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Symmetry-aware Bayesian flow networks
for crystal generation
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The discovery of new crystalline materials is essential to scientific and technological progress.
However, traditional trial-and-error approaches are inefficient due to the vast search space. Recent
advancements inmachine learning have enabled generativemodels to predict new stablematerials by
incorporating structural symmetries and to condition the generation on desired properties. In this
work, we introduce SymmBFN, a novel symmetry-aware Bayesian Flow Network (BFN) for crystalline
material generation that accurately reproduces the distribution of space groups found in
experimentally observed crystals. SymmBFN substantially improves efficiency, generating stable
structures at least one order ofmagnitude faster than the next-bestmethod, at similar or even superior
quality. Furthermore, we demonstrate its capability for property-conditioned generation, enabling the
design of materials with tailored properties. Our findings establish BFNs as an effective tool for
accelerating the discovery of crystalline materials.

The discovery and design of novel materials are essential for advancing
technologies in areas such as energy, electronics, and sustainability. Recent
developments in machine learning are reshaping the field of materials
research indiverse and transformativeways1.Machine learningmodelshave
been applied to enhance conventional screening approaches2,3. At the same
time, advancements in generative modeling show great potential for
acceleratingmaterials design by proposing novel and realistic candidates for
crystal structures with targeted properties4,5.

An early demonstration of the effectiveness of generative models for
crystalline materials is CDVAE6, which employs a variational autoencoder
to generate composition, lattice parameters, and the number of atoms in the
unit cell. Then, the atomcoordinates are randomly initialized and iteratively
denoised using score-matching7. Subsequent works8–10 have replaced the
autoencoderwith a purely diffusion-based approach, jointly diffusing lattice
parameters, fractional coordinates, and atom types. This approach effec-
tively captures crystal geometries as a whole, leading to an improved quality
of the generated structures. Various other generative modeling techniques
have been applied to crystals, including Riemannian flowmatching11, large
language models12–14, and normalizing flows15. While these models have
demonstrated the capability to generate novel and stable structures, an
important aspect that has often been neglected is the incorporation of space
group symmetry. A large proportion of the samples generated with models
such as DiffCSP8 and CDVAE belong to the low-symmetry space group P1,
which is rarely observed in nature. To alleviate this issue, models that
explicitly incorporate space group symmetries into the generation process
have been recently proposed along several complementary directions. One

class of approaches enforces explicit symmetry constraints during genera-
tion: DiffCSP++16 extends diffusion-based generation by incorporating
lattice and Wyckoff constraints directly into the sampling process, while
SGEquiDiff 17 and Space Group Conditional Flow Matching18 similarly
condition the generative dynamics on a target space group to ensure that
atomic coordinates evolve on symmetry-consistent manifolds. Second, a
growing family of methods adopts symmetry-reduced, discrete repre-
sentations based on Wyckoff positions: CrystalFormer19 and WyFormer20

employ autoregressive transformers over symmetry-aware tokens,
WyckoffDiff 21 applies diffusion in this discrete symmetry-adapted space.
Collectively, these approaches move beyond unconstrained atom-wise
generation by operating directly in symmetry-adapted representations. A
third class focuses on modeling the asymmetric unit jointly with symmetry
operations, as exemplified by SymmCD22, a diffusion model which gen-
erates only the minimal set of representative atoms together with the cor-
responding group actions required to reconstruct the full crystal.

Diffusion-based methods have proven effective in predicting realistic
materials. However, they present two main limitations when applied to
crystal generation: First, handling heterogeneous variable types (continuous
atomic coordinates and lattice parameters, alongside categorical atom types
and site symmetries) typically requires additional modeling choices or
representations, which can complicate the formulation. A second drawback
is that generating high-quality samples requires a significant number of
integration steps, which results in high computational costs.

Bayesian Flow Networks (BFN) are a novel class of generative
models proposed by Graves et al.23, which generate samples through an
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iterative procedure similar to the reverse process used in diffusion.
Unlike diffusionmodels, BFNs operate directly on the parameters of the
data distribution, rather than its noisy samples. This formulation pro-
vides a principled way to handle heterogeneous variable types (con-
tinuous, discrete, and categorical) within a single framework, without
requiring separate modeling components or discretization schemes.
BFNs have been recently applied to the domain of three-dimensional
molecular generation24, where they demonstrated a superior trade-off
between efficiency and quality, achieving a significant speedup over
diffusion models. CrysBFN25 recently introduced a periodic Bayesian
flow network for crystal generation by extending Bayesian flow models
to non-Euclidean manifolds through an entropy conditioning
mechanism designed to capture periodic symmetries in crystal
structures.

