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1 Introduction

The high-luminosity phase of the LHC will require accurate predictions for the gluon-initiated
production of pairs of massive bosons, which we denote generically as gg — XY. The
next-to-leading-order (NLO) QCD corrections mediated by heavy-quark loops are hard to
compute because of the many scales involved in this class of processes. This is particularly
true for the box-type diagrams (see figure 1) which appear in the virtual corrections.

In this context the use of expansions in terms of symbolic expressions is known to be
beneficial, allowing the results to be expressed in terms of simpler integrals which are relatively
fast to evaluate numerically, while retaining the dependence on all the parameters involved.
In this paper we are interested in one of the most complicated cases, in which the momenta
of the two final-state particles are associated to different scales. The calculations involve five
scales: the top quark mass m;, the Mandelstam variables s and ¢, and the two (different)
virtualities of the final-state bosons ¢3% and ¢%.
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Figure 1. Sample Feynman diagrams contributing to gg — ZH (top) and gg — ZZ (bottom).
Straight, wavy, curly and dashed lines refer to quarks, Z bosons, gluons and Higgs bosons, respectively.

This class of processes includes gg — ZH and off-shell' gg — ZZ, denoted as gg — Z*Z*.
The former is a non-negligible contribution to associated ZH production at the LHC, and
represents one of the main sources of theoretical uncertainty in current measurements [1-4].
The top-mediated corrections to gg — ZZ are most important because of the interference
between the Higgs-mediated and the non-resonant amplitudes, which has been used to put
indirect constraints on the total decay width of the Higgs boson [5-7].

The LO contribution to gg — ZH and gg — ZZ is loop-induced and has been computed
in refs. [8-11]. At NLO in QCD, expansion results are available for the large-mass expansion
(LME) [12-15], the high-energy expansion [13, 16], the small-mass expansion [17] and the
pr expansion [18, 19]. Numerical results have been presented in refs. [20-23]. As a first
result of this paper, we provide results for the t-expansion [24] of gg — ZH and top-quark
mediated gg — Z*Z* including higher-order terms than refs. [18, 19], and we provide new
terms in the high-energy expansion. In the case of gg — ZZ we allow the Z bosons to be
off-shell. This is an advantage of the analytic approach; the same methods can be applied in
a straightforward way, although the intermediate and final expressions become larger. On
the other hand, introducing an additional mass scale into the calculations of refs. [21, 23]
would lead to a significant increase in complexity. The helicity amplitudes for the light-quark
mediated contribution to on-shell gg — ZZ can be found in refs. [25, 26].

The possibility to rely only on analytic approximations for the virtual corrections of
similar gg-initiated processes has been discussed in refs. [24, 27], showing that the expansions
in the forward limit and in the high-energy limit can be combined in such a way that the
complete phase space is covered with an accuracy at the percent level. As a second result of
this paper, we combine the new results for the two approximations following ref. [24]. For
99 — ZH, the combination of the high-energy expansion [13] and the pr expansion [18]
has been presented in ref. [28]. However, this analysis has the possible shortcoming that
only three expansion terms for pr — 0 have been considered, and furthermore only 13
expansion terms in the high-energy limit have been included. In this work, we improve
the description of gg — ZH in both regions of phase space: our expansion in the forward

limit includes terms up to t!°

112
t

and m% 17> and we use a deep high-energy expansion which

includes terms up to m}? and m% ;.

'Note that in the literature off-shell often refers to the case in which the Higgs boson in the triangle-type
diagrams of figure 1 is off-shell, as opposed to resonant single-Higgs production. Here, we are rather interested
in the case in which the final-state Z bosons are off-shell.



Our results for gg — Z*Z* can be used to obtain the helicity amplitudes for gg — v*~v*
and gg — Z*v* by dropping the triangle contributions, setting the axial-vector coupling
of the Z boson to zero, and replacing either both or one of the Zt couplings with the v
coupling. Numerical results for on-shell di-photon production can be found in refs. [29, 30]
and recent exact calculations of the helicity amplitudes are available from [31, 32].

The remainder of the paper is structured as follows: in the next section we provide
technical details common to both processes and describe the procedure to obtain ultraviolet
and infrared finite results. We then discuss off-shell Z boson pair production in section 3
and gg — ZH in section 4. At one-loop order we compare our approximations to the exact
results. At two loops we show that the expansions in the forward limit and the high-energy
limit agree for intermediate values of the transverse momentum pr. For both processes we
compare the total NLO virtual finite corrections to precise numerical results. We conclude
in section 5. In the appendix we present results for the projectors to one of the helicity
amplitudes for gg — Z*Z*.

2 Technical details

2.1 Kinematics

We consider the scattering of two gluons in the initial state with momenta ¢; and ¢ into two
massive particles in the final state, gg — XY, with momenta ¢3 and ¢4. The Mandelstam
variables are then given by

s=(n+q@)?, t=@+@)?, u=(g+a), (2.1)
where all momenta are incoming. Furthermore we have
G=q=0. (2.2)

For the production of on-shell particles we have

B=0=m%, d=d¢ =m}, (2.3)

where in general mx and my are allowed to be different and the transverse momentum of
the final-state particles is given by

ut — g3q3
—h

(2.4)

NN

p
The (internal) top quark mass is denoted by m;.

2.2 Amplitude construction

For the computation of the amplitudes in terms of scalar integrals we use a well-tested
and automated setup. The diagrams required for the computation of the amplitudes for
99 — ZH and gg — Z*Z* are generated with ggraf [33]. Afterwards, we use tapir [34]
and exp [35, 36] to map the diagrams onto integral families which are exact in all kinematic
parameters. The output is converted to FORM [37] notation, which is used by the in-house



“calc” setup to perform the Dirac and color algebra and finally provide the amplitudes
expressed in terms of scalar Feynman integrals. The output is then further processed to
obtain expansions in the high-energy and forward limits. We discuss the details of these
expansions in the following sections.

2.3 Integral expansions

In this paper we perform two kinds of expansion: around the forward limit and for high

energies. It has been shown for various 2 — 2 processes that the combination of these

expansions leads to precise results over the whole phase space region [19, 22, 24, 27, 28, 38|.

