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 a b s t r a c t

We propose a port-Hamiltonian formulation and structure-preserving discretization of finite elas-
ticity. The energy functional (or Hamiltonian) is based on a polyconvex representation of the 
stored energy and gives rise to three strain-type fields, which play the role of energy variables 
in the port-Hamiltonian formulation. We show that a Hu-Washizu-type extension of the varia-
tional principle of Livens can be used (i) to derive the continuous port-Hamiltonian formulation 
and (ii) to perform a structure-preserving spatial discretization. In particular, we show that the 
spatial finite element discretization of the underlying mixed formulation yields a discrete port-
Hamiltonian system. Moreover, the temporal discretization of the underlying continuous formu-
lation yields a new energy-momentum consistent framework, which accommodates alternative 
finite element formulations. The new framework, in particular, covers mixed finite elements that 
have been shown to be well suited for handling quasi-incompressible material behavior. Numer-
ical examples are provided to evaluate the numerical performance and stability of the newly 
devised energy-momentum schemes.

1.  Introduction

The port-Hamiltonian (pH) formulation of evolution equations related to multiphysics systems provides an appealing framework 
for modeling, simulation, and control [1,2]. The energy-based pH description takes into account dissipation and interaction with the 
environment by means of ports, and can thus be considered as an extension of classical Hamiltonian systems to open systems.

Finite-dimensional pH systems have been originally introduced in [3] and are based on a Dirac structure, which encodes system 
properties such as passivity and energy consistency into system equations. The extension of the pH modeling paradigm to infinite-
dimensional systems is based on a Stokes-Dirac structure and can be traced back to [4]. Since then, distributed pH systems have 
been subject to extensive research in the areas of multiphysics system modeling, analysis and design of control techniques, and 
structure-preserving discretization methods, as categorized in the comprehensive literature review [5].

The design of structure-preserving discretization techniques is a natural objective in preserving the intrinsic structure and prop-
erties of pH systems, such as passivity and energy consistency. Galerkin-based numerical methods for the structure-preserving dis-
cretization of pH systems have become more popular only recently [6]. In particular, finite element methods have been applied to 
discretize pH formulations of viscoelastic strings [7], beams [8–11], plates [12], the wave equation [13], poroelasticity [14], and 
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\begin {equation}\mathrm {d}\vec {\xnew } = \tens {F}_\varphi \mathrm {d}\vec {\Xnew }\eqcomma \quad \tens {F}_\varphi =\nabla \vec {\varphi }(\vec {\Xnew },t)\eqcomma \label {Xeqn1-1}\end {equation}
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$\tens {A},\tens {B}\in \mathbb {R}^{3\times 3}$


\begin {equation}\label {eq:tensor-cross-product} (\tens {A}\wedge \tens {B})_{ij}=\epsilon _{i\alpha \beta }\epsilon _{jab}A_{\alpha a}B_{\beta b}\eqcomma \end {equation}


$a,b,\alpha ,\beta ,i,j\in \left \lbrace 1,2,3\right \rbrace $
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$\tens {A}$


\begin {equation}\begin {aligned} \cof (\tens {A}) &= \frac {1}{2}\,\tens {A}\wedge \tens {A}\eqcomma \\ \det (\tens {A}) &= \frac {1}{6}\left (\tens {A}\wedge \tens {A}\right ):\tens {A}\eqdot \end {aligned} \label {Xeqn3-3}\end {equation}


\begin {equation}\label {eq:tensor-cross-product-properties} \begin {aligned} \tens {A}\wedge \tens {B} &= \tens {B}\wedge \tens {A}\\ \tens {A}\wedge (\tens {B}+\tens {C}) &= \tens {A}\wedge \tens {B} + \tens {A}\wedge \tens {C}\\ (\tens {A}\wedge \tens {B}):\tens {C} &= (\tens {A}\wedge \tens {C}):\tens {B} = (\tens {B}\wedge \tens {C}):\tens {A} \eqdot \end {aligned}\end {equation}
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\begin {equation}\label {eq:C_phi} \tens {C}_\varphi = \tens {F}_\varphi \transp \tens {F}_\varphi \eqcomma \end {equation}


\begin {equation}\label {eq:cofactorC} \tens {G}_\varphi = \cof (\tens {C}_\varphi ) = \frac {1}{2}\, \tens {C}_\varphi \wedge \tens {C}_\varphi \eqcomma \end {equation}


\begin {equation}\label {eq:detF} J_\varphi = \det (\tens {F}_\varphi ) = \frac {1}{6} \left (\tens {F}_\varphi \wedge \tens {F}_\varphi \right ):\tens {F}_\varphi = \sqrt {\det (\tens {C}_\varphi )}\eqdot \end {equation}


\begin {equation}W = \widehat {W}(\vec {F}_\varphi ) = \storedEnergy \left (\tens {F}_\varphi ,\cof (\tens {F}_\varphi ),\det (\tens {F}_\varphi )\right )\eqcomma \label {Xeqn8-8}\end {equation}
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\begin {equation}\label {eq:W-objective} W = \widehat {\mathcal {W}}(\tens {C}_\varphi ) = \storedEnergy \left (\tens {C}_\varphi ,\tens {G}_\varphi ,J_\varphi \right )\end {equation}
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\begin {equation}\label {eq:functionalS} \begin {aligned} \mathcal {S} = \int _{t_0}^{t_N}\int _{\body _0} &\left [\frac {1}{2} \rho _0 \vec {v}\cdot \vec {v} -\storedEnergy \left (\tens {C},\tens {G},J\right ) +\vec {\pi }\cdot \left (\vec {\dot {\varphi }}-\vec {v}\right )-\vec {\Lambda }_{\subC }:\left (\tens {C}_\varphi -\tens {C}\right ) -\vec {\Lambda }_{\subG }:\left (\tens {G}_\varphi -\tens {G}\right ) -\lambda \left (J_\varphi -J\right )\right ]\d V\, \d t \\ +&\int _{t_0}^{t_N} \left [\int _{\body _0}(\bar {\vec {g}} + \bar {\vec {b}})\cdot \vec {\varphi }\,\d V + \int _{\partial _\sigma \body _0}\bar {\vec {t}}\cdot \vec {\varphi }\,\d A \right ] \d t \eqcomma \end {aligned}\end {equation}


$\rho _0 = \rho _0(\vec {\Xnew })$


$\vec {\varphi }\in \mathcal {V}_\varphi $


\begin {equation}\label {eq:trial-deformation} \mathcal {V}_\varphi = \left \lbrace \vec {\varphi }:\body _0\rightarrow \mathbb {R}^3\,|\,\varphi _i\in H^1(\body _0) \land \vec {\varphi }=\bar {\vec {\varphi }}~\text {on} ~\partial _\varphi \body _0\right \rbrace \eqcomma \end {equation}
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\begin {equation}\mathcal {V}_v = \left \lbrace \vec {v}:\body _0\rightarrow \mathbb {R}^3\,|\,v_i\in L^2(\body _0)\right \rbrace \eqcomma \label {Xeqn12-12}\end {equation}
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$\tens {\Lambda }_{\subC }\in \mathcal {V}_C$


$\tens {\Lambda }_{\subG }\in \mathcal {V}_G$


$\lambda \in \mathcal {V}_J$


\begin {equation}\begin {aligned} \mathcal {V}_C = \mathcal {V}_G = \left \lbrace \tens {A}:\body _0\rightarrow \mathbb {S}\,|\,A_{ij}\in L^2(\body _0)\right \rbrace \eqcomma \\ \mathcal {V}_J = \left \lbrace J:\body _0\rightarrow \mathbb {R}_+\!\setminus \!\lbrace 0\rbrace \,|\,J\in L^2(\body _0)\right \rbrace \eqcomma \end {aligned} \label {Xeqn13-13}\end {equation}
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$\vec {\pi }\in \mathcal {V}_v$


$\mathcal {S}$


$\vec {\pi }=\rho _0 \vec {v}$


$\vec {\pi }$


\begin {equation}\label {eq:E-L-equations} \left . \arraycolsep =1.4pt\def \arraystretch {1.3} \begin {array}{rl} \dot {\vec {\varphi }} &= \vec {v} \\ \rho _0\,\dot {\vec {v}} &= \Div (\tens {F}_\varphi \tens {S}) + \bar {\vec {g}} + \bar {\vec {b}} \\ \tens {\Lambda }_{\subC } &= \partial _{\subC }\storedEnergy (\tens {C},\tens {G},J) \\ \tens {\Lambda }_{\subG } &= \partial _{\subG }\storedEnergy (\tens {C},\tens {G},J) \\ \lambda &= \partial _J\storedEnergy (\tens {C},\tens {G},J) \\ \tens {C} &= \tens {C}_\varphi \\ \tens {G} &= \tens {G}_\varphi \\ J &= J_\varphi \end {array}\: \right \rbrace \:\text {in}\:\body _0\times \timeintervall \eqcomma \end {equation}


\begin {equation}\label {eq:2.PK} \tens {S} = 2\tens {\Lambda }_{\subC } + 2\tens {\Lambda }_{\subG }\wedge \tens {C}_\varphi + \frac {\lambda }{J_\varphi }\tens {G}_\varphi \eqdot \end {equation}


$\mathcal {S}$


\begin {equation}\tens {F}_\varphi \tens {S}\vec {N} = \bar {\vec {t}}~\text {on}~\partial _\sigma \body _0\eqcomma \label {Xeqn16-16}\end {equation}
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$\mathcal {S}$
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$\vec {\varphi }=\bar {\vec {\varphi }}$


$\partial _\varphi \body _0$


$\vec {\varphi }\in \mathcal {V}_\varphi $


\begin {equation}\label {eq:Hamiltonian} \mathcal {H}(\vec {x}) = \int _{\body _0} \big ( \frac {1}{2}\rho _0 \vec {v} \cdot \vec {v} + \storedEnergy (\tens {C},\tens {G},J) -\bar {\vec {g}}\cdot \vec {\varphi } \big )\, \d V \eqdot \end {equation}


$\bar {\vec {g}}$


$\bar {\vec {t}}$


$\bar {\vec {b}}$


\begin {equation}\vec {x} = \begin {bmatrix} \vec {\varphi }\\ \vec {v}\\ \tens {C}\\ \tens {G}\\ J \end {bmatrix}\eqdot \label {Xeqn18-18}\end {equation}


\begin {equation}\delta _{\vec {x}}\mathcal {H}(\vec {x}) = \begin {bmatrix} -\bar {\vec {g}}\\ \rho _0\vec {v}\\ \partial _{\subC }\storedEnergy \\ \partial _{\subG }\storedEnergy \\ \partial _J\storedEnergy \end {bmatrix}\eqdot \label {Xeqn19-19}\end {equation}


\begin {equation}\label {eq:ph-continuous} \begin {aligned} \mathcal {E}\dot {\vec {x}} &= \mathcal {J}(\vec {x}) \vec {z}(\vec {x}) + \mathcal {B} \vec {u}\eqcomma \\ \vec {y} &= \mathcal {B}^* \vec {z}(\vec {x})\eqcomma \end {aligned}\end {equation}


\begin {equation}\label {eq:ph-continuous2} \mathcal {E}\transp \vec {z}(\vec {x}) = \delta _{\mathbf x} \mathcal {H}(\vec {x})\end {equation}
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$\mathcal {E}$
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$\vec {z}(\vec {x})$


\begin {equation}\label {eq:E-L-again} \left . \arraycolsep =1.4pt\def \arraystretch {1.3} \begin {array}{rl} \dot {\vec {\varphi }} &= \vec {v} \\ \rho _0\,\dot {\vec {v}} &= \Div (\tens {F}_\varphi \tens {S}) + \bar {\vec {g}}+\bar {\vec {b}} \\ \tens {\Lambda }_{\subC } &= \partial _{\subC }\storedEnergy (\tens {C},\tens {G},J) \\ \tens {\Lambda }_{\subG } &= \partial _{\subG }\storedEnergy (\tens {C},\tens {G},J) \\ \lambda &= \partial _J\storedEnergy (\tens {C},\tens {G},J) \\ \dot {\tens {C}} &= \tfrac {\rm {d}}{\rm {d} t}\tens {C}_\varphi = 2 \sym (\tens {F}_\varphi \transp \nabla \vec {v})\\ \dot {\tens {G}} &= \tfrac {\rm {d}}{\rm {d} t}\tens {G}_\varphi = 2 \tens {C}_\varphi \wedge \sym (\tens {F}_\varphi \transp \nabla \vec {v})\\ \dot {J} &= \tfrac {\rm {d}}{\rm {d} t} J_\varphi = J_\varphi ^{-1}\tens {G}_\varphi :\sym (\tens {F}_\varphi \transp \nabla \vec {v}) \end {array}\: \right \rbrace \:\text {in}\:\body _0\times \timeintervall \eqcomma \end {equation}


$\tens {S}$


$\left \lbrace \tens {\Lambda }_{\subC },\tens {\Lambda }_{\subG },\lambda \right \rbrace $


$\mathcal {J}(\vec {x})$


\begin {equation}\label {eq:operatorJ} \mathcal {J}(\vec {x})\!=\! \begin {bmatrix} 0\!&\!I\!&\!0\!&\!0\!&\!0\!\\ -I\!&\!0\!&\!\Div (2\tens {F}_\varphi \square )\!&\!\Div (2\tens {F}_\varphi \tens {C}_\varphi \wedge \square )\!&\!\Div (J_\varphi ^{-1}\tens {F}_\varphi \tens {G}_\varphi \square )\!\\ 0\!&\!2\sym (\tens {F}_\varphi \transp \nabla (\square ))\!&\!0\!&\!0\!&\!0\\ 0\!&\!2\tens {C}_\varphi \wedge \sym (\tens {F}_\varphi \transp \nabla (\square ))\!&\!0\!&\!0\!&\!0\\ 0\!&\!J_\varphi ^{-1}\tens {G}_\varphi :\sym (\tens {F}_\varphi \transp \nabla (\square ))\!&\!0\!&\!0\!&\!0 \end {bmatrix} \eqcomma \end {equation}


$\mathcal {E}$


$\mathcal {B}$


\begin {equation}\label {eq:operatorE} \mathcal {E} = \mathcal {E}\transp = \begin {bmatrix} I&0&0&0&0\\ 0&\rho _0I&0&0&0\\ 0&0&I&0&0\\ 0&0&0&I&0\\ 0&0&0&0&I\\ \end {bmatrix} \qquad \mbox {and}\qquad \mathcal {B} = \begin {bmatrix} 0&0&0&0&0\\ 0&I&0&0&0\\ 0&0&0&0&0\\ 0&0&0&0&0\\ 0&0&0&0&0\\ \end {bmatrix} \eqdot \end {equation}


$I$


$\vec {u}$


$\bar {\vec {b}}$


$\mathcal {J}(\vec {x})$


$\mathcal {J}(\vec {x}) = -\mathcal {J}(\vec {x})^*$


\begin {equation}\label {equation:pHSystem} \dot {\mathcal {H}}(\vec {x}) = \left <\delta _{\mathbf x} \mathcal {H}(\vec {x}), \dot {\vec {x}}\right > \eqcomma \end {equation}


\begin {equation}\label {eq:dot-H} \begin {aligned} \dot {\mathcal {H}}(\vec {x}) &= \left < \mathcal {E}\transp \vec {z}(\vec {x}), \dot {\vec {x}} \right > \\ &= \left < \vec {z}(\vec {x}), \mathcal {E}\dot {\vec {x}} \right > \\ &= \left < \vec {z}(\vec {x}),\mathcal {J}(\vec {x}) \vec {z}(\vec {x}) \right > + \left < \vec {z}(\vec {x}), \mathcal {B}\vec {u} \right > \eqdot \end {aligned}\end {equation}


\begin {equation}\begin {aligned} \left < \vec {z}(\vec {x}),\mathcal {J}(\vec {x}) \vec {z}(\vec {x}) \right > &= \left < \vec {v},\Div (\tens {F}_\varphi \tens {S}) \right > + \left < \nabla \vec {v},\tens {F}_\varphi \tens {S} \right > \\ &= \int _{\partial _\sigma \body _0}\bar {\vec {t}}\cdot \vec {v}\,\rm {d} A \eqcomma \end {aligned} \label {Xeqn27-27}\end {equation}


\begin {equation}\left < \vec {z}(\vec {x}), \mathcal {B}\vec {u} \right > = \left < \mathcal {B}^*\vec {z}(\vec {x}), \vec {u} \right > = \left < \vec {y}, \vec {u} \right > \eqdot \label {Xeqn28-28}\end {equation}


\begin {equation}\dot {\mathcal {H}}(\vec {x}) = \int _{\partial _\sigma \body _0}\bar {\vec {t}}\cdot \vec {v}\,\rm {d} A + \left < \vec {y}, \vec {u} \right >\eqdot \label {Xeqn29-29}\end {equation}


$\bar {\vec {g}}$


$\left \lbrace \vec {w}_\pi ,\vec {w}_\varphi \right \rbrace $


$\left \lbrace \tens {w}_{\subLambdaC },\tens {w}_{\subLambdaG },w_{\lambda }\right \rbrace $


$\left \lbrace \tens {w}_{\subC },\tens {w}_{\subG },w_J\right \rbrace $


$\body _0$


\begin {equation}\label {eq:weakform} \begin {aligned} &\int _{\body _0}\vec {w}_\pi \cdot (\dot {\vec {\varphi }}-\vec {v})\,\rm {d} V = 0\\ &\int _{\body _0}\vec {w}_\varphi \cdot \rho _0\dot {\vec {v}} + 2\sym (\tens {F}_\varphi \transp \nabla \vec {w}_\varphi )\!:\!\big (\tens {\Lambda }_{\subC } + \tens {\Lambda }_{\subG }\wedge \tens {C}_\varphi + \frac {\lambda }{2J_\varphi }\tens {G}_\varphi \big )\,\rm {d} V = \int _{\body _0}\vec {w}_\varphi \cdot (\bar {\vec {g}}+\bar {\vec {b}})\,\rm {d} V + \int _{\partial \body _0}\vec {w}_\varphi \cdot \bar {\vec {t}}\,\rm {d} A\\ &\int _{\body _0}\tens {w}_{\subC }:\left [\tens {\Lambda }_{\subC } - \partial _{\subC }\storedEnergy (\tens {C},\tens {G},J)\right ]\, \rm {d} V = 0\\ &\int _{\body _0}\tens {w}_{\subG }:\left [\tens {\Lambda }_{\subG } - \partial _{\subG }\storedEnergy (\tens {C},\tens {G},J)\right ]\, \rm {d} V = 0\\ &\int _{\body _0}w_J\left [\lambda - \partial _J\storedEnergy (\tens {C},\tens {G},J)\right ]\, \rm {d} V = 0\\ &\int _{\body _0}\tens {w}_{\subLambdaC }:\left [\dot {\tens {C}} - 2\,\sym (\tens {F}_\varphi \transp \nabla \vec {v})\right ]\, \rm {d} V = 0\\ &\int _{\body _0}\tens {w}_{\subLambdaG }:\left [\dot {\tens {G}} - 2 \tens {C}_\varphi \wedge \sym (\tens {F}_\varphi \transp \nabla \vec {v})\right ]\, \rm {d} V = 0\\ &\int _{\body _0}w_{\lambda }\left [\dot {J} - J_\varphi ^{-1}\tens {G}_\varphi :\sym (\tens {F}_\varphi \transp \nabla \vec {v})\right ]\, \rm {d} V = 0\eqdot \end {aligned}\tag {W}\end {equation}


$\vec {w}_\varphi \in \mathcal {V}_\varphi ^0$


\begin {equation}\mathcal {V}_\varphi ^0 = \left \lbrace \vec {w}_\varphi :\body _0\rightarrow \mathbb {R}^3\,|\,w_{{\varphi }_i}\in H^1(\body _0) \land \vec {w}_\varphi =\vec {0}~\text {on} ~\partial _\varphi \body _0\right \rbrace \label {Xeqn31-30}\end {equation}


$\vec {w}_\pi \in \mathcal {V}_v$


$\tens {w}_{\subC },\tens {w}_{\subG },\tens {w}_{\subLambdaC },\tens {w}_{\subLambdaG }\in \mathcal {V}_C$


$w_J,w_\lambda \in \mathcal {V}_J$


$\mathcal {H}$


\begin {equation}\label {eq:hamiltonian_timederivative} \dot {\mathcal {H}} = \frac {\rm {d}}{\rm {d} t}\left [\int _{\body _0} \big ( \frac {1}{2}\rho _0 \vec {v} \cdot \vec {v} + \storedEnergy (\tens {C},\tens {G},J) - \bar {\vec {g}}\cdot \vec {\varphi } \big ) \,\rm {d} V\right ] = 0\eqdot \end {equation}


$\vec {w}_\pi = -\rho _0\dot {\vec {v}}$


$\vec {w}_\varphi = \dot {\vec {\varphi }}$


$\tens {w}_{\subC } = -\dot {\tens {C}}$


$\tens {w}_{\subG } = -\dot {\tens {G}}$


$w_J = -\dot {J}$


$\tens {w}_{\subLambdaC } = \tens {\Lambda }_{\subC }$


$\tens {w}_{\subLambdaG } = \tens {\Lambda }_{\subG }$


$w_\lambda = \lambda $


\begin {equation}\label {eq:energy_conservation_continuous_case} \begin {aligned} &\int _{\body _0}\rho _0\dot {\vec {v}}\cdot \vec {v} + \partial _{\subC }\storedEnergy :\dot {\tens {C}} + \partial _{\subG }\storedEnergy :\dot {\tens {G}} + \partial _J\storedEnergy \dot {J} - \dot {\vec {\varphi }}\cdot \bar {\vec {g}} \,\rm {d} V\\ &\qquad = \int _{\partial _\sigma \body _0}\dot {\vec {\varphi }}\cdot \bar {\vec {t}}\,\rm {d} A + \int _{\body _0}\dot {\vec {\varphi }}\cdot \bar {\vec {b}}\, \rm {d} V \eqcomma \end {aligned}\end {equation}


$\bar {\vec {t}}=\vec {0}$


$\bar {\vec {b}}=\vec {0}$


$\dot {\vec {\varphi }}=\vec {v}$


$\body _0$


\begin {equation}\vec {L} = \int _{\body _0}\vec {\varphi }\!\times \!\vec {v}\rho _0\,\rm {d} V\eqdot \label {Xeqn34-33}\end {equation}


$\vec {L}$


\begin {equation}\dot {\vec {L}} = \int _{\body _0}\frac {\rm {d}}{\rm {d} t}\left (\vec {\varphi }\!\times \!\vec {v}\rho _0\right )\,\rm {d} V = \vec {0}\eqdot \label {Xeqn35-34}\end {equation}


$\vec {w}_\varphi =\vec {\zeta }\times \vec {\varphi }$


$\vec {w}_\pi =-\rho _0\vec {\zeta }\times \dot {\vec {\varphi }}$


$\vec {\zeta }\in \mathbb {R}^3$


$\vec {\zeta }\times \vec {a}$


$\hat {\tens {\zeta }}\vec {a}$


$\vec {a}\in \mathbb {R}^3$


$\hat {\tens {\zeta }}\in \mathbb {R}^{3\times 3}$


$\vec {\zeta }$


\begin {equation}\label {eq:ang-mom-con-1} \begin {aligned} &\int _{\body _0}(-\rho _0\vec {\zeta }\!\times \!\dot {\vec {\varphi }})\cdot (\dot {\vec {\varphi }}-\vec {v})\,\rm {d} V\\ &\qquad +\int _{\body _0}(\vec {\zeta }\!\times \!\vec {\varphi })\cdot \rho _0\dot {\vec {v}} + (\hat {\tens {\zeta }}\nabla \vec {\varphi })\!:\!(\tens {F}_\varphi \tens {S}) - (\vec {\zeta }\!\times \!\vec {\varphi })\cdot (\bar {\vec {g}}+\bar {\vec {b}})\,\rm {d} V\\ &\qquad - \int _{\partial _\sigma \body _0}(\vec {\zeta }\!\times \!\vec {\varphi })\cdot \bar {\vec {t}}\,\rm {d} A= 0\eqdot \end {aligned}\end {equation}


$\tens {S}$


$\hat {\tens {\zeta }}$


$\hat {\tens {\zeta }}\!:\!(\tens {F}_\varphi \tens {S}\nabla \vec {\varphi }\transp )$


\begin {equation}\vec {\zeta }\cdot \left [\int _{\body _0}\frac {\rm {d}}{\rm {d} t}(\vec {\varphi }\!\times \!\vec {v}\rho _0)- (\bar {\vec {g}}+\bar {\vec {b}})\!\times \!\vec {\varphi }\,\rm {d} V - \int _{\partial _\sigma \body _0}\bar {\vec {t}}\!\times \!\vec {\varphi }\,\rm {d} A\right ] = \vec {\zeta }\cdot (\dot {\vec {L}} - \vec {m}^{\mathrm {ext}}) = 0\eqdot \label {Xeqn37-36}\end {equation}


$\vec {m}^{\mathrm {ext}}$


$\vec {m}^{\mathrm {ext}} = \vec {0}$


$\{\tens {C}, \tens {G}, J\}$


$\{\tens {G}, J\}$


$\{\tens {G}, J\}$


$\tens {C}$


$\tens {C}_\varphi $


\begin {equation}\label {eq:Hamiltonian-1} \mathcal {H}_1(\vec {x}_1) = \int _{\body _0} \big ( \frac {1}{2}\rho _0 \vec {v} \cdot \vec {v} + \storedEnergy (\tens {C}_\varphi ,\tens {G},J) -\bar {\vec {g}}\cdot \vec {\varphi } \big ) \,\rm {d} V \eqcomma \end {equation}


