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Abstract
The dream of universal quantum computing promises to revolutionize many fields due to its
potential to drastically speed up certain calculations compared to classical computers. This
has naturally attracted attention and investment. For example, in 2024, Google unveiled
their Willow superconducting quantum processor, achieving a significant milestone by
demonstrating quantum error correction below the surface code threshold. Despite these
advances, the road to a fully fledged quantum computer is still uncharted, and current
technology is not sufficient to get there. Therefore, unconventional materials hold great
potential for addressing challenges faced by traditional approaches. This work focuses on
fluxonium qubits made from the disordered superconductor granular aluminum (grAl),
aiming to gain deeper insights into underlying loss mechanisms and noise sources.

One of the main results of this work is the identification of inductive loss as the dominant
decoherence mechanism in grAl fluxonium qubits with frequencies lower than 300MHz
at the half flux bias. The observed inductive loss tangent aligns with previously measured
single-photon internal quality factors of grAl resonators, and the energy relaxation profiles
are well described by a combination of inductive, dielectric, and Purcell loss. The study
endeavors to deepen the understanding of decoherence by refining loss models via the
quantum fluctuation-dissipation theorem and proposing an improved framework for
Purcell loss. A comparison with other qubit materials underscores the universal nature of
inductive loss in grAl fluxoniums, in contrast to well established Josephson junction array
(JJA) based fluxoniums which show no such limitation at even lower qubit frequencies.

The second outcome of this thesis is the validation of flexible striplines (‘flexlines’) for the
use in future cryogenic microwave setups. This enables at least an order of magnitude
increase in the density of microwave input circuitry without thermally overloading the
cryostat, paving the way for increasingly complex superconducting detectors and quantum
devices. The study found no significant differences in qubit performance between setups
using flexlines and conventional coaxial cables. Passive heat load measurements indicated
comparable photon shot noise-induced dephasing for both setups. The introduced heating
pulse method demonstrated a faster thermalization time for flexlines compared to coaxial
cables, and it can serve as a simple health check for other groups as well. An extended
thermal model was developed to better understand the contributions of various attenuators
in the input chains to the measured heat loads and to propose improved input chains.

To further exploit the versatility of grAl for fluxonium qubits, the investigation of the
microscopic origin of the limiting inductive loss is of interest to develop potential suppres-
sion methods. JJA-based fluxoniums could play a crucial role in this context, as particularly
long arrays with increased plasma frequencies can emulate the properties of grAl while
leveraging their better-understood behavior.
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1 Introduction

This introductory chapter starts by weaving the current work into the broader
context of existing research on the topic, and by giving a brief overview of the
present thesis. The following section focuses on key concepts relevant for the subject
matter, such as of superconducting quantum circuits, including a presentation of
the chosen qubit platform and material. In the last two sections, the reader finds an
overview of different sources for qubit dissipation and dephasing, respectively.

1.1 Motivation & Manuscript Overview

Curiosity–a trait inherent to humankind–has always helped us to extend our knowledge
about the world. This natural driving force led ancient philosophers to reflect on natural
phenomena and fundamental questions of life, and with the emergence of the scientific
method distinct disciplines such as physics gradually evolved.

The groundbreaking work in the early days of physics, when Galilei disputed the geo-
centric theory of the universe with his observations and Newton formulated classical
mechanics [11], led to a fundamental shift of our understanding, nurturing us for more
than two centuries. The 19th century brought a deeper understanding of thermodynamics
and electrodynamics, which, together with classical mechanics, would later be summarized
as classical physics. At the brink of the turn of the 19th century, it appeared that essentially
all physics had been understood, except for a few puzzling challenges.

One of these challenges was that the microscopic derivation of thermodynamics by Boltz-
mann [12], as well as the explanation of observable blackbody radiation1 by Planck [13],
was based on the hypothesis - peculiar in terms of classical physics - that an electromag-
netic oscillator can only absorb or emit energy in discrete packets, the so-called quanta.2
In 1905, Einstein concluded, while investigating the photoelectric effect, that the quanta
hypothesized by Planck and Boltzmann must be real in the form of photons [14]. With
this, the puzzling seed started to grow into a whole new branch of physics.

1 The classical theory of thermodynamics predicted that an ideal blackbody would emit an unlimited amount
of energy for decreasing wavelengths, known as ultraviolet catastrophe, which was in stark contrast to
experimental observations.

2 Today, we refer to the moment when Max Planck gave a lecture titled ’On the Theory of the Law of
Energy Distribution in the Normal Spectrum’ at a meeting of the German Physical Society in 1900 as the
birth of quantum physics.
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The full theory of quantum mechanics was developed in the 1920s by de Broglie, Schrö-
dinger, Heisenberg, Born and others, revealing a perspective on nature that rather evades
human intuition, which is accustomed to large objects. Part of this peculiar quantum
behavior originates from the fact that now only the probability for a future state of a
system can be predicted via its wavefunction |𝛹⟩, throwing away the familiar determinism
in classical physics.3

However, accepting the laws of the quantum realm also presents opportunities, one of
which was first envisioned by Feynman in a keynote speech in 1981 [15]: "Can we [simulate
quantum mechanics] with a new kind of computer–a quantum computer?" In fact, this
question started an on-going research avalanche on quantum computing, promoted by
the promise to revolutionize many fields like quantum chemistry [16], cryptography [17],
quantum simulation [18] and optimization [19] due to a computational speed-up compared
to classical computers for certain calculations.

For this reason, quantum computing understandably attracts a lot of attention, constantly
fueling both the funding for numerous dissertations in fundamental research every year
and the willingness of big companies like Google and IBM to invest a significant amount
into the fabrication of quantum hardware. At the end of 2024, Google presented their
newest generation of superconducting quantum processor, named Willow, with which
they demonstrated for the first time quantum error correction below the surface code
threshold, i.e., an exponential suppression of the logical qubit error rate when increasing
the code distance [20].

Despite this progress, there still lie many necessary milestones ahead, making a large-
scale fault-tolerant quantum computer remain somewhat elusive. Therefore, to better
understandwhy the realization is challenging on the one hand andwhy there is a theoretical
speed-up on the other hand, a few important concepts will be introduced in the following.

The core element of quantum information technology is the quantum bit, or short qubit.
Similar to a classical bit that can have one of the two values 0 or 1, the qubit are ascribed
two eigenstates, |0⟩ and |1⟩. The qubit, however, appears with the distinct feature that its
state can be any superposition of the two eigenstates,

|𝛹⟩ = 𝑐0 |0⟩ + 𝑐1 |1⟩, (1.1)

with the normalization |𝑐0 |2 + |𝑐1 |2 = 1 to account for the fact that the probability to
measure any of the states is equal to one. However, such a superposition is not yet unique
to qubits, as it is also possible to realize these properties classically [21]. What truly
provides an advantage of a quantum computer is the concept of entanglement, extending
the superposition to all elements of a system. For a system with 𝑁 qubits, the most general
wavefunction can be written as

|𝛹⟩ = 𝑐0 |00 . . . 00⟩ + 𝑐1 |00 . . . 01⟩ + · · · + 𝑐2𝑁−1 |11 . . . 11⟩, (1.2)

3 Actually, as has been pointed out by Feynman in his famous lecture series [15], classical physics is also
indeterminate from a practical point of view.
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with corresponding normalization,
∑
𝑖 |𝑐𝑖 |2 = 1. It is this exponential scaling of the 2𝑁 -

dimensional state space that is desired to be employed with quantum computing.

Due to their clarity, Eqs. (1.1) and (1.2) offer a pathway to address some of the challenges
in realizing a full-scale quantum computer, which were specified already 25 years ago in
the DiVincenzo criteria [22]:

• a scalable physical system with well characterized qubits,

• the ability to initialize the state of the qubits,

• long decoherence times of physical qubits,

• a universal set of quantum gates,

• the measurability of the final qubit states.

While the first point mainly tackles the exponential scaling from Eq. (1.2), the other four
points focus on a proper control and readout of individual qubit states, as in Eq. (1.1). The
conflicting pathways of up-scaling, interconnectivity and good individual qubit perfor-
mance render the realization of a scalable quantum computer, and connected with that,
which qubit platform would be best-suited, a difficult endeavor.4

Despite the presence of other natural choices to base qubits for a future full-fledged quan-
tum processor on, such as trapped atomic ions [24, 25], neutral atoms [26–28], nitrogen-
vacancy centers in diamond [29], and spins in semiconductors [30], superconductors
emerged as one of the most promising candidates [31].

The success story of superconducting qubits has gone a long way, starting from the seminal
paper in 1999 by Nakamura et.al. on the Cooper-pair box [32], to several recent demon-
strations of quantum error correction [20, 33, 34]. Superconducting qubits, individually
fabricated using nanostructuring, are macroscopic in size. This makes them more prone to
potential sources of decoherence but also allows for extensive design flexibility. In this way,
we naturally became quantum engineers [35], investigating a wide-ranging parameter
space, that allows us to study different loss mechanisms and continuously improve the
performance of our qubits. Along this road, some quantum engineers became very creative
and developed various new types of qubits, such as the flux qubit [36], the transmon [37],
the fluxonium [38], or the 0 − 𝜋 qubit [39]. For all major types of superconducting qubits,
universal high-fidelity single- and two-qubit gates have been achieved [40]. Furthermore,
the combination of well-established methods like the dispersive readout scheme (see also
Section 1.3.4) and the development of nearly quantum-limited amplifiers [41–43] endowed
us with fast and efficient single-shot readout.

In this work, various loss mechanisms and noise channels of superconducting fluxonium
qubits are investigated, addressing the third of the above DiVincenzo criteria. Despite
continuous improvements in qubit coherence [44–46], it is beneficial to explore alternative

4 DiVincenzo ended his publication with leaving open the question, which qubit platform might be the
’winning’ one, and that it might be even counterproductive to ask this question [23].
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qubit platforms and materials. By utilizing the rather unconventional fluxonium qubit
and granular aluminum material, a rather niche area of research is delved into. Eager to
gain new insights from this, we leverage the collective knowledge and experience of our
diverse community along the way. Or, to say it humbly in the words of Newton, we stand
on the shoulders of giants [47].

The manuscript is organized as follows: In this chapter, key concepts underlying the
research on superconducting quantum circuits are introduced. This includes a refinement
of existing loss models via the quantum fluctuation-dissipation theorem and the proposal
of an improved framework for Purcell loss. The first main result on granular aluminum
fluxonium qubits, with emphasis on the measured energy relaxation versus qubit frequency
and a discussion of possible loss mechanisms, is presented in Chapter 2. The second main
result is then shown in Chapter 3: proving that flexible microwave striplines are well-
suited for integration in cryogenic microwave setups, enabling a significant increase in
density of microwave input circuitry, by using a superconducting qubit as a sensor for
thermal photon shot noise. Finally, Chapter 4 encapsulates the key findings and offers a
forward-looking perspective on each result.

1.2 Superconductivity in a Nutshell

1.2.1 Experimental Observations

The low-temperature laboratory of H.K. Onnes, who is today considered as "the father of
low-temperature physics" [48], at the University of Leiden dominated low-temperature
physics in the beginning of the 20th century for more than two decades with multiple
pioneering discoveries. Certainly as a glowing example stands out the discovery of
superconductivity in 1911 [49], by observing that "the resistivity of mercury apparently
disappears just above 4 K" [50]. In fact, even refined long-time measurements of persistent
currents in superconducting rings can only set a lower bound on their decay time of ∼ 105

years and, thus, show no sign of a nonzero resistivity [51]. This perfect conductivity is the
first main feature of superconductors.

The second characteristic was revealed by the experiment from Meissner and Ochsenfeld
in 1933 [52]: When field-cooling a superconductor through its critical temperature 𝑇c, the
magnetic field gets expelled and, thus, the probe behaves as a perfect diamagnet (𝜒m = −1).
This behavior differs from that of a perfect conductor which obeys Lenz’s law and opposes
any change of the magnetic field in the sample. The existence of this Meissner effect
implies that superconductivity will be destroyed by magnetic fields larger than a critical
magnetic field strength 𝐵c, which is empirically well-described by Tuyn’s formula [53],

𝐵c(𝑇 ) ≈ 𝐵c(0)
[
1 −

(
𝑇

𝑇c

)2
]

(1.3)

Depending on their behavior outside this Meissner phase, in magnetic fields 𝐵 > 𝐵c,
there are two types of superconductors: Type I superconductors abruptly switch into
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the normal conducting state and lose their perfect diamagnetism when 𝐵 surpasses 𝐵c.
This is contrasted by type II superconductors, which, though also expelling the field
perfectly up to a lower critical field 𝐵c1, their diamagnetic behavior gradually weakens
(−1 < 𝜒m < 0) for fields 𝐵c1 < 𝐵 < 𝐵c2, until they also become fully normal conducting
for 𝐵 > 𝐵c2. While most elemental superconductors are of type I (with the exceptions
of Nb, V and Tc), metal alloys and compounds as well as high-𝑇c superconductors are
all of type II. Regarding the most featured materials in this work, Al in bulk is type I,
but the typically very thin films in use (cf. Section 1.2.3 and Ref. [54]), and especially
disordered granular aluminum (grAl) become type II. The intermediate state in type II
superconductors, referred to as Shubnikov phase, is microscopically explained by the
formation of normal conducting islands, in which magnetic field can locally penetrate
the material, usually called vortices [55]. Each of these vortices carries one flux quantum
𝛷0 = ℎ/2𝑒 , and in two dimensions they will organize into a hexagonal lattice, the Abrikosov
lattice, to minimize the total free enthalpy [50], with a distance

𝑑v =

√︄
2𝛷0√

3𝐵
≈ 49 nm × (𝐵 /T)−1/2 (1.4)

between the vortices–an important metric in superconducting circuit design when flux
trapping should be avoided.5 In the case of our fluxonium qubit with a loop area of
140 × 25 µm2 (see Section 2.1.2), a magnetic field of 300 nT is needed to achieve a magnetic
flux of 𝛷0/2 through the loop, resulting in a distance 𝑑v = 90 µm between the vortices.
In order to avoid flux trapping in close-by superconducting films, ideally at least one
dimension of the structure is chosen to stay well below this value.

1.2.2 BCS Theory

Almost half a century had to pass until a satisfactory microscopic theory of superconduc-
tivity was published by Bardeen, Cooper and Schrieffer (BCS) in 1955 [56]. The observation
of the isotope effect [57–60], as shown in Fig. 1.1A, revealed that the critical temperature
𝑇c is inversely proportional to the square-root of the atomic mass𝑀 . This result provided
the first hint that the lattice plays an important role in the underlying mechanism. Soon
after, a promising idea emerged for a phonon-mediated, attractive interaction between
electrons to overcome their strong Coulomb repulsion [61–64]. Building upon this, Cooper
demonstrated that two electrons on the Fermi surface with opposite spin and momentum
minimize their energy by forming a bound pair [65], which now bears his name.

The BCS theory shows that it is energetically favorable for 𝑇 < 𝑇c to form a new quantum
ground state in which electrons are virtually excited in Cooper pairs [56], creating an
energy gap

𝛥0 ≈ 2ℏ𝜔D𝑒
−2/𝑉0𝐷 (𝐸F) (1.5)

5 As a good rule of thumb, a typical value for the total magnetic field strength in central Europe of 𝐵 = 49 µT
yields the easy-to-calculate distance 𝑑v = 7 µm.
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Figure 1.1: Plots related to BCS theory. (A) Critical temperature 𝑇c of measured tin samples with varying
atomic mass𝑀 [58–60], found to follow a𝑀−1/2 dependence (dashed line), which became known as isotope
effect. The plot is adapted from Ref. [55]. (B) Quasiparticle density of states 𝐷qp (𝐸), normalized to the
density of states of the free-electron gas at the Fermi energy, 𝐷 (𝐸F), as a function of the quasiparticle
energy 𝐸. The solid line was calculated with Eq. (1.7), showcasing the opening of an energy gap 𝛥0 for
quasiparticle excitations. The dashed line shows the density of states of electrons or holes in the normal
conducting state. (C) Normalized energy gap 𝛥 (𝑇 )/𝛥0 versus normalized temperature 𝑇 /𝑇c, obtained by
solving Eq. (1.8). (D) Energy gap 𝛥0 at zero temperature versus critical temperature 𝑇c for some typical
elemental superconductors. The dashed line visualizes the BCS ratio prediction of Eq. (1.10).

for individual particle excitations, 𝜔D representing the Debye frequency. The approxima-
tion in Eq. (1.5) was made under two assumptions: The first assumption is a momentum-
independent interaction potential𝑉0 across a spherical Fermi surface with constant density
of states 𝐷 (𝐸F) around the Fermi energy 𝐸F. Second, it is assumed that the Cooper pairs
are only weakly coupled, 𝑉0𝐷 (𝐸F) ≪ 1.

The necessary energy 𝛥𝑊 to break up a Cooper pair is given by

𝛥𝑊 = 2𝐸 = 2
√︃
(𝐸kin − 𝐸F)2 + 𝛥2

0, (1.6)

illustrating that a minimum energy of 2𝛥0 is needed for such an excitation from the ground
state, which are generally referred to as (Bogoliubov) quasiparticles. When their kinetic
energy with respect to the Fermi energy, 𝐸kin − 𝐸F, is positive (negative), they possess
electron-like (hole-like) character. From the conservation of states, it is found for the
density of states 𝐷qp(𝐸) of quasiparticles,

𝐷qp(𝐸) =
{
𝐷 (𝐸F)/

√︁
1 − (𝛥0/𝐸)2 for 𝐸 > 𝛥0

0 for 𝐸 < 𝛥0,
(1.7)

which is also illustrated in Fig. 1.1B. For energies much larger than the Fermi energy,
𝐸 ≫ 𝐸F, the quasiparticles essentially behave like free electrons in the normal metal.

For finite temperatures below the critical temperature, 0 < 𝑇 < 𝑇c, thermally excited
quasiparticles reduce the number of states available for electrons to exchange phonons [55],
causing a reduction of the energy gap, 𝛥 < 𝛥0. The temperature-dependence of the energy
gap, 𝛥 = 𝛥 (𝑇 ), can be extracted by numerically solving

2
𝑉0𝐷 (𝐸F) =

∫ ℏ𝜔D

0

d𝜖√
𝜖2 + 𝛥2

tanh
(√
𝜖2 + 𝛥2

2𝑘B𝑇

)
, (1.8)
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leading to the normalized gap 𝛥 (𝑇 )/𝛥0 depicted in Fig. 1.1C. The special case that the
energy gap disappears when reaching the critical temperature, 𝛥 (𝑇 =𝑇c) = 0, yields

𝑘B𝑇c =
2𝑒𝛾E

𝜋
ℏ𝜔D𝑒

−2/𝑉0𝐷 (𝐸F), (1.9)

with the Euler-Mascheroni constant 𝛾E ≈ 0.577, explaining also the isotope effect, since
𝜔D ∝ 𝑀−1/2. Combining Eq. (1.5) and Eq. (1.9) results in the familiar BCS ratio

𝛥0
𝑘B𝑇c

≈ 1.76. (1.10)

Note that Eq. (1.10) is valid as long as all of the above assumptions hold, which is not
necessarily the case for real superconductors [55]. For many elements such as Al, In or Nb,
however, it is in good agreement (Fig. 1.1D). However, for grAl used extensively in this
thesis, significant deviations are visible in the regime of large resistivity [66]. In conclusion,
it is truly remarkable that the BCS theory with its very limited number of variables is
able to explain most experimental findings, including the Meissner effect, the electro-
dynamic behavior, the critical field, the critical temperature as well as thermodynamic
properties [50].

1.2.3 Surface Impedance

Despite having zero DC resistance below the critical temperature𝑇 < 𝑇c, superconductors
still exhibit non-zero surface impedance for RF signals at frequency 𝜔 ,

𝑍s = 𝑅s + 𝑖𝜔𝐿s, (1.11)

where 𝑅s and 𝐿s describe the surface resistance and inductance, respectively. The surface
inductance 𝐿s = 𝐿m+𝐿kin consists of the ordinary magnetic or geometric inductance 𝐿m and
a so-called kinetic inductance 𝐿kin. Microscopically, all charge carriers in a superconductor
will be accelerated by high-frequency electric fields. Due to their inertia, the kinetic energy
that is temporarily saved in the motion through the superconductor, can only be regained
when the charges are decelerated by an oppositely signed electric field. Since this process
involves a temporal delay between energy absorption and release, one can ascribe the
charge carriers a kinetic inductance 𝐿kin, which is however dominated by Cooper pairs,
that can travel through the superconductor without any ohmic loss. Quasiparticles, on
the other hand, underlie the same scattering processes as normal metal electrons. In
consequence, they will lose kinetic energy during their motion, leading to a significantly
smaller contribution to 𝐿kin and a finite amount of ohmic loss, which is captured in 𝑅s.

For a profound analysis of Eq. (1.11), based on the concept of a complex conductivity of a
superconductor [67] within the Mattis-Bardeen theory [68], the reader is referred to the
dissertation of Gao [69]. Here, it is focused on temperatures well below the critical tem-
perature, 𝑇 ≪ 𝑇c, where the resistive part is negligible, since quasiparticles exponentially
die out, and the surface impedance is dominated by the inductive part, given by

𝑍s ≈ 𝑖𝜔𝐿s = 𝑖𝜔𝜇0𝜆. (1.12)
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The magnetic penetration depth 𝜆 characterizes the length scale in which screening
currents extend into the volume of a superconductor to shield from external magnetic fields,
and it is one of three characteristic length scales, that characterize the electrodynamical
properties of a superconductor. The other two quantities are, first, the coherence length
𝜉0 = ℏ𝑣F/𝜋𝛥0 (𝑣F is the Fermi velocity), which quantifies the length scale on which
the Cooper pair density rises from zero at a normal metal interface6 towards the bulk
value in a superconductor [55], and second, the mean free path 𝑙 of electrons in the
normal state. Based on the relative sizes of these three quantities, the following limits are
distinguished:

1. London limit (𝜆, 𝑙 ≫ 𝜉0)
In this regime, non-local effects can still be neglected and the magnetic field is
constant over the extent of a Cooper pair. The magnetic penetration depth is identical
to the London penetration depth which is defined within the phenomenological
London theory [70] as

𝜆 = 𝜆L =

√︂
𝑚s

𝜇0𝑛s𝑞s
, (1.13)

where𝑚s, 𝑛s and 𝑞s represent the mass, density and charge of a Cooper pair, respec-
tively. Superconductors in this regime are labeled ‘pure’ since electron scattering
does not play a role (𝑙 ≫ 𝜉0), and they are typically of type II.

2. Pippard limit (𝑙 ≫ 𝜉0 ≫ 𝜆)
Non-local effects are not anymore negligible, because the magnetic field varies
strongly within the size of a Cooper pair and therefore, it has to be replaced by
a suitably averaged field expression [71]. The magnetic penetration depth in this
regime is given by

𝜆 ≈ (0.28𝜆2
L𝜉0)1/3. (1.14)

Superconductors in this limit are still termed ‘pure’, but usually of type I. For example,
many classical superconductors such as pure aluminum (𝜆 = 50 nm and 𝜉0 = 1600 nm)
belong to this regime.

3. Dirty limit (𝜆, 𝜉0 ≫ 𝑙)
According to Pippard’s nonlocal theory in Ref. [71], a reduction in the mean-free
path increases the magnetic penetration depth as

𝜆 = 𝜆L
√︁

1 + 𝜉0/𝑙 . (1.15)

Superconductors in this limit can be realized for example by alloying a supercon-
ductor. They are labeled ‘dirty’ and are always of type II [50]. Granular aluminum
(see Section 1.3.3), which is used to realize superinductors in the quantum circuits
of this work, usually falls into this category. For typical normal state resistivities
(𝜌dc > 100 µΩcm), 𝜆 reaches a few micrometers [72], 𝜉0 is expected to decrease only
slightly (∝ 𝑇c), and 𝑙 ∝ 1/𝜌dc drops rapidly to below 1 nm [73, 74].

6 Take as an example the normalmetal cores in the Abrikosov lattice in type II superconductors (Section 1.2.1).
Here, 𝜉0 gives a characteristic length scale of their diameter.
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1.2 Superconductivity in a Nutshell

Figure 1.2: Proximity effect on a normal
metal-superconductor interface. Order pa-
rameter𝜓 (solid line) versus distance 𝑥 from the
interface between normal metal (𝑥 < 0) and su-
perconductor (𝑥 > 0). Included are the two char-
acteristic length scales 𝜉n and 𝜉0, respectively.
The dashed line shows the continuation of the
tanh-shaped curve in the superconductor.

For thin films with thickness 𝑑 , the expressions for the magnetic penetration depth, similar
to the dirty limit, need to be equipped with a correction factor, 𝜆 → 𝜆 coth (𝑑/𝜆) [75].
Interestingly, this influence of the film thickness on the magnetic penetration depth
can also change the behavior of a typical type I superconductor to behave as a type II
superconductor for sufficiently thin films [54]. Lastly, at non-zero temperatures, 𝜆 is
empirically found to obey 𝜆(𝑇 ) = 𝜆(0) (1 −𝑇 /𝑇c)−1/4 [75].

1.2.4 Proximity Effect

The proximity effect or Holm-Meissner effect [76] describes a phenomenon that occurs on
the interface between a superconductor and a normal metal. The effect can be described
microscopically by Andreev reflections [77, 78] at the interface, in which an electron in
the normal metal transforms into a Cooper pair in the superconductor, and a reflected
hole in the normal metal.

A more intuitive access to this effect can be given within the phenomenological Ginzburg-
Landau theory [79], reducing the problem to the simple insight that the order parameter
𝜓 , a local measure for the density of superconducting electrons, can not change infinitely
quickly at the interface between two materials, in which the charge carriers are ordered
very differently. As a consequence, it is possible for Cooper pairs to enter the normal metal
within a characteristic length scale 𝜉n. On the one hand, this extends the superconductor by
a thin layer into the normal metal, and, on the other hand, this slightly depletes the number
of Cooper pairs in the superconductor within the coherence length 𝜉0 as a characteristic
length scale [80], weakening the superconductivity in this layer. In Fig. 1.2, it is illustrated
how the order parameter𝜓 would change near the interface between a normal metal and
a superconductor according to the Ginzburg-Landau theory. A more rigorous calculation
based on BCS theory [81], results in a coherence length

𝜉n =
ℏ𝑣F,n

2𝜋𝑘B𝑇
, (1.16)

if it is dealt with a pure normal metal, in which the electron mean free path 𝑙n is much
smaller than 𝜉n. 𝑣F,n is the Fermi velocity of the electrons in the normal metal. In case of a
dirty normal metal (𝑙n ≫ 𝜉n), Eq. (1.16) needs to be adapted, 𝜉n →

√︁
𝜉n𝑙n/3. Values for 𝜉n

are typically ranging from 0.1 to 1 µm [80].
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1.2.5 Josephson Effects

From the microscopic BCS theory, presented in Section 1.2.2, follows that "superconduc-
tivity is an inherently quantum phenomenon, which manifests itself on a macroscopic
scale" [82]. For this reason, the whole ensemble of superconducting electrons can be
described with a single macroscopic wavefunction

𝜓 (®𝑟 ) = √
𝑛s 𝑒

𝑖𝜃 (®𝑟 ), (1.17)

in which 𝑛s describes the Cooper pair density, and 𝜃 (®𝑟 ) is the phase of the wavefunction.
The Josephson effects7 result from the overlapping evanescent parts of the wavefunctions
𝜓1 =

√
𝑛s,1 𝑒

𝑖𝜃1 and𝜓2 =
√
𝑛s,2 𝑒

𝑖𝜃2 of two superconductors, that are interrupted by either a
thin insulating barrier (SIS), by a normal metal layer (SNS), by a geometric constriction
in the superconductor (SCS or ‘weak link’) or by a ferromagnetic layer (SFS) [50]. All of
these cases are summarized under the term ‘Josephson junction’ (JJ), but throughout the
rest of the manuscript, the focus will be restricted to SIS junctions, as this is by far the
most commonly used type of JJ in superconducting quantum circuits, thanks to its low
intrinsic AC dissipation, and therefore the only relevant for the purpose.

Along with the wavefunction overlap comes coherent tunneling of Cooper pairs across
the junction, allowing for a lossless transport in the form of a supercurrent, even if there
is no potential difference between the two superconducting islands [50]. In the weak
coupling limit, the following relation, also known as Josephson’s first equation, holds for
the supercurrent 𝐼s across the junction [83, 85],

𝐼s = 𝐼c sin(𝜑). (1.18)

Here, 𝐼c is the critical current, which corresponds to the maximum current that can flow
through the junction without the appearance of any voltage. Any current smaller than 𝐼c
that is injected through the junction will only lead to a phase difference𝜑 = 𝜃2−𝜃1 between
the two superconductors, known as the DC Josephson effect. 𝐼c depends on parameters
like the junction area, the junction thickness, as well as the Cooper pair densities 𝑛s,1 and
𝑛s,2 in the superconductors. When both superconductors are identical, Ambegaokar and
Baratoff [86] showed that the BCS theory provides a relation between the normal state
resistance 𝑅n of a SIS junction and its critical current 𝐼c,

𝑅n𝐼c(𝑇 ) = 𝜋𝛥 (𝑇 )
2𝑒 tanh

(
𝛥 (𝑇 )
2𝑘B𝑇

)
, (1.19)

where 𝛥 (𝑇 ) is the energy gap of both superconducting electrodes. For 𝑇 → 0, Eq. (1.19)
yields a handy way of estimating the critical current 𝐼c(0) from the measurable 𝑅n,

𝐼c(0) = 𝜋𝛥0
2𝑒𝑅n

. (1.20)

7 First predicted in 1962 by Josephson [83] and experimentally observed three years later by Giaever [84].
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Besides from Eq. (1.18), Ref. [83] provides a second prediction, namely that a voltage drop
𝑉 across the junction is associated with the temporal evolution of the phase across the
junction,

¤𝜑 =
2𝜋
𝛷0
𝑉 , (1.21)

which is also known as Josephson’s second equation. If a current larger than 𝐼c is forced
through the junction, Eq. (1.18) dictates that the current can not only be carried by a
supercurrent. Instead, a quasiparticle current will also flow across the junction, inheriting
the voltage drop 𝑉 . Integrating Eq. (1.21) and inserting it in Eq. (1.18) yields a high-
frequency supercurrent,

𝐼s(𝑡) = 𝐼c sin(2𝜋 𝑓J𝑡 + 𝜑0), (1.22)

with 𝑓J/𝑉 = 1/𝛷0 ≈ 0.483 GHz/µV, also known as AC Josephson effect. Together with the
fact that frequencies are nowadays the most accurately measurable physical quantity [87,
88], this effect provides an excellent way to create a voltage standard [89].

Another way of combining the two Josephson equations is the following. According to
Eq. (1.18), a varying supercurrent over time results in a similarly varying phase difference
across the junction over time, which is connected to a voltage drop, as prescribed by
Eq. (1.21). In this sense, the JJ behaves in exactly the same way as an inductor would,
and the JJ can be ascribed a non-linear inductance 𝐿(𝜑) = 𝐿J/cos(𝜑), with the Josephson
inductance 𝐿J = (𝛷0/2𝜋)/𝐼c. This can also be noted as an energy phase relationship in the
form

𝐸 (𝜑) = −𝐸J cos(𝜑), (1.23)

with 𝐸J = (𝛷0/2𝜋)2/𝐿J = ℏ𝐼c/(2𝑒). This non-linear dependence is what quantum engineers
would like to exploit, making the JJ essentially the basic building block for superconducting
quantum bits, which will be addressed in more detail in the next chapter.

The applicability of the Josephson effects, however, does by far not end at this point. In fact,
one of the most common application is probably superconducting interference devices
(SQUIDs), which can measure magnetic fields with unprecedented precision, making
them suitable as sensors in biomagnetic systems such as magnetoencephalography, to
detect neuronal electrical currents, or magnetocardiography, to measure the local magnetic
activity of the heart muscle [90, 91]. SQUIDs can also be used as in-situ cooled gradiometric
sensors in geophysical explorations to deduce the presence of mineral ores or oil from
local anomalities, or as primary thermometers in the temperature range from 10mK to
10 K [92].

1.3 Superconducting Quantum Circuits

As pointed out in Section 1.1, the success story of superconducting qubits, with the
Josephson junction (Section 1.2.5) as its working horse, has gone a long way since the
first demonstration of the Cooper pair box in 1999 [32], and it resulted in various circuit
designs like the transmon [37] or fluxonium qubit [38].

11



1 Introduction

In this section, the concept of circuit quantization for describing superconducting circuits
quantummechanically is briefly introduced. After that, the focus lies on the qubit of choice,
the fluxonium, together with the material of choice, granular aluminum, to realize the
necessary superinductor. The section is concluded by introducing the framework of circuit
quantum electrodynamics (cQED), which provides the dispersive readout scheme.

1.3.1 Circuit Quantization

Superconducting circuits can be treated as quantum mechanical systems that obey the
time-dependent Schrödinger equation,

𝐻̂ |𝜓 (𝑡)⟩ = 𝑖ℏ 𝜕
𝜕𝑡
|𝜓 (𝑡)⟩, (1.24)

in which the Hamilton operator 𝐻̂ represents the total energy of the system and determines
the temporal evolution of the system’s quantum state |𝜓 (𝑡)⟩. The technique of circuit
quantization [93, 94] offers a practical yet systematic way of using the classical lumped
element electrical circuit diagram of a system to deduce its quantum Hamiltonian. A
good starting point is the most basic superconducting quantum circuit, the quantum
harmonic oscillator (QHO), which is the quantum analog of a classical 𝐿𝐶 oscillator with
inductance 𝐿 and capacitance 𝐶 , as illustrated in Fig. 1.3A. Following the formalism of
circuit quantization yields the QHO Hamiltonian

𝐻̂ =
1

2𝐶𝑄̂
2 + 1

2𝐿𝛷̂
2, (1.25)

in which the charge operator 𝑄̂ and flux operator 𝛷̂ act as conjugate variables, obeying
the commutation relation [𝑄̂, 𝛷̂] = 𝑄̂𝛷̂ − 𝛷̂𝑄̂ = −𝑖ℏ. By defining the operators 𝑛̂ = 𝑄̂/(2𝑒)
and 𝜑 = (2𝜋/𝛷0)𝛷̂ for the reduced charge (or excess number of Cooper pairs on the
capacitor) and the reduced flux (or gauge-invariant phase along the inductor), respectively,
the Hamiltonian in Eq. (1.25) can be rewritten in the form

𝐻̂ =
1
2𝐸C𝑛̂

2 + 1
2𝐸L𝜑

2, (1.26)

with the capacitive energy 𝐸C = (2𝑒)2/𝐶 and the inductive energy 𝐸L = (𝛷0/2𝜋)2/𝐿.
Note that this definition of the capacitive energy differs from the more common form
𝐸′C = 𝑒2/2𝐶 by a factor of 8. As elaborated in Ref. [95], the latter definition is, however, a
historical remnant from single electron transistors, leading to an inconsistency with the
definition of inductive energy that will be avoided throughout this work. Eq. (1.26) can be
further simplified with the formalism of second quantization [96], resulting in

𝐻̂ = ℏ𝜔r

(
𝑎†𝑎 + 1

2

)
, (1.27)

where the resonance frequency 𝜔r =
√
𝐸L𝐸C/ℏ and the creation (annihilation) operator 𝑎†

(𝑎) were introduced. The latter are related to the original operators 𝑛̂ and 𝜑 via

𝑛̂ = 𝑛zpf 𝑖 (𝑎 − 𝑎†) and 𝜑 = 𝜑zpf (𝑎 + 𝑎†). (1.28)
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quantum harmonic 
oscillator (QHO)

transmon

Figure 1.3: Two basic quantum circuits. (A) Electrical circuit diagram of the quantum harmonic oscillator
(QHO), equal to the classical 𝐿𝐶 oscillator. According to the rules of circuit quantization, there is only a
single node, with superconducting phase 𝜑 , besides the connection to ground. (B) Energy potential of the
QHO (pink), in units of ℏ𝜔r, versus phase 𝜑 . Values of 𝐸C/ℎ = 0.8GHz and 𝐸L/ℎ = 5GHz were chosen. The
resulting energy levels (horizontal gray lines) are equidistantly spaced. (C) Electrical circuit diagram of the
transmon, implementing the non-linearity of the Josephson junction. (D) Energy potential of the transmon
(magenta), in units of ℏ𝜔q, versus phase 𝜑 . Values of 𝐸C/ℎ = 0.8GHz and 𝐸J/ℎ = 5GHz were chosen, such
that the transmon Hamiltonian Eq. (1.30) coincides with the Hamiltonian of the QHO from panel B for
small 𝜑 (pink, dashed). The resulting energy levels of the transmon (horizontal gray lines) now inherit an
anharmonicity 𝛼 , as described in the text, allowing to separate two energy levels, typically the two lowest,
|0⟩ and |1⟩, constituting the computational subspace.