We follow the approach of ref. [24] and compute a Taylor expansion in the Mandelstam

variable ¢. For the high-energy expansion we use the approach developed in refs. [39, 40].
We have two approaches to compute the ¢ expansion (see below for more details):

(i) expansion of the amplitude before reduction to master integrals,
(ii) expansion of the master integrals after integration-by-parts (IBP) reduction.

We apply both approaches and use the agreement of the final results as a consistency check.
In approach (i) we perform a simultaneous expansion in ¢ and the final-state masses whereas
in approach (ii) we first perform a Taylor expansion in the final-state masses and then apply
an IBP reduction to obtain the amplitude in terms of {-dependent master integrals, which
are subsequently expanded. We use Kira [41] and FIRE [42, 43] for the IBP reductions.

The high-energy expansion follows approach (ii) only, since approach (i) would lead to a
complicated asymptotic expansion. Note that the amplitude in terms of master integrals,
before expansion, is identical to that of the ¢ expansion in approach (ii).

2.3.1 Forward expansion at the amplitude level

Our amplitudes have an analytic dependence on ¢, allowing us to perform a straightforward
Taylor expansion of the integrands in the variable ¢ = ¢1 + g3. The expansion of the
denominators produces numerator scalar products of the form dq - ¢;, where g; is one of the
external momenta. Here we use the kinematics given in egs. (2.1) to (2.3) in order to express
them in terms of invariants.? This produces a simultaneous expansion® in ¢, ¢2 and ¢3.

The expansion in dq also leads to scalar products dq - p;, where p; is a loop momentum.
Here we perform a tensor reduction which eliminates ¢3 from the numerator. We use the
program OPITeR [45] in order to generate FORM [37] code which we can include in our setup.
After tensor reduction we obtain terms like dq - ¢; and dq - g, which are expressed in terms
of t and ¢?, providing the expansion in the small parameters. Since the expansion in dq
eliminates g3 from the denominators of the integrands, the resulting integrals depend only
on s/m? and not on t, g3 nor q3.

2The use of the “full” kinematics with massive final-state particles is different from the approach suggested
in ref. [24]. There an expansion in ¢3 and ¢} is performed first, followed by a d¢ expansion in massless
kinematics (where g5 = ¢ = 0).

Expanding the scalar integrals first in the final-state masses generates spurious negative powers of ¢, which
only cancel after the expansion in dg. Thus, as compared to the approach used in this paper, a deeper
expansion in dq is necessary to arrive at the desired order in t in the final expression.

3A similar approach has been introduced in ref. [44].



We manage to compute expansion terms up to t"(q3)"(g3)™ with ny +ng +ng4 < 4
for both processes. This leads to tensor integrals up to rank 14, which constitutes one of
the main bottlenecks of this approach. In this expansion of the helicity amplitude A4 o of
99 — Z*Z* (see section 3) we encounter tensor integrals only up to rank 10, which allows us
to extend the expansion to also include the terms n; + ns + ng4 = 5 in this particular case.

2.3.2 Forward expansion of the master integrals

In the second approach to obtain the ¢ expansion we do not expand the integrand but first
perform a reduction to master integrals and then expand them. To simplify the reduction
problem we expand each scalar integral in the final-state masses g5 and q3 using the program
LiteRed [46]. This leads to a reduction problem which only depends on s, t and m?. It has
already been studied in refs. [39, 40], where 161 two-loop master integrals were identified.
The t expansion of these master integrals was constructed in ref. [24] with the help of the
semi-analytic “expand and match” approach [47—49].

The bottleneck in this approach are the huge intermediate expressions which are generated
after the expansion in ¢ and ¢ and the insertion of the IBP reduction tables. Once the t
expansions of the master integrals are inserted, much more compact expressions are obtained.
We manage to compute quartic terms in ¢z and g4 and an expansion up to t'° for gg — ZH
and gg — Z*Z*. In all expansion terms which overlap with those obtained in section 2.3.1
we find agreement.

Our final results for the helicity amplitudes use a combination of both t-expansion
approaches. The contributions have the form ¢"(g3)"(¢3)™. For n3+mn4 = 0, 1,2 we include
all terms up to n; < 10, using approach (ii). “Above” these we additionally include terms
with ny + n3 +ny < 4, computed using approach (i).*

2.3.3 High-energy expansion of master integrals

The starting point for the high-energy expansion is the same amplitude in terms of the 161
two-loop master integrals as for the ¢ expansion. Thus, the agreement of the ¢ expansions
obtained in sections 2.3.1 and 2.3.2 imposes a strong check on our high-energy results.
After expanding the coefficients for m; — 0 and inserting the high-energy expansion of the
master integrals from refs. [24, 39, 40, 50] we obtain results for the form factors and helicity
amplitudes expanded up to (¢3)"(q7)™ with n3 4+ n4 < 2 and up to m;'2.

We use these deep expansions to construct Padé approximants in the variable m;. This
is achieved by first inserting numerical values for all kinematic variables and for the log(m)
terms, which leads to a polynomial in m; with the highest exponent N. Afterwards we compute
a set of Padé approximants where NN is varied in a given range. Their combination provides,
for each phase-space point, a central value and an uncertainty estimate. For more details
we refer to ref. [16]. Note that it is important to include expansion terms up to about m};
including more terms only leads to a marginal change of the numerical results. For practical

100 112
t t

reasons we include for gg — Z*Z* terms up to m;"" and for gg — ZH terms up to m

4For the helicity amplitude A, 100 of gg — Z*Z* we include terms to n; + n3 + n4 < 5, as discussed in
section 2.3.2.



