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Abstract
The influence of uncertain material parameters on the mechanical behavior of structures is investigated using stochastic
structural analysis. A widely used method for estimating the stochastic characteristics of the structural response is the Monte
Carlo simulation (MCS). However, this approach exhibits a slow convergence rate. In this paper, we investigate geometrically
nonlinear finite element problems using the spectral stochastic finite elementmethod (SSFEM). This application of the SSFEM
remains comparatively unexplored to date, see [1, 2, 14]. The SSFEM combines the polynomial chaos expansion (PCE) with
the finite element method (FEM). The basis of the SSFEM is an extended variational formulation, which is discretized in
the stochastic domain using the PCE and in the spatial domain using the FEM. This paper focuses on the development
and implementation of solution algorithms for tracing nonlinear equilibrium paths within the framework of the SSFEM. In
addition to existing standard solution methods, a generalized displacement control is developed for the application within
the SSFEM. This algorithm allows the investigation of mechanical problems that cannot be solved using standard solution
methods. The applicability of the developed solution algorithm is demonstrated through three numerical examples involving
different structural elements. Besides a shell formulation similar to [13], a mixed-hybrid two-dimensional solid element
and a geometrically exact beam element are used, see [12]. Furthermore, the implementation of the SSFEM into a general
finite element program is shown. All algorithms required for implementing a geometrically nonlinear spectral stochastic FE
formulation for a two-dimensional solid element are provided in the appendices.

Keywords Solution algorithms · Generalized displacement control · Nonlinear spectral stochastic FEM · Polynomial chaos
expansion · Uncertainty quantification

1 Introduction

Lightweight and thin-walled structures are widely used in
technical applications due to their outstanding properties.
However, their slendernessmakes them prone to instabilities,
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such as snap-through behavior. Moreover, these structures
are often subject to large deformations. To analyze their
load–displacement behavior in finite element simulations,
geometrically nonlinear FE formulations aremandatory. Fur-
thermore, appropriate path-following algorithms are required
to trace the nonlinear equilibrium path of the structure under
consideration.

The response of structures exhibiting instabilities and
large deformations is highly sensitive to variations in their
material properties. These parameters are subject to inherent
randomness, commonly referred to as aleatoric uncertainty.
To model this type of uncertainty, either random variables
or spatially correlated random fields are typically used.
Within stochastic structural analysis, the influence of uncer-
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tain parameters on the mechanical behavior of geometrically
nonlinear structures is investigated.

After propagating the uncertain parameters through the
computational model, the statistics of a quantity of interest
can be calculated. These quantities may include a specific
displacement or stress component, a reaction force, or a load
factor. A commonly used method in stochastic analysis is the
Monte Carlo simulation. The MCS is used to estimate sto-
chastic attributes, such as themean value, standard deviation,
and higher-order moments. However, this approach suffers
from a slow convergence rate [6].

An efficient approach to consider uncertaintieswithin aFE
simulation is the spectral stochastic finite element method,
which was first proposed by [8] in the 1990s. The SSFEM
combines the polynomial chaos expansion with the finite
element method and represents an extension of the conven-
tional FEM. The development of stochastic FE formulations
is based on an extended variational formulation, which is dis-
cretized in the spatial dimension by means of the FEM and
in the stochastic dimension using the PCE. Originally devel-
oped by [26] for normal distributions, the PCE was later
extended to arbitrary probability distributions by [28, 29].
Due to the intrusive nature of the SSFEM, various arithmetic
operations, such as multiplication and division of two PC
expansions, are required, see [7].

An overview of the SSFEM and its applications in var-
ious research areas is provided, e.g., in [3, 18]. While the
method has been extensively applied to linear problems in
solid mechanics, its extension to geometrically nonlinear
problems remains comparatively unexplored. This applies
both to FE formulations for d and to suitable path-following
algorithms for tracing the nonlinear equilibrium path of a
mechanical structure.

In [1], the SSFEM is applied for the first time to prob-
lems involving finite deformations. The effect of a random
spatial domain is examined using a tensile specimen. Addi-
tionally, the influence of a random fiber orientation in a
composite material on the structural response of the tensile
specimen is investigated. A geometrically exact co-rotational
beam formulation for the application within the SSFEM is
proposed by [14]. The authors investigate the behavior of dif-
ferent structures under a spatially correlated randomYoung’s
modulus, including a shallow truss structure and an arched
beam. Reference [2] further addresses geometrically nonlin-
ear problems within the framework of the SSFEM, such as
the buckling behavior of a beam.

In [14], two standard solution algorithms, namely the load
control and the single displacement control, are described,
and their application within the context of the SSFEM is
briefly discussed. The first solution method, however, has
very limited applicability, particularly for stability prob-
lems. In contrast, the latter solution algorithm can trace the
complete equilibrium path when a structure snaps through.

Nevertheless, this method has certain limitations regarding
the applied external load. The present work aims to develop
a suitable solution algorithm within the SSFEM to overcome
the limitations identified above.

Therefore, we propose a generalized displacement control
within the framework of the SSFEM, extending the original
algorithm from [4, 25]. This solution method allows the cal-
culation of SSFEMproblems that cannot be investigatedwith
existing algorithms. The highlights of the present paper can
be summarized as follows:

• Development of a generalized displacement controlwith-
in the framework of the SSFEM,

• Detailed flowchart of the proposed solution algorithm
for the implementation into a general finite element (FE)
program,

• Consistent linearization of all relationships within the
proposed solution algorithm,

• Illustration of the seamless connection between the sto-
chastic and deterministic formulas of the generalized
displacement control,

• Application of the proposed solution algorithm together
with different spectral stochastic FE formulations to chal-
lenging numerical examples,

• Provision of vectorized implementations for several
arithmetic operations involving PC expansions,

• Detailed element framework including all subroutines
required to implement a geometrically nonlinear two-
dimensional solid element.

The paper is organized as follows. In Sect. 2, the rep-
resentation of random variables using the PCE is briefly
summarized. The main steps of the two-step discretization
scheme with the PCE and the FEM of the linearized varia-
tional principle are described in Sect. 3. Section 4 reviews
standard solution algorithms, such as the load and the sin-
gle displacement control in the context of the SSFEM,
including illustrative examples. The generalized displace-
ment control developed in this paper is presented in Sect.
5. This section also concludes with an illustrative exam-
ple. Section 6 provides an overview of how the SSFEM is
implemented into a general finite element program. In Sect.
7, the proposed solution algorithm is applied together with
different spectral stochastic FE formulations to challenging
numerical examples. The discretization of random fields and
their representation with the PCE is briefly summarized in
Appendix A. In Appendix B, we provide vectorized imple-
mentations of arithmetic operations with PC expansions. A
detailed element framework for a geometrically nonlinear
two-dimensional solid element is given in Appendix C.
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2 Random variables and polynomial chaos
expansion

Let (Ω,Σ,P) be the probability space, whereΩ is the event
space, Σ the σ -algebra on Ω and P the probability measure
on (Ω,Σ). Within the probability theory, the mapping from
the probability space to the set of real numbers R is given by
the random variable

X(ω) : Ω �→ DX ⊂ R . (1)

Furthermore, the random vector

X(ω) = [
X1(ω), . . . , Xi (ω), . . . , XM (ω)

]T ∈ R
M (2)

contains M random variables. For the sake of simplicity
all components in X(ω) are assumed to be stochastically
independent throughout this paper. Therefore, the joint prob-
ability density function (PDF) of the random vector X(ω)

reads

fX(x) =
M∏

i=1

fXi (xi ) , (3)

where fXi (xi ) is themarginal distribution of the randomvari-
able Xi . Furthermore, let Z(ω) be a stochastic quantity that
depends on the vector X(ω), such that Z(ω) = Z(X(ω)).

The polynomial chaos expansion, originally introduced
by [26] and subsequently extended by [28, 29], can be used
to represent the random variable Z(X(ω)). Following [17],
the PC approximation of Z(ω) is given by

Z(X(ω)) ≈ Z pc(X(ω)) =
P∑

α=0

zαΨα(X(ω)) . (4)

The coefficients zα are deterministic, while the orthonormal
basis polynomials Ψα(X(ω)) depend on the random input
vector X(ω). In the present paper, the representation of a
stochastic quantity according to Eq. (4) is referred to as
stochastic discretization. Furthermore, the terms PCE, PC
expansion, PC variable, and chaos expansion are used inter-
changeably to denote Z pc(X(ω)).

The basis polynomials in Eq. (4) are orthonormal with
respect to the joint probability density function fX(x) in
Eq. (3) and satisfy the condition

E[Ψα(X)Ψβ(X)] =
∫

DX

Ψα(x)Ψβ(x) fX(x) dx = δαβ . (5)

Here, E[•] denotes the mathematical expectation operator
and δαβ the Kronecker delta.

Each polynomial Ψα(X(ω)) in Eq. (4) is characterized by
a corresponding multi-index

mα = (m1, . . . , mi , . . . , mM ) , mi ∈ N , (6)

where mi denotes the individual polynomial degree in the
i-th input dimension. Based on the maximum polynomial
degree p, the q-norm q, and the number of input variables
M , the hyperbolic index set A M,p

q containing P̄ = P + 1
multi-indices is given by

A
M,p
q =

{
m ∈ N

M : ||m||q ≤ p
}

,

||m||q =
(

M∑

i=1

mq
i

)1/q

, q ∈ (0, 1] .

