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ARTICLE INFO ABSTRACT

Keywords: An energy-based modeling framework for the nonlinear dynamics of spatial Cosserat rods
Simo-Reissner beam undergoing large displacements and rotations is proposed. The mixed formulation features
Kirchhoff beam

independent displacement, velocity and stress variables and is further objective and locking-
free. Finite rotations are represented using a director formulation that avoids singularities
and yields a constant mass matrix. This results in an infinite-dimensional nonlinear port-
Hamiltonian (PH) system governed by partial differential-algebraic equations with a quadratic
energy functional. Using a time-differentiated compliance form of the stress—strain relations
allows for the imposition of kinematic constraints, such as inextensibility or shear-rigidity. A
structure-preserving finite element discretization leads to a finite-dimensional system with PH
structure, thus facilitating the design of an energy-momentum consistent integration scheme.
Dissipative material behavior (via the generalized Maxwell model) and non-standard actuation
approaches (via pneumatic chambers or tendons) integrate naturally into the framework. As
illustrated by selected numerical examples, the present framework establishes a new approach
to energy-momentum consistent formulations in computational mechanics involving finite
rotations.

Port-Hamiltonian systems
Differential-algebraic equations
Structure-preserving discretization
Mixed finite elements

1. Introduction

Flexible multibody systems consisting of rigid bodies and flexible components [1] have a plethora of applications, as for example
in the fields of soft robotics [2] or cable dynamics [3]. These systems are inherently complex, driven by geometric nonlinearities
and intricate material behavior, thus requiring accurate and robust simulation methods [4].

To this end, the present work provides a novel modeling framework for the dynamics of Cosserat rods [5], which are a cornerstone
in modeling the nonlinear dynamics of thin, flexible structures. Hereto, the governing equations are recast as a port-Hamiltonian
(PH) system [6]. This approach inherently provides a mixed formulation in terms of independent displacement, velocity and stress
variables and facilitates the structure-preserving discretization in space and time.

Cosserat rods. Cosserat rods are also referred to as Simo-Reissner beams [7,8] or geometrically exact beams [9,10].! These models
have become highly influential [9-20], as they avoid linear or higher order approximations. Lately, these models appear also more
frequently in soft robotics [21-24].

The complexity of this model is mostly due to its geometric nonlinearity originating from finite rotations, whose parametrization
can be approached in various ways [1]. Possible options to parameterize the rotational degrees of freedom include, but are not
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limited to Euler angles, (projected) unit quaternions or vectors of relative rotation. In this work, a singularity-free parametrization
will be considered, which avoids coordinates of rotational nature altogether and yields a constant and diagonal mass matrix —
the director framework. Due to its beneficial properties, the director formulation of Cosserat rods has been a popular choice in the
design of finite element methods. The corresponding finite element implementations rely either on the imposition of algebraic nodal
constraints [9,13,14,25,26] or on the introduction of nodal rotational degrees of freedom [10,27-30]. More details on the choice of
rotational parameters can be found in the works [31-34].

Port-Hamiltonian systems. The port-Hamiltonian (PH) framework provides a unifying approach to modeling, simulation, and control
of interconnected dynamical systems [6], ideally suited for flexible multibody systems. The PH description takes into account
dissipation and interaction with the environment, and can thus be considered an extension of classical Hamiltonian dynamics.

Originally introduced for finite-dimensional systems in [35], the extension of the PH modeling paradigm to infinite-dimensional
systems can be traced back to [36] and has been subject to extensive research in various areas [37]. In the context of structural
dynamics, PH formulations have been developed for geometrically exact strings [38-40], plates [41,42] and beams restricted to
small or moderate deformations [43-47]. Nonlinear strain-based beam models have been addressed in [48-50]. Using a material
formulation entirely in a body-fixed frame, these formulations are closely related to Hodges’ intrinsic description of the Cosserat
rod [51]. The equivalence to the description commonly used in structural mechanics has been shown in [52] and the related PH
representation is detailed in [53].

Structure-preserving discretization. PH formulations inherently provide energy-consistency, thus being ideally suited for the design
of structure-preserving discretization methods [4], which guarantee that the underlying power balance is respected at the discrete
level. This avoids numerical dissipation and energy inconsistencies, which is particularly critical in long-term simulations and in
control-oriented problems [54,55].

Numerical schemes that preserve both energy and momentum are commonly referred to as EM schemes. Although [56] was the
first EM method for spatial Cosserat rods, the important property of objectivity was violated, as has been shown in [11]. The first
EM method for spatial Cosserat rods that retains the objectivity is due to [10], see also [9,26], making use of the above-mentioned
director framework.

In the context of infinite-dimensional PH systems, the spatial discretization is likewise achieved through finite element (FE)
methods [57] yielding finite dimensional PH systems, see also [38,39,43,45,58,59] for applications in structural dynamics. It is
important to note that the typical use of energy variables in the PH approach inherently gives rise to mixed FE formulations, thus
incorporating also independent stress and/or strain fields. Similarly, time discretization plays a pivotal role for accurate simulations
with energetic consistency. Energy-consistent integration schemes for PH systems include discrete-gradient formulations [39,60-62]
and projection-based approaches [63].

1.1. Research gaps

To the best of the authors’ knowledge, mixed formulations and FE methods for the dynamics of Cosserat rods are still quite
rare. Despite the extensive research on this beam formulation and the PH framework, their integration has received only limited
attention. The existing strain-based PH formulations [48,50,53] require reconstructing absolute position and orientation as it is
also frequently the case for contributions outside the PH community [64,65]. Moreover, the Lie-group setting in [48] introduces
additional geometric complexity, and neither discretizations in [48,50,53] employ finite elements. Contrarily, proposed formulations
from the computational mechanics community are predominantly restricted to the static scenario [19,66-70].

Another challenge in the simulation of slender mechanical structures is transverse shear locking. This numerical stiffening effect
arises during discretization, leading to unrealistically small deformations. While selectively reduced integration [10,25] is a popular
solution, its treatment using mixed approaches is rarely discussed, see exceptions [19,59,66,69,71] in the PH context.

Linear constitutive relations can be naturally included into the PH formulation using a compliance equation based on a Hellinger—
Reissner variational principle [19,66,68,69]. So-called velocity-stress formulations, which are popular in the PH community [38,45,
72], are related to this concept and consider the compliance equation in time-differentiated form. However, the connection to
the Hellinger-Reissner principle has not been explicitly made in these works. For Cosserat rods, such formulations also bring the
advantage of easily preventing certain deformation modes such that also shear-rigid or inextensible beams may be simulated without
further modifications of the formulation [19]. However, an application to the dynamics of Cosserat rods, especially in combination
with a PH formulation, is still open.

Lastly, both the description of visco-elasticity with the generalized Maxwell model [73-75] and the actuation using pneumatic
chambers and tendons [21,22,22-24] are central in continuum robotics. Their inclusion into a PH framework remains an open topic.

1.2. Contributions

The findings in the previous works [40,59] indicate that a mixed PH formulation can advance the development of structure-
preserving methods for nonlinear structural dynamics. Therein, the specific PH framework [60,76-78] has been proven useful also
in the infinite-dimensional setting. In the present work, we adopt this formulation for spatial Cosserat rods, address the specific
challenges associated with finite rotations, and bridge the above-mentioned gaps as follows:
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(C1) We propose a mixed, infinite-dimensional PH formulation for spatial Cosserat rods, which naturally accommodates inde-
pendent displacement, velocity and stress variables, while ensuring intrinsic energy-momentum consistency. The employed
director-parametrization of finite rotations provides constant and diagonal mass matrices.

(C2) We show the structure-preserving spatial and temporal discretization using mixed finite elements and second-order time-
stepping methods, which are facilitated by the mixed PH formulation. Our approach ensures exact discrete representations
of the power and angular momentum balance.

(C3) We demonstrate that the FE approach, induced by the PH framework, mitigates shear locking and straightforwardly includes
shear-rigid and inextensible beam formulations as special cases. This can be easily realized in the context of a compliance
equation in time-differentiated form.

(C4) We extend the given PH model with respect to visco-elastic material behavior in terms of a generalized Maxwell model, and
actuation by pneumatic chambers and tendons. These extensions fit well into the proposed PH formulation.

1.3. Notation

We follow the following notation rules. Scalars f,g,n,m,s € R are represented in italic fonts. Vectors and d-tuples are treated
equally as one-column matrices, e.g., a,b,c € R%!, using bold fonts. All 3-dimensional vectors representing physical quantities
are expressed directly in coordinates, that is, as triples in R? relative to a fixed inertial orthonormal basis. Accordingly, the basis
vectors of this inertial frame have the canonical coordinate representations e; = (1,0,0), e, = (0,1,0) and e; = (0,0, 1). Making use
of the Einstein summation convention for repeated indices, i.e., for Latin indices i, j, k € {1,2,3} and Greek indices a, 8 € {1,2}, a
3-dimensional vector can be written as a = Z;Ll a;e; = a;e; = (ay,a,,a3). For convenience, a short bracket notation is used to express
[a",bT]T =: (a,b). The square |} represents a placeholder. The scalar product is denoted by a"b = a;b; and the cross-product in
R? reads ¢ = a X b = ¢;;,a;b,e; = ab, where we made use of the Levi-Civita symbol ¢;;, and ; denotes the mapping between R
and the space of skew-symmetric matrices so(3) C R¥3. The Kronecker delta §,; yields one for i = j and zero for i # j. Matrices
A € R™™ use bold faces and differential matrix operators involving derivatives are denoted as calligraphic uppercase letters A.
Matrix transposition is denoted by AT and the formal adjoint of an operator .4*. Matrix-vector multiplication and the action of an
operator are denoted similarly as Ab and Ab. Identity matrices are represented as I and matrices full of zeros as 0 thelr dlmenswn
being clear from the context. The partial derivative of a function f is denoted d-;f. We introduce further i, :=d,i.
The inner product on a one-dimensional domain £, parameterized by s, is denoted (a,b)g := /Q a'bds or (f, g)g = /_Q f gds thus
taking into account the correct dimension.

1.4. Outline

The remainder of this work is structured as follows: In Section 2 we introduce the problem statement connected to spatial Cosserat
rod dynamics. In Section 3 the model is reformulated as a first-order system and its PH structure is shown, inducing naturally a power
balance equation. Facilitated by the PH formulation, this power balance equation can be carried over to the discrete level by means
of structure-preserving discretization as shown in Section 4. Thereafter, Section 5 deals with the extension of the formulation to
visco-elasticity and two actuation mechanisms, which are relevant in continuum robotics applications. Ultimately, Section 6 contains
numerical examples, which verify the properties of the proposed approach. These are further recapitulated in the conclusion in
Section 7. Derivations and details, which are not crucial to grasp the main arguments, are comprised in Appendices A-E.