2.4 Ultraviolet renormalization and infrared subtraction

To treat the ultraviolet divergences we work in the six-flavour theory and renormalize the
top quark mass and the gluon wave function on shell and the strong coupling ay in the
MS scheme. For the process gg — ZH we have axial-vector (“A”) and pseudo-scalar (“P”)
currents which appear due to s-channel Z boson and Goldstone boson exchange in triangle
diagrams, respectively. We follow [51] and perform the replacements

7”75 = 3 G#Vpgr)/u’yp’)/o'a

V5 = @e“”p"'m’mp% - (2.5)

After applying the projectors we obtain products of two ¢ tensors which are interpreted in
d = 4 — 2¢ dimensions. This treatment of ~5 leads to additional (finite) renormalization
constants which are given by [51]

Zsa =1— %OFJFO(E),

Zsp =1 Q%C’p +0(e),

with Cr = 4/3. At this point all remaining poles in € are of infrared nature. Since they are

(5)

usually treated in the five-flavour theory we switch from a(6) to ag
For the subtraction of the infrared poles we follow ref. [52] and compute5

FO = FOIR _ g () pO) (2.6)

Here the superscripts “(0)” and “(1)” indicate the LO and NLO contributions to the form

FWIIR jg yltraviolet renormalized but still infrared divergent and F™) on the left-hand

(1)

side is finite. In our conventions Ky’ is given by

2\ e [0y 1/11 1
() gl e ) e
g (—s—ia =0 & T e\eP43v)|" 27)

where Cy = 3,ny = 5 and g is Euler’s constant.

factors.

3 99—~ Z*Z*

3.1 Amplitudes and projectors

The amplitude for gg — Z*Z* can be written as

Axidodada (41542563, 64) = Auvpo (015,62, 63, q1) €y, (q1)€X, (q2)€xs (g3) €3] (q4) » (3.1)

where the polarization indices take the values {4, —} for the gluons and {+, —, 0} for the
Z bosons. The most general form consists of 138 parity-even tensor structures, but this
number can be reduced to 20, see refs. [16, 25, 26], by taking into account the transversality
of the external particles (e(¢;) - ¢; = 0) and by fixing the gauge of the gluon polarization

5We present the formula for form factors; the application to helicity amplitudes is in complete analogy.



vectors. We consider an axial gauge with the reference momentum ¢ for £(¢;) and ¢ for
£(q2), so that the two gauge conditions are given by £(q1) - g2 = 0 and e(g2) - ¢1 = 0. The
polarization sums are given by

q'as + a5 qf

ex(q)eX (q1) eA(@2)ed (e2) = —g" + (3.2)
X/\: A v Z}\: A qi - q2
On the other hand, the polarization sums of the two Z bosons lead to
a;'a;
> eh(a)ey (a) = =g + 5 (3.3)
y %
for i = 3,4. We write the amplitude as
20
A,LLI/pO'(ql’ q2, 43, Q4) - Z F (8 t (J37 Q4) TMVPU'7 (34)
i=1

where the 20 tensor structures are given by

T = g P, TP = sPghgt, TETPT = sPghogtP, TP = sgqlqf,
TL7 = sg"qfq3, TEP7 = sg™qfds, TE7 = sg"dhe3, TEPT = sg'Pqfqs,
T§¥" = sg'qSqy, Tl = sg"7digs, T =sg"dhas, Tis"™ = sg"Pq7d4
Ti5"™ = sg"q5ds, Ti"™ =s9"7qias, Tis"™ =s9"dha5, Tig"" = s9" dsas

) b} b} b
77 = dlafdias, TH™ =dla3dbas, Tie" = afdsdsas, Th'™ =dbeSdias.  (3.5)

The ordering of the tensor structure is the same as in ref. [21] but with additional factors of
s such that all tensor structures have the same mass dimension. Note that the amplitude
AP is dimensionless and that the form factors have mass dimension —4.

PMVﬂU

We introduce the projectors for the form factors F; via the ansatz

P72 3 ey T (3.6)

and determine the coefficients c;;(s, t,¢3,q3) by requiring

vpo * * * * "Wp'a!
F, = pi* Z €1 1, W€D 1E21/E3,pE3 yELoEY i AL (3.7)
A1,A2,A3,A4
with 55 3 = 5& )#(ql) The summation over the polarizations as introduced in eq. (3.7)

guarantees that only the 20 tensor structures from eq. (3.5), and not all possible 138 tensor
structures, have to be considered.
In our practical calculation we first compute the projectors P/ and use them to

construct the projectors for the helicity amplitudes Ay, x,2;1, Which are given by

_ DMHVPT oy
Axinodars = Py orsh E €1 uE1, W €2 1E21/E3 pE3 yEA Y AP T (3.8)
NG AN,
127%297°32



The projectors Pf\L fg/\ », are obtained from the multiplication of the 20 projectors PP by

uv po
T

the contraction of the tensor structures with the polarization vectors of the gluons

and Z bosons as

20 20 )
Pﬁ\bf;\);&a&x - Z lDiuypa <€§1 (ql)GKQ (q2)€§\§ (Q3)E§\Z (Q4>Ti,u’u’p’a’) = Z ag\ZI)A2>\3>\4Ti#VpU. (3.9)
i=1 i=1

The projectors for the helicity amplitudes are written as linear combinations of the 20 tensor
structures T!"?? and coefficients ag\? Aodahy (55 T @3, q?), see right-hand side of eq. (3.9). Explicit
results for the aE\? Aods), are obtained after specifying the polarization vectors as given below.
For illustration, we provide explicit results for A4 o in appendix A; results for all helicity
amplitudes can be found in the supplementary material of this paper [53].

We choose the same polarization vectors as in ref. [21], extended to the case of two
off-shell Z bosons, where we parametrize the four momenta as

2 2
o=V O oY Bsing
1 9 0 ) 3 2 0 )
1 —pBcosb
Vs 0 Vs Bsinf
= — == 3.10
q2 2 0 , 44 2 0 ) ( )
-1 B cosf
with
and the polarization vectors are given by
0 B 2 2
1 | ¥1 Vs | sind (14—%‘—%)
(1) = ex(q2) = 2| =il eo(gs) = 5 [2 0 )
a3 2 2
0 cos 6 (1 + %3 - %4)
0
1 | Fcosh
= = — = . 3.12
sela) =esla) = o5 | T | el =eoa)| (3.12)
+sin 6
In practice we write the coefficients aE\?/\Q Agh, D €q. (3.9) as
b>\1>\2>\3>\4
ol _ (i,8°)
l ( EOVPYS IV + B )\1)\2)\3)\4> ) (313)

ROVPYIPI VR (5>\30 5)\40
E



where by, x,03), is either 0, 1 or 2, depending on the helicity amplitude. The coefficients
are written in such a way that the normalization factor and the factor 8 in the brackets
in eq. (3.13) are hidden during the forward and high-energy expansions so that the helicity
amplitudes are given in both cases by

b AgAgAy

Pr
6)\30 6)\40
B2\ a3 /4

where the latter term is zero for the helicity amplitudes Ay, ,00. The choice of the normal-

0 1
Axidodang = (A&'?AL)\SM + 5“45\61,\)2>\3>\4> , (3.14)

0
ization factors ensures that the first expansion term of the forward expansion of Ag\’f /\)2 Ashs

and Ag\fz s\, 1S independent of ¢, q3 and ¢3. In addition, we have found that not expanding
the factors of 3 drastically improves the convergence of the expansion in ¢2 and ¢7, especially
for small values of /s.