(7)

The hyperbolic truncation scheme in Eq. (7) was originally
introduced by [5].

Due to the intrusive nature of the spectral stochastic FEM,
the governing equations of the problem at hand have to be
modified. Therefore, arithmetic operations, such as multipli-
cation, division etc., have to be consistently reformulated in
terms of PC variables, see Eq. (4). A detailed description and
discussion of these issues can be found, e.g., in [7, 13].

In this paper, varying material properties are described
by Gaussian random variables, and the spatial variability
of structural parameters is modeled using Gaussian ran-
dom fields. Since a normal distribution is defined for all
real numbers, it is unbounded and can theoretically result
in non-physical values for material parameters. In this paper,
a coefficient of variation of 10% is used to ensure a negligible
probability of negative values.

Due to the Gaussian statistics of random variables and
random fields, Hermite polynomials are applied for the
stochastic discretization with the PCE. Details on the PC
expansion of a random field are provided in Appendix A.

3 General framework for nonlinear SSFEM
problems

This section provides a brief summary of the governing
equations for geometrically nonlinear problems within the
framework of the SSFEM. Furthermore, the main steps of
the two-step discretization scheme are presented. A detailed
derivation of a geometrically nonlinear stochastic shell ele-
ment is provided in [13]. For the sake of simplicity the
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equations in this section refer to a three-dimensional con-
tinuum.

3.1 Variational formulation

The basis for the development of spectral stochastic FE for-
mulations is given by the stochastic variational principle

δπ(ω) = δπi (ω) − δπa(ω) = 0 , (8)

where the dependence on ω indicates the random nature of
the virtual internal work δπi (ω) and virtual external work
δπa(ω). The weak form reads

E[δπ(ω)] = E[δπi (ω)] − E[δπa(ω)] = 0 . (9)

The expression in Eq. (9) enforces the expression in Eq. (8)
in the stochastic dimension solely in the mean sense [10].

The virtual work of internal and external forces for a con-
tinuumwith the volumeΩ0 and theNeumann boundary ∂Ωσ

0
is given by

E[δπ(ω)] = E
[ ∫

Ω0

δET(ω)S(ω) dV
]

(10)

− E
[ ∫

Ω0

δuT(ω)�b̄(ω) dV +
∫

∂Ωσ
0

δuT(ω)t̄(ω) dA
]
.

Here, E(ω) and S(ω) are the stochastic Green-Lagrangian
strain tensor and the 2nd -Piola-Kirchhoff stress tensor,
respectively, in their Voigt notation. The primary field vari-
able is the stochastic displacement field, denoted by u(ω).
Furthermore, δ(•) represents the corresponding variation of
a quantity of interest (•). The virtual external load includes
body forces �b̄(ω) acting on the three-dimensional contin-
uum and surface tractions t̄(ω).

In order to solve the nonlinear equation in Eq. (10) within
a Newton iteration scheme, the linearization is required

L
[
E[δπ(ω)]] = E[δπ(ω)] + E[Δδπ(ω)] = 0 . (11)

For conservative loads, the linear increment of the virtual
forces in Eq. (11) is given by

E[Δδπ(ω)] = E
[ ∫

Ω0

δET(ω)ΔS(ω) + ΔδET(ω)S(ω) dV
]
.

(12)

For a purely displacement-based variational principle, it
follows that

δπ(ω) = δπ(u(X, ω)) , (13)

where ω andX denote the random and spatial dependence of
the displacement field u(X, ω), respectively.

A two-stage discretization scheme is used to approximate
the field variable u(X, ω). The stochastic discretization is
carried out in the first step. Bymeans of the PCE, the approx-
imation reads

u(X, ω) =
P∑

α=0

Ψα(ω)uα(X) , (14)

where uα(X) are the spatially varying PC coefficients of the
displacement field. In a second step, these coefficients are
discretized in the spatial domain using the FEM

uα(X) =
nel∑

I=1

NI (X)vIα , ∀α ∈ {0, . . . , P} , (15)

where NI (X) are standard shape functions and nel denotes
the number of nodes per element e. The vector vIα contains
the nodal displacements associated with node I and the basis
polynomial Ψα(ω).

Taking into account both discretization schemes in Eqs.
(14) and (15), the complete approximation of the stochastic
field variable u(X, ω) is formulated as

u(X, ω) =
P∑

α=0

nel∑

I=1

Ψα(ω)NI (X)vIα . (16)

A similar expression to that in Eq. (16) is also presented in
[2]. The two-stage discretization scheme becomes apparent
from the formulation in Eq. (16). The following two sections
outline the principal steps involved in the SSFEM.

3.2 Stochastic discretization using the PCE

The stochastic discretization of the linearized weak form in
Eq. (11) is given by

E[δπ(ω)] + E[Δδπ(ω)] ≈ E[δπ pc] + E[Δδπ pc] , (17)

where (•)pc denotes the approximation with the PCE.
Depending on the PC coefficients, the virtual work of the
internal and external forces reads

E[δπ pc] = E[ΨαΨβ ]
∫

Ω0

δET
α Sβ dV

− E[ΨαΨβ ][
∫

Ω0

δuTα �b̄β dV +
∫

∂Ωσ
0

δuTα t̄β dA
]

=
∫

Ω0

δET
α Sα − δuTα �b̄α dV −

∫

∂Ωσ
0

δuTα t̄α dA . (18)
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Due to the orthonormality condition in Eq. (5), E[ΨαΨβ ] =
δαβ holds. For the sake of simplicity, the summation signs
are omitted. According to the Einstein summation conven-
tion, summation is performed over indices that appear twice,
where all Greek indices range over the set {0, . . . , P}.

The linear increment of the virtual forces is formulated in
the same manner

E[Δδπ pc] = E[ΨαΨβ ]
∫

Ω0

δET
α ΔSβ + ΔδET

α Sβ dV

=
∫

Ω0

δET
α ΔSα + ΔδET

α Sα dV

=
∫

Ω0

δET
αCαβΔEβ + ΔδET

α Sα dV .

(19)

For a compact notation of Eqs. (18) and (19), all PC coeffi-
cients are summarized in the vectors as follows

δu := [
δuT0 , . . . , δuTP

]T
, δE := [

δET
0 , . . . , δET

P

]T
,

ΔE := [
ΔET

0 , . . . ,ET
P

]T
, S := [

ST0 , . . . ,STP
]T

,

ΔδE := [
ΔδET

0 , . . . , ΔδET
P

]T
, b̄ := [

b̄T0 , . . . , b̄TP
]T

,

t̄ := [
t̄T0 , . . . , t̄TP

]T
. (20)

Furthermore, the augmented material matrix is defined as

C :=
⎡

⎢
⎣

C00 . . . C0P
... Cαβ

...

CP0 . . . CPP

⎤

⎥
⎦ . (21)

For a linear elasticmaterial behavior,Cαβ = DαβγCγ , where
Cγ denotes the coefficients of the PC expansion of the sto-
chastic material matrix C(ω). An illustrative example of the
PC expansion of a stochastic material matrix is given in
Appendix E of [13].

Taking into account Eqs. (20) and (21), the semidiscrete
linearized weak form reads

L
[
E[δπ pc]] =

∫

Ω0

δETS − δuT �b̄ dV −
∫

∂Ωσ
0

δuT t̄ dA

+
∫

Ω0

δETCΔE + ΔδETS dV .

(22)

At this point, it should be noted that Eq. (22) is discrete in
the stochastic dimension but is still continuous in the spatial
domain.

3.3 Spatial discretization using the FEM

The general finite element discretization of the deterministic
reference configuration Ω0 in numel elements is given by

Ω0 ≈ Ωh =
numel⋃

e=1

Ωe , (23)

where Ωe denotes the domain of a single element e and the
superscript (•)h indicates the FE approximation. Taking into
account the FE discretization, the discrete form of Eq. (22)
is written as

L
[
E[δπ pc]] ≈ L

[
E[δπ pc,h]]

= E[δπ pc,h] + E[Δδπ pc,h]

=
numel⋃

e=1

(
E[δπ pc,h,e] + E[Δδπ pc,h,e]) = 0 .

(24)

The complete discretization of the weak form in Eq. (18) at
the element level reads

E[δπ pc,h,e] = E[δπ pc,h,e
i ] − E[δπ pc,h,e

a ]
=
∑

I

δvTI
( ∫

Ωe

BT
I S dV − pI

)

=
∑

I

δvTI (fI − pI ) =
∑

I

δvTI gI = δveT ge ,

(25)

where ge is the element residual vector. Similar to this, the
complete approximation of the linear increment in Eq. (19)
yields

E[Δδπ pc,h,e] =
∑

I

∑

K

δvTI

⎛

⎝
∫

Ωe

BT
I CBK + GI K dV

⎞

⎠ΔvK

=
∑

I

∑

K

δvTI kT I K ΔvK = δveT keT Δve .