\begin {equation}\vec {x}_1 = \begin {bmatrix} \vec {\varphi }\\ \vec {v}\\ \tens {G}\\ J \end {bmatrix}\eqdot \label {Xeqn39-38}\end {equation}


\begin {equation}\delta _{\mathbf {x}_1}{\mathcal {H}_1}(\vec {x}_1) = \begin {bmatrix} -\bar {\vec {g}}-\Div (2\tens {F}_\varphi \partial _{\subC }\storedEnergy )\\ \rho _0\vec {v}\\ \partial _{\subG }\storedEnergy \\ \partial _J\storedEnergy \end {bmatrix}\eqcomma \label {Xeqn40-39}\end {equation}


$\storedEnergy = \storedEnergy (\tens {C}_\varphi ,\tens {G},J)$


\begin {equation}\mathcal {J}_1 = \begin {bmatrix} 0&I&0&0\\ -I&0&\Div (2\tens {F}_\varphi \tens {C}_\varphi \wedge \square )&\Div (J_\varphi ^{-1}\tens {F}_\varphi \tens {G}_\varphi \square )\\ 0&2\tens {C}_\varphi \wedge \sym (\tens {F}_\varphi \transp \nabla (\square ))&0&0\\ 0&J_\varphi ^{-1}\tens {G}_\varphi :\sym (\tens {F}_\varphi \transp \nabla (\square ))&0&0 \end {bmatrix} \eqdot \label {Xeqn41-40}\end {equation}


$\mathcal {E}$


$\tens {E}$


\begin {equation}\tens {E} = \frac {1}{2}\left ( \tens {C}-\tens {I} \right )\eqcomma \label {Xeqn42-41}\end {equation}


$2\dot {\tens {E}} = \dot {\tens {C}}$


\begin {equation}\label {eq:Hamiltonian-2} \mathcal {H}_2(\vec {x}_2) = \int _{\body _0} \big ( \frac {1}{2}\rho _0 \vec {v} \cdot \vec {v} + \widehat {\mathcal {W}}(\tens {C}) -\bar {\vec {g}}\cdot \vec {\varphi } \big )\,\rm {d} V \eqcomma \end {equation}


$\widehat {\mathcal {W}}$


\begin {equation}\vec {x}_2 = \begin {bmatrix} \vec {\varphi }\\ \vec {v}\\ \tens {C} \end {bmatrix} \label {Xeqn44-43}\end {equation}


\begin {equation}\delta _{\mathbf {x}_2}{\mathcal {H}_2}(\vec {x}_2) = \begin {bmatrix} -\bar {\vec {g}}\\ \rho _0\vec {v}\\ \partial _{\subC }\widehat {\mathcal {W}} \end {bmatrix}\eqdot \label {Xeqn45-44}\end {equation}


\begin {equation}\mathcal {J}_2 = \begin {bmatrix} 0&I&0\\ -I&0&\Div (2\tens {F}_\varphi \square )\\ 0&2\sym (\tens {F}_\varphi \transp \nabla (\square ))&0 \end {bmatrix}\eqdot \label {Xeqn46-45}\end {equation}


$\mathcal {E}$


\begin {equation}\label {eq:SStVernaint} \tens {S}=2\partial _{\subC }\widehat {\mathcal {W}}=\mathbb {C}:\tens {E}\eqcomma \end {equation}


$\mathbb {C}$


$\partial _{\subC }\widehat {\mathcal {W}}=\frac {1}{2}\tens {S}$


$\dot {\tens {C}}=2\dot {\tens {E}}=2\mathbb {C}^{-1}:\dot {\tens {S}}$


\begin {equation}\label {eq:Hamiltonian-3} \mathcal {H}_3(\vec {x}_3) = \int _{\body _0} \big ( \frac {1}{2}\rho _0 \vec {v} \cdot \vec {v} + \storedEnergy (\tens {C}_\varphi ,\tens {G}_\varphi ,J_\varphi ) -\bar {\vec {g}}\cdot \vec {\varphi } \big )\, \rm {d} V \eqcomma \end {equation}


$\storedEnergy $


\begin {equation}\vec {x}_3 = \begin {bmatrix} \vec {\varphi }\\ \vec {v} \end {bmatrix} \label {Xeqn49-48}\end {equation}


\begin {equation}\delta _{\mathbf {x}_3}{\mathcal {H}_3}(\vec {x}_3) = \begin {bmatrix} -\bar {\vec {g}}-\Div (2\tens {F}_\varphi (\partial _{\subC }\storedEnergy + \tens {C}_\varphi \wedge \partial _{\subG }\storedEnergy + \frac {1}{2}J_\varphi ^{-1}\partial _J\storedEnergy \tens {G}_\varphi ))\\ \rho _0\vec {v} \end {bmatrix}\eqcomma \label {Xeqn50-49}\end {equation}


$\storedEnergy =\storedEnergy (\tens {C}_\varphi ,\tens {G}_\varphi ,J_\varphi )$


$\mathcal {J}_3$


\begin {equation}\mathcal {J}_3 = \begin {bmatrix} 0&I\\-I&0 \end {bmatrix}\eqdot \label {Xeqn51-50}\end {equation}


$\mathcal {E}$


$\mathcal {I}$


$\mathcal {I}_n = \left [t_n,t_{n+1}\right ]$


$n \in \left \lbrace 0,\ldots ,N\right \rbrace $


$\Delta t_n = t_{n+1}-t_n$


$(\bullet )(t)$


\begin {equation}(\bullet )_{n+\nicefrac {1}{2}} = \frac {1}{2}\left [(\bullet )_n + (\bullet )_{n+1}\right ]\eqcomma \label {Xeqn52-51}\end {equation}


$(\bullet )_n = (\bullet )(t_n)$


$(\bullet )_{n+1} = (\bullet )(t_{n+1})$


$(\dot {\bullet })$


\begin {equation}(\dot {\bullet }) \approx \frac {\Delta (\bullet )_n}{\Delta t_n} = \frac {(\bullet )_{n+1} - (\bullet )_n}{\Delta t_n}\eqdot \label {Xeqn53-52}\end {equation}


\begin {equation}\label {eq:weakform_time_discrete} \begin {aligned} &\int _{\body _0}\vec {w}_\pi \cdot \big (\frac {\bm {\varphi }_{n+1}-\bm {\varphi }_{n}}{\Delta t_n}-\vec {v}_{n+\nicefrac {1}{2}}\big )\,\rm {d} V = 0\\[-1pt] &\int _{\body _0}\vec {w}_\varphi \cdot \rho _0\frac {\vec {v}_{n+1}-\vec {v}_{n}}{\Delta t_n} + \sym (\tens {F}_{\subPhiNEinsZwei }\transp \nabla \vec {w}_\varphi ):\bar {\tens {S}}\,\rm {d} V = \int _{\body _0}\vec {w}_\varphi \cdot \left (\bar {\vec {g}}_{n+\nicefrac {1}{2}}+\bar {\vec {b}}_{n+\nicefrac {1}{2}}\right )\,\rm {d} V + \int _{\partial \body _0}\vec {w}_\varphi \cdot \bar {\vec {t}}_{n+\nicefrac {1}{2}}\,\rm {d} A\\[-1pt] &\int _{\body _0}\tens {w}_{\subC }:\left [\tens {\Lambda }_{{\subC }_{n+1}} - {\rm D}_{\subC }\storedEnergy \right ]\, \rm {d} V = 0\\[-1pt] &\int _{\body _0}\tens {w}_{\subG }:\left [\tens {\Lambda }_{{\subG }_{n+1}} - {\rm D}_{\subG }\storedEnergy \right ]\, \rm {d} V = 0\\[-1pt] &\int _{\body _0}w_J\left [\lambda _{n+1} - {\rm D}_J\storedEnergy \right ] \,\rm {d} V = 0\\[-1pt] &\int _{\body _0}\tens {w}_{\subLambdaC }:\big [\frac {\tens {C}_{n+1}-\tens {C}_{n}}{\Delta t_n} - 2\sym (\tens {F}_{\subPhiNEinsZwei }\transp \nabla \vec {v}_{n+\nicefrac {1}{2}})\big ] \,\rm {d} V = 0\\[-1pt] &\int _{\body _0}\tens {w}_{\subLambdaG }:\big [\frac {\tens {G}_{n+1}-\tens {G}_{n}}{\Delta t_n} - 2 \tens {C}_{\subPhiNEinsZwei }\wedge \sym (\tens {F}_{\subPhiNEinsZwei }\transp \nabla \vec {v}_{n+\nicefrac {1}{2}})\big ] \,\rm {d} V = 0\\[-1pt] &\int _{\body _0}w_{\lambda }\big [\frac {J_{n+1}-J_{n}}{\Delta t_n} - (J_{\subPhiNEinsZwei })^{-1}\tens {G}_{\subPhiNEinsZwei }:\sym (\tens {F}_{\subPhiNEinsZwei }\transp \nabla \vec {v}_{n+\nicefrac {1}{2}})\big ] \,\rm {d} V = 0\eqcomma \end {aligned}\end {equation}


$\bar {\tens {S}}$


\begin {equation}\bar {\tens {S}} = 2\tens {\Lambda }_{\subC _{n+1}} + 2\tens {\Lambda }_{\subG _{n+1}}\wedge \tens {C}_{\subPhiNEinsZwei } + \frac {\lambda _{n+1}}{J_{\subPhiNEinsZwei }}\tens {G}_{\subPhiNEinsZwei }\eqdot \label {Xeqn55-54}\end {equation}


$\partial _{\mathcal {V}^i}\storedEnergy $


$\mathcal {V}^i \in \left \lbrace \tens {C},\tens {G},J \right \rbrace $


${\rm D}_{\mathcal {V}^i}\storedEnergy $


\begin {equation}\label {eq:directionality} \Delta \storedEnergy _n = \storedEnergy _{n+1} - \storedEnergy _n = {\rm D}_{\subC }\storedEnergy :\Delta \tens {C}_n + {\rm D}_{\subG }\storedEnergy :\Delta \tens {G}_n + {\rm D}_J\storedEnergy \Delta J_n\eqdot \end {equation}


\begin {equation}\label {eq:discrete-derivatives} {\rm D}_{\mathcal {V}^i}\storedEnergy = {\rm D}_{\mathcal {V}^i}\storedEnergy ({\mathcal {V}}_n,{\mathcal {V}}_{n+1}) \eqcomma \end {equation}


$\mathcal {V}=(\tens {C},\tens {G},J)$


$\Delta \mathcal {V}^i_n\rightarrow 0$


\begin {equation}\lim _{\Delta \mathcal {V}^i_n\rightarrow 0}\left ({\rm D}_{\mathcal {V}^i}\storedEnergy \right ) = \partial _{\mathcal {V}^i}\storedEnergy |_{\mathcal {V}_{n+\nicefrac {1}{2}}}\eqdot \label {Xeqn58-57}\end {equation}


\begin {equation}\storedEnergy (\tens {C},\tens {G},J) = \storedEnergy _1(\tens {C}) + \storedEnergy _2(\tens {G}) + \storedEnergy _3(J) \label {Xeqn59-58}\end {equation}


$\storedEnergy _1(\tens {C})$


$\storedEnergy _2(\tens {G})$


$\storedEnergy _3(J)$


${\rm D}_{\mathcal {V}^i}\storedEnergy $


\begin {equation}\begin {aligned} {\rm D}_{\subC }\storedEnergy &= \partial _{\subC }\storedEnergy (\tens {C}_{n+\nicefrac {1}{2}}) \\ {\rm D}_{\subG }\storedEnergy &= \partial _{\subG }\storedEnergy (\tens {G}_{n+\nicefrac {1}{2}}) \\ {\rm D}_J\storedEnergy &= \frac {\storedEnergy _3(J_{n+1}) - \storedEnergy _3(J_{n})}{J_{n+1} - J_{n}} \eqcomma \end {aligned} \label {Xeqn60-59}\end {equation}


${\rm D}_J\storedEnergy $


$\mathcal {H}$


\begin {equation}\label {eq:hamiltonian_timederivative_time_discrete} \mathcal {H }_{n+1}-\mathcal {H}_n = \Delta \mathcal {H}_n = 0\end {equation}


$\Delta t_n$


\begin {equation}\Delta \mathcal {H}_n = \int _{\body _0} \Delta T_n + \Delta \storedEnergy _n + \Delta V_n \,\rm {d} V\eqdot \label {Xeqn62-61}\end {equation}


$T=\frac {1}{2}\rho _0 \vec {v} \cdot \vec {v}$


$V= - \bar {\vec {g}}\cdot \vec {\varphi }$


$\vec {w}_\varphi = \nicefrac {\Delta \mathbf {\varphi }_n}{\Delta t_n}$


$\vec {w}_\pi = -\rho _0\nicefrac {\Delta \mathbf {v}_n}{\Delta t_n}$


$\tens {w}_C = -\nicefrac {\Delta \mathbf {C}_n}{\Delta t_n}$


$\tens {w}_G = -\nicefrac {\Delta \mathbf {G}_n}{\Delta t_n}$


$w_J = -\nicefrac {\Delta J_n}{\Delta t_n}$


$\tens {w}_{\subLambdaC } =\tens {\Lambda }_{\subC _{n+1}}$


$\tens {w}_{\subLambdaG } = \tens {\Lambda }_{\subG _{n+1}}$


$w_\lambda =\lambda _{n+1}$


\begin {equation}\label {eq:weakform_time_discrete_pluged_in} \begin {aligned} &\int _{\body _0}\vec {v}_{n+\nicefrac {1}{2}}\cdot \frac {\rho _0}{\Delta t_n}\left (\vec {v}_{n+1} - \vec {v}_n\right ) + \frac {\Delta \mathbf {C}_n}{\Delta t_n}:{\rm D}_{\subC }\storedEnergy + \frac {\Delta \mathbf {G}_n}{\Delta t_n}:{\rm D}_{\subG }\storedEnergy + \frac {\Delta J_n}{\Delta t_n}{\rm D}_J\storedEnergy \,\rm {d} V\\ &\quad - \int _{\body _0}\frac {\Delta \bm {\varphi }_n}{\Delta t_n}\cdot \left (\bar {\vec {g}}_{n+\nicefrac {1}{2}}+\bar {\vec {b}}_{n+\nicefrac {1}{2}}\right )\,\rm {d} V - \int _{\partial \body _0}\frac {\Delta \bm {\varphi }_n}{\Delta t_n}\cdot \bar {\vec {t}}_{n+\nicefrac {1}{2}}\,\rm {d} A = 0\eqcomma \\ \end {aligned}\end {equation}


$\bar {\vec {t}}_{n+\nicefrac {1}{2}}=\vec {0}$


$\bar {\vec {b}}_{n+\nicefrac {1}{2}}=\vec {0}$


$\Delta \vec {\varphi }_n=\Delta t_n\vec {v}_{n+\nicefrac {1}{2}}$


$\vec {w}_\varphi =\vec {\zeta }\times \vec {\varphi }_{n+\nicefrac {1}{2}}$


$\vec {w}_\pi =-\rho _0\vec {\zeta }\times \frac {\Delta \mathbf {\varphi }_n}{\Delta t_n}$


$\vec {\zeta }\in \mathbb {R}^3$


\begin {equation}\begin {aligned} &\int _{\body _0}(-\rho _0\vec {\zeta }\!\times \!\Delta \vec {\varphi }_n)\cdot \big (\frac {\Delta \bm {\varphi }_n}{\Delta t_n}-\vec {v}_{n+\nicefrac {1}{2}}\big )\,\rm {d} V + \int _{\body _0}(\vec {\zeta }\!\times \!\vec {\varphi }_{n+\nicefrac {1}{2}})\cdot \rho _0\frac {\Delta \vec {v}_n}{\Delta t_n} + (\hat {\tens {\zeta }}\nabla \vec {\varphi }_{n+\nicefrac {1}{2}}):(\tens {F}_{\subPhiNEinsZwei }\bar {\tens {S}})\,\rm {d} V\\ &\qquad - \int _{\body _0}(\vec {\zeta }\!\times \!\vec {\varphi }_{n+\nicefrac {1}{2}})\cdot \left (\bar {\vec {g}}_{n+\nicefrac {1}{2}}+\bar {\vec {b}}_{n+\nicefrac {1}{2}}\right )\,\rm {d} V - \int _{\partial _\sigma \body _0}(\vec {\zeta }\!\times \!\vec {\varphi }_{n+\nicefrac {1}{2}})\cdot \bar {\vec {t}}_{n+\nicefrac {1}{2}}\,\rm {d} A= 0\eqdot \end {aligned} \label {Xeqn64-63}\end {equation}


$\bar {\tens {S}}$


$(\nabla \vec {\varphi }_{n+\nicefrac {1}{2}}\transp \hat {\tens {\zeta }}\tens {F}_{n+\nicefrac {1}{2}})\!:\!\bar {\tens {S}}$


\begin {equation}\vec {\zeta }\cdot \left [\int _{\body _0}\frac {1}{\Delta t_n}\rho _0\left (\vec {\varphi }_{n+1}\!\times \!\vec {v}_{n+1} - \vec {\varphi }_{n}\!\times \!\vec {v}_{n}\right ) - \left (\bar {\vec {g}}_{n+\nicefrac {1}{2}}+\bar {\vec {b}}_{n+\nicefrac {1}{2}}\right )\!\times \!\vec {\varphi }_{n+\nicefrac {1}{2}}\,\rm {d} V - \int _{\partial _\sigma \body _0}\bar {\vec {t}}_{n+\nicefrac {1}{2}}\!\times \!\vec {\varphi }_{n+\nicefrac {1}{2}}\,\rm {d} A\right ] = \vec {\zeta }\cdot \big (\frac {\Delta \vec {L}_n}{\Delta t_n} - \vec {m}_{n+\nicefrac {1}{2}}^{\mathrm {ext}}\big ) = 0\eqdot \label {Xeqn65-64}\end {equation}


$\vec {L}_{n+1}=\vec {L}_{n}$


$\vec {m}_{n+\nicefrac {1}{2}}^{\mathrm {ext}}$


$\vec {\varphi }$


\begin {equation}\vec {\varphi }^{\rm h} = \sum _{K=1}^{\nnode } \FFPhi ^K\hat {\vec {\varphi }}^K = \FFMatrixPhi \hatphi \label {Xeqn66-65}\end {equation}


\begin {equation}\begin {aligned} \hat {\vec {\varphi }} &= \begin {bmatrix}\hat {\varphi }^1_x & \hat {\varphi }^1_y & \hat {\varphi }^1_z & \cdots & \hat {\varphi }^{\nnode }_x & \hat {\varphi }^{\nnode }_y & \hat {\varphi }^{\nnode }_z\end {bmatrix}\transp \in \mathbb {R}^{3\nnode }\eqcomma \\ \FFMatrixPhi &= \begin {bmatrix}\FFPhi ^1\tens {I} & \cdots & \FFPhi ^{\nnode }\tens {I}\end {bmatrix}\in \mathbb {R}^{3\times 3\nnode }\eqcomma \end {aligned} \label {Xeqn67-66}\end {equation}


$\FFPhi ^K$


$K = 1,\dots ,\nnode $


$\nnode $


$\hat {\vec {\varphi }}^K$


$\hatphi $


$\FFMatrixPhi $


$\vec {v}$


$\left \lbrace \vec {w}_\varphi , \vec {w}_\pi \right \rbrace $


\begin {equation}\begin {aligned} &\vec {w}_\varphi ^{\rm h} = \sum _{K=1}^{\nnode } \smash {\FFPhi ^K\hat {\vec {w}}}^{K}_\varphi = \FFMatrixPhi \hatwphi \eqcomma \\ &\vec {v}^{\rm h} = \sum _{K=1}^{\nnode } \FFPhi ^K\smash {\hat {\vec {v}}}^K = \FFMatrixPhi \hatv \eqcomma \\ &\vec {w}_\pi ^{\rm h} = \sum _{K=1}^{\nnode } \FFPhi ^K\smash {\hat {\vec {w}}}_\pi ^K = \FFMatrixPhi \hatwpi \eqdot \end {aligned} \label {Xeqn68-67}\end {equation}


$\left \lbrace \tens {C}, \tens {G}\right \rbrace $


$\left \lbrace \tens {\Lambda }_{\subC }, \tens {\Lambda }_{\subG }\right \rbrace $


$\left \lbrace \tens {w}_{\subC }, \tens {w}_{\subG }, \tens {w}_{\subLambdaC }, \tens {w}_{\subLambdaG }\right \rbrace $


$\tens {A}=\tens {A}\transp $


$\tens {B}=\tens {B}\transp $


\begin {equation}\label {eq:voigt} \begin {aligned} \voigt {\tens {A}} &= \begin {bmatrix} A_{11} & A_{22} & A_{33} & A_{12} & A_{23} & A_{13} \end {bmatrix}\transp \eqcomma \\ \voigt {\tens {B}} &= \begin {bmatrix} B_{11} & B_{22} & B_{33} & 2B_{12} & 2B_{23} & 2B_{13} \end {bmatrix}\transp \eqcomma \end {aligned}\end {equation}


$\tens {C}$


\begin {equation}\begin {aligned} \tens {C}^{\rm h} &= \sum _{L=1}^{\mnode } \FFC ^L \smash {\hat {\tens {C}}}^{L}\eqcomma \\ \voigt {\tens {C}^{\rm h}} &= \FFMatrixC \hatC \eqcomma \end {aligned} \label {Xeqn70-69}\end {equation}


\begin {equation}\begin {aligned} \voigt {\hat {\vec {C}}} &= \begin {bmatrix}\voigt {\hat {\vec {C}}^{1}}\transp & \cdots & \voigt {\hat {\vec {C}}^{\mnode }}\transp \end {bmatrix}\transp \in \mathbb {R}^{6\mnode }\eqcomma \\ \FFMatrixC &= \begin {bmatrix}\FFC ^1\tens {I}_6 & \cdots & \FFC ^{\mnode }\tens {I}_6\end {bmatrix}\in \mathbb {R}^{6\times 6\mnode }\eqdot \end {aligned} \label {Xeqn71-70}\end {equation}


$\mnode $


$\FFC ^L$


$\tens {I}_6$


$\mathbb {R}^{6\times 6}$


$\tens {C}^{\rm h}$


$e$


$e$


\begin {equation}\begin {aligned} &\voigt {\tens {G}^{\rm h}} = ~\, \FFMatrixC \hatG \eqcomma \quad \voigt {\tens {\Lambda }_{\subC }^{\rm h}} = \FFMatrixC \hatLambdaC \eqcomma \quad \voigt {\tens {\Lambda }_{\subG }^{\rm h}} = \FFMatrixC \hatLambdaG \eqcomma \\ &\voigt {\tens {w}_{\subC }^{\rm h}} = \FFMatrixC \hatwC \eqcomma \quad \voigt {\tens {w}_{\subG }^{\rm h}} = \FFMatrixC \hatwG \eqcomma \quad \voigt {\tens {w}_{\subLambdaC }^{\rm h}} = \FFMatrixC \hatwLambdaC \eqcomma \quad \voigt {\tens {w}_{\subLambdaG }^{\rm h}} = \FFMatrixC \hatwLambdaG \eqdot \end {aligned} \label {Xeqn72-71}\end {equation}


$\left \lbrace J, \lambda \right \rbrace $


$\left \lbrace w_J, w_\lambda \right \rbrace $


$\FFJ ^I$


\begin {equation}J^{\rm h} = \sum _{I=1}^{\onode } \FFJ ^I\hat {J}^I = \FFMatrixJ \hatJ \eqcomma \label {Xeqn73-72}\end {equation}


\begin {equation}\begin {aligned} \hat {\vec {J}} &= \begin {bmatrix}\hat {J}^1 & \cdots & \hat {J}^{\onode }\end {bmatrix}\transp \in \mathbb {R}^{\onode }\eqcomma \\ \FFMatrixJ &= \begin {bmatrix}\FFJ ^1 & \cdots & \FFJ ^{\onode }\end {bmatrix}\in \mathbb {R}^{\onode } \end {aligned} \label {Xeqn74-73}\end {equation}


\begin {equation}\begin {aligned} w_J^{\rm h} = \FFMatrixJ \hatwJ ,\quad \lambda ^{\rm h} = \FFMatrixJ \hatlambda ,\quad w_\lambda ^{\rm h} = \FFMatrixJ \hatwlambda \eqdot \end {aligned} \label {Xeqn75-74}\end {equation}


$\storedEnergy $


\begin {equation}\mathcal {U} = \int _{\body _0}\storedEnergy (\tens {C},\tens {G},J)\,\rm {d} V\eqdot \label {Xeqn76-75}\end {equation}


$\tens {C}$


$\tens {G}$


$J$


\begin {equation}\label {eq:stored-energy-discrete} \mathcal {U}^{\rm h} := \int _{\body _0}\storedEnergy ^{\rm h}\,\rm {d} V = \int _{\body _0}\storedEnergy (\tens {C}^{\rm h},\tens {G}^{\rm h},J^{\rm h})\,\rm {d} V = \int _{\body _0}\storedEnergy (\FFC ^L\smash {\hat {\tens {C}}}^L,\FFC ^L\smash {\hat {\tens {G}}}^L,\FFJ ^I\hat {J}^I) \,\rm {d} V =: U\left (\hatC ,\hatG ,\hatJ \right )\eqcomma \end {equation}