Herein, 𝑛zpf and 𝜑zpf describe the zero-point fluctuations of the reduced charge and flux,
respectively, that are present even in the quantum mechanical ground state. They can also
be written in the form

𝑛zpf =

(
𝐸L

4𝐸C

)1/4
=

1
2
√
𝜋𝑧

and 𝜑zpf =

(
𝐸C
4𝐸L

)1/4
=
√
𝜋𝑧, (1.29)

where 𝑧 = 𝑍/𝑅Q is the resonator’s impedance 𝑍 =
√︁
𝐿/𝐶 normalized to the resistance

quantum 𝑅Q = ℎ/(2𝑒)2 of a Cooper pair. By means of Eq. (1.29), it becomes evident that
the choice of 𝑧 determines whether the QHO is dominated by zero-point fluctuations in
the reduced charge (2𝜋𝑧 ≪ 1) or the reduced flux (2𝜋𝑧 ≫ 1).

Solving the eigenvalue problem imposed by the Hamiltonian in Eq. (1.27), 𝐻̂ |𝜓 ⟩ = 𝐸 |𝜓 ⟩,
results in an infinite series of eigenstates |𝑘⟩, (𝑘 = 0, 1, 2, . . . ), with corresponding eigenen-
ergies 𝐸𝑘 = ℏ𝜔r(𝑘 + 1/2), that are all equivalently spaced, as can also be seen in Fig. 1.3B.
This linearity of the energy levels renders the QHO impractical to use it as a qubit, for
which a computational subspace of only two quantum states is needed, as control pulses
of frequency 𝜔r (or higher harmonics of it) would always drive multiple transitions at the
same time. Still, the QHO proves to be a useful circuit for the readout of a qubit, as shown
in Section 1.3.4.

In order to introduce non-linearity to the energy spectrum, the linear inductor of the
QHO is replaced with the Josephson junction (JJ) introduced in Section 1.2.5, as visualized
in Fig. 1.3C. With the inherent non-linear inductance and energy-phase relationship in
Eq. (1.23) of the junction, the Hamiltonian now reads

𝐻̂ =
1
2𝐸C(𝑛̂ − 𝑛g)2 − 𝐸J cos(𝜑), (1.30)
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in which a possible offset charge 𝑛g has been included. This offset charge originates from
external electric fields or quasiparticles, effectively leading to a charge dispersion of the
resulting eigenstates and energies, and it can be controlled via a gate voltage from a nearby
charge bias line. The total capacitance𝐶 = (2𝑒)2/𝐸C =𝐶J +𝐶s is composed of the junction
capacitance 𝐶J and a shunt capacitance 𝐶s in parallel to the junction.

Similar to the above discussion of the effect of the normalized impedance 𝑧 onto the
dominating zero point fluctuations in the QHO, the ratio 𝐸J/𝐸C determines here whether it
is dominated by charge noise (𝐸J ≪ 𝐸C) or flux noise (𝐸J ≫ 𝐸C). Gradually, the community
has moved away from circuit designs with 𝐸J ≤ 𝐸C, in which the dominating charge noise
is found to be hard to suppress, towards ones for which 𝐸J ≫ 𝐸C is fulfilled [35]. The
latter case is typically referred to as the transmon regime, and it is realized in practice
by implementing a large shunting capacitance 𝐶s ≫ 𝐶J. A ratio of 𝐸J/𝐸C ≃ 6 is often
chosen, since it represents a balance between an adequate suppression of charge noise
and a sufficiently large anharmonicity 𝛼 = (𝜔2 − 𝜔1) − (𝜔1 − 𝜔0) ≈ −𝐸C/8 on the order
of a few hundred megahertz in the correct qubit frequency regime, 𝜔q = 𝜔1 − 𝜔0 ≈
(√𝐸L𝐸C − 𝐸C/8)/ℏ ≃ 3 − 6 GHz [35, 37]. The charge dispersion of the energy levels scales
∝ exp(−8

√︁
𝐸J/𝐸C), and therefore it is well-suppressed in the transmon regime. The energy

spectrum of such a typical transmon is illustrated in Fig. 1.3D.

The transmon qubit clearly caught on as the favored basic building block for state-of-
the-art quantum processors [20, 97–99], in a large part owing to its simple and reliable
fabrication process, compared to other superconducting qubits, and the large improvement
in coherence time and in quality of readout fidelity and control techniques over the past
two decades. Despite this success story, many more challenges are ahead. Maybe, taking a
step back and thinking outside the transmon box helps in wringing out one or another
improvement.

1.3.2 Qubit of Choice: Fluxonium

The broader class of flux qubits conceptually build up on the transmon circuit, but with
the clear distinction in that an inductive element is connected in parallel. One member
of this group is the fluxonium circuit [38] that is illustrated in Fig. 1.4A, for which the
impedance of the inductor exceeds the resistance quantum 𝑅Q, which is usually labeled as
a so-called superinductance. The fluxonium Hamiltonian reads

𝐻̂ =
1
2𝐸C𝑛̂

2 + 1
2𝐸L (𝜑 − 𝜑ext)2 − 𝐸J cos(𝜑). (1.31)

In Eq. (1.31), the influence of an offset charge has been omitted, since it is strongly sup-
pressed by the superinductance. Conventionally, this superinductance is realized in the
form of Josephson junction arrays [38, 100, 101], with innovative alternative approaches
such as disordered superconductors, as in the present work granular aluminum (Sec-
tion 1.3.3), emerging during the last decade.

At the same time, the inductor and the JJ form a closed loop, through which an external
magnetic flux𝛷ext = (𝛷0/2𝜋)𝜑ext can thread, which acts as a new control variable, similar
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fluxonium

Figure 1.4: Fluxonium quantum circuit. (A) Electrical circuit diagram of the fluxonium, essentially
consisting of a transmon circuit, that is shunted by a superinductor 𝐿, introducing a closed loop that encloses
an external magnetic flux𝛷ext. Similar to the transmon, there is only a single node with superconducting
phase 𝜑 . (B) Fluxonium energy spectrum, according to Eq. (1.31), of a fluxonium with parameters 𝐸C/ℎ =

40GHz, 𝐸L/ℎ = 0.5GHz and 𝐸J/ℎ = 15GHz, illustrating the energies of the lowest five eigenstates with
respect to the ground state, as a function of the external magnetic flux𝛷ext. At half-flux bias (𝛷ext = 0.5𝛷0),
the fluxonium usually exhibits a particularly large anharmonicity, rendering the computational subspace
of the two lowest energy levels |0⟩ and |1⟩ a well-controllable qubit here. (C) Energy potential (black) and
wavefunctions (colored) versus phase 𝜑 for zero-flux bias,𝛷ext = 0, and (D) for half-flux bias. The dashed
gray line symbolizes the energy potential of a QHO with the same capacitive and inductive energy values,
respectively. The colored lines represent the resulting wavefunctions of the lowest five eigenstates.

to the offset charge in the transmon. Its strong influence onto the energy levels is depicted
in Fig. 1.4B.

In Fig. 1.4C and D, it can be seen that quite different energy potentials are possible by
tuning𝛷ext, reaching from a single-well-like structure (𝛷ext=0) to a double-well-like one at
lowest energies (𝛷ext = 0.5𝛷0), which results in very distinct sets of wavefunctions there.
In general, much larger anharmonicities than for the transmon are achieved, which is an
important prerequisite for fast and high-fidelity control gates.

Record-breaking coherence times up to 1.5 ms were observed with this qubit topology [44,
102], fueling its further investigation which includes first proposals for a high-performance
quantum processor based on fluxonium qubits [103]

1.3.3 Material of Choice: Granular Aluminum

As discussed in the previous section, the fabrication of fluxonium qubits necessitates
the realization of superinductors to suppress the sensibility to charge noise. Since the
fabrication process of superconducting qubits usually already includes the integration of a
Josephson junction (JJ), it is straightforward to utilize their inherent inductive behavior
also for the realization of a superinductor. For this reason, the most commonly used
platform are arrays with a large number (∼ 102) of JJs in the regime of 𝐸J/𝐸C ≫ 1, in
which they possess a much larger critical current and are much more linear than the JJ
that implements the non-linear qubit element [100].

An alternative approach to realize superinductors is achieved by harnessing the high
kinetic inductance of disordered superconductors, most often in the form of nitrides such
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Figure 1.5: Granular aluminum. (A) Mi-
croscopically, grAl consists of pure Al
grains interrupted by thin insulating AlO𝑥

barriers, which can be modeled as (B) a
network of JJs [120]. (C) Critical temper-
ature 𝑇c versus resistivity 𝜌dc of grAl thin
films, exhibiting the superconducting dome.
Substrate cooling during grAl deposition
allows for even larger values of 𝑇c (data
taken from Ref. [121]). For resistivities
𝜌dc ≳ 104 µΩ cm, grAl becomes insulating.

as NbN [104–107], NbTiN [108–111] or TiN [112–115], but there exist also oxygen-based
ones like InO [116, 117]. In this work, another disordered, oxygen-based superconductor
named granular aluminum (grAl) is investigated. As shown in Fig. 1.5A and B, grAl
is a nano-composite of quite uniform aluminum (Al) grains (diameter 2 − 4 nm) in an
amorphous aluminum oxide (AlO𝑥 ) matrix [118, 119] that can be modeled as a network
of JJs [95, 120]. A rather peculiar feature of grAl, illustrated in Fig. 1.5C, is that the
added oxygen enhances the superconducting gap compared to pure Al, surpassing critical
temperatures of 2 K with a dome-shaped dependence on the room-temperature direct-
current (DC) resistivity 𝜌dc [66], which becomes even more pronounced in cold-deposited
grAl films [121]. This behavior is in stark contrast to other superconductors, such as Nb,
that are weakened by the presence of impurities. For resistivities 𝜌dc ≳ 104 µΩ cm, grAl
undergoes a superconductor-to-insulator transition (SIT).

GrAl can be conveniently fabricated by providing an oxygen atmosphere during the
standard evaporation of Al, in which the oxygen pressure determines the resistivity of
the deposited thin film. In direct relationship with the resistivity, which is proportional to
the normal state sheet resistance 𝑅□ = 𝜌dc𝑡 of a film with thickness 𝑡 , stands according to
Eqs. (1.19) and (1.23) the superconductor’s kinetic inductance, which can reach up to a
few nH per square for thin films of grAl. A small element of volume 𝑉grAl, structured from
such a thin film, possesses an intrinsic non-linearity, which is quantified by the self-Kerr
coefficient [120]

𝐾11 ∝
𝜔2

1
𝑗c𝑉grAl

, (1.32)

where 𝜔1 is the fundamental frequency of the element, and 𝑗c is the critical current density
of the grAl film, which is proportional to 1/𝜌dc [72]. By varying the fabrication parameters,
one can achieve very different values for 𝐾11, spanning a wide range from a few Hz to
some MHz, rendering grAl as a versatile material for superconducting circuits. As such,
grAl was demonstrated to be used as a low-loss and high-kinetic inductance material for
superconducting resonators [122–124]. This promising development pushed forward its
integration into circuits in need of a larger non-linearity such as a fluxonium qubit with a
grAl-based superinductor [125], or parametric amplifiers [43]. Other important milestones,
along with an even further increasing non-linearity, were reached in the realization of a
transmon with a grAl JJ [126], and an all-grAl fluxonium (gralmonium) with an SCS JJ
fabricated in a single deposition step [9].
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1.3 Superconducting Quantum Circuits

Besides these rather specialized applications, grAl also receives much attention on a more
fundamental level, due to its rich physics involving the Kondo effect and Kubo spins, for
which the interested reader is referred to an excellent review in Ref. [127].

1.3.4 Circuit Quantum Electrodynamics

As one of the DiVincenzo criteria, which were briefly recited in Section 1.1, the measure-
ment of the qubit state poses a challenge since the state readout should ideally happen
with zero uncertainty. For this reason, the concept of quantum non-demolishing (QND)
measurements has been put forward. The essential ingredient of QND measurements is
that the quantum system does not evolve in time under the action of the measurement
apparatus once it got projected [128]. The Hamiltonian of a system allowing for a QND
measurement would commute with the measurement operator 𝑂̂M, and it can be realized
by a longitudinal interaction between the qubit and the readout.

The neighboring field of cavity quantum electrodynamics, in which the interaction between
matter (atoms) and light (photons) is studied, has already put large effort into the study
and realization of QND measurements. Its huge success [129–131] led to a knowledge
transfer to the world of superconducting circuits, which got known as circuit quantum
electrodynamics (cQED) [132]. In cQED, a superconducting qubit, such as the two lowest
energy levels of a fluxonium circuit, is coupled to the bosonic modes of a readout resonator
or a cavity.

The quantum Rabi model provides a framework in which the longitudinal interaction
between light and matter is approximated by a transversal one, which results in the
following Hamiltonian [133]:

𝐻̂ = ℏ𝜔r

(
𝑎†𝑎 + 1

2

)
+ ℏ𝜔q

2 𝜎̂𝑧 + ℏ𝑔(𝑎† + 𝑎) (𝜎̂− + 𝜎̂+), (1.33)

where 𝜔r and 𝜔q are the resonator and qubit frequencies, respectively, and 𝑔 represents
the interaction strength between the resonator and the qubit. 𝑎 and 𝑎† describe the
annihilation and creation operators for the resonator mode, 𝜎̂− and 𝜎̂+ similarly for the
qubit mode.8 Generally, all terms in Eq. (1.33) should be considered [134–136], in order
to properly capture the interaction strength, which can be significantly larger in cQED
than in cavity QED [93]. For now, however, the discussion continues with the Jaynes-
Cummings formalism [137], which omits counter-rotating terms in the quantum Rabi
Hamiltonian in Eq. (1.33), such as 𝑎†𝜎̂+, since they play a minor role in the time evolution
of the quantum states [138]. This so-called rotating-wave approximation (RWA) leads to
the Jaynes-Cummings Hamiltonian

𝐻̂ = ℏ𝜔r

(
𝑎†𝑎 + 1

2

)
+ ℏ𝜔q

2 𝜎̂𝑧 + ℏ𝑔(𝑎†𝜎̂− + 𝑎𝜎̂+), (1.34)

8 These operators can also be written as 𝜎̂± = 𝜎̂𝑥 ± 𝑖𝜎̂𝑦 , and they are therefore based on the Pauli spin
matrices (𝜎̂𝑥 , 𝜎̂𝑦, 𝜎̂𝑧) that are introduced in Section 1.4.1.
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In this case, it is possible to diagonalize the Hamiltonian to find the eigenenergies of the
resonator-qubit system,

𝐸 |𝑛r,0q⟩ = ℏ𝜔r𝑛r + ℏ𝛥
2

√︁
1 + (2𝑔/𝛥)2𝑛r,

𝐸 |𝑛r,1q⟩ = ℏ𝜔r(𝑛r + 1) − ℏ𝛥
2

√︁
1 + (2𝑔/𝛥)2(𝑛r + 1),

(1.35)

where 𝑛r = ⟨𝑎†𝑎⟩ signifies the number of photons in the resonator, and 𝛥 = 𝜔q − 𝜔r is
the detuning between qubit and resonator mode. Particularly of interest is the dispersive
coupling regime [139], for which the detuning is much larger than the coupling strength,
𝛥 ≫ 𝑔, such that Eq. (1.35) simplifies to

𝐻̂ = ℏ
(
𝜔r + 𝑔

2

𝛥
𝜎̂𝑧

)
𝑎†𝑎 + ℏ

2

(
𝜔q + 𝑔

2

𝛥

)
𝜎̂𝑧 . (1.36)

Here, two observations about the mutual influence between resonator and qubit can be
made: First, the resonator mode acquires a dispersive shift 𝜒 = ±𝑔2/𝛥 depending on the
qubit state, and second, the qubit now inherits a constant offset 𝑔2/𝛥, the Lamb shift, only
because of the presence of the readout. The terms in Eq. (1.36) can, however, also be sorted
in a different way,

𝐻̂ = ℏ𝜔r𝑎
†𝑎 + ℏ

2

(
𝜔q + 𝑔

2

𝛥
(1 + 2𝑎†𝑎)

)
𝜎̂𝑧 . (1.37)

This representation facilitates to see that the interaction between qubit and resonator
can also be interpreted as a 2𝜒𝑛r shift of the qubit mode, that depends on the number
of photons 𝑛r in the resonator. This effect is also known as the AC Stark effect, and it
can be used to calibrate the resonator photon number, if the dispersive shift has been
independently measured from 𝐼𝑄 distributions (as described in Section 3.2.2).

The dispersive readout scheme has become the standard method to read out superconduct-
ing qubits. Fig. 1.6A and B illustrate how this scheme is realized by coupling the readout
mode either inductively or capacitively to the fluxonium, respectively. The Hamiltonian of
the coupled resonator-fluxonium system can be written in the natural basis of ®̂𝑛 = (𝑛̂r, 𝑛̂q)𝑇
and ®̂𝜑 = (𝜑r, 𝜑q − 𝜑ext)𝑇 as

𝐻̂ =
1
2 ®̂𝑛

𝑇EC ®̂𝑛 + 1
2 ®̂𝜑

𝑇EL ®̂𝜑 − 𝐸J cos(𝜑q − 𝜑ext) with

EC =

(
𝐸𝐶r 0
0 𝐸𝐶q

)
and EL =

(
𝐸𝐿′r 𝐸𝐿′s
𝐸𝐿′s 𝐸𝐿′q

)
for inductive,

EC =

(
𝐸𝐶′

r −𝐸𝐶′
s

−𝐸𝐶′
s 𝐸𝐶′

q

)
and EL =

(
𝐸𝐿r 0
0 𝐸𝐿q

)
for capacitive

(1.38)

coupling, respectively. Herein, the reduced capacitances𝐶′
r =𝐶r −𝐶2

s/𝐶q,𝐶′
q =𝐶q −𝐶2

s/𝐶r,
𝐶′

s =𝐶s−𝐶r𝐶q/𝐶s and similar expressions for the inductances were introduced. The reader
is referred to Ref. [95] for a thorough derivation of Eq. (1.38), as well as a discussion of
strategies for its numerical diagonalization. There, it is also shown that the inductive
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inductive coupling

capacitive coupling

Figure 1.6: Dispersive fluxonium readout. Electrical circuit diagrams of an (A) inductively and (B) capaci-
tively coupled resonator-fluxonium system. The fluxonium is threaded by an external magnetic flux𝛷ext and
couples to the readout resonator with total inductance 𝐿r (total capacitance 𝐶r) by sharing an inductance
𝐿s (capacitance 𝐶s) of its total inductance 𝐿q (total capacitance 𝐶q). Out of the three nodes with phases
𝜑r, 𝜑q and 𝜑s in panel A only two are independent. (C) Sorted energy spectrum of an inductively coupled
fluxonium with the parameters 𝐿r = 25 nH, 𝐶r = 50 fF, 𝐿q = 300 nH, 𝐶q = 5 fF, 𝐸J = 15 GHz, 𝐿s = 5 nH, as a
function of𝛷ext. Lines of the same color correspond to dressed eigenstates |𝑛q, 𝑛r⟩ with maximum overlap
with a product state |𝑛q, 𝑛r⟩ = |𝑛q⟩ ⊗ |𝑛r⟩ with the same number of photons in the qubit, 𝑛q, and only differ
by the amount of photons in the resonator, 𝑛r. In the vicinity of an avoided level crossing, as indicated by
the arrow, the correspondence between dressed eigenstates and product states becomes useless and 𝑛q and
𝑛r lose their property of being a good quantum number. (D) Dispersive shift 𝜒ge and (E) AC Stark shift 𝛥𝑓q
of the lowest qubit transition for different 𝑛r. Generally, the amount of features appearing in both these
quantities tends to increase with larger 𝑛r.

and capacitive coupling can be mapped onto each other, and thus, they can result in the
same energy spectrum. The caveat, however, is that the charge and flux matrix elements,
relevant for qubit decoherence (see Section 1.5), generally differ.

Ref. [95] also presents a robust sorting algorithm for the numerically calculated eigenstates
of the rich energy spectrum, made available in the bfqcircuits library [140]. An example
for such a sorted energy spectrum for a typical set of resonator, fluxonium and coupling
parameters is shown in Fig. 1.6C. The sorted energy spectrum also allows for the calculation
of the dispersive shifts 𝜒 𝑗𝑘 as a function of the external magnetic flux bias 𝜑ext, which are
defined by

ℎ𝜒 𝑗𝑘 (𝑛r) = (𝐸 |𝑛r,𝑘⟩ − 𝐸 |0,𝑘⟩) − (𝐸 |𝑛r, 𝑗⟩ − 𝐸 |0, 𝑗⟩)
= (𝐸 |𝑛r,𝑘⟩ − 𝐸 |𝑛r, 𝑗⟩) − (𝐸 |𝑛r−1,𝑘⟩ − 𝐸 |𝑛r−1, 𝑗⟩).

(1.39)

The two representation methods highlight once more the fact that the influence between
resonator and qubit is of mutual nature. Fig. 1.6D shows the most relevant dispersive shift
𝜒ge = 𝜒01(𝑛r) within the computational subspace of the fluxonium qubit, while Fig. 1.6E
shows the associated AC Stark shift 𝛥𝑓q(𝑛r) of the bare qubit frequency for different
resonator photon numbers 𝑛r. The latter is given by

ℎ𝛥𝑓q(𝑛r) = (𝐸 |𝑛r,1⟩ − 𝐸 |𝑛r,0⟩) − (𝐸 |0,1⟩ − 𝐸 |0,0⟩). (1.40)
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Nowadays, a point has been reached at which cQED proved to be a worthy successor of
cavity QED, repeatedly showing fast QND-like readout on a timescale of ∼ 100 ns with
fidelities surpassing 99 % [141–148]. However, the continuous improvements in qubit
readout have also unveiled limits for many of the above approximations for the dispersive
coupling regime, and the tiny remaining amount of infidelity is what is of most importance,
in fact. On the one hand, it represents the processes that are not yet fully understood, and
on the other hand, it is a limiting factor towards the realization of a fully-fledged quantum
processor. The assumption of a superconducting artificial atom being a perfect two-level
systemwas questioned since the early days of cQED, especially in case of the transmonwith
its low anharmonicity [149]. The ongoing study of measurement-induced state transitions,
mostly in transmons [134–136, 150, 151], but nowadays also in fluxoniums [152], sheds
more and more light into this exciting field of research. Recent developments stress that
the readout infidelity should not be the only measure to quantify the readout quality, but
readout-induced leakage should also be characterized independently [153, 154].

1.4 Open Quantum Systems

In this section, a closer look is taken at open quantum systems, which are a common
framework to describe qubit decoherence (see Section 1.5). Section 1.4.1 starts by intro-
ducing the concept of a density matrix, before presenting the Lindblad master equation,
both from a phenomenological (Section 1.4.2) as well as a microscopical (Section 1.4.3)
point-of-view.

1.4.1 Density Matrix

The concept of a density matrix 𝜌 , or density operator, is equivalent to the state vector
|𝜓 ⟩, or wavefunction, formalism in an isolated quantum system, that can only be in a
pure state, over which all information is known. However, in situations when a system’s
interaction with its environment is investigated, or when it is entangled with another
system, the system is said to be in a mixed state, since it exchanges information with
the environment or the other system. In this case, the density matrix approach offers a
suitable representation of the system,

𝜌 =
∑︁
𝑗

𝜆 𝑗 |𝜓 𝑗 ⟩⟨𝜓 𝑗 |. (1.41)

The density matrix inherits three important properties: First, it is Hermitian, 𝜌 = 𝜌†,
ensuring that all of its eigenvalues are real. Second, its trace is one, Tr{𝜌} = 1, which
normalizes the probabilities, and third, it is always positive semi-definite, ⟨𝜓 |𝜌 |𝜓 ⟩ ≥
0, ∀ |𝜓 ⟩, asserting that all probabilities 𝜆 𝑗 are non-negative. The time evolution of the
density matrix is governed by the von-Neumann equation,

¤𝜌 = − 𝑖
ℏ

[
𝐻̂, 𝜌

]
. (1.42)
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system
bath/

reservoir
interaction Figure 1.7: Open quantum system. A system with

Hamiltonian 𝐻̂S (e.g. a resonator-fluxonium) that cou-
ples via the interaction Hamiltonian 𝐻̂I to a bath or
reservoir with Hamiltonian 𝐻̂B.

For 𝑁 quantum systems prepared in states 𝜌𝑖 , their joint state can be written as 𝜌 =

𝜌1 ⊗ 𝜌2 ⊗ · · · ⊗ 𝜌𝑁 . One of the subsystems 𝜌𝑖 can be removed from the joint state by tracing
it out, 𝜌1 ⊗ 𝜌2 ⊗ · · · ⊗ 𝜌𝑖−1 ⊗ 𝜌𝑖+1 ⊗ · · · ⊗ 𝜌𝑁 = Tr𝑖{𝜌}, via the partial trace Tr𝑖 .

The density matrix of a qubit with basis states |0⟩ and |1⟩ has the general form,

𝜌 =

(
𝜌00 𝜌01
𝜌10 𝜌11

)
. (1.43)

The diagonal terms 𝜌00 and 𝜌11 (populations) represent the probabilities of measuring the
qubit in |0⟩ and |1⟩, respectively. To fulfill the above criteria, they need to be non-negative
and add up to one. The off-diagonal entries 𝜌01 = 𝜌

†
10 (coherences) are a measure of the

statistical mixture or entanglement with the environment. This qubit density matrix can
also be expressed in terms of the Pauli spin matrices9,

𝜌 =
1
2 (𝟙 + ®𝑟 · ®𝜎) , (1.44)

in which ®𝑟 is the Bloch vector for the quantum state 𝜌 . All possible states set up the
Bloch sphere, which is an intuitive way to visualize the qubit state. While all pure states
(Tr{𝜌2} = 1) lie on the surface of the sphere (|®𝑟 | = 1), any mixed state lies within it (|®𝑟 | < 1).
The maximally mixed state 𝜌 = 𝟙/2 is located in the center of the sphere.

1.4.2 Lindblad Master Equation

Fig. 1.7 depicts an open quantum system with Hamiltonian 𝐻̂S (e.g. a superconducting
qubit) that is coupled to a bath or reservoir with Hamiltonian 𝐻̂B via an interaction
Hamiltonian 𝐻̂I, resulting in the total Hamiltonian

𝐻̂ = 𝐻̂S ⊗ 𝟙 + 𝟙 ⊗ 𝐻̂B + 𝐻̂I. (1.45)

The interaction Hamiltonian can usually be written as a sum of tensor products of Hermi-
tian bath operators 𝐵̂𝛼 = 𝐵̂

†
𝛼 acting on the system via the Hermitian operators 𝐴𝛼 = 𝐴

†
𝛼 ,

thus 𝐻̂I =
∑
𝛼 𝐴𝛼 ⊗ 𝐵̂𝛼 . In principle, the evolution of the total density matrix 𝜌 is governed

by Eq. (1.42), but usually only the evolution of the system density matrix 𝜌S is of interest,
so the bath can be traced out,

¤𝜌S = − 𝑖
ℏ

TrB
{[
𝐻̂, 𝜌

]}
. (1.46)

9 ®𝜎 = (𝜎̂𝑥 , 𝜎̂𝑦, 𝜎̂𝑧)𝑇 , with 𝜎̂𝑥 =
( 0 1

1 0
)
, 𝜎̂𝑦 =

( 0 −𝑖
𝑖 0

)
and 𝜎̂𝑧 =

( 1 0
0 −1

)
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This integro-differential equation, known as Nakajima-Zwanzig equation [155, 156], is
generally hard to calculate as it contains unnecessarily many details. The sheer amount of
subsystems in the reservoir leads to a vast number of degrees of freedom, which is even
worse when looking at the exponential scaling of the Hilbert space. An alternative, bottom-
up route lies in in the axiomatic approach of Kraus maps which preserve the fundamental
properties of a density matrix, see Section 1.4.1. Within the Markov approximation, the
reservoir is assumed to retain no information about the system on longer timescales,
and therefore it can be considered memoryless. With this assumption, one arrives at the
Markovian master equation, 𝜕𝑡𝜌S = L𝜌S(𝑡), with the Liouville superoperator L. The
Lindblad form of this master equation,

𝜕𝜌

𝜕𝑡
= − 𝑖

ℏ
[𝐻̂, 𝜌] +

∑︁
𝛼

D[𝐿̂𝛼 ]𝜌 with D[𝐿̂𝛼 ]𝜌 = 𝐿̂𝛼𝜌𝐿̂
†
𝛼 −

1
2

{
𝐿̂†𝛼 𝐿̂𝛼 , 𝜌

}
, (1.47)

is shown to be the most general Markovian solution for the evolution of a density ma-
trix [157].10 The Lindblad superoperators D[𝐿̂𝛼 ]𝜌 capture the system’s interaction with
the bath and therefore account for its decoherence [158–160]. For example, the Lindblad
operators 𝐿̂↓ =

√︁
𝛤↓ 𝜎̂−, 𝐿̂↑ =

√︁
𝛤↑ 𝜎̂+, 𝐿̂𝜑 =

√︁
𝛤𝜑/2 𝜎̂𝑧 describe relaxation, excitation and

pure dephasing, respectively, of a qubit system, as introduced in Section 1.5. However,
this introduction of qubit decoherence has been purely phenomenological and lacks a
microscopic description so far, which will be addressed in the next section.

1.4.3 Microscopic Derivation of the BSM Master Equation

The following derivation is based on Refs. [159] and [160], and it starts by transforming
the von-Neumann equation in Eq. (1.46) into the interaction picture (in which operators
and density matrices will be indicated with bold font). Re-inserting the formally integrated
equation back into itself yields

¤𝝆S(𝑡) = − 𝑖
ℏ

TrB
{[
𝑯̂I(𝑡), 𝜌0

]} − 1
ℏ2

∫ 𝑡

0
d𝑡 ′ TrB

{[
𝑯̂I(𝑡),

[
𝑯̂I(𝑡 ′), 𝝆 (𝑡 ′)

] ]}
(1.48)

This integro-differential equation is still exact but not closed, as the integral on the r.h.s.
depends on the full density matrix at all previous times. The Born approximation, though
crude, is the next step inmoving forward and assumes the system and bath are uncorrelated,
i.e. 𝝆 (𝑡) = 𝝆S(𝑡) ⊗ 𝝆B(𝑡).11 This assumption would however fail over time as system and
bath become entangled. To maintain validity at least for a statistical ensemble, the system
is subject to the condition of being constantly reinitialized in a product state, with the bath
state chosen randomly. The bath is assumed to be in equilibrium and its density matrix
diagonal, known as the random phase assumption [161]. For this, the interaction of the

10 For two operators 𝐴 and 𝐵, {𝐴, 𝐵} = 𝐴𝐵 + 𝐵𝐴 represents the anti-commutator.
11 For more information on this step, the reader is referred to Ref. [95].
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system with the bath should be weak to ensure the bath state 𝝆B(𝑡) = 𝜌B remains largely
unchanged. In total, the Born approximation alters Eq. (1.48) to

¤𝝆S(𝑡) = − 1
ℏ2

∫ 𝑡

0
d𝑡 ′ TrB

{[
𝑯̂I(𝑡),

[
𝑯̂I(𝑡 ′), 𝝆S(𝑡 ′) ⊗ 𝜌B

] ]}
, (1.49)

in which the first term on the r.h.s. of Eq. (1.48) was removed because of the diagonality
of 𝜌B. By using the diagonal decomposition of the interaction Hamiltonian that was
introduced in Section 1.4.2, one arrives at

¤𝝆S(𝑡) = − 1
ℏ2

∫ 𝑡

0
d𝑡 ′

∑︁
𝛼𝛽

(
C𝛼𝛽 (𝑡, 𝑡 ′)

[
𝐴𝛼 (𝑡)𝐴𝛽 (𝑡 ′)𝝆S(𝑡 ′) −𝐴𝛽 (𝑡 ′)𝝆S(𝑡 ′)𝐴𝛼 (𝑡)

]
+ C𝛽𝛼 (𝑡 ′, 𝑡)

[
𝝆S(𝑡 ′)𝐴𝛽 (𝑡 ′)𝐴𝛼 (𝑡) −𝐴𝛼 (𝑡)𝝆S(𝑡 ′)𝐴𝛽 (𝑡 ′)

] )
,

(1.50)

with the bath self-correlation functions

C𝛼𝛽 (𝑡, 𝑡 ′) = TrB
{
𝐵̂𝛼 (𝑡)𝐵̂𝛽 (𝑡 ′)𝜌B

}
= ⟨𝐵̂𝛼 (𝑡)𝐵̂𝛽 (𝑡 ′)⟩𝜌B, (1.51)

which quantify the extent to which the bath preserves information about its interactions
with the system over time [160]. The master equation in Eq. (1.50) is time-local, but not yet
Markovian. For this, the Markovian approximations will be imposed: first, the retarded-
time density operator is replaced by the current-time one, 𝝆S(𝑡 ′) ≈ 𝝆S(𝑡), and second, the
integral limit is extended to infinity, which is justified by the typically rapidly decaying
self-correlation function. Transforming the resulting equation back to the Schrödinger
picture yields the time-local Redfield equation [161],

¤𝜌S(𝑡) = − 𝑖
ℏ

[
𝐻̂S, 𝜌S(𝑡)

] − 1
ℏ2

∫ ∞

0
d𝜏

∑︁
𝛼𝛽

(
C𝛼𝛽 (𝜏)

[
𝐴𝛼 , 𝑨̂𝜷 (−𝜏)𝜌S(𝑡)

]
+ C𝛽𝛼 (−𝜏)

[
𝜌S(𝑡)𝑨̂𝜷 (−𝜏), 𝐴𝛼

] )
,

(1.52)

Unfortunately, this master equation is not of Lindblad form, as it does not necessarily
maintain positivity of 𝜌S(𝑡). To overcome this last challenge, the system energy eigenbasis,
𝐻̂S |𝑘⟩ = ℏ𝜔k |𝑘⟩, is introduced and used to make the time-dependence of the coupling
operators in the interaction picture explicit [159]. Now, before transforming back to
the Schrödinger picture, the so-called secular approximation is applied, in which fast-
oscillating terms are neglected. Some more transformations finally lead to the Born-
Markov-Secular (BMS) master equation, which takes on the form [159]

¤𝜌S(𝑡) = − 𝑖
ℏ

[
𝐻̂S +

∑︁
𝑙𝑘

𝜎𝑙𝑘𝐿𝑙𝑘 , 𝜌S(𝑡)
]
+ 1
ℏ2

∑︁
𝑙𝑘𝑛𝑚

𝛾𝑙𝑘,𝑛𝑚

[
𝐿𝑙𝑘𝜌S(𝑡)𝐿†𝑛𝑚 − 1

2
{
𝐿†𝑛𝑚𝐿𝑙𝑘 , 𝜌S(𝑡)

}]
,

with 𝛾𝑙𝑘,𝑛𝑚 =
∑︁
𝛼𝛽

𝛾𝛼𝛽 (𝜔𝑙𝑘)𝛿𝜔𝑙𝑘 ,𝜔𝑚𝑛
⟨𝑘 |𝐴𝛽 |𝑙⟩⟨𝑛 |𝐴𝛼 |𝑚⟩∗

and 𝜎𝑙𝑘 =
∑︁
𝛼𝛽

∑︁
𝑛

1
2𝑖 𝜎𝛼𝛽 (𝜔𝑙𝑛)𝛿𝜔𝑙 ,𝜔𝑘

⟨𝑛 |𝐴𝛽 |𝑙⟩⟨𝑛 |𝐴𝛼 |𝑘⟩∗.

(1.53)
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Herein, 𝐿̂𝑙𝑘 = |𝑙⟩⟨𝑘 | signifies the Lindblad jump operator and 𝜔𝑙𝑘 = 𝜔𝑙 − 𝜔𝑘 the transition
frequency between two eigenstates |𝑘⟩ and |𝑙⟩, respectively. As seen from the first part of
the BMS master equation, the odd Fourier transforms 𝜎𝛼𝛽 (𝜔) =

∫ ∞
−∞ d𝜏 C𝛼𝛽 (𝜏)sgn(𝜏)𝑒+𝑖𝜔𝜏

of the bath correlation functions C𝛼𝛽 (𝜏) renormalize the system eigenenergies by the
Lamb shift. In contrast, the even Fourier transforms 𝛾𝛼𝛽 (𝜔) =

∫ ∞
−∞ d𝜏 C𝛼𝛽 (𝜏)𝑒+𝑖𝜔𝜏 describe

the system decoherence induced by the bath, as will be shown in the following section.
Since the coupling operators 𝐴𝛼 and 𝐵𝛼 are Hermitian, it follows that the bath correlation
functions fulfill C𝛼𝛽 (𝜏) = C∗

𝛽𝛼
(−𝜏), that is, 𝛾𝛼𝛽 (𝜔) = 𝛾𝛼𝛽 (−𝜔) is always real and 𝜎𝛼𝛽 (𝜔) =

−𝜎𝛼𝛽 (−𝜔) is always imaginary.