2. Cosserat rod model
2.1. Kinematics

Configuration. The following concepts are based on the models in [10,25]. Consider a one-dimensional material beam domain

= [0, L] c R, with length L € R, such that the motion of each material point on the centerline (also referred to as backbone or
line of centroids) is described via @(s,f) € R3. Here, the material coordinate s € @ is the arc-length parametrization of the centerline
of the stress-free initial configuration £, = {@(s,0) = sLe;|s € 2} and t € [0,7,,4] C R denotes time. Allowing a geometrically exact
description of the kinematics, every cross-section remains plane and rigid during motion and its orientation is described by means
of a rotation matrix

R(s,0)=[d((s,) dy(s,) ds(s,0)] =d(5.0)e; ", (@)

from SO(3), the special orthogonal group. The columns of R form a local frame of orthonormal directors d,(s,t) € R? for i = 1,2,3.
See Fig. 1 for a depiction of the kinematics. The director d;(s,?) is assumed to be normal to each cross section and d,(s, 1), d,(s,t)
are transverse to it, such that ds(s,t) = d,(s,1) X d,(s, ). For simplicity, we further assume that d,(s, ) and d,(s, ) coincide with the
principal axes of inertia of the cross-section at all times. In the following, the explicit dependency on space and time is omitted and
only mentioned where deemed necessary. Abusing notation, we also interpret R = R(d) as function of the vertical concatenation of
the directors d = (d,, d,, d;) € R°. Furthermore, we call (¢, d) displacement quantities, as they uniquely characterize the displacement
of each material point on the beam configuration. Since R(d) € SO(3), it holds that det(R(d)) = +1 and R(d)" R(d) = R(d)R(d)" =
Consequently, there are 6 orthonormality conditions

0=gdeR® < %(d,.de—(s,.j)=0, (@)
for (i.j) € {(1,1),(2,2),(3.3).(1,2).(2.3).(3, }.
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Fig. 1. Schematic depiction of a Cosserat rod configuration.

Strains. We make use of the objective, material strain measures I' = RT¢ to describe shear deformation and dilatation and
K = RTR for curvature and torsion, which can be expressed equivalently as

d1T¢,s | | d3Td2,s - dZTd3,s
Ir= (dkT(P,s)ek =|d)To,|. K= Egijk(ddej,s)ei =3 d\"ds,—ds'd |, (3)
d3T¢,s dZle,s - ledZ,s

where we switched to the axial vector of K. Due to the bilinearity of both I'(d, ¢ ;) and K(d,d ;), one can compactly rewrite them
using two different representations each, i.e.,

I'=Rd) ¢, =JTn(p,"d, K=Ldyd=-Ld)d. 4)
The rotation matrix (1) as well as the newly introduced matrices

Ps 1 _d3T dZT
In(py) = @, eR™, L) = 3 d;7 —-d,T| e R¥ (5)
P -d," d,7

are linear functions of their arguments. Note that L(d)d = 0 due to (2).

Remark 2.1. We assume straight and stress-free initial configurations that serve as the reference configuration. Thus, the cross-
section normal d;(s,r = 0) aligns with the centerline tangent vector ¢ (s, = 0) implying the homogeneous reference strains
T'y(s) := I'(s,t = 0) = (0,0,1) and Ky(s) := K(s,t = 0) = 0. For pre-curved beams, the reference strains would be different,
which does not affect the generality of the theoretical framework developed in the remainder of this work. Moreover, I' describes
the rate of change of the centerline (i.e., the tangent vector), while K describes the rate of change of orientation when moving
along the beam. The fact that K is derived from a skew-symmetric matrix K can be traced back to taking the derivative of the
orthonormality constraints (2) with respect to s.

2.2. Constitutive modeling

Starting from the general case of hyperelastic material models based on a scalar-valued strain energy function W = W (I, K)
being a function of the strain measures, the corresponding work-conjugated stress quantities are derived as

N=0rW, M=o W. (6)

Here, indicated by an uppercase notation, N = N,e; are the material normal and shear forces and M = M,e; are the material
bending and torsion moments. The spatial stress quantities n and m can be linked to their material counterparts via

n=R(d)N = N;d,, m=R(d)M = Md,. )

In the following, we assume linear constitutive laws such that W has quadratic form. This is a common assumption in the literature
since locally only small strains are expected. We thus write

W, K)= %(r —T)Cr(I'=Ty)+ %(K - Ko)"Cx(K - Ky) (8)

with constant elasticity matrices C = diag(k,;, kg, k) € R and Cy = diag(ky;, ki, k) € R¥ as well as I'y and K|, according to
Remark 2.1.
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Compliance form. A quadratic hyperelastic strain energy function can also be expressed in terms of the stresses as complementary
energy function W = W*(N, M) such that

W*(N, M) = %NTCNN + %MTCMM ©)

with compliance matrices C = diag(ks‘I , ks‘zl,k HeR¥, cy = diag(k;ll , kl:Zl,k[‘ 1) € R¥3. Note that these matrices are allowed to
be singular if some stiffness parameters tend to infinity, e.g., k), ky, — oo and thus C = diag(0,0, k;!) for shear-stiff beam theories,

like the well-known Kirchhoff -beam model. Similar to (6), the strain measures can be derived by differentiation, such that
I —Ty=0dyW*=CyN, K-Ky=oyW*=CyM. (10)

In the case of hyperelastic stress—strain relations that cannot be inverted, a Hu-Washizu type approach [39,59] might be required.
2.3. Equations of motion

The partial differential equations governing the dynamics of the Cosserat rod can be derived from the principle of virtual work,
see Appendix B, as

pA¢=n$s+ﬁ, Iﬂd)+a)><Ipa)=m’s+(p,x><n+m, an

stating the local balance of linear and angular momentum in spatial form, respectively [5,7]. Here, we introduced the uniformly
distributed mass density per unit length p > 0 and cross section area A > 0, o(s, ) € R? is the spatial angular velocity, I » € R3¥3 is
the spatial representation of the inertia tensor, and #(s, t), in(s,t) € R? are external distributed forces and moments per unit length.

In contrast to (11), we target a formulation in terms of directors as introduced above. Considering the derivations from Appendix
B, one obtains the equivalent representation of the Cosserat rod dynamics in the form

pAp =n +n, (12a)
M,d=-JyN-JyM -G, i+Tm, (12b)
g(d) =0, (12¢0)

where J y has been introduced in (5). Further, we have introduced a constant and diagonal mass matrix M , = diag(Mf}1 I, Mffz 1,0)e
R, and the operator matrix Ju»> which is defined together with its formal adjoint Jx = J ;4 as

Im(d.d o) I= L(d o)+ o, (L)), JTx(d,d )i = L(d )} - L(d)o/ 13)

Here, L is given in (5). Additionally in (12b), we have introduced T € R defined as

d
T(d) = —% 4|, with T@ = %[d] d, dy, 14)
d,
which connects angular velocities and director velocities, see (85) in Appendix A. Lastly, the constraint gradient matrix
TR :
d,’
d;’
Gyd)=dagd)=|1 + 1 7 € R (15)
792 291
1 1
2yt 3dy!
1 1
345 341 ]

and the vector containing all Lagrange multipliers A € R® encode constraint forces in (12b). These forces ensure the fulfillment of
the orthonormality constraints (12c), which are equivalent to (2). Note that N and M are calculated by means of ¢ and d via (4)
and (6). The related initial boundary value problem is completed by suitable initial and boundary conditions.

The purely displacement-based formulation (12) can be prone to locking and more tedious to deal with in the context of
energy—momentum consistent discretization. We thus target a mixed, port-Hamiltonian description in the following section.

3. Mixed formulation as a port-Hamiltonian system
3.1. Local form as first order system
Our goal is to rewrite the problem at hand as a set of first-order partial-differential equations with algebraic constraints due to

the orthonormality of the directors. To this end, we introduce independent stress and velocity variables, linked via a compliance
equation in time-differentiated form, and also consider the orthonormality constraints on velocity level.
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Let us introduce independent centerline velocities v, = ¢ and director-related velocities v, = d as well as the displacement and
velocity vectors g,v € R'? such that

q:

¢ _ |Ye ; .
d] , v= [l’d] with g=v. (16)

By making use of the newly introduced velocities, we can rewrite the balance Egs. (12a) and (12b) as
pAb, = 0,(RN) + &, M,y =-JyN-JyM -G, A+Th. a7
Next, taking the time derivative of the compliance Eq. (10) together with (4) we obtain an evolution equation for the stresses as
CyN=R@d) v, + Iy, v, CyM = Jg(d.d s, as)

Note that we have used the operator matrix Jg(d,d ;) in (18), which is defined in (13). Lastly, the use of directors as independent
quantities requires the explicit enforcement of 6 orthonormality constraints (12c), which we will also consider in time-differentiated
form as

Gl@v=1[0 Gy [';j] =0, (19)

where the constraint matrix G,(d) is defined in (15). Eventually, together with suitable initial and boundary conditions, Egs. (16),
(17), (18) and (19) are the basis for a mixed, PH formulation of the Cosserat rod dynamics. For the sake of brevity, let us introduce

_|N _|Cn 0 _ |pAI 0 [r o _[a
o R O ) NP A |
_ [R@roLs JN(‘P,S)T] _ [—%(R(d)[}) 0 ]

Jo-(q)_ [ 0 JK(dyd,s) ’ Jv(q)— JN((p’S) JM(d’dY) )

to compactly rewrite (17) and (18) in the following section.

(20)

3.2. Port-Hamiltonian representation

The PH representation of the governing partial differential-algebraic equations at hand comprises Egs. (16), (17), (18) and (19).
Using the definitions (20), we can rewrite them as

T q 1 0
M, v|_|-1 -J(@ -G@'||lv B,
c |le 7@ o|*| " @D
0|4 G(9) A

where the so-called descriptor matrix E = diag(I, M, C,0) is constant, symmetric and rank deficient by at least 9 due to the 6
algebraic constraints and the singular mass matrix. If certain stiffnesses are assumed to tend to infinity (e.g., by describing a shear-
rigid beam), the rank deficiency increases accordingly due to a singular compliance matrix C. In short form one can rewrite (21)
in the PH framework by [76-78]2 as

Ex = J(x)z(x) + B(x)ug,

. (22)
Yo = B(x) z(x),
where the state vector x € R comprises the primary unknowns
x=(q,v,0,4). (23)

The other newly introduced quantities in (22) can be identified by comparison with (21). Moreover, J(x) is a differential operator
matrix, termed structure operator matrix, which involves partial derivatives. Further, the costate function z has been introduced
and assumes the linear form z(x) = Qx with Q = diag(0, I, I, I). In (22), we have appended the distributed output relation, yielding
Yo = (v,, ), i.e., the centerline velocity and the spatial angular velocity . By definition this distributed output is power-conjugated
to the distributed input forces and torques u,, = (7, m).