$\storedEnergy $


\begin {equation}\begin {aligned} \frac {\rm {d}}{\rm {d} t}U &= \int _{\body _0}\partial _{\subC }\storedEnergy ^{\rm h}\!:\!\frac {\rm {d}}{\rm {d} t}\!\left (\FFC ^L\smash {\hat {\tens {C}}}^L\right ) + \partial _{\subG }\storedEnergy ^{\rm h}\!:\!\frac {\rm {d}}{\rm {d} t}\!\left (\FFC ^L\smash {\hat {\tens {G}}}^L\right ) + \partial _J\storedEnergy ^{\rm h}\frac {\rm {d}}{\rm {d} t}\!\left (\FFJ ^I\hat {J}^I\right )\,\rm {d} V\\ &= \hatdotC \transp \int _{\body _0}\!\FFMatrixC \transp \!\voigt {\partial _{\subC }\storedEnergy ^{\rm h}}\,\rm {d} V + \hatdotG \transp \int _{\body _0}\!\FFMatrixC \transp \!\voigt {\partial _{\subG }\storedEnergy ^{\rm h}}\,\rm {d} V + \dot {\hat {\vec {J}}}\transp \int _{\body _0}\!\FFMatrixJ \transp \partial _{J}\storedEnergy ^{\rm h}\,\rm {d} V\eqdot \end {aligned} \label {Xeqn78-77}\end {equation}


$U$


\begin {equation}\label {eq:defPartialDerivative} \begin {aligned} \partial _{\subhatC }U &= \int _{\body _0}\FFMatrixC \transp \voigt {\partial _{\subC }\storedEnergy ^{\rm h}}\,\rm {d} V\eqcomma \\ \partial _{\subhatG }U &= \int _{\body _0}\FFMatrixC \transp \voigt {\partial _{\subG }\storedEnergy ^{\rm h}}\,\rm {d} V\eqcomma \\ \partial _{\hat {J}}U &= \int _{\body _0}\FFMatrixJ \transp \partial _{J}\storedEnergy ^{\rm h}\,\rm {d} V\eqdot \end {aligned}\end {equation}


$\partial _{\subhatC }U$


$\partial _{\subhatG }U$


$\nicefrac {\partial U}{\partial \{\hat {\bm {\mathrm {C}}}\}_{\mathrm {V}}}$


$\nicefrac {\partial U}{\partial \{\hat {\bm {\mathrm {G}}}\}_{\mathrm {V}}}$


\begin {equation}\label {eq:weakform_space_discrete} \begin {aligned} & \int _{\body _0}\vec {w}^{\rm h}_\pi \cdot (\dot {\vec {\varphi }}^{\rm h}-\vec {v}^{\rm h})\,\rm {d} V = 0\\ &\int _{\body _0}\vec {w}_\varphi ^{\rm h}\cdot \rho _0\dot {\vec {v}}^{\rm h} + 2\sym (\tens {F}_{\subPhi ^{\rm h}}\transp \nabla \vec {w}_\varphi ^{\rm h})\!:\!\big (\tens {\Lambda }_{\subC }^{\rm h} + \tens {\Lambda }_{\subG }^{\rm h}\wedge \tens {C}_{\subPhi ^{\rm h}} + \frac {\lambda ^{\rm h}}{2J_{\subPhi ^{\rm h}}}\tens {G}_{\subPhi ^{\rm h}}\big )\,\rm {d} V = \int _{\body _0}\vec {w}_\varphi ^{\rm h}\cdot \left (\bar {\vec {g}}+\bar {\vec {b}}\right )\,\rm {d} V + \int _{\partial \body _0}\vec {w}_\varphi ^{\rm h}\cdot \bar {\vec {t}}\,\rm {d} A\\ &\int _{\body _0}\tens {w}_{\subC }^{\rm h}:\left [\tens {\Lambda }_{\subC }^{\rm h} - \partial _{\subC }\storedEnergy ^{\rm h}\right ] \,\rm {d} V = 0\\ &\int _{\body _0}\tens {w}_{\subG }^{\rm h}:\left [\tens {\Lambda }_{\subG }^{\rm h} - \partial _{\subG }\storedEnergy ^{\rm h}\right ] \,\rm {d} V = 0\\ &\int _{\body _0}w_J^{\rm h}\left [\lambda ^{\rm h} - \partial _J\storedEnergy ^{\rm h}\right ] \,\rm {d} V = 0\\ &\int _{\body _0}\tens {w}_{\subLambdaC }^{\rm h}:\left [\dot {\tens {C}}^{\rm h} - 2\,\sym (\tens {F}_{\subPhi ^{\rm h}}\transp \nabla \vec {v}^{\rm h})\right ] \,\rm {d} V = 0\\ &\int _{\body _0}\tens {w}_{\subLambdaG }^{\rm h}:\left [\dot {\tens {G}}^{\rm h} - 2 \tens {C}_{\subPhi ^{\rm h}}\wedge \sym (\tens {F}_{\subPhi ^{\rm h}}\transp \nabla \vec {v}^{\rm h})\right ] \,\rm {d} V = 0\\ &\int _{\body _0}w_{\lambda }^{\rm h}\left [\dot {J}^{\rm h} - J_{\subPhi ^{\rm h}}^{-1}\tens {G}_{\subPhi ^{\rm h}}:\sym (\tens {F}_{\subPhi ^{\rm h}}\transp \nabla \vec {v}^{\rm h})\right ] \,\rm {d} V = 0\eqdot \end {aligned}\end {equation}


\begin {equation}\label {eq:weakform_space_discrete2} \begin {aligned} \dot {\hatphi }-\hatv &=\vec {0}\\ \hatwphi \transp \left [\tens {M}_\varphi ^\rho \dot {\hatv } + \tens {\Phi }(\hatphi )\hatLambdaC + \tens {\Psi }(\hatphi )\hatLambdaG + \tens {\Xi }(\hatphi )\hatlambda - \vec {g} - \vec {b} - \vec {t} \right ]&=0\\ \hatwC \transp \left [\tens {M}_{\subC } \hatLambdaC - \partial _{\subhatC }U\right ] &= 0\\ \hatwG \transp \left [\tens {M}_{\subC } \hatLambdaG - \partial _{\subhatG }U\right ] &= 0\\ \hatwJ \transp \left [\tens {M}_J \hatlambda - \partial _{\hat {J}}U\right ] &= 0\\ \hatwLambdaC \transp \left [\tens {M}_{\subC }\hatdotC - \tens {\Phi }\transp (\hatphi )\hatv \right ] &= 0\\ \hatwLambdaG \transp \left [\tens {M}_{\subC }\hatdotG - \tens {\Psi }\transp (\hatphi )\hatv \right ] &= 0\\ \hatwlambda \transp \left [\tens {M}_J\dot {\hatJ } - \tens {\Xi }\transp (\hatphi )\hatv \right ] &= 0\eqdot \end {aligned}\end {equation}


$\left \lbrace \tens {M}_\varphi ^\rho , \tens {M}_{\subC }, \tens {M}_J\right \rbrace $


$\left \lbrace \tens {\Phi }(\hatphi ), \tens {\Psi }(\hatphi ), \tens {\Xi }(\hatphi ), \vec {g}, \vec {b}, \vec {t}\right \rbrace $


\begin {equation}\begin {aligned} \tens {M}_\varphi ^\rho &= \int _{\body _0} \rho _0\FFMatrixPhi \transp \FFMatrixPhi \,\rm {d} V\eqcomma \quad \tens {M}_{\subC } = \int _{\body _0} \FFMatrixC \transp \FFMatrixC \,\rm {d} V\eqcomma \quad \tens {M}_J = \int _{\body _0} \FFMatrixJ \transp \FFMatrixJ \,\rm {d} V\eqcomma \\ \tens {\Phi }(\hatphi ) &= \int _{\body _0} 2\mathbb {B}_{\subHatPhi }\transp \FFMatrixC \,\rm {d} V\eqcomma \quad \tens {\Psi }(\hatphi ) = \int _{\body _0} 2\mathbb {B}_{\subHatPhi }\transp \mathcal {D}(\tens {C}_{\subPhi ^{\rm h}})\FFMatrixC \,\rm {d} V\eqcomma \quad \tens {\Xi }(\hatphi ) = \int _{\body _0} \mathbb {B}_{\subHatPhi }\transp J_{\subPhi ^{\rm h}}^{-1}\voigt {\tens {G}_{\subPhi ^{\rm h}}}\FFMatrixJ \,\rm {d} V\eqcomma \\ \vec {g} &= \int _{\body _0} \FFMatrixPhi \transp \bar {\vec {g}}\,\rm {d} V\eqcomma \quad \vec {b} = \int _{\body _0} \FFMatrixPhi \transp {\bar {\vec {b}}}\,\rm {d} V\eqcomma \quad \vec {t} = \int _{\partial \body _0} \FFMatrixPhi \transp \bar {\vec {t}}\,\rm {d} A \eqdot \end {aligned} \label {Xeqn82-81}\end {equation}


$\mathbb {B}_{\subHatPhi }\in \mathbb {R}^{6\times 3\nnode }$


\begin {equation}\label {eq:nodalOperator} \sym (\tens {F}_{\subPhi ^{\rm h}}\transp \nabla \vec {w}_\varphi ^{\rm h}):\vec {A} = \voigt {\tens {A}}\transp \mathbb {B}_{\subHatPhi }\hatwphi \eqdot \end {equation}


$\mathcal {D}(\square )\in \mathbb {R}^{6\times 6}$


\begin {equation}\label {eq:VoigtTensorCrossProduct} \left (\tens {O}\wedge \tens {P}\right ):\tens {Q}=\voigt {\vec {O}}\transp \mathcal {D}(\tens {Q})\voigt {\vec {P}} \eqcomma \end {equation}


$\tens {O}$


$\tens {P}$


$\mathcal {D}(\square )$


$\hatLambdaC $


$\hatLambdaG $


$\hatlambda $


\begin {equation}\label {eq:weakform_space_discrete2-lambdas} \begin {aligned} \hatLambdaC &= \tens {M}_{\subC }^{-1}\partial _{\subhatC }U\eqcomma \\ \hatLambdaG &= \tens {M}_{\subC }^{-1}\partial _{\subhatG }U\eqcomma \\ \hatlambda &= \tens {M}_J^{-1}\partial _{\hat {J}}U \eqcomma \\ \end {aligned}\end {equation}


\begin {equation}\label {eq:spaceDiscretePHSystem} \begin {aligned} \dot {\hatphi } &= \hatv \\ \tens {M}_\varphi ^\rho \dot {\hatv } &= -\tens {\Phi }(\hatphi )\tens {M}_{\subC }^{-1}\partial _{\subhatC }U - \tens {\Psi }(\hatphi )\tens {M}_{\subC }^{-1}\partial _{\subhatG }U - \tens {\Xi }(\hatphi )\tens {M}_J^{-1}\partial _{\hat {J}}U + \vec {g} + \vec {b} + \vec {t} \\ \tens {M}_{\subC }\hatdotC &= \tens {\Phi }\transp (\hatphi )\hatv \\ \tens {M}_{\subC }\hatdotG &= \tens {\Psi }\transp (\hatphi )\hatv \\ \tens {M}_J\dot {\hatJ } &= \tens {\Xi }\transp (\hatphi )\hatv \eqdot \end {aligned}\end {equation}


$\hatdotC $


$\hatdotG $


$\dot {\hatJ }$


$\hatphi $


$\hatv $


$\vec {C}^{\rm h}$


$\vec {G}^{\rm h}$


$J^{\rm h}$


\begin {equation}\label {eq:discretepH} \begin {bmatrix} \tens {I}&0&0&0&0\\ 0&\tens {M}_\varphi ^\rho &0&0&0\\ 0&0&\tens {M}_{\subC }&0&0\\ 0&0&0&\tens {M}_{\subC }&0\\ 0&0&0&0&\tens {M_J} \end {bmatrix} \begin {bmatrix}\dot {\hatphi }\\\dot {\hatv }\\\hatdotC \\\hatdotG \\\dot {\hatJ }\end {bmatrix} = \begin {bmatrix} 0&\tens {I}&0&0&0\\ -\tens {I}&0&-\tens {\Phi }(\hatphi )&-\tens {\Psi }(\hatphi )&-\tens {\Xi }(\hatphi )\\ 0&\tens {\Phi }\transp (\hatphi )&0&0&0\\ 0&\tens {\Psi }\transp (\hatphi )&0&0&0\\ 0&\tens {\Xi }\transp (\hatphi )&0&0&0 \end {bmatrix} \begin {bmatrix} -\vec {g}\\\hatv \\\tens {M}_{\subC }^{-1}\partial _{\subhatC }U\\\tens {M}_{\subC }^{-1}\partial _{\subhatG }U\\ \tens {M}_J^{-1}\partial _{\hat {J}}U \end {bmatrix} + \begin {bmatrix} 0&0\\ \tens {I}&\tens {I}\\ 0&0\\ 0&0\\ 0&0 \end {bmatrix} \begin {bmatrix} \vec {b} \\ \vec {t} \end {bmatrix}\eqdot \end {equation}


\begin {equation}\label {eq:pH-discrete-1} \tens {E}\dot {\hat {\vec {x}}} = \tens {J}(\hatphi ){\vec {z}}(\hat {\vec {x}}) + \vec {B}\hat {\vec {u}}\eqcomma \end {equation}


\begin {equation}\label {eq:pH-discrete-2} \tens {E}\transp {\vec {z}}(\hat {\vec {x}}) = \nabla H(\hat {\vec {x}})\eqdot \end {equation}


$\tens {J}$


$H(\hat {\vec {x}})$


\begin {equation}\label {eq:Hamiltonian-discrete} H(\hat {\vec {x}}) := \mathcal {H}^{\rm h} = \int _{\body _0} \big ( \frac {1}{2}\rho _0 \vec {v}^{\rm h} \cdot \vec {v}^{\rm h} + \storedEnergy (\tens {C}^{\rm h},\tens {G}^{\rm h},J^{\rm h}) -\bar {\vec {g}}\cdot \vec {\varphi }^{\rm h} \big ) \,\rm {d} V = \frac {1}{2}\hatv ^T \tens {M}_\varphi ^\rho \hatv + U\left ( \hatC ,\hatG ,\hatJ \right ) - \hatphi ^T\vec {g} \eqcomma \end {equation}


$U$


\begin {equation}\label {eq:defPartialDerivative-H-discrete} \nabla H(\hat {\vec {x}}) = \begin {bmatrix} -\vec {g} \\ \tens {M}_\varphi ^\rho \hatv \\ \partial _{\subhatC }U \\ \partial _{\subhatG }U \\ \partial _{\hat {J}}U \end {bmatrix}\eqdot \end {equation}


$\partial _{\subhatC }U$


$\partial _{\subhatG }U$


$\partial _{\hat {J}}U$


\begin {equation}\frac {\rm {d}}{\rm {d} t}H(\hat {\vec {x}}) = \nabla H(\hat {\vec {x}})\cdot \dot {\hat {\vec {x}}} = \left (\tens {E}\transp {\vec {z}}(\hat {\vec {x}})\right )\cdot \dot {\hat {\vec {x}}} = {\vec {z}}(\hat {\vec {x}})\cdot \tens {E}\dot {\hat {\vec {x}}} = {\vec {z}}(\hat {\vec {x}})\cdot \left ( \tens {J}(\hatphi ){\vec {z}}(\hat {\vec {x}}) + \vec {B}\hat {\vec {u}} \right ) = {\vec {z}}(\hat {\vec {x}})\cdot \vec {B}\hat {\vec {u}} = \hat {\vec {y}}\cdot \hat {\vec {u}} \label {Xeqn92-91}\end {equation}


$\hat {\vec {y}} = \vec {B}\transp {\vec {z}}(\hat {\vec {x}})$


$\hat {\vec {u}}$


$\vec {C}$


$\vec {G}$


$J$


$\FFMatrixC =\vec {I}_6$


$\FFMatrixJ =1$


$\tens {M}_{\subC }=V_e\vec {I}_6$


$\tens {M}_J=V_e$


$V_e$


$\{\tens {C},\tens {G}, J\}$


\begin {equation}\label {eq:weakform_time_discrete_mixed_full} \begin {aligned} &\int _{\body _0}\vec {w}^{\rm h}_\pi \cdot \big (\frac {\vec {\varphi }^{\rm h}_{n+1}-\vec {\varphi }^{\rm h}_{n}}{\Delta t_n}-\vec {v}^{\rm h}_{n+\nicefrac {1}{2}}\big )\, \rm {d} V = 0\\ &\int _{\body _0}\vec {w}^{\rm h}_\varphi \cdot \rho _0\frac {\vec {v}^{\rm h}_{n+1}-\vec {v}^{\rm h}_{n}}{\Delta t_n} + 2\sym (\tens {F}_{\varphi ^{\rm h}_{n+\nicefrac {1}{2}}}\transp \nabla \vec {w}^{\rm h}_\varphi )\!:\!\big (\tens {\Lambda }_{\subC _{n+1}}^{\rm h} + \tens {\Lambda }_{\subG _{n+1}}^{\rm h}\wedge \tens {C}_{\varphi ^{\rm h}_{n+\nicefrac {1}{2}}} + \frac {\lambda ^{\rm h}}{2J_{\varphi ^{\rm h}_{n+\nicefrac {1}{2}}}}\tens {G}_{\varphi ^{\rm h}_{n+\nicefrac {1}{2}}}\big )\,\rm {d} V\\ &\quad = \int _{\body _0}\vec {w}^{\rm h}_\varphi \cdot \left (\bar {\vec {g}}_{n+\nicefrac {1}{2}}+\bar {\vec {b}}_{n+\nicefrac {1}{2}}\right )\,\rm {d} V + \int _{\partial \body _0}\vec {w}^{\rm h}_\varphi \cdot \bar {\vec {t}}_{n+\nicefrac {1}{2}}\,\rm {d} A\\ &\int _{\body _0}\tens {w}^{\rm h}_{\subC }:\big [\tens {\Lambda }_{\subC _{n+1}}^{\rm h} - {\rm D}_{\subC }\storedEnergy ^{\rm h}\big ] \,\rm {d} V = 0\\ &\int _{\body _0}\tens {w}^{\rm h}_{\subG }:\big [\tens {\Lambda }_{\subG _{n+1}}^{\rm h} - {\rm D}_{\subG }\storedEnergy ^{\rm h}\big ] \,\rm {d} V = 0\\ &\int _{\body _0}w^{\rm h}_J\big [\lambda ^{\rm h}_{n+1} - {\rm D}_J\storedEnergy ^{\rm h}\big ] \,\rm {d} V = 0\\ &\int _{\body _0}\tens {w}^{\rm h}_{\subLambdaC }:\big [\frac {\tens {C}^{\rm h}_{n+1}-\tens {C}^{\rm h}_{n}}{\Delta t_n} - 2\sym (\tens {F}_{\varphi ^{\rm h}_{n+\nicefrac {1}{2}}}\transp \nabla \vec {v}^{\rm h}_{n+\nicefrac {1}{2}})\big ] \,\rm {d} V = 0\\ &\int _{\body _0}\tens {w}^{\rm h}_{\subLambdaG }:\big [\frac {\tens {G}^{\rm h}_{n+1}-\tens {G}^{\rm h}_{n}}{\Delta t_n} - 2 \tens {C}_{\varphi ^{\rm h}_{n+\nicefrac {1}{2}}}\wedge \sym (\tens {F}_{\varphi ^{\rm h}_{n+\nicefrac {1}{2}}}\transp \nabla \vec {v}^{\rm h}_{n+\nicefrac {1}{2}})\big ] \,\rm {d} V = 0\\ &\int _{\body _0}w^{\rm h}_{\lambda }\big [\frac {J^{\rm h}_{n+1}-J^{\rm h}_{n}}{\Delta t_n} - (J_{\varphi ^{\rm h}_{n+\nicefrac {1}{2}}})^{-1}\tens {G}_{\varphi ^{\rm h}_{n+\nicefrac {1}{2}}}:\sym (\tens {F}_{\varphi ^{\rm h}_{n+\nicefrac {1}{2}}}\transp \nabla \vec {v}^{\rm h}_{n+\nicefrac {1}{2}})\big ] \,\rm {d} V = 0\eqdot \end {aligned}\end {equation}


${\rm D}_{\mathcal {V}^i}\storedEnergy ({\mathcal {V}}_n,{\mathcal {V}}_{n+1})$


$\mathcal {V}^i \in \left \lbrace \tens {C}^{\rm h},\tens {G}^{\rm h},J^{\rm h}\right \rbrace $


\begin {equation}\label {eq:pH-fully-discrete-1} \tens {E}\left ( \hat {\vec {x}}_{n+1} - \hat {\vec {x}}_{n} \right ) = \Delta t_n\left (\tens {J}(\hatphi _{n+\nicefrac {1}{2}})\bar {\vec {z}}(\hat {\vec {x}}_{n},\hat {\vec {x}}_{n+1}) + \vec {B}\hat {\vec {u}}_{n+\nicefrac {1}{2}}\right )\eqcomma \end {equation}


\begin {equation}\label {eq:pH-fully-discrete-2} \tens {E}\transp \bar {\vec {z}}(\hat {\vec {x}}_{n},\hat {\vec {x}}_{n+1}) = \bar {\nabla } H(\hat {\vec {x}}_{n},\hat {\vec {x}}_{n+1}) \eqdot \end {equation}


$\tens {E}$


$\tens {J}(\hatphi )$


$\vec {B}$


\begin {equation}\label {eq:defPartialDerivative-H-fully-discrete} \bar {\nabla } H(\hat {\vec {x}}_{n},\hat {\vec {x}}_{n+1}) = \begin {bmatrix} -\vec {g}_{n+\nicefrac {1}{2}} \\ \tens {M}_\varphi ^\rho \hatv _{n+\nicefrac {1}{2}} \\ {\rm D}_{\subhatC }U \\ {\rm D}_{\subhatG }U \\ {\rm D}_{\hat {J}}U \end {bmatrix}\eqcomma \end {equation}


\begin {equation}\label {eq:DD-discrete-stored-energy} \begin {aligned} {\rm D}_{\subhatC }U &= \int _{\body _0}\FFMatrixC \transp \voigt {{\rm D}_{\subC }\storedEnergy ^{\rm h}}\d V\eqcomma \\ {\rm D}_{\subhatG }U &= \int _{\body _0}\FFMatrixC \transp \voigt {{\rm D}_{\subG }\storedEnergy ^{\rm h}}\d V\eqcomma \\ {\rm D}_{\hat {J}}U &= \int _{\body _0}\FFMatrixJ {\rm D}_{J}\storedEnergy ^{\rm h}\rm {d} V\eqdot \end {aligned}\end {equation}


\begin {equation}\begin {aligned} H(\hat {\vec {x}}_{n+1}) - H(\hat {\vec {x}}_{n}) &= \bar {\nabla } H(\hat {\vec {x}}_{n},\hat {\vec {x}}_{n+1})\cdot \left ( \hat {\vec {x}}_{n+1} - \hat {\vec {x}}_{n} \right ) \\ &= \left ( \hat {\vec {x}}_{n+1} - \hat {\vec {x}}_{n} \right )\cdot \tens {E}\transp \bar {\vec {z}}(\hat {\vec {x}}_{n},\hat {\vec {x}}_{n+1}) \\ &= \bar {\vec {z}}(\hat {\vec {x}}_{n},\hat {\vec {x}}_{n+1})\cdot \tens {E}\left ( \hat {\vec {x}}_{n+1} - \hat {\vec {x}}_{n} \right ) \\ &= \Delta t_n\bar {\vec {z}}(\hat {\vec {x}}_{n},\hat {\vec {x}}_{n+1})\cdot \left (\tens {J}(\hatphi _{n+\nicefrac {1}{2}})\bar {\vec {z}}(\hat {\vec {x}}_{n},\hat {\vec {x}}_{n+1}) + \vec {B}\hat {\vec {u}}_{n+\nicefrac {1}{2}}\right ) \\ &= \Delta t_n\left (\vec {B}\transp \bar {\vec {z}}(\hat {\vec {x}}_{n},\hat {\vec {x}}_{n+1})\right )\cdot \hat {\vec {u}}_{n+\nicefrac {1}{2}} \\ &= \Delta t_n\hat {\vec {y}}_{n+\nicefrac {1}{2}}\cdot \hat {\vec {u}}_{n+\nicefrac {1}{2}}\eqcomma \end {aligned} \label {Xeqn98-97}\end {equation}


$\hat {\vec {y}}_{n+\nicefrac {1}{2}}=\vec {B}\transp \bar {\vec {z}}(\hat {\vec {x}}_{n},\hat {\vec {x}}_{n+1})$