(26)

Here, keT denotes the tangent stiffness matrix for an ele-
ment e. Furthermore, BI and GI K represent the so-called
B-matrix and the integrand of the geometric stiffness matrix,
respectively. The entries of these two quantities depend on
the respective element formulation, see e.g. [12, 13].
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Assembling all arrays at the element level leads to the
global vectors and matrices

δv =
numel⋃

e=1

δve , Δv =
numel⋃

e=1

Δve , G =
numel⋃

e=1

ge ,

KT =
numel⋃

e=1

keT .

(27)

Finally, the discrete form of Eq. (11) reads

L
[
E[δπ pc,h]] = δvT

(
KTΔv + G

) = 0 . (28)

Since the virtual displacements δv are arbitrary but non-zero,
Eq. (28) leads to the linear system of equations

KTΔv = −G , (29)

which has to be solved within an incremental-iterative solu-
tion algorithm.

4 Standard solution algorithms for spectral
stochastic finite element problems

The two-step discretization procedure of the weak form in
Eq. (9) leads to a system of nonlinear algebraic equations

G(v) = F(v) − P = 0 . (30)

G(v) is the global residual vector, which denotes the differ-
ence between the vector of internal forcesF(v) and the vector
of external forces P. With the introduction of a so-called load
factor λ, Eq. (30) is rewritten

G(v, λ) = F(v) − λP = 0 , G, F, P ∈ R
ndof ·P̄ , (31)

where ndof is the total number of deterministic degrees of
freedom. In case of a geometrically nonlinear formulation,
Eq. (31) is nonlinear in the displacement variables sought,
which are summarized in the vector v ∈ R

ndof ·P̄ . For visi-
bility of the individual PC coefficients of the global vectors,
Eq. (31) is expressed as

⎡

⎢
⎢⎢⎢⎢
⎣

G0
...

Gα
...

GP

⎤

⎥
⎥⎥⎥⎥
⎦

=

⎡

⎢
⎢⎢⎢⎢
⎣

F0
...

Fα
...

FP

⎤

⎥
⎥⎥⎥⎥
⎦

− λ

⎡

⎢
⎢⎢⎢⎢
⎣

P0
...

Pα
...

PP

⎤

⎥
⎥⎥⎥⎥
⎦

, Gα, Fα, Pα ∈ R
ndof .

(32)

For the special case of deterministic external loads, it holds
Pα = 0, ∀α > 0.

To solve the algebraic nonlinear system of equations in
Eq. (31) within a Newton iteration scheme, the discrete lin-
earization

KTΔv = −G , KT ∈ R
(ndof ·P̄)×(ndof ·P̄), Δv ∈ R

ndof ·P̄

(33)

is required. An equivalent formulation in terms of the indi-
vidual PC coefficients reads

⎡

⎢
⎢⎢⎢⎢
⎣

KT 00 · · · KT 0β · · · KT 0P
...

. . .
...

. . .
...

KTα0 · · · KTαβ · · · KTαP
...

. . .
...

. . .
...

KT P0 · · · KT Pβ · · · KT PP

⎤

⎥
⎥⎥⎥⎥
⎦

⎡

⎢
⎢⎢⎢⎢
⎣

Δv0
...

Δvβ
...

ΔvP

⎤

⎥
⎥⎥⎥⎥
⎦

= −

⎡

⎢
⎢⎢⎢⎢
⎣

G0
...

Gα
...

GP

⎤

⎥
⎥⎥⎥⎥
⎦

.

(34)

For the individual submatrices, KTαβ ∈ R
ndof×ndof holds.

Based onEq. (31) and its corresponding discrete lineariza-
tion inEq. (33), two incremental-iterative solution algorithms
are described in the following. Sections 4.1 and 4.2 outline
the load control and the single displacement control for spec-
tral stochastic finite element problems. The two algorithms
described in the present paper were also discussed in [14] in
connection with the SSFEM.

4.1 Load control

Within the load control, the external load vector P is con-
trolled with the load factor λ, see Eq. (31). To exploit the
local quadratic convergence behavior of the Newton method
near an equilibrium point, the external force is not applied in
a single step but is increased incrementally. For the sake of
completeness, the main steps of the iterative solution algo-
rithm are briefly outlined.

Starting from a known equilibrium point G(v(n), λ(n)) =
0, the external load is increasedwithλ(n+1) = λ(n)+Δλ. The
superscript (•)(n) specifies the corresponding load state. The
displacement vector v(n+1) associated with the load value
λ(n+1) is determined iteratively. At the beginning of theNew-
ton iteration, i = 0 holds. The displacement incrementΔv(n)

i
in the n-th load step and the i-th Newton iteration is deter-
mined by solving the discrete linearization

KT (v(n)
i )Δv(n)

i = −G(v(n)
i , λ(n+1)) . (35)

Subsequently, the displacements are updated with

v(n)
i+1 = v(n)

i + Δv(n)
i . (36)

The norm of the residual vector ||G|| is used as the conver-
gence criterion for the Newton iteration. If this quantity is
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smaller than a prescribed tolerance, the corresponding equi-
librium point is reached.

A schematic flowchart of the load control in a finite ele-
ment program is shown in Algorithm 1.

Algorithm 1 Load control

λ(1) = 0, v(1)
0 = 0 	 Initialization

for n = 1, . . . , N do 	 Load loop

λ(n+1) = λ(n) + Δλ 	 Increase load factor

i = 0

while ||G|| > T OL do 	 Newton loop

for e = 1, . . . , numel do 	 Element loop

ge and keT 	 Element residual and tangent

KT ← KT +⋃

e
keT , G ← G +⋃

e
ge 	 Assembly

end for
KTΔv(n)

i = −G 	 Displacement increment

v(n)
i+1 = v(n)

i + Δv(n)
i 	 Update displacements

i ← i + 1

end while
v(n+1)
i = v(n)

i

end for

Illustrative example

As an illustrative example of the described load control, a
simply supported beam under a constant line load is consid-
ered, see Fig. 1. The beam has a rectangular cross-section
and the shear correction factor is κ = 5/6.

The Young’s modulus is modeled as normal distributed
random variable

E(ω) ∼ N (1000, 100) kN/cm2 . (37)

The shear modulus is assumed to be fully correlated with the
Young’s modulus G(ω) = E(ω)/2. As a consequence of the
stochastic material properties, the resulting deformations of
the structure are random quantities.

The calculation is carried out using a two-dimensional
geometrically exact beam formulation, see e.g. [16, 24, 27],

Fig. 1 Simply supported beam under distributed line load: system and
geometry

Fig. 2 Deterministic load factor λ versus the stochastic displacement
v and a qualitative PDF of the displacement ṽ at the load level λ̃ = 16

which has been consistently extended to the stochastic frame-
work of the SSFEM. The whole structure is discretized with
20 elements. Furthermore, a quadratic polynomial basis with
p = 2 is used for the stochastic discretization. In the simula-
tion, the deterministic load q0 is increased by the load factor
λ. Here, 22 load steps with Δλ = 1 are used.

Figure 2 depicts the deterministic load factor λ versus the
mean value of the center displacement v.

In order to illustrate the variation of the random center
displacement v, the mean value μv plus minus three times
the standard deviation σv is shown. For the load level λ̃ =
16, the corresponding random displacement is denoted by ṽ.
In addition, a qualitative probability density function (PDF)
f (ṽ|λ = λ̃) of the displacement at the load level λ̃ = 16 is
depicted in Fig. 2.

4.2 Single displacement control

Within this solution algorithm, a user-defined displacement
quantity vc respectively the associated polynomial chaos
coefficients {vcα}Pα=0 are controlled. In order to take advantage
of the local quadratic convergence behavior of the Newton
method, the specified displacement is not applied in one step,
but is increased incrementally.

In a first step, the global displacement vector v respec-
tively the vector of increments Δv is divided into free (f )
and constrained (c) quantities

Δv =
[

Δvf

Δvc

]
. (38)

Amore precise representation in terms of the PC coefficients
is given by
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Δvf =

⎡

⎢⎢⎢⎢
⎢⎢
⎣

Δvf0
...

Δvfα
...

ΔvfP

⎤

⎥⎥⎥⎥
⎥⎥
⎦

∈ R
(ndof−1)P̄ , Δvc =

⎡

⎢⎢⎢⎢
⎢⎢
⎣

Δvc0
...

Δvcα
...

ΔvcP

⎤

⎥⎥⎥⎥
⎥⎥
⎦

∈ R
P̄ .

(39)

All chaos coefficients of the prescribed displacement quan-
tity are summarized in the vector Δvc. Within the solution
algorithm, this degree of freedom is deterministic. Accord-
ingly, the individual components of the vector Δvc in Eq.
(39) read

[
Δvc0, . . . , Δvcα, . . . , ΔvcP

]T = [
Δvc, . . . , 0, . . . , 0

]T
.

(40)

The constrained displacement quantity vc respectively the
correspondingPCcoefficients are controlled during this solu-
tion algorithm.

