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Abstract
This paper develops a mathematical framework that extends topology optimization for mass and heat transfer onto variable
2-manifolds, which are curved surfaces defined as the design domains allowed to evolve rather than remain fixed during
the optimization process. Consequently, the design freedom of topology optimization is increased by incorporating the
design domains themselves into the design space. The variable curved surfaces expressed as the implicit 2-manifolds are
homeomorphously defined on predetermined fixed base manifolds. The concept of fiber bundle is used to describe the pattern
of a surface structure together with the implicit 2-manifold as an integrated ensemble defined on the base manifold. Therefore,
this topology optimization on variable 2-manifolds is developed to optimize the matching between the patterns of surface
structures and the implicit 2-manifolds definedwith the patterns. It is implemented based on the porousmediummodel by using
the material distribution method, where the material density is used to interpolate the impermeability of the porous medium
filled on the implicit 2-manifolds. Two sets of design variables are defined for the patterns of the surface structures and the
implicit 2-manifolds, respectively. They are regularized by two surface-PDEfilters and a parameter is introduced to the surface-
PDE filter of the implicit 2-manifolds to control the variable magnitude. The topology optimization problems are analyzed
by using the continuous adjoint method to derive the gradient information of the design objectives and constraints. They are
then solved by using the gradient based iterative procedures numerically implemented based on the surface finite element
method. To permit the use of linear surface elements for the consideration of computational cost, the variational formulations
of the surface Navier–Stokes equations, surface convection-diffusion equation and surface convective heat-transfer equation
are stabilized by using the Brezzi-Pitkäranta, Petrov-Galerkin and general least square techniques, respectively. The adjoint
equations are derived for the stabilized variational formulations of those governing equations. In the numerical results, the
variable amplitude in the surface-PDE filter of the implicit 2-manifolds, Reynolds number, Péclet number, pressure drop and
dissipation power of the surface flow are investigated to demonstrate the increased design freedom and extended design space
achieved by topology optimization on variable 2-manifolds for mass and heat transfer in surface flow.
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1 Introduction

Topology optimization is a robust computational method
for determining the optimal structural configuration, cor-
responding to the material distribution within a structure
(Bendsøe and Sigmund 2003). Unlike size and shape opti-
mization, which relies on adjusting a limited number of
geometric parameters, topology optimization explores the
full design space to generate structures thatmeet user-defined
performance objectives. Because it is less dependent on the
initial design guess, topology optimization offers greater
flexibility and robustness. Consequently, it serves as a more
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powerful tool for optimizing structures where the material
distribution is represented by design variables.

Optimization of structural topology was investigated as
early as 1904 for truss structures (Michell 1904). Topology
optimization originated from structural optimization prob-
lems in elasticity and compliant mechanisms (Bendsøe and
Kikuchi 1988;Cheng andOlhoff 1981; Sigmund2001, 1997;
Saxena 2005). It was later extended to a variety of physi-
cal domains, including acoustics, electromagnetics, fluidics,
optics, thermodynamics, etc. (Borrvall and Petersson 2003;
Gersborg-Hansen et al. 2006; Nomura et al. 2007; Sigmund
and Hougaard 2008; Duhring et al. 2008; Akl et al. 2008;
Xue et al. 2024). Over the years, numerous approaches have
been developed to implement topology optimization, such as
evolutionary techniques (Steven et al. 2000), the evolutionary
structural optimization (ESO) method (Huang and Xie 2010;
Nabaki et al. 2018), the homogenization method (Bendsøe
and Kikuchi 1988; Allaire 2002), the material distribution or
variable density method (Rozvany 2001; Bendsøye and Sig-
mund 1999), the level set method (Wang et al. 2003; Allaire
et al. 2004; Liu and Korvink 2008; Xing et al. 2010; Xia and
Wang 2008), the method of moving morphable components
(MMC) (Guo et al. 2014, 2016), the feature-driven method
(Zhou et al. 2016), and the phase-field method (Takezawa
et al. 2010). As one of the most widely used approaches in
topology optimization, the material distribution method per-
forms the optimization by assigning a density variable that
represents the amount ofmaterial present at each point within
the design domain. This method offers advantages such as
rapid convergence, low sensitivity to the initial design guess,
and the capability to handle multiple constraints. Therefore,
it is adopted to carry out the research presented in this paper.

Topology optimization for fluid problems was first pio-
neered using evolutionary techniques (Steven et al. 2000).
The first application of the material distribution-based topol-
ogy optimization to Stokes flow was reported in 2003
(Borrvall and Petersson 2003). This approach was further
investigated for Stokes flow (Guillaume and Idris 2004; Aage
et al. 2008) and Darcy-Stokes flow (Guest and Proevost
2006; Wiker et al. 2007), where an artificial friction force
proportional to the fluid velocity was introduced into the
Stokes equations to enable topology optimization based on
the porous medium model proposed in Ref. (Borrvall and
Petersson 2003). The optimization framework was subse-
quently extended to Navier–Stokes flow at low and moderate
Reynolds numbers (Gersborg-Hansen et al. 2005; Olessen
et al. 2006; Deng et al. 2010), as well as to non-Newtonian
flow (Pingen and Maute 2010). Early studies on topology
optimization for fluid problems primarily focused on steady
flow without body forces (Bendsøe and Sigmund 2003; Bor-
rvall and Petersson 2003; Gersborg-Hansen et al. 2005;
Olessen et al. 2006; Aage et al. 2008; Guest and Proevost
2006; Deng et al. 2010; Wiker et al. 2007; Zhou and Li

2008; Pingen and Maute 2010; Challis and Guest 2009).
However, unsteady flow are ubiquitous in practical applica-
tions. To address this, topology optimization was extended
to unsteady Navier-Stokes flow to capture the influence of
flow dynamics on the optimal topology (Kreissl et al. 2011;
Deng et al. 2011). In many fluid systems, external body
forces associated with fluid inertia, such as gravity, cen-
trifugal and Coriolis forces, are also significant. Topology
optimization of steady and unsteadyNavier–Stokes flowwith
body forces has been achieved by penalizing the body force
through an interpolation function of the design variable and
by employing the level set method, respectively (Deng et al.
2013a, b). High-velocity fluid transport often leads to turbu-
lence, which is common in industrial applications. Topology
optimization for turbulent flow at high Reynolds numbers
has been developed based on the finite-volume discretized
Reynolds-averaged Navier–Stokes (RANS) equations, cou-
pled with either one- or two-equation turbulence closure
models (Dilgen et al. 2018), the Spalart-Allmaras model
(Yoon 2016; Sá et al. 2021), or data-driven models (Ham-
mond et al. 2022). Building on these developments, topology
optimization has been successfully applied to the design
of microfluidic devices, including micromixers (Andreasen
et al. 2009; Deng et al. 2012), microvalves (Deng et al. 2010;
Liu et al. 2012), and micropumps (Deng et al. 2011).

Topology optimization for surface flow has been devel-
oped to determine the optimal patterns of corresponding
surface structures (Deng et al. 2022, 2024). Modeling fluid
motion as surface flow can significantly reduce the computa-
tional cost in the numerical design of fluidic structures. For
example, the flow within channels attached to the walls of
equipment can be represented as surface flow on curved sur-
faces corresponding to the outer geometries of the equipment.
Likewise, the streamsurfaces associatedwith the outer shapes
of fluidic structures under complete-slip boundary conditions
can be regarded as surface flow decoupled from the volume
flow. Such complete-slip boundaries can be approximated or
realized by several methods, including chemically coating
or physically structuring solid surfaces to induce extreme
hydrophobicity (Kown et al. 2009), applying optimal con-
trol techniques to manipulate boundary velocities (Sritharan
1998), or generating vapor layers between the solid and liquid
phases through the Leidenfrost effect (Thimbleby 1989). To
achieve topology optimization of surface structure patterns,
research has been conducted on stiffness and multi-material
structures (Vermaak et al. 2014; Sigmund andTorquato 1997;
Gao and Zhang 2011; Luo et al. 2012;Wang andWang 2004;
Zhou and Wang 2007; Vogiatzis et al. 2018), shell structure
layouts(Krog and Olhoff 1996; Ansola et al. 2002; Has-
sani et al. 2013; Lochner-Aldinger and Schumacher 2014;
Clausen et al. 2017; Dienemann et al. 2017; Yan et al. 2018),
electrode patterns for electroosmosis (Deng et al. 2018),
fluid–structure and fluid–particle interactions (Yoon 2010;
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Lundgaard et al. 2018; Andreasen 2019), energy absorption
(Andreasen 2012), cohesion (Behrou et al. 2017), actuation
(Raulli andMaute 2005), and wettability control (Deng et al.
2018, 2019, 2020), among other topics. Topology optimiza-
tion on 2-manifolds has been developed for applications
in elasticity, wettability control, heat transfer, and electro-
magnetics, where a 2-manifold refers to a smooth curved
surface that is a topological space locally homeomorphic to
a Euclidean plane (Huo et al. 2022; Zhang and Feng 2022;
Deng et al. 2020); and topology optimization on variable
2-manifolds has been developed for wettability control at
fluid/solid interfaces (Deng et al. 2020). Recently, topology
optimization for surface flow has extended the design space
of fluidic structures to 2-manifolds (Deng et al. 2022). Topol-
ogy optimization for surface flow on variable 2-manifolds
has been developed to match the patterns of the surface
flow and the implicit 2-manifolds defined with the patterns
(Deng et al. 2024). The design space and design freedom for
flow problems were subsequently expanded by incorporat-
ing the design domains associated with surface flow patterns
into the design space. These design domains correspond to
implicit 2-manifolds that are defined on predetermined fixed
2-manifolds represented as geometrical surfaces.