In this study,wepresent SymmBFN, anovel adaptationofBFNs for the
generation of crystalline materials using a symmetry-aware representation
of crystal structuresfirst introducedbyLevy et al.22.Our approachprovides a
simple and efficient formulation for jointly modeling distributions over
fractional coordinates, atomtypes, unit cell parameters, and site symmetries.
Specifically, the proposed method (i) provides a principled and efficient
framework for modeling heterogeneous variables within a single formula-
tion, (ii) accurately reproduces the distribution of space groups observed in
real-world materials, and (iii) achieves a speed improvement in the gen-
eration process of up to two orders of magnitude compared to state-of-the-
art diffusion- and flow-based methods. This efficiency gain arises from (a)
the BFN formulation, which in the context of crystal structure generation,
requires fewer iterative denoising steps and (b) the use of a symmetry-aware
representation that reduces the effective dimensionality of the generation
space. Additionally, we develop a method to condition the generation
process on additional desired properties. Our results demonstrate the
potential of BFNs as a tool for accelerating the design of crystallinematerials
with targeted properties. In contrast to CrysBFN, SymmBFN includes the
Euclidean invariances by operating in a canonical representative subspace.
This removes the need to reformulate BFNs for non-Euclidean data, as the
periodicity is implicitly enforced by the unique canonical representation26.
As a result, our model avoids the complexity of extending BFNs to non-
Euclidean spaces while leveraging a compact representation that enhances
sampling efficiency andmore faithfully captures the symmetries inherent in
real-world materials.

Results
Metrics
Following prior work6,8,11, we use several property-based metrics to bench-
mark our proposed model against existing approaches. First, the Wasser-
stein distances between the test set and 1000 generated structures for the
distributions of the density ρ and the distribution of the number of unique
elements in the unit cell. Following thework of Levy et al.22, we also compute
the Jensen-Shannon distance between the space group distribution of 1000
generated structures and that of the test set, to determine whether the
models accurately capture the real-world distribution of space groups. We
classify the space groups with pymatgen’s SpacegroupAnalyzer27

using a toleranceof 0.1. Themost informativemetric for de novo generation
is the stability of the generated structures. For de novo generation, we aim to
generate structures that are stable (S), unique within the generated set of
structures (U), andnovelwith respect to the training dataset (N). The S.U.N.
rate, a metric introduced by Zeni et al.9, represents the proportion of gen-
erated structures thatmeet these criteria. In thiswork, all stabilitymetrics are
consistently evaluated using CHGNet28, as not all prior works report DFT-
based evaluations, leading to systematically different absolute values com-
pared toDFT-based results.We include amoredetailed explanationof these
metrics in Section A of the Supplementary Information.

Finally, to evaluate the model efficiency, we introduce two novel cost
metrics that quantify the average computational time required to generate a
stable and S.U.N.material, respectively. More details on thesemetrics are in
Section A of the Supplementary Information.

Dataset
All models discussed in this work, including our proposed method, were
trained on theMP-20 dataset, a subset of theMaterials Project database29.
This dataset comprises 40,476 crystal structures with up to 20 atoms per
unit cell. We adopt the 60-20-20 train-validation-test split initially
introduced by Xie et al.6 and subsequently used in all other studies we
compare against. The formation energy per atom and bandgap, used for
the property-conditioned generation, is computed with M3GNet30 for
each structure in the dataset. We further evaluate our model on the
Perov-56,31 andMPTS-5232 datasets. Perov-5 comprises 18,928 Perovskite
materials, each with five atoms per unit cell, sharing a common structure
but differing in composition across 56 elements. Most structures in
Perov-5 are unstable; therefore, stability and S.U.N. metrics are not
applicable for models trained on this dataset. MPTS-52 is a more chal-
lenging subset of theMaterials Project, containing up to 52 atoms per cell.
It comprises 40,476 samples split chronologically into 27,380 training,
5000 validation, and 8096 test structures.

CSP
We also trained our model on the crystal structure prediction (CSP) task, a
simplified variant of the de novo generation. Since our symmetry-aware
model requires sampling a space group at the beginning of generation, the
CSP task differs slightly for SymmBFN compared to the baselines that do
not incorporate crystal symmetries explicitly. More details and results for
CSP are in SectionAof the Supplementary Information and Supplementary
Table 1.

