressure application method 
at the diffuse interface presented later in that section. Finally, we 
investigate the effect of differing corrosion kinetics, expressed as an 
interfacial mobility ratio, on failure behavior. The results show that 
variations in solid-phase reactivity with the electrolyte can intensify 
pit localization and lower the critical pressure for cracking in hetero-
geneous microstructures. These aspects are explored in the following 
subsections, providing a comprehensive view of pit evolution and 
structural degradation in complex alloy systems.

3.2.1. Pit morphology evolution in multiphase alloys: A qualitative analysis
In this analysis, the alloy components were selected based on the 

work of Zhi et al. [35]. The simulation domain spans 400𝛥𝑥 × 160𝛥𝑦, 
where 𝛥𝑥 = 𝛥𝑦 = 1μm defines the uniform grid spacing. The sim-
ulations employed qualitatively selected parameters, with diffusion 
coefficients increased by six orders of magnitude (Table  3) to accelerate 
the pit growth process. For the qualitative multiphase corrosion simula-
tions, 𝜖 was set to 4 in non-dimensional units, corresponding to 4𝛥𝑥, so 
that the diffuse corrosion front remained consistently resolved across all 
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cases while allowing efficient long-time simulations. This scaling was 
necessary because fully quantitative modeling, even for single-phase 
systems, becomes computationally expensive within small simulation 
domains. Although the elevated diffusion coefficients do not reproduce 
the exact kinetics of material dissolution, they are expected to preserve 
the essential mechanisms of pit growth, yielding qualitatively similar 
morphologies. Simulations were conducted for two-phase alloy systems 
with varying phase configurations, horizontal, inclined, and vertical, 
as well as for a three-phase random polycrystalline alloy system (see 
Fig.  5). Furthermore, each binary interface, Fe–Brine, Fe–Al, Fe–Mn, 
Al–Brine, and Mn–Brine, was assigned a distinct interfacial energy 
parameter, scaled according to relative physical values. Table  3 sum-
marizes all non-dimensional parameters used for the pitting corrosion 
simulations. In these simulations, the kinetic parameters were kept 
identical for all solid–liquid interfaces, while the interfacial energies 
varied, as listed in Table  3. Consequently, the evolution of corrosion 
pits is primarily governed by differences in interfacial energies. The 
microstructure further shapes pit morphology, as variations in interfa-
cial energy influence phase-boundary angles and the kinetics at triple 
junctions, resulting in non-smooth pit morphologies at different stages 
for all configurations (see, Fig.  5). For the horizontal configuration, a 
symmetric pit morphology develops because the solid phases are ar-
ranged as horizontal layers perpendicular to the direction of pit growth. 
Since the Al–Brine interface has a lower interfacial energy than the Fe–
Brine interface, pit growth is more pronounced in the Al phase, where 
dissolution is energetically favored. This trend is consistently observed 
across all two-phase configurations, indicating that differences in inter-
facial energy largely control the evolution of pit morphology. In these 
two-phase cases, the pit surface morphology varies with interfacial 
energy, whereas the pit depths remain comparable due to identical 
kinetics. In the three-phase random polycrystalline configuration, the 
Mn–Brine interface has the lowest interfacial energy among the three 
metal–brine interfaces. As a result, pitting is most pronounced in the 
Mn phase, as reflected in the simulated morphologies (last row in Fig. 
5). In contrast to the two-phase systems, both pit morphology and 
depth are influenced in this case, reflecting the combined impact of 
randomly distributed solid phases and their differing interfacial ener-
gies. Overall, these findings highlight the dominant role of interfacial 
energy variations in controlling corrosion pitting, under identical solid–
liquid kinetics, phases with the lowest metal–brine interfacial energy 
undergo preferential dissolution, ultimately dictating the morphology, 
depth, and localization of corrosion damage. In the later part of this 
discussion, we further analyze the influence of differing interfacial 
kinetics in these binary and polycrystalline alloy systems in addition 
to the differing interfacial energies (shown in Fig.  11), highlighting the 
role of kinetic variations on pit morphology evolution and subsequent 
crack formation.

3.2.2. Corrosion-driven failure via pressure-induced cracking in multiphase 
alloys

In this section, we investigate how corrosion pitting affects the 
mechanical integrity of various metallic microstructures under fluid 
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Fig. 5. Evolution of pit morphology in different alloy configurations for the 2-phase system and the 3-phase polycrystalline system. Inclined, vertical and 
polycrystalline system exhibit unsymmetric pit growth influenced by the phase-arrangement. [On Top right] Symmetric pit growth with respect to the vertical axis 
is observed in the horizontal configuration. [In the bottom row] The pronounced effect of surface energy is evident in the polycrystalline system for the Mn–Brine 
interface when compared to the Fe–Brine and Al–Brine interfaces.
Table 3
Non-dimensional (Non-dim.) parameter set for corrosion in multi-phase alloy 
system.
 Parameter Symbol Non-dim. value 
 Interfacial energy (Fe-Brine) 𝛾Fe−Brine 1  
 Interfacial energy (Al-Brine) 𝛾Al−Brine 0.8  
 Interfacial energy (Mn-Brine) 𝛾Mn−Brine 0.6  
 Interfacial energy (Fe-Al) 𝛾Fe−Al 0.28  
 Interfacial Energy (Fe-Mn) 𝛾Fe−Mn 0.32  
 Interfacial energy (Al-Mn) 𝛾Al−Mn 0.32  
 Diffusion coefficient 𝐷 10  
 Interface mobility coefficient 𝑀 0.001  
 Curvature of free energy density 𝐴 5.35  
 Metal concentration 𝑐metal 143  
 Saturation concentration 𝑐sat 5.1  
 Interface thickness parameter 𝜖 4  

pressure. Building on the corrosion pitting simulations presented in 
the previous sections, we also perform additional corrosion pitting 
simulations in which the kinetic parameters differ for each metal–
brine interface. Pit morphologies from all these simulations are ex-
tracted at representative stages and subjected to fluid pressure load-
ing. This sequential treatment is intended to isolate the effect of 
pit morphology on crack-initiation susceptibility and therefore does 
not account for possible feedback of local stress states on the ongo-
ing corrosion kinetics. Fracture mechanics simulations are then car-
ried out using the mechanical phase-field fracture model described 
in Section 2.3 to assess the influence of pit depth and morphology 
on the critical fluid pressure required for crack initiation. Accord-
ingly, the present analysis focuses on crack-initiation thresholds rather 
than on a full kinetic characterization of crack-growth evolution after
initiation.