Based on the split in Eq. (38), the discrete linearization in
Eq. (33) is partitioned in the same manner

[
Kff

T Kfc
T

Kcf
T Kcc

T

] [
Δvf

Δvc

]
= −

[
Gf

Gc

]
. (41)

The submatrices in Eq. (41) have the following dimensions

Kff
T ∈ R

((ndof −1)P̄)×((ndof −1)P̄) , Kfc
T ∈ R

((ndof−1)P̄)×P̄ ,

Kcf
T ∈ R

P̄×((ndof−1)P̄) and Kcc
T ∈ R

P̄×P̄ .

(42)

The symmetry of the global stiffness matrix KT leads to
the fact that the relation Kcf

T = (Kfc
T )T holds to the two

subdiagonal matrices. In terms of the individual components,
the reordering of the global tangent stiffness matrix is given
by

KT =

⎡

⎢⎢⎢⎢
⎢⎢⎢⎢⎢
⎢
⎣

⎡

⎢
⎣

Kff
T 00 . . . Kff

T 0P
... Kff

Tαβ

...

Kff
T P0 . . . Kff

T PP

⎤

⎥
⎦

[
Kfc

T 0 . . . Kfc
T P

]

⎡

⎢⎢
⎣

KfcT
T 0
...

KfcT
T P

⎤

⎥⎥
⎦

⎡

⎢
⎣

K cc
T 00 . . . K cc

T 0P
... K cc

Tαβ

...

K cc
T P0 . . . K cc

T PP

⎤

⎥
⎦

⎤

⎥⎥⎥⎥
⎥⎥⎥⎥⎥
⎥
⎦

.

(43)

Within the single displacement control, the external load is
zero, leading toP = 0. Due to this reason, the right hand-side

of Eq. (41) simplifies to

[
Gf

Gc

]
=
[
Ff − Pf

Fc − Pc − Rc

]
=
[
Ff

Fc − Rc

]
, (44)

where Rc summarizes the P̄ PC coefficients of the reaction
force resulting from the prescribed displacement Δvc

Rc = [R c
0 , . . . , R c

α, . . . , R c
P ]T ∈ R

P̄ . (45)

This reaction force is equivalent to the external load that
has to be applied to the structure to induce the displacement
increment Δvc at the degree of freedom (c).

Considering the first line of Eq. (41), the prescribed dis-
placement increment Δvc together with the corresponding
stiffness matrix Kfc

T results in an effective force vector. This
quantity is therefore moved to the right hand-side, leading to
a modified residual vector denoted by Ḡf. The first line of
Eq. (41) is rewritten as

Kff
TΔvf + Kfc

T Δvc = −Gf ,

⇔ Kff
TΔvf = −

(
Gf + Kfc

T Δvc
)

=: −Ḡf .
(46)

Based on Eq. (46), the free displacement increments Δvf are
determined.

The second line of Eq. (41) is subsequently used to cal-
culate the PC coefficients of the reaction force Rc at the
constrained displacement

Kcf
T Δvf + Kcc

T Δvc = − (
Fc − Rc)

⇔ Rc = Kcf
T Δvf + Kcc

T Δvc + Fc .
(47)

A schematic flowchart of the single displacement control
implemented in a finite element program is shown in Algo-
rithm 2.

Illustrative example

As an illustrative example of the described single displace-
ment control, the kinked beam under single load, shown
in Fig. 3, is considered. The beam has a rectangular cross-
section and the shear correction factor is κ = 5/6.

Fig. 3 Kinked beam under single load: system and geometry
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Algorithm 2 Single displacement control

v(0)
0 = 0 	 Initialization

for n = 1, . . . , N do 	 Load loop

i = 0

vc,(n)
i = vc,(n−1)

i + Δvc 	 Increase prescribed displacement

while ||G|| > T OL do 	 Newton loop

if i > 0 then
Δvc = 0

end if
for e = 1, . . . , numel do 	 Element loop

ge and keT 	 Element residual and tangent

KT ← KT +⋃

e
keT , G ← G +⋃

e
ge 	 Assembly

end for
Ḡf = Gf + Kfc

T Δvc 	 Modified residual

Kff
T Δvf,(n)

i = −Ḡf 	 Displacement increment

Rc,(n) = Kcf
T Δvf,(n)

i + Kcc
T Δvc + Fc 	 Reaction force

vf,(n)
i+1 = vf,(n)

i + Δvf,(n)
i 	 Update free displacements

i ← i + 1

end while

v(n+1)
i = v(n)

i =
[
vf,(n)
i

vc,(n)
i

]

end for

The Young’s modulus is modeled as normal distributed
random variable

E(ω) ∼ N (1000, 100) kN/cm2 . (48)

For the shear modulus, it applies G(ω) = E(ω)/2. The
spatial and stochastic discretization are equivalent to the prin-
ciple example in Sect. 4.1. Consequently, each beam of the
structure is divided into 10 elements. The dimensions and
material properties are chosen such that the entire struc-
ture reaches its limit point before any single beam fails. By
prescribing the displacement vc, the load is applied on the
structure. Here, 22 load steps with Δvc = 1 cm are used.
At this point, it should be noted again, that the controlled
displacement is deterministic.

Due to the random material properties of the structure,
the reaction force Rc(vc) and the remaining displacements
of the structure are stochastic quantities. Figure 4 shows the
mean value μRc of the stochastic reaction force versus the
prescribed displacement vc.

In order to illustrate the variation of the stochastic reaction
force Rc(vc), the mean value μRc plus minus three times
the standard deviation σRc is depicted. For a given value of
the controlled displacement ṽc = 6 cm, the corresponding
stochastic reaction force is denoted by R̃c. In addition, a
qualitative probability density function f (R̃c|vc = ṽc) of
the reaction force at the displacement level ṽc = 6 cm is
shown in Fig. 4.

Fig. 4 Stochastic reaction force Rc(vc) versus the deterministic dis-
placement vc and a qualitative PDF of the reaction force R̃c at the load
level ṽ c = 6 cm

4.3 Concluding remarks

Based on the load control in Sect. 4.1 and the single dis-
placement control in Sect. 4.2, it is evident that both solution
algorithms can be used in an SSFEM calculation without
any extensive modifications. The following list summarizes
concluding remarks on both solution methods.

• The load control described in Sect. 4.1 allows the con-
sideration of uncertainties in material and geometrical
properties, as well as in the external load. In the case of a
stochastic external load, this quantity is increased by the
deterministic load factor λ, as shown in Eq. (32).

• Anessential limitation of the single displacement control,
described inSect. 4.2, is that the only permissible external
load is the reaction force corresponding to the prescribed
displacement.

• In some cases, it is also possible to control several dis-
placements on one edge, e.g., an axially loaded cylinder.
This procedure then corresponds to a constant line load
along that edge. The total reaction force is computed
using the sum of all partial reaction forces at the pre-
scribed displacements. It is important to note that this
procedure is only valid if the prescribing of multiple
displacements does not impose undesired kinematic con-
straints on the system.

Based on the points outlined above, it is evident that some
problems, e.g., the snap-through of a kinked beam under
dead load, cannot be investigated within the framework of
the SSFEM using the solution algorithms described so far.
The load control in Sect. 4.1 and the single displacement
control in Sect. 4.2 do not allow the computation of the two
numerical examples in Sects. 7.2 and 7.3.

Therefore, the following section presents a generalized
displacement control that can be used for computations with
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the SSFEM and overcomes the aforementioned limitations
of existing solution algorithms.

5 Generalized displacement control for
spectral stochastic finite element problems

5.1 Proposed algorithm

The original version of the solution algorithm further devel-
oped in the present paper can be found in e.g. [4, 25].

Within the proposed generalized displacement control,
similar to the solution algorithm in Sect. 4.2, a user-defined
displacement quantity is controlled. In contrast to the single
displacement control, however, a load factor is computed for
the external load instead of determining a reaction force.

Hence, the load factorλ in Eq. (31) is, in general, no longer
a deterministic quantity. As well as the stochastic reaction
force in Eq. (45), the stochastic load factor λ is now specified
by its PC coefficients {λα}Pα=0. Therefore, the global residual
vector in Eq. (31) has to be reformulated. Up to now, the α-th
coefficient of the global residual was Gα = Fα − λPα , see
Eq. (32). The coefficient Gα is now defined as

Gα = Fα − P̄α , (49)

where the vector P̄α contains the external load already scaled
with the stochastic load factor. Since both, the load factor and
the external load vector are in general stochastic quantities,
the coefficients P̄α are calculated with

P̄α = Dαβγ λβPγ . (50)

In the case of deterministic external loads,Pγ = δγ 0P0 holds.
Therefore, Eq. (50) simplifies to

P̄α = Dαβγ λβδγ 0P0 = δαβλβP0 = λαP0 . (51)

Subsequently, the general form given in Eq. (50) is consid-
ered. For the following derivations, all PC coefficients of the
stochastic load factor are gathered in the vector

λ = [λ0, . . . , λα, . . . , λP ]T ∈ R
P̄ . (52)

From now on, the notation G(v,λ) is used for the global
residual vector.

