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Hopf terms are topological theta terms that are associated with a host of interesting physics, including anyons,
statistical transmutation, chiral edge states, and the spin quantum Hall effect. Here, we show that Hopf terms
can appear in two-dimensional metals without spin-orbit coupling in the vicinity of spin-ordered phases. In their
vicinity, their spinlike order parameters have a finite amplitude, but fluctuating orientation. When both a magnetic
and a spin loop-current order parameter fluctuate in the system, we show that the phase is governed by the Hopf
term and realizes a Hopf symmetry protected topological phase. This phase is protected by the unbroken SU(2)
spin rotation symmetry, is gapped in the bulk, has chiral gapless edge states, and its spin-Hall conductance is
quantized. Lattice models that realize this phase are introduced. In addition, we provide an elementary proof that
the 6 angle of the Hopf term must be quantized to multiples of 7 in nonrelativistic systems, thereby precluding

anyonic skyrmions in condensed matter systems.
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I. INTRODUCTION

Hopf terms are topological theta terms of three-component
unit-vector fields 72(x) in 2 4 1D. They were first introduced in
an article by Wilczek and Zee [1] that showed that Hopf terms
grant fractional statistics to skyrmions [1,2], thus providing
one of the first realizations of anyons [3-7]. Although it was
soon realized that anyonic Hopf terms are not possible in non-
relativistic systems [8—14], bosonic and fermionic Hopf terms
have been found in many systems. At first glance, the most
frequently found bosonic Hopf terms seem uninteresting for
they neither change the statistics of skyrmions nor add relative
phases between topological sectors in the path integral. Yet it
is precisely for these same reasons that bosonic Hopf theta
terms of the bulk can be recast into Wess-Zumino terms of the
boundary. When in the disordered phase, such Wess-Zumino
terms are necessarily accompanied by chiral gapless edge
states that carry quantized spin charges preferentially along
one direction [15]. Consequently, the spin-Hall response is
quantized [15]. Such phases that are gapped in the bulk and
do not break symmetries, but are topologically nontrivial due
to short-range entanglement, are called symmetry protected
topological (SPT) phases [16,17]. When the Hopf term is
fermionic, the disordered phase is either gapless and confor-
mal or gapped and twofold degenerate [18].

In light of the importance of the topological theta term
in antiferromagnetic Heisenberg spin chains [19-22], many
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have searched for the Hopf term in two-dimensional antiferro-
magnetic Heisenberg models [23]. Unlike in the 1D case, the
Hopf term is nonlocal in the original spin variables and a total
derivative in the gauge-redundant variables [2], so finding it
is a delicate affair. All studies to date [24—-28] have found
that there is no Hopf term, whether on a square or triangular
lattice [29].

If one couples fermions to a three-component unit-vector
field 71(x), their fluctuations may induce a Hopf term in the
effective action of 72. Within gradient expansions, such Hopf
terms are a result of radiative (or loop) corrections and are
called radiatively induced [30]. Using gradient expansions,
radiatively induced Hopf terms have been found in thin films
of spin-triplet superfluid *He-A [31], v = 1 quantum Hall
states that retain spin freedom due to weak Zeeman cou-
pling [32-36], a modified Haldane’s model [37], quasi-1D
organic conductors with spin-density waves [38], and rela-
tivistic fermion models with Yukawa coupling to isospin [39].
In all cases, the Hopf term coefficient 8 is found to be &
times the Chern number C that characterizes the fermionic
band Hamiltonian with 7i2(x) set to a constant [40]. However,
Hopf terms can arise even when the Chern number vanishes,
as is the case for Dirac systems. The simple form of the Dirac
Hamiltonian enables the nonperturbative calculation of the
Hopf term’s 6 angle, whether by embedding # in a larger
manifold that has no topological invariants in 2 4 1D [41,42]
or by calculating the phase difference for a specific field con-
figuration with a finite Hopf number [43]. Such Dirac models
with Yukawa coupling to 72 have been used to describe topo-
logical superconductors [44], superconducting boundaries of
topological insulators [45], and lattice models tuned close to
Dirac points [46—48].

In this article, we consider radiatively induced Hopf terms
near spin-ordered phases whose order parameters couple to

Published by the American Physical Society
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FIG. 1. Schematic temperature 7 vs tuning parameter p phase
diagram of a crossing between a magnetic and spin loop-current
insulator in 2 4 1D. Due to Hohenberg-Mermin-Wagner’s theorem
[49,50], the magnetic (dark red) and spin loop-current (dark blue)
phases, which break the SO(3) spin rotation symmetry, only set in
at T = 0. At finite T, the orientations of the corresponding order
parameters ¢ and ¢', respectively, fluctuate, as indicated by the
light red (o< |¢|?) and light blue (ox |¢'|?) shading. In between, the
time-reversal-odd Ising variable ¢ - ¢ may condense, resulting in a
time-reversal symmetry-breaking (TRSB) phase (light purple). Be-
low it, if the spin rotation symmetry stays unbroken at 7 = 0, a Hopf
symmetry protected topological (SPT) phase will generically appear
(dark purple).

electrons via Hund’s coupling (~¢ - o). To retain the SO(3)
spin symmetry that is necessary for the dynamical relevance of
topological terms, we assume negligible spin-orbit coupling
and focus on the region surrounding the spin-ordered phases
where the spin order has not yet set in and where the spin rota-
tion symmetry is unbroken. We study the necessary conditions
for the appearance of a Hopf term and find that simultaneous
presence of a magnetic ¢ and a spin loop-current ¢’ order
parameter is needed to break time-reversal (TR) symmetry
without breaking the spin rotation symmetry. We therefore
consider the crossing of magnetic and spin loop-current order,
as depicted in Fig. 1. In between, we show that a partially
ordered phase can arise which breaks TR through the conden-
sation of ¢ - ¢’, while retaining the spin rotation symmetry
by not having ¢ or ¢ condense. Drawing on previous work
[15,47], we argue that this phase is an SPT phase with chiral
gapless edge states and a quantized spin-Hall conductance.
A number of lattice models for this phase are introduced
and studied. We also discuss why the 6 of the Hopf term is
always quantized in lattice models appropriate for condensed
matter physics, as this is not always respected in relativistic
continuum (Dirac model) descriptions.

The paper is organized into two parts. The first part (Sec. II)
deals with the general definition and physical consequences
of a Hopf term, while the second part (Sec. III) derives a
Hopf term in Hund-coupled spin-ordered insulators that have
no spin-orbit coupling (Fig. 1). The first part starts with the
definition of a Hopf term in the simplest case of a relativistic
spacetime. In Sec. II B, we then explain why this definition
needs to be modified when matter breaks relativistic covari-
ance and how this implies that the Hopf 6 is quantized before
finally turning to the physical consequences of a Hopf term in
Sec. IIC. We begin the second part by introducing a general

lattice model of a Hund-coupled spin-ordered insulator. Ra-
diatively induced Hopf terms are calculated for this model in
Sec. III B and the necessary conditions for their appearance
are derived in Sec. III C thereafter. In Sec. III D, we intro-
duce concrete lattice models that realize the Hopf SPT. We
conclude with a discussion of experimental signatures and
possible realization of our proposal, as well as open problems.

II. THE HOPF TERM

In this section, we define the Hopf term, show that it is
quantized for nonrelativistic spacetimes, and discuss its phys-
ical consequences.

A. Definition and interpretation

The Hopf term [1,2,11] is a topological theta term [51]
constructed from the Hopf invariant Qyepr € Z, which is a
topological invariant that enumerates the topologically dis-
tinct mappings from the three-sphere S° to the two-sphere S?
[52,53]. The corresponding homotopy group is 73(S?) = Z.
Here, we precisely define the Hopf term and build some phys-
ical intuition regarding it, both of which shall be important
later on.