Mass and heat transfer are two fundamental and ubiq-
uitous phenomena in fluid flow. Due to scaling effects,
microflow typically operates in the laminar regime, where
convection is weak and diffusion dominates the mass and
heat transfer processes. This often results in relatively low
transfer efficiency. Consequently, enhancing mass and heat
transfer efficiency in microflow has become a long-standing
and critical topic in the development of microfluidic devices
for industrial applications (Nguyen and Wu 2005; Yao et al.
2015; Miralles et al. 2013). Topology optimization has
emerged as one of the most effective approaches to enhance
mass and heat transfer in microflow by optimizing microflu-
idic structures to strengthen convective transport (Høghøj
2023; Tawk et al. 2019; Marck et al. 2013). In the context of
mass transfer, topology optimization has been applied to the
design of micromixers and microreactors (Andreasen et al.
2009; Deng et al. 2012; Okkels and Bruus 2006; Schäpper
et al. 2011; Wang et al. 2023; Bhattacharjee and Atta 2022;
Chen et al. 2021). For heat transfer, it has been implemented
in the optimization of heat sinks and heat exchangers (Fawaz
et al. 2022; Zhang and Liu 2008; Rogié and Andreasen
2023; Pietropaoli et al. 2019; Alexandersen et al. 2013;
Lohan et al. 2017; Li et al. 2018; Zhang and Gao 2019;
Joo et al. 2017; Yan et al. 2023; Høghøj et al. 2020; Li
et al. 2019; Xia et al. 2023). Most of these studies have
been conducted either in three-dimensional (3D) domains or
on simplified two-dimensional (2D) planes. With the man-
ufacturability enabled by modern additive manufacturing
and 3D-printing technologies, topology optimization on 2-
manifolds offers new design opportunities for mass and heat

transfer problems. Furthermore, topology optimization on
variable 2-manifolds can enhance the design freedombyopti-
mizing the matching between surface structure patterns and
the implicit 2-manifolds on which they are defined. There-
fore, this paper develops a topology optimization framework
on variable 2-manifolds for mass and heat transfer in surface
flow.

In this paper, the surface Navier–Stokes equations, sur-
face convection-diffusion equation and surface convective
heat-transfer equation are formulated on the design domain
of the pattern of the surface flow, where the design domain
is a 2-manifold. This design domain is implicitly defined on
a predetermined fixed 2-manifold. Two design variables are
introduced, one for the design domain of the pattern and the
other for the pattern of the surface flow, and they are cou-
pled and optimized simultaneously to achieve the optimized
matching between the pattern of the surface flow and its
design domain. Consequently, the design domain, expressed
as a 2-manifold, is implicit and variable throughout the opti-
mization process, and is therefore referred to as a variable
implicit 2-manifold.

The concept of a fiber bundle originates from differential
geometry (Chern et al. 1999).Afiber bundle consists of a base
manifold and a fiber that is defined over the base manifold.
The pattern of the surface structure, together with its defini-
tion domain, can be regarded as the fiber of a fiber bundle. If
there exists a 2-manifold that is homeomorphic to the fiber, it
can be designated as the base manifold of the fiber bundle. In
numerical computation, the base manifold can be predefined
as a fixed geometrical surface, upon which the fiber is deter-
mined. This implies that the definition domain of the pattern
is an implicit 2-manifold defined on the predefined baseman-
ifold. In this paper, the pattern of the surface flow is defined
on a variable implicit 2-manifold, which serves as the design
domain of the pattern. This design domain, in the form of a
variable implicit 2-manifold, is itself defined on a predeter-
mined fixed 2-manifold. The optimization of the surface flow
pattern is therefore coupled with that of the variable implicit
2-manifold. The optimized matching between the pattern of
the surface flow and the variable implicit 2-manifold on the
predeterminedfixed2-manifold canbe interpreted as thefiber
of a fiber bundle. In this context, the fixed 2-manifold repre-
sents the base manifold. The description using the concept of
fiber bundle highlights the integrity of the surface structure
composed of implicitly defined design domain and pattern of
the surface flow. It is convenient to treat the fixed 2-manifold,
the variable implicit 2-manifold and the pattern of the sur-
face flow as an integrated ensemble. Therefore, this paper
adopts the concept of a fiber bundle to describe the topol-
ogy of the surface structure as an integrated ensemble rather
than as three separate components. Topology optimization
of variable 2-manifolds for mass and heat transfer in surface
flow is thus formulated as the task of finding the optimized
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matching between the patterns of the surface structures and
the implicit 2-manifolds defined on the prescribed base man-
ifold, in order to achieve the desired mass and heat transfer
performance (Figure 1).

The material distribution method is employed to deter-
mine the pattern of the surface structure, where the implicit
2-manifold defined with the surface structure is described
on the base manifold. For the material distribution method,
the porous medium model has been developed in topol-
ogy optimization for fluid flow (Borrvall and Petersson
2003; Gersborg-Hansen et al. 2006; Kreissl et al. 2011;
Deng et al. 2011). In the material distribution method, the
porous medium model has been widely adopted in topol-
ogy optimization for fluid flow (Borrvall and Petersson 2003;
Gersborg-Hansen et al. 2006; Kreissl et al. 2011; Deng et al.
2011). In thismodel, the 2D/3Ddesign domain is filledwith a
porous medium, and an artificial Darcy friction term is incor-
porated into the force terms of the Stokes and Navier–Stokes
equations.During theoptimizationprocess, the impermeabil-
ity of the porous medium evolves to yield the desired fluidic
structures. Inspired by this approach, topology optimization
for surface flow has been extended to 2-manifolds by filling
them with a porous medium, where the artificial Darcy fric-
tion term is added to the surface Navier–Stokes equations
(Deng et al. 2022, 2024). Building on this foundation, the
present study applies the porous medium model to perform
topology optimization on variable 2-manifolds for mass and
heat transfer in surface flow.

The remained sections of this paper are organized as
follows. Section 2 presents the methodology for topology
optimization on variable 2-manifolds for mass and heat
transfer in surface flow, including the formulation of the
physical model and design variables, problem definition,
adjoint analysis, and numerical implementation. Section 3
provides numerical results and discussions to demonstrate
the effectiveness of the proposed topology optimization
approach. Sections 4 and 5 present the conclusions and dec-
larations, respectively. Additional material is provided in the
supplementary appendix, where sections and equations are
numbered with the prefix "S." Throughout this paper, the
incompressible Newtonian fluid is considered. All mathe-
matical formulations are expressed in Cartesian coordinates.
Vectors are represented in column form by default, and the
gradient of a vector function is defined such that the gradients
of its components appear as column vectors.

2 Methodology

In this section, topologyoptimizationonvariable 2-manifolds
is described for mass and heat transfer in surface flow to
find the optimized matching between the patterns of the
surface structures and the implicit 2-manifolds defined the

surface structures. An implicit 2-manifold is homeomor-
phically defined on a preset base manifold. The mass and
heat transfer processes are described by the surface Navier–
Stokes equations, the surface convection-diffusion equation
and the surface convective heat-transfer equation defined on
the implicit 2-manifold.

2.1 Material interpolation

The porous medium model is utilized in topology optimiza-
tion on variable 2-manifolds for mass and heat transfer in
surface flow. In this model, the porous medium is filled onto
the implicit 2-manifold. The artificial Darcy friction is added
to the surface Navier-Stokes equations used to describe the
surface flow. The artificial Darcy friction, derived based on
the constitutive law of the porous medium, is assumed to
be proportional to the fluid velocity (Borrvall and Petersson
2003; Gersborg-Hansen et al. 2006):

b� = −αu, ∀x� ∈ � (1)

where b� is the artificial Darcy friction force; α is the imper-
meability;u is the fluid velocity;� is the implicit 2-manifold;
and x� denotes a point on �. When the porosity is zero, the
porous medium corresponds to a solid material with infi-
nite impermeability and zero fluid velocity caused by the
infinite friction force; when the porosity is infinite, it cor-
responds to the structural void for the transport of the fluid
with zero impermeability. Therefore, the impermeability can
be described as

⎧
⎪⎨

⎪⎩

α|x�∈�D =
{

+ ∞, γp = 0

0, γp = 1

α|x�∈�F = 0, γp = 1

(2)

where γp ∈ {0, 1} is a binary distribution defined on �, with
0 and 1 representing the solid and fluid phases, respectively;
�D is the design domain for the pattern of the surface flow
and�F is the fluid domain with thematerial density enforced
to be γp = 1, with �D and �F satisfying �D ∪ �F = � and
�D ∩ �F = ∅. Especially, � is the design domain, when
there is no enforced fluid domain, i.e. �F = ∅ and � =
�D . Equivalently, the design domain can also be specified
by using an indicator defined as

fid,� (x�) =
{
1, ∀x� ∈ �D

0, ∀x� ∈ � \ �D
(3)

where fid,� is the indicator function.
To avoid the numerical challenges on solving abinaryopti-

mization problem, the binary variable defined on the design
domain is relaxed to vary continuously in [0, 1]. The relaxed

123



Topology optimization on variable curved surfaces… Page 5 of 27 12

Fig. 1 Sketch for topology optimization on a variable 2-manifold for
mass and heat transfer in surface flow, where the task is to find the
optimized matching between the pattern of the surface structure and
the implicit 2-manifold defined on the preset and fixed base manifold.
Here, � is the implicit 2-manifold defined by a bijection on the base
manifold �; x� is a point on � and x� on � is the image of x� ; and γp

is the pattern of the surface flow defined on the implicit 2-manifold. The
implicit 2-manifold and the pattern of the surface flow together with the
basedmanifold used to define the implicit 2-manifold compose the fiber
bundle, where the fiber is spanned by the implicit 2-manifold and the
pattern of the surface flow

binary variable is referred to as the design variable of the sur-
face structure and it is used to derive the material density for
the material interpolation of the impermeability. Based on
the description of the impermeability in Eq. 2, the material
interpolation of the impermeability can be implemented by
using the convex and q-parameterized scheme (Borrvall and
Petersson 2003):

α
(
γp
) =

⎧
⎪⎨

⎪⎩

α f + (
αs − α f

)
q
1 − γp

q + γp
, ∀x� ∈ �D

0, ∀x� ∈ � \ �D

(4)

where γp is renamed as the material density; αs and α f are
the impermeability of the solid and fluid phases, respectively;
and q is the parameter used to tune the convexity of this inter-
polation. For the fluid phase, the impermeability is zero, i.e.
α f = 0. For the solid phase, αs should be infinite theoreti-
cally; numerically, a finite value much larger than the fluid
density ρ is chosen for αs , to simultaneously ensure the sta-
bility of the numerical implementation and approximate the
solid phase with acceptable accuracy.