The basic idea of the proposed solution algorithm is to
extend Eq. (30) by a constraint f (•). To ensure that the
displacement quantity vc is equal to a prescribed value v̄ c

specified by the user, the constraint reads

f = vc − v̄ c != 0 . (53)

In the context of the SSFEM, the displacement vc is char-
acterized by its P̄ PC coefficients {vcα}Pα=0. For this reason,
the constraint in Eq. (53) has to be formulated for all PC
coefficients

fα = (vcα − v̄ c
α)

!= 0 , ∀α ∈ {0, . . . , P} . (54)

Similar to the single displacement control in Sect. 4.2,
the prescribed displacement is deterministic. Consequently,
v̄ c
α = δα0v̄

c holds. In vector notation, Eq. (54) reads

f(v) =

⎡

⎢⎢⎢⎢
⎢
⎣

f0
...

fα
...

fP

⎤

⎥⎥⎥⎥
⎥
⎦

=

⎡

⎢⎢⎢⎢
⎢
⎣

vc0
...

vcα
...

vcP

⎤

⎥⎥⎥⎥
⎥
⎦

−

⎡

⎢⎢⎢⎢
⎢
⎣

v̄ c

...

0
...

0

⎤

⎥⎥⎥⎥
⎥
⎦

= vc − v̄c , f(v) ∈ R
P̄ ,

(55)

where v̄ c is specified by the user.
When the P̄ equations in Eq. (55) are added to the global

residual vector G(v,λ), the extended system of nonlinear
equations is given by

Ḡ(w) :=
{
G(v,λ)

f(v)

}
= 0 , w =

{
v
λ

}
∈ R

(ndof+1)P̄ ,

(56)

where the generalized solution vectorw contains all PC coef-
ficients of the displacements and the load factor.

In order to solve the extended system of nonlinear equa-
tions in a Newton iteration scheme, the linearization of the
augmented residual Ḡ(w) has to be determined

L[Ḡ(w)] = Ḡ(w) + ∂Ḡ
∂w

Δw

= Ḡ(w) + ∂G
∂v

Δv + ∂f
∂v

Δv
︸ ︷︷ ︸

∂Ḡ
∂v

Δv

+ ∂G
∂λ

Δλ + ∂f
∂λ

Δλ

︸ ︷︷ ︸
∂Ḡ
∂λ

Δλ

.

(57)

The partial derivative of the extended residual vector Ḡ(w)

with respect to the PC coefficients of the displacement vector
reads

∂Gα

∂vμ

= KTαμ ∈ R
ndof ×ndof and (58)

123



Computational Mechanics

∂ fα
∂vμ

= ∂(vcα − v̄ c
α)

∂vμ

= δαμf Tv

with f Tv = [0, . . . , 1︸︷︷︸
position (c)

, . . . , 0] ∈ R
ndof .

(59)

The components of the vector f Tv derived in Eq. (59) are all
zero except for the position (c), which has a value of one. The
partial derivative of Ḡ(w) with respect to the PC coefficients
of the load factor is given by

∂Gα

∂λμ

= ∂
(
Fα − Dαβγ λβPγ

)

∂λμ

= −DαμγPγ = −Pαμ ∈ R
ndof and

(60)

∂ fα
∂λμ

= δαμ0 = 0 . (61)

Since the constraint vector f(v) in Eq. (55) is not dependent
on the PC coefficients of the load factor, the corresponding
derivative in Eq. (61) is zero.

The individual submatrices KTαμ in Eq. (58) are merged
in the global stiffness matrix KT , see Eq. (34). In the same
manner, the individual vectors δαμf Tv in Eq. (59) are arranged
in the matrix

f̂ Tv =

⎡

⎢⎢
⎢
⎢
⎢⎢
⎣

f Tv · · · 0 · · · 0
...

. . .
...

. . .
...

0 · · · f Tv · · · 0
...

. . .
...

. . .
...

0 · · · 0 · · · f Tv

⎤

⎥⎥
⎥
⎥
⎥⎥
⎦

=

⎡

⎢⎢
⎢
⎢
⎢⎢
⎣

f̂ Tv0
...

f̂ Tvβ
...

f̂ TvP

⎤

⎥⎥
⎥
⎥
⎥⎥
⎦

, f̂ Tvβ ∈ R
1×(ndof ·P̄) .

(62)

Here, f̂ Tvβ corresponds to the (β + 1)-th row of the matrix

f̂ Tv ∈ R
P̄×(ndof ·P̄). Due to the Kronecker delta, f̂ Tv equals a

block diagonal matrix.
The matrix P̂ ∈ R

(ndof ·P̄)×P̄ contains the vectors Pαμ

from Eq. (60)

P̂ =

⎡

⎢⎢⎢⎢⎢
⎣

P00 · · · P0μ · · · P0P
...

. . .
...

. . .
...

Pα0 · · · Pαμ · · · PαP
...

. . .
...

. . .
...

PP0 · · · PPμ · · · PPP

⎤

⎥⎥⎥⎥⎥
⎦

=
⎡

⎣
| | |
P̂0 · · · P̂μ · · · P̂P

| | |

⎤

⎦ ,

(63)

where the (μ+1)-th columnof P̂ is denotedby P̂μ ∈ R
ndof ·P̄ .

It can be seen that this matrix contains P̄ right-hand sides,
which depend on the initial external load. In the case of deter-
ministic external loads, Pγ = δγ 0P0 holds. Therefore, the
individual bloc matrices in Eq. (63) can be written as

Pαμ = DαμγPγ = Dαμγ δγ 0P0 = δαμP0 . (64)

Hence, the matrix P̂ simplifies to

P̂ = diag(P0, . . . ,P0︸ ︷︷ ︸
P̄ times

) , (65)

where all off diagonal vectors are equal to zero.
Using the introduced matrices, the complete linearization

in Eq. (57) reads

[
KT −P̂

f̂ T
v 0

][
Δv

Δλ

]

= −
[
G(v,λ)

f(v)

]

(66)

with
KT ∈ R

(ndof ·P̄)×(ndof ·P̄) , P̂ ∈ R
(ndof ·P̄)×P̄

f̂ T
v ∈ R

P̄×(ndof ·P̄) , 0 ∈ R
P̄×P̄

.

Similar to Eq. (52), all P̄ PC coefficients of the increment of
the load factor are gathered in the vector Δλ ∈ R

P̄ .
The linearization in Eq. (66) leads in general to a non-

symmetricmatrix. Consequently, a block eliminationmethod
is used to solve this system of equations for the increments
Δv and Δλ. Using the first line in Eq. (66), we obtain

KTΔv = P̂Δλ − G . (67)

Partitioning the right-hand side of Eq. (67) in P̂ and G leads
to two separate equations

KTΔvG = −G , (68)

KTΔv̂P = P̂ . (69)

Thedisplacement incrementΔvG resulting from the resid-
ual G reads

ΔvG =

⎡

⎢⎢⎢⎢⎢
⎣

ΔvG0
...

ΔvGα
...

ΔvGP

⎤

⎥⎥⎥⎥⎥
⎦

∈ R
ndof ·P̄ . (70)

At this point, it should be noted again that P̂ is a matrix with
P̄ columns, see Eq. (63). This results in the increment Δv̂P

also being a matrix

Δv̂P =

⎡

⎢⎢⎢
⎢⎢
⎣

ΔvP00 · · · ΔvP0α · · · ΔvP0P
...

. . .
...

. . .
...

ΔvPβ0 · · · ΔvPβα · · · ΔvPβP
...

. . .
...

. . .
...

ΔvPP0 · · · ΔvPPα · · · ΔvPPP

⎤

⎥⎥⎥
⎥⎥
⎦

∈ R
(ndof ·P̄)×P̄ (71)
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=
⎡

⎣
| | |

Δv̂P0 · · · Δv̂Pα · · · Δv̂PP| | |

⎤

⎦ , Δv̂Pα ∈ R
ndof ·P̄ .

Here,Δv̂Pα denotes the (α+1)-th column of the matrixΔv̂P .
Equation (69) can also be formulated in terms of the individ-
ual right-hand sides

KTΔv̂Pα = P̂α , ∀α ∈ {0, . . . , P} . (72)

Taking into account Eqs. (67), (68) and (69), the complete
displacement increment is calculated with

Δv = Δv̂PΔλ + ΔvG . (73)

Considering the second line in Eq. (66), we get

f̂ T
v Δv + 0 = −f(v) . (74)

Due to the linear constraint, f(v) = 0 holds. By substituting
the expression for Δv in Eq. (73) into Eq. (74), one obtains

f̂ T
v

(
Δv̂PΔλ + ΔvG

)
= f̂ T

v Δv̂PΔλ + f̂ T
v ΔvG = 0 . (75)

At this point, it is reasonable to define the followingquantities

Δv̂P,c := f̂ T
v Δv̂P and ΔvG,c := f̂ T

v ΔvG . (76)

As shown inEq. (59), thematrix f̂ T
v only consists of zeros and

ones. Therefore, the matrix Δv̂P,c and vector ΔvG,c defined
in Eq. (76), are written as

Δv̂P,c =

⎡

⎢⎢⎢
⎢⎢⎢
⎣

Δv
P,c
00 · · · Δv

P,c
0α · · · Δv

P,c
0P

...
. . .