The numerical setup for the mechanical simulations applies the 
pressure at the diffuse solid–brine interface. All cases use the same 
domain geometry (400 μm × 180 μm) with uniform grid spacing (𝛥𝑥 =
𝛥𝑦 = 1μm). In the simulated pit morphologies, we further add a thin 
brine layer above the metal phase, in order to enable uniform fluid 
pressure application along the solid-brine interface, illustrated in Fig. 
6a. A smooth diffuse-interface pressure boundary condition is employed, 
as described in Section 3.1.2 and illustrated by the pressure field in 
the diffuse solid–liquid interface in Fig.  6b. The pressure is incremen-
tally ramped up linearly (Fig.  6c) to determine the critical value for 
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crack initiation. All material phases are assumed to have identical 
elastic stiffness in these simulations. While the model is capable of 
incorporating stiffness contrasts between phases via mechanical jump-
conditions [49], this capability is not utilized in the present work for 
the sake of simplicity. Consequently, the scope of the present analysis is 
limited to investigating the influence of pit morphology on the critical 
pressure for crack initiation. Within this setting, the fracture response 
should therefore be interpreted in a brittle fracture framework, with 
emphasis on comparative morphology-to-failure trends rather than on 
alloy-specific ductile fracture prediction. Since, all solid phases are 
assigned identical elastic stiffness and homogeneous fracture resistance 
in the present implementation, effects such as crack deflection or crack 
arrest caused by phase-specific mechanical contrast are not captured 
here. Therefore, the predicted crack paths should be interpreted as pit-
morphology-driven rather than phase-boundary-guided. Further, the 
thin coating layer present between the fluid and the metal is not con-
sidered due to its negligible thickness compared to the metal substrate 
and the complexity introduced by its distinct mechanical properties.

For all mechanical simulations, boundary conditions were chosen to 
prevent rigid-body motion and to identify the sites of stress localization, 
enabling analysis of the role of pit morphology in failure (Fig.  6a). Here, 
the right face of the domain has fixed 𝑥-displacement (𝑢𝑥 = 0), the 
top and bottom faces have fixed 𝑦-displacement (𝑢𝑦 = 0), and the left 
is traction-free (𝝈 ⋅ 𝐧 = 0). The material properties and numerical pa-
rameters used for the mechanical simulations are summarized in Table 
4. These parameters define the grid resolution, regularization length, 
pressure incrementation, and convergence settings used throughout the 
fracture calculations. The chosen values are representative and were 
selected to provide a stable and internally consistent brittle phase-field 
setting in which crack formation occurs within the small-strain regime 
assumed in the present model. Accordingly, the resulting absolute 
pressure values should be interpreted as simulation-based comparative 
quantities for analyzing morphology-to-failure trends, and not as direct 
quantitative failure predictions for a specific engineering alloy.

As corrosion pits deepen over time, stress concentrates at the sharp 
regions of the pit morphologies, reducing the material’s resistance to 
cracking. In general, the critical pressure for crack initiation (𝑝crit) 
decreases as the pit grows larger (i.e., as the remaining ligament of 
sound material thins). This trend reflects progressive weakening of the 
structure. However, the relationship is not strictly monotonic, the pit 
shape plays a crucial role. Sharp pit features (e.g., corners or notches 
along the corrosion front) amplify local stress and can trigger cracking 
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Fig. 6. Schematic representation of the boundary conditions used for modeling pressure-induced cracking during pit evolution. (a) Applied Neumann boundary 
condition on the left face and Dirichlet boundary conditions on the remaining faces of the domain, with pressure applied normal to the brine–metal interface. 
(b) Pressure distribution across the diffuse metal–brine interface. (c) Plot of applied pressure versus increment steps, showing linear ramping.
Table 4
Material and simulation parameters.
 Material parameters
 Parameter Symbol Value Unit  
 Young’s modulus 𝐸 210 GPa  
 Poisson’s ratio 𝜈 0.3 –  
 Reference crack resistance 𝐺0 100 N/mm 
 Simulation parameters
 Mesh size 𝛥𝑥 1 μm  
 Crack regularization length scale 𝜖𝑐 3 μm  
 Pressure incremental steps 𝛥𝑝 1 MPa  
 Kinetic mobility parameter 𝑀𝑐 10−3 –  
 Residual stiffness factor 𝜑residual 10−12 –  
 Steady-state tolerance 𝜖𝜑𝑐 5 × 10−5 –  
 Damage tolerance 𝜖damage 0.02 –  
Note: The mechanical parameters are used here for comparative phase-field fracture 
analysis within a small-strain brittle fracture framework; absolute critical pressures 
should not be interpreted as direct engineering failure pressures.

at relatively lower pressures, whereas smoother, rounded pit profiles 
distribute stress more evenly and thus sustain higher pressures before 
failure. To enable a consistent comparison across time and different 
morphologies, we introduce the normalized critical pressure (𝑝̂):

𝑝̂ =
𝑝crit, current
𝑝crit,max

where 𝑝crit,current is the pressure at which crack initiation occurs at 
a given corrosion stage. The reference value 𝑝crit,max corresponds to 
the highest crack-initiation pressure observed in the earliest considered 
stage of corrosion for different cases, when pits were shallow and 
relatively smooth. The corresponding physical values of 𝑝crit,max used 
for normalization are reported in the relevant figure captions and 
vary depending on the comparison set considered in each case. This 
dimensionless metric indicates the relative loss of load-bearing capacity 
due to corrosion damage. In the present work, this quantity is used 
as the primary comparative metric because the main objective is to 
evaluate the onset of morphology-induced mechanical instability across 
different corrosion states and microstructures. Moreover, during the 
mechanical analysis, pit depth is used as the primary scalar descriptor 
because it provides a simple and physically interpretable measure of 
corrosion severity that is relevant to the assessment of crack initiation. 
A more detailed characterization of post-initiation crack evolution, such 
as crack length and propagation kinetics, is left for future work, since 
these quantities also depend on the pressure-incrementation strategy 
and phase-field relaxation procedure in the present quasi-static fracture 
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model. The following sections present results for each case, highlight-
ing the evolution of pit morphology, crack initiation, and mechanical 
response.

