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ABSTRACT

The minimum s-7-cut problem is one of the most-studied problems in discrete optimization and has a unique complexity status
in multi-objective optimization. Even though the single-objective version of the problem can be solved in polynomial time, it
has been shown in the seminal work of Papadimitriou and Yannakakis (2000) that there does not exist a multi-objective fully
polynomial-time approximation scheme (MFPTAS) for the minimum s-z-cut problem unless P = N P. This holds both for the
case of p > 3 objective functions with arc capacities in {0, 1} and for p = 2 objective functions with general capacities, and even for
tractable instances where the number of non-dominated points is only quadratic in the input size. In this article, we strengthen
these results by showing that, assuming P # N P, there does not exist an MFPTAS for the minimum s-z-cut problem with two
objectives and arc capacities in {(1,0),(0,1)}, nor for the minimum s-z-cut problem with two objectives and arc capacities in
{(0,1),(1,1)}. This advancement is particularly interesting since the considered problem variants are the only known problems in
multi-objective optimization that do not admit an MFPTAS even though their single-objective versions are solvable in polynomial
time and the problems are tractable, that is, the numbers of non-dominated points are polynomial (even linear) in the input size.
Furthermore, we complement this result by showing that, on graphs of bounded tree-width, the minimum s-z-cut problem with
polynomially bounded arc capacities can be solved exactly in polynomial time for any constant number of objectives.

1 | Introduction In this article, we consider the multi-objective version of

the minimum s-t-cut problem, which—as outlined in the

The minimum s-7-cut problem is one of the most important prob-
lems in graph theory and discrete optimization. Given two dis-
tinct nodes s and 7 in a directed graph with capacities on the arcs,
it asks for an s-r-cut with minimum capacity. The single-objective
version of the problem can be solved efficiently in polynomial
time and is applicable to a wide range of real-world problems [1].
Moreover, algorithms for the minimum s-#-cut problem are used
as subroutines in many discrete optimization algorithms [2-5].

following—has a unique complexity status in multi-objective
optimization.

In a multi-objective optimization problem, where multiple, often
conflicting objective functions are considered, solutions that
optimize all objective functions simultaneously usually do not
exist. Instead, one is interested in so-called efficient solutions for
which any solution that is better in one objective is necessarily
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worse in one of the other objectives. The image of an efficient
solution under the vector-valued objective function is called a
non-dominated point. The aim in a multi-objective optimiza-
tion problem then consists of computing the whole set of
non-dominated points and, for each of them, at least one corre-
sponding efficient solution [6].

Unfortunately, multi-objective optimization problems are often
very hard to solve since (1) the number of non-dominated points
is usually super-polynomial in the input for discrete problems
(and typically infinite for continuous problems), that is, the
problem is intractable, and (2) it is often N P-hard to decide
whether a given solution is efficient or whether a given vector
of objective values is non-dominated (see [7, 8]). Both issues are
a strong motivation to study approximations of multi-objective
optimization problems. Generalizing the well-known (multi-
plicative) notion of approximation from the single-objective case,
an a-approximation for « > 1 is a set of solutions such that,
for each feasible solution, there exists a solution in the set that
approximates it with an approximation factor of « in each objec-
tive function. An a-approximation algorithm is an algorithm
that computes an a-approximation in polynomial time for every
instance, and a multi-objective fully polynomial-time approxima-
tion scheme (MFPTAS) is a family of algorithms that contains
a (1 + ¢)-approximation for every € > 0 such that the running
time is not only polynomial in the input size, but also in 1/e.
Approximation algorithms for multi-objective optimization prob-
lems have been studied intensively since the early 2000s and
represent an active area of research. For a recent survey, we
refer to [9].

While most discrete multi-objective optimization problems are
intractable, (1 + €)-approximations exist for every £ > 0 under
weak assumptions as shown in the seminal work of Papadim-
itriou and Yannakakis [10], and an MFPTAS can be derived for
many important problems by either problem-specific algorithms
or general approximation methods [9]. General approximation
methods that can be applied to the minimum s-f-cut problem
studied here include the methods from [11, 12], which yield (p +
€)-approximation algorithms for the p-objective problem, and the
method from [13], which yields approximation factors of 1 + 2¢
and 1+ f in the first and the second objective, respectively, for
every 0 < € < 1in the bi-objective case.

Inapproximability results for multi-objective optimization prob-
lems, however, often derive from known inapproximability
results for the single-objective version of the problem. The
multi-objective minimum s-z-cut problem is unique in this
respect since no MFPTAS can exist for this problem unless
P = N'P [10] even though the single-objective version is poly-
nomially solvable—and this holds even for the tractable case
of three-objective functions and arc capacities in {0, 1}, where
the number of non-dominated points is only quadratic in the
input size (and also for bi-objective problem instances with gen-
eral capacities derived from such three-objective instances). This
unique status provides a strong motivation for further investiga-
tion of the complexity and approximability of the multi-objective
minimum s-#-cut problem.