Due to several symmetries between the helicity amplitudes, see also ref. [21], we find
that just eight are independent which we choose as

At A Arr—0s Avqo0, Av—gps Apg— Ap—0, A —00- (3.15)
All helicity amplitudes with A\; = — can be obtained from those with A\; = + with the relation
AA1)\2>\3>\4 = (_1)6A30+>\40A—)\1—/\2—>\3—)\4' (3'16)

In addition, we use the following relations for the replacement q% & g2

Apro- = Ayt 2o’ Ap0- = —Ar—0 2o’ (3.17)
and the replacement 8 — —f provides relations
App—— = A++++’B—>—l37 Api—g = A+++—‘ﬂ_>_67
Ay =Ara| 0 A=A s,
Aiito = _A++_O’B—>—B’ Aitor = _A++O_‘B—>—B’
Aivo=—Arwo| | Avor = —Avo|

to obtain the remaining helicity amplitudes. As an additional cross-check we have also
calculated the helicity amplitudes A o and A4 _g_, so that all remaining helicity amplitudes
could in principle be obtained from only the relations coming from S — —f8. As another cross-
check we have verified the following relations up to quadratic order in ¢3 and g4 in our results

Apprr = Aigs |, Ap o = A,
q3>qy q3q;

Asroo = Arqoo| , Ay = A+,00’ 0 9 (3.19)
q3<>qy 43493

Appro = Ao App = Ap4y

b bl
q3q2, B——p q3<q3, B——p

We define the perturbative expansion of the helicity amplitudes as

2
_ Qs 4(0) - 1)
A)\1>\2>\3/\4 - iA,\l)\2)\3)\4 + (2;> A,\l)\2)\3)\4 (3'20)



and decompose them at each loop order according to the vector, axial-vector, triangle and
double-triangle contribution

2

(4) 92 (3),v2 e S (4),tri (4),dt
AxDarsns = VeAN Adan T atAA1A2A3/\4 R —— AN doaarns T A D, (3:21)
wCw h

where v; and a; are given by

v = (It —2Q,82, ) a; = 3, (3.22)

QSwa 25wcw

with e = v/4ra where « is the fine structure constant, Q; = 2/3 is the (fractional) electric
charge of the top quark, I = 1/2 is the third component of the weak isospin, and s2 = 1—c2,
with ¢, = cos(fy ) being the cosine of the weak mixing angle. For the numerical results
shown below we use ¢, = mw /mz and vV2Gp = ma/(m¥,s2) and use the Fermi constant
Gr and the W and Z boson masses as input.

In sectlons 3.2, 3.3 and 3.4 we only discuss the results for the box contributions ‘AE\Zl /\V;/\& e

and .A)\1 Madshs- We have checked that our high-energy expansions converge very quickly for

the triangle contribution AA1 /\t;i\g A,- Analytic results for the double-triangle contribution

can be found in ref. [15] for on-shell Z bosons. To our knowledge, the off-shell result is not
yet known. Note that the leading term of the ¢ expansion corresponds to the exact result
for the triangle form factors and helicity amplitudes.

In ref. [16] the high-energy expansion of the form factors has been computed including

32.

terms up to my<; in this work we compute the eight helicity amplitudes in eq. (3.15) including

one hundred expansion terms in m;.

3.2 One-loop results to gg —+ Z*Z*

In this section we consider the one-loop helicity amplitudes and compare our approximations
to the exact results. The exact one-loop results have been calculated with the calc setup
without applying any expansions and are expressed in terms of scalar one-loop functions.
We use OneL0Oop [54] for their numerical evaluation. We use the same number of expansion
terms at one and two loops. For the high-energy expansion we have mass corrections up to
qéi A and my terms up to 100. In addition, we construct a Padé approximation following
ref. [16], where we use expansions in m; between m$® and m{°. For the t — 0 expansion

{024} nd terms up to t'9. In addition, we also include

we consider mass corrections up to g5 4
higher mass corrections up to q374 Wlth fewer expansion terms in t, that are obtained from
the forward expansion at the amplitude level (“approach (i)”); this includes terms of the
form ™ (qg3)"(¢3)™ with ny + n3 + ng < 4.

In figure 2 we show the real and imaginary parts of the two helicity amplitudes ASEZL 4
and ASE)-)FOO for pr = 150 GeV and on-shell Z boson production, i.e., ¢5 = ¢F = mQZ, as a
function of /s. The upper panels show the helicity amplitudes in various approximations and
the lower panels the relative deviation to the exact results, i.e. 1072 on the y axis corresponds
to a 1% deviation. In each panel we show the exact result as a solid black line. The results
from the t expansion are shown as dashed lines. Here we show four curves which correspond

to m2Z = 0, the inclusion of quadratic terms in mz, the inclusion of quartic terms, and the
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Figure 2. Real and imaginary parts of AS_OzL 4y and Afioo as a function of /s for py = 150 GeV

and ¢2 = ¢3 = m%. High-energy and t — 0 expansions are shown, including mass corrections up
to Q:){,,OfA}' Also shown are higher mass corrections up to q§74 for the ¢ — 0 expansion with fewer

expansion terms in ¢ according to t"¢(q3)"*(g3)™* with n; + ns + ny < 4 denoted by *. Lower panels
display the relative difference with respect to the exact result.

inclusion of the additional higher order terms in mz. We show three dash-dotted curves for
the high-energy approximation which include either no m2Z term, an expansion up to mQZ or
up to m‘é. From figure 2 we observe good agreement between the forward and high-energy
approximation over the whole range of y/s. For mz = 0 the agreement with the exact result
is at the few-percent level. This improves significantly after including the quadratic mass
corrections and is well below the percent level once quartic terms are included. The additional
myz terms which are available for the ¢ expansion provide small additional improvements for
the kinematic range chosen in figure 2. For lower energies they become more important.