2.2 Design variables

In the presented topology optimization, two sets of design
variables are required to be sequentially defined for the
implicit 2-manifold and the pattern of the surface flow.

2.2.1 Design variable for implicit 2-manifold

To describe the implicit 2-manifold, the design variable that
takes continuous values in [0, 1] is defined on the base mani-
fold. This design variable is used to describe the distribution
of the relative displacement between the implicit 2-manifold
and the base manifold. The relative displacement is in the

normal direction of the base manifold and the implicit 2-
manifold is defined based on this normal displacement.

To ensure the smoothness of the implicit 2-manifold and
the well-posedness of the solution, a surface-PDE filter is
imposed on the design variable of the implicit 2-manifold
(Deng et al. 2020):

⎧
⎪⎨

⎪⎩

− div�

(
r2m∇�d f

)
+ d f = Ad

(

dm − 1

2

)

, ∀x� ∈ �

nτ� · ∇�d f = 0, ∀x� ∈ ∂�

(5)

where dm = dm (x�) is the design variable of the implicit
2-manifold; d f = d f (x�) is the filtered design variable and
it is the normal displacement used to describe the implicit
2-manifold; rm is the filter radius, and it is constant; � is the
base manifold used to define the implicit 2-manifold, and dm
and d f are defined on �; x� denotes a point on �; ∇� and
div� are the tangential gradient operator and tangential diver-
gence operator defined on �, respectively; nτ� = n� × τ�

sketched in Fig. 2 is the unit outer conormal vector normal
to ∂� and tangent to � at ∂�, with n� and τ� representing
the unit normal vector on � and the unit tangential vector at
∂�, respectively; Ad is the variable amplitude of the implicit
2-manifold, i.e. the parameter used to control the variation
amplitude of the normal displacement, and it is nonnega-
tive (Ad ≥ 0). Because dm is valued in [0, 1], d f is valued
in [−Ad/2, Ad/2]. The design variable of the implicit 2-
manifold and its filtered counterpart are sketched in Fig. 3.

By introducing the parameter of the variable magnitude
into the surface-PDE filter in Eq. 5, the design variable of
the implicit 2-manifold can be scaled onto [0, 1] which is
the same as the range of the design variable of the pattern of
the surface flow. The adjoint sensitivity of the design objec-
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Fig. 2 Sketch for relations among the unit tangential vectors τ� at ∂�

and τ� at ∂�, the unit normal vectors n� on � and n� on �, the unit
conormal vectors nτ� at ∂� and nτ� at ∂�, and the tangential gradient
∇�d f

tive to the design variable of the implicit 2-manifold can
then be scaled. Simultaneously, the surface-PDE filter in Eq.
5 can ensure the smoothness of the implicit 2-manifold by
reasonably choosing the filter radius. Because the surface
Navier–Stokes equations, surface convection-diffusion equa-
tion and surface convective heat-transfer equation are defined
on the implicit 2-manifold, the stability for the numerical
solution of those surface-PDEs can be ensured.

After the filter operation, the implicit 2-manifold can be
described by the filtered design variable:

� = {
x�

∣
∣ x� = d f n� + x�, ∀x� ∈ �

}
(6)

where � is the implicit 2-manifold and x� denotes a point
on �. A similar relation is held for the design domain of the
pattern of the surface flow, i.e.

�D = {
x�

∣
∣ x� = d f n� + x�, ∀x� ∈ �D

}
(7)

where �D ⊂ � is the base manifold of �D . From Eq. 6,
a differentiable homeomorphism can be determined corre-
sponding to the bijection d f : � → � with x� = d f n� +x�

at ∀x� ∈ �. Therefore,H (�) is homeomorphous toH (�).
The Jacobian matrix of the homeomorphism in Eq. 6 for the
implicit 2-manifold in the curvilinear coordinate system of
the base manifold can be transformed into

T� = ∂x�

∂x�

= ∇�d f nT� + d f ∇�n� + I, ∀x� ∈ � (8)

with |T�| representing its determinant, where I is the unit
tensor.

2.2.2 Design variable for pattern of surface flow

The pattern of the surface flow is represented by the mate-
rial density defined on the implicit 2-manifold. The material
density in Eqs. 2 and 4 is obtained by sequentially imple-
menting the surface-PDE filter and the threshold projection
on the design variable defined on the implicit 2-manifold,
as sketched in Fig. 4. This design variable is also valued
continuously in [0, 1]. Here, the combination of the surface-
PDE filter and the threshold projection can remove the gray
regions and control the minimum length scale in the derived
pattern.

The surface-PDE filter for the design variable of the pat-
tern is implemented by solving the following surface PDE
(Deng et al. 2020):

⎧
⎨

⎩

−div�

(
r2f ∇�γ f

)
+ γ f = γ, ∀x� ∈ �D

nτ� · ∇�γ f = 0, ∀x� ∈ ∂�D

(9)

where γ is the design variable; γ f is the filtered design vari-
able; r f is the filter radius, and it is constant; ∇� and div�

are the tangential gradient operator and tangential divergence
operator defined on the implicit 2-manifold �, respectively;
nτ� = n� × τ� sketched in Fig. 2 is the unit outer conormal
vector normal to ∂� and tangent to � at ∂�, with n� and τ�

representing the unit normal vector on � and the unit tan-
gential vector at ∂�, respectively. The threshold projection
of the filtered design variable is implemented as (Wang et al.
2011; Guest et al. 2004)

γp = tanh (βξ) + tanh
(
β
(
γ f − ξ

))

tanh (βξ) + tanh (β (1 − ξ))
, ∀x� ∈ �D (10)

where β and ξ are the parameters of the threshold projection,
with values chosen based on numerical experiments (Guest
et al. 2004).

2.2.3 Coupling of design variables

The design variable introduced in Section 2.2.2 for the pat-
tern of the surface flow is defined on the implicit 2-manifold
introduced in Section 2.2.1. Their coupling relation can be
derived by transforming the tangential gradient operator ∇� ,
the tangential divergence operator div� and the unit normal
n� into the forms defined on the base manifold �. The tan-
gential gradient operator ∇� can be transformed into

∇� = T
−1
� ∇� −

[
n� ·

(
T

−1
� ∇�

)]
n�. (11)

The unit normal vector on � can be transformed into

n(d f )
� = n� − ∇�d f

∥
∥n� − ∇�d f

∥
∥
2

, (12)
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Fig. 3 Sketches for the design
variable dm and the filtered
design variable d f of the
implicit 2-manifold � defined
on the base manifold �

Fig. 4 Sketches for the design variable γ , the filtered design variable γ f and the material density γp of the pattern of the surface flow

where ‖·‖2 is the 2-norm of a vector. The details for the trans-
formation in Eqs. 11 and 12 are provided in Section S−6.1
of the supplementary material. In Eq. 12, the transformed
unit normal vector is distinguished from the original form by
using the filtered design variable d f as the superscript, and
this identification method is adopted in the following for the
other transformed operators and variables.

Sequentially, the tangential gradient operator∇� is further
transformed into

∇(d f )
� g = T

−1
� ∇�g −

[
n(d f )

� ·
(
T

−1
� ∇�g

)]
n(d f )

� , ∀g ∈ H (�) .

(13)

Based on the transformed tangential gradient operator, the
tangential divergence operator div� can be transformed into

div
(
d f

)

� g = tr

(

∇
(
d f

)

� g
)

= tr

(

T
−1
� ∇�g −

[

n
(
d f

)

� ·
(
T

−1
� ∇�g

)]

n
(
d f

)

�

)

, ∀g ∈ (H (�))3

(14)

where tr is the operator used to extract the trace of a tensor.
The coupling between the design variables plays a crucial

role in ensuring numerical stability. Using separate surface-
PDE filters for the two design variables introduces different
smoothing scales. Therefore, the filter radii must be care-
fully balanced to prevent numerical oscillations or slow
convergence, whichmay occur if one design variable evolves
significantly faster than the other.