1.5 Qubit Decoherence

The previous section made evident that the interaction of a quantum system with its
environment induces additional terms in the evolution of the density matrix. The presence
of the environment can be regarded as an ubiquitous observer of the qubit, continuously
extracting information about the qubit state. If an external observer could keep track of the
full qubit environment, the spreading entanglement could in principle be measured, and
the qubit with its environment could be treated as another closed quantum system [162].
However, tracing the plethora of individual quantum systems connected to a (not to
mention macroscopic superconducting) qubit is simply infeasible. Anyways, most times
only the dynamics of an isolated qubit are of interest, in which case the situation can be
seen as a loss of information about the qubit state, which is commonly referred to as qubit
decoherence.

Qubit decoherence comes in two distinct forms. First, there is qubit depolarization or
dissipation, which arises from environmental noise sources that couple transversely to
the qubit. Qubit depolarization occurs with a rate 𝛤1 = 𝛤↑ + 𝛤↓, which indicates the
average speed at which the qubit returns to its equilibrium state after being excited. It is
composed of an excitation rate 𝛤↑ and a relaxation rate 𝛤↓, which fulfill detailed balance,
𝛤↑/𝛤↓ = exp(−ℏ𝜔q/𝑘B𝑇 ), in thermal equilibrium. Second, environmental noise sources that
couple longitudinally to the qubit, entail pure dephasing with a rate 𝛤𝜑 , which quantifies
how fast information about the phase of a prepared superposition state is lost. Both
processes are combined in the decoherence rate12

𝛤2 =
𝛤1
2 + 𝛤𝜑 . (1.54)

Building up on the BMS master equation in Eq. (1.53), for a non-degenerate system
spectrum, a simple rate equation is found for the populations 𝜌𝑘𝑘 = ⟨𝑘 |𝜌S |𝑘⟩, also known
as Pauli master equation,

¤𝜌𝑘𝑘 =
1
ℏ2

∑︁
𝑙

[
𝛾𝑘𝑙,𝑘𝑙𝜌𝑙𝑙 − 𝛾𝑙𝑘,𝑙𝑘𝜌𝑘𝑘

]
. (1.55)

12 Oftentimes, it is customary to talk about timescales instead of rates, which are simply defined as the
inverse of the rates in Eq. (1.54), e.g. 𝑇2 = 1/𝛤2 is the decoherence time.
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1.5 Qubit Decoherence

Here, the transition rates 𝛤𝑘→𝑙 ≡ 𝛾𝑙𝑘,𝑙𝑘/ℏ2 from state |𝑘⟩ to state |𝑙⟩ are given by [159]

𝛤𝑘→𝑙 =
1
ℏ2

∑︁
𝛼𝛽

𝛾𝛼𝛽 (𝜔𝑙𝑘)⟨𝑙 |𝐴𝛽 |𝑘⟩⟨𝑙 |𝐴𝛼 |𝑘⟩∗ ≥ 0. (1.56)

Focusing on a single noise source with interaction Hamiltonian 𝐻̂I = 𝐴 ⊗ 𝐵̂, Eq. (1.56)
reduces to

𝛤𝑘→𝑙 =
1
ℏ2 |⟨𝑙 |𝐴|𝑘⟩|2

∫ ∞

−∞
d𝜏 ⟨𝐵̂(𝜏)𝐵̂(0)⟩𝜌B 𝑒

𝑖𝜔𝑙𝑘𝜏︸                            ︷︷                            ︸
≡S𝐵 (𝜔𝑙𝑘 )

, (1.57)

where the noise spectral density S𝐵 (𝜔) associated with the operator 𝐵̂ is introduced. As
described above, the qubit depolarization rate or thermalization rate between two states,
𝛤1,𝑘→𝑙 is the sum of emission and absorption rates, resulting in

𝛤1,𝑘→𝑙 = 𝛤𝑘→𝑙 + 𝛤𝑙→𝑘

=
1
ℏ2 |⟨𝑙 |𝐴|𝑘⟩|2 [S𝐵 (𝜔𝑙𝑘) + S𝐵 (−𝜔𝑙𝑘)] ,

(1.58)

which is an alternative form of Fermi’s Golden Rule [159]. The result of Eq. (1.58) provides a
typical framework in literature [44, 93, 102, 125, 163–165] to estimate qubit depolarization
due to different noise channels, like dielectric or inductive loss. For instance, a lossy
capacitor can be modeled as an infinite number of bosonic modes using the so-called
Caldeira-Leggett model [166]. The resulting voltage (or current) fluctuations in a lossy
shunting impedance 𝑍 (𝜔) (or admittance 𝑌 (𝜔)) are then proportional to Re[𝑍 (𝜔)] (or
Re[𝑌 (𝜔)]). Here, I would like to avoid using the Caldeira-Leggett model for two reasons:

1. Even though the assumption of summarizing all couplings to an infinite amount of
oscillators to a single macroscopic lossy shunting impedance (or admittance) proves
to be a valid and handy way to calculate the corresponding losses, it skips the step
of providing intuition about the microscopical origin of the loss mechanisms.

2. The Caldeira-Leggett description is based on a bosonic bath of infinitely many
oscillators. It is not immediately clear, how this model can be extended to a TLS bath.

Thus, a slightly different–and to my notion more satisfying–path is going to be taken,
which consists in applying the quantum fluctuation-dissipation theorem (QFDT) [167].
For this, the linear response function or susceptibility 𝜒𝐴𝐵 between the two operators 𝐴
and 𝐵̂ in the above interaction Hamiltonian is introduced, which is defined via

𝐵̂(𝑡) =
∫ 𝑡

−∞
𝜒𝐴𝐵 (𝑡 − 𝜏)𝐴(𝜏)d𝜏 . (1.59)

In Appendix A, it is shown how the Fourier transform 𝜒𝐴𝐵 (𝜔) of the susceptibility is
connected to the symmetric noise spectral density 𝑆𝐵 (𝜔) + 𝑆𝐵 (−𝜔) for both a bosonic and
a TLS bath. With Eq. (A11), the following expression for the qubit depolarization rate is
obtained,

𝛤1,𝑘→𝑙 =
2
ℏ
|⟨𝑙 |𝐴|𝑘⟩|2 Im[𝜒𝐴𝐵 (𝜔𝑙𝑘)] ×

{
coth (ℏ𝜔𝑙𝑘/2𝑘B𝑇 ) for a bosonic,
1 for a TLS

(1.60)
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1 Introduction

bath. As will be seen in the following sections, Eq. (1.60) serves as a powerful tool to
address several sources for qubit depolarization. For this, however, further assumptions
about their microscopic origin still need to be made.

In the following subsections, mainly qubit dissipation due to dielectric loss in the capacitor
(Section 1.5.1), resistive loss in the superinductor (Section 1.5.2), and Purcell loss to the
transmission line via the dispersively coupled resonator (Section 1.5.3) is considered.
Regarding Purcell loss, two different derivations are examined in detail. Section 1.5.4
briefly comments on other decay channels such as flux coupling to a control line, 1/𝑓
flux noise, and quasiparticle noise. Several noise sources leading to pure dephasing are
presented in Section 1.5.5, including photon shot noise, which is relevant for the main
results in Chapter 3. Finally, Section 1.5.6 explains the origins of excess thermal photon
shot noise.

1.5.1 Dielectric Loss

Dielectric loss originates from the qubit capacitance 𝐶 in the presence of a lossy medium.
Microscopically, the polarization of atoms or molecules in a dielectric medium due to an
external electric field can have two possible origins [168]:

1. induced dipole moments, which form vibrational states and can be modeled as
harmonically bound electrons (= bosonic bath)

2. alignment of randomly oriented permanent dipole moments, e.g. in intrinsically
polar media (H2O, HF, ...) or dielectric two level systems (TLSs) in residues [169]

The interaction Hamiltonian between a bath of dipole moments ®̂𝑝𝑛 inside the electric field
®̂𝐸 ( ®𝑥) generated by the charged qubit capacitor is given by

𝐻̂I = −
∑︁
𝑛

®̂𝑝𝑛 ⊗ ®̂𝐸 ( ®𝑥𝑛) = −
∑︁
𝑛

®̂𝑃e( ®𝑥𝑛) ⊗ ®̂𝐸 ( ®𝑥𝑛). (1.61)

For the last equality, the electric polarization per volume ®̂𝑃e( ®𝑥) =
∑
𝑛 ®̂𝑝𝑛𝛿 ( ®𝑥 − ®𝑥𝑛), with

the Dirac delta function 𝛿 (𝑥), for a finite number of dipole moments is introduced. Both
coupling operators in Eq. (1.61) fulfill the condition of being Hermitian: First ®̂𝑝𝑛 = 𝑒 ®̂𝑟𝑛 ∝
(𝑏𝑛 + 𝑏†𝑛), where ®̂𝑟𝑛 represents the displacement of the 𝑛-th dipole from its equilibrium,
and 𝑏𝑛 (𝑏†𝑛) is its annihilation (creation) operator. Second, the electric field operator
can be written as ®̂𝐸 ( ®𝑥) = ®E(®𝑥) 𝑛̂, where ®E(®𝑥) describes the spatial mode profile of the
capacitor field. In electrostatics, the polarization density is generally defined as ®𝑃e =

𝜖0(𝜖r − 1) ®𝐸 = 𝜖0𝜒e ®𝐸, where 𝜖r = 𝜖′r − 𝑖𝜖′′r is the complex relative permittivity and 𝜒e
is the electric susceptibility [170]. A conveniently used quantity is the dielectric loss
tangent tan(𝛿c) = 𝜖′′r /𝜖′r (≈ 𝜖′′r /𝜖r for its typically small values).13 A more general approach

13 In sapphire empirically found to obey a scaling law, tan(𝛿C (𝜔)) ∝ 𝜔𝜖 , with the exponent varying from
𝜖 = 0.15 [102] to 𝜖 = 0.7 [125, 163].
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1.5 Qubit Decoherence

involving time-varying electric fields, shows that the polarization of a medium can not
immediately follow a changing external electric field. This can be expressed in the linear-
response equation

®̂𝑃e( ®𝑥, 𝑡) = 𝜖0

∫ 𝑡

−∞
𝜒e(𝑡 − 𝜏) ®̂𝐸 ( ®𝑥, 𝜏) d𝜏, (1.62)

where the spatial independence of the susceptibility 𝜒e followed from the assumption of
a homogeneous, lossy medium. Note that Eq. (1.62) resembles strongly Eq. (1.59) for the
operators in the interaction Hamiltonian, such that Eq. (1.60) now provides a direct way
of calculating the qubit depolarization rate from an initial qubit state |𝑘⟩ to a final state |𝑙⟩
due to a single dipole moment,

𝛤𝑛1,𝑘→𝑙
=

2
ℏ
|⟨𝑙 | ®̂𝐸 ( ®𝑥𝑛) |𝑘⟩|2 𝜖0Im[𝜒e(𝜔𝑙𝑘)] 𝑓 (𝑇 ). (1.63)

Here, the temperature dependent factor, which already appears in Eq. (1.60), is 𝑓 (𝑇 ) =
coth (ℏ𝜔𝑙𝑘/2𝑘B𝑇 ) for a bosonic bath mode and 𝑓 (𝑇 ) = 1 for a bath TLS. It is further
simplistically assumed that cross-relaxation terms with 𝛼 ≠ 𝛽 in Eq. (1.56) are negligible,
and therefore the summed rates 𝛤𝑛1,𝑘→𝑙

due to the individual dipole moments result in the
total depolarization rate

𝛤 diel
1,𝑘→𝑙

=
∑︁
𝑛

𝛤𝑛1,𝑘→𝑙
=

2
ℏ

(∑︁
𝑛

|⟨𝑙 | ®̂𝐸 ( ®𝑥𝑛) |𝑘⟩|2
)
𝜖0Im[𝜒e(𝜔𝑙𝑘)] 𝑓 (𝑇 ).

=
2
ℏ

(∫
|⟨𝑙 | ®̂𝐸 ( ®𝑥) |𝑘⟩|2 d3𝑥

)
𝜖0𝜖r tan(𝛿C(𝜔𝑙𝑘)) 𝑓 (𝑇 ),

(1.64)

assuming a homogeneous distribution of dipoles and neglecting spatial correlations. The
total electrostatic potential energy𝑊e can be expressed either as the volume integral of
the fields, or in terms of the total charge 𝑄̂ = 2𝑒𝑛̂ on the capacitor,

𝑊e =
1
2𝜖0𝜖r

∫
| ®̂𝐸 ( ®𝑥) |2d3𝑥 =

𝑄̂2

2𝐶 =
1
2𝐸C𝑛̂

2, (1.65)

assuming that the electric field distribution entering the interaction Hamiltonian coincides
with that defining the capacitor energy. Combining Eq. (1.65) and Eq. (1.64) yields

𝛤 diel
1,𝑘→𝑙

=
2𝐸C
ℏ

|⟨𝑙 |𝑛̂ |𝑘⟩|2 tan(𝛿c(𝜔)) 𝑓 (𝑇 ). (1.66)

Lastly, the matrix elements of both degrees of freedom in the fluxonium Hamiltonian 𝐻̂ of
Eq. (1.31) can be converted into each other, ⟨𝑙 | [𝜑, 𝐻̂ ] |𝑘⟩ = ℏ𝜔𝑙𝑘 ⟨𝑙 |𝜑 |𝑘⟩ = 𝑖 (8𝐸C)⟨𝑙 |𝑛̂ |𝑘⟩, for
arbitrary eigenstates |𝑘⟩, |𝑙⟩ of 𝐻̂ [171]. This leads to the expression

𝛤 diel
1,𝑘→𝑙

=
2ℏ𝜔2

𝑙𝑘

𝐸C
|⟨𝑙 |𝜑 |𝑘⟩|2 tan(𝛿c(𝜔𝑙𝑘)) ×

{
coth (ℏ𝜔𝑙𝑘/2𝑘B𝑇 ) for a bosonic,
1 for a TLS

(1.67)

bath. Note that this result is in accordance with literature and with the formulas derived
there for a bosonic bath within the Caldeira-Leggett formalism [163, 164, 171], as well as
for a TLS bath of charge TLSs [165, 172]. The derivation in Ref. [165], based on Fermi’s
Golden Rule and an interaction Hamiltonian similar to the one used here, considers dipole
moments interacting with an electric field, with the notable detail of accounting for the
spatial and energetic distribution of the dipole moments.
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1.5.2 Inductive Loss

Inductive loss arises from Johnson-Nyquist current noise in the lossy superinductance 𝐿
of the qubit. Microscopically, the magnetic polarization in materials due to an external
magnetic field can have the following origins:

1. paramagnetic surface impurities and defects are usually present in low concentrations
of less than parts in a million in single crystal substrates [173], and they have
shown to impact the decoherence of superconducting qubits based on disordered
superconductors [174, 175]

2. quasiparticles.

Similar to the derivation of dielectric loss in Section 1.5.1, the derivation of inductive loss
starts in stating the interaction Hamiltonian 𝐻̂I. In this case, the interaction between a bath
of magnetic moments ®̂𝑚𝑛 inside the magnetic field ®̂𝐵( ®𝑥) generated by the superinductor is
governed by

𝐻̂I = −
∑︁
𝑛

®̂𝑚𝑛 ⊗ ®̂𝐵( ®𝑥𝑛) = −
∑︁
𝑛

®̂𝑃m( ®𝑥𝑛) ⊗ ®̂𝐵( ®𝑥𝑛). (1.68)

For the last equality, the magnetic polarization per volume ®̂𝑃m( ®𝑥) = ∑
𝑛 ®̂𝑚𝑛𝛿 ( ®𝑥 − ®𝑥𝑛) for

a finite number of magnetic moments is introduced. In magnetostatics, the magnetic
polarization per volume is given by ®𝑃m = (𝜇r − 1) ®𝐵/(𝜇0𝜇r) = 𝜒m ®𝐵/(𝜇0𝜇r), where 𝜇r =

𝜇′r − 𝑖𝜇′′r denotes the relative magnetic permeability and 𝜒m is the magnetic susceptibility
𝜒m [170]. The term tan(𝛿L) = 𝜇′′r /𝜇′r ≈ 𝜇′′r /𝜇r is known as the inductive loss tangent, and it
is assumed here to be independent of frequency.14 Again, for time-varying electric fields,
the magnetic polarization of a medium can not immediately follow a changing external
magnetic field, which is expressed in the linear response equation

®̂𝑃m( ®𝑥, 𝑡) = 1
𝜇0𝜇r

∫ 𝑡

−∞
𝜒m(𝑡 − 𝜏) ®̂𝐵( ®𝑥, 𝜏) d𝜏 . (1.69)

The spatial independence of the susceptibility 𝜒m follows from the assumption of a ho-
mogeneous, lossy medium. Similar to Eq. (1.62) for the electric polarization, Eq. (1.69)
resembles strongly the relation in Eq. (1.59) for the operators in the interaction Hamilto-
nian. Thus, Eq. (1.60) provides the basis for calculating the qubit depolarization rate due
to a single magnetic moment,

𝛤𝑛1,𝑘→𝑙
=

2
ℏ
|⟨𝑙 | ®̂𝐵( ®𝑥𝑛) |𝑘⟩|2 Im[𝜒m(𝜔𝑙𝑘)]

𝜇0𝜇r
𝑓 (𝑇 ). (1.70)

The same assumption that led to the expression Eq. (1.64) for the total depolarization rate
can be applied in the magnetic case here, yielding

𝛤 ind
1,𝑘→𝑙

=
2
ℏ

(∫
|⟨𝑙 | ®̂𝐵( ®𝑥) |𝑘⟩|2 d3𝑥

)
tan(𝛿L(𝜔𝑙𝑘))

𝜇0
𝑓 (𝑇 ). (1.71)

14 This assumption is made for simplicity in the case of grAl-based inductors. For JJA-based inductors, a
frequency dependence tan𝛿L (𝜔) ∝ 𝐾0 (ℏ𝜔/2𝑘B𝑇 ) · sinh(ℏ𝜔/2𝑘B𝑇 ) is expected if inductive loss arises from
quasiparticle tunneling in the JJs [164] (𝐾0 (𝑥) is the modified Bessel function of 2nd kind and order 0.
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Figure 1.8: Modeling Purcell loss. The qubit is coupled to the resonator either capacitively by sharing
a capacitance 𝐶s or inductively by sharing an inductance 𝐿s. The resonator, in turn, is coupled either
capacitively via a coupling capacitance 𝐶c or inductively via a coupling inductance 𝐿c to the transmission
line, which is usually modeled as a (real) termination impedance 𝑍0.

The total magnetic energy𝑊m can be expressed either as the volume integral of the fields,
or in terms of the total flux 𝛷̂ = (𝛷0/2𝜋)𝜑 from the superinductor,

𝑊m =
1
2𝜇0𝜇r

∫
| ®̂𝐵( ®𝑥) |2d3𝑥 =

𝛷̂2

2𝐿 =
1
2𝐸L𝜑

2. (1.72)

Finally, the combination of Eq. (1.72) and Eq. (1.71) results in

𝛤 ind
1,𝑘→𝑙

=
2𝐸L
ℏ

|⟨𝑙 |𝜑 |𝑘⟩|2 tan(𝛿L) ×
{

coth (ℏ𝜔𝑙𝑘/2𝑘B𝑇 ) for a bosonic,
1 for a TLS

(1.73)

bath, respectively.15 This equation is equivalent to what is found in the pertinent super-
conducting qubit literature [163, 164, 171].

1.5.3 Purcell Loss

Spontaneous emission of the qubit via the coupled readout resonator or cavity is known
as Purcell effect [176]. In the present context, this so-called Purcell loss arises from a
capacitive or inductive coupling of the superconducting qubit to the resonator, which itself
is coupled capacitively or inductively to a lossy transmission line, as illustrated in Fig. 1.8.
Traditionally, to account for Purcell loss, the qubit is regarded to couple to a single-mode
resonator with linewidth 𝜅 [132]. The energy relaxation rate due to Purcell loss is then
related to the coupling strength 𝑔 and detuning 𝛥 = 𝜔q − 𝜔r between resonator and qubit
in the following way,

𝛤 P
1 = 2𝑔2 𝜅/2

(𝜅/2)2 + 𝛥2 ≈ 𝜅
( 𝑔
𝛥

)2
(1.74)

The last approximation in Eq. (1.74) is valid in the dispersive limit 𝛥 ≫ 𝜅. Later research
found that far-off resonant modes of the resonator also strongly affect 𝛤 P

1 [177], which can
be accounted for in a semi-classical multi-mode model. To find all relevant modes in the
circuit, this calculation can be complemented with a full 3D electromagnetic simulation of

15 As a minor remark, the approximation 𝜇r ≈ 1 was used for the final result of Eq. (1.73). This is justified
since only non-ferromagnetic materials are in the vicinity of the qubit, so 𝜇r − 1 is on the order of 10−5

(positive for paramagnetic substances, negative for diamagnetic) [168].
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the circuit, e.g. the black-box quantization technique [178, 179], which is also applicable
to couplings to other control lines.

An alternative approach to derive loss due to the Purcell effect comes from Koch et al. [37].
The idea is to regard qubit and resonator as a joint quantum system, as presented in
Section 1.3.4, which is then coupled via the resonator to the transmission line. The energy
relaxation rate is then estimated using Fermi’s golden rule by treating the interaction
Hamiltonian between resonator and transmission line as a small perturbation to the
joint quantum system. Starting from the original formulation in Ref. [37] until recent
derivations [171, 180], however, there are always two questionable underlying assumptions,
which will be addressed in the following on the basis of a semi-classical model.

1. The first assumption consists in the loss of information about the coupling scheme
between resonator and transmission line due to the chosen interaction Hamiltonian.

2. The second idea relates to the assumption of a constant linewidth 𝜅 = 𝜅 (𝜔r), indepen-
dent of the qubit frequency. The frequency-dependence must play a role, however,
as the transition occurs at the qubit frequency, which is generally different from the
resonator frequency, 𝜔q ≠ 𝜔r, such that the resonator linewidth should be evaluated
at 𝜔q.

After this discussion, an analogous derivation to Refs. [37, 171, 180] is traced out step
by step, including alternative approaches to the questionable assumptions. Finally, this
section concludes with a comparison of the predictions of both models for various coupling
scenarios.

Semi-Classical (SC) Model

The starting point of the semi-classical model is to suppose that the resonator in its ground
state is weakly coupled to the fluxonium in a superposition between an initial and final state,
that is, the resonator-fluxonium system can be described via the wavefunction |𝜓 (𝑡)⟩ =
( |𝜓f (𝑡)⟩ + |𝜓i(𝑡)⟩)/

√
2 = ( |0, 𝑛q,𝑓 ⟩𝑒−𝑖𝜔f𝑡 + |0, 𝑛q,𝑖⟩𝑒−𝑖𝜔i𝑡 )/√2. This means, half a photon

with energy ℏ𝜔fi circulates in the system, where 𝜔fi = 𝜔f − 𝜔i is the transition frequency.
Due to the weak coupling, the system remains in the linear-response regime and the
resonator behaves as if it were weakly displaced, exhibiting a small coherent oscillation in
its expectation values at frequency𝜔fi. Then, the expectation value of the oscillating charge
⟨𝑄̂r(𝑡)⟩ = 2𝑒𝑛zpf,r⟨𝜓 (𝑡) |𝑖 (𝑎r − 𝑎†r ) |𝜓 (𝑡)⟩ ≡ 𝑄̃r cos(𝜔fi𝑡) (for capacitive coupling (Fig. 1.9A))
as well as the flux ⟨𝛷̂r(𝑡)⟩ = (𝛷0/2𝜋)𝜑zpf,r⟨𝜓 (𝑡) |𝑎r + 𝑎†r |𝜓 (𝑡)⟩ ≡ 𝛷̃r sin(𝜔fi𝑡) (for inductive
coupling (Fig. 1.9B)) in the resonator are calculated. The matrix elements appearing
in the amplitudes 𝑄̃r = 2𝑒𝑛zpf,r⟨𝜓f |𝑖 (𝑎r − 𝑎†r ) |𝜓i⟩ and 𝛷̃r = (𝛷0/2𝜋)𝜑zpf,r⟨𝜓f |𝑎r + 𝑎†r |𝜓i⟩
of charge and flux, respectively, are obtained numerically after diagonalization of the
coupled resonator-fluxonium Hamiltonian, as described in Section 1.3.4. Constant (DC)
contributions to the expectation values, arising from diagonal matrix elements, do not
contribute to dissipation and were therefore omitted. 𝑎†r (𝑎r) is the creation (annihilation)
operator of the bare resonator. The matrix elements are evaluated between the dressed
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capacitive coupling to transmission line

qubit

inductive coupling to transmission line

qubit

Figure 1.9: Semi-classicalmodel. Electrical circuit diagram of the qubit-resonator systemwith the resonator
coupled (A) capacitively and (B) inductively to the transmission line.

eigenstates of the coupled resonator–fluxonium system. The zero-point fluctuations 𝑛zpf,r
and 𝜑zpf,r are given by Eq. (1.29), involving the resonator impedance 𝑍r =

√︁
𝐿r/𝐶r.

The dissipation can now be computed by evaluating the time-averaged active power
𝑃 = Re[𝑉̃r𝐼r]/2 from the voltage amplitude 𝑉̃r = 𝑄̃r/𝐶r (or current amplitude 𝐼r = 𝛷̃r/𝐿r)
and the termination admittance 𝑌 (𝜔fi) (or impedance 𝑍 (𝜔fi)) evaluated at the transition
frequency. Finally, the transition rate 𝛤 P

i→f = 𝑃/(ℏ𝜔fi/2) due to Purcell loss is determined
for both capacitive and inductive coupling scenarios, which are presented in the following
side by side due to their analogy.

capacitive coupling inductive coupling

𝑌 (𝜔) = 𝑗𝜔 (𝐶r −𝐶c) +
(

1
𝑗𝜔𝐶c

+ 1
𝑌0

)−1
𝑍 (𝜔) = 𝑗𝜔 (𝐿r−𝐿c) +

(
1

𝑗𝜔𝐿c
+ 1
𝑍0

)−1
(1.75)

𝑃 = 𝑉̃ 2
r Re [𝑌 (𝜔fi)] /2

=
𝑄̃2

r
2𝐶2

r

𝑌0

1 + 𝑌 2
0 /𝜔2

fi𝐶
2
c

𝑃 = 𝐼 2
r Re [𝑍 (𝜔fi)] /2

=
𝛷̃2

r
2𝐿2

r

𝑍0

1 + 𝑍 2
0/𝜔2

fi𝐿
2
c

(1.76)

𝛤 P
i→f = |⟨𝜓f |𝑎r − 𝑎†r |𝜓i⟩|2

× 𝜔fi
2
𝑍0
𝑍r

(
𝐶c
𝐶r

)2 (
1 + 𝜔2

fi𝐶
2
c𝑍

2
0
)−1︸                                ︷︷                                ︸

𝜅 (𝜔fi)

𝛤 P
i→f = |⟨𝜓f |𝑎r + 𝑎†r |𝜓i⟩|2

× 𝜔fi
2
𝑍r
𝑍0

(
𝐿c
𝐿r

)2
(
1 + 𝜔2

fi𝐿
2
c

𝑍 2
0

)−1

︸                             ︷︷                             ︸
𝜅 (𝜔fi)

(1.77)

for weak coupling (𝜔fi𝐶c ≪ 1/𝑍0):

𝜅 (𝜔fi) ≈
𝜔fi
2
𝑍0
𝑍𝑟

(
𝐶c
𝐶r

)2

for weak coupling (𝜔fi𝐿c ≪ 𝑍0):

𝜅 (𝜔fi) ≈
𝜔fi
2
𝑍r
𝑍0

(
𝐿c
𝐿r

)2
(1.78)

Both, for capacitive and inductive coupling between the resonator and the transmission
line, Eq. (1.77) applies only to a bath at zero temperature, 𝑇 = 0, where only spontaneous
emission is present. At finite temperatures,𝑇 > 0, since the environment is bosonic, photon
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absorption and stimulated emission by the system have to be added. These processes are
accounted for by multiplying the relaxation rates in Eq. (1.77) with the familiar factor
coth (ℏ𝜔/2𝑘B𝑇 ), that was already encountered for dielectric and inductive loss in the
previous sections. In contrast, for a lossy TLS bath no temperature dependence has to be
added, since spontaneous, stimulated emission and absorption counterbalance.

Fermi’s Golden Rule / Open Quantum System (OQS) Model

This part retraces the historical derivation of Purcell loss from Refs. [37, 171, 180] step
by step and provides two proposals for improvement, based on the results of the SC
model discussed in the previous part. The derivation starts with the full Hamiltonian 𝐻̂ of
the resonator-qubit system (S) that is coupled via the resonator to the transmission line
modeled as an infinite set of bosonic modes,

𝐻̂ =
∑︁
𝑘

𝐸S
𝑘
|𝜓 S
𝑘
⟩⟨𝜓 S

𝑘
|︸            ︷︷            ︸

𝐻̂S

+
∑︁
𝑘

ℏ𝜔𝑘𝑏†𝑘𝑏𝑘︸         ︷︷         ︸
𝐻̂B

+
∑︁
𝑘

ℏ𝜆𝑘
[
𝑎r𝑏

†
𝑘
+ 𝑎†r𝑏𝑘

]
︸                     ︷︷                     ︸

𝐻̂I

,

(1.79)

where 𝑎†r (𝑎r) is the creation (annihilation) operator of the bare resonator, and 𝑏†
𝑘
(𝑏𝑘 ) is

the creation (annihilation) operator of the 𝑘-th bosonic mode. |𝜓 S
𝑘
⟩ and 𝐸S

𝑘
represent the

eigenstates and corresponding eigenenergies of the resonator-qubit system, respectively.
As indicated by the braces, the full Hamiltonian in Eq. (1.79) is conceptually equal to the
Hamiltonian of an open quantum system, see Eq. (1.45) for reference, which consists of a
system part 𝐻̂S, a bath part 𝐻̂B and an interaction Hamiltonian 𝐻̂I describing the coupling
between the two. In principle, the microscopic derivation of the BMS master equation, as
introduced in Section 1.4.3, could be continued at this point, and the energy relaxation
rate subsequently determined according to Eq. (1.58). For completeness, however, it is
followed the historical derivation of Refs. [37, 171, 180], which directly relies on the use of
Fermi’s golden rule.

But before proceeding, the interaction Hamiltonian 𝐻̂I in Eq. (1.79) is examined closer
to address the first questionable assumption. It can be observed that while 𝐻̂I = 𝐻̂

†
I

is Hermitian as a whole, it cannot be diagonally decomposed into system operators
𝐴𝛼 = 𝐴

†
𝛼 and bath operators 𝐵̂𝛼 = 𝐵̂

†
𝛼 , each of which are Hermitian individually. This,

however, was one of the fundamental assumptions for the Lindblad master equation in
Section 1.4.2. Furthermore, it is not immediately clear, whether 𝐻̂I represents an inductive
or a capacitive coupling between the resonator and the transmission line. For this reason,
a more generalized treatment of the coupling is proposed in the following. The proposal is
that the coupling is rather provided by the charge number operators 𝑛̂r ∝ 𝑖 (𝑎r − 𝑎†r ) (and
𝑛̂𝑘 ∝ 𝑖 (𝑏𝑘 − 𝑏†𝑘)) or the phase operators 𝜑r ∝ 𝑎r + 𝑎†r (and 𝜑𝑘 ∝ 𝑏𝑘 + 𝑏†𝑘 ) for the resonator
(and the 𝑘-th bath mode), since they fulfill the condition of being Hermitian, and they
give an intuitive understanding of the coupling scheme. Starting from this premise, the
interaction Hamiltonian in Eq. (1.79) would then become

𝐻̂I =
∑︁
𝑘

ℏ𝜆𝑘 (𝑎†r ± 𝑎r) (𝑏†𝑘 ± 𝑏𝑘), (1.80)
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where positive (negative) signs in the interaction Hamiltonian correspond to inductive
(capacitive) coupling between the resonator-qubit system and the transmission line.

Continuing at this point with the historical derivation of Refs. [37, 171, 180], the reader is
referred to Appendix B, since the complete derivation of Purcell loss is rather lengthy and
contains many mathematical details in its individual steps. Instead, only the main ideas
are briefly sketched in the following. The derivation starts by treating the interaction
Hamiltonian as a perturbation to the unperturbed Hamiltonian of system plus bath. Fermi’s
golden rule then provides an expression for the transition rate𝛾i→f from an initial eigenstate
|𝜓i⟩ to a final eigenstate |𝜓f⟩ of the unperturbed Hamiltonian 𝐻̂S + 𝐻̂B (with eigenenergies
𝐸i and 𝐸f , respectively), given by

𝛾i→f =
2𝜋
ℏ
𝛿 (𝐸i − 𝐸f ) |⟨𝜓f |𝐻̂I |𝜓i⟩|2. (1.81)

Subsequent tracing out of the bath and weighing of initial states by their probability of
being thermally populated, yields the total transition rate 𝛤i→f . Now follows the significant
step that is potentially an oversimplification of the situation. By taking the continuum limit,
the bath density of states and the coupling strength is reduced to a resonator linewidth
𝜅. As a result of the first Markov approximation [181], the linewidth is then assumed to
be independent of frequency, which is a valid approximation when a sole resonator is
coupled to a transmission line, since the bath modes interact with the system only weakly
and in the close vicinity of the resonance frequency (typically 𝜅 ≪ 𝜔r). However, as was
argued in the previous part, the frequency-dependence must play a role, as the transition
occurs at the qubit frequency 𝜔q ≠ 𝜔r.

For now, however, the above derivation assuming a constant linewidth 𝜅 is continued, in
order to present a comparison between the two models later on. The remaining steps are
carried out in Appendix B and focus on a detailed treatment of the dressed eigenstates
|𝑛r, 𝑛q⟩ of the resonator-qubit system, as introduced in Section 1.3.4. Here, simply the final
result for the total relaxation rate from initially having 𝑛q,i photons in the qubit to finally
𝑛q,f photons due to Purcell loss is stated,

𝛤 P
1,𝑛q,i→𝑛q,f

=
∑︁
𝑛r,f

𝜅 |⟨𝑛r,f , 𝑛q,f |𝑎†r ± 𝑎r |0, 𝑛q,i⟩|2 coth
(
ℏ𝜔fi
2𝑘B𝑇

)
. (1.82)

At this point, it is important to note that 𝜅 should–as was semi-classically motivated in the
previous section–actually be evaluated at the qubit transition frequency𝜔fi, which depends
on the quantum numbers appearing in Eq. (1.82), rather than at the resonator frequency,
as done in the historical derivation [37, 171, 180]. In principle, Eq. (1.82) represents a
powerful equation, which also takes into account crossings with other levels, such as the
case when the first excited qubit state 𝑛q = 1 has an avoided level crossing with the second
excited resonator state 𝑛r = 2 (as for sample 3 in Chapter 2).

Comparison of the Two Models

In this section, both the semi-classical (SC) and the open quantum system (OQS) models
are applied to all four coupling combinations in Fig. 1.8 due to the two types of couplings
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Figure 1.10: Purcell model comparison. Purcell loss following Eq. (1.82) for the open quantum system
(OQS) model and Eq. (1.77) for the semi-classical (SC) model, calculated for the four different combinations
of qubit-resonator (QR) coupling and resonator-to-transmission line (TL) coupling. For the OQS model two
versions are shown, as explained in the text.

(inductive and capacitive) at two different locations (qubit-resonator coupling (QR) and
resonator coupling to transmission line (TL)):

• QR: inductive, TL: inductive (Fig. 1.10A),

• QR: capacitive, TL: inductive (Fig. 1.10B),

• QR: inductive, TL: capacitive (Fig. 1.10C),

• QR: capacitive, TL: capacitive (Fig. 1.10D).

In Fig. 1.10, in total three different ways of calculating Purcell loss are shown as a function
of the external magnetic flux bias in the fluxonium:

• SC: the prediction of the semi-classical model according to Eq. (1.77),

• OQS1: the prediction of the open quantum system model according to Eq. (1.82),
which assumes a constant 𝜅 = 𝜅 (𝜔r), and which is based on the charge or flux
operators as coupling operators,

• OQS2: the prediction of the open quantum system model based on the historical
derivation in Refs. [37, 171, 180], i.e., without adaptation of the interaction Hamilto-
nian, and with constant 𝜅 = 𝜅 (𝜔r).