In figure 3 we show the helicity amplitudes AS?}F 44 and A@roo for fixed /s = 500 GeV
as a function of pr. We use the same notation as in figure 2. These plots demonstrate that
there is a relatively large region for pr where both approximations agree with the exact
results below the per mille level, and for a large part of the phase space even at the level of
1075, Furthermore, as expected, for small and large pr there is perfect agreement between
the exact results and the ¢ and high-energy expansions, respectively. Note that for small
values of pr the Padé-improved high-energy expansion becomes unstable.
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Figure 3. Same as figure 2 but for fixed /s = 500 GeV as a function of pr.
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Figure 4. Same as figure 2 but for fixed /s = 400GeV and pr = 100GeV as a function of

Va3 =i

Finally, in figure 4 we study the dependence of the expansion accuracy on the virtuality
of the final-state momenta ¢3 and g4. We fix py = 100 GeV and /s = 400 GeV and show,
for Agroo, the dependence on q% = ¢3. For the chosen values of pr and +/s it is sufficient
to consider only the ¢ expansion. To avoid a divergent behaviour for small q§ and ¢7 we
multiply the plotted helicity amplitude by \/qé q2. The exact result is shown as black solid
lines and the dashed curves include various expansion depths in q% and ¢7. In the lower
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Figure 5. Real and imaginary parts of Aﬂ 44 and A(Broo as a function of /s for pr = 150 GeV and

g3 = q3 = m%. High energy and t — 0 expansions are shown including mass corrections up to q§704’2’4}.

Also shown are higher mass corrections up to qg, 4 for the t — 0 expansion with fewer expansion terms
in ¢ according to t"t(¢3)"*(q3)™ with n; +n3 +ng < 4 denoted by x. Lower panels display the relative
difference with respect to the best approximation of the ¢ — 0 expansion.

panel we show the relative differences between the expansions and the exact result. It is
impressive that for ¢3,¢7 — 0 we reproduce more than 10 digits of the exact result after
including quartic expansion terms. For ¢ = ¢7 = m% the agreement is at the level of 10~*
and even for ¢ = ¢ = (130 GeV)? the agreement with the exact result is of the order of
0.1% for the real and about a factor 10 better for the imaginary part. The agreement is
similar for all other helicity amplitudes.

3.3 Two-loop results to gg — Z*Z*

Next, we perform a similar comparison at the two-loop level where we study the differences
between the forward and high-energy expansions and the convergence of the q§74 series. In

figure 5 we show the real and imaginary parts of .As_l_),_ 4y and -AS—I-)FOO for fixed pr = 150 GeV
as a function of y/s. The same notation as in the corresponding one-loop plots is used
(see figure 2; this time no exact results are shown). The lower panels show the relative
difference to the best available approximation from the forward expansion (shown as dark
blue curve in the top panels). We observe a similar pattern as at one-loop order. There is
a good agreement between the ¢ — 0 and high-energy expansion. Furthermore, in general
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Figure 6. Same as figure 5 but for fixed /s = 500 GeV as a function of pr.

the quartic corrections in the final-state masses provide contributions in the sub-percent
level which suggests a good convergence.

In figure 6 we fix /s = 500 GeV and vary pp. In all cases we observe an intermediate
region for pr where both expansions agree at the sub-percent level. For small values of pp
the Padé procedure applied to the high-energy approximation produces large uncertainties.
On the other hand, for large pr the forward expansion becomes unstable as can be seen
on the very right of the plots.

In figure 6 we also show the results from the pp expansion computed in ref. [19]. We
observe good agreement at the level of 1073 or below between the ¢ and pr expansion. For
larger values of /s (not shown in figure 6), which allows for larger values of pp, the results
from ref. [19] diverge earlier than the results obtained in the current paper, which includes
a much deeper expansion.

In figure 7 we show for \/%\/;Z%A++OO the dependence on \/q?) = 1/q3 for pr = 100 GeV
and /s = 400 GeV. We show results for the ¢ expansion (which for this phase-space point is
the appropriate choice) including different orders in g3 and ¢3. In the lower panel the relative

difference to the best approximation is considered. In the whole range of \/¢2 = \/q} we
observe a rapid convergence of our expansions which suggests that for small \/qg =\/q3 we

have a precision of more than 10 digits which reduces to about 5 digits for 1/¢3 = \/q% = mz
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Figure 7. Same as figure 2 but for fixed /s = 400GeV and pr = 100GeV as a function of
V@3 = \/q3. Here, the relative difference is plotted with respect to the qgfz ) curve.

and 3 digits (or better) for /g3 = /¢ = 130 GeV. Thus, our results conveniently cover
the whole range including off-shell Z boson pair production with a virtuality in the vicinity
of the Higgs boson mass.

3.4 Finite virtual corrections for gg — Z*Z*

In analogy to double Higgs boson production (see, e.g., refs. [38, 55]) we define the finite,
virtual contribution to the cross section as [16]

~ 1 Qg 2 =(0)x (1 (0 7(1)*
VﬁZnZ = 674 (27‘(‘) Z [C)\l)\Z)\S/\4 + (Ag\l))\g)\g)\4"4g\1))\2)\3>\4 + A/\l))\g)\g)\4Ag\1))\2)\3>\4)} )

A1,A2,A3,M4
(3.23)
where Cy, 050, is defined by
~ 2 2
C)\1>\2>\3)\4 - ‘Agg)AQ/\S)% CA <7T2 - 10g2 Lf;) (324)

and Ai(lo)\)zg\ls);% are the corresponding one-loop and two-loop ultra-violet finite and infra-
red subtracted helicity amplitudes evaluated at u? = —s such that the 2 dependence of
(5)

VZZ is contained in ay(uy) = as” (ur) and the quantities Oy, a,as0,- For convenience we
introduce the quantity

77 f}ﬁZ 7
Vﬁn = 04121 (325)
S
In figure 8 we compare results for VﬁZnZ with p2 = s obtained on the basis of our

expansions to numerical results from refs. [21, 23] based on pySecDec [56-58] as a ratio
VﬁZnZ’eXp / VﬁZnZ’num. The plot contains 132 data points over the range 40 GeV < pr < 470 GeV
and 220 GeV < /s < 1230 GeV. For the construction of VﬁZnZ’eXp we use the exact one-loop
amplitudes and all available expansion terms for the two-loop helicity amplitudes. The orange
dots correspond to the t expansion including the expansion depth described in section 2.3.2.
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depth in ¢ terms are included. In addition, results for ¢ — 0 are also shown with A, g9 up to qéﬂl with
a lower expansion depth in ¢t. The reference values denoted by “PSD” are obtained from refs. [21, 23].

