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Kurzfassung

Kernenergie gilt als kohlenstoffarme Energiequelle, die dazu beitragen kann, den globalen
Klimawandel abzumildern und die Versorgungssicherheit zu gewährleisten. Reaktoren der Gen-
eration IV wurden vorgeschlagen, um die Nachhaltigkeit, Sicherheit und Wirtschaftlichkeit von
Kernkraftwerken zu verbessern. Flüssigmetallgekühlte schnelle Reaktoren (LMFRs) gelten
aufgrund ihrer überlegenen neutronischen und thermohydraulischen Eigenschaften als vielver-
sprechende Konzepte der Generation IV.

Für die Auslegung eines Reaktors spielt die thermohydraulische Analyse eine entscheidende
Rolle, um einen sicheren und effizienten Betrieb zu gewährleisten. Numerische Simulationen
werden häufig eingesetzt, um die komplexen Phänomene inKernreaktoren zu untersuchen. Com-
putational Fluid Dynamics (CFD) wird zunehmend für detaillierte Strömungs- und Wärmeüber-
tragungsanalysen inKernreaktoren verwendet. HochgenaueCFD-Simulationen sind jedoch nach
wie vor rechenintensiv und zeitaufwendig, was ihre Anwendung bei umfangreiche Analysen, z.
B. Unsicherheitsquantifizierung, Sensitivitätsanalyse und Optimierung, einschränkt.

Reduced Order Modeling (ROM) ist ein aufstrebendes datengetriebenes Framework, das darauf
abzielt, den Rechenaufwand erheblich zu reduzieren und dabei eine akzeptable Genauigkeit
zu gewährleisten. Es basiert auf einer Reihe bekannter hochgenauer Lösungen (sogenannte
Snapshots). Durch Extraktion der wichtigsten Merkmale aus den Snapshots werden ROMs
konstruiert, um die Systemantwort für unbekannte Eingabeparameter zu approximieren. Die
Beschleunigung durch ROMs macht sie attraktiv für parametrische Studien und Echtzeitsimu-
lationen.

DieVorgehensweise zur Erstellung vonROMs ist nicht eindeutig. Es kann allgemein in intrusiven
und nicht-intrusiven Methoden unterteilt werden. Intrusive ROMs erfordern den Zugriff auf und
die Modifikation der hochgenauen partiellen Differentialgleichungen, während nicht-intrusive
ROMs rein datengetrieben sind und als „Black Box“ behandelt werden, um die Beziehung
zwischen Parametern und Systemantworten zu approximieren.

Ein Überblick über die vorhandene Literatur zeigt, dass sowohl intrusive als auch nicht-intrusive
ROM-Techniken erfolgreich auf verschiedene physikalische Probleme angewendet wurden. Ihre
Anwendung in der Kerntechnik ist jedoch noch selten.

Zudem werden die meisten bisherigen ROMs als globale ROMs entwickelt, d. h. sie basieren
auf dem gesamten Rechengebiet. Dies ist für kleine bis mittelgroße Probleme sinnvoll. Für
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großskaligeGeometrien ist die Erstellung vonCFD-Lösungen für dasROM-Training jedoch rech-
nerisch zu aufwendig. Umdieser Herausforderung zu begegnen, werdenGebietszerlegungsmeth-
oden integriert. Dies führt zu sogenannten lokalen ROMs, im Gegensatz zu globalen ROMs, die
auf dem gesamten Gebiet basieren.

Die Methodik besteht darin, das gesamte Gebiet anhand geometrischer Merkmale in kleinere
Teilgebiete zu unterteilen. Die ROMs können auf lokaler Ebene konstruiert und dann gekoppelt
werden, um die globale Lösung zu rekonstruieren. In Anbetracht der weiten Verbreitung sich
wiederholender Geometrien ist es möglich, Gebiete zu modellieren, die größer sind als die
Trainingsgeometrien. Dieser Ansatz kann den Rechenaufwand für die Erstellung von Snapshots
für riesige Modelle erheblich reduzieren.

Kurz gesagt betrachtet diese Dissertation die Entwicklung und Anwendung sowohl intrusiver als
auch nicht-intrusiver ROMs für die thermohydraulischeAnalyse von LMFRs. DieAnwendungen
sollen dieLeistungsfähigkeit vonROMs für großskaligeModelle demonstrieren, die für kerntech-
nische Szenarien relevant sind. DasPOD-Galerkin-ROMwird als intrusiveMethode entwickelt,
während das POD mit Interpolation (PODI)-ROM als nicht-intrusive Methode eingesetzt wird.
Beide Techniken werden detailliert erläutert und erklärt. Die Einflüsse der ROM-Einstellungen
auf die Modellleistung werden strukturiert untersucht. Für lokale ROMs wird PODI ausgewählt,
um ROMs auf Teilgebietsebene zu erstellen, und eine Dirichlet-Neumann-Kopplungsstrategie
wird angewendet, um die Einzelteile zum globalen System zusammenzusetzen.

Diese Untersuchungen demonstrieren das Potenzial von ROMs für die thermohydraulische
Analyse von LMFRs. POD-Galerkin-ROMs können die Strömungsfelder mit wenigen Snap-
shots genau vorhersagen. PODI-Techniken können mit geeigneten Modellkonfigurationen eine
zufriedenstellende Genauigkeit erreichen. Die Implementierung lokaler ROMs zeigt, dass it-
erative Schemata in der Lage sind, verschiedene lokale Teilprobleme zu koppeln. Außerdem
ist es möglich, dies auf die Approximation eines großen Gebiets mit repetitiven Strukturen zu
erweitern.

Die Ergebnisse dieser Studie liefernwertvolle Einblicke in die numerischeAnalyse vonKernreak-
torsystemen. ROM birgt großes Potenzial, die Effizienz und Effektivität thermohydraulischer
Simulationen zu verbessern und so zum Fortschritt bei der Auslegung von Kernreaktoren und
der Sicherheitsquantifizierung beizutragen. Zusätzlich zeigt das lokale ROM-Framework eine
vielversprechende zukünftige Richtung auf, ROMs in kleinen Gebieten zu trainieren und sie auf
großskalige Probleme anzuwenden.
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Abstract

Nuclear energy is regarded as a low-carbon energy source that can help mitigate global warming
and ensure energy supply security. The Generation IV nuclear reactors were proposed to improve
the sustainability, safety, and economics of nuclear energy. Among the alternative Generation
IV designs, liquid metal cooled fast reactors (LMFRs) are considered the most promising due to
their superior neutronic and thermal-hydraulic performance.

Thermal-hydraulic analysis plays a crucial role in reactor design, ensuring safe and efficient
operation. Numerical simulations are widely used to investigate these complex phenomena.
Recently, Computational Fluid Dynamics (CFD) has increasingly been used to model detailed
fluid dynamics and heat transfer in nuclear systems. However, high-fidelity CFD simulations
are still computationally expensive and time-consuming, which limits their application to many-
query simulations, e.g., uncertainty quantification, sensitivity analysis, and optimization.

Reduced order modeling (ROM) is an emerging data-driven framework that aims to reduce
computational cost while maintaining acceptable accuracy. Given a set of known high-fidelity
solutions (i.e., snapshots), a reduced system is constructed based on the most dominant features
extracted from the snapshots. Then, ROMs are employed to approximate the system response
for unknown input parameters. In many applications, ROM acceleration is in the order of 1000
or more, making them attractive for parametric studies and real-time simulations.

The framework for constructing ROMs is not unique. They can be generally categorized into
intrusive and non-intrusive methods. Intrusive ROMs require access to and modification of the
high-fidelity partial differential equations. In contrast, non-intrusive ROMs are purely data-
driven and treated as "black boxes" to approximate the relationship between parameters and
system responses.

Through reviewing the existing literature, both intrusive and non-intrusive ROM techniques have
been successfully applied to various physical problems. However, their applications in nuclear
engineering are still limited.

Additionally, most existing ROMs are developed as global ROMs, i.e., built on the whole
computational domain. That is feasible for small to medium-scale problems. However, for large-
scale geometries, preparing CFD solutions for ROM training is computationally prohibitive. To
tackle this challenge, domain decomposition methods are integrated. That leads to the so-called
local ROMs, as opposed to global ROMs.
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The local methodology consists of several steps. Firstly, the computational domain is divided
into smaller subdomains based on its geometrical features. The ROMs can be built for each part
and then coupled to reconstruct the global solution. Given the widespread presence of repetitive
structures, it can build domains larger than the training geometries. Therefore, the approach can
significantly reduce the computational cost for generating snapshots for large scale models.

In short, this dissertation focuses on the development and application of both intrusive and
non-intrusive ROMs for fluid dynamics in LMFRs. The applications aim to demonstrate the
capabilities of ROMs for large models relevant to nuclear engineering scenarios. The POD-
Galerkin ROM is selected as an intrusive method, while the POD with interpolation (PODI)
ROM is employed as a non-intrusive method. Both techniques are explained in detail. The
influence of ROM settings on model performance is structurally investigated. For local ROMs,
PODI is selected to build subdomain-level ROMs, and a Dirichlet-Neumann coupling strategy
is adopted to assemble those partitions to form the global system.

This research demonstrates the capabilities of ROMs for thermal-hydraulic analysis of LMFRs.
POD-Galerkin ROMs can accurately predict the flow fields based on a few snapshots. PODI
techniques can reach satisfactory accuracy with appropriate model configurations. The imple-
mentation of local ROMs shows that iterative schemes can couple multiple local subproblems.
It is feasible to approximate a domain that is larger than the one used to generate snapshots.

The outcomes of this study provide valuable insights into the numerical analysis for nuclear
reactor systems. ROM has great potential to enhance the efficiency and effectiveness of thermal-
hydraulic simulations, advancing nuclear reactor design and safety quantification. Additionally,
the local ROM framework demonstrates a promising direction. That denotes training ROMs in
small domains while applying them to large-scale problems.
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is applied to reconstruct fields ũ(µ) from α(µ). The network is trained to
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1 Introduction and motivation

This chapter briefly outlines the background of this doctoral research. Nuclear energy is regarded
as an alternative for long-term sustainable development. To ensure the safety of nuclear reactors,
numerical techniques have become standard procedures for analyzing their thermal-hydraulic
characteristics, especially the latest fourth-generation reactor designs. Nevertheless, the high-
fidelity simulation methods are accurate but expensive. Thus, data-driven reduced order models
are proposed to achieve efficient and accuracy-preserving parameter computations. Additionally,
nuclear cores contain numerous repeating geometrical patterns. Hence, the combination of do-
main decomposition and reduced order model can be effective in such structures, yet challenging.
Hence, given the current state of numerical analysis in nuclear engineering, the motivations for
this study are clarified.

1.1 Background

Statistics indicate a continuous increase in global temperature with the growth of CO2 level since
1960 [1; 2]. It is widely acknowledged that global warming poses unprecedented risks to life [3].
The growing and persistent consumption of fossil fuels is the main contributor to rising CO2 in
the atmosphere. Thus, the search for clean alternatives to fossil fuels has become a focus in the
energy industry [4].

Nuclear power is considered a clean electricity source [5], generating nearly zero CO2 or other
greenhouse gases [6; 7]. It also avoids the air pollutants typically produced by burning fossil
fuels [5].

Nuclear fission energy also has several advantages over renewable energy technologies, e.g.,
solar, wind, and hydropower [8]. Wind and solar are highly dependent on weather conditions.
Hydropower can vary significantly due to seasonal variability in river flow. In contrast, nuclear
power plants can provide continuous and consistent base-load electricity. These features make
nuclear power a promising alternative to traditional fossil fuels.

In 2002, the Generation IV International Forum (GIF) reviewed existing designs and proposed
next-generation concepts (i.e., Generation IV) to enhance the safety, reliability, and sustainability
of nuclear power [9]. Six technologies were selected as candidates to accelerate research and
commercialization of next-generation nuclear reactors [9].
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1 Introduction and motivation

Figure 1.1: Schematic of a typical Sodium-cooled Fast Reactor (SFR), including a core, a fuel assembly, and a fuel
rod. Figures taken with permission from [11; 12], copyright owned by Elsevier.

Among the candidate designs, two use liquid metal coolants: the sodium-cooled fast reactor
(SFR) and lead-cooled fast reactor (LFR). Both are known as Liquid Metal-cooled Fast Reactors
(LMFRs). The GIF Technical Roadmap [10] highlights the strong viability of LMFRs for near-
term deployment, emphasizing the necessity to investigate their heat transport and fluid dynamic
characteristics.

As illustrated in Fig. 1.1, a typical SFR contains four scales of components, which are the reactor,
core, fuel assembly, and rod. The most important part of a reactor is the core, where the thermal
energy is generated from fission reactions. A core consists of hundreds of fuel assemblies. Each
assembly contains multiple fuel rods arranged to form parallel, geometrically symmetric coolant
channels. A wire wraps around each rod to provide mechanical support and enhance transverse
mixing between the flow channels. A bunch of rods and wires then comprises a wire-wrapped
rod bundle. The rods without wires can assemble a bare-rod bundle. Note that the number of
rods in a bundle is generally small compared to an assembly.

The core is considered the most critical component in a nuclear plant. Its flow and energy
transport characteristics significantly influence the efficiency and safety of the whole power
plant [13; 14].

Decades of experimental and numerical research have been employed to advance the under-
standing of essential thermal-hydraulic phenomena in nuclear systems. With the rapid growth
in computational power, numerical methods have become standard tools for designing and
optimizing LMFRs [15].
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1.2 Numerical techniques in nuclear engineering

A nuclear power plant exhibits multiple length scales [14]. When designing the core of a reactor,
engineers must consider phenomena occurring at these scales, i.e., reactor, core/assembly, and
bundle, as illustrated in Fig. 1.2. Their sizes range from several meters to sub-millimeters.
Consequently, numerical methods with varying computational costs and spatial resolutions have
been developed to simulate different physical scales [15], as shown in Fig. 1.2.

Now, let us start discussing numerical analysis for the three scales [16]. For the entire reactor
system, detailed modeling is not feasible. Thus, a simplified model is employed, in which
the whole reactor is discretized into a few volumes. Each block, or a few blocks, roughly
represents a component, such as the core and steam generator. The so-called system code aims
to capture the system-level thermal-hydraulic response, while neglecting local processes. Next,
the subchannel approach utilizes coarse control volumes to represent parallel flow channels in
the cores. It can better represent the mass and heat transport inside the core. However, some
essential phenomena, such as wall heat transfer, flow resistance, and inter-channel mixing (both
mass and heat transfer), are computed using experiment-based (i.e., empirical) correlations,
rather than numerical modeling. Higher-resolution thermal-hydraulic behaviour can be resolved
using Computational Fluid Dynamics (CFD). It focuses on small geometries and adopts a much
finer spatial and temporal discretization.

Figure 1.2: Numerical tools utilized for the thermal-hydraulic design of a nuclear reactor: (i) 1D lumped parameter
system codes analyze system-level responses. (ii) The quasi-3D subchannel approach approximates
flow and heat transport within cores. (iii) High-fidelity CFD, adopted to resolve small-scale features
in rod bundles. Figures taken with permission from [12; 17; 18; 11; 19; 20; 21], copyright owned by
Elsevier.
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Both the one-dimensional (1D) System approach and quasi-three-dimensional (3D) Subchannel
analysis 1 are built in frames of the so-called lumped parameter approach. They are based on
the assumption that a system (or a component) is divided into homogenized control volumes.
In every volume, only a single averaged value of each physical quantity is defined. Spatial
gradients of the quantities are neglected. This extremely coarse spatial discretization enables
rapid simulations for large models. In addition, simplified governing equations are integrated
into the framework.

The techniques are practical when hardware capability is inadequate [13; 14]. Even today, they
are generally used to design and analyze nuclear systems. As the two methods are relevant to
the topic of this dissertation, a brief description and literature review are presented in Sec. 2.1.

CFD techniqueswere proposed to improve themodeling of small-scale phenomena. They contain
two essential steps. Firstly, the computational domain is represented by a large number of finite
discrete points, or elements or cells, collectively referred to as a mesh. The Partial Differential
Equations (PDEs) are discretized in each element and then assembled into an algebraic system.
In general, for transient problems, small time steps are required to well capture rapid changes. To
conclude, the CFD methods employ high-resolution discretization in both spatial and temporal
spaces, and they are referred to as high-fidelity numerical simulation methods hereafter.

A comparative ranking of the methods based on computational complexity and spatial resolution
is shown in Fig. 1.3. It should be noted that, for system and subchannel codes, turbulence
contributions are computed through empirical correlations. In contrast, CFD approaches are
specifically designed to compute turbulent flow phenomena numerically.

Nevertheless, turbulence involves multiscale features in both space and time [22]. To model
or resolve turbulence across different scales, several primary strategies have been developed
[23; 24] (see Fig. 1.3). These are: (i) Reynolds-averaged Navier-Stokes (RANS); (ii) Large
Eddy Simulation (LES); (iii)Detached Eddy Simulation (DES); (iv)Direct Numerical Simulation
(DNS). Note that DES is a hybrid technique that dynamically switches between RANS and LES
depending on the local mesh resolution. The choice of the model depends on the problems,
balancing computational cost and accuracy. Further details, including their applications in
nuclear engineering, are discussed in Sec. 2.2.

Despite exponential growth in computational resources over the past decade, both DNS and LES
remain prohibitively expensive for most nuclear engineering applications. Consequently, RANS
continues to be regarded as the standard approach, both now and for the foreseeable future [26].

1 Subchannel codes divide the axial flow channels between fuel rods into numerous 1D subchannels. The 1D
governing equations are used to model axial fluid and heat transport, while transverse crossflow and mixing
between neighboring channels are approximated employing empirical formulations. Thus, it’s not purely 1D,
and the essential 3D effects, i.e., flow and heat interactions, are partially represented. Thus, it is considered to
be quasi-3D.
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Figure 1.3: Ranking of lumped parameter and CFD methods in terms of computational cost and accuracy [25].

1.3 Computational fluid dynamics and reduced order models

1.3.1 Necessity of parametric simulation

Due to specific fluid properties and flow conditions in Gen-IV reactors, experimental investiga-
tions are still fairly limited. Thus, high-fidelity numerical techniques are extensively employed to
analyze fluid mechanics and heat transfer in components of nuclear systems (e.g., fuel assemblies
and heat exchangers) [27; 28].

For the design of a nuclear system or its components, there are a series of scenarios that should
be analyzed [13; 14]: (i) design and optimization of the structures, (ii) design and off-design
operation conditions, (iii) accidents quantification, (iv) sensitivity and uncertainty analysis to
guarantee the safety margin, etc. That requires conducting numerous parametric simulations,
which are challenging even when we incorporate the less expensive RANS model.

It is worth noting that the computational complexity increases significantly for modeling the
wire-wrapped bundle [29]. Because the global length of a bundle is several meters, while the
transverse width of the narrow gap between neighbouring rods is less than a millimeter. That
requires a fine mesh to capture the local behaviours.

1.3.2 Reduced order model for parametric simulation

The limitation of computational resources has prompted the research community to seek more
efficient techniques for parametric analyses. Considering the relevance to this dissertation,
Reduced Order Model (ROM) is regarded as a technique capable of achieving fast and cheap
high-resolution approximations for a wide range of parameters, and thus dealing with these
difficulties [30].

The ROM belongs to the data-driven framework, which uses data to build highly efficient
numerical models. It is constructed from the postprocessing of a set of precomputed high-
fidelity solutions. Note that the high-resolution model used to generate datasets is called the Full
Order Model (FOM) in the ROM framework [31].
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The time sequences ofmultiple computations employing high-fidelity CFD and data-drivenROM
are shown in Fig. 1.4. As indicated, the traditional procedure involves a set of high-fidelity
calculations for sampled parameters. In comparison, a ROM contains two stages. Firstly, ROM
is constructed by the postprocessing of a set of precomputed solutions (e.g., CFD calculations).
Then, the reduced system can approximate new data points with a lower computational cost of
several orders. The two phases are named Offline and Online. The unknowns in a ROM are
several orders of magnitude fewer than in a FOM. That is indicated in its name of reduced order.

High-fidelity ROM approximations within the sampled parametric space are very cheap. There-
fore, although the offline step is expensive for a large parameter space, one can still benefit from
the cheap online computations and reduce the total time consumed.

Figure 1.4: Parametric simulation for a typical rod bundle employing high fidelity full order model and/or data-
driven reduced order model [32]. Figure (mesh of the bundle) taken with permission from [21],
copyright owned by Elsevier.

Similar to the ranking presented in Fig. 1.3, the ROM can also be assessed with respect to cost
and accuracy (see Fig. 1.5). As ROM is a data-driven technique built on CFD solutions, its
accuracy is slightly reduced (lower than the high-resolution results) [33]. Nevertheless, ROM
can reconstruct 3D thermal-hydraulic fields with the same spatial resolution as traditional CFD,
which makes it more favorable for reactor analysis compared to lumped parameter approaches.

Figure 1.5: ROM in terms of computational cost and accuracy.

Regarding the ranking of the ROMmethodology, the next concern is how to quantify its accuracy
and reliability. Verification and validation (V&V) are regarded as the general means to quantify
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these two aspects of simulation techniques 2. As shown in Fig. 1.6, the CFD and the relevant
turbulence model/resolve techniques can be validated through experiments. In addition, the
high-accuracy DNS/LES can be adopted to quantify RANS-based models [36; 37].

The V&V strategy also applies to ROMs. Since a ROM is constructed from its corresponding
CFD scheme, the standard procedure involves validating the approximations against high-fidelity
solutions (see Fig. 1.6). This indicates that CFD solutions are regarded as "true values" for
validating ROM approximations.

Figure 1.6: Validation procedures of the numerical methods. In this dissertation, ROMs are evaluated by the
corresponding RANS solutions [25].

In short, the accuracy of the ROM can be implicitly validated by reliable CFD solutions.
However, a comprehensive V&V of the CFD model falls beyond the scope of this dissertation.
Thus, the high-fidelity simulations are carefully configured based on recommendations from
existing references without specific validation. The configurations include the solver, turbulence
model, near-wall treatment, discretization, solution schemes, and mesh. A more thorough
discussion about CFD settings is provided in Chapter 3.

1.4 Local ROM: a combination of domain decomposition and
Reduced order model

ROMs are efficient techniques for parametric analyses of industrial applications. However, the
offline stage tends to be computationally expensive due to the complexity and large scale of
nuclear facilities. Consequently, approaches to accelerate the offline phase are important.

To address this challenge, let us recall the philosophy of the traditional subchannel approach
employed in nuclear engineering, as introduced in Sec. 1.2. Due to the existence of repeating
geometrical features in bundles, the entire geometry can be divided in both longitudinal and
transverse directions into pieces (i.e., subchannels), as shown in Fig. 1.7. Each part represents a
lumped parameter control volume with a single averaged value for each physical quantity.

The same methodology can be applied to construct ROMs for rod bundles. This can be achieved
by integrating the domain decomposition strategy into the ROM framework. First, the 3D bundle

2 Readers can turn to the publications [34; 35] for a comprehensive guide to the V&V procedure in CFD.
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model is partitioned into multiple subdomains. Then, FOM computations can be performed at
the subdomain level, either in several generic partitions or in a small system containing several
partitions. ROMs are also built locally. In the online stage, multiple ROMs are assembled to
achieve a global approximation.

Note that a ROM based on domain decomposition and the coupling of local predictions is called
a local ROM. In contrast, the aforementioned strategy for the entire domain is referred to as a
global ROM. The following paragraphs will illustrate the procedure for decomposing bundles
and discuss the challenges and opportunities of using the local ROM approach.

Fig. 1.7 illustrates the procedure of subchannel codes to decompose a seven-pin bare-rod bundle.
The domain is divided longitudinally into subdomains of specific length 3. In the transverse
direction, the geometry can be further split into three types of subchannels. The treatment is
also suitable for the local ROM construction.

(a)
(b)

Figure 1.7: Decomposition of a seven-pin bare rod bundle. ((a)) Longitudinal sections and (b) subchannels.

For the wire-wrapped bundle, although the existence of wires increases the geometrical com-
plexity, the model can still be split into repeat partitions. The example displayed in Fig. 1.8
shows two levels of decomposition. Firstly, a long bundle can be divided into subdomains with a
length of one wire pitch 4. Then, each section can be further split longitudinally into six identical
parts.

Figure 1.8: Decomposition of a seven-pin wire-wrapped bundle along both the longitudinal direction.

3 The length of the subdomains should be decided practically, using numerical experiments and evaluated by
experimental data.

4 One wire pitch is the axial distance traveled along the rod after the wire completes a helical turn around it.
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Note that subchannel codes can only result in low-resolution approximations due to the coarse
spatial discretization. In contrast, the local ROM can reconstruct high-fidelity solutions within
each subdomain, providing more informative and accurate results. Thus, the local ROM is a
promising technique for modeling large-scale rod bundles, which follows a similar philosophy
as the subchannel approach but with a much higher resolution.

However, this coupling introduces challenges. The strategies for domain decomposition and gen-
erating representative snapshots must be carefully investigated. More importantly, the assembled
problem must satisfy not only the governing equations and constraints of each subdomain but
also the interface conditions between adjacent subdomains. Ensuring that local ROMs meet
these interface conditions is complex. This topic is currently under active research in the applied
mathematics community (see the literature reviews in Sec. 2.4).

1.5 Aims and outline

1.5.1 Motivations

The background and the basics of the techniques adopted in this work are addressed in previous
sections. The motivations and objectives of this research are briefly outlined here.

1. Lumpeed parameter methods can be used for modeling of transient scenarios and system-
level responses in nuclear reactors. However, their solutions are low-resolution approxi-
mations, which are not sufficient for further optimization and analysis.

2. High-fidelity CFD can capture the localized flow and heat transfer phenomena. However,
CFD are prohibitively expensive for parameter exploration required for design optimiza-
tion, uncertainty quantification, and safety analysis.

3. ROMs based on using CFD datasets are efficient for parametric studies. However, most
existing work focuses on 2D benchmark cases or small-scale problems. The capability of
ROMs for large-scale engineering applications, e.g., rod bundles, is yet to be evaluated.

4. The existence of repeating geometrical features in the rod bundle makes it possible to
combine domain decomposition and ROM techniques, indeed, local ROM. However,
studies and implementations of local ROMs remain limited for large-scale 3D problems.

1.5.2 Significance and prospects

To clarify the significance of this work, let us revisit the timeline of numerical analysis tools
for reactor design, as illustrated in Fig. 1.9. In the early stages with limited computational
resources, lumped parameter methods, i.e., system and subchannel codes, have been standard
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tools for decades since the 1960s and 1970s [13; 14]. High-fidelity CFD approaches, i.e., finite
volume-based RANS models, have gained popularity since the 1990s.

To address the challenges of parametric simulations, reduced order models based on rigorous
mathematical theories (e.g., the reduced basis method) have matured since 2000. As repeating
geometrical patterns are prevalent in various application problems, the local ROM, become a
promising method since the 2010s. Note that, recently, machine learning has been integrated
into the ROM framework to enhance its capability and flexibility.

Given existing research and industrial demand, the significance of this work lies in evaluating
the capabilities of both global and local ROMs for large-scale rod bundles. The successful
implementation of these techniques will manifest their potential for engineering applications.

Moreover, the roadmap of this study shows great potential. Based on the existing investigations
and achievements of this study, future directions and prospects can be developed in two ways:

1. The local ROMframework can be regarded as a high-resolution extension of the subchannel
approach. It can be developed following the same procedure as the subchannel method:
(i) constructing local ROMs for bundle sections; (ii) obtaining solutions for an assembly;
(iii) assembling fuel assemblies to form an entire core.

2. Continue the development of the global ROM. To achieve simulations for detailed in-
dustrial models, technical improvements are required. For instance, code development to
handle large datasets, enhancements to ROM accuracy and stability, etc.

Note that the implementation of ROM is in its early stages and has the potential to become
an integral part of the design workflow at all levels. Therefore, ROMs have other common
applications in nuclear engineering:

1. Geometrical parametrization, e.g., varying the rod spacing, wire pitch, etc.

2. Multi-physics problems, e.g., conjugate heat transfer, fluid-structure interaction, thermal-
hydraulics-neutronics coupling, etc.

3. ROMs for other reactor system components, e.g., heat exchangers, steam generators, etc.
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Figure 1.9: A summarized and prospective timeline of the development of numerical tools for the nuclear industry. Conventional methods, i.e., lumped parameter and CFD
approaches, have beenwidely used for several decades. Reduced ordermodels are emerging techniques for parametric simulations. The local ROM is developing
rapidly and is expected to be a promising tool. This dissertation focuses on evaluating the capability of both global and local ROMs for typical rod bundles.
In the foreseeable future, it will be considered a tool for large-scale reactor modeling. Figures taken with permission from [12; 17; 18; 11; 19; 21; 38; 39; 20],
copyright owned by Elsevier.
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1.5.3 Tasks and outline

After clarifying the motivations and significance, the next step is to define the goal of this
dissertation.

Both intrusive and non-intrusive global ROMs will be tested for the parametric analyses of flow
dynamics in rod bundles. The local ROM will also be investigated to assess its potential for
practical relevant applications involving repeating geometrical patterns. To achieve the goal,
three main tasks are defined as follows.

1. Literature review: The state of the art of CFD investigations for nuclear engineering is
reviewed. References are presented and summarized regarding the status of the ROM
technique. The characteristics of available methods are discussed, and the selection of
approaches for this work is justified.

2. Methodology: The fundamental theories of the approaches applied in this work are
introduced in detail, including the high-fidelity CFD and the ROM techniques.

3. Applications: The proposed methods are exploited to analyze flow in typical rod bundles.
Both global and local ROM strategies are utilized for physical parametrization (i.e., inflow
profiles and viscosity). The global ROM results are shown first, followed by the more
challenging local ROM approach.

Be aware that, as ROMs are relatively new to nuclear engineering, this work intends to evaluate
their capability for standard physical parametrization, rather than the design scenarios.

The dissertation is structured according to the tasks defined above, as illustrated in Fig. 1.10.
The contents of each chapter are briefly described below.

Chapter 2 presents fundamentals and the state of the art in numerical tools, focusing primarily
on CFD approaches, ROM methodologies, and the local ROM strategy. The basic principles
and mathematical theories are given first. Then, references corresponding to different aspects
are reviewed.

In Chapter 3, the methods employed for this dissertation are explained. The RANS formulations
and the CFD solver (i.e., software) are described. Both global and local ROM strategies are
introduced.

The aforementioned techniques are applied to Global FOM with physical parametrization (see
Chapter 4). Three geometries are analyzed: a subchannel, a bare-rod bundle, and awire-wrapped
bundle. The physical parameters include inflow profiles and viscosity.

The local ROM based on the PODI method and the Dirichlet-Neumann iteration is applied to
model the wire-wrapped bundle, in Chapter 5. The same set of physical parameters as in the
previous chapter are investigated. The performance of the local ROM is systematically assessed.
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1.5 Aims and outline

Figure 1.10: Structure of the dissertation. The arrows indicate the connections among sections, e.g., the relations
between methods and applications.

The achievements and results are summarized and concluded in the final (Chapter 6), along with
perspectives on the application of ROM to these engineering problems.
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Numerical simulation is becoming a standard approach for designing and optimizing various
industrial applications. Various tools have been proposed to capture physical phenomena at
different length scales in nuclear reactors. The following sections will describe the techniques
and outline the state of the art, with a focus on thermal-hydraulic analysis in nuclear engineering.

This chapter is organized as follows. The lumped parameter methods are still briefly described.
Regarding high-fidelity CFD, a general description and three major approaches for turbulence
modeling are discussed. As the number of practices and publications using CFD for numerical
analysis is enormous, only CFD modeling for reactors is briefly reviewed.

Recently, ROM has gained popularity due to its advantages for parametric calculations. Two
major categories of ROM have been proposed over the past decades: intrusive and non-intrusive.
The basic ideology of both approaches is introduced, along with an overview of relevant publi-
cations.

Due to the complexity of industrial problems. The generation of high-fidelity solutions for
the entire domain becomes a bottleneck in the implementation of ROM. Fortunately, various
engineering facilities are designed to contain repeating geometric patterns. Hence, domain
decomposition can be integrated into the framework of ROM, which is known as local ROM.
That denotes collecting snapshots only from small-scale subdomains, which is more efficient.
Then, the local reduced bases are glued to reconstruct global fields. Considering the potential
of local ROM for industry related applications, a comprehensive introduction of references is
presented. Various methods are classified and summarized. They are mainly evaluated based
on an engineering perspective.

2.1 Lumped parameter methods

Hardware capabilities have grown dramatically over the past few years. However, due to the large
scale of nuclear reactors, lumped parameter approaches are still necessary to analyze system-
level heat and fluid transport processes. The two types of lumped parameter software (see Fig.
1.2), namely 1D System codes and quasi-3D Subchannel analyses, will be discussed below.

Lumped parameter models are constructed under the assumption that a system (or component) is
divided into homogenized control volumes. In every volume, one averaged value of each physical
quantity is defined, and spatial gradients of variables do not exist. Both the one-dimensional
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(1D) System approach and the quasi-3D Subchannel analysis are based on the lumped parameter
framework.

(a) System nodalization.
(b) Subchannel discretization.