2.2.4 Fiber bundle of surface structure

The fiber bundle of the surface structure for mass and heat
transfer in surface flow is composed of the base manifold
together with the implicit 2-manifold and the pattern of the
surface structure, where� is the basemanifold and�×[0, 1]
is the fiber, respectively. It can be expressed as

(� × (� × [0, 1]) ,�, proj1, � × [0, 1]) , (15)

where proj1 is the natural projection proj1 : � ×
(� × [0, 1]) → �;ϕ1 is the homeomorphousmapϕ1 : � →
� × [0, 1]; ϕ2 is the homeomorphous map ϕ2 : � × [0, 1] →
� × (� × [0, 1]); and proj1, ϕ1 and ϕ2 satisfy

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

proj1
(
x�,

(
x�, γp

)) = proj1
(
x�,

(
d f (x�) , γp

))

= x�, ∀x� ∈ �

ϕ1 (x�) = (
x�, γp

) = (
d f (x�) , γp

)
, ∀x� ∈ �

ϕ2
(
x�, γp

) = (
x�,

(
x�, γp

)) = (
x�,

(
d f (x�) , γp

))
,

∀ (x�, γp
) ∈ � × [0, 1]

.

(16)

The diagram of the fiber bundle in Eq. 15 is shown in Fig. 5.

2.3 Mass transfer problem

The mass transfer process in surface flow can be described
by the surface Navier–Stokes equations and the surface
convection-diffusion equation.
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Fig. 5 Diagram for the fiber bundle composed of the base manifold,
the implicit 2-manifold and the pattern of the surface structure

2.3.1 Surface Navier–Stokes equations

The governing equations for the motion of a Newtonian sur-
face fluid can be formulated intrinsically on a 2-manifold
of codimension one in an Euclidian space. Based on the
conservation laws of momentum and mass, the surface
Navier–Stokes equations can be derived to describe the
incompressible surface flow (Arroyo and DeSimone 2009;
Brenner 2013; Rahimi et al. 2013):

ρ (u · ∇�)u − Pdiv�

[
η
(
∇�u + ∇�u

T
)]

+ ∇� p = −αu

−div�u = 0

u · n� = 0

⎫
⎪⎪⎬

⎪⎪⎭

∀x� ∈ �,

(17)

where u is the fluid velocity; p is the fluid pressure; ρ is the
fluid density; η is the dynamic viscosity; u · n� = 0 is the
tangential constraint of the fluid velocity; and P = P (x�) =
I−n�nT� is the normal projector in the tangential space of �

at x� . The tangential constraint is imposed, because the fluid
spatially flows on the 2-manifold � and the fluid velocity is
a vector in the tangential space of �.

To solve the mass and heat transfer problem, the fluid
velocity and stress in the surfaceNavier–Stokes equations are
required to be specified at the boundaries of the 2-manifold
�:

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

u = ulv,� , ∀x� ∈ lv,� (Inlet boundary condition)

u = 0, ∀x� ∈ lv0,� (Wall boundary condition)
[
−η

(
∇�u + ∇�uT

)
+ pI

]
· nτ� = 0, ∀x� ∈ ls,�

(Outlet boundary condition)

,

(18)

where ulv,� is a known distribution of the fluid velocity at
the inlet boundary curve of �, depending on the specified
fluid velocity ulv,� at lv,� representing a boundary curve of
�; the no-slip boundary condition with velocity equal to 0 is
imposed on the wall boundary curve lv0,� of�; and ls,� is the
boundary curve imposed with the outlet boundary condition.

2.3.2 Surface convection-diffusion equation

The mass transfer process in surface flow can be described
by the surface convection-diffusion equation defined on the
same implicit 2-manifold as the surface Navier–Stokes equa-
tions in Section 2.3.1. Based on the conservation law of mass
transfer, the surface convection-diffusion equation can be
derived to describe the mass transfer process in surface flow
(Dziuk and Elliott 2013):

u · ∇�c − div� (D∇�c) = 0, ∀x� ∈ � (19)

where c is the mass concentration in the volume flow; and
D is the diffusion coefficient. For the surface convection-
diffusion equation, the distribution of the concentration is
known at the inlet boundary curve lv,� and the remained part
of the boundary curve is insulative:

{
c = c0, ∀x� ∈ lv,�

∇�c · nτ� = 0, ∀x� ∈ lv0,� ∪ ls,�
(20)

where c0 is the known distribution of the concentration.

2.3.3 Design objective for mass transfer problem

For mass transfer in surface flow, the desired performance of
the surface structure can be set to achieve the anticipated dis-
tribution of the concentration at the outlet. The mass transfer
performance can be measured by the deviation between the
obtained and anticipated distribution of the concentration.
Therefore, the design objective of topology optimization on
variable 2-manifolds for mass transfer in surface flow is con-
sidered as

Jc =
∫

ls,�
(c − c̄)2 dl∂�

/∫

lv,�

(c0 − c̄)2 dl∂�, (21)

where c̄ is the anticipated distribution of the concentration
at the outlet and it is linearly mapped onto the inlet for the
reference value of the concentration deviation.

2.3.4 Constraint of pressure drop

To ensure the patency of the surface structure for mass trans-
fer in surfaceflow, the constraint of the pressure drop between
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the inlet and outlet can be imposed as

∣
∣�P

/
�P0 − 1

∣
∣ ≤ 1 × 10−3, (22)

where �P0 is the specified reference value of the pressure
drop and�P is the pressure drop between the inlet and outlet:

�P =
∫

lv,�

p dl∂� −
∫

ls,�
p dl∂�. (23)

2.3.5 Topology optimization problem

Based on the above introduction, the topology optimization
problem defined on variable 2-manifolds for mass transfer in
surface flow can be constructed to find the optimized match-
ing between the pattern of the surface flow and the implicit
2-manifold, i.e. to optimize the fiber bundle defined in Eq.
15:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Find

⎧
⎨

⎩

γ : � → [0, 1]

dm : � → [0, 1]
for (� × (� × [0, 1]) , �, proj1, � × [0, 1]) ,

to minimize
Jc
Jc,0

with Jc =
∫

ls,�
(c−c̄)2 dl∂�

/∫

lv,�

(c0−c̄)2 dl∂�,

constrained by

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

ρ (u · ∇�)u − Pdiv� [η (∇�u

+∇�u
T
)]

+ ∇� p = −αu, ∀x� ∈ �

− div�u = 0, ∀x� ∈ �

u · n� = 0, ∀x� ∈ �

α
(
γp

) = α f + (
αs − α f

)
q
1 − γp

q + γp

u · ∇�c − div� (D∇�c) = 0, ∀x� ∈ �

⎧
⎪⎨

⎪⎩

− div�

(
r2f ∇�γ f

)
+ γ f = γ, ∀x� ∈ �D

nτ� · ∇�γ f = 0, ∀x� ∈ ∂�D

⎧
⎪⎪⎨

⎪⎪⎩

− div�

(
r2m∇�d f

)
+ d f = Ad

(

dm − 1

2

)

, ∀x� ∈ �

nτ� · ∇�d f = 0, ∀x� ∈ ∂�

� = {
x� : x� = d f n� + x�, ∀x� ∈ �

}

∣
∣�P

/
�P0 − 1

∣
∣ ≤ 1 × 10−3, with

�P =
∫

lv,�

p dl∂� −
∫

ls,�
p dl∂�

(24)

where Jc,0 is the reference value of the design objective cor-
responding to the initial distribution of the design variables.

The coupling relations among the variables, functions,
tangential divergence operator and tangential gradient oper-
ator in Eq. 24 are described as

dm
Eq. 5−−−→ d f⏐

⏐
⏐
�Eq. 13

{div�,∇�, n�} Eqs. 17 & 19−−−−−−−−−→ {u, p, λ, c} Eqs. 21 & 23−−−−−−−−−→ {Jc, �P}⏐
⏐
⏐
�Eq. 9

�
⏐
⏐
⏐Eq. 17

γ
Eq. 9−−−→ γ f

Eq. 10−−−−→ γp

where the design variables dm and γ are the inputs; the design
objective Jc, the pressure drop �P and the material density
γp are the outputs.

2.3.6 Adjoint analysis

The topology optimization problem in Eq. 24 can be solved
by using a gradient-based iterative procedure, where the
adjoint sensitivities are used to determine the relevant gra-
dient information. The adjoint analysis is implemented for
the design objective and pressure drop to derive the adjoint
sensitivities. The details for the adjoint analysis have been
provided in the supplementary material in Sections S−6.7,
S−6.8, S−6.9 and S−6.10 based on the transformation, first
order variational and variational formulations of the surface
PDEs in Sections S−6.2, S−6.3, S−6.4, S−6.5 and S−6.6.

Based on the transformed design objective and pressure
drop in Section S−6.6 of the supplementary material, the
adjoint analysis of the topology optimization problem can
be implemented on the functional spaces defined on the base
manifold. By using the continuous adjoint method (Hinze
et al. 2009), the adjoint sensitivity of the design objective Jc
is derived as

δ Jc = −
∫

�D

γ f a γ̃ M(d f ) d� −
∫

�

Add f ad̃m d�,

∀γ̃ ∈ L2 (�D) , ∀d̃m ∈ L2 (�)

(25)

where γ f a and d f a are the adjoint variables of the fil-
tered design variables γ f and d f , respectively. The adjoint
variables can be derived from the adjoint equations in the
variational formulations provided in Section S−6.7 of the
supplementary material.
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For the constraint of the pressure drop, the adjoint sensi-
tivity of the pressure drop �P is derived as

δ�P = −
∫

�D

γ f a γ̃ M(d f ) d� −
∫

�

Add f ad̃m d�,

∀γ̃ ∈ L2 (�D) , ∀d̃m ∈ L2 (�)

(26)

where the adjoint variables can be derived from the adjoint
equations in the variational formulations provided in Section
S−6.9 of the supplementary material.