...
. . .

...

Δv
P,c
β0 · · · Δv

P,c
βα · · · Δv

P,c
βP

...
. . .

...
. . .

...

Δv
P,c
P0 · · · Δv

P,c
Pα · · · Δv

P,c
PP

⎤

⎥⎥⎥
⎥⎥⎥
⎦

∈ R
P̄×P̄ (77)

and

ΔvG,c =
[
Δv

G,c
0 , . . . , Δv

G,c
β , . . . , Δv

G,c
P

]T ∈ R
P̄ . (78)

Here, the superscript (•)c indicates the association with the
prescribed displacement quantity vc. Taking into account Eq.
(76), Eq. (75) is rewritten as

Δv̂P,cΔλ + ΔvG,c = 0 . (79)

Finally, the increment of the load factor Δλ is obtained from

Δλ = −(Δv̂P,c)−1ΔvG,c . (80)

Algorithm 3 shows a schematic flowchart of the general-
ized displacement control used in a finite element program.

Algorithm 3 Generalized displacement control

λ
(1)
0 = 0, v(1)

0 = 0, v̄c 	 Initialization

for n = 1, . . . , N do 	 Load loop

i = 0

while ||G|| > T OL do 	 Newton loop

for e = 1, . . . , numel do 	 Element loop

ge and keT 	 Element residual and tangent

KT ← KT +⋃

e
keT , G ← G +⋃

e
ge 	 Assembly

end for
if i = 0 then

KTΔv̂Pi = P̂

Δλ
(n)
i = (Δv̂P,c

i )−1Δv̄c 	 Increment load factor

Δv(n)
i = Δv̂Pi Δλ

(n)
i 	 Displacement increment

else
KTΔv̂Pi = P̂, KTΔvGi = −G

Δλ
(n)
i = −(Δv̂P,c

i )−1ΔvG,c
i 	 Increment load factor

Δv(n)
i = Δv̂Pi Δλ

(n)
i + ΔvGi 	 Displacement increment

end if
v(n)
i+1 = v(n)

i + Δv(n)
i 	 Update displacements

λ
(n)
i+1 = λ

(n)
i + Δλ

(n)
i 	 Update load factor

i ← i + 1

end while
v(n+1)
i = v(n)

i , λ
(n+1)
i = λ

(n)
i

end for

Illustrative example

As an illustrative example of the proposed generalized dis-
placement control, the kinked beam under a stochastic dead
load shown in Fig. 5 is considered. The beam has a rectangu-
lar cross-section and the shear correction factor is κ = 5/6.

The Young’s modulus is modeled as normal distributed
random variable

E(ω) ∼ N (1000, 100) kN/cm2 . (81)

Fig. 5 Kinked beam under dead load: system and geometry
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Fig. 6 Stochastic load factor λ versus the deterministic displacement
vc and a qualitative PDF of the load factor λ̃ at the load level ṽ c = 8 cm

Similar to the previous illustrative examples, the shear mod-
ulus is modeled as G(ω) = E(ω)/2. Furthermore, the
uncertain dead load q(ω) is quantified by a normal distri-
bution

q(ω) ∼ N (0.015, 0.0015) kN/cm . (82)

The spatial and stochastic discretization are equivalent to
the principle example in Sect. 4.2. Similarly to the previous
example, the displacement vc is increased with an increment
of Δvc = 1 cm. Here, 22 load steps are used. It should be
noted again, that the controlled displacement vc is determin-
istic.

Due to the stochastic modeling of the material properties
and the dead load, the load factor is a stochastic quantity.
Figure 6 shows the mean value μλ of the stochastic load
factor versus the prescribed displacement vc.

To illustrate the variation of the random load factor λ, the
mean value μλ plus minus three times the standard deviation
σλ is shown. For a given value of the prescribed displacement
ṽc = 8 cm, the corresponding stochastic load factor is λ̃. In
addition, a qualitative PDF f (λ̃|vc = ṽc) of the load factor
at the displacement state ṽc = 8 cm is depicted in Fig. 6.

5.2 Consistency of the generalized displacement
control

When no uncertainty is considered in the structural analysis,
the relationships shown in Sect. 5 can be simplified. When
all parameters are deterministic, the submatricesKTαβ in Eq.
(34) and the subvectors Pαμ in Eq. (63) reduce to

KTαβ = δαβKT 00 , Pαμ = δαμP0 . (83)

This leads to the fact, that the global stiffness matrixKT and
the matrix P̂ have a block diagonal form

KT = diag(KT 00, . . . ,KT 00︸ ︷︷ ︸
P̄ times

) , P̂ = diag(P0, . . . ,P0︸ ︷︷ ︸
P̄ times

) .

(84)

The global residual vector G in Eq. (68) is nonzero only for
the first PC coefficient.

G = [
GT

0 , . . . , 0, . . . , 0
]T

. (85)

Taking into account Eq. (84), it follows from Eq. (69) that
the matrix Δv̂P also has a block diagonal form

Δv̂P = diag(ΔvP00, . . . , ΔvP00︸ ︷︷ ︸
P̄ times

) . (86)

Considering Eqs. (84) and (85), the displacement increment
in Eq. (68) simplifies to

ΔvG = [
(ΔvG0 )T , . . . , 0, . . . , 0

]T
. (87)

The previous simplifications apply analogously to the two
quantities defined in Eq. (76)

Δv̂P,c =
⎡

⎢
⎣

Δv
P,c
00 . . . 0
...

. . .
...

0 . . . Δv
P,c
00

⎤

⎥
⎦ , ΔvG,c =

⎡

⎢
⎣

Δv
G,c
0
...

0

⎤

⎥
⎦ .

(88)

It follows from Eq. (80), that only the first PC coefficient
of the increment Δλ is non-zero. This leads to the fact,
that the increment and finally the load factor λ itself is a
deterministic quantity. Thus, the proposed generalized dis-
placement control corresponds to the procedure described in
[25], independent of the chosen polynomial degree of the PC
expansion.

5.3 Concluding remarks

The generalized displacement control, offers some advan-
tages compared to the solution algorithms described in
Sects. 4.1 and 4.2.

• Using the generalized displacement control, structures
can be investigated under various loading conditions.
Examples of these are single and line loads, surface trac-
tions, and body forces.
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• The degree of freedom to be controlled during the solu-
tion algorithm can be selected independently of the
external load.

• The proposed solution algorithm allows stochastic exter-
nal loads to be taken into account.

• The prescribed displacement quantity can be changed
within the solution algorithm.

In addition to the advantages mentioned, the proposed algo-
rithm also has a limitation.

• Within the calculation, the prescribeddisplacement quan-
tity typically increases. Therefore, a snap-back behavior,
which sometimes occurs in stability problems, cannot be
treated.

6 Implementation of the SSFEM into a
general finite element analysis program

This section provides insights into the implementation of the
SSFEM within a finite element program. A general purpose
FE program such as FEAP [22] can be used to implement the
described solution algorithms in Sects. 4 and 5.

First of all, we present the overall structure of such
a program, which provides the basis for the implemen-
tation. Subsequently, the vectors and matrices required
for the implementation of stochastic FE formulations are
described, as outlined in Sect. 3. For the sake of complete-
ness, Appendix C provides a comprehensive element routine
for a two-dimensional stochastic geometrically nonlinear
solid element.

6.1 General purpose FE program for SSFEM
calculations

The flowchart of a general purpose FE program is shown in
Fig. 7. All blue boxes in Fig. 7 represent additional tasks
within the overall structure that are essential for the SSFEM
calculation. The illustration clearly shows that most of the
overall structure remains unchanged despite the incorpora-
tion of the SSFEM. Furthermore, the red boxes highlight the
principalmodifications required for the generalized displace-
ment control described in Sect. 5.

At the beginning, all random input parameters of the vector
X(ω) ∈ R

M in Eq. (2) with the corresponding joint PDF
fX(x) in Eq. (3) have to be defined. Furthermore, the user
has to choose a maximum polynomial degree p ∈ N as well
as a q-norm q ∈ (0, 1] for the underlying M-dimensional
PC expansion. For a more detailed description of the q-norm
and its effect on the size of the polynomial basis, the reader
is referred to, e.g., [5]. Based on the defined random input
variables, all components of the multiplication tensor Dαβγ

Fig. 7 Flowchart of amodified incremental-iterative finite element pro-
gram for SSFEM calculations

are calculated. This step is only necessary once, since the
tensor Dαβγ does not change during the entire computation.

Depending on the solution algorithm at hand, the external
load or a prescribed displacement is incrementally increased
within the load loop. Figure 7 illustrates the proposed
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generalized displacement control described in Sect. 5, and
therefore a user-defined displacement quantity is controlled.