$t_{n+\nicefrac {1}{2}}$


$\hatv _{n+1}$


$\hatphi _{n+1}$


\begin {equation}\label {eq:pH-fully-discrete} \begin {aligned} \hatphi _{n+1}-\hatphi _n &= \Delta t_n\hatv _{n+\nicefrac {1}{2}}\\ \frac {1}{\Delta t_n}\tens {M}_\varphi ^\rho \left (\hatv _{n+1}-\hatv _n\right ) &= -\tens {\Phi }(\hatphi _{n+\nicefrac {1}{2}})\tens {M}_{\subC }^{-1}{\rm D}_{\subhatC }U - \tens {\Psi }(\hatphi _{n+\nicefrac {1}{2}})\tens {M}_{\subC }^{-1}{\rm D}_{\subhatG }U - \tens {\Xi }(\hatphi _{n+\nicefrac {1}{2}})\tens {M}_J^{-1}{\rm D}_{\hat {J}}U + \vec {g}_{n+\nicefrac {1}{2}} + \vec {b}_{n+\nicefrac {1}{2}} + \vec {t}_{n+\nicefrac {1}{2}}\\ \frac {1}{\Delta t_n}\tens {M}_{\subC }\left (\hatCnEins -\hatCn \right ) &= \tens {\Phi }\transp (\hatphi _{n+\nicefrac {1}{2}})\hatv _{n+\nicefrac {1}{2}}\\ \frac {1}{\Delta t_n}\tens {M}_{\subC }\left (\hatGnEins -\hatGn \right ) &= \tens {\Psi }\transp (\hatphi _{n+\nicefrac {1}{2}})\hatv _{n+\nicefrac {1}{2}}\\ \frac {1}{\Delta t_n}\tens {M}_J\left (\hatJ _{n+1}-\hatJ _n\right ) &= \tens {\Xi }\transp (\hatphi _{n+\nicefrac {1}{2}})\hatv _{n+\nicefrac {1}{2}} \end {aligned}\end {equation}


\begin {equation}\label {eq:residual-element} \begin {aligned} \vec {R}(\hatphi _{n+1})&:= \frac {2}{\Delta t_n}\tens {M}_\varphi ^\rho \left (\hatphi _{n+1}-\hatphi _n\right ) - 2\tens {M}_\varphi ^\rho \hatv _n + \Delta t_n\tens {\Phi }(\hatphi _{n+\nicefrac {1}{2}})\tens {M}_{\subC }^{-1}{\rm D}_{\subhatC }U \\ &\qquad + \Delta t_n\left (\tens {\Psi }(\hatphi _{n+\nicefrac {1}{2}})\tens {M}_{\subC }^{-1}{\rm D}_{\subhatG }U + \tens {\Xi }(\hatphi _{n+\nicefrac {1}{2}})\tens {M}_J^{-1}{\rm D}_{\hat {J}}U - \vec {g}_{n+\nicefrac {1}{2}} - \vec {b}_{n+\nicefrac {1}{2}} - \vec {t}_{n+\nicefrac {1}{2}} \right )\eqcomma \end {aligned}\end {equation}


${\rm D}_{\subhatC }U$


${\rm D}_{\subhatG }U$


${\rm D}_{\hat {J}}U$


\begin {equation}\label {eq:statCondStrains} \begin {aligned} \hatCnEins &= \hatCn + \Delta t_n \tens {M}_{\subC }^{-1}\tens {\Phi }\transp (\hatphi _{n+\nicefrac {1}{2}})\hatv _{n+\nicefrac {1}{2}}\\ \hatGnEins &= \hatGn + \Delta t_n \tens {M}_{\subC }^{-1}\tens {\Psi }\transp (\hatphi _{n+\nicefrac {1}{2}})\hatv _{n+\nicefrac {1}{2}}\\ \hatJ _{n+1} &= \hatJ _n + \Delta t_n \tens {M}_J^{-1}\tens {\Xi }\transp (\hatphi _{n+\nicefrac {1}{2}})\hatv _{n+\nicefrac {1}{2}} \eqdot \end {aligned}\end {equation}


$\hatv _{n+\nicefrac {1}{2}} = \nicefrac {(\hat {\bm {\varphi }}_{n+1}-\hat {\bm {\varphi }}_n)}{\Delta t_n}$


\begin {equation}\begin {aligned} \voigt {\tens {C}_{n+1}^{\rm h}} &=\vec {M}\hatCnEins \eqcomma \\ \voigt {\tens {G}_{n+1}^{\rm h}} &=\vec {M}\hatGnEins \eqcomma \\ J^{\rm h}_{n+1} &=\bar {\vec {M}}\hatJ _{n+1} \end {aligned} \label {Xeqn102-101}\end {equation}


${\rm D}_{\subhatC }U$


${\rm D}_{\subhatG }U$


${\rm D}_{\hat {J}}U$


$\hatCn $


$\hatGn $


$\hatJ _n$


$t_{n+1}$


$\{\tens {G}, J\}$


$\tens {G}$


$J$


$\tens {w}_{\subC }$


\begin {equation}\tens {w}_{\subC } = -2\sym (\tens {F}_{\subPhiNEinsZwei }\transp \nabla \vec {w}_\varphi ) \label {Xeqn103-102}\end {equation}


$\vec {w}_\varphi \in \mathcal {V}_\varphi ^0$


$\tens {w}_{\subLambdaC }\in \mathcal {V}_C$


$\tens {C}_{n+1}$


\begin {equation}\label {eq:upate-formula-C} \tens {C}_{n+1} = \tens {C}_{n} + \Delta t_n 2\sym (\tens {F}_{\subPhiNEinsZwei }\transp \nabla \vec {v}_{n+\nicefrac {1}{2}})\eqdot \end {equation}


$\tens {C}_{n} = \tens {C}_{\varphi ^{\rm {h}}_{n}}$


$\tens {C}_{n+1} = \tens {C}_{\varphi ^{\rm {h}}_{n+1}}$


\begin {equation}\label {eq:weakform_time_discrete_mixed_reduced} \begin {aligned} &\int _{\body _0}\vec {w}^{\rm h}_\pi \cdot \big (\frac {\vec {\varphi }^{\rm h}_{n+1}-\vec {\varphi }^{\rm h}_{n}}{\Delta t_n}-\vec {v}^{\rm h}_{n+\nicefrac {1}{2}}\big )\,\rm {d} V = 0\\ &\int _{\body _0}\vec {w}^{\rm h}_\varphi \cdot \rho _0\frac {\vec {v}^{\rm h}_{n+1}-\vec {v}^{\rm h}_{n}}{\Delta t_n} + 2\sym (\tens {F}_{\varphi ^{\rm h}_{n+\nicefrac {1}{2}}}\transp \nabla \vec {w}^{\rm h}_\varphi ):\big ({\rm D}_{\subC }\storedEnergy ^{\rm h} + \tens {\Lambda }_{\subG _{n+1}}^{\rm h}\wedge \tens {C}_{\varphi ^{\rm h}_{n+\nicefrac {1}{2}}} + \frac {\lambda _{n+1}^{\rm h}}{2J_{\varphi ^{\rm h}_{n+\nicefrac {1}{2}}}}\tens {G}_{\varphi ^{\rm h}_{n+\nicefrac {1}{2}}}\big )\,\rm {d} V\\ &\quad = \int _{\body _0}\vec {w}^{\rm h}_\varphi \cdot \left (\bar {\vec {g}}_{n+\nicefrac {1}{2}}+\bar {\vec {b}}_{n+\nicefrac {1}{2}}\right )\,\rm {d} V + \int _{\partial \body _0}\vec {w}^{\rm h}_\varphi \cdot \bar {\vec {t}}_{n+\nicefrac {1}{2}}\,\rm {d} A\\ &\int _{\body _0}\tens {w}^{\rm h}_{\subG }:\left [\tens {\Lambda }_{\subG _{n+1}}^{\rm h} - {\rm D}_{\subG }\storedEnergy ^{\rm h}\right ] \,\rm {d} V = 0\\ &\int _{\body _0}w^{\rm h}_J\left [\lambda ^{\rm h}_{n+1} - {\rm D}_J\storedEnergy ^{\rm h}\right ] \,\rm {d} V = 0\\ &\int _{\body _0}\tens {w}^{\rm h}_{\subLambdaG }:\big [\frac {\tens {G}^{\rm h}_{n+1}-\tens {G}^{\rm h}_{n}}{\Delta t_n} - 2 \tens {C}_{\varphi ^{\rm h}_{n+\nicefrac {1}{2}}}\wedge \sym (\tens {F}_{\varphi ^{\rm h}_{n+\nicefrac {1}{2}}}\transp \nabla \vec {v}^{\rm h}_{n+\nicefrac {1}{2}})\big ] \,\rm {d} V = 0\\ &\int _{\body _0}w^{\rm h}_{\lambda }\big [\frac {J^{\rm h}_{n+1}-J^{\rm h}_{n}}{\Delta t_n} - (J_{\varphi ^{\rm h}_{n+\nicefrac {1}{2}}})^{-1}\tens {G}_{\varphi ^{\rm h}_{n+\nicefrac {1}{2}}}:\sym (\tens {F}_{\varphi ^{\rm h}_{n+\nicefrac {1}{2}}}\transp \nabla \vec {v}^{\rm h}_{n+\nicefrac {1}{2}})\big ] \,\rm {d} V = 0 \end {aligned}\end {equation}


\begin {equation}\label {eq:updateC} \tens {C}_{n+1} = \tens {C}_{\varphi ^{\rm h}_{n+1}} \quad \text {and}\quad \tens {C}_{n} = \tens {C}_{\varphi ^{\rm h}_{n}}\eqdot \end {equation}


$\tens {w}_{\subC }$


$\tens {w}_{\subG }$


$w_J$


\begin {equation}\label {eq:test-functions-reduction-DISP} \begin {aligned} \tens {w}_{\subC } &= -2\sym (\tens {F}_{\subPhiNEinsZwei }\transp \nabla \vec {w}_\varphi ) \\ \tens {w}_{\subG } &= -2\sym (\tens {F}_{\subPhiNEinsZwei }\transp \nabla \vec {w}_\varphi )\wedge \tens {C}_{\subPhiNEinsZwei } \\ w_J &= -J_{\subPhiNEinsZwei }^{-1}\sym (\tens {F}_{\subPhiNEinsZwei }\transp \nabla \vec {w}_\varphi ):\tens {G}_{\subPhiNEinsZwei } \end {aligned}\end {equation}


$\vec {w}_\varphi \in \mathcal {V}_\varphi ^0$


$\tens {w}_{\subLambdaC },\tens {w}_{\subLambdaG }\in \mathcal {V}_C$


$w_\lambda \in \mathcal {V}_J$


$\tens {C}_{n+1}$


$\tens {G}_{n+1}$


$J_{n+1}$


\begin {equation}\label {eq:upate_formulas_discrete_DISP} \begin {aligned} \tens {C}_{n+1} &= \tens {C}_{\varphi ^{\rm h}_{n+1}} \\ \tens {G}_{n+1} &= \tens {G}_{n} + 2\Delta t_n\tens {C}_{\varphi ^{\rm h}_{n+\nicefrac {1}{2}}}\wedge \sym (\tens {F}_{\varphi ^{\rm h}_{n+\nicefrac {1}{2}}}\transp \nabla \vec {v}^{\rm h}_{n+\nicefrac {1}{2}}) \\ J_{n+1} &= J_{n} + \frac {\Delta t_n}{J_{\varphi ^{\rm h}_{n+\nicefrac {1}{2}}}}\tens {G}_{\varphi ^{\rm h}_{n+\nicefrac {1}{2}}}:\sym (\tens {F}_{\varphi ^{\rm h}_{n+\nicefrac {1}{2}}}\transp \nabla \vec {v}^{\rm h}_{n+\nicefrac {1}{2}})\eqdot \end {aligned}\end {equation}


$_1$


\begin {equation}\label {eq:weakform_time_discrete_DISP} \begin {aligned} &\int _{\body _0}\vec {w}^{\rm h}_\pi \cdot \big (\frac {\vec {\varphi }^{\rm h}_{n+1}-\vec {\varphi }^{\rm h}_{n}}{\Delta t_n}-\vec {v}^{\rm h}_{n+\nicefrac {1}{2}}\big )\,\rm {d} V = 0\\ &\int _{\body _0}\vec {w}^{\rm h}_\varphi \cdot \rho _0\frac {\vec {v}^{\rm h}_{n+1}-\vec {v}^{\rm h}_{n}}{\Delta t_n} +\sym (\tens {F}_{\varphi ^{\rm h}_{n+\nicefrac {1}{2}}}\transp \nabla \vec {w}^{\rm h}_\varphi ):\tens {S}_{\mathrm {A}} \,\rm {d} V = \int _{\body _0}\vec {w}^{\rm h}_\varphi \cdot \left (\bar {\vec {g}}_{n+\nicefrac {1}{2}}+\bar {\vec {b}}_{n+\nicefrac {1}{2}}\right )\,\rm {d} V + \int _{\partial \body _0}\vec {w}^{\rm h}_\varphi \cdot \bar {\vec {t}}_{n+\nicefrac {1}{2}}\,\rm {d} A \end {aligned}\end {equation}
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thermoelasticity [15]. It is important to note that the typical use of energy variables in the pH approach inherently gives rise to mixed 
finite element formulations.

Interestingly, the field of nonlinear elastodynamics has been addressed only very recently within the pH framework. The pH 
structure of the so-called velocity-stress formulation proposed in [16] led to the design of a linear implicit energy-consistent time-
stepping scheme. Similarly, the linearly implicit energy-momentum (EM) scheme developed in [17] is based on a mixed finite element 
description relying on the approximation of the displacement, velocity and stress fields. Both works [16,17] are closely related to the 
Hellinger-Reissner variational formulation and restricted to the St. Venant-Kirchhoff material. The pH formulation proposed in [18] 
is based on the approximation of displacement, linear momentum density, and Green-Lagrangian strain fields and takes into account 
general hyperelastic constitutive laws. While the semi-discrete equations of motion in [18] retain the pH structure, the Störmer-Verlet 
scheme or the midpoint rule are used in the temporal discretization, thus generally compromising the balance law for energy in the 
discrete model.

The above summarized developments in the framework of the pH formulation complement earlier works on the design of EM 
schemes for nonlinear elastodynamics. In fact, the quest for numerically stable time-stepping schemes led to the first EM scheme 
for non-linear elastodynamics proposed in the pioneering work [19]. This method has been developed in the framework of purely 
displacement-based finite elements and relies on a modification of the implicit midpoint rule on the constitutive level. This modi-
fication was then generalized for arbitrary hyperelastic materials applying the notion of discrete derivative in [20]. In essence, the 
application of discrete derivatives at the constitutive level yields specific stress formulas that are a prominent feature of EM methods 
[21]. It should be noted that EM schemes can also be designed by applying Galerkin methods in time [22]. In particular, higher-order 
EM schemes have been devised in [23]. EM schemes have also been developed in the framework of mixed finite elements resulting 
from a polyconvex representation of hyperelastic materials [24].

In the present work, we propose a new pH-based avenue for the design of EM schemes for finite-deformation elastodynamics. 
Similarly to [24], we start from a polyconvex representation of hyperelastic materials. The proposed pH-based approach makes it 
possible to accommodate alternative mixed finite element formulations, leading to related EM methods. In this way, previously devel-
oped mixed finite elements which have been shown to perform well in finite-deformation problems, including quasi-imcompressible 
material behavior, can be extended to the dynamic regime. This will be shown by incorporating the family of mixed finite elements 
developed in [25,26] into the present approach.

The outline of the rest of the paper is as follows. Section 2 provides a mixed variational principle for finite strain elastodynamics, 
from which the continuous pH formulation will be derived. The corresponding weak form of the fully mixed formulation provides 
the starting point for the energy-momentum consistent temporal discretization, as discussed in Section 3. Section 4 shows that the 
spatial discretization of the fully mixed weak form yields semidiscrete equations of motion which fit into the framework of discrete 
pH systems. Starting from the time-discrete weak form of the underlying fully mixed description, alternative spatial discretizations are 
incorporated in Section 5, leading to corresponding EM schemes. Numerical investigations are presented in Section 6 and conclusions 
are drawn in Section 7.

2.  Port-Hamiltonian formulation of nonlinear elastodynamics

This section introduces the theoretical framework underlying the proposed pH formulation of nonlinear elastodynamics. We begin 
by reviewing the fundamentals of continuum mechanics and the tensor cross product. A polyconvex energy density function is intro-
duced afterwards, and a variational principle is used to derive the strong form of the governing equations. The local field equations 
are reformulated in port-Hamiltonian form, and alternative reduced-order pH formulations are briefly discussed. We proceed with 
the derivation of the weak form and conclude by verifying the balance laws for energy and angular momentum.

2.1.  Quantities of continuum mechanics and tensor cross product

We consider a deformable body in the reference configuration Ω0 ⊂ ℝ3, depicted in Fig. 1, which can be described by material 
points 𝗫 ∈ ℝ3. The mapping 𝘅(𝑡) = 𝛗(𝗫, 𝑡) maps points 𝗫 to their corresponding points 𝘅 = 𝘅(𝑡) ∈ ℝ3 of the body in the spatial config-
uration Ω at time 𝑡, i.e. Ω(𝑡) = 𝛗(Ω0, 𝑡) ⊂ ℝ3 for a time 𝑡 ∈  =

[

𝑡0, 𝑡𝑁
]

, where  is the time interval of interest. The boundary of the 
domain 𝜕Ω0 is disjointly decomposed into the Dirichlet boundary 𝜕𝜑Ω0 with prescribed placements 𝛗̄(𝑡), and the Neumann boundary 
𝜕𝜎Ω0 with prescribed tractions ̄𝐭 = 𝐭(𝑡). In addition, there are prescribed body forces 𝐠̄ = 𝐠̄(𝑡) ∈ ℝ3 and distributed body control forces 
𝐛̄ = 𝐛̄(𝑡) ∈ ℝ3 acting on the body.

To map material line elements d𝗫 to their spatial counterparts d𝘅, we introduce the deformation gradient 𝐅𝜑, a second-order 
tensor given by

d𝘅 = 𝐅𝜑d𝗫 , 𝐅𝜑 = ∇𝛗(𝗫, 𝑡) , (1)

where ∇ denotes the gradient with respect to the material coordinates. Note that the notation 𝐅𝜑 explicitly indicates that the defor-
mation gradient depends on the deformation map. This notation is used in the sequel to distinguish deformation-dependent quantities 
from associated quantities of the mixed formulation.
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Ω0

𝜕𝜑Ω0

𝜕𝜎Ω0

𝐭̄(𝑡)

Ω(𝑡)

𝜕𝜑Ω(𝑡)

𝜕𝜎Ω(𝑡)
𝐛̄(𝑡)

𝐠̄(𝑡)

𝗫
𝘅(𝑡) = 𝛗(𝗫, 𝑡)

𝐞𝑖

𝐅𝜑

Fig. 1. Configuration and kinematics of a deformable body Ω

In this paper, we use the so-called tensor cross product1 between two second-order tensors 𝐀,𝐁 ∈ ℝ3×3 given by
(𝐀 ×× 𝐁)𝑖𝑗 = 𝜖𝑖𝛼𝛽𝜖𝑗𝑎𝑏𝐴𝛼𝑎𝐵𝛽𝑏 , (2)

where repeated indices 𝑎, 𝑏, 𝛼, 𝛽, 𝑖, 𝑗 ∈ {1, 2, 3} imply summation according to Einstein’s convention and 𝜖𝑖𝑗𝑘 denotes the third-order 
permutation tensor. The tensor cross product can be used to rewrite the cofactor and the determinant of a second-order tensor 𝐀 as

cof(𝐀) = 1
2
𝐀 ×× 𝐀 ,

det(𝐀) = 1
6
(𝐀 ×× 𝐀) ∶ 𝐀 .

(3)

This reformulation allows for some straightforward calculations due to suitable properties of the tensor cross product, given by
𝐀 ×× 𝐁 = 𝐁 ×× 𝐀

𝐀 ×× (𝐁 + 𝐂) = 𝐀 ×× 𝐁 + 𝐀 ×× 𝐂
(𝐀 ×× 𝐁) ∶ 𝐂 = (𝐀 ×× 𝐂) ∶ 𝐁 = (𝐁 ×× 𝐂) ∶ 𝐀 .

(4)

In addition to the deformation gradient 𝐅𝜑, further kinematic measures can be introduced. These include the right Cauchy-Green 
deformation tensor, defined as

𝐂𝜑 = 𝐅T
𝜑𝐅𝜑 , (5)

as well as its cofactor,

𝐆𝜑 = cof(𝐂𝜑) =
1
2
𝐂𝜑 ×× 𝐂𝜑 , (6)

and the determinant of the deformation gradient,

𝐽𝜑 = det(𝐅𝜑) =
1
6
(

𝐅𝜑 ×× 𝐅𝜑
)

∶ 𝐅𝜑 =
√

det(𝐂𝜑) . (7)

The latter two expressions have been reformulated in terms of the tensor cross product to facilitate its efficient numerical implemen-
tation.

2.2.  Polyconvex energy density function and equations of motion

Polyconvexity is a widely accepted notion for hyperelastic materials in the large-deformation regime. Consequently, we assume 
that the material behavior under consideration can be described by a polyconvex energy density function

𝑊 = 𝑊 (𝐅𝜑) = ̃
(

𝐅𝜑, cof(𝐅𝜑), det(𝐅𝜑)
) , (8)

where ̃ is constructed to be convex with respect to its arguments. To obtain an objective representation, 𝑊  is re-expressed as
𝑊 = ̂(𝐂𝜑) = ̃

(

𝐂𝜑,𝐆𝜑, 𝐽𝜑
)

(9)

with the kinematic measures 𝐂𝜑, 𝐆𝜑 and 𝐽𝜑 defined in (6) and (7).

1 The tensor cross product can be found in [27] and its advantageous use has been more recently advocated in [28].
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To derive the governing equations for the motion of an elastic body, we employ a Hu-Washizu-type extension of Livens’ principle 
based on the variational functional, defined as

 = ∫

𝑡𝑁

𝑡0
∫Ω0

[ 1
2
𝜌0𝐯 ⋅ 𝐯 − ̃(𝐂,𝐆, 𝐽 ) + 𝛑 ⋅ (𝛗̇ − 𝐯) − 𝚲𝐂 ∶

(

𝐂𝜑 − 𝐂
)

− 𝚲𝐆 ∶
(

𝐆𝜑 −𝐆
)

− 𝜆
(

𝐽𝜑 − 𝐽
)

]

dVdt

+∫

𝑡𝑁

𝑡0

[

∫Ω0

(𝐠̄ + 𝐛̄) ⋅ 𝛗 dV + ∫∂σΩ0

𝐭 ⋅ 𝛗 dA

]

dt ,
(10)

where 𝜌0 = 𝜌0(𝗫) is the mass density in reference configuration. Here, the displacement field 𝛗 ∈ 𝜑 is sought in the function space
𝜑 =

{

𝛗 ∶ Ω0 → ℝ3
|𝜑𝑖 ∈ 𝐻1(Ω0) ∧ 𝛗 = 𝛗̄ on 𝜕𝜑Ω0

} , (11)

where 𝐻1(Ω0) is the Sobolev space. Similarly, the velocity field 𝐯 ∈ 𝑣, where the function space 𝑣 is defined as
𝑣 =

{

𝐯 ∶ Ω0 → ℝ3
| 𝑣𝑖 ∈ 𝐿2(Ω0)

} , (12)

where 𝐿2(Ω0) is the space of square-integrable functions on Ω0. The kinematic variables 𝐂 ∈ 𝐶 , 𝐆 ∈ 𝐺 and 𝐽 ∈ 𝐽  are introduced 
as independent fields representing the right Cauchy-Green tensor, its cofactor, and the determinant of the deformation gradient, 
respectively. Their equivalence with deformation-dependent measures 𝐂𝜑, 𝐆𝜑, and 𝐽𝜑 is enforced via the tensor-valued Lagrange 
multipliers 𝚲𝐂 ∈ 𝐶 , 𝚲𝐆 ∈ 𝐺 and the scalar-valued Lagrange multiplier 𝜆 ∈ 𝐽 . The function spaces of the mixed variables and their 
Lagrange multipliers are defined as

𝐶 = 𝐺 =
{

𝐀 ∶ Ω0 → 𝕊 |𝐴𝑖𝑗 ∈ 𝐿2(Ω0)
} ,

𝐽 =
{

𝐽 ∶ Ω0 → ℝ+⧵{0} | 𝐽 ∈ 𝐿2(Ω0)
} ,

(13)

where 𝕊 is the space of symmetric 3 × 3 matrices. Note that in the functional , the velocity field 𝐯 ∈ 𝑣 is introduced as an independent 
field that is linked to the time derivative of the deformation field 𝛗̇ through the vector-valued Lagrange multiplier 𝛑 ∈ 𝑣.

Imposing the stationarity of the functional  yields the associated Euler-Lagrange equations. Accordingly, we obtain 𝛑 = 𝜌0𝐯, such 
that the multiplier 𝛑 corresponds to the linear momentum density. In addition to that, the remaining stationary conditions read

𝛗̇ = 𝐯
𝜌0 𝐯̇ = Div(𝐅𝜑𝐒) + 𝐠̄ + 𝐛̄
𝚲𝐂 = 𝜕𝐂̃(𝐂,𝐆, 𝐽 )

𝚲𝐆 = 𝜕𝐆̃(𝐂,𝐆, 𝐽 )

𝜆 = 𝜕𝐽 ̃(𝐂,𝐆, 𝐽 )

𝐂 = 𝐂𝜑

𝐆 = 𝐆𝜑

𝐽 = 𝐽𝜑

⎫

⎪

⎪

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎪

⎪

⎭

inΩ0 ×  , (14)

where the second Piola-Kirchhoff stress tensor is given by

𝐒 = 2𝚲𝐂 + 2𝚲𝐆 ×× 𝐂𝜑 + 𝜆
𝐽𝜑

𝐆𝜑 . (15)

Note that in (14), the velocity field has been preferred over the linear momentum density field, since in the discretization process we 
prefer to use the velocity field.