Port-Hamiltonian structure. At this point, it remains to show that the above equations possess a PH structure. This requires that (i)
the costate function z is properly linked to the underlying Hamiltonian of the system, and that (ii) the structure operator matrix
J is formally skew-adjoint, i.e., J(x) = —J(x)*. These two conditions ensure that the PH system has an underlying Stokes-Dirac
structure and consequently satisfies a power-balance equation.

Condition (i) requires that

E"z(x)=6,H, (24)

2 Also see the adaptions in the context of infinite-dimensional systems in [39,40,59].
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where 6, H is the variational derivative of a suitable Hamiltonian H, see [76-78]. With the above definitions of E and z(x) this is
indeed the case for the Hamiltonian given by

H(x)=/h(x)ds: l/xTQTExds: 1/ (v"M,v+067Co) ds, (25)
2 2Ja 2Ja

which represents the total mechanical energy of the system, i.e., the sum of kinetic energy and the complementary energy stored in
the beam due to deformation. Consequently, 6, H = d,h = QT Ex and (24) holds true since Q" E = E'T Q. Note that the Hamiltonian
does not depend on g and A, since these do not contribute to the energy of the system. These properties are reflected by the
corresponding zero blocks in the matrices Q and E, respectively.

Concerning condition (ii), the property of formal skew-adjointness of J in (21) can be regarded as the extension of skew-
symmetry for matrices to differential matrix operators. Loosely speaking, this means that the computation of (z,.Jz), may only
yield boundary terms after integration by parts.® For elements that do not involve spatial derivatives, such as I and G, this is
straightforward by checking the skew-symmetry. However, for the differential operators J,; and J, this requires some more attention.
Eventually, the result

(z,Jz)g = [v(an + me]m = Yoo Uo (26)

is obtained along the lines of Appendix C. This product encodes the power flow through the boundary 02 = {0, L} exerted by means
of the outputs y,, and boundary inputs u,,. The latter are given by the boundary values of the initial boundary value problem.
For example, in the case of the pure Neumann boundary conditions with prescribed quantities | iy on the Neumann boundary
09y = {0, L}, one has

—nyo(?) v,0,1)
_|—mno® | ®0,1

Rl NN Yoo =1y (Lo 27)
my () o(L,1)

Power balance equation. Since both conditions have been verified, the governing Egs. (22) have PH structure. As a consequence, an
underlying power balance equation with respect to the Hamiltonian (25) is induced as

H =/6xHTxds =/zTExds =/zT (Jz + Bug) ds =onTqu+/ v ugds, (28)
Q Q Q Q

where we have used the chain rule, (22), (24) and (26) and omitted the state-dependency of the respective quantities. Note that
the power balance (28) automatically ensures conservation of energy for closed systems (i.e., for u, = 0, u;, = 0) and demonstrates
the property of passivity. This property lies at the core of PH systems and can be exploited when designing energy-momentum
consistent methods. Thus, when it comes to the numerical discretization, we aim to preserve the PH structure to retain this property
in simulations.

Remark 3.1. The underlying mathematical notion is that of a Stokes-Dirac structure, which defines so-called flow and effort
variables on respective dual spaces. As pointed out for finite-dimensional systems of the same structure [77], the present framework
is consistent with that geometric viewpoint on PH systems. In fact, we can define flows f = Ex and efforts e = z(x) = Qx. Here,
the Stokes-Dirac structure is modulated by the state, which can be seen from the state-dependency of the structure matrix operator
J(x). An in-depth explanation of that viewpoint is omitted here for the sake of conciseness. For more detailed explanations, the
interested reader is referred to Chap. 4 in [6], or the instructive works by Brugnoli and co-authors [41,58,71].

3.3. Weak form

The weak form of the problem

(pAsv,, ¢ - v(ﬂ)Q =0, (292)

(M, 6v,,d-v,), =0, (29b)

(6@.pAD, — 1), + (89, RN ), — [6@,ny],, =0, (290

(6d.M v, + Ty N +G,"A—Tm), + (JIxéd, M), - [6d.Tmy],, =0, (29d)
(6N.CyN-RTv, - JyTv,),=0, (29€)

(6M.Cy M - Jgv,), =0, (291)

(62,G4v), =0, (29g)

3 For an operator A its formal adjoint A* is defined by (a, Ab), = (A*a, b), for all a,b with compact support in 2. A formally skew-adjoint operator satisfies
(a,Jb), =—(Ja,b), for all a,b with compact support in £. For more details, see [71] or Chap. 4 in [6].
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holds for all admissible and sufficiently smooth test functions. It can be derived in a straightforward manner from the differential
form (21) and serves as the basis for the following FE discretization. Accordingly, premultiplying (21) on both sides by appropriate
test functions (M ,6v, 8q, 56,51), integrating over the spatial domain £ and applying integration by parts yields the above weak
relation. This weak form can also be linked to a Hellinger-Reissner principle, as shown in Appendix B.2.

Remark 3.2. The weak form (29) is valid if the Dirichlet boundary conditions are considered in the space of admissible test
functions. However, if the Dirichlet boundary conditions are enforced in a weak sense, the weak form must be slightly modified,
e.g., by introducing additional Lagrange multipliers and accounting for the prescribed boundary values. In general, enforcing
non-homogeneous mixed boundary conditions for PH systems requires additional care [38,79-81].

Remark 3.3. Notably the presented formulation also satisfies the fundamental balance of total angular momentum, which can be
shown by means of the weak form (29), as proven in Appendix D.

3.4. Objectivity

Let us discuss how the presented formulation, with weak form (29), behaves under superimposed rigid body motions, or, for
that matter equivalently, a change of observer. To this end, consider ¢(r) € R? and A(r) € SO(3) that prescribe superimposed finite
translations and rotations of the beam. Thus, the kinematic quantities change as

¢p'=c+Ap, di=Ad, UV =¢+Av,+Ap, V) =Av,+Ad, (30)

for i € {1,2,3}, Here, ¥ denotes a transformed quantity taking into account the superimposed rigid body motion. The external
distributed loads transform as

a* = An, m* = Am. (31)

The material strains (3) remain invariant under that transformation, see also [25, p. 1781] and [10, p. 1689]. Correspondingly, it
can be stated that

rd* o,9" = Id,d,9), K(d*,0,d%) = K(d, d,d). (32)

Using ATA + ATA = 0, it can also be shown that the corresponding strain rates I and K are unaltered such that the compliance
equations in time-differentiated form (18) are identically satisfied by transformed quantities. This ensures the objectivity of the
stress measures and their time-derivatives. Further, the orthonormality constraints on velocity level (19) are not affected by
such superimposed rigid body motions. Lastly, pre-multiplying the kinematic relation (16) and the balance Egs. (17) with A and
diag(A, A, A), respectively, yields again the same relations expressed in the transformed quantities.

This proof may alternatively be done by means of the weak form (29) with the appropriately transformed test functions.
Consequently, the present mixed formulation for PH geometrically exact beams is objective. Notably, this property is not altered by
the discretization methods proposed in the subsequent section, cf. Remark 4.1.

4. Structure-preserving discretization
4.1. Mixed finite element discretization in space

We pursue a structure-preserving discretization in space using a mixed finite element (FE) method as for the 2D case in [59].
The PH system for the Cosserat rod dynamics (21) is readily available for spatial discretization via its weak form (29).

Discretization ansatz. We discretize the domain into n, finite elements, ie., 2 = UZ;_QE, according to general standard proce-
dures [82]. Depending on the choice of ansatz functions this corresponds to n, nodes on the FE grid. Displacement and velocity
quantities (g, v) are approximated with C°-continuous, Lagrangian polynomial ansatz functions of order p, while stress type quantities
o use discontinuous Lagrangian polynomial ansatz functions of order p — 1. The corresponding spaces are denoted

Vh = {g" e H'(2,R?) ‘ q"lge € PPQLRDV Q€ 2.q" 0, = ap )
vh={¢"e H'(Q,R?) ‘ q"lge € PP RV QS € Q,q" 50, =0}, (33)
st = (6" € L}(2,RY) (ah@ e P (@ ROV 2 € @),

for p € {1,2}, where | denotes an approximation. Moreover, H' denotes the Sobolev space of square-integrable C°-continuous
functions, L? the space of square-integrable functions and P” is the space of polynomial functions of order p. By this choice, we
have n, =n,p+ 1.

The Lagrange multipliers are evaluated collocation-wise, i.e., with discrete values at the nodes and zero elsewhere, their
approximated space denoted as L. This can be formally realized via delta functions [83, Chap. 1.11]. Correspondingly, the
orthonormality of the directors (19) is relaxed to nodal points of the FE mesh. This facilitates the use of Lagrange polynomials for
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(g,v) and is a common approach in the literature [10,25,26].* Concerning the interpolation between nodes, “the lack of orthonormality
of the director frame can be regarded as a discretization error, which diminishes if the number of elements is increased” [13]. As employed
later, an interpolation using quadratic ansatz functions yields practically indistinguishable interpolations compared to an S E(3)-finite
element accounting for the correct manifold, see Fig. 2 in [30].

The discrete weak formulation using a Bubnov—Galerkin approach is then stated as follows. Find (g", v", 6", A") € VEx VP x Shx ch,
such that (29) holds for all (5", 60", 56", 64") € V" x V" x S" x £". To this end, we formulate the approximative quantities by
means of ansatz matrices @, ¥, = as

q"(s, 1) = D()4(t) € V", Vs, 1) = D(s)D(r) € V", 6" (s,1) =¥ (5)6(t) € S", (s, 1) = B(s)A@) € £P, (34)

where 4,0 € R'2(rtD) 6 € R and 1 € RO+ contain the unknowns from all finite elements and the respective nodes.
Moreover, for the approximation of the corresponding test function &__ consider the same basis as for the ansatz{_P. In this context,
the above ansatz matrices contain the polynomial ansatz functions, e.g., g"(s,t) = @(s)4(t) = 2:21 N;(5)§;(t). Therein, N; are basis
functions for P?(R2). For further details see Appendix A.2 in [59] for the planar case. We further follow common FE procedures, see
for instance [82], which also includes an assembly of the global system matrices and vectors accounting for the respective degrees
of freedom. Additionally, we perform all computations on element level and consider the isoparametric concept to transform all
calculations to a standard reference element with £ € @ = [—1,1].