De novo generation
We benchmark SymmBFN using the metrics described above, compar-
ing it against several state-of-the-art models for de novo crystal gen-
eration (see Table 1). These models include DiffCSP8 and FlowMM11,
both of which utilize the standard unit cell representation, as well as
DiffCSP++16, SymmCD22, and CrystalFormer19, which support space
group-conditioned generation. Of these models, only DiffCSP and
CrysBFNhave been trained on the Perov-5 dataset, while SymmCD is the
only baseline trained onMPTS-52. To ensure a fair comparison on larger
systems, we additionally trained CrysBFN on MPTS-52 and selected the
number of sampling steps that achieved optimal performance. The Steps
column reports the number of sampling steps that are used to generate a
sample for each method. The reported Wasserstein distances are taken
directly from the respective original publications. For DiffCSP, DiffCSP
++, and CrystalFormer, we computed the other metrics using structures
generated from the published checkpoints, while for FlowMM and
CrysBFN, we used structures provided directly by the authors. All sta-
bility and S.U.N. metrics are evaluated using 10,000 generated structures
per model to ensure a fair and consistent comparison across methods.
Following Levy et al.22, we also evaluate our model with the same metrics
by sampling only from the 10 most common space groups in the MP-20
dataset, enabling a more balanced comparison with methods that do not
account for crystal symmetries, while still covering a substantial portion
of the data distribution.

SymmBFN proves to be competitive with the other generative models
on all property metrics. Notably, only DiffCSP++, SymmCD, Crystal-
Former, and SymmBFN are capable of accurately modeling crystal sym-
metries, as evidenced by the Jensen-Shannon distance between the space
groupdistributions of the generated structures and the test set (Wenote that
this distance is not zero even for thesemodels, as remaining differences arise
from discrepancies between the training and test set distributions). This
underscores the importance of incorporating crystal symmetries into the
generation process. SymmBFN achieves competitive results with only 100
sampling steps, demonstrating exceptional sampling efficiency compared to
other generative models. For the MPTS-52 dataset, the more compact
asymmetric unit cell representation proves particularly useful in sub-
stantially reducing the size of the required computational graph compared
to methods that do not leverage symmetries. On this dataset, SymmBFN
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shows a clear improvement over SymmCD and CrysBFN in terms of sta-
bility and S.U.N. rate.

In Table 2, we present metrics regarding the computational cost of
SymmBFN and the baselines. SymmBFN’s computational cost is sub-
stantially lower than that of any other method. This makes our
approach ideal for large-scale materials discovery screening studies.
The speed advantage of our model can be attributed to the smaller
computational graph, its simpler mathematical framework, and its
sampling efficiency. An evaluation of the impact of varying the number
of sampling steps on network performance and additional details on the
selected hyperparameter values are provided in Section A of the Sup-
plementary Information and Supplementary Tables 2 and 3. For

completeness, we include additional metrics based on heuristics used in
earlier methods in Supplementary Table 4. While some diffusion- and
flow-based methods achieve higher scores on these heuristic validity
metrics, we note that they are less reflective of synthesizability than
stability and S.U.N. metrics, on which SymmBFN performs competi-
tively. In Supplementary Fig. 1, we show examples of structures gen-
erated by SymmBFN.

Property-conditioned generation
We evaluate our property-conditioned model using the formation energy
per atom, defined as the energy required to form a crystal structure from its
constituent elements, normalized by the number of atoms in the unit cell29.
In a second experiment, we also condition the model on the bandgap, the
energydifferencebetweenthevalence andconductionbands,whichgoverns
a material’s electrical conductivity. For these experiments, we use the same
hyperparameters as the model without property conditioning. During
generation, we specify three different target values for the formation energy
per atom: one at themode, one in the tail, and one outside of the distribution
of training set values, to demonstrate the ability of the model to generate
structures across diverse target values. We do the same for the bandgap;
however, the dataset distribution is highly imbalanced, withmost structures
having a bandgap value of 0.0. To address this, we specify three target values
during generation: one at 0 (the mode), and two others with only a few
examples in the dataset. For each target, we generate 1000 samples and relax
them using the CHGNet neural network. For all metastable structures
(Ehull ≤ 0.1), we then calculate the formation energy per atom or bandgap
using M3GNet30. We provide the stability and metastability rates for each
experiment in Supplementary Tables 5 and 6. The results, shown in Fig. 1,
indicate that the model reliably generates structures aligned with the spe-
cified target properties. As the target values move further from the well-
represented regions of the training distribution, the mean property of the
generated structures tends to deviatemore from the target, accompanied by
increased variance. Nonetheless, even for sparsely represented targets, such
as a formation energy of −4eV/atom, the model remains effective at pro-
posing stable structures with the desired property. Similarly, despite the
pronounced imbalance in the bandgap distribution, the model demon-
strates strong performance, successfully generating structures with specified
bandgap values, including those with limited representation in the train-
ing data.