After the derivation of the adjoint sensitivities in Eqs. 25
and 26, the design variables γ and dm can be evolved itera-
tively to determine the fiber bundle of the surface structure
for mass transfer in surface flow.

2.4 Heat transfer problem

The heat transfer process in surface flow can be described by
the surface Navier–Stokes equations and the surface convec-
tive heat-transfer equation, where the surface Navier–Stokes
equations used to describe the motion of the surface fluid is
the same as that introduced in Section 2.3.1.

2.4.1 Surface convective heat-transfer equation

The heat transfer process in surface flow can be described
by the surface convective heat-transfer equation defined on
the implicit 2-manifold. Based on the conservation law of
energy, the surface convective heat-transfer equation can be
derived to describe the heat transfer process in surface flow
(Dziuk and Elliott 2013):

ρCpu · ∇�T − div� (k∇�T ) = Q, ∀x� ∈ � (27)

where T is the temperature; Cp is the specific heat capacity;
k is the coefficient of heat conductivity; and Q is the power
of the heat source. For the surface convective heat-transfer
equation, the inlet boundary is set as heat sink, i.e. the temper-
ature is known at lv,�; and the remained part of the boundary
curves is set to be insulative:
{
T = T0, ∀x� ∈ lv,�

∇�T · nτ� = 0, ∀x� ∈ lv0,� ∪ ls,�
(28)

where T0 is the known distribution of the temperature.
The material interpolation in topology optimization on

variable 2-manifolds for heat transfer in surfaceflow is imple-
mented on the specific heat capacity and heat conductivity
togetherwith the impermeability of the porousmedium inEq.
4. The specific heat capacity and heat conductivity exist in
both the solid and fluid phases. In the solid phase, the convec-
tive heat-transfer degenerates into conductive heat transfer,
because the fluid velocity is nearly zero in the solid phase of

an optimization result; and in the fluid phase, the convective
heat-transfer is remained. Therefore, the material interpola-
tions for the specific heat capacity and coefficient of heat
conductivity are implemented by using the convex and q-
parameterized scheme as

⎧
⎪⎪⎨

⎪⎪⎩

Cp
(
γp
) = Cpf + (

Cps − Cpf
)
q
1 − γp

q + γp

k
(
γp
) = k f + (

ks − k f
)
q
1 − γp

q + γp

, (29)

where Cps and Cpf are the specific heat capacity of the solid
and fluid phases, respectively; and ks and k f are the coeffi-
cients of the heat conductivity of the solid and fluid phases,
respectively.

2.4.2 Design objective for heat transfer problem

For heat transfer in surface flow, the desired performance of
the surface structure can be set to achieve theminimized ther-
mal compliance. The thermal compliance can be measured
by the integration of the square of the temperature gradient
in the computational domain. Therefore, the design objec-
tive of topology optimization on variable 2-manifolds for
heat transfer in surface flow is considered as

JT =
∫

�

fid,�k∇�T · ∇�T d�, (30)

where JT is the thermal compliance and fid,� is the indicator
function defined in Eq. 3.

2.4.3 Constraint of dissipation power

To ensure the patency of the surface structure for heat trans-
fer in surface flow, a constraint of the power of the viscous
dissipation is imposed and it is expressed as

∣
∣�

/
�0 − 1

∣
∣ ≤ 1 × 10−3, (31)

where �0 is the specified reference value of the dissipation
power and � is the dissipation power in surface flow:

� =
∫

�

η

2

(
∇�u + ∇�uT

)
:
(
∇�u + ∇�uT

)
+ αu2 d�.

(32)

2.4.4 Area constraint of surface structure

To regularize the topology optimization problem defined on
variable 2-manifolds for heat transfer in surface flow, the area
constraint of the surface structure can be imposed as

∣
∣s
/
s0 − 1

∣
∣ ≤ 1 × 10−3, (33)
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where s is the area fraction of the surface structure and s0 is
the specified area fraction. The area fraction of the surface
structure is defined as

s = 1

|�D|
∫

�D

γp d� = 1

|�D|
∫

�

fid,�γp d�, (34)

where |�D| is the area of the implicit 2-manifold and it is
expressed as

|�D| =
∫

�D

1 d� =
∫

�

fid,� d�. (35)

2.4.5 Topology optimization problem

Based on the above introduction, the topology optimization
problem defined on variable 2-manifolds for heat transfer in
surface flow can be constructed to optimize the fiber bundle
in Eq. 15:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Find

{
γ : � → [0, 1]

dm : � → [0, 1]
for (� × (� × [0, 1]) ,

�, proj1, � × [0, 1]) ,

to minimize
JT
JT ,0

with JT =
∫

�

fid,�k∇�T · ∇�T d�,

constrained by
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

ρ (u · ∇�)u − Pdiv� [η (∇�u

+∇�uT
)]

+ ∇� p = −αu, ∀x� ∈ �

− div�u = 0, ∀x� ∈ �

u · n� = 0, ∀x� ∈ �

α
(
γp
) = α f + (

αs − α f
)
q
1 − γp

q + γp
⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

ρCpu · ∇�T − div� (k∇�T ) = Q, ∀x� ∈ �
⎧
⎪⎪⎨

⎪⎪⎩

Cp
(
γp
) = Cpf + (

Cps − Cpf
)
q
1 − γp

q + γp

k
(
γp
) = k f + (

ks − k f
)
q
1 − γp

q + γp
⎧
⎨

⎩

− div�

(
r2f ∇�γ f

)
+ γ f = γ, ∀x� ∈ �D

nτ� · ∇�γ f = 0, ∀x� ∈ ∂�D
⎧
⎪⎨

⎪⎩

− div�

(
r2m∇�d f

)
+ d f = Ad

(

dm − 1

2

)

, ∀x� ∈ �

nτ� · ∇�d f = 0, ∀x� ∈ ∂�

� = {
x� : x� = d f n� + x�, ∀x� ∈ �

}

∣
∣�

/
�0 − 1

∣
∣ ≤ 1 × 10−3, with � =

∫

�

η

2

(
∇�u + ∇�uT

)
:

(
∇�u + ∇�uT

)
+ αu2 d�

∣
∣s
/
s0 − 1

∣
∣ ≤ 1 × 10−3, with s = 1

|�D |
∫

�D

γp d� and

|�D | =
∫

�D

1 d�

(36)

where JT ,0 is the reference value of the design objective cor-
responding to the initial distribution of the design variables.

The coupling relations among the variables, functions,
tangential divergence operator and tangential gradient oper-
ator in Eq. 36 are illustrated by the arrow chart described
as

dm
Eq. 5−−−→ d f⏐

⏐
⏐
�Eq. 13

{div�,∇�, n�} Eqs. 17 & 27−−−−−−−−−→ {u, p, λ, T } Eqs. 30, 32 & 34−−−−−−−−−−−−→ {JT , �, s}⏐
⏐
⏐
�Eq. 9

�
⏐
⏐
⏐Eq. 17

γ
Eq. 9−−−→ γ f

Eq. 10−−−−→ γp

where the design variables dm and γ , marked in blue, are the
inputs; the design objective JT , the dissipation power � and
the material density γp, marked in red, are the outputs.

2.4.6 Adjoint analysis

To solve the topology optimization problem in Eq. 36 by
using a gradient based iterative procedure, the adjoint analy-
sis is implemented for the design objective, dissipation power
and area fraction of the surface structure to derive the adjoint
sensitivities. The details for the adjoint analysis have been
provided in the supplementary material in Sections S−6.14,
S−6.15, S−6.16, S−6.17, S−6.18 and S−6.19 based on
the transformation, first order variational and variational for-
mulations of the surface PDEs in Sections S−6.2, S−6.3,
S−6.11, S−6.12 and S−6.13

Based on the transformed design objective, dissipation
power and area fraction in Section S−6.13 of the sup-
plementary material, the adjoint analysis of the topology
optimization problem can be implemented on the functional
spaces defined on the base manifold. Based on the continu-
ous adjoint method (Hinze et al. 2009), the adjoint sensitivity
of the design objective JT is derived as

δ JT = −
∫

�D

γ f a γ̃ M(d f ) d� −
∫

�

Add f ad̃m d�,

∀γ̃ ∈ L2 (�D) , ∀d̃m ∈ L2 (�)

(37)

where the adjoint variables can be derived from the adjoint
equations in the variational formulations provided in Section
S−6.14 of the supplementary material.

For the constraint of the dissipation power, the adjoint
sensitivity of the dissipation power � is derived as

δ� = −
∫

�D

γ f a γ̃ M(d f ) d� −
∫

�

Add f ad̃m d�,

∀γ̃ ∈ L2 (�D) , ∀d̃m ∈ L2 (�)

(38)
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where the adjoint variables can be derived from the adjoint
equations in the variational formulations provided in Section
S−6.16 of the supplementary material.

For the constraint of the area fraction, the adjoint sensi-
tivity of the area fraction s is derived from that of s |�D| and
|�D|:

δs = δ

(
s |�D|
|�D|

)

= 1

|�D|δ (s |�D|) − s

|�D|δ |�D| , (39)

where the adjoint sensitivities δ (s |�D|) and δ |�D| can be
derived based on the adjoint analysis of s(d f ) |�D|(d f ) =∫

�D
γpM(d f ) d� and |�D|(d f ) = ∫

�D
M(d f ) d�. The

adjoint sensitivity of s |�D| is

δ (s |�D|) = −
∫

�D

γ f a γ̃ M(d f ) d�

−
∫

�

Add f ad̃m d�, ∀γ̃ ∈ L2 (�D) , ∀d̃m ∈ L2 (�)

(40)

and the adjoint sensitivity of |�D| is

δ |�D| =
∫

�

−Add f ad̃m d�, ∀d̃m ∈ L2 (�) (41)

where the adjoint variables can be derived from the adjoint
equations in the variational formulations provided in Section
S−6.18 of the supplementarymaterial. Then, the adjoint sen-
sitivity of the area fraction in Eq. 39 can be derived based on
Eqs. 40 and 41.