Metal–electrolyte system (Fe–Brine)
In this section, we analyze the simulated crack growth at different 

stages of corroded pit in a single-phase (iron) metal exposed to brine. 
Fig.  7 depicts crack initiation and propagation as the applied pressure 
is incrementally increased. The plot of normalized critical pressure 
versus pressure increment steps forms a straight line, reflecting the 
linear ramping of applied pressure, with the pressure increment size 
𝛥𝑝 = 1MPa. The crack initiates at a critical pressure of 1499MPa and 
continues to grow with subsequent pressure increments, as illustrated 
by a later stage at 2169 MPa. The inset in Fig.  7a shows contour plots 
of crack growth at the critical pressure 1499MPa, the same pressure at 
which the crack first appeared, together with the effective compressive 
energy density showcasing the compressive component of the elastic 
strain energy density (see, Eq. (39)), which does not contribute to 
the crack driving force. Regions not dominated by compressive energy 
states act as potential crack nucleation sites. For this semi-circular pit, 
crack initiation occurs near the deepest part of the pit, where discrete 
steps (due to numerical discretization) create sharp notch-like features, 
and serve as potential crack nucleation sites. Initially, two potential nu-
cleation sites form, but one becomes dominant, breaking the symmetry 
and driving further growth. This occurs because, although both sites ex-
perience elevated local stress concentration, their tensile crack-driving 
forces and surrounding ligament geometries are not identical. Crack 
propagation initiates at the site with the highest effective tensile driving 
force and the most severe local stress-concentrating geometry, after 
which the surrounding stress field is redistributed and suppresses com-
peting propagation from neighboring sites. At a pressure of 2169MPa, 
the inset plots in Fig.  7b show the crack driving force field, computed 
from the positive component of the elastic strain energy density (see, 
Eq. (38)), peaking at the crack tip and dictating the direction of crack 
propagation. Fig.  8(a–d) presents the simulated crack initiation and 
growth at representative stages of pit evolution. For these simulations, 
the normalized critical pressure (𝑝̂) is plotted as a function of pit depth. 
The results reveal a linear decrease in critical pressure with increasing 
pit depth, with a negative slope of 𝑚single = −0.005 μm−1 obtained from 
linear regression. Despite the overall spherical pit morphology, cracks 
consistently initiate and propagate near the deepest part of the pit, 
where discrete steps, introduced by numerical discretization, introduce 
local geometric irregularities. These steps act as stress concentrators, 
providing preferential sites for crack nucleation at all stages of pit 
growth. Once initiated, cracks extend in directions dictated by the 
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Fig. 7. Plot of the normalized critical pressure, 𝑝̂ = 𝑝crit,current∕𝑝crit,max, where 𝑝crit,max = 2169 MPa for the Fe–Brine system, as a function of incremental pressure 
steps of step size 𝛥𝑝 = 1 MPa. This absolute value serves as a simulation-based comparative reference pressure within the present brittle phase-field setting and 
should not be interpreted as a direct engineering failure pressure. (a) Contour plots of the crack phase-field and compressive energy density at 𝑝 = 1499 MPa, 
illustrating crack growth during the early stage. (b) Contour plots of the crack phase-field and crack driving force at the later stage of 𝑝 = 2169 MPa.
crack driving force, as shown in the inset of Fig.  7b. Since the pit 
maintains an almost spherical shape throughout the simulation, the 
reduction in critical pressure is predominantly governed by pit depth 
rather than shape evolution. This indicates that, for pits with minimal 
morphological change, depth alone can serve as a reliable predictor 
of the pressure required for crack initiation. In practical terms, even 
geometrically smooth corrosion pits can exhibit progressively lower 
resistance to pressure-induced fracture as they deepen, highlighting 
the need for early detection and mitigation before critical depths are 
reached.

Dual-phase alloy systems: Fe–Al in brine environment
Previous studies on dual-phase and layered metallic systems have 

demonstrated that the directionality and connectivity of microstruc-
tural features can strongly influence localized corrosion behavior and, 
consequently, crack sensitivity [14]. To examine how the simulated 
pit morphologies in the different dual-phase alloy systems described 
in Section 3.2.1 affect the critical pressure for crack initiation, addi-
tional simulations are conducted using the phase-field fracture model. 
The numerical setup is identical to that shown in Fig.  6, and the 
material and simulation parameters are as listed in Table  4. The al-
loy microstructures differ according to the considered configurations, 
Horizontal, Inclined, and Vertical layers, with pit growth evaluated at 
various stages. In each case, pressure is applied incrementally at the 
solid–liquid interface to determine the critical pressure at which crack 
initiation occurs.

Fig.  9(a–c) show the simulated crack initiation and subsequent 
propagation at different stages (simulation times 𝑡 ) of pit growth 
𝑠𝑖𝑚
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for the horizontal, inclined, and vertical layer configurations. The 
corresponding plot of normalized critical pressure as a function of pit 
depth is presented in Fig.  9d.

Unlike the spherical pit morphologies observed in the single-phase 
cases, the pits in these dual-phase configurations exhibit irregular 
geometries with regions of high local curvature that act as stress con-
centration sites. Although several such locations may act as potential 
crack-initiation candidates, the dominant propagating crack emerges 
from the site with the highest local tensile driving force and most se-
vere local stress-concentrating geometry. These irregularities arise from 
variations in metal–liquid interfacial energies between the constituent 
phases. However, their extent remains relatively consistent across all 
three configurations and throughout all stages of pit growth. As a 
result, the predicted critical pressures for the different configurations 
are similar at comparable stages.