From a different point of view, one can interpret the
multi-objective minimum s-7-cut problem as a (single-objective)

budgeted minimum s-#-cut problem, where one objective repre-
sents the capacities on the arcs and upper bounds on the other
objectives are imposed to represent budget constraints on the
cut. The budgeted minimum s-f-cut problem is known to be
N'P-hard even in the case of only one budget constraint [14]
and is an active area of research [15]. Further, it has been shown
to be equivalent to the well-known network flow interdiction
problem, which is known to be hard to approximate [2].

1.1 | Our Contribution

We strengthen the result from [10] and show that, unless P =
NP, there does not exist an MFPTAS for the multi-objective
minimum s--cut problem with only fwo objective functions
and arc capacities in {(1,0),(0,1)} or {(0,1),(1,1)}. To this
end, we first provide a general criterion for the existence of
an MFPTAS. Next, we extend and adapt two reductions from
the literature on the budgeted minimum s--cut problem [14,
16] to our multi-objective problem formulation and apply the
previously-derived criterion to prove the non-existence of an
MFPTAS for the bi-objective minimum s-z-cut problem with arc
capacities in {(1,0),(0,1)}, and for the bi-objective minimum
s-t-cut problem with arc capacities in {(0, 1), (1,1)}. By doing so,
we slightly strengthen the results of [14, 16] and obtain that the
budgeted minium s-7-cut problem is strongly N P-hard even for
one budget constraint, binary capacities and costs on the arcs
such that, for each arc, exactly one of these two values equals one,
and even for one budget constraint, binary arc capacities, and a
constant arc cost of one for each arc.

Since the cardinality of the non-dominated set in the bi-objective
problem is at most m + 1 (where m denotes the number of arcs
in the graph), our results show that even bi-objective prob-
lems for which the number of non-dominated points is linear
in the input size do not necessarily admit an MFPTAS even if
their single-objective version is polynomially solvable. To com-
plement this result, we show that the multi-objective minimum
s-t-cut problem with polynomially bounded arc capacities can
be solved in polynomial time for any constant number of objec-
tives on graphs of bounded tree-width. This result yields the first
polynomial-time algorithm for the budgeted minimum s-f-cut
problem on graphs with bounded tree-width if the capacities and
costs are polynomially bounded.

2 | Preliminaries

An instance of a multi-objective optimization problem consists
of a set X of feasible solutions, a vector-valued objective func-
tion f : X — RZ;" and an optimization sense max or min. The
ith component of f is also referred to as the ith objective func-
tion and denoted by f;. A multi-objective optimization problem is
given by the set of its instances. Theimage Y := f(X) of X under
f is called the image set and each element of Y is called a feasible
point.

Since solutions that optimize all objectives simultaneously do
usually not exist in multi-objective optimization problems, the
solutions of interest are those that cannot be improved upon with
respect to any objective function without worsening the value of
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at least one other objective. These efficient solutions are formally
defined as follows.

Definition 1. A solution x € X dominates another solution
x" € X if x is at least as good as x” in each objective and strictly
better in at least one objective. A solution that is not dominated
by any other solution is called efficient. The set X of all efficient
solutions is called the efficient set. The image f(x) € Y of an effi-
cient solution x € X is called a non-dominated point, and the set
Yy of all non-dominated points is called the non-dominated set.

As discussed above, multi-objective problems are often hard to
solve, which motivates to consider approximations and approxi-
mation algorithms.

Definition 2. Let a>1. A feasible solution xe& X
a-approximates another feasible solution x’ € X (or, equiva-
lently, the feasible point y = f(x) a-approximates the feasible
point y’ = f(x"))if

fi(x) > 1/a- f,(x")Vi € {1, ..., p} if the optimization sense is max, or

fi(x) <a- fi(x)Vi € {1, ..., p} if the optimization sense is min.

Aset X' C X of feasible solutions is called an a-approximation if,
for each feasible solution x € X, there exists a solution x’ € X’
that a-approximates x.

Definition 3. An a-approximation algorithm for a multi-
objective optimization problem P is an algorithm ALG that, for
each instance of the problem, computes an a-approximation in
time polynomial in the encoding size of the instance.

Further, a multi-objective polynomial-time approximation
scheme (MPTAS) for P is a family (ALG,),,, of algorithms
such that, for each € > 0, the algorithm ALG, is a (1+ ¢)-
approximation algorithm. An MPTAS (ALG,),,, for P is called
a multi-objective fully polynomial-time approximation scheme
(MFPTAS) if the running time of each algorithm ALG, is
additionally polynomial in 1/¢.

Note that, for @« =1, an a-approximation is equivalent to a
set of feasible solutions whose image contains the whole
non-dominated set, so a 1-approximation algorithm for a multi-
objective optimization problem is a (polynomial-time) exact
algorithm.

3 | A Criterion for the Existence of an MFPTAS

We start by characterizing the existence of an MFPTAS by the
existence of an exact polynomial-time algorithm for the consid-
ered multi-objective problem.