Figure 2.1: Discretization of a liquid sodium cooled fast reactor by the two lumped parameter tools. (a) The whole
system is roughly modeled with a set of control volumes in system codes, taken with permission from
[18], copyright owned by Elsevier. (b) A typical 37-pin bundle is discretized into subchannels (interior,
edge and corner), taken with permission from [20], copyright owned by AIP Publishing.

The system code adopts control volumes to model the entire reactor system (see Fig. 2.1a). All
complex components are simplified and represented as volumes with a single value for each
physical quantity (e.g., pressure, temperature, velocity, etc.). The subchannel approach employs
the same discretization strategy for rod bundles (see Fig. 2.1b). Nevertheless, those techniques
have two major shortcomings. First, the coarse discretization cannot resolve local flow (e.g., in
real 3D scenarios). Second, the simplification requires empirical correlations to approximate
essential phenomena, such as flow resistance, wall-fluid heat transfer, two-phase flow, etc.
Despite the limitations, the system and subchannel codes are considered the workhorse used to
assess integral behavior and transient performance of most existing reactors since the 1970s.
Recently, their drawbacks have encouraged the research community to adopt contemporary tools,
e.g., high-fidelity CFD.

More details regarding them are presented in Appendix A.1.1. The interested reader can find
in-depth descriptions from the review articles [40; 41; 42; 16; 43; 25; 44].

2.2 High fidelity computational fluid dynamics

High-fidelity CFD aims to approximate the numerical solutions of Partial Differential Equations
(PDEs). That denotes field values over the computational domain at finite discrete points with
high resolution. Indeed, discretization in both spatial and temporal space should be fine enough to
obtain reasonable approximations [45]. Nowadays, CFD is gaining popularity as computational
power increases. This section describes several key aspects of implementing CFD, particularly
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its applications in nuclear engineering. The interested reader can also refer to [46] for an overview
of the topic.

2.2.1 Basics of CFD

In general, a simulation using CFD consists of two major steps [24]:

• Domain discretization. The fluid domain is divided into non-overlapping cells or elements,
yielding a grid ormesh system. The subdivision of the computational domain is sufficiently
fine. Thus, it can resolve delicate local flow patterns. Moreover, in transient problems,
the temporal space is also divided into many time steps.

• Equation discretization. The governing PDEs are discretized into a set of algebraic equa-
tions with respect to themesh and time steps. The algebraic equations in each grid and time
point are then assembled into a global matrix. The algebraic system is solved iteratively
to achieve the final solutions.

The mesh generation methods and grid shapes are not unique. They need to be adjusted to well
represent geometries and satisfy the requirements of discretization schemes, solution algorithms,
etc. For more details about meshing, the reader may refer to [47].

The algebraic system can be constructed in frames of different approaches, including Spectral
Element (SEM) [48], Finite Element (FEM) [49], Finite Volume (FVM) [24], Discontinuous
Galerkin (DG) [50], etc. These approaches yield matrices with distinct characteristics, and
different algorithms are developed to address the problems.

FVM is regarded as the most practical method in modeling engineering fluid flow problems and
related transport phenomena. The early work of development was done by Spalding et al. [51].
Also, contributions from Patankar, Gosman, and Runchal [52; 53; 54] are essential. Since then,
it has taken a prominent role in CFD due to two significant advantages. Firstly, the dependent
variables, i.e., mass, momentum, and energy, are conserved at the local level. Secondly, the
integration form of FVM can approximate complex geometries with arbitrary meshes [24].

2.2.2 CFD and turbulence modeling

In engineering applications, the vast majority of flows are turbulent, which is of great practical
importance for the transport and mixing of matter, momentum, and heat in fluids. As the
turbulent flow fluctuates and consists of multi-scale flow coherent structures, several numerical
approaches have been proposed to represent them [22] (see Fig. 1.3).

Themain advantages of CFD over lumped parameter methods are its higher resolution and ability
to model (or resolve) turbulence. The four most widely used approaches, i.e., DNS, LES, DES,
and RANS, are illustrated in Fig. 1.3, which vary in computational cost and complexity. All
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of them can be incorporated with FVM. Their theoretical foundations, governing equations, and
applications are detailed in [22; 23; 24]. Below, we briefly summarize their general assumptions
and key characteristics, excluding DES, which is a hybrid of RANS and LES. Note that the
application of interest is the LMFRs, where the fluid is in liquid state, so the studies presented
below consider only the single-phase flow.

RANS, LES, and DNS can model the turbulent eddies on different scales. RANS uses time-
averaged equations to represent the mean flow field. The turbulent features are approximated
with semi-empirical models. LES can resolve large-scale eddies, while the rest, commonly
termed Sub-grid-scale (SGS) stresses, are also represented with empirical turbulence models.
DNS is a fully resolved method. It utilizes a sufficiently fine spatial mesh and small time steps
to capture the smallest eddies and the fastest fluctuations in a transient solution. The accuracy
of the three methods increases in order, as does the computational cost, as displayed previously
in Fig. 1.3.

All the three aforementioned techniques have been widely applied to simulate the fluid dynamics
in nuclear engineering [55]. Interested readers can refer to the overview documents [26; 55; 36]
for more details. Also, a brief literature review is addressed in Appendix A.1.2. The applications
of the three methods for LMFRs are summarized as follows:

• RANS can simulate various problems for large bundles, including thermal-hydraulic
assessments [56; 57; 58], flow blockages [59; 60; 61], rod deformation [62; 63; 64], etc.

• LES is employed for thermal-hydraulic modeling at the subchannel level or for typical
bundles. See more in the references [65; 66; 67; 68; 69; 70].

• DNS is used for capturing small-scale flow variances in subchannels or even smaller
geometries [71; 72; 73; 74; 37; 75].

Despite improvements in hardware over the last few decades, DNS and LES are still prohibitively
expensive for most research groups. RANS-based CFD remains the most practical tool for
thermal-hydraulic analysis of LMFRs. Nevertheless, even RANS-based approaches lack the
efficiency for comprehensive parametrization and real-time calculation/control applications.
This situation is aggravated in simulations of reactor fuel assemblies, which contain micro- and
macro-structures in a wide range from meters to millimeters. Consequently, the number of grids
for a high-quality mesh of the fuel bundle is enormous, which requires huge computational
resources for simulations.

To address the limitations of CFD, the research community has invested heavily in develop-
ing highly efficient, accuracy-preserving parametrization techniques. Among the alternative
methodologies, for its relevance in our study, we highlight Reduced Order Models (ROMs).
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2.3 Reduced order models

2.3 Reduced order models

ROM can be regarded as a data-driven method. It aims to obtain high-fidelity solutions with
much lower numerical complexity. To be more precise, the unknowns (also known as Degrees
of Freedom (DoFs)) of a reduced system are much smaller than the original discretized PDEs.
Note that, in this context, the original problem is named Full Order Model (FOM) in the frame
of ROM. In this chapter, the procedures and several essential aspects for ROM are discussed.

2.3.1 Basic aspects

The fundamental goal of ROM is to reduce the computational cost of parametric analysis using
existing datasets. In Fig. 2.2, the runtime costs of multiple FOM and ROM calculations are
sketched. Suppose one needs to carry out computations corresponding to k parameters, i.e.,
µ1, · · · , µk. It requires running the FOM for k times. The time consumed for every calculation
is almost the same. Thus, it is expensive for a large parameter space.

Figure 2.2: Computational consumption of the FOM and ROM for multiple parametric simulations. Figure redraw
refers to [32].

The procedure of a ROM for the same parametric study is different. It typically consists of two
stages, i.e., offline and online [76].

• For the offline phase, a few parameters µ1, . . . , µNµ are sampled from the whole parameter
space. Note that Nµ is generally much smaller than k. The parameterized solutions u
are computed and collected as a dataset called snapshots, S =

[
u1, . . . , uNµ

]
. The matrix

S has a shape of Nh ×Nµ, where Nh denotes the dimension of high fidelity solutions.
Then, the data and governing equations are post-processed to build a ROM. Although the
offline stage requires a huge computational expense, it only needs to be run once.

• In the online stage, in which the ROM is available, calculations can be carried out cheaply
with high accuracy. One can now obtain uN(µ1), . . . , uN(µk). Moreover, the ROM can
be applied to efficiently obtain solutions within the parameter space, which results in a
speedup of several orders of magnitude [76]. The ROMfields have the same dimensions as
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the original FOM. These make the approaches prone to carrying out extensive parametric
studies and uncertainty quantification [77; 78; 79; 80].

“Note that the strategy to create ROM is not unique. Over the past two decades, various ROM
techniques have been proposed, which can be divided into two major groups: intrusive and
non-intrusive approaches. The former requires snapshots and the manipulation of the governing
PDEs, whereas the second is purely data-driven, adopting only high-fidelity solutions [81; 82].”1

The two frameworks and references are overviewed in Sections 2.3.3 and 2.3.4, respectively.

As ROM is not commonly adopted for thermal-hydraulic analysis of nuclear reactors, references
from other fields are cited for clarification. An overview of ROM in nuclear engineering is
described separately in Section 2.3.5.

2.3.2 Parametrization techniques

Note that before constructing a ROM, the parameters for generating snapshots should be deter-
mined. The selection of parameters is crucial to the performance of ROM. The parameterization
technique aims to optimally sample values to balance the cost and accuracy of ROMs. Three rele-
vant aspects are included: sampling strategies, geometric parameterization, and parameter space
reduction. Although a comprehensive parametrization study is not adopted in this investigation,
as an essential part of ROM, it is discussed for completeness.

2.3.2.1 Sampling strategies

Sampling denotes selecting a subset that can well approximate the features of the whole dataset
[83]. Sampling strategies vary in different applications, which depends mostly on the dimension,
NP , of the parameter space P [84; 30].

• “For low dimensional (typically NP ≤ 3) situations, grid-based approaches are the
standard option [85; 30].

• When the dimension NP is between 4 and 10, the number of grid points grows expo-
nentially. Statistical algorithms like random (e.g., Monte Carlo) and Latin hypercube
sampling, as well as Smolyak sparse grid, are well-suited for these conditions [86; 85; 30].

• When the dimension NP > 10, the common sampling techniques mentioned above are
not feasible. Therefore, more sophisticated problem-specific adaptive algorithms should
be utilized, see [85; 84; 87]. The greedy method is a widely used adaptive approach for
this task [88; 33; 89].”2

1 rephrased from Ruan et al. [2], page 3, 5th paragraph.
2 rephrased from Ruan et al. [2], page 10, the last paragraph.
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2.3.2.2 Geometrical parametrization

It is straightforward that physical quantities, e.g., viscosity, boundary conditions, source terms,
etc., can be regarded as parameters. Actually, in many engineering applications, the goal is to
design and optimize the shape of a component or analyze the dynamics in different geometries
[90; 91; 92]. In these cases, geometrical parametrization is necessary. See more applications in
[88; 30; 89; 93; 94; 31].

Through a literature survey, we identified two main categories of geometrical parametrization
methods: interpolation technique and Free Form Deformation (FFD). The implementation
of both approaches requires a reference geometry and mesh. Their procedures and observed
references are listed below.

The interpolation technique is a straightforward method to generate new geometries. It is based
on the interpolation of the reference geometry and mesh. The parameters are defined as the
coefficients of interpolation. For example, if we want to generate a new geometry with a length
of L, we can define a parameter µ as the ratio of L to the length of the reference geometry, i.e.,
µ = L/Lref. Then, the new geometry can be obtained by interpolating the reference one with µ.
The method is simple and efficient, but it is limited to specific types of geometrical deformation.

FFD is a general deformation method for 2D and 3D objects, which is independent of the
geometry and mesh [95; 96]. It can also be used for the geometrical parametrization of a part
of a domain [91; 97]. It consists of four steps: (i) the reference domain is embedded in a lattice
of control points; (ii) the control points are moved; (iii) the new geometry is obtained through
interpolation of the deformed lattice; (iv) the mesh is generated through interpolation of the
new domain. Note that the mesh can also be deformed directly according to the movements of
control points, and the procedure is simplified to three steps. By employing FFD, displacements
of the control points are parameterized.

2.3.2.3 Parameter space reduction

The last aspect of parametrization is the reduction of the parameter space. It is proposed to deal
with problems with a huge number of parameters (i.e., high-dimensional parameter space). For
industrial scenarios, the design and optimization of a device might involve numerous factors.
That results in difficulties in both FOM and ROM simulations. The aim is to reduce the
dimension of the parameter space while preserving the main features of the original one [84].
Additionally, low-dimensional inputs also improve the accuracy of ROMs, as demonstrated in
[98; 99; 100; 101; 102].

Now, two major approaches will be briefly introduced, i.e., Active subspaces and the AI-based
generative model.
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Active subspace The active subspace (AS) method can generate several active values that
represent linear combinations of the original parameters. Then, the low-dimensional active
values are adopted as new parameters [103].

For example, assume a parameter space P has NP dimensions, a point in P can be defined
as µ = [µ1, . . . , µNP ]

T ∈ RNP . The AS method can compute a linear transformation matrix
W1 ∈ RNP×M , where M < NP . The original parameters are projected to a new space with a
reduced dimension, i.e., µM = WT

1 µ ∈ RM , and µM are called active variables.

The method was initially proposed by Paul G. Constantine et al. [104] and has been applied in
various applications, including airfoil [99], ship hull [100; 105; 101], and ship propeller blade
optimizations [106].

Generative model The generative model for parameter space reduction is a state-of-the-art
approach. It is a neural network trained to learn the distribution of the original parameters.
Then, the network can generate new samples that follow the same distribution, but with lower
dimensionality [101].

The basic ideology of the generative model is similar to the active subspace method. The key
difference is that the transformation matrix W1 is now replaced by a neural network. For
example, let us assume a network as Z and a point in the original parameter space as µ, the
corresponding low-dimensional value can be represented as µM = Z(µ).

The incorporation of the generative model and ROM can be seen in [101; 107; 108]. It has
been applied to several scenarios, including the Poisson problem and Reynolds-Averaged Navier-
Stokes equations. The authors have show that the framework is more efficient and accurate than
one without parameter space reduction.

2.3.3 Intrusive Reduced Basis method

Now, let us begin the discussion of ROM construction using an intrusive framework. Funda-
mental theories and applications of intrusive techniques have been summarized in the books
[88; 33; 89; 93; 76]. The following sections introduce a relavant reduced-order modeling
technique: the Reduced Basis (RB) method.

Its construction contains two parts: (i) extracting a reduced basis from high-fidelity solutions;
(ii) employing the Galerkin method to project the original governing equations onto a subspace
spanned by the reduced basis [30]. Note that, as the formulations are derived using Galerkin
projection, it is also called a projection-based method.

Fig. 2.3 illustrates the basic principle of the reduced basis method. Assume the solution of a
PDE exists within a specific function space denoted V . The true solution setM is represented
by a high-fidelity databaseMh. uh(µ1), . . . , uh(µk) ∈Mh ∈ RNh are a set of FOM snapshots.
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Then, a reduced subspace VN is computed fromMh via a dimensionality reduction technique.
A ROM is built on VN to approximateMh. The dimension of VN isNRB, which is much smaller
than Nh. The ROM approximation uN(µj) ∈ VN is expected to be close to uh(µj). The ROM
error denotes εj = ∥uh(µj)− uN(µj)∥.

Figure 2.3: Sketch of the numerical approximation. Left: the true solution setM is approximated by a high-fidelity
setMh. Right: NRB parametric snapshots are collected to construct a RB VN , shown as a hyperplane.
A ROM result uN (µj) exists within VN and its error to uh(µj) denotes εj .

The following sections describe the two key steps of the RB method, i.e., RB generation and
Galerkin projection.

2.3.3.1 RB generation

Suppose a snapshot set S, dimensionality reduction techniques are applied to extract several
dominant features (i.e., RB vectors) from S. The RB is spanned by NRB basis vectors, i.e.,
VN = span

{
vi, i = 1, . . . , NRB}. Then, S can be reconstructed by a linear combination of vi.

Indeed, each FOM field can be expressed as u(x;µj) ≈
∑NRB

i=1 ai(µj)vi(x), vi ∈ VN . The
methodology is illustrated by an example displayed in Fig. 2.4.

The algorithm to construct a RB is not unique. Two popular methods are discussed and reviewed
in the section, i.e., Proper Orthogonal Decomposition (POD) and the Greedy Basis Generation
algorithm [30; 33; 76]. There are many other dimensionality reduction techniques available,
such as Dynamic Mode Decomposition, Linear Discriminant Analysis, Proper Generalized
Decomposition, and Active Subspaces, etc. But they are not covered in the current discussion.

Proper orthogonal decomposition POD is a widely used dimensionality reduction technique
for analyzing complex spatial-temporal systems [109]. The method captures the most essential
features of snapshots with a reduced representation. PODmodes can be computed using Singular
Value Decomposition (SVD) or Eigendecomposition of the snapshot correlation matrix [30].

PODwas initially used to analyze turbulence and coherent structures in fluid dynamics [110; 111].
The applications suggested that POD is an effective method to interpret complex data. Then, it
was extended to extract dominant features of various physical fields, including pressure, velocity,
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Figure 2.4: Illustration of the reduced basis approximation. Dominant features vi are extracted from snapshots S =[
u(µ1), . . . ,u(µNµ

)
]
. High resolution fields can be reconstructed considering a linear combination of

basis functions. Figure takenwith permission from [82], copywriter owned by Institution ofMechanical
Engineers.

and temperature in fluid dynamics [112; 113], displacement and stress in structural analysis
[114], etc.

In the frame of ROM, POD plays a leading role in the post-processing of data sets, including
transient and other parametric simulations [30].

For time-dependent applications, snapshots are solutions taken at a series of times. POD is then
used to extract the essential dynamics during the variations [112; 115; 77; 116; 78].

Recently, POD has been applied to more general conditions, indeed, the parametrization of
physical and geometrical variables. Various physical values can be considered, such as fluid
viscosity, boundary velocity, etc [115; 117; 118; 113; 119]. Readers can also refer to the studies
[91; 94; 120; 107] that regard deformations of the computational domain. Additionally, POD
has shown its capability in dimensionality reduction for a wide variety of PDEs, such as elliptic
[38], parabolic [121], hyperbolic [122], Stokes [123], and Navier-Stokes [113], etc.

In this research, POD is utilized for reduced basis construction, and its formulations are presented
in Sec. 3.2.1.2.

Greedy algorithm The greedy algorithm is another widely used method to generate a RB
[30; 33]. It is an iterative procedure that selects the most relevant snapshots (or parameters) by
optimizing a specific criterion. In each step, a new parameter is identified, and the corresponding
high-fidelity solution is obtained. A new basis function is then computed by employing orthog-
onalization (e.g., Gram-Schmidt orthogonalization) [124]. The newly expanded basis functions
can optimize the overall representation of the RB to the problem [30]. The procedure continues
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until reaching a predefined tolerance. Hence, the dimension of the reduced subspace equals the
number of solutions.

The basis enrichment can be achieved through two distinct procedures, depending on whether
FOM solutions are available [30].

The first is called the strong greedy algorithm [30]. It is employed when not all FOM simulations
have already been performed. It is an iterative procedure for selecting parameters and performing
computations.

Before the procedure, a set of candidate parameters, P = [µ1, . . . , µN ], is defined. Then, the
iterations proceed as follows.

1. An initial parameter µ0 is selected, and the corresponding high-fidelity solution u(µ0) is
computed. The first basisV0 = span {u(µ0)}.

2. A ROM is built from V0 and applied to approximate solutions for all parameters in P .
The next parameter µ1 is selected by maximizing the error between the ROM and FOM,
i.e., µ1 = argmaxµj∈P ∥u(µj)− uN(µj)∥. The new snapshot u(µ1) is computed. u(µ0)

and u(µ1) are orthogonalized to obtain a new basis vectorV1.

3. The iteration continues and selects µ2, . . . , µN . It ends until a predefined convergence
tolerance ε is satisfied, i.e., maxµj∈P ∥u(µj)− uN(µj)∥ < ε.

Note that the criterion ∥u(µj)− uN(µj)∥ is not computable, as the FOM solution u(µj) is
unknown. Hence, the value is estimated by a priori error estimator, which is a analytical
quantity that can bound the true error [30].

The key advantage of this algorithm over POD is that the size of FOM simulations is increased
adaptively, if necessary, to enhance accuracy. However, finding an error estimator is an essential
question for its implementation (see [125; 124; 126; 127]).

The second procedure is called the weak greedy algorithm. It is applied to the case where
snapshots have already been generated. The aim is to only adopt a subset of the data for dimen-
sionality reduction [30]. Thus, instead of the error estimator, the selection can be determined by
the relative projection error,

Ekj =

∥∥∥u(µj)− ΦkΦkTu(µj)
∥∥∥

∥u(µj)∥
,

where k is the current iteration number, Φ = [v1, . . . ,vk−1] is the RB matrix. Ej denotes the
relative projection error of the j-th snapshot.

In each iteration, Ekj is computed for all snapshots. The µn+1 = argmaxµj
Ekj is selected to

enrich the reduced subspace. Similarly, the iteration ends when the maximum Ekj is acceptable.
It is worth noting that the weak greedy algorithm is not adaptive, as all snapshots are already
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available. The weak greedy strategy does not require an error estimator that is difficult to find.
However, it is less efficient than the strong one, as all FOM simulations are performed before
the selection.

Thework on the greedy approach for ROMcan be found in the 2000s [128]. A priori convergence
and efficiency analysis were provided in [124]. Bernard Haasdonk [126] adopted POD in greedy
iterations to compute the reduced basis vectors. The approach has recently been used to construct
the RB for various parameter-dependent scenarios, such as the Poisson equation [38], the Burger
equation [128], structural dynamics models [129], the Helmholtz problem [130], and Navier
Stokes equations [131].

2.3.3.2 Galerkin projection and ROM

The ROM is built upon the RB, and the reduced system is achieved via a well-known technique,
Galerkin projection. It is a mathematically rigorous method used to reformulate PDEs before
constructing algebraic systems. The original PDEs (strong form) are transformed into the so-
called weak form by projection. This is the fundamental procedure for many discretization
algorithms, such as the Spectral Method (SM) [48], the Finite Element Method (FEM) [49], the
Discontinuous Galerkin (DG) [50], etc.

Strong and weak form The derivation of the weak form of a PDE has been extensively docu-
mented in the literature [49; 48; 45]. The formulations are briefly summarized for completeness.

The strong form of a general parametric PDE is expressed as

u̇ (x, t) +Q (u (x, t) ;µ) = f (x, t;µ) , (2.1)

where u̇ is the time derivative of u. Q is a differential operator, not necessarily linear. f is a
given source term. µ denotes parameters. The boundary and initial conditions are not presented
for brevity.

By applying the inner product with the so-called test function w, equation (2.1) is reformulated
as the weak form,

(u̇, w) +O (u,w) = F(w), (2.2)

where (·, ·) denotes the inner product, and w are selected from a test functional spaceW . For
brevity, µ is omitted. The definition of the test space depends on the problem.
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Let us expand u with basis functions vj ∈ V (also known as trial functions), in which V is a
functional space. Suppose u ≈ uN =

∑NRB
j=1 ajvj , the weak form (2.2) is expressed as finding

the approximation uN =
∑n

j=1 ajvj with vj ∈ V that satisfies(
n∑

j=1

ȧjvj, wi

)
+O

(
n∑

j=1

ajvj, wi

)
= F(wi). (2.3)

Note that the unknowns of equation (2.3) are the coefficients aj . Thus, NRB test functions wi

are required to close the system.

“The choice of test functions is crucial for the well-posedness of the reduced system. The test
functions are selected from a test space W . The selection can be based on the trial space V ,
which is spanned by the basis functions vj . For example, ifW = V , the projection is called the
Bubnov-Galerkin projection. IfW ̸= V , it is called the Petrov-Galerkin projection. The choice
of test functions can affect the stability and convergence of the ROM. Hence, it is an important
aspect to consider when constructing a ROM.”3

A special case of Galerkin ROM is the Least-Squares Reduced Basis (LS-RB) method [30]. The
approach aims to obtain solutions uN ∈ V satisfying the optimal system (2.1)

uN = argmin
v∈V
∥(u̇, w) +O (u,w)−F(w)∥2 , w ∈ W . (2.4)

Application of projection-based ROM The intrusive ROM has been widely used to address
various problems over the last two decades. We will categorize the existing studies considering
several aspects, i.e., FOM discretization schemes, model problems, and parameters, and review
them separately.

As high-fidelity solutions are obtained utilizing different CFD discretization techniques, the
existing studies show that the projection-based ROMworks well with the datasets collected from
FEM [132; 119], FVM [113; 118], DG [133; 134], etc. A collection of those studies is presented
in [76].

They are also capable of solving various PDEs, like the Poisson equation, Burgers’ equation,
Euler equation, and Stokes equation [123; 115; 32; 77; 80; 107].

Remarkably, the incompressible Navier-Stokes for laminar flow can also be analyzed in the frame
of ROMs [118; 116; 78]. However, the basis functions of velocity are divergence-free due to the
incompressible assumption, which already satisfies the continuity equation. Hence, the well-
posedness (i.e., existence, stability, and convergence of solutions) of the reduced systems is not

3 rephrased from Ruan et al. [2], page 21, 2nd paragraph.
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preserved. Thus, the Poisson equation for pressure [118; 135; 136] or a supremizer enrichment
technique [123; 117; 33] is proposed to resolve the issue 4.

Model order reduction methods have already been extensively applied to many scenarios, and
various quantities can be regarded as parameters for ROMs, like physical variables (e.g., time,
velocity, viscosity, temperature, etc [93; 76; 137]) and geometric deformations [138; 117; 91; 76]

In addition, the presence of nonlinear terms leads to high-dimensional reassembly when solving
a reduced system, which weakens the reduction capabilities of the ROM. Consequently, some
hyper-reduction techniques have been developed to efficiently deal with the obstacle, such as
the empirical interpolation method (EIM) [139], its discrete variant DEIM [140], and its matrix
version (MDEIM) [141]. Those approaches are not covered in this document because they are
beyond its scope. Interested readers can refer to the cited references.

The intrusive approaches for Navier-Stokes flow have recently been extended to include turbu-
lence models. The approach uses high-fidelity turbulent solutions obtained from CFD simula-
tions using RANS [142; 113] or LES [143; 144]. The continuity and momentum equations are
then reduced by projection. The additional terms associated with turbulence models are not fully
included in the reduced system. Instead, only the eddy viscosity is considered and interpolated
employing surrogate models, e.g., the Radial Basis Function. The turbulent contribution is
added as an additional term to the momentum formulation.

This research considers the standard Galerkin ROM for RANS, see Sec. 3.2.2 for details.

2.3.4 Non-intrusive ROM: machine learning

Non-intrusive methods are purely data-driven and typically do not manipulate PDEs. It trains
an efficient surrogate model using high-dimensional datasets and can approximate FOM results
at low computational cost.

In general, the approaches work in a black-box manner without requiring access to the CFD
source code, offering greater flexibility for practical problems than Galerkin-based procedures.
They are becoming popular, accompanied by the rapid development ofMachine learning (ML).
Various non-intrusive ROMs have been proposed during the past decade. A recent overview of
ML for fluid dynamics can be seen from [145; 76; 146].

The following sections will introduce several widely used techniques for building surrogates for
specific inputs and outputs. In addition, how to incorporate the approaches to build ROMs are
discussed. Given the relevance to this thesis, two ROM construction methods will be discussed:
POD with interpolation and Data-Driven Neural Networks (DDNN).

4 Supremizer enrichment is a well-known technique, which ensures the reduced system satisfies the inf-sup
condition. It is necessary for the existence of a unique solution and the stability of numerical approximations.
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2.3.4.1 Proper orthogonal decomposition with interpolation

The first to be mentioned is called Proper orthogonal decomposition with interpolation (PODI).
As the name implies, POD is applied in the offline phase to reduce the dimensionality of the
collected data, extracting the most dominant modes. An interpolation model is subsequently
adopted to correlate the input parameters to the corresponding POD coefficients [94; 145]. After
training, it can predict coefficients with new inputs and reconstruct the high-dimensional fields.

Assume the parameter space P and the POD approximation

u(µk) ≈
NRB∑
i=1

αi(µk)vi, ∀µk ∈ P .

A surrogate Z is trained to achieve

αi(µk) ≈ Z(µk), ∀µk ∈ P , i = 1, . . . , NRB. (2.5)

Thus for each new value µnew, one can obtain αi(µnew) ≈ Z(µnew). The resulting field is
reconstructed directly via u(µnew) ≈

∑NRB

i=1 αi(µnew)vi.

A very early application of PODI (with cubic spline interpolation) is proposed by Bui-Thanh
for steady aerodynamics analyses [147]. Various techniques have been adopted to obtain the
interpolant Z , including regression algorithms such as linear models, Radial Basis Function
(RBF) Interpolation, andGaussian Process Regression (GPR). Artificial Neural Networks (ANN)
are also well-suited for the task.

Due to its simplicity and generality in constructing ROMs, the PODI has been widely adopted for
analyzing computational physics applications. APython package,EZyRB [148], is recommended
for easy implementation of PODI. Note that it beyond the scope to review numerous existing
articles. The following paragraphs highlight only a few typical studies on interpolation algorithms
and application scenarios.

Considering the techniques to build Z , there are several possibilities, such as linear algorithm
(linear interpolation [149], and Delaunay triangulation and its dual Voronoi tessellation [150]),
RBF [151; 152; 153], probabilistic based-approches (Bayesian Kriging [154], GPR [155; 98;
156]), and ANNs [157; 120; 97].

It is also suitable for various application fields, including unsteadyNavier-Stokes flow [158; 159],
shape optimization with respect to the heat conduction [149], aerodynamics [160], geometri-
cal parameterized [150; 107], Fluid-Structure Interaction (FSI) problems [161; 92], neutron
transport [162; 163; 164], and quasi-1D combustion behavior [165].
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2.3.4.2 Neural Networks for ROM

The basic ideology of building ROM utilizing neural networks also falls within the framework of
offline and online stages. The FOMsolutions corresponding to selected parameters are generated.
Various frameworks have been proposed to map inputs and outputs. Considering the popularity
of neural networks for scientific computation, many books are available [109; 166; 167; 168] for
detailed instructions.

As the dimensionality of physical fields is generally huge, it is not feasible to directly surrogate
the input parameters and output fields. Therefore, dimensionality reduction techniques are still
incorporated to extract the most relavant features. Then, neural networks can be trained to
involve the effect of parameters on the desired outputs.

Autoencoder (see Fig. 2.5) is a broadly used network architecture for dimensionality reduction
[169]. It contains two parts, Encoder and Decoder. The former can generate a low-dimensional
latent space (i.e., α(µ)) from the original snapshots. The latter can reconstruct the high-
dimensional fields from the low-dimensional representation.

Figure 2.5: A sketch of an autoencoder. High-fidelity snapshots u(µ) are compressed by the Encoder into a low-
dimensional latent space α(µ). The Decoder is applied to reconstruct fields ũ(µ) from α(µ). The
network is trained to minimize ∥u(µ)− ũ(µ)∥.

The implementation of Autoencoder in the ROM is similar to PODI: a surrogateα(µ) ≈ Z(µ) is
constructed tomap the input parameters to the latent space. Consequently, for any new inputµnew,
one can obtain the corresponding α(µnew) [170]. Remind that, for transient problems, recurrent
neural networks aremore powerful for creating a surrogatemodel because they consider feedback
in sequence [171].

Recently, the Physical Informed Neural Network (PINN) architecture has become a focus in
scientific machine learning. It enhances the physical generalization of the neural networks
[172; 173]. The basic idea can be summarized as follows. Unlike standard networks, phys-
ical knowledge is embedded in PINNs by incorporating specialized inputs, outputs, and loss
functions.
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For instance, in a computational domain, a set of grid points and time instances are used as inputs,
and the time-dependent solutions at these points are treated as output targets. The residual of the
governing PDEs and boundary/initial constraints is adopted as the loss function. Consequently,
one can obtain solutions at any unseen points by simply querying the PINN. Actually, the trained
model is expected to generalize better than standard neural networks because it incorporates
physical principles.

Some other frameworks can also learn the control PDE directly from data. The neural operator
was designed for learning functional maps between input and output spaces [174; 175]. Steven
L. Brunton et al. have proposed a so-called SINDy platform to discover governing equations
from data [176; 177].

2.3.5 ROM for nuclear engineering

As the dissertation aims to address flow dynamics problems in nuclear reactors, a brief overview
of the specific applications is presented below. Readers may also refer to the review publications
[178; 179; 180; 181].

Note that only analyses directly focused on practices for nuclear reactors are cited hereafter.
Papers that treat the application as backgroundwhile analyzing benchmark cases are not included.

Based on the references, the implementation of ROM in this topic is not limited to high-fidelity
CFD. ROMs are also applied to approximate solutions of lumped-parameter methods. Thus, the
existing studies regarding the two different FOM frameworks are introduced.

2.3.5.1 Lumped-parameter models

The description will start with intrusive techniques based on the POD-Galerkin methods. Some
early studies were published by Dennis P. Prill, Andreas G. Class, et al. The authors have
successfully analyzed several transient thermal-hydraulic phenomena in boiling water reactors.
This includes the Korteweg-de Vries (KdV) equation (one-dimensional) for surface waves in
shallow water and channel flow entering a free surface domain, as well as natural convection in
a closed circuit [182; 183; 184; 185; 186]. M. Zarei has created a ROM for 1D coupled thermo-
neutronic problems [187]. Note that neutronics is generally formulated as scalar diffusion
equations with source terms, the same as those discussed below.