In addition to the local field equations (14), the stationarity of functional  implies the boundary condition
𝐅𝜑𝐒𝐍 = 𝐭 on 𝜕𝜎Ω0 , (16)

where 𝐍 denotes the unit outward normal vector on the boundary 𝜕𝜎Ω0. Note that during the imposition of the stationarity of 
functional , the usual end point conditions on the deformation field at times 𝑡0 and 𝑡𝑁  have been taken into account for all 𝗫 ∈ Ω0.

Remark 1. Functional  in (10) can be viewed as a combination of Livens’ variational principle (see [29]) and the Hu-Washizu 
principle (see the ‘generalized principle’ in [30]) adapted to polyconvex elasticity. In addition to the Lagrange multipliers 𝛑 and 
{𝚲𝐂,𝚲𝐆, 𝜆}, another vector-valued Lagrange multiplier could be used to enforce Dirichlet boundary conditions 𝛗 = 𝛗̄ on 𝜕𝜑Ω0 (cf. 
[30]). This contrasts to our present approach, in which the Dirichlet boundary conditions are taken into account by choosing 𝛗 ∈ 𝜑. 

2.3.  Port-Hamiltonian form of the local field equations

Next, we bring the local field equations into port-Hamiltonian form. To identify the energy variables relevant for the port-
Hamiltonian formulation, we introduce the total energy of the elastic body, also called the Hamiltonian functional. Accordingly, 
we define

(𝐱) = ∫Ω0

(1
2
𝜌0𝐯 ⋅ 𝐯 + ̃(𝐂,𝐆, 𝐽 ) − 𝐠̄ ⋅ 𝛗

)

dV . (17)
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Note that the potential of body forces 𝐠̄ has been included in the Hamiltonian, while external tractions 𝐭 acting on the boundary of 
the elastic body, as well as distributed control body forces 𝐛̄ are treated as inputs in the port-Hamiltonian formulation. The specific 
form of (17) gives rise to the energy variables

𝐱 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝛗
𝐯
𝐂
𝐆
𝐽

⎤

⎥

⎥

⎥

⎥

⎥

⎦

 . (18)

Now, the functional derivative of the Hamiltonian can be written as

𝛿𝐱(𝐱) =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

−𝐠̄
𝜌0𝐯
𝜕𝐂̃
𝜕𝐆̃
𝜕𝐽 ̃

⎤

⎥

⎥

⎥

⎥

⎥

⎦

 . (19)

The goal is now to bring the local field equations of the present problem into pH form, which is given by
 𝐱̇ =  (𝐱)𝐳(𝐱) + 𝐮 ,
𝐲 = ∗𝐳(𝐱) ,

(20)

where

T𝐳(𝐱) = 𝛿𝐱(𝐱) (21)

(see [31,32]). In particular, we need to identify the differential operator  (𝐱) along with matrix  from the local field equations. Note 
that  is a differential operator that can account for distributed controls 𝐮 acting on the system. The collocated and power-conjugated 
outputs 𝐲 are defined in the second equation of (20), where ∗ denotes the adjoint of . The vector-valued function 𝐳(𝐱) is defined 
in equation (21) in terms of the variational derivative of the Hamiltonian. We first rewrite the local field equations (14) as

𝛗̇ = 𝐯
𝜌0 𝐯̇ = Div(𝐅𝜑𝐒) + 𝐠̄ + 𝐛̄
𝚲𝐂 = 𝜕𝐂̃(𝐂,𝐆, 𝐽 )

𝚲𝐆 = 𝜕𝐆̃(𝐂,𝐆, 𝐽 )

𝜆 = 𝜕𝐽 ̃(𝐂,𝐆, 𝐽 )

𝐂̇ = d
dt𝐂𝜑 = 2 sym(𝐅T

𝜑∇𝐯)
𝐆̇ = d

dt𝐆𝜑 = 2𝐂𝜑 ×× sym(𝐅T
𝜑∇𝐯)

𝐽̇ = d
dt 𝐽𝜑 = 𝐽−1

𝜑 𝐆𝜑 ∶ sym(𝐅T
𝜑∇𝐯)

⎫

⎪

⎪

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎪

⎪

⎭

inΩ0 ×  , (22)

Note that the second Piola-Kirchhoff stress tensor 𝐒 has been defined in (15) and thus follows from the constitutive relations for 
the Lagrange multipliers {𝚲𝐂,𝚲𝐆, 𝜆

} in (22). The last three equations in (22) comprise the kinematic relationships in rate form, as 
required by the pH form (20). It is now straightforward to put (22) in pH form (20) by substituting the expressions for the Lagrange 
multipliers from (22) into (15). Consequently, we arrive at the differential operator  (𝐱) given by the expression

 (𝐱)=

⎡

⎢

⎢

⎢

⎢

⎢

⎣

0 𝐼 0 0 0
−𝐼 0 Div(2𝐅𝜑□) Div(2𝐅𝜑𝐂𝜑 ××□) Div(𝐽−1

𝜑 𝐅𝜑𝐆𝜑□)
0 2 sym(𝐅T

𝜑∇(□)) 0 0 0
0 2𝐂𝜑 ×× sym(𝐅T

𝜑∇(□)) 0 0 0
0 𝐽−1

𝜑 𝐆𝜑 ∶ sym(𝐅T
𝜑∇(□)) 0 0 0

⎤

⎥

⎥

⎥

⎥

⎥

⎦

 , (23)

together with matrices  and , which assume the form

 = T =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝐼 0 0 0 0
0 𝜌0𝐼 0 0 0
0 0 𝐼 0 0
0 0 0 𝐼 0
0 0 0 0 𝐼

⎤

⎥

⎥

⎥

⎥

⎥

⎦

and  =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

0 0 0 0 0
0 𝐼 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

⎤

⎥

⎥

⎥

⎥

⎥

⎦

 . (24)

In (23) and (24), 𝐼 denotes the identity operator. The vector of distributed controls 𝐮 in (20) contains the distributed control body 
forces 𝐛̄.

Note that the differential operator  (𝐱) is formally skew-adjoint, i.e.,  (𝐱) = − (𝐱)∗. This property is reflected in the power 
balance as can be seen below. Taking the time derivative of the Hamiltonian yields

̇(𝐱) = ⟨𝛿𝐱(𝐱), 𝐱̇⟩ , (25)
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where the brackets represent the duality pairing. Using (20), we obtain
̇(𝐱) =

⟨

T𝐳(𝐱), 𝐱̇
⟩

= ⟨𝐳(𝐱),  𝐱̇⟩
= ⟨𝐳(𝐱), (𝐱)𝐳(𝐱)⟩ + ⟨𝐳(𝐱),𝐮⟩ .

(26)

Now, after a straightforward calculation, the first term on the right-hand side of the last equation yields
⟨𝐳(𝐱), (𝐱)𝐳(𝐱)⟩ =

⟨

𝐯,Div(𝐅𝜑𝐒)
⟩

+
⟨

∇𝐯,𝐅𝜑𝐒
⟩

= ∫𝜕𝜎Ω0

𝐭 ⋅ 𝐯 dA , (27)

where Green’s theorem along with the Neumann boundary condition have been used. Furthermore, the second term on the right-hand 
side of (26) leads to

⟨𝐳(𝐱),𝐮⟩ = ⟨∗𝐳(𝐱),𝐮⟩ = ⟨𝐲,𝐮⟩ . (28)

Thus, the resulting power balance takes the form

̇(𝐱) = ∫𝜕𝜎Ω0

𝐭 ⋅ 𝐯 dA + ⟨𝐲,𝐮⟩ . (29)

Note that the contribution to the power balance of the potential body forces 𝐠̄ emanates from the Hamiltonian on the left-hand side 
of the last equation.

2.4.  Weak form

In the following, we introduce the weak form associated with the pH formulation of the local field equations dealt with in 
Section 2.3. We therefore start with the set of equations given in (22). Multiplying these equations by admissible test functions 
{

𝐰𝜋 ,𝐰𝜑
}

, 
{

𝐰𝚲𝐂
,𝐰𝚲𝐆

, 𝑤𝜆

}

 and {𝐰𝐂,𝐰𝐆, 𝑤𝐽
}

, subsequently integrating over body Ω0 and performing an integration by parts yields 
the weak form

∫Ω0

𝐰𝜋 ⋅ (𝛗̇ − 𝐯) dV = 0

∫Ω0

𝐰𝜑 ⋅ 𝜌0𝐯̇ + 2 sym(𝐅T
𝜑∇𝐰𝜑)∶

(

𝚲𝐂 + 𝚲𝐆 ×× 𝐂𝜑 + 𝜆
2𝐽𝜑

𝐆𝜑
)

dV = ∫Ω0

𝐰φ ⋅ (𝐠̄ + 𝐛̄) dV + ∫∂Ω0

𝐰φ ⋅ 𝐭 dA

∫Ω0

𝐰𝐂 ∶
[

𝚲𝐂 − 𝜕𝐂̃(𝐂,𝐆, 𝐽 )
]

dV = 0

∫Ω0

𝐰𝐆 ∶
[

𝚲𝐆 − 𝜕𝐆̃(𝐂,𝐆, 𝐽 )
]

dV = 0

∫Ω0

𝑤𝐽

[

𝜆 − 𝜕𝐽 ̃(𝐂,𝐆, 𝐽 )
]

dV = 0

∫Ω0

𝐰𝚲𝐂
∶
[

𝐂̇ − 2 sym(𝐅T
𝜑∇𝐯)

]

dV = 0

∫Ω0

𝐰𝚲𝐆
∶
[

𝐆̇ − 2𝐂𝜑 ×× sym(𝐅T
𝜑∇𝐯)

]

dV = 0

∫Ω0

𝑤𝜆

[

𝐽̇ − 𝐽−1
𝜑 𝐆𝜑 ∶ sym(𝐅T

𝜑∇𝐯)
]

dV = 0 .

(W)

These equations hold for arbitrary 𝐰𝜑 ∈ 0
𝜑 with

0
𝜑 =

{

𝐰𝜑 ∶ Ω0 → ℝ3
|𝑤𝜑𝑖

∈ 𝐻1(Ω0) ∧ 𝐰𝜑 = 𝟎 on 𝜕𝜑Ω0

}

(30)

as well as arbitrary 𝐰𝜋 ∈ 𝑣, 𝐰𝐂,𝐰𝐆,𝐰𝚲𝐂
,𝐰𝚲𝐆

∈ 𝐶 , and 𝑤𝐽 , 𝑤𝜆 ∈ 𝐽 .
Note that we retain the constitutive equations for the Lagrange multipliers resulting from the underlying variational principle in 

weak form (W). As will be shown in the sequel, this facilitates an energy-momentum consistent spatial discretization in general (see 
also Remark 4).

2.5.  Conservation properties

In the next step, conservation properties of the newly developed formulation are discussed. In particular, this is conservation of 
total energy and total angular momentum.
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2.5.1.  Conservation of total energy
Energy conservation in the time-continuous case is ensured if the time derivative of the Hamiltonian , defined in (17), vanishes, 

i.e.,

̇ = d
dt

[

∫Ω0

(1
2
𝜌0𝐯 ⋅ 𝐯 + ̃(𝐂,𝐆, 𝐽 ) − 𝐠̄ ⋅ 𝛗

)

dV

]

= 0 . (31)

To verify this, we choose the test functions 𝐰𝜋 = −𝜌0𝐯̇, 𝐰𝜑 = 𝛗̇, 𝐰𝐂 = −𝐂̇, 𝐰𝐆 = −𝐆̇, 𝑤𝐽 = −𝐽̇ , 𝐰𝚲𝐂
= 𝚲𝐂, 𝐰𝚲𝐆

= 𝚲𝐆, and 𝑤𝜆 = 𝜆, and 
insert them into (W). Summing the resulting equations yields

∫Ω0

𝜌0𝐯̇ ⋅ 𝐯 + 𝜕𝐂̃ ∶ 𝐂̇ + 𝜕𝐆̃ ∶ 𝐆̇ + 𝜕𝐽 ̃ 𝐽̇ − 𝛗̇ ⋅ 𝐠̄ dV

= ∫𝜕𝜎Ω0

𝛗̇ ⋅ 𝐭 dA + ∫Ω0

𝛗̇ ⋅ 𝐛̄ dV ,
(32)

which coincides with (31) precisely in the absence of boundary tractions and distributed control body forces, that is, ̄𝐭 = 𝟎 and 𝐛̄ = 𝟎. 
It should be noted that the kinematic relation 𝛗̇ = 𝐯 is used to obtain (32).

2.5.2.  Conservation of angular momentum
The angular momentum of the body Ω0 is defined as

𝐋 = ∫Ω0

𝛗×𝐯𝜌0 dV . (33)

It is conserved if the time derivative of 𝐋 vanishes, i.e.,

𝐋̇ = ∫Ω0

d
dt
(

𝛗×𝐯𝜌0
)

dV = 𝟎 . (34)

In analogy to the energy conservation proof, we select the test functions 𝐰𝜑 = 𝛇 × 𝛗 and 𝐰𝜋 = −𝜌0𝛇 × 𝛗̇ to derive the angular momen-
tum balance. Here, 𝛇 ∈ ℝ3 is an arbitrary but constant vector. Using vector calculus, the cross product 𝛇 × 𝐚 can be expressed as a 
matrix-vector product 𝛇̂𝐚 for any 𝐚 ∈ ℝ3, where 𝛇̂ ∈ ℝ3×3 denotes the skew-symmetric matrix associated with 𝛇. Inserting these test 
functions into (W) and summing the first two equations of (W) yields

∫Ω0

(−𝜌0𝛇×𝛗̇) ⋅ (𝛗̇ − 𝐯) dV

+ ∫Ω0

(𝛇×𝛗) ⋅ 𝜌0𝐯̇ + (𝛇̂∇𝛗)∶(𝐅𝜑𝐒) − (𝛇×𝛗) ⋅ (𝐠̄ + 𝐛̄) dV

− ∫𝜕𝜎Ω0

(𝛇×𝛗) ⋅ 𝐭 dA = 0 .

(35)

Due to the symmetry of the second Piola-Kirchhoff stress tensor 𝐒 and the skew-symmetry of ̂𝛇, the term ̂𝛇∶(𝐅𝜑𝐒∇𝛗T) vanishes. Thus, 
expression (35) simplifies to

𝛇 ⋅
[

∫Ω0

d
dt
(𝛗×𝐯𝜌0) − (𝐠̄ + 𝐛̄)×𝛗 dV − ∫∂σΩ0

𝐭×𝛗 dA

]

= 𝛇 ⋅ (𝐋̇ −𝐦ext ) = 0 . (36)

Here, 𝐦ext denotes the external torque acting on the body and its boundary. Hence, the angular momentum is conserved iff 𝐦ext = 𝟎.

2.6.  Alternative size-reduced port-Hamiltonian formulations

The present pH formulation is based on the introduction of independent strain-type fields {𝐂,𝐆, 𝐽}. Alternatively, a reduced 
number of independent strain-type fields may be used. For completeness, we outline the construction of size-reduced pH formulations. 
Since the procedure to setup the respective pH formulation closely follows the lines above, we merely sketch the main steps.

2.6.1. Size-reduced mixed port-Hamiltonian formulation based on mixed fields {𝐆, 𝐽}
In [25,26] the independent fields {𝐆, 𝐽} are introduced, while the right Cauchy-Green tensor is directly formulated in terms of 

the deformation map. In particular, instead of introducing the independent field 𝐂, 𝐂𝜑, which is defined in (5), is used directly. The 
pH formulation associated with [25,26] is based on the Hamiltonian

1(𝐱1) = ∫Ω0

(1
2
𝜌0𝐯 ⋅ 𝐯 + ̃(𝐂𝜑,𝐆, 𝐽 ) − 𝐠̄ ⋅ 𝛗

)

dV , (37)

implying the reduced set of energy variables

𝐱1 =

⎡

⎢

⎢

⎢

⎢

⎣

𝛗
𝐯
𝐆
𝐽

⎤

⎥

⎥

⎥

⎥

⎦

 . (38)
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The functional derivative of Hamiltonian (37) is given by

𝛿𝐱11(𝐱1) =

⎡

⎢

⎢

⎢

⎢

⎣

−𝐠̄ − Div(2𝐅𝜑𝜕𝐂̃)
𝜌0𝐯
𝜕𝐆̃
𝜕𝐽 ̃

⎤

⎥

⎥

⎥

⎥

⎦

 , (39)

where ̃ = ̃(𝐂𝜑,𝐆, 𝐽 ). The pH formulation of the local field equations again assumes the form (20), where the size-reduced differ-
ential operator is given by

1 =

⎡

⎢

⎢

⎢

⎢

⎣

0 𝐼 0 0
−𝐼 0 Div(2𝐅𝜑𝐂𝜑 ××□) Div(𝐽−1

𝜑 𝐅𝜑𝐆𝜑□)
0 2𝐂𝜑 ×× sym(𝐅T

𝜑∇(□)) 0 0
0 𝐽−1

𝜑 𝐆𝜑 ∶ sym(𝐅T
𝜑∇(□)) 0 0

⎤

⎥

⎥

⎥

⎥

⎦

 . (40)

The operator  takes a similar form as in (24), differing only in size due to the reduced set of energy variables.

2.6.2. Size-reduced mixed port-Hamiltonian formulation based on mixed field 𝐄
The recently published works [16–18] rely on the introduction of the Green-Lagrangian strain tensor as an independent field. 

Since the Green-Lagrangian strain tensor is given by

𝐄 = 1
2
(𝐂 − 𝐈) , (41)

we have 2𝐄̇ = 𝐂̇ and we thus may use the right Cauchy-Green tensor again. Correspondingly, the Hamiltonian now assumes the form

2(𝐱2) = ∫Ω0

(1
2
𝜌0𝐯 ⋅ 𝐯 + ̂(𝐂) − 𝐠̄ ⋅ 𝛗

)

dV , (42)

where the stored energy ̂ has been introduced in (9). Accordingly, the reduced set of energy variables is given by

𝐱2 =
⎡

⎢

⎢

⎣

𝛗
𝐯
𝐂

⎤

⎥

⎥

⎦

(43)

and the functional derivative of Hamiltonian (42) reads

𝛿𝐱22(𝐱2) =
⎡

⎢

⎢

⎣

−𝐠̄
𝜌0𝐯
𝜕𝐂̂

⎤

⎥

⎥

⎦

 . (44)

The pH formulation of the local field equations again assumes the form (20), where the size-reduced differential operator is given by

2 =
⎡

⎢

⎢

⎣

0 𝐼 0
−𝐼 0 Div(2𝐅𝜑□)
0 2 sym(𝐅T

𝜑∇(□)) 0

⎤

⎥

⎥

⎦

 . (45)

In analogy to Subsection 2.6.1, the operator  follows the same definition as in (24), differing only in its dimension.
It is worth noting that the constitutive law in [16,17] is restricted to Saint Venant-Kirchhoff material from the outset. For Saint 

Venant-Kirchhoff material,
𝐒 = 2𝜕𝐂̂ = ℂ ∶ 𝐄 , (46)

where ℂ is the fourth-order elasticity tensor. Consequently, in the pH formulation the independent right Cauchy-Green tensor can be 
replaced with the independent second Piola-Kirchhoff stress field by using the relations 𝜕𝐂̂ = 1

2𝐒 and 𝐂̇ = 2𝐄̇ = 2ℂ−1 ∶ 𝐒̇. We refer 
to[16,17] for further details of the resulting ‘velocity-stress formulation’.

2.6.3.  Fully size-reduced displacement-based pH formulation
In a further step one can consider a fully size-reduced displacement-based pH formulation in which the Hamiltonian is given by

3(𝐱3) = ∫Ω0

(1
2
𝜌0𝐯 ⋅ 𝐯 + ̃(𝐂𝜑,𝐆𝜑, 𝐽𝜑) − 𝐠̄ ⋅ 𝛗

)

dV , (47)

where the stored energy function ̃ has been introduced in (9). Hamiltonian (47) gives rise to the classic set of variables

𝐱3 =
[

𝛗
𝐯

]

(48)

associated with a pure displacement-based formulation. The functional derivative of the Hamiltonian (47) is then given by

𝛿𝐱33(𝐱3) =
[

−𝐠̄ − Div(2𝐅𝜑(𝜕𝐂̃ + 𝐂𝜑 ×× 𝜕𝐆̃ + 1
2𝐽

−1
𝜑 𝜕𝐽 ̃𝐆𝜑))

𝜌0𝐯

]

 , (49)
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where ̃ = ̃(𝐂𝜑,𝐆𝜑, 𝐽𝜑). Again, we obtain a pH formulation in the form of (20), where, however, the operator 3 reduces to its 
canonical form

3 =
[

0 𝐼
−𝐼 0

]

 . (50)

As in the previous subsections, the operator  follows the same definition as in (24), differing only in its dimension.
The displacement-based formulation lies at the heart of the first energy-momentum scheme for nonlinear elastodynamics devised 

in [19].

3.  Discretization in time

In order to preserve the structural properties of the port-Hamiltonian formulation in numerical simulations, an appropriate time 
discretization scheme is essential. To this end, we introduce a variant of the implicit midpoint scheme, which relies on the notion 
of a discrete derivative. After presenting the time-discrete weak form, we show that the conservation laws are preserved under the 
proposed time discretization.

We begin by dividing the time interval  into discrete subintervals 𝑛 =
[

𝑡𝑛, 𝑡𝑛+1
] for 𝑛 ∈ {0,… , 𝑁} with time-step size Δ𝑡𝑛 =

𝑡𝑛+1 − 𝑡𝑛. The average value of a quantity (∙)(𝑡) over one time interval is defined as

(∙)𝑛+1∕2 =
1
2
[

(∙)𝑛 + (∙)𝑛+1
] , (51)

where (∙)𝑛 = (∙)(𝑡𝑛) and (∙)𝑛+1 = (∙)(𝑡𝑛+1). Furthermore, the time derivative (∙̇) is approximated using finite differences given by

(∙̇) ≈
Δ(∙)𝑛
Δ𝑡𝑛

=
(∙)𝑛+1 − (∙)𝑛

Δ𝑡𝑛
 . (52)

This leads to the time-discrete counterpart of the weak form (W), given by

∫Ω0

𝐰𝜋 ⋅
(𝝋𝑛+1 − 𝝋𝑛

Δ𝑡𝑛
− 𝐯𝑛+1∕2

)

dV = 0

∫Ω0

𝐰𝜑 ⋅ 𝜌0
𝐯𝑛+1 − 𝐯𝑛

Δ𝑡𝑛
+ sym(𝐅T

𝝋𝑛+1∕2
∇𝐰𝜑) ∶ 𝐒̄ dV = ∫Ω0

𝐰φ ⋅
(

𝐠̄n+1∕2 + 𝐛̄n+1∕2
)

dV + ∫∂Ω0

𝐰φ ⋅ 𝐭n+1∕2 dA

∫Ω0

𝐰𝐂 ∶
[

𝚲𝐂𝑛+1
− D𝐂̃

]

dV = 0

∫Ω0

𝐰𝐆 ∶
[

𝚲𝐆𝑛+1
− D𝐆̃

]

dV = 0

∫Ω0

𝑤𝐽

[

𝜆𝑛+1 − D𝐽 ̃
]

dV = 0

∫Ω0

𝐰𝚲𝐂
∶
[𝐂𝑛+1 − 𝐂𝑛

Δ𝑡𝑛
− 2 sym(𝐅T

𝝋𝑛+1∕2
∇𝐯𝑛+1∕2)

]

dV = 0

∫Ω0

𝐰𝚲𝐆
∶
[𝐆𝑛+1 −𝐆𝑛

Δ𝑡𝑛
− 2𝐂𝝋𝑛+1∕2

×× sym(𝐅T
𝝋𝑛+1∕2

∇𝐯𝑛+1∕2)
]

dV = 0

∫Ω0

𝑤𝜆
[𝐽𝑛+1 − 𝐽𝑛

Δ𝑡𝑛
− (𝐽𝝋𝑛+1∕2

)−1𝐆𝝋𝑛+1∕2
∶ sym(𝐅T

𝝋𝑛+1∕2
∇𝐯𝑛+1∕2)

]

dV = 0 ,

(53)

where the time-discrete second Piola-Kirchhoff stress tensor 𝐒̄ is defined by

𝐒̄ = 2𝚲𝐂𝑛+1
+ 2𝚲𝐆𝑛+1

×× 𝐂𝝋𝑛+1∕2
+

𝜆𝑛+1
𝐽𝝋𝑛+1∕2

𝐆𝝋𝑛+1∕2
 . (54)

In this time-discrete weak form, the partial derivatives of the energy density function, 𝜕 𝑖̃ with  𝑖 ∈ {𝐂,𝐆, 𝐽}, are replaced by 
partitioned discrete derivatives D 𝑖̃ in the sense of [33] (cf. Example 1). An important property of discrete derivatives is the 
fulfillment of the so-called directionality property, which in the present case reads

Δ̃𝑛 = ̃𝑛+1 − ̃𝑛 = D𝐂̃ ∶ Δ𝐂𝑛 + D𝐆̃ ∶ Δ𝐆𝑛 + D𝐽 ̃Δ𝐽𝑛 . (55)

In particular, the directionality property (55) facilitates the conservation of energy in the discrete setting.
To indicate the functional dependence of the present discrete derivatives, we occasionally write

D 𝑖̃ = D 𝑖̃(𝑛,𝑛+1) , (56)

where  = (𝐂,𝐆, 𝐽 ).
Moreover, in the limit Δ 𝑖

𝑛 → 0, the discrete derivatives coincide with the derivatives of the classical midpoint rule, that is,

lim
Δ 𝑖

𝑛→0

(

D 𝑖̃
)

= 𝜕 𝑖̃|𝑛+1∕2 . (57)
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Example 1. Consider a separable stored energy function of the form

̃(𝐂,𝐆, 𝐽 ) = ̃1(𝐂) + ̃2(𝐆) + ̃3(𝐽 ) (58)

and assume that the functions ̃1(𝐂) and ̃2(𝐆) are at most quadratic, while ̃3(𝐽 ) is a general nonlinear function. Then the parti-
tioned discrete derivatives D 𝑖̃ are given by

D𝐂̃ = 𝜕𝐂̃(𝐂𝑛+1∕2)

D𝐆̃ = 𝜕𝐆̃(𝐆𝑛+1∕2)

D𝐽 ̃ =
̃3(𝐽𝑛+1) − ̃3(𝐽𝑛)

𝐽𝑛+1 − 𝐽𝑛
 ,

(59)

where D𝐽 ̃ is known as the Greenspan formula [34]. 