In physical settings, mappings from S* to S? are real-
ized through vector-valued fields ¢(x) = ¢ fi(x) € R3 whose
amplitude |@(x)| = ¢ # 0 has condensed, but its direction
fi(x) € S? still fluctuates. Here x = x* = x = (1, r) are the
coordinates of the 2 + 1D spacetime. In the systems that we
shall study (Fig. 1, Sec. IIl), ¢ is the order parameter of
a magnetic or spin loop-current phase. In fact, as reviewed
in the Introduction, most studies to date had such spinlike
order parameters for ¢ that either described magnetic phases
[24-28,32-38,47,48] or triplet superfluids [31,44,45]. This is
because an SO(3) symmetry is needed to enable the fluctu-
ations of # at low energies, and the main way of realizing
this symmetry is through spin, while having no spin-orbit
coupling.

To study hopfionic instanton events, one compactifies the
R3 spacetime to a three-sphere S°, implicitly assuming that
fi(x) goes to a constant at spacetime infinity. Notice how this
compactification scheme presumes that space and time are
interchangeable—a point that we shall come back to in the
next section. The Hopf invariant is now given by the nonlocal
expression

x) - [fG) x f(xN)]

, 1
d|x — x|} M

Oroptlit] = / dxadxr T

where the integral goes over the whole spacetime and f(x) is
the topological field strength:

Fi(x) = %e‘”"ﬁ(x)- [0,R(x) x 3,A(x)]. 2)

Here and elsewhere, summations over repeated w, v, p €
{0, 1,2} are implicit, we use Euclidean signature (g,, =
g = 6,.), and €""? = ¢,,, is the Levi-Civita symbol.
Intuitively, the Hopf invariant measures the way magnetic
(or baby) skyrmions wind with themselves or around each
other. Skyrmions are, let us recall, solitons that are topolog-
ically protected by their winding number invariant, which is
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FIG. 2. An example of a field configuration 71(x) that has a unit
Hopf number Qypr = +1. Everywhere outside of the lightly blue-
shaded torus, 7i(x) points along +é;3 to within an angle of 7 /3. Within
the torus, the thick lines (tubes) denote regions where #(x) is oriented
along the directions indicated by the legend. One way of interpreting
this field configuration is as the creation of a skyrmion—antiskyrmion
pair that then winds around itself before getting annihilated.

related to the homotopy group m2(S?) = Z [54,55]. For a 2D
surface ¥ without a boundary (9% = 0), the integer-valued
skyrmion or winding number of 7(x)|.cx restricted to X
equals

Ouy = fz a8 - f2). 3)

If a skyrmion is oriented along 7. in its core, its trajec-
tory is specified by the path y,(fi,) made of points x, €
ye(@.) such that fi(x.) = fi.. Here the index ¢ enumerates
the skyrmions. More precisely, if two y, are far apart, we
speak of distinct skyrmions, whereas a group of Qg paths y,,
£ e{l,..., Quy}, moving together constitute one skyrmion of
charge Qgy. Whether a path y, corresponds to a skyrmion or
antiskyrmion depends on whether f(x) is positive or negative
for x € y,, respectively. As we prove in Appendix A, the
Hopf invariant can be expressed in terms of linking numbers
between these paths:

Onopr = Y _ link [y, (i), ye (&), )

124

where 7. and fl/c are fixed, but different, unit vectors. A field
configuration with a finite Hopf invariant, often referred to as
a hopfion, is illustrated in Fig. 2.

The Hopf term is defined as [2]

SHopf[ﬁ] =—i6 QHOpf[ﬁ]a (5)

where 6 € R is the angle that specifies this theta term, Qgopr
is integer-valued for #2(x) that go to the same constant for all
directions at infinity, and an imaginary unit appears explic-
itly because the action is Euclidean (e ~Storl#l = ¢ifQuonrl@l jg 5
phase, as it should be).

To see how the Hopf term affects skyrmion statistics, con-
sider a skyrmion of charge Qg that is made of Qg paths
ve, L €{l, ..., Ouy}. From Eq. (4), it follows that the phase

changes by !9 Quy upon the exchange of two skyrmions of
charge Quy and Q€ Z, but also that 27 rotations of one

skyrmion result in the phase factor e’ Hence the Hopf
term (5) grants fractional spin S = % gky and statistics to
skyrmions [1]. When 6 = 2n7z or (2n + 1)z for some n € Z,
we shall call the Hopf term bosonic or fermionic, respectively.
We discuss further consequences of a Hopf term in Sec. II C.

B. Quantization of theta

The expression (1) for the Hopf invariant only applies
when the skyrmion number Qguy = [ dx' dx*f9(x) vanishes.
At finite temperatures, spacetime is periodic in imaginary
time 7 =x° and topological sectors with a finite number
of skyrmions, although of higher energy than the Qgy, =0
sector, are not completely suppressed by their Boltzmann
factors. Hence spacetime compactifies to S! x S? rather than
Sg and 72(x) configurations with finite Qg appear in the path
integral. Because of these two nonrelativistic effects, & must
be quantized to multiples of w [8—14]. Anyonic skyrmions
are therefore not possible in condensed matter systems.
Here we prove this statement. Although this result is impor-
tant, the proof that follows is technical and can be skipped
without affecting the understanding of subsequent sections.

To recast the Hopf invariant, note that from A% =1 it fol-
lows that d,# is orthogonal to 7. Hence there are only two
linearly independent d,72. The divergence of the topological
field strength 9, f* oc det(d,#, 0,7, 0,ft) therefore vanishes
identically:

V. f(x)=0. (6)

Locally, we may thus always write it in terms of a vector
potential:

fx) =V xax). @)

Globally, however, this cannot be done whenever Qg is
nonzero because a global a(x) would imply that

styzf dS-(an):f d¢-a=0, ®)
S? IS7

as follows from Stokes’ theorem and the compactification
of space (38,2 = 0). Note that dS = &, dx' dx? for 8,2. Said
differently, a(x) asymptotically decays like Qg /7 because of
the finite flux through the T = 0 plane. This, in turn, obstructs
the introduction of an a(x) that is well-defined at compactified
spatial infinity, reflecting the presence of a Dirac string at
r — +00.

In the Qgy = O case, the global a(x) can be used to recast
Eq. (1) into a local form

Oopf = /d3xa-f= /d%e’“”auava,}. )

This is possible at the expense of introducing a gauge re-
dundancy a — a + V x. Equation (1) is recovered by solving
f =V xa in the Coulomb gauge V -a =0. In terms of
a,(x), we thus see that the Hopf term (5) takes the form of
an Abelian U(1) Chern-Simons term [56,57]:

Scslal = —ikn/d3x6’“”au8vap. (10)

The Chern-Simons level £ is an integer whenever large gauge
transformations exist [57]. Since large gauge transformations
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FIG. 3. Partition of compactified spacetime S! x &? into V; =
V/ — A (red region) and V, =V, + A (blue and purple regions).
Since spacetime is periodic in imaginary time T = x°, which corre-
sponds to height in the figure, the drawn cylinders represent toruses.
Here A is the volume change under the deformation V,, — V. A}, =
oV, = —0V,, A}, = dV] = —dVj, and X are 2D surfaces, whereas
Ly, L},, and Ly, are 1D lines. dA = Ay —Apand 0X =Ly, — Lj,.

exist for S! x §?, namely, those where U(1) winds in imag-
inary time, it follows that 6 = km is quantized [8—14]. An
example of a large gauge transformation is x (x) = 2mrmx°/B,
where m € Z is the winding number.

It is instructive to see a direct proof for why 6 must be
quantized. The currently available proofs [8—14] all employ
a Cech cohomology construction [8,58] that is not easily
accessible to most practicing physicists. Here we provide an
elementary proof.