Remember that the lumped-parameter analysis can be applied to multiphysics phenomena,
which are well-suited to nuclear engineering. It is flexible and can be incorporated with non-
intrusive ROMs. Radaideh performed uncertainty analyses for problems involving neutronics,
reactor kinetics, fuel depletion, thermal-hydraulics, and fuel performance [163]. Machine
learning techniques, e.g., RBF and GPR, and deep neural networks were employed to construct
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surrogates for all the physics models. The dissertation [163] is highly recommended, as it
illustrates applications in many aspects.

Two similar studies about non-intrusive ROM for the transient thermal-hydraulics of the entire
reactor systemwere published byQi Lu et al. [188] andYoung SukBang et al. [189], respectively.
They aim to approximate solutions of 1D system codes and carry out uncertainty analysis. Their
ROMs are constructed employing multilayer neural networks.

2.3.5.2 High fidelity models

The incorporation of ROM and CFD results in more possibilities, and model order reduction is
achieved employing distinct procedures.

Alberto Sartori et al. [162] create a POD-Galerkin ROM for thermo-neutronics problems in a
single channel in a liquid lead-cooled reactor core. It is worth highlighting the contribution of
Péter German et al. [190]. They have proposed a specific multi-physics solver, GeN-Foam, for
reactor analysis based on OpenFOAM [191]. Furthermore, they constructed intrusive ROMs
that included parametric fluid dynamics, heat transfer, and neutron diffusion for molten salt
reactors [192; 190; 193]. Rabab Elzohery et al. [194; 195; 196] also contribute to this field by
proposing POD-Galerkin ROMs for transient neutronic phenomena.

Recently, non-intrusive techniques have become visible in the observed reference. Dimension-
ality reduction (e.g., POD, dynamic mode decomposition, active space, etc) with interpolation is
applied to several cases: (i) Navier-Stokes flow for a simplified molten salt reactor system [164];
(ii) thermo-neutronics for several benchmark cases [197]; Neutron physics in an entire reactor
core [198].

In addition to machine learning algorithms, neural networks are practical to create surrogates
between parameters and low-dimensional representations. Huilun Kang et al. [199] conducted
boundary condition parametrization for flow in two subchannels. They employed POD and
deep neural networks for uncertainty analysis of transient neutronic behavior, as seen in [200;
201; 202; 203]. The integration of data-driven frameworks is also applicable to multiphysics
problems in nuclear engineering. Hanxing Liu et al. [204] managed to couple thermal-hydraulics
and neutronics. Junda Zhang et al. [205] solved a multiphysics problem containing neutronics,
thermal-hydraulics, and structural mechanics.

In addition to the global ROM strategy mentioned above, local ROM techniques can also be
adopted in nuclear engineering. Stefano Riva et al. [206] investigated a case that contains
different domains for neutronics and unsteady heat conduction. They created two PODI-based
ROMs for each region and proposed an iterative framework for coupling them.

Data-driven methods can be effective in solving inverse problems. A series of studies by Stefano
Riva et al. successfully employed non-intrusive techniques to optimally select sensor locations
for experiments. Additionally, they utilized data assimilation methods to reconstruct the entire
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physical field using limited measurement data. The references are listed here [207; 208; 209;
210; 211; 206].

The data-driven framework can also be incorporated with traditional techniques. Mauricio
E. Tano et al. [212] improved RANS turbulence models employing Bayesian optimization
algorithms and DNS data. Then, they used the modified thermal-hydraulic model to simulate a
molten salt-cooled reactor.

Despite building a ROM, the reduction of computational cost can be achieved in a different
manner. Huilun Kang et al. exploited neural networks to map CFD fields from coarse and
fine meshes [213]. The framework aims to perform CFD simulations on a coarse mesh and
reconstruct high-resolution fields on a fine mesh using an ANN.

2.4 Local reduced order models

As described in Section 1.4, symmetry and periodicity are common for industrial devices.
Given that similar physical phenomena occur within these repeating structures, it is reasonable
to employ local ROM techniques for these applications.

Two comprehensive reviews have been published on this topic: one focusing on intrusive [214]
algorithms and the other covering non-intrusive [215] techniques. Nevertheless, this topic is
currently under active development, with many advanced methods having been proposed in the
past five years. These state-of-the-art studies are included in a recent review by the author [2].

Now, let us briefly summarize the general methodology of local ROMs. Similar to conventional
model order reduction techniques, it also consists of the offline and online stages. The main
difference from the global framework lies in the domain decomposition and coupling. Each
division constructs its own local ROM independently. During the online phase, these local
approximations are coupled to obtain the global solution.

“Compared to global ROMs, the local approach offers several significant advantages [216; 217;
89; 218; 219]:

• Dominant features are extracted locally, leading to a better approximation of dominant
variations in each subdomain.

• Computational costs decrease for high-fidelity simulations, dimensionality reduction, and
the construction of ROMs.

• Different numbers of modes or distinct reduced subspaces can be assigned to each sub-
domain, reducing overall computational costs in the prediction stage while enhancing
robustness and stability.”5

5 rephrased from Ruan et al. [2], page 4, 2nd paragraph.
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Due to the special procedures of local ROMs, their construction is more complex than that of
global ROMs. In addition to the steps mentioned above for global ROMs, two general aspects
need to be considered: (i) partition strategies, (ii) local dimensionality reduction procedures.
Then, various algorithms have been proposed to assemble subdomain-level reduced systems.
They are categorized and summarized hierarchically.

The classification is organized as in Fig. 2.6. Two preprocessing steps are first considered, i.e.,
domain decomposition and local reduced space generation. Then, the intrusive and non-intrusive
techniques for assembling local approximations are discussed. The sub-items in each category
will be clarified in the following sections.

Figure 2.6: Hierarchy and classification of local ROM.

2.4.1 Preliminaries

2.4.1.1 Domain decomposition

As mentioned before, three aspects should be considered for domain decomposition, i.e., over-
lapping or non-overlapping partitions, mesh conformity at interfaces, individual or generic
subdomains, as illustrated in Fig. 2.7. Their features are summarized as follows:

• Subdomains can be overlapping or non-overlapping with their neighbors. The shared
regions can enhance the stability and convergence of coupling techniques [45]. How-
ever, overlaps introduce challenges in partitioning. The non-overlapping configuration
offers greater flexibility and adaptability in dividing the domain, especially for complex
geometries.

• Meshes might be conformal or non-conformal at the interfaces among adjacent divisions.
The non-conformal mesh is more flexible for FOM simulations, but additional mutual
interpolation procedures are required in coupling [220].

• The global model can be decomposed into distinct partitions. In contrast, for geometries
with repeating patterns, one or a few reference subdomains can be defined, and the entire
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domain is assembled by instantiating and geometrically transforming these generic shapes,
as presented in [216; 221]

(a) (b)

(c)

Figure 2.7: Three aspects of domain decomposition: (a) overlapping and non-overlapping partitions; (b) conforming
and non-conforming mesh at interfaces; (c) individual (upper) and generic (bottom) subdomains,
redrawn based on [152; 38].

2.4.1.2 Snapshots and dimensionality reduction

Generating snapshots is a prerequisite for constructing ROMs. Among existing studies, FOM
simulations can be performed on the entire domain or several generic subdomains. The following
paragraphs will discuss three scenarios: two adopt global solutions, and one incorporates local
results.

Global snapshots and individual decomposition "Let us discuss the first condition, in which
FOM simulations are carried out globally, and divisions have distinct shapes. The reduced basis
can be computed in two ways.

• Reduced basis functions for the global snapshots are computed. Then, the global modes
are divided based on the domain decomposition. That is known as localized global RB,
see [133; 222; 218]. Note that, in this case, the basis vectors are not orthogonal in each
subdomain.

• The global snapshots are first partitioned. Then, dimensionality reduction is applied to
each local snapshot set. The subdomainmodes are orthogonal and optimal for representing
the specific local fields. The implementations can be found in [223; 224; 76; 119] and
[1].”6

6 rephrased from Ruan et al. [2], page 6, 5nd paragraph.
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The second case considers global solutions, and several generic subdomains assemble the
domain. It is achieved by two steps: (i) subdomain solutions are extracted from the global results;
(ii) the local snapshots for each generic subdomain are stacked together, and dimensionality
reduction is applied to compute the local basis functions. So, only a few sets of basis vectors
are generated and then instantiated to represent the entire domain. See [219; 225] and [1] for
examples.

Localized training and oversampling The third strategy is called Localized training. It
assumes that the total domain is constructed from reference blocks. FOM simulations are only
performed on these generic subdomains, and reduced bases are computed accordingly.

In this manner, to capture the influence of adjacent regions, the boundary conditions of the
reference partitions should be parameterized to account for all possible behaviors across the
entire domain. Interested readers can refer to [226; 227; 228].

However, the localized training procedure may not well capture the interactions among neigh-
boring divisions. Thus, a so-called oversampling technique is proposed to enhance the repre-
sentation ability of the localized training methodology. The key modification of the idea is to
carry out FOM simulations in a slightly larger domain that includes the generic subdomain. The
collection of snapshots and the computation of local basis functions are then performed. The
implementations of oversampling can be found in [229; 230].

Once the local RBs are obtained, the next step is to assemble them. In the following sections,
both intrusive and non-intrusive frameworks will be discussed.

2.4.2 Intrusive frameworks

Similar to the global ROMs, the intrusive local ROM is typically built upon the Galerkin
projection. It can be classified into two categories, i.e., monolithic and iterative procedures.
The former assembles all the local sub-problems into a whole system. The latter consists of
a set of subdomain-level reduced systems, which are solved separately and iteratively exchange
information with neighbors until convergence. Fig. 2.8 summarizes the categorization and
existing methods for each type.

2.4.2.1 Monolithic formulations

Reduced Basis Element Method and variants Now, let us discuss the observed monolithic
group. The following paragraphs will cover only the basic ideas and references for each method.

The first to be mentioned is the Reduced Basis Element Method (RBEM) proposed by Yvon
Maday and Einar M. Rønquist in 2002 [231]. To the best of available knowledge, the RBEM
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Figure 2.8: Categorization of intrusive techniques. The abbreviation: Reduced Basis Hybrid Method (RBHM),
Reduced basis, Domain Decomposition, and Finite elementmethod (RDF), Static Condensation RBEM
(SCRBEM), and Discontinuous Galerkin RBEM (DGRBEM).

is the first technique developed to combine domain decomposition and ROMs. It adopts non-
overlapping partitions, and reduced basis functions are computed via localized training: FOM
simulations are performed only in reference blocks, and the reduced bases are then instantiated
to represent the entire domain.

RBEM can be regarded as a combination of finite element and reduced basis methods. Each
subdomain is treated as an element transformed from a reference shape. The RBs are also
transformed accordingly. As the basis functions are not continuous at the interfaces, Lagrange
multipliers are introduced to ensure the continuity of solutions. The methods have been applied
to various problems, including heat conduction (Laplacian equation) in a multi-level thermal fin
[232], steady Stokes and Navier-Stokes flow in a 2D blood vessel geometry [233; 216]. Two
more recent studies have been published for other scenarios, i.e., time-harmonic Maxwell’s
equation [234] and 3D flow in blood vessels [221].

The ideology of RBEM has been extended to several variants:

• Reduced Basis Hybrid Method (RBHM) [235]. It is almost the same as RBEM, except
for the basis. In addition to local RBs, three extra functions are enriched as RBs for
each partition to improve continuity and consistency at interfaces. Those are: (i) velocity
supremizer functions [123] to enhance the stability of incompressible flow; (ii) solutions
of a coarse mesh simulation for the entire domain and corresponding velocity supremizers.
Its application for steady Stokes and Navier-Stokes equations can be found in [235].

• Reduced basis, Domain Decomposition, and Finite element (RDF) method [236; 38]. The
improvement is also related to the RB. The authors compose the basis with two parts: (i)
data-based modes at interiors of subdomains; (ii) finite element basis functions are used to
better represent the interface values. Thus, this framework considers additional unknowns
at the interfaces. See also in [237].

• Static Condensation Reduced Basis Element Method (SCRBEM). This approach was
developed by Anthony T. Patera et al. [238; 121; 239; 240; 241; 242; 243]. It includes
two RBs for internal and boundary regions, which are called bubble and port modes,
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respectively. Themain idea of static condensation is to express the unknowns at the interior
as a function of those at the interfaces. Thus, even though two sets of basis functions are
adopted, the global systemcontains only degrees of freedomat the boundaries, significantly
reducing the final system’s size.

• Discontinuous Galerkin Reduced Basis Element Method (DGRBEM). It was proposed by
Paola F. Antonietti et al. [217] as a generalization and an improvement of RBEM, RBHM,
and RDF. It follows the RBEM philosophy. Instead of using Lagrange multipliers, the
discontinuous Galerkin (DG) framework is used to derive a coupled system of various
subdomains. DG is a combination of finite element and finite volume frameworks that
can handle discontinuous basis functions at interfaces. This feature makes DGRBEM
particularly well-suited for assembling local modes. See more in [244; 245; 246; 247].

Localized discontinuous Galerkin Now, let us discuss several other approaches based on DG
formulations. They are categorized as localized discontinuous Galerkin methods for the usage
of subdomain-level RBs and DG coupling formulations.

“Andrea Ferrero et al. developed a domain decomposition POD-DG algorithm, which is almost
the same as theDGRBEMexcept for spatial division andRBs generation strategy [133; 248; 249].
The approach considers individual decomposition and builds local POD RBs utilizing global
solutions. Indeed, it can be regarded as a simplification of DGRBEM. As illustrated in [133],
the method results in good accuracy and significant acceleration for the 2-D Euler and RANS
equations with the Spalart-Allmaras turbulence closure.”7

It should be highlighted that the DG-based formulations for FOM and ROM are consistent
except for the basis vectors. Interested readers can refer to [222; 218] for the implementation
and applications.

Localized Reduced Basis Multiscale (LRBMS) method is another DG-based ROM, which is
similar to Ferrero’s approach in many aspects (e.g., decomposition and RBs computation). It
also incorporates the online RB enrichment technique to balance accuracy and efficiency, as
discussed in [127; 250] 8. It has been used to investigate several problems, such as elliptic
equations [125], two-phase flow in porous media [251; 252], and scalar parabolic evolution
equations [253].

Partition of Unity method The Partition of Unity Method (PUM) [254; 255] was originally
developed in the frame of the Generalized Finite Element Method (GFEM). It employs a set of
weight functions to couple local bases defined in overlapping regions and then construct a global

7 rephrased from Ruan et al. [2], page 29, 7th paragraph.
8 This strategy dynamically extends the reduced basis during the online phase. Instead of relying solely on a

precomputed RB, error estimators are utilized to identify poorly approximated regions. New basis functions
are then computed and added to the reduced space adaptively, enhancing accuracy when needed.
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basis. The weight functions are specifically chosen to ensure the continuity of the global basis
in the entire model. In short, the procedure consists of three steps: (i) compute local modes; (ii)
assemble them via the partition of unity functions into a globally continuous basis; (iii) solve
the problem as a standard global ROM.

Studies regarding the method include: second-order elliptic PDEs [256; 214; 257], time-
dependent parabolic equations [258], and Navier-Stokes flow around cylinders [259]. In [229],
the localized training with the oversampling technique is also incorporated.

There is a so-calledMultiscale Finite Element Method (MsFEM) that shares similarities with the
aforementioned PUM-based ROM. It couples all finite element basis functions in each partition
as local basis vectors. Since finite element functions are initially continuous at interfaces, PUM
is not required in this framework. It was applied to several problems, e.g., to linear and nonlinear
elliptic problems, [260; 261; 262].

The integration of MsFEM-based ROM with localized training and oversampling techniques is
presented in [263; 264; 265; 266; 226], and in addition with adaptive enrichment in [267].

Optimization-based algorithms It should be noted that the main objective of all coupling
techniques is to ensure the consistency of local solutions at interfaces. Optimization-based
methods formulate the coupling as a minimization problem, subject to constraints of PDE
residuals, interface discontinuities, and boundary and initial conditions. Thus, the focus is on
how to define the objective function properly and efficiently solve the optimality problem.

Ivan Prusak et al. applied the methods for two incompressible Navier-Stokes benchmarks: the
stationary backward-facing step and lid-driven cavity flow [268; 119; 269]. A follow-up study by
Tommaso Taddei et al. [230] analyzed flow dynamics (Navier-Stokes equations) in blood vessel
systems, and also involved localized training with oversampling. Additionally, in [225; 219], the
static condensation is utilized to reduce the unknowns of the ROMs.

“Remark that, except for the standard Galerkin approach indicated above, the Least Squares
Galerkin (LSG) formulation is also employed to build local ROMs. A LSG system is formulated
as an optimal control problem, aiming to minimize the residual in a least-squares sense.”9

Consequently, the interface constraints can be naturally extended. See [122] for its application to
parameterized Laplacian and Burgers’ equations in a non-overlapping partitioned computational
domain

Multiphysics problems The local ROM framework is particularly suitable for multiphysics
problems, as different phenomena can be solved in different subdomains. However, the coupling
of several physics is not the same as a single continuum. We recommend [88] and [93] for a
general description and applications about the topic. A separate overview is addressed here.

9 rephrased from Ruan et al. [2], page 34, 2nd paragraph.
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Among multiphysics, Fluid-Structure Interaction (FSI) is especially relevant in many practical
scenarios. Monica Nonino et al. [224; 270; 271; 272] have published a series of papers on local
ROM for the FSI model. They adopted Lagrange multipliers to weakly enforce the interface
conditions. Similar techniques and applications can be found in [273; 76]. Readers can turn to
[274; 275] for modeling aeroelasticity (i.e., Euler equations and linear/nonlinear elastic structure)
and [275; 276; 277] for simulating the cardiovascular system (i.e., incompressible Navier-Stokes
flow and linear elasticity). Also, studies of other multiphysics problems are available, e.g.,
nonlinear elastic-plastic structural dynamics and the electro-mechanical system [278; 279; 280].

Lastly, let usmention two exceptions in constructing FSI-ROMs. Although a FSI problemusually
involves two physics, the two fields can be considered as a whole. Since the coupling conditions
at the fluid-structure interface ensure continuity of certain variables, such as displacement and
velocity. A global RB can be extracted from the combined snapshots of both fluid and structure
domains. Then, it leads to a standard global ROM, as in [281; 223].

Besides, in some scenarios, the interaction between two physics is one-way. That means one
sub-problem provides input to the other without feedback. Thus, the difficulty of interface
discontinuity and coupling is avoided. See such examples in [220; 282; 283; 284].

2.4.2.2 Iterative procedures

The iterative schemes are commonly used in high-fidelity numerical analysis. The Schwarz
method and its variations have been widely adopted for domain decomposition problems [285;
45]. Instead of deriving a monolithic system, the approach decomposes the problem into sub-
problems and solves them separately. In each iteration, data are exchanged among adjacent
divisions to ensure consistency at interfaces. Thus, each interface is considered as a local
boundary of two neighboring subdomains.

The framework is flexible and general. It can couple sub-problems based on any discretization
techniques (e.g., finite differences, finite element, finite volume, and spectral element methods)
[45]. Since the past decade, it has been adapted to obtain the local ROM for either overlapping
or non-overlapping partitions.

Schwarz method The first to be mentioned is the Schwarz scheme, which is developed for
overlapping subdomains. It transmitted the equality of variables (i.e., Dirichlet condition) in
interfaces. The early stage of the iterative scheme is addressed as a hybrid technique to couple
FOMs and ROMs [286; 287; 288].

Recently, the iterative methodology has been extended to local ROM, for instance, [289; 290].
Note that overlapping partitions are typically required for the Schwarz iteration, but a recent
publication [290] demonstrates that a stable and accurate coupled model can be obtained for
non-overlapping cases.
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Variations of Schwarz algorithm For non-overlapping divisions, the Dirichlet-Neumann (D-
N) and Robin-Robin (R-R) conditions should be adopted to ensure that the solutions to the
subsystems are also solutions to the original problem (see [285]). The D-N pair prescribes
Dirichlet conditions on one side of the interface and Neumann conditions on the other side. The
R-R pair applies Robin conditions on both sides.

The Dirichlet-Neumann approach is more popular in the observed references, and it is used
in elliptic PDEs [291; 292], nonlinear wave propagation [293], incompressible Navier-Stokes
equations [294], and solid mechanics [295; 296]. An innovation in [297] effectively addresses
the challenges of coupling non-conforming meshes.

The Robin-Robin approach is presented in [227], which analyzes a series of parametrized
nonlinear problems, including advection-diffusion-reaction coupling, time-dependent diffusion
equations in multiple domains, etc.

Multiphysics problems The iterative framework is particularly suitable for multiphysics prob-
lems, as different phenomena can be solved individually and then communicated via interface
conditions. Its implementation for FSI problems is published in [298; 299; 300].

“For other multiphysics problems, different interface constraints should be enforced, but the
iterative algorithm remains the same. Those include: (i) linear thermo-poroelasticity [301];
(ii) nuclear reactor thermal-hydraulics (Navier-Stokes flow with energy balance) coupled with
neutronics (scalar diffusion equation) [206].”10

2.4.3 Non-intrusive frameworks

Machine Learning (ML) techniques are now widely recognized for their potential to enhance the
efficiency and accuracy of ROMs. They are also broadly used for constructing local ROMs. A
review paper published in 2021 [215] discussed the combination of ML and domain decomposi-
tion. However, over the past five years, there has been a significant increase in research focusing
on the non-intrusive local ROMs. The following sections will provide an overview of the current
advances in this area.

“The classification of non-intrusive approaches is not as straightforward as that of intrusive
ones. That is due to the variety of ML algorithms and the flexibility of incorporating different
techniques in coupling. Thus, considering their fundamental principles, four categories have
arisen to roughly classify them, as shown in Fig. 2.9. Those are: (i) Schwarz-based iteration;
(ii) interpolation algorithm; (iii) optimization-based technique; (iv) Physical Informed Neural
Network (PINN) based methods.”11

10 rephrased from Ruan et al. [2], page 41, 7th paragraph.
11 rephrased from Ruan et al. [2], page 41, 9th paragraph.
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Figure 2.9: Classification of data-driven techniques. The abbreviation: Physical Informed Neural Network (PINN).

Note that preliminaries for building data-driven ROMs are already mentioned in Section 2.3.4,
where the basic concepts and methodologies of regression algorithms, Neural Networks, and
Physics Informed Neural Networks (PINNs) are briefly introduced.

2.4.3.1 Iterative schemes

The first to be mentioned is the iterative method, which is nearly identical to the iterative
intrusive ROMs: a set of local approximation problems is formulated and solved iteratively
using interface conditions from neighboring partitions. The major difference is that the local
systems are constructed using purely data-driven techniques, without relying on PDEs and
Galerkin projections.

See [302] for a study of 2D nonlinear Laplace problems with overlapping subdomains (Dirichlet-
Dirichlet). Another investigation published in [228] adopted the Dirichlet-Neumann for non-
overlapping conditions (Dirichlet-Neumann). For those two papers, FOM datasets are generated
using the localized training strategy, and neural networks are employed to approximate the local
solutions.

Iterative approaches are also applied formultiphysics scenarios, such as FSI [303; 304; 305; 306],
micro-electro-mechanical-systems [307], and the coupling of neutronics and thermal-hydraulics
in nuclear reactor cores [206].

2.4.3.2 Interpolation-based procedures

The so-called interpolation-based procedures also utilize iterations to achieve local approxi-
mations. The difference compared to the above schemes is the data exchange between local
partitions. Instead of interface quantities, the results from all neighboring partitions are used to
surrogate each subsystem.

The three papers, [152; 153; 308], follow the interpolation procedure to tackle problems governed
by transient incompressible Navier-Stokes equations: (i) 2D flow past a cylinder; (ii) 2D and 3D
urban street canyon test case; and (iii) 3D air flow around London South Bank University. In
those studies, the authors utilized RBF to create interpolants for local solutions. More complex
cases can be seen for [170], where the researchers investigate 2D single-phase flow past a cylinder
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and 3D two-phase in-pipe flow. They also compare the performance of various dimensionality
reduction methods, including POD, Autoencoder (AE), Adversarial AE, and hybrid SVD-AE.

There are also some variations of the standard interpolation-based procedures, such as the
Subdomain POD-Trajectory-Piecewise-Linearization (TPWL) algorithm [309; 310; 311], and a
hybrid of interpolation and minimization [312; 313].

2.4.3.3 Optimization-based formulations

The optimization can be incorporated in both intrusive and non-intrusive frameworks. The
former is discussed in 2.4.2.1. Here, two pure data-driven investigations are presented.

[314; 315] propose an approach that creates an optimality system to minimize the residual of
governing PDEs with interface jumps as constraints. In these two papers, the Autoencoder is
utilized to extract low-dimensional representations. This nonlinear constrained minimization
problem is solved via a so-called Sequential Quadratic Programming (SQP). The formulations
and implementations of SQP are beyond the scope of this review, and interested readers can find
more information in [314; 315].

[316; 317] applied the Gappy POD algorithm to couple sub-systems. This technique consists of
three steps: (i) local modes are used to approximate each subdomain; (ii) the adjacent regions
among partitions are masked as unknowns; (iii) the global modes are used to fill in the masked
regions through optimization.

2.4.3.4 Physics-informed neural network (PINN)-based techniques

Now, the focus shifts to physics-informed neural networks (PINNs), which have gained popularity
in recent years in scientific machine learning. Descriptions of PINNs can be found in Section
2.3.4.

In terms of local PINN-based ROMs, two procedures have been observed in the literature:

• The coupling is implemented similarly to optimization-based methods. Additional terms
are included in the loss function to enforce the interface constraints. Each subdomain is
approximated by a separate network, and the model is trained to minimize a global loss
function that accounts for all partitions. The approach has been applied to various PDEs,
including the 1D Burgers’ equation, the 2D steady-state incompressible Navier-Stokes
equations, the Korteweg-De Vries equation, and the compressible Euler equations. See
[318; 319; 320; 321; 322; 323; 324] for the applications.

• The second strategy is to incorporate the Schwarz iterative framework. An individual
network is created for each division. In each iteration, the quantities at interfaces from
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neighboring partitions are used as boundary conditions to compute the local loss func-
tions. All sub-networks are solved separately and iteratively exchange information until
convergence. Examples can be found in [325; 326; 327; 328; 329; 330; 331; 173; 39].

“Lastly, it should be remarked that PINNs have also become popular for solving multiphysics
problems. However, in the papers observed, monolithic networks are constructed to predict
physical dynamics, which can not be completely considered as local ROMs. As a hint, refer-
ences for different applications are listed here: (i) FSI problems [332; 333]; (ii) multiphysics
in chemical engineering, including Navier-Stokes, energy conservation, mass transport, and
chemical kinematic equations [334; 335]; (iii) electro-thermal coupling (two Laplace equations)
[336].”12

2.4.4 Discussions

The above literature review includes three parts:

• Conventional numerical tools for nuclear engineering, especially Computational Fluid
Dynamics;

• Two groups of reduced order techniques, namely, intrusive (projection-based reduced basis
method) and non-intrusive (Proper Orthogonal Decomposition with interpolation);

• The local reduced order model that combines domain decomposition and model order
reduction.

The state of the art of the three topics is concluded as follows.

Conventional numerical tools The observed references indicate that CFD has become popular
in the reactor industry. It can model/resolve turbulence, revealing sophisticated local flow
behaviors in nuclear reactors. Reynolds-Averaged Navier-Stokes, Large Eddy simulation, and
Direct Numerical Simulation are three major approaches exploited to model turbulent flow, and
they have been widely used for numerical analysis of fluid dynamics and heat transfer in rod
bundles.

Regarding the wide range of geometric length scales in the bundle and the limitation of compu-
tational resources, RANS remains practical for both academic and engineering research. Thus,
RANS is adopted in this dissertation for performing high-fidelity computations.

Reduced order model ROMs denote a type of data-driven methodology for solving physical
problems. For its applications in fluid dynamics, it relies on high-fidelity solutions to efficiently
perform parametric analysis.

12 rephrased from Ruan et al. [2], page 58, 4th paragraph.
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Before discussing ROMs, three pre-procedures for parametrization are briefly introduced: sam-
pling strategies, geometric parametrization approaches, and parameter space reduction tech-
niques. Then, two major categories, intrusive and non-intrusive methods, are reviewed.

The projection-based reduced basis method (intrusive) became mature in the early 2000s. It in-
volves manipulating governing equations to derive a reduced system. It minimizes the unknowns
of the high-fidelity system by several orders of magnitude. This framework has been widely
used across various fields and problems, including Poisson equations, Burgers’ equations, the
Navier-Stokes equations, etc. However, its implementation is generally limited in the academic
community, and the applications for industrial-level problems are rare.

The non-intrusive technique has recently become attractive, accompanied by the development of
machine learning (and artificial intelligence) techniques. In this research, PODwith interpolation
is employed to build ROMs. It extracts modes from high-fidelity data and then utilizes regression
algorithms to approximate the POD coefficients. The framework is flexible and general for
different problems, as it does not require any manipulation of the governing equations. However,
its accuracy and stability are not always guaranteed, especially for complex physical scenarios.
Sensitivity analysis of hyperparameters is necessary.

In this dissertation, both intrusive and non-intrusive ROMs are investigated and applied to fluid
dynamics for typical rod bundle geometries in liquid metal-cooled reactors (see Chapter 4). The
accuracy and performance of the two frameworks are compared and discussed for engineering
applications.

Local reduced order model The local reduced order model is a novel methodology that
combines domain decomposition and model order reduction. It divides the entire computational
domain into many subdomains and builds local ROMs in each partition. Then, those local
models are assembled to form a global system.

Note that industrial geometries usually contain repetitive patterns, and hence, the application of
local ROMs can significantly reduce the cost of generating high-fidelity data. More precisely,
in the offline stage, computationally intensive FOM simulations are performed only on a few
reference blocks rather than the entire domain, thereby significantly decreasing online costs.
Then, reduced bases at the subdomain level are extracted from those local datasets. In the online
phase, the local ROMs are instantiated and glued to achieve the global approximation. The
characteristics make local ROMs particularly suitable for simulating rod bundles.

Section 2.4 provides a comprehensive review of existing local ROM techniques. The intrusive
and non-intrusive frameworks are discussed and categorized. The classification is based on the
fundamental principles of coupling local sub-problems. The intrusive methods can be divided
into monolithic and iterative procedures. The non-intrusive techniques are classified into four
categories: Schwarz-based iteration, interpolation algorithm, optimization-based technique, and
PINN-based methods.
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Considering the feasibility and practicability for coupling various subdomains, the iterative
schemes are adopted (indeed, Dirichlet-Neumann iteration). The PODI is selected to avoid
the complexity of equation manipulation and intrusiveness. In short, the Dirichlet-Neumann
iteration-based PODI local reduced order model is employed. The descriptions and formulation
are presented in Chapter 5.
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This chapter presents themethods employed in the research, including the theories, formulations,
and implementation details.

For CFD, the Reynolds-averaged Navier-Stokes equations and the OpenFOAM solver are briefly
explained. Then, the procedure for high-fidelity solution collection and data reduction is clarified.
The most essential parts are the construction of ROMs: the mathematical treatments for deriving
the intrusive and non-intrusive reduced systems. The last section specifies the algorithms for
achieving local ROMs, along with the domain decomposition strategy and the dimensionality
reduction procedure.

3.1 High fidelity computational fluid dynamics

3.1.1 Reynolds-averaged Navier-Stokes equations and turbulence modeling

In the normal operation of LMFRs, the flow is in the turbulent region. Reynolds-averaged
Navier-Stokes equations are adopted to simulate the dynamics and generate high-fidelity solu-
tions. To simplify turbulence modeling, RANS uses empirical turbulence models with near-wall
treatments.

3.1.1.1 Reynolds-averaged Navier-Stokes equations

The derivation of RANS has been addressed in numerous books [23; 24; 337], and therefore, it
will be briefly presented here. See also in Appendix A.1.2.1.

Firstly, the incompressible Navier-Stokes equations are defined as

∂u

∂t
+ (u · ∇)u = −∇p+∇ ·

[
ν
(
∇u+∇uT

)]
+ f

∇ · u = 0,
(3.1)

where the variables denote, u velocity vector, t time, p = P/ρ kinematic pressure, ρ density,
ν kinematic viscosity, f volumetric source term. The two are the momentum and continuity
equations. Note that if ν = const,∇ ·

[
ν
(
∇u+∇uT

)]
becomes ν∇ · (∇u) = ν∇2u.
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Secondly, by employing Reynolds decomposition [338], velocity is written as

u = u+ u′ and u′ = 0,

whereu represents the time–averaged parts andu′ represents velocity fluctuations. The treatment
is also adopted for p and f .

The time–averaging operation is applied to equation (3.1) and yields

∂u

∂t
+ (u · ∇)u = −∇p+∇ ·

[
ν
(
∇u+∇uT

)]
+ f −∇ · (u′u′)

∇ · u = 0.
(3.2)

The nonlinear term −∇ · (u′u′) represents contribution of velocity fluctuation. Following the
Boussinesq hypothesis [339], −u′u′ = νt

(
∇u+∇uT

)
− 2

3
kI. Here, νt is the turbulence (or

eddy) viscosity, which is computed through turbulence models. k = 1
2
u′ · u′ is the turbulence

kinetic energy, and I is the identity matrix. The second term on the right-hand side is usually
absorbed into the pressure term by defining a modified pressure p∗ = p + 2/3k. But in the
following text, the original pressure notation p is still used for simplicity.