In this section, we consider multi-objective optimization prob-
lems whose possible objective values are natural numbers that
are polynomially bounded. Formally, we make the following
assumption:

Assumption 4. We assume that Y C N/, Further, we assume

thatub:= max f;(x) + 1is polynomial in the input size.
xeX

ief{l,....p}

Note that, even in the single-objective case, the restriction to inte-
ger instead of rational objective values can make the difference
between weak and strong N P-hardness [17] or represent a pre-
requisite for important general results concerning the existence
of approximation schemes [18].

The following theorem formalizes and generalizes an idea that is
sketched for the case of the minimum s-¢-cut problem in the proof
of Theorem 6 in [10].

Theorem 5. Let P be a multi-objective optimization problem
that satisfies Assumption 4. Then there exists an MFPTAS for P if
and only if there exists a polynomial-time exact algorithm for P.

Proof. We only provide the proof for the optimization sense
min. The proof for optimization sense max is along the same
lines.

For the forward direction, assume that there exists an MFPTAS
for P. We set ¢ :=1/ub and obtain a set X, C X in polynomial
time by applying the MFPTAS for e. Since all objective values
are integer, it holds that |f;(x) — f,(x")| € N, for all x, x" € X.
Now let y € Yy be any non-dominated point. Since the set X,
is obtained from an MFPTAS, there exists a solution x’ € X,
with f;(x’) <1 +¢)-y forall i € {1, ..., p}. Rearranging the
inequality and plugging in € = 1/ub yields f;(x") — y; < y;/ub <
1. Since all objective values are natural numbers, this means
that f,(x’) — y;, < 0 and, since y is non-dominated, it follows that
fi(x')—y,=0foralli € {1, ..., p}, thatis, f(x) = y. This shows
that f(X,) 2 Yy, that is, applying the MFPTAS for € =1/ub
yields an exact algorithm for P. Its running time is polynomial
by Assumption 4.

The inverse direction is clear, since any exact polynomial-time
algorithm is also an MFPTAS. O

As a final remark for this section, we note that the result of
Theorem 5 also holds for the single-objective case. This means
that, if all objective values of a single-objective problem are
natural numbers and the maximum possible objective value is
polynomial in the encoding length of the input instance, there
exists an exact polynomial-time algorithm if and only if there
exists an FPTAS (which is the equivalent to an MFPTAS in the
single-objective case).

4 | The Multi-Objective Minimum s-¢-Cut
Problem

In this section, we formally introduce the multi-objective mini-
mum s-t-cut problem. To this end, we start by introducing some
definitions and notation.

A (directed) p-capacity network G = (V, R, u) is a triple consisting
of avertexset V,an arcset R, and a capacity functionu : R — IR‘;O.
The capacity ofa set R C Rofarcsisdefined asu(R) := Zrei u(r).
We denote the start vertex of an arc r € R by a(r) and the end ver-
tex by w(r). Further, for sets U, U’ C V, we define R(U,U’) :=
{reR: a(r) €U and w(r) € U'}. In the case that U or U’ is a
singleton set, that is, it is just one vertex, we drop the braces for
the ease of notation.

For two vertices s # t, called the source and the terminal, respec-
tively, an s-r-cut C = (S, T), also called cut in the following, is a
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partition V' = SUT of the vertices of G such thats € Sandt € T,
and we say that the arcs in R(S,T) are in the cut C. For an arc
r being in a cut C, we slightly abuse notation and write r € C.
The capacity of a cut C = (S,T) in G is defined as cap®(C) :=
ec ur).

Given a p-capacity network and two vertices s # ¢ in the net-
work, the aim in the multi-objective minimum s — t-cut problem
(MMCP) is to find a set C of cuts such that its image is the
non-dominated set Y.

Throughout the article, we outline connections between our
results and the budgeted minimum s-f-cut problem, which
can be interpreted as the budget-constrained version of the
multi-objective problem where upper bounds are enforced on all
except the first objective. In this single-objective problem, each
arc has only one capacity value, but for each arc r, there is a set of
k additional costs b)(r), i = 1, ..., k. Then, given k budgets B(i),
i=1,...,k, the budgeted minimum s-7-cut problem asks for an
s-t-cut C of minimum capacity subject to the budget constraints
> b < B fori=1, ...,k

In the next section, we show that, unless 7 = N P, there does
not exist an MFPTAS for MMCP with p = 2 and capacities u(r) in
{(1,0),(0,1)} or {(0,1),(1,1)} forall » € R.

5 | Hardness of Approximation

In this section, we show that MMCP is N P-hard even for two
objectives where the capacities are restricted to {(1,0),(0,1)} or
{(0,1),(1,1)}. From a holistic viewpoint, this implies that restrict-
ing the capacities in any meaningful way (which does not make
one of the objectives obsolete) leaves little hope to make the
problem polynomially solvable.

5.1 | Hardness of Approximation for Capacities
in {(1,0), (0,1)}

We first show that MMCP is N P-hard even for two objectives and
when each arc capacity is required to be one of the two unit vec-
tors in R2. To this end, we slightly strengthen the reduction idea
of [16], who show that the budgeted minimum s-z-cut problem
with one budget constraint is strongly N P-hard, and adapt it
to our problem definition. In particular, our reduction does not
require arcs with infinite cost, which are needed in the reduction
presented in [16]. As a consequence, our result implies strong
N'P-hardness even for one budget constraint and binary capac-
ities and costs on the arcs such that, for each arc, exactly one of
these two values equals one (Corollary 8).

