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Abstract The multiphase-field method is widely used to simulate the evolution of complex microstructures in
computational materials science and is commonly derived via a variational approach. When coupled with heat
conduction, it is desirable to derive both the multiphase-field method and the heat conduction equation from
a unified, consistent framework. In the present work, this is accomplished by introducing order parameters
as internal state variables and exploiting the entropy production inequality of the diffuse interface region for
multiple intersecting phases. The approach represents a generalization of the method of Prahs et al. (Prahs
et al. Continuum Mech. Thermodyn. 37, 55 (2025). https://doi.org/10.1007/s00161-025-01383-y) via a dual-
interaction ansatz and its Lagrange multiplier simplification, while maintaining thermodynamical consistency.
This requirement, in turn, restricts the choice of the interpolation functions. Moreover, the coupling effects in
the heat conduction equation as well as connections to established evolution equations from the literature are
demonstrated through an illustrative derivation.

Keywords Multiphase-field method - Continuum thermodynamics - Internal state variable - Heat conduction -
Dual-interaction ansatz - Lagrange multiplier

1 Introduction

From two to multiple phases The phase-field method (PFM) was initially developed to describe nanoscale and
microscale phenomena (see the seminal works [1-6]). Today, it is widely used for modeling phase transitions
and, more generally, the evolution of singular surfaces [7-10]. The PFM employs order parameters, which
are continuous indicator functions that satisfy a nonlocal (kinetic) evolution equation [6, 11]. This equation is
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usually derived using a variational approach: the variational derivative of a functional depending on the order
parameters is balanced by their rate and a positive mobility factor. Notably, the strong form of the evolution
equation remains a postulate. An alternative formulation by Penrose and Fife uses an entropy functional rather
than a free-energy functional, which allows for spatiotemporal variations in the temperature field [11]. While
the PFM was originally formulated for two phases, e.g., [4,6, 1 1], it was extended to multiple phases by [7,12-
14], referred to as the multiphase-field method (MPFM). Since the order parameters are formulated as scalar
fields, the numerical tracking of diffuse interfaces can be performed efficiently, cf., e.g., [15-17]. Hence, the
MPEFM is a well-established approach for simulating the evolution of complex microstructures and is applied
in contexts such as solidification, solid—solid phase transitions, precipitation growth and coarsening, and grain
growth, cf. [8—10]. Moreover, the MPFM was further extended to account for mechanical contributions [18-21],
with non-linear constitutive behavior, e.g., [22-24], crack propagation [25,26], and many more.

Approaches to derive the (M)PFM The evolution equation of the order parameter is typically derived via a
variational approach. However, in the case of coupling with heat conduction, itis imperative to adopt a consistent
framework in which the derivation of the MPFM and the derivation of the modified heat conduction equation
are obtained in a unified manner. A generalization of the PFM was proposed by Gurtin [27] via an extended
principle of virtual power (POVP), rooted in continuum thermodynamics. Unlike variational approaches,
this framework separates balance equations, reflecting universal physical laws, from constitutive relations,
describing material behavior. In continuum mechanics, the evolution of the order parameter is commonly
derived either from the extended POVP [27,28] or from the invariance of an extended energy balance under
Euclidean transformations [29]. In both cases, the order parameter is introduced as an additional generic degree
of freedom (DOF), implying that the PFM is formulated within an extended continuum. Another approach is
given by [30], [31], considering the order parameter as an internal state variable (ISV) instead of as an additional
DOF, since it represents an observable rather than a controllable quantity, e.g., [32,33]. In this regard, the order
parameter is considered to be of dissipative nature [33] and its evolution equation, consequently, follows
from the exploitation of the dissipation inequality. In deriving the evolution equation of the order parameter,
[31] employs the dissipation inequality associated with the singular surface, in contrast to [30], which bases
the derivation on the bulk dissipation inequality. The distinction originates from the modeling framework:
[30] assumes a Cauchy continuum with a diffuse interfacial region, from the outset, while [31] employs a
Cauchy continuum with a material singular surface for the derivation of the evolution equation. The latter
approach interprets the PFM as an approximation of the sharp interface theory for the quasi-static special case
of a slowly evolving non-material singular surface without body forces, within the framework of continuum
thermodynamics, [34]. For this special case, the balances of mass, linear momentum, and internal energy of a
non-material singular surface are identical to those of a material singular surface.

Objectives of the current work This work derives the MPFM by introducing the order parameters as ISVs and
systematically exploiting the entropy production inequality of the diffuse interface region for multiple inter-
secting phases within the framework of continuum thermodynamics. Thermodynamically consistent evolution
equations for the order parameters are presented, and the corresponding heat conduction equation is derived.
A comparison with the classical variational approach is also provided.

Originality This work represents a direct generalization of Prahs et al. [31] to multiple intersecting phases.
Following this approach, this work:

e demonstrates the thermodynamic consistency of the dual-interaction ansatz in the multiphase setting, as
well as the Lagrange multiplier formulation as a simplified version of this,

e demonstrates that /1, (¢y) = @4 is not only one but the only admissible interpolation function under con-
sistent with continuum thermomechanics'

e derives a fully consistent heat-conduction equation including coupling contributions due to microstructure
evolution.

Finally, the relationships between the dual-interaction approach and the evolution equation of Steinbach and
Pezzolla [7], as well as between the simplified approach and the evolution equation of Nestler et al. [14], are
demonstrated through a derivation of the MPFM using the classical variational approach for an illustrative
special case.

Outline The derivation of the multiphase-field method based on introducing the order parameters as ISVs
and exploiting the entropy production inequality of the diffuse interface domain is presented in Sect. (2).

1 While Steinbach [35, p-12] mentions that hy (¢y) = @4 represents a thermodynamically consistent interpolation function, it
is shown that this is the only thermodynamically consistent choice within the presented framework.
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Moreover, the thermodynamical consistency of the proposed evolution equations is demonstrated, and the
associated equation of heat conduction is derived. Special cases of the MPFM obtained by restrictions of the
considered free energy are discussed in Sect. (3). The comparison of the proposed evolution equations with
well-established evolution equations from literature is carried out by deriving the MPFM via the variational
approach in Sect. (4). Section (5) presents the conclusion of the work at hand.

Notation Tensors are represented using a direct notation: first-order tensors by lowercase bold letters and
second-order tensors by uppercase bold letters, e.g., @ and A. Scalar products are written as @ - b and A - B,
the dyadic product as @ ® b, and the composition of second-order tensors as A B. The material time derivative
of a quantity « of arbitrary tensorial order is c.