For the Newton iteration within each load step, the cur-
rent global residual G, the external load P̂, and the tangent
stiffness matrix KT are required to calculate the actual dis-
placement increment Δv(n)

i and the increment of the load

factor Δλ
(n)
i , see Eqs. (73) and (80). Within the element

loop, the individual element arrays ge and keT are computed
for each element e = 1, . . . , numel. A detailed description
of an element routine is provided in Appendix C. This pro-
cess can be performed in parallel, as shown in Figure 7. The
assembling of all element-related arrays finally leads to the
global residual vector G and the global stiffness matrix KT ,
as described in Sect. 3. Once the next equilibrium point has
been reached, additional quantities of interest such as stresses
can be calculated in addition to the displacements.

As part of an SSFEM calculation, an additional step is
carried out to post-process the results, see the blue box at the
bottom in Fig. 7. This includes the computation of stochastic
moments, Sobol’ indices, and the probability density func-
tion (PDF) of a defined quantity of interest. For a detailed
discussion of this post-processing step, see [20, 21].

6.2 Definition of arrays at the element level

Within the overall computation, the residual ge and the corre-
sponding tangent stiffness matrix keT are calculated for each
element e = 1, . . . , numel. This section provides a detailed
description and definition of these element-related arrays.

The stochastic displacement field is discretized with

u =
∑

α

∑

I

ΨαNIvIα , α = 0, . . . , P , I = 1, . . . , nel ,

(89)

where vIα ∈ R
nd f is the α-th PC coefficient of the nodal

displacements of node I . Here, nd f denotes the deterministic
number of degrees of freedom of a single nodal point. All PC
coefficients of the displacement quantities associated with a
single node I are arranged in the vector

vI = [
vTI0, . . . , vTIα, . . . , vTI P

]T ∈ R
nd f ·P̄ . (90)

Combining the displacement arrays vI for all nel nodes of
one element e yields the element displacement vector

ve = [
v1, . . . , vTI , . . . , vTnel

]T ∈ R
nst ·P̄ , (91)

where nst = nel · nd f .

The nodal part gI of the residual vector and the residual
ge at the element level are defined in the same manner

gI = [
gTI0, . . . , gTIα, . . . , gTI P

]T ∈ R
nd f ·P̄ ,

ge = [
g1, . . . , gI , . . . , gnel

]T ∈ R
nst ·P̄ .

(92)

Furthermore, the element tangent stiffness matrix keT is
written as

keT =
⎡

⎢
⎣

kT 11 . . . kT 1nel
... kT I K

...

kTnel1 . . . kTnelnel

⎤

⎥
⎦ ∈ R

(nst ·P̄)×(nst ·P̄), (93)

where each nodal part kT I K is defined as

kT I K =
⎡

⎢
⎣

kT I K00 . . . kT I K0P
... kT I Kαβ

...

kT I K P0 . . . kT I K PP

⎤

⎥
⎦ ∈ R

(nd f ·P̄)×(nd f ·P̄).

(94)

Due to the symmetry properties of the multiplication tensor
Dαβγ , the symmetry of kT I K and consequently that of keT is
retained.

The element-related vectors and matrices introduced in
this section form the basis for implementing spectral sto-
chastic FE formulations of various structural elements. To
provide further insight into the implementation, an element
routine for a two-dimensional solid element is presented in
Appendix C.

7 Numerical examples

7.1 Layered cylindrical shell

First, we investigate a layered cylindrical shell, depicted in
Fig. 8, which is as a typical numerical example in geomet-
rically nonlinear shell analysis, see e.g. [9]. The structure is
clamped at x2 = L and free at x2 = 0. Due to the symme-
try of both, the entire system and the external load, only one
quarter of the shell is considered.

Therefore, symmetry boundary conditions are imposed
at x1 = 0 and x3 = 0. The layer sequence of the shell
is [0◦/90◦/0◦], with each layer having a thickness of h/3,
where h is the total thickness of the shell. Here, 0◦ refers to
the circumferential, and 90◦ to the longitudinal direction of
the cylindrical shell.

For the probabilistic calculation,we consider uncertainties
in the line load q0(x2, ω) and in the material properties. The
external load acting on the symmetrized system is modeled
as a one-dimensional spatially correlated Gaussian random
field
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q0(x2, ω) ∼ N (1, 0.1)N/mm . (95)

Furthermore, we choose the squared exponential correlation
function

ρ(xi , xk) = exp

(
−d2(xi , xk)

�c

)
(96)

with a correlation length of �c = 200mm. Here, d(xi , xk) =
‖xi − xk‖2 denotes the euclidean distance between the two
spatial points xi and xk . To discretize the random field, we
use the Karhunen–Loève expansion (KLE), see e.g. [19].

In order to reduce the number of terms in the KLE, a value
of Q = 0.99 is chosen for the quality measure, see Appendix
A. With this choice, only K = 4 of the total N = 21 random
variables remain to describe the spatially correlated field,
where N = 21 corresponds to the number of nodal points on

Fig. 8 Layered cylindrical shell: system, geometry, boundary condi-
tions and external load

Fig. 9 Five random realizations of the stochastic line load q0(x2, ω)

the loaded edge. These four random variables are θ1, . . . , θ4,
which all follow a standard normal distribution. The repre-
sentation of the discretized random field using the PCE is
provided in Appendix A. Figure 9 depicts five random real-
izations of the spatially varying line load q0(x2, ω).

In addition to the random line load q0(x2, ω),we model
the Young’s moduli E1(ω) and E2(ω) as two independent
normal distributed random variables with the properties

E1 ∼ N (125000, 12500)N/mm2 ,

E2 ∼ N (7400, 740)N/mm2 .
(97)

Finally, all M = 6 random variables are summarized in the
input vector

X(ω) = [X1, X2, X3, X4, X5, X6]T
= [θ1, θ2, θ3, θ4, E1, E2]T ∈ R

6 .
(98)

For the remaining material parameters we choose the fol-
lowing deterministic values according to [9]

G12 = 4800N/mm2 , G23 = 2700N/mm2 , ν12 = 0.34 .

(99)

For the numerical simulation, the structure is discretized
with 20×20 quadrilateral shell elements. The corresponding
stochastic shell formulation is similar to that proposed in
[13]. The discretization of the structure, shown in Fig. 8,
results in 2020 degrees of freedom in the deterministic case,
considering theboundary conditions presented.The choice of
the polynomial degree p and the q-norm q directly influences
the number of the resulting degrees of freedom as shown in
Table 1.

In the simulation the displacement quantityw at (0, 0, R),
see Fig. 8, is increased in steps of Δw = 1mm from 0 to
15mm. Within the solution algorithm, the P̄ PC coefficients
λα, α ∈ {0, . . . , P} of the load factor associated with the
stochastic line load q0(x2, ω) are calculated.

At this point it should be noted, that due to the stochas-
tic external load, the matrix P̂ in Eq. (63) does not exhibit a
block-diagonal structure. As shown in Fig. 10, it is obvious
that the load factor λ increases monotonically with increas-
ing values of the displacement w. For this reason, it is also
possible to trace the equilibrium path of the structure using
the load control described in Sect. 4.1. However, this solu-
tion algorithm will not be examined further in this numerical
example.

7.1.1 Results of the SSFEM

In order to obtain converged results with the Monte Carlo
simulation, a total of N = 5×105 samples are used. The sub-
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Table 1 Settings for SSFEM computation, notation, number of basis
polynomials P̄ and degrees of freedom ndof · P̄
Settings Notation P̄ ndof · P̄
p = 1/q = 1 sfemp1q1 7 14140

p = 2/q = 1 sfemp2q1 28 56560

p = 3/q = 1 sfemp3q1 84 169680

p = 4/q = 0.8 sfemp4q0.8 90 181800

Fig. 10 Mean value μλ of the load factor λ for different combinations
of the polynomial degree p and the q-norm q

sequent figures illustrate the first three stochastic moments of
the random load factor λ versus the deterministic controlled
displacement w.

As shown in Fig. 10, all SSFEM configurations given in
Table 1 show excellent agreement for the mean value μλ of
the load factor λwith the results obtained from theMCS. Fur-
thermore, it can be observed that the shell structure softens
with increasing external load.

For the standard deviation σλ, depicted in Fig. 11, the
SSFEM shows a similar approximation behavior. Moreover,
the mean value μλ in Fig. 10 and the standard deviation σλ

in Fig. 11 exhibit a qualitatively similar trend.
In order to assess the relative variability of the load factor

λ, the coefficient of variation νλ = σλ/μλ is shown in Fig.
12. Here, the minor deviation of the SSFEM configuration
sfemp1q1 can be clearly seen. The increasing value of νλ

results from the fact that the structure becomes softer as the
load increases.

It is obvious from Fig. 13 that a linear chaos expansion,
i.e., the configuration sfemp1q1, is not able to capture the
skewness δλ of the load factor λ. With increasing polyno-
mial degree, the results of the SSFEM converge towards the
reference solution obtained with the MCS. Figure 13 also
illustrates that the skewness of the load factor λ varies only
slightly during the calculation.