Consequently, equation (3.2) can be rewritten as

∂u

∂t
+ (u · ∇)u = −∇p+∇ ·

[
(ν + νt)

(
∇u+∇uT

)]
+ f

∇ · u = 0.
(3.3)

In this research, the steady-state RANS without a source term is adopted, that is

(u · ∇)u = −∇p+∇ ·
[
(ν + νt)

(
∇u+∇uT

)]
∇ · u = 0.

(3.4)

It can be concluded from the above derivation that the key idea of RANS for approximating
turbulence is to compute νt, which is accomplished by the turbulence model described below.

3.1.1.2 Turbulence models and near wall treatments

Many turbulence models have been proposed to compute the turbulence viscosity, such as
Prandtl’s mixing length [340], Spalart–Allmaras [341], k−ϵ [51; 342] and its variations,Wilcox
k−ω [343],Menter Shear–Stress Transport (SST) k−ω [344], Reynolds stress equation [345],
etc. Their formulations are presented in [23].
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SST k − ω model Note that the standard k − ϵ model is suitable for high-Reynolds-number
flows but cannot well represent the boundary layer region at low Reynolds numbers. TheWilcox
k−ω can better capture the near-wall region while requiring a much finer mesh. In this research,
the SST k − ω model is used. As indicated by Florian Menter, this hybrid approach combines
the advantages of both models. It applies k − ω in the near-wall area and switches to k − ϵ in
the fully turbulent bulk flow [344; 346; 347].

The SST k−ω model involves two new unknowns: turbulence kinetic energy k and turbulence-
specific dissipation rate ω. The eddy viscosity νt is computed as νt = k/ω. Thus, two additional
transport equations for k and ω are yielded as closure for the RANS system. That denotes

∂k

∂t
+ u · ∇k = ∇ · [( ν + σkνt )∇k] + Pk − β∗kω,

∂ω

∂t
+ u · ∇ω = ∇ · [( ν + σωνt )∇ω] +

γ

νt
Pk − βw2 + 2 (1− F1)

σω2

ω
∇k · ∇ω,

(3.5)

where Pk = 2νtSijSij (Sij = 1/2(∇u+∇uT)), F1 is a blending function, and β∗, β, σk, σω, σω2

are empirical constants. This yields

νt =
a1k

max(a1ω, StF2)
,

where a1 is a constant, St =
√

2Sij : Sij , and F2 is another blending function.

Note that the SST k − ω model involves several empirical constants and blending functions
to switch between k − ω and k − ϵ models. The values of the constants and the definitions
of the blending functions F1 and F2 are not detailed here, and interested readers can refer to
[23; 24; 348] for details.

Near-wall treatment According to boundary layer theory, the velocity varies significantly
within the boundary layer [52]. Therefore, accurate near-wall treatment is essential for reliable
RANS simulations [23]. For turbulent flows, the variance of the mean velocity profile near a
solid boundary (in the direction normal to the boundary), u · n, can be described by the law of
the wall [22]. The spatial discretization around the wall depends on the turbulence model and
Reynolds number, see Appendix B.1.1 for the description.

3.1.2 Finite Volume method and OpenFOAM

Open Field Operation And Manipulation (OpenFOAM), a popular open-source CFD software,
is applied for performing FOM calculations [349; 350; 337; 351]. The book [24] is highly
recommended for interested readers.
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OpenFOAM is based on the Finite Volume Method (FVM) for spatial discretization, which is a
widely used approach in CFD. It supports both structured and unstructured meshes. The intro-
duction of FVM and meshing is briefly presented in Appendix B.1.2.1 and B.1.2.2, respectively.

Once the mesh is available, the integral PDEs for all cells, along with the boundary condi-
tions, can be assembled into a global system, which is solved iteratively. In this research, the
incompressible steady-state solver simpleFoam is employed to perform RANS simulations (see
Appendix B.1.2.3). The solver is built based on the Semi-Implicit Method for Pressure-Linked
Equations (SIMPLE) iterative algorithm [352; 353].

Generally, after discretization and linearization, the algebraic systems are solved iteratively. Var-
ious techniques can be adopted to solve these linear equations, such as Gauss-Seidel, Precondi-
tioned Bi-conjugate Gradient, Geometric Algebraic MultiGrid methods, etc. [337]. Typically,
the solving approaches do not affect the solution accuracy once the problem has converged.
Whereas, they might significantly affect the convergence rate and consequently influence com-
putation time.

Now, it is time to introduce the FOM simulation configuration in this research. SimpleFoam
with RANS is utilized to generate high-fidelity solutions. Both structured and unstructured
meshes are employed, depending on the geometry complexity. To balance the convergence
rate and computational cost, the Preconditioned Biconjugate Gradient and Geometric Algebraic
MultiGrid algorithms are used to solve the algebraic systems.

3.2 Reduced order model for fluid dynamics in rod bundles

Both intrusive and non-intrusive techniques are utilized for constructing ROMs. Their funda-
mental ideologies are already illustrated in Section 2.3. The following subsections will involve
the methods adopted in this dissertation.

The descriptions focus on mathematical aspects regarding the methods. Parameter selection and
snapshot collection are described as preliminaries. Formulations for obtaining POD modes will
be provided. The implementation of the POD-Galerkin ROM for RANS is then addressed. The
treatments for boundary conditions and turbulence are briefly introduced. For non-intrusive
approaches (i.e., PODI), the mathematical procedures of interpolation techniques are presented.
The last part consists of the algorithm to achieve local ROMs, including domain decomposition,
dimensionality reduction, and an iterative scheme.
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3.2.1 Preliminaries

3.2.1.1 Parameters and snapshots

As indicated before, both physical properties and geometrical shapes can be regarded as param-
eters. In this research, only the physical variables (i.e., fluid viscosity and Dirichlet boundary
condition) are involved.

Notation for snapshots and reduced basis are already explained in Section 2.3. For completeness,
those are recalled here. Considering a parameter space P , a set of samples µj ∈ P , j =

1, . . . , Nµ is selected. High fidelity solutions u(µj) corresponding to each µj are collected
column-wise as a snapshot matrix S. Note that µj can also be multi-dimensional, i.e., µj =

[µj,1, µj,2, . . . , µj,NP ]
T ∈ RNP , where NP is the dimension of the parameter space.

The dimensions of each u(µj) ∈ RNh are proportional to the mesh size, which is usually in the
order of millions. In general, physical fields can be well approximated by several dominant fea-
tures [354]. Thus, dimensionality reduction techniques are proposed to identify a few variables
αi as low-dimensional representations of u(µj). POD has been widely used for this task for
decades, and it is adopted in this study.

3.2.1.2 Proper orthogonal decomposition

The POD can achieve the approximation u(x;µj) ≈
∑NRB

i=1 αi(µj)vi(x). That denotes a linear
combination of orthonormal POD modes vi(x) weighted by αi(µj).

The implementation of POD is briefly described here. Assume a snapshot matrix S =[
u1, . . . ,uNµ

]
∈ RNh×Nµ , where u is a physical field and u ∈ RNh . Through POD, one

can obtain S = ΦFA
T
F , whereΦF ∈ RNh×Nµ is the full basis matrix andAT

F ∈ RNµ×Nµ is coef-
ficient matrix. Each column of Φ denotes a basis function, e.g., vi, i = 1, · · · , Nµ. Remember
that each vi is orthogonal to the others, namely, for i, j = 1, . . . , Nµ,

(vi,vj) =

1, i = j,

0, i ̸= j,

where (·, ·) is an inner product operator.

The algebraic procedure of POD is sketched in Fig.3.1. Generally, the first several modes can
capture most essential flow variances, which denotes the approximation SRB ≈ ΦAT, where
Φ ∈ RNh×NRB and AT ∈ RNRB×Nµ , and NRB ≪ Nµ. Suppose Φ = [v1| · · · |vNRB ], the POD
reduced basis is spanned by column vectors of Φ, indeed, V := span{v1, · · · ,vNRB}.

The computation of PODmodes is not unique. It can be obtained using two equivalent algorithms:
the Singular Value Decomposition (SVD) of the snapshot matrix and the eigendecomposition of
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Figure 3.1: Proper Orthogonal Decomposition of a snapshot matrix S = ΦFA
T
F . Full basis matrix ΦF and

corresponding coefficients’ matrix AT
F . NRB basis functions are retained for low-rank approximation,

i.e., S ≈ SRB = ΦAT. Resolution of snapshots Nh; number of parameter Nµ; RB dimension NRB.

the covariance matrix. Their formulations and procedures are illustrated in Appendix B.2. See
also in [33; 30; 94; 89].

The POD approximation error denotes the difference between the original snapshot matrix and
its low-rank approximation. It is quantified by the Frobenius norm of the relative error (also
known as relative projection error or POD truncation error), which is given by

ENRB =

∥∥S− SRB
∥∥
F

∥S∥F
=

∥∥S−ΦΦTS
∥∥
F

∥S∥F
. (3.6)

In many realistic applications, ENRB decays exponentially [89]. That denotes that the first several
POD modes can well represent S. Besides, the so-called energy norm is also commonly used as
a criterion to quantify the retained POD modes:

E2NRB =

∥∥S− SRB
∥∥2
F

∥S∥2F
, (3.7)

which represents the proportion of the energy of the snapshots neglected by the first NRB basis
functions [30].

According to the Schmidt-Eckart-Young theorem [355; 356], the best NRB-rank approximation
of a matrix with respect to Frobenius norm is its firstNRB POD basis functions. Thus, truncation
error is regarded as a standard measure of the quality of the ROM.

3.2.2 POD Galerkin method

The mathematical and numerical foundations of Galerkin projection, indeed, strong and weak
forms, have been discussed in Section 2.3.3.2. The following sections will focus on the con-
struction of ROMs for steady-state RANS without a source term (see equation 3.4).
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Suppose POD is applied to compute the reduced basis, and the basis functions for velocity u

and pressure p are defined as

u(x;µj) ≈
NRB

u∑
i=1

αi(µj)vi(x)

p(x;µj) ≈
NRB

p∑
i=1

βi(µj)qi(x),

(3.8)

where vi and qi are POD modes and αi and βi are corresponding coefficients.

By applying Galerkin projection to the steady-state RANS-FV formulations (B.2) in a domain
Ω, it results in

−
∫
Ω

∇ ·
[
νeff
(
∇u+∇uT

)]
· vi +

∫
Ω

(u · ∇)u · vi +

∫
Ω

∇p · vi = 0,∫
Ω

∇ · u qi = 0,

(3.9)

where νeff = ν + νt is the effective viscosity.

Note that, to derive the final ROM formulations, several essential items should be discussed: (i)
treatments for boundary conditions, (ii) turbulence, and (iii) stabilization techniques. These will
be introduced as follows.

3.2.2.1 Implementation Aspects

Treatments of boundary conditions In fluid dynamics problems, Dirichlet, Neumann, and
Robin are three common boundary conditions. Only Dirichlet and Neumann conditions, defined
as ΓD and ΓN , are used for this research. Remember that the weak formulation (3.9) does
not explicitly contain boundary conditions. Specific approaches are required to impose these
boundaries.

There are two common approaches to deal with the Dirichlet boundary in the frame of ROM:
(i) the lifting function and (ii) the penalty method [118; 113].

The lifting function uL denotes a specific field defined on the computational domain Ω that
satisfies the Dirichlet boundary conditions. Given the velocity in a ΓD is uD, uL

∣∣
ΓD

= uD.
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Now, assume uD is independent of the parameter µj , velocity can be decomposed into two parts
as u(µj) = uL + uo(µj), in which uo|ΓD

= 0. Then, POD is applied to the homogenized fields
and leads to uo =

∑NRB
u

i=1 αivi. In short,

u(x;µj) = uL(x) +

NRB
u∑

i=1

αi(µj)vi(x).

Hence, the POD modes satisfy the homogeneous Dirichlet conditions, i.e., vi|ΓD
= 0. Be aware

that uL can also be time-dependent if necessary.

In case the Dirichlet condition is dependent on parameters, this can be achieved by using a set
of lifting functions [357], namely

uL(µL
i ) =

NL∑
i=1

µL
i u

L
i ,

where the total uL(µL
i ) is expressed as a linear combination of basis functions uL

i , and the
weighting factors µL

i denote parameters.

Remember that the velocity is divergence-free for incompressible flow, so the requirement also
applies to the lifting function. Thus, uL can be computed via several strategies: (i) the average
of snapshots uL = 1

Nµ
u(µj) [118]; (ii) the solution of potential flow [358]; (iii) the solution of

Stokes equation [243].

Now, let us turn to the penalty method. To enforce uD on ΓD, an extra term is added to the weak
formulation,

τu

∫
ΓD

(uD · vi −
NRB

u∑
j=1

αjvj · vi),

where τu is a penalty factor that needs to be tuned via sensitivity analysis [118; 136]. Obviously,
the penalty term can account for any Dirichlet profiles in the same manner.

Now, the focus turns to the treatment for Neumann conditions. The penalty method can also be
extended in this situation [359]. Given the value gN = ∇u · n|ΓN

, one can formulate

τg

∫
ΓN

(gN · vi −
NRB

u∑
j=1

αj∇vj · n · vi), (3.10)

where τg is the penalty factor for gN . Note that pressure conditions can be treated similarly.

Additionally, for Neumann conditions of velocity gN , it can be derived directly from the weak
form. Let us reformulate the effective viscosity term by considering the integral by parts as

−
∫
Ω

∇·
[
νeff
(
∇u+∇uT

)]
·vi =

∫
Ω

[
νeff
(
∇u+∇uT

)]
: ∇vi−

∫
∂Ω

[
νeff
(
∇u+∇uT

)]
·n·vi.
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3.2 Reduced order model

Then, gN at ΓN ∈ ∂Ω is included in the boundary term

−
∫
ΓN

[
νeff
(
∇u+∇uT

)]
· n · vi = −

∫
ΓN

νeff∇uT · n · vi −
∫
ΓN

νeff gN · vi︸ ︷︷ ︸
Neumann condition

. (3.11)

Turbulence RANS based on SST k − ω model contains two equations for k and ω. Con-
sequently, the system can be solved by applying Galerkin projection to the extra equations, as
presented in [360; 361].

Moreover, Giovanni Stabile et al. [113; 136] have proposed a data-driven method as an alterna-
tive, which is adopted here. It contains three key steps.

First, eddy viscosity snapshots are collected during the offline stage. Similarly, νt is expressed
by POD as

νt(x;µj) ≈
NRB

νt∑
i=1

ξi(µj)ηi(x),

where ξi and ηi are POD coefficients and modes, respectively.

Secondly, considering the parameter µj , each ξi(µj) is approximated by

ξi(µj) ≈ Z(µj),

where Z is a regression or interpolation algorithm, e.g., radial basis function interpolation
[113; 136].

Lastly, during the online phase, νt(µnew) can be interpolated straightforwardly and incorporated
into the momentum equation.

Note that the inputs ofZ are not unique. Since turbulence contribution is mainly due to the fluid
flow, ξi can also be expressed as

ξi(µj) ≈ Z
(
{α(µj), µ

L}
)
,

whereα(µj) is POD coefficient of velocity modes and µL denotes factors of the lifting functions.

Stabilization Techniques The POD can rewrite each snapshot as a linear combination of
modes. Therefore, each POD basis function can be correlated inversely to snapshots, which
denotes

vi =

Nµ∑
k=1

ςku(µk).
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3 Methodology and theory

Due to the incompressible assumption, the snapshots are divergence-free, and consequently,
∇ · vi = 0. Then, the continuity equation is satisfied anyway, indeed,

∫
Ω

∇ ·
NRB

u∑
j=1

vi qi = 0.

Consequently, the reduced PDE (3.9) is underdetermined and can not be solved algebraically.
To deal with the issue, two so-called stabilization techniques have been proposed.

One is called supremizer enrichment [123; 117], which aims to enrich velocity with basis
functions that are not divergence-free. The supremizer problem (see [117] for details) is defined
in the computational domain Ω as

−∇ · ∇vsup = ∇qi in Ω

vsup = 0 in ∂Ω,

where vsup is the solution, qi is the pressure modes. Hence, in total NRB
p supremizer modes are

obtained. Then, the velocity basis is enriched as V = span
{
v1, . . . ,vNRB

u
,vsup

1 , . . . ,vsup
NRB

p

}
.

Another technique aims to replace the continuity conservation with a Pressure Poisson equation
(PPE) [362; 363; 118]. It can be obtained by taking the divergence of the momentum equation
and applying the continuity condition, which yields

∆p = −∇ · (u · ∇)u. (3.12)

Through Galerkin projection with qi, the weak form becomes∫
Ω

∆p qi = −
∫
Ω

∇ · [(u · ∇)u] qi. (3.13)

According to the literature review, both treatments have been widely applied to construct ROMs
for incompressible flow. It can be concluded from the observed references that the enrichment
technique is more popular, e.g., [123; 235; 364; 365; 366; 138; 270; 367; 273; 119; 247]. The
second approach can be seen in [363; 118; 113; 136]. A comparison of the two methods shown
in [368] indicates that they are comparable in accuracy. The comparison is presented in Section
4.1.2.

3.2.2.2 ROM formulation

Now, let us derive the POD-Galerkin ROM in the FVM framework. As mentioned above,
two strategies can be applied to handle boundary conditions. The continuity equation can be

56



3.2 Reduced order model

solved using either the supremizer enrichment approach or the PPE. The following descriptions
illustrate four reduced algebraic systems considering different treatments.

Lifting function and supremizer enrichment To simplify the explanation, let us assume
homogeneous boundaries except for a non-homogeneous Dirichlet condition at the inlet. The
velocity and pressure are expressed as

u = uL +

NRB
u +NRB

p∑
i=1

αivi with vi ∈ V ,

p =

NRB
p∑

i=1

βiqi with qi ∈ Q,

where the NRB
p supremizer modes are included in vi, V and Q are RBs, indeed, V =

span
{
v1, . . . ,vNRB

u
,vsup

1 , . . . ,vsup
NRB

p

}
and Q = span

{
q1, . . . , qNRB

p

}
.

Now, substituting the POD approximations into equation (3.9) and obtain the following algebraic
system,

−Bα+αTCα+ CL1α+ ξTEα+ ELξ +Kβ = BL − CL

Aβ = 0,
(3.14)

where the matrices are referred to as

Aij = (qi,∇ · vj)L2(Ω) ,

Bij =
(
vi,∇ ·

[
ν(∇vj +∇vT

j )
])

L2(Ω)
,

Cijk = (vi, (vj · ∇)vk)L2(Ω) ,

CL
ij =

(
vi, (u

L · ∇)vj + (vj · ∇)uL
)
L2(Ω)

,

Eijk =
(
vi,∇ ·

[
ηj(∇vk +∇vT

k )
])

L2(Ω)
,

EL
ij =

(
vi,∇ ·

[
ηj(∇uL +∇(uL)T)

])
L2(Ω)

,

Kij = (vi,∇qj)L2(Ω) ,

and the left-hand side terms corresponding to the lifting function are given by

BL
i =

(
vi,∇ ·

[
ν(∇uL + (∇uL)T)

])
L2(Ω)

,

CL
i =

(
vi, (u

L · ∇)uL
)
L2(Ω)

,

where (·, ·)L2(Ω) is an L2 inner product operator over the domain Ω.

Be aware that, even if uL comprises several basis fields uL
i , the ROM system (3.14) remains the

same.
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3 Methodology and theory

Dirichlet penalty and supremizer basis When the Dirichlet boundary, uD at ΓD, is enforced
by the penalty method, no boundary terms are needed, the ROM (3.14) is rewritten as

−Bα+αTCα+ ξTEα+Kβ + Fα = FL

Aβ = 0,
(3.15)

where the new penalty matrices F and FL are defined as

Fij = (vi,vj)L2(Ω) ,

FL
i = (vi,uD)L2(ΓD) .

Lifting function and pressure Poisson equation In case the PPE replaces the continuity
equation, the momentum equation remains the same. Now, the reduced subspaces become V =

span
{
v1, . . . ,vNRB

u

}
and Q = span

{
q1, . . . , qNRB

p

}
. ROM system (3.14) can be reformulated

as

−Bα+αTCα+ CL1α+ ξTEα+ ELξ +Kβ = BL − CL

Dβ +αTGα = 0,
(3.16)

where the other terms remain the same, and the new matrices in PPE are computed by

Dij = (qi,∆qj)L2(Ω) ,

Gijk = (qi,∇ · [(vj · ∇)vk])L2(Ω) .

Dirichlet penalty and pressure Poisson equation The momentum part of (3.15) and the
continuity conservation of (3.16) are combined to yield the ROM considering penalty and the
PPE, which results in

−Bα+αTCα+ ξTEα+Kβ + Fα = FL,

Dβ +αTGα = 0.
(3.17)

The expressions for all matrices in the system have been presented previously.

Neumann conditions The Neumann conditions can be imposed in the ROM system through
a penalty (see equation (3.10)) or an extra boundary term (see equation (3.11)). Since those are
not used in this research, the details are omitted here.

POD-Galerkin based ROM solver: ITHACA-FV Note that the POD-Galerkin ROMs are
ordinary differential equations. The system can be solved by various numerical methods, e.g.,
Newton-Raphson algorithms. In this research, the open-source library, In real Time Highly
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3.2 Reduced order model

Advanced Computational Applications for Finite Volumes (ITHACA-FV) [118; 368], is em-
ployed to solve the intrusive ROMs. It is developed based on OpenFOAM and provides tools for
constructing and solving POD-Galerkin ROMs for parametrized problems.

It is worth noting that the library has been modified for large-scale applications in this research.
The modifications include: (i) the implementation of multiple lifting functions; (ii) the extension
to eddy viscosity interpolation with velocity POD coefficients; (iii) technical improvement
regarding parallelization.

Validation of ROMs As explained in Section 1.3.2 and Fig. 1.6, the CFD solvers are verified
and validated by experimental data. In contrast, the ROMs are validated by comparing with
corresponding FOM solutions performed during the offline stage. Thus, the accuracy of ROMs
is evaluated by comparing with high-fidelity snapshots. For example, the relative L2 error norm
for velocity is given by

ϵu(µj) =
∥u(µj)− uROM(µj)∥L2(Ω)

∥u(µj)∥L2(Ω)

, j = 1, . . . , Nµ, (3.18)

whereu(µj) anduROM(µj) are the FOM and ROM solutions, respectively. The same formulation
can also be applied for pressure and eddy viscosity.

3.2.3 POD with interpolation

As discussed in Section 2.3.4.1, the essential step of PODI is to train a surrogateZ to map inputs
(i.e., parameters) and POD coefficients. Various techniques can accomplish the task. Among
them, three widely used methods are adopted in this research and are thus explained. Those
are: Radial Basis Function (RBF), Gaussian Process Regression (GPR), and Artificial Neural
Networks (ANNs). They are implemented by Python libraries, e.g., NumPy [369], SciPy [370],
scikit-learn [371], and PyTorch [372], respectively.

3.2.3.1 Radial Basis Function interpolation

RBF interpolation is a feasiblemethod for constructing interpolants of high-dimensional unstruc-
tured data [373; 374]. It consists of two essential parts. First, the relations between parameters
are expressed as a series of radial basis functions. The outputs are then approximated as a
weighted sum of RBFs. The weighting factors are obtained in the offline stage. Details are
explained as follows.
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3 Methodology and theory

Assume that N pairs of input variables xi and the target values y(xi) are known. Our objective
is to approximate a surrogate model Z , achieving y(xi) ≈ Z(xi). Such a RBF interpolation for
y(xi) is given by

y(xi) =
N∑
j=1

wjφ(∥xi − xj∥) with j = 1, . . . , N, (3.19)

where wj are computed by solving the algebraic system. φ is the RBF kernel that is weighted
by coefficients wj , j = 1, . . . , N . ∥·∥ denotes a norm. The expressions of several widely used
kernels are listed in Appendix B.3.1.

Moreover, polynomial functions can be extended to enhance the capability of RBF to represent
polynomial variance [373; 374; 370]. Assume an n-order polynomial function P n(x) = c1 +

c2x+ · · ·+ cnx
n−1, and its element P n

m(x) = cmx
m−1. The approximation is modified as

y(xi) =
N∑
j=1

wjφ(∥xi − xj∥) + P n(xi) with j = 1, . . . , N,

in conjunction with the constraints

Nx∑
j=1

wjP
n
m(xj) = 0 ∀m = 1, · · · , n,

where the unknowns are wj and cm. They are obtained in the offline stage and then used for
prediction.

For the PODI-ROM, the RBF interpolation is applied to each POD coefficient. Coefficients
w (and c if needed) are computed with the training datasets. Then, given the test parameters
µ̃j ∈ P , j = 1, . . . , Nµ̃, the i-th POD coefficient αi(µ̃j) is approximated by

αi(µ̃j) ≈ Z(µ̃j) =

Nµ∑
k=1

wkφ(∥µ̃j − µk∥) + P n(µ̃j),

where µk are the training parameters, and Nµ is the total number of snapshots.

3.2.3.2 Gaussian Process Regression

GPR is a probabilistic, non-parametric method used for regression and classification. A thorough
description is presented in [375], and an introduction is addressed in [376].
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3.2 Reduced order model

GPR approximates observed data with aMultivariate Normal Distribution (MVN) [375]. Given
the dataset x and its outputs y(x), the distribution of y(x) is written by

y(x) ∼ N (m(x),Σ) ,

wherem(x) is the mean value of x, Σ denotes the variance of x, andN is the operator refereed
to the normal distribution.

Now, for an unknown vector x∗, GPR aims to find its prediction y∗(x∗). This is achieved with
the following steps.

Firstly, GPR assume that the joint distribution of y(x) and y∗(x∗) follows the MVN, and it is
expressed as  y

y∗

 ∼ N
m(x)

m(x∗)

 ,

 Σ Σ∗

ΣT
∗ Σ∗∗

 ,

where Σ = Σ(x, x), Σ∗ = Σ(x, x∗) and Σ∗∗ = Σ(x∗, x∗).

Secondly, the prediction y∗ follows a conditional distribution y∗| y, x, x∗. This can be evaluated
by using marginal and conditional distributions of MVN theorem [377; 376], and the results is

y∗| y, x, x∗ ∼ N
(
ΣT

∗Σ
−1y,ΣT

∗Σ
−1Σ∗

)
.

To enhance generality for different scenarios, Gaussian noise with variance σ2
n is added to model

noisy data. Such that, Σ is replaced by Σ + σ2
nI , and leads to

y∗| y, x, x∗ ∼ N
(
ΣT

∗
[
Σ + σ2

nI
]−1

y,ΣT
∗
[
Σ + σ2

nI
]−1

Σ∗

)
. (3.20)

Finally, for a new input, x∗, the corresponding prediction is

y∗ = ΣT
∗ [Σ + σ2

nI]
−1y.

Note that the variance matrix of y∗ distribution is ΣT
∗ [Σ + σ2

nI]
−1Σ∗ [375]. The expression of

variance indicates that the uncertainty bound of y∗ depends only on x and x∗.

At this stage, the only missing information shown above is the formulations for computing Σ,
which is called kernel in the frame of GPR [375; 376] (listed in Appendix B.3.2). The optimal
kernel choice depends on the problem, and GPR’s performance is also sensitive to this selection.
Thus, numerical experiments are necessary to optimize the GPR-based surrogate.

When integrated into the PODI framework, the inputs and outputs of GPR in the offline stage
are {µj}Nµ

j=1 and {α(µj)}Nµ

j=1, respectively. Then, for the online phase, the x∗ given above is
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3 Methodology and theory

replaced by the test set {µ̃j}
Nµ̃

j=1. The prediction y∗ denotes the POD coefficient αi(µ̃j). Thus,
the GPR surrogate Z is used as

αi(µ̃j) ≈ Z(µ̃j) = ΣT
∗ [Σ + σ2

nI]
−1αi, i = 1, . . . , Nµ,

where Nµ and Nµ̃ are the number of training and testing parameters, respectively.

3.2.3.3 Artificial Neural Network

The role of ANN is similar to the above two techniques in constructing PODI. [378] includes
more instructions about the theory and implementation of ANN.

Recall that each neuron includes inputs x and output y as

y = σ(wx+ b),

where σ is the activation function to entitle non-linear properties of neural networks [379] (see
some common definitions in Appendix B.3.3). w and b are known as the weight and bias of the
neuron, respectively.

Indeed, computing w and b is the key to training an ANN. These values are determined during
the training phase by minimizing the difference between the known outputs and the predic-
tions, which is known as the loss function. The mean squared error (MSE) is a widely used
quantification for regression problems [354], which is defined as

MSE =
1

Nµ

Nµ∑
i=1

(yi − ŷi)
2 ,

where yi and ŷi are the true and predicted values, respectively, and Nµ is the number of data
points.

In this research, a gradient descent-based algorithm is employed to solve the optimization
problem, i.e., Adam [380].

As common knowledge for the frame of neural networks, its performance highly depends on its
architecture (e.g., the type, number, and size of the hidden layers) [354; 381]. The activation
function should be appropriately validated to ensure the accuracy of a network [379]. The loss
function (i.e., the objective to be minimized) is another key feature that should be considered
[354]. Numerical experiments are also crucial for validating and optimizing an ANN.

The implementation of an ANN in the PODI framework is carried out similarly. The inputs
{µj}Nµ

j=1 and outputs {α(µj)}Nµ

j=1 are applied to train the network. The POD coefficients at new
parameters {µ̃j}

Nµ̃

j=1 are predicted by the trained ANN.
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3.3 Local reduced order model

3.3 Local reduced order model

An introduction and literature review about local ROMs is presented in Section 2.4. Many aspects
have already been discussed. Thus, only the essential parts are explained here for completeness.

Domain decomposition is the first aspect to consider. In this research, only the non-overlapping
treatment is considered. Due to the existence of repeating geometrical patterns in rod bundles,
a reference block is adopted to approximate the whole domain.

Various coupling algorithms have been reported in the literature. Among all alternatives, the
iterative Schwarz method can be incorporated with both intrusive and non-intrusive techniques.
Given its feasibility and convenience, the non-overlapped Dirichlet-Neumannmethod is adopted
in this research for constructing the local ROM.

For each sub-problem, the PODI frameworks (see Section 3.2.3) are applied. The choice is
based on two reasons. Firstly, according to the comparison of both approaches (see Chapter 4),
the accuracy of PODI is comparable to that of POD-Galerkin. Especially when the dataset for
the offline stage is sufficient, PODI can achieve higher accuracy. Secondly, the implementation
of non-intrusive approaches avoid the complexities of modifying the CFD solver.

In the following sections, a problem of two subdomains will be presented first as an example for
clarification. The algorithm is then extended to multiple partitions.

3.3.1 Dirichlet-Neumann iteration for two subdomains

3.3.1.1 Two-subdomain problem setup

An example shown in Fig. 3.2 is adopted to explain the basic ideology of the Dirichlet-Neumann
iteration between two non-overlapping subdomains. The global domain is Ω = Ω1 ∪ Ω2. The
common interfaces are Γ[12] = Γ[21]. Γ[12] = Ω1 ∩ ∂Ω2, and Γ[21] = Ω2 ∩ ∂Ω1. Dirichlet inlet
uD and Neumann outlet gN are enforced on ΓD and ΓN respectively.

To explain the interface constraints, the notations are illustrated first. The two subscripts, [12]

and [21], are applied to indicate the direction of information exchange. For example, in Γ[12],
variables u[12] and their surface normal gradients (i.e., flux) g[12] = ∇u[12] ·n[12] are given, where
n is the unit normal vector pointing from Ω1 to Ω2. Similarly, u[21] and g[21] = ∇u[21] · n[21] are
defined on Γ[21], where n[21] = −n[12]. The continuity at Γ[12] = Γ[21] ensures u[12] = u[21] and
g[12] = −g[21].

Dirichlet and Neumann conditions are applied for the two sub-problems. For Ω1, they are uD

and g[12], and those for Ω2 are u[21] and gN . Note that, for non-overlapping partitions, Dirichlet-
Neumann conditions on the common faces are required to ensure that the assembly of the local
solutions equals the global results. See explanations in [285].
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3 Methodology and theory

Figure 3.2: A domain consists of two non-overlapping subdomains Ω1 and Ω2 and their common interface Γ[12]

= Γ[21]. The Dirichlet uD and Neumann gN conditions are assigned at the inlet and outlet faces,
respectively.

For the aforementioned problem, the procedures for computing subdomain-level POD modes
and constructing local PODI ROMs are explained in the following subsections.

3.3.1.2 Decomposition and POD modes

In the Dirichlet-Neumann iteration, two types of POD modes are required: cell- and boundary-
based modes. They are used to approximate solutions in the subdomain and at the interface,
respectively.

The cell-based basis functions are obtained as follows. The FVM solutions are collected as
snapshot matrices S1 =

[
u1,1, . . . ,u1,Nµ

]
and S2 =

[
u2,1, . . . ,u2,Nµ

]
. POD is applied for their

reduction and results in

S1 = Φ1A1, and S2 = Φ2A2,

where Φ1 and Φ2 store modes in column-wise, and A1 and A2 contain the POD coefficients.