We start by generalizing the expression (9) for the Hopf
invariant to the case of nonzero Qq. Naively, one might
attempt to simply define it piecewise like so:

/d3xa1-f+/ d*xas - f, (11)
Vi V2

where V; UV, = 8! x §? partition spacetime (Fig. 3) and
V x a, = f on each V,. However, this expression depends
on both the gauge a, > a, + V x, and the V,, — V used to
partition spacetime.

To introduce the necessary correction terms, first note that
by Stokes’ theorem

, (12)

x=t

Ouy = jﬁde (@ —a)

where the loop integral goes over a fixed-t cross-section of
App = dVy = —dV,. We can therefore write a; —a, = Vyn
only if we allow v, to have a jump of Qg at a certain r;
for all . These points of discontinuity constitute a timelike
curve L1, = {(z,r;) | T € [0, B]} contained in A;,, as shown
in Fig. 3. The Hopf invariant is now given by

QHopf:/ d3)Cal ’f+/ d3xa2'f
V] VZ

- [ as-svnron [ ata ay

App Ly
This expression is invariant under local gauge transformations
a, — a, + Vy, because v, — Y12+ x1 — x2 simultane-
ously changes to cancel any gauge-dependent terms. Due
to the last line integral, it is also invariant if we move the

jump line L;; — L, by increasing Y12 by Quy on a s
contained in A, whose X = Ly — Ly,. Increasing v, —
Y12 + ¢ globally by a constant also doesn’t affect Qyopr be-
cause [, dS-f=¢§,, d€-a; =0,as follows from dA;; =
0. Finally, Eq. (13) is invariant under deforming V; — V| =
Vi+ A and V, -V, =V, — A as depicted in Fig. 3, as
one can show by exploiting the relations dA = A}, — Ajs,
a(x) —ax(x) = Vii2(x) + Quiy f): dS,8(x —x'),and 9% =
Li; — Li,.

Under a large gauge transformation a,, — a,, + V x, where
x(x) =2mmx/B withm € Z, we find that

QHopf = QHopf + 2’/anky’ (14)

where the additional factor of two arises because of the L,
line integral in Eq. (13) [8]. Hence, to ensure the gauge invari-
ance of the topological Hopf phase factor

e_SHopf — engHopf — ei02szkye_SHopf’ (15)

6 = km must be quantized, i.e., k € Z.

For compactified relativistic spacetimes = S, Qqy van-
ishes identically. This holds because space contracts to a point
at temporal infinity, implying Qguy, = 0 as T — Foo. Topo-
logical continuity then enforces Qyy, = 0 for all time. This is
why anyonic 6 are possible in relativistic theories over S> (but
not more generally [14]).

C. Physical implications

Here, we discuss the physical implications of a Hopf term
[1,15]. Many of these same points were discussed recently in
Ref. [47]. Throughout we shall assume that 72(x) is a spinlike
TR-odd field that gaps out the itinerant fermions via Hund’s
coupling (~ - 0), as in the model of the next part (Sec. [T A).

One much-discussed implication of a Hopf term is that it
changes the spin and statistics of skyrmions [1]. As explained
in Sec. IT A, a Hopf term induces fractional spin

b »

§= ngky (16)

to skyrmions of charge Qgy and modifies their statistics, so

that under exchange the phase changes by e’y More gener-
ally, under the exchange of two skyrmions of charge Qg and

;ky, the phase changes by e However, as we proved
in the last section, 6 is quantized in all condensed matter
systems [8—14], thereby precluding anyonic skyrmions. For
the intersection of magnetic and spin loop-current order that
is the focus of our article (Fig. 1), we find that

0 =—-nC a7

is always bosonic, i.e., that the Chern number C is always even
(Sec. IIT). The statistics of skyrmions thus never changes for
the systems of interest.

Apart from a Hopf term, the low-energy effective action of
it(x) includes kinetic terms such as

Sianlii] = § / &x (3,07, (18)

where K is the phase stiffness. (The fermions are absent from
the low-energy effective theory because they are gapped.)
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This particular kinetic term describes antiferromagnets. Ferro-
magnets have an additional spin Wess-Zumino term [59-62].
Since we are in 2 4+ 1D, at T = 0 the K of this O(3) nonlinear
sigma model may either flow under RG toward the ordered
K — oo phase or toward the disordered K = 0 phase, de-
pending on the initial value of K [51]. At finite temperatures,
however, the Hohenberg-Mermin-Wagner theorem [49,50]
forbids the spontaneous breaking of the SO(3) rotation sym-
metry, so K always flows toward zero.

In the ordered phase, the SU(2) spin rotation symme-
try is broken and # fluctuates around some mean value .
Skyrmionic and hopfionic field configurations are strongly
suppressed by their kinetic energy cost. Hence the Hopf term
is irrelevant. That said, when the Chern number C is finite,
the ordered phase is a TR symmetry-breaking topological
insulator [63] that has chiral gapless fermionic edge states,
in addition to the gapless spin waves of the bulk, and it ex-
periences the anomalous Hall effect [64]. Because the Chern
number vanishes for both a TR-odd 7 and a TR-even @’ in
isolation, as we show in Sec. III C, both the magnetic and the
spin loop-current insulators of Fig. 1 are always topologically
trivial.

The disordered phase, in contrast, is essentially an in-
stantonic (hopfionic) gas and is thus governed by the Hopf
term. For bosonic 6 € 27 Z that are nonzero, the disordered
fixed point describes an SU(2) SPT phase [15,47]. This phase
preserves the SU(2) spin rotation symmetry and is topolog-
ically nontrivial due to short-ranged entanglement [16,17].
Since 8 = —nC for our system [Eq. (17)], as we shall see
in Sec. III B, to realize this phase we shall need to somehow
break TR symmetry without breaking the spin rotation sym-
metry. This is done by considering the region where there
is both a TR-odd magnetic 72(x) and a TR-even spin loop-
current 2’ (x) present in the system. The TR-odd Ising variable
f(x) - A’'(x) may then condensed, as depicted in Fig. 1, to give
a nonzero Chern number of the band Hamiltonian (Sec. II1 C).
At zero temperature below this TR symmetry-breaking phase,
a Hopf SPT will generically appear (Fig. 1). There are two
fruitful ways of studying this SPT fixed point: either by look-
ing at the boundary of the system or by probing the system
with an external SU(2) gauge field.

Due to the constructive (bosonic) interference between
topological sectors, the bulk of the disordered phase continues
to be gapped, as it would be in the absence of a Hopf term.
However, if a system possesses a boundary, the topological
Hopf theta term of the bulk acts as a Wess-Zumino term of
the edge theory. As we shall show in Sec. III B, in terms of
the SU(2) group-valued field U (x) that is defined through
U'akx)-eUx) =03,

_ 1 —1 A3 1
OHopf = GY) (U™ dU)"™, 19)
where A is the wedge product. On symmetry grounds, the

edge theory therefore takes the form of a Wess-Zumino-
Witten model of level k = 6 /(2m) [15,47]:

Sedge[U] = [ dzx[%tr(aﬂU_l)(a"U)+£imi|

k
—i— | w@U~du)™, (20)
127

0 _ 1

where x T is imaginary time, x' goes along the spa-
tial boundary, A is a coupling constant, and L, are
additional terms that break the SU(2)g right-multiplication
symmetry U(x) — U(x)g, where g e SU(2). The SU(2),
left-multiplication symmetry U (x) + gU (x) corresponds to
the spin rotation symmetry and is preserved by Lip.