2 Diffuse interface theory

2.1 Approximation of entropy production in the diffuse interface

Brief sketch of the idea In this work, the order parameter is considered as an internal state variable but not
as an additional degree of freedom. Consequently, the evolution equation of the order parameter is obtained
by exploitation of the dissipation inequality. The balances of mass, linear momentum, and internal energy
of a i) slowly evolving, ii) quasi-static, non-material singular surface with iii) no body forces acting on it
resemble those of a material singular surface, cf. the discussion in [31]. In this particular case, the phase-field
method is regarded as an approximation of the sharp interface theory, employed within the framework of
evolving microstructure. Thus, the balance equations (mass, linear momentum, internal energy, cf. Eq. (A.8)),
derived for a material singular surface, are assumed to hold true at each point of the diffuse interface domain.
Moreover, the constitutive restriction regarding the dependency of the specific free energy, cf. Eq. (A.12), as
well as the potential relation for the specific entropy, cf. Eq. (A.13), derived for a material singular surface,
are also assumed to hold true in the diffuse interface. Consequently, the free energy contribution related
to the sharp interface is assumed to depend only on the absolute temperature, also in the diffuse interface
context. For brevity, considerations are limited to a small-strain framework. Summarizing, the present phase-
field formulation is interpreted as a thermodynamically consistent diffuse approximation of a sharp-interface
theory for quasi-static, slowly evolving non-material singular surfaces governed by balances of mass, linear
momentum, and internal energy.

Diffuse interfaces in the multiphase context This section extends the approach of Prahs et al. [31] to multiple
phases, as illustrated by Fig. 1.

In addition to [31], surfaces that intersect at a common line are considered.” Regarding Fig. 1, the material
singular surfaces S®#, SP7 and SY¢ are replaced by the diffuse interface regions of finite width, referred to
as 8S*B, §SPY  and 8§S7, respectively, except for the region around the common line. In general, the union
of interfaces between two phases is referred to as S’/ and given by

sS!H = U 884, with 884 = & if no A-interface occurs. )

ACT
|A|=2

Regarding Eq. (1), Z denotes the index set of all phases and A € 7 with |A| = 2 denotes a subset of indices
corresponding to two intersecting phases. A brief remark on the notation used in Eq. (2) is provided in the
appendix, cf. Eqs. (A.1) - (A.5). Regarding again Fig. 1, the diffuse interface 8C*#? is introduced around the
common line of S*/, SA7, and S7?. In general, the union of the diffuse interfaces between three or more
intersecting phases, i.e. around common lines, is denoted as §S/! and given by

sstt = U scA, with §C4 = @ if no A-junction occurs. 2)

ACT
|A|>3

2 In the two-dimensional sketch of the continuum shown in Fig. 1, singular surfaces are depicted as lines, and their common
line corresponds to the point of intersection of these lines.
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Regarding Eq. (2), Z denotes the index set of all phases and A € 7 with |A| > 3 denotes a subset of indices
corresponding to intersecting phases. A brief remark on the notation used in Eq. (2) is provided in the appendix,

cf. Egs. (A.1) - (A.5). In addition, the volumetric regions V* are replaced by smaller volumes V¢, such that

N

N
V=UV”‘=<U)>"‘)U88”U88”I 3)
a=1

a=1

holds true. Here, N denotes the number of all material phases at a given instant of time. The spatial distribution
of different phases is described by order parameters, which act as continuous indicator functions governed by a

nonlocal evolution equation. Within the bulk domain V¥, the corresponding order parameter satisfies ¢, = 1,

while in V#, ¢, = 0holds true. In contrast, inside diffuse interfacial regions separating multiple phases, several
order parameters attain nonzero values simultaneously. For instance, along two-phase interfaces both associated
order parameters are nonzero, while in multiphase regions the product of all involved order parameters differs
from zero.

Entropy production in the diffuse interface The entropy production of a Cauchy continuum with several
material singular surfaces (considered sharp interfaces) is approximated by that of a Cauchy continuum with
diffuse interfaces. Accordmgly, the entropy production I" of the latter is required to be non-negative. It consists
of a surface contribution I'sg, associated with the diffuse interface domain 8, and bulk contributions Fva for

each phase «, associated with its respective domain Ve, reading

N
[=lss+ Y Tpe >0, Tss=T5+T1E 4)
a=1

In this regard, 1"1 L denotes the entropy production within the diffuse interface between two phases, while I g gl
denotes the entropy production within a diffuse interface between at least three phases. The exploitation of T,

and T g é is carried out in detail in [31]. Therefore, the exploitation of T g g , given by

6. s

Iys' = / —psgiis = ps—- dv, )

sSl1

s

58

Fig.1 Representation of the transition between sharp and diffuse interface descriptions exemplified by a mate-
rial volume divided by three intersecting material surfaces. The sharp material surfaces S®#, SP | andS”* are
substituted by the diffuse interface regions 6S @B §SPY  and SV of finite width. To represent the neighborhood
of their common line, the diffuse region 8C*#7 is introduced. Furthermore, the bulk regions V* are replaced by
smaller domains V*. Within the bulk domain V¥, the corresponding order parameter satisfies ¢, = 1, while
in V2, ¢, = 0 holds. In contrast, diffuse interfacial regions are characterized by products of order parameters:
along a two-phase interface §S*#, separating phases o and 8, one has @ap # 0. Similarly, in the multiphase
region 8C*PY , where phases «, f, and y intersect, the product @, @@y # 0holds, indicating the simultaneous
presence of all involved phases. The depicted sketch is closely inspired by and adapted from Slattery et al. [36,
Fig. 1.3.8-1] and Steinbach and Pezzolla [7, Fig.2].
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is discussed, in the work at hand. The temperature 6 is assumed to be a continuous field across the phases.
The mass density of the material singular surface from the approximated sharp interface theory is referred to
as ps. Regarding the diffuse interface 8S’!/, the contributions Vs and 75 represent the approximations of Vs
and ns which denote the specific free energy and the specific entropy of the material singular surface in the
sharp interface context. Here, a Cauchy continuum with intersecting material singular surfaces provides the
starting point for deriving the evolution equations of the order parameters. The velocity fields of the material
singular surfaces coincide with that of the common line, cf. Slattery et al. [36, Eq.(1.3.7-13)]. Thus, no energy
contribution is present on the common line.