The reduction will be from the minimum vertex cover problem
on bipartite graphs (MVCPBG), which is formally defined as fol-
lows:

Minimum vertex cover problem on bipartite graphs (MVCPBG)

INSTANCE: An undirected, bipartite graph
H = (V,uV,, E), integers B, B.,.
TASK: Is there a vertex cover X C ¥, UV, with

XNV, <Band | X nV,| < B?

A proof of strong N P-hardness of MVCPBG can be found in [19].

For the reduction, consider an instance of MVCPBG given by a
bipartite graph H = (V; U V,, E) and two integers B,, B,. We con-
struct an instance of BMCPBC consisting of a 2-capacity network
G = (V,R,u) as follows. For the vertex set, we take the same
set as in H and add the source s and the terminal ¢, that is,
V =V, UV, U {s,t}. To construct the arc set R, we set n, := |V}|
and n, := |V,|. For each vertex v € V;, we introduce an arc from
s to v with capacity (1, 0). For each vertex v € V,, we introduce an
arc from v to ¢ with capacity (0, 1). For each edge e € E connect-
ing vertices v; € V; and v, € V,, we add n,; + 1 parallel arcs with
capacity (1,0) and n, + 1 parallel arcs with capacity (0, 1) from v,
to v,. The resulting graph is illustrated in Figure 1.

To complete the reduction, we show that there exists a vertex
cover X C VUV, with [ X NnV,| < B, and | X nV,| < B, in the
given instance of MVCPBG if and only if there exists an efficient
minimum cut in the constructed instance of MMCP with capacity
less than or equal to (B, B,).

First, let X CV,UV, be a vertex cover with |[X NnV,| < B,
and |X NnV,| < B,. We consider the cut (S,7) in G given by
S:={sju\X)ul,nX) and T :={r} UV, NnX)U,\
X). This cut then has capacity (|X n V|, |X nV,|). Hence, there
exists an efficient cut with capacity less than or equal to (B, B,).

Conversely, let (S, T) be an efficient cut of capacity (k,, k,) with
k; < B, and k, < B,. We construct a vertex cover X of H as fol-
lows: For a vertex v € V;, we include itin X ifand onlyifv € T.
For a vertex v € V,, we include it in X if and only if v € S. Since
the lexicographic solutions have capacities (n,;,0) and (0, n,), we
know that, for an edge (v;, v,) € E, it cannot hold that v, € S and
v, € T. If this were the case, the capacity of the cut (S, T') would
be at least (n, + 1, n, + 1), contradicting its efficiency. This means
that, for each edge (v;,v,) € E, itholds that v, € T or v, € S. By
construction, this means that v, € X or v, € X, which proves that
X isindeed a vertex cover with k; < B, verticesin ¥, and k, < B,

- (0,1) RS
& Vi (1,0) Ve el
TR A T e U ()

(0,1)

FIGURE1 | An illustration of the 2-capacity network G con-
structed in the reduction from MVCPBG to MMCP with capacities in
{(1,0),(0,1)}. Individual arcs are dashed, while a bundle of parallels is
depicted by two solid arcs with the number of arcs in the respective bundle
between them. The figure depicts two vertices in V; and two in V, that are
connected by two edges in the graph H. Vertices that are not connected
in H are also not connected in G.
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vertices in V,. This completes the reduction and proves the fol-
lowing theorem.

Theorem 6. MMCP is strongly N P-hard even for two objec-
tives and capacities in {(1,0), (0,1)}.

Our second main result is an immediate implication of Theorem 6
and strengthens its statement.

Theorem 7. Unless P = N P, there does not exist an MFPTAS
for MMCP, even for two objectives and capacities in {(1,0),(0,1)}.

Proof. Since MMCP with the assumptions from the theorem
satisfies Assumption 4, the claim follows directly from Theorems
5and 6. m]

Further, as already outlined in the introduction of this section, we
obtain a slightly stronger hardness result for the budgeted mini-
mum s-f-cut problem:

Corollary 8. The budgeted minimum s-t-cut problem with one
budget constraint and binary capacities and costs on the arcs such
that, for each arc, exactly one of these two values equals one, is
stronglyN'P-hard. In particular, the problem does not admit an
FPTAS unlessP = N'P.

5.2 | Hardness of Approximation for Capacities
in {(0,1),(1,1)}

In this section, we provide a reduction that shows that MMCP is
N P-hard even for two objectives and capacities in {(0, 1), (1,1)}.
In particular, the second objective is constant in this setting. The
reduction follows a similar idea as the reduction presented in
[14], who show that the budgeted minium s-#-cut problem with
constant arc costs of one is strongly N P-hard. The reduction in
[14], however, uses general arc capacities that are not restricted
to {0,1}. Thus, the result in [14] does not yield a stronger result
for MMCP than the one presented in [10].