Finite-dimensional PH system. The discrete system dynamics are obtained by approximating the weak form (29) with the ansatz
spaces (34). Taking into account the arbitrariness of the test function nodal values, we obtain the PH differential-algebraic equations
(PH-DAE)

I q 1 0
M, v _|-T A ~Jo@" -G@T7 v LB Ba|[te]| (35)
c 6 va(q) 4 Uy
0|4 G@ i

The discrete system matrices can be found in Appendix E. Analogously to the infinite-dimensional version (22), we can recast the

semi-discrete set of equations in a PH framework [76-78] given by
Ex = J(®)2(3) + B(oa,

A( T (36)

y =B 2(%),

where we have appended the discrete output equations for y = (3. y,), containing both distributed nodal as well as boundary terms.
These quantities have the physical interpretation of velocities, that are power-conjugated to the nodal distributed and boundary input
forces and torques. See Appendix E for more details. Here, the finite-dimensional version of the state (23) contains the degrees of
freedom of all finite elements and is given by

£=1(4,0,6,1). (37)
Inserting the ansatz (34) into (25) gives rise to the approximated Hamiltonian

HGEM = H®) = %ATM00+ %?ﬁé& = %ATQATE:%, (38)
where 0 = diag(0,1,1,1), E= diag(I, M o> ¢,0) and further system matrices can be found in Appendix E.

PH structure and power balance. We can again check the PH structure of the equations at hand. Firstly, corresponding to condition
(i) from the infinite-dimensional setting, it can be stated that

ET2x)=VH®) (39)

holds true for the semi-discrete system because of the discrete Hamiltonian (38) and the definitions of E and 2(3) = O% in the
PH-DAE (35). Secondly, the formally skew-adjoint nature of the structure operator J has been retained as skew-symmetry of the
structure matrix J(%) = —J(%)7 in (35). Note that the state-dependence of J highlights the geometric nonlinearity of the problem
at hand. This corresponds to condition (ii) from the infinite-dimensional setting.

As already discussed, one core property of the PH formulation is that it satisfies a formalized power balance equation, see (28).
Since (36) is a discrete PH-DAE system, it satisfies the semi-discrete power balance equation

A=VA® i=28TEx =27 (F®)2(x) + BGoa) = y'a, (40)

where we have made use of (36), (39) and the skew-symmetry of J (%). The equation resembles a discrete version of (28), showcasing
that the property of passivity and losslessness has been preserved within the discretization procedure.

4 Alternatively, a weak enforcement can be employed, see [18,84].
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Remark 4.1. We have outlined how to prove the objectivity of the present beam formulation in Section 3.4. The same property is
retained by the present space discretization and the proof is conducted in a completely analogous manner as before. To this end,
keep in mind that spatial approximations are mere linear combinations of the nodal unknowns, e.g.,

n
@ =Y Nl o), (41)
i=1
such that discretization and superimposition of rigid body motions commute. Consequently, the objectivity is inherited from the
pure displacement-based formulations [10,25], see also numerical verifications in the cited references.

4.2. Energy—momentum consistent discretization in time

We further aim at a structure-preserving time discretization of the PH-DAE (36). To this end, we apply the implicit mid-point
rule. Let &, ~ %(1,) at time instance ¢, and consider an equidistant time-grid such that [0,7.,4]1 = 2]: oltns 1o ] With N > 1 time steps
of constant size h =t,,; —t, > 0. The time-stepping scheme we propose reads

E <&n+] - JAcn) = }i'i(xn+]/2)£(5cn+l/2) +h ﬁ(&n+1/2)ﬁn+l/2’ (42)
Vi1 = B(’A‘n+1/2)T£(’A‘n+1/2),
forn = 0,...,N — 1, where the midpoint state %,,,/, := %(&Hl +%,) and @,,,/, = @(t, ;). Correspondingly, 9,12 & J(t,s1/2)-
Additionally, the time-discrete costate vector £(%,,,,) verifies
ET 281170 = VA G 0). (43)

since this is a mere pointwise evaluation of (39).

The structure-preserving scheme is energy-consistent and second-order accurate. Let us demonstrate that an exact energy balance
in discrete time is obtained. For at most quadratic Hamiltonians, like here (38), the midpoint-evaluated gradient satisfies the
directionality property,® which mimics the chain rule in the discrete time setting such that VH (%,,, /2)T (Zpet — %,) = H@&ypyy) -
H(&,), see also Remark 4.3. Exploiting this property we obtain

l:l(jcn+l) - l:l(jcn) = Vl:\l(xn+l/2)-r (in+l - in) = 2(5Cn+1/2)TE (in+l - in)
= h2@p1)" (J G102 Cos1/2) + BGg1 )it 2) (44)
=R Y12 i1 2

where we have used (42), (43) and the skew-symmetry of J, analogously to the continuous-time derivation (40). This proves that
the present time-stepping scheme exhibits passivity and losslessness (which includes energy-conservation in the case of vanishing
inputs). The scheme presented here can be regarded as a special case of the discrete gradient methods for PH-DAEs developed in
[62].

Remark 4.2. The presented time discretization also respects the balance of total angular momentum, see Appendix D.

Remark 4.3. The above directionality condition can be traced back to the mean value theorem. In fact, given an at most quadratic
polynomial function f € C'(R,R), f(b) — f(a) = Vf (”T“’)T(b — a), for any a,b € RY. Likewise, this property extends to bilinear,
vector-valued functions of two arguments f € C'(RY x R¢,R/) such that f(b,d) - f(a,c) = f(“T”’,d —-¢)+ f(b—a, %1), for any
a,b,c,d e R4,

4.3. Kinematic consistency in discrete time

This section is concerned with two aspects regarding the approximated kinematics of the proposed model. Firstly, the orthonor-
mality constraint (12c) is satisfied by the proposed time integration approach despite using the velocity-level constraint (19). To
show this, consider the first line of (35), which is discretized in time by means of (42) such that we obtain the discrete time
kinematics for the directors

) —(dy), = h®q i )n1/25 (45)

for each FE node k. Note that d. « € R? refers to all three director unknowns at node k. Furthermore, the fourth line of (35), which
is discretized in time by means of (42), yields

G (1)) @y ni1 2 =0, (46)

5 This property can also be exploited for more general Hamiltonians when using discrete gradient methods [4].

10
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for each node k, see further details in relations (120) and (121) in the Appendix. We can now make use of Remark 4.3, since the
orthonormality constraints (2) are quadratic and (46) contains the constraint Jacobian G ,(d) = d;g(d). Substituting (45) in (46) for
the midpoint velocities, one thus obtains

0 = 048((d)1/2)(d))npy — (d),) = g(dy),41) — 8((d)),) (47)

for all k. Eventually, given a consistent initial choice of orthonormal directors (d,), the constraints
g(dy),) =0 (48)

are exactly fulfilled for all k, n > 1. Thus, the orthonormality constraint is satisfied at each FE node in each discrete point in time.
This is due to the structure-preserving midpoint time discretization of the velocity-level constraints (19) pertaining to the present
PH model.

Consistent strain approximation. Further, we can show that the discrete strains calculated from the independent stresses via (10)
', :=CyN", +T,, K", :=CyM", +K, (49)

are variationally consistent with the discrete strains computed in terms of the displacement quantities (4), i.e., I'(@",,d",) and
K(d",). Note our Remark 2.1 on the assumed reference strains I', K. This consistency ensures a physically valid approximation in
each time instance despite the fact that the PH model is based on the evolution Egs. (18). Hereto, we evaluate (4) in the different

time instances and use the findings from Remark 4.3 due to the bilinearity of the strain functions. This yields
L@ i1, d" ) = T(9",d",) = R(@"1112) 0,(@" i1 = @) + IN O /)T (@ = ), 50)
K(d",y) = K@) = LOd" 110)(d" i = d") = L(@d"112)05(d" 1y = "),

On the other hand, consider the third line of (35), which is discretized in time by means of (42). The equivalent discrete space and
time versions of the weak forms (29¢) and (29f) are given by

(5Nh’ th+1 - th - hR(dhn+1/2)Tax(v(ph)n+1/2 - hJN((phn+l/2)T(vdh)n+l/2)9 =0, (51)
(6M". K", = K", = hIk(d" 141 )04 Vi1/2) o = .

We may now use @",,; — ", = h(w,"),.1/, and d",,; — d", = h(;"),41 />, Which are equivalent to the time-discretized first line of
(35), and account for the definition (13) of J. Eventually, taking into account (50), (51) yields

(‘SNh’ th+1 - th - (F((phn+1’ dhn+1) - F((phn’ dhrl)))g =0, (5Mh’ Khn+1 - Khn - (K(dhn+1) - K(dhn)))!) =0, (52)

for all » > 0. We now assume initial values for the stress variables N g, M g that, through (49), induce consistent strain measures
satisfying I“g = F((pg,dg) and Kg = K(dg). This yields the variational identities

(6N". Tt - I'(gh.dp)), =0, (sM" K} — K(d})), = 0. (53)
Eventually, (52) yields the result
(SNh’th+1 _F(q’hn+l’dhn+l))g =0, ((SMh’Khn+1 _K(dhn+1))g =0, (54)

for all n > 0. Consequently, despite the original rate form of the underlying PH formulation, consistent values for I'",; and K",
are recovered at discrete times 7,,,. By (49), this implies variationally consistent mixed stress quantities N",,, and M",, .

5. Extension of the model

In practical applications, such as soft robotics, visco-elastic material behavior and actuation via pneumatic chambers and tendons
are highly relevant. To this end, we show in this section that the inclusion of such concepts into the PH formulation (21) is seamlessly
possible. These extensions do not interfere with the discretization procedure from the previous chapter.

5.1. Extension to visco-elasticity

We target an extension to visco-elastic material behavior using the generalized Maxwell model. It represents an internal variable
model and has been discussed in, e.g., [73-75] in the context of Cosserat rods, or [40] for geometrically exact strings. While we
apply this approach to each strain measure separately, some works only include damping for the bending behavior [75].

The model consists of an elastic element and m > 1 viscous Maxwell elements in parallel, see the rheological model in Fig. 2. It is
also referred to as generalized relaxation model, see [85, Chap. 10]. In this context, each additional branch introduces new material
parameters, allowing for a more precise modeling of the time-dependent material behavior compared to, for example, the common
Kelvin—Voigt model [86]. For the sake of the deductions in this section, consider € = (I', K) as well as the definition of the stress
quantities o and the compliance matrix C, see (20).

11
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o
o(s) —] o (s)
e(s) @D al e(s)

Fig. 2. Schematic rheological model for the generalized Maxwell approach.