Ansatz for surface free energy and surface entropy The ansatz for the contribution V5 represents a direct
generalization of Prahs et al. [31, Eq. 16] towards multiple phases, reading

. (Y L (v
Vs = o | 2o @0 | s (Vima + Yipor) + | Do ha @) v | ©
a=1

a=1
with the set of the order parameter defined as
é=1{o1,.... 05} (7)

Here, N denotes the number of locally active phases. Interfaces and junctions are not counted explicitly and
may form or vanish naturally through the evolution of the order parameters. Moreover, Ygrag and Yot denote,
the gradient and potential contribution of the specific free energy, and ¥ the specific free energy of phase «.
The potential relation for the surface entropy, cf. Eq. (A.13) is considered to hold true in the diffuse interface
context. Moreover, it is assumed that the interpolation functions &, (¢), the gradient and potential contributions
Yerad and Yrpot, as well as the mass densities p* and ps do not depend on the temperature. Consequently, the
entropy is given by

ns = _% = %778 (Wgrad + 1ppot) + ﬁ} (3

Here, the interpolated density p is introduced along with the interpolated bulk entropy 7, reading

N 1 N
Pi=  ha($)p%, ﬁ;:EZha@)p“n“. )
a=1 a=1

The second term of Eq. (6) illustrates that the considered ansatz for Vs accounts for the interpolation of the
free energy density fy, in the sense that

N N
Ty =D ha@® = ha(@)p*y* =p¥ (10)
a=1

a=1
holds true.

Gradient and potential contribution to the free energy It is assumed that the potential contribution ¥y
depends on the set of order parameters ¢, while the gradient contribution v/¢r,q depends on both the set of
order parameters ¢ and the set of the gradients of the order parameters V¢, i.e.,

I//grad = lﬁgrad((ba V¢)7 wpot = lﬁpot(qs) (I
holds true, e.g., [14], with the set of the gradients of the order parameters defined as
Vé ={Vor1,...,Veg} (12)

The focus of this work is on the derivation of the MPFM based on the interpretation of the order parameters
as ISVs. Thus, a discussion of specific choices for Yrgraq and Vo is omitted in this manuscript. For a detailed
discussion of these contributions and their implications regarding the phase evolution, the reader is referred
to [37]. As a consequence, no asymptotic analysis, cf., e.g., Bender and Orszag [38], Hinch [39] is carried
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out as done, e.g., by the seminal works of Caginalp [40], Karma and Rappel [41], Elder et al. [42]. The
order parameters may be interpreted as the volume fractions associated with the respective phase « and must
consequently satisfy the summation constraint

N N
D gux.)=1 ~ Y gux,1)=0, VxeV, t>0, (13)
a=1 a=1

cf. Garcke et al. [13, Eq.(4)], Stinner et al [43, Eq.(2)2], Nestler et al. [14, p.2]. Moreover, the summation
constraint is also applied to the interpolation functions A, (¢), reading

N
D ha(@)=1, VxeV, 10, (14)
a=1
cf. Moelans [44, p.1078]. The time derivative of Eq. (14) yields
N N
. oh
D ha(@)=0 ~ Y “(¢)¢a:o, Vx eV, t>0. (15)
a=1 a=1 8(00[

Dissipation in the diffuse interface The non-negativity of the entropy of the diffuse interface, cf. Eq. (4), is
fulfilled if each contribution is non-negative. Thus, it is required that

Fpe >0, Tje>0, T >0 (16)

hold true. The fulfillment of Egs. (16); and (16), has already been examined in detail in [31]; a brief reca-
pitulation is given in the appendix of the present work. Accordingly, the present work provides an in-depth
discussion of Eq. (16)3. Accounting for Egs. (6) and (8), the integrand of Eq. (5) is referred to as Lg, in the
following. It is given by

. _ N .
0. ps|p 1
£g! = —psgiis = 2= | Vs (Varaa + Vpot) + — [ D_ha@p"y* | | . LgT 0. a7
PS Ps \ .o
Here, Eq. (17); represents the Clausius—Duhem inequality for points in §S’//. Considering small deformations,
p+ =0, p_ =0, ps=0hold true. Consequently, the application of the product rule transforms Eq. (17)
into

6 1 N .
L{s‘” = _:085778 - 5 Z he (¢)pa vs (Wgrad + 1//pot) +o¥s (Wgrad + wpot)
a=1

N
+ 2Ys (Vgrad + Vpot) + | Y 0%ha( @IV + p%ha( @)y | | . (18)

a=1

This work assumes that the balance equations and potential relations derived for a material singular surface
within a Cauchy continuum hold. For this case it is possible to show Vs = ¥s(0), cf., e.g., Prahs et al. [31,
Eq.(A.15)], and ns = —0vys/96. Accounting for this and inserting Eq. (8) into Eq. (18) yields

05 0.
L‘ISH =—- PSEE"S (wgrad + 1ppot) - '08577:;

1 N . 1 .
- 5 Z he (¢)pa ¥s (Vfgrad + 1ppot) + 5?7759 (wgrad + Ippot)
a=1

1_ i j 1 o ay o a o
= 5PV (Faraa + Vipor) = = | D P ha @Y + p"ha (@)U | . (19)

a=1
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With £% = 0v/graa/9 V¢, Eq. (19) simplifies upon multiplication by 6, resulting in

N
0LY" =~ psOiis — | D ha(#)0™ | Vs (Veraa + Ypot)

N

_ wgrdd o 0 Ippot .
— + Voo +
oys E 90n Po + & Do 900 Do

Y
Z 0% ha (P)V + p®ho (@)Y | . (20)

a=1 a=1

Defining E%:=pys£%, integration of Eq. (20) over S’!/ yields

N
111 _ )~ 2
/w,, 0Ls d“—/gs,,, 505 = | L ha@p” | s (Vema + Vo)

N N
_ W, Wior | o o
—PUs [ D0 et g | = [ DBV
a=1 Pa 90 a=1
D 0% ha (@)Y + pha (@)Y | dv. @1)
a=1

Rewriting h (¢) as

ho($) =

Y ong dhy Yooon
3 @) . (¢) Z v (9) o, 22)
Ly#

@
ey v =

a=1

ocilav= [ —psi
/53111 S sSl pstils

0Vors d
. Z(pa( le Ea)‘f‘ﬁlﬁS( wgrad + I,Z’pot)
00 ¢y

Eq. (21) yields

dhq
+ % (0¥ + P s (Veraa + ‘/’P"t))»
; N oon
— | 22 (v + s (Veraa + Vpor)) | D ;—(d))gby
— y=1,y#a by

- Zp“h @i |a— [ ,,,Z ze. 23)

Constitutive assumptions and further exploitation For the further exploitation of Eq. (16)3, it is assumed
that the specific free energy of phase o depends on the phase-specific strain &%, the phase-specific inelastic
strain €*¥, the order parameter ¢,, a set of additional phase-specific internal state variables «®, and the
temperature 6, i.e.