The above modes consist of values only in cell-centers, and now, let us illustrate the procedure
for computing boundary values for the cell-based basis. The snapshots at Γ[12] and Γ[21] denote
S[12] =

[
u[12],1, . . . ,u[12],Nµ

]
and S[21] =

[
u[21],1, . . . ,u[21],Nµ

]
, respectively. The same for

the flux, i.e., G[12] =
[
g[12],1, . . . ,g[12],Nµ

]
and G[21] =

[
g[21],1, . . . ,g[21],Nµ

]
. Assuming the

interface quantities are reduced considering the same coefficients, and one can obtain

S[12] = Φ[12]A1, G[12] = Ψ[12]A1.

S[21] = Φ[21]A2, G[21] = Ψ[21]A2.

Be aware that, due to the continuity across interfaces, the equalities hold, i.e., S[12] = S[21] and
G[12] = −G[21].

The next step is to compute the face-based POD modes. The datasets are collected asG[12] and
S[21]. POD is applied to and yields

G[12] = Ψ∗
[12]A

∗
[12], and S[21] = Φ∗

[21]A
∗
[21].
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3.3 Local reduced order model

Note that the values are given considering the boundary condition of the two sub-problems. g[12]

is the Neumann condition for Ω1 and u[21] is Dirichlet inlet for Ω2.

3.3.1.3 Local boundary value solver

Once the basis functions are obtained, the local PODI model can be constructed for each
subdomain. The details for PODI can be seen from Section 3.2.3. Considering the Dirichlet
and/or Neumann conditions at the interface, each local reduced system can be expressed as
a Boundary Value Solver. Surrogate models are trained to approximate the mapping from
boundary conditions (and other parameters) to outputs (i.e., POD coefficients).

The construction steps are summarized as:

1. Assume the parameters for Ω1 and Ω2 are denoted as µ1 =
[
µ1,1, . . . , µ1,Nµ

]
and µ2 =[

µ2,1, . . . , µ2,Nµ

]
. If the global boundary conditions are parametrized, they are defined as

uD = uD(µD) and gN = gN(µN).

2. In the offline stage, one can obtain the training datasetsS1 andS2. Applying the definitions
of modes shown above, the cell-based POD coefficients are α1 and α2 for Ω1 and Ω2,
respectively. Note that the boundary conditions for Ω1 and Ω2 are uD and g[12], and u[21]

and gN , respectively. Thus, the interface snapshots are G[12] and S[21]. Their modes and
coefficients are Φ∗

[21] and Ψ∗
[12], and α∗

[21] and α∗
[12].

3. Two PODI models for the two partitions are trained as

Z1 :
(
µD,α

∗
[12],µ1

)
7→ α1, and Z2 :

(
α∗

[21],µN ,µ2

)
7→ α2. (3.21)

α1 and α2 can be reconstructed to the full solutions by u1 = Φ1α1 and u2 = Φ2α2.

3.3.1.4 Interface mapping

Another aspect should be noted is how to obtain α∗
[12] and α∗

[21] when α2 and α1 are available.
They can be obtained via two approaches, i.e., projection-based and Regression-based methods.

The projection-based approach consists of several steps: (i) Given α2, flux at Γ[21] denotes
g[21] = Ψ[21]α2; (ii) set g[12] = −g[21] (interface continuity); (iii) Project g[12] onto the face
basis to obtain α∗

[12] = (Ψ∗
[12])

Tg[12]. Consequently, combining the above steps, one has α∗
[12] =

−(Ψ∗
[12])

TΨ[21]α2. Similarly, α∗
[12] is computed by α∗

[21] = (Φ∗
[21])

TΦ[12]α1.

In contrast, the regression-based strategy is more straightforward. Two extra models are trained
during the offline stage as

Z[12] : α2 7→ α∗
[12], and Z[21] : α1 7→ α∗

[21].
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3 Methodology and theory

Note that the regression-based method can handle non-conforming interface grids, whereas the
former requires matching meshes at the interface.

3.3.1.5 The coupling of sub-problems

When the reduced bases and two boundary value solvers are available, the next step is to couple
them via the Dirichlet-Neumann iteration, as shown in Algorithm 1.

Algorithm 1 Non-intrusive Local Reduced Order Model via Iterative Dirichlet-Neumann Algo-
rithm for two subdomains
Require: • Boundary conditions: Dirichlet uD and Neumann gN

• Parameters: µ1,µ2 for subdomains 1 and 2
• Cell-based basis: Φ1, Φ2 and Φ[12] (value), Ψ[21] (flux)
• Face-based basis: Ψ∗

[12], Φ∗
[21]

• Trained surrogate models: Z1 : (uD,α
∗
[12],µ1) 7→ α1; Z2 : (α

∗
[21],gN ,µ2) 7→ α2

• Algorithm parameters: λ ∈ (0, 1] (relaxation factor), ε0 > 0 (tolerance), kmax (max
iterations), θ ∈ {0, 1} (θ = 0: additive Schwarz, θ = 1: multiplicative Schwarz)

• Initial guesses: α∗,0
[12]; α

∗,0
[21]; α0

1; α0
2

1: Initialize: k ← 0, converged← false
2: repeat
3: Subdomain 1:
4: α∗,k+1

[12] ← −(Ψ∗
[12])

TΨ[21]α
k
2 ▷ Obtain interface condition

5: α∗,k+1
[12] = λα∗,k+1

[12] + (1− λ)α∗,k
[12] ▷ Relaxed update

6: αk+1
1 ← Z1(uD,α

∗,k+θ
[12] ,µ1) ▷ θ = 0 (add.) or θ = 1 (multi.) Schwarz

7: Subdomain 2:
8: α∗,k+1

[21] ← (Φ∗
[21])

TΦ[12]α
k+1
1 ▷ Obtain interface condition

9: α∗,k+1
[21] = λα∗,k+1

[21] + (1− λ)α∗,k
[21] ▷ Relaxed update

10: αk+1
2 ← Z2(α

∗,k+θ
[21] ,gN ,µ2) ▷ θ = 0 (add.) or θ = 1 (multi.) Schwarz

11: Convergence check:

12: εkg ←
∥α∗,k+1

[12] −α∗,k
[12]∥L2(Γ[12])

∥α∗,k
[12]∥L2(Γ[12])

▷ Relative value error

13: εku ←
∥α∗,k+1

[21] −α∗,k
[21]∥L2(Γ[21])

∥α∗,k
[21]∥L2(Γ[21])

▷ Relative flux error

14: εk ← max(εku, ε
k
g)

15: k ← k + 1
16: if εk < ε0 then
17: converged← true
18: end if
19: until converged = true or k ≥ kmax

20: return u1 = Φ1α
k
1, u2 = Φ2α

k
2, final iteration k, convergence status
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3.3 Local reduced order model

Now, let us explain the implementation of this algorithm. The main idea is to solve two
subproblems iteratively until convergence.

• In the Dirichlet step, inputs are inlet uD, the outlet α∗
[12] and µ1. Through Z1, α1 is

obtained. Then, interface mapping is applied to get α∗
[21].

• In the Neumann step, u2 is computed via Z2 with inputs α∗
[21], gN , and µ2. Then, α∗

[12] is
updated through the mapping.

As indicated in Algorithm 1, a relaxation factor λ is applied to enhance stability and convergence
of the algorithm [285]. Like the Schwarz method, both multiplicative (θ = 1) and additive
(θ = 0) procedures are feasible for the iteration. Note that only the projection-based approach
for interface mapping is illustrated. The regression-based method can be easily integrated by
replacing the projection steps.

3.3.2 Dirichlet-Neumann iteration for multiple-subdomain problems

Now, let us extend the above procedure to multiple subdomains. Different strategies can be
found in the literature for domain decomposition (see Section 2.4). Hereafter, two scenarios are
explained, i.e., individual and generic decomposition.

3.3.2.1 Individual decomposition

When the individual decomposition is considered, the procedure is straightforward. Suppose
the global domain Ω is decomposed into NΩ non-overlapping subdomains, i.e., Ω =

⋃NΩ

m=1 Ωm.
The interface between Ωm and Ωn is Γ[mn] = Ωm ∩ ∂Ωn and Γ[nm] = Ωn ∩ ∂Ωm. Since only
non-overlapping partitions are considered, Γ[mn] = Γ[nm]. Note that Ωm denotes the closure of
domain, i.e., Ωm = Ωm ∪ ∂Ωm.

A set of modes is computed for the divisions and shared faces, i.e., Φm for Ωm, and Φ[mn],
Ψ[mn] for Γ[mn]. The face-based modes are Φ∗

[mn] and Ψ∗
[mn]. Additionally, surrogates Zm,m =

1, . . . , NΩ are trained. Then, by extending Algorithm 1 to NΩ local problems, the coupling for
multiple subdomains is achieved, as summarized in Algorithm 2. Note that the steps different
from Algorithm 1 are highlighted in blue.

3.3.2.2 Generic decomposition

Another situation is when several generic subdomains assemble the global domain. Algorithm
2 still applies to the case, except that the basis functions and local solvers are modified.

The generic partitions denote Ω̂k, k = 1, . . . , N̂Ω, and the total amount of subdomains is NΩ.
Fig. 3.3b presents a sketch of a reference block Ω̂1 and its faces Γ̂1 and Γ̂2.
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3 Methodology and theory

(a)

(b)

Figure 3.3: Decomposition of a domain and the reference subdomain. (a) A global domain consists of multiple
non-overlapping subdomains Ω1,Ω2, . . . ,ΩNΩ

and interfaces Γ[mn] = Ωm ∩ ∂Ωn. (b) A reference
domain Ω̂1, and faces Γ̂1 and Γ̂2.

Since the whole domain is assembled by instantiations of the generic partitions, the way to
compute basis functions and local boundary value solvers should bemodified. They are explained
as follows.

Firstly, the solutions collected from all instantiations of Ω̂k are stacked to compute the cell-
based basis Φ̂k. For example, Ωk

1, Ωk
2 and Ωk

3 are transformed from Ω̂k. Nµ computations are
performed. The snapshots matrix is Sk =

[
uk
1,1, . . . ,u

k
1,Nµ

,uk
2,1, . . . ,u

k
2,Nµ

,uk
3,1, . . . ,u

k
3,Nµ

]
.

POD is applied to extract modes from Sk. Thus, the number of snapshots is N̂Ω, and N̂Ω sets
of cell-based bases Φ̂k are obtained. The treatment is similar for boundaries. For instance, for
a face Γk

j ∈ ∂Ω̂k, Φ̂k
j , and Ψ̂k

j are used to approximate the solutions and fluxes at the interfaces.
The superscript k and subscript j indicate that Γk

j is the j-th outer face of Ω̂k.

Secondly, face-based snapshots are collected, and RBs are computed. Suppose N̂Γ types of
interfaces exist, and they are defined as Γ̂r, r = 1, . . . , N̂Γ. Fields at all faces transformed from
Γ̂r are gathered to compute the boundary-based bases Φ̂r,∗ and Ψ̂r,∗. Note that Γk

j ∈ ∂Ω̂k is an
instantiation of a reference face. To better clarify the relationship between the subdomain and
the face, Γk

j is used instead of Γr
i (i-th instantiation).

As for the local boundary value solvers, only N̂Ω surrogates are trained, indeed, Ẑk, k =

1, . . . , N̂Ω. When solving an instantiation Ωm transformed from Ω̂k, the Ẑk is applied. For
boundaries Γk

j ∈ ∂Ω̂k, Φ̂k
j , and Ψ̂k

j are used to approximate the solutions and fluxes at the
interfaces.

In short, Algorithm 2 still holds, while the RBs Φ̂k, Φ̂r,∗, Ψ̂r,∗, and the surrogates Ẑk are
employed.
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3.3 Local reduced order model

Algorithm 2 Non-intrusive Local Reduced Order Model for Multiple Subdomains via Iterative
Dirichlet-Neumann Algorithm.
Require: • Domain decomposition: NΩ subdomains with interfaces Γ[mn] = ∂Ωm ∩ ∂Ωn.

NΓ(m) denotes the set of neighbors of subdomainm.
• Boundary conditions: Global Dirichlet uD and Neumann gN

• Parameters: µm for each subdomainm
• Cell-based basis: Φm for m = 1, . . . , NΩ (and Φ[mn], Ψ[mn] for interface Γ[mn] if
projection-based mapping is used)

• Face-based basis: Ψ∗
[mn], Φ∗

[mn] (and Z[mn] for regression-based mapping) for Γ[mn]

• Trained surrogate models: Zm : ({α∗
[mj]}j∈NΓ(m),µm) 7→ αm for m = 1, . . . , NΩ

• Algorithm parameters: λ ∈ (0, 1] (relaxation), ε0 > 0 (tolerance), kmax (max
iterations), θ ∈ {0, 1} (θ = 0: additive Schwarz, θ = 1: multiplicative Schwarz)

• Initial guesses: α0
m for all subdomains, α∗,0

[mn] for all interfaces
1: Initialize: k ← 0, converged← false
2: repeat
3: form = 1 to NΩ do ▷ Loop over all subdomains
4: Step 1: Solve subdomain m using surrogate model
5: αk

m ← Zm({α∗,k
[mj]}j∈NΓ(m),µm)

6: Step 2: Interface mapping
7: for j ∈ NΓ(m) do ▷ Loop over neighbors NΓ(m)
8: α∗,k+1

[jm] ← (Φ∗
[jm])

TΦ[mj]α
k
m or Z[jm](α

k
j ) or uD ▷ Dirichlet conditions

9: α∗,k+1
[jm] ← −(Ψ∗

[jm])
TΨ[mj]α

k
m or Z[jm](α

k
j ) or gD ▷ Neumann conditions

10: end for
11: Step 3: Update and relaxation
12: for j ∈ NΓ(m) do
13: α∗,k+1

[jm] ← λα∗,k+1
[jm] + (1− λ)α∗,k

[jm]

14: end for
15: end for
16: Convergence check:
17: for all interfaces Γ[mn] do

18: εk ←
∥α∗,k+1

[mn] −α∗,k
[mn]∥L2(Γ[mn])

∥α∗,k
[mn]∥L2(Γ[mn])

▷ Relative error

19: end for
20: k ← k + 1
21: if εk < ε0 then
22: converged← true
23: end if
24: until converged = true or k ≥ kmax

25: return {um = Φmα
k
m}

NΩ
m=1, final iteration k, convergence status
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4 Global ROM approach for flow analysis of rod
bundle geometries

This chapter will describe the applications of global ROM (both intrusive and non-intrusive) for
the steady state Reynolds-averaged Navier-Stokes equation. Numerical tests are carried out on
three typical rod bundle structures: a single subchannel, a 7-pin bare rod bundle, and a 7-pin
wire-wrapped bundle.

The analysis of each case is organized as follows. The CFD/FOM simulations (i.e., the offline
stage) are discussed first. The geometry, physical setups, and parameters are indicated. High-
fidelity solutions are presented and briefly analyzed. Then, the implementation of ROMs (i.e.,
online stage) is presented. FOM results are regarded as a reference for evaluating the performance
and accuracy of various ROMs. As illustrated in Chapter 3, many configurations can be adapted
when constructing ROMs. Thus, a comprehensive analysis of the effects of different factors is
performed, as summarized in Table 4.1. The factors are categorized into two types: common
and specific. The common factors are the size of the training data and the number of PODmodes
used to build the ROMs. Those two aspects are determined first. Then, the settings of different
ROM techniques are described. For the POD-Galerkin approaches, two factors are considered:
boundary condition treatment and stabilization approaches. For PODI techniques, the effect of
different interpolation techniques are compared. Besides, within each interpolation algorithm,
the influences of hyperparameters and/or setups are discussed. In total, more than 800 ROM
computations are performed to analyze the effects of different factors and configurations.

Table 4.1: Comparison of POD-Galerkin and POD with interpolation methods.

Category POD-Galerkin POD with interpolation

Methods
Stabilization

Supremizer
RBF / GPR

Kernel
Pressure Poisson Eq. Hyperparameter

Dirichlet BCs
Lifting functions

ANN
Layers neurons

Penalty Activation functions

Effects
Number of POD modes
Size of the training set
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4 Global ROM approach for rod bundle geometries

4.1 A single subchannel case

4.1.1 High fidelity simulations

The FOMcomputations are described highlighting several essential parts. The description begins
with the geometrical details: geometry, boundary conditions, and parameter range. Then, mesh
and numerical configurations are introduced, followed by visualization and discussion of high-
fidelity solutions.

4.1.1.1 Physical setups

As indicated in Section 1.2, subchannels are the basic element of a rod bundle in the frame of
lumped parameter analysis. Thus, the numerical test is first performed in this simple model.
Note that the decomposition of rod bundles is already shown in Figs. 1.7 and 1.8.

The 3D plot of an inner subdomain is displayed in Fig. 4.1. The size of the simulation domain
is determined by referring to [382; 383]. The rod diameter D and pitch P (distances between
two neighbouring rod centroids) are 8.2 mm, 10.49 mm, respectively. That results in a hydraulic
diameter of Dh = 7.0 mm. The axial length L = 200 mm, which ensure L > 30 × Dh. The
value is determined to ensure the flow is fully developed at the channel exit, according to an
empirical correlation [384], L/Dh ≥ 4.4Re1/6.

As displayed in Fig. 4.1, the fluid flows along the longitudinal direction (i.e., z-axis) from an
inlet (Dirichlet boundary, Γin) to an outlet (homogeneous Neumann condition, Γout). The rod
surface is assigned as the no-slip wall (u|Γwall = 0). The faces to its neighbours are symmetric
( ∂u
∂n

∣∣
Γsym

= 0), as suggested from the references [65; 66; 72; 73].

Figure 4.1: Computational domain of the inner subchannel. Left: 3D model and boundaries. Right: boundary
conditions.

For the flow in a rod bundle, two parameters are relevant, i.e., inlet velocity and viscosity (e.g.,
in [382]). The bulk Reynolds number (Re) varies due to the two values. CFD simulations
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4.1 A single subchannel case

are carried out in a specific range of Re regarding the operation condition of reactors (see
[67; 56; 69; 385]).

In the simulation, heat transfer is not modeled, and kinematic viscosity ν is treated as an
independent input. Additionally, the inlet velocity in the z direction is considered as a sum of
two profiles: a uniform ua profile and a power-law up profile. ua = 1m/s and the area-averaged
up = 1m/s. The total inlet velocity is then expressed as uin = µL

1 ua + µL
2 up.

The two inflows are plotted in Fig. 4.2. The non-uniform inlet velocity is characterized by the
one seventh power law, namely up

umax
=
(

d
dmax

)1/7
, where d denotes distance to the wall. umax is

adjusted to ensure up = 1m/s. Note that the 1/N -power law is an empirical relationship used
to describe the variance of velocity components normal to a wall in turbulent boundary layers.
The chosen value, 1/7, is reasonable a turbulent in-pipe flow [386].

(a) (b)

Figure 4.2: Inflow distribution for the inner subchannel. Left: Contours of uniform and the one seventh power law

( up

umax
=
(

d
dmax

)1/7
) inflows. Right: the velocity values along a line (the black dashed line on the left).

In short, three parameters (i.e., ν, µL
1 and µL

2 ) are involved in the following ROM simulations.
Their ranges, listed in Table 4.2, are determined referring to [382; 383], which present the
operating conditions of a liquid metal-cooled test facility.

Table 4.2: The range of flow parameters, referring to [382; 383].

Parameter Unit Min. Max.

Mean velocity, uin m/s 0.6 2.1

Kinematic viscosity ν m2/s 1.486× 10−7 2.327× 10−7

Reynolds number, Re - 1.4× 104 6.0× 104

In total, 50 points (the number is noted as Nµ) are generated randomly regarding a uniform
distribution within the ranges, as plotted in Fig. D.1. They can be considered as vectors in the
parameter spaces. Be aware that µL

1 , µL
2 , and ν are constrained to ensure that Re remains within

the desired limits (see Table 4.2).

The 50 corresponding FOM solutions are divided into two datasets, namely the train and test
sets, to build and validate ROMs [145]. Their sizes are Ntrain and Ntest. The training samples
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4 Global ROM approach for rod bundle geometries

are selected from the whole dataset, exploiting the greedy algorithm, as shown in Algorithm 3.
Note that different Ntrain (e.g., 5, 10, 20, 30) are employed, but Ntest is fixed to 20.

4.1.1.2 Simulations and results

A structured mesh is generated for the model, as shown in Fig. 4.3. The total element size is
396, 000. The thickness of boundary cells is assigned to ensure y+ ≈ 1, which is required when
employing the SST k − ω model to resolve the velocity distribution at the boundary layer. The
numerical schemes and solvers in the frame of FVM for the simulations are listed in Tables C.1
and C.2.

Figure 4.3: Structured mesh of the subchannel. Left: global grid; Middle: mesh of a cross-section; Right:
boundary cells.

In a CFD simulation, many outputs can be analyzed. Here, only the velocity fields are presented
and discussed for brevity. Three contours of velocity under different inflows are plotted in Fig.
4.4. Their inlets are power-law, nearly uniform, or combined inflows. The entrance region is
highly affected by the inlet velocity. Then, the flow develops along the longitudinal direction. In
all scenarios, the flow is almost fully developed at the exit boundary, with similar profiles (the
values are not identical). Be aware that the flow is formulated by RANS, and thus the resulting
fields are assumed to be symmetric for symmetric geometrical and physical conditions. It is easy
to recognize that dominant flow patterns exist. That can be seen from POD modes.

Figure 4.4: Velocity contours of three cases. Left: mostly power-law, µL
1 = 0.098, µL

2 = 1.276, and ν =
1.72× 10−7 m2/s. Middle: combined, µL

1 = 0.498, µL
2 = 0.683, and ν = 2.11× 10−7 m2/s. Right:

nearly uniform, µL
1 = 1.214, µL

2 = 0.075, and ν = 1.88× 10−7 m2/s.
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4.1 A single subchannel case

Since this research does not focus on the high-fidelity simulations, the results are not further
detailed here. The following sections will present the construction and implementation of ROMs.

4.1.2 Reduced order models

After the offline stage, both POD-Galerkin and POD with interpolation are applied to build
ROMs. The following subsections present the POD modes and the results of the intrusive and
non-intrusive ROMs.

4.1.2.1 POD and dominant features

Now, let us start with the POD analysis. Firstly, 30 training samples (i.e., Ntrain = 30) are
selected using Algorithm 3 from the 50 points in the parameter set P , as displayed in Fig D.6.
Then, dominant modes are extracted from the training set.

Note that the velocity fields are homogenized with lifting functions before performing POD.
Two solutions with µL

1 = 1, µL
2 = 0 and µL

1 = 0, µL
2 = 1 are used to lift the snapshots, as shown

in Fig. 4.5. They represent the uniform and power-law inflow features, respectively. It can be
seen that the development of the bulk flow is somehow involved in both fields. Consequently,
the POD modes are generally applied to approximate the effects of viscosity and inflow profiles.

Figure 4.5: Two lifting functions with Dirichlet condition characterized with µL
1 = 1, µL

2 = 0 (left) and µL
1 =

0, µL
2 = 1 (right).

The variance of the POD truncated energy norm (E2, see equation (3.7)) against the number of
modes is plotted in Fig. 4.6, consisting of three lines for velocity, pressure, and eddy viscosity,
respectively. As shown in the figure, the decay of E2 is nearly exponential, indicating the
existence of dominant features. The line reveals that the first pressure mode captures more than
99.99% of the total energy. The decay of the remaining two fields is similar but slower than that
of the pressure. They can reach 99.99% before the 10th mode. Thus, the size of the POD basis
can be determined depending on the desired accuracy.

The contours of the first four POD modes of velocity are displayed in Fig. 4.7. The bulk flow
is already eliminated with the two lifting functions. The dominant features can be interpreted
as follows. The first mode aims to account for the near-wall behaviors. The second and third
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4 Global ROM approach for rod bundle geometries

Figure 4.6: Relative truncation energy (E2, see equation (3.7)) of different numbers of POD modes of velocity,
pressure, and turbulent viscosity fields. Ntrain = 30.

mainly represent the effect of inflow conditions at the entrance region. The last one captures the
flow development in the middle.

Figure 4.7: Magnitude of the first four POD modes of velocity. From left to right: modes No. 1, 2, 3, and 4.
Ntrain = 30.

It should be noted that the lifting functions influence the results of POD. Different strategies to
obtain the lifting functions are described in Section 3.2. Additionally, the number of snapshots
may affect modes, especially when the training set is small. Generally, more samples yield a
better approximation. However, the improvement is not significant when the sample size is large
enough.

Once POD basis functions are available, the POD-Galerkin is applied and analyzed first, fol-
lowed by the PODI technique. Their performance is quantified with the corresponding FOM
solutions. For example, the relative L2 error norm of velocity is computed with ϵu(µj) =
∥u(µj)−uROM(µj)∥L2(Ω)

∥u(µj)∥L2(Ω)
, j = 1, . . . , Nµ.

The influence of several factors will be presented for the two types of ROMs. For the intrusive
method, the analysis includes the effect of Dirichlet condition treatment and the stabilization
techniques. For the non-intrusive technique, three interpolation algorithms are compared. Two
common aspects, i.e., the number of POD modes and the size of the training set, are also
considered. Lastly, the two frameworks are compared.
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4.1 A single subchannel case

4.1.2.2 POD-Galerkin ROMs

Different ROM formulations As mentioned in Section 3.2.2.2, the POD-Galerkin ROM can
be formulated in four different ways, depending on the treatments of Dirichlet conditions (i.e.,
lifting functions and penalty terms) and stabilization techniques (i.e., supremizer enrichment
(SUP) and pressure Poisson equation (PPE)).

Now, let us compare the four POG-Galerkin ROM formulations listed in Section 3.2.2.2, i.e.,
(i) lifting function and supremizer enrichment (SUP_lift); (ii) penalty method and supremizer
enrichment (SUP_penalty); (iii) lifting function and PPE (PPE_lift); (iv) penalty method and
PPE (PPE_penalty). In this case, ROMs are constructed with 30 solutions. Since 20 test samples
are selected, the mean relative L2 error of velocity fields is adopted to assess the ROM accuracy:
ϵu = 1

Ntest

∑Ntest
j=1 ϵu(µj). Remark that, without specific indication, the error is hereafter denoted

ϵu.

A comparison of the four strategies is shown in Fig. 4.8. The x-axis is the mode number of
velocity and eddy viscosity (varies from 2 to 10), while the pressure basis functions are fixed
to two. That is because the truncation energy norm of the pressure decays faster than that of
the other two fields (see Fig. 4.6). The y-axis denotes the mean error of all test samples. The
projection error E (see equation (3.6)) is also plotted in the figure as a reference, which represents
the best accuracy that can be achieved with the current POD basis.

Figure 4.8: Mean relative L2 error of velocity considering four ROM configurations: (i) lifting function and
supremizer enrichment (SUP_lift); (ii) penalty method and supremizer enrichment (SUP_penalty);
(iii) lifting function and PPE (PPE_lift); (iv) penalty method and PPE (PPE_penalty). The projection
error E is defined in equation (3.6) as a reference value. The sizes of the training and test sets,Ntrain and
Ntest, are 30 and 20, respectively. The lines vary with the number of velocity (u) and eddy viscosity
(νt) POD modes, and the pressure modes are fixed to 2.

As shown, the lifting approach is slightly better than the penalty method. The two stabilisation
procedures yield similar accuracy, as confirmed in a study by Giovanni Stabile et al. [368]. The
four lines decrease as the number ofmodes increases from 2 to 4, and thereafter, the improvement
is not significant. Additionally, the errors increase when the number is too large (e.g., 10). This
may be due to two reasons: (i) more POD modes can better represent the solution, as indicated
by the projection error; (ii) the less relevant high-order modes may affect the solution of the
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4 Global ROM approach for rod bundle geometries

reduced ODE and reduce the overall accuracy. Thus, the number of POD modes should be
determined by considering the decay of the truncation error and by numerical experiments.

In summary, the four formulations can all achieve an acceptable accuracy of 10−3 and are close
to the projection error. That demonstrates the capability of POD-Galerkin ROMs for the case.

In the following analysis, only one configuration is selected to construct the POD-Galerkin
ROMs: lifting functions and supremizer enrichment, and then the effects of other factors are
analyzed. They are chosen due to several reasons. The penalty for Dirichlet conditions requires
a proper penalty coefficient, which must be tuned through a series of numerical experiments.
That increases the complexity of building ROMs. In contrast, the lifting approach is more
straightforward. The stabilization method, the supremizer enrichment, is adopted because it is
more frequently used in the references (see the explanation in Section 3.2.2.1).

Effect of the size of training set In general, the number of training samples is decided by an
independent parameterization study that specifies the dimension of the parameter space and the
parameter ranges. The number of snapshots can affect the PODmodes, and thus the performance
of ROMs. Although parameterization is not considered here, the influence of different Ntrain

values (5, 10, 20, and 30) is analyzed. The same test set (Ntest = 20) is used to validate the
ROMs. The samples are shown in Figs. D.1 and D.2. Similarly, considering the decay of POD
truncation energy norm, the number of velocity and eddy viscosity modes varies from 2 to 10,
and the pressure modes are fixed to 2.

The comparison is presented in Fig. 4.9. It can be seen that the accuracy generally improves as
Ntrain increases from 5 to 10. The improvement is not significant when Ntrain changes from 10
to 30. This indicates that 10 samples are already sufficient to capture the main features of the
parametric problem.

Figure 4.9: Mean relative L2 error of velocity (a ROM utilizing lifting functions and the supremizer) with different
sizes of training set, i.e., Ntrain = 5, 10, 20, 30. The same test samples Ntest = 20 are used to quantify
the ROMs. The lines vary with the number of u and νt POD modes, and the pressure modes are fixed
to 2.

Additionally, except for the case with five training samples, the variation trends of the other three
lines are similar. The error decreases as the number of modes increases from 2 to 4, and then
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4.1 A single subchannel case

remains nearly unchanged. The results are consistent with the previous analysis (see Fig. 4.8).
That highlights the importance of numerical tests to determine the mode number.

4.1.2.3 PODI ROMs

The focus for PODI ROMs is on the impact of algorithms on the regression of parameters
and POD coefficients. As explained in Section 3.2.3, RBF, GPR, and ANN are involved and
compared.

Note that the same dataset setting is employed for the three algorithms without specific clarifi-
cations. The size of training and test sets is fixed to Ntrain = 30 and Ntest = 20, respectively.

Radial basis function (RBF) The analysis begins with RBF. Several widely used kernels are
considered, including Linear, Thin-plate spline, Gaussian, Cubic, and Quintic (see Appendix
B.3.1 for their formulations).

The plot shows that, except for the linear kernel, the other four kernels can achieve similar
accuracy of about 10−3. The Cubic and Quintic are a little better than the other two. An
interesting phenomenon is that the error decreases when NRB

u increases from 2 to 3, and then
remains almost unchanged from 3 to 10. That trend is also observed in POD-Galerkin results
(see Figs. 4.8 and 4.9). It reveals that the benefit of more modes is offset by regression errors
for high-order POD coefficients.

Figure 4.10: Mean relative L2 error of velocity (a PODI ROM with RBF) against the number of u and νt POD
modes. Five kernels are compared, whose formulations are given in Section 3.2.3.1. Ntrain = 30 and
Ntest = 20.

Gaussian Process regression (GPR) The next approach is GPR, and three kernels are com-
pared, i.e., Squared Exponential, Matern, and RBF (see definitions in Appendix B.3.2). The
best approximation is given by the Matern kernel, as shown in Fig. 4.11a. The variances of the
three lines are similar to the previous RBF results. The error decreases as NRB

u increases from
2 to 3, and then it is nearly unchanged.
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(a) Different kernels (b) Length scales for Matern

Figure 4.11:Mean relative L2 error of velocity (a PODI ROM with GPR) against the number of u and νt modes.
Ntrain = 30 and Ntest = 20. (a) Effects of three kernels, whose formulations are given in Section
3.2.3.2; (b) Influence of length scales in the Matern kernel.

The GPR kernels include hyperparameters that can affect prediction accuracy. The length scale
(l) is generally regarded as the most important one. It scales the distance between two points
in the parameter space. Fig. 4.11b displays the accuracy when using different l for the Matern
kernel. The best approximations are l = 10 and 100. A value that is too small or too large can
lead to inaccuracy.

It can be seen that a poor choice of kernel and length scale can lead to very poor performance.
Therefore, a test procedure is necessary when using the machine algorithms.

Artificial neural networks (ANN) The last technique is ANN. The prediction of an ANN
depends on various factors, including the activation function, the number of hidden layers, and
the number of neurons per layer. The influence of the three aspects is analyzed below. Other
items, e.g., the optimization algorithm and the number of training epochs, might also affect the
results, but they are not the focus of this research and thus fixed (see Table D.1).

Fig. 4.12 shows the performance of different activation functions, i.e., Rectified Linear Unit
(ReLU), Tanh, and Sigmoid (see their definition in Section 3.2.3.3). The worst predictions are
obtained by ReLU. In contrast, the last two can provide similar accuracy. For the mode numbers
from 2 to 5, the values are very close to the projection error. That indicates the ANN can
almost reach the best accuracy of the current POD basis in the range. Another point is that for x
values equal to 8 and 10, Tanh and Sigmoid are nearly stable. The trend is common for all three
interpolation techniques.