At the initial stage (𝑡𝑠𝑖𝑚 = 1 × 105), the differences in critical 
pressure between the three cases are more pronounced. The horizontal 
configuration exhibits greater resistance to crack initiation, as its pit 
morphology remains nearly spherical and smooth due to pit growth 
occurring solely within the Fe phase. In contrast, the inclined and 
vertical configurations display local sharp features at the pit boundary, 
arising from simultaneous pit growth in both Fe and Al phases. As 
pit depth increases, the influence of local morphological differences 
diminishes, and the variation in critical pressure among the configura-
tions decreases. This is because pit depth itself becomes the dominant 
factor governing the critical pressure for crack growth. Since pit depths 
are comparable across all configurations at later stages, the predicted 
critical pressures converge.
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Fig. 8. (a–d) Simulated crack initiation (left column) and growth (right column) at representative stages of pit evolution in the Fe–Brine system. The below plot 
shows the normalized critical pressure as a function of pit depth (μm), where the normalization uses 𝑝crit,max = 1499 MPa for the comparison set shown. The 
markers in the graph are color coded to represent different stages as shown in (a–d). The yellow dotted line indicates a linear fitting of the simulation datasets 
with a slope of |𝑚| = 0.005 μm−1.
At the final stage considered, the pit almost penetrates to the 
opposite side of the metallic layer (see Fig.  5 at 𝑡𝑠𝑖𝑚 = 6×105), resulting 
in a negligible critical pressure for crack initiation in all configurations. 
Given that the physical wall thickness of an actual metal pipe system 
is much greater than the alloy thickness modeled here, these results 
should be interpreted as representing the qualitative trend of critical 
pressure variation with pit depth and morphologies, governed by the 
underlying dual phase structures, rather than as direct quantitative 
predictions. These results capture the qualitative patterns of critical 
pressure variation while isolating the influence of pit morphologies 
dictated by the underlying alloy microstructure.

Polycrystalline alloy system with multiple metal phases (Fe–Al–Mn + Brine)
Finally, we examine a three-phase alloy with a random polycrys-

talline microstructure composed of Fe, Al, and Mn phases in con-
tact with brine. The domain and loading conditions are identical to 
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those in the previous cases; however, the metal phases here are dis-
tributed irregularly, approximating a random grain structure rather 
than well-defined layers. No single phase forms a continuous path 
through the material, and phase boundaries intersect at various angles 
and locations. The presence of the additional Mn phase introduces 
new Mn–brine, Fe–Mn, Al–Mn interfaces, for which the interfacial 
energy is assigned as given in Table  3. All other simulation parameters 
are kept identical to those used in the preceding dual-phase alloy
systems.

In this polycrystalline system, the pit evolves in a non-uniform 
manner due to the heterogeneous phase arrangement. Instead of main-
taining a smooth spherical surface, the corrosion front develops an 
irregular morphology with regions of high curvature, as corrosion 
progresses more rapidly in certain phases compared to others (see, 
Section 3.2.1). Fig.  10(a–c) shows the simulated crack growth at rep-
resentative stages of pitting. High-curvature regions of the pit act as 
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Fig. 9. Pressure-induced cracking in a two-phase Fe–Al alloy system with varying phase orientations: (a) horizontal, (b) inclined, and (c) vertical, at 3 different 
time steps, showcasing crack growth. (d) The graph illustrates the relationship between normalized critical pressure and pit depth, evolving over time, for each 
of the three orientation cases, where the normalization uses 𝑝crit,max = 1476 MPa for the comparison set shown.
stress concentration sites, making them preferred locations for crack 
nucleation and growth. Note that multiple nucleation sites can form, 
as observed in the figure. However, crack propagation predominantly 
occurs from the site with the most critical stress conditions, that is, 
the location where the combined effect of local pit-surface curvature, 
ligament geometry, and tensile crack-driving force is strongest. Once 
one crack begins to advance, stress redistribution reduces the likelihood 
of continued propagation from nearby competing nucleation sites.

We plot the normalized critical pressure 𝑝̂ with the pit depth as 
shown in Fig.  10d. A near linear decline in 𝑝̂ with the pit depth 
is observed with a fitted slope of 𝑚poly = −0.008 μm−1. This trend 
arises because the irregularities in pit morphology, manifested as high-
curvature regions, are consistently present throughout the simulation 
due to random polycrystalline grain structure. As a result, while the pit 
deepens over time, the degree of morphological irregularity remains 
largely the same, making pit depth the dominant factor governing the 
critical pressure for crack initiation. It is worth noting that if the initial 
stages of pitting had featured sharp notches, these could have acted as 
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severe stress concentrators, triggering crack initiation and subsequent 
failure at lower critical pressures.

It is noteworthy that pitting in the single-phase Fe–Brine system 
(see, ) and in the polycrystalline system considered here both exhibit 
a near-linear decline in critical pressure with increasing pit depth. 
However, the decline in the latter case is noticeably steeper (|𝑚poly| >
|𝑚single|), indicating that the critical load decreases more rapidly with 
pitting in polycrystalline microstructures. This behavior is attributed 
to the persistent surface irregularities of the pit morphology at the 
same depth in the polycrystalline case, which act as additional stress 
concentrators and accelerate the loss of load-bearing capacity.

Effect of interfacial mobility ratio on failure response
Analysis overview. In the previous sections, all pit growth simulations 
were performed with identical interfacial kinetics for all metal–brine 
interfaces, focusing solely on the impact of differing interfacial energies 
on pit evolution. In this section, we systematically investigate the effect 
of differing corrosion kinetics between ferritic (Fe) and non-ferritic 
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Fig. 10. (a–c) Simulated crack growth at representative stages of pit evolution in the polycrystalline system. (d) The below plot shows the normalized critical 
pressure as a function of pit depth (μm), where the normalization uses 𝑝crit,max = 1374 MPa for the comparison set shown. The markers in the graph are color 
coded to represent different stages as shown in (a–c). The blue dotted line indicates a linear fitting of the simulation datasets with a slope of |𝑚| = 0.008 μm−1.
(Mn, Al) phases by introducing the interfacial mobility ratio parameter, 

𝑀̄R =
𝑀̄ferrite

𝑀̄non-ferrite
. (42)