1//0( = 1//(1(60(78*0(’ (/)Olaaave) (24)

holds true. Based on Eq. (6) and Eq. (24), the phase-specific strains and, consequently, phase-specific stresses
are accounted for, in the following. A closure, providing a relation between the phase-specific strains is not
discussed, deliberately. Different closure approaches such as homogenization schemes, e.g., Voigt/Reuss or
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the jump condition approach, cf., e.g., Durga et al. [45], Mosler et al. [46], Schneider et al. [21,47], Svendsen
et al. [48] can be applied straightforward. However, the subsequently carried out calculations differ slightly,
depending on the considered closure ansatz. Application of the chain rule, accounting for the divergence
theorem and introducing the driving force contribution Fy, as

Fy:=—div (E"‘) +0o¥s <a‘//grad + 3Wpot>

0P ¢
dhy (@) ay
+— P + p* s (I/fgrad + d’pot) + o p” (25)
0P ¢y
Eq. (21) can be expressed as
/y”mﬂhng +Djg + DI + DA+ B >0 (26)
with the contribution linear in the rate of the order parameters denoted by
N
D= — po Fo | dv, 27
5S /85”’ 0; Dol v (27)
the contribution linear in the temperature rate denoted by
N ye
D9 = _ =k o 9 d s 28
’5 /53111 psis +;%p a6 Y @8
the contribution related to the interpolation functions denoted by
il Y ony @)
D(};S::/ - Z (P“Wl +p%YUs (Wgrad + 1aﬁpot)) Z ay (by dv, 29)
sSII o y=1,y#a Yy
the contribution linear in the remaining rates denoted by
mech, wa -a awa [ 1% 81)00( s
Pis = /3111 Z%{p ( + aexe e e o dv, 30)

and the boundary contribution denoted by

= . 31
/Basm Zwa G1)

The contributions D5 S5 Dgs, Dm“h are decoupled regarding the rates and defined in S//. Moreover, B is

defined on the boundary. Thus, Eq (26) is fulfilled by demanding
D{s >0, Dig>0, Dis>0, DEEM>0, B=>0. (32)

independently of each other.
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2.2 Exploitation of the dissipation inequality

Thermodynamical consistency of dualinteraction evolution equation To fulfill Eq. (32)1, the following ansatz
is considered for ¢,

i
1
Go=—= Y, Mup(Fou—Fp), (33)
p=1pta

=

with Mg denoting the so-called mobility of the diffuse interface between phase o and . The ansatz for
the evolution equation according to Eq. (33) is closely related to that proposed by Steinbach and Pezzolla
[7], as will be discussed in Sect. (4.2). It represents the pair-wise interactions between phase 8 and phase «.
Inserting Eq. (33) in Eq. (27) yields

NN
1
Df;’s:/ HITZ > Mg (Fu — Fg) Fadv, Mag >0, Va,p (34)
38 a=1p=1,B#a
| N-1 N )
= — Map (Fou — Fg)" dv >0 35
[ T2 X M (R ) vz 65)

The transformation from Eq. (34) to Eq. (35) is carried out in Proof 1, cf. Egs. (47)-(52). In this context,
explicit use is made of the symmetry of the mobilities, i.e. Myg = Mgy, for symmetrizing the double sum.
Since the simplification of Eq. (34) results in the third binomial formula, the non-negativity of Dg’s is ensured.
The evolution equation according to Eq. (33) can also be written as

N
1
G = -< > Maﬁ(—diV(E“ -
p=1,pa

0 1ﬁgrad 0 wgrad 0 Ippot 0 1lfpot )
— + —
o dpp Ipa  dgp

+poVs (
+ AP+ A%+ A{’jﬁk), (36)

with the corresponding driving forces defined as,

. e h an7*f
8y = oy oy p WD) {pw/f—} : (37)
¢ dpp dg
Ohg, h on1%
Azﬂ = (Pa 3(0(:5) - Pﬁ alfp()f)) Vs (wgrad + 1ﬁpot) = [0%} Vs (Wgrad + 1ﬁpot) > (38)
Wb GOV (@) L0yF dhs(@) [ ay }""3
Ayl = Pap 90a —qua ¢p 3 99 = 3¢ g : (39

of
Here, the notation {g } = ¢ — ¢# is introduced and employed for an arbitrary quantity ¢.

Remark regarding identical mobilities The evolution equation stated in Eq. (33) can be rewritten for the
special case of identical mobilities, i.e., assuming Myg = My, reading

Gu =—Mo= > (Fa—Fp). (40)
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Subsequently, the following identity is used

1 ul 1 N
7 2 (Fa=Fp) =<2 (Fu=Fy). (41)
p=1.pa p=1
since Fy — Fg = 0 holds true for 8 = « regarding the right-hand side of Eq. (41). Expansion of the right-hand
side of Eq. (41) yields

1 (& 1 (<
=Y (Fa—Fp)== (D Fa|-= D Fs (42)
p=1 N\ N \p=i
1 (&
= —NFy— = | Y_Fp (43)
B=1
Consequently, Eq. (40) can be written as
LN
Gu = —Mo(Fu — A), A== Fp. (44)
N =

with A denoting the Lagrange multiplier. Here, the Lagrange multiplier follows from enforcing the summa-
tion constraint within the dissipation inequality framework and does not stem from a variational stationarity
condition. The ansatz for the evolution equation according to Eq. (44) is closely related to that proposed by
Nestler et al. [14, Eq.(6)], as will be discussed in Sect. (4.2). The Lagrange multiplier enforces the summation
constraint given in Eq. (14). By substituting Egs. (44) into Eq. (15), one obtains

N 1
— Moy Z Fy — —
a=1 N B=

N
Fg | =o0. (45)
1

Since A is independent of «, Eq. (45) simplifies to

N L&
Z_:Fa -N ﬁZFﬁ =0, (46)
a=1 B=1

which vanishes identically. This confirms that Eq. (15) is satisfied.
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N K
3 ) MupAapes Aape = (Fa — Fp) Fa 47)
a=1p=1.p#a
= Mi2A121 + M13A131 + MisAar + ...+ M 5 A 5,
+ Mo Azin + Ma3Aozy + MogAoan + ...+ My Ay,
+ M31A313 + M32A303 + M3 Az + ... + My Az,
+ Ma1Aqia + MapAaog + Mz Aaza + ...+ My Ay,
+...
+ My gy + My Ajog + Mz Agay + -+ My nAgw-ni (48)
=Mz (A1 + A2n2) + Miz (At 4+ Azi3) + ...+ M5 (A g + Ajg)
+ Ma3 (A2 + A33) + ...+ My (Ayjin + Ajagt)
+ Mg (Aza3 + Aaza) + ..+ Myg (Aygs + Agsg)

+.