After the derivation of the adjoint sensitivities in Eqs. 37,
38 and 39, the design variables γ and dm can be evolved iter-
atively to determine the fiber bundle of the surface structure
for heat transfer in surface flow.

2.5 Numerical implementation

The topology optimization problems in Eqs. 24 and 36
can be solved by using the iterative algorithms described
in Tabs. 1 and 2. The algorithms are implemented in the
Matlab environment combined with the finite element soft-
ware ofCOMSOLMultiphysics [116,117]. The surface finite
element method is utilized to solve the variational formu-
lations of the relevant PDEs and adjoint equations. On the
details for the surface finite element solution, one can refer
to Ref. (Dziuk and Elliott 2013). Especially, when the sur-
face finite element method is used to solve the surface flow
problem on the implicit 2-manifold filled with the porous
medium, the Lagrange multiplier method is used to enforce
the tangential constraint of the fluid velocity (Fries 2018;
Reuther and Voigt 2018). To avoid the numerical singularity
caused by the null value, the 2-norm of a vector function

f as the factor of the denominator are approximated as
(
f2 + εeps

)1/2
, e.g. the 2-norm of n� − ∇�d f in Eq. 12 and

the 2-norm of fluid velocity u in Eqs. S-124 and S-129 of
the supplementary material are numerically approximated

as
[(
n� − ∇�d f

)2 + εeps

]1/2
and

(
u2 + εeps

)1/2
, respec-

tively.
In the algorithm for the iterative solution of the topology

optimization problem in Eq. 24, the projection parameter
β with the initial value of 1 is doubled after the beginning
30 iterations and then doubled after every 20 iterations; the
loops of the algorithms are stopped when the maximal itera-
tion numbers are reached, or if β reaching 210, the averaged
variations of the design objectives in continuous 5 iterations
and the residuals of the constraints are simultaneously satis-
fied. In the algorithm for the iterative solution of the topology
optimization problem in Eq. 36, the doubling operation of the
projection parameter β before it reaching 25 can cause sig-
nificant oscillations of the values of the dissipation power.
Therefore, the constraint of the dissipation power can not be
well satisfied in the iterative procedure. A bisection method
is used to update β and control the amplitude variations of
the material density, when β is less than 25. The doubling
operation is enabled again, when β reaches 25. In the algo-
rithms in Tabs. 1 and 2, the design variables are updated by
using the method of moving asymptotes (MMA) (Svanberg
1987).

In the algorithms, the constraints in the (ni )-th iteration
are equivalently set as

CP,ni

∣
∣�Pni /�P0 − 1

∣
∣ ≤ 1 × 10−3CP,ni (42)

and

{
C�,ni

∣
∣�ni /�0 − 1

∣
∣ ≤ 1 × 10−3C�,ni

Cs,ni

∣
∣sni

/
s0 − 1

∣
∣ ≤ 1 × 10−3Cs,ni

(43)

to scale the adjoint sensitivities of the constraints as

CP,ni δ�Pni (44)

and

{
C�,ni δ�ni

Cs,ni δsni
, (45)

where CP,ni , C�,ni and Cs,ni are the scaling factors. The
equivalent operations in Eqs. 42 and 43 can ensure the robust
satisfication of the constraints in the iterative procedures, by
keeping the adjoint sensitivities of the constraints possess the
same magnitude as that of the design objectives. The scaling
factors in the (ni )-th iteration are set as
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Table 1 Pseudocodes used to
solve the topology optimization
problem defined on variable
2-manifolds for mass transfer in
surface flow. In the iterative
solution loop, ni is the
loop-index; nmax is the maximal
value of ni ; Jc,ni , Jc,ni−m and
Jc,ni−(m+1) are the values of Jc
in the (ni )-th, (ni − m)-th and
(ni − (m + 1))-th iterations,
respectively; �Pni is the value
of �P in the (ni )-th iteration;
Cc,ni is the scaling factor for the
adjoint sensitivity of the
pressure drop and it is iteratively
updated based on Eq. 46; and
mod is the operator used to take
the remainder

Algorithm 1: iterative solution of Eq. 24

CP,ni = �P0
Jc,0

∥
∥
∥
∥
�Jc,ni
�ϒ

∥
∥
∥
∥
2

/
∥
∥
∥
∥
��Pni
�ϒ

∥
∥
∥
∥
2

(46)

and

⎧
⎪⎪⎨

⎪⎪⎩

C�,ni = �0

JT ,0

∥
∥
∥
∥
�JT ,ni

�ϒ

∥
∥
∥
∥
2

/
∥
∥
∥
∥
��ni

�ϒ

∥
∥
∥
∥
2

Cs,ni = s0
JT ,0

∥
∥
∥
∥
�JT ,ni

�ϒ

∥
∥
∥
∥
2

/
∥
∥
∥
∥
�sni
�ϒ

∥
∥
∥
∥
2

, (47)

where

{
�Jc,ni

/
�ϒ,��Pni

/
�ϒ

}
, (48)

{
�JT ,ni

/
�ϒ,��ni

/
�ϒ

}
(49)

and

{
�JT ,ni

/
�ϒ,�sni

/
�ϒ

}
(50)

are the discretized counterparts of

{
δ Jc,ni

/
δγ , δ�Pni

/
δγ

}
, (51)

{
δ JT ,ni

/
δγ , δ�ni

/
δγ

}
(52)

Fig. 6 Sketch for the meshes of the quadrangular-element based dis-
cretization of the base manifold � and the mapped meshes on the
implicit 2-manifold �

and

{
δ JT ,ni

/
δγ , δsni

/
δγ

}
. (53)

Linear quadrangular elements are used to interpolate the
design variable of the surface structure and that of the implicit
2-manifold, and solve the variational formulations of the
governing equations, the surface-PDE filters and the adjoint
equations. The meshes of the quadrangular-element based
discretization of the basemanifold have been sketched in Fig.
6, including the mapped meshes on the implicit 2-manifold.
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Table 2 Pseudocodes used to
solve the topology optimization
problem defined on variable
2-manifolds for heat transfer in
surface flow. In the iterative
solution loop, ‖·‖∞ represents
the ∞-norm of a function and
its discrete counterpart is the
maximal component of the
absolute of the discretized
function; JT ,ni , JT ,ni−m and
JT ,ni−(m+1) are the values of JT
in the (ni )-th, (ni − m)-th and
(ni − (m + 1))-th iterations,
respectively; �ni and sni are the
values of � and s in the (ni )-th
iteration; CT ,ni is the scaling
factor for the adjoint
sensitivities of the dissipation
power and area fraction, and
they are iteratively updated
based on Eq. 47

Algorithm 2: iterative solution of Eq. 36

3 Results and discussion

For topology optimization on variable 2-manifolds for mass
and heat transfer in surface flow, the design domains are
shown in Fig. 7with initial designs shown in Fig. 8, including
a series of curved surfaces obtained by deforming a flat sur-
face into cylindrical surfaces, where the lengths of the inlet,
outlet and wall boundaries are remained to be unchanged

during the deformation. The flat surface is a rectangle with
the lengths of the inlet and outlet equal to π , the length of
computational domain equal to 4π and the length of design
domain equal to 2π . In the numerical computation, the design
domains are discretized by using the curved quadrilateral
element with the side length of π/60. The filter radii of the
design variables for the implicit 2-manifolds and patterns of
the surface flow are set to be π/30 and π/4, respectively.

123



Topology optimization on variable curved surfaces… Page 15 of 27 12

Fig. 7 Design domains of
topology optimization on
variable 2-manifolds for mass
and heat transfer in surface flow

Fig. 8 Initial designs for topology optimization on variable 2-manifolds for mass and heat transfer in surface flow. (a) Initial designs for mass
transfer, where the design variables are set as γ = 1 and dm = 0; (b) initial design for heat transfer, where the design variables are set as γ = 0.5
and dm = 0

3.1 Mass transfer in surface flow

In topology optimization on variable 2-manifolds for mass
transfer in surface flow, the fluid density and viscosity are set
as the unitary, the diffusion coefficient is set as D = 5×10−3,
the optimization parameters in the material interpolation are
set as αs = 1×104 and q = 1×10−2, the pressure drop is set
as �P0 = 1.5× 103, the inlet velocity is set as the parabolic
distribution with the maximal value of 1, and the concentra-
tion distribution at the inlet is set by using the step function
with the mid-value at the central point of the inlet boundary
and the maximal and minimal values of 2 and 0. Correspond-
ingly, the anticipated distribution of the concentration at the
outlet is c̄ = 1. By setting the variable magnitude of the
implicit 2-manifold as 1.0, the topology optimization prob-
lem in Eq. 24 is solved on the design domains shown in Fig.
7. The distribution of the filtered design variables for the
implicit 2-manifolds and the material density for the patterns
are obtained as shown in Fig. 9, where the fiber bundles com-
posed of the implicit 2-manifolds and the surface patterns
are included. Convergent histories of the design objective

and constraint of the pressure drop are plotted in Fig. 10
for topology optimization on the design domain in Fig. 7c,
including snapshots for the evolution of the fiber bundle dur-
ing the iterative solution of the optimization problem. From
the monotonicity of the objective values and satisfication of
the constraint of the pressure drop, the robustness of the iter-
ative solution can be confirmed for the topology optimization
procedure. The distribution of the velocity, pressure and con-
centration are provided in Fig. 11 for topology optimization
on the design domain in Fig. 7c, where the zig-zag shaped
curved-channel is obtained for the surface flow to enhance
the convection andmixing length andhence themass-transfer
efficiency is improved.