The parameter is varied in the set 𝑀̄R ∈ {1, 2, 4, 8} by adjusting 
the mobility of the non-ferrite phase 𝑀̄non-ferrite, while keeping the 
ferrite-phase mobility 𝑀̄ferrite constant. Increasing 𝑀̄R decreases the 
corrosion kinetics of the non-ferrite phase, consistent with experimental 
observations for Fe–Mn–Al alloys [50], where ferrite preferentially 
corrodes due to its lower passivation stability. The simulated pit growth 
and resulting crack growth due to the application of pressure on the 
metal-brine diffuse interface at an intermediate stage (𝑡𝑠𝑖𝑚 = 3.5 ×
105) for different mobility ratios is presented in Fig.  11(a–d) for four 
distinct microstructural configurations: dual-phase arrangements with 
horizontal, vertical, and inclined interfaces, and a randomly distributed 
three-phase polycrystalline system. The influence of the mobility ratio 
on pit depth, normalized critical pressure (𝑝̂), and pit surface-to-volume 
ratio is further analyzed in Fig.  11(e–g). Although dissolved area is 
also a useful descriptor of corrosion extent, especially for irregular pit 
morphologies, it does not necessarily evolve proportionally with pit 
depth when pit growth involves strong lateral spreading, grooves, or 
lobe formation. Pit depth is used here as the primary scalar measure 
because it provides a simple and physically interpretable descriptor of 
corrosion severity that is relevant to the assessment of crack initiation 
in the present mechanical analysis. The simulation results are analyzed 
sequentially for each case, as detailed below:

• Horizontal configuration: In this case, increasing the interfacial 
mobility ratio leads to progressively shallower corrosion pits. 
When all metal–brine interfaces exhibit equal kinetics (𝑀̄ = 1), 
R
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corrosion penetrates more deeply into the ferrite phase, resulting 
in pits with high depth-to-width ratios (see, Fig.  11a for 𝑀̄R =
1). These geometries promote intense local stress concentrations, 
making the material more susceptible to early crack initiation. As 
𝑀̄R increases, representing preferential and de-accelerated corro-
sion of the non-ferrite relative to the ferrite phase, the pit growth 
in the depth direction is significantly constrained, as depicted 
in Fig.  11a for cases with 𝑀̄R > 1. This reduction of pit depth 
with increasing 𝑀̄R is also reflected in the plot in Fig.  11e. The 
corroded pit expands laterally within the ferrite phase owing to its 
relatively higher corrosion kinetics. Due to this, the surface-area-
to-volume ratio increases with increasing value of 𝑀̄R, as shown 
in Fig.  11g. This morphological behavior is consistent with the 
phase field simulations reported by Zhi et al. [35] and experi-
mental findings of Shih et al. [50]. With increasing 𝑀̄R, broader 
and flatter pit morphologies develop, which distribute stress more 
uniformly and reduce peak stress concentrations near the pit base. 
Consequently, the critical pressure required to initiate a crack 
increases at 𝑀̄R = 2, when compared with the isotropic kinetics 
(𝑀̄R = 1), as shown in Fig.  11f. As for higher values (𝑀̄R = 4, 8), 
the pit morphology exhibit high curvature regions, as illustrated 
in Fig.  11a, that serve as stress concentration sites, resulting in the 
observed decreasing pattern in the critical pressure for increasing 
values of 𝑀̄R > 1.

• Vertical configuration: For this case, the patterns of corrosion 
pits are reversed in comparison to the horizontal case (see, Fig. 
11b). As the mobility ratio 𝑀̄R increases, corrosion becomes 
increasingly localized along the vertically aligned ferrite phase 
and penetrates deeper into the material, with relatively limited 
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Fig. 11. Pressure-induced cracking in (a) horizontal, (b) vertical, (c) incline and (d) 3-phase polycrystalline system with varying interface mobility ratio 𝑀̄𝑅
of the metal–brine interface for the ferrite phase relative to the other metallic phases (𝑀̄𝑅 = 1, 2, 4, 8) at 𝑡sim = 3.5 × 105, showcasing crack growth. The graphs 
illustrate the relationship between (e) pit depth, (f) normalized critical pressure, and (g) surface-to-volume ratio with respect to mobility ratio for each of the 
different phase-orientation cases. For the normalized-pressure comparison in panel f, the normalization uses 𝑝crit,max = 1265 MPa for the comparison set shown.
lateral expansion where non-ferrite phase is present. Similar pit-
ting patterns have also been reported in the simulations of Zhi 
et al. [35] for vertically layered phases. The pit depth increases 
slightly with increasing 𝑀̄R (see, Fig.  11e), while the surface-to-
volume ratio rises more steeply with 𝑀̄R (see, Fig.  11g) due to the 
narrowing of pits. These narrower pits exhibit higher curvatures 
near the pit base, which act as stress concentration sites, thereby 
lowering the critical pressure as 𝑀̄R increases (see, Fig.  11f).

• Inclined configuration: In this configuration, the corrosion pitting 
pattern displays an intermediate behavior between the horizontal 
and vertical cases. As the mobility ratio increases, the corrosion 
is pronounced more along the inclined layers of ferrite phases 
thereby exhibiting narrow groove-like features along the inclined 
phase boundaries with higher curvature regions (see, Fig.  11c). 
The presence of corrosion-resistant non-ferrite inclined layers 
suppresses pitting in these regions as 𝑀̄R increases. This trend is 
evident in the pit depth versus 𝑀̄R plot in Fig.  11e, which shows 
a noticeable drop in pit depth for 𝑀̄R = 2 compared to 𝑀̄R = 1, 
with pit depth remaining low for 𝑀̄R = 4 and 𝑀̄R = 8. With 
increasing 𝑀̄R, the narrowing of grooves in the ferrite phases 
leads to an increase in the surface-area-to-volume ratio 𝑆∕𝑉R, 
as shown in Fig.  11g. Notably, this increase is steepest for the 
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inclined case, owing to the formation of multiple narrow grooves 
with relatively small volumes. Notably, the critical pressure is 
similar for mobility ratios 𝑀̄R = 1 and 2 (see, Fig.  11f). This 
can be understood by examining the corresponding pit depths and 
morphologies. As discussed earlier, the critical pressure decreases 
with increasing pit depth and with higher curvature in the pit 
morphology. For 𝑀̄R = 1, the pit depth is greater than for 𝑀̄R =
2; however, the latter exhibits more pronounced high-curvature 
regions, which also reduce the critical pressure. The opposing 
effects of these two morphological factors result in comparable 
critical pressures for these cases. At higher mobility ratios (𝑀̄R =
4, 8), the pit depth does not decrease substantially, but the extent 
of high-curvature regions increases, leading to a further reduction 
in critical pressure (see, Fig.  11f).