For the inductively coupled resonator-qubit systems in Fig. 1.10A and C, the same param-
eters as in Fig. 1.6 are chosen. For the capacitively coupled resonator-qubit systems in
Fig. 1.10B and D, the shared capacitance 𝐶s = 0.83 fF is chosen such that the dispersive
shift (Eq. (1.39)) matches the one of the inductively coupled resonator-qubit system. In this
way, the energy spectra of all four systems coincide. For the OQS models, the constant
resonator linewidth 𝜅 is chosen to be of similar value as experimentally measured (cf.
Section 2.5). For the SC model, a coupling inductance 𝐿c = 0.20 nH in Fig. 1.10A and B
and a coupling capacitance 𝐶c = 6.5 fF in Fig. 1.10C and D, respectively, are chosen such
that the Purcell loss coincides with the OQS models in the vicinity of the avoided level
crossing between the first resonator and fluxonium transition at𝛷ext ≈ 0.28𝛷0 for both
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resonator coupling types to the transmission line. For all four coupling combinations, a
bosonic bath at zero temperature, 𝑇 = 0, is assumed, such that the shown rates in Fig. 1.10
correspond only to spontaneous emission.

The following observations can be made:

• The choice of the interaction Hamiltonian in the OCS models results in a difference
of the predicted Purcell loss for all four combinations. This fact has implications on
a recent work on a grAl fluxonium [125] with inductive QR-coupling and capacitive
TL-coupling. There, a slight increase in 𝛤1 around half-flux was attributed to Purcell
loss, that was estimated with the original OQS2 Purcell loss model. The OQS1 or SC
model would, however, predict more than an order of magnitude smaller 𝛤1 values
at the lowest frequencies around half-flux, similar to Fig. 1.10C. An alternative way
to explain the measured energy relaxation in Ref. [125] would consist in assigning
the observed peak in 𝛤1 to inductive losses, as for the resonator-fluxonium devices
in Section 2.5.

• Themain difference between the SC and OCS1 models is for all four combinations that
the SC model predicts a factor 𝜔q/𝜔r smaller (larger) energy relaxation rates when
the qubit frequency 𝜔q is below (above) the resonator frequency 𝜔r. This behavior is
expected when comparing the frequency-dependent linewidths 𝜅 (𝜔) in Eq. (1.78)
with a constant linewidth 𝜅 = 𝜅 (𝜔r). The difference becomes the largest for the
present resonator-fluxonium parameters at the low qubit frequencies around the half-
flux sweet spot𝛷ext = 0.5𝛷0. For the three low-frequency fluxoniums investigated in
Chapter 2, however, Purcell loss is not a limiting factor, even when applying the OQS
model together with the temperature-dependent coth-factor. Studying samples in the
future that are intentionally Purcell-limited at low frequencies would be interesting
to clarify which model for Purcell loss is applicable.

• Another very interesting feature is that the type of coupling to the transmission line
seems to play a crucial role for the Purcell loss of the fluxonium qubit. While basically
no difference between inductively and capacitively coupled resonator-fluxoniums
is observed when the resonator is coupled capacitively to the transmission line
(Fig. 1.10C and D), there is a huge impact when the resonator is coupled inductively
to the transmission line (Fig. 1.10A and B), where it leads to a striking difference
in Purcell loss of about five orders of magnitude at 𝛷ext = 0.5𝛷0 for the semi-
classical model! Fluxonium qubits that might be Purcell-limited in the future due
to specific coupling choices could benefit from implementing a capacitive qubit-
resonator coupling in combination with an inductive coupling of the resonator to
the transmission line. This approach could represent an alternative pathway to the
current efforts in Purcell filtering.
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1.5.4 Other Loss Mechanisms

In this section, a few other loss mechanisms known to lead to qubit dissipation are briefly
presented. For the fluxonium qubits investigated in this thesis, however, these are not
found to be the limiting factor.

Flux Noise from a Coupled Control Line

The qubit can also dissipate energy due to the coupling to its control lines. Relevant for
the present work is the fast-flux line (see Section 2.1) which is inductively coupled to the
fluxonium loop via a mutual inductance 𝑀 . In this way, current noise with a spectral
density 𝑆𝐼 (𝜔) will be translated into flux noise in the fluxonium loop with a spectral density
𝑆𝛷 (𝜔) =𝑀2𝑆𝐼 (𝜔). In the following, simply the result of Refs. [37, 182] is restated,

𝛤M
1,𝑘→𝑙

=
𝜔𝑙𝑘

𝜋

(
𝑅Q

𝑅

) (
𝑀

𝐿

)2
|⟨𝑙 |𝜑 |𝑘⟩|2 coth

(
ℏ𝜔𝑙𝑘
2𝑘B𝑇

)
, (1.83)

with the resistance quantum 𝑅Q, as introduced in Section 1.3.1. For Eq. (1.83), the simplest
case of an ohmic termination with resistance 𝑅 of the closest attenuator in an unfiltered
control line was considered.16 In contrast to Ref. [182], Eq. (1.83) contains a slight adapta-
tion of the temperature factor, since the relaxation rate 𝛤1 is expected to be proportional
to the symmetric noise spectral density S𝛷 (𝜔) + S𝛷 (−𝜔), which in turn is proportional to
coth (ℏ𝜔𝑙𝑘/2𝑘B𝑇 ) for a bosonic noise source, as discussed in the previous sections.

1/𝑓 Flux Noise

Another source for decoherence inherent to solid-state devices is 1/𝑓 flux noise which is
attributed to emerge from surface defects on the substrate [174, 183–186]. 1/𝑓 flux noise
possesses a flux noise spectral density of S𝛷 (𝜔) =A2

𝛷
/|𝜔 |. The flux noise amplitude A𝛷

is typically found in a range from 1 to 40 µΦ0 in flux-sensitive devices over a broad range
of frequencies from millihertz to gigahertz [174, 187–192]. At finite temperatures, the
positive and negative frequency components of spectral densities are related by detailed
balance,S𝛷 (−𝜔)/S𝛷 (+𝜔) = exp(−ℏ𝜔/𝑘B𝑇 ). With Eq. (1.58) and the corresponding matrix
element one then finds for the relaxation rate associated with 1/𝑓 flux noise [165, 175]

𝛤
1/𝑓
1,𝑘→𝑙

= (2𝜋)4(𝐸L/ℎ)2 (A𝛷/𝛷0)2

𝜔𝑙𝑘
|⟨𝑙 |𝜑 |𝑘⟩|2

(
1 + 𝑒−ℏ𝜔𝑙𝑘/𝑘B𝑇

)
. (1.84)

A side-by-side comparison of the prefactors for inductive loss in Eq. (1.73) and loss due to
1/𝑓 flux noise in Eq. (1.84) with a flux noise amplitude A𝛷 = 40 µΦ0 extracted from the
echo experiments in Section 3.2.1 yields for sample 3, which also has the largest value of
𝐸L (cf. Table 3.1), that loss due to 1/𝑓 flux noise is approximately a factor 10 smaller than
inductive loss, such that it can safely be neglected.

16 Qubit dissipation caused by control lines can also be suppressed by adding elements such as low-pass
filters [182], leading to a more complex expression for the termination admittance.
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1.5 Qubit Decoherence

Non-Equilibrium Quasiparticles

Another loss channel for superconducting qubits is tunneling of non-equilibrium quasi-
particles through a resistive Josephson junction [193, 194]. The relaxation rate due to
quasiparticle tunneling is then given by

𝛤
qp
1,𝑘→𝑙

= 16𝑥qp(𝐸L/ℎ)
√︂

2𝛥0
ℏ𝜔𝑙𝑘

�����〈𝑙 ���� sin
(
𝜑

2

) ����𝑘〉�����2 coth
(
ℏ𝜔𝑙𝑘
2𝑘B𝑇

)
. (1.85)

This equation is valid under the assumption that the characteristic quasiparticle energy is
small compared to the gap energy 𝛥0 and the transition energy, ℏ𝜔𝑙𝑘 , respectively [163,
194]. The quasiparticle density is denoted with 𝑥qp. For a commonly used superconductor,
such as aluminum with a superconducting gap of 𝛥0 = 1.76𝑘B𝑇c ≈ 210 µeV (Eq. (1.10)),
a negligibly small quasiparticle density of 𝑥 th

qp =
√︁

2𝜋𝑘B𝑇 /𝛥0 exp (−𝛥0/𝑘B𝑇 ) ∼ 10−54

would be expected in thermal equilibrium at a typical dilution stage temperature of
𝑇 = 20 mK [195]. However, even at these very low temperatures, unexpectedly high levels
of 𝑥qp ∼ 10−6 are observed in a large variety of devices [123, 163, 193, 196–204], which is
attributed to non-equilibrium quasiparticles generated in rare events. Such events happen
when cosmic rays or local radioactivity penetrate the qubit chip and potentially generate
a phonon shockwave, which is able to break Cooper pairs in the superconductor [202,
205–207].

Abatement strategies to protect from non-equilibrium quasiparticles exist in shielding from
the incoming radiation in a deep-underground lead-shielded cryostat [206], adding normal
metal sinks in galvanic contact to the superconducting circuits, that act as quasiparticle
traps [208], or integrating phonon traps on the sample chip [205]. Phonon traps can be
realized either in the form of neighboring superconducting islands with a lower spectral
gap than of the superconductor used in the circuit [202, 209, 210], or via a neighboring
normal metal plane, as theoretically described in [207]. The latter was also one of the
reasons for the integration of a normal metal ground plane in the sample design presented
in Section 2.1.

1.5.5 Pure Dephasing

Longitudinal noise sources lead to random fluctuations of the qubit frequency. Such
fluctuations result over time in a random phase accumulation of a qubit’s superposition
state, which is commonly referred to as pure dephasing. There are multiple possible sources
in the environment of a qubit that can lead to qubit dephasing. In contrast to energy
relaxation, pure dephasing is reversible by dynamically decoupling the qubit from its
environment with coherent pulse sequences [189]. Notable examples for such sequences
typically originate from the neighboring field of nuclear magnetic resonance, such as
the Hahn spin-echo [211] or the Carr-Purcell-Meiboom-Gill (CPMG) [212, 213] pulse
sequence. Empirically, most noise channels leading to pure dephasing possess a noise
spectral density with a 1/𝑓 dependence, given by S𝐵 (𝜔) =A2

𝐵
/|𝜔 |, where A𝐵 describes
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the noise amplitude associated with the noisy variable 𝐵̂ of the bath. Since the 1/𝑓 noise
spectral density falls off much faster compared to typical inverse measurement times 1/𝑡 ,
the phase decay function has a Gaussian envelope 𝑒−(𝛤𝜑𝑡)2 with a pure dephasing rate
given by [214, 215]

𝛤𝜑 =A𝐵𝜂

�����𝜕𝜔q

𝜕𝐵

�����, (1.86)

in which 𝜂 denotes a numerical factor due to the filtering of the applied pulse sequence.
In the case of free induction (Ramsey experiment), one finds 𝜂R =

√︁
1/ln(𝜔ir𝑡), where 𝜔ir

defines an infrared cut-off frequency. For an echo sequence, it is 𝜂E =
√

ln 2 [192].

Common 1/𝑓 noise channels are flux noise, critical current noise and charge noise, which
will all be presented briefly in the following. In the end, with photon shot noise one
notable exception from 1/𝑓 -like noise is presented, which is of particular interest for the
experiments presented in Chapter 3.

Flux Noise

The same flux noise that led to dissipation in Section 1.5.4 can also cause pure dephasing
of the qubit. The origin of this type of noise is still somewhat debated, but research hints
more and more to surface spins [174, 183–186]. The flux noise amplitude A𝛷 is typically
found in a range from 1 to 40 µΦ0 in flux-sensitive devices over a broad range of frequencies
from millihertz to gigahertz [174, 187–192]. For the fluxonium qubits in the present work,
this is the dominating source of dephasing except for in vicinity of the flux sweet spots,
where it is to first-order suppressed.

Critical Current Noise

Fluctuations of the Josephson energy 𝐸J = ℏ𝐼c/(2𝑒) of superconducting qubits stem from
critical current noise in the integrated Josephson junctions. The predominant microscopic
model for the origin of this noise are trapped charges that inhibit tunneling through a
section of the junction due to Coulomb repulsion, thereby effectively altering the junction
area [216]. The critical current noise amplitude is empirically found to follow A𝐼c ≈
12 pA× (𝐼c/µA)/(𝐴/µm2) × (𝑇 /4.2K) which reduces for typical junction areas in this work
and at a temperature 𝑇 = 20mK to A𝐼c ≈ 2 × 10−7 𝐼c. Away from the flux sweet spots, this
leads to at least an order of magnitude smaller dephasing rates than flux noise. At the
flux sweet spots, however, it could play a minor role for the dephasing rate, besides the
photon shot noise-induced dephasing. For an order of magnitude estimate, the following
is assumed: A crude approximation for the qubit frequency at half-flux is given by the
phase slip rate [217], 𝑓01(𝛷 = 𝛷0/2) = 4/√𝜋 (𝐸3

J𝐸C)1/4 exp(−8
√︁
𝐸J/𝐸C). Nonetheless, for

sufficiently large 𝐸J/𝐸C ratios, it can be assumed that the exponential factor is dominating
the behavior of 𝑓01, such that its sensitivity with respect to 𝐸J is |𝜕𝑓01/𝜕𝐸J | ≈ 4𝑓01/𝐸J

√︁
𝐸J/𝐸C.
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1.5 Qubit Decoherence

Thus, Eq. (1.86) yields the following expression for pure dephasing rate due to critical
current noise

𝛤𝜑 = 𝜂A𝐼c

�����𝜕𝜔01
𝜕𝐼c

����� = (A𝐼c/𝐼c) × 4𝜂 𝜔01

√︄
𝐸J
𝐸C
. (1.87)

For the low-frequency fluxonium qubits investigated in Section 2.5, this value would be
on the order of 1 kHz or less. It is therefore negligible compared to the dephasing rates
found experimentally in Section 3.3, rendering their attribution to photon shot noise a
valid hypothesis.

Charge Noise

Another noise source with 1/𝑓 -like spectral density is due to fluctuations of the offset
charge on the superconducting islands of a circuit, called charge noise, originating from
fluctuating electrical potentials in the vicinity of the superconducting qubit. As already
the transmon qubit was described to have a reduced sensitivity to charge noise [218],
compared to the Cooper-pair box, it should not be of importance for the fluxonium at all,
which is protected against charge fluctuations due to the large superinductor connecting
the island node to ground.

Photon Shot Noise-Induced Dephasing

The discussion in Section 1.3.4 showed that the dispersive coupling of the qubit to a readout
resonator or a cavity leads to a dispersive shift of the qubit frequency, depending on the
number 𝑛r of photons in the resonator (cf. Eq. (1.37)),

𝜔q,𝑛r = 𝜔q,0 + 2𝜒𝑛r = 𝜔q,0 + 𝜒ge𝑛r, (1.88)

which is known as the AC Stark shift. In practice, however, preparing a resonator in
a pure Fock state |𝑛r⟩ is difficult [219]. Usually the resonator is situated in a coherent
state |𝛼⟩, which implies that the Fock states |𝑛⟩ are Poisson distributed, 𝑃 (𝑛) = |⟨𝑛 |𝛼⟩|2 =
(𝑛𝑛𝛼/𝑛!) exp(−𝑛𝛼 ), where 𝑛𝛼 is the average photon number of this coherent state. The
standard deviation of its photon number is found to be 𝜎𝑛 =

√
𝑛𝛼 . The distributions of qubit

frequencies for different values of 𝑛𝛼 are depicted in Fig. 1.11. In the case that individual
photon numbers can not be resolved, that is the dispersive shift is much smaller than
the qubit decoherence time, 𝜒ge ≪ 𝛤2, the distribution has a Gaussian line shape [220]
with standard deviation 𝜎 ∝ √

𝑛𝛼 for large 𝑛𝛼 , essentially corresponding to a classical
state.17 In this context, one can also speak of coherent state photon shot noise [192], since
all the noise is due to a coherent quantum state of the resonator. However, even in the
absence of a readout drive, the distribution of measured qubit frequencies possesses a
finite linewidth of almost Lorentzian shape. The Lorentzian part is due to the resonator’s

17 In the opposite case, 𝜒ge ≫ 𝛤2, individual qubit transitions are observed for each occupied Fock state,
which is also known as ‘number splitting’ [220, 221].
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Figure 1.11: Broadening of qubit frequency. (A) Probability 𝑃 (𝜔q,𝑛̄) d𝜔q,𝑛̄ to detect the qubit frequency
𝜔q,𝑛̄ within a frequency interval d𝜔q,𝑛̄ as a function of the average photon number 𝑛𝛼 , which comes from
the dispersively coupled resonator being prepared in a coherent state |𝛼⟩, and the normalized frequency 𝜔 .
This representation of the AC Stark effect is similar to typical experiments, where the probability density
is encoded in measurable quantities like the resonator phase shift [220]. The expectation value for 𝜔q,𝑛̄
follows the prediction of Eq. (1.88) with 𝑛r = 𝑛𝛼 (dotted line). (B) Vertical line cuts of panel A (indicated
by the arrows) for average photon numbers 𝑛𝛼 = 0.01, 1, and 10, normalized such that the distribution
peaks at a value of 1. The distribution of qubit frequencies approaches a Lorentzian line shape for 𝑛𝛼 → 0,
limited mostly by the resonator’s natural linewidth, and transforms into a Gaussian line shape with standard
deviation 𝜎 ∝ √

𝑛𝛼 for large 𝑛𝛼 .

natural linewidth 𝜅. In practice, however, there is always a small Gaussian contribution
due to an unavoidable residual resonator photon population 𝑛th. For the latter, the term
thermal photon shot noise is used to differentiate from the above quantum version due to a
coherent state. For arbitrarily strong readout drives, the distribution of qubit frequencies
generally follows the line shape of a Voigt profile, which is a convolution of a Lorentzian
and a Gaussian line distribution. To account for both types of photon shot noise, the total
average photon number in a resonator can be written as the sum of the thermal photon
number and the additional photon number due to a coherent drive,

𝑛 = 𝑛th + 𝑛𝛼 . (1.89)

As pointed out in the beginning of Section 1.5.5, fluctuations in the qubit frequency
directly translate into pure dephasing of the qubit. Pure dephasing that arises due to a
fluctuating photon number of the resonator is coined under the term photon shot noise-
induced dephasing. If the fluctuating photon number is due to a coherent drive of the
resonator, the term measurement-induced dephasing is used.

Photon shot noise can also be described with a Lorentzian noise spectral density, S(𝜔) ∝
2𝜅/(𝜔2 + 𝜅2), which falls off much faster than the typical inverse measurement time
1/𝑡 = O(𝛤𝑛) that is on the order of the photon shot noise induced dephasing rate 𝛤𝑛. In
this limiting case, the phase decay function has an exponential envelope, 𝑒−𝛤𝑛̄𝑡 [214, 215].
However, deriving 𝛤𝑛 for an arbitrary photon number 𝑛 proves to be somewhat more
complicated. For this reason, simply the results of the derivation in Refs. [222, 223] are
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1.5 Qubit Decoherence

Figure 1.12: Photon shot noise in the resonator affects the qubit. Eq. (1.90) is used to calculate the photon
shot noise-induced dephasing rate 𝛤𝑛̄ (light-blue) and qubit frequency shift 𝛥𝜔q,𝑛̄ (dark-blue), normalized
to the harmonic mean √

𝜅𝜒ge of resonator linewidth and dispersive shift, for (A) 𝜒ge/𝜅 = 10 (B) 𝜒ge/𝜅 = 1
(C) 𝜒ge/𝜅 = 1/10. In panel B, the dashed lines represent the predictions Eq. (1.91) for small photon numbers,
and Eq. (1.92) for large photon numbers, respectively.

recited, which yield a common expression for 𝛤𝑛 and also a qubit frequency shift 𝛥𝜔q as
follows,

𝛤𝑛 + 𝑖𝛥𝜔q =
𝜅

2
©­«
√︄(

1 + 𝑖 𝜒ge

𝜅

)2
+ 4𝑖 𝜒ge

𝜅
𝑛 − 1ª®¬ . (1.90)

The frequency shift 𝛥𝜔q = 𝛥𝜔q,𝑛 + 𝛥𝜔q,0 consists of a photon number-dependent AC
Stark shift 𝛥𝜔q,𝑛 and the Lamb shift 𝛥𝜔q,0 = 𝜒ge/2. In the regime of small photon numbers
𝑛 ≪ 0.1 holds the approximation

𝛤𝑛 + 𝑖𝛥𝜔q,𝑛 =
𝜅𝜒ge

𝜅2 + 𝜒2
ge
(𝜒ge + 𝑖𝜅)𝑛. (1.91)

In the case 𝜒ge = 𝜅, the even more compact expression 𝛤𝑛 = 𝛥𝜔q,𝑛 = 𝜅𝑛/2 is found.
Conversely, in the limit of large photon numbers, 𝑛 ≫ max(𝜒ge/𝜅, 𝜅/𝜒ge), one can approx-
imate

𝛤𝑛 = 𝛥𝜔q,𝑛 =

√︂
𝜅𝜒ge𝑛

2 . (1.92)

In Fig. 1.12, Eq. (1.90) is evaluated for three different ratios 𝜒ge/𝜅. In the case when
resonator linewidth and dispersive shift are balanced, 𝜒ge = 𝜅, Eq. (1.90) predicts that
rate and shift are equal for an arbitrary photon number, 𝛤𝑛 = 𝛥𝜔q,𝑛 = (𝜅/2) (√1 + 2𝑛 − 1)
(Fig. 1.12B). In the unbalanced case 𝜒ge > 𝜅 (or 𝜒ge < 𝜅) shown in Fig. 1.12A (C), the
normalized rates 𝛤𝑛/√𝜅𝜒ge and shifts 𝛥𝜔q,𝑛/√𝜅𝜒ge are equal to the balanced case in the
high photon number limit, and they differ from it for small photon numbers. As predicted
from Eq. (1.91), both the dephasing rate and the frequency shift are linearly proportional
to 𝑛, and they differ only in a ratio 𝜒ge/𝜅.
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Figure 1.13: Microwave readout chain. Samples are typi-
cally cooled within a dilution refrigerator, which consists
of several temperature stages to subsequently shield from
hot thermal radiation. In order to drive a resonator-qubit
sample, anchored at the 20mK dilution stage, a microwave
input and output chain from 300K down to 20mK are in-
stalled inside the cryostat. Attenuators with attenuations
𝐴𝑖 , typically thermally anchored at the three lowest tem-
perature stages (20mK, 0.2 K and 4K), are inserted into the
input chain to sufficiently reduce the photon shot noise
coming from room temperature, as discussed in the text. In
order to create an at room temperature measurable signal
level, a readout signal traveling along the output chain is
amplified by a series of amplifiers.

1.5.6 Excess Photon Shot Noise from Microwave Chains

According to the Bose-Einstein statistic,𝑛B(𝑓 ,𝑇 ) = (exp(ℎ𝑓 /𝑘B𝑇 )−1)−1, and in the absence
of a readout drive, a residual photon population of 𝑛 = 𝑛th ∼ 10−8 would be expected for an
8GHz resonator in thermal equilibrium at 20mK. However, in experiments with resonators
in the gigahertz (GHz) regime, the residual 𝑛th is observed to be between 2 × 10−4 and
2 × 10−1 [9, 192, 223–229], orders of magnitude larger than the expected value. Research
over the past decade found evidence, that the excess thermal photons in the resonator
originate from heat loaded in attenuators or filters anchored at higher temperature stages,
transmitted via the microwave chains in form of blackbody radiation [225]. It is thus
crucial to ensure that new microwave input chains do not degrade qubit performance by
causing excessive thermal photon shot noise-induced dephasing.

In order to illustrate the concept of excessive thermal photon shot noise, a simplified
sketch of a typical microwave readout chain for a resonator-qubit sample is shown in
Fig. 1.13, containing only attenuators on the input side and amplifiers on the output side.
The attenuators in the input chain are necessary for reducing the blackbody radiation
coming from room temperature. An attenuator with attenuation 𝐴𝑖 > 0 effectively works
as a beamsplitter in the sense that it attenuates incoming noise by a factor 𝑎𝑖 = 10−𝐴𝑖/10 dB

and adds a 1−𝑎𝑖 fraction of blackbody radiation according to its temperature (cf. Fig. 3.12D
and Eq. (3.13)). In typical setups, the thermal excess photon shot noise reaching the sample
is wished to be below 10−3. For a resonator at 6 GHz, room-temperature blackbody
radiation reaching the resonator would result in photon shot noise on the order of 103

if no attenuation were to be inserted. To bridge the six orders of magnitude, 60 dB of
attenuation are therefore needed, optimally at the dilution stage for minimum added
noise. Unfortunately, practice throws a wrench into this plan. In order to control a single
qubit, Ref. [230] estimates an average power of −78 dBm, for which quantities such as
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the duty cycle or the shape of control pulses were factored in.18 To realize this signal
level at the sample with 60 dB of attenuation in the input chain, signals need to start at
room temperature on average with −18 dBm power, out of which essentially everything
(1 − 10−6 = 99.9999%) would be dissipated in the attenuator anchored on the dilution stage
in the above scenario. This corresponds to an average heating power of 16 µW, which
basically equals the available cooling power on the dilution stage of a customary dilution
refrigerator [231]. To keep the impact of the heating power at a minimal level, it should
be negligibly small compared to the available cooling power. This condition becomes even
more stringent when operating more than one qubit at the same time. Thus, in order to
reduce the heating power on the dilution stage, the total 60 dB of attenuation need to be
distributed onto different temperature stages. In Ref. [230], the authors provide an in-
depth analysis of various such distributions of the attenuators, and they conclude in what
corresponds in our case to 𝐴20mK = 𝐴0.2K = 𝐴4K = 20 dB. This choice is motivated by the
following considerations: At GHz frequencies, blackbody radiation remains in the linear
regime for temperatures 𝑇 > 1 K, such that 𝑛B ∝ 𝑇 . Therefore, the attenuation should
be chosen according to the temperature ratios between the different stages. Accordingly,
an attenuation of 20 dB on the 4 K stage is appropriate, as it reflects the temperature
ratio 300 K/4 K. The decision to prefer 𝐴20mK/0.2K/4K = 20/20/20 dB over 30/10/20 dB was
justified by reducing the heating power at the dilution stage by approximately a factor of
10, which might become relevant when targeting the control over systems with up to 100
qubits. Since in the present work only a handful of qubits are of interest at the same time,
the above constraint can be released a little bit, such that a total attenuation of 30 dB or
even 40 dB becomes feasible at 20mK. Any additional attenuation due to cable sections
in-between the temperature stages then only complies with a reduction of blackbody
radiation from higher temperature stages, without leading to harmfully hot input chains.
For completeness, it is mentioned that there are also other types of microwave chains,
such as flux lines, pump lines or output lines. For a critical discussion of their design
considerations, the reader is referred again to Ref. [230].

So far, only the ubiquitous photon shot noise in the absence of input signals, which is
typically referred to as passive heat load, has been discussed. However, the heating power
due to the attenuation of input signals in principle also results in a temperature increase of
the attenuators, accompanied by an increase of photon shot noise. This additional amount
is commonly called active heat load, which will be discussed extensively in Chapter 3.

In the end, the other half of the microwave chain, the output side, as depicted in Fig. 1.13,
shall be briefly discussed. After their interaction with the sample, readout signals used
to infer the qubit state via the dispersive interaction with a readout resonator, typically
have an equivalent power of −135 dBm in the single-photon regime. In order to make
such weak signals detectable by the measurement apparatus at room temperature, they
need to be amplified by ∼ 100 dB. This essentially requires several amplifiers in the output
chain. Typically used are a nearly quantum-limited amplifier at the dilution stage, a low

18 Therein, it is also argued that resonator readout pulses typically result in a more than an order of magnitude
smaller average power, such that their relevance for this estimate can be neglected.
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noise amplifier (LNA) based on high-electron mobility transistors (HEMT) at 4 K as well
as a standard room temperature amplifier (RT amp) outside the cryostat. The amplifier
at the 20mK stage is conventionally realized in form of a resonant Josephson parametric
amplifier (resonant-JPA) or a traveling-wave parametric amplifier (TWPA) [42]. The latter
category also includes in-house developed amplifiers such as the dimer Josephson junction
array amplifier (DJJAA) [41] or the granular aluminum parametric amplifier (grAlPA) [43].
Photon shot noise coming from the output line is usually sufficiently well suppressed in
the setup due to the integration of multiple isolators or circulators.
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2 Dissipation in Granular Aluminum
Fluxonium Qubits

This chapter presents the first main result of this work: the observation that induc-
tive loss is the limiting factor for several low-frequency granular aluminum (grAl)
fluxonium qubits. For this, grAl fluxoniums were for the first time combined with a
coplanar waveguide (CPW) architecture and with a normal metal ground plane. A
comparison with other fluxonium qubits based on grAl and other high kinetic induc-
tance materials hints at the universal nature of inductive loss in grAl, in agreement
with previously measured internal losses of grAl-based resonators. This project was
carried out in close collaboration with Martin Spiecker, who documented the design
considerations and the initial work in Ref. [95].

As discussed in Section 1.3.3, the nano-composite grAl is a promising material when it
comes to realizing superinductors with a small footprint due to its high kinetic induc-
tance and–compared to Josephson junction (JJ) arrays–a high plasma frequency [120].
Furthermore, internal quality factors of grAl resonators were found to be on the order of
105 − 106 in the single photon regime [123, 232], rendering grAl attractive for quantum
circuits. For this reason, grAl becomes particularly interesting for fluxonium qubits which
feature a large inductance in parallel to the non-linear JJ. While the research on fluxoni-
ums based on grAl superinductors is continuously increasing [6, 8–10, 125, 145, 233], a
general understanding of their underlying loss mechanisms has been put forward only
very recently [125]. The present work attempts to tackle this task.

This chapter is organized as follows: In Section 2.1, the different sample design generations
are presented, followed by an introduction of sample holder as well as magnetic and
thermal radiation shielding in use in Section 2.2. Section 2.3 provides an overview of the
microwave setup that was used throughout the work. Section 2.4 then focuses on two
challenges that were encountered in flux biasing the fluxonium qubits. Finally, Section 2.5
contains the main results of the measured energy relaxation versus magnetic flux bias for
three grAl fluxonium qubit samples, which are compared with other fluxonium samples in
the literature in Section 2.6.
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Figure 2.1: Generation 1 sample design. Optical images of (A) the sample chip installed in the copper
(Cu) sample holder, and (B) a zoom-in into one of the three coplanar waveguides (CPW) on a chip. The chip
is mechanically anchored via Cu screws on all four corners. Electrical and thermal contact is established
with aluminum (Al) or gold (Au) wire bonds. The CPW in panel B, used for resonator readout, is made of
(superconducting) Al, and its inner and outer conductors have a width of 30 µm and 170 µm, respectively,
which grow in a tapered way towards the chip edge for a facilitated placement of wire bonds. The outer
conductor is filled with a grid of "flux holes", 22 µm in diameter. In the close vicinity of the resonator-
fluxonium, the superconducting ground plane merges into a stripe-like structure with a maximum 20 µm
stripe width. More details on the resonator-fluxonium will be presented with the generation 2 sample design
in Section 2.1.2.

2.1 Sample Design

At the start of this project, fluxonium qubits were commonly designed for a 3D microwave
waveguide or cavity [102, 163, 233, 234]. Notable exceptions to this approach are rep-
resented by Refs. [38, 110], in which the resonator-fluxonium devices are coupled to an
on-chip transmission line to read out quantum information. This strategy of placing the
fluxonium in a 2D coplanar waveguide (CPW) architecture was regarded as attractive
for the present work as well, as it potentially allows for the integration of on-chip qubit
control lines in the close vicinity of the fluxonium loop. With this emerges the tanta-
lizing possibility of fast-flux control over qubit and coupler circuits [171, 235], which
may enhance computational speed in future flux-qubit-based quantum processors. It also
opens up interesting experimental possibilities, such as Floquet engineering of the of the
spectrum [236] and quantum Szilard engine [8] spectroscopy based on fast-flux reset. In
the following, different generations of the sample design are presented, together with a
short discussion on which observations made the development of a second generation
necessary.

2.1.1 Generation 1: Design with Flux Holes

Fig. 2.1 provides an overview of the first generation sample design of grAl fluxoniums in
2D CPW architecture. As illustrated in Fig. 2.1A, a chip containing two grAl fluxoniums is
placed inside the Cu sample holder that is presented in more detail in Section 2.2. For now,
only the motivation and the design of the CPW architecture will be presented without
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diving into the detailed fabrication. For the latter, the reader is trusted to stay patient
for the upcoming discussion of the second generation of sample design in Section 2.1.2.
Therein, also a detailed discussion of the fluxonium design is going to be presented.

Dedicated CPWs are used for resonator readout and qubit control (Fig. 2.1B). Super-
conducting Al is implemented near the fluxonium, resonators, and CPWs, where most
electromagnetic fields are stored, to reduce microwave losses. The outer conductors of the
CPWs are perforated with ‘flux holes’ to prevent flux trapping and pinning in the large
superconducting metal sheet. Similarly, simply-connected shapes with stripe widths well
below the threshold for vortex penetration in superconducting thin films are used near
the resonator-fluxoniums. In Eq. (1.4), this threshold was estimated for the comparably
large and sensitive fluxonium loop of size (140 × 25)µm2 to be 90 µm. In future minia-
turized designs, for example obtained by meandering the fluxonium loop [3], stronger
magnetic fields would be required, resulting in a lower threshold on the maximum stripe
width. Terminating the superconducting structure at a normal metal ground plane avoids
low-frequency modes of the long stripes. The normal metal ground plane also helps in
efficiently thermalizing the sample, especially when combined with gold (Au) wire bonds,
which were tested for some samples. Most of the time, however, Al wire bonds were
chosen, as shown in Fig. 2.1A. In this case, efficient chip thermalization is still achieved
via four Cu screws that mechanically fix the chip to the sample holder at its corners.1 The
wire bonds also electrically connect the ground plane to the sample holder and the CPW
inner conductors to the inner pins of hand-cut coaxial cables.

The normal metal ground plane was originally also intended to act as a phonon trap, which
could reduce the number of excess quasiparticles circling on the qubit chip [205, 210],
which might become a limitation of future quantum processors based on superconducting
qubits [207, 237]. High-energy particles can generate a phonon shockwave that is able
to partially break superconductivity in multiple superconducting circuits on the same
chip at the same time. This poses a serious threat to quantum computation because
error-correction schemes cannot correct for such large and correlated errors. Possible
solutions to this problem include shielding from the incoming radiation by going to a deep-
underground facility with a lead-shielded cryostat [206], by keeping the quasiparticles
away from active elements of the circuit by implementing either quasiparticle traps in the
form of normal metal sinks in galvanic contact to the superconducting circuit [208], or by
shielding the circuit from the generated phonon shockwave with the help of phonon traps.
There are two major routes two realize phonon traps for superconducting circuits. The
first one consists in placing a superconducting material with a lower spectral gap on the
qubit chip [202, 205, 238], to down-convert the high-energy phonons that would otherwise
continue breaking the circuit’s Cooper pairs into quasiparticles. A second possibility
represents the use of a neighboring normal metal ground plane [207, 210], such that a
large amount of the phonons’ initial energy is channeled to the normal metal electrons,
away from the superconductor.

1 Ultrasonically cleaned Cu screws were used instead of brass screws to avoid potential magnetizable
impurities near the qubits.
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Samples fabricated within this first generation yielded fluxonium qubits with promising,
but strongly fluctuating energy decay times exceeding 20 µs and decoherence times of
more than 6 µs, respectively (cf. Tables 5 and 6). In contrast to the samples of the second
generation presented in Section 2.5, note that the qubit frequencies at half-flux bias
were consistently above 1.2 GHz. However, during the flux-biasing of fluxoniums in this
generation, the issue of sudden flux jumps was encountered, as discussed in Section 2.4.1,
leading to the development of a second design generation without flux holes.

2.1.2 Generation 2: Flux Hole-Free Design

In Fig. 2.2, one of the grAl fluxoniums of the second design generation is presented. The
CPW architecture resembles in many respects the one of the first generation, but it differs
strongly in the design of the superconducting outer conductors of the CPWs, which has
now only a width of 28 µm on each side and no flux holes anymore. Despite the close
proximity of the normal conducting ground plane, electromagnetic field simulations with
the high-frequency structure simulation software (HFSS) from Ansys [239] ensured that
the losses in the CPW are still negligible [95].