Table 1 | Results on the de novo generation: property metrics

Dataset Method Steps Property ↓ Stability ↑ S.U.N. ↑

dρ delem dG (%) (%)

Perov-5 DiffCSP 1000 0.111 0.013 - - -

CrysBFN 1000 0.073 0.010 - - -

SymmBFN (ours) 100 0.070 0.028 - - -

MP-20 DiffCSP 1000 0.350 0.340 0.444 10.29 7.88

DiffCSP++ 1000 0.235 0.375 0.160 11.03 8.29

SymmCD 1000 0.23 0.40 0.164 9.34 6.86

FlowMM 500 0.075 0.079 0.545 9.00 6.84

CrysBFN 1000 0.207 0.163 0.309 15.71 8.81

CystalFormer - 0.173 0.166 0.153 12.31 8.28

SymmBFN (ours) 100 0.083 0.061 0.149 12.11 7.24

MP-20 (10 SGs)a SymmCD 1000 0.53 0.16 0.469 10.92 7.59

SymmBFN (ours) 100 0.290 0.054 0.471 15.33 8.89

MPTS-52 SymmCD 1000 0.844 0.317 0.274 5.97 4.62

CrysBFN 100 2.677 1.160 0.618 6.14 4.50

SymmBFN (ours) 100 0.694 0.423 0.252 10.14 6.12
aSpace groups with the numbers 2, 12, 14, 62, 63, 139, 166, 194, 221 and 225.
Best results are shown in bold and second-best results are underlined.

Table 2 | Results on the de novo generation: cost metrics

Dataset Method Steps Time Stability
Cost ↓

SUN
Cost ↓

Seconds/
Sample

Seconds Seconds

MP-20 DiffCSP 1000 0.482 4.869 6.117

DiffCSP++ 1000 1.573 14.261 18.975

SymmCD 1000 0.514 5.503 7.920

FlowMM 500 0.275 2.957 3.667

CrysBFN 1000 0.414 2.635 4.699

CrystalFormer - 0.688 5.589 8.309

SymmBFN
(ours)

100 0.007 0.059 0.097

MP-20
(10 SGs)a

SymmCD 1000 0.514 4.707 6.772

SymmBFN
(ours)

100 0.007 0.046 0.079

MPTS-52 SymmCD 1000 0.790 13.232 17.099

CrysBFN 100 0.096 1.564 2.133

SymmBFN
(ours)

100 0.008 0.079 0.131

aSpace groups with the numbers 2, 12, 14, 62, 63, 139, 166, 194, 221 and 225.
Best results are shown in bold.
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Ablation study
To quantify the computational benefits of each component of SymmBFN—
(i) the reduced, symmetry-aware representation and (ii) the Euclidean BFN
formulation—we performed an ablation study comparing SymmBFN with
twomodels that operate on the full crystal structure: (i) a baseline variant of
SymmBFN that uses the same Euclidean BFN but processes all atoms in the
conventional cell, and (ii)CrysBFN,which also operateson the full structure
but employs a non-Euclidean BFN formulation (see Table 3).

The Euclidean formulation alone yields a consistent ~1.75× speed-up
over CrysBFN’s non-Euclidean BFN, while the asymmetric-unit repre-
sentation offers gains that grow with system size, exceeding 6× faster
inference for large MPTS-52 structures. Correspondingly, SymmBFN
exhibits a scaling factor of only 1.14× fromMP-20 to MPTS-52, compared
to 3.31× for theBaseline and3.39× forCrysBFN,making the combinationof
symmetry-aware representation and Euclidean BFN formulation sub-
stantially more efficient in scaling to larger crystal structures.