3.1.  Time-discrete conservation of energy

A system conserves energy in the time-discrete setting if the difference in the Hamiltonian  between two time steps vanishes, 
that is,

𝑛+1 −𝑛 = Δ𝑛 = 0 (60)

for each time step Δ𝑡𝑛, where

Δ𝑛 = ∫Ω0

Δ𝑇𝑛 + Δ̃𝑛 + Δ𝑉𝑛 dV . (61)

In the last equation, 𝑇 = 1
2𝜌0𝐯 ⋅ 𝐯 and 𝑉 = −𝐠̄ ⋅ 𝛗. To prove energy conservation, we start from the time-discrete weak form, given 

in (53). Similarly to Section 2.5.1, we select admissible time-discrete test functions 𝐰𝜑 = Δ𝛗𝑛∕Δ𝑡𝑛, 𝐰𝜋 = −𝜌0Δ𝐯𝑛∕Δ𝑡𝑛, 𝐰𝐶 = −Δ𝐂𝑛∕Δ𝑡𝑛, 
𝐰𝐺 = −Δ𝐆𝑛∕Δ𝑡𝑛, 𝑤𝐽 = −Δ𝐽𝑛∕Δ𝑡𝑛, 𝐰𝚲𝐂

= 𝚲𝐂𝑛+1
, 𝐰𝚲𝐆

= 𝚲𝐆𝑛+1
 and 𝑤𝜆 = 𝜆𝑛+1. Inserting these into the weak form (53) and summing the 

equations yields

∫Ω0

𝐯𝑛+1∕2 ⋅
𝜌0
Δ𝑡𝑛

(

𝐯𝑛+1 − 𝐯𝑛
)

+
Δ𝐂𝑛
Δ𝑡𝑛

∶ D𝐂̃ +
Δ𝐆𝑛
Δ𝑡𝑛

∶ D𝐆̃ +
Δ𝐽𝑛
Δ𝑡𝑛

D𝐽 ̃ dV

− ∫Ω0

Δ𝝋𝑛
Δ𝑡𝑛

⋅
(

𝐠̄𝑛+1∕2 + 𝐛̄𝑛+1∕2
)

dV − ∫∂Ω0

Δφn
Δtn

⋅ 𝐭n+1∕2 dA = 0 ,
(62)

which coincides with (60) iff ̄𝐭𝑛+1∕2 = 𝟎 and 𝐛̄𝑛+1∕2 = 𝟎. Note that the relation Δ𝛗𝑛 = Δ𝑡𝑛𝐯𝑛+1∕2 was used to obtain (62).

3.2.  Time-discrete conservation of angular momentum

Following the approach in Section 2.5.2, we choose the time-discrete test functions
𝐰𝜑 = 𝛇 × 𝛗𝑛+1∕2 and 𝐰𝜋 = −𝜌0𝛇 ×

Δ𝛗𝑛
Δ𝑡𝑛

 where again 𝛇 ∈ ℝ3 is an arbitrary but constant vector. Inserting these into (53) and 
summing the first two equations then yields

∫Ω0

(−𝜌0𝛇×Δ𝛗𝑛) ⋅
(Δ𝝋𝑛
Δ𝑡𝑛

− 𝐯𝑛+1∕2
)

dV + ∫Ω0

(𝛇×𝛗n+1∕2) ⋅ ρ0
Δ𝐯n
Δtn

+ (𝛇̂∇𝛗n+1∕2) ∶ (𝐅φn+1∕2
𝐒̄) dV

− ∫Ω0

(𝛇×𝛗𝑛+1∕2) ⋅
(

𝐠̄𝑛+1∕2 + 𝐛̄𝑛+1∕2
)

dV − ∫∂σΩ0

(𝛇×𝛗n+1∕2) ⋅ 𝐭n+1∕2 dA = 0 .
(63)

Due to the symmetry of the time-discrete second Piola-Kirchhoff stress tensor 𝐒̄, the scalar product of (∇𝛗T
𝑛+1∕2𝛇̂𝐅𝑛+1∕2)∶ 𝐒̄ vanishes 

again. With some additional vector calculus, the last equation simplifies to

𝛇 ⋅
[

∫Ω0

1
Δ𝑡𝑛

𝜌0
(

𝛗𝑛+1×𝐯𝑛+1 − 𝛗𝑛×𝐯𝑛
)

−
(

𝐠̄𝑛+1∕2 + 𝐛̄𝑛+1∕2
)

×𝛗𝑛+1∕2 dV − ∫∂σΩ0

𝐭n+1∕2×𝛗n+1∕2 dA

]

= 𝛇 ⋅
(Δ𝐋𝑛
Δ𝑡𝑛

−𝐦ext
𝑛+1∕2

)

= 0 . (64)

Hence, the angular momentum is conserved in the sense that 𝐋𝑛+1 = 𝐋𝑛 iff the time-discrete external torque 𝐦ext
𝑛+1∕2 vanishes.

4.  Discretization in space

This section addresses the spatial discretization of the fully mixed formulation. Furthermore, it is shown that the resulting space-
discrete weak form can be recast as a discrete port-Hamiltonian system.
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4.1.  Approximation of the test and trial functions

Similarly to Section 3, we consider the weak form of the fully mixed formulation given in (W). In a first step, finite element 
approximations of the test and trial functions are introduced in order to discretize the governing equations in space in the framework 
of the Bubnov-Galerkin method.

For this purpose, we employ a standard isoparametric finite element concept as described, for example, in [35]. First, the finite 
element approximation of the deformation field 𝛗 is specified by

𝛗h =
𝑛node
∑

𝐾=1
𝑁𝐾

𝜑 𝛗̂𝐾 = 𝐍𝜑𝛗̂ (65)

with

𝛗̂ =
[

𝜑̂1
𝑥 𝜑̂1

𝑦 𝜑̂1
𝑧 ⋯ 𝜑̂𝑛node

𝑥 𝜑̂𝑛node
𝑦 𝜑̂𝑛node

𝑧

]T
∈ ℝ3𝑛node  ,

𝐍𝜑 =
[

𝑁1
𝜑𝐈 ⋯ 𝑁𝑛node

𝜑 𝐈
]

∈ ℝ3×3𝑛node  ,
(66)

where 𝑁𝐾
𝜑  are Lagrangian shape functions and 𝐾 = 1,… , 𝑛node are 𝑛node nodal points per element. The nodal position vectors 𝛗̂𝐾 are 

summarized in the vector 𝛗̂. Similarly, the shape functions are collected in the matrix 𝐍𝜑. Using standard finite element assembly 
procedures, we obtain a globally continuous discrete deformation field.

Similarly, the approximation of the velocity field 𝐯 and the test functions {𝐰𝜑,𝐰𝜋
} is given by

𝐰h
𝜑 =

𝑛node
∑

𝐾=1
𝑁𝐾

𝜑 𝐰̂𝐾
𝜑 = 𝐍𝜑𝐰̂𝜑 ,

𝐯h =
𝑛node
∑

𝐾=1
𝑁𝐾

𝜑 𝐯̂𝐾 = 𝐍𝜑𝐯̂ ,

𝐰h
𝜋 =

𝑛node
∑

𝐾=1
𝑁𝐾

𝜑 𝐰̂𝐾
𝜋 = 𝐍𝜑𝐰̂𝜋 .

(67)

For the tensor-valued mixed quantities {𝐂,𝐆}, their Lagrange multipliers {𝚲𝐂,𝚲𝐆
} and the corresponding test functions 

{

𝐰𝐂,𝐰𝐆,𝐰𝚲𝐂
,𝐰𝚲𝐆

}

, we make use of the Voigt notation to obtain an easier implementation. We differentiate between stress-related 
and strain-related quantities. For a symmetric stress-like second-order tensor 𝐀 = 𝐀T and a symmetric strain-like second-order tensor 
𝐁 = 𝐁T, the Voigt notation is defined as

{𝐀}V =
[

𝐴11 𝐴22 𝐴33 𝐴12 𝐴23 𝐴13
]T ,

{𝐁}V =
[

𝐵11 𝐵22 𝐵33 2𝐵12 2𝐵23 2𝐵13
]T ,

(68)

respectively. With this in mind, we next provide the finite element approximations of the mixed fields, which do not require inter-
element continuity. In fact, we focus on approximations of the mixed fields which are discontinuous across element boundaries. This 
way, static condensation can be applied to eliminate the corresponding local degrees of freedom on element level, see Section 5 for 
further details. The approximation of the right Cauchy-Green deformation tensor 𝐂 is given by

𝐂h =
𝑚node
∑

𝐿=1
𝑁𝐿

𝐶 𝐂̂
𝐿 ,

{

𝐂h}
V = 𝐍𝐶

{

𝐂̂
}

V
 ,

(69)

where
{

𝐂̂
}

V
=
[

{

𝐂̂1}T

V
⋯

{

𝐂̂𝑚node
}T

V

]T
∈ ℝ6𝑚node  ,

𝐍𝐶 =
[

𝑁1
𝐶 𝐈6 ⋯ 𝑁𝑚node

𝐶 𝐈6
]

∈ ℝ6×6𝑚node  .
(70)

Here, 𝑚node shape functions 𝑁𝐿
𝐶  are used per element. Furthermore, 𝐈6 is the identity matrix in ℝ6×6. Note that although 𝐂h is defined 

only on a single element 𝑒, a superscript 𝑒 is omitted here for the sake of readability.
Similarly, for the remaining matrix-valued mixed fields, we define

{

𝐆h}
V = 𝐍𝐶

{

𝐆̂
}

V
 , {

𝚲h
𝐂
}

V = 𝐍𝐶

{

𝚲̂𝐂

}

V
 , {

𝚲h
𝐆
}

V = 𝐍𝐶

{

𝚲̂𝐆

}

V
 ,

{

𝐰h
𝐂
}

V = 𝐍𝐶
{

𝐰̂𝐂
}

V ,
{

𝐰h
𝐆
}

V = 𝐍𝐶
{

𝐰̂𝐆
}

V ,
{

𝐰h
𝚲𝐂

}

V
= 𝐍𝐶

{

𝐰̂𝚲𝐂

}

V
 ,

{

𝐰h
𝚲𝐆

}

V
= 𝐍𝐶

{

𝐰̂𝚲𝐆

}

V
 .

(71)

Lastly, the remaining mixed fields {𝐽 , 𝜆} and the corresponding test functions {𝑤𝐽 , 𝑤𝜆
} are discretized with shape functions 𝑁𝐼

𝐽 , 
where no Voigt notation is necessary. Consequently, we introduce

𝐽 h =
𝑝node
∑

𝐼=1
𝑁𝐼

𝐽 𝐽
𝐼 = 𝐍𝐽 𝐉̂ , (72)
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where

𝐉̂ =
[

𝐽 1 ⋯ 𝐽 𝑝node
]T ∈ ℝ𝑝node  ,

𝐍𝐽 =
[

𝑁1
𝐽 ⋯ 𝑁𝑝node

𝐽
]

∈ ℝ𝑝node
(73)

as well as

𝑤h
𝐽 = 𝐍𝐽 𝐰̂𝐽 , 𝜆h = 𝐍𝐽 𝛌̂, 𝑤h

𝜆 = 𝐍𝐽 𝐰̂𝜆 . (74)

Based on the stored energy ̃ , we define the stored energy functional

 = ∫Ω0

̃(𝐂,𝐆, 𝐽 ) dV . (75)

Inserting the space-discrete versions of 𝐂, 𝐆 and 𝐽 , we obtain the discretized stored energy functional

 h ∶= ∫Ω0

̃h dV = ∫Ω0

̃(𝐂h,𝐆h, Jh) dV = ∫Ω0

̃(NL
C𝐂̂

L,NL
C𝐆̂

L,NI
J Ĵ
I) dV =∶ U

({

𝐂̂
}

V,
{

𝐆̂
}

V, 𝐉̂
) , (76)

where Einstein’s summation convention is applied to the arguments of the function ̃ . Taking the time derivative and applying the 
chain rule yields

d
dt
𝑈 = ∫Ω0

𝜕𝐂̃h ∶ d
dt
(

𝑁𝐿
𝐶 𝐂̂

𝐿) + 𝜕𝐆̃h ∶ d
dt
(

𝑁𝐿
𝐶 𝐆̂

𝐿) + 𝜕𝐽 ̃h d
dt
(

𝑁𝐼
𝐽 𝐽

𝐼) dV

=
{ ̇̂𝐂

}T

V ∫Ω0

𝐍T
𝐶

{

𝜕𝐂̃h
}

V
dV +

{ ̇̂𝐆
}T

V ∫Ω0

𝐍T
C

{

∂𝐆̃h
}

V
dV + ̇̂𝐉T ∫Ω0

𝐍T
J ∂J̃

h dV .
(77)

Consequently, the partial derivatives of the discrete stored energy function 𝑈 defined in (76) are given by

𝜕𝐂̂𝑈 = ∫Ω0

𝐍T
𝐶

{

𝜕𝐂̃h
}

V
dV ,

𝜕𝐆̂𝑈 = ∫Ω0

𝐍T
𝐶

{

𝜕𝐆̃h
}

V
dV ,

𝜕𝐽𝑈 = ∫Ω0

𝐍T
𝐽 𝜕𝐽 ̃

h dV .

(78)

To avoid clumsy notation, 𝜕𝐂̂𝑈 and 𝜕𝐆̂𝑈 represent 𝜕𝑈∕𝜕{𝐂̂}V and 𝜕𝑈∕𝜕{𝐆̂}V. Taking into account the above approximations of the test 
and trial functions, weak form (W) can be written as

∫Ω0

𝐰h
𝜋 ⋅ (𝛗̇h − 𝐯h) dV = 0

∫Ω0

𝐰h
𝜑 ⋅ 𝜌0𝐯̇h + 2 sym(𝐅T

𝝋h∇𝐰h
𝜑)∶

(

𝚲h
𝐂 + 𝚲h

𝐆 ×× 𝐂𝝋h + 𝜆h

2𝐽𝝋h
𝐆𝝋h

)

dV = ∫Ω0

𝐰h
φ ⋅

(

𝐠̄ + 𝐛̄
)

dV + ∫∂Ω0

𝐰h
φ ⋅ 𝐭 dA

∫Ω0

𝐰h
𝐂 ∶

[

𝚲h
𝐂 − 𝜕𝐂̃h

]

dV = 0

∫Ω0

𝐰h
𝐆 ∶

[

𝚲h
𝐆 − 𝜕𝐆̃h

]

dV = 0

∫Ω0

𝑤h
𝐽

[

𝜆h − 𝜕𝐽 ̃h
]

dV = 0

∫Ω0

𝐰h
𝚲𝐂

∶
[

𝐂̇h − 2 sym(𝐅T
𝝋h∇𝐯h)

]

dV = 0

∫Ω0

𝐰h
𝚲𝐆

∶
[

𝐆̇h − 2𝐂𝝋h ×× sym(𝐅T
𝝋h∇𝐯h)

]

dV = 0

∫Ω0

𝑤h
𝜆

[

𝐽̇ h − 𝐽−1
𝝋h 𝐆𝝋h ∶ sym(𝐅T

𝝋h∇𝐯h)
]

dV = 0 .

(79)
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Inserting the specific finite element approximations into (79), we obtain the following system of equations
̇̂𝛗 − 𝐯̂ = 𝟎

𝐰̂T
𝜑

[

𝐌𝜌
𝜑
̇̂𝐯 +𝚽(𝛗̂)

{

𝚲̂𝐂

}

V
+𝚿(𝛗̂)

{

𝚲̂𝐆

}

V
+ 𝚵(𝛗̂)𝛌̂ − 𝐠 − 𝐛 − 𝐭

]

= 0
{

𝐰̂𝐂
}T
V

[

𝐌𝐂

{

𝚲̂𝐂

}

V
− 𝜕𝐂̂𝑈

]

= 0
{

𝐰̂𝐆
}T
V

[

𝐌𝐂

{

𝚲̂𝐆

}

V
− 𝜕𝐆̂𝑈

]

= 0

𝐰̂T
𝐽

[

𝐌𝐽 𝛌̂ − 𝜕𝐽𝑈
]

= 0
{

𝐰̂𝚲𝐂

}T

V

[

𝐌𝐂

{ ̇̂𝐂
}

V
−𝚽T(𝛗̂)𝐯̂

]

= 0
{

𝐰̂𝚲𝐆

}T

V

[

𝐌𝐂

{ ̇̂𝐆
}

V
−𝚿T(𝛗̂)𝐯̂

]

= 0

𝐰̂T
𝜆

[

𝐌𝐽
̇̂𝐉 − 𝚵T(𝛗̂)𝐯̂

]

= 0 .

(80)

Here, the matrices 
{

𝐌𝜌
𝜑,𝐌𝐂,𝐌𝐽

}

 and {𝚽(𝛗̂),𝚿(𝛗̂),𝚵(𝛗̂), 𝐠,𝐛, 𝐭} are defined as

𝐌𝜌
𝜑 = ∫Ω0

𝜌0𝐍T
𝜑𝐍𝜑 dV , 𝐌𝐂 = ∫Ω0

𝐍T
C𝐍C dV , 𝐌J = ∫Ω0

𝐍T
J 𝐍J dV ,

𝚽(𝛗̂) = ∫Ω0

2𝔹T
𝝋̂𝐍𝐶 dV , 𝚿(𝛗̂) = ∫Ω0

2𝔹T
φ̂(𝐂φh )𝐍C dV , 𝚵(𝛗̂) = ∫Ω0

𝔹T
φ̂J

−1
φh

{

𝐆φh
}

V
𝐍J dV ,

𝐠 = ∫Ω0

𝐍T
𝜑𝐠̄ dV , 𝐛 = ∫Ω0

𝐍T
φ𝐛̄ dV , 𝐭 = ∫∂Ω0

𝐍T
φ𝐭 dA .

(81)

Within these definitions, 𝔹𝝋̂ ∈ ℝ6×3𝑛node  is the classic nodal operator matrix defined through

sym(𝐅T
𝝋h∇𝐰h

𝜑) ∶ 𝐀 = {𝐀}TV𝔹𝝋̂𝐰̂𝜑 . (82)

For completeness, the nodal operator matrix is contained in Appendix A.1.
The matrix (□) ∈ ℝ6×6 corresponds to the Voigt notation of the tensor cross product that fulfills the following relationship

(𝐎 ×× 𝐏) ∶ 𝐐 = {𝐎}TV(𝐐){𝐏}V , (83)

where 𝐎 is a symmetric strain-like second-order tensor and 𝐏 is a symmetric stress-like second-order tensor. An explicit representation 
of (□) can be found in Appendix A.2.

4.2.  Space-discrete formulation as discrete port-Hamiltonian system

We next show that the space-discrete formulation emanating from (80) can be brought into the form of a discrete pH system. 
To this end, we take into account the arbitrariness of the nodal values pertaining to the discrete test functions and perform a static 
condensation of the Lagrange multipliers 

{

𝚲̂𝐂

}

V
, 
{

𝚲̂𝐆

}

V
 and 𝛌̂ on element level. Correspondingly,

{

𝚲̂𝐂

}

V
= 𝐌−1

𝐂 𝜕𝐂̂𝑈 ,
{

𝚲̂𝐆

}

V
= 𝐌−1

𝐂 𝜕𝐆̂𝑈 ,

𝛌̂ = 𝐌−1
𝐽 𝜕𝐽𝑈 ,

(84)

and (80) can be recast in the form
̇̂𝛗 = 𝐯̂

𝐌𝜌
𝜑
̇̂𝐯 = −𝚽(𝛗̂)𝐌−1

𝐂 𝜕𝐂̂𝑈 −𝚿(𝛗̂)𝐌−1
𝐂 𝜕𝐆̂𝑈 − 𝚵(𝛗̂)𝐌−1

𝐽 𝜕𝐽𝑈 + 𝐠 + 𝐛 + 𝐭

𝐌𝐂

{ ̇̂𝐂
}

V
= 𝚽T(𝛗̂)𝐯̂

𝐌𝐂

{ ̇̂𝐆
}

V
= 𝚿T(𝛗̂)𝐯̂

𝐌𝐽
̇̂𝐉 = 𝚵T(𝛗̂)𝐯̂ .

(85)

Note that on element level, 
{ ̇̂𝐂

}

V
, 
{ ̇̂𝐆

}

V
 and ̇̂𝐉 can be expressed in terms of the nodal quantities 𝛗̂ and 𝐯̂ by using the last three 

equations of (85). This implies that after the temporal discretization, the degrees of freedom corresponding to the strain-type fields 
𝐂h, 𝐆h and 𝐽 h can be eliminated by static condensation on element level (see Section 5.1.2). However, before proceeding with the 
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time discretization, we first show that (85) gives rise to a discrete pH system. For that purpose, we rewrite (85) in the form

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝐈 0 0 0 0
0 𝐌𝜌

𝜑 0 0 0
0 0 𝐌𝐂 0 0
0 0 0 𝐌𝐂 0
0 0 0 0 𝐌𝐉

⎤

⎥

⎥

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

̇̂𝛗
̇̂𝐯

{ ̇̂𝐂
}

V
{ ̇̂𝐆

}

V̇̂𝐉

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎢

⎢

⎣

0 𝐈 0 0 0
−𝐈 0 −𝚽(𝛗̂) −𝚿(𝛗̂) −𝚵(𝛗̂)
0 𝚽T(𝛗̂) 0 0 0
0 𝚿T(𝛗̂) 0 0 0
0 𝚵T(𝛗̂) 0 0 0

⎤

⎥

⎥

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎢

⎢

⎣

−𝐠
𝐯̂

𝐌−1
𝐂 𝜕𝐂̂𝑈

𝐌−1
𝐂 𝜕𝐆̂𝑈

𝐌−1
𝐽 𝜕𝐽𝑈

⎤

⎥

⎥

⎥

⎥

⎥

⎦

+

⎡

⎢

⎢

⎢

⎢

⎢

⎣

0 0
𝐈 𝐈
0 0
0 0
0 0

⎤

⎥

⎥

⎥

⎥

⎥

⎦

[

𝐛
𝐭

]

 . (86)

The above system of ordinary differential equations can be rewritten as

𝐄 ̇̂𝐱 = 𝐉(𝛗̂)𝐳(𝐱̂) + 𝐁𝐮̂ , (87)

where

𝐄T𝐳(𝐱̂) = ∇𝐻(𝐱̂) . (88)

Similarly to the continuous version of the pH system in (20) and (21), the two equations (87) and (88) constitute a discrete pH 
system [31,32]. It can be easily observed that the structure matrix 𝐉 is skew-symmetric. Moreover, the discrete Hamiltonian 𝐻(𝐱̂)
follows from the Hamiltonian (17) by inserting the space-discrete approximations dealt with previously. Consequently,

𝐻(𝐱̂) ∶= h = ∫Ω0

( 1
2
𝜌0𝐯h ⋅ 𝐯h + ̃(𝐂h,𝐆h, 𝐽 h) − 𝐠̄ ⋅ 𝛗h) dV = 1

2
𝐯̂T𝐌ρ

φ𝐯̂ + U
({

𝐂̂
}

V,
{

𝐆̂
}

V, 𝐉̂
)

− 𝛗̂T𝐠 , (89)

where the discrete stored energy 𝑈 has been introduced in (76). Now, the derivative of the discrete Hamiltonian can be calculated 
to be

∇𝐻(𝐱̂) =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

−𝐠
𝐌𝜌

𝜑𝐯̂
𝜕𝐂̂𝑈
𝜕𝐆̂𝑈
𝜕𝐽𝑈

⎤

⎥

⎥

⎥

⎥

⎥

⎦

 . (90)

Note that the derivatives 𝜕𝐂̂𝑈 , 𝜕𝐆̂𝑈 and 𝜕𝐽𝑈 have been defined in (78). The validity of (88) can now be easily verified.

Remark 2. The discrete pH system on the element level gives rise to a corresponding discrete pH system on the system level, since (i) 
the power-preserving interconnection of discrete pH systems yields again a discrete pH system, and (ii) the finite element assembly 
procedure can be viewed as power-preserving interconnection of the element contributions.