For the superconducting ground plane, the use of niobium (Nb) over Al was preferred, as
it helped avoiding problems with ripped off CPWs during the dicing process of the wafer,
plus Nb has shown to possess low losses on sapphire substrates [240]. Additionally, in
this first optical lithography step a 5 nm thick Al layer on top of the 45 nm thick Nb film
was used to be able to keep using the calibrated argon milling process to connect to the
normal metal ground plane out of silver (Ag) in a second step. Before the deposition of the
100 nm thick Ag ground plane, a 4 nm thick sticking layer of Nb was evaporated onto the
wafer. The thickness of the sticking layer is chosen such that it does not proximitize the
Ag (cf. Section 1.2.4), as this would allow again for flux pinning (cf. Section 1.2.1). The
readout CPWs terminate in a capacitive coupling to the readout resonator via its capacitor
shoe, and the qubit control CPW terminates in a fast-flux coil (Fig. 2.2B), designed to have
a mutual inductance with the fluxonium loop of𝑀 ∼ 1 pH [95]. In this way, a current of
1mA tunes the fluxonium by one flux quantum. Both HFSS simulations and experimental
results have shown a crosstalk between the two readout CPWs is approximately −40 dB.
If this already promising crosstalk for CPWs on the same chip needs to be lowered even
further, a modular approach as in Ref. [4] could be considered.

Prior to the optical lithography steps described in the previous paragraph, the fluxonium,
the resonator and in later versions a Purcell filter are deposited in a single electron beam
lithography step. First, the Josephson junction (JJ) in Fig. 2.2D is realized by a combination
of the Dolan-bridge technique [241] and undercuts (more details in Ref. [95]) and a deposi-
tion of 20 nm and 30 nm thick Al layers under two tilt angles ±31◦, with an intermediate
4min long static oxidation at 20mbar of the first layer. Then, all inductances are patterned
within a third deposition step of grAl with zero tilt. This includes the fluxonium and
resonator inductances with a width of 170 nm, as well as the shared inductance and also
the inductance of the potential Purcell filter with a width of 250 nm. The shared inductance
thereby realizes the inductive coupling between the fluxonium qubit and the readout
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Figure 2.2: Generation 2 sample design. Optical images of (A) the full chip and (B) a zoom-in of its central
area. There are three coplanar waveguides (CPW) per chip, one each for reading out the two fluxonium
qubits, and one for the fast-flux line for qubit control. Close to the CPWs as well as in the vicinity of the
fluxonium qubits, a superconducting structure out of Nb and Al is implemented, which terminates in a
normal metal ground plane out of Ag. Al wire bonds are used to connect the ground plane to the sample
holder and the inner conductor of the tapered CPWs to the inner pins of the hand-cut coaxial cables (more
details in Section 2.2). The two resonator-fluxoniums on this chip correspond to samples 1 (left) and 2
(right) in Section 2.5. False-colored scanning electron micrographs of (C) a resonator-fluxonium device and
(D) its Josephson junction (JJ). The fluxonium is inductively coupled to the readout resonator via a 250 nm
wide shared inductance. The resonator terminates on the one side in the ground plane and on the other
side in a capacitor shoe for capacitive coupling to the CPW. As depicted in panel B, the capacitor shoe of
the right-hand resonator was laser-trimmed post-fabrication, to increase the separation of both readout
resonator modes on the chip. At the end of the CPW, a small inductance was implemented to realize a Purcell
filter in later samples. All inductive elements, including also the resonator and fluxonium superinductances
with a width of 170 nm, are made out of a 50 nm thick grAl layer. The resonator-fluxonium device is realized
within a three-angle shadow evaporation (Appendix C). The JJ has an area of 𝐴JJ = (0.24 × 0.33) µm2.

resonator. Due to the large kinetic inductance of grAl, the resonator has a smaller footprint
compared to conventional CPW resonators.

Details on the fabrication process of the two optical lithography steps as well as the
preceding e-beam-lithography step can be found in Appendix C. A selection of fabricated
wafers with details on their design and fabrication parameters is presented in Appendix D.
An overview of some of the measured samples can be found in Appendix E. Details
regarding the design process of the grAl fluxoniums are summarized in Ref. [95].
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Figure 2.3: Sample holder and shields. (A) Side-view sketch of the half-open magnetic and thermal
radiation shields. A look into the interior reveals that the sample holder is fixed mechanically onto the thick
Cu rod, onto which also all shields are screwed. Microwave signals reach the sample box via hand-made
SMA feedthroughs and cables with non-magnetic SMA connectors. An external coil with superconducting
wire is supplied by a twisted pair of wires, which passes the shields via minimum-sized holes to minimize
excess thermal radiation into the interior. Optical images of (B) the outer mu-metal shield, (C) the inner
Cu+Al shield, and (D) the Cu sample holder including lid. (E) Side-view sketch of the half-cut sample holder,
revealing that the chip is suspended in air to avoid low-frequency modes in the substrate. The photographs
in panels B, C and D as well as the half-cut 3D model in panel E were adapted from Ref. [95]. ©2024 by
Martin Spiecker. Reprinted with permission.

2.2 Sample Holder and Shielding

Fig. 2.3 provides an overview of the sample holder as well as the surrounding magnetic
and thermal radiation shields that were first introduced in Ref. [123]. In the schematic
drawing of Fig. 2.3A, the interior of a full constellation is shown. The sample holder is
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equipped with an external magnetic coil with superconducting wire for flux-biasing the
fluxonium qubits. For mechanical stability as well as proper thermalization, the sampler
holder is mounted via a small Cu piece onto a (2 × 1) cm2 thick Cu rod, which is used
to attach the whole setup on the dilution stage of a cryostat.2 In principle, the shields
can host up to two sample holders at the same time. All components inside the Cu+Al
shield are aimed to be non-magnetic, which includes especially the SMA connectors of
the coaxial cables, the hand-made feedthroughs on the upper base of the inner shield, and
the screws for mounting the chip inside the sample holder (cf. Fig. 2.1A). For magnetic
and thermal radiation shielding, a combination of an outer 1mm thick mu-metal shield
(Fig. 2.3B) and an inner shield, which consists of a thin Al cylinder being shrinked onto a
Cu cylinder (Fig. 2.3C), is used [123]. As mu-metal possesses a relative permeability of
𝜇r ∼ 105, its purpose lies in attenuating the external magnetic field by up to five orders of
magnitude. The intention of the Cu+Al shield is two-fold: First, the remaining magnetic
fields inside the mu-metal shield will be further shielded and pinned as soon as Al becomes
superconducting (𝑇 < 1.2 K), and second, it provides an efficient radiation shield that is
thermalized on the dilution stage, as all holes are sought to be tightly closed.

The sample holder is illustrated in Fig. 2.3D. For resonator readout and qubit control signal
delivery, three coaxial cables were slid through the side walls of the holder. The cables were
hand-cut with a sharp scalpel beforehand to create a flat surface, which allows for a reliable
placement of bonds onto the inner conductor. After correct positioning, the cables are fixed
with a silver-polymer mixture (SPM), as used in Section 3.1.3.3 Once the sample holder has
been prepared in such a way, a sample chip is placed inside (Fig. 2.3E) and mechanically
fixed via Cu screws on all four corners of the chip (as shown in Fig. 2.1A). All CPWs and the
ground plane are then electrically and thermally contacted via ultrasonically-welded Al or
Au wire bonds to the inner pins of the coaxial cable and the Cu sample holder, respectively.
Afterwards, the sample holder is closed with a lid, between which a thin line of indium is
placed to provide another seal to suppress the intrusion of thermal radiation.

2.3 Microwave Setup

An overview of the employed microwave setup is shown in Fig. 2.4. The setup consists
of two main parts: First, in order to extract quantum information from the resonator-
fluxonium sample, there is a microwave input chain that leads directly to the CPW that is
coupled capacitively to the readout resonator. A circulator with 20 dB in-band (4 − 8 GHz)
isolation in backward direction helps in providing directionality of the signal flow, needed
to extract information from the resonator in single-port reflection measurements. After
their reflection/interaction with the resonator, input signals are routed towards the output
line, where they get amplified in an amplifier chain of at least a low noise amplifier (LNA)

2 In the rare case that such an coil-equipped sample holder is not fixed to a rod or similar, the interested
reader may catch a glimpse of their motion in Ref. [242].

3 Even though soldering was also a valid and mechanically more stable option, it sometimes led to squeezing
out the teflon dielectric due to the higher temperatures involved in the process.
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Figure 2.4: Microwave setup. Resonator readout (red) to infer information about the qubit state is performed
either with a vector network analyzer (VNA) or Quantum Machines (QM) measurement setup (OPX+ and
Octave). Optionally, a flux-tunable Josephson parametric amplifier (JPA) can be added into the readout chain
(purple). For qubit control (blue), two input chains were combined at 20mK. The first qubit control line is
built to transmit only radio frequency (RF) microwave signals. The second line is used for transmitting DC
fast flux changes to the qubit flux line. The decoupling of the DC and RF lines is due to different attenuation
and filtering requirements for each regime. The QM setup can also provide qubit control pulses for most of
the relevant qubit frequency range.

consisting of high-electron mobility transistors (HEMT) anchored at the 4 K stage and a
room-temperature amplifier (RT amp). In order to keep the added noise from the amplifier
chain as low as possible, it is important to insert the least attenuation as possible. Therefore,
a superconducting NbTi coaxial cable is implemented between the dilution stage and the
HEMT, and a CuNi coaxial cable with a silver-coated inner conductor is used from the
HEMT to room-temperature. An isolator with an in-band isolation of 60 dB is placed in
the output chain at the dilution stage to prevent reflected signals–caused by potential
impedance mismatches in the chain–from reaching the sample.

Optionally, a flux-tunable Josephson parametric amplifier (JPA) in form of a home-made
dimer Josephson junction array amplifier (DJJAA), as introduced in Ref. [41], can be added
to the amplifier chain. This amplifier serves as a near-quantum limited amplifier with
∼ 20 dB amplification at the dilution stage, providing a valuable resource to realize rapid
high-fidelity single-shot readout. The only additional obstacle that needs to be overcome
when using such an amplifier is that the comparably strong pump pulse, which is needed
for its internal frequency conversion and thus amplification, also travels along the output
line, resulting in a saturation of the RT amp if no further measures are taken. For this
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reason, one or–as in this case–sometimes even two consecutive band-pass filters are
typically integrated into the output chain at room temperature, before the RT amp. These
3D cavity-based band-pass filters [243] are tunable in frequency such that a suppression
of several orders of magnitude of the pump tone compared to the readout pulse can be
achieved.

The second part of the setup consists in qubit control. Apart from magnetic flux biasing of
the fluxonium qubit with the external coil presented in the previous section, two distinct
microwave chains were combined, one for radio frequency (RF) control pulses and one for
slow direct current (DC) like pulses, at the dilution stage to a single line that is connected
to the fast-flux coil-terminated CPW. The control line for DC pulses consists of three
consecutive low-pass filters having a minimum cut-off frequency of ∼ 120 MHz, instead of
the otherwise used 30 dB attenuation, on the dilution stage. In the microwave chain for
RF pulses, a DC block was inserted to prevent low-frequency signals that are sent via the
DC line from propagating back out of the cryostat via the RF line.

All microwave lines connected directly to the sample possess in total 60 dB of attenuation
distributed on the different temperature stages (for a discussion of their distribution, the
reader is referred to Section 1.5.6) or an equivalent low-pass filtering. Additionally, there
is in each of these lines a home-made Eccosorb®-based THz absorber positioned as close
as possible to the qubit,4 which acts as an infrared filter with an attenuation of more than
10 dB for frequencies larger than 60GHz. Furthermore, all lines, including the output line
and the optional pump line, contain a low-pass filter (model: either TFWL-K-12G20G-SfSm
from TElePur or 3L250-12240/T20000-O from K&L) with a ∼12GHz cut-off frequency.

Experiments were performed in either one of the two following modes: The first consists
in continuous wave (c.w.) readout and control signals. In this mode, a vector network
analyzer (VNA) provides c.w. microwave signals for the readout and, in turn, is also
able to evaluate the scattering parameter 𝑆21 between the sent and the received signal.
This parameter contains information about the device under test, in this case the readout
resonator inheriting information about the qubit state. Such a measurement can be
combined with the usage of another c.w. microwave source (not shown in Fig. 2.4) to play
a second microwave tone to saturate the qubit, which is usually sufficient to extract the
qubit spectrum in a so-called two-tone spectroscopy.

The second mode is commonly referred to as ‘time-domain’, which relates to the fact that
pulses with a certain temporal length and their position relative to each other can be defined.
To realize time-domain measurements, the quantum orchestration platform provided by
Quantum Machines was used, which consists of an FPGA-based OPX+ instrument [244],
allowing to program complex quantum operations, and the Octave instrument [245] that
allows for a seamless up- and down-conversion of the OPX+-provided baseband pulses to
microwave frequencies needed to readout the resonator or control the qubit.

4 The THz absorbers were usually attached directly on top of the feedthroughs of the shielding (cf. Sec-
tion 2.2), since putting them in the interior of the shielding was avoided.
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Figure 2.5: Flux jumps. Single-port reflection phase response arg(𝑆11) of the readout resonator versus
current 𝐼coil in the external coil. The response deviates from being periodic in 𝐼coil and instead shows sudden
‘flux jumps’, as indicated by the red arrows.

2.4 Challenges with Flux Control

2.4.1 Flux Jumps

As introduced in Section 1.3.4, normally a dispersive shift of the readout resonator that is
periodic in external magnetic flux𝛷ext would be expected, which, in turn, is ideally linearly
proportional to the current 𝐼coil in the external coil. Within first c.w. measurements with
samples of the first generation, however, sudden jumps in the flux bias of the fluxonium
qubits were observed, as indicated by the arrows in Fig. 2.5. This behavior is suspected to
originate from the flux holes in the outer conductors of the CPWs, leading to the evolved
design of the second generation.

2.4.2 Flux Delay

In this section, the phenomenon of flux delay is introduced, which was observed in samples
of the second generation5 when performing adiabatic flux ramps using the fast-flux coil.
All of the following results were received with the resonator-fluxonium of sample 3 in
Section 2.5.

The initial observation of flux delay occurred when performing an energy relaxation
spectroscopy, i.e., measuring the energy relaxation as a function of the external magnetic
flux through the fluxonium loop. The idea was to speed up the experimental workflow by
taking advantage of the fast-flux line, which would allow for calibrating the qubit control
pulses and readout of the qubit state only at a single flux point, e.g. the half-flux sweet spot,
and intermediately ramp the flux quickly to a different magnetic flux to let the qubit decay
there. The encountered problem was that the duration of free energy decay at a certain
flux position seemed to affect the flux position. In order to get a clearer understanding of
the phenomenon, the plainer experiment illustrated in Fig. 2.6B was devised.

5 It has not been tested on samples of the first generation.
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Figure 2.6: Observation of flux delay. (A) Qubit frequency 𝑓q around the half-flux sweet spot versus
magnetic flux𝛷ext. The flux bias𝛷bias of the long-timescale experiments is shown as well. (B) Pulse sequence
for the experiments performed to explore the flux delay, using three nested loops. With the inner-most loop,
effectively a stroboscopic measurement of the resonator with a preceding qubit drive pulse of frequency 𝑓d
is realized. The drive pulse was for the long-timescale experiments a few-µs long saturation pulse and for
the short-timescale experiments in panel C a calibrated 𝜋 pulse. Before such a loop, the magnetic flux is
adiabatically changed by 𝛥𝛷park to ‘park’ the qubit at a different flux spot for a time 𝑡park. Additional waiting
times 𝑡b and 𝑡a before and after the readout pulse, respectively, were inserted to optimize the timing of
pulses on the different lines, and another waiting time 𝑡wait before each flux ramp was used to suppress the
influence among repetitions. (C) Results of a measurement similar to panel B, with the distinction that the
adiabatic flux ramp was included in the inner-most loop to allow for arbitrary sampling of the waiting times
𝑡𝑖 after the flux ramp (but with the cost of longer total measurement time). The color scale represents the
averaged 𝐼 quadrature of single-port reflection measurements, which contains information about the qubit
state: Small values on the shown scale of 𝐼 correspond to the qubit being thermally populated, 𝑝th ∼ 0.4,
while for larger values of 𝐼 , the population is inverted to ∼ 0.6. The qubit was biased at the half-flux sweet
spot,𝛷 =𝛷0/2 and parked at the next zero-flux sweet spot (𝛥𝛷park =𝛷0/2) for either 400 ns (left panel) or
40 µs (right panel). (D) The observed flux delay amplitude 𝛥𝛷ext, obtained by converting the extracted qubit
frequency with panel A into an external flux, scales linearly with 𝛥𝛷park. Note that the flux bias point was
moved away from the first-order flux-insensitive sweet spot to𝛷bias = 28 mΦ0 to obtain a better sensitivity.
The parking time was 𝑡park = 0.1 ms and the flux delay decays on a similar timescale of ∼ 0.1 ms. (E) For
even longer parking times, non-monotonic features appear in the decay. The slowest decay happens on a
timescale of ∼ 3.5 ms.

Here, just an adiabatic flux ramp to and back from a parking flux position, at a flux difference
of 𝛥𝛷park for a duration 𝑡park, is performed and the qubit frequency is stroboscopically
observed after the flux ramp. The first results of this experiment are depicted in Fig. 2.6C,
showing that a short parking duration (left panel) leads to a rather quick return to the
flux bias point, whereas a longer parking duration (right panel) entails a much slower
relaxation to the set flux bias point. Further investigations revealed that the flux delay
amplitude 𝛥𝛷ext (the difference between set and actual flux value) is linearly dependent
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Figure 2.7: Flux shift versus temperature. (A) Observation of qubit frequency shift with increasing
dilution stage temperature. The qubit is initially biased at base temperature with the external magnetic coil
to the −1.5𝛷0 sweet spot. For the measurements, an additional flux is generated via the fast-flux line, such
that the qubit is consecutively at two symmetric flux points with respect to the sweet spot (left and right of
it) corresponding to the same qubit frequency. For each temperature, the qubit frequency is then detected
via two tone spectroscopy for the same flux biases. (B) Similar result as in panel A for different sweet spots,
but the qubit frequency was converted with Fig. 2.6A into a shift of the magnetic flux. Both the left- and
right-hand frequencies fall onto similar values for the flux shift, but for better visibility, only the left-hand
frequencies are illustrated. (C) Flux shift at 𝑇 = 90 mK versus magnetic field bias𝛷bias. An approximately
linear dependence is observed (dashed line).

on 𝛥𝛷park (Fig. 2.6D), and the rather peculiar behavior of a non-monotonic and very slow
decay of 𝛥𝛷ext as the parking duration is increased to values of 1ms or more (Fig. 2.6E).

As strange as this observation may be, it also raises the question of its microscopic origin.
The just described linearity shows that the effect is not due to a heating effect (with
power 𝑃heat) in the supply microwave chains, as the amplitude then would need to scale as
𝛥𝛷ext ∝ 𝑃heat ∝ 𝐼 2 ∝ 𝛥𝛷2

park, where 𝐼 is the current flowing through the fast-flux coil. One
of the first hypotheses was an ensemble of spins, which might slowly depolarize after the
flux ramp, and which is commonly observed as a source of 1/𝑓 flux noise in flux-sensitive
devices [174, 185, 186].

The presence of a spin ensemble can indeed be witnessed in the simpler, yet distinct
experiment presented in Fig. 2.7. The qubit frequency was observed using two-tone
spectroscopy for an increasing dilution stage temperature 𝑇 . As shown in Fig. 2.7A, the
fluxonium was biased symmetrically to the left and right of the −1.5𝛷0 half-flux sweet
spot at base temperature, thus at the same qubit frequency. By simultaneously observing
the qubit frequency change to the left and right of the sweet spot, potential temperature
dependencies of the fluxonium parameters can be distinguished from flux shifts. However,
as both frequency shifts translate into the same flux shift using the spectrum shown in
Fig. 2.6A, it is revealed that no such changes in the spectrum occur. The measurement
was repeated for two other half-flux sweet spots, as shown in Fig. 2.6B, where different
temperature sensitivities can be observed. Since a much flatter temperature dependence
is observed near the +1.5𝛷0 sweet spot, it is likely that the "true" zero-flux point after
the initial cooldown is near this sweet spot, i.e., the point at which no shielding currents
are present in the fluxonium loop. Finally, Fig. 2.6C shows that the flux shift has an
approximately linear dependence on the external magnetic field bias𝛷bias, as exemplified
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Figure 2.8: Flux delay for varying temperature and flux bias. (A) To test the hypothesis of a spin
ensemble responsible for flux delay, the temperature𝑇 of the dilution stage as well as the flux bias point𝛷bias
were varied and the same experiment (panels B to E) was repeated under these different conditions. The
two values of𝛷bias were chosen such that they possess the same difference of 28 mΦ0 relative to the closest
half-flux sweet spot, respectively. Averaged 𝐼 quadrature of single-port reflection measurements, similar
to the results of Fig. 2.6E, for (B) 𝑇 = 17 mK and𝛷bias = −0.472 Φ0, (C) 𝑇 = 100 mK and𝛷bias = −0.472 Φ0,
(D) 𝑇 = 100 mK and 𝛷bias = 3.528 Φ0, (E) 𝑇 = 17 mK and 𝛷bias = 3.528 Φ0, respectively. Among all four
conditions, no difference in the non-monotonic decay of the flux delay is observed within the measurement
accuracy. The lower contrast in panels C and D is owed to the increased temperature, which increases 𝑝th.
For all four cases, the parameters 𝛥𝛷park = −0.36 Φ0 and 𝑡park = 10 ms were used.

by the shift at𝑇 = 90 mK. This observation is consistent with the measurements conducted
in Ref. [186] and suggests that the observed flux shift is due to an ensemble of magnetically
active surface spins. Note that these could correspond to the same paramagnetic spin
ensemble with negligible zero-field splitting found in Ref. [174].

To test whether such a spin ensemble is also responsible for the observed flux delay in
Fig. 2.6, the experiments illustrated in Fig. 2.8 were performed. The idea was to repeat the
same flux delay measurement at different temperatures 𝑇 of the dilution stage, and for
flux-bias points with the same relative position to their closest half-flux sweet spot, but
offset by multiple flux quanta. Both parameters should affect the average population of
such a spin ensemble. However, as shown in Fig. 2.8B-E, the variation of these parameters
had no effect on the decay of the flux delay amplitude,6 rendering the spin ensemble
hypothesis as unlikely.

At the current time, the question of the microscopic origin has not yet been definitively
clarified, but a specific detail in the design of the second generation is considered to be
most likely responsible. In Fig. 2.9A, a part of the two optically defined metal layers
of such a chip design is shown. As can be seen in the left zoom-in, the fast-flux line is
geometrically separated from the lower part of the superconducting ground plane to allow
the entry of the external magnetic field. However, this design choice results in two separate
superconducting structures being connected via a very low ohmic resistance in the normal
metal ground plane (right zoom-in). In this way, leaking currents could arise through the
flux ramp, which decay after the ramp with a comparatively long time constant, since on

6 This also includes experiments at𝛷bias = 10.528 Φ0, which are not shown in Fig. 2.8.
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1 mm1 mm

0.1 mm0.1 mm 20 μm

Figure 2.9: Ground plane design of generations 2 and 3. (A) Due to the openings that allow an external
flux to enter the central area, the fast flux coil is not connected to the bottom part of the superconducting
ground plane (light gray) via a superconducting connection, but only via a short section in the normal metal
(light blue), allowing potentially for leakage currents (symbolized by the yellow arrows). The order of the
two metal layers was inverted for visualizing the fork-like structure in the contact area. (B) New design
generation, in which the two upper openings were closed and replaced by a single opening at the bottom, as
indicated by the red arrows. In both panels, resonator-fluxoniums are not shown for clarity.

long timescales the current has to minimize its resistance by flowing through the other
superconducting CPWs connected to the normal metal copper box. To counteract this,
a third design generation was developed, which is depicted in Fig. 2.9B. The difference
is to open the central area for the external magnetic flux bias at only one point at the
lower end and to close the two upper openings (see red arrows in the zoom-in). However,
since no samples incorporating this latest design have been tested yet, the effectiveness
of this measure cannot be definitively assessed at this time. Nevertheless, the use of
simply-connected superconducting structures is already regarded as a sound design choice.

Finally, Fig. 2.10 demonstrates that the flux delay can be largely eliminated through
appropriate counter flux pulses. However, there is a certain difficulty in applying this
method in experiments such as the aforementioned energy relaxation spectroscopy or a
quantum Szilard engine [140] spectroscopy, as the counter flux pulse would theoretically
need to be individually calibrated for the long history of the magnetic flux. On a related
note, an end-to-end framework was recently presented, which is able to characterize and

no counter pulse with counter pulse
Figure 2.10: Countering flux de-
lay. (A) The parking parameters
𝛥𝛷park = −0.36 Φ0 and 𝑡park = 0.1 ms
result in a slowly decaying flux de-
lay. (B) Repetition of the experi-
ment in panel A, but with a double-
exponential counter flux pulse of the form
𝛥𝛷park (𝑡) = 𝐴1 exp(−𝑡/𝜏1) +𝐴2 exp(−𝑡/𝜏2)
immediately after the flux ramp
(cf. Fig. 2.6B). Empirical parameters
𝐴1 = 5.4 mΦ0, 𝜏1 = 45 µs, 𝐴2 = 2.2 mΦ0 and
𝜏2 = 0.9 µs were used.
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free decay
energy relaxation readout

reset

time

Figure 2.11: Energy relaxation measurement at different flux biases. (A) Pulse sequence of one repeti-
tion in a free decay energy relaxation measurement, consisting of a preceding waiting time 𝑡wait to provide
sufficient spacing between each repetition, a reset of the qubit state to its ground state |g⟩, a 𝜋 pulse for
initializing the qubit in its excited state |e⟩ (or no additional pulse for initialization in |g⟩), a free decay waiting
time 𝑡 and a final readout of the resonator, which inherits information about the qubit state. (B)Measured
energy relaxation of sample 3 at half-flux bias (𝛷ext/𝛷0 = 0.5), (C) at𝛷ext/𝛷0 = 0.3, and (D) at zero-flux bias
(𝛷ext/𝛷0 = 0). The black lines in panels B to D show an exponential fit to the data points (blue).

compensate for general flux pulse distortions on timescales ranging from nanoseconds
up to milliseconds, as long as the flux control line is approximately linear [246]. If the
design change does not bring an improvement in flux delay, this framework could also be
a potential solution. Furthermore, ramping in both positive and negative directions in the
same manner is advisable to prevent long-term accumulation of flux distortion.

2.5 Energy Relaxation of GrAl Fluxoniums versus Flux Bias

In characterizing generation 2 resonator-fluxonium samples with comparably low qubit
frequencies 𝑓q < 300 MHz at their half-flux sweet spot, surprisingly low energy relaxation
times 𝑇1 on the order of just a few microseconds were measured. In order to get a better
understanding of the underlying loss mechanisms, for three samples an energy relaxation
spectroscopy was performed, i.e., measuring the energy relaxation versus the external
magnetic flux bias. Before presenting these results, the basic experiments that are typically
used to characterize the decoherence in superconducting qubits are presented.

The general idea for measuring qubit energy relaxation is illustrated in Fig. 2.11A. To
prepare the qubit in either its ground state |g⟩ or excited state |e⟩, typically one of the
following possibilities is chosen. The qubit can be actively reset either with a preceding
measurement and a conditional 𝜋 pulse, or with a fast-flux reset. In the latter, the qubit
is adiabatically flux ramped to the avoided level crossing with the resonator, such that
a potential qubit excitation is quickly ‘dumped’ in the resonator, leaving the qubit in
its ground state. If the qubit should be initialized in |e⟩, this can be achieved with a
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Figure 2.12: Decoherence measurements at half-flux bias. (A) Pulse sequence of one repetition in a
Ramsey experiment that resembles in most parts the free energy decay measurement in Fig. 2.11A. The
difference exists in that the qubit is instead brought in a superposition state with a 𝜋/2 qubit control pulse
before the free precession time 𝑡 , after which a second 𝜋/2 pulse is played. As explained in the text, optimized
𝜋/2 pulses without frequency detuning were used and the qubit frame was rotated virtually in the OPX+
instrument. (B) Measured Ramsey oscillations of sample 3 at half-flux bias (𝛷ext/𝛷0 = 0.5). The black line is
a fit to the measured data (blue) of a cosine function with an exponentially decaying envelope. (C) Pulse
sequence of one repetition in a spin Hahn echo experiment that consists of the same pulses as the Ramsey
sequence in panel A, except for an intermediate, refocusing 𝜋 qubit control pulse (and without the virtual
frame rotation). (D) Measured echo decoherence of sample 3 at𝛷ext/𝛷0 = 0.5. The black line represents an
exponential fit to the data points (blue).

subsequent 𝜋 pulse, as in the pulse sequence of Fig. 2.11A. If none of these two active
reset possibilities is available, an energy relaxation experiment can still be performed
though. The initial 𝜋 pulse then just inverts on average the thermal population of the
statistical ensemble. The three datasets in Fig. 2.11B-D, which were measured with sample
3 presented later in this section, in fact, used this simple implementation of the free
decay energy relaxation without a preceding reset of the qubit state. Fig. 2.11B shows the
surprisingly fast relaxation with an energy relaxation time𝑇1 = 2.2 µs at the low-frequency
(𝑓q = 284 MHz) half-flux sweet spot (𝛷ext/𝛷0 = 0.5). Moving away from the half-flux
bias results in a significant increase of the energy relaxation time, as shown in Fig. 2.11C,
with 𝑇1 = 117 µs at𝛷ext/𝛷0 = 0.3. At the zero-flux sweet spot (𝛷ext/𝛷0 = 0), the energy
relaxation time collapses once again to values well below a microsecond. Interestingly, this
sample experienced a strong impact of aging: Three years before these measurements, the
sample has already been characterized soon after its fabrication. At that time, the sample
possessed a significantly larger energy relaxation time 𝑇1 = 38 µs as well as decoherence
time 𝑇 ∗

2 = 10 µs along with a much larger qubit frequency at half-flux of 𝑓q = 0.88 GHz.

Before analyzing the underlying loss mechanisms that explain the strong dependence on
the magnetic flux bias, two other conventional experiments used to characterize qubit
decoherence, are briefly introduced on the basis of Fig. 2.12. The first one of these experi-
ments is the Ramsey measurement, which is illustrated in Fig. 2.12A. For this, the qubit is,
similar to the free decay energy relaxation experiment above, reset in one of its eigenstates,
before it is brought with a 𝜋/2 qubit control pulse in a superposition state to the equator
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of the Bloch sphere. Conventionally, this 𝜋/2 qubit control pulse is slightly detuned from
the qubit transition frequency to achieve a more precise creation of the superposition state
under optimal conditions. However, since the idea is to simply calibrate the 𝜋 pulse and
transfer these values to the 𝜋/2 pulse by appropriately scaling the pulse amplitude or dura-
tion, such a detuned 𝜋/2 pulse would also have a small 𝜎̂𝑧 component. This would cause the
qubit to precess not perfectly on the equator, but slightly off-center. To eliminate this small
component, one can also apply 𝜋/2 pulses without detuning, thereby preparing the qubit
in a perfect superposition state on the equator [247]. To emulate the necessary frequency
detuning during the free evolution, the qubit frame is now instead virtually rotated within
the software of the OPX+ instrument. In both versions of the Ramsey experiment, since
the qubit frequency fluctuates in real experiments (𝜎𝜔q ≠ 0), the ensemble-averaged phase
of the superposition state smears out during the free evolution with the pure dephasing
rate 𝛤𝜑 . Together with the simultaneous energy decay, the qubit population measured
after a second 𝜋/2 pulse in a Ramsey experiment possesses an envelope that is decaying
on the characteristic timescale 𝑇 ∗

2 ≈ 𝑇2 = 1/𝛤2, where 𝛤2 is the decoherence rate given
by Eq. (1.54). The measured data from the Ramsey experiment using 𝜋/2 pulses without
detuning, performed on sample 3 at its half-flux sweet spot, is presented in Fig. 2.12B. The
second experiment is known as spin Hahn echo (Fig. 2.12C), and it resembles to a large
extent the Ramsey sequence. The main difference consists in an intermediate 𝜋 pulse,
which refocuses the qubit during its free evolution, i.e. phase drifts due to fluctuations of
the qubit frequency on timescales equal or larger to the total free evolution time 𝑡 cancel
each other out. The reduced amount of dephasing results in a decoherence time 𝑇 echo

2 that
is larger than the one observed in the Ramsey experiment, as observed in Fig. 2.12D for
sample 3 at its half-flux sweet spot.

The discussion now turns back to the detailed investigations of the underlying loss mecha-
nisms for the surprisingly low values of the observed energy relaxation time at half-flux. In
the following, three samples of the second design generation are considered, for which the
energy relaxation was measured at a comparably large set of external magnetic flux biases.
Samples 1 and 2 are two resonator-fluxoniums that are located on the same chip shown in
Fig. 2.9. They were produced in a rather later batch, in which Purcell filters were already
integrated, and they were electrically contacted using Al bonds. In contrast, sample 3
belongs to an older batch without Purcell filters, and Au bonds were used. An overview of
the fitted qubit spectra for all three samples is shown in Fig. 2.13A. Extracted values for
the qubit parameters 𝐿q (and 𝐸L), 𝐶q (and 𝐸C) and 𝐸J from fitting these spectra, together
with the frequency 𝑓r of the fundamental resonator mode, are presented in Table 2.1.

The measured energy relaxation rates 𝛤1 over a broad range of external magnetic flux
biases𝛷ext in the fluxonium loops are illustrated in Fig. 2.13B for all three samples. The
data points were obtained with the pulse sequence described in Fig. 2.11A. For all three
data sets, dielectric, inductive and Purcell loss were fit on the basis of Eq. (1.67), Eq. (1.73)
and Eq. (1.77), respectively. Since dielectric loss is by many orders of magnitude not the
limiting loss mechanism in the vicinity of half-flux, where qubit frequencies are the lowest,
it is not possible to distinguish between a bosonic bath (with increased relaxation rate
due to the temperature dependent coth factor) or a TLS bath. For simplicity, a TLS bath is
assumed, as observed in Ref. [165] as the limiting factor for the measured energy relaxation.
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Figure 2.13: Spectroscopy and losses. (A)Measured and calculated energy spectra of three grAl fluxoniums,
as a function of the external magnetic flux𝛷ext. Samples 1 (pink) and 2 (magenta) are located on the same
chip, but were measured in distinct cooldowns. Sample 3 (red) belongs to an older batch with Au wire bonds
and without a Purcell filter. The black lines correspond to the first (𝑓01, solid), second (𝑓02, dashed) and
third (𝑓01, dotted) qubit transition, and the gray lines display the lowest resonator transitions. (B) Measured
energy relaxation rates 𝛤1 and fitted rates (black lines) due to different loss mechanisms, for all three samples.
Inductive loss rates (dashed) were calculated using Eq. (1.73), while capacitive loss rates (dotted) were
obtained from Eq. (1.67). The semi-classical model for Purcell loss (dash-dotted), introduced in Section 1.5.3,
was employed for its estimation.

However, a difference from Ref. [165] lies in the assumption of a free exponent 𝜖 = 0.7
for the frequency dependence of the dielectric loss tangent, tan𝛿C ∝ 𝜔𝜖 , as is the case for
other fluxonium qubits partially limited by dielectric loss [125, 163]. The necessity for this
choice is particularly evident from the strong increase in 𝛤1 for sample 3 with rising qubit
frequencies (towards zero-flux), but this assumption also plays a significant role for the
other two samples. In the case of inductive loss, a better agreement with the measured
values was achieved with a bosonic bath in thermal equilibrium at 𝑇 = 30 mK than with
a TLS bath. It should be noted, that the coth temperature dependence from Eq. (1.73),
assumed here for simplicity, might still be just an approximation of a more complicated
temperature dependency [69]. Table 2.1 contains the used values for the inductive loss
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𝐿q 𝐸L 𝐶q 𝐸C 𝐸J 𝑓r 𝐿s 𝐶c tan(𝛿L) tan(𝛿C)
(nH) (GHz) (fF) (GHz) (GHz) (GHz) (nH) (fF) ×10−6 ×10−6

1 440 0.371 5.19 29.8 17.4 4.403 11.5 6.0 1.0 24.3
2 446 0.366 5.42 28.6 16.6 4.843 10.6 3.0 2.5 19.4
3 176 0.931 6.48 23.9 14.6 7.455 2.51 6.0 1.0 6.48

Table 2.1: Parameters of the resonator-fluxonium devices and the estimated losses. Resonator
frequency 𝑓r and qubit parameters 𝐿q, 𝐶q and 𝐸J were extracted from fits of the measured spectroscopy data
shown in Fig. 2.13A. The stated values for 𝐿s,𝐶c, tan(𝛿L), and tan(𝛿C) were used as fit parameters for Purcell,
inductive, and capacitive loss, respectively. The value of tan(𝛿C) refers to the value at 6 GHz.

tangent tan(𝛿L) and for the dielectric loss tangent tan(𝛿C) (at 6 GHz). Furthermore, the
values of the shared inductance 𝐿s between fluxonium and resonator and the coupling
capacitance 𝐶c between resonator and transmission line, which were needed to estimate
Purcell loss according to the semi-classical model, are listed there. The third major loss
mechanism considered here is Purcell loss, for which a bosonic bath has been assumed, as is
commonly done in the literature. However, based on the available datasets, distinguishing
between a bosonic and a TLS bath is not possible, since the qubit is limited by inductive
loss at the lowest qubit frequencies. Finally, loss due to non-equilibrium quasiparticles,
1/𝑓 flux noise and the coupling to the fast flux line are not limiting the energy relaxation
and were therefore neglected in the following analysis.