The reduction will be from BISECTION, which is formally
defined as follows.

BISECTION

INSTANCE: An undirected graph H = (V’, E) with 2n vertices
and m edges and an integer B.

TASK: Is there partition of the vertices in ¥’ into ¥} and
v, with [V/| = |V| = n such that the number of
edges that have one endpoint in ¥/ and one

endpoint in V) is less than or equal to B?

A proof of strong N P-hardness of BISECTION can be found
in [20].

Given an instance of BISECTION, we construct an instance of
MMCEP, that is, a 2-capacity network G = (V, R, u) as follows. We
start by setting V' := V' and, for each edge e € E, we add an arc
r from one endpoint of e to the other with capacity u(r) = (1,1)
and its inverse arc with the same capacity. Next, we add a vertex s

(1, 1)

FIGURE2 | Anillustration of the 2-capacity network constructed in
the reduction from BISECTION with n = 1 and one edge to MMCP with
capacities in {(0,1),(1,1)}. Individual arcs are dashed, while a bundle
of parallels is depicted by two solid arcs with the number of arcs in the
respective bundle between them. The figure depicts two verticesin ¥’ that
are connected by an edge in the graph H, where the numbers between the
sets of parallel arcs denote how many copies are in the respective bundle
and ¢ := n(n + m) + m — 1. Vertices that are not connected in H are also
not connected in G.

to V and, for each v € V', we add n + m parallel arcs with capac-
ity (1,1) from s to v. Finally, we add another vertex 7 to ¥ and
add one arc from each vertex in V' to ¢ with capacity (1,1) and
another n(n + m) + m — 1 parallel arcs with capacity (0, 1). This is
illustrated in Figure 2.

We claim that there exists a bisection of H = (V’, E) with at most
B edges if and only if there exists a cut in the constructed instance
with capacity at most (n(n+m+1)+ B,n(n+ 1)(n+m)+
nm + B).

We start with the forward direction. To this end, let V; and
V, be a bisection of V' containing at most B edges. We set
S :={s}uV, and T := {t} UV,, which implies that SNV’ =
V, and T nV' =V,. The resulting cut contains n - (n + m) arcs
of capacity (1,1) in R(s, V,), n arcs with capacity (1,1), and » -
(n(n + m) + m) arcs with capacity (0,1) in R(V},?), and at most
B arcs with capacity (1,1) in R(V;,V;). Thus, the capacity of
the cut is at most (n(n + m+ 1) + B,n(n + 1)(n + m) + nm + B) as
required.

Conversely, let C = (S,T) be a cut of capacity at most (n(n +
m+1)+ B,n(n+1)(n+m)+nm+ B). We set V; :=V'nS and
V, := V' NTandshowthat |V;| = |V,| = n. Wenotethat |[V}| < n
since, otherwise, there are at least (n + 1) - (n(n + m) + m) arcs in
R(V},1), each of which contributes a capacity of 1 to the second
objective. Since we may assume that B < m, we obtain a contra-
diction to the second objective of the cut attaining a value strictly
larger than n(n + 1)(n + m) + nm + B.

Furthermore, |V;| > n since, otherwise, there are at least (n +
1) - (n+m) arcs of capacity (1,1) in R(s,V,). Since we may,
again, assume that B < m, we obtain a contradiction to the
first objective of the cut attaining a value strictly larger
than n(n+m+ 1)+ B. Since |V;| + |V,| = 2n, this implies that
Vil = Wyl =n.
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To complete the reduction, it remains to show that the number of
edges between V] and V, is at most B. Since |V;| = |V,| = n, the
cut (S,T) contains n - (n + m) arcs in R(s, V;) and n - (n(n + m) +
m) arcs in R(V;,1), for a combined total of (n + 1)n(n + m) + nm.
Since the second capacity value is always 1, this leaves at most B
arcs in R(V;, V,) and, thus, between V; and V,, which completes
the reduction. This yields the following theorems.

Theorem 9. MMCP is strongly N P-hard even for two objec-
tives and capacities in {(0,1),(1,1)}.

Theorem 10. Unless P = NP, there does not exist an MFP-
TAS for MMCP, even for two objectives and capacities in

{0, 1), 1. D}.

Our result strengthens the result of [14] and we obtain that the
budgeted minimum s-#-cut problem with constant arc costs of
one remains strongly N'P-hard even when arc capacities are
restricted to be binary:

Corollary 11. The budgeted minimum s-t-cut problem with
one budget constraint, binary arc capacities, and a constant arc cost
of one for each arc is strongly N'P-hard. In particular, the problem
does not admit an FPTAS unlessP = N'P.

It is noteworthy that the proof presented in this section does not
require the graph to be directed, and directly yields the corre-
sponding results also for undirected graphs. Note, however, that
this does not hold for the proofs presented in Section 5.1.