• Polycrystalline configuration: Fig.  11d shows the simulated pit 
morphologies for different mobility ratios, 𝑀̄R. For 𝑀̄R = 1, pit 
growth is more pronounced than for higher values of 𝑀̄R > 1, 
owing to the random distribution of two corrosion-resistant non-
ferrite phases (Al, Mn) and one ferrite phase (Fe) within the 
polycrystalline microstructure. Increasing 𝑀̄R suppresses pitting, 
leading to a reduction in pit depth, as also reflected in Fig.  11e. 
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Fig. 12. Normalized critical pressure (𝑝̂) as a function of pit depth (in μm) for mobility ratios 𝑀̄R = 1, 2, 4, and 8. The upper panel shows representative simulation 
snapshots of pressure-induced crack evolution at intermediate stages for 𝑀̄R = 2, 4, and 8, while the lower panel presents the corresponding later-stage crack 
propagation for the same mobility ratios. Pressure values were normalized with respect to the critical pressure, 𝑝crit,max = 1374 MPa.
With greater mismatch in corrosion kinetics (larger 𝑀̄R), the ran-
dom phase arrangement promotes the development of lobe-like 
patterns, as seen for 𝑀̄R = 4 and 8 in Fig.  11d. The combination 
of suppressed pit growth and the presence of lobes increases 
the surface-area-to-volume ratio (𝑆∕𝑉R) with increasing 𝑀̄R (Fig. 
11g). Interestingly, the critical pressure exhibits a non-monotonic 
dependence on 𝑀̄R. It decreases from 𝑀̄R = 1 to 𝑀̄R = 2, despite 
the latter having a lower pit depth. This reduction is attributed to 
the emergence of more prominent high-curvature regions in the 
𝑀̄R = 2 case, which promote crack initiation at a lower critical 
pressure. This highlights the competing influence of pit depth 
and curvature on failure resistance. For higher mobility ratios 
(𝑀̄R = 4, 8), the lobes become smoother with lower curvature, 
and the pit depth is further reduced, resulting in an increase in 
critical pressure compared to 𝑀̄R = 2.
Given the inherently polycrystalline nature of these alloys, the 
effect of 𝑀̄R on the corrosion-fracture response was further ex-
amined in detail. Fig.  12 presents the normalized critical pressure 
(𝑝̂) required for crack growth as a function of pit depth (μm). 
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For 𝑀̄R = 1, the relationship is nearly linear (as discussed in 
Section 3.2.2), whereas higher 𝑀̄R values introduce pronounced 
non-linearity and non-monotonicity. This arises because, at larger 
mobility ratios, pit morphology, particularly the formation of 
lobes and notch-like features, exerts a stronger influence on fail-
ure than pit depth alone. These irregularities generate additional 
stress concentration sites, which generally lead to lower critical 
pressures at a given pit depth when 𝑀̄R > 1. The random 
spatial distribution of metallic phases with different corrosion 
resistances (Al, Mn, Fe) further enhances these irregularities, 
thereby amplifying the non-monotonic behavior observed in the 
critical pressure vs. pit depth plots. Simulation snapshots for 
𝑀̄R = 2, 4, and 8 at intermediate and later stages (Fig.  12) reveal 
the irregular and complex progression of the pit front, resulting 
in the formation of multiple localized high-stress regions.
Overall, the results demonstrate that in the polycrystalline system, 
increasing 𝑀̄R tends to suppress pit growth, however, the accom-
panying changes in pit morphology, particularly the formation of 
lobes and notch-like features, can outweigh the effect of reduced 
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pit depth and exert a dominant influence on crack growth and the 
critical pressure required for failure.

Key insights. This study demonstrates that the interfacial mobility mis-
match has a pronounced, configuration-dependent influence on both pit 
morphology and failure susceptibility. Importantly, the role of kinetic 
mismatch extends well beyond its impact on pit depth.

• Failure risk is not solely depth-driven, but also shape-modulated: The 
simulations reveal that pit depth alone does not fully capture 
the failure risk, the pit’s morphology, particularly the presence 
of high-curvature features such as lobes, grooves, and notches, 
plays a decisive role. While deeper pits reduce cross-sectional 
load-bearing capacity, high-curvature regions act as local stress 
concentrators, accelerating crack initiation and propagation. In-
creasing the mismatch between the corrosion kinetics of different 
metallic phases raises the surface-area-to-volume ratio irrespec-
tive of phase configurations, primarily through the development 
of these high-curvature features. The magnitude of this effect, 
however, is sensitive to the phase arrangement. The critical pres-
sure is dictated by the interplay between pit depth (global weak-
ening) and morphological sharpness (local stress concentration), 
and this interplay can lead to non-monotonic relations between 
critical pressure and mobility mismatch.

• Implications for designing corrosion-resistant alloys: The results sug-
gest that careful selection of alloy chemistry and phase con-
figuration can be used to tune corrosion behavior and miti-
gate failure risk. In particular, engineering microstructures to 
limit high-curvature pit features, through phase boundary align-
ment, phase connectivity control, or controlling metal-brine ki-
netics, could substantially enhance damage tolerance. The find-
ings underscore the importance of designing alloys not only for 
uniform corrosion resistance but also for morphology-controlled 
pitting, thereby reducing stress concentration effects that drive 
mechanical failure.

Taken together, these insights provide practical guidance for alloy and 
microstructure design in corrosion-prone environments. Rather than 
focusing exclusively on reducing average corrosion rates, the results 
indicate that mitigating localized kinetic mismatch and suppressing 
the formation of sharp pit features can substantially improve resis-
tance to corrosion-assisted cracking. From a design perspective, this 
suggests prioritizing phase combinations and interface energetics that 
promote smoother dissolution fronts, as well as tailoring phase con-
nectivity to limit stress amplification at pit bases. While the present 
framework does not prescribe specific alloy compositions, it establishes 
mechanistic criteria that can inform microstructure-aware strategies for 
designing alloys with enhanced tolerance to localized corrosion and 
pressure-induced failure.