The architecture of the ANN is another crucial aspect. Considering the results above, the
activation function is fixed to Tanh. The number of hidden layers and the number of neurons
per layer are two aspects to be analyzed. Seven configurations listed in Table 4.3 are compared,
with 2, 3, or 4 hidden layers and neurons per layer of 3, 5, 10, 20, and 30.

The results are presented in Fig. 4.13. The left plot shows the effects of hidden layer size (2, 3,
and 4). The differences are not significant.
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4.1 A single subchannel case

Figure 4.12: Mean relative L2 error of velocity (a PODI ROM with ANN) against the number of u and νt modes.
Three activation functions are compared, i.e., Tanh, ReLU, and Sigmoid. Ntrain = 30 and Ntest = 20.
The number of hidden layers and the number of neurons per layer are fixed at 3 and 10, respectively.

Table 4.3: Architectures of the ANN. The activation function is Tanh.

No. Hidden layers Neurons per layer

1 2 10
2 3 10
3 4 10
4 3 3
5 3 5
6 3 20
7 3 30

Figure 4.13 (right) displays the influence of different numbers of neurons per layer (3, 5, 10, 20,
and 30). It reveals that a too-simple network structure (e.g., three neurons per layer) can lead
to inaccuracies for high-order modes. The line for five neurons leads to an increase in the error
for NRB

u = 8 and 10. The remaining three show similar decreasing trends, but it can still be
observed that more neurons can slightly improve ROM performance. However, the increase in
neurons will lead to more training time. Thus, a trade-off should be made in practice.

Based on the above analysis, the architecture with three hidden layers and 10 neurons per layer
is a reasonable choice, which can provide acceptable accuracy at minimal training time.

Train set size Now, let us evaluate the three interpolation methods together. The best con-
figurations of each algorithm are selected to construct PODI ROMs and compared as follows.
For RBF, the Cubic or Quintic kernel is employed. For GPR, the Matern kernel with length
scale l = 100 is chosen. For ANN, the Tanh activation function with three hidden layers and 10
neurons per layer is applied.

Fig. 4.14 compares their results against the number of velocity modes. Four sizes of training
set are considered, i.e., Ntrain = 5, 10, 20, 30. The same test set (Ntest = 20) is used for the
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4 Global ROM approach for rod bundle geometries

Figure 4.13:Mean relative L2 error of velocity (a PODI ROM with ANN) against the number of u and νt modes.
Ntrain = 30 and Ntest = 20. Left: effects of different numbers of hidden layers (2, 3, and 4); Right:
influence of different numbers of neurons per layer (3, 5, 10, 20, and 30). The activation function is
Tanh.

validation. It shows that the ANN performs worst on five samples and best on 30 samples. That
illustrates that ANNs require more data to train, which is consistent with common knowledge
of neural networks. RBF and GPR can provide similar accuracy and variation trends for
Ntrain = 5, 20, and 30.

(a) (b)

(c) (d)

Figure 4.14:Mean relative L2 error of velocity of PODI ROMs with RBF, GPR, and ANN against the number of
u and νt modes. (a) Ntrain = 5; (b) Ntrain = 10; (c) Ntrain = 20; (d) Ntrain = 30. Ntest = 20 is used to
quantify the ROMs.

The previous plots already indicate how the size of the training set affects the performance of
different PODI ROMs. The results for RBF and ANN are shown in Fig. 4.15. Ntrain is set to 5,
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4.1 A single subchannel case

10, 20, and 30, and Ntest = 20. A common tendency observed in both figures is that accuracy
increases with largerNtrain. For RBF, the improvement from 5 to 20 samples is noticeable, while
the two lines for Ntrain = 20 and 30 are very close, which is also observed in POD-Galerkin
ROMs (see Fig. 4.9). This indicates thatNtrain = 20 is already sufficient. For ANN, performance
improves continuously, especially for high-order modes.

Figure 4.15: Mean relative L2 error of velocity of PODI ROMs with different sizes of training set against the
number of u and νt modes. Left: RBF with Cubic kernel; Right: ANN with Tanh and 10− 10− 10
hidden layers. The standard test set is Ntest = 20.

4.1.2.4 Comparison and discussion

Now, it is suitable to compare the reduced basis method and PODI techniques. Fig. 4.16
shows variances of POD-Galerkin and PODI (RBF and ANN) ROMs against the number of
velocity modes. To improve the readability, only three sizes of training set are included, i.e.,
Ntrain = 5, 10, and 30. They are validated with the same high-fidelity solutions, Ntest = 20.

The plots show that the intrusive methods are much better than the non-intrusive ones when
Ntrain = 5 and 10. The value of POD-Galerkin ROMs with 10 samples is very close to that of
PODI-RBF with 30 samples. For Ntrain = 30, PODI-ANN is the best.

The results indicate that POD-Galerkin ROMs are more reliable when the number of snapshots
is insufficient. The accuracy of PODI ROMs is gradually improved asNtrain increases. Moreover,
PODI methods perform better with more training data. It should also be emphasized that the
ANN can achieve higher accuracy with a sufficiently large training set.

As indicated earlier, ROM is primarily used to reduce computational costs for parametric
problems. Thus, let us compare the computational costs of the ROMs. Both FOM and ROM
calculations are performed on a desktop with an Intel Core i7-10700 CPU (8 cores, 2.9 GHz).
The simulation times are listed in Table 4.4. The average FOM time is around 3850 seconds per
simulation. Ntrain = 30 and NRB

u = 20 are used for constructing ROMs.

The offline stage of POD-Galerkin ROMs includes POD, supremizer solutions, and projection
operation (i.e., construction of ROM algebraic systems). The reduced ODE is solved in the
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Figure 4.16:Mean relative L2 error of velocity of POD-Galerkin and PODI (i.e., RBF and ANN) ROMs against
the number of u and νt modes. Left: RBF and POD-Galerkin; Right: ANN and POD-Galerkin.
Ntrain = 5, 10, and 30 and Ntest = 20.

online stage. The projection is the most time-consuming, but it is still 100 times less than FOM.
Then, the cost for solving a reduced ODE is negligible.

For PODIROMs, POD is performed first. Then, various interpolants can be built to fit parameters
and POD coefficients. It can be seen that ANN training is comparatively expensive, since it must
pass through all hidden layers. The prediction of PODI ROMs is very fast, especially for RBF
and GPR. The ANN is slightly slower at prediction due to its complexity.

It can be seen that the POD cost differs between the two types of ROMs. That is because different
libraries are used to compute the POD. For the POD-Galerkin method, the POD is computed
using Eigen [387], a high-performance C++ linear algebra library. While for PODI, NumPy
[369] is employed. The computational time is hence different.

In short, the acceleration ratio is around 104 to 105 when only the solving time is considered.
Even including the POD and ROM construction, the speedup is still more than 102 and up to
103.

Lastly, it should be noted that the POD-Galerkin ROM can approximate all the fields (i.e.,
velocity, pressure, and eddy viscosity) simultaneously. In contrast, PODI ROMs must build
separate models for each field. The table only lists the time of velocity for PODI.

Note that the computational cost of ROMs depends on various factors, such as the number of
modes, the size of the training set, and the interpolation algorithm. The duration for file I/O
is nonnegligible. As each ROM calculation is very fast, the time might be affected by other
processes of the computer. In short, the values in Table 4.4 are only for reference.

According to the above comparison, both the POD-Galerkin and the PODI-ROM methods can
provide an acceptable approximation for the current case. The mean relative L2 error norm of
velocity is around the order of 10−3.
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4.2 A seven-pin bare rod bundle

Table 4.4: Computational time of FOM and ROM calculations with Ntrain = 30 and Ntest = 20. The offline and
online stages are listed separately. The FOM time is per simulation. The ROM time is the sum of
values for 20 test samples. The POD-Galerkin ROM employs lifting functions and the supremizer. The
PODI-RBF uses the Cubic kernel, the PODI-GPR adoptsMatern kernel, and the PODI-ANN has three
hidden layers and 10 neurons per layer with Tanh activation function.

Item FOM Galerkin RBF GPR ANN

Offline (s)

FOM (per) 3850 -
POD - 0.2 1.5
Supremizer - 5.4 -
Projection - 24.0 -
Interpolation - - 0.3 0.3 8.5

Online (s) Solving (Ntest = 20) - 2.0e-2 5.0e-3 5.0e-3 0.5

4.2 A seven-pin bare rod bundle

4.2.1 High fidelity simulations

The second geometry is a seven-pin bare rod bundle. Note that most of the numerical config-
urations are already illustrated in the case above and are still valid for this problem. Only the
necessary CFD setups and results are clarified here, along with a few results.

The 3D model of the bundle is shown in Fig. 4.17. Dirichlet inflow and Neumann outflow
conditions are imposed on the two sides of the bundle. All the walls are regarded as non-slip.
The bundle length is chosen as L = 200 mm to ensure a fully developed outflow. Note that the
sizes of the domain are the same as the subchannel, except for an additional length of bundle
edge E = 17.97 mm.

Figure 4.17: Seven-pin bare rod bundle. Left: geometry. Right: boundary conditions

The range of the three parameters (see Table 4.2) is the same as in the previous case. The
uniform and power-law inlet profiles are shown in Fig. D.3. The size of the parameter set P is
also 50, but in this case, they are selected in two steps:

• Uniform grid points (Ñµ points) within the ranges are chosen, denotes P , as shown in Fig.
D.4.
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• An iterative approach, Algorithm 4, is applied to expand P with points from a candidate
set Pc. Note that Pc is created considering a uniform random distribution.

The final samples are plotted in Fig. D.6.

The structured grid of the bundle is displayed in Fig. 4.18, with a total number of around
5.1 million cells. The mesh is generated to satisfy the requirements of a SST k − ω RANS
simulation. Several aspects are considered, such as y+, orthogonality, skewness, etc.

Figure 4.18: Structured mesh of the bare rod bundle.

The numeric schemes of the FOM calculations are listed in Tables C.1 and C.2. Two velocity
fields are presented in Fig. 4.19. To better show the distribution inside, a half-view of the bundle
is shown. One can easily notice the development of the flow profiles. More results will be given
in the ROM analysis.

Figure 4.19: Velocity Contours. Left: the cut plane. Middle: power-law inlet, µL
1 = 0.0, µL

2 = 2.1, and
ν = 2.327× 10−7 m2/s. Right: uniform inflow, µL

1 = 2.1, µL
2 = 0.0, and ν = 2.327× 10−7 m2/s.

4.2.2 Reduced order models

The results for the seven-pin bare rod bundle are analyzed in the same manner as those above.
The POD modes are visualized first. The performance of POD-Galerkin and PODI ROMs is
then evaluated and compared with Ntrain = 5, 10, 20, and 30 and Ntest = 20 (plotted in Fig.
D.6). In most scenarios, the same settings as in the previous case are employed, unless otherwise
specified.
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4.2 A seven-pin bare rod bundle

4.2.2.1 POD and dominant modes

The POD truncation energy (E2, see equation (3.7)) of velocity, pressure, and eddy viscosity
against the number of modes is shown in Fig. 4.20. Here, the reduction is performed on
Ntrain = 30. Before performing POD, the velocity fields are homogenized with lifting functions
(i.e., the solutions with µL

1 = 1, µL
2 = 0 and µL

1 = 0, µL
2 = 1).

Fig. 4.20 reveals that the variances of the three lines are exponential, which is similar to the
previous case. If the tolerance is set to 10−4, five velocity and eddy viscosity modes are required,
whereas the value is one for pressure.

Figure 4.20: POD relative truncation energy (E2, see equation (3.7)) of velocity, pressure, and eddy viscosity
against the number of modes for the seven-pin bare rod bundle. Ntrain = 30.

The first four dominant flow patterns (velocity magnitude) are visualized in Fig. 4.21. It can be
seen that the features in the center subchannel are similar to those of the subchannel case (see
Fig. 4.7). Since the overall bulk flow is involved in the lifting functions, the first mode mainly
captures the near-wall flow. The others represent the development of flow due to parameterized
inflow conditions in the first half of the channel.

Figure 4.21: First four dominant features of velocity magnitude for the bare rod bundle. Ntrain = 30. From left to
right: modes No. 1, 2, 3, and 4.

4.2.2.2 POD-Galerkin ROMs

For the POD-Galerkin ROMs, the focus is on the influence of the training set size. The lifting
functions and the supremizer are still employed for the construction.
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The error of velocity against the number of velocity modes with different sizes of training set is
shown in Fig. 4.22. Ntrain = 5, 10, 20, and 30 and a common validation set (Ntest = 20) is used.
The sampling is plotted in D.6. The number of pressure modes is fixed to 2, while that of the
velocity and eddy viscosity modes varies from 2 to 10.

Figure 4.22:Mean relative L2 error of velocity (POD-Galerkin based ROM utilizing lifting functions and the
supremizer enrichment) with different sizes of training set, i.e., Ntrain = 5, 10, 20, 30. The same test
samples Ntest = 20 are used to quantify the ROMs. The lines vary with the number of u and νt POD
modes, and the pressure modes are fixed to 2.

The overall trend is that the accuracy improves as Ntrain increases. Besides, four velocity and
eddy viscosity modes are appropriate values to model the problem. The error is around 2×10−3,
which is still good for engineering applications.

A special variance is that the error with Ntrain = 20 gradually increases for NRB
u greater than 5.

That is because four cases with the minimum inflow velocity are poorly predicted for more than
four modes, with an error of around 0.05. Thus, the averaged value is highly deteriorated. Maybe
the modes extracted from 20 samples focus on other regions of the parameter space with higher
flow rates, leading to inaccuracy in these four cases. The results indicate that the POD-Galerkin
method does not guarantee robust performance, and validation is crucial.

4.2.2.3 PODI ROMs

The PODI ROMs with RBF, GPR, and ANN are evaluated in the following paragraphs. Firstly,
let us discuss how the size of the training set affects the performance of PODI ROMs. Fig. 4.23
shows the results of POD-RBF and POD-GPR ROMs with Ntrain = 5, 10, 20, and 30. They are
quantified with the same test set (Ntest = 20). Note that the best kernels are employed to build
surrogates, i.e., Cubic or Quintic for RBF and RBF orMatern for GPR. The number of pressure
modes is fixed to 2, while those of velocity and eddy viscosity modes vary from 2 to 10. Note
that the POD configurations are determined by comparisons shown in Figs. D.7 and D.8.

It is clear from the lines that accuracy improves as Ntrain increases. Another interesting obser-
vation is that all the lines for Ntrain = 5 and 10 are almost overlapped, which is different from
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4.2 A seven-pin bare rod bundle

the POD-Galerkin ROMs. That indicates the PODI ROMs with RBF and GPR are not practical
when the data is insufficient. The accuracy is improved as Ntrain increases to 20 and 30.

Figure 4.23: Mean relative L2 error of velocity of PODI ROMs withNtrain = 5, 10, 20, and 30 against the number
of u and νt modes. Left: RBF with Cubic or Quintic kernel; Right: GPR with RBF orMatern kernel.
Quantified by the common test set Ntest = 20.

The effects of training set size on PODI-ANNROMs are illustrated in Fig. 4.24. The architecture
is fixed to 3 hidden layers with 10 neurons per layer, using the Tanh activation function. Interested
readers can refer to Fig. D.9 for the influence of network structure and activation functions,
respectively.

The results show that accuracy improves significantly as Ntrain increases. The line for five
samples is in the order of 10−1, while that for 30 samples is around 10−3. When Ntrain = 20,
the approximations for low-order modes are acceptable, but the error increases for high-order
modes. That might be improved when employing a more complex network structure.

Figure 4.24: Mean relative L2 error of velocity of PODI ROMs withNtrain = 5, 10, 20, and 30 against the number
of u and νt modes. The ANN is configured with Tanh activation function and 10 − 10 − 10 hidden
layers. Test set is Ntest = 20.

4.2.2.4 Comparisons and discussions

The last step is an overall evaluation of all ROMs. Fig. 4.25 presents the comparisons of POD-
Galerkin and PODI ROMs with different Ntrain. The projection error E , the best approximation
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that can be achieved with the current POD basis, is also included for reference. Only results for
velocity fields are shown.

(a) 5 snapshots (b) 10 snapshots

(c) 20 snapshots (d) 30 snapshots

Figure 4.25: Comparisons of POD-Galerkin and PODI ROMs for the bare rod bundle case with different sizes
of training set. The projection error is also included for reference. The results are obtained with
Ntrain = 5, 10, 20, 30, and validated with a standard test set Ntest = 20.

The plots are obtainedwithNtrain = 5, 10, 20, 30, and validatedwith a standard test setNtest = 20.
A common observation is that performance improves as Ntrain increases. POD-Galerkin ROMs
are more accurate for Ntrain = 5 and 10, indicated in Figs. 4.25a and 4.25b. ANN achieves the
best predictions when Ntrain = 30 (see Fig. 4.25d), and especially, the error is very close to the
projection error for NRB

u = 2, 3, and 4.

The high-fidelity CFD and ROMs are performed on a cluster using an Intel Xeon Platinum 8358
CPU (64 cores, 2.6 GHz). The computation cost is summarized in Table D.2. The speedup ratio
is similar to the previous case, i.e., around 104 to 105 when only the solving time is considered.
The quantities are in the range of 102 to 103 when including POD and ROM construction (i.e.,
projection for POD-Galerkin and training for PODI).
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4.3 A complex case: a typical wire-wrapped rod bundle

4.3.1 High fidelity simulations

The necessary settings regarding the FOM computation in a seven-pin wire-wrapped bundle will
be provided. The description already given above will not be duplicated here.

The 3D model is displayed in Fig. 4.26. The only difference from the bare rod bundle is the
existence of wires. A wire (diameter Dw = 2.2 mm) is wrapped helically around each fuel rod.
The axial distance for one full spiral turn of a wire is called wire pitchHw, which is also adopted
as the length of the computational domain L = Hw = 328 mm.

As shown in Fig. 4.26, the problem is bounded by a Dirichlet inlet, a Neumann outlet, and
no-slip walls. As aforementioned, the viscosity and inflow profiles are parameters.

Figure 4.26: Structured mesh of the wire-wrapped rod bundle.

Fig. 4.27 displays the unstructured grid for the wire-wrapped bundle. Narrow gaps exist between
the wire and the rods, which is a critical and complex part for CFD simulation. Thus, very thin
boundary cells are used to capture the flow distribution. Due to the complexity of the wires,
it is challenging to discretize the domain using a structured grid. Hence, an unstructured mesh
is generated. Besides, SST k − ω is applied for turbulence modeling, which requires y+ ≈ 1

near the walls. Other characteristics of the grid, e.g., quality, aspect ratio, etc, should also be
satisfied. Consequently, to well present the requirements, a mesh with more than 36 million cells
is generated.

Figure 4.27: Unstructured mesh of the wire-wrapped bundle.
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The half-view of velocity contours is given in Fig. 4.28. The helical wire-wrap design induces
complex flow patterns, including strong secondary flow, low-velocity regions, and enhanced
turbulence. Also, it promotes transverse mixing. It can be seen that inlet effects become
negligible a short distance from the channel’s entrance, because the flow rapidly develops due
to the wires. As a result, in the two plots, the velocity features are similar after the second half
of the channel.

Figure 4.28: Velocity Contours. Left: the cut plane. Middle: power-law inlet, µL
1 = 0.0, µL

2 = 1.35, and
ν = 1.486× 10−7 m2/s. Right: uniform inflow, µL

1 = 1.35, µL
2 = 0.0, and ν = 1.486× 10−7 m2/s.

The streamlines of velocity can better illustrate the complex flow patterns in the wire-wrapped
bundle. Fig. 4.29 shows streamlines of velocity in the fluid domain. The plot displays the
swirl flows guided by wires. Actually, the wires are specifically designed to increase transverse
flow and turbulence, thereby enhancing heat transfer between the rods and the fluid. The strong
secondary flows inside the bundle are highly three-dimensional and complex.

Figure 4.29: Streamlines of velocity colored by velocity magnitude. The fluid flows helically around the rods due
to the existence of wires.

4.3.2 Reduced order models

The analysis of ROMs for the wire-wrapped bundle is organized similarly to above, including
POD modes, POD-Galerkin ROMs, PODI ROMs, and comparisons.
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4.3.2.1 POD and dominant modes

The decay of POD truncation energy (E2, see equation (3.7)) of velocity, pressure, and eddy
viscosity against the number of modes is shown in Fig. 4.30. The pressure line drops very
quickly, indicating the first mode can already result in a truncation energy error of about 10−4.
For velocity and eddy viscosity, around 10 modes are needed to reach a tolerance of 10−4. Even
though the wires enhance the turbulence, a few dominant flow features can still be extracted
from the solutions.

Figure 4.30: POD relative truncation energy (E2, see equation (3.7)) of velocity, pressure, and eddy viscosity
against the number of modes for the wire-wrapped rod bundle. Ntrain = 30.

More features can be seen for the POD modes. The first six dominant velocity features are
visualized in Fig. 4.31. The first to third modes capture the flow around the narrow gaps
between the wires and rods, but also involve the development of the flow along the channel. The
fifth mode mainly represents the flow across the narrow gap between rods and wires. The fourth
and sixth modes focus on the flow near the entrance, which is related to the inflow conditions.
Consequently, it can be concluded that the parameterized inlet profiles and wires significantly
influence the flow patterns.

4.3.2.2 Reduced order models

The POG-Galerkin and PODI ROMs are described with the standard procedures. They are
presented individually first and then compared.

POD-Galerkin ROMs Let us first discuss the POD-Galerkin ROMs that employed lifting
functions and the supremizer. The influence of the size of the training set is evaluated with
Ntrain = 5, 10, 20, and 30 and Ntest = 20. The results are illustrated in Fig. 4.32, presenting the
variances of ϵu against the number of modes. The sampling is plotted in D.14. The number of
pressure modes is fixed to 2, and those of velocity and eddy viscosity modes vary from 2 to 10.
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Figure 4.31: First six dominant features of velocity magnitude for the wire-wrapped rod bundle case. Ntrain = 30.
First row from left to right: modes No. 1, 2, and 3; Second row from left to right: modes No. 4, 5,
and 6.

Figure 4.32:Mean relative L2 error of velocity (POD-Galerkin based ROM utilizing lifting functions and the
supremizer) with different sizes of training set, i.e., Ntrain = 5, 10, 20, 30. The same test samples
Ntest = 20 are used to quantify the ROMs. The x-axis denotes the number of NRB

u and NRB
νt

, and the
number of pressure modes, NRB

p , is fixed to 2.

As expected, due to the exponential decay of POD truncation energy, POD-Galerkin ROMs
with a few modes can provide acceptable approximation. WhenNtrain = 5, 10, and 20, the lines
are close, and the value is around 10−2. That is very encouraging for engineering applications.
Although the improvement is not significant, ROM performance is better as Ntrain increases.
When Ntrain = 30, the error reduces to approximately 7× 10−3, which is the best.

PODI ROMs Analogous results for PODI ROMs with RBF, GPR, and ANN are displayed
hereafter. The focus is still on the influence of the size of the training set. Fig. 4.33 shows the
results of POD-RBF and POD-GPR ROMs with Ntrain = 5, 10, 20, and 30 and Ntest = 20.
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A comparison of the different kernels is presented in Appendix D (see Figs. D.15 and D.16).
Based on the analyses, the best kernels are employed to build surrogates, i.e., Thin_plate_spline
or Quintic for RBF and RBF or Matern for GPR.

Figure 4.33: Mean relative L2 error of velocity of PODI ROMs withNtrain = 5, 10, 20, and 30 against the number
of u and νt modes. Left: RBF with Thin_plate_spline or Quintic kernel; Right: GPR with RBF or
Matern kernel. Quantified by the common test set Ntest = 20.

The general trend observed in Fig. 4.33 is that the accuracy is improved as Ntrain increases. An
interesting point is that the results of Ntrain = 5 are better than those for Ntrain = 10. After
checking the case-specific errors, it is found that, when Ntrain = 10, the predictions are much
worse for the cases with low inflow conditions, i.e., µL

1 or µL
2 ≈ 0.6, whose errors are around

0.03. Thus, the average is affected.

Additionally, the lines in Fig. 4.33 are almost unchanged when the number of modes increases.
For PODI techniques, the error comprises two parts: the POD truncation error and the inter-
polation error. The former is reduced as the number of modes increases, while the latter is
independent of it. The accuracy gain from more modes is counteracted by interpolation error,
resulting in unchanged results.

For PODI-ANN, the influence of training set size on the results is plotted in Fig. 4.34. The
architecture is fixed to 3 hidden layers and 10 neurons per layer with the Tanh activation function,
as determined based on the analyses in Appendix D, indeed, Figs. D.17 and 4.12.

The accuracy is significantly improved asNtrain increases. The error range is from 10−1 to 10−3,
a significant difference compared to the previous models. The lines for 20 and 30 samples are
close for low-order modes. While the error increases for high-order modes when Ntrain = 20,
indicating that the increase in surrogate error affects the overall accuracy.

4.3.2.3 Comparisons and discussions

Lastly, the performance of all ROMs varying with the size of the training set (i.e., Ntrain =

5, 10, 20, and 30) is compared in Fig. 4.35. The accuracy of velocity fields is validated by high-
fidelity solutions in the test set (Ntest = 20). The projection error E is included for reference.
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Figure 4.34:Mean relative L2 error norm of velocity of PODI ROMs with Ntrain = 5, 10, 20, and 30 against the
number of u and νt modes. ANN with Tanh activation function and 10− 10− 10 hidden layers. Test
set is Ntest = 20.

The same trend can be observed as in the previous cases. POD-Galerkin ROMs aremore accurate
than others when Ntrain = 5 and 10, indicated in Figs. 4.35a and 4.35b. When employing 20
samples, ANN provides the best predictions for low-order modes, but the error increases when
NRB

u > 5, as shown in Fig. 4.35c. For Ntrain = 30, the line of ANN is the best and very close
to the projection error (see Fig. 4.35d), which emphasizes again that PODI-ANN is a promising
method when sufficient FOM data is available.

(a) 5 snapshots (b) 10 snapshots

(c) 20 snapshots (d) 30 snapshots

Figure 4.35: Comparisons of POD-Galerkin and PODI ROMs for the wire-wrapped rod bundle case with different
sizes of training set. The projection error is also included for reference. The results are obtained with
Ntrain = 5, 10, 20, 30, and validated with a standard test set Ntest = 20.
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4.4 Conclusions

The computational cost is summarized in Table D.3. The speedup ratio is in the order of 106

when considering only the solving time. It is in the range of 102 to 103 when including POD and
ROM construction (i.e., projection for POD-Galerkin and training for PODI).

4.4 Conclusions

In this chapter, the POD-Galerkin and PODI ROMs are used to analyze three cases of increasing
complexity: a 2D channel, a 3D seven-pin bare rod bundle, and a 3D seven-pin wire-wrapped
rod bundle. The viscosity and inlet velocity profiles are parameterized to generate different flow
conditions.

The focus is on the influence of the training set size, i.e., Ntrain = 5, 10, 20, and 30. The same
test set (Ntest = 20) is used to validate the ROMs. Besides, the kernels for RBF and GPR, as
well as the ANN architecture, are also evaluated. The main findings are summarized as follows.
Note that some detailed results are presented in Appendix D for conciseness and clarity.

Several common aspects are worth summarizing.

• In all three cases, the POD truncation energy decays exponentially, demonstrating the
existence of dominant flow features. That is very encouraging for engineering applications.

• For POD-Galerkin ROMs, the influence of boundary treatments and stabilization methods
is not noticeable. All four formulations can result in similar accuracy. For PODI ROMs,
the choice of kernels (RBF and GPR) and the ANN architecture can significantly affect the
results. These configurations should be carefully determined by numerical experiments.

• The size of the training set can affect the results of ROMs. The performance is improved
as Ntrain increases. POD-Galerkin ROMs are more robust when the data is insufficient.
PODI ROMs are enhanced with large datasets. ANNs can achieve the best predictions
when more data is provided.

• The number of modes is an important factor for both types of ROMs. The error of a ROM
consists of two parts, i.e., the truncation of POD and the error resulting from the ODE
solver or interpolation. The former is reduced as the number of basis functions increases.
However, the latter might increase or be independent of it, leading to different trends of
the overall quantities. Generally speaking, the value decreases as the number of modes
increases. Then, it reaches a certain level and remains nearly unchanged. However, if
the reduced basis dimension is large, the ROM approximations of dominant features may
become less accurate, and offset the accuracy gain from more modes.
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5 Local ROM for fluid dynamic analysis of a typical
rod bundle

This chapter illustrates the application of the PODI-based local ROM to the fluid dynamic
analysis of a seven-pin wire-wrapped bundle.

The implementation contains three parts. The first step concerns domain decomposition to iden-
tify the generic geometrical pattern in the bundle. Then, the strategy for extracting subdomain-
level snapshots and computing the local POD modes is presented. Once the reduced basis is
available, the last procedure is to construct the local ROM. Similar to the global approach, the
interpolants can be built using RBF, GPR, and ANN. Since the configurations (e.g., kernel,
network architecture) of those regression models are varied, sensitivity analyses are conducted
to evaluate their influence. Two cases are adopted for the ROM evaluation: (i) the geometry
generating snapshots; (ii) a model larger than the training one. The second extended domain
is used to demonstrate the capability and generality of the local ROM in assembling a larger
domain with repeating partitions.

Be aware that decomposition for a subchannel and bare rod bundle is straightforward, and thus,
this chapter is only for the most challenging geometry, the wire-wrapped rod bundle.

5.1 High-fidelity simulations

The 7-pin wire-wrapped rod bundle has already been employed for the investigation of the global
ROM in Section 4.3. Thus, only a brief description is provided for completeness.

The geometry and boundary conditions are shown in Fig. 4.26. In general, the velocity inlet
and pressure outlet are imposed, and all walls are treated as no-slip boundaries. Two sets of
parameters are considered, namely, viscosity and inflow profiles.

The mesh with approximately 36 million elements is used to capture the complex flow features
around the wires and rods (see Fig. 4.27).

Several high-fidelity results are visualized in Fig. 4.28 and 4.29, including velocity magnitude
and streamlines.

Those already mentioned in Section 4.3 are omitted. The following sections illustrate only the
procedures for domain decomposition, snapshot collection, local POD basis generation, and
local ROM construction.
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5 Local ROM for a typical rod bundle

5.2 POD and dominant features

This section will first clarify how the wire-wrapped bundle is decomposed into several sub-
domains. The generic partition is identified. Since the global solutions have already been
computed, the local fields within each subdomain are mapped to the reference domain and
collected as snapshots. Dimensionality reduction is achieved by POD.

5.2.1 Domain decomposition

The general concept to decompose a rod bundle has been illustrated in Fig. 1.8. Here, the focus
is on the division of an industrial relevant computational domain – a 7-pin wire-wrapped bundle
with a longitudinal length of one wire-pitch –.

The geometry of the bundle and its division is depicted in Fig. 5.1. The total length of the
bundle equals one wire pitch. The outer surface of the channel is a hexagonal prism. Rods are
arranged in a hexagonal pattern within the channel. Wires are wrapped around each rod in a
helical pattern. Consequently, considering the geometrical periodicity and symmetry, it can be
decomposed into six blocks, which are noted Ωi, i = 1, . . . , 6 from entrance to exit. Each block
is one-sixth of the bundle.

(a) (b)

Figure 5.1: Domain decomposition of a 7-pin wire-wrapped bundle. (a) One-sixth of the bundle and the global
domain. (b) Six decomposed subdomains within the bundle. They are labeled Ωi, i = 1, . . . , 6 from
the entrance to exit.

5.2.2 Snapshots and local POD modes

There are two strategies for collecting snapshots: individual and generic. Consequently, different
POD modes are computed and then compared.

5.2.2.1 Snapshots collection

The first strategy is to gather the local solutions from each subdomain separately. Thus, six snap-
shotmatriceswill be generated. The procedure can be expressed as follows. Suppose there areNµ
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5.2 POD and dominant features

parameter instances, then for the i-th subdomain (Ωi), the velocity fields are denoted as ui(µj),
j = 1, 2, . . . , Nµ. The corresponding snapshot matrix is Si =

[
ui(µ1),ui(µ2), . . . ,ui(µNµ)

]
.

Then, POD is applied to each Si independently. Since six subdomains exist, six sets of basis
functions will be computed. Those are called individual modes.

The second approach is to combine all local solutions from different subdomains into one single
snapshot matrix. More specifically, for the i-th subdomain (Ωi), the snapshot matrix is defined
as above, Si =

[
ui(µ1),ui(µ2), . . . ,ui(µNµ)

]
. Then, they can be concatenated together to form

a large snapshot matrix, i.e., S = [S1,S2, . . . ,S6]. The POD is performed on S and obtains the
so-called generic modes.

5.2.2.2 Individual modes

For the individual strategy, six sets of basis functions are generated. To avoid redundancy, only
the modes from the first and second subdomains (Ω1 and Ω2) are shown and discussed here.

The first four individual POD modes of Ω1 are displayed in Fig. 5.2. The average flow pattern
characterizes the first fields. The second and fourth capture the inlet effects. The third mode
represents the swirling motion induced by the wires.

(a) (b) (c) (d)

Figure 5.2: First four individual POD modes from Ω1. (a) Mode 1. (b) Mode 2. (c) Mode 3. (d) Mode 4.