Discussion
In this work, we introduced SymmBFN, a novel Bayesian flow network for
the generation of crystal structures. By explicitly incorporating the crystal
symmetries into the generation process, we can generate crystals more
consistent with those naturally observed. Furthermore, by allowing con-
ditioning on specific target properties, SymmBFN facilitates the discovery of
structures tailored to desired applications. In contrast to prior approaches
based on diffusionmodels, the BFN framework enables the combination of
all target variables, including the site symmetry groups and elements of the
individual atoms, into a unified framework. SymmBFN achieves competi-
tive results for the generation of stable and novel structures while offering a
substantial speedup, more than 40 times faster than previous generative

models. This establishes BFNs as an effective framework for crystal gen-
eration, eliminating the sampling bottleneck of previous approaches. The
demonstrated efficiency and versatility of SymmBFN position it as a pro-
mising tool for accelerating materials design. It enables the generation of
stable, property-targeted structures with reduced computational costs,
making large-scale screening studies possible. Future work will focus on
extending SymmBFN to multi-property conditioning for properties rele-
vant to practical applications and on exploring experimental synthesis, as
successful synthesis remains the ultimate goal and cannot be fully captured
by computational metrics alone.

Methods
SymmBFN employs BFNs to generate crystals constrained to any specified
space group bymodeling only the asymmetric unit instead of thewhole unit
cell, resulting in a smaller computational graphand inherent enforcement of
the Euclidean invariances. SymmBFN models in a single framework the
lattice parameters, the site symmetries, and the atoms in the asymmetric
unit, and then reconstructs the entire unit cell in a post-processing step. The
reduced, asymmetric unit representation is described in more detail in
Section B of the Supplementary Information and Supplementary Fig. 2.

Fig. 1 | Results for the property-conditioned generation for three different target
values.The histograms show the distributions of the formation energy per atom and
bandgap of the generated structures in blue and of the training set in orange. The

dashed red line represents the target of the generation.Due to the overrepresentation
of values at 0.0 eV in the training set, the y-axis of the bandgap plots is cut at 2 for
better visibility.

Table 3 | Sample generation time (ms) and scaling factor from
MP-20 to MPTS-52 for 100 generation steps

Method MP-20 MPTS-52 Scaling

SymmBFN 7 8 1.14×

Baseline 16 53 3.31×

CrysBFN 28 95 3.39×
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Bayesian flow networks
BFNs23 generate data through an iterative process that combines the
strengths of Bayesian inference and deep learning. This process (see Fig. 2)
involves transforming the parameters of a distribution representing the data
from an uninformative prior to increasingly confident posteriors, alter-
nating between two steps: (i) The parameters of a set of independent dis-
tributions pI, each representing a variable, are updated using Bayesian
inference. (ii) These updated parameters are passed to a neural network,
incorporating contextual information to output a joint distribution pO. The
mathematical framework of BFNs is described in Section B of the Supple-
mentary Information.

Incorporating symmetries
To ensure that the probability distribution over generated crystals is
invariant under the actions of the Euclidean groupE, which includes both
global rotations and translations of the crystal, we map all elements of the
orbit fg � xjg 2 Eg of a given structure x to a unique canonical
representative22,26:
(i) Rotational invariance:Wemodel the atomcoordinates using fractional

coordinates with respect to unit cell axes li, ex ¼P3
i¼1xili 2 R3. We

model the lattice using the 6 values ki, i = 1,…6 (see Section B of the
Supplementary Information). These parameters define a canonical
lattice by removing arbitrary rotational degrees of freedom. This
projection to a canonical lattice ensures that ourmodel operates within
a rotationally invariant subspace. Accordingly, the Bayesian flow net-
work is defined only over these canonical lattice configurations.

(ii) Periodic translation invariance: We additionally want our model to be
invariant with respect to periodically wrapped shifts of all atomic
fractional coordinates, which corresponds to a shift of thewhole crystal
structure. For a given set of fractional coordinates,we consider the orbit
under the group of lattice-periodic shifts and select a unique
representative using the PyXtal library33. In PyXtal, the selection of
fractional coordinates amongduplicated atomswithin aWyckoff site is
deterministic and follows the conventions set by the International
Tables for Crystallography. This guarantees that configurations related
by such translations are treated identically. Instead of using the
fractional coordinates of the whole unit cell directly, we operate on the
asymmetric unit, making our algorithm more efficient and more
reliable in generating symmetric structures.

By operating exclusively within these canonical subspaces, we ensure that
the generator is invariant under both rotations and periodic transla-
tions, pðxÞ ¼ pðg � xÞ; 8g 2 E.