+Mi-1i (A(N—I)N(N—l) + Amv_mv) (49)
N—1 N

=Y ) Mg (Aupa + Apap) (50)
a=1 f=a+1,B#a
N—1 N

=D Y M ((Fu— Fp) Fu+ (Fs — Fa) Fp) (51)
a=1 f=a+1,B#a
N—1 N ,

= Y. Mo (Fa—Fp) (52)
a=1 f=a+1,B#a

Proof 1: The double sum occurring in Dfs, cf. Egs. (34) and (35), can be transformed by using Mg = Mgy,
for symmetrization.

Fulfillment of DY > 0 To fulfill Eq. (32),, 0% is inserted, cf. Eq. (9), leading to
8S S

N N
1 .
24 =/ —|os | —> gar®n® | - gap®n® | | 6dv=0. (53)
It is evident that the terms eliminate each other, and the vanishing of Dgs ensures its non-negativity.

Fulfillment of D(I;:‘;’Ch > 0 Taking into account 6% = p®dy*/9e” Eq. (32)4 can be rewritten as

h N N oYY oy
mech __ § : o o § : o - KO o %
s _faS"’_ o 1%6 c ) l%p pera & Tl G e | v 54
= o=

Considering the symmetry of 0 and the equality #, = u, which follows from the derivation being based on
a material singular surface, and introducing the interpolated stress o as well as the interpolated stress vector ¢
by

N N
E::Zqoaa“, f::Zq)at“ (55)
a=1 a=1
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the application of the divergence theorem to Eq. (54) yields

dv

N
o al//a awlx
mech __ . . o - KO o s
Dss _/53”1”'(11”")_ Elrpap e e
o=

— / i-tda. (56)
asSIII

A reduction of the inequality Eq. (32)4 is achieved by
div(@) =0, Vx €8S, £=0,Vx €3Sy, =0, vx € 3sS})]. (57)

Here,d6S 1’\,’ I"anddsS é’ I designate the Neumann and Dirichlet portions of the boundary 385!/, respectively.
Finally, the reduced form of Eq. (32)4 reads

o

y
Dmech:/ [ > g Iy g 227 el avso (58)
88 sSII = o der T e -

The free-energy dependencies in Eq. (24) define a general framework, without prescribing a specific constitutive
behavior. As no decoupling between thermal and non-thermal contributions is assumed, contrary to [49], the
results remain valid for a thermomechanically coupled theory, as discussed by [50]. To further evaluate Eq. (58),
the specific forms of the specific free energies 1 must be defined, as well as the relations between &** and
a®. Selected special cases based on restrictions of the specific free energy are addressed in Sect. (3).

Fulfillment of B > 0 Inserting the definition of E¢ in Eq. (32)5 yields

N
B= —/ Y Gap¥sE nid | daz0, 520, ys#0 (59)
988111 el

Accounting for the non-negativity of p and s, the non-negativity of B is fulfilled by the two boundary
conditions

£ -ndd =0, Vx € 38S, 9o =0, ¥x € 358K, (60)
representing a generalization of the boundary conditions given by Prahs et al. [31, Eq.(28)].

Fulfillment of D?S > 0 Without restricting the contributions p*¢* + p“¥s (wgmd + xppot) of Eq. (29),
Eq. (32); is fulfilled by demanding

N

oh
> BV @) ¢y =0. 61)
y=lyza P

since (Dgls) is the 3rd item in Eq. (32).
By means of Eq. (22), Eq. (61) can be written as

@) = P, =0 @) = Py, ©)
This constitutes a restriction of the interpolation function,
ha(9) = ha(¢a). (63)
Accounting for Eq. (63) as well as for Egs. (13) and (14), it follows that
ho (o) = @a (64)

is the only admissible choice. A proof is provided in the appendix, cf. Eqs. (A.14) - (A.39). It is emphasized
that the restriction according to Eq. (64) does not control interface width or strength. These properties are
governed by the gradient and potential contributions Yot and ¥graq. The subsequent sections take Eq. (64)
and, thus, Ay (¢y) /¢, = 1 directly into account.
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2.3 Implications for the heat conduction equation

Balance of internal energy in the multiphase-domain The balance of internal energy, cf. Eq. (A.6), for the
diffuse interface domain is given by

(pe) =G -+ pr —div(g). (65)
In this context, the interpolated internal energy pe, the heat source pr and heat flux ¢ are defined as
N N N
Pe=) gup®e®, PF= 0uptar =Y Puq” (66)
a=1 a=1 a=1

In the following, pr and g are not replaced by the relations according to Eq. (66), for brevity. While o is
considered according to Eq. (55)1, the interpolated strain € is given by

N
£= Z 0o €”. (67)
a=1

Heat conduction in the multiphase-domain Application of the Legendre transformation, i.e. e* = 0n* + %,
cf., e.g., [51], yields

(o¥) +6pm+6 (o) =7 -+ pr —div(q) . (68)

In this context, pi is considered according to Eq. (10) and the interpolated entropy is introduced as

N
= pup“n”. (69)
a=1
Reformulation of Eq. (68) yields
N
th=0-g+pr—div(g) — Z%a“ &
a=1

a=1
N
oy

§ : 5k
" 1()0&(0&.6(!_'0”8«“ ‘ "‘)

a=

N 2

X 8 wo{ 8w0[
0 o _ o _ o o , 70

+a§=1¢a (wa o 00000 Yo o0 p e) (70)

with the interpolated specific heat

BZwa

57 (71)

N
Ce=Y Qup”ct, ¥ =—0
a=1
A detailed derivation of Eq. (70) is provided in the appendix. It is stressed that Eq. (70) remains general with
respect to the underlying mechanical and thermal behavior, as the contributions 6%, £**, and g% have not been
specified at this stage. It is convenient to apply the Legendre transformation e* = 6n* + %, cf., e.g., [51],
together with the entropy relation, cf. Eq. (A.10), to substitute ¢* by

oy

20
Eq. (70) is a generalization of the heat conduction equation used in [52] in the context of non-isothermal
polymer crystallization.

e =y*+0 (72)
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3 Selected special cases
3.1 Special case S

Constitutive assumption In the remainder of this section, it is assumed that the mass densities p are identical,
i.e., p* = p. Taking into account Eq. (9),

N
P=p) 0u=p (73)
a=1

holds true.