To obtain the green dots we additionally include all terms with n; + ng + ng < 5 for A4 1o,
which provides the numerically dominant contribution. The improvement is clearly visible.
The results of the high-energy expansion are shown as red dots. We find, for all data points,
an agreement below 0.02%. Below pr = 210 GeV, where we use the ¢ — 0 expansion, we
find an agreement of at least 0.005% as can be seen from figure 9. From this plot one can

see that Vélz’e)(p approximates the exact result impressively well.

3.5 Two-loop results for gg — v~

Our amplitudes for gg — Z*Z* can also be used to obtain results for the process gg — v~
by setting

vy — eQy, ar — 0, B =q;=0. (3.26)

The triangle and double triangle contributions vanish in this case. For on-shell photon
production the helicity amplitudes in eq. (3.18) with A\; = 0 vanish and we are left with
the eight helicity amplitudes, which can be reduced to four linearly independent ones using
the symmetries in eq. (3.19).

The two-loop amplitudes have been calculated before with numerical methods in
refs. [29, 59, 60]. More recently, analytic results have also become available [31, 32]. The full
process of di-photon production involving an internal heavy top quark also has contributions
from ¢q initial states, for which we do not provide amplitudes.

For illustration we show in figure 10 the two-loop results for the helicity amplitude A4 4+
for fixed-pr (top panels) and fixed-/s (bottom panels). They show a similar behaviour
as the corresponding plots for g9 — ZZ (see figures 5 and 6). Note, however, that the
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agreement, between the high-energy and ¢ — 0 expansion is significantly better and reaches
in some case about 10 digits as can be seen in the plots showing the relative difference. This
improvement is due to the fact that the expansion in q% and q3, which limits the accuracy of
the approximation, is not required in this case. In the upper-left plot, a peak can be seen
around the threshold for top-antitop production, /s = 2m;, which is correctly reproduced
by the t-expansion but not by the high-energy expansion.

We note that our results can readily be used to consider off-shell photon production by
considering ¢3, ¢ # 0. Since we have a joint expansion in ¢3 and ¢3 the photons cannot be
arbitrarily off-shell. However, we know that the expansion provides precise results at least up
to ¢3,q3 ~ (125GeV)? from the gg — HH [24] and gg — Z*Z* (see figure 7) amplitudes. We
expect the quality of the expansion to behave similarly to the one shown in figures 4 and 7,
which suggest that we, approximately, loose about one digit of accuracy for every 20 GeV
increase in ¢ and ¢7. In this case the full set of helicity amplitudes (see eq. (3.15)) contributes.

3.6 Two-loop results for gg — Z~

The amplitudes for gg — Z*Z* can additionally be used to obtain results for the process
gg — Z~, where one or both final state bosons are either on- or off-shell. Here we have to set

2 e? Q¢

(IP —2Qs2), a? = 0. (3.27)
2 ww
The triangle and double triangle contributions also vanish in this case. For on-shell photon
production the helicity amplitudes in eq. (3.18) with Ay = 0 vanish.

The process mediated by massless quarks has been calculated in refs. [61-63] and matched
to parton showers in refs. [64, 65]. In the latter case the gluon fusion channel was found to
be small, cf. ref. [62], and neglected for the numerical studies. It would be interesting to
study the impact of massive quarks on the differential distributions.

We show the result for the two-loop contributions to the helicity amplitude A4+
in figure 11 for illustration.

4 gg—~>ZH

4.1 Amplitude

We decompose the amplitude for g(q1)g(q2) — Z(g3)H (q4) as a linear combination of form
factors [8],

A (q1,92,q3) = i0ap AP (g1, qa, g3)ei(q1)en (g2)€p(q3),

AP (g1, q2, q3) =

V2Grmy o)
S ™

S S
{<2€WWQ2Q - qg€”paBQ1an,3> Fy(t,u) — (2€WWQM - qlf€“paﬁmanﬁ) Fi(u,t)

9
m7 —1 »
+ (qg‘ + ZS qé‘)e P8 Goe [q15 Fa (t, w) + g3 F3(t, u)]

,18,



pr=150 GeV pr =150 GeV

0.8 - - t20,q5) —-HE g3, 5[-=- 20,43} —-HE qi, A
-~ t20,q}, —-HE q}, - = t20,q5, —-HEqi, //
0.6 == t90,q3s —-HE q%,4 4|7 003 —HE QS //
_ 04 i 0, 3.4 _ 0,034 %
+ + J/
- 0.2f| _t 3 P
4+ i 2+
= \ P = /
E 0.0 \ /,‘7’ \\\ X £ 2 P
e SN = e
-0.2} | 7 N e
\ , X 1?\\ _—
-0.4f \ // h e
\
_ -o6b _ 0
E —1f = R — = E ~1f
R P B o S S S
g 1073 \;»‘f’_:j"// — ~— ] ¢ 0K N ]
E 10-5 ,r'-- - ,_*—u‘ 10-5 ‘i\ e —— e e e
& 10-7L o 10- v
- 400 600 800 1000 1200 1400 1600 1800 2000 - 400 600 800 1000 1200 1400 1600 1800 2000
Vs [GeV] Vs [GeV]
Vs =500 GeV Vs =500 GeV
--!i-.!‘i!gpg - - 20,08 —-HE, g2, T - - 50,08 —-HE, g%,
moarsp b Bl R o0, —HE G
~0.500 || |||,| L --t20,q3, —-HEgS, --t20,q3, —-HEqS,
_ ’ | i | i I i 3 0,49, _ 0,3,
1 -osasp i B H
—+ IERRIEN N —+
< -0.550F | ii: N g4
S . | i
@ —0575F |+ |il! . £
it il
—0.600 I| I|I | N\
. H] Ny
_ Toexsply Ll _
ES Y ES
el (A SN e
[ ) ]
2 2
© ®
X9 o
= =

Figure 11. Real and imaginary parts of AS:J)r 4y for gg — Z~ for pr = 150 GeV as a function of /s

and for /s = 500 GeV as a function of pr. High-energy and ¢ — 0 expansions are shown including
mass corrections up to qé%’“. Also shown are higher mass corrections up to q§74 for the t — 0

expansion with fewer expansion terms in ¢ according to t"*(q3)"3(q3)™ with n; +ns +n4 < 4 denoted

by x. Lower panels display the relative difference with respect to the best approximation of the ¢ — 0
expansion.