The variable magnitude of the implicit 2-manifold can
affect the design space of the topology optimization problem.
Therefore, the topology optimization problem is solved for
the variable magnitudes of

Ad = {0.0, 0.5, 1.0, 1.5, 2.0} , (54)
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Fig. 9 Distribution of the
normal displacement for the
implicit 2-manifolds and the
material density for the surface
patterns obtained for mass
transfer in the surface flow on
the design domains sketched in
Fig. 7, including the fiber
bundles composed of the base
manifold and the surface
patterns defined on the implicit
2-manifolds. The legend is the
value of the filtered design
variable of the implicit
2-manifolds. It ranges from
negative to positive, because the
variable magnitude in Eq. 5 is
values from −Ad/2 to Ad/2

Fig. 10 Convergent histories of
the design objective and
constraint of the pressure drop
for mass transfer in the surface
flow on the design domain
sketched in Fig. 7c, including
the snapshots for the evolution
of the fiber bundle during the
iterative solution of the
optimization problem
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Fig. 11 Distribution of the velocity, pressure and concentration on the fiber bundle obtained for mass transfer in the surface flow on the design
domain sketched in Fig. 7c

where the other parameters are remained to be unchanged.
The values of the design objective are obtained and plotted
in Fig. 12 including the obtained fiber bundles. Fig. 12 shows
that the objective values decrease along with increasing the
variable magnitude. This is because that larger variable mag-
nitude permits more flexible evolution of the fiber bundle
to improve the mixing performance of the surface structure.
Especially, the objective value is less than 0.05when the vari-
able magnitude is Ad = 2.0. This means that the complete
mixing is achieved by the surface structure corresponding to
the fiber bundle with the variable magnitude of Ad = 2.0.

Reynolds number can be used to characterize the relative
dominance of the convection and viscosity in surface flow. It
can be defined as

Re = ρ sup∀x�∈lv,�

∥
∥ulv,�

∥
∥
2

∣
∣lv,�

∣
∣

η
(55)

where sup∀x�∈lv,�

∥
∥ulv,�

∥
∥
2 is the maximal value of the inlet

velocity and
∣
∣lv,�

∣
∣ is the length of the inlet boundary. Then,

the topology optimization problem is solved for the Reynolds
numbers of

Re =
{
10−1π, 10−1/2π, 100π, 101/2π, 101π

}
, (56)

where the other parameters are remained to be unchanged.
The values of the design objective are obtained and plot-
ted in Fig. 13 including the obtained fiber bundles. Fig. 13
shows that the objective values increase alongwith increasing
the Reynolds number. This is because that larger Reynolds
number means larger fluid velocity and shorter mixing time
during the fluid flowing through the surface structure. At
low Reynolds number, relatively thin surface structures are
obtained to satisfy the constraint of the pressure drop. They
become thick along with the increase of the Reynolds num-
ber, because higher Reynolds number increases the pressure
drop and the surface structure needs to be thick enough to
decrease the pressure drop and satisfy the corresponding con-
straint.

Péclet number can be used to characterize the relative
dominance of the convection and diffusion in the mass trans-
fer process. It can be defined as

Pe = sup∀x�∈lv,�

∥
∥ulv,�

∥
∥
2

∣
∣lv,�

∣
∣

D
. (57)

Then, the topology optimization problem is solved for the
Péclet numbers of

Pe =
{
1 × 102π, 2 × 102π, 3 × 102π, 4 × 102π, 5 × 102π

}

(58)

where the other parameters are remained to be unchanged.
The values of the design objective are obtained and plotted
in Fig. 14 including the obtained fiber bundles. Fig. 14 shows
that the objective values increase along with increasing the
Péclet number. This is because that larger Péclet number
means the dominance of the convection becomeing stronger
and themixing time being equivalently reduced in the surface
structure.

The constraint of the pressure drop can be used to ensure
the smoothness of surface flow. Based on the results in
Fig. 12, it is investigated for the variable magnitudes of
Ad = {1.0, 1.5, 2.0} on the design domain in Fig. 7c. For the
variable magnitude of Ad = 1.0, the topology optimization
problem is solved for different values of the pressure drop
and the objective values are plotted in Fig. 15a including the
obtained fiber bundles. In Fig. 15a, there is a transition of
the monotonicity of the objective values at the pressure drop
of 4 × 103. The transition shows that reasonable increase
of the pressure drop can improve the mixing performance
of the surface structures. This is because that reasonable
increase of the pressure drop can enhance the convection of
surface flow and mixing efficiency can be improved by the
enhanced convection. However, the pressure drop can not
be increased consistently, because too large pressure drop
causes the thin surface structures and large fluid velocity and
this equivalently increases the mixing length. When the vari-
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Fig. 12 Objective values for the
variable magnitudes of
Ad = {0.0, 0.5, 1.0, 1.5, 2.0}
and the obtained fiber bundles
for mass transfer in the surface
flow

Fig. 13 Objective values for the
Reynolds numbers of Re ={
10−1π, 10−1/2π, 100π, 101/2π, 101π

}

and the obtained fiber bundles
for mass transfer in surface flow

Fig. 14 Objective values for the
Péclet numbers of Pe ={
1 × 102π, 2 × 102π, 3 × 102π, 4 × 102π, 5 × 102π

}

and the obtained fiber bundles
for mass transfer in surface flow

able magnitude is increased to Ad = 1.5 and Ad = 2.0, the
transition of the monotonicity of the objective values disap-
pears as shown in Figs. 15b and 15c. This is because that the
mixing mode is changed after a critical value of the pressure
drop. When the pressure drop arrives at the critical value, the
vortex basedmixingmodes appear as shown inFig. 16,where
vortexes are generated on the implicit 2-manifolds, the con-
vection is enhanced effectively and the mixed fluid around
the interfaces of two solutions is extracted by a thin surface
channel connected to the interface of the vortexes. The vortex
based mixing modes can achieve complete mixing as shown
in Fig. 16. Therefore, the increase of the pressure drop can
achieve complete mixing by inducing vortex based mixing

modes, when the variable magnitude is preset to be large
enough in the topology optimization problem.

To confirm the optimality, the results in Fig. 14 are cross-
compared by computing the objective values for the obtained
fiber bundles at different Péclet numbers, where theReynolds
number is kept as 100π . The computed objective values are
listed in Tab. 3. From the comparison of the objective values
in every row of Tab. 3, the optimized performance of the
obtained fiber bundles can be confirmed.
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Fig. 15 Objective values and
the obtained fiber bundles for
different pressure drop for mass
transfer in surface flow

3.2 Heat transfer in surface flow

In topology optimization on variable 2-manifolds for heat
transfer in surface flow, the fluid density and viscosity are
also considered as unitary. Thematerial coefficients and opti-
mization parameters are set as that inTab. 2. The inlet velocity
is set as the parabolic distribution with the maximal value of
1, and the temperature distribution at the inlet is set to be
homogeneous with the unitary value. By setting the variable
magnitude as 1.5, the topology optimization problem in Eq.

36 is solved on the design domains in Fig. 7. The distribution
of the filtered design variables for the implicit 2-manifolds
and thematerial density for the patterns are obtained as shown
in Fig. 17, where the fiber bundles composed of the implicit
2-manifolds and the surface patterns are included. Conver-
gent histories of the optimization objective and constraints
of the dissipation power and area fraction are plotted in Fig.
18 for topology optimization on the design domain in Fig.
17c, including snapshots for the evolution of the fiber bun-
dle during the iterative solution of the optimization problem.
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Fig. 16 Concentration distribution in the vortex based mixing modes
on the topologically optimized fiber bundles

From the monotonicity of the objective values and satisfi-
cation of the constraints of the dissipation power and area
fraction, the robustness of the iterative procedure can be con-
firmed for topology optimization for heat transfer in surface
flow. The distribution of the velocity, pressure and tempera-
ture are provided in Fig. 19 for topology optimization on the
design domain in Fig. 7c, where the splitting-merging shaped
curved-channel is obtained for the surface flow to enhance the
convection, enlarge the diffusion length, decrease the surface
gradient of the temperature distribution and the efficiency of
heat transfer is thereby improved.

The variable magnitudes of

Ad = {0.0, 0.5, 1.0, 1.5, 2.0} (59)

are investigated for topology optimization of heat transfer
in surface flow, where the other parameters are remained
to be unchanged. The values of the design objective are
obtained and plotted in Fig. 20 including the obtained fiber
bundles. Because larger variable magnitude permits more
flexible evolution of the fiber bundle to improve the heat
transfer performance of the surface structure, the objective
values in Fig. 20 decrease along with increasing the variable
magnitude.