Due to the structure of the model, the stress quantities of all branches add up to the total stress,

=04+ 2 o (55)

el’

(i)
el
branch the elastic stress is equal to the viscous stress in the Maxwell element o

are the individual stress contributions of each branch. Note that in each viscous

i? = o-i?sc. Moreover, the total strain is equal to the

where o, is the long-term elastic stress and ¢

strain in each branch, i.e.,
e(@,d)=¢y = eg) +a®, (56)

for each i, where a(®) is the viscous strain in the damper element of the respective branch and &, is the strain in the purely elastic
branch. A common assumption is that the viscous stress

o = yg (57)

visc

is linearly related to the viscous strain rate via a symmetric, positive semi-definite viscosity matrix V.
To account for this linearly visco-elastic behavior in the PH model, we first introduce additional state variables ag) = a(v?g

each branch. Next, we include additional stress contributions in the balance of momentum (21) according to (55). Lastly, we account

for
C

for evolution equations

Cobs = E(9.d),

o ) . (58)
CO6Y = e(@.d) - VO 16, i=1,...m,

(i)
el
derivative of the two equalities in (56). We have further accounted for the constitutive relation (57) as well as C 0, = ¢, and

for the long term elastic stress o, and for each individual elastic stress contribution ¢} in a compliance form based on the time
C(i)"(e? = egl). Note that for consistency with a purely elastic beam model with elasticity matrices C and Cy, see Eq. (8), the
elasticity matrices of all branches must add up to those matrices.

Remark 5.1. A common approach [73,86] is to assume diagonal viscosity matrices ¥ based on the same structure as the elasticity
matrices. To this end, one can introduce dynamic viscosities #g,%; > 0 for shear and torsion as well as dilatation and bending,
respectively, such that

7 n
=", p= L (59)

are the corresponding characteristic relaxation times. Here, E, G > 0 denote Young’s modulus and the shear modulus, respectively.

This eventually gives rise to the viscosity matrices

. D MO
vo_ |V with v@=| ¢ Lo c vo_| 5 Lo c 60)
= 4% r= TG = i K’

@)
TE i,
where C(F") and C(IQ are elasticity matrices consistent with the compliance matrix C”) of the ith viscous branch.

Remark 5.2. The Kelvin—Voigt dissipation model, as for instance used in [17,86], is contained in the present framework if m = 1
dissipative Maxwell branch is considered. In this branch, the compliance of the elastic element has to be zero, such that it behaves
rigidly.

12
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Dissipative PH model. The dissipative system can again be viewed from a PH perspective. To this end, we concatenate all stresses

of the Maxwell branches in o, = (O'S), ,agl")) to define the state and costate of the new PH system as

X =(@,V,04,0,A), z2(x) = (0,v,04,, 0, 4). (61)

together with the Hamiltonian
1 1 1
H(x)= /-Q <§vTMov + EO'OOTCQOO'OO + EaviSTCViSGViS) ds, (62)

comprising the kinetic energy as of before together with all complementary strain energy terms pertaining to the elastic elements
of the generalized Maxwell model with C,;, = diag(C"", ..., C™). Similarly, we define ¥~! = diag(W")1,...,(¥ ™)), g¥is =
[Ty ... Tp] and T2 = [J,7 ..., 7] T with m copies of the respective quantity. Thus, we write the dynamics as

I q I 0
M, o | |-1 ~d@ -I5e -G@T|| v | |Ba
Co 6y |= Js(@) o |+ ug. (63)
Cvis o.-yis Jo\-lls(q) _V_l Oyis
off 2 G(q) A

In short, this fits again into the PH framework [76-78]
Ex =(J(x)—R)z(x)+ B(x)up,

(J( 1 )z(x) (Xug 64)

Yo =BXx) z,

where R = diag(0,0,0,V~!,0) is a constant, symmetric, positive semi-definite matrix.® The positive semi-definite property can be
checked by means of the block-diagonal structure and (V?)~! being symmetric and positive semi-definite, see Remark 5.1.
The power-balance equation induced by this PH system extends the one by the purely elastic model (28) such that

H=y,0 ugo + /2 Yo'ugds—D. (65)
g

Here, we have introduced the dissipated power due to viscous deformations (also called dissipation function [85])

m
D= / z Rzds = / 6V 9ie, ds = / Y @HT v )6l ds > 0. (66)
Q Q Q

i=1

Consequently, the power balance Egs. (65) immediately leads to the dissipation inequality
H < y50 o +/ Yo' ugds, 67)
Q

proving the passivity of the dissipative infinite-dimensional PH system.

Remark 5.3. As shown in [40] for geometrically exact strings, we can obtain the model (63) alternatively by power-preserving
interconnection. In this context, all viscous Maxwell branches are interpreted as purely dissipative PH models and the elastic branch
as its own model similar to (21). The overall model is obtained by means of a gyrator interconnection of passive subsystems.

5.2. Extension to pneumatic and tendon actuation

In the context of soft robotic manipulators, two state-of-the-art actuation approaches are given by elastic cables acting as so-called
tendons [21,22] and pneumatic chambers [22,23]. Both can be included seamlessly in the present beam model in a unified way. We
follow the approach from [22,23], see also [24], and include additional stress contributions acting as distributed actuation terms.”

Thus, we extend the equations of motion (21) by introducing additional terms as

N - N+R(d)n,, M - M + R(d)"m,, (68)
where n,, m, € R? are additional internal forces and moments emerging from input actuation. For both tendon and pressure chamber

actuation they assume the form
N

n,= 2 Tktk’ m, =
k=1 k

M=

Pr X Tty (69)
1

where k is the index of the actuation element, i.e., tendon or pressure chamber, and

(70)

T, =

pr(A, <0 for pressure actuation,
T, () >0 for tendon actuation,

6 In general, this notion can be extended to a state-dependent, self-adjoint differential operator.
7 Equivalently, one can account for these effects using the distributed forces and moments per unit length (i2,m) combined with related Neumann boundary
terms. This approach is however more tedious to implement in an FE framework.
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Fig. 3. Schematic depiction for the actuation of a Cosserat rod, where the kth actuation element and related kinematic quantities are displayed.

the actuation force magnitude. Therein, p, is the pressure and A, is the cross section area of the pressurized chamber, while T} is
the tension force in a tendon. Both p,(¢) and T (r) are regarded as known input quantities, which will be related to a distributed
forcing term. Moreover in (69), ¢, is the corresponding unit direction vector and p,(s,?) = pidy(s,1), for a = 1,2, describes the vector
from the centerline of the beam to the line of centroids of the kth actuation element. Here, o} are material coordinates, which are
fixed. Correspondingly, r, = @ + p,. The only difference between the two actuation methods is that tendons induce traction in
tangential direction of the tendons while pressure chambers induce traction in cross-section normal direction. This is realized via
the unit direction vector ¢, such that

d; for pressure actuation,
e = (71)

r .
”r’” i for tendon actuation.
k.s

For a schematic depiction for the case of tendon actuation see Fig. 3.

In the strong form (21), these terms result in additional distributed inputs of the form B,(x)r, where 7 = (1, ..., 7y) € RN are
additional input quantities. To account for (17), (68) and (69), we introduce the distributed port matrix
B _ (tk,s)/]:/= 1 6XN
(%) = € R™7, (72)

~I Rt + Ty (R Pt )N

where each column of the matrix corresponds to the influence of one actuation element. Note that the state-dependency of the port
matrix does not only emerge from the operators but also from the unit direction vector ¢, introduced in (71). Likewise, this also
leads to an additional input term in the differential form of the PH dynamics (22), eventually extended to

B, (x)

Ex = J(x)z(x) + B(x)ug, + B (x)7, where B, (x) = (73)

Similarly, these additional contributions are accounted for in the weak form analogously to the internal forces and moments via
additional terms (¢, n,) o and (Jkéd,R"m,) o in (29¢) and (29d), respectively.

6. Numerical examples

Let us apply the proposed framework to representative numerical examples. Newton’s method is used to solve the nonlinear
discrete time Egs. (42) in every time step with an absolute tolerance & on the norm of the residual. The spatial integrals are
approximated by means of a three-point Gauss quadrature and for the polynomials ansatz functions we choose p = 2. The Dirichlet
boundary conditions for the displacements and velocities are incorporated directly into the ansatz functions, see Remark 3.2, and
no gravitational effects are considered. The computations have been performed using the finite element code moofeKIT,® and the
generated data are published in [87] and archived under [88]. The first example is used to assess the structure-preservation of the
employed discretization approach. Additionally, good agreements with an analytical solution are shown. In the second benchmark,
we find good agreement of our results with data reported in the literature and verify kinematic consistency properties according
to Section 4.3. This example also deals with the visco-elastic extension from Section 5.1 and underlines the usability of the present
framework for inextensible Kirchhoff beams. The third example studies the formulation in a quasistatic scenario showing that the
present formulation matches an analytical solution and avoids locking. Lastly, we use our formulation to simulate the dynamic
motion of a soft robotic arm actuated by means of pneumatic chambers, as introduced in Section 5.2.

8 https://github.com/kit-ifm/moofeKIT
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Table 1
Flying spaghetti: Physical and numerical parameters.
h Tend ne € L PA M;l = Mzz Ky = kyy = ky kg = ko =k,
0.1 15 10 1071 10 1 10 103 10*
10
n D

20

70 =5

)

Fig. 4. Flying spaghetti: Snapshots of the kayak-rowing motion with azimuth and elevation perspective angles (55,15) and the colormap for time
1, with = € [0,15].

6.1. Flying spaghetti

This first benchmark problem has been initially proposed in [56,89] and taken up many times by, inter alia, [90-95]. The main
objective of this free flight problem is to verify the beneficial properties of the proposed beam formulation and compare the results
with data from the literature. We adopt the parameters chosen in [91,92],° see Table 1. Initially at rest in an inclined configuration
with @"(s = 0,1 = 0) = (6,0,0) and ¢"(s = L,7 = 0) = (0,0,8), the beam is subject to an external force and torque at s = L, both of
which are applied for a short period of time, i.e., n(s = L,7) = v(t) and m(s = L,t) = u(t) with

% 0 801, for 1<25,
vin=fofof, uwO=rm|1|, f@)=4400-80t, for 25<t<5, (74)
1
0 2 0, for t>35.