4. Conclusion and outlook

This work presents a grand-potential phase-field framework for 
simulating dissolution-driven pit evolution in multiphase alloys to-
gether with a diffuse-interface formulation for pressure-induced crack 
initiation. By treating corrosion and fracture sequentially, the approach 
captures how evolving pit morphology governs the mechanical integrity 
of metallic components exposed to aggressive environments. Valida-
tion against analytical benchmarks and established numerical tests 
demonstrates quantitative agreement for both dissolution kinetics and 
the diffuse application of mechanical loads, providing a robust basis 
for mesoscale simulations. Across all microstructures considered, pit 
depth and local geometric curvature emerge as the dominant factors 
controlling the reduction in critical pressure for crack initiation. While 
single-phase alloys exhibit largely depth-driven behavior, dual-phase 
and polycrystalline systems develop persistent high-curvature features 
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that promote early failure. Variations in interfacial mobility introduce 
additional morphological irregularity, leading to non-monotonic fail-
ure trends and highlighting the strong sensitivity of corrosion-assisted 
cracking to kinetic mismatch. These results clarify how microstructural 
topology, phase arrangement, and dissolution kinetics jointly influ-
ence the transition from localized material loss to pressure-induced 
fracture. The modeling framework is subject to several simplifying 
assumptions that define its scope. Accelerated diffusion coefficients are 
used to reduce computational cost, affecting absolute timescales but 
not the underlying mechanistic trends. The simulations are restricted 
to two-dimensional geometries, employ linear elastic material behavior 
with homogeneous fracture resistance, and treat corrosion and frac-
ture sequentially rather than within a fully coupled chemo-mechanical 
formulation. Accordingly, the present fracture formulation should be 
interpreted as a brittle fracture mesoscale model for morphology-driven 
crack initiation under pressure loading. It does not capture yielding, 
plastic blunting, ductile tearing, or other inelastic fracture mechanisms 
that may become important in real multiphase alloys. As a result, the 
present framework is intended as a mechanistic mesoscale model for 
morphology-to-failure transitions rather than as a fully coupled quanti-
tative predictive tool. In regimes where local tensile stress significantly 
alters dissolution kinetics, destabilizes passivation, or promotes stress-
assisted corrosion, the present sequential treatment may overestimate 
the resistance to failure. Accordingly, the absolute critical pressure 
thresholds reported in this work should be interpreted as model-scale 
comparative quantities rather than as material-calibrated engineering 
failure predictions.

In addition, the alloy microstructures considered are idealized rather
than experimentally reconstructed. Moreover, the diffuse-interface
length scales were kept fixed relative to the mesh, so the reported 
fracture pressures should be interpreted as comparative trends at fixed 
regularization rather than as mesh-converged material-specific values. 
These limitations do not alter the mechanistic conclusions of this study 
but provide clear directions for future refinement. Fully coupled chemo-
mechanical interactions therefore remain an important direction for 
future model development.

The versatility of the framework enables its extension to three-
dimensional microstructures, experimentally calibrated dissolution ki-
netics, and fully coupled chemo-mechanical interactions relevant to 
geothermal, nuclear, and chemical processing environments. An im-
portant next step is the extension of the present framework to fully 
three-dimensional, experimentally reconstructed microstructures and 
component-relevant geometries, which would enable more realistic 
assessment of pit curvature evolution, crack-front development, and 
microstructure-sensitive failure thresholds. A key next step towards 
engineering application is the calibration of interfacial mobility param-
eters against experimentally accessible observables such as pit depth 
versus time, preferential phase dissolution, and electrochemical re-
sponse under controlled brine chemistry and temperature conditions. 
An important next step is a more detailed quantitative analysis of 
post-initiation crack evolution, including crack length and propaga-
tion kinetics under different pit morphologies and loading paths. This 
would, however, require extending the present quasi-static fracture 
formulation to a dynamic fracture-mechanics framework in which crack 
growth can be described on a physically meaningful timescale. Comple-
menting this, the incorporation of elastic–plastic or ductile phase-field 
fracture formulations would enable more realistic quantitative predic-
tion in alloys where plastic deformation significantly influences crack 
initiation and growth. In particular, the results suggest that control-
ling phase connectivity, interfacial mobility contrasts, and pit surface 
curvature through alloy design and microstructural engineering offers a 
viable pathway to mitigate corrosion-induced failure. Future efforts will 
focus on incorporating realistic brine chemistries, phase-specific elastic 
heterogeneity, phase-specific fracture resistance and interfacial decohe-
sion behavior, as well as long-term pit evolution in three dimensions, to 



A. Kumar et al. Journal of Materials Research and Technology 42 (2026) 8726–8747 
support predictive lifetime assessment and microstructure-informed al-
loy design. The methodology established here provides a foundation for 
integrating corrosion modeling with structural reliability assessments in 
environments where localized dissolution and fluid pressure coexist.
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Appendix A. Analytical solution for the bending beam benchmark

To validate the diffuse application of the stress boundary condition, 
we consider an Euler–Bernoulli bending beam of length 𝐿, height 𝐻 , 
and depth 𝐵, with 𝐿 ≫ 𝐻 . Under the assumptions of geometrical 
linearization and vanishing Poisson ratio 𝜈 = 0, the normal stress 
component 𝜎11 in the beam satisfies 

𝜎11 = −𝐸𝑧d
2𝑤
d𝑥2

= 𝐸𝜀11, (A.1)

where 𝑤(𝑥) is the transverse displacement, 𝜀11 the corresponding strain, 
𝐸 the Young’s modulus, and 𝑧 the vertical coordinate measured from 
the neutral axis. If the beam is loaded with a spatially constant pressure 
𝑝 on the top surface, this is equivalent to a line force density 𝑞 ∶= 𝑝𝐵. 
Using the geometrical moment of inertia 

𝐼𝑦 = ∫𝐴
𝑧2 d𝐴 = 𝐵𝐻3

12
, (A.2)

with 𝐴 the cross-section of the beam, and defining the bending moment 
(torque) 

𝑀𝑦(𝑥) = 𝑧 𝜎11(𝑥, 𝑧) d𝐴, (A.3)
∫𝐴
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the analytical solution for the clamped–free beam can be written as 

𝑤(𝑥) =
𝑞𝐿4

8𝐸𝐼𝑦
1
3

[

( 𝑥
𝐿

)4
− 4

( 𝑥
𝐿

)3
+ 6

( 𝑥
𝐿

)2
]

=∶
𝑞𝐿4

8𝐸𝐼𝑦
𝑤̃(𝑥), (A.4a)

𝑀𝑦(𝑥) =
𝑞𝐿2

2

[

−
( 𝑥
𝐿

)2
+ 2 𝑥

𝐿
− 1

]

=∶
𝑞𝐿2

2
𝑀̃(𝑥), (A.4b)

𝜎11(𝑥, 𝑧) =
𝑀𝑦(𝑥)
𝐼𝑦

𝑧. (A.4c)

The normalized quantities used in the main text are defined as 

𝑥̃ ∶= 𝑥
𝐿
, 𝑤̃ ∶= 𝑤

max(𝑤)
, 𝑀̃ ∶=

𝑀𝑦

max(|𝑀𝑦|)
, (A.5)

with max(𝑤) = 𝑞𝐿4∕(8𝐸𝐼𝑦) and max(|𝑀𝑦|) = 𝑞𝐿2∕2.