To investigate the effect of the Reynolds number defined
in Eq. 55, the topology optimization problem for heat transfer
in surface flow is solved for the Reynolds numbers of

Re =
{
10−1π, 10−1/2π, 100π, 101/2π, 101π

}
, (60)

where the other parameters are remained to be unchanged.
The values of the design objective are obtained and plotted
in Fig. 21 including the obtained fiber bundles. To remain
the Péclet number to be unchanged in the investigation of
the Reynolds number, the dynamic viscosity of the fluid is
changed, where high Reynolds number corresponds to low
dynamic viscosity. Because the specified value of the dissi-
pation power is remained to be unchanged, splitting-merging
shape of the curved channel and decrease of the width of the
channel can help to ensure the satisfication of the constraint of
the dissipation power in the surface flow with high Reynolds
number and low dynamic viscosity. Simultaneously, this can

improve the heat transfer performance by decreasing the sur-
face gradient of the temperature distribution. Therefore, the
objective values decrease alongwith increasing the Reynolds
number in Fig. 21.

In the convective heat-transfer problem, Péclet number is
used to characterize the relative dominance of the convection
and thermal conductivity. It can be defined as

Pe = ρCpf sup∀x�∈lv,�

∥
∥ulv,�

∥
∥
2

∣
∣lv,�

∣
∣

k f
. (61)

Then, the topology optimization problem is solved for the
Péclet numbers of

Pe =
{
10−1π, 100π, 101π, 102π, 103π

}
, (62)

where the other parameters are remained to be unchanged.
The values of the design objective are obtained and plotted
in Fig. 22 including the obtained fiber bundles. To remain
the Reynolds number to be unchanged in the investigation
of the Péclet number, the thermal conductivity of the fluid
is changed, where high Péclet number corresponds to small
coefficient of the thermal conductivity. Because both thermal
conductivity and convection are helpful for the improvement
of the heat transfer performance, there is a joint point of those
two factors when the Péclet number is changed. Therefore,
the obtained fiber bundle at the Péclet number of 101π has the
lowest value of the design objective. This is achieved by the
splitting-merging shape of the curved channel together with
the thermal conductivity of the fluid, where the convection of
the surface flow is enhanced by the splitting-merging shape.

The constraint of the dissipation power can be used to
ensure the smoothness of surface flow. Based on the results
in Fig. 23, it is investigated for the variable magnitude of
Ad = 1.5 on the design domain in Fig. 7c. The topology
optimization problem is solved for different values of the
specified dissipation power and the objective values are plot-
ted in Fig. 23 including the obtained fiber bundles. When the
dissipation power is specified with a large value, more blocks
are presented and the width of the fluid channel becomes
thin to enlarge the gradient of the fluid velocity and satisfy
the constraint of the dissipation power. Then, the convection
of the surface flow is enhanced and the heat transfer perfor-
mance is improved. Therefore, the objective values in Fig.
23 decrease along with the increase of the specified values
of the dissipation power.

To confirm the optimality, the results in Fig. 22 are cross-
compared by computing the objective values for the obtained
fiber bundles at different Péclet numbers, where theReynolds
number is kept as 100π . The computed objective values are
listed in Tab. 4. From the comparison of the objective values
in every row of Tab. 4, the optimized performance of the
obtained fiber bundles can be confirmed.
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Fig. 17 Distribution of the normal displacement for the implicit 2-manifolds and the material density of the surface patterns for heat transfer in the
surface flow on the design domains sketched in Fig. 7, including the fiber bundles composed of the implicit 2-manifolds and the surface patterns
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Table 3 Objective values for the obtained fiber bundle in Fig. 14 at different Péclet numbers, where the Reynolds number is kept as 100π

Pe = 1 × 102π Pe = 2 × 102π Pe = 3 × 102π Pe = 4 × 102π Pe = 5 × 102π

Pe = 1 × 102π 0.0621 0.6243 0.6491 0.6548 0.6419

Pe = 2 × 102π 0.7640 0.3515 0.7763 0.7789 0.7700

Pe = 3 × 102π 0.8156 0.8125 0.5402 0.8269 0.8197

Pe = 4 × 102π 0.8448 0.8421 0.8531 0.6495 0.8482

Pe = 5 × 102π 0.8643 0.8619 0.8716 0.8727 0.7153

Fig. 18 Convergent histories of
the design objective and
constraints of the dissipation
power and area fraction for heat
transfer in the surface flow on
the design domain sketched in
Fig. 7c, including snapshots for
the evolution of the fiber bundle
during the iterative solution of
the optimization problem

Fig. 19 Distribution of the velocity, pressure and temperature for the fiber bundle obtained on the design domain sketched in Fig. 7c

Fig. 20 Objective values for the
variable magnitudes of
Ad = {0.0, 0.5, 1.0, 1.5, 2.0}
and the obtained fiber bundles
for heat transfer in surface flow

123



Topology optimization on variable curved surfaces… Page 23 of 27 12

Fig. 21 Objective values for the
Reynolds numbers of Re ={
10−1π, 10−1/2π, 100π, 101/2π, 101π

}

and the obtained fiber bundles
for heat transfer in surface flow

Fig. 22 Objective values for the
Péclet numbers of Pe ={
10−1π, 100π, 101π, 102π, 103π

}

and the obtained fiber bundles
for heat transfer in surface flow

Fig. 23 Objective values for
different dissipation power and
the obtained fiber bundles for
heat transfer in surface flow

Table 4 Objective values for the obtained fiber bundles in Fig. 22 at different Péclet numbers, where the Reynolds number is kept as 100π

Pe = 10−1π Pe = 100π Pe = 101π Pe = 102π Pe = 103π

Pe = 10−1π 7.5505 7.7949 7.9965 8.4704 9.5489

Pe = 100π 3.7587 3.3512 3.9927 5.5317 6.8946

Pe = 101π 3.7922 3.5995 2.9127 4.9974 6.1530

Pe = 102π 25.2534 18.8232 19.3612 17.7171 18.3672

Pe = 103π 62.8847 51.7062 75.3778 98.3435 44.2847
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4 Conclusions

Topology optimization on variable 2-manifolds for mass and
heat transfer in surface flow has been developed to find the
optimized matching between the patterns of surface struc-
tures and the implicit 2-manifolds defined with the surface
patterns. It can be regarded as topology optimization on the
variable design domains for mass and heat transfer in sur-
face flow. Topology optimization for mass and heat transfer
is thereby extended onto 2-manifolds with increased design
freedom by incorporating the design domains into the design
space. Two sets of design variables are defined for the pat-
terns of the surface structures and the implicit 2-manifolds,
where the implicit 2-manifolds are defined and evolved on
the basemanifolds by using differentiable homeomorphisms.
Two surface-PDE filters are used to regularize the design
variables. The tangential gradient operator and the unit nor-
mal vector on the implicit 2-manifolds are transformed based
on the filtered design variable of the implicit 2-manifolds.
Transformed forms are hence derived for the variational
formulations of the surface-PDE filter of the implicit 2-
manifolds and the governing equations for mass and heat
transfer in surface flow. Stabilized variational formulations
for the governing equations of mass and heat transfer in
surface flow have been provided for the surface finite ele-
ment method based numerical solutions. Continuous adjoint
method has been used to analyze the topology optimization
problems. In the numerical implementation, scaling factor
based equivalent transformation of the constraints in the
topology optimization problems is developed to scale the
adjoint sensitivities of the constraints and ensure the robust
satisfication of the constraints in the iterative solution proce-
dures, by keeping the adjoint sensitivities of the constraints
possess the same magnitude as that of the design objectives.

The mass and heat transfer processes in this paper
are described by the surface Navier–Stokes equations, the
surface convection-diffusion equation and the surface con-
vective heat-transfer equation defined on the implicit 2-
manifolds. The material distribution method is used to
implement topology evolution of the surface patterns, where
an artificial Darcy friction force of the porous medium
is added to the surface Navier–Stokes equations. Numeri-
cal examples implemented on a series of curved surfaces
obtained by deforming a flat surface into cylindrical surfaces
have been presented to demonstrate the developed topology
optimization approach,where the lengths of the inlet, the out-
let and the wall boundaries are maintained to be unchanged
during the deformation. The desired performance of the sur-
face structures is set to achieve the anticipated distribution
of the concentration at the outlets and minimize the thermal
compliance in surface flow for mass and heat transfer pro-
cesses, respectively. The fiber bundles are derived with the

topology of the zig-zag and splitting-merging shapes for the
mass and heat transfer processes, respectively.

Thevariable amplitudeof the implicit 2-manifold,Reynolds
number, Péclet number, pressure drop and dissipation power
have been investigated in the numerical examples. Topology
optimization problems defined on variable 2-manifolds can
degenerate into the cases on fixed 2-manifolds, if the vari-
able magnitude of the implicit 2-manifolds is set to be zero.
Increasing the value of the variable amplitude can enlarge
the design space of the surface structures. Convection of the
surface flow can be strengthened by setting reasonable values
of the Reynolds number, Péclet number, pressure drop and
dissipation power to improve the desired performance of the
surface structures derived in topology optimization on vari-
able 2-manifolds. Especially, the vortex based mixing mode
appears on the topologically optimized fiber bundles formass
transfer in surface flow, when the pressure drop is set to be
large enough in the extended design space permitted by the
variable amplitude of the implicit 2-manifolds. Experimental
verifications of the topologically optimized fiber bundles for
mass and heat transfer will be implemented in the future.

The developed topology optimization is limited by the
variable amplitude of the implicit 2-manifolds. The variable
amplitude should be set reasonably to avoid its excessive
value causedproblemsonnumerical accuracy anddivergence
of the related finite element solution, because the non-zero
value of it gives rise to the distortion of the mapped meshes
on the implicit 2-manifolds. This limitation can be solved
by using the homotopy theory to relax the rigidity of the
bijections defined by the normal displacement on the base
manifolds and adaptive meshes in the finite element solution.
Laminar flow is considered for the surface flow in this paper
and this research can be extended to the turbulent flow.
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