Fractional coordinates
We apply the BFN instantiation for continuous data on the fractional
coordinates x of the atoms in the asymmetric unit. The input distribution is
set as an isotropic Gaussian pIðxjθxÞ ¼ N xjμ; ρ�1I

� �
with parameters θx=

{μ, ρ}, and the prior in t = 0 is initialized as θx0 ¼ f0; 1g. Similarly, the sender

distribution takes the form of an isotropic Gaussian: pS yjx; α� � ¼
N yjx; α�1I
� �

: Assuming both the input and sender distribution are iso-
tropic Gaussians, Graves et al.23 derive the Bayesian update functionh as

ρi ¼ ρi�1 þ α; μi ¼
μi�1ρi�1 þ yα

ρi
: ð1Þ

Marginalizing over y � N yjx; α�1I
� �

yields the Bayesian update dis-
tribution for continuous data

pU ðθijθi�1; x; αÞ ¼ N μij
αx þ μi�1ρi�1

ρi
;
α

ρ2i
I

� �
: ð2Þ

TheBayesian update can be extended to continuous time by introducing the
accuracy schedule βðtÞ ¼ R tt0¼0αðt0Þdt0. The accuracy schedule for con-
tinuous data is defined as βðtÞ ¼ σ�2t

x � 1, where σx is the empirically
chosen standard deviation of the input distribution at t = 1. With
γðtÞ ¼ βðtÞ

1þβðtÞ ¼ 1� σ2tx , the Bayesian flow distribution is
pFðθxjx; tÞ ¼ pU ðθxjθx0; x; βðtÞÞ, which for continuous data can be derived
to be

pFðθxjx; tÞ ¼ N μjγðtÞx; γðtÞð1� γðtÞÞI� �
: ð3Þ

The neural network is trained to predict an estimatebϵðθx; tÞ of theGaussian
noise vectorϵ � N 0; Ið Þwhichwasused to generate the inputμprovided to
the network. Given this estimate, the output distribution is

pOðxjθx; tÞ ¼ δðx � bxðθx; tÞÞ ; where bxðθx; tÞ ¼ μ

γðtÞ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� γðtÞ
γðtÞ

s bϵðθx; tÞ:
ð4Þ

Theestimatesbxðθx; tÞof the fractional coordinates are thenwrappedaround
the interval ½0; 1Þ3 by applying the modulus operation. Finally, the loss
function is obtained as

L1ðxÞ ¼ �lnσxE t � Uð0; 1Þ;
pFðθxjx; tÞ

x � bxðθx; tÞ�� ��2
σ2tx

: ð5Þ

Atom types
Consistent with the categorical nature of atom types, we apply the BFN
instantiation designed for discrete data.We represent the atom type of each
of the D atoms in the asymmetric cell as a ¼ að1Þ; . . . ; aðDÞ

� � 2 f1;KgD,
with K being the highest atomic number in the dataset. The input dis-
tribution for the atom types is defined as the categorical distribution
pIðajθaÞ ¼

QD
d¼1θ

ðdÞ
aðdÞ with parameters θa ¼ θð1Þ1 ; θð1Þ2 ; . . . ; θðDÞK

� 	
2 RKD,

Fig. 2 | Bayesian Flow Network. Illustration of BFN training procedure at the left (A) and of the sampling procedure at the right (B).
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where θðdÞk is the probability for atom d to be of type k. The prior is set to the
uninformative uniformdistribution,where all atom types are assignedequal
probability 1/K.

The sender distribution is then defined as

pS yja; α� � ¼ N yjα Kea � 1
� �

; αKI
� �

; ð6Þ

where ea ¼ eð1Þ1 ; . . . ; eðDÞK

� 	
2 RKD and eðdÞk ¼ δkaðdÞ . With the Bayesian

update function for discrete data hðθi�1; y; αÞ ¼ eyθi�1PK

k¼1
eyk ðθi�1Þk

, the Bayesian
update distribution pU ðθajθai�1; a; αÞ is given by

EN yjα Kea�1ð Þ;αKIð Þδ θa � eyθai�1PK
k¼1e

yk ðθai�1Þk

 !
: ð7Þ

With the accuracy schedule defined as β(t) = t2β(1), where β(1) is a
hyperparameter, the Bayesian flow distribution for discrete data pF(θ

a∣a; t) is
given by

EN yjβðtÞ Kea � 1
� �

; βðtÞKI� � δ θa � softmax ðyÞ� �
: ð8Þ

Given the network outputbϵa ¼ Ψðθa; tÞ, the output distribution can be
obtained as

pOðajθa; tÞ ¼
YD

d¼1
pðdÞO ðaðdÞjθa; tÞ ; with pðdÞO ðkjθa; tÞ ¼ softmaxðbϵðdÞa Þ

� 	
k
: ð9Þ

Finally, the loss function for discrete data and continuous accuracy schedule
β(t) is defined as