The Wess-Zumino-Witten model (without L;,) has been
extensively studied [65-67] and it is well-established that it
flows toward the gapless fixed point A = 87 /|k|. At this fixed
point, the model has decoupled left-movers J. and right-
movers J_ whose equations of motion are

0zJs =0, 1)

where x* 1= x? +ix!, 91 := 9/9x%, and

(.U, fork >0

T = {—U"(LU), fork <0, (22)
) —U'(3_U), fork>0
Jo = {(ELU)U*‘, fork < 0. (23)

For both positive and negative k, J., and J_ have differ-
ent transformation properties under left-multiplication U +—
gU, one being invariant and the other being covariant, i.e.,
charged. As shown in Ref. [15] (cf. Ref. [18]), J+ will con-
tinue to be gapless even when SU(2)g is broken by Liy
because the mass term ~trU? is forbidden by SU(2); and
because the different SU(2), charges prevent scattering be-
tween J1 (e.g., through a scattering term ~trJ,J_) that could
also potentially gap the edge states. The SPT Hopf phase
therefore has chiral gapless edge states that carry SU(2),
charge preferentially in one direction [15,47].

The SPT Hopf phase can also be studied by coupling it
to an external SU(2) gauge field B,. This is done through
the minimal substitution U~'3,U — U~'(d, +iB,)U. For
the Hopf term that describes the SPT fixed point, this results
in [15]

tr(U~" AU — u[—iB® —=3F AA
+ 3d(BAA)—iAM, (24)

where  F,, := 0,8, —0,B, +i[B,, B,] and Au =
—i(3,U)U~". From this expression, we see that B,, couples
only to A,, which corresponds to J; (J_) on the boundary
when k£ > 0 (k < 0). After integrating out the group field
U(x), one finds a non-Abelian SU(2) Chern-Simons term in
the effective response action [15]:

k 1
Sresp[B] =—i— / tI'(B ANF—i=BABA B) (25)
4 3

There are two important implications of this. The first is
that the spin current J;} = 8Srep/ 855, experiences the spin
quantum Hall effect, with a spin-Hall coefficient that is pro-
portional to k = 8 /(2mw) = —C/2 [15,47]. The other is that, in
the presence of a boundary, this effective response action has
a gauge anomaly that can be partially integrated to only reside
on the boundary. To cancel this gauge anomaly, the edge the-
ory therefore must have chiral gapless fermions [15,47]. Via
non-Abelian bosonization [65], these gapless fermionic edge
states correspond to the same gapless edge states described by
the Wess-Zumino-Witten model of Eq. (20).
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III. SPIN-ORDERED INSULATORS

In this part, we analyze the situation depicted in Fig. 1: that
of an intersection between a magnetic and spin loop-current
insulator. As we shall demonstrate, a Hopf term generically
appears here, resulting in a Hopf SPT at zero temperature.
This Hopf SPT, which we analyzed in Sec. IIC, is char-
acterized by chiral edge states and a quantized spin-Hall
conductance.

Although radiatively inducing a Hopf term through cou-
pling to fermionic spins has been studied in many contexts
[31-38,46—48], the concrete setting and approach that we are
employing here has not been done. Moreover, given recent ad-
vances in engineering magnetic heterostructures [55,68-71],
there is hope for realizing our proposal. To guide experimen-
talists, we carry out a detailed symmetry analysis (Sec. III C)
of a very general spin-ordered insulator model (Sec. IIT A)
to see what the necessary conditions are for the appearance
of a radiatively induced Hopf term (Sec. III B). We find that
simultaneous magnetic and spin loop-current order is needed,
in addition to the absence of reflection symmetries. In the
last Sec. III D, we provide lattice model realizations of our
proposal.

A. Spin-ordered insulator model

Even in purely fermionic systems, bosonic three-
component fields ¢(x) can emerge as the effective degrees of
freedom at low energies [51,72—76]. This happens naturally
when a Fermi liquid condenses into a spin-ordered insulating
phase with a pseudovector order parameter ¢(x). Since the
fermions are gapped, only the fluctuations of ¢ = ¢ 7 are rele-
vant at low energies. In the absence of spin-orbit coupling, the
spin rotation symmetry implies that long-wavelength fluctua-
tions of the orientation unit-vector field 72(x) are energetically
inexpensive. Physically, this phase is characterized by mag-
netism (spin loop currents) for TR odd (TR even) ¢(x).

The order parameter ¢(x) is formally introduced by per-
forming a Hubbard-Stratonovich transformation [51] on the
dominant four-fermion interaction channel. By assumption, in
our system the dominant interaction is

1 rf
Sim[w]=—5/ dt ) V(@R —R)SR)) - S(R), (26)
0

R\R,

where R go over the real-space lattice,

S“R) := % D VR4 HI@o“y@®R) +He. @27
s

is a spin-like Hermitian operator, S"(R) = S(R), and V (R) =
V*(R) = V(—R) is the interaction. Here § go over lattice
neighbors, ¥ (R) is the column-vector of fermionic field (anni-
hilation) operators, I'(8) are orbital matrices, and o are Pauli
spin matrices. After a Hubbard-Stratonovich transformation:

B
Sl 91 = [ dr 3SR+ ®)
R

0

1 r#
T Y DN STTARTS)
0 RiR;
(8)

where ¢ is a real three-component field and V! is the matrix
inverse, X:R7 V(R —Rz)Vﬁl(Rz —R3) = 8R1R3-

When S(R) - ¢ gaps the fermions, pushing the occupied
states to lower energies, it may become energetically favorable
for ¢ = ¢ # to condense. For our system, we shall always
assume that it is in a regime where condensation takes place.
For reasons that shall become apparent in Sec. III C, we shall
also assume that there is another ¢’ = ¢’#A’ which is TR
even (spin loop-current), in contrast to the TR odd (magnetic)
¢ = ¢ n (Fig. 1). The Hubbard-Stratonovich transformation
for ¢’ proceeds analogously to ¢. The fermionic action now
acquires the form

B
Sferm[‘ﬁ’ﬁ] = / dr Z &(Rl)l:ar +H(R1 _R2)

0 RiR;

1
+ 'Ry _Rz)z(ﬁ(Rl) +aRy)) -0

1
+ 'Ry — Rz)z(ﬁ’(&) + /' (R)) - 0}0(&),
(29)

where H(8) = H'(—3§) is the band Hamiltonian. Here I'(§) =
I'"(—8) and I'"(8) = I'""(—8) have absorbed the amplitudes
@ and ¢’ of the order parameters ¢ = ¢ 7 and ¢ = @' 7/,
respectively. Since the Hamiltonian H(§) describes the al-
ready renormalized Fermi liquid quasiparticles, we shall not
include further fermionic interactions. To enable gapless fluc-
tuations of 7 and 7', we shall assume no spin-orbit coupling,
[H,0%]=0.

B. Radiatively induced Hopf terms

The fermions described by Eq. (29) may induce various
terms in the effective action of 2 and /', including Hopf terms.
For the moment, let us focus on 7 and omit #’; we shall
reintroduce it later. In principle, all these terms are contained
in the exact expression

Sola] = —Trlog (3; + H+ T h - o) (30)

that one obtains by integrating out the fermions. However,
to get something manageable out of this expression, further
manipulations and approximations are needed, namely, an
expansion in the gradients of 7. Hopf terms that are generated
and that can be captured by a gradient expansion we shall call
radiatively induced [30].

The gradient expansion is performed by rotating the
fermionic spinors along #1(x) with the help of an SU(2) group-
valued field U (x) that is defined through [31]

U'ax)-oUx) =0’ (31)

There is a U(x) — U(x)exp(ix(x)o3) U(1) gauge freedom
inherit to this definition. Gradients of 7z now correspond to the
non-Abelian SU(2) vector potential

3
A, = ZAZJ“ =A,.-0:=-iU'Q,U), (32

a=1
which is gauge-free in the sense that it has a vanishing
non-Abelian SU(2) gauge field strength or curvature F,,, as
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follows from U~'[9,,, 8,]U = 0:

Fow=F,  -0:=0,A, —0,A, +iA,,A] =0,
F,, =0A,-0A,—24,xA, =0. (33)
A, is related to the vector potential a,, of Eq. (7) via
a, = LA3, (34)
27 M

from which we see that one cannot introduce a global U (x)
whenever skyrmions are present (Sec. IIB). This poses no
problem for the gradient expansion because it is performed
locally around a point. The Hopf invariant (9) in terms of U is
simply the winding number of mappings from the spacetime
three-sphere S? to SU(2) = S°:

- L [wwravys
QHopf - m r )
1
=53 /d3xe’”"AM “(A, xA,). (35)

Proof and further properties of U are provided in Appendix B.