At 1 =5, the system is closed as both boundary inputs become zero and the beam continues with a free flight, where total energy,
linear and angular momentum should be preserved. The resulting motion fits well to the depictions from [91,93,94], see snapshots
in Fig. 4. Moreover, the conservation of total energy'’ can be seen from Fig. 5. In each time step, the work done by the external load
W = ha,,, /szz,, +1,2 identically matches the total energy increase H(%,,,) — H(%,) during the loading phase. Correspondingly,
at all times, the energy balance violation 4E, := H 1) — H (%,) — W remains at the level of machine precision, confirming
the discrete-time power balance (44). The conservation of total linear and angular momentum after the loading phase can be seen
from Fig. 6, confirming the results from Appendix D. Further, the constant total linear momentum of p = (50,0, 0) for 7 > 5, matches
the analytical solution exactly within machine precision. Moreover, the load function (74), together with the chosen boundary
conditions, allows for an analytical solution for the position of the center of mass of the beam during motion [90,92], given by

2
N0 3+ 50, for t<2.5,
r=l 0|, rno= ‘%3—5;+2z2—%z3, for 25<t<5, (75)
4 -2 sy, for 1> 5.

9 The validity of the parameters reported by Simo and co-workers have been questioned in [90,91]. With the parameters employed here, the authors of [91,92]
could reproduce the results from the original works.
10 Refs. [92-94], in which the originally reported parameters are used, report significantly larger energy plateaus but similar angular momentum levels.
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Fig. 5. Flying spaghetti: Total energy — H(x,), input work Wwe | total energy increments - - - H(%,,,) — H(%,), and energy balance
violation — AE,.
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Fig. 6. Flying spaghetti: Total linear momentum components (p;), = p(x,)"e; and total angular momentum components (/;), = I(x,)"e;, where
ie{l—, 2— 3---}.
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Fig. 7. Flying spaghetti: Analytical solution () and numerical solution (- - -) for 1-component of the center of mass as well as deviation 4r;
with i€ {l—, 2—, 3—}.

This is closely matched by the simulated center of mass r"(f) := % Jo @"(s,1)ds obtained with our approach, see Fig. 7. Some slight
deviations 4r; := e, r" —r; are still present during the loading phase for the I1-component but after ¢ = 5, all three curves are in the
range of computer precision. Additionally, a convergence study is performed to investigate the temporal discretization accuracy for
the centerline position and velocity at the free end with s = 0 with respect to the temporal discretization. The results in Fig. 8 show
that the relative error
oy _ roowef R
s = s =0r=0)-{] (S:Ost:t)”’ 76)
I s =00 =D

fori e {op, v, }, obtained with our approach decreases with order two with increasing temporal resolution. This is in line with the
expected behavior for the midpoint-type discretization. Here, the evaluation time is chosen as 7 = 5. Moreover, Tl s the finely
discretized reference solution obtained with 2 = 10~3 and ||__}|| denotes the Euclidean norm. In this context, the Newton tolerance
was reduced for all simulations to 108,

Another notable advantage of the time integration method, which is made possible by the PH formulation, is its remarkable
stability and robustness. In theory, the time step size is not constrained by the stability of the integrator but only by the deterioration
of the Newton method due to poor initial guesses at excessively large steps. In practice, the method must adequately resolve the
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Fig. 8. Flying spaghetti: Convergence of the relative error for centerline position ¢, -@— and velocity ¢, -#— with varying time step size
parameter.
Table 2
Nonlinear oscillation of a cantilever: Physical and numerical parameters.
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Fig. 9. Nonlinear oscillation of a cantilever: Tip velocities in cross-section frame Vi“p. Results from our approach (---) and reference solution
() [17] coincide. The sign flip and different order of components compared to the reference is due to a different director frame orientation.

loading function profile (74). Notably, choosing h = 2.5 poses no difficulty for the proposed method, while other works simulating
this example typically report time step sizes of 4 = 0.01 or 0.02. However, in light of the preceding convergence analysis, the
accuracy of the results with larger time step sizes should definitely be questioned.

6.2. Nonlinear oscillation of a cantilever

The example of an oscillating slender aluminum beam has been recently included in [17]. The beam has a circular cross-section
with diameter d = 4 - 1073 and we assume material parameters for Young’s modulus E = 7.2 - 10'0, Poisson ratio v = 0.35 and shear
modulus G = E/(2(1 + v)). This leads to cross-sectional moments of area I, = I, = 1/2I; = zd*/64. Further details are comprised
in Table 2. Note that this beam is relatively slender with a high slenderness ratio of L/d = 250. Conforming with [17], we thus
assume an inextensible Kirchhoff beam and impose the related kinematic constraints of shear rigidity and inextensibility. To this
end, we set Cy = 0 in the compliance Eq. (18), thus ensuring I" = 0. Moreover, note that we are able to choose a relatively large
time step size of 4 = 1073 due to the robustness of the employed energy-momentum time integration (42) (see paragraph in the
first example). Compared to the original setting in [17], where the largest possible time step size was h = 4 - 10~>, we obtain results
even for h =5-1072.

Initially at rest and positioned along the e,-direction, the beam is subject to an external force and torque at s = L, both of which
are applied for a short period of time, i.e., n(s = L,t) = v(¢) and m(s = L,t) = u(t) with

0 0.25 1 27
~(1—=cos|=% £ X
vy =rolt| wo=ro| o |, ro= 3 (1-cos (1)) for s<00s 77)
1 0 0, for > 0.05.
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Fig. 10. Nonlinear oscillation of a cantilever: Tip positions in inertial frame (p;ip. Results from our approach (---) and reference solution

( ) [17]. The sign flip and different order of components compared to the reference is due to a different director frame orientation.
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Fig. 11. Nonlinear oscillation of a cantilever: Orthonormality constraints g" with i € {| —, 2——, 3——, 4——, ) }
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Fig. 12. Nonlinear oscillation of a cantilever: L?>-norms of the shear and dilatation strain components computed from displacement quantities,
ie., ||}l with i € {1 , 2——, 3——}. L>-norms of the drift between the curvature and torsion strain measures computed from the stress
quantities and the ones computed from displacement quantities, denoted as||4K;||, for j € { | —, ) }.

We can observe good agreements of the material tip velocities Vitip i=¢,"R(d"(s = L,t =1,))Tw, (s = L,t =1,), see Fig. 9, and
spatial tip centerline positions (p;ip = e,—T(ph(s = L,t =t,), see Fig. 10, with the results from [17]. Furthermore, confirming (48), it can
be verified that the orthonormality constraints (2) for the directors at the center FE node g? := g;(d"(s = L/2,t = t,)) are numerically
zero during the whole simulation, see Fig. 11. These results are representative also for the other nodes. Additionally, also the
kinematic accuracy can be verified. The dilatation and shear strain components derived from the mixed variables vanish identically.
When computed from the displacements by means of (4), these strains are also variationally consistent with the imposed kinematic
constraints (see the variational identity (54)). The curvature and torsion components are likewise approximated consistently. The
results depicted in Fig. 12 are expressed in terms of the L2-norms over the spatial domain, i.e., ||I}]|o := ( fOL Ti(g",,0,q",)? ds)!/?
and ||4K;||g := (fOL((Kj)n - K;(q",.9,q",))?* ds)!/2, respectively.

Lastly, we consider the visco-elastic generalized Maxwell model, introduced in Section 5.1, with m = 1 viscous branch and
g = 17 = = = 0.08 as relaxation time. The stiffness parameters are split up consistently on both branches, with fractions of 1/4
in the purely elastic and 3/4 in the viscous branch. Note that for this simulation with viscous effects, we also keep the kinematic
assumptions from above, such that only the bending and torsion modes are damped and V}' = 0. Correspondingly, Fig. 13 extends
the findings from the flying spaghetti problem, see Section 6.1, to verify the consistent discrete-time representation of the power
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Table 3
Quasistatic cantilever problem: Physical and numerical parameters.
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Table 4
Dynamic maneuver of a soft robotic arm: Physical and numerical parameters.
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balance equation. The total energy decreases over time and the dissipated energy D, := h2(%,,, /2)TR2($C,, +1/2) 1s strictly positive.
Thus, the subfigure on the right-hand side of Fig. 13 shows that the violation of the discrete time energy balance (44) denoted as

AE, := H(%,,,) — H&,) - W, — D(&,) is numerically zero.

6.3. Quasistatic cantilever problem

This numerical experiment displays the usage of the presented formulation in a quasistatic use case and has been taken
from [19,84]. We show results for an initially straight and clamped beam with length L = 2z, whose initial configuration aligns
with the e-axis. Further parameters are shown in Table 3. We consider a load case with point force and moment at the free end at

s = L such that n(s = L,t) = v(t) and m(s = L,t) = u(t) with

0 0
v(t)y=t|-P|, u@®)=t| 0 |, where 1€ [0,1]. (78)
0 2.5P

Time ¢ is regarded in this context as a load factor, see [59] for further explanations. Correspondingly, the inertial parameters are set to
zero to achieve quasistatic simulations, which only take place in the e,-e,-plane. We distinguish two scenarios, one shear-deformable
and extensible (“unconstrained”) and one shear-rigid and inextensible (“constrained”). In the latter one, an analytical solution for
the Euler’s elastica can be given [84]. The resulting equilibria for both constrained and unconstrained settings are shown in Fig. 14
and compared to reference results. These confirm not only the correct implementation but also the absence of locking effects.

6.4. Dynamic maneuver of a soft robotic arm

In this last example, we simulate a soft robotic arm, that is clamped at its bottom and is actuated with pneumatic chambers,
see Section 5.2. The cantilever beam has a circular cross section with diameter d = 0.03 and we assume the material parameters
corresponding to the silicone DragonSkin™ 30, i.e., Young’s modulus E = 6-10° and shear modulus G = 2-10° [23]. This corresponds
to a Poisson ratio of v = 0.35. Furthermore, we have cross-sectional moments of area I, = I, = 1/2I; = zd*/64. Further details are

19



P.L. Kinon et al. Computer Methods in Applied Mechanics and Engineering 458 (2026) 118966

U i e B t=0 0 r=wsgggzsoosm--=mmm t=0
DN ~ ~_— ~ -

~ = ~ -~ \\ ~\~ S = -
\\ N ey T — ‘\ s ~“~~ ----

N Ny ~o Se-a S So Seo
\\\ \\\ \~\~~ \\\ \‘\~ T ——

. "
-2+ ‘\ S —— -2 7 AN ~~“.
\ ‘\ A ~~~
I \ ~ eI AN
\\ \\\ ‘s
<

\ Ss ~‘~__

—4 + \‘\ —4 | t=1
Y
Y
N\
\~~
"~
t=1
—6 ‘ ‘ ‘ —6 : : :
0 2 4 6 8 0 2 4 6 8

=
=5
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Fig. 15. Dynamic maneuver of a soft robotic arm: Phase angle function, amplitude function and corresponding pneumatic forces for k € {1 —,
2——, 3—1}. The tip position components ¢, = e, @' with i € { ,2—, 3—1}.

comprised in Table 4. The beam is actuated by means of three pneumatic chambers with index k € {1,2,3}, whose lines of centroids
are parallel to the beam’s centerline with a distance of r, = 6.5- 102, for all k. With respect to the global e, -axis these chambers are
located initially at angle.s of ¢, € {%., %”, 9?” }, yielding material coordinates in the cross-section frame (p,l{, pi) = (ry cos oy, ry sinay)
for k = 1,2,3. We prescribe pneumatic forces

PeDA, = 3 SO+ cos(é) - )] 79)

with the time-dependent functions

%fmax(l—cos(j’—l’)), 0<t<t, 0, 0<t<t,
FO =270 <i<ty, )= fr(l —cos(n%)), n<t<t, (80)
%fmax<1+cos(7z;%?2)>, 1, <t<T, 27, 1<t <T,

that describe the amplitude and the phase angle, respectively. Therein, we set f,.. = =50, t; = 0.5, t, = 3.5 and T = 4. These
functions are visualized in Fig. 15. With a straight initial configuration along the e;-axis, the soft robotic arm first undergoes a
bending motion in the e,-e;-plane until ¢ = ¢,. This is followed by a rotational motion, in which the tip position @' := @"(s = L,r =
t,) moves approximately on a constant height, see right depiction in Fig. 16. At t = ¢, the arm has completed one rotation and bends
back until + = T. The snapshots shown in Fig. 16 only track the circular motion phase for the sake of clarity.