L1ðaÞ ¼ Kβð1ÞE t � Uð0; 1Þ;
pFðθaja; tÞ

t k ea �beðθa; tÞk2; ð10Þ

where

beðθa; tÞ ¼ beð1Þðθa; tÞ; . . . ;beðDÞðθa; tÞ� 	
;beðdÞðθa; tÞ ¼XK

k¼1
pðdÞO ðkjθa; tÞek :

ð11Þ

Site symmetry groups
For each atom in the asymmetric cell, we generate the site symmetry group
by having the model output the index of one of the 13 possible symmetry
operations for each of the 15 axes. Themodel is trained with the categorical
BFN for the symmetry operations to generate S ¼ sð1Þ; sð2Þ; . . . ; sð15Þ

� � 2
f1; 13g15 for each node. The BFNdistributions for symmetry operations are
defined similarly to those for atomic numbers.

Lattice
We apply the BFN instantiation for continuous data on the lattice vector
representation k 2 R616 (for more details see Section B of the Supple-
mentary Information and Supplementary Table 7). To comply with the
space group constraint, after the Bayesian updates and network calls, we
introduce a masking step. Otherwise, the distributions are defined analo-
gously to the fractional coordinate generation.

Neural network
For our framework, we employ the graph neural network architecture
proposed by Jiao et al.8, based on the EGNNmodel34. The networkΨ(μk, μx,
θa, θS, t, G) predicts the scores for the output distributions afterNmessage-
passing layers on a fully-connected graph. More details about the imple-
mentation canbe found in SectionBof the Supplementary Information. It is
worth noting that since SymmBFN utilizes a canonical reference system for

crystal structures, namely the unit cell axes, there is no need to enforce
equivariance within the neural network22.

Sampling
To generate new structures, we first sample the space group G and,
conditioned onG, the number of atoms in the asymmetric unit from the
dataset distribution. Then, starting with prior parameters θ0, the sample
is generated in n steps with times ti = i/n by iteratively sampling y from
pR(⋅∣θi; ti, αi)-i.e., sampling a structure prediction c0 from pO( ⋅ ∣θi, ti) and
then y from pS �jc0; αiþ1

� �
-and then setting θi+1 = h(θi, y). The final

sample c is drawn from pO(⋅∣θn, 1). c includes the vector k for the lattice
representation, which is multiplied with the basis matrices to obtain the
lattice L in its matrix form, as explained in Section B of the Supple-
mentary Information. The sample also encodes the atoms in the
asymmetric unit a, their site symmetry groups S, and their positions in
fractional coordinates x. The complete unit cell is reconstructed from
the asymmetric unit representation using the following procedure,
based on the work of Levy et al.22. First, we identify the point groups that
are subgroups of G and most closely match S by minimizing the Fro-
benius norm of their differences. Given these site symmetries and the
predicted fractional coordinates x for each atom in the asymmetric unit,
we map x to the closest Wyckoff positions x0 using the search_-
closest_wp function from the PyXtal library33. Finally, the complete
unit cell is obtained by replicating the representatives according to their
Wyckoff positions, as implemented in the PyXtal library.

Property-conditioned generation
The SymmBFN architecture can be adapted to generate crystal structures
with desired properties. To enable conditioning on a scalar property, we
modify the neural network to incorporate the desired value T as an addi-
tional input: Ψ(μk, μx, θ

a, θS, T, t, G). The target T is represented using a
sinusoidal positional encoding fpos(T), which is concatenatedwith the input
features of each node. The rest of the BFN framework operates as in the
model without property conditioning. During training, the neural network
receives the target values from the dataset, while during generation, it is
provided with the desired target.

Data availability
All datasets used in this study are publicly available and can be accessed via
our GitHub repository at: github.com/aimat-lab/symmbfn.

Code availability
The code used for model training and evaluation is publicly available at:
github.com/aimat-lab/symmbfn.
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