When ii(x) slowly varies in space and time, we are justi-
fied in expanding the action (29) in gradients using ¥ (x) —
U () (x). The result is (Appendix C)

Sferm[wa Ul= Z I/71<+(1/2|:G/:18q + V]E,l(;
k.q
2 3
+ V,ﬁ’;+v,£,;+-~-]wk,q/2, (36)
where x = (7,R), k=k' =k, = (—w, k), g=(—w,,q),

the frequencies are Matsubara, the momenta go over the first
Brillouin zone, and

G,' =iko + Hy + Tyo”, (37)
VO = %{aaG—,;] <Au>q}, (39)
SR T R
= % { aZ;Lk;alk/ (AiAjAg)g

L, 1, 1
+ <§1(a,-Aj)AK — 1Ai9A0) — Za,»a,A,_;> } (40)
q

Here the curly brackets are anticommutators and summations
over u € {0, 1,2} and i, j, £ € {1,2} are implicit. Since the
fermions are defined on a lattice, the path integral measure is
invariant under ¥ (x) — U (x)¥ (x), i.e., there is no anomaly.

To find the Hopf term, we need to identify which terms
include €*"?A,, - (A, x A,), as in Eq. (35), or ¢*"PA, - 0,4,
due to Egs. (33), in the expansion of

So[U] = —Trlog G™' — Trlog(l + GV +...).  (41)

Here one should keep in mind that derivatives of A, can not
only arise explicitly through V™ but also indirectly when in
the expansion in slow momenta we find terms proportional to
the slow momenta.

The potentially relevant terms are

$; = —1TtGVOGYIGYD 4 iy VGV — TiGY©®
(42)

to zeroth order in slow momenta and
Sy = 3TrGVVGYY — TrGY® 43)

to first order in slow momenta. In S;, the TrGV® term in-
cludes only spatial components and derivatives and therefore
cannot contribute to the Hopf term. In V@), the fact that
A;A; contracts with the symmetric tensor 9;0;Gy = 9;0;Gx
means that we effectively have %{Ai, Aj}=A;-A; 1. Hence
the TrGVVGV®@ term in S has the wrong index structure
for the Hopf term. The TrGV® = Y, trGyV)_, term in S,
has no slow momentum (¢ = 0), so it drops out as well. The
relevant terms are therefore

1
r__ (D)
Sy = 3 Z tr(GkVqu/qu/Z,*qlfqz

k.q1,q>
(1) (1)
X Gk+¢]l +q2 Vk+q| +q2/2,q2 Gk+¢]l VkJrql /2,q1 ) ’ 44)
1
r_ (1) (1)
$i=3 DGV 1 GierdViyy g (45)
k.q

which are the same ones that have been originally identified
for a simpler continuum model [31]. After expanding in the
slow momenta ¢, g, and ¢, we thus find

—1

S| = ﬂZ(ux;xf;gj)k f Ex(AfAVAT) . (46)
k

Sy = ﬁ > (rXxix,x?), / Ex(A%0,A47) . @7
k

where L? is the total area of the system and

G "
ok,

. 1]aG;!
X, (k) == Gy . XAk) =Gz

Lott @8
2akﬂa} “%)

Equating S} + S8} = —i0Qopt + - - -

pression for the Hopf 6 angle:
1

0 — ——

24x

Here the T = 0 thermodynamic limit has been taken, the ky =

—w integral goes from —oo to 0o, k = (ky, k») goes over the

first Brillouin zone, and summations over u, v, p € {0, 1, 2}

and a, b, c € {1, 2, 3} are implicit. This is the main result of
the current section.

This formula for the 6 angle, in fact, applies more generally
to topological theta terms in 2 4- 1D that are associated with
winding numbers of SU(2) group-valued fields (Eq. (35)). Let
us consider a system that simultaneously orders in two spin
channels whose order parameters have orientations 72 and /’,
as originally in Eq. (29). At low energies, the fluctuations in
the relative orientation 7 « 2 = cos o will becomes massive,
just like amplitude fluctuations. An SU(2) group-valued field
defined through

Ul ax) -oUx) =0,

yields the final ex-

i
Bk e"Pir [geahcxngbx; + X,foxg] . (49)

Ul A (x)-oeU(x) =cosa o’ +sinac'  (50)
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will therefore describe the low-energy physics, assuming no
spin-orbit coupling as before. Notice how there is no residual
U(1) gauge freedom left in this definition of U (x), unless o =
0 or 7. The O resulting from the fermionic action (29) will
now be given by Eq. (49), but with a modified

G;l = iko + Hy + Tyo® + F,;(cosot03 +sinaol). (51)

When # and /2’ have opposite TR signs, relative angles of
a and 7w — a have the same energy and 72+ 7' = cosa is a
TR-odd Ising variable that may condense at finite tempera-
tures (Fig. 1). Within the TR symmetry-breaking phase, we
cannot make rigorous general statements regarding o, except
that o # 7 /2. However, we can give two heuristic arguments
for why o should generically equal O or 7, as needed for
a Hopf term proper. On the one hand, when the gapping of
the Fermi liquid is small, only retaining the lowest-order term
in the free-energy expansion F = Fy + a(@t - i')*> + - - -, with
a < 0, gives minima at « = 0, r. On the other hand, due to
the different TR signs, the nodes of the momentum-dependent
gapping are located at different points for 72 and #’, making it
energetically preferable to have (anti)parallel 72 and 7, so as to
maximize the gapping. This latter argument we have verified
on the lattice models of Sec. III D.

For the case of a Hopf term proper, the U(1) gauge free-
dom U > Ueix®’ implies that [G; !, 3] = 0. By rewriting
Eq. (49) into

1
247

it is easy to see that the first term cancels with the a = 1, 2
terms of the second term, leaving only XMXV3X§ =X,X.X,.
Hence [31]

6 = FPre (X {X), X2} + X, XX, (52)

0 = —nC, (53)
where C € Z is the Chern number:
1 3 v
= 542 /d ke"PuX, X, X,
1
=23 Ak trXo[X:, Xo]. (54)

In agreement with the previously provided proof of Sec. II B,
we find that 6 is quantized.

If we diagonalize 4 = Gk_] — iky, J%|n) = E,|n), and
carry out the frequency integral in Eq. (54), we obtain the
traditional expression for the Chern number:

_1 (e 9
C_Zn/d k;O( E,)Q,. (55)

Here ©® is the Heaviside function (7T = 0) and 2, is the
Berry curvature which appears here through the Mead-Truhlar
formula (9; := 9/0k;):

€% (n|3; 74 |m) (m|3; 4 |n)

Q, = ; L —L) : (56)

If we were at finite T, in Eq. (54) instead of a frequency
integral we would have a sum over fermionic Matsubara fre-
quencies. One would then readily find that C is not an integer
anymore, seemingly violating invariance under large gauge
transformations (Sec. IIB). This is, in fact, a well-known

problem with finite-7" gradient expansions [36]. As observed
in Ref. [36], the polarization bubble that one expands around
g = 0to get the S of Eq. (47) is nonanalytic at finite tempera-
tures, i.e., it is sensitive to the order of the g9 — O and g — 0
limits. A comparison with radiatively induced Chern-Simons
terms in 2 + 1D QED is informative [30,77-79]. There, it is
known that the source of the error lies in expanding in the
temporal vector potential component Ay [30,77]. The Ward
identity associated with large gauge transformations mixes
orders in Ao [78] and terms that are nonlocal in time are
needed to restore large gauge invariance [30,77-79]. The same
is expected for finite-7 Hopf terms, although we shall not
pursue this topic further here. Let us just note that, unlike
for 2 4+ 1D QED, in our system one cannot choose a gauge
in which Ay is constant, so the gradient expansion cannot be
modified, as has elegantly been done in Ref. [77] for QED to
correctly describe finite temperatures.