2
v My —u 4,
+ <Q3 + 725 Q1)€“paBQ1a [q28F2(u,t) + q3F3(u, t)]

S
+ (f”ypa%a — b P q10q35 + ¢ "P°P g0 qap + guygpaﬁ’YQIaQQBQi’w) Fy(t,u) p.  (4.1)

and use on-shell kinematics® specified in section 2.1.
We follow ref. [13] and discuss the results for the six independent form factors
El(tu), Frp(t,u), Fy (tu), B (t,u), Fy (tu), Fa(t,u) (4.2)

that can be obtained after taking linear combinations of those of eq. (4.1):

Fy (t,u) = Fy(t,u) — Fy(u,t), Fyf (t,u) = Fy(t,u) + Fay(u,t),
Fl_Q(t,u) = Flg(t,u) — Flg(u,t), Flg(t,u) = Flg(t,u) + Flg(u,t),
Fy (t,u) = F3(t,u) — F3(u,t), Fif (t,u) = Fs(t,u) + F3(u,t), (4.3)

50ur results for the form factors have an explicit dependence on m% and m? and thus they can immediately
be applied to the production of off-shell Z and Higgs bosons.
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Figure 12.

High-energy and t — 0 expansions are shown including mass corrections up to m . Also shown

are higher mass corrections up to m$ j for the ¢ — 0 expansion with fewer expansion terms in #
according to t"t(m%)"(m2)™ with n; + ng + n4 < 4 denoted by . The lower panels display the
relative difference with respect to the exact result.

where

2

t_
L2 Ryt ),

F12(t,U):F1(t,'U,)— S

2

Fia(u,t) = Fi(u,t) — %Fg(u, £). (4.4)

In the following, we only discuss the results for box diagrams. The triangle diagrams only
contribute to Fj;. The contribution from double-triangle diagrams can be cast into one form
factor which is given in the appendix of ref. [13].

4.2 One-loop results for gg - ZH

In figures 12 and 13 we compare our approximations to the exact one-loop results for the
real and imaginary parts of the form factor F3 . Similar results are also obtained for all
other form factors. The exact one-loop results have been calculated with the calc setup
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Figure 13. Same as figure 12 but for fixed pr = 150 GeV as a function of /s.

without applying any expansions and are expressed in terms of scalar one-loop functions.
We use LoopTools [66] for their numerical evaluation.

Both in the forward-limit and high-energy approximation we include up to (at least)
quartic expansion terms in the final-state Higgs and Z boson masses. Furthermore we

112
t

incorporate expansions up to order ¢! and m}!2, respectively. The high-energy expansion

is supplemented by Padé approximations following the procedure outlined in ref. [16]. For
the construction of the Padé approximants we use expansions in m; between m?® and m}2.
It provides a central value and an uncertainty for each phase-space point. In the plots, the

uncertainty is only visible for low energies; here the ¢ expansion provides precise predictions.

In each plot we show the form factors in the upper panel and in the lower panel the
absolute value of the relative difference to the exact result. Both for fixed-+/s (cf. figure 12)
and fixed-pr (cf. figure 13) we observe an agreement with the exact results for the form
factor at 0.1% or better. The residual difference mainly comes from the limited expansion
depth in my and myz; the agreement between the high-energy and ¢ expansion is far below
the per mille level in the intermediate regions of pr and /s, respectively. We remark that
the relative difference increases by about a factor 10 in case we drop the quartic terms and
only keep the quadratic terms in my and mg.

From figures 12 and 13 it is clear that one can simply switch between the two approxima-
tions at some intermediate value for pp or /s. In practice we will switch for pr = 150 GeV
where we find a six-digit agreement between the t-expansion and high-energy results. Note
that for pr = 150 GeV the minimal value for /s is sufficiently high such that no additional
criterion for /s is needed.

4.3 Two-loop results for gg - ZH

At two loops, exact results are not available to us for the form factors. Thus, we estimate the
quality of our approximation by comparing the forward-limit and high-energy expansions
and by varying the expansion depths in ¢, m; and the external masses my and mz.
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Figure 14. Real and imaginary parts of F;(l) as a function of pr for /s = {400,1000} GeV.
High-energy and t — 0 expansions are shown including mass corrections up to m{Z(?f,A}. Also shown
are higher mass corrections up to m8Z7 g for the ¢ — 0 expansion with fewer expansion terms in ¢
according to t"t(m%)"(m2)™ with n; + ng + n4 < 4 denoted by . The lower panels display the
relative difference with respect to the best approximation of the t — 0 expansion.

D for fixed-/s and fixed-pr, respectively,

th

In figures 14 and 15 we show results for F3Jr ’
using the same parameters as in the one-loop plots in the previous subsection. We use
and m%m terms in the construction of the approximations and show results for massless
final-state particles and with quadratic and quartic terms included. One observes a rapid
convergence: the difference between the quadratic and quartic results is below 1%. In figure 14
we observe that for pr < 125 GeV the high-energy expansion does not converge. Similarly,
for /s = 1000 GeV the ¢ expansion is only valid for pr < 300 GeV. However, for all values
of /s both expansions show good agreement for pr values around 150 GeV, which we use
for the transition between the ¢ and high-energy expansions. This is supported by figure 15
which shows an agreement at the level of 107°. The upwards-oriented kinks originate from
zero-crossings of the form factors.” Figures 14 and 15 show that we are able to cover the

whole phase-space by combining our expansions.

"The downwards-oriented kinks in the lower panels of figure 15 are at /s values where the expansions cross
each other.
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Figure 15. Same as figure 14 but for fixed pr = 150 GeV as a function of /s.