In fitting the individual loss mechanisms to the three data sets, the following three obser-
vations can be made. First, inductive loss is responsible for the large increase in energy
relaxation rate in the vicinity of the half-flux bias point for all three samples. In fact,
if these fluxonium qubits would not be limited by inductive loss there, their energy re-
laxation rate could be by more than two orders of magnitude smaller (corresponding to
energy relaxation times 𝑇1 of a few hundred microseconds), if limited by dielectric loss
then. The reason, why inductive loss plays a major role in this regime is because of their
comparably low transition frequencies lower than 300MHz for all three samples. To better
understand why a low qubit frequency 𝑓q becomes a major factor, the following estimation
can be made: The fluxonium qubits studied here lie in a parameter regime, in which the
reduced flux matrix element close to half-flux possesses approximately a dependence
|⟨0|𝜑 |1⟩|2 ∝ 1/𝑓 2

q . Provided that tan(𝛿L) has no drastic frequency dependence, inductive
loss, according to Eq. (1.73), is then expected to follow a 1/𝑓 2

q dependence in the case
of a TLS bath, and a 1/𝑓 3

q dependence in the case of a bosonic bath for sufficiently low
qubit frequencies ℎ𝑓q ≪ 𝑘B𝑇 . The last condition starts being fulfilled for qubits at only
a few hundred megahertz transition frequency and bath temperatures of around 30mK.
Furthermore, the fitted inductive loss tangents tan(𝛿L) are in accordance with the quality
factors 𝑄i ∼ 105 − 106 that were measured on thin-film grAl resonators [123, 232]. Thus,
the magnitude of the estimated inductive loss in all three samples can be trusted.

Second, while not being the dominant loss mechanism around half-flux, dielectric loss is
limiting the energy relaxation of all three fluxonium qubits for frequencies above ∼ 2 GHz
(except in the vicinity of the avoided level crossing with the resonator). By assuming
a frequency dependence tan(𝛿C) ∝ 𝑓 𝜖q with an exponent 𝜖 = 0.7 of the dielectric loss
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tangent, which is a usual value in literature [125, 163], dielectric loss according to Eq. (1.67)
describes the measured energy relaxation well up to largest qubit frequencies of ∼ 16 GHz,
and therefore, it even provides an explanation why the energy relaxation time for sample
3 at zero-flux is well below 1 µs. In contrast to inductive loss, for dielectric loss the strong
dependence on 𝑓q around half-flux is at least partly suppressed, as another factor ∝ 𝑓 2

q is
incorporated into Eq. (1.67).7

Third, Purcell loss is limiting qubit energy relaxation only in the vicinity of the avoided
level crossing. Especially, in the vicinity of half-flux, Purcell loss is negligible compared to
the expected inductive loss, such that a discrimination between the open quantum system
(OQS) or semi-classical (SC) Purcell models, which were presented in Section 1.5.3, could
not be carried out with the present experimental data.

2.6 Comparison with Other Fluxonium Qubits

In this last section, the measured data from the energy relaxation spectroscopy is compared
with other implementations of fluxonium qubits in literature. For this, the measured
relaxation rate 𝛤1 of a multitude of fluxonium qubits from Refs. [6, 9, 102, 125, 171, 175],
rescaled by the squared reduced fluxmatrix element, |⟨0|𝜑 |1⟩|2, the temperature-dependent
factor coth(ℎ𝑓q/(2𝑘B𝑇 )) and the fluxonium’s capacitive energy 𝐸C/ℎ, and a constant
numerical factor is plotted in Fig. 2.14. This at first glance peculiar choice of representation
is motivated by the following considerations: To compare various qubit implementations
with generally different qubit parameters in terms of their loss mechanisms, a parameter-
independent quantity should be considered. In the case of dielectric loss, this quantity is
represented by the dielectric loss tangent tan(𝛿C). Transforming Eq. (1.67) leads to

tan(𝛿C) = 𝛤 diel
1 ×

[
4𝜋 |⟨0|𝜑 |1⟩|2 coth

(
ℎ𝑓q

2𝑘B𝑇

)
𝑓 2
q

𝐸C/ℎ

]−1

, (2.1)

which corresponds exactly to the quantity shown in Fig. 2.14 times 𝑓 −2
q , if the energy

relaxation of a fluxonium qubit is limited by dielectric loss.8 The illustrated quantity should
therefore scale as ∝ 𝑓 2+𝜖

q , because tan(𝛿C) ∝ 𝑓 𝜖q possesses itself an empirical frequency-
dependence (cf. Section 1.5.1). If, one the other hand, this quantity is limited by inductive
loss, Eq. (1.73) yields

𝛤 ind
1 ×

[
4𝜋 |⟨0|𝜑 |1⟩|2 coth

(
ℎ𝑓q

2𝑘B𝑇

)
1

𝐸C/ℎ

]−1
= tan(𝛿L) × 𝐸C𝐸L

ℎ2 , (2.2)

which is independent of 𝑓q. Among the illustrated energy relaxation data, fluxoniums with
a JJ array based superinductor [102, 171] clearly stand out, as they follow the trend of being

7 A minor caveat is noted by the frequency dependence of the dielectric loss tangent, which reduces the
suppression ∝ 𝑓 𝜖q .

8 The case of a TLS bath is recovered in Eq. (2.1) by setting 𝑇 → ∞.
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Figure 2.14: Comparison of energy relaxation rates for different fluxonium implementations. En-
ergy relaxation rate 𝛤1, rescaled by the squared reduced flux matrix element, |⟨0|𝜑 |1⟩|2, the temperature-
dependent factor coth(ℎ𝑓q/2𝑘B𝑇 ) and the fluxonium capacitive energy 𝐸C/ℎ, as well as a numerical factor.
According to Eqs. (2.1) and (2.2), this rescaled relaxation rate is expected to be equal to tan𝛿C · 𝑓 2

q , if limited
by capacitive loss, or frequency-independent and equal to tan𝛿L · 𝐸C𝐸L/ℎ2, if limited by inductive loss. The
dataset comprises the three samples shown in Fig. 2.13B, along with similar samples lacking a fast-flux line
(FFL) on the chip (cf. Tables 5 and 6). Additional grAl fluxonium devices from the literature are referenced in
Refs. [Benatre2025May, 6, 9, 125]. For comparison, data from fluxoniums employing a superinductor based
on Josephson junction arrays (Refs. [102, 163, 171]) and from devices using the disordered superconductor
TiAlN (Ref. [175]) are also considered.

limited by capacitive loss (∝ 𝑓 2.7
q ) and showing no signature of being limited by inductive

loss, down to qubit frequencies as low as ∼ 10 MHz. In contrast, the dominating loss of the
grAl fluxonium samples studied in this work is inductive loss for qubit frequencies around
1GHz and below, which is reflected in the approximately constant value towards lower
frequencies. Furthermore, there are no fluxoniums based on a grAl superinductor, which
deviate from this trend, except for potentially some additional samples from both the first
and second design generations without a fast flux line (FFL) on the chip, as well as the
samples from Ref. [2]. These seem to follow the trend further and appear to have a lower
capacitive loss tangent. However, due to limited statistics of the FFL samples (four samples
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measured only once at their half-flux spot, with significant temporal fluctuations in 𝑇1)
and Ref. [2] containing only a minimum qubit frequency at half-flux of ∼ 2.2 GHz, this
statement cannot be definitively confirmed and requires further measurements. Fluxoni-
ums with a superinductor based on the spinodal material and disordered superconductor
TiAlN [175] are also added for reference. For these, comparably low dielectric loss was
observed, and the measured energy relaxation rates also saturate towards lower qubit
frequencies. If this loss could be associated with inductive loss, it would correspond to
5 to 15 times smaller inductive loss tangents for equal qubit parameters 𝐸C and 𝐸L. The
authors, however, argue that the underlying loss mechanism of their fluxonium qubits is
1/𝑓 flux noise, such that the inductive loss tangents are likely to be even smaller.

Returning to grAl-based fluxoniums, a conclusion can be drawn that, unless inductive
losses are reduced in the future, this platform will remain limited to 𝑇1 times of a few
hundredmicroseconds for qubit frequencies around∼ 1–2 GHz, depending on the dielectric
loss tangent.
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3 Thermalization of a Flexible Stripline
Measured by a Superconducting Qubit

In this chapter, the second main result of the manuscript is presented: when using
a flexible stripline assembly to connect a qubit readout input chain from room
temperature to the dilution stage of a cryostat, a residual population of the readout
resonator of (2.2 ± 0.9) × 10−3 photons, a 0.28ms thermalization time of the flexible
stripline attenuators, and an effective qubit temperature of 26.4mK, close to the
temperature of the dilution stage is observed. Furthermore, there are no significant
differences in qubit performance when using flexible striplines or conventional
coaxial cables. The heating pulse methodology presented here can serve as a simple
health check for other groups to test the thermalization of their input chains. These
results encourage the use of flexible striplines in future cryogenic microwave se-
tups, enabling at least an order of magnitude increase in the density of microwave
input circuitry, paving the way for increasingly complex superconducting detectors
and quantum devices. Finally, an extended thermal model of the input chains is
presented to gain insight into the origins of the measured shot noise and propose
improved versions of both input chains. This chapter is adapted to large extent from
Paluch et al., Appl. Phys. Lett. 126, 034003, 2025 (Ref. [5]).

The growing size of cryogenic quantum processors [33, 97–99, 248] and detector ar-
rays [249–252] requires an increasing microwave circuitry density for readout and control.
Possible strategies to cope with this challenge consist in frequency or time-division multi-
plexing [253–257], which are, however, limited by the available bandwidth and the finite
lifetime of the measured states. This motivates the demand for increasingly denser cryo-
genic microwave circuitry compatible with high-coherence devices [230], for which new
platforms based on photonic links [258–260] or flexible microwave striplines [261–267]
have recently been developed.

Flexible striplines with integrated microwave attenuators and filters promise to increase
the cabling density by at least one order of magnitude compared to conventional coaxial
setups. In Section 3.1, the cryogenic microwave setup is presented with a focus on the
implementation of the coaxial cable and flexible stripline input chains. Section 3.2 proceeds
with the superconducting fluxonium qubit in a circuit quantum electrodynamics (cQED)
readout architecture that was used to measure the in-situ thermalization time and contri-
bution to photon shot noise-induced dephasing of both input chains. The main results,
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Figure 3.1: Principle of measuring the ther-
malization of the input chains. Microwave
power dissipated in the attenuators gener-
ates local heating which radiates towards the
resonator-qubit device, deteriorating its per-
formance.

that the flexible stripline thermalizes with a time constant of 0.28ms, almost a factor of
two faster than cryogenic coaxial attenuators in a similar setup, and the observation of
residual photon populations of (2.2 ± 0.9) × 10−3, are shown in Section 3.3. An extended
thermal model of the input chains is proposed in Section 3.4, which is used to understand
the contributions of different temperature stages to the measured photon shot noise, and
to propose improved versions of the two input chains.

3.1 Cryogenic Microwave Circuitry

In the last two decades, superconducting qubits have emerged as one of the most promising
candidates for future large-scale quantum processors [33, 97–99, 248]. One reason for
this development is the steadily increasing qubit coherence time, nowadays exceeding a
few hundred microseconds [44–46]. This improvement also results in a higher sensitivity
to dephasing, a measure for fluctuations of the qubit frequency (see Section 1.5.5), that
originates from a multitude of different noise sources [187, 216, 268]. As explained in
Section 1.3.4, the standard tool to read out quantum information in circuit QED is the
dispersive coupling of the qubit to a readout resonator or cavity [269], which, however,
adds another noise source for dephasing. This so-called photon shot noise arises from the
fact that each photon in the resonator changes the qubit frequency by the dispersive shift
𝜒ge/2𝜋 [220, 270–272]. In this way, fluctuations in the average resonator photon number
𝑛 directly translate into qubit dephasing.

The discussion in Section 1.5.6 showed that, even in the absence of a readout drive, excess
photons in the resonator originate from heat loaded in attenuators or filters anchored
at higher temperature stages, transmitted via the microwave lines in form of blackbody
radiation [225] (Fig. 3.1). In experiments with resonators in the gigahertz (GHz) regime,
the residual 𝑛 is observed to be between 2 × 10−4 and 2 × 10−1 [9, 192, 223–229], orders
of magnitude larger than the expected ∼ 10−8 when in thermal equilibrium at 20mK.
While the lower observed limit corresponds to dephasing rates that are on the edge of
measurability with state-of-the-art superconducting qubits [224], coherence times are
usually dominated by photon shot noise in the upper limit. It is thus crucial to ensure
that new microwave input chains do not degrade qubit performance by causing excessive
thermal photon shot noise-induced dephasing.

Photon shot noise, as introduced in Section 1.5.5, is employed here to quantify the ther-
malization of different microwave input chains. In addition to the passive heat load from
higher temperature stages, the attenuators in the input chains are also heated by readout
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Figure 3.2: Cryogenic microwave setup. Microwave setup with a direct current (DC) line for magnetic
flux biasing of the fluxonium, and three microwave lines for qubit control, readout signal input and output.
The input chain is implemented either as a a coaxial cable with SubMiniature A (SMA) connectorized
attenuators or as a flexible coplanar stripline ("flexline") with integrated attenuators (model Cri/oFlex® 3,
see Section 3.1.2 and Ref. [274]). Both readout assemblies contain a total of 60 dB attenuation, distributed at
various temperature stages. The coaxial attenuators at 20mK were additionally thermalized via a copper
braid (see Section 3.1.1). The coaxial lines are thermalized to the 40mK intermediate stage using Ag-plated
Cu wires and contain a 12GHz low-pass filter anchored at 20mK. To thermalize the flexline, custom-designed
thermal clamps were used at 80 K, 20 K, 4 K, 200mK and 20mK, as detailed in Section 3.1.3. In the output
chain, signals are amplified by 60 dB using a low noise amplifier (LNA) at 4 K and a room-temperature
amplifier. The sample is surrounded by a Cu+Al and a mu-metal shield, as used in Ref. [123].

and control pulses. This active heat load generates additional photon shot noise-induced
dephasing [224, 225], which is used to quantify the thermal contact between the attenuator
and the cold plate. In separate cooldowns in a dilution refrigerator (model Sionludi XL, see
Ref. [273]), the performance of two microwave input chains, a conventional coaxial cable
and a flexible stripline, is compared (Fig. 3.2). The microwave setup following the input
chains remains unchanged in both cases. Furthermore, separate drive and DC lines are
employed for qubit manipulation and for magnetic flux biasing, respectively.

3.1.1 Details on Coaxial Cable Input Chain

In order to perform comparative experiments between a conventional coaxial cable setup
and a flexible stripline setup, the SMA connectorized attenuators are distributed on the
different temperature stages in the same way as the integrated attenuators of the flexible
stripline (20 dB at 4 K, 200mK and 20mK each). At 4 K and 200mK, attenuators with
a stainless steel casing from XMA Corporation are used. As depicted in Fig. 3.3A, the
attenuation at 20mK is split into two 10 dB attenuators with an oxygen-free high thermal
conductivity (OFHC) copper outer casing from Quantum Microwave. Additional copper
braids from their outer casing to the dilution stage improve the thermal contact. For the
cables interconnecting the temperature stages, coaxial cables from Coax Co. (part number:
SC-119/50-CN-CN [275]) with an outer conductor diameter of 1.19mm, an inner conductor
diameter of 0.287mm, and with lengths of 0.7m between the 300 K and 4 K, 0.3m between
the 4 K and 0.2 K, and 0.4m between the 0.2 K and 20mK stages were used, respectively.
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Figure 3.3: Photographs of the installation of both input chains. (A) Dilution stage part of the coaxial
input chain (cf. ‘coaxial input’ in Fig. 3.2). Copper braids are clamped onto the outer casing of the two 10 dB
attenuators to improve the thermal contact between them and the dilution stage. Input signals are routed
first to reflect on the sample and then towards the output chain, using a Quinstar circulator with 20 dB
in-band (4− 8GHz) isolation. As indicated in Fig. 3.2, all microwave parts on top of the attenuators were also
used for the flexline setup. (B) Flexible stripline assembly as delivered from Delft Circuits. (C) Fully-installed
flexline (cf. ‘flexline input’ in Fig. 3.2). (D) Zoom-in of the flexible stripline thermalized at the dilution stage
(red box). The thermal clamp is directly at the position of the integrated 20 dB attenuator.

3.1.2 Details on Flexible Stripline Input Chain

The results of Section 3.1.3 show that the design of the clamp and the use of an additional
thermal contact layer play a role when thermalizing the flexible stripline, especially at mK
temperatures. The flexible stripline assembly from Delft Circuits (Fig. 3.3B) was clamped
within a length of 26mm and with an additional layer of Apiezon® N grease on both sides
at the 20mK, 200mK, 4 K, 20 K as well as 80 K temperature stages (Fig. 3.3C). Choosing
only an intermediate clamp length compared to the suggestion from Section 3.1.3 results
from a compromise between maximizing the clamp length and a facilitated integration
into the cryostat. At the 4K, 200mK and 20mK stages the thermal clamp is directly at
the position of the integrated 20 dB attenuators (Fig. 3.3D), which are composed of four
5 dB unit cells in order to reduce the noise temperature [225, 267]. Lengths of the cable
sections are 0.32m between the 300 K and 4 K, 0.14m between the 4 K and 0.2 K, and 0.2m
between the 0.2 K and 20mK stages, respectively.

3.1.3 Flexible Stripline Thermalization Experiments

Before the installation of the flexible microwave stripline (see Section 3.1.2), the quality of
different thermal contacts was investigated, which is presented in the following.
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Figure 3.4: Setup for thermalization experiments of flexible stripline samples. (A) Side-view sketch
of the experiment: The central section of a flexible stripline is clamped inbetween two copper plates and
attached to the dilution stage of the cryostat via brass screws. Between the copper clamps and the flexline is
the factory-made Kapton® isolation and possibly an additional thermal contact layer. A heater is attached
close to one end of the stripline and three thermometers on the heater side (𝑇h), opposite to the heater side
(𝑇o) as well as on the dilution stage (𝑇d). In order to minimize the thermal contact between the thermometers
and the dilution stage, a Styrofoam foil is placed between the ends and the dilution stage. The physical
implementation of this experiment is shown in (B) with a larger contact area (circle markers) and in (C) with
a smaller contact area (diamond markers) between each side of the strip and the clamps. For each clamp,
three different thermal contact layers are investigated: 1. no additional layer (pink), 2. grease (magenta)
and 3. SPM (red). Thermometers (highlighted in blue) and heaters (in red) were fixed to the test cables with
brass nuts, brass washers and a brass screw passing through the cables. Thermometers measuring𝑇d are not
visible here. (D) Example of monitored temperatures while injecting sequentially increasing powers 𝑃heat
into the heater.

Experimental Setup

Test stripes of a flexline are thermalized in their central part with a copper clamp and
possibly an additional thermal contact layer to the dilution stage. Then, heat is applied at
one side of the cable (Fig. 3.4A), and the temperatures are measured on the heater side (𝑇h),
opposite to the heater side (𝑇o) as well as on the dilution stage (𝑇d). In total, three different
thermal contact configurations are investigated:

1. no thermal contact layer

2. Apiezon® N grease

3. silver-polymer mixture (SPM)

In distinct cooldowns, comprising stabilized dilution stage temperatures 𝑇d from 20mK
up to 20 K, two different clamp sizes are used: first, as shown in Fig. 3.4B, a longer clamp
with a length of 𝐿(long)

c = 45mm and a minimum distance between thermometer and
the clamp of 𝑑 (long)

hc = 25mm, and second, as shown in Fig. 3.4C, a shorter clamp with
𝐿
(short)
c = 15mm and 𝑑 (short)

hc = 40mm. The width of the stripline is always𝑊 = 22mm.
An example for the monitored temperatures for setup 1 with a larger clamp is depicted in

71



3 Thermalization of a Flexible Stripline Measured by a Superconducting Qubit

Figure 3.5: Simplified lumped-element
model of the setup. A horizontal 𝑥-axis
along the stripline with origin at the bound-
ary between the heater side and the clamp
is introduced. Background colors refer to
the color scheme used in Fig. 3.4A.

Fig. 3.4D, where the dilution stage was stabilized at ∼ 50mK and the stripline was heated
subsequently with 1 µW, 2 µW, 5 µW and 10 µW.

Theoretical Model

In order to obtain a quantitative measure for the thermalization of the flexline, the setup
is modeled as shown in Fig. 3.5. The clamped section of the stripline is assumed to have
a total thermal resistance 𝑅s along the stripline and 𝑅t via the thermal contact layer to
the clamp. If the contact is split horizontally into 𝑛 = 𝐿c/𝛥𝑥 sections of equal size, then
each site along the strip is connected via a smaller contact resistance 𝑅s/𝑛 to its neighbors
and a larger contact resistance 𝑅t𝑛 to the clamp. The copper clamp is assumed to have a
constant temperature 𝑇 =𝑇d over the whole length because of its significantly larger heat
conductivity compared to the thermal contact layer and its good contact to the dilution
stage. For simplicity, a change in thermal conductivities due to temperature gradients
along the stripline is neglected. In thermal equilibrium, applying Fourier’s law to the 𝑖-th
site leads to the following heat flow balance:

𝑇𝑖−1 −𝑇𝑖
𝑅s/𝑛 =

𝑇𝑖 −𝑇𝑖+1
𝑅s/𝑛 + 𝑇𝑖 −𝑇d

𝑅t𝑛
(3.1)

In the continuous limit (𝑛 → ∞), this equation becomes

𝑇 ′′(𝑥) = (𝑇 (𝑥) −𝑇d)
𝑅s

𝑅t𝐿2
c

(3.2)

along the clamp (0 ≤ 𝑥 ≤ 𝐿c). With the boundary conditions due to the differential version
of Fourier’s law, 𝑇 ′(𝐿c) = 0 and 𝑇 ′(0) = −𝑅s𝑃heat/𝐿c, the solution of Eq. (3.2) becomes:

𝑇 (𝑥) −𝑇d
𝑃heat

=
√︁
𝑅s𝑅t

cosh
(√︁
𝑅s/𝑅t

(
1 − 𝑥

𝐿c

))
sinh

(√︁
𝑅s/𝑅t

) (3.3)

The temperatures on both ends of the clamp are 𝑇 (𝐿c) =𝑇o and 𝑇 (0) =𝑇h =𝑇h − 𝑅̃s𝑃heat,
with 𝑅̃s = (𝑑hc/𝐿c)𝑅s, taking the temperature gradient along the stripline at the heater-side
into account. Solving for the measured temperature differences results in:

𝑇o −𝑇d
𝑃heat

=

√
𝑅s𝑅t

sinh
(√︁
𝑅s/𝑅t

)
𝑇h −𝑇d
𝑃heat

=

√
𝑅s𝑅t

tanh
(√︁
𝑅s/𝑅t

) + 𝑑hc
𝐿c
𝑅s

(3.4)
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1
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Figure 3.6: Experimental results of thermalization experiments. (A) Temperature differences 𝑇h −𝑇d
(filled circles) and 𝑇o −𝑇d (empty circles) for the three different thermal contacts and the large clamp. Note
that both the x- and y-axis have a logarithmic scale. The two lines in each plot are linear fits crossing the
origin to the two datasets. Since non-linear effects are observed above a certain power (here approximately
3 µW), only the points below this threshold are used for a fit. (B)

√
𝑅s𝑅t and (C)

√︁
𝑅s/𝑅t for all setups and

clamp sizes as a function of the dilution stage temperature 𝑇d, extracted via Eq. (3.5) and Eq. (3.4). The
dashed line in (B) is a ∝ 𝑇 −1

d -fit to all data points with a proportionality constant of 1600 K2/W. The dashed
lines in (C) are guides to the eye for three different subsets of data points, as explained in the text.

Computation of the ratio of these two equations results in a monotonically increasing
function 𝑓 = 𝑓

(√︁
𝑅s/𝑅t

)
:

𝑇h −𝑇d
𝑇o −𝑇d

= cosh
(√︂

𝑅s
𝑅t

)
+ 𝑑hc
𝐿c

√︂
𝑅s
𝑅t

sinh
(√︂

𝑅s
𝑅t

)
︸                                          ︷︷                                          ︸

𝑓 =𝑓

(√
𝑅s/𝑅t

)
, (3.5)

from which
√︁
𝑅s/𝑅t, a measure for the thermalization of the stripline, can be uniquely

extracted from the measured temperature differences. Re-insertion of the extracted
√︁
𝑅s/𝑅t

in Eq. (3.4) then also yields the geometric mean
√
𝑅s𝑅t of the thermal resistances.

Analysis and Results

From themonitored temperatures the points in time are chosenwhen a thermal equilibrium
along the stripe is reached. A deviation from a linear dependence of the temperature
differences on 𝑃heat is observed, most likely due to a temperature dependence of 𝑅s,t, which
is not covered by the simple model. Therefore, linear fits crossing the origin are performed
only with the points at lower powers (Fig. 3.6A).
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𝑓r (GHz) 𝜅/2𝜋 (MHz) 𝜒ge/2𝜋 (MHz) 𝐿q (nH) 𝐶q (fF) 𝐸J (GHz)
7.458 4.10 -2.70 176 6.48 14.6

Table 3.1: Parameters of the resonator-qubit device. The resonance frequency 𝑓r as well as the parameters
𝐿q, 𝐶q and 𝐸J from a qubit spectrum fit were extracted from the spectroscopy data shown in Fig. 3.7D. The
determination of the resonator linewidth 𝜅/2𝜋 and the dispersive shift 𝜒ge/2𝜋 is described in Section 3.2.2.

An overview of all extracted values for the parameters
√︁
𝑅s/𝑅t and

√
𝑅s𝑅t resulting from

the above equations Eq. (3.4) and Eq. (3.5) is given in Fig. 3.6B and C for all setups, clamp
sizes and dilution stage temperatures. The geometric mean of the thermal resistances,√
𝑅s𝑅t, is observed to be nearly independent of setup and clamp size. All values fall onto

the same 𝑇 −1
d -fit with proportionality constant 1600 K2/W. In contrast, for

√︁
𝑅s/𝑅t, three

categories of points can be identified: The weakest thermalization is indeed reached
without a thermal contact layer and with the smaller clamp. A factor of 2 improvement in√︁
𝑅s/𝑅t is obtained either with the larger clamp but no additional thermal contact layer, or

with the smaller clamp and an additional layer. Lastly, another factor of 2 improvement in√︁
𝑅s/𝑅t is reached with the large clamp and an additional thermal contact layer. In general,

no significant difference between the grease and the SPM thermal contact layer can be
observed.

In conclusion, for temperatures 𝑇d ≤ 50 mK, a clear improvement is observed when using
the larger clamp and adding either grease or SPM as a thermal contact layer. At higher
temperatures (𝑇d ≥ 1 K), differences between all setups diminish within the measurement
accuracy, except for the small clamp without an additional thermal contact layer, which
continues to exhibit weaker thermalization. Across all setups, thermalization degrades as
the temperature decreases.

3.2 Resonator-Qubit System as Photon Shot Noise Sensor

In order to assess information about photon shot noise, a superconducting quantum
circuit was used, which consists of a fluxonium qubit, inductively coupled to a resonator
(Fig. 3.7A), implementing the dispersive readout scheme. The circuit corresponds to
sample 3 introduced in Section 2.6. As described in Section 3.2.2, the qubit state-dependent
response of the readout resonator is fit to extract the resonator linewidth 𝜅/2𝜋 and the
dispersive shift 𝜒ge/2𝜋 , i.e., the resonator frequency difference for the qubit in the ground
or excited state. The qubit spectrum is depicted in Fig. 3.7D, while a close-up around its
first-order flux-insensitive point𝛷ext/𝛷0 = 0.5 is shown in Fig. 3.7C. Here𝛷ext denotes the
external magnetic flux threading the fluxonium loop and𝛷0 is the magnetic flux quantum.
Relevant parameters of the resonator-qubit system are summarized in Table 3.1.1

1 In Ref. [5], different values for 𝐶q and 𝐸J were stated because the energy levels were wrongly assigned at
zero-flux. The values stated in Table 3.1 are now corrected for that.

74



3.2 Resonator-Qubit System as Photon Shot Noise Sensor

in out

~

~

~

~

Figure 3.7: Resonator-qubit device. (A) Simplified electrical circuit diagram of the fluxonium with
inductance 𝐿q = 𝐿̃q +𝐿s, capacitance𝐶q, Josephson energy 𝐸J and external flux bias𝛷ext. The qubit is coupled
inductively to a readout resonator with fundamental mode frequency 𝑓r. The readout resonator is coupled
via the capacitance 𝐶c to the microwave lines. (B) Avoided level crossing between the qubit and resonator
modes. (C) Two tone spectroscopy of the qubit around𝛷ext/𝛷0 ≈ 0.5. (D) Measured resonator and qubit
frequencies 𝑓r,q as a function of the external flux𝛷ext. From the fit (dashed line), the qubit parameters shown
in Table 3.1 are extracted.

3.2.1 Qubit Temperature and Performance

Further comparative measurements with the two input chains show no significant differ-
ences in qubit performance (Fig. 3.8). This includes an extraction of the qubit temperature
𝑇q from 𝐼𝑄 distributions over a range of qubit frequencies 𝑓q ∈ [0.285, 1.23] GHz, obtained
by sweeping𝛷ext (Fig. 3.8A). For both setups, 𝑇q is found to be almost constant over the
whole range and close to the ≈ 20mK temperature of the dilution stage; (30.4 ± 1.4)mK
for the coaxial cable setup, comparable to (26.4± 2.0)mK for the flexline setup. The minor
difference in𝑇q is in the range of commonly observed fluctuations between cooldowns. The
uptake in 𝑇q for both setups as the qubit frequency decreases below 0.4GHz or increases
beyond 1GHz could be explained by the fact that the qubit population approaches either
50% or zero, respectively. In both cases, the extracted temperature becomes susceptible to
rare out-of-equilibrium excitations, for example from ionizing radiation [203] or readout
quantum-demolition effects [145]. Moreover, the dispersive shift for large 𝑓q drops to
1/3 of the value at the lowest 𝑓q, making the readout more challenging. In the litera-
ture, typical values for 𝑇q fall in a wide range between 20 and 60 mK [8, 9, 145, 276–278].
Finally, Fig. 3.8B shows that the energy relaxation and decoherence rates of the qubit
near𝛷ext/𝛷0 = 0.5 remain unchanged between the two setups within the measurement
accuracy. From fits to the measured echo and Ramsey dephasing rates using Eq. (1.86), a
flux noise amplitude A𝛷 = 40 µΦ0, a ratio 𝜂R/𝜂E = 3.0 of the numerical filtering factors
can be extracted.
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Figure 3.8: Comparison of conventional coaxial cable (magenta) and flexible stripline (yellow)
setups. (A) Temperature 𝑇q as a function of the qubit frequency 𝑓q, extracted from Gaussian mixture fits of
measured 𝐼𝑄 distributions. For the fits, 105 points are used for the coaxial cable and 5 × 104 points for the
flexible stripline. The dashed lines indicate the mean temperature values 𝑇q and the horizontally filled areas
the ±1𝜎 range, as stated in the legend. The inset shows a measured 𝐼𝑄 distribution using the coaxial cable
setup at𝛷ext/𝛷0 = 0.5, as indicated by the arrow. For better visibility, only a subset of 2000 points is shown.
The quadratures are normalized to the square-root of the number of measurement photons 𝑛meas ≈ 𝑛𝜅𝑡meas/4,
approximated for negligible internal resonator losses, where 𝑛 is the average number of photons in the
resonator and 𝑡meas the duration of the readout pulse. The black circles indicate the 2𝜎 regions centered
on the pointer states (black markers) corresponding to the qubit in the ground state |g⟩ and the excited
state |e⟩, as indicated by the labels. (B) Rates (with vertical errorbars from the fit) extracted from energy
relaxation, Ramsey as well as echo experiments in the vicinity of𝛷ext/𝛷0 = 0.5, for both the coaxial cable
and the flexible stripline setup. Fits according to Eq. (1.86) to measured echo and Ramsey dephasing rates
are represented by the solid and dashed black lines, respectively.

3.2.2 Extraction of Resonator Linewidth and Dispersive Shift

Eq. (1.90) and Eq. (1.91) show that knowledge about the dispersive shift 𝜒ge/2𝜋 and
resonator linewidth 𝜅/2𝜋 is essential for calculating the photon number 𝑛 from a measured
value of dephasing rates 𝛤𝑛 . Since there is no additional resonator drive present during
the free evolution of the qubit in a Ramsey or echo experiment, the determination of 𝜒ge
and 𝜅 for the lowest possible photon numbers in the resonator is of interest. For this, 𝐼
and 𝑄 quadratures are measured, as shown in the inset plot of Fig. 3.8A. From these, the
qubit state dependent phase response of the readout resonator can be extracted, which
is shown as a function of the readout frequency in Fig. 3.9A. The responses are only
partly shown because an extraction of two 𝐼𝑄 clouds is trusted only within a narrow
frequency range around the mean resonance frequency 𝑓r ≈ 7.463GHz. Additionally,
when being sufficiently far away from 𝑓r, the mean value of all arg(𝑆11) is assumed to be
valid for both responses. Values for 𝜒ge and 𝜅 can be extracted by fitting two distinct phase
responses arg(𝑆11) to the measured data. In the fitting procedure, different values 𝜅g and
𝜅e of the resonator linewidth for the qubit being in its ground state |𝑔⟩ or excited state |𝑒⟩,
respectively, are allowed. This is motivated by the fact that, in principle, the resonator
𝐼𝑄 clouds corresponding to |𝑔⟩ or |𝑒⟩ might be squeezed to different degrees, since for
one state the grAl resonator’s intrinsic nonlinearity cancels out the qubit state-inherited
nonlinearity while for another state it might not [279]. This behavior potentially leads
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Figure 3.9: Qubit state dependent response of the readout resonator. (A) Phase response of the readout
resonator coupled to the qubit being in its ground state |g⟩ (dark blue) or its excited state |e⟩ (light blue).
For each readout frequency, we performed 105 consecutive reflection measurements. Each phase response
associated to one of the qubit states is fit separately (dashed lines), from which we extract a dispersive shift
between qubit and resonator of 𝜒ge/2𝜋 = −2.67MHz and corresponding linewidths 𝜅g/2𝜋 = 3.81MHz and
𝜅e/2𝜋 = 4.48MHz. The readout strength corresponds to 𝑛 ≈ 0.11 photons on average in the resonator, as
indicated by the arrow in panel B. (B) Dispersive shift 𝜒ge/2𝜋 and (C) resonator linewidths 𝜅g/2𝜋 (triangles),
𝜅e/2𝜋 (squares) and 𝜅/2𝜋 (circles) as a function of the average photon number 𝑛 in the resonator. The black
dashed line in panel B is an exponential guide to the eye. The horizontal line in panel C highlights the
approximate independence of 𝑛.

to different qubit-state dependent phase roll-offs. In the following, the mean linewidth is
estimated by 𝜅 = (𝜅g + 𝜅e)/2.

This procedure is repeated for different readout strengths to estimate 𝜒ge and 𝜅 for 𝑛 → 0.
For the dispersive shift, a photon number dependence similar as in Ref. [145] is observed,
with an extrapolated value of 𝜒ge/2𝜋 = −2.70MHz for lowest photon numbers 𝑛 → 0
(Fig. 3.9B). The mean linewidth 𝜅/2𝜋 = 4.10MHz is found to stay approximately constant
over the whole range of 𝑛 (Fig. 3.9C). No significant difference is observed between the
coaxial cable and the flexline setup (not shown).