Effect on the driving force contribution If S| is considered from the outset,

élﬁs (‘//grad + 1ppot) = %ws (wgrad + 1/’pot) (74)

holds true regarding Eq. (17). Consequently,

N

Z Pap” | ¥s (lbgrad + 1;/fpot) =0 (75)

a=1

holds true with respect to Eq. (18) and the contribution p* s (Wgrad + Ippm) is not present in Fy,. Thus, Eq. (76)
reduces to

o

d d 0
1/fgrad + 1‘//pot > T+ wa + Dup w
¢y 09y 09y

Foi=—div (E%) 4 p¥s ( (76)

with EY = pyg&”.

Effect on the evolution equation Based on Eq. (73) and Eq. (38)7, A%ﬁ = 0 holds true. Consequently, Eq. (36)
reads

N
1
Yo = ——= Z MO(/S (—le (Ea — :’B)
B=1,p#a
+ PWS (Ehpgrad _ 81aﬁgrad + alﬁpot _ 8wpot>
dpa dpp Opa  Ogp
+ Ay + A, (77)
with the modified driving forces
op ap
B B oYy
Ay = p{w} , Apk = p{cpﬁ} : (78)

3.2 Special case S»

Constitutive assumptions Following the special case S it is assumed that the specific free energies admit an
additive decomposition as

Y =Y (6%, €, ga) + Y (@, o) + Vg (0, o) + ¥ (79

with the elastic contribution ¢, the inelastic contribution w[‘)", the thermal contribution ¥, and the constant

chemical contribution ¥ . This corresponds to a thermomechanical decoupling of the specific free energy,
cf. [50].
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Effect on the driving force contribution Based on the assumption Sy, the driving force contribution F, as
stated in Eq. (76) is further specified, reading

0 1//grad 0 1ppot

Fa:=—div(5a)+p1ﬂ5< 50 + 50
o o

AYY oYy oys
© + Pup—L + gup—L-.
0Qq 09y 0y

) + oV + oYy + Yy

+ ¢ap (80)

Effect on the evolution equation Both the evolution equation according to Eq. (77) as well as Azﬂ remain in

their current form. However, the bulk driving force Agflk is expressed as the sum of the following contributions

Aph = AP + A% 4 AP 81)
with the following definitions
B af aff
v 1" oy v
A% — L A — L , Aaﬂ = . 82
e p{w a<p} P p{w P g =P waw (82)

3.3 Special case S3

Constitutive assumptions Following the special cases S1 and Sy, it is assumed that the inelastic and the thermal
contributions do not depend on the order parameter, i.e.,

Yo = yl@), v§=vgo) (83)
hold true.

Effect on the driving force contribution Based on the assumption S3, the driving force contribution Fy as
stated in Eq. (80) is further specified, reading

- 0Ygrad = OV AU
Fyi=—div (E%) + pyis (Tf“ + me) + pYE + pYE + p¥E + (papﬁ. (84)
o o o

Effect on the evolution equation Accounting for Eq. (83), Agﬁ =0 and Agﬁ = 0 are obtained. Thus, the
evolution equation for ¢, reads

+ ,Ol/fS (a;ﬁgrad _ 81pgrad + a1/fpot . aWpot)
Yo dgp dpa g

of 1753 af
+p{we} +p{Wp} +p{1ﬁ9} +A‘é‘ﬂ)- (85)

4 Comparison with classical approach
4.1 Energy functional and variational derivative

Energy functional The classical derivation of the multiphase-field method is commonly based on an energy
functional F defined on V, consisting of the interface contribution fs and the bulk contribution fy,, reading

F = /;}fdv, f=17rs +?V7 fs=p¥s (Wgrad + l/fpot) = forad + fpots (86)
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The surface contribution fs is additively decomposed into a gradient part fyraq and a potential part f,o, which
are related t0 Voraq and Ypor, respectively, as shown in Eq. (86)3. Thus, the dependencies of fyraq and fpor on ¢

and V¢ correspond to those of ¥graq and ¥por. The contribution ?v is defined according to Eq. (10). For the
comparison in this section, the special case S3 is considered, allowing the contribution 7\) to be simplified to

N N
Tv=p2eat=pY gu (Ve +v5 +¥5). (87)
a=1

a=1

Variational derivative For the classical derivation of the evolution equation, the variational derivative is

introduced, defined as
) 0 0
—f=<—f—div< f )) (8)
o 0@y IVy

Considering the definition of f according to Eq. (86) and accounting for special case S3, the variational
derivative of f is given by

Sf . d 1pgratd 0 Iﬁpot 0 lﬂ"‘
—— =—div(E") +p 3( + + Qup—= + pUe + p¥s + oy (89)
8¢ ( ) £ 00y 09y ve 09y ve I/IP Vo
with B = pys0¥graa/dVey. Comparison of Eq. (89) and Eq. (84) yields
3
—f =F,. (90)
8¢

4.2 Variational approach to the multiphase-field method

Evolution equation The ansatz for the evolution equation of the order parameter is given by

N

, 1 3f 8f
v = —— My [ — — — ), 91
) Iy Z ﬂ(a%l 5‘/’/3) On

B=1,p#a
cf. Steinbach and Pezzolla [7]. With 8f /8¢y = Fy, cf. Eq. (90), the ansatz for the evolution equation of the
order parameter given in Eq. (91) corresponds to the formulation stated in Eq. (33). Consequently, the evolution
equation obtained from Eq. (91) coincides with Eq. (85) for the special case S3.

Remark regarding identical mobilities Accounting for Eq. (90), Eq. (44) can be written as

B

. Sf 1 Sf

G = —My (— - A) L A=Y (92)
80u N sl 5(,0,3

with A denoting the Lagrange Multiplier. The Lagrange multiplier enforces the summation constraint given

in Eq. (14) as already illustrated by Egs. (45) and (46). The formulation according to Eq. (92) was similarly

introduced in Nestler et al. [14, Eq.(6)].