Remark 3. The pH form of the semi-discrete equations of motion guarantees the energy consistency of the space-discrete formulation. 
To see this, consider

d
dt
𝐻(𝐱̂) = ∇𝐻(𝐱̂) ⋅ ̇̂𝐱 =

(

𝐄T𝐳(𝐱̂)
)

⋅ ̇̂𝐱 = 𝐳(𝐱̂) ⋅ 𝐄 ̇̂𝐱 = 𝐳(𝐱̂) ⋅ (𝐉(𝛗̂)𝐳(𝐱̂) + 𝐁𝐮̂) = 𝐳(𝐱̂) ⋅ 𝐁𝐮̂ = 𝐲̂ ⋅ 𝐮̂ (91)

where 𝐲̂ = 𝐁T𝐳(𝐱̂) is the discrete output. Consequently, the total energy is conserved iff no external control forces 𝐮̂ act on the system.

Remark 4. In order for (87) and (88) to form a discrete pH system, the fulfillment of (88) is crucial. It should be noted that the 
presence of constitutive equations for the Lagrange multipliers in the weak form is required during the spatial discretization process 
to satisfy (88) in general. However, there is the following exception: The pointwise enforcement of the constitutive equations for the 
Lagrange multipliers is sufficient in the case of constant approximations for the strain-type mixed fields 𝐂, 𝐆 and 𝐽 . In this case, 
𝐍𝐶 = 𝐈6 and 𝐍𝐽 = 1, leading to 𝐌𝐂 = 𝑉𝑒𝐈6 and 𝐌𝐽 = 𝑉𝑒, where 𝑉𝑒 is the volume of the element in the reference configuration.

5.  Spatial and temporal discretization

In this section, the time-discrete weak form (53), introduced in Section 3, is further discretized in space. Although we shall deal 
with alternative spatial discretizations, we always start from the time-discrete weak form (53) corresponding to the fully mixed 
formulation.
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5.1. Fully mixed element based on the strain-type fields {𝐂,𝐆, 𝐽}

In a first step, we apply the fully mixed finite element formulation devised in Section 4. Consequently, the time-discrete weak 
form (53) gives rise to

∫Ω0

𝐰h
𝜋 ⋅

(
𝛗h
𝑛+1 − 𝛗h

𝑛

Δ𝑡𝑛
− 𝐯h𝑛+1∕2

)

dV = 0

∫Ω0

𝐰h
𝜑 ⋅ 𝜌0

𝐯h𝑛+1 − 𝐯h𝑛
Δ𝑡𝑛

+ 2 sym(𝐅T
𝜑h
𝑛+1∕2

∇𝐰h
𝜑)∶

(

𝚲h
𝐂𝑛+1

+ 𝚲h
𝐆𝑛+1

×× 𝐂𝜑h
𝑛+1∕2

+ 𝜆h

2𝐽𝜑h
𝑛+1∕2

𝐆𝜑h
𝑛+1∕2

)

dV

= ∫Ω0

𝐰h
𝜑 ⋅

(

𝐠̄𝑛+1∕2 + 𝐛̄𝑛+1∕2
)

dV + ∫∂Ω0

𝐰h
φ ⋅ 𝐭n+1∕2 dA

∫Ω0

𝐰h
𝐂 ∶

[

𝚲h
𝐂𝑛+1

− D𝐂̃h] dV = 0

∫Ω0

𝐰h
𝐆 ∶

[

𝚲h
𝐆𝑛+1

− D𝐆̃h] dV = 0

∫Ω0

𝑤h
𝐽
[

𝜆h𝑛+1 − D𝐽 ̃h] dV = 0

∫Ω0

𝐰h
𝚲𝐂

∶
[
𝐂h
𝑛+1 − 𝐂h

𝑛

Δ𝑡𝑛
− 2 sym(𝐅T

𝜑h
𝑛+1∕2

∇𝐯h𝑛+1∕2)
]

dV = 0

∫Ω0

𝐰h
𝚲𝐆

∶
[
𝐆h

𝑛+1 −𝐆h
𝑛

Δ𝑡𝑛
− 2𝐂𝜑h

𝑛+1∕2
×× sym(𝐅T

𝜑h
𝑛+1∕2

∇𝐯h𝑛+1∕2)
]

dV = 0

∫Ω0

𝑤h
𝜆
[
𝐽 h
𝑛+1 − 𝐽 h

𝑛

Δ𝑡𝑛
− (𝐽𝜑h

𝑛+1∕2
)−1𝐆𝜑h

𝑛+1∕2
∶ sym(𝐅T

𝜑h
𝑛+1∕2

∇𝐯h𝑛+1∕2)
]

dV = 0 .

(92)

Note that the discrete derivatives D 𝑖̃(𝑛,𝑛+1),  𝑖 ∈
{

𝐂h,𝐆h, 𝐽 h}, have been introduced in Section 3.

5.1.1.  Fully mixed discrete port-Hamiltonian formulation
Since time and space discretization of the fully mixed formulation commutes, the scheme emanating from (92) can also be written 

in the form

𝐄
(

𝐱̂𝑛+1 − 𝐱̂𝑛
)

= Δ𝑡𝑛
(

𝐉(𝛗̂𝑛+1∕2)𝐳̄(𝐱̂𝑛, 𝐱̂𝑛+1) + 𝐁𝐮̂𝑛+1∕2
) , (93)

where

𝐄T𝐳̄(𝐱̂𝑛, 𝐱̂𝑛+1) = ∇̄𝐻(𝐱̂𝑛, 𝐱̂𝑛+1) . (94)

Here, the matrices 𝐄, 𝐉(𝛗̂), and 𝐁 can be again inferred from the discrete pH system (86). Moreover, the discrete derivative of the 
discrete Hamiltonian (89) is given by

∇̄𝐻(𝐱̂𝑛, 𝐱̂𝑛+1) =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

−𝐠𝑛+1∕2
𝐌𝜌

𝜑𝐯̂𝑛+1∕2
D𝐂̂𝑈
D𝐆̂𝑈
D𝐽𝑈

⎤

⎥

⎥

⎥

⎥

⎥

⎦

 , (95)

where, similar to (78), the partitioned discrete derivatives of the discrete stored energy function assume the form

D𝐂̂𝑈 = ∫Ω0

𝐍T
𝐶

{

D𝐂̃h
}

V
dV ,

D𝐆̂𝑈 = ∫Ω0

𝐍T
𝐶

{

D𝐆̃h
}

V
dV ,

D𝐽𝑈 = ∫Ω0

𝐍𝐽D𝐽 ̃hdV .

(96)

It should be noted that algorithmic conservation of the total energy and total angular momentum can be shown starting from (92) 
along the lines of Sections 3.1 and 3.2, respectively. Alternatively, the algorithmic conservation of energy can be verified using (93) 
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and (94). Consequently, due to the directionality property of the discrete derivative, we obtain
𝐻(𝐱̂𝑛+1) −𝐻(𝐱̂𝑛) = ∇̄𝐻(𝐱̂𝑛, 𝐱̂𝑛+1) ⋅

(

𝐱̂𝑛+1 − 𝐱̂𝑛
)

=
(

𝐱̂𝑛+1 − 𝐱̂𝑛
)

⋅ 𝐄T𝐳̄(𝐱̂𝑛, 𝐱̂𝑛+1)
= 𝐳̄(𝐱̂𝑛, 𝐱̂𝑛+1) ⋅ 𝐄

(

𝐱̂𝑛+1 − 𝐱̂𝑛
)

= Δ𝑡𝑛𝐳̄(𝐱̂𝑛, 𝐱̂𝑛+1) ⋅
(

𝐉(𝛗̂𝑛+1∕2)𝐳̄(𝐱̂𝑛, 𝐱̂𝑛+1) + 𝐁𝐮̂𝑛+1∕2
)

= Δ𝑡𝑛
(

𝐁T𝐳̄(𝐱̂𝑛, 𝐱̂𝑛+1)
)

⋅ 𝐮̂𝑛+1∕2

= Δ𝑡𝑛𝐲̂𝑛+1∕2 ⋅ 𝐮̂𝑛+1∕2 ,

(97)

where 𝐲̂𝑛+1∕2 = 𝐁T𝐳̄(𝐱̂𝑛, 𝐱̂𝑛+1) is the discrete output at time 𝑡𝑛+1∕2.

5.1.2.  Notes on the implementation
An efficient implementation of the fully mixed formulation can be reached by applying static condensation of the mixed strain-type 

variables and expressing the nodal velocities 𝐯̂𝑛+1 in terms of the nodal position vectors 𝛗̂𝑛+1. At the element level, the fully discrete 
equations (93) and (94) can be written in the form

𝛗̂𝑛+1 − 𝛗̂𝑛 = Δ𝑡𝑛𝐯̂𝑛+1∕2

1
Δ𝑡𝑛

𝐌𝜌
𝜑
(

𝐯̂𝑛+1 − 𝐯̂𝑛
)

= −𝚽(𝛗̂𝑛+1∕2)𝐌−1
𝐂 D𝐂̂𝑈 −𝚿(𝛗̂𝑛+1∕2)𝐌−1

𝐂 D𝐆̂𝑈 − 𝚵(𝛗̂𝑛+1∕2)𝐌−1
𝐽 D𝐽𝑈 + 𝐠𝑛+1∕2 + 𝐛𝑛+1∕2 + 𝐭𝑛+1∕2

1
Δ𝑡𝑛

𝐌𝐂

({

𝐂̂𝑛+1

}

V
−
{

𝐂̂𝑛

}

V

)

= 𝚽T(𝛗̂𝑛+1∕2)𝐯̂𝑛+1∕2

1
Δ𝑡𝑛

𝐌𝐂

({

𝐆̂𝑛+1

}

V
−
{

𝐆̂𝑛

}

V

)

= 𝚿T(𝛗̂𝑛+1∕2)𝐯̂𝑛+1∕2

1
Δ𝑡𝑛

𝐌𝐽

(

𝐉̂𝑛+1 − 𝐉̂𝑛
)

= 𝚵T(𝛗̂𝑛+1∕2)𝐯̂𝑛+1∕2

(98)

(cf. (85)). We now introduce the element residual vector

𝐑(𝛗̂𝑛+1) ∶=
2
Δ𝑡𝑛

𝐌𝜌
𝜑
(

𝛗̂𝑛+1 − 𝛗̂𝑛
)

− 2𝐌𝜌
𝜑𝐯̂𝑛 + Δ𝑡𝑛𝚽(𝛗̂𝑛+1∕2)𝐌−1

𝐂 D𝐂̂𝑈

+ Δ𝑡𝑛
(

𝚿(𝛗̂𝑛+1∕2)𝐌−1
𝐂 D𝐆̂𝑈 + 𝚵(𝛗̂𝑛+1∕2)𝐌−1

𝐽 D𝐽𝑈 − 𝐠𝑛+1∕2 − 𝐛𝑛+1∕2 − 𝐭𝑛+1∕2
) ,

(99)

where the discrete derivatives of the discrete stored energy, D𝐂̂𝑈 , D𝐆̂𝑈 and D𝐽𝑈 , are defined in (96). Thus, to calculate the residual 
vector (99), one first has to calculate

{

𝐂̂𝑛+1

}

V
=
{

𝐂̂𝑛

}

V
+ Δ𝑡𝑛𝐌−1

𝐂 𝚽T(𝛗̂𝑛+1∕2)𝐯̂𝑛+1∕2
{

𝐆̂𝑛+1

}

V
=
{

𝐆̂𝑛

}

V
+ Δ𝑡𝑛𝐌−1

𝐂 𝚿T(𝛗̂𝑛+1∕2)𝐯̂𝑛+1∕2

𝐉̂𝑛+1 = 𝐉̂𝑛 + Δ𝑡𝑛𝐌−1
𝐽 𝚵T(𝛗̂𝑛+1∕2)𝐯̂𝑛+1∕2 .

(100)

These equations result from the last three equations in (98). In this context, 𝐯̂𝑛+1∕2 = (𝝋̂𝑛+1−𝝋̂𝑛)∕Δ𝑡𝑛 results from the first equation in
(98). Now,

{

𝐂h
𝑛+1

}

V = 𝐌
{

𝐂̂𝑛+1

}

V
 ,

{

𝐆h
𝑛+1

}

V = 𝐌
{

𝐆̂𝑛+1

}

V
 ,

𝐽 h
𝑛+1 = 𝐌̄𝐉̂𝑛+1

(101)

can be used to evaluate the discrete derivatives (56) required to determine D𝐂̂𝑈 , D𝐆̂𝑈 and D𝐽𝑈 through (96).
The residual vector of the whole system can be obtained from the assembly of the element contributions (99) by applying standard 

finite element procedures. It should be noted that static condensation of mixed strain-type unknowns at element level leads to history-
type quantities 

{

𝐂̂𝑛

}

V
, 
{

𝐆̂𝑛

}

V
 and 𝐉̂𝑛 in (100), which must be recovered from storage in each time step. We eventually emphasize 

that after finite element assembly, merely the nodal position vectors at time 𝑡𝑛+1 remain as unknowns of the resulting nonlinear 
algebraic system, which can be solved iteratively by applying Newton’s method. Consequently, the numerical effort to solve the 
global algebraic system is comparable to that of the purely displacement-based formulation treated in Section 5.3.

5.2. Mixed element based on the strain-type fields {𝐆, 𝐽}

We next show that the time-discrete weak form (53) can also accommodate the mixed finite element formulation developed in 
[25,26], which is based on independent finite element approximations of mixed fields 𝐆 and 𝐽 . The corresponding size reduction of 
the time-discrete weak form (53) is based on the following two steps:
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1. Choose the test function 𝐰𝐂 in (53) to be of the form
𝐰𝐂 = −2 sym(𝐅T

𝝋𝑛+1∕2
∇𝐰𝜑) (102)

for arbitrary 𝐰𝜑 ∈ 0
𝜑.

2. Due to the arbitrariness of 𝐰𝚲𝐂
∈ 𝐶 , the update formula for 𝐂𝑛+1 in (53) can be evaluated at Gauss point level, leading to

𝐂𝑛+1 = 𝐂𝑛 + Δ𝑡𝑛2 sym(𝐅T
𝝋𝑛+1∕2

∇𝐯𝑛+1∕2) . (103)

Provided that 𝐂𝑛 = 𝐂𝜑h
𝑛
, a straightforward calculation based on (103) shows that 𝐂𝑛+1 = 𝐂𝜑h

𝑛+1
. For completeness, this is shown 

in Appendix A.3.
The remaining equations of the time-discrete weak form (53) can now be used to accommodate the mixed finite element formu-

lation due to [25,26]. The resulting scheme emanates from

∫Ω0

𝐰h
𝜋 ⋅

(
𝛗h
𝑛+1 − 𝛗h

𝑛

Δ𝑡𝑛
− 𝐯h𝑛+1∕2

)

dV = 0

∫Ω0

𝐰h
𝜑 ⋅ 𝜌0

𝐯h𝑛+1 − 𝐯h𝑛
Δ𝑡𝑛

+ 2 sym(𝐅T
𝜑h
𝑛+1∕2

∇𝐰h
𝜑) ∶

(

D𝐂̃h + 𝚲h
𝐆𝑛+1

×× 𝐂𝜑h
𝑛+1∕2

+
𝜆h𝑛+1

2𝐽𝜑h
𝑛+1∕2

𝐆𝜑h
𝑛+1∕2

)

dV

= ∫Ω0

𝐰h
𝜑 ⋅

(

𝐠̄𝑛+1∕2 + 𝐛̄𝑛+1∕2
)

dV + ∫∂Ω0

𝐰h
φ ⋅ 𝐭n+1∕2 dA

∫Ω0

𝐰h
𝐆 ∶

[

𝚲h
𝐆𝑛+1

− D𝐆̃h
]

dV = 0

∫Ω0

𝑤h
𝐽

[

𝜆h𝑛+1 − D𝐽 ̃h
]

dV = 0

∫Ω0

𝐰h
𝚲𝐆

∶
[
𝐆h

𝑛+1 −𝐆h
𝑛

Δ𝑡𝑛
− 2𝐂𝜑h

𝑛+1∕2
×× sym(𝐅T

𝜑h
𝑛+1∕2

∇𝐯h𝑛+1∕2)
]

dV = 0

∫Ω0

𝑤h
𝜆
[
𝐽 h
𝑛+1 − 𝐽 h

𝑛

Δ𝑡𝑛
− (𝐽𝜑h

𝑛+1∕2
)−1𝐆𝜑h

𝑛+1∕2
∶ sym(𝐅T

𝜑h
𝑛+1∕2

∇𝐯h𝑛+1∕2)
]

dV = 0

(104)

with

𝐂𝑛+1 = 𝐂𝜑h
𝑛+1

and 𝐂𝑛 = 𝐂𝜑h
𝑛
 . (105)

The finite element approximation of the remaining fields in (104) can be done in complete analogy to the fully mixed formulation 
as described in Section 4.1.

Algorithmic conservation of the total energy and total angular momentum can be shown by following similar lines as in Sections 3.1 
and 3.2, respectively.

The implementation of the resulting EM scheme again relies on static condensation of the remaining mixed fields and can be 
performed in complete analogy to the fully mixed formulation (see Section 5.1.2).

5.3.  Displacement-based element

We next show that the time-discrete weak form (53) can also accommodate purely displacement-based elements. The correspond-
ing size reduction of the time-discrete weak form (53) is based on the following two steps:
1. Choose the test functions 𝐰𝐂, 𝐰𝐆 and 𝑤𝐽  in (53) to be of the form

𝐰𝐂 = −2 sym(𝐅T
𝝋𝑛+1∕2

∇𝐰𝜑)

𝐰𝐆 = −2 sym(𝐅T
𝝋𝑛+1∕2

∇𝐰𝜑) ×× 𝐂𝝋𝑛+1∕2

𝑤𝐽 = −𝐽−1
𝝋𝑛+1∕2

sym(𝐅T
𝝋𝑛+1∕2

∇𝐰𝜑) ∶ 𝐆𝝋𝑛+1∕2

(106)

for arbitrary 𝐰𝜑 ∈ 0
𝜑.

2. Due to the arbitrariness of 𝐰𝚲𝐂
,𝐰𝚲𝐆

∈ 𝐶 and 𝑤𝜆 ∈ 𝐽 , the update formulas for 𝐂𝑛+1, 𝐆𝑛+1 and 𝐽𝑛+1 in (53) can be evaluated at 
Gauss point level leading to

𝐂𝑛+1 = 𝐂𝜑h
𝑛+1

𝐆𝑛+1 = 𝐆𝑛 + 2Δ𝑡𝑛𝐂𝜑h
𝑛+1∕2

×× sym(𝐅T
𝜑h
𝑛+1∕2

∇𝐯h𝑛+1∕2)

𝐽𝑛+1 = 𝐽𝑛 +
Δ𝑡𝑛

𝐽𝜑h
𝑛+1∕2

𝐆𝜑h
𝑛+1∕2

∶ sym(𝐅T
𝜑h
𝑛+1∕2

∇𝐯h𝑛+1∕2) .
(107)

Here, (107)1 again results from (103) as shown in Appendix A.3
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Table 1 
Considered discretizations and associated abbreviations.
 FM-𝑄2𝑄1-EM fully mixed formulation (see Section 5.1): spatially continuous triquadratic 𝑄2-elements for 𝐯, 𝛗, and 

discontinuous trilinear 𝑄1-elements for 𝐂, 𝐆, 𝐽 , 𝚲𝐂, 𝚲𝐆, 𝜆; EM scheme
 FM-𝑄1𝑄0-EM fully mixed formulation (see Section 5.1): spatially continuous trilinear 𝑄1-elements for 𝐯, 𝛗, and 

discontinuous constant 𝑄0-elements for 𝐂, 𝐆, 𝐽 , 𝚲𝐂, 𝚲𝐆, 𝜆; EM scheme
 RM-𝑄2𝑄1-EM size-reduced mixed formulation (see Section 5.2): spatially continuous triquadratic 𝑄2-elements for 

𝐯, 𝛗, and discontinuous trilinear 𝑄1-elements for 𝐆, 𝐽 , 𝚲𝐆, 𝜆; EM scheme
 RM-𝑄1𝑄0-EM size-reduced mixed formulation (see Section 5.2): spatially continuous trilinear 𝑄1-elements for 𝐯, 𝛗, 

and discontinuous constant 𝑄0-elements for 𝐆, 𝐽 , 𝚲𝐆, 𝜆; EM scheme
 RD-𝑄1-EM size-reduced displacement formulation (see Section 5.3): spatially continuous trilinear 𝑄1-elements 

for 𝐯, 𝛗; EM scheme
 SD-𝑄1-MP standard displacement-based formulation: spatially continuous trilinear 𝑄1-elements for 𝐯, 𝛗; implicit 

midpoint rule
 SD-𝑄1-EM standard displacement-based formulation: spatially continuous trilinear 𝑄1-elements for 𝐯, 𝛗; EM 

scheme (see Remark 5)

Inserting the test functions from (106) into (53) gives rise to the following displacement-based formulation

∫Ω0

𝐰h
𝜋 ⋅

(
𝛗h
𝑛+1 − 𝛗h

𝑛

Δ𝑡𝑛
− 𝐯h𝑛+1∕2

)

dV = 0

∫Ω0

𝐰h
𝜑 ⋅ 𝜌0

𝐯h𝑛+1 − 𝐯h𝑛
Δ𝑡𝑛

+ sym(𝐅T
𝜑h
𝑛+1∕2

∇𝐰h
𝜑) ∶ 𝐒A dV = ∫Ω0

𝐰h
φ ⋅

(

𝐠̄n+1∕2 + 𝐛̄n+1∕2
)

dV + ∫∂Ω0

𝐰h
φ ⋅ 𝐭n+1∕2 dA

(108)

with algorithmic stress formula

𝐒A = 2D𝐂̃ + 2D𝐆̃ ×× 𝐂𝜑h
𝑛+1∕2

+
D𝐽 ̃
𝐽𝜑h

𝑛+1∕2

𝐆𝜑h
𝑛+1∕2

 , (109)

in which strain-type quantities (107) are required to calculate the discrete derivatives D 𝑖̃(𝑛,𝑛+1),  𝑖 ∈ {𝐂,𝐆, 𝐽}, at the Gauss 
point level. Note that 𝐆𝑛 and 𝐽𝑛 play the role of history variables that must be retrieved from storage at each time step to calculate 
𝐆𝑛+1 and 𝐽𝑛+1 from (107)2,3. In contrast to that, 𝐂𝑛+1 can be obtained directly from 𝛗h

𝑛+1 by applying (107)1.
Algorithmic conservation of the total energy can be shown following lines similar to those in Section 3.1. Consequently, choosing 

𝐰h
𝜑 = 𝐯h𝑛+1∕2 and taking into account (107), a straightforward calculation shows the conservation of the total energy in the absence of 

external forces. Similarly to Section 3.2, conservation of angular momentum can be shown by choosing 𝐰h
𝜑 = 𝛇 × 𝐯h𝑛+1∕2.

Remark 5. The distinguishing features of the present approach to the formulation of EM schemes are (i) the partitioned form of the 
algorithmic stress formula (109) relying on partial discrete derivatives of the strain energy ̃(𝐂,𝐆, 𝐽 ) (cf. Example 1) and (ii) the 
update formulas (107) for the strain-type variables relying on history variables 𝐆𝑛 and 𝐽𝑛.
This is in contrast to previous developments [20,21] relying on discrete derivatives of the strain energy ̂(𝐂𝜑) defined in (9). In 
particular, applying the discrete derivative proposed in [20] yields an algorithmic stress formula of the form 𝐒A = 2D𝐂̂ , where

D𝐂̂ = ∇𝐂̂(𝐂𝑛+1∕2) +
̂(𝐂𝑛+1) − ̂(𝐂𝑛) − ∇𝐂̂(𝐂𝑛+1∕2) ∶ Δ𝐂

Δ𝐂 ∶ Δ𝐂
Δ𝐂 . (110)

Here, 𝐂𝑛 = 𝐂𝜑h
𝑛
, 𝐂𝑛+1 = 𝐂𝜑h

𝑛+1
 and Δ𝐂 = 𝐂𝑛+1 − 𝐂𝑛. 

6.  Numerical examples

This section presents numerical examples dealing with finite elastodynamics by applying various finite element formulations. In 
particular, we apply the newly developed EM schemes resulting from the fully mixed (FM) formulation (Section 5.1), the size-reduced 
mixed (RM) formulation (Section 5.2) and the size-reduced displacement (RD) formulation (Section 5.3). For comparison, we also 
apply the standard displacement-based (SD) formulation in combination with the implicit midpoint rule and the “projection-based” 
EM scheme (cf. [20] and Remark 5). The mixed formulations rely on globally continuous tri-linear or tri-quadratic interpolations for 
the displacements and velocities, while the mixed quantities are interpolated one order lower, discontinuously across the element 
boundaries allowing for a static condensation as described in Sections 4 and 5. The various formulations under investigation are 
summarized in Table 1.