3.3 Measurement of Passive and Active Heat Load

3.3.1 Coaxial Cable Setup

To infer the thermal photon shot noise due to passive heat load in the coaxial cable setup,
energy relaxation, Ramsey and echo measurements are performed over a course of 3.5
hours in an interleaved manner (Fig. 3.10A). The measured energy relaxation rates 𝛤1 and
decoherence rates 𝛤 ∗/echo

2 fluctuate within 2% and the qubit frequency, extracted from
the Ramsey fringes, is stable within a few kHz (Fig. 3.10B). Photon shot noise-induced
dephasing rates 𝛤𝑛 ≈ 𝛤𝜑 = 𝛤2 − 𝛤1/2 are estimated by first attributing the total measured
dephasing rate 𝛤𝜑 entirely to photon shot noise. This approximation is justified by the
estimation in Section 1.5.5 that critical current noise is negligible. Next, 𝛤2 = 𝛤

echo
2 is used

to extract the fast components of the phase noise that can be associated with photon shot
noise. This results in 𝛤𝑛 / 2𝜋 = (2.7 ± 1.1) kHz, which is converted with Eq. (1.91) into
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DC
pulse 

readout
pulse

Figure 3.10: Fluxonium qubit measurements using the coaxial cable setup at𝛷ext/𝛷0 = 0.5. (A) In-
terleaved measurements of 𝛤1 relaxation (pink), 𝛤2 Ramsey (red) and echo (magenta) dephasing rates over
3.5 hours. Gaussian distribution fits yield values of 𝛤1 / 2𝜋 = (73.1 ± 1.1) kHz, 𝛤 ∗

2 / 2𝜋 = (46.2 ± 0.8) kHz
and 𝛤 echo

2 / 2𝜋 = (39.2 ± 0.9) kHz, respectively. Photon shot noise-induced dephasing rates 𝛤𝑛̄ (black) are
calculated from the extracted 𝛤1 and 𝛤 echo

2 values as described in the main text and converted into resonator
photon numbers 𝑛 according to Eq. (1.91). The dashed line indicates the mean value of 𝛤𝑛̄ or 𝑛 and the
horizontally filled area their ±1𝜎 range, as stated in the text. (B) The qubit frequency, extracted from Ramsey
fringes, fluctuates within a standard deviation of 0.8 kHz around the average qubit frequency 𝑓q. (C) The
inset shows the pulse sequence for the measurement of attenuator thermalization time. A DC pulse of
duration 𝑡heat is sent in the readout line to heat the attenuators, followed by a variable wait time 𝑡cool before
a standard Ramsey sequence. The markers correspond to photon shot noise-induced dephasing rates 𝛤𝑛̄ as
well as (D) qubit frequency shifts 𝛥𝑓q,𝑛̄ extracted from Ramsey measurements. The black lines show a fit
with common temperature relaxation time 𝜏cool = 0.55 ms for all heat pulses, following Eqs. (1.90) and (3.6).

residual photon numbers 𝑛 = (2.1 ± 0.8) × 10−3. This value is in the lower range of what
is commonly observed for passive heat load in the community [9, 192, 223–229].

In order to evaluate the thermalization of the coaxial input chain, the pulse sequence
illustrated in Fig. 3.10C is employed. At the beginning of each repetition, a DC pulse
is coupled into the input chain with a combiner to actively heat the attenuators. This
heat pulse is many orders of magnitude larger in amplitude than what is used for the
readout pulse. Given the 40 dB of distributed attenuation between room temperature and
the dilution stage, approximately 0.25 µW reaches the dilution stage, where nearly all of it
is absorbed by the attenuators. Then, a variable time 𝑡cool is waited before performing a
Ramsey sequence, from which the excess thermal photon shot noise and the temperature
of the attenuators can be inferred. Each repetition ends with waiting 2ms to prevent
cumulative heating. To extract 𝛤𝑛 , from all measured decoherence rates 𝛤2 the same offset
value is subtracted such that, for large 𝑡cool, 𝛤𝑛 corresponds to the average value found in
Fig. 3.10A. Extracted values for 𝛤𝑛 and 𝛥𝑓q,𝑛 as a function of 𝑡cool are depicted in Fig. 3.10C
and D for three heat pulse durations 𝑡heat ∈ [0.5, 5, 50] µs.
The data is modeled on the basis of Eq. (1.90), assuming the input chain is a blackbody radia-
tor with effective temperature𝑇 and Bose-Einstein distribution 𝑛B(𝑓 ,𝑇 ). The temperature-
dependent photon number 𝑛(𝑇 ) = 𝑛B(𝑓r,𝑇 ) is associated with the blackbody radiation at
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Figure 3.11: Fluxonium qubit measurements using the flexible stripline setup at 𝛷ext/𝛷0 = 0.5.
(A) Interleaved measurements of 𝛤1 relaxation (pink), 𝛤2 Ramsey (red) and echo (magenta) dephasing rates
over 12 hours. Gaussian distribution fits yield values of 𝛤1 / 2𝜋 = (76.0± 1.4) kHz, 𝛤 ∗

2 / 2𝜋 = (53.3± 0.6) kHz
and 𝛤 echo

2 / 2𝜋 = (40.7 ± 0.9) kHz, respectively. Photon shot noise-induced dephasing rates 𝛤𝑛̄ (black) are
calculated from the extracted 𝛤1 and 𝛤 echo

2 values as described in the main text and converted into resonator
photon numbers 𝑛 according to Eq. (1.91). The dashed line indicates the mean value of 𝛤𝑛̄ or 𝑛 and the
horizontally filled area their ±1𝜎 range, as stated in the main text. (B) The qubit frequency, extracted from
Ramsey fringes, fluctuates within a standard deviation of 1.0 kHz around the average qubit frequency 𝑓q.
(C) Photon shot noise-induced dephasing rates 𝛤𝑛̄ as well as (D) qubit frequency shifts 𝛥𝑓q,𝑛̄ extracted from
Ramsey measurements. The black lines show a fit with common temperature relaxation time 𝜏cool = 0.28 ms
for all heat pulses, following Eqs. (1.90) and (3.6).

the frequency 𝑓 = 𝑓r. This temperature rises from its thermal equilibrium 𝑇eq by 𝛥𝑇 and
relaxes exponentially with a time constant 𝜏cool after the heat pulse:

𝑛(𝑡cool) =
(
exp

(
ℎ𝑓r

𝑘B𝑇 (𝑡cool)

)
− 1

)−1
with

𝑇 (𝑡cool) =𝑇eq + 𝛥𝑇 exp
(
− 𝑡cool
𝜏cool

)
,

(3.6)

where 𝑘B and ℎ are the Boltzmann and the Planck constants, respectively. After a heating
pulse, the thermalization of the coaxial cable chain is modeled by a simultaneous fit of
the measured relaxation curves 𝛤𝑛 and 𝛥𝑓q,𝑛 to Eqs. (1.90) and (3.6), yielding a common
time constant 𝜏cool = 0.55 ms for all three values of 𝑡heat (Fig. 3.10C and D). In Eq. (3.6), the
equilibrium temperature 𝑇eq = 58 mK of the blackbody is fixed to the value corresponding
to the mean residual thermal photon population in Fig. 3.10A. The fit yields temperature
differences 𝛥𝑇 = [33, 76, 111]mK. For the data with the longest heat pulse (𝑡heat = 50 µs), a
model based on two blackbodies in the input chain decaying with different time constants
could possibly describe the data better.
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3.3.2 Flexible Stripline Setup

In this subsection, the same experiments as above are repeated with the flexible stripline
input chain. Following the procedure described in Section 3.3.1, a passive heat load
corresponding to an average photon population in the resonator of 𝑛 = (2.2 ± 0.9) × 10−3

can be extracted from interleaved energy relaxation and echomeasurements over a duration
of 12 hours (Fig. 3.11A). This value falls into the same range as the one found with the
coaxial setup.

From these considerations, a temperature 𝑇eq = 58mK of the blackbody generating the
thermal photon shot noise is obtained. Similar to the coaxial cable case, fitting all three heat
pulse scenarios simultaneously requires different values for 𝛥𝑇 while keeping a common
𝜏cool as a fit parameter. The fit yields temperature differences 𝛥𝑇 = [24, 55, 114]mK and
a time constant of 𝜏cool = 0.28ms, which is a factor of two faster than for the coaxial
cable setup. This behavior indicates that the flexible stripline integrated attenuators are at
least as well thermalized as the coaxial cable attenuators. Together with the absence of
detrimental effects on the superconducting device observed in Section 3.2.1, these results
support the use of flexible striplines at scale in future quantum processor setups and large
detector arrays.

Even though the model in Eq. (3.6) fits the data for input chains, this is only a first-order
approximation. While all attenuators in both setups are thermalized to temperatures
𝑇 < 10K, in which case both heat capacity and conduction in metals are dominated by
electrons [48], so thermalization is independent of temperature, this model ignores two
factors. First, the non-linear relationship between 𝑇 and 𝑛B implies that even attenuators
that thermalize with the same rate will contribute with different time constants to the
thermal photon shot noise decay, depending on their respective temperatures. Second,
the hot electron effect [280, 281] and increased Kapitza phonon-phonon boundary resis-
tance [282] decrease heat conduction at temperatures below a few hundred millikelvin. At
different times along the temperature relaxation curve, thermal photon shot noise might
be dominated by attenuators anchored to different stages of the cryostat. Therefore, the
extracted values of𝑇eq and 𝛥𝑇 from the fit of the measured data in Fig. 3.11C and D should
be seen as effective parameters characterizing the entire input chain. In Section 3.4, a
more realistic and complex input chain thermal model is presented, where the individual
contributions of each element in the chain to the total thermal photon shot noise are
considered.

Another point worth mentioning is that all 𝑡heat used in the experiment are smaller than
all values of 𝜏cool that were extracted from the model. This indicates that for all heating
scenarios, the steady state under heat load has not been reached yet, but instead the
electrons in the attenuators were only partially heated. In a future experiment, it might
also be of interest to heat long enough in order to saturate the thermal photon shot noise,
and instead vary the input power 𝑃in.

80



3.4 Input Chain Thermal Model

3.4 Input Chain Thermal Model

This section introduces a thermal model for input chains that serves as a more compre-
hensive alternative to the single blackbody model discussed in Section 3.3, enabling a
refined estimation of the thermal photon shot noise reaching the resonator–qubit system
under thermal load of the chain. The discussion begins in Section 3.4.1 by motivating the
approach and illustrating the underlying concept using a simplistic toy model consist-
ing solely of attenuators. Building on this, Section 3.4.2 incorporates cables connecting
different temperature stages, resulting in a more realistic representation of both coaxial
cable and flexline input chains. Subsequently, Section 3.4.3 applies the extended model
to experimental active heat load data from Section 3.3. This allows for identifying the
contributions from individual temperature stages to the overall thermal photon shot noise
in both types of input chains. Finally, Section 3.4.4 presents improved designs for coaxial
and flexline input chains, for which the resulting thermal photon shot noise is evaluated
through simulation.

3.4.1 Motivation and Simplistic Toy Model

In Section 3.3, measurements of the passive and active heat load for two different input
chains were presented. While modeling each of the input chains as a single blackbody
results in a satisfying agreement between experimental data and the fit, the model lacks
in giving further insight into contributions from different parts of the input chain to the
total photon shot noise due to its simplicity. To overcome this limitation, a more detailed
model was created, which is presented in the following.

An input chain consists of a series of attenuators anchored at different temperature stages,
and cables interconnecting these stages. To pedagogically illustrate this concept, the
following discussion starts with a–still simplistic–toy model, in which the input chain is
assumed to consist of three 20 dB attenuators in series, one anchored at each the 20mK,
0.2 K and 4K temperature stage.

To estimate the active heat load in an input chain, the first step is to compute the heat
input powers 𝑃 (𝑖)

heat for each attenuator by accounting for all preceding attenuators in the
chain:

𝑃
(𝑖)
heat = (1 − 𝑎𝑖)

∏
𝑗<𝑖

𝑎 𝑗𝑃in, (3.7)

where 𝑎𝑖 = 10−𝐴𝑖/10 dB is the attenuation factor of the 𝑖-th attenuator (𝐴𝑖 > 0 its attenuation
in dB), and 𝑃in is the DC power inserted into the cryostat at room temperature.

Then, the heat balance illustrated in Fig. 3.12A is set up for each attenuator in the chain:
Within an infinitesimally small time step d𝑡 , the energy 𝑃 (𝑖)

heat d𝑡 gets dissipated, out of
which the energy 𝛬𝑖 (𝑇𝑖) (𝑇𝑖 − 𝑇 (𝑖)

eq ) d𝑡 will be conducted out of the attenuator due to its
thermal anchoring. Here, 𝛬𝑖 (𝑇𝑖) and 𝑇 (𝑖)

eq are the thermal conductance and equilibrium
temperature of the 𝑖-th attenuator, respectively. For this, the simplifying assumption
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Figure 3.12: Simplistic toy model. (A) Illustration of the energy balance of an attenuator in the input chain.
An attenuator receives heat input according to Eq. (3.7) and outputs energy due to its thermal anchoring at
the stage with constant temperature 𝑇 (𝑖 )

eq . The difference must result in changing the internal energy of the
attenuator (Eq. (3.8)), from which the temperature change d𝑇𝑖 within the next time step d𝑡 can be estimated,
see Eq. (3.10). Temperatures of all three attenuators in the simplistic toy model chain, as a function of time
(B) during and (C) after a 𝑃in = 1 mW strong DC heating pulse. For better visibility, a logarithmic time scale
is chosen in panel B. (D) An attenuator effectively acts as a beamsplitter [230] by attenuating incoming
noise 𝑛 (𝑖 )in (𝑓 ) from higher temperature stages with an attenuation factor 𝑎𝑖 and adding blackbody radiation
𝑛
(𝑖 )
BE (𝑓 ,𝑇𝑖 ) at the temperature 𝑇𝑖 of the attenuator, resulting in the outgoing noise 𝑛 (𝑖 )out (𝑓 ), see Eq. (3.13).

Contributions 𝑛𝑖 of all temperature stages (see Eq. (3.14)) to the total photon shot noise 𝑛 (black line), as a
function of time (E) during and (F) after the heating pulse.

is used that the attenuator is in direct contact to an infinitely large bath at 𝑇 (𝑖)
eq . The

difference of incoming and outgoing energy must result in change of the attenuator’s
internal energy,

𝐶𝑖 (𝑇𝑖) d𝑇𝑖 = [𝑃 (𝑖)
heat − 𝛬𝑖 (𝑇𝑖) (𝑇𝑖 −𝑇

(𝑖)
eq )] d𝑡, (3.8)

where𝐶𝑖 (𝑇𝑖) describes the heat capacity of the 𝑖-th attenuator. In all cases considered here,
the attenuators are thermalized to temperatures below 10K, in which case the heat capacity
𝐶 (𝑇 ) and thermal conductance 𝛬(𝑇 ) of metals are electron-dominated and therefore scale
linearly with temperature to first order [48]:

𝐶𝑖 (𝑇𝑖) ≈ 𝐶 (𝑖)
el 𝑇𝑖 and 𝛬𝑖 (𝑇𝑖) ≈ 𝛬̃

(𝑖)
el 𝑇𝑖 (3.9)

This condition might start to break down for very large heat pulses when locally tem-
peratures 𝑇 > 10K are reached and therefore the phononic contributions (∝ 𝑇 3) are not
negligible. However, this effect can still be neglected, because the contribution of the 4 K
stage to the total thermal photon shot noise is never significant when the attenuators are
hot (cf. the left part of the curves in Fig. 3.14C and F). Also, an additional contribution to
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the heat capacity would only counteract an uptake in temperature. Altogether, inserting
the approximation Eq. (3.9) into Eq. (3.8) yields

d𝑇𝑖 =
[
𝑃
(𝑖)
in

𝐶
(𝑖)
el 𝑇𝑖

−
𝛬̃
(𝑖)
el

𝐶
(𝑖)
el

(𝑇𝑖 −𝑇 (𝑖)
eq )

]
d𝑡 . (3.10)

By repeating this evaluation 𝑁 times with sufficiently small time steps, the total tem-
perature changes 𝛥𝑇𝑖 after heating the input chain for the duration 𝑡heat = 𝑁 d𝑡 can be
estimated, effectively performing a numerical integration of the heat balance equation
Eq. (3.10).

For the simplistic toy model consisting of three attenuators, this yields the dashed curves
in Fig. 3.12B. Here, an input power 𝑃in = 1 mW and the same proportionality constants
𝐶
(𝑖)
el = 50 pJ/K2 and 𝛬̃(𝑖)

el = 100 nW/K2 were assumed for all three attenuators. The
temperatures of the attenuators reach 100 K, 10 K and 1K after 1ms of heating in this
scenario.

After the heat pulse, Eq. (3.10) is still valid, but now 𝑃
(𝑖)
heat = 0 can be imposed to simplify:

d𝑇𝑖 = −
𝛬̃
(𝑖)
el

𝐶
(𝑖)
el

(𝑇𝑖 −𝑇 (𝑖)
eq ) d𝑡 ≡ −𝑇𝑖 −𝑇

(𝑖)
eq

𝜏
(𝑖)
cool

d𝑡, (3.11)

which can be easily integrated analytically, leading to an exponential decay towards the
thermal equilibrium 𝑇

(𝑖)
eq with the time constants 𝜏 (𝑖)cool =𝐶

(𝑖)
el /𝛬̃

(𝑖)
el :

𝑇𝑖 (𝑡cool) =𝑇 (𝑖)
eq + 𝛥𝑇𝑖 exp

(
− 𝑡cool

𝜏
(𝑖)
cool

)
. (3.12)

It should be emphasized that the time constants 𝜏 (𝑖)cool do not depend on temperature to
first order in the 𝑇 < 10 K regime. In Fig. 3.12C, the temperatures of all attenuators in the
toy model after the heating pulse are plotted. According to Eq. (3.12), all temperatures
decay exponentially with a time constant of 𝜏 (𝑖)cool = 0.5 ms.

In order to estimate the total thermal photon shot noise of the input chain during and
after the heating event, the fact is used that an attenuator effectively acts as a beamsplitter
(Fig. 3.12D), attenuating the incoming photon shot noise 𝑛(𝑖)in by the attenuation factor 𝑎𝑖
and adding noise according to its temperature [230]:

𝑛
(𝑖)
out(𝑓 ) = 𝑎𝑖𝑛(𝑖)in (𝑓 ) + (1 − 𝑎𝑖)𝑛(𝑖)BE(𝑓 ,𝑇𝑖). (3.13)

In this way, the total photon shot noise 𝑛 = 𝑛20mK
out reaching the resonator at the frequency

𝑓 = 𝑓r can be estimated by successively evaluating Eq. (3.13) for all attenuators in the input
chain, starting from 300 K down to 20mK. The 300 K stage is implemented with 𝑎300K = 0.
Furthermore, the contributions 𝑛𝑖 of different parts in the input chain to 𝑛 are determined.
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For this, the added noise of an attenuator is attenuated by all upcoming attenuation in the
chain,

𝑛𝑖 = (1 − 𝑎𝑖)𝑛(𝑖)BE

∏
𝑗>𝑖

𝑎 𝑗 . (3.14)

In Fig. 3.12E and F, these contributions𝑛𝑖 and the total photon shot noise𝑛 are shown during
and after the heating pulse, respectively. Interestingly, three regimes can be distinguished:
When the temperatures of all attenuators are elevated the most, the noise contribution
𝑛20mK from the attenuator on the 20mK stage is dominating. When the system is close to
its thermal equilibrium with the temperature stages, 𝑛20mK is exponentially suppressed
while 𝑛0.2K, 𝑛4K and 𝑛300K contribute almost equally to the residual photon shot noise of
3.4 × 10−3. Lastly, there is also an intermediate regime where 𝑛20mK is still exponentially
suppressed, but 𝑛0.2K surpasses 𝑛4K by almost an order of magnitude, dominating the
thermal photon shot noise there.

Lastly, from the total photon shot noise 𝑛 an effective temperature𝑇eff can be estimated,

𝑇eff =
ℎ𝑓

𝑘B ln (1 + 1/𝑛) , (3.15)

which is also illustrated in Fig. 3.12B and C. It should however be noted that 𝑇eff does not
per se correspond to the physical temperature of a blackbody, rather it represents the
temperature that a blackbody would need to generate the observed photon shot noise
at the frequency 𝑓 of interest. In line with the above, 𝑇eff can be approximated by the
temperature of the 20 mK stage only in the regime of more elevated temperatures. In
contrast, when the system is close to thermal equilibrium with the temperature stages,
𝑇eff ≈ 63 mK results from the non-negligible contributions of the 0.2 K, 4 K and 300 K
stages.

3.4.2 Extended Thermal Model of the Coaxial and Flexline Input Chains

In order to fully describe the coaxial cable and flexible stripline input chains, the extended
thermal model will also consider cable sections inbetween temperature stages and split
attenuators into individual parts or unit cells. For this, the detailed information about the
coaxial and flexline input chains presented in Sections 3.1.1 and 3.1.2 is followed, as shown
in Fig. 3.13A.

The DC resistance in all cable sections is assumed to be negligible. Therefore, any heating
effect inside of them due to DC pulses is neglected, and they are assumed to stay constant
in temperature over time. Another consequence is that cable sections will not participate
in attenuating these pulses, leaving Eq. (3.7) unchanged. However, cables still play a
role in attenuating blackbody radiation from higher temperature stages. For this reason,
Eqs. (3.13) and (3.14) can be extended to cables as well.

A cable is simulated in the following as a series of many small elements with attenuation
factors 𝑎𝑘 (𝑇𝑘) (1 ≤ 𝑘 ≤ 𝑁 ) that depend on the temperatures 𝑇𝑘 of the elements. Eq. (3.13)
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Figure 3.13: Extended input chain thermal models. (A) Overview of the full flexible stripline and coaxial
cable input chains. Attenuation values stand next to the attenuators, which are directly thermalized on either
the 4 K, 0.2 K or 20mK stage. Different temperature stages are connected via cable sections of either CuNi
coaxial cables ("coax") or Ag flexible striplines ("flex"). Details on the cables are summarized in Table 3.2.
(B) Thermal conductivities 𝜆 of the materials used in the cable sections of the input chains as a function of
temperature 𝑇 . The conductor in the coaxial cables is made of CuNi (magenta) and in the flexible stripline it
is made of Ag (yellow). Values were taken from Refs. [283–285]. (C) Temperature profiles 𝑇 (𝑥) along the
dimensionless length 𝑥 of all cables in the coaxial (magenta) and flexline (yellow) input chains, respectively.
The profiles were calculated using Eq. (3.17), and the horizontal dashed lines correspond to the values of 𝑇eff
given in Table 3.2. The vertical scale is linear between the temperature stage labels. (D) Attenuation per
length 𝛼 for coaxial cables and flexible striplines as a function of temperature 𝑇 , based on the measured
values 𝛼 (300 K) at room-temperature and Eq. (3.18).
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is successively used for each element in the cable to show that one can assign an effective
attenuation 𝑎eff and temperature 𝑇eff to the cable:

𝑛
(𝑁 )
out (𝑓 ) = 𝑎𝑁𝑛(𝑁 )

in (𝑓 ) + (1 − 𝑎𝑁 )𝑛BE(𝑓 ,𝑇𝑁 )
= 𝑎𝑁𝑎𝑁−1𝑛

(𝑁−1)
in (𝑓 ) + (1 − 𝑎𝑁−1)𝑛BE(𝑓 ,𝑇𝑁−1) + (1 − 𝑎𝑁 )𝑛BE(𝑓 ,𝑇𝑁 ) = ...

=

𝑁∏
𝑘=1

𝑎𝑘𝑛
(1)
in (𝑓 ) +

𝑁∑︁
𝑗=1

𝑛BE(𝑓 ,𝑇𝑗 ) (1 − 𝑎 𝑗 )
𝑁∏
𝑘=𝑗

𝑎𝑘

≡ 𝑎eff𝑛
(1)
in (𝑓 ) + (1 − 𝑎eff)𝑛BE(𝑓 ,𝑇eff)

(3.16)

However, one can not truly speak of a single blackbody that represents the whole cable:
In fact, 𝑇eff =𝑇eff (𝑓 ) now depends on the frequency 𝑓 of interest, similar to the effective
temperature defined in Eq. (3.15). In order to calculate 𝑎eff and 𝑇eff , two ingredients are
needed. First, the temperature profile 𝑇 (𝑥) along the dimensionless length 0 ≤ 𝑥 ≤ 1 of a
cable, and second, its temperature-dependent attenuation per length 𝛼 (𝑇 ).
To determine the temperature profile, Fourier’s law, ¤𝑄 = 𝜆𝐴

𝐿
d𝑇
d𝑥 , can be used. According

to this law, 𝑇 (𝑥) is uniquely defined by the temperature-dependent thermal conductivity
𝜆(𝑇 ) of the conductor material (see Fig. 3.13B) as well as the temperatures 𝑇 (0) and 𝑇 (1)
at both ends of the cable because of the conservation of heat flow along the cable:

1
𝑥

∫ 𝑇 (𝑥)

𝑇 (0)
𝜆(𝑇 ′) d𝑇 ′ =

∫ 𝑇 (1)

𝑇 (0)
𝜆(𝑇 ′) d𝑇 ′. (3.17)

Both the cross-sectional area 𝐴 and cable length 𝐿 do not alter 𝑇 (𝑥), but they will rescale
the heat flow ¤𝑄 through the cable. Eq. (3.17) allows to extract the temperature profiles
depicted in Fig. 3.13C of all cables in both chains. One can observe that the nearly constant
thermal conductivity above 100 K leads to a nearly linear dependence 𝑥 ∝ 𝑇 , and that the
nearly linear behavior of 𝜆(𝑇 ) below 10 K yields a nearly quadratic behavior of 𝑥 ∝ 𝑇 2.

For calculating the temperature-dependent attenuation per length 𝛼 (𝑇 ) of the cable, the
fact is used that 𝛼 is proportional to the RF sheet resistance 𝑅s, which itself is proportional
to the resistivity 𝜌 and inversely proportional to the skin depth 𝛿s. The latter is again
proportional to √

𝜌 [170], resulting in

𝛼 ∝ 𝑅s ∝ 𝜌

𝛿s
∝ √

𝜌 ⇒ 𝛼 (𝑇 ) = 𝛼 (300 K)
√︄

𝜌 (𝑇 )
𝜌 (300 K) (3.18)

For the flexible stripline, the measured value of 𝛼 (300 K) = 32.9 dB/m at 𝑓 = 𝑓r is inserted
and Ref. [285] is used to extract 𝜌 (𝑇 ). For the coaxial cable, 𝛼 (300 K) = 14.5 dB/m at
𝑓 = 𝑓r is found and Ref. [283] is used to extract 𝜌 (𝑇 ). The resulting 𝛼 (𝑇 ) for both types
of cables are shown in Fig. 3.13D. With this, values for the effective attenuations 𝑎eff and
temperatures 𝑇eff for all cable sections in both setups are found, which are summarized in
the following Table 3.2:
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cable material 𝐿 (m) 𝐴 (µm2) 𝑎eff 𝐴eff (dB) 𝑇eff (𝐾)
coax 0 CuNi (80:20) 0.7 6.5 × 104 0.103 9.88 124
coax 1 CuNi (80:20) 0.3 6.5 × 104 0.384 4.16 2.87
coax 2 CuNi (80:20) 0.4 6.5 × 104 0.279 5.54 0.11
flex 0 Ag (𝑅𝑅𝑅 = 132) 0.32 O(103) 0.329 4.82 144
flex 1 Ag (𝑅𝑅𝑅 = 132) 0.14 O(103) 0.918 0.37 2.98
flex 2 Ag (𝑅𝑅𝑅 = 132) 0.20 O(103) 0.881 0.55 0.12

Table 3.2: Detailed information and extracted parameters of the cables of both input chains.

3.4.3 Application of the Extended Model to Measured Data

In this section, the extended input chain thermal model is applied to the measured data
within the active heat load experiments in Sections 3.3.1 and 3.3.2. The model is used
to estimate the temperature changes 𝛥𝑇𝑖 of all attenuators that are generated by the
three different heat pulse scenarios, and afterwards calculate the relaxation to thermal
equilibrium. For this, there are for each type of attenuator only two free parameters, 𝐶 (𝑖)

el
and 𝛬̃(𝑖)

el (or equivalently 𝐶 (𝑖)
el and 𝜏 (𝑖)cool).

In Fig. 3.14A and B, the data points shown in Fig. 3.10C and D for the coaxial input chain
are once more plotted. To model the data, the extended input chain model is applied,
as described above. In contrast to the flexline, the coaxial input chain consists of two
types of attenuators. From a simultaneous fit to all three heat pulse scenarios, the values
𝜏
(1)
cool = 0.50 ms and𝐶 (1)

el = 17 pJ/K2 for the 20 dB attenuators from XMA on the 0.2 K and 4K
stages, and 𝜏 (2)cool = 0.12 ms and 𝐶 (2)

el = 120 pJ/K2 for the 10 dB attenuators from Quantum
Microwave on the 20mK stage, respectively, are extracted. Additionally, an input power
of 𝑃in = 2.5 mW and heating durations 𝑡model

heat ∈ [0.5, 15, 50] µs are used for the extended
model. The latter values differ from the real values 𝑡heat ∈ [0.5, 5, 50] µs slightly, in order
to keep 𝐶el and 𝜏cool for all three heat pulse scenarios constant. This difference might
arise from the still strong simplification of the attenuators in the model compared to the
real world. For instance, by describing the attenuator with a single temperature value 𝑇𝑖 ,
the spatial dependence of the temperature inside the element is neglected. Furthermore,
even though the hot electron effect [280, 281] and an increased Kapitza phonon-phonon
boundary resistance [282] play a significant role at temperatures below a few hundred
millikelvin, their influence has been neglected for the sake of simplicity.

For the data with the longest heat pulse (𝑡heat = 50 µs), the contributions 𝑛𝑖 from all
temperature stages (20mK, 0.2 K, 4 K and 300 K) and the cables to the total thermal photon
shot noise 𝑛 are shown in Fig. 3.14C, calculated according to Eq. (3.14). Similar to the
simplistic toy model in Fig. 3.12, three regimes can be distinguished, each dominated by a
different temperature stage. In the beginning, the otherwise exponentially suppressed noise
contribution 𝑛20mK from the attenuators on the 20mK stage becomes almost comparable
to the contribution 𝑛0.2K from the 0.2 K stage. For intermediate timescales, i.e. moderately
elevated temperatures, the photon shot noise reaching the resonator is fully dominated by
𝑛0.2K. When the system approaches thermal equilibrium again, the contribution 𝑛4K from
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coaxial input chain flexline input chain

Figure 3.14: Application of the extended input chain thermal model to the active heat load exper-
imental data with both setups. (A) Photon shot noise-induced dephasing rates 𝛤𝑛̄ as well as (B) qubit
frequency shifts𝛥𝑓q,𝑛̄ extracted from Ramsey measurements with the coaxial input chain, after three different
heating scenarios with input power 𝑃in = 2.5mW and heating durations 𝑡heat as labeled in the legend. The
black lines show a simultaneous fit according to the extended thermal model (see previous section) with com-
mon relaxation times 𝜏 (1)cool = 0.50ms for the coaxial attenuators on the 0.2 K or 4 K stage and 𝜏 (2)cool = 0.12ms
on the 20mK stage, for all heat pulse scenarios. (C) Contributions 𝑛𝑖 from different temperature stages
and the cables (dashed black line) to the total thermal photon shot noise 𝑛 (solid black line), according to
Eq. (3.14), for the longest heat pulse (𝑡heat = 50 µs). The contribution of the 300 K stage is as low as 9 × 10−6

and it is therefore not visible on this scale. (D) The markers correspond to photon shot noise-induced
dephasing rates 𝛤𝑛̄ as well as (E) qubit frequency shifts 𝛥𝑓q,𝑛̄ extracted from Ramsey measurements with
the flexline input chain, after the same three heating scenarios as for the coaxial input chain. The black
lines show a simultaneous fit according to the extended thermal model (see previous section) with common
relaxation time 𝜏cool = 0.32 ms for all heat pulse scenarios. (F) Contributions 𝑛𝑖 from different temperature
stages and the cables (dashed black line) to the total thermal photon shot noise 𝑛 (solid black line), according
to Eq. (3.14), for the longest heat pulse (𝑡heat = 50 µs).

the 4K stage stays well below 𝑛0.2K. The contribution 𝑛cables = 4.8 × 10−4 of the coaxial
cables is not negligible, but contributes almost equally to the residual thermal photon shot
noise of 1.2× 10−3, which is on the edge of the experimentally found range in Fig. 3.10A.

In Fig. 3.14D and E, the data points shown in Fig. 3.11C and D for the flexline input chain
are plotted once again. Since all 5 dB unit cell attenuators in the flexline are of the same
type, from a simultaneous fit of the extended input chain thermal model to the data of all
three heat scenarios a common time constant 𝜏cool = 0.32 ms and parameter𝐶el = 85 pJ/K2

can be extracted for all attenuators. Additionally, the input power 𝑃in = 2.5 mW and
heating durations 𝑡model

heat ∈ [2, 15, 50] µs were used.

As for the coaxial chain, the contributions 𝑛𝑖 of all temperature stages (20mK, 0.2K, 4 K
and 300K) to the total thermal photon shot noise 𝑛 were computed for the case of the
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50 µs long heat pulse in the flexline setup (Fig. 3.14F). Similar to the above results, once
more three regimes can be distinguished: In the beginning, when the temperatures of all
attenuators are elevated the most, the noise contribution 𝑛20mK from all attenuators on
the 20mK stage is dominating. There is also an intermediate regime where 𝑛20mK is still
exponentially suppressed, but 𝑛0.2K surpasses 𝑛4K by almost an order of magnitude. In
the end and in contrast to the coaxial input chain, when the system approaches thermal
equilibrium again, 𝑛20mK is exponentially suppressed while 𝑛0.2K and 𝑛4K contribute almost
equally to the residual thermal photon shot noise of 2.7 × 10−3, which is comparable to
the experimental value found in Fig. 3.11A. Another difference to the coaxial cable setup
is that the contribution arising from all cable sections in the flexible stripline chain sums
up to only 𝑛cables = 3.4 × 10−4 and it is therefore negligible for 𝑛.

The direct comparison between the coaxial and flexline input chain thermal models reveals
that, depending on the implementation, cables might play a role or even become the
limiting factor for the passive heat load reaching the quantum devices. Therefore, a
simulation of the passive heat load of a new input chain and the contributions of individual
parts to it are recommended.

Apart from the already established superiority of the flexline chain over the coaxial chain in
terms of the thermalization of the integrated attenuators, the following section attempts to
predict potential improvements for both input chains using the extended thermal model.

3.4.4 Improved Input Chains

Based on the evaluation with the extended thermal model in the previous chapter and
assuming the cable sections in both chains (Table 3.2) as well as the integrated attenuators in
the flexline as given, the following improved versions of both input chains are proposed:

• Improved flexline input chain:
Due to the use of Ag instead of CuNi, the summed cable attenuation is approximately
15 dB lower for the flexline setup compared to the coaxial setup (cf. Table 3.2). For
equalizing the total attenuation between the two input chains, in order to compare
them, another 15 dB of attenuation are added to the flexline input chain in Fig. 3.13
at the 20mK stage. In practice, this can be done either by continuing to use the
installed flexline and adding SMA connectorized attenuators on top of it, or by
creating a new flexline with another 3 × 5 dB unit cells of integrated attenuators. For
reasons of quick feasibility, the first option is chosen in the upcoming simulation. At
the 20mK temperature stage, there is overall now 35 dB of attenuation, which was
argued in Section 1.5.6 to be acceptable for a handful of simultaneously controlled
qubits. For all integrated flexline attenuators (SMA attenuators) in the chain, the
same parameters 𝐶el and 𝜏cool (𝐶 (2)

el and 𝜏 (2)cool) as in Section 3.4.3 are used.2

2 Despite their different attenuation, the same parameters are chosen for the additional 10 dB and 5 dB SMA
attenuators.
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improved coaxial input chain improved flexline input chain

Figure 3.15: Prediction of the extended thermal model for the improved coaxial and flexline input
chains. (A) Simulated photon shot noise-induced dephasing rates 𝛤𝑛̄ as well as (B) qubit frequency shifts
𝛥𝑓q,𝑛̄ for the improved coaxial input chain and for three different heating scenarios with the same input power
𝑃in = 2.5mW as in Fig. 3.14, and heating durations 𝑡heat as labeled in the legend. All curves used common
relaxation times 𝜏 (1)cool = 0.50ms for the coaxial attenuators on the 0.2K or 4K stage and 𝜏 (2)cool = 0.12ms
on the 20mK stage, for all heat pulse scenarios. (C) Contributions 𝑛𝑖 from different temperature stages
and the cables (dashed black line) to the total thermal photon shot noise 𝑛 (solid black line), according to
Eq. (3.14), for the longest heat pulse (𝑡heat = 50 µs). (D) Simulated photon shot noise-induced dephasing
rates 𝛤𝑛̄ as well as (E) qubit frequency shifts 𝛥𝑓q,𝑛̄ for the improved flexline input chain after the same three
heating scenarios. All curves used common relaxation times 𝜏 (1)cool = 0.32 ms and 𝜏 (2)cool = 0.12 ms for all heat
pulse scenarios, the latter of which is not yet visible at these powers. (F) Contributions 𝑛𝑖 from different
temperature stages and the cables (dashed black line) to the total thermal photon shot noise 𝑛 (solid black
line), according to Eq. (3.14), for the longest heat pulse (𝑡heat = 50 µs).