5 Concluding remarks

In this work, the multiphase-field method was systematically derived for multiple intersecting phases by
introducing the order parameters as internal state variables and exploiting the entropy production inequality of
the diffuse interface region within the framework of continuum thermodynamics. Thus, it represents a direct
generalization of [31] to multiple intersecting phases. The key results are summarized as follows:

e The thermodynamical consistency of the dual-interaction ansatz for the evolution equation of the order
parameters, as well as its simplification via the Lagrange-multiplier ansatz, was demonstrated.
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e To ensure thermodynamical consistency within the framework of continuum thermomechanics, the restric-
tion hy (@) = hy (@) has to be fulfilled, i.e., the interpolation function £, must only depend on the order
parameter ¢, but not on the remaining order parameters. Moreover, it was shown that /1y (¢y) = ¢4 is the
only admissible choice for the interpolation function in the multiphase-field context. All further consider-
ations apply for this case.

e The corresponding heat conduction equation was consistently derived, with special emphasis on coupling
contributions arising from microstructure evolution.

e Special cases of the multiphase-field method were discussed by restricting the considered phase-specific
free energy contributions.

e The relation of the dual-interaction and Lagrange-multiplier ansatz to the well-established approaches
by Steinbach and Pezzolla [7] and Nestler et al. [14] is illustrated for an introduced special case.
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Appendix
Remark on used notation

Set notation In Fig. 1 the considered sharp interfaces are referred to as S SPY and SY® while the cor-
responding diffuse interfaces are denoted by §S*#, 8SP7, and 5%, respectively. Moreover, the multiphase
region 8C*P7 is introduced. Regarding 8§ and §C, juxtaposed superscripts (e.g., S*?) denote unordered index
sets. In formulas the equivalent notation §§ {8} §g used, i.e.

58P, =sstBl o £ B, (A.1)
is used. This affects only the remarks in this section of the appendix.

Notation used for two-phase unions in Eq. (1) Let 7 = {1, 2, 3,4, 5}. Then

ss! = U 584 (A.2)

ACT
|A]=2
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expands to

st =5t 2 ysstt3yssthaysgtts)
U sst=3usstaysstaal
U ssBH U g5ty st (A3)

Notation used for multiple phase unions in Eq. (2) Let 7 = {1, 2, 3, 4, 5}. Then

ss = | J sc? (A.4)
ACT
A[=3
expands to

ssl — sc(1.23) | soll2d)  goll25) | soll3.4)
u sctt3ahysctt43 ysctz34
U sc233ysctz4shysctasl

U sCl1:23.4) | 512350 501245 50l1:34.5) | 5012345

uscihz343} (A.5)

Balance equations for a Cauchy continuum with a material singular surface

Remark For enhancing readability, the superscript « is omitted in this and the subsequent section. However,
the considerations regarding regular points are applicable to points in V* as well as V*.

Balance equations for points in V*\V* In the work at hand, the derivation of the MPEM is based on a Cauchy
continuum containing several intersecting material singular surfaces. In this context, no additional degrees of
freedom are considered. The balance equations for a Cauchy continuum can be derived, e.g., by requiring
invariance of the total energy balance, cf. Prahs et al. [31, Eq.(1)] under a change of observer, cf., e.g., [53].
In this appendix, the balance equations are only provided but not derived, for brevity. A detailed derivation of
the balance including additional degrees of freedom is provided in [54]; neglecting these yields the standard
balance equations adopted here. The balance of mass, linear and angular momentum along with the balance
of internal energy are given by

o+ pdiv(v) =0, p(a—b)=div(o), oc=o0', pe=0-D+ pr—div(q). (A.6)
Moreover, the existence of the Cauchy stress tensor and the heat flux vector, i.e.,
ony=t, q-ny=—h (A7)

also follows from requiring the invariance of the total energy balance under a change of observer.

Remark The results presented are obtained for the volumes V¥, representing a single phase in the context of
a sharp interface theory. They are also valid for the volumes V¢ of the diffuse interface theory.

Balance equations for points on S The balance equations for points on the singular surface S are also obtained
by requiring the invariance of the balance of total energy with respect to a change of observer. This yields the
balance of mass, linear momentum, and internal energy on S, reading

ps + psdivs @) =0, psa — psb® = {t} pSes = pSrs — {q} ‘ns. (A.8)

Remark In the present context, only the quasi-static case is considered, neglecting body forces and assuming
small deformations, such thata = 0,5 = 0, b = 0,and D = ¢.
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Constitutive behavior

Constitutive behavior for points in V*\V* The specific free energy is assumed to depend on the total strain &,
the inelastic strain ¢*, additional internal state variables & and the temperature 6 i.e.,

v = V(e e*a, 0) (A.9)

holds true. Accounting for Eq. (A.9), the exploitation of the Clausius—Duhem inequality, cf., e.g., Prahs et al.
[31, Eq.(A.3)] yields the potential relations for the Cauchy stress and the entropy, reading

oy oy
=p—, =——. A.10
o=pgo Y (A.10)
The rate of the entropy is given by
W\ Y
s (VY _ (A.11)
a0 00

Constitutive behavior for points on S The application of the Coleman—Noll procedure for the Clausius—Duhem
inequaltiy on a material singular surface, cf. Prahs et al. [31, Eq.(A.6)] yields that ¥s can only depend on the
temperature, i.e.

Vs = ¥s(0), (A.12)
as well as the potential relation for s, reading
Vs
= ——. A.13
ns 30 (A.13)

Admissible interpolation functions

Remark on the idea The constraints according to Eqs. (13) and (14) must be satisfied on the N -simplex. Since
Eq. (13) holds on the N -simplex, it must also hold on every subsimplex obtained by setting some of the order
parameters to zero. The minimal non-trivial case is the three-phase subsystem, represented by a triangular face
of the simplex. Restricting the proof to a three-phase region simplifies the discussion. The arbitrariness of the
chosen triple ensures that the conclusions apply to every sub-simplex, and therefore to the general case for
arbitrary N. The proof strategy then proceeds by showing that the vanishing Hessian on such a three-phase slice
implies that each interpolation function is affine. Imposing the summation constraints according to Egs. (13)
and (14) and the pure-phase conditions finally reduces these affine functions uniquely to the identity mapping,

ie., ho(Po) = @u.