Two hyperelastic material models are considered. A Mooney-Rivlin model (cf. [24]) with a stored energy function, defined as
̃MR = 𝑎(tr(𝐂) − 3) + 𝑏(tr(𝐆) − 3) + 𝑐

2
(𝐽 − 1)2 − 𝑑 ln(𝐽 ) , (111)

with independent parameters 𝑎, 𝑏, 𝑐 ∈ ℝ+ and dependent parameter 𝑑 = 2 (𝑎 + 2 𝑏) that ensures stress normalization (stress-free refer-
ence configuration). For more details, refer to [36]. Furthermore, a modified Mooney-Rivlin model (cf. [25]), whose stored energy is 
given by

̃mMR = 𝛼
2
(

(tr(𝐂))2 − 9
)

+
𝛽
2
(

(tr(𝐆))2 − 9
)

− 𝛾 ln(𝐽 ) + 𝜖1
(

𝐽 2𝜖2 + 𝐽−2𝜖2 − 2
)

, (112)
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Table 2 
Mooney-Rivlin model parameters from [36].
   𝑎 831.25  [Pa]  
 𝑏 166.25  [Pa]  
 𝑐 10000  [Pa]  
 𝑑 = 2(𝑎 + 2𝑏) 2327.5  [Pa]  
 𝜌0 100 [kgm−3] 

Table 3 
Modified Mooney-Rivlin model parameters from 
[25] with effective Poisson’s ratio of 𝜈 = 0.495.
   𝛼 42000  [Pa]  
 𝛽 84000  [Pa]  
 𝛾 = 6(𝛼 + 2𝛽) 1260000  [Pa]  
 𝜖1 100000  [Pa]  
 𝜖2 10  [-]  
 𝜌0 225 [kgm−3] 

Table 4 
Modified Mooney-Rivlin model parameters in-
spired from [25] with effective Poisson’s ratio of 
𝜈 = 0.499.
   𝛼 42000  [Pa]  
 𝛽 84000  [Pa]  
 𝛾 = 6(𝛼 + 2𝛽) 1260000  [Pa]  
 𝜖1 150000  [Pa]  
 𝜖2 17.7  [-]  
 𝜌0 225 [kgm−3] 

is considered, where the independent parameters 𝛼, 𝛽, 𝜖1, 𝜖2 ∈ ℝ+ are introduced and dependent parameter 𝛾 = 6 (𝛼 + 2 𝛽) ensures 
stress normalization2

The specific model parameters for the numerical study of the first example (Section 6.1) are listed in Table 2 and result in a 
compressible material behavior. In contrast, the second example (Section 6.2) deals with quasi-incompressible material behavior. The 
parameters are listed in Tables 3 and 4. In both cases, a linearization of the employed material model about the reference configuration 
leads to a quasi-incompressible material behavior with an effective Poisson’s ratios of 𝜈 = 0.495 and 𝜈 = 0.499, respectively.

The discrete derivatives of the stored energy functions required in the fully mixed formulation (Section 5.1), the size-reduced 
mixed formulation (Section 5.2), and the size-reduced displacement formulation (Section 5.3) can now be easily calculated. For the 
stored energy of the Mooney-Rivlin model (111) we obtain

D𝐂̃ = 𝑎𝐈 ,
D𝐆̃ = 𝑏𝐈 ,

D𝐽 ̃ =
𝑐
2 (𝐽𝑛+1 − 1)2 − 𝑑 ln(𝐽𝑛+1) −

(

𝑐
2 (𝐽𝑛 − 1)2 − 𝑑 ln(𝐽𝑛)

)

𝐽𝑛+1 − 𝐽𝑛
 .

(113)

Similarly, the discrete derivatives of the modified Mooney-Rivlin model (112) are given by
D𝐂̃ = 𝛼 tr(𝐂𝑛+1∕2)𝐈 ,
D𝐆̃ = 𝛽 tr(𝐆𝑛+1∕2)𝐈 ,

D𝐽 ̃ =
−𝛾

(

ln(𝐽𝑛+1) − ln(𝐽𝑛)
)

+ 𝜖1
(

𝐽 2𝜖2
𝑛+1 − 𝐽 2𝜖2

𝑛 + 𝐽−2𝜖2
𝑛+1 − 𝐽−2𝜖2

𝑛

)

𝐽𝑛+1 − 𝐽𝑛
 .

(114)

Note that both stored energy functions under consideration are separable as outlined in Example 1.

6.1.  Dynamical investigations of an L-shaped body

The objective of this first investigation is to assess the robustness, long-term stability, and discrete conservation properties of the 
newly developed formulations and integrators, compared to the standard midpoint integrator.

We consider the initial boundary value problem of an L-shaped body, following the work of [19,24,37].

2 It should be emphasized that the above formulation differs from the one presented in [25] solely by an energy normalization (energy-free 
reference configuration), consistent with the standard Mooney-Rivlin model (111) (see also [36] for more details).
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Fig. 2. 2D projection of the geometry (left) and 3D illustration of the boundary conditions (right) of the L-shaped body.
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Fig. 3. Snapshots with von Mises stress distribution 𝜎vM [Pa] of the FM-𝑄1𝑄0-EM formulation at times 𝑡 ∈ {3.0, 6.0, 9.0, 12.0, 15.0, 18.0, 21.0, 24.0}s.

0 20 40 60 80 100
0

1

2

3
⋅103

𝑡 [s]

𝐸
𝑛 [
J] FM-𝑄1𝑄0-EM, Δ𝑡𝑛 = 1s

RM-𝑄1𝑄0-EM, Δ𝑡𝑛 = 1s
RD-𝑄1-EM, Δ𝑡𝑛 = 1s
SD-𝑄1-MP, Δ𝑡𝑛 = 0.8s
SD-𝑄1-EM, Δ𝑡𝑛 = 1s

0 20 40 60 80 100
−1

−0.5

0

0.5

1
⋅10−6

𝑡 [s]

𝐸
𝑛+

1
−
𝐸
𝑛 [
J]

FM-𝑄1𝑄0-EM
Δ𝑡𝑛 = 1s

Fig. 4. Total energy of the L-shaped body (left) for the different formulations and integrators. The corresponding energy difference plot for the 
FM-𝑄1𝑄0-EM formulation is shown on the right, obtained with a Newton tolerance of 𝜖 = 1𝑒-6.

The geometry and initial setting with boundary conditions are shown in Fig. 2. In particular, the applied external tractions are

𝐭1(𝑡) = −𝐭2(𝑡) = 𝑓 (𝑡) 1
9

⎡

⎢

⎢

⎣

256
512
768

⎤

⎥

⎥

⎦

N
m2

, 𝑓 (𝑡) =

⎧

⎪

⎨

⎪

⎩

𝑡 for 𝑡 ≤ 2.5s
5 − 𝑡 for 2.5s < 𝑡 ≤ 5s
0 for 𝑡 > 5s.

The L-shaped domain is discretized with 117 finite elements, and the simulation time is set to 𝑇 = 100 s. In Fig. 3, snapshots of the mo-
tion are shown with the corresponding von Mises stress distribution, clearly showing the occurrence of large rotations, deformations, 
and stresses.

The energies obtained with the integrators under investigation are shown in Fig. 4. Note that after 𝑡 = 5s, no external forces are 
acting on the system, so that the total energy should be a constant of motion.

The total angular momentum obtained with the integrators under investigation is shown in Fig. 5.
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Fig. 5. Illustration of the angular momentum components (left) and norm of the time difference of the angular momentum (right) for the L-shaped 
body, obtained with FM-𝑄1𝑄0-EM, and time step Δ𝑡𝑛 = 1.

−2.6 −2.4 −2.2 −2 −1.8

−7

−6

−5

−4

2

log10(Δ𝑡𝑛)

lo
g 1

0(
‖
𝑒(
∙)
‖

𝐿
2
)

𝛗

−2.6 −2.4 −2.2 −2 −1.8

−6

−4

2

log10(Δ𝑡𝑛)

𝛗
𝐂
𝐆
𝐽
𝐒

Fig. 6. Numerical accuracy for RD-𝑄1-EM (left) and FM-𝑄1𝑄0-EM (right).

As evident in the energy diagram (see Fig. 4), the implicit midpoint rule applied to the standard displacement formulation SD-𝑄1-
MP leads to a simulation failure due to an energy blow-up. In contrast, the size-reduced displacement formulation RD-𝑄1𝑄0-EM yields 
both numerical stability and exact energy conservation (after the loading phase 𝑡 > 5 s), as illustrated in Fig. 4.

It should be noted that the other formulations considered, FM-𝑄1𝑄0-EM, RM-𝑄1𝑄0-EM and SD-𝑄1-EM, also conserve the energy 
exactly (after the loading phase 𝑡 > 5s). In addition to that, all considered integrators conserve the angular momentum (after the 
loading phase 𝑡 > 5s).

Furthermore, we examine the order of accuracy of the proposed integrators. Analogously to the implicit midpoint rule, second-
order convergence is expected. To assess this, we define the relative 𝐿2-norm of the error for a quantity (∙) as

||𝑒(∙)||𝐿2
=

||(∙) − (∙)r ||𝐿2

||(∙)r ||𝐿2
 , (115)

with

||(∙)||𝐿2
=

√

∫0

((∙) ⋅ (∙)) dV . (116)

Here, (∙)r denotes the reference solution of (∙), obtained using the smallest time-step size. For validation, we consider the free-flight 
motion of the L-shaped block in the time interval 5s ≤ 𝑡 ≤ 6s. As illustrated in Fig. 6 in a double logarithmic scale, the proposed 
RD-𝑄1𝑄0-EM and FM-𝑄1𝑄0-EM formulations exhibit second-order accuracy.

6.2.  Dynamics of a bending and twisting beam

The objective of this second example is to investigate numerical robustness and discrete conservation properties in the case of 
quasi-incompressible material behavior. We primarily apply the size-reduced mixed formulation (Section 5.2), i.e. RM-𝑄1𝑄0-EM and 
RM-𝑄2𝑄1-EM, since the underlying mixed finite element formulation has been shown to be well suited for quasi-incompressible finite 
elasticity (see [25,26]).

The underlying examples originate from [38,39]. For the pure bending beam, see also [17]. The geometry and initial setting with 
boundary conditions are shown in Fig. 7.
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Fig. 7. Geometric setup of the beam in its initial configuration and initial velocities: bending beam (left), twisting beam (center), and top view 
(right).
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Fig. 8. Snapshots of the bending beam problem for the RM-𝑄1𝑄0-EM formulation with von Mises stress distribution 𝜎vM [Pa] at times 𝑡 ∈
{0.2, 0.4, 0.6, 0.8, 1.0, 1.2, 1.4, 1.6}s.

In particular, the initial velocities for bending and twisting, respectively, illustrated in Fig. 7, are given by

𝐯bending(𝐱, 𝑡 = 0) =
⎡

⎢

⎢

⎣

5𝑦∕3
0
0

⎤

⎥

⎥

⎦

[

m
s

]

, 𝐯twisting(𝐱, 𝑡 = 0) = 100 sin
(𝜋𝑦
12

)
⎡

⎢

⎢

⎣

𝑧
0
−𝑥

⎤

⎥

⎥

⎦

[

m
s

]

. (117)

Accordingly, due to the asymmetric clamping with respect to the coordinate system and the initial velocity, the bending beam problem 
is non-symmetric. In contrast to the examples in [39], which employ a Saint-Venant-Kirchhoff constitutive model, and [17,38], which 
both use a neoHookean model, we consider the modified Mooney-Rivlin model (112) with parameters given in Table 3, both taken 
from [25]. The parameters lead to nearly incompressible material behavior.

To obtain comparable deformations as in [17,39], we choose a density (see Table 3) that is one-quarter of the value used in [17,39]. 
A 2 × 12 × 2 finite element mesh is used. The simulations are carried out with the RM-𝑄1𝑄0-EM formulation for the bending beam and 
the RM-𝑄2𝑄1-EM formulation for the twisting beam. In the case of the bending beam, a total time of 𝑇 = 20s is considered, using a 
time step size of Δ𝑡𝑛 = 0.05s and a Newton tolerance of 𝜖 = 5𝑒-5. For the twisting beam, the parameters are set to 𝑇 = 4 s and 𝜖 = 5𝑒-6. 
The time-step size is chosen as Δ𝑡𝑛 = 0.01 s for the material parameters given in Table 3 and Δ𝑡𝑛 = 0.002 s for the material parameters 
given in Table 4. Note that a smaller time-step size is required for the more demanding combination of twisting deformation and 
near-incompressibility (𝜈 = 0.499).

Snapshots of the deformation and von Mises stress distribution are shown in Fig. 8 for the RM-𝑄1𝑄0-EM formulation and Fig. 9 
for the RM-𝑄2𝑄1-EM formulation, respectively, while the total energy is depicted in Fig. 10.

Additionally, we compute the RM-𝑄1𝑄0-EM and RM-𝑄2𝑄1-EM formulations for the modified Mooney-Rivlin model with parame-
ters given in Table 4, corresponding to a Poisson’s ratio of 𝜈 = 0.499. The resulting total energies are shown in Fig. 11. Furthermore, 
we investigate how accurately quasi-incompressibility is enforced (see Fig. 12) by evaluating the mean error

̄𝐽 = 1
𝑉 ∫Ω0

|𝐽 − 1| dV , ̄Jφ = 1
V ∫Ω0

|Jφ − 1| dV , (118)

where the total reference volume is given by

𝑉 = ∫Ω0

dV . (119)

Due to the new rate-type pH formulation, a drift between 𝐽 and 𝐽𝜑 can be observed. The mixed quantity 𝐽 therefore tends to fulfill 
the incompressibility constraint more accurately. This tendency becomes more pronounced in the nearly incompressible case (cf. 
𝜈 = 0.495 in Fig. 12, left, versus 𝜈 = 0.499 in Fig. 12, right). Although the drift between 𝐽 and 𝐽𝜑 is of interest, only 𝐽 enters the 

Computer Methods in Applied Mechanics and Engineering 458 (2026) 118790 

22 



M. Hille et al.

0

0.5

1

1.5

2
⋅106

Fig. 9. Snapshots of the twisting beam problem for the RM-𝑄2𝑄1-EM formulation with von Mises stress distribution 𝜎vM [Pa] at times 𝑡 ∈
{0.04, 0.08, 0.12, 0.16, 0.20, 0.24, 0.28}s.
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Fig. 10. Total energy of the bending (left) and twisting (right) beam for a quasi-incompressible material with parameters given in Table 3 (𝜈 = 0.495). 
In both cases, the energy is conserved within the prescribed Newton tolerance.
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Fig. 11. Total energy of the bending (left) and twisting (right) beam for a quasi-incompressible material with parameters given in Table 4 (𝜈 = 0.499). 
In both cases, the energy is conserved within the prescribed Newton tolerance.
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Fig. 12. Verification of quasi-incompressibility for the bending beam using the RM-𝑄1𝑄0-EM formulation with a time-step size of Δ𝑡𝑛 = 0.05 s. Left: 
𝜈 = 0.495 with material parameters given in Table 3. Right: 𝜈 = 0.499 with material parameters given in Table 4.
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strain energy in the formulation, and the incompressibility constraint associated with 𝐽 is satisfied to a very good degree, as can be 
observed in Fig. 12. 

Despite the relatively coarse time step sizes, the RM-𝑄1𝑄0-EM formulation for the bending beam and the RM-𝑄2𝑄1-EM formulation 
for the twisting beam remain stable with energy conserved throughout these fully conservative setups.

It should be noted that the fully mixed formulations, i.e. FM-𝑄1𝑄0-EM and FM-𝑄2𝑄1-EM, produce nearly identical results, con-
serving energy and maintaining stability throughout the entire simulation.

7.  Conclusion

We have proposed a new port-Hamiltonian formulation of finite elasticity along with its structure-preserving discretization in 
space and time. We have shown that the combination of Livens’ variational principle with a Hu-Washizu-type extension adapted to 
polyconvex finite elasticity can be used to (i) derive the continuous pH formulation and (ii) construct a fully mixed weak formulation 
which provides the foundation for the structure-preserving discretization in space and time.

We have seen that the straightforward spatial discretization of the fully mixed weak formulation leads to semi-discrete equations 
of motion, which can be put in the form of a discrete pH system. Moreover, the direct temporal discretization of the fully mixed 
weak formulation provides a framework that accommodates alternative finite element formulations and leads to structure-preserving 
energy-momentum schemes. In this way, alternative finite elements suitable for handling quasi-incompressible finite elasticity can 
be chosen and extended to the dynamic regime. This was shown, in particular, for the mixed finite element formulation developed 
in [25,26].

A unique feature of the underlying pH description is that the strain-displacement relations are written in rate form. In this respect, 
the present approach bears some similarities with previous developments in [40] and [39]. The main advantage of the present pH-
based approach is that it facilitates the design of energy-momentum-consistent methods in a natural way. This has been shown in 
the context of second-order accurate time-stepping schemes by employing the midpoint rule together with the notion of discrete 
derivatives applied to the stored energy function.

In essence, the underlying rate form of the strain-displacement relations makes possible the design of energy-momentum-consistent 
methods for a whole family of mixed finite element formulations that fit into the structure provided by the fully mixed weak form. The 
corresponding size reduction procedure has been shown for mixed finite elements due to [25,26] (Section 5.2) and pure displacement 
elements (Section 5.3). This is in contrast to previous related work [24], which requires a specific cascade form of strain-type variables 
and thus precludes the use of other previously developed mixed finite elements for finite elastostatics, which in general do not comply 
with the cascade form of strain-type variables.

On the other hand, the versatility of the present pH-based approach comes at the expense of strain-type history variables that 
need to be retrieved from storage at the element level in each time step. In particular, strain-type history variables emerge in the 
static condensation procedure of mixed finite elements and for fully reduced displacement elements. In fact, this specific feature 
distinguishes the pH-based approach from previously designed EM methods. Similar observations have been made in the context of 
the nonlinear beam model investigated in [11].

Future research can address the extension of the present approach to multiphysics as well as inelastic material models, further 
exhausting the possibilities of the port-Hamiltonian framework. The present approach also opens promising avenues for the area of 
control, where energy-based formulations are of central importance.
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Appendix A.  Appendix

A.1.  Nodal operator matrix

The nodal operator matrix 𝔹𝝋̂ is defined such that

sym(𝐅T
𝝋h∇𝐰h

𝜑) ∶ 𝐀 = {𝐀}TV𝔹𝝋̂𝐰̂𝜑 (A.1)

holds for any symmetric second-order tensor 𝐀. Since

sym(𝐅T
𝝋h∇𝐰h

𝜑) ∶ 𝐀 = 𝐀 ∶
(

𝐅T
𝝋h∇𝐰h

𝜑

)

= tr
(

𝐀T𝐅T
𝝋h∇𝐰h

𝜑

)

=
𝑛node
∑

𝐾=1
tr
(

𝐀T𝐅T
𝝋h 𝐰̂

𝐾
𝜑 ⊗ ∇𝑁𝐾

𝜑

)

=
𝑛node
∑

𝐾=1
∇𝑁𝐾

𝜑 ⋅
(

𝐀T𝐅T
𝝋h 𝐰̂

𝐾
𝜑

)

= {𝐀}TV
(

𝑛node
∑

𝐾=1
𝔹𝐾
𝝋̂ 𝐰̂

𝐾
𝜑
) .

(A.2)

Note that 𝔹𝐾
𝝋̂  is linear in the nodal position vectors, because

𝐅𝝋h = ∇𝛗h =
𝑛node
∑

𝐾=1
𝛗̂𝐾 ⊗ ∇𝑁𝐾

𝜑  . (A.3)

Now, it can be inferred from (A.2) that the nodal operator matrix 𝔹𝝋̂ is given by

𝔹𝝋̂ =
[

𝔹1
𝝋̂ ⋯ 𝔹𝑛node

𝝋̂

]

 , (A.4)

where

𝔹𝐾
𝝋̂ =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝐹11𝑁𝐾
,𝑥 𝐹21𝑁𝐾

,𝑥 𝐹31𝑁𝐾
,𝑥

𝐹12𝑁𝐾
,𝑦 𝐹22𝑁𝐾

,𝑦 𝐹32𝑁𝐾
,𝑦

𝐹13𝑁𝐾
,𝑧 𝐹23𝑁𝐾

,𝑧 𝐹33𝑁𝐾
,𝑧

𝐹11𝑁𝐾
,𝑦 + 𝐹12𝑁𝐾

,𝑥 𝐹21𝑁𝐾
,𝑦 + 𝐹22𝑁𝐾

,𝑥 𝐹31𝑁𝐾
,𝑦 + 𝐹32𝑁𝐾

,𝑥
𝐹12𝑁𝐾

,𝑧 + 𝐹13𝑁𝐾
,𝑦 𝐹22𝑁𝐾

,𝑧 + 𝐹23𝑁𝐾
,𝑦 𝐹32𝑁𝐾

,𝑧 + 𝐹33𝑁𝐾
,𝑦

𝐹11𝑁𝐾
,𝑧 + 𝐹13𝑁𝐾

,𝑥 𝐹21𝑁𝐾
,𝑧 + 𝐹23𝑁𝐾

,𝑥 𝐹31𝑁𝐾
,𝑧 + 𝐹33𝑁𝐾

,𝑥

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

 . (A.5)

A.2.  Matrix related to the tensor cross product

The matrix representation of the tensor cross product of second-order tensors is defined such that the relationship

(𝐎 ×× 𝐏) ∶ 𝐐 = {𝐎}TV(𝐐){𝐏}V (A.6)

holds for a symmetric second-order tensor 𝐐, a symmetric strain-like second-order tensor 𝐎 and a symmetric stress-like second-order 
tensor 𝐏. Using definition (2) of the tensor cross product, the last equation can be written in index notation as

(𝐎 ×× 𝐏) ∶ 𝐐 = 𝜖𝑖𝛼𝛽𝜖𝑗𝑎𝑏𝑂𝛼𝑎𝑃𝛽𝑏𝑄𝑖𝑗

= 𝑂𝛼𝑎𝑄𝑖𝑗𝜖𝑖𝛼𝛽𝜖𝑗𝑎𝑏𝑃𝛽𝑏
(A.7)

Now, comparing the last equation with the right-hand side of (A.6) and taking into account the summation convention, the properties 
of the permutation symbol along with the Voigt notations in (68), one obtains

(𝐐) =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

0 𝑄33 𝑄22 0 −2𝑄23 0
𝑄33 0 𝑄11 0 0 −2𝑄13
𝑄22 𝑄11 0 −2𝑄12 0 0
0 0 −𝑄12 −𝑄33 𝑄13 𝑄23

−𝑄23 0 0 𝑄13 −𝑄11 𝑄12
0 −𝑄13 0 𝑄23 𝑄12 −𝑄22

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

 . (A.8)

Note that matrix (𝐐) is not symmetric, since the Voigt notation for 𝐎 and 𝐏 differs in off-diagonal terms. Additionally, it should be 
noted that the matrix (𝐐) would be symmetric if Mandel notation was employed in place of classical Voigt notation.

Computer Methods in Applied Mechanics and Engineering 458 (2026) 118790 

25 



M. Hille et al.

A.3.  Update formula for the reduced mixed formulation

We show that for the reduced mixed formulations dealt with in Sections 5.2 and 5.3, the update formula for 𝐂𝑛+1 in (53) yields 
the result 𝐂𝑛+1 = 𝐂𝜑h

𝑛+1
. Thus, from (53), we have

∫Ω0

𝐰𝚲𝐂
∶
[

𝐂𝑛+1 − 𝐂𝑛 − 2Δ𝑡𝑛 sym(𝐅T
𝜑h
𝑛+1∕2

∇𝐯h𝑛+1∕2)
]

dV = 0 . (A.9)

Due to the arbitrariness of 𝐰𝚲𝐂
∈ 𝐶 , the last equation yields

𝐂𝑛+1 − 𝐂𝑛 = Δ𝑡𝑛2 sym(𝐅T
𝝋h
𝑛+1∕2

∇𝐯h𝑛+1∕2) . (A.10)

Now,

2 sym(𝐅T
𝝋h
𝑛+1∕2

∇𝐯h𝑛+1∕2) = 𝐅T
𝝋h
𝑛+1∕2

∇𝐯h𝑛+1∕2 + (∇𝐯h𝑛+1∕2)
T𝐅𝝋h

𝑛+1∕2
 . (A.11)

Taking into account

𝐅𝝋h
𝑛+1∕2

= ∇𝛗h
𝑛+1∕2 =

1
2
(

∇𝛗h
𝑛 + ∇𝛗h

𝑛+1
) ,

∇𝐯h𝑛+1∕2 =
1
Δ𝑡𝑛

∇
(

𝛗h
𝑛+1 − 𝛗h

𝑛
)

= 1
Δ𝑡𝑛

(

∇𝛗h
𝑛+1 − ∇𝛗h

𝑛
) ,

(A.12)

we obtain
Δ𝑡𝑛2 sym(𝐅T

𝝋h
𝑛+1∕2

∇𝐯h𝑛+1∕2) = (∇𝛗h
𝑛+1)

T∇𝛗h
𝑛+1 − (∇𝛗h

𝑛)
T∇𝛗h

𝑛

= 𝐂𝜑h
𝑛+1

− 𝐂𝜑h
𝑛
 .

(A.13)

Consequently, (A.10) yields
𝐂𝑛+1 − 𝐂𝑛 = 𝐂𝜑h

𝑛+1
− 𝐂𝜑h

𝑛
(A.14)

and thus 𝐂𝑛+1 = 𝐂𝜑h
𝑛+1

 provided that 𝐂𝑛 = 𝐂𝜑h
𝑛
.

Supplementary material

Supplementary material associated with this article can be found in the online version at 10.1016/j.cma.2026.118790
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