This approach can be further exploited to let the tip follow a more complex path in the e,-e, plane, e.g., a heart-shaped one.
To this end, for 9 € [0,27] a heart-shaped graph has the coordinates x(9) = sin’(9) and y(9) = cos(9) — cos(29). The corresponding
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Fig. 16. Dynamic maneuver of a soft robotic arm: Snapshots of the centerline with azimuth and elevation perspective angles (55,15) and the
colormap for time 7, with 8 € [0.5,3.5]. The tip position ¢'P follows a circular path (—). For the modified input functions (81) the tip follows
a heart-shaped path (—).

c}istance to the origin is given by r(d) = Vx(9)? + y(9)? and can be normalized as #¥9) = r(9)/ maxgepo2, H(9). With § = Zn% and
¢(9) = atan2 (¥(9), x(9)), we can eventually specify the amplitude and phase angle functions in (79) as

FO= fo (225) . 9= (277 1)
The tip of the soft robotic arm then exhibits a heart shaped trajectory, see Fig. 16. More complex deformation patterns can be
achieved by including tendons and pneumatic chambers, whose line of centroids do not lie parallel to the centerline of the beam,
or by dividing the beam into multiple segments with individual actuation input forces.

7. Conclusion & outlook

In this work, we have presented a mixed formulation and structure-preserving discretization procedure for the dynamics of spatial
Cosserat rods. The proposed framework is objective, locking-free and enjoys many favorable properties due to its port-Hamiltonian
structure. Through a compliance equation also shear-rigid and inextensible beam formulations can be seamlessly simulated within
the present framework.

The employed PH formalism naturally leads to a structure-preserving mixed FE method. In this setting, the resulting PH
differential-algebraic equations admit a particularly simple time-integration strategy based on pure midpoint approximations. The
scheme is energy- and momentum-consistent, provides second-order accuracy and is remarkably robust. A further consequence is
the accurate representation of crucial kinematic relations. Both the compliance equation and the orthonormality constraints have
been differentiated with respect to time to reveal the PH structure. The proposed time integration scheme exactly integrates those
relations.

For convenience, we have restricted ourselves to initially straight and stress-free beam problems with constant cross-section
geometry and material parameters. An extension of the proposed framework to more general settings would merely impose more
tedious algebra. While the presented formulation features the full geometrical nonlinearity, i.e., allowing for large displacements
and rotations in three dimensions, we have always assumed linear constitutive relations. The present framework can be extended
to general hyperelasticity along the lines of [39,40], requiring the inclusion of a discrete-gradient time integration approach, which
goes well with the PH structure [39,60-62].

Control-oriented actuation mechanisms and visco-elastic material behavior have been included into the PH framework in a
straightforward manner, making it ideally suited for interesting application fields [2,3]. One future research direction would be
the inclusion of our model into novel control strategies, like control by interconnection or energy shaping methods [54,55,78].

By employing a singularity-free director parametrization, the pitfalls of numerical methods for finite rotations have been
circumvented. Despite its conceptual simplicity, the director formulation however does not reproduce the correct rotation inside
the finite element, since the orthonormality condition on the directors is violated inside the element in general. In the future,
projected unit quaternions [12,15,18,20] could be used to obtain a manifold-consistent discrete PH formulation for Cosserat rod
dynamics, coming at the price of additional nonlinearities and configuration-dependent mass matrices.
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Appendix A. Director velocities and virtual director displacements

This section introduces an important relation between virtual rotations and virtual director displacements. Additionally,
convenient matrix identities are provided for later use.

The directors { d,~}f=1 introduced in Section 2.1 satisfy the orthogonality condition (2) to be a valid parametrization of finite
rotations. Correspondingly, we have d; = Re; for each i € {1,2,3} such that the time derivative and the variation of a director is
given by [84]

od;, = 5¢ x d,, d,=oxd, (82)

where the spatial angular velocity o and the virtual rotation 5¢ are defined by means of their skew-symmetric matrices 5¢p = SRR"
and @ = RR". To invert relation (82), we make use of GraBmann’s identity (or also referred to as Lagrange’s formula) for the vector
triple product

ax((xc)=ba"c)—c(a'b) s ab=ba" — (@' bI (83)

to show that d; x éd; = 26¢), [84,96]. Consequently, the virtual rotation 6¢ and angular velocity » can be expressed as

o6 = 1d,xod, = 1d,3d, o= 3d,xd, = 3dd, 84)
These identities can be rewritten as
¢ =T(d) sd, o=Td)d, (85)

where we made use of d = (d,,d,,d;) € R? and the director-dependent matrix T'(d) € R% introduced in (14). This matrix moreover
appears in the identities
1 1.
T(d)'d =0, L{d)T(d) = L(d)T(d ), T(d)'T(d) = —51, G,(d)T(d) =0, T(d)TJN(ql,s) = —E(P,XR(d% (86)
which will be used at a later stage. The matrices R, L, J 5 and G, are defined in (1), (5) and (15), respectively.

Appendix B. Principle of virtual work

B.1. Displacement-based principle of virtual work

The partial differential equations governing the dynamics of the Cosserat rod can be derived from the principle of virtual
work [25,84], in which the equality

WY 4 SWIN 4 GW N 4 W =0 (87)

holds for all admissible and arbitrary virtual displacements and where the four terms denote the virtual work contributions of
dynamical, internal, external and constraint forces, respectively. The individual terms are discussed to obtain first the formulation
(11), which can be found in standard literature [5,7], and then the director-based formulation [10,25], which we here formulated
by means of operator matrices in (12).
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Formulation in terms of virtual rotations. Formulation (11) can be obtained by expressing the virtual work contributions in (87) in
terms of virtual centerline displacements 5¢ and virtual rotation vectors 5¢, see relations in Appendix A. The dynamical virtual
work W™ reads

sWHn = / (69 pAG+ 5,0+ @ x I,0)) ds, (88)
Q

see [97]. The spatial inertia tensor I , 18 related to its material counterpart J , =M ,‘]"’I - M/‘fﬂ e, ®e;vial,=RJ pRT. M“fﬂ for
a, f = 1,2 are the uniformly distributed second moments of mass of the cross section with respect to the director basis. The internal
virtual work §W™™ emanates from the variation of the elastic potential (8)

Wit = : W(T,K)ds = /Q (NTST + MT6K) ds, (89)
in which N = 0y W and M = dxW are the dual quantities to the variation of the strain measures, see [25,97], given by

I =R"(6g, -5 X @) SK=R"5¢,. (90)
Substituting (90) into (89) and using (7), the internal virtual work takes the alternative form

swint = /Q (n" (6@, —6px@,)+m ép,) ds. (91)
The external virtual work due to distributed forces and torques as well as Neumann boundary terms can be written as

W = — /Q (6@ R+ 5 m) ds — |69 ny + 6¢" my] o (92)

There are no constraints appearing in this formulation, hence §W ¢ = 0. Eventually, one proceeds by collecting all terms connected
to the virtual centerline displacements and virtual rotations in (87). After integration by parts and stating the arbitrariness of the
virtual quantities one obtains the local balance Egs. (11) together with the corresponding Neumann boundary conditions.

Formulation in terms of directors. Again, we begin with stating the terms appearing in the principle of virtual work (87). Accounting
for the director-kinematics, the dynamical virtual work (88) has the alternative representation [25,97]

SWIn = /Q (&,ﬁpAep + ﬁdaTM;'”d',;> ds = /Q (69T pAp+56d" M ,d) ds, (93)

where we have used the director-related mass matrix M, introduced in Section 2.3. For the internal virtual work (89), we can
express the variation of the strain measures (90) alternatively as 6I' = (6d, @, +d, 69 ,)e; and 6K = %e,jk(éddejys +d,8d; e,
see definitions (3). This can be recast as

6T =T n(p)"6d + R(d) 59, 6K = L(d 4)éd — L(d)éd . (94)
conforming with (4). Substituting these variations of the strain measures into (90) and performing integration by parts yields
swint = / (6d" T (9 )N — 69 0 (R(A)N) + 6d" Jpy(d)M) ds + [6@ n+6d T(d)m]| ,,, . (95)
Q

Here, we have made use of (7), (82), (85) and the relation T(d) = —L(d)" R(d)", which can be shown by using (83). Eventually,
the matrix J 5 as defined in (5) and the matrix operator J,, as defined in (13) could be identified. For the external virtual work
(92), relation (85) is employed to obtain

SWe = — / (6@Th +5d"T(d)m) ds — |5 ny + 6d" T(d)my] aay (96)
Q
And lastly, the virtual work done by the constraint forces related to the orthonormality conditions (2), is given by
SWe = 5/ (ATG@)) ds =/ (6ATG(d) +6d" G (d) A) ds, 97)
Q Q

where the constraint gradient matrix G, = d,g(d) is specified in (15). Eventually, one proceeds by collecting the different terms
related to the virtual centerline displacements, virtual director displacements and virtual Lagrange multipliers. Subsequently,
accounting for the arbitrariness of the virtual quantities yields the Egs. (12).