Interpolation functions as affine functions
Assume the functions &, (@) are twice differentiable. Subsequently, considerations are restricted to a three-
phase region of phases &, 1, and ¢, where

Pepngc 70 (A.14)
holds true and all other order parameters vanish. According to Eq. (13)
e +onp+or =1 (A.15)
holds true in this three-phase region. Accounting for Eq. (63), the constraint according to Eq. (14) reads
H:=hg (pz) + hy(@y) + he(@r) = 1. (A.16)
Taking into account Eq. (A.15), Eq. (A.16) can be written as

H:=hg (pz) + hy(@y) +he(1 — g —p) = 1. (A.17)
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Differentiating gives

oH _ 0he () B Ohe (1 — s — @)

Az Iz deg
oH  oh dhe(1 — e —
9H _ dhy(py) _ 9he(l—gc — ) ALS)
Iy %3 Iy
The mixed second derivative is given by
32H 3 (9H 3%he(1 — @z —
=2 (—) _ e = 9e = ¢n). (A.19)
dpedgy Doy \ e dgedgy
Taking into account the summation constraint, i.e. H = 1, 3’H / (8@5 8(0,7) = 0 holds true. To fulfill
3%he (1 — g —
(d=ge o) _, (A.20)
dpe depy
the function /4 (¢;) has to be an affine function, reading
]’l; (§0§) =arP¢ + bg. (A21)
Since the choice of the triple of indices is arbitrary,
ho (@) = Gu@o + by, Va (A.22)
must hold.
Identical slopes Inserting Eq. (A.22) in Eq. (14) yields
N N
L@)+B=1 L= au+¢a B=) ba. (A.23)
a=1 a=1
Consequently,
L(¢) = B — 1 = constant (A.24)

must hold for every tuple ¢ with {4) e RV : Yo > 0, ij: | P = 1}. Subsequently, define a new tuple ¢""
with

new

o =eutT o =0 -1, 9f =g Béuv, TER (A.25)

The parameter t is chosen small and feasible such that

N N N
Do =(pu+1)+ @ —1)+ Yoo =D ea=1. (A.26)

a=1 B=1,8¢{r,v} a=lI

Regarding ¢™%, Eq. (A.23); reads
N N
L@"™) = aepi®™ = au@l™ + avp)™ + Y. apep
o=l B=1,B¢{r,v}

N

=day (‘p/L + 77) +ay (py —7) + Z ages | (A.27)

B=1,p¢{r.v}
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while regarding ¢ it is given by

L($) = aupu + avpy + i agps | - (A.28)
B=1.p¢{z.v}
Since Eq. (A.24) must hold for every tuple ¢, it is required that
L(¢)=L(¢"") ~ L(¢)—L(¢"") =0. (A.29)
Exploiting Eq. (A.28) yields

(ap —ay) T =0, (A.30)

which can be fulfilled for admissible = only by choosing a,, = a,. Since the choice of the indices 1 and v was
arbitrary

agl=a=...=a (A.31)
must hold, i.e., the slopes of all affine functions need to coincide and Eq. (A.22) reads
ho(@y) = apy + by Vo (A.32)
Reduction to linear functions Considering a single phase y
oy =1, and pg=0 VB #y (A.33)
holds true. Consequently, the interpolation functions according to Eq. (A.32) must satisfy
hy(opp =1)=a+b, =1, h,(pg=0)=bg=0 VB #y. (A.34)

Again, the choice of the index y was arbitrary. However, since Eq. (A.34) must hold for every single phase,
leading to

y=1 ~ bi=1—-a, bg=0 VB #1 (A.35)
y=2 ~ by=1-a, bg=0 VB #2 (A.36)
y=... (A.37)
Fulfilling Eq. (A.35), b = b3 = ... = 0 has to hold true, while fulfilling Eq. (A.36), b1 = b3 = ... = O must

hold. Consequently, to satisfy Eqgs. (A.35), (A.36), and Eq. (A.37) for all choices of y, the only possibility is
bg=0 VB, 0=1—-a ~ a=1 (A.38)
Accounting for Eq. (A.38), Eq. (A.32) finally reads

ho (@o) = ¢q. (A.39)
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Heat conduction equation

Derivation of equation of heat conduction Application of the chain rule to Eq. (68) yields

N N

i
D (G VU + @up® V) + 0> 0apn® +60 Y ($up®n® + ¢ap®i®)

a=1 a=1 a=1

=G-¢ +pr —div(q) .

(A.40)

Taking into account the dependencies of the specific free energy as stated in Eq. (24), the potential relation for

the entropy,cf. Eq. (A.10)2, and the relation for the entropy rate according to Eq. (A.11), yields

awa aawa

do”

N
oy oy
. ..o o X% o - o .
E (%p Y +¢a(p Py +p Pyl +p a%‘p‘*”

a=1

oy N 9
+ o —9)> —GZ%p +QZ¢0H0 1 =0 gup” = -
a=1

=E-e+,or—d1v(q),

-

(A4l

Using the potential relation for the Cauchy stress according to Eq. (A.10) and accounting for Eq. (24) with

respect to dy% /a0 yields

a=1
2 o 2..Q
I/I (¥4 o al/f o ko0
+9§ Pap”n® —OE %( 5e230 ° TP geragg € + p*
82.(/111 ] N 2,(//05 . ; .
+paaaaae'“)_92 Pap” gz ¢ =0 Etor —div(@),

Introducing the specific heat ¢ as well as the interpolated specific heat ¢, as

aZwa N
S i =Y e
a=1

and using again the potential relation for the Cauchy stress according to Eq. (A.10) leads to

)

N
oy oy
Z(%p“t/f"‘wtx("a'éa_“a°é*"+ﬂ“ LA
ot 09y da®
N 2
do® 32y
9 9 . SO kO
+ E QPN gl%‘(a@ (6" —¢ )+paa89
a%pa X .
+p“8aa89-d“>+530=5~5+ r —div (q)

N
. . . oy LLVAS
Z(‘pal)a‘ﬁa'f‘(ﬂa <gﬂf.€a_aa_€*a+p v $o + 0% 1//oz .aa>)
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Rearranging the terms gives

N N
.0 =5 -8+ pr—div(@q) — Z(/’Ja,o”‘Gn“ - Zfi?apal/fa
a=1

a=1

N 2.0 2.0
o ., . 0 . d .
+0 2 :(Pa ( . (ezx _ e*a) + pa 1// Par + pa 1// ao{)

— 36 39000 da®06
N N
. . oy, AV
_ 2 : A P A 2 : o a7 &%) A.45

Considered form of the equation heat conduction Application of the Legendre transformation, i.e.,
e* = 0n* 4+ ¥, cf., e.g., [51] yields the equation of heat conduction

N
Cl =0 -&+pr—div(@) — ) ¢a0” &
a=1

N 2
a0 . . kYA
+63 g (—-(ea—e*“)—l-p“%a“)

+Z€0 aa-é*“—p“awa o
* da¥

N 210 o
) Y oy
E 0% — « —p%* ), A.46
“ra:l (2% (Qoa 1Y 90000 Do P 900 pe ) ( )

which is also stated in Eq. (70).
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