C. Symmetry considerations

Although formula (53) for the Hopf 6 has been written
down and applied to a variety of systems [31-39], the nec-
essary conditions for 6 as given by Eq. (53), that is, Eq. (49),
to be finite have not yet been spelled out in detail. As we shall
see, there are subtle differences in the symmetry properties
of formula (53) as opposed to those of the Hopf phase factor
e which indicate limitations of the gradient expansion.

Let us start by considering the symmetry properties of
the Hopf invariant (9). The corrections of Eq. (13) have the
same symmetry properties as Eq. (9), as one may show.
Since f* ~ e*"’q - (0,7t X 0,ft), f is a pseudoscalar in 7
space and a pseudovector (~V x V) in spacetime indices.
From f =V x a, we see that a is also a pseudoscalar in 7
space, but a spacetime vector. Hence Quopr = [ d*xa- fis
invariant under all 2 — R transformations, where R € O(3),
and transforms like a spacetime pseudoscalar under spacetime
transformations that do not act on 7. In particular, Qnopf is 0dd
under spacetime inversion x > —x, time reversal (t,r) >
(—t, r), and space reflections (t, r) — (t,r — 2r - ¥ D) across
all in-plane axes 9. Quopr is invariant under all spacetime
rotations, including parity (z,r) + (z, —r) that in 2 + 1D is
identical to a 180° in-plane rotation.

Point group operations and TR act simultaneously on
spacetime and 7. Since Quopr i invariant under all 2 — R,
the just-stated transformation rules for spacetime transfor-
mations carry over to actual point group and TR symmetry
operations. All in all, Qnepr is even under parity P and in-plane
rotations C, by an angle ¢ but odd under TR ® and in-plane
reflections X3 across an axis v:

P,C,:
@, Ef):

QHopf = +QHopf’
QHopf g _QHOpf' (57)

For layered systems embedded in 3D space, one finds that
Onopr s even under out-of-plane reflections since they only
act on 1 but odd under 180° rotations around in-plane axes
since they are, up to parity, the same as in-plane reflections.
If a system possesses a symmetry under which Qgopr is
odd, does this mean that there cannot be a Hopf term (5),
i.e., that & = 0? Not necessarily, because it is the topological
phase factor e =St = eCrort that needs to be invariant, and
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not the topological action itself. Given that Qpqpr € Z for bulk
systems, the symmetry condition

eiQQHopl’ — 6719 QHop( (58)

is satisfied not only by 8 = 0 but also by any 6 that is a
multiple of 7. Hence, Hopf terms can arise as long as they
are quantized.

Now let us consider when 0 is as given by Eq. (49) or (53)
finite. Call the integrand w(k) = w(ko, k) so

6 = /d3k w(k). (39)

The properties of w(k) turn out to be the same for both expres-
sions (49) and (53), so we shall not differentiate between the
two. Consistency between parity and 180° rotations requires
that 7 transforms like a pseudovector, which we henceforth
assume. As for TR, we shall consider both even (pe = +1,
spin loop-current) and odd (pe = —1, magnetic) #.

That the Hamiltonian J% = G,:I — iky is Hermitian im-
plies that

[w(ko, k)T = w(—ko, k). (60)

Assuming that % = Hy + I'xo? + I'j(cosa o’ + sinao!)
as in Eq. (51), that # and A4’ have the same TR sign, and that
TR acts as ® ', ® = io>1/_g, one finds that

[G']" = MG Mo ©1)
where Mg = io? for pe = +1 and Mg = 1l for pg = —1.
Either way, TR implies [w(k)]* = —w(—k) and

w(ko, —k) = —w(ko, k). (62)
Thus, & = 0 in the presence of TR symmetry, unless # and A’
have opposite TR signs. This explains our interest in the cross-
ing between spin loop-current and magnetic order (Fig. 1).

Next, we analyze point group symmetries. Assume the
most general symmetry transformation rules:

g ' Vkg = Mi(©)D(Q) Vg1 (o (63)

where g € {P,C,, X3}, Mi(g) are unitary orbital matrices,
D(g) are Wigner spin-% matrices, and

R(P) = —1,
__[cosgp —sing
R(Cy) = <sin<p cos @ )’
R(Z;) =1 — 2997 (64)

are in-plane vector transformation matrices. In the presence of
g symmetry:

M (@G Mi(®) = Gl e (65)
After some algebra, one finds that
w(ko, R(g)k) = det R(g) w(ko, k) + 3;K;(ko, k), (66)

where 0; := 9/dk;, i € {1,2}, and K;(k) is a complicated
boundary term that depends on momentum derivatives of
My (g). For momentum-independent My(g) = M(g), K; = 0.
Hence, reflections X; imply that 8 = 0, whereas parity P
and rotations C,, are consistent with a finite Hopf 6. That the
Chern number vanishes in the presence of reflection symmetry

agrees with the classification of crystalline topological insula-
tors; see Class A in Table VIII of Ref. [63].

In summary, we have found that 6 as given by formulas
(49) and (53) vanishes when there is TR ® or reflection %;
symmetry in the system. As a concrete example, the Dirac
Hamiltonian 9%, = k;v' + mt303, where t¢ are orbital Pauli
matrices, possess both TR symmetry with Mg = (it?)(ic?)
and reflection symmetries with M(Z;) = (9;7)(d;07). Con-
sequently, when Eq. (53) is applied, one finds that & = 0, as
expected. However, the general argument based on Eq. (58)
told us that & merely has to be quantized in the presence of
® and X; and not necessarily vanish. Moreover, nonpertur-
bative arguments find that 8 = & for this Dirac Hamiltonian
[41-43]. So, there are strong indications that gradient expan-
sions, at least when carried out using the standard methods of
Sec. III B, cannot capture Hopf terms in the presence of ® and
X symmetry.

How should we understand this limitation of gradient ex-
pansions? In the case of Dirac fermions, the change of path
integral variables ¥ (x) — U (x)¥(x) might be troublesome
if we have an anomaly. Since U(x) acts only in (iso)spin
space, it commutes with )/0 and it follows that there is
no anomaly. For the lattice fermions we considered, there
definitely is no anomaly. A related worry is that ¥/(x) =
U (x)v (x) might not satisfy the correct anti-periodic boundary
conditions ¥'(8,r) = —¢'(0, r), but this is easily fixed with
a gauge transformation U (x) — U (x)e*®°”, The most likely
explanation for why the gradient expansion of Sec. III B can-
not capture all Hopf terms is that some phase factors are lost
when the Tr log of Eq. (41) is perturbatively expanded. This
explanation is also consistent with Eq. (58): if the condition
i0QHopt — =10 Onopt effectively reduces to 10 Qnopr = —16 QHopf
because of the perturbative nature of the gradient expansion,
then we shall of course find that & = 0 whenever there is ® or
X symmetry.

The simple form of Dirac Hamiltonians enables one to
calculate the Hopf term, either perturbatively by embedding
1 in a larger manifold [41,42] or by extracting 6 from a spe-
cific calculable field configuration [43]. The manipulations of
Ref. [41] cannot be adapted to general dispersions, however,
and other nonperturbative methods are not currently available.
When it comes to condensed matter systems, we are thus left
with two approaches: model them with Dirac Hamiltonians
[44—48] or consider systems where gradient expansions are
adequate [31-39]. Both have limitations. Topological prop-
erties, like the value of 6, are very often sensitive to the
global momentum structure. Tuning the chemical potential
close to a Dirac point does not, therefore, guarantee that a
Dirac Hamiltonian is appropriate for calculating 6. Gradient
expansions, on the other hand, are incapable of finding the
Hopf term when such common symmetries as reflection or
time reversal are present.