B.2. Hellinger—Reissner type principle of virtual work

The weak form of the PH formulation employed in this work (29) can be traced back to a Hellinger—Reissner type virtual work
principle. Let us start by modifying the internal virtual work, which lies at the core of Hellinger-Reissner approaches. As shown
in [19], the strain energy density function pertaining to a Hellinger-Reissner two-field principle is given by

wW=wRTr KN M)=-W*(N,M)+ NI+ MK (98)
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where the strains are functions of the displacement quantities, see (3) and W* is the complementary strain energy density (9)
depending on independent stress quantities. Correspondingly, the virtual internal work appearing in the principle of virtual work
(87) assumes the alternative form

SWinLHR — 5 / wHR ds = / (6I"N +3K"M +86NT(I' - CyN)+6M' (K — Cp M) ds, (99)
Q Q

where we have substituted (10). In contrast to (89), the stress quantities are assumed to be independent from the displacement
quantities. Correspondingly, the additional terms in (99) enforce the compliance relation (10) for compatibility. This expression is
further rewritten similarly to (95) as

SWinthR / (6@, "n+8d"JyN + M Jx(d)sd + 6NT(I' = CyN)+ M (K — Cy M) ds, (100)
Q

where the differential operator matrix Jg is given in (13). Additionally, we can modify the virtual work of dynamical forces in the
director formulation (93) to account for independent velocities (16) by mimicking the Hellinger—Reissner approach (99) as

sWHnHR - / (89T pAD, +6d" M iy + pAdv,T (9 —v,) + (M ,6v,) (d —v,) ) ds, (101)
Q

where the kinematic relation (16) is enforced to ensure compatible independent velocities. Collecting the terms (96), (97), (100)
and (101), and separating the terms corresponding to the different virtual quantities yields the weak form

(pAdv,, @ —v,), =0, (102a)
(M ,6v,,d -v,),=0, (102b)
(6@, pAD, — 1) , + (3,(59), RN) , — [69p,ny] ,, = O, (102¢)
(6d, Mo, + I NN +G, A—Tm),+ (JIxéd, M), - [6d,Tmy],, =0, (102d)
(N.CyN-RTg,), =0, (102e)
6M,Cy M - Ld)d),, =0, (102
P f)
(64, g(d))g =0. (102g)

which can be linked to the weak form (29) by replacing the last three relations with their time-differentiated version.
Appendix C. Proof: Formally skew-adjoint structure operator

Let us here verify that the structure operator J contained in the dynamics (22) is formally skew-adjoint. This is equivalent with
showing that (26) holds true and the inner product (z, Jz), only yields boundary terms. For elements of .7 that do not involve spatial
derivatives, the formal skew-adjointness boils down to skew-symmetry and no integration by parts is required. The corresponding
terms cancel each other out. To this end, it remains to show that

v -yl |v
<[6] ’ [Ja ] [5] >Q = (G’ Jav)g - (U’ Jv")g = ["wT" +("Tm]m (103)
corresponding to Iy =Ts- This condition can be expressed more detailed as
N [R@ 7o, In@)T] v v,| [-9,(R@@) ) 0 N T T
<[M] , [ 0 Te(d.ds) v: N - v: 1 Tn@y Tutd.dy)| |M]), = [vq, n+o m]m. (104)

Here, one can identify three terms. The first one vanishes due to skew-symmetry, i.e.,
/Q (NTIn(@)Tv,—v, " Tn(@)N) ds=0. (105)
The second term can be analyzed as
/Q (NTR)"v,, +v, 0,(R(d)N)) ds = /!2 (v, ns+n"v, ) ds=[v,n],,, (106)
which is equivalent to (9,(R(d) ))* = —R(d)T9; . The third and last term yields
/Q (MTJgvy —v," Ty M) ds
= /!2 (MTLd v, —M"Ldw,,—v, " L{ds)"M —v, 0,(L(d)" M)) ds (107)
= [_vdTL(d)TM]m = [_”dTL(d)TR(d)T”’]m = [“’T”’]m

and shows that J ;4 = Jk. In the last equation, we have used (85) and the relation T(d) = —L(d)" R(d)", which can be shown by
using (83). Eventually, the claim (103) follows from adding up the last three relations and comparing them with (104).
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Appendix D. Balance of total angular momentum

The fundamental balance of total angular momentum can be shown by choosing specific test functions in the weak form (29).
In the present case, the total angular momentum [10] is given by

l(q.v) = / ((p X pAv, +d, X M;ﬂvﬂ) ds = / (@pAv, —2T(d)"M v ) ds, (108)
Q Q

where summation over a = 1,2 is implied and (14) has been used. To show the balance of total angular momentum, we assume
pure Neumann boundary conditions such that we are allowed to choose the test functions

bp=¢x@=-9¢, ov,=EXv,=-D,8,

- (109)
od; =¢xd; =—-d¢, ov;=¢xv,=-D¢,
in (29). With constant but arbitrary & € R3, this corresponds to a rigid body rotation. Using (14), we have
5d = —2T(d)E, sv, = —2T(v,)E. (110)

Next, we insert these test functions into (29a)—(29d). Adding up (29¢) and (29d) and subtracting (29a) and (29b) yields after some
algebraic manipulations

i=/(¢xﬁ+m)ds+[¢xuN+mN]m, (111)
Q

Here, we have used the properties (86) and the arbitrariness of the constant £. Eq. (111) states that the rate of change of total angular
momentum is equal to the sum of all external moments acting on the beam, both distributed and concentrated at the boundaries.
In case of closed systems, the total angular momentum is a conserved quantity.

Remark D.1. Note that in a similar fashion one may show the balance of total linear momentum and of total energy. The latter
has already been demonstrated in a more appealing way by means of the PH structure, see (28).

Discrete time angular momentum balance. It can be shown that the time stepping scheme (42) retains the balance equation for total
angular momentum (111). In the bulk part of this work we have derived the time integration method (42) by means of a sequential
space- and time approximation of the continuous weak form (29). In fact, the first four lines of (42) can be equivalently rewritten
in a discrete weak form given by

(pA(qu,hg (Phn+1 - q’hn - h(quh)n+]/2)g =0,

(112a)

(M ov,".d", = d", = h@;"M4102) , = O,
(112b)

(5¢hs pA(thh)rH-l - ﬂA(V(ph)n - hﬁn+l/2)g + (as(5fl’h)= hR(dhn+1/2)Nhn+1/2)Q - [‘W’hv h("N)n+1/2]()Q =0,
(112¢)

(8d", M, (0,01 = M (0", + AT N (@ 1 DN 1 + hG (@ ) A" 1 0) = (8d" RT (@ 1 )1 ) )
+(Tx(d" 1 2)8d" AM" 1 1), = [6d", AT (A" 11 )M )11 2] 5 = O-
(112d)
Due to the bilinear form of the total angular momentum (108), we can apply the findings from Remark 4.3 to the difference from
one time step to another, such that
0G" i1, V" ) = 1G" 0") = /Q (@" 11 2P AWM 1 = @M,) = 2T(@" 1) TM (@) 1 = @)™
+ (¢hn+l - @hn)pA(U(ah)rH—l/Z - 2T(dhn+l - dhn)TMp(vd)hn+l/2) ds.
Similar to above, we choose test functions
6@ = =", 1 pE 0, = =B, 08 6d=-2Td",, )& vy = -2T((04"),412)E (114)

in the discrete-time weak forms (112a)-(112d). As in the continuous case, adding up (112c) and (112d) and subtracting (112a) and
(112b) eventually yields for arbitrary &

(113)

1q" 1, V") — 1(g", 0" = h /Q(fﬂhn+1/z X P12+ M1 2) s + 1 [@" i1 /o X (A )pi1 2 + (Madnii 2] » (115)

where we have also substituted (113). This calculation further involves the identities (86).
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Appendix E. System matrices after spatial discretization

Here, we display detailed definitions of the matrices contained in the PH system (35) after spatial discretization. Consistently
with (34), we write the FE ansatz as

P"(s,0)] _ [@,0) o) v, (s,0] _ [@,(s) D, (D)

I::Es,ti - - D,(s) J;;)()’ v, 0| T ®,05)| [9,00]° 116)
s,0)| _ [Pn(s t h _mad

[Mh(s,t)] = [ ’I’M(s)] M(z)] , (s, 1) = E(s)A1),

together with the same ansatz for the respective test functions. Plugging these relations into the weak form (29) and accounting for
arbitrary test functions yields the semi-discrete set of differential-algebraic equations

¢ =10,
d=1,,
PAM b, =G, (@ N + M a+ B, ,ny,

M by =Gy @ N = Gyp ("M~ Gy(d) A+ By, (@M + B, ,(@my. 117)
CyN =G,y (@0, + Gy (@0,

CA'MM =G ym @Dy,

0=G,(d)bp,,

which are equivalent to the finite-dimensional PH system (35). To show this in depth, consider the abbreviations

M, = /deTMUas ds = diag(pAM ,, M), C= /Q YTCY ds = diag(C y, C ), (118)

Ao 0 6 i oo _[Gon Gan]  p s [M 5 o _ |Bon

with the mass and compliance matrices
M, = / o, D, ds, M, = / &, "M, ®,ds, Cy= / vyTCyWPrds, Cy = / Y, CyWyds,
Q Q Q Q
and discrete elements of the structure matrix
G,n(G) = / ¥\ TR@") 0,®,, ds,
Q
Gon @ = [ nTIn0h)D, as 119)
Q
Gam(@ = / ¥y (L)@, — L(d")0,®,)ds,
Q

Concerning the treatment of the constraint equation, consider the approximation of (29g) using n, delta functions 5(s —s;), cf. [98,
Chap. 1.11], given by

n

n "
(822, G (dMw,), = <Z 5(s - s[)ﬁli,Gd(dh)vdh> =Y 64,7 G (d)by,; = 0. (120)
0

i=1

i=1

Therein, 64; € R® are the test functions corresponding to the Lagrange multipliers that enforce the orthonormality of the directors
located at the FE node at s = s;, comprised in d,. The related director velocities are comprised in v,; € R°. The last identity in
(120) has made use of the sifting property of Dirac functions [98, Eq. 1.1?9], ie., (f(s), &(s — a))_q = f(a) for some f : 2 —» R and
a € Q. Eventually, we may rewrite (120) in terms of the system vectors 64 and 9, such that

G,d)) )
6ATG (dyp, =0,  where G (d)= Ga(dy) (121)
G,d,)
has therefore full rank. Furthermore, the port matrices are defined as
Bou(@= / @, Td"®,ds. By, =, lsg,. Byn@ =@, T@"))sa,- (122)
Q
Consequently, the output relations in (36) can be written in a more detailed manner as
N S 1. [M 0,1 Jo®, v, ds
=B.Tp= [ (4 = ¢ e 123
Y= Fa [ Bg mT] [ﬁd(t) |:fQ @, w"ds (123)
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and

[

. B, T N0) D |0 0, 1) v,

y. =B Ty — d,n R ] I:A(p - @loQn "o A - @ . (124)
Yo=" [ By, "] |0a0] T L@ ®plhg, 040] " L@ |,

While the discrete output can be regarded as the projection of the centerline velocity and angular velocity onto the FE nodes, the

boundary output can be traced back to the simple evaluation of the approximated centerline velocity and angular velocity at the
Neumann boundaries. Both results ensure that the discrete power balance Eq. (40) yields

A= [yﬂ] T [“Q] = /(ﬁTv(ph +m oM ds+u," P, (125)
Yo Uy Q

which is the consistent approximation of the infinite-dimensional power balance (28), see also (26).
Data availability

The simulation results are openly available at [87] and are archived under [88].
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