The first four dominant features of Ω2 are illustrated in Fig. 5.3. The first also represents the
mean flow, and its distribution is similar to that in Ω1, with the peak values in different locations
than in Fig. 5.2a. The other three modes denote the flow structures induced by the wires. The
inlet effects do not explicitly appear in the modes.

(a) (b) (c) (d)

Figure 5.3: First four individual POD modes from Ω2. (a) Mode 1. (b) Mode 2. (c) Mode 3. (d) Mode 4.
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5 Local ROM for a typical rod bundle

Similarities can be found when the two sets of flow patterns are compared. The first dominant
mode in both subdomains represents the average flow, and it is similar in Ω1 and Ω2. The
presence of wire introduces swirling motion, which is captured in both cases. However, the
detailed structures and locations of the peak values are different. Inlet effects are specifically
observed in the first block.

5.2.2.3 Generic modes

The generic POD modes computed from all blocks are shown in Fig. 5.4. They are similar
but not identical to the individual ones. The first still characterizes the mean flow pattern. The
second and third modes represent the existence of wires that force the bulk flow to the opposite
sides. When observing higher-order modes (e.g., modes 7, 8, and 9), the inlet effects and local
behavior around the wires are captured.

It may be concluded that the generic modes can extract the common features. However, patterns
specific to certain partitions may be lost.

(a) (b) (c)

(d) (e) (f)

Figure 5.4: Generic POD modes from all subdomains. (a) Mode 1. (b) Mode 2. (c) Mode 3. (d) Mode 7. (e)
Mode 8. (f) Mode 9.

The curves of POD truncation energy (see definition in equation (3.7)) for both individual and
generic modes are plotted in Fig. 5.5. The two lines for Ω1 and Ω2 are similar. They both
decrease exponentially as the number of modes increases. The generic strategy has a higher
initial value and exhibits a slower decay rate. The line for generic modes is two or three orders of
magnitude higher than the line for the individual. The results are reasonable, since the generic
modes need to capture common features across all subdomains, which is more challenging than
the individual ones.
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5.3 Local ROM construction and sensitivity analyses

Figure 5.5: POD relative truncation energy (E2, see equation (3.7)) of velocity against the number of modes for
the decomposed wire-wrapped rod bundle. The three lines represent individual modes from Ω1 and
Ω2, and the generic modes from all subdomains. Ntrain = 30.

Note that all the above results are obtained using 30 training samples. The effects of training
set size on the POD modes are not shown for brevity. In general, the dominant features are not
significantly influenced by the number of snapshots, while the higher-order modes may vary.

5.3 Local ROM construction and sensitivity analyses

5.3.1 Preliminaries

In this research, the aim is to demonstrate the possibility of constructing local ROMs for a
geometry consisting of repetitive blocks. Thus, the generic modes are employed for the following
ROM modeling. The individual modes can be adopted in a similar but more straightforward
manner.

The local ROMs are built using the PODI framework because it is non-intrusive and convenient
for practical applications. In addition, a comparison of global ROMs have already shown that
PODI achieves satisfactory accuracy. Three regression models, namely RBF, GPR, and ANN,
are utilized to construct the interpolants for the modal coefficients.

Sensitivity analyses are conducted to evaluate the effects of training set size and regression model
configurations. The sizes of the training set, Ntrain, are varied to 5, 10, 20, and 30. The number
of test samples, Ntest, is fixed at 20, the same as in the global ROM case. For RBF and GPR,
several commonly used kernel functions are tested. For ANN, different architectures (i.e., the
number of hidden layers and the number of neurons per layer) are evaluated.

5.3.2 Radial basis function

Now, let us first investigate the performance of RBF-based local ROMs. Four kernels, i.e.,
Thin_plate_spline,Cubic,Multiquadric, andGaussian, are compared in Fig. 5.6. The projection
error is presented for reference. When adopting 15 modes, the projection error is still around
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5 Local ROM for a typical rod bundle

1%, which is not as good as the global strategy that achieves 2 × 10−3. However, the accuracy
is good enough for many engineering applications. Additionally, this is acceptable, as the focus
here is on constructing local ROMs.

It can be observed that the errors of those kernels behave distinctly. The lines of the thin-plate
spline and cubic kernels decrease for the POD modes less than 8, and then they start to grow.
The overall trends for the multiquadric and Gaussian kernels are continuously decreasing. It
may be concluded that the multiquadric kernel outperforms the others. When NRB

u = 15, the
projection error is around 1%, and the multiquadric kernel can reach 2%, which demonstrates
the feasibility of RBF interpolation for the coupling algorithm.

Figure 5.6: Mean relative L2 error of the ROM velocity against the number of modes. Four RBF kernels (i.e.,
Thin_plate_spline, Cubic, Multiquadric, and Gaussian) are compared with Ntrain = 30. Ntest = 20.
The projection error is shown as a reference.

As shown in Fig. 5.6, the training set size is fixed at 30. To further explore its effect, Fig.
5.7 presents the results using varied Ntrain. Since Thin_plate_spline performs better than others
when NRB

u is 5, 7, and 8, it is selected for comparison with Multiquadric.

Fig. 5.7 indicates that when only five training samples are used, Multiquadric decreases slowly
and remains at a high level. Its accuracy is much worse than Thin_plate_spline. The curve of
Thin_plate_spline grows exponentially afterNRB

u = 8. Similar trends are observed for the other
training sizes (i.e., 10, 20, and 30). But for Ntrain = 20 and 30, Multiquadric is better because
the error reduces continuously, while the Thin_plate_spline results in bad accuracy for more
than 10 POD modes.

It may be concluded that Multiquadric is more robust than Thin_plate_spline when NRB
u var-

ied. Also, its quantities are close to the projection error. The best accuracy is achieved by
Thin_plate_spline when NRB

u ≤ 8, but its poor prediction for the high-order modes is unaccept-
able.

104



5.3 Local ROM construction and sensitivity analyses

(a) (b)

(c) (d)

Figure 5.7: Mean relative L2 error of the ROM velocity using PODI-RBF with varied training set sizes. Two
kernels (i.e., Thin_plate_spline andMultiquadric) are compared. (a) 5 training samples. (b) 10 training
samples. (c) 20 training samples. (d) 30 training samples. Ntest = 20

5.3.3 Gaussian process regression

Regarding GPR-based local ROMs, two commonly used kernels, i.e., Matern and RBF, are
chosen for comparison. Recall that the RBF kernel is a type of covariance function in GPR,
which differs from the name of RBF interpolation. In GPR, the length scale is a crucial
hyperparameter that scales the distance between two points in the parameter space. Generally,
the value significantly affects the performance of the resulting surrogate model. Its effects are
tested for both kernels, as shown in Fig. 5.8.

It is obvious that the RBF results in much higher errors than the Matern. Hence, RBF will be
neglected in the following analyses.

For theMatern kernel, considering both robustness and accuracy, the length scale of 10.0 is the
best choice. The line declines as the number of POD modes increases, and they are comparable
to the projection error.

After selecting theMatern kernel with a length scale of 10.0, the variation versus errors against
differentNtrain are investigated in Fig. 5.9. It can be seen that all lines decrease as the number of
POD modes increases. The accuracy grows significantly as the training set size increases from
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(a) (b)

Figure 5.8: Mean relative L2 error of velocity employing GPR-based ROMs with varied length scales, i.e., 1.0,
10.0, 100.0, 500.0, and 1000.0. (a) Matern kernel. (b) RBF kernel. Ntrain = 30 and Ntest = 20.

5 to 20. While the results forNtrain = 20 and 30 almost overlap. It demonstrates that 20 training
samples are sufficient to construct a reliable GPR-based local ROM in this case.

Figure 5.9: Mean relative L2 error of velocity using the PODI-GPR ROM with different training set sizes, i.e.,
Ntrain = 5, 10, 20, and 30. The Matern kernel with a length scale of 10.0 is applied. Ntest = 20

5.3.4 Artificial neural networks

The last regression model is ANN. The evaluation is to identify the influences of activation
functions, network architectures, and training set sizes.

The comparison of three commonly adopted activation functions, i.e., ReLU, Sigmoid, and Tanh,
are presented in Fig. 5.10. The network has four layers, and each contains 50 neurons. The
three lines are significantly different. Tanh results are insensitive to the number of POD modes,
and the values remain at a high level. Sigmoid performs better than Tanh, but its performance is
not robust when NRB varied. The best performance is accomplished by ReLU, which is robust
and precise.

The influences of network structures are investigated in Fig. 5.11. It is well known that deeper,
wider networks have better fitting capabilities for the training data. However, they may also lead
to overfitting, which deteriorates generalization performance on test datasets.
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Figure 5.10: Mean relativeL2 error of the ROM velocity using the PODI-ANN. Three different activation functions
(i.e., ReLU, Sigmoid, and Tanh) are compared for local ROMs with Ntrain = 30 and Ntest = 20. The
network has four layers, each with 50 neurons.

Both the number of hidden layers and the number of neurons per layer are varied to explore their
effects. Since the best activation function is ReLU, it is fixed.

Fig. 5.11a illustrates the results using 2 to 6 hidden layers, while each layer contains 50 neurons.
It can be observed that the lines for the 3- and 4-layer models are comparable and achieve the
best accuracy. For 2 and 5 layers, they can reach low errors with NRB

u = 7 or 8, but the overall
trends are unstable. The worst performance is observed with 6 layers, which may be due to
overfitting.

(a) (b)

Figure 5.11: Mean relative L2 error of the ROM velocity using different ANN architectures. (a) Number of hidden
layers, i.e., 2 to 6 (50 are applied for each layer). (b) Number of neurons per layer (four layers are
used), i.e., 20 to 70. Ntrain = 30 and Ntest = 20.

Fig. 5.11b presents the results using different neurons per layer, i.e., 20, 30, 40, 50, 60, and 70.
Four hidden layers are employed, which has been demonstrated in Fig. 5.11a.

There are two observations. First, when the number of neurons is small (e.g., 20 or 30), the
errors are relatively high. Second, when too many neurons are used (e.g., 60 and 70), accuracy
is unstable as NRB

u varies. The best performance is achieved by 40 or 50 neurons per layer.
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5 Local ROM for a typical rod bundle

Based on the above sensitivity analyses, the ANNwith the ReLU activation function, four hidden
layers, and 50 neurons per layer (i.e., 50-50-50-50) can be regarded as the optimal configuration
for local ROM construction.

Finally, the effects of training set size are assessed in Fig. 5.12. As expected, the errors decrease
as Ntrain increases. 20 training samples are sufficient to obtain a local ROM with a relative L2

error of around 3%.

Figure 5.12:Mean relative L2 error of the PODI-ANN ROM velocity using Ntrain = 5, 10, 20 , and 30. The
network employs the ReLU activation function and four hidden layers with 50 neurons per layer, i.e.,
50-50-50-50. Ntest = 20

5.3.5 Comparison and validation

Following the sensitivity analyses of three regression models, it can be inferred that the config-
urations have a significant impact on the performance of local ROMs. Now, let us compare the
best results of RBF, GPR, and ANN in Fig. 5.13.

The configurations of those are listed as follows: (i) RBF:Multiquadric kernel; (ii) GPR:Matern
kernel with a length scale of 10.0; (iii) ANN: ReLU activation function, four hidden layers, and
50 neurons per layer (i.e., 50-50-50-50).

Unlike the global ROM case, the performances of those three local ROMs are comparable for all
three training sizes. For each sub-figure in Fig. 5.13, the error declines as the number of POD
modes increases.

The influences ofNtrain can be summarized as follows. WhenNtrain = 5 or 10, all three lines are
relatively high. As the training set size increases to 20 or 30, the errors decrease significantly,
which almost achieves the best possible accuracy. For instance, whenNtrain = 30 andNRB

u = 15,
all three ROMs’ results are around 2%, which is very close to the theoretical limit (i.e., projection
error of 1%).

It can be concluded that PODI models require sufficient training samples to achieve satisfactory
interpolation precision. For example, PODmodeswith small training sets can already sufficiently
represent the solution space (i.e., projection error is approximately 1%). However, the ROMs
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(a) (b)

(c) (d)

Figure 5.13: Mean relative L2 error of the ROM velocity using three regression models with varied training set
sizes. (a) 5 training samples. (b) 10 training samples. (c) 20 training samples. (d) 30 training samples.
Ntest = 20

cannot lead to high accuracy due to poor generalization of regression models. Additionally, all
three approaches perform well and have similar capabilities for constructing ROMs in this case.

5.4 Application for extended bundle

To further discover the potential of PODI-based local ROMs, an extended 7-pin wire-wrapped
bundle with a length of two wire pitches is considered. The geometry and boundary conditions
are the same as the previous one, except for the longitudinal length. The domain decomposition
strategy is also the same. The bundle is divided into 12 identical subdomains, as shown in Fig.
5.14.

A mesh with approximately 73 million elements is utilized for high-fidelity simulations. Due to
the increased computational cost, only five cases are simulated for verification. These cases cost
much more CPU time than the previous bundle. Each RANS simulation takes around 70 hours
on the same platform, i.e., a single node with an Intel Xeon Platinum 8358 CPU (64 cores, 2.6
GHz).

The parameters are selected from the test set of the previous bundle. The values are listed in
Table 5.1. As before, the two inflow factors and kinematic viscosity are parameterized.
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Figure 5.14: Domain decomposition of an extended 7-pin wire-wrapped bundle with a length of two wire-pitches.
The bundle is decomposed into 12 identical subdomains. They are highlighted using different colors.

Table 5.1: Parameter instances for the extended 7-pin wire-wrapped bundle simulations.

Case Inflow factor 1 Inflow factor 2 kinematic viscosity (m2/s)
1 0.0 0.6 1.486× 10−7

2 1.35 0.0 1.907× 10−7

3 0.675 0.675 2.327× 10−7

4 0.155 0.753 1.583× 10−7

5 0.503 0.304 1.898× 10−7

Since the procedures for snapshot collection, POD-based generation, and localROMconstruction
have already been illustrated, only the final results are presented here. The best configurations
of the three regression models identified before are adopted directly. The comparisons of three
local ROMs with varied POD modes are shown in Fig. 5.15. The training set size is fixed at 30,
and the test set contains five cases.

Figure 5.15:Mean relative L2 error of the ROM velocity for the 7-pin wire-wrapped bundle with 12 subdomains
using three regression models (i.e., RBF, GPR, and ANN). The training set size is 30, and the test set
contains five cases (see Table 5.1).

Generally, the errors decrease as the number of POD modes increases. But when NRB
u is larger

than 8, the projection error is around 8%, and the value almost remains constant when NRB
u

exceeds 8. Similar trends are observed for all three regression models. The accuracy of the
three local ROMs is comparable, and their values are around 13% when NRB

u = 8. The best
performance is reached with RBF, with an error of approximately 12%.
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Although the accuracy of the extended bundle is not as good as the previous one, it is still
acceptable for many engineering applications. More importantly, the results are not far from
the theoretical limit (i.e., projection error). It demonstrates the perspective of utilizing the local
framework for practical problems involving complex geometries with repetitive patterns.

Despite the errors, the results indicate that the iterative local ROMs can be conveniently applied to
extended domainswithout additional high-fidelity simulations. It has the potential to significantly
reduce the computational cost for the offline stage of ROM construction.

To improve the accuracy of the local ROM, there are many possible solutions. For instance,
employing better strategies for snapshot collection, increasing the number of training samples,
and adopting advanced regression models. In particular, the projection error is relatively high in
this case, which limits the best achievable accuracy of local ROMs. Consequently, enhancing
the representation capability of the POD basis is crucial. These aspects are worth investigating
in future works.

5.5 Summary and conclusions

In this chapter, the application of PODI-based local ROMs to the fluid dynamic analysis of a
typical rod bundle has been illustrated. The 7-pin wire-wrapped rod bundle with one wire pitch
length is decomposed into six identical subdomains. The generic strategy is adopted to collect
snapshots and compute the POD basis. The local reduced systems are constructed using three
algorithms, i.e., RBF, GPR, and ANN. Sensitivity analysis is performed to evaluate the effects of
configuration for each model. Comparisons among those three models are also conducted with
varying training set sizes.

The best settings for those three algorithms have been identified. They are

• Radial Basis Function (RBF): Multiquadric kernel;

• Gaussian Process Regression (GPR): Matern kernel with a length scale of 10.0;

• Artificial Neural Network (ANN): ReLU activation function, four hidden layers and 50
neurons per layer (i.e., 50-50-50-50).

There are several conclusions:

• The Dirichlet-Neumann coupling strategy is effective for constructing local ROMs for
geometries with repetitive blocks. The accuracy can reach the same level as the projection
error when sufficient training samples are used.

• The local ROMs can be conveniently applied to extended geometries with more repetitive
blocks. Thus, the framework has a great potential to be a high-fidelity alternative to
subchannel analysis for nuclear thermal-hydraulics applications.
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• The performance of PODI-based ROMs significantly depends on the setup of interpo-
lation models. When optimal configurations are selected, all three frameworks achieve
satisfactory accuracy.

• The local generic PODmodes can extract common features from all subdomains. However,
the detailed patterns specific to certain partitions may not be well represented
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6 Summary

6.1 Overview

In this dissertation, the development and application of non-intrusive Reduced Order Models
(ROMs) for fluid dynamic analyses of typical rod bundles in liquid metal-cooled fast reactors
have been presented.

The narrative begins with a background introduction in Chapter 1. The fundamentals of liquid
metal-cooled fast reactors and the significance of thermal-hydraulic analysis are discussed. The
implementation of numerical techniques for nuclear reactors is introduced. To address the high
computational cost of CFD for many-query problems, the ROM concept is proposed. The
basic ideology and classifications of ROMs are introduced. The local ROMs based on domain
decomposition methods are highlighted to address challenges posed by large-scale geometries.
Considering themotivation for fast parametric computation in nuclear engineering, the objectives
and structure of this dissertation are also outlined.

The state-of-the-art review of the topic corresponding to this research is provided in Chapter
2. The existing thermal-hydraulic tools for nuclear reactors are reviewed, including the system
code, subchannel approach, and CFD method. The current status of CFD applications for the
reactor core simulation is summarized. Then, the procedures and categorization of ROMs are
explained, including classical POD-Galerkin ROMs and emerging non-intrusive data-driven
ROMs. References regarding the ROM applications for nuclear reactor analyses are specifically
reviewed. To identify the local ROM strategy for the current study, a comprehensive literature
review of local ROM (i.e., the combination of domain decomposition and ROM) is conducted.
The existingmethods are categorized into several groups. Considering implementation feasibility
and the characteristics of the target problems, iterative frameworks are selected for developing
local ROMs in this dissertation.

Chapter 3 presents the methodologies and theories employed in this project. The Reynolds-
averaged Navier-Stokes equations, the finite volume method, and the CFD solver based on
OpenFOAM are introduced. The preliminary knowledge for constructing ROMs is described in
detail, including the snapshot generation and basis computation via proper orthogonal decompo-
sition. The mathematical formulations of POD-Galerkin ROMs and several machine-learning
algorithms for POD with interpolation ROMs are explained. The strategy for coupling local
ROMs, the Dirichlet-Neumann iterative method, is then illustrated.
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The application of the global ROM is presented in Chapter 4. The procedures are summarized
in Fig. 6.1a. Three typical geometries of rod bundles are considered as the test cases: a
center subchannel, a 7-pin bare rod bundle, and a 7-pin wire-wrapped rod bundle. Sensitivity
analyses for the ROM configurations are conducted. The results indicate that both POD-
Galerkin andPODIROMs can result in acceptable accuracy in reproducing high-fidelity solutions
while significantly reducing computational cost. The advantages and limitations of each ROM
technique are discussed.

In Chapter 5, the implementation of local ROM (see Fig. 6.1b) for 7-pin wire-wrapped rod
bundles is presented. The domain decomposition strategy is explained, and the construction
of local ROMs is described. The PODI technique is employed to approximate the solutions in
each subdomain. The Dirichlet-Neumann iterative algorithm is then utilized to couple the local
solvers. Various comparisons are made among different regression methods. It can be concluded
that the iterative scheme is effective in ensuring the consistency between the local ROMs and
achieving satisfactory accuracy.

Finally, this chapter summarizes the main findings of this research, highlights the scientific
contributions, and discusses prospects.

(a) Global ROM (b) Local ROM

Figure 6.1: Flow charts for global and local ROMs. Only fast computations with ROMs are carried out in this
research. Once ROMs have been constructed, they can be used for various applications, such as design
optimization, uncertainty analysis and safety quantification. These studies are not involved in this
study.

6.2 Conclusions

The major conclusions drawn from this dissertation are summarized as follows:
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• For the global ROMs of typical rod bundle problems, both POD-Galerkin and PODI
methods can achieve good accuracy in predicting the velocity fields. The mean relative
errors of velocity are generally within 1% for the test cases considered.

Global ROMs are applied to engineering-level problems with complex geometries, i.e., 7-
pin wire-wrapped rod bundles. POD-Galerkin can achieve higher accuracy for a minimal
number of snapshots. When sufficient snapshots are available, PODI can reach comparable
accuracy while being easier to implement.

• The local ROM strategy based on domain decomposition and Dirichlet-Neumann iterative
coupling can handle large-scale problems. It can accurately reproduce CFD solutions, with
mean relative errors of around 2%. When applying the method to extended geometries
with more repetitive blocks, the accuracy remains satisfactory, indicating the potential of
the approach for industrial applications.

• The configurations of ROMs significantly influence the accuracy of the results. For
POD-Galerkin ROMs, three aspects are crucial: boundary condition treatment, stabiliza-
tion techniques, and turbulence modeling. For PODI ROMs, the selection of regression
methods significantly affects the prediction performance, which should be determined by
numerical tests.

6.3 Scientific contributions

There are two main scientific contributions in this dissertation:

• Both intrusive and non-intrusive ROMs are successfully developed and applied to typical
rod bundle geometries, which are typical parts of nuclear reactors. The performance of
bothROM techniques is systematically evaluated and compared across test cases of increas-
ing complexity. The findings provide valuable insights into the capabilities and limitations
of these ROM methods for thermal-hydraulic analyses of nuclear reactor components.

• A local ROM framework based on domain decomposition andDirichlet-Neumann iterative
coupling is proposed for large-scale models. The approach is demonstrated through a 7-
pin wire-wrapped rod bundle case. The local ROM can predict high-fidelity solutions in
the training geometry and also in a larger domain with more repeating subdomains. It
is a promise framework for extending ROM applications to more complex, larger-scale
problems in nuclear engineering.

6.4 Prospects

Several prospects for future work based on the current study are proposed as follows:
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• In this study, only physical parameters (i.e., inlet velocity and viscosity) are considered as
the input parameters. In future work, geometric parameters (e.g., rod diameter, pitch, and
wrap wire characteristics) can be included to enhance the versatility of the ROMs.

• The scalability of the local ROM framework can be further tested for models with more
subdomains and more complex geometries. It is expected that the local approach can
develop to be an alternative to subchannel analysis for large-scale reactor modeling, which
can provide high-resolution results while maintaining computational efficiency.

• The coupling of local ROMs can be further improved by adoptingmore advanced strategies,
e.g., Robin-Robin coupling, optimized Schwarz methods, etc.

• Regarding the results for extended geometries using the local ROM approach, the accu-
racy of local ROMs can be further improved. This can be achieved by adopting advanced
strategies to generate more representative local bases. Additionally, advanced regression
models, such as deep neural networks, can be investigated to improve predictive perfor-
mance.

• POD has been widely employed for dimensionality reduction in this dissertation. Other
techniques, such as Autoencoder (a neural network) and dynamic mode decomposition,
can be explored and compared for ROM construction.

• Fluid dynamics problems with heat transfer and/or buoyancy effects can be investigated to
extend the applicability of the developed ROMs.

• The local ROM can be achieved via the POD-Galerkin approach and compared with the
PODI-based local ROM presented in this dissertation.

• Recently, the adaptive framework has become popular due to its ability to maintain
accuracy and reduce computation costs when generating high-fidelity solutions.

Moreover, according to the available experiences and observed references, a comprehensive
process of ROMs for practical applications is proposed and shown in Fig. 6.2. Several aspects
are considered and configured. The full process has not been demonstrated in this dissertation.

• CFD models are verified following well-established procedures, e.g., comparing with
experiments or benchmark solutions 1.

• Domain decomposition can be integrated in two ways: either high-fidelity simulations are
performed in the reference subdomains to extract local RBs, or the FOM solutions of the
global domain are obtained and decomposed.

• Different strategies regarding parameterization can be adopted, e.g., physical parameters,
geometric parameters, sampling strategies, parameter space reduction, etc.

1 See [34; 35] for the instruction of V&V for CFD models.
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• A ROM can be built based on an intrusive or non-intrusive approach and their configura-
tions should be quantified via numerical tests.

• Adaptive enrichment is an advanced technique that balances the cost of FOM simulations
with accuracy. This methodology uses an error estimator to determine the accuracy of the
reduced order model (ROM) and adds new snapshots iteratively.

• Hyper-reduction is a technique that further reduces the computational cost of ROMs by
approximating the nonlinear terms in the governing equations. This can be achieved
through methods such as the Discrete Empirical Interpolation Method or gappy POD.

• The ultimate goal of ROMs is to apply them to design optimization, uncertainty quantifi-
cation, safety analysis, and so on.

Figure 6.2: A flow chart summarizing comprehensive best-practice guidelines for implementation and adaptation
of ROMs for practical applications. CFD models are verified and validated either experimentally or
against benchmark data. ROMs can be developed using an intrusive or a non-intrusive approach, and
then verified by comparison with high-fidelity CFD solutions. Domain decomposition is incorporated
either before or after FOM calculations are performed. Adaptive enrichment can optimally add new
snapshots if needed. Hyper-reduction can be employed to further reduce the computational cost of
ROMs. Once constructed, ROMs can be used in various scenarios.
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A Traditional approaches and review

A.1 Numerical methods for nuclear engineering

A.1.1 Lumped parameter models

System codes were used to analyze and design reactors since the 1960s [388] and are still
considered necessary tools nowadays. More descriptions regarding their fundamental principles,
development, and current status are summarized in the papers [389; 390]. As shown in Fig.
A.1, the reactor system, including the core, pipelines, and heat exchangers, is roughly modeled
by a set of 1D control volumes. The tools can investigate system-level dynamics across various
scenarios. However, due to these simplifications, many empirical ad hoc correlations based
on experiments are required to complement the conservation equations, such as those for flow
resistance, wall-fluid heat transfer, boiling processes, and two-phase flow. Keep in mind that the
empirical relationships are limited to specific reactors. Thus, engineers must conduct additional
experiments for new designs, which is cost-ineffective and time-consuming [13].

The Subchannel codes are developed to specifically model flow and heat transfer in the core.
It was proposed around the 1970s [16], and utilized finer discretization. The division of
subchannels of a 37-pin rod bundle is sketched in Fig. A.2. Note that the transverse fluid
exchange between parallel channels is roughly correlated with the axial flow. The approach can

Figure A.1: Overview of a liquid sodium cooled fast reactor (left) and its discretization by a 1D system code (right).
The components are modeled with coarse control volumes. Figures taken with permission from [18],
copyright owned by Elsevier.
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predict the velocity and temperature distributions in both steady-state and transient conditions at
minimal computational cost. However, as in system codes, they also require various experiment-
based correlations to account for essential phenomena. That means a massive investment and
prolonged experiments are unavoidable [391].

Figure A.2: Cross-section of a 37-pin rod bundle (left) and its division (right). The model comprises three
subchannel types: interior, edge, and corner. Figures taken with permission from [20], copyright
owned by AIP Publishing.

A.1.2 CFD and turbulence modeling

A.1.2.1 Reynolds-averaged Navier–Stokes

The RANS denotes time-averaged Navier–Stokes equations. The instantaneous quantity is de-
composed into a time-averaged and a fluctuating part, referred to as the Reynolds decomposition.
The RANS system is formulated based on mean flow equations, which introduce some addi-
tional unknowns, e.g., the Reynolds stresses. Turbulence models are developed to add extra
equations to close the system. They are based on a presumption suggested by Boussinesq, in
which Reynolds stresses are analogous to viscous stresses. Note that these simplified methods
involve several constants that need to be adjusted through experiments, and additional treatments
or correlations are required to account for the boundary layer.

RANS-based CFD consumes a considerable amount of computational resources to approximate
turbulence, resulting in widespread use for industrial geometries. It has been intensively utilized
for the numerical analysis of LMFRs. The RANS-based simulations for rod bundles involve
various conditions (see Fig. A.3), including thermal-hydraulic assessments [56; 57; 58], flow
blockages [59; 60; 61], rod deformation [62; 63; 64], etc. Moreover, RANS can incorporate
some simplification techniques (e.g., the porous media method) to model the thermal-hydraulic
behaviour of large-scale components in nuclear systems, including the entire reactor vessel
[392; 393]. Studies that address uncertainty are also observed [67; 394; 15]. Actually, the
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(a) (b)

Figure A.3: RANS results for LMFRs. (a) Velocity profiles in a 19-pin wire-wrapped (left) and a blocked bundle
(right). Figures taken with permission [398], copyright owned by Elsevier. (b) RANS-based CFD
employing porous media method for analysis of the whole reactor. Figure taken with permission from
[392], copyright owned by Elsevier.

RANS results are validated by experiment databases with acceptable accuracy, as indicated in
[395; 396; 397].

In this research, RANS-basedCFD is employed to conduct a series of simulations. The equations,
turbulence models, FVM discretization, solver, and other relevant details are illustrated in Sec.
3.1.

The RANS describes the non-dynamic and time-averaged behavior of all turbulence eddies.
However, investigations have already shown that large eddies are anisotropic, whereas the be-
havior of small eddies is isotropic and universal. Hence, the mean model is not sufficient to
represent the phenomena.

A.1.2.2 Large eddy simulation

The LES appeared to meet the requirement for capturing coherent turbulent structures. LES em-
ploys a spatial filter to retain the large-scale eddies, and the remaining stresses, commonly termed
the Sub-grid-scale (SGS) stresses, are approximated using a turbulence model. Smagorinsky
proposed the basic concepts of this model following Boussinesq’s ideology, whereby local SGS
stresses are defined as proportional to the local strain rate of the resolved flow.

LES provides a better representation of turbulent features than RANS, but it requires significantly
finer spatial and temporal resolutions to capture eddymotion, resulting in a considerable increase
in simulation costs.

With the rapid development of computational resources over the past decade, LES has been
applied to simulate the fluid dynamics in nuclear engineering [55]. Also, LES results are
adopted to validate RANS simulations [37].

It is worth reminding that the open-source code Nek5000 was the most commonly used LES
software for LMFRs. Through the references, Nek5000 managed to create LES models for
LMFRs in different scales, including thermal-hydraulic of a single or several subchannels [65;
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66]. Investigations of the fuel rods focus primarily on flow characteristics, while heat transport is
often overlooked due to computational limitations. Argonne National Laboratory has published
several studies on wire-wrapped rod bundles of different sizes. These includes bundles with
the rod number of 7 [67], 19 [68], 61 [69], and 217 [70]. In addition to the standard bundle,
Nek5000 is also employed to simulate a 61-pin assembly that contains bent rods [399]. The
velocity profiles of several simulations are presented in Fig. A.4. It is easy to see that LES better
captures local-scale features than RANS, while RANS results are numerically averaged (see Fig.
A.3).

Figure A.4: LES simulations for 7-pin (left), 37-pin (middle), 61-pin (right) rod bundles. Figures taken with
permission from [67; 68; 69], copyright owned by Elsevier.

Two overview documents [55; 400] are suggested for readers who are concerned with the
application of LES in nuclear engineering.

A.1.2.3 Direct numerical simulation

In contrast to the twomethods above, which integrate empirical turbulencemodels, DNS is a fully
resolved method. It uses a sufficiently fine spatial mesh and small time steps, and consequently,
the smallest eddies and the fastest fluctuations can be captured in a transient solution. It is
generally accepted that DNS is time-consuming but very accurate. It can be used to validate and
evaluate RANS and LES turbulence models [36].

Be aware that there are a few publications that apply DNS to nuclear thermal hydraulics. Readers
can find the overview discussed in [36]. Emilio Baglietto et al. exploited DNS to analyze flow
behaviour in a minimum symmetric geometry even smaller than a subchannel [71]. In addition
to fluid dynamics, Diego Angeli et al [72], and Ferry Roelofs et al. [73] also investigated
heat transport in a single inner subchannel. A simulation for a larger computational domain is
reported by Aaque Shams et al and Daniele Dovizio, [74; 37]. They managed to compute the
flow and thermal field for the region around a wire-wrapped rod. Two more recent articles by
Bourdot Dutra et al. presented a DNS including heat transfer in a seven-pin wire-wrapped bundle
[75]. The plots in Fig. A.5 indicate that DNS can well represent small-scale flow variances.
Velocity fields exhibit greater complexity and richer dynamics than averaged RANS solutions
and filtered LES simulations.
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(a) Subchannels around a rod (b) Seven-pin bundle

Figure A.5: DNS velocity fields for rod bundles. (a) Figures taken with permission from [73], copyright owned by
Elsevier. (b) Figure taken with permission from [75], copyright owned by Taylor & Francis.

A.1.2.4 Discussions

Now is the time to describe the differences among the three techniques and summarize their
potential in nuclear engineering.