D. Lattice model realizations

To enable A, A’ to fluctuate freely, we assume no external
magnetic fields. Thus, TR symmetry is preserved on the level
of the four-fermion interaction (26), which requires that 7, 2’
(and their conjugates S, S") be either even or odd under TR.

As we are interested in a radiatively induced Hopf term, we
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shall assume that 7 and 7’ are locally aligned and of opposite
TR signs.

From Eq. (54), we see that the Chern number C vanishes
identically when there is only one band because in that case
the X, of Eq. (48) are commuting numbers. For a minimal
model, we therefore need at least two orbital degrees of free-
dom per lattice site.

As a first intervalley magnetic example, let us consider a
square lattice system that has two valleys, one electronlike
and centered at the origin and another holelike and centered
atk; = (m, ). For simplicity, we take that the dispersions of
the two bands have the same form, but with opposite signs.
The minimal model describing this system is then given by

G =ikoll + &1’ + pt'o’ + yrlo’, (67)

A A/

where t¢ are valley Pauli matrices, we have set 1 = it = é3,
giving the spin Pauli matrix o> above,

e = —p — 2t(cos ky + cosky), (68)
and, for instance,

e = glsin(2k; — k) + sin(2k, + ky)], (69)

Vi = &[sin(2k; + k2) + sin(2k; — kp)]. (70)

Here 1, g, and g are all real. Let us set the overall energy
scale by setting ¢+ = 1. This model has parity symmetry with
M(P) =13 and 90° rotation symmetry with M (C, p)=1,
but no reflection or TR symmetries. Its Chern number equals

—C(—p), when 1 < 0
6, when 0 < ;1 < /3
C =sgn(gg) 2 whenv/3 < 11 < 22 (71)
2, when 2¢/2 < o < 4
0, when 4 < pu.
We could have also chosen
Yk = gsink;, (72)
Vi =g sink, (73)

but at the expense of breaking the 90° rotation symmetry. The
Chern numbers would then have equaled

when |u| < 4

when |u| > 4. (74)

C = Sgn(gg/){azsgn(u)’

In the antiferromagnetic case, the downfolding of the

Brillouin zone effectively adds additional orbital degrees of

freedom per unit cell. A minimal antiferromagnetic model can

therefore be constructed from only one orbital per lattice site.

Its hopping amplitudes are shown in Fig. 4 and the ordered-
state Green’s function is given by

Gy =iko + et! 4y’ + yr0”, (75)

where i = i’ = &3, giving the o above, and

& = —4t cos %kl cos %kz, (76)
vk = 4gcosk; cosky, amn
Vi = 8¢ (cosk; — cosky) sin %kl sin %kz. (78)

O O O o o
g g —9'

. 0\ . 0 /0 O
@ O o o o o
. \_/

2 t g

©.

@ -0 o O

.'I,'1
@ ¢ o o o o

FIG. 4. A square lattice with Q = (7, ) antiferromagnetic or-
dering. The ¢ arrows indicate the hoppings of the kinetic part of the
Hamiltonian in Eq. (75). The g (¢') arrows indicate the momentum
dependence of the coupling to A (#'). After ordering, the induced
hoppings related to g and g acquire additional + signs that alternate
with the colors of the sites.

While y; (corresponding to 71) gives rise to a Q = (7, )
antiferromagnetic ordering, as depicted by the alternating red-
blue colors in Fig. 4, | (~i) induces the spin loop-current
pattern shown in Fig. 5. This spin loop-current pattern alter-
nates with the red-blue colors and respects fourfold rotation
symmetry but violates reflection symmetries across the prin-
cipal and diagonal directions. The chemical potential has been
tuned to half-filling so that the Fermi surface hasa Q = (7, 7)
nesting vector and becomes gapped upon ordering. Let us
set the energy scale with t = 1. g and ¢ are real coupling
constants.

If é; and e, are the initial primitive lattice vectors, then
after ordering they become E| =&, +é; and E, =&, — &,
(Fig. 4). k; and k, are defined through k = %(klEl + kEr)

AN 7N
PAR P

A
\/

i
™

FIG. 5. The spin loop-current pattern that is induced by the cou-
pling given in Eq. (78). All spin currents emanating from one (blue)
site are shown in the upper-left corner, from which we see that 90°
rotations are preserved, while reflections across x!, x2, and x' £ x?
are all violated by this pattern. In light of Bloch’s theorem [80,81],
we can also depict this spin loop-current pattern in a more physical
way as being made of circulating spin currents (right and lower parts
of the figure).
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and the fermionic field is made of (¥ (R), ¥ (R + é;))T, where
R go over the blue sites. To make Gk_l periodic in momentum,
we need to enact a gauge transformation

G.' =U/G'Us, (79)

where

1 0
— 0
Ur = (0 it ) /2>o : (80)

This model has parity and 90° rotation symmetry, but no
reflection or TR symmetry due to y;. Its Chern number is
finite:

C = 4sgn(gg). (€29)

An alternative choice of spin coupling that breaks the 90°
rotation symmetry is

Yk = 2gcoski, (82)
v = 2¢ cos 5 (ki — k) (83)

and it yields
C = —2sgn(gg). (84)

For both models, a finite Chern number C implies that not
only is the Hopf & = —nC finite, as follows from Eq. (53),
but also that there are gapless edge modes in the ordered state,
which is a topological insulator belonging to the Altland-
Zirnbauer Class A [63]. Whether the system becomes ordered
at T = 0, giving a topological insulator, or disordered, giving
a bosonic Hopf SPT, depends on the magnitude of the phase
stiffness K, which is defined in Eq. (18). There are contri-
butions to K coming from the initial interaction and from
the electrons and one cannot, in general, say in what regime
the system ends up. However, as we discussed in detail in
Sec. I C, for the Hopf SPT phase we know that it is gapped in
the bulk, that it supports chiral gapless edge modes that carry
spin preferentially in one direction, and that it exhibits a spin
quantum Hall effect.

IV. CONCLUSION

In this article, we have studied the properties and im-
plications of a Hopf term and proposed the intersection of
magnetic and spin loop-current order as a platform for realiz-
ing Hopf physics. We have presented the proof of quantization
of Hopf’s theta in an accessible way and discussed the spin
quantum Hall effect and chiral edge states that follow from a
Hopf term. After that, we introduced a very general model
of a spin-ordered insulator, derived the Hopf term in this
model using a gradient expansion, and analyzed the conditions
necessary for the appearance of a Hopf term, before finally
exemplifying our proposal on a few lattice models.

The proposed platform for realizing a Hopf SPT requires
simultaneous magnetic and spin loop-current order in a 2D
system. In recent years, there has been significant progress
in identifying and engineering 2D magnetic materials [55,69—
71], which can be probed using magneto-optical Kerr ef-
fect microscopy, scanning magnetic imaging, or transport
measurements. Less forthcoming are 2D materials with spin

loop-current order, in part because of the challenges in sens-
ing such a hidden order that does not break time-reversal
symmetry [82—-86]. Second harmonic generation [87] and x-
ray magnetic circular dichroism [88] have been employed to
probe injected spin currents and they may prove to be useful
for studying equilibrium spin loop-current states. Yet, the
challenge in experimentally differentiating spin loop-current
order from other time-reversal-preserving bond orders re-
mains. Spin loop currents have been suggested in the context
of cuprates [85] and the iridate Mott insulator Sr,IrO4 [84,85],
both of which are quasi-2D compounds that might exhibit the
spin loop-current order, if truly present, even for atomically-
thin samples. Apart from this, it is worth noting that a 2D
spin loop-current material, once found, can be integrated in
many ways within heterostructures, as needed for realizing
our proposal.