Appendix B. Richardson extrapolation procedure

To quantify the convergence behavior of the diffuse-interface formu-
lation, Richardson extrapolation (RE) is employed. Consider a solution 
quantity 𝛹 that depends on the discretization step size ℎ, with an 
asymptotic error expansion 

𝛹 (ℎ) = 𝛹 (ℎ = 0) + 𝑎ℎ𝑚 + (ℎ𝑚+1), (B.1)

where 𝛹 (ℎ = 0) is the (unknown) exact solution, 𝑎 is a constant, and 
𝑚 is the order of accuracy determined by the numerical scheme. The 
quantity 𝛹 may be a field variable or an integral quantity derived 
from the solution of a PDE system. Neglecting higher-order terms, 
approximations 𝛹̂ and 𝑚̂ of the exact solution and order of accuracy can 
be obtained using numerical solutions 𝛹𝑖 ∶= 𝛹 (ℎ𝑖) on three successively 
refined grids with ℎ1 < ℎ2 < ℎ3. Writing 

𝛹̂ = 𝛹𝑖 + 𝑎̂ℎ𝑚̂𝑖 , 𝑖 = 1, 2, 3, (B.2)

and following the approach of Celik et al. [47] to account for possible 
oscillatory convergence, we define 

𝑟21 ∶=
ℎ2
ℎ1
, 𝑟32 ∶=

ℎ3
ℎ2
, 𝜃 ∶=

𝑟32
𝑟21

𝛹2 − 𝛹1
𝛹3 − 𝛹2

. (B.3)

Then, 

𝑚̂ = 1
ln(𝑟21)
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𝑟𝑚̂21 − sign(𝜃)

𝑟𝑚̂32 − sign(𝜃)

)

|

|

|

|

|

|

, (B.4a)

𝛹̂ = 𝛹1 +
𝛹1 − 𝛹2

𝑟𝑚̂21 − 1
, (B.4b)

𝑎̂ = 1
ℎ𝑚̂1

𝛹1 − 𝛹2

𝑟𝑚̂21 − 1
, (B.4c)

where sign(⋅) denotes the signum function. For the special case 𝑟21 = 𝑟32, 
Eq. (B.4) can be solved directly; otherwise, a numerical root-finding 
procedure (e.g. Newton’s method) is used to determine 𝑚̂. In the case 
of field quantities, we follow Cadafalch et al. [48] and interpolate 
the solutions on each grid onto the coarsest grid (with step size ℎ3) 
using third-order spline interpolation, ensuring that interpolation errors 
remain negligible compared to discretization errors. The averaged order 
of accuracy over all grid points is then used in the RE expressions 
above. This procedure is applied to the normalized displacement 𝑤̃ and 
torque 𝑀̃ in the beam benchmark to obtain the extrapolated solutions 
reported in Table  2.

Appendix C. Diffuse-interface estimate of the geometric moment 
of inertia

In the diffuse-interface setting, the geometrical moment of inertia 
of the beam is computed as 

𝐼d = 𝜙(𝑧) 𝑧2 d𝐴, (C.1)
𝑦 ∫𝑉
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where 𝜙(𝑧) is the phase-field variable distinguishing solid (𝜙 ≈ 1) from 
void or fluid (𝜙 ≈ 0), 𝑉  denotes the extended domain containing the 
beam and diffuse interface, and 𝑧 is measured from the beam mid-
plane. Due to the nonlinearity of the factor 𝑧2 in the integrand, values 
of 𝜙 at |𝑧| > 𝐻∕2 (within the diffuse interface) are weighted more 
strongly than those at |𝑧| < 𝐻∕2. This leads to a slight overestimation 
of the effective moment of inertia compared to the sharp-interface 
value. For the obstacle potential used in this work, the one-dimensional 
equilibrium phase-field profile in the interface normal coordinate 𝜂 is 
given by 

𝜙(𝜂) = 1
2

[

1 − sin
(𝜋𝜂
𝛿

)]

, (C.2)

where 𝜂 ∶= 𝑧 ±𝐻∕2 at the upper and lower sides of the beam, respec-
tively, and 𝛿 denotes the diffuse-interface thickness. Using this profile, 
the diffuse-interface moment of inertia can be evaluated analytically as

𝐼d𝑦 (𝛿) =
𝐵𝐻3

12

[

1 + 3
( 𝛿
𝐻

)2 (

1 − 8
𝜋2

)]

≈ 𝐵𝐻3

12

[

1 + 0.5683
( 𝛿
𝐻

)2]

. (C.3)

Thus, 𝐼d𝑦 > 𝐼𝑦 for finite 𝛿, and the relative overestimation scales 
with (𝛿∕𝐻)2. This explains why, at coarse resolution (large 𝛿∕𝐻), the 
displacement field exhibits larger numerical errors than the torque, 
which depends more directly on the stress distribution. In the sharp-
interface limit 𝛿 → 0, the diffuse-interface value 𝐼d𝑦  converges to the 
classical result 𝐵𝐻3∕12, and the associated model error vanishes. 

Data availability

The simulation data supporting the findings of this study are pub-
licly available in the open-access Zenodo repository [51], including 
processed simulation output files (.vtk) and representative input files 
(.infile) required to reproduce the results shown in Figures 1, 2, 5, 
and 8–12. Figures 3, 4, 6, and 7 are schematic illustrations or derived 
plots and therefore do not have associated raw simulation datasets.

All simulations were performed using the Pace3D phase-field frame-
work, which is licensed software. While the solver itself is not publicly 
distributed, the provided input files and datasets enable reproduction 
of the published results by users with access to the Pace3D framework. 
Visualization of the simulation output files can be performed using 
standard tools such as ParaView.
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