6 | Restricting the Graph Class

Theorem 7 and 10 show that even highly restricted versions of
the bi-objective minimum s-z-cut problem do not admit an MFP-
TAS. Hence, it is natural to ask whether exact algorithms or an
MFPTAS can be obtained by restricting the graph class. In this
section, we show that there exists a polynomial-time algorithm
for MMCP under the following three assumptions:

Assumption 12.

(a) The tree-width k of the underlying undirected graph is con-
stant,

(b) the number p of objectives is constant,?> and

(c) the arc capacities u are integral and polynomially bounded,
that is, each capacity u(r),;, fori € {1, ...,p} and r € R, is
polynomial in the input size.

We note that all three assumptions are necessary. The bound
on the tree-width is required since Theorem 6 shows that the
problem is N P-hard with just two objectives and binary capac-
ities. If either the number of objectives or the arc capacities are
not restricted, then the problem becomes intractable as shown in
the following example.

Example 13. Let G = (V, R) be the network illustrated in
Figure 3, which features a series-parallel graph. Note that series
parallel graphs have tree-width at most two, see [21]. In it, / is a
positive integer and V' = {s, vy, ..., v, t}. Furthermore, for each
ie{l1,...,1}, R contains an arc from s to v; and an arc from
v; tot.

To obtain an intractable example with polynomially bounded
capacities, we use 2n objectives and assign the ith unit vector e;
to the arc from s to v; and the (/ + i)th unit vector e, to the arc
from v, tot foreachi e {1, ...,1}.

For the case of a constant number of objectives, we use two objec-
tives and assign capacity (2%, 0) to the arc from s to v; and capac-
ity (0,271 to the arc from v, to ¢ foreach i € {1, ...,[}.

In both cases, is easy to see that all 2! cuts in this network are
efficient with pairwise different images, leading to a total of 2/
non-dominated points.

Hence, even if P = N'P, there does not exist a polynomial-time
exact algorithm for MMCP for graphs of tree-width at most two
(and, in particular, for series-parallel graphs) when either the
number of objectives or the capacity function is not restricted.

To obtain a polynomial-time exact algorithm for the case that all
three assumptions in Assumption 12 hold, we start by introduc-
ing the concepts of tree-decompositions and tree-width (see, e.g.,
[22]) and then use the standard dynamic programming approach,
which is illustrated in [23].

Definition 14. Let G = (V,E) be a graph, D= (VP,EP) a
tree, and V = (V,),cp» be a family of subsets ¥, C V. Then,

(0,271

FIGURE 3 | [Illustration of the networks from Example 13. The graph consists of vertices s, 7, and v;, ..., v;, with arcs from s to each v; and from
each v, to 7. The labels on the arcs represent the capacities, where e; denotes the ith unit vector.
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(D, V)isatree-decomposition of G ifit satisfies the following three
conditions:

LV =Ugero Var

2. for every edge e € E, there exits anode d € V2 such that V,
contains both endpoints of e, and

3. for each vertex v € V, the set {d € VP : v € V,} induces a
subtree of D.

The width of a tree-decomposition (D,V) is defined as
max{|V,| —1 : d € VP} and the tree-width of G is the minimum
width of a tree-decomposition of G.

Note that we adopt the usual convention of using vertex when
referring to the graph G and node when referring to the tree D.

Given a graph G = (V, E) of tree-width k, it is known that
a tree-decomposition (D,V) of width k can be constructed
in (9(2"3|V|) time [24]. We may also assume that the num-
ber of nodes in a tree-decomposition is linear, that is,
VPl eo(v.

The following special type of tree-decomposition is algorithmi-
cally useful:

Definition 15. A tree-decomposition (D, V) of a graph G is
called nice if a root r € VP can be chosen such that, in the tree
rooted at r € V2, each node d € VP falls into one of the follow-
ing four categories:

Leaf node d has no children and |V,| = 1.

Forget node d has one child ¢’ and V; =V, \ {v} for a ver-

texv € V.

Introduce node d has one child d’ and V, = V,, U {v} for a ver-
texv & V.

Join node d has two children dy, d, and V, =V, =V,..
Note that the children of a node d in VP are its neighbors that
are not on the unique path from d to r in D. More generally, we
say that a node d’ € VP is a descendant of d € VP if the unique
path from r to d’ passes through d. In particular, a node is its own
descendant.

Theorem 16 ([25, Theorem 2.2.2]). Let G be a graph and
(D, V) be a tree-decomposition of width k with D = (VP, EP).
Then G has a nice tree-decomposition of the same width with O(k -
|VP|) nodes. Such a decomposition can be computed in O(k*|V P|)
time.

Therefore, given a graph G = (V, E) of tree-width k, a nice tree
decomposition with @(k|V|) nodes can be constructed in time
oe~F |V']), which is linear if k is constant. For more information
on tree-decompositions, we refer to [22, 25, 26].

We now present our polynomial-time exact algorithm for MMCP
under Assumption 12. Let (D, V) be a nice tree-decomposition of
G of width k, which exists by Theorem 16. We define

desc, := {d’ € VP : d’ is adescendant of d in D},

X, = U V,,and

d’edesc,

G, :=G[X,].