• Improved coaxial input chain:
For a fair comparison between the two improved setups in terms of heat load on the
dilution stage, an equal total attenuation on the 20mK stage is enforced. To achieve
this, 15 dB of attenuation are shifted from the 4 K stage to the 20mK stage. This
leaves a 5 dB attenuator at the 4 K stage and results in an additional 10 dB and 5 dB
attenuator at the 20mK stage (the same as for the improved flexline setup).3

In Fig. 3.15, the prediction from the extended thermal model for both of these improved
input chains is illustrated. The same signal power 𝑃in = 2.5 mW entering the cryostat
to heat up the attenuators in the input chains as in the original cases in Section 3.4.3 is
assumed. For both improved input chains, a significant reduction in total passive heat load
is observed, down to values of 7.1 × 10−5 and 8.7 × 10−5 photons for the improved coaxial

3 In practice, 5 dB coaxial attenuators are somewhat rare, such that probably 3 dB or 6 dB attenuators would
be used as an approximation.
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chain and flexline chain, respectively. Whilst the difference in total thermal photon shot
noise in both of the improved setups is only marginal, the contributions from different
temperature stages and the cables differ considerably. In case of the improved coaxial input
chain, the contribution of the cables is 𝑛cables = 4.7 × 10−5 and constitutes more than half
of the total shot noise. The remaining part is mainly due to blackbody radiation from the
0.2 K stage (cf. large 𝑡cool in Fig. 3.15C). For the improved flexline input chain, the situation
looks significantly different. Here, the contribution of the cables is only 𝑛cables = 1.1× 10−5,
which is almost negligible for the total shot noise. Instead, both the 0.2 K and the 4 K stage
are almost equally dominating sources of passive heat load (cf. large 𝑡cool in Fig. 3.15F).

Another remarkable difference between the two improved input chains lies in the resulting
excess thermal photon shot noise or active heat load. While almost the same levels of active
heat load, and with it photon shot noise-induced dephasing rates and qubit frequency shifts,
are observed in the case of the coaxial input chain after the improvement (cf. 𝑡cool → 0
in Fig. 3.15A-C and Fig. 3.4.3A-C), the active heat load is reduced by more than an order
of magnitude in case of the improved flexline input chain (cf. 𝑡cool → 0 in Fig. 3.15D-F
and Fig. 3.4.3D-F). In terms of active heat load, the improved flexline input chain shows a
clear advantage over the improved coaxial input chain. Finally, it should be noted that, to
further reduce the photon shot noise by a factor of 10, an additional 10 dB attenuator would
need to be integrated on the 20mK stage, provided that the existing cooling power of the
cryostat permits this. The second-best option would be to implement a 10 dB attenuator
on the 0.2 K stage, which would likely lead to only a limited improvement, as the photon
shot noise from this stage itself would not be attenuated to the same extent as that from
the 4 K stage.
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This chapter summarizes the key findings presented in the manuscript and discusses
directions for future research. The focus lies on three main subjects, starting with
the analysis of existing Purcell loss models and proposals for follow-up experiments.
Then, the first main result is presented, the unveiling of inductive loss as the
limiting factor of several grAl fluxoniums at their lowest frequencies, together with
an outlook on the possible future of grAl in such circuits. The second key finding,
that flexible striplines do not negatively impact qubit performance and exhibit better
thermalization properties than coaxial cables, is discussed in the end with prospects
of the role that flexible striplines will play for ever-growing quantum processors
and detector arrays.

Manuscript Summary

In general, the present work primarily addresses the loss mechanisms and noise sources
of fluxonium qubits based on the disordered superconductor granular aluminum (grAl) in
a 2D coplanar waveguide (CPW) architecture.

Chapter 1 explores decoherence in fluxonium qubits, offering alternative derivations of
dielectric and inductive loss rates using the quantum fluctuation-dissipation theorem
(QFDT) instead of the Caldeira-Leggett model. While both yield similar results, QFDT
provides deeper microscopic insight via the susceptibility function. The Purcell loss
derivation from Refs. [37, 171, 180] is revisited, addressing two key assumptions in prior
models: (1) coupling operators should be individually Hermitian, and (2) the resonator
linewidth should be frequency-dependent, 𝜅 (𝜔), to reflect the qubit’s flux-dependent
frequency. A semi-classical model supports this refinement, showing significant differences
at low qubit frequencies near the half-flux sweet spot.

In Chapter 2 the first part of the key experimental findings is discussed. For the first time,
grAl fluxonium qubits in a 2D CPW architecture were fabricated and characterized. The
switch to this architecture was originally motivated by the desire to test relatively rare
concepts at the time, such as a fast-flux qubit control line or a normal metal ground plane.
The local fast-flux line is appealing because, unlike an external off-chip coil, it allows for
rapid ramps of the magnetic flux penetrating the fluxonium loop. This opens up several
interesting experimental possibilities, such as active fast-flux reset or quantum Szilard
engine [8] spectroscopy. Unfortunately, while testing the implemented fast-flux lines, the
problem of flux delays was encountered (Section 2.4.2), which significantly complicated
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the use of adiabatic flux pulses in the latest design generation. The normal metal ground
plane is motivated by its potential use as a so-called phonon trap to counteract the high
values of excess quasiparticle densities commonly observed in superconducting quantum
circuits due to high-energy impacts [123, 163, 193, 196–204]. The main result of the qubit
characterizations is presented in Section 2.5, where energy relaxation was investigated
as a function of the magnetic flux bias for three representative grAl fluxoniums with
comparatively low qubit frequencies 𝑓q < 300 MHz at their half-flux bias points. It was
found that all three qubits near their half-flux sweet spot are limited by inductive loss
with an inductive loss tangent consistent with previously measured single-photon internal
quality factors 𝑄i ∼ 105 − 106 of grAl resonators [123, 232]. Overall, all three energy
relaxation vs. flux profiles can be well described by a combination of inductive, dielectric,
and Purcell loss. A comparison of these datasets with other qubit implementations from
literature in Section 2.6 indicates that the limitation of grAl by inductive loss at low
qubit frequencies is so far of universal nature. This contrasts with fluxonium qubits
with Josephson junction array (JJA) based superinductors, which typically do not exhibit
inductive loss limitations at frequencies more than an order of magnitude lower [171].

Chapter 3 deals with the thermalization of microwave input chains based on flexible
striplines. These microwave lines, also referred to as "flexlines", can be packed signifi-
cantly denser compared to conventional coaxial cables, without thermally overloading the
cryostat. This work focused on the question of how flexlines affect qubit performance and
whether quantitative statements about the thermalization of flexlines can be made. To
address these questions, one of the samples examined in detail in Chapter 2 was selected.
A comparison of the qubit temperature and qubit decoherence between a setup with a
flexline input chain and a setup with a coaxial cable input chain showed no significant
differences within the typical fluctuations from cooldown to cooldown. Furthermore, to
investigate the passive heat load, the photon shot noise-induced dephasing of the qubit
was monitored over several hours in a separate measurement. This dephasing is equally
large in both setups and can be translated into a residual population of about 2 × 10−3

photons in the resonator, which is in the lower range of what is commonly observed in
the literature [9, 192, 223–229]. To investigate the thermalization of the two microwave
input chains, a strong heating pulse was coupled into them. This pulse internally heats the
built-in attenuators of the chains, causing them to emit more blackbody radiation due to
their increased temperature. This active heat load is measurable in a subsequent Ramsey
experiment as both additional dephasing and a frequency shift of the qubit. The heating
pulse methodology presented here can serve as an easy health check for other groups
to test the thermalization of their input chains. For the flexline setup, a thermalization
time constant of 0.28ms was found using a simple blackbody model of the microwave
input chain. A comparison measurement with the coaxial setup resulted in a time constant
about twice as long, indicating that the flexline integrated attenuators are at least as well
thermalized as the SMA connectorized coaxial attenuators. Finally, an extended thermal
model was developed to gain a better understanding of how the measured values for
passive and active heat load from the various attenuators in the input chains are composed.
For this purpose, the attenuation through the built-in cable sections was also considered,
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which can contribute a non-negligible share depending on the implementation. The model
also helped in proposing improved coaxial and flexline input chains.

Follow-Up Experiments on Purcell Loss Models

In Section 1.5.3, a frequency-dependent resonator linewidth 𝜅 (𝜔) to describe the coupling
strength between resonator-fluxonium and the transmission line was motivated with
a semi-classical model. As shown in Fig. 1.10, the difference between a constant and
a frequency-dependent linewidth becomes more pronounced the further the qubit is
detuned from the resonator. Since the qubit frequency 𝜔q at zero-flux in typical fluxonium
implementations only differs from the resonator frequency 𝜔r by a factor of the order of
1, only the half-flux sweet spot remains as an interesting point to study the difference
between the models. In recent years, there has been an increased interest in so-called heavy
fluxoniums [171, 286, 287], which have a particularly low frequency at their half-flux sweet
spot. Fluxoniums in this parameter regime would be particularly suitable for clarifying the
question of which model accurately describes Purcell loss. However, fluxoniums with grAl-
based superinductors are only limitedly suitable for this, as they are already limited by the
observed inductive loss at low frequencies. Therefore, JJA-based fluxoniums, which show
no signs of such limitation even in the case of heavy fluxoniums, present an interesting
possibility. Thus, it would be interesting to deliberately produce JJA-based fluxoniums
limited by Purcell loss with low qubit frequency at the half-flux sweet spot to determine
whether the hypothesis of a frequency-dependent linewidth holds true.

From another perspective, due to the steadily increasing understanding and the associated
reductions in dielectric and inductive losses, ever higher energy relaxation times 𝑇1 are to
be expected for future fluxonium qubits. At some point, Purcell loss at the half-flux sweet
spot will become the limiting factor, so the insights from Section 1.5.3 contribute to further
improvement. In this context, it is particularly noteworthy that the various combinations
of coupling between fluxonium and resonator and between resonator and transmission
line have a strong influence on Purcell loss (Fig. 1.10). For future Purcell loss-limited
fluxoniums, a switch to capacitive fluxonium-resonator coupling in combination with
inductive coupling of the resonator to the transmission line predicts exceptionally low
Purcell loss (Fig. 1.10B) and could represent an alternative pathway to the current efforts
in Purcell filtering.

Outlook on Granular Aluminum Fluxonium Qubits

As described in Section 1.3.3, grAl comes on the one hand with several advantages, such
as its nonlinearity spanning many orders of magnitude, its intrinsically high plasma
frequency [120], and its insensitivity to magnetic fields up to 1 T [288]. This makes grAl
an attractive candidate for superconducting quantum circuits. On the other hand, grAl
also has inductive losses of yet unknown origin, which are of the same order of magnitude
for both grAl resonators [123, 232] and the grAl fluxoniums investigated here (Section 2.5).
To use grAl as a material for superinductors in low-frequency qubits in the future, it is
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therefore necessary to understand the microscopic cause of the inductive losses in order
to potentially eliminate them.

In the recent years, large progress has been made in the investigation of environments
which limit the energy relaxation in grAl based fluxonium qubits. This includes on the one
hand the heating and cooling of a long-lived two-level system (TLS) environment, that
constitutes the main loss mechanism for the fluxonium qubit, within the framework of a
quantum Szilard engine [8]. On the other hand, a grAl nanojunction qubit (gralmonium)
was shown to be limited by a paramagnetic spin-1/2 ensemble when sweeping the magnetic
field such that the spins are in resonance with the qubit [174]. It could very well be that
one of these two environments is also responsible for the observed inductive losses in grAl.
One interesting follow-up measurement would certainly be a quantum Szilard engine
spectroscopy, i.e. the operation of the Szilard engine at various qubit frequencies, which
could shed more light onto the frequency distribution of the long-lived TLS environment.

Further insights might also be gained by using the more widespread and better-understood
JJA-based fluxoniums found in the literature. One could produce superinductors that
emulate the behavior of grAl as closely as possible by, for example, creating particularly
long arrays with increased plasma frequencies. Lastly, a comparison with other disordered
superconductors could also be helpful.

Perspective on Flexible Striplines in Cryogenic Microwave Setups

The results in Chapter 3 encourage the use of flexible striplines in future cryogenic
microwave setups, enabling at least an order of magnitude increase in the density of
microwave input circuitry. This paves the way for increasingly complex superconducting
detectors and quantum devices from the perspective of microwave input chains.

With ever-increasing qubit coherence, the demands on microwave input chains will also
continue to rise. Therefore, models like the extended thermal model presented in Sec-
tion 3.4.2 or similar analysis software [289] could play a larger role in the future for
simulating passive and active heat loads. At some point, it will certainly be helpful to
consider low-temperature phenomena that counteract an efficient cooling such as the
hot-electron effect [280, 281] or an increased Kapitza phonon-phonon boundary resis-
tance [282], and to address these with optimized attenuator designs.
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Appendix

A Quantum Fluctuation Dissipation Theorem

In this section, a relation between the symmetric noise spectral densityS𝐵 (𝜔)+S𝐵 (−𝜔), re-
quired for the evaluation of the qubit depolarization rate in Eq. (1.58), and the susceptibility
𝜒𝐴𝐵 (𝜔) is derived. We consider two typical bath models:

• Bosonic bath
A bosonic bath, such as a collection of harmonic oscillators or the electromagnetic
field, is described by

𝐻̂B =
∑︁
𝑘

ℏ𝜔𝑘𝑏†𝑘𝑏𝑘 , (A1)

where 𝑏†
𝑘
(𝑏𝑘 ) are bosonic creation (annihilation) operators. In thermal equilibrium,

the bath density matrix is given by 𝜌B = 𝑒−𝛽𝐻̂B/Tr{𝑒−𝛽𝐻̂B}, with 𝛽 = 1/𝑘B𝑇 , and the
occupation numbers follow the Bose-Einstein distribution 𝑛B(𝜔𝑘) = (exp(𝛽ℏ𝜔𝑘) −
1)−1.

• TLS bath
A bath of two-level systems (TLSs) is described by

𝐻̂B =
∑︁
𝑘

ℏ𝜔𝑘
2 𝜎̂𝑧,𝑘 , (A2)

where 𝜎̂𝑧,𝑘 is a Pauli operator. In thermal equilibrium, the occupation probabilities are
given by the canonical ensemble. In the following, TLSs are treated as independent
degrees of freedom.

We assume a general Hermitian bath coupling operator of the form

𝐵̂ =
∑︁
𝑘

(𝑔𝑘𝑏𝑘 + 𝑔∗𝑘𝑏†𝑘) (A3)

for a bosonic bath, or analogously

𝐵̂ =
∑︁
𝑘

(𝑔𝑘𝜎̂−𝑘 + 𝑔∗
𝑘
𝜎̂+
𝑘
) (A4)

for a TLS bath. This form is sufficient to describe the considered noise channels, since
charge- and phase-like operators can be expanded in terms of ladder operators.
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The corresponding bath correlation function reads

C(𝜏) = ⟨𝐵̂(𝜏)𝐵̂(0)⟩𝜌B =
∑︁
𝑘

|𝑔𝑘 |2

(1 + 𝑛B(𝜔𝑘))𝑒−𝑖𝜔𝑘𝜏 + 𝑛B(𝜔𝑘)𝑒𝑖𝜔𝑘𝜏 for bosonic,

(1 − 𝑝𝑘)𝑒−𝑖𝜔𝑘𝜏 + 𝑝𝑘𝑒𝑖𝜔𝑘𝜏 for TLS
(A5)

baths, respectively, where 𝑝𝑘 denotes the occupation probability of the excited state of the
𝑘-th TLS. In thermal equilibrium, this occupation follows a distribution formally equivalent
to the Fermi–Dirac distribution, 𝑝𝑘 = (exp(𝛽ℏ𝜔𝑘) + 1)−1. The susceptibility is related to
the commutator of bath operators via the Kubo formula [290],

𝜒𝐴𝐵 (𝜏) = 𝑖

ℏ
𝜃 (𝜏) ⟨[𝐵̂(𝜏), 𝐵̂(0)]⟩𝜌B, (A6)

which holds independently of the specific bath statistics. Taking the Fourier transform,
the imaginary part of the susceptibility becomes

Im[𝜒𝐴𝐵 (𝜔)] = 1
2ℏ

∫ ∞

−∞
[C(𝜏) − C(−𝜏)] 𝑒𝑖𝜔𝜏 𝑑𝜏 = 1

2ℏ [S𝐵 (𝜔) − S𝐵 (−𝜔)] . (A7)

For a bosonic bath, evaluation of Eq. (A5) yields the detailed balance relation

S𝐵 (𝜔) − S𝐵 (−𝜔)
S𝐵 (𝜔) + S𝐵 (−𝜔) = tanh

(
𝛽ℏ𝜔

2

)
, (A8)

and correspondingly

S𝐵 (𝜔) + S𝐵 (−𝜔) = 2ℏ Im[𝜒𝐴𝐵 (𝜔)] coth
(
𝛽ℏ𝜔

2

)
. (A9)

For a TLS bath, assuming an ensemble of independently fluctuating TLSs with a symmetric
distribution of occupation probabilities, the symmetric spectral density becomes effectively
frequency-dependent but does not acquire an additional thermal factor. In this case,

S𝐵 (𝜔) + S𝐵 (−𝜔) = 2ℏ Im[𝜒𝐴𝐵 (𝜔)] . (A10)

Combining both cases, one obtains the compact relation

S𝐵 (𝜔) + S𝐵 (−𝜔) = 2ℏ Im[𝜒𝐴𝐵 (𝜔)] ×
{

coth
(
𝛽ℏ𝜔

2

)
for bosonic,

1 for TLS
(A11)

baths, respectively, which is used in Section 1.5 to derive Eq. (1.60).
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B Full Derivation of Purcell Loss with the Open Quantum
System Model

In this Appendix, the full derivation of Purcell loss on the basis of an open quantum system
model, as discussed in Section 1.5.3 and similar to Refs. [37, 171, 180], is presented. With
the interaction Hamiltonian in Eq. (1.80), the full Hamiltonian in Eq. (1.79) of the open
quantum system consisting of a system (S) and a bath (B) would be rewritten to

𝐻̂ =
∑︁
𝑘

𝐸S
𝑘
|𝜓 S
𝑘
⟩⟨𝜓 S

𝑘
|︸            ︷︷            ︸

𝐻̂S

+
∑︁
𝑘

ℏ𝜔𝑘𝑏†𝑘𝑏𝑘︸         ︷︷         ︸
𝐻̂B

+
∑︁
𝑘

ℏ𝜆𝑘
[
(𝑎†r ± 𝑎r)𝑏†𝑘 ± (𝑎†r ± 𝑎r)𝑏𝑘

]
︸                                        ︷︷                                        ︸

𝐻̂I

,

(B1)

where 𝑎†r (𝑎r) is the system creation (annihilation) operator, and 𝑏†
𝑘
(𝑏𝑘 ) is the creation

(annihilation) operator of the 𝑘-th bosonic bath mode. 𝜆𝑘 ∈ R quantifies the coupling
strength. |𝜓 S

𝑘
⟩ and 𝐸S

𝑘
represent the eigenstates and corresponding eigenenergies of the

resonator-qubit system, respectively. Positive (negative) signs in the interaction Hamilto-
nian correspond to inductive (capacitive) coupling between the resonator-qubit system
and the transmission line. According to Fermi’s golden rule, the transition rate 𝛾i→f from
an initial state |𝜓i⟩ = |𝜓 S

i ⟩ ⊗𝑘 |𝑚𝑘⟩ to a final state |𝜓f⟩ = |𝜓 S
f ⟩ ⊗𝑘 |𝑚′

𝑘
⟩, both of which are

eigenstates of 𝐻̂S + 𝐻̂B with eigenenergies 𝐸i and 𝐸 𝑓 , respectively, is given by

𝛾i→f =
2𝜋
ℏ
𝛿 (𝐸i − 𝐸f ) |⟨𝜓f |𝐻̂I |𝜓i⟩|2. (B2)

Insertion of the interaction Hamiltonian 𝐻̂I from Eq. (B1) into Eq. (B2) yields

𝛾i,{𝑚𝑘 }→f,{𝑚′
𝑘
} =

2𝜋
ℏ
𝛿 (𝐸i − 𝐸f )

∑︁
𝑘

ℏ2 |𝜆𝑘 |2 |⟨𝜓 S
f |𝑎†r ± 𝑎r |𝜓 S

i ⟩|2

×
(
𝑚𝑘𝛿𝑚′

𝑘
,𝑚𝑘−1 + (𝑚𝑘 + 1)𝛿𝑚′

𝑘
,𝑚𝑘+1

) ∏
𝑘=𝑘 ′

𝛿𝑚′
𝑘′ ,𝑚𝑘′ .

(B3)

The next step consists in writing the full system’s eigenenergies as 𝐸i = 𝐸
S
i + ℏ

∑
𝑚𝑘
𝑚𝑘𝜔𝑘

and 𝐸f = 𝐸
S
f +ℏ

∑
𝑚′

𝑘
𝑚′
𝑘
𝜔𝑘 , and summing over all initial and final states of the bath, thereby

weighing initial states by their probability of occurrence, 𝑃 ({𝑚𝑘}) = exp (−∑
𝑘 𝛽ℏ𝑚𝑘𝜔𝑘) /𝑍 ,

to receive the total transition rate
𝛤i→f =

∑︁
{𝑚𝑘 },{𝑚′

𝑘
}
𝑃 ({𝑚𝑘})𝛾i,{𝑚𝑘 }→f,{𝑚′

𝑘
}

=2𝜋ℏ
∑︁

{𝑚𝑘 },{𝑚′
𝑘
}
𝑃 ({𝑚𝑘})𝛿

(
𝐸S

i − 𝐸S
f + ℏ

∑︁
𝑙

(𝑚𝑙 −𝑚′
𝑙
)𝜔𝑙

)
×

∑︁
𝑘

|𝜆𝑘 |2 |⟨𝜓 S
f |𝑎†r ± 𝑎r |𝜓 S

i ⟩|2
(
𝑚𝑘𝛿𝑚′

𝑘
,𝑚𝑘−1 + (𝑚𝑘 + 1)𝛿𝑚′

𝑘
,𝑚𝑘+1

) ∏
𝑘=𝑘 ′

𝛿𝑚′
𝑘′ ,𝑚𝑘′

=2𝜋ℏ
∑︁
𝑘

|𝜆𝑘 |2 |⟨𝜓 S
f |𝑎†r ± 𝑎r |𝜓 S

i ⟩|2

× [
𝛿 (𝐸S

i − 𝐸S
f − ℏ𝜔𝑘) (𝑛B(𝜔𝑘) + 1) + 𝛿 (𝐸S

i − 𝐸S
f + ℏ𝜔𝑘)𝑛B(𝜔𝑘)

]
,

(B4)
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where the average thermal population 𝑛B(𝜔𝑘) =
∑

{𝑚 𝑗 } 𝑃 ({𝑚 𝑗 })𝑚𝑘 = (exp(𝛽ℏ𝜔𝑘) − 1)−1

of the 𝑘-th bosonic bath mode was introduced. Lastly, the continuum limit is taken by
equating the coupling strengths |𝜆𝑘 |2 and density of states 𝜌 (𝜔𝑘) of all bath modes into a
frequency-independent linewidth 𝜅 = 2𝜋ℏ𝜌 (𝜔𝑘) |𝜆𝑘 |2 and introduce 𝜔fi = (𝐸S

f − 𝐸S
i )/ℏ to

obtain

𝛤i→f = 𝜅 |⟨𝜓 S
f |𝑎†r ± 𝑎r |𝜓 S

i ⟩|2 [𝜃 (−𝜔fi) (𝑛B(−𝜔fi) + 1) + 𝜃 (𝜔fi)𝑛B(𝜔fi)] , (B5)

where 𝜃 (𝜔) denotes the Heaviside step function. The first term in square brackets in
Eq. (B5) applies only in the case of downward transitions or emission (𝐸S

f < 𝐸S
i ), while the

second term applies only in the case of upward transitions or absorption (𝐸S
f > 𝐸S

i ). In
principle, both processes can be summarized in the total relaxation rate

𝛤1,i→f = 𝜅 |⟨𝜓 S
f |𝑎†r ± 𝑎r |𝜓 S

i ⟩|2(2𝑛B(𝜔fi) + 1) = 𝜅 |⟨𝜓 S
f |𝑎†r ± 𝑎r |𝜓 S

i ⟩|2 coth
(
𝛽ℏ𝜔fi

2

)
. (B6)

As argued in Refs. [171, 180], primarily transitions between fluxonium states are of interest,
while exact knowledge about the resonator state is usually missing. Therefore, it makes
sense to denote the dressed eigenstates of the resonator-qubit system in the form |𝜓 S⟩ =
|𝑛r, 𝑛q⟩ with the indices 𝑟 and 𝑞 referring to the resonator and qubit state, respectively. As
outlined in Section 1.3.4, associating such a dressed eigenstate with quantum numbers
𝑛r and 𝑛q is valid, when the overlap between a dressed eigenstates and a product state
|𝑛r, 𝑛q⟩ = |𝑛r⟩ ⊗ |𝑛q⟩ is large, which is always justified, except in the vicinity of an avoided
level crossing. For the average total relaxation rate, in which only the fluxonium state
𝑛q changes, all possible initial states 𝑛r,i and final states 𝑛r,f of the resonator need to
be averaged over, thereby weighting each transition by the probability, that an initial
resonator state is thermally occupied, 𝑃 (𝑛r,i) = [1 − exp(−ℏ𝜔r/𝑘B𝑇r)] exp(−ℏ𝜔r𝑛r,i/𝑘B𝑇r).
With this, Eq. (B5) yields

𝛤1,𝑛q,i→𝑛q,f =
∑︁
𝑛r,i,𝑛r,f

𝑃 (𝑛r,i)𝜅 |⟨𝑛r,f , 𝑛q,f |𝑎†r ± 𝑎r |𝑛r,i, 𝑛q,i⟩|2 coth
(
𝛽ℏ𝜔fi

2

)
. (B7)

The evaluation of this sum is a somewhat cumbersome task, but fortunately with resonator
frequencies of ∼ 5GHz, 𝑃 (𝑛r,i) falls off very rapidly with 𝑛r,i, such that even 𝑃 (𝑛r,i = 1) is
negligibly small for temperatures 𝑇r < 200mK of the resonator. Thus, the sum over 𝑛r,i in
Eq. (B7) can be removed, yielding

𝛤1,𝑛q,i→𝑛q,f =
∑︁
𝑛r,f

𝜅 |⟨𝑛r,f , 𝑛q,f |𝑎†r ± 𝑎r |0, 𝑛q,i⟩|2 coth
(
𝛽ℏ𝜔fi

2

)
, (B8)

which is the relationship shown in Eq. (1.82).
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C Detailed Fabrication Steps for grAl Fluxonium Qubits

# description parameters
1 EL-13 spin coating ramp: 1000 rpm/s, speed: 2000 rpm, time: 100 s,

baking: 200 °C, 5min→ thickness ∼ 950 nm
2 A-4 spin coating ramp: 1000 rpm/s, speed: 2000 rpm, time: 100 s,

baking: 200 °C, 5min→ thickness ∼ 200 nm
3 gold sputtering
4 e-beam writing

(JOEL 50 keV)
5 gold removal Lugol solution 15 %, 10 s
6 development IPA / H2O 3:1 @ 6 °C, 90 s, slightly move wafer
7 e-beam evaporation

(PLASSYS)
1. plasma descum O2/Ar: 10/5 sccm, 2min,

voltage: 200 V, current: 10mA
2. getter pumping titanium evap. with shutter closed, 0.2 nm/s, 2min
3. Al evaporation 1.0 nm/s, tilt: −31°, 20 nm
4. junction oxidation 20mbar, 4min

(∼ 40 s needed to reach pressure)
5. Al evaporation 1.0 nm/s, tilt: 31◦, 30 nm
6. argon milling Ar 4 sccm, 1min, voltage: 400 V, current: 15mA
7. grAl evaporation 1.0 nm/s, O2 4.9-5.0 sccm, tilt: 0◦, 35-40 nm

8 lift-off N-Ethyl-2-pyrrolidone (NEP) @ 90 °C, 90min
additional 3min in ultrasonic bath
rinsing in IPA and ethanol

Table 1: Fabrication steps for electron-beam lithography (EBL) of grAl fluxonium qubits. The process
includes resist spinning, e-beam writing, plasma cleaning, and three-angle Al/Al/grAl deposition. Some
parameters were varied over different samples, for details see Table 3.
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# description parameters
1 AZ 5214E coating ramp: 2000 rpm/s, speed: 4000 rpm, time: 60 s,

baking: 110 °C, 50 s→ thickness ∼ 1.4 µm
2 UV exposure hard mask exposure: 2.0mW/cm2 for 12 s

reverse baking: 120 °C for 60 s
flood exposure: 2.0mW/cm2 for 30 s

3 development AZ developer / H2O 3:2 for 60 s
rinsing in deionized water

4 e-beam evaporation
(PLASSYS)
1. plasma descum O2/Ar: 10/5 sccm, 2min,

voltage: 200 V, current: 10mA
2. getter pumping titanium evap. with shutter closed, 0.2 nm/s, 2min
3. argon milling Ar 4 sccm, 3min, voltage: 400 V, current: 15mA
4a. Nb + Al evaporation 1.0 nm/s each, tilt: 0°, 3 × 15 nm Nb + 5 nm Al
4b. Nb + Ag evaporation 1.0 nm/s + (1.0 or 2.5) nm/s, tilt: 0°, 4 nm Nb + 100 nm Ag

5 lift-off N-Ethyl-2-pyrrolidone (NEP) @ 90 °C, 90min
additional 3min in ultrasonic bath
rinsing in IPA and ethanol

Table 2: Fabrication steps for optical lithography of ground planes. The process includes resist
spinning, UV exposure with hard mask, plasma cleaning, and a Nb + Al deposition for the first optically
defined layer of superconducting ground plane, and a Nb + Ag deposition for the second optically defined
layer of normal metal ground plane. Some parameters were varied over different samples, for details see
Table 3.
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D Overview of Fabricated Wafers
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Table 3: Overview of selected wafers and corresponding fabrication parameters. Shown are wafer
labels (for internal reference), the design generation (G), fabrication details for the electron beam lithography
(EBL) and the first and second optical lithography steps (OL1/2), as well as measured resistance values from
test structures patterned with the EBL step. Details about the EBL step include layer thicknesses, deposition
angles, static oxidation parameters, and oxygen flow during the three-angle evaporation. For the OL1/2
steps, materials and layer thicknesses are listed. The resistance tests yield values for the room-temperature
sheet resistance per square of grAl, 𝑅□,grAl, as well as the junction resistance 𝑅JJ. Multiplication of the latter
by the junction area 𝐴JJ results in an area-independent quantity that should depend only on the oxidation
parameters. Wafers with measured samples are highlighted with bold labels.
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Table 5: Overview of selected measured samples over various cooldowns. Samples were cooled down
either in a Bluefors LD400 (BF) or a Qinu Sionludi XL (SL1/2) dilution refrigerator. Resonator-fluxoniums
are identified via the wafer label, the chip number (‘(F)’ denoting the integration of a fast flux line) as well
as their position on the chip (left (L) or right (R)). Shown are the resonator frequency 𝑓r, the dispersive
shift 𝜒ge, the qubit frequencies 𝑓 HF

q (𝑓 ZF
q ) at half flux (zero flux), qubit inductance 𝐿q, capacitance 𝐶q and

Josephson energy 𝐸J, as well as measured rates for energy relaxation (𝑇1), Ramsey decoherence (𝑇 R
2 ) and echo

decoherence (𝑇 E
2 ) at half flux. Samples without fast flux line, which are plotted in Fig. 2.14, are highlighted

with gold background.
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Table 6: Continuation of Table 5. Samples 1 (pink), 2 (magenta) and 3 (red) from Section 2.5 are highlighted
with a respectively colored background.
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F Cooldown Performance of Magnetic Shields

This final appendix section is dedicated to the results of a side project investigating the
cooldown dynamics of magnetic shields. The usefulness of such shields was discussed
in detail in Section 2.2. The shields should have a minimum layer thickness to attenuate
external magnetic fields, which, however, introduces significant additional heat capacity
that must be cooled down. The cooldown of the shields is further complicated by the
fact that mu-metal has very low thermal conductivity at low temperatures, comparable
to stainless steel. Therefore, proper mechanical and thermal anchoring of the shields is
crucial.

The first goal of this project was to characterize the cooldown performance of twomagnetic
shields used in the research group: first, a commercial QCage magnetic shield [291], as
illustrated in Fig. 1A, and second, a custom-made magnetic shield as in Fig. 1B. The latter
was first introduced in Ref. [123] and used for all experiments with grAl fluxoniums
conducted in this work. Both shields consist of an outer mu-metal shield and an inner
Cu/Al shield, as described in Section 2.2 for the custom-made shield. The mu-metal shields
are made from 1mm thick mu-metal sheets and formed into cylinders, before they are
annealed at over 1000 °C and then cooled in a slow and controlled manner to achieve high
relative permeability 𝜇r ∼ 500000. The mu-metal volumes are approximately equal at
7 × 10−5 m3 for both shields. Under equally good mounting conditions, similar cooldown
performance of both shields would be expected. However, a significant difference of the
custom-made shield compared to the QCage shield is that it consists of two mu-metal
parts, one of which is only connected to the central copper rod via the other part. In this
regard, a slower cooldown of the custom-made shield may be expected.

The temperature profiles of both shields are shown in Fig. 1C and D, along with a compar-
ison cooldown of the empty cryostat. It can be seen that the cryostat without a magnetic
shield reached its base temperature in less than 5 hours. Adding the QCage shield (Fig. 1C)
roughly doubled this cooldown time to over 10 hours. In the case of the custom shield
(Fig. 1D), this time was even longer, at over 12 hours. The mu-metal cools in both cases
significantly slower than the mixing chamber (MC) stage, and it is therefore the limiting
factor for a fast cooldown. Furthermore, generally slow cooldown dynamics of the mu-
metal shields over several hours are observed at low temperatures (𝑇 < 1 K), which is
significantly slower than the MC stage particularly in the case of the custom-made shield.
In the case of the QCage shield, the MC stage initially also has a slower cooling rate. This
may be due to better thermal coupling of the shield to the MC plate. Since the cooldowns
were terminated after the times shown, the final temperature of the shields cannot be
conclusively stated. However, in further cooldowns not shown here, it was found that
both shields decouple from the MC plate at a temperature elevated by a few 10mK. This
final temperature is determined by the balance between the Kapitza resistance between
different materials and their thermal conductivity, and it can be improved by stronger
thermal coupling (e.g., tighter screwing, larger number of screws).
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Figure 1: Comparison of magnetic shield cooldowns. (A) Photograph of the QCage magnetic shield
anchored on the 30mK mixing chamber (MC) stage. An additional thermometer was installed on the mu-
metal shieldwith copper adhesive tape. Temperature stages of the Sionludi L Eco table-top dilution refrigerator
are indicated by the dashed lines. The empty cryostat has a base temperature of 30mK. (B) Photograph of the
custom-made magnetic shielding, similar as in Ref. [123], and as used for the grAl fluxonium throughout this
work. Not visible in panels A and B are the inner copper-sleeved superconducting Al cans. (C) Temperature
profiles of the thermometers on the mu-metal magnetic shield and the MC stage from room temperature
down to 30mK for the QCage magnetic shield setup and (D) the custom-made magnetic shield setup. For
comparison, the temperature profile of the MC stage of an empty fridge is shown in black.
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Conclusion and Outlook

These initial characterization measurements showed that the used mu-metal shields are the
limiting factor for the cooldown speed of a Sionludi L Eco cryostat, extending the cooldown
time by at least double. The custom-made shield, compared to the commercial QCage
shield, has a 20 % longer cooldown time. The different cooldown dynamics of the MC stage
in both cases indicate that the QCage shield indeed has more efficient thermalization. This
is consistent with the fact that the custom-made shield consists of two mu-metal parts
that are cooled in series.

Increasing the thermal conductivity could definitely improve the cooldown performance
and close the temperature gap between the MC stage and the mu-metal shield during
cooldown. Therefore, a planned next step to achieve this is to electroplate the mu-metal
shields with a sufficiently thick layer of silver (Ag). At room temperature, mu-metal and
Ag have thermal conductivities of 𝜆𝜇 ∼ 20 W/m · K and 𝜆Ag ∼ 400 W/m · K, respectively.
Under the simplified assumption that the ratio of these two values remains constant down to
low temperatures, it can be estimated that a layer thickness of𝑑Ag = (𝜆Ag/𝜆𝜇)𝑑𝜇/2 ∼ 25 µm
would be sufficient to double the cooling performance of the shield.1 A final capping layer
of gold would also be useful to prevent the Ag from oxidizing.

1 The factor of two arises because the Ag layer is applied both inside and outside the shield.
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