One unexpected finding of our whole analysis is that gra-
dient expansions, contrary to popular belief, are not fully
adequate for calculating topological terms, such as the Hopf
term. As we found in Sec. III C, due to the perturbative nature
of the gradient expansion, symmetries that would normally
imply quantization of the Hopf term instead imply its ab-
sence. Furthermore, when the gradient expansion is applied to
Dirac fermions, one wrongly finds no Hopf term, even though
nonperturbative methods do find it. Thus, it is possible that
Hopf terms are present in more general circumstances than
we propose and study, shown in Fig. 1. Yet no methods are
currently available to reliably calculate Hopf terms for general
lattice models. This remains an outstanding problem.
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APPENDIX A: HOPF INVARIANT IN TERMS
OF LINKING NUMBERS

Here we prove Eq. (4) of the main text.

Let us first observe that if #(x) changes by 8172 = 8x'9,7
and 8,/ = 8x*d,i for small displacements along x! and x2,
respectively, then the area spanned by 7i(x) in this small
rectangle is given by 7 - (6171 x §,it). Up to normalization,
this is precisely the f°(x) introduced in Eq. (2) of the main
text. This explains expression (3) for the skyrmion number: It
measures how many times the two—sphere S? in which 7 lives
is spanned as we move around the 2D surface X.

On the two-sphere S?, with suitable normalization, the
Dirac delta function identity takes the form

dsS;
[ o — o) = hii) (A1)
S? 47T
where dS; =sin6dfd¢ is the spherical area, 71 =

(sinf cos ¢, sinfsing, cosf), and h(i) is an arbitrary
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function. If we have a function #i(x) that maps some 2D
surface T onto S, then we can use it to pullback the above
identity from S? to X. The result is

/ ds, - f(x)d(h(x) — fig)h(x) = Zseh(xe), (A2)
X ¢

where the sum goes over all x;, € ¥ whose 7i(x;) = fip with
the sign s, = sgn[dS,, - f(x¢)]. If we integrate over the whole
3D space instead, the identity becomes

[ peontic - e = 3 b

¢ Jwlio)

deh(x,), (A3)

where the sum goes over all loops y,(72p) made of x, such that
fi(xy) = i and orientated so d€ - f(x;) > 0.
By inserting

1= [ Bisam —a W sy — ) (A4
—/SZH(”“)‘"O)LM RGH)—i))  (Ad)

T

into Eq. (1) and exploiting the above identity, one obtains
dSs, dSa; . R N
Ortopr = ; / e ink[yeGho), v (), (AS)

where link[y, y'] € Z is the linking number that appeared
here through Gauss’s linking integral:

1 — ) -[de x d¥
linkly, '] = o § § ST G
axl ) — P

(A6)

The physical interpretation of this formula is as follows. If
we take that a unit current / =1 flows along y, j,(x) =
51%, d€5(x — £), then Biot-Savart’s law gives the magnetic
field B, (x). Applying this to Gauss’s linking integral, we
find that link[y, y'] = fy, d¢'-B,(¢). Since Vx B, =j,,
link[y, y'] = [;dS’ - j, where 35" = y’. Hence link[y, y']
measures the number of times y punctures through S’, which
is the same as the number of times y’ wraps around y .

The linking number is a topological invariant and is
therefore a piecewise-constant function of ity and fi,. For
sufficiently smooth and regular field configurations 7(x),
link[y¢ (7o), ye (fiy)] is singular only at isolated points, i.e.,
on a set of measure zero. The Ay and 71, surface integrals in
Eq. (A5) may thus be eliminated. The result is Eq. (4), subject
to the condition that 72y and ft, # fiy are regular.

APPENDIX B: PROPERTIES OF THE SU(2) AND CP!
PARAMETERIZATIONS OF UNIT-VECTOR FIELDS

A unit-vector field
i(x) = (A, iz, N3)
= (sin 6 cos ¢, sin 6 sin ¢, cos ) B1)

can be parameterized in many ways.

In the main text, we found it useful to use an SU(2) group-
valued field U (x) to parametrize 7i(x). The two are related
through Eq. (31):

h-o=Uc’U". (B2)

Explicitly,

U = cos 16 (1L cos ¢y — io” sing)

+ sin 10 (i sin ¢, — io” cos ¢,) (B3)
corresponds to the spherical angles 6 and ¢ = ¢ + ¢».
Using tro%cbo¢ = 2ie?®*, it is easy to show that
it (3,0 x d,it) = —itra[A,, A, ], (B4)
i v
a-f= —247125“ PtrA,AVA,, (B5)

where A, :=U"'p,U with p, := —id,. When the first of
these two relations is combined with the gauge-free condition
(33), we get Eq. (34), as follows from Eqgs. (2) and (7). The
second relation proves the correspondence between the Hopf
invariant of Eq. (9) and the SU(2) winding number invariant
of Eq. (35).

Under a gauge transformation U +— U e o’

A, cos2y —sin2yx) (A},
H 9
Ai sin 2y cos 2y Ai

A > A+ . (B6)
For the gradient expansion of Sec. III B, we need
(U™ pupU)s = Ay, (B7)

(U~ pupvppU)s
= A A A, + 34, (puA,y) — 3(PVALA,
+ 3(PupvAp + PppvAL) + §IAPLA,) — Au(ppAy)
+ (PAVA, — (PpALAL], (B3)

where the last term vanishes when contracted with a sym-
metric tensor. Here (---); is the symmetrization defined in
Eq. (C7) of the next appendix.

Although in the main text we did not use the CP!
parametrization, it is often employed in this context [2]. El-
ements of the complex projective line CP' are given by
normalized pairs z = (zo, zl)_ € C2,z'z = 1, where z and e’z
are identified for all phases e'* € U(1). 72 in terms of z is given
by the Hopf map:

202 + 521
A= | i(zoz} — z5z1) (B9)
2 2
lzlo — IzI
z = (cos 10 €71, sin 10 €!*2) corresponds to the spherical an-

gles 0 and ¢ = ¢ + ¢,. This is actually equivalent to the
SU(2) group-valued field U:

*
0 —Z

U= ")
21 ZO

One may show that the a,, of Eq. (7) is given in terms of z by

(B10)

i
a, = —=—2'0,2.

- (B11)
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APPENDIX C: GRADIENT EXPANSION FORMULA

Consider the one-particle operator:

H=> VR R)HR — R)U R (Ry),

R\R,

(ChH

where U(R) is a unitary matrix that commutes with the
Hermitian matrix H(R) = H'(—R). If U(R) varies slowly
compared to the lattice constant, one may expand in its gra-
dients. This gradient expansion is given by

o
H= Z Z 1/_karq/Z0,(:21/fk—q/2,

(C2)
k,g n=0
where
1 "H, .
m _ L k (i o
Ol =i 20 a6 ok, U Pl (C)
s
The Fourier transform conventions are
Y@R) =N"2Y "Ry, (C4)
k
(C5)

HR)=N"">"e**H,,
k

where N = )" 1 is the number of unit cells and

(g =NT"D e R g (C6)
R

is an averaged Fourier transform that is carried out with re-
specttoR = %(Rl + R>). R goes over a lattice that is 2¢ times
denser than the lattice of R (d is the spatial dimension) but for
finite samples still has ) ;1 = N (at a fixed R; or R,). The
symmetrization is defined according to

n

1 . _
(PiPi " Pi)s = > Z <£>p,-, © Py Pigyy e Piyy (CT)
=0

where p; = —id; = igi. For slowly varying fields, one may
take the continuum limit

1
N_IZ—)E/dr,
R

where L? is the total volume. This lattice gradient expansion
formula is derived by Taylor expanding U T(Ry)U (R5) around
R=1R +Ry).
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