4.4 Virtual NLO corrections

For convenience we repeat the formula derived in ref. [13] for the finite virtual corrections
as constructed from the form factors. It is given by®

5 G2 m2 a 2 ~ o 1(1) CA ’u2 ~ ~ 07 (0)

=Gz () 3 | [Ama] V- G (2 o ) [ a ]
A1,A2,A3

Xexy (@) EX, 0 (1) Exow(42) €1, (02) E0s,p(a3) X, (43) (4.5)

where the form factors entering the amplitude flgﬁf are the infrared-subtracted finite form
factors constructed according to our prescription outlined in section 2.4, evaluated at yu? = —s.
The superscripts “(0)” and “(1)” after the square brackets in eq. (4.5) indicate that we
take the coefficients of (as/7)? and (as/m), respectively, of the squared amplitude. For the
following discussion it is convenient to introduce the ag-independent quantity

Vil = o (4.6)

VéH has been computed in the high-energy limit in ref. [13] and using a numerical
approach in ref. [20]. A first comparison is available in figure 2 of ref. [22]. We are now
in a position to update this plot in two ways. First, we considerably extend the depth of
the high-energy expansion from 32 to over 100 terms in m;. Additionally, we also use the ¢
expansion for the form factors as discussed in the previous subsections. For the construction of
VZH we use the exact one loop amplitude and all available expansion terms of our analytical
approximations for the NLO contribution to the form factors.

In figure 16 we compare our predictions for VﬁZHH with p2 = s based on the ¢ and high-
energy expansions (shown as orange and blue dots) with results for 250 data points obtained in
ref. [20] over the range 1 GeV < pr < 998 GeV and 217 GeV < /s < 2009 GeV with a purely
numerical approach (black dots and uncertainty bars) which is based on pySecDec [56-58].

8As compared to ref. [13] the formula presented here is multiplied by a factor of four to match the
conventions of ref. [20].
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expansion and “PSD” refers to the results from ref. [20] based on pySecDec.

We observe that for most of the data points our expansion approximates the numerical
result far below the percent level. In fact, larger deviations are only observed in those cases
where the numerical uncertainty is large.

To compare in more detail, in figure 17 we show a magnification of figure 16 for pr <
150 GeV. Note that the y axis has been re-scaled by a factor of 20. The results of the Padé-
improved pr expansion from ref. [28] are shown as green dots. They are less precise; in fact,
some of the data points lie outside of the plot area. Note, however, that for phenomenological
applications the approximation provided by these points is sufficiently precise.

Finally, we are in the position to present figure 18, which is an update of figure 2 of
ref. [22] where the numerical results were compared to the high-energy results of ref. [13]. The
comparison included quartic terms in the final-state masses myz and my. However instead
of 112, only 32 expansion terms in m; were included. Furthermore, at the time figure 2 of
ref. [22] was made no t expansion was available. In figure 18 we use an expansion up to ¢'°.

On the y axis of figure 18 we show the quantity

Z H exp Z H,num
Qs Vﬁn — Vﬁn

47 B

(4.7)

which quantifies the difference in terms of a typical NLO contribution. Furthermore, it is
independent of the infrared subtraction scheme used for removing the infrared singularities.
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Here, B is the exact Born contribution and VﬁZnH’eXp and VﬁZnH’num stand for VZH obtained

with the help of analytic approximations and a numerical approach, respectively. Over the
whole pr range we observe good agreement with the numerical results. Figure 18 represents
an improvement of the results shown in figure 2 of ref. [22] and figure 1 of ref. [67].

In practical applications our expansions have the advantage that they can be evaluated
very quickly. We will soon implement them in ggxy [68] and expect an evaluation time of
a few milli-seconds per phase-space point.

5 Conclusions

In this paper, deep expansions around the forward limit and the high-energy limit have been
computed for the processes gg — ZH and the top quark contribution to gg — Z*Z*. We
have shown that the combination of both expansions covers the whole phase space with very
good accuracy. Our analytic results retain explicit dependence on all parameters and it is
straightforward to change them and to change the renormalization scheme. This makes them
very suitable for the study of off-shell production, since the invariant mass of the final state
particles can be changed on-the-fly and no grid has to be computed. Furthermore, their
numerical evaluation is very fast. For these reasons, they provide a convenient and practically
equivalent alternative to the results obtained with purely numerical methods. In fact, no
results for gg — Z*Z* have been calculated in the literature so far, not even with a numerical
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Figure 18. Difference of VZ computed from our expansions and using a numerical approach. The
quantity on the y axis represents the uncertainty at NLO relative to the Born contribution. In the
legend “m?” refers to the inclusion of quartic terms in mz and mgy, “HE” stands for the high-energy
expansion and “PSD” refers to the results from ref. [20] based on pySecDec.

approach. As a by-product to the calculation of the top-quark contribution to gg — Z*Z*
we obtain the corresponding results for gg — v*v* and gg — Z*~*.

As compared to previously known expansion based results for on-shell gg — ZZ [19]
and gg — ZH [28] our expansions are much deeper and thus more precise. We compare the
virtual NLO corrections to numerical results [20, 21, 23] and observe agreement below the
per mille level, and for small values of ¢ even better. We will implement the results obtained
in this paper into the C++ library ggxy [68]. This allows for a convenient and flexible way
to evaluate the form factors, helicity amplitudes and virtual NLO corrections.
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A Projectors for gg —+ Z*Z*

For the helicity amplitude A4 gp the coefficients af\il) AoAs), 1D €. (3.9) are given by

n _ @ _ .6 _ @8 _ 9 _ (10 _
G1i00 = 4300 = @400 = @400 = 4400 = G400 = Yo

(11  _ (12) (13) (14) (15) (16)

(400 = @400 = G400 = G400 = G 00 = B0 = U,
0\ 00 = alo = alo = ahop = 24344 7
p2(d — 3)53\/%\/2
(7) (18) (19) (20) 2(d — 4)3¢3

@t 4+00 = @4+400 = @4400 = D400 = ,
B(d —3)s\Ja3v/ i (a5 (¢F —t) +t (=i +s+1))
with d = 4 — 2¢. The corresponding coeflicients for all helicity amplitudes can be found
in ref. [53].
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