Based on the references cited above, the implementation of the three techniques for LMFRs can
be summarized as follows. RANS can be applied to various physical scenarios and large-scale
geometries, e.g., fuel assemblies, or even the whole reactor core. Recently, advances in hardware
have enabled the implementation of LES to simulate multiple rod bundles. Over the past several
years, several DNS studies have been published, which consider only smaller geometries, such
as subchannels and a seven-pin wire-wrapped bundle. Given the need for simulations in LMFRs
and the complexities of nuclear engineering applications, RANS remains the most widely used
numerical method for thermal-hydraulic analysis of reactors [37].

Additionally, the competencies of RANS, LES, and DNS for turbulent modeling varied from
the theoretical perspective, as illustrated in Fig. A.6. Actually, turbulence involves multiscale
eddies with different sizes and energy levels. The relation is illustrated as the variation of the
eddy’s energy-spectrum functionE(κ) against the eddy length scales(i.e., wave number κ). More
instructions about the knowledge can be found in the book [22]. The comparison also indicates
that the RANS can only approximate the averaged field. LES represents large-scale eddies and
hence captures the overall dynamics. However, the detailed and precise characteristics can be
resolved more precisely by DNS.

Figure A.6: A comparison between RANS, LES, and DNS for turbulent simulations. Left: The variation of the
eddy’s energy-spectrum function E(κ) against the wave number κ. Middle: A sketch of the capability
to capture turbulent variances. Right: Results of the jet flow simulation using the three methods.
Figure on the left is taken with permission from [401], copyright owned by MDPI.
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Obviously, DNS and LES can yield more accurate estimates of turbulent variance. However,
the improvement usually requires an incredible amount of computational power. The geometric
complexities and multiscale features of reactor components make it extremely expensive to
generate a high-quality mesh for them. Furthermore, the exceptionally high computational costs
limit such simulations to well-funded institutions such as Argonne National Laboratory [69; 70]
or to projects supported by the U.S. Department of Energy [75]. Indeed, DNS and LES are
impractical for most research groups. Consequently, considering the importance of parametric
solutions, RANS-based CFD is still an essential tool for the near and foreseeable future.

124



B Methodology and theory

Note that the methodologies and theories applied in this research are introduced in Chapter 3.
This appendix provides more details regarding some specific techniques:

• Explanations for high-fidelity CFD, including near-wall treatment, FVM, andOpenFOAM.

• Computational procedures of POD.

• Additional relevant formulations of the three regression models: RBF, GPR, and ANN.

B.1 High fidelity CFD analysis

Reynolds-averaged Navier-Stokes and the SST k − ω turbulence model are already introduced
in Section 3.1.1. The following sections present more details regarding near wall treatment of
the turbulence model, the finite volume method, and OpenFOAM.

B.1.1 Near-wall treatment

According to boundary layer theory, the velocity varies significantly within the boundary layer
[52]. Therefore, accurate near-wall treatment is essential for reliable RANS simulations [23].

For turbulent flows, the variance of the mean velocity profile near a solid boundary (in the
direction normal to the boundary), u · n, can be described by the law of the wall, as shown in
Fig. B.1. The curve is plotted regarding non-dimensional velocity u+ and y+, which are defined
as

y+ =
yuτ

ν
, u+ =

u

uτ

,

with
uτ =

√
τw
ρ
, τw = ρν

∂ux

∂y

∣∣∣∣
y=0

,

where y is the normal distance from the wall, τw is the wall shear stress, and uτ is called the
friction velocity or shear velocity.

The red line (see Fig. B.1) denotes results extracted from DNS simulations. Considering the
profile, the boundary layer is divided into three regions, in which u+ and y+ can be correlated
as:
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Figure B.1: Law of the wall for Dimensionless mean velocity u+ profile against dimensionless wall distance y+.
Inner layers: viscous sublayer (y+ < 5), buffer region (5 < y+ < 30), and log-law area (y+ > 30).
Red line: DNS results. Figure is takenwith permission from [402], copywriter owned by theWikimedia
Foundation, Inc.

1. Viscous sublayer (y+ < 5) with linear relation, u+ = y+.

2. Buffer layer (5 < y+ < 30), transitional region without any simple analytical function.

3. Logarithmic layer (y+ > 30) with u+ = 1
κ
ln y+ +C+, where κ is Von Kármán constant

and C+ is a constant.

The physical features of the layers are different. The viscous sublayer is characterized by laminar
flow and is dominated by the viscous effect. The buffer layer is simultaneously governed by
molecular viscosity and turbulence. The turbulence plays a major role in the log-law region.
The three layers are also known as the inner layer. The outer layer refers to the y+ range where
the profile does not perfectly satisfy the log-law. The exact upper limit depends on the Reynolds
number. Typically, it is around y+ > 200.

Considering the velocity distribution, two approaches are typically applied to model the region,
as sketched in Fig. B.2. In one approach, a fine mesh is generated along the normal to the
wall, allowing turbulence models to resolve the large velocity gradients within viscosity-affected
regions (the viscous sublayer and buffer layer). For the other one, the flow is represented by semi-
empirical correlations called "wall functions" that account for the law of the wall. Therefore, a
single layer of grids can cover the y+ < 30 region. See [22; 23] for details.

Note that the former is accurate but expensive, and it is pertinent to the k − ω and SST k − ω

models for resolving the boundary layer. In contrast, the latter is essential for the k − ϵ model
to roughly represent near-wall flow and is feasible and economical for engineering practice.

In this research, the SST k − ω model with a finer mesh is adopted for FOM simulations.

B.1.2 Finite Volume method and OpenFOAM

As the open-source CFD software, Open Field Operation And Manipulation (OpenFOAM) is
applied for performing FOM calculations [349; 350; 337; 351]. The RANS solver and its
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Figure B.2: Wall treatment using wall function (left) or near-wall modelling (right) approaches. Wall functions
are applied to a high-Reynolds-number turbulent model. The low-Reynolds-number model should be
employed to resolve the inner region.

basis, Finite Volume Method, are briefly introduced. The book [24] is highly recommended for
interested readers.

B.1.2.1 Finite Volume method

The FVM is one of the most widely used discretization techniques in CFD. It discretizes the
computational domain into numerous control volumes, and surface (2D) or volumetric (3D)
integrals are used to construct the conservative formulation of the governing PDEs in each
volume. The conservation of variables in the frame of FVM for a 2D cell is sketched in Fig.
B.3. The value of any variable is stored at the centroid C for each cell, with a single quantity
per cell. The conservation of the PDE in the cell depends on the flux across the interface f and
the source.

Figure B.3: Conservative description of a 2D cell (marked in peach) in the framework of FVM. The values of all
variables are stored in the centroid C. The balance is achieved considering the transient variance, the
interior source, and transports from neighbours (e.g., f1, . . . , f4).

Different terms in a PDE can be computed in the configuration. Given the cell VC and its outer
surface area vector S = Sn,

∫
VC
∇ · u can be computed through the divergence theorem, and it

becomes
∫
∂VC

u · n =
∑

f∈∂VC
uf · nfSf =

∑
f∈∂VC

uf · Sf . Similarly, the gradient term can
be rewritten as

∫
VC
∇p =

∫
∂VC

pn =
∑

f∈∂VC
pf · Sf .
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The above expressions are computed via inner face values. As the FVM quantities are located
at the centroid, specific algorithms, referred to as numerical schemes, should be adopted to
compute the face values from the cell values. Only a single value is defined in each f ∈ ∂VC .
The accuracy of FVM solutions is highly affected by the schemes [24].

By applying the FV integral operation, equation (3.3) for a cell VC is formulated as

∫
VC

∂u

∂t
+

∫
VC

(u · ∇)u = −
∫
VC

∇p+
∫
VC

∇ ·
[
νeff
(
∇u+∇uT

)]
+

∫
VC

f ,∫
VC

∇ · u = 0,

(B.1)

where the effective viscosity νeff = ν + νt. Note that the time-averaged notation is neglected for
simplicity.

In this dissertation, the steady-state RANS without a source term is adopted, that is∫
VC

(u · ∇)u = −
∫
VC

∇p+
∫
VC

∇ ·
[
νeff
(
∇u+∇uT

)]
∫
VC

∇ · u = 0,

(B.2)

The computation of various terms in the FVM framework is illustrated. The convection term is
given by ∫

VC

(u · ∇)u =

∫
VC

∇ · (uu)

=

∫
∂VC

(u · n)u

=
∑

f∈∂VC

uf · nfSfuf

=
∑

f∈∂VC

uf · Sfuf

=
∑

f∈∂VC

Ffuf ,

where Ff = uf · Sf is the flux through f .

The effective diffusion (also known as Laplacian) term is computed as∫
VC

∇ ·
[
νeff
(
∇u+∇uT

)]
=
∑

f∈∂VC

νeff
(
∇uf +∇uT

f

)
· Sf .

The other terms can be obtained in the similar manner, namely transient
∫
VC

∂u
∂t

= ∂u
∂t
VC ,

pressure gradient
∫
VC
∇p =

∑
f∈∂VC

Sfpf , and source
∫
VC

f = fVC . The procedure can be
applied to the k and ω equations accordingly. The boundary conditions can be easily enforced
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because the surface values are already included in each term, which is not covered here. Remark
that distinct numerical schemes might be applied for each term. More details are presented in
[24; 337; 351].

The numerical schemes adopted for this dissertation are listed

1. Gauss theorem for the gradient computation, as mentioned above.

2. Linear-upwind as the divergence scheme (e.g., convection term) [403].

3. Linear interpolation for computing Laplacian (e.g., diffusion) terms.

B.1.2.2 Meshing

Spatial discretization of a computational domain will result in either structured or unstructured
meshes [24], as illustrated by Fig. B.4.

Figure B.4: Structured (left) and unstructured (right) mesh with the same number of vertices. All interior vertices
of the former are connected with four neighbours. The connection varies from five to seven for the
unstructured. Redraw based on [404].

The former stores the cells in a structured order, which is typically compared by quadrilaterals or
hexahedra in two and three dimensions, respectively. It can produce high-quality mesh, require
little storage space, and be numerically simpler due to its well-organized features.

However, a structured grid system is hardly feasible for complex domains, especially in industrial
applications with multiscale geometries. The unstructured approach is proposed because it can
handle more common scenarios. However, this flexibility introduces additional complexity in
creating the topology across all cells [24].

The geometries and meshing varied due to the problem configurations. Thus, a mesh-
independent study is required to ensure that mesh sizes do not significantly influence the
simulation results. Note that simulation accuracy typically depends on the mesh and numerical
schemes.

In this research, structured meshes are employed for simple cases, while unstructured meshes
are utilized for complex geometries.
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B.1.2.3 SimpleFoam: an incompressible solver

Once the mesh is available, the integral PDEs for all cells, along with the boundary conditions,
can be assembled into a global system, which is subsequently solved iteratively. As RANS
contains several equations, including non-linear terms, specific algorithms should be applied
to achieve the linearization and effective iterations of the problem. For incompressible steady
state flow, the most widely used algorithm is called Semi-Implicit Method for Pressure-Linked
Equations (SIMPLE), which was developed by Brian Spalding and Suhas Patankar [352; 353].
Note that, in the framework, the pressure Poisson equation is adopted to substitute the continuity
equation. The steps and implementations are detailed in [405; 23; 24].

The SIMPLE algorithm is employed to create simpleFoam, an incompressible steady-state solver
for both laminar and turbulent (RANS) flow. See [337; 24] for a more in-depth explanation.

The solving of the discretized and linearized equations is performed iteratively. Various tech-
niques have been proposed to solve these systems, such as Gauss-Seidel, Preconditioned Bi-
conjugate Gradient, Geometric Algebraic MultiGrid methods, etc. [337]. Typically, the solving
approaches do not affect the solution accuracy once the problem has converged. Whereas they
might significantly affect the convergence rate and, consequently, influence computation time.

For this study, the simpleFoam with RANS is utilized to generate high-fidelity solutions. To
balance convergence rate and computational cost, the simulations adopted the Preconditioned
Biconjugate Gradient and Geometric Algebraic MultiGrid algorithms to solve the algebraic
systems.

B.2 Algorithms for Proper Orthogonal Decomposition

POD can be computed with two equivalent methods, namely Singular Value Decomposition
(SVD) and Eigendecomposition of the correlation matrix. Their formulations and procedures
are presented below.

B.2.1 Singular Value Decomposition

Given the snapshot matrix S with shape Nh ×Nµ, by applying SVD, one can obtain

S = Φ̃Σ̃Ψ̃
T
,

where Φ̃ ∈ RNh×Nh and Ψ̃ ∈ RNµ×Nµ are orthonormal singular matrices. Moreover,

Σ̃ = diag
{
σ1, . . . , σNµ

}
∈ RNh×Nµ ,

130



B.3 Regression algorithms

and the singular values satisfy σ1 ≥ σ2 ≥ · · · ≥ σNµ ≥ 0. Each column vector of Φ̃ can be
regarded as a POD mode. The POD coefficients can be computed from ÃT = Σ̃Ψ̃

T. Thus,
S = Φ̃ÃT .

B.2.2 Eigendecomposition

The correlation matrix of S is defined as C = STS. Then, the eigenvalue decomposition of C
results

CV = Vλ, (B.3)

where V contains eigenvectors and λ = diag{λ1, . . . , λNµ} is a diagonal matrix consists of
eigenvalues with λ1 ≥ · · · ≥ λNµ ≥ 0.

The POD mode and coefficient matrices are obtained with

Φ̃ =
1√
λi

SV, ÃT =
√

λiV
T.

Actually, the two methods are equivalent. C can be expressed as

C = Ψ̃Σ̃
T
Φ̃

T
Φ̃Σ̃Ψ̃

T

= Ψ̃Σ̃
T
Σ̃Ψ̃

T
,

CΨ̃ = Ψ̃Σ̃
T
Σ̃. (B.4)

Considering equations (B.3) and (B.4), the equalities hold Ψ̃ = V and Σ̃T
Σ̃ = λ. The latter can

be further written as λi = σ2
i . Thus, Φ̃ = SΨ̃λ−1/2 = SVλ−1/2 and ÃT = Σ̃Ψ̃

T
= λ1/2VT.

Note that the relative projection error for n-rank POD can be expressed in terms of the singular
values as follows

En =

√∑Nµ

i=n+1 σ
2
i√∑Nµ

i=1 σ
2
i

.

B.3 Regression algorithms

B.3.1 Radial Basis Function

Details of RBF are presented here.
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For Nµ parameters, it results in a matrix system
φ(∥µ1 − µ1∥) · · · φ(∥µ1 − µNµ∥)

... . . . ...
φ(∥µNµ − µ1∥) · · · φ(∥µNµ − µNµ∥)



w1

...
wNµ

 =


α(µ1)

...
α(µNµ)

 ,

where the unknowns of wj are computed by solving the matrix equation. Then, for any µnew, the
corresponding POD coefficients are α(µnew) =

∑Nµ

j=1wjφ(∥µnew − µj∥).

Various definitions of the RBF kernel φ have been proposed. Let us define r = ∥µ− µj∥, and
φ(r) = φ(∥µ− µj∥). Several commonly used radial basis functions include [373],

• Gaussian
φ(r) = e−(εr)2 .

• Polyharmonic spline
φ(r) = rk, k = 1, 3, 5, . . .

φ(r) = rk ln(r), k = 2, 4, 6, . . .

Several common cases are

– Thin plate spline
φ(r) = r2 ln(r).

– Cubic
φ(r) = r3.

– Quintic
φ(r) = −r5.

• Inverse quadratic
φ(r) =

1

1 + (εr)2
.

• Multiquadric or inverse multiquadric

φ(r) =
√
1 + (εr)2

φ(r) =
1√

1 + (εr)2
.

In the above formulation, ε is a parameter that must be tuned via numerical tests.
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B.3 Regression algorithms

When the polynomial term is added, the RBF interpolation becomes

φ(∥µ1 − µ1∥) · · · φ(∥µ1 − µNµ∥) 1 · · · µn−1
1

... . . . ... ... . . . ...
φ(∥µNµ − µ1∥) . . . φ(∥µNµ − µNµ∥) 1 · · · µn−1

Nµ

1 · · · 1 0 · · · 0
... . . . ... ... . . . ...

µn−1
1 · · · µn−1

Nµ
0 · · · 0





w1

...
wNµ

c1
...
cn


=



α(µ1)
...

α(µNµ)

0
...
0


,

where n is the order of the polynomial, and ci are additional unknowns.

Note that the polynomial function is required for some kernels to ensure the interpolation
problem is well-posed. The recommended order n for thin plate spline, cubic and quintic are
1, 1, 2, respectively [373].

B.3.2 Gaussian Process Regression

The computation of the kernel matrix for GPR is presented here (see also in [375]). Suppose
Σ = Σ(X,X) andX = {xi, i = 1, . . . , n}, each element of the kernel matrix is indexed as Σij .
Several widely used kernel is listed here [375]. Those are:

• RBF kernel
Σij = exp

(
−|xi − xj|2

2l2

)
, i, j = 1, . . . , n

where l is a length-scale that needs to be determined and |xi−xj| is the Euclidean distance.

• Matern kernel

Σij =
1

Γ(ν)2ν−1

(√
2ν

l
|xi − xj|

)ν

Kν

(√
2ν

l
|xi − xj|

)
,

where Kν(·) is a modified Bessel function and Γ(·) is the gamma function. ν is an
additional quantity to be optimized.

• Exp-Sine-Squared kernel

Σij = exp

(
−2 sin2(π|xi − xj|/p)

l2

)
,

where p is the periodicity parameter should be assigned.
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Numerics setups

B.3.3 Artificial Neural Network

Here, a series of widely used activation functions for ANNs is presented. Those are:

• Step Function

σ(x) =

{
0, x ≤ T

1, x > T

, where T is a predefined value.

• Sigmoid
σ(x) =

1

1 + e−x
.

• Hyperbolic Tangent

σ(x) = tanh(x) =
ex − e−x

ex + e−x
.

• Basic Rectified Linear Unit
σ(x) = max(0, x).
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C Numerical setups of the FOM simulations

The numerical schemes for interpolating inner face values are listed in Table C.1, as well as the
accuracy of each term. The choice for each term is mainly decided based on experience.

Table C.1: Numerical schemes.

Term Discretization scheme Accuracy

Gradient Green Gauss theorem -
Divergence Linear-upwind Second order
Laplacian Linear First order
Interpolation Linear First order

The PDEs are discretized as linear systems and solved iteratively. The solvers are presented
in Table C.2. For the momentum (velocity) conservation, k and ω transport equations, the
Preconditioned biconjugate gradient method is adopted. Two solvers are used to solve the
pressure Poisson equation, i.e., Preconditioned conjugate gradient and Geometric algebraic
multigrid. The former is applied to small problems, and the latter is more suitable for large-scale
scenarios.

The algebraic system is solved iteratively until the specified convergence criteria are satisfied.
The relative residuals for each equation, as defined in [351], are also summarized in Table C.2.
For the momentum conservation, the tolerance is set to 10−4, while the rest of the equations are
assigned a stricter value of 10−5. The thresholds are applied for all FOM simulations mentioned
in this dissertation.

But there is an exception for the residual. In the single-subchannel case, the bulk flow direction
is along the z-axis, and the transverse velocity is one or two orders of magnitude lower. It is
difficult for the x- and y-axes velocity to reach a residual (relative error) of less than 10−4. Thus,
in those calculations, the criterion of the momentum equation is set to 2× 10−4.

In addition, the convergence of a CFD simulation does not simply depend on the residual. Several
other quantities are also adopted, including plane-averaged pressure, mass flow conservation,
and mean wall y+ values.
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Global FOMs and ROMs

Table C.2: Linear system solvers and convergence criteria.

Equation Solver Relative residuals

Pressure Poisson equation Preconditioned conjugate gradient
10−5

Geometric algebraic multigrid
Momentum Preconditioned biconjugate gradient 10−4

k and ω transport Preconditioned biconjugate gradient 10−5
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D Global FOMs and ROMs

Several figures and algorithms regarding parameters are listed in this appendix, including those
for global and local ROMs.

The aspects that correspond to global approaches are presented as follows. They are listed with
respect to three cases shown in Chapter 4.

D.1 A single subchannel

D.1.1 Parameters

Algorithm 3 presents the steps to select training Ptrain and test Ptest points from the entire set P .

The size of P is 50, as shown in Fig. D.1. The numbers of Ptrain and Ptest can be varied to test
their influence.

Figure D.1: Selected parameters: ν, µL
1 , and µL

1 . The values are chosen to ensure the limits, i.e., Re ∈ [1.4, 6.0]×
104 and uin ∈ [0.6, 2.1].

For constructing and validating ROMs, 30 points are selected as the training set Ptrain and the
remaining 20 as the test set Ptest. They are plotted in Fig. D.2. To identify the effects of the
number of training points, three additional sets with 5, 10, and 20 points are also considered and
plotted in the figure.

137



D Global FOMs and ROMs

Algorithm 3 Selection of Ptrain and Ptest from P

1: Input: P = {µ1, . . . ,µNµ
}, each µi = [νi, µ

L
1,i, µ

L
2,i]

T, number of training points Ntrain
2: Output: Training set Ptrain, test set Ptest
3: Compute the full centroid:

µ =
1

Nµ

∑
µ∈P

µ

4: Select the first training point:

µ(1) = argmax
µ∈P
∥µ− µ∥L2

5: Initialize Ptrain ← {µ(1)}
6: for k = 2 to Ntrain do
7: Compute the centroid of current Ptrain:

µtrain =
1

|Ptrain|
∑

µ∈Ptrain

µ

8: Select:
µ(k) = arg max

µ∈P\Ptrain
∥µ− µtrain∥L2

9: Update Ptrain ← Ptrain ∪ {µ(k)}
10: end for
11: Set Ptest ← P \ Ptrain

Figure D.2: Train sets with 5, 10, 20, and 30 points for the construction of ROMs for the single subchannel cases.
The training sets are overlapped due to the selection algorithm.

D.1.2 Settings of neural networks

The configurations of ANN for global ROMs are summarized in Table D.1. The choices are
mainly based on experience and trial-and-error. The framework is PyTorch [372], which is a
widely used open-source machine learning package.

138



D.2 A bare rod bundle

Table D.1: Configurations of ANN for global ROMs.

Hyperparameter Value

Loss function Mean squared error
Optimization algorithm Adam
Learning rate 0.001
Number of epochs 20000
Normalization Min-max scaling
Framework PyTorch

D.2 A bare rod bundle

D.2.1 Parameters

The uniform and power-law (with an order of 1/7) inflow profiles of the bare rod bundle are
displayed in Fig. D.3.

Figure D.3: Uniform (left) and power-law (right) inflow profiles of the seven-pin bare rod bundle.

The parameters of rod bundle cases are sampled in two steps. Firstly, 19 uniformly distributed
grid points within the ranges are chosen (Fig. D.4). Then, Algorithm 4 is applied to add other
parameters to reach the total amount Nµ.

After the two steps, the final Nµ = 50 samples are selected (see Fig. D.5).

To identify the effects of the number of training points, four snapshot sizes are applied to the
constructed ROMs. They consist of 5, 10, 20, and 30 points. The training sets overlap due to
the greedy algorithm, see details in Algorithm 3. See Fig. D.6 for more information.
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D Global FOMs and ROMs

Figure D.4: Pre-selected uniformly distributed grid points within the ranges. The values are constraints to ensure
the limits, i.e., Re ∈ [1.4, 6.0]× 104 and uin ∈ [0.6, 2.1].

Algorithm 4 Expansion of P with elements from a candidate set Pc

1: Input: P = {µ1, . . . ,µÑµ
}, each µi = [νi, µ

L
1,i, µ

L
2,i]

T, candidate set Pc, number of new
points Nnew

2: Output: New P containing added parameters, total number of parameters Nµ

3: Compute the full centroid:
µ =

1

Nµ

∑
µ∈P

µ

4: for k = 1 to Nnew do
5: Compute the centroid of current P :

µ =
1

|P |
∑
µ∈P

µ

6: Select:
µ(k) = argmax

µ∈Pc

∥µ− µ∥L2

7: Update P ← P ∪ {µ(k)}, Pc ← PC \ {µ(k)}
8: end for

D.2.2 PODI models

The comparisons of several kernels of POD-RBF and POD-GPR approaches are illustrated in
Figs. D.7 and D.8. The lines are obtained with Ntrain = 5, 10, 20, and , 30, and validated with a
standard test set Ntest = 20.

For RBF, the Cubic is suitable forNtrain = 5 and 10. In contrast, for larger sets, Quintic is better.
For GPR, Matern are the best except for Ntrain = 5.

140



D.2 A bare rod bundle

Figure D.5: Samples for the bare rod bundle case containing uniform grid points and randomly generated values.
The values are chosen to ensure the limits, i.e., Re ∈ [1.4, 6.0]× 104 and uin ∈ [0.6, 2.1].

Figure D.6: Four sizes of the training and test sets. They are 5, 10, 20, and 30 points for constructing ROMs for
bare-rod bundle cases. Due to the use of the greedy algorithm, the training sets overlap.

Fig. D.9 shows the influence of the architecture of POD-ANN ROMs. The settings are listed in
Table 4.3. The effects of activation functions are presented in Fig. D.9. Consequently, a network
structure of 3 hidden layers and 10 neurons per layer, and Tanh are selected for the simulations.

For the bare rod bundle case, the effects of activation functions of POD-ANN ROMs are also
studied (see Fig. D.10). The results are obtained with Ntrain = 30 and Ntest = 20. The velocity
and eddy viscosity modes range from 2 to 10, and the pressure mode is set to 2. Based on the
comparisons, Tanh is selected for building surrogates as follows.

The computational costs of FOM and ROMs are summarized in Table D.2. The speedup ratio
is around 104 when only the solving time is considered. The quantities are more than 102, even
including the POD and ROM construction (i.e., projection for POD-Galerkin and training for
PODI). It is clear that Eigen [387] is faster than NumPy [369] for calculating the POD modes.
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D Global FOMs and ROMs

(a) 5 snapshots (b) 10 snapshots

(c) 20 snapshots (d) 30 snapshots

Figure D.7: Effects of kernels of POD-RBF ROMs for the bare rod bundle case with different sizes of training set,
indeed, Ntrain = 5, 10, 20, 30, and Ntest = 20.

Be aware that the PODG-Galerkin ROM can simultaneously predict velocity, pressure, and eddy
viscosity, whereas PODI ROMs require building three separate models. Also, the PODI costs for
the three variables differ. Velocity has three components, while pressure and eddy viscosity are
scalars. Thus, the cost of calculating POD modes is about one-third that of calculating velocity.
Nevertheless, the duration of Interpolation and Solving for the three surrogates is similar.

Table D.2: Computational time of FOM and ROM calculations withNtrain = 30, running on an Intel Xeon Platinum
8358 CPU (64 cores, 2.6 GHz). The FOM time is per simulation. The ROM time is the sum of the
durations for 20 test samples. The POD-Galerkin ROM employs lifting functions and the supremizer.
The PODI-RBF uses the Quintic kernel, the PODI-GPR adoptsMatern kernel, and the PODI-ANN has
three hidden layers and 10 neurons per layer with Tanh activation function.

Item FOM Galerkin RBF GPR ANN

Offline

FOM (per) 2150 s -
POD - 7.1 s 9.5 s
Supremizer - 18.1 s -
Projection - 19.8 s -

Online Interpolation - - 1.0e-3 s 1.5e-3 s 17.0 s
Solving (Ntest = 20) - 1.0e-2 s 1.0e-3 s 1.0e-3 s 0.1 s
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D.3 A wire-wrapped bundle

(a) 5 snapshots (b) 10 snapshots

(c) 20 snapshots (d) 30 snapshots

Figure D.8: Effects of kernels of POD-GPR ROMs for the bare rod bundle case with different sizes of training set,
indeed, Ntrain = 5, 10, 20, 30, and Ntest = 20.

Figure D.9: Effects of number of hidden layers (left) and neurons per layer (right) of POD-ANN ROMs for the
bare rod bundle case. The results are obtained with Ntrain = 30, and validated with a standard test set
Ntest = 20.

D.3 A wire-wrapped bundle

The two inflow conditions are illustrated in Fig. D.11.

The pre-selected grid points are plotted in Figs. D.12. By employing the algorithm 4, the final
Nµ = 50 samples are selected (see Fig. D.13).

To identify the effects of the number of training points, another four sets with 5, 10, 20, and 30
snapshots are also considered. They are shown in Fig. D.14.
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D Global FOMs and ROMs

Figure D.10: Effects of activation functions of POD-ANN ROMs for the bare rod bundle case, with Ntrain = 30
and Ntest = 20.

Figure D.11: Uniform (left) and power-law (right) inflow profiles of the seven-pin wire-wrapped rod bundle.

The comparisons of several kernels of POD-RBF and POD-GPR approaches are illustrated in
Figs. D.15 and D.16. The lines are obtained withNtrain = 5, 10, 20, and , 30, and validated with
a standard test set Ntest = 20.

To determine the architecture of POD-ANN ROMs, the effects of the number of hidden layers
and the number of neurons per layer are studied. Finally, the same architecture as in previous
cases, which contains three hidden layers with 10 neurons per layer and Tanh, is selected for the
regression.

The computational costs of FOM and ROMs are summarized in Table D.3. It can be seen that
a single FOM simulation takes around 18.57 hours. In contrast, the time for approximations
using POD-Galerkin and PODI ROMs for 20 test samples is only 0.05 seconds and around
0.001 seconds, respectively. The speedup ratio is around 106 when only the online solving time
is considered. In addition, for these complex models, Eigen library [387] is much faster than
NumPy package [369] for performing the POD.

One can see that the time required for interpolation and solving PODI models is similar to that
for the bare rod bundle case. This is because the algorithms are designed to estimate surrogate
parameter-to-mode coefficients, which are independent of the FOM size. The PODI times for
the three variables are also different for the same reason as in the bare rod bundle case.
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D.3 A wire-wrapped bundle

Figure D.12: Pre-selected uniformly distributed grid points within the ranges.

Figure D.13: Fifty samples for the wire-wrapped rod bundle case containing uniform grid points and randomly
scattered values. The values are chosen to ensure the limits, i.e., Re ∈ [1.4, 6.0] × 104 and
uin ∈ [0.6, 2.1].

Note that not all file input and output (I/O) operations are included in the reported computational
times, which are not negligible for large-scale problems. However, since the focus of this
dissertation is on the development of ROMs, the detailed analysis of each operation is not
presented. Actually, the total time of ROM is relatively short, so it will be affected by many
factors, e.g., the hardware and the storage device. Thus, the speedup ratios are just for reference.
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D Global FOMs and ROMs

Figure D.14: Four sizes of the training sets and the test set. They are 5, 10, 20, and 30 points for constructing
ROMs for wire-wrapped bundle cases.

Figure D.15: Effects of kernels of POD-RBF ROMs for the wire-wrapped rod bundle case with different sizes of
training set, indeed, Ntrain = 5, 10, 20, 30, and Ntest = 20.
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D.3 A wire-wrapped bundle

Figure D.16: Effects of kernels of POD-GPR ROMs for the wire-wrapped rod bundle case with different sizes of
training set, indeed, Ntrain = 5, 10, 20, 30, and Ntest = 20.

Figure D.17: Comparisons for the number of hidden layers (left) and neurons per layer (right) of POD-ANNROMs
for the wire-wrapped rod bundle case. The results are obtained with Ntrain = 30, and validated with
a standard test set Ntest = 20.
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D Global FOMs and ROMs

Table D.3: Computational time of FOM and ROM calculations withNtrain = 30, running on an Intel Xeon Platinum
8358 CPU (64 cores, 2.6 GHz). The FOM time is per simulation. The ROM time is the sum of the
durations for 20 test samples. "POD" refers to the Proper Orthogonal Decomposition step, which is
common to all ROMs. The "Galerkin" column refers to the intrusive POD-Galerkin ROM. In contrast,
the "RBF", "GPR", and "ANN" columns correspond to non-intrusive PODI (POD with Interpolation)
ROMs using Radial Basis Function, Gaussian Process Regression, and Artificial Neural Network
surrogates, respectively. The POD-Galerkin ROM employs lifting functions and the supremizer. The
PODI-RBF uses the Quintic kernel, the PODI-GPR adopts theMatern kernel, and the PODI-ANN has
three hidden layers and 10 neurons per layer with Tanh activation function.

Item FOM Galerkin RBF GPR ANN

Offline

FOM (per) 18.57 h
POD - 33.5 s 116.7 s
Supremizer - 112.9 s -
Projection - 243.5 s -

Online Interpolation - - 1.0e-3 s 1.5e-3 s 17.1 s
Solving (Ntest = 20) - 5.0e-2 s 1.0e-3 s 1.5e-3 s 0.1 s
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for my education and life. Mom and Dad, your unconditional love and support are the backbone
of my life. No matter how far I am away from you, I always feel your care and love.

搁笔之际，心怀怅然。
谨录稼轩词意，赠故友亲朋，并寄共度之韶华。
纸短情长，或可慰怀。

鹧鸪天·送人
辛弃疾〔宋代〕

唱彻阳关泪未干，功名馀事且加餐。

浮天水送无穷树，带雨云埋一半山。

今古恨，几千般，只应离合是悲欢？

江头未是风波恶，别有人间行路难！
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