Here, G[X,] denotes the subgraph of G induced by the nodes
in X,.

We now process D starting at the leaves and compute, at each
node d € VP, aset cut,(S) of cuts of G, for each set .S C V. For
convenience, we write T for ¥, \ .§ when discussing the node d.
The cuts (S”, T”) in cut, (S) satisfy the following three invariants:

1. SNV, =S,
2. {s}nX,CS" CX,\{t},and

3. for each cut C” = (S”,T") of G, that satisfies Invariants
(1) and (2), there exists a cut C’ € cut,(S) with cap%(C’) £
capC(C").

We also store the capacity values with the cuts to avoid
recomputation.

With access to these sets, we can obtain the desired non-
dominated cuts by checking the set cut(G) :=J scv. cut,.(S).
Since X, = V, Invariant (2) ensures that all cuts (', T’) € cut(G)
are s-7-cuts, while Invariant (3) guarantees that all efficient cuts
are contained in cut(G). Thus, we just need to remove the domi-
nated ones.

To compute the sets cut, (.S), we look at the four types of nodes in
the nice tree-decomposition. Leaf nodes d are particularly easy,
since for these G, consists of a single vertex v and all cuts have
value 0. Hence, we can usually simply set cut, (@) := {(@, {v})}
and cut,({v}) := {({v},¥)}, which satisfies Invariants (1) and
(3). The only exceptions are the cases where v = s or v = t, where
we must instead set cut, () := @and cut,({r}) := @, respectively,
in order to satisfy Invariant (2).

Next, consider a forget node d with child ¢’ and V, =V, \ {v}.
Here, X, = X, and for S CV,, we set cut,(S) :=cut,(S)uU
cut, (S U {v}), where the cut values remain the same. Hence,
all cuts added to cut,(.S) satisfy Invariants (1) and (2). To see
that Invariant (3) holds, let C” = (S”,T") be a cut in G, with
S"nV,=Sand {s}nX, CS” C X, \ {t}. This is also a cut in
G, that satisfies Invariant (2) and S” N V,, is either S or .S U {v}.
Thus, by Invariant (3) for d’, cut, (S) or cut,, (S U {v}) contains
a cut C’ with cap® (C’) £ cap®~ (C"). Since these cuts are added
to cut,(.S), the resulting collection of cuts satisfies Invariant (3).
We also note that we may remove dominated cuts from the sets
cut,(.S), which reduces their size without influencing the desired
properties.

Introduce nodes are the third node type. Let d be such a node,
with child d’ and V,; =V, U {v}. Here, the cut values must be
adjusted since G, = G, — v (where G, — vdenotes G[ X, \ {v}]).
For a fixed set .S C V,, we compute

ifves,

ifogsS

oo JHR@T)
" (RS, v)
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and usually set
cut,(S) := {(S'US.T'UT) : (S'.T") € cut, (S \ {v})}

where we increment the capacity of each cut by u*. Note that the
notation (8" U S, T’ U T) just means that we add v to the side that
should contain it. Just like in the leaf node case, if s is introduced,
then we set cut,(S) :=@ if s ¢ S, and if 7 is introduced, we set
cut,(S) :=gifre S.

To see that this is correct, we first note that the cuts we added
to cut,(S) satisfy Invariant (1) and (2). To verify Invariant (3), let

"= (S",T")be acutin G, with "NV, =S and {s}n X, C
S” € X, \ {r}. In particular, if either s or ¢ is equal to the intro-
duced node v, then we know that s € .S or ¢ € .S since such cuts
do not exist otherwise.

Let C" :=(S"\{v},T"\ {v}) be the cut restricted to
G,. Assume that ve S”. Then cap%(C”) = cap® (C")+
u(R(,T)) = cap®s (C"y+u*. Similarly, if oveT”, then
capC(C") = cap%s (C") + u(R(S,v)) = cap® (C") +u*.  An
analogous computation shows that extending a cut in G, to one
in G, changes its capacity by exactly u*. Hence, the capacities
are updated correctly.

Moreover, by Invariant (3) for d’, cut,, (S \ {v}) contains a cut ¢
with cap@ (€") < cap® (C"). By extending the cut C’ to G, (by
putting v on the appropriate side), we get

cap®(C’) = cap® (C") + u* < cap% (C") + u* = cap®(C”)

and Invariant (3) holds at d, too.

‘We now only need to deal with a join node d with children 4, and
d,.In this case, X, = Xdl U Xdz, and we set, for S C V,

cut,($) = {($; U S,. T, UTy) : (5,.T)) € cut, (S) and (5,, T) € cut, (5)}

Ifu, is the capacity of (S}, T;) in G, and u, the capacity of (S,, T)
in G, , then we obtain the capacity of (S; U S,,T; U T5) in the set
above as u; +u, — u(R(S,T)).

Again, we need to verify that this is correct. Invariants (1) and
(2) hold by definition, and we note that Gd1 N Gd2 = G[V,] and
there are no arcs between G, — V, and G,, — V, by the properties
of the tree-decomposition. Thus, an arc in the cut is also in the
cutin G, or G, , and if both of its endpoints are in V, then it
contributes to both, which is why we need to subtract u(R(S, T))
to avoid double counting. Thus, the cuts added to cut,(S) have
correctly computed capacities.

To complete the case of join nodes, we need to verify that
Invariant (3) holds at d. Let C"” = (S”,T") be a cut in G, and
letC = (S" N X,.T"nX,)and CJ = (S" N X,.T" N X,)be
the restrictions to G, and G, respectlvely Then by Invarl-
ant (3) for d, and d,, there exist cuts C| € cut, (S) and C e
cut, (S) such that cap%a(C;) £ cap®a (C{’ ) and cap®e (Cé) <
cap%e (C)). If we extend these cuts back to G, (by unifying
the sides), we obtain a cut C’ that is added to cut,(.S) and
satisfies

cap%(C") = cap% (C}) + cap”® (C}) — u(R(S. T))
< cap®a (C}') + cap® (C})) — u(R(S.T))
— Cade (CII)’

which is what we wanted to prove.

Thus, we can solve MMCP using the proposed method and it
only remains to consider the required running time. Let G be a
graph with n vertices and tree-width k. By [24] and Theorem 16,
we can compute a nice tree-decomposition of G of tree-width
k in (9(2"311) time and this decomposition has O(kn) many
nodes.

At a node d in the decomposition, the algorithm now needs to
compute the sets cut,(S). There are at most 2¢ potential sets
S and we need to bound the number of elements in each of
these sets. To do so, we set U, :=u(R); for i € {1, ..., p} and
U:=U,+1- ... (U,+1).Since the value of the cut in the ith
objective is somewhere in {0, ..., U,}, cuts in cut,(.S) can obtain
at most U distinct values. In particular, since we may eliminate
dominated cuts, we never need to store more than U cuts in the
set cut,(S). By storing these cuts in an array (with an entry for
each objective value), we can discard cuts of same value in con-
stant time.

Therefore, the processing time ...

« of a leaf node is constant,

of a forget node is in OC*U), to fill a new array for each set,

« ofan introduce node is in @(2¥(U + n)), where the additional
n is caused by the computation of the u™,

« of a join node is in OQ*(U? + n)). Here, the n comes from
the computation of u(R(S, T)), and the U? stems from the
fact that all pairs of cuts from the two children need to be
considered.

Hence, we obtain the following theorem:

Theorem 17. Let G = (V, R,u) be a network of tree-width
k and let U; :=u(R); for ie{l,....,p} and U :=U, +
1) --- (U,+1). Then, MMCP can be solved in 0% n +
kn2X(U? + n)) time. In particular, MMCP is solvable in quadratic
time under Assumption 12.

Since series-parallel graphs have tree-width at most two [21],
Theorem 17 implies the following result:

Corollary 18. If the network G = (V, R,u) is series-parallel,
the number of objectives is constant, and the arc capacities u are
integral and polynomially bounded, then MMCP is solvable in poly-
nomial time.

Regarding the budgeted minimum s-¢-cut problem, we obtain the
following result:

Corollary 19. If the network G = (V,R,u) has constant
tree-width and the arc capacities u and removal costs b (r) are
integral and polynomially bounded, the budgeted minimum s-t-cut
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problem can be solved in polynomial time if the number of budget
constraints is constant.

7 | Conclusion

Motivated by the unique complexity status of the multi-objective
minimum s-z-cut problem, this article explores its
polynomial-time solvability and the existence of an MFPTAS
under restrictions on the capacities and the graph class. To show
the equivalence of polynomial-time solvability and the existence
of an MFPTAS, we provide a general result for multi-objective
problems with non-negative integer objective values that are
polynomially bounded in the input size. Next, hardness results
are shown for the case of two objectives and capacities in
{(1,0),(0,1)} or {(0,1),(1,1)}, which, from a more holistic point
of view, implies that there is no restriction of the capacities in
a way that none of the two objectives becomes obsolete such
that the problem becomes polynomial-time solvable. This, in
particular, yields the first multi-objective problem for which
no MFPTAS exists even though the number of non-dominated
pointsis linear in the input size and the single-objective version is
polynomially solvable. Furthermore, our results yield improved
hardness results for the single-objective budgeted minimum
s-t-cut problem. We complement our hardness results by show-
ing that, on graphs of bounded tree-width, the multi-objective
minimum s-7-cut problem with polynomially bounded arc capac-
ities can be solved exactly in polynomial time for any constant
number of objectives.

While our results further emphasize the unique complexity sta-
tus of the multi-objective minimum s-z-cut problem, a natural
question is whether further relevant problems with similar prop-
erties exist. Moreover, since the best known approximation algo-
rithms for the p-objective minimum s-#-cut problem yield (p +
£)-approximations, there is still a gap concerning the best obtain-
able approximation quality for the problem.
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Endnotes

! The assumption of non-negative objectives is required for the definition
of approximations and used throughout the corresponding literature,
see [9].

2 Note that the assumption that the number of objectives is constant is
common in multi-objective optimization.
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