Fig. 11 Standard deviation σλ of the load factor λ for different combi-
nations of the polynomial degree p and the q-norm q

Fig. 12 Coefficient of variation νλ of the load factor λ for different
combinations of the polynomial degree p and the q-norm q

Fig. 13 Skewness δλ of the load factor λ for different combinations of
the polynomial degree p and the q-norm q

AppendixD contains further investigations of the stochas-
tic load factor λ at the displacement level w = 15mm. In
addition to the convergence behavior of theMCSwith respect
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Table 2 Convergence behavior for the displacement step w =
14mm → 15mm

No. of iter sfemp2q1 sfemp3q1 sfemp4q0.8

1 8.818E+01 8.818E+01 8.818E+01

2 3.277E+02 3.278E+02 3.278E+02

3 1.276E−01 1.284E−01 1.284E−01

4 1.677E−03 2.094E−03 2.129E−03

5 3.469E−08 3.264E−08 3.843E−08

Fig. 14 Mean value μλ plus minus three times the standard deviation
σλ as well as random realizations of the load–displacement curves

to the number of samples, the approximation quality of the
SSFEM is also investigated.

For the final displacement step w = 14mm → 15mm,
the convergence behavior is examined in more detail. Table
2 shows the norm of the global residual vector G for three
different configurations of the SSFEM. Within the New-
ton iteration, a quadratic convergence behavior is observed,
which is due to the consistent linearization of all govern-
ing equations. Similar results apply to the configuration
sfemp1q1, which is not shown here.

To illustrate the variation of the stochastic load factor, the
mean value μλ plus minus three times the standard devia-
tion σλ is depicted in Fig. 14. Additionally, multiple random
load–displacement curves are shown. This figure clearly
demonstrates the impact of the stochastic modeling of the
line load q0(x2, ω) as well as the Young’s moduli E1(ω) and
E2(ω) on the response of the shell structure.

7.1.2 Sensitivity analysis

In the following, the influence of the M = 6 input variables
on the variability of the stochastic load factor λ is investi-
gated. To this end, the total PCE-based Sobol’ indices are
considered at the three displacement levels w = 5mm, w =
10mm, and w = 15mm, as indicated in Fig. 10. The total

Fig. 15 Total PCE-based Sobol’ indices ST (pc)
i for the three displace-

ment levels w = 5mm, w = 10mm and w = 15mm

PCE-based Sobol’ indices shown in Fig. 15 are determined
based on the configuration sfemp4q0.8.

It can be seen that the sensitivity index of each variable
shows only slight variations across all three displacement lev-
els. In contrast to this, significant differences are noticeable
in the total PCE-based Sobol’ indices ST (pc)

i , i = 1, . . . , 6
among the different input variables. The decreasing influence
of the first four input variables Xi , i = 1, . . . , 4 results from
the decreasingmagnitude of the eigenvalues λi , i = 1, . . . , 4
in the KLE, see Appendix A.

Furthermore, it becomes evident that the input variable
X5 = E1 has a significantly greater influence than the vari-
able X6 = E2. The minor influence arises from the layer
sequence [0◦/90◦/0◦] and the structural behavior of the shell.
The primary load-bearing direction corresponds to the cir-
cumferential one, where the two outer layers with a fiber
angle of 0◦ significantly affect the stiffness of the structure
with the Young’s modulus E1.

7.1.3 Probability density function

Finally, we examine the probability density function (PDF)
fλ(λ|w = 15mm) of the load factor λ at the displacement
state w = 15mm in more detail. To estimate the PDF from a
set of random samples, we use theMATLAB function ksden-
sity. A set of N = 5× 105 realizations of the random vector
X(ω) in Eq. (98) is used to perform anMCSwith both the full
FE model and the surrogate model provided by the SSFEM
calculation. The reference solution obtained using the FE
model is denoted by mcs+ fem.

The results of the estimated probability density function
are depicted in Fig. 16.

The results of the SSFEM shown in Fig. 16 (top) clearly
demonstrate that a linear polynomial basis, i.e., the config-
uration sfemp1q1, is insufficient to accurately represent the
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Fig. 16 Probability density function (PDF) fλ(λ|w = 15mm) of the
load factor λ at the displacement level w = 15mm

Fig. 17 Arch beam: system, geometry, boundary conditions and exter-
nal load

distribution of the load factor λ. As becomes clear from Fig.
16 (bottom), increasing the polynomial basis leads to a very
accurate approximation of the estimated probability density
function.

7.2 Arch beam

Another example for the application of the generalized dis-
placement control, described in Sect. 5, is an arch beamunder
a constant edge load q0 as shown in Fig. 17. The arch is sim-
ply supported at the left and right ends.

Fig. 18 Two random realizations of the Young’s modulus distribution

For the numerical simulation, the structure is discretized
using 10 and 100 quadrilateral elements in the radial and
circumferential direction, respectively. The mixed-hybrid
element formulation used in this example is based on a
two-field variational principle originally proposed by [15].
To enable its application in the SSFEM, the deterministic
element formulation has been appropriately extended to the
stochastic setting.

A plane stress condition is assumed. Furthermore, the
material is isotropic and linear elastic. The Young’s modulus
of the structure is modeled as a spatially correlated Gaussian
random field with the properties

E(x, ω) ∼ N (1000, 100)N/mm2 . (100)

The Poisson’s ratio of the material is ν = 0.25. For the
random field a squared exponential correlation function

ρ(xi , xk) = exp

(
−d2(xi , xk)

�c

)
(101)

is used, similar to the example in Sect. 7.1. The correlation
length is set to �c = 30mm. The Karhunen-Loève expansion
is used to discretize the spatially correlated random field,
see e.g. [19]. In order to reduce the number of terms in the
KLE, a value of Q = 0.99 is chosen for the quality measure.
Therefore, only K = 7 random variables are necessary to
describe the random field. Figure 18 depicts two random
realizations of the Young’s modulus distribution.

The random input vector X(ω) = [θ1, . . . , θ7]T summa-
rizes all stochastic input parameters. Each variable θi , i =
1, . . . , 7 is a standard normal distribution. Therefore, Her-
mite polynomials are used to approximate the stochastic
dimension.

Four different combinations of the polynomial degree p
and the q-norm q are used for the computation with the
SSFEM. Table 3 shows the configurations of the SSFEM
and the resulting number of degrees of freedom.

Figure 19 illustrates that the structure undergoes snap-
through behavior. Therefore, the generalized displacement
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Table 3 Settings for SSFEM computation, notation, number of basis
polynomials P̄ and degrees of freedom ndof · P̄
Settings Notation P̄ ndof · P̄
p = 1/q = 1 sfemp1q1 8 17744

p = 2/q = 1 sfemp2q1 36 79848

p = 3/q = 1 sfemp3q1 120 266160

p = 4/q = 0.7 sfemp4q0.7 92 204056

Fig. 19 Mean value μλ of the load factor λ for different combinations
of the polynomial degree p and the q-norm q

control, described in Sect. 5, is used to trace the nonlinear
equilibrium path. The center displacement w, depicted in
Fig. 17, is increased in steps of Δw = 0.5mm from 0 to
8.5mm. Within the solution algorithm, the PC coefficients
λα, α ∈ {0, . . . , P} associated with the deterministic edge
load q0 are calculated.

7.2.1 Results of the SSFEM

First, the results of the different SSFEM configurations in
Table 3 are comparedwith those of aMonteCarlo simulation.
In order to get converged results with the MCS, a total of
N = 5× 105 samples are used. The following figures depict
the first three stochastic moments of the random load factor
λ versus the deterministic controlled center displacement w.

It can be seen from Fig. 19, that the mean value μλ of the
load factor λ is already represented almost exactly by a linear
polynomial basis.

In order to illustrate the snap-through of the structure,
Fig. 20 depicts the mean value of the deformed structure for
the two different displacement states w = 3mm and w =
6.5mm. A similar approximation behavior of the SSFEM is
observed for the standard deviation σλ of the load factor, see
Fig. 21.

Figure 22 clearly shows that the SSFEM is also able to
capture the skewness of the stochastic load factor λ. It can be

Fig. 20 Mean value of the deformed FE mesh for the displacement
states w = 3mm and w = 6.5mm

Fig. 21 Standard deviation σλ of the load factor λ for different combi-
nations of the polynomial degree p and the q-norm q

Fig. 22 Skewness δλ of the load factor λ for different combinations of
the polynomial degree p and the q-norm q

seen that a linear polynomial basis with Hermite polynomi-
als is insufficient to capture the skewness of a quantity that
depends on normally distributed random variables.

The configuration sfemp2q1 increasingly approaches the
reference solution from the MCS as the center displacement
w increases. By using a cubic polynomial basis, the skew-
ness δλ of the load factor is captured with high accuracy for
the entire calculation. The skewness δλ obtained with the
configuration sfemp4q0.7 is similar to that of sfemp3q1.
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Table 4 Convergence behavior for the displacement stepw = 3mm →
3.5mm

No. of iter sfemp2q1 sfemp3q1 sfemp4q0.7

1 1.066E−01 1.066E−01 1.066E−01

2 1.374E+00 1.374E+00 1.374E+00

3 1.965E−04 1.965E−04 1.965E−04

4 6.991E−11 6.980E−11 6.964E−11

Table 5 Speedup factor Ssfem: ratio between MCS and SSFEM com-
putation time Tmcs/Tsfem

Settings Notation Speedup factor

p = 1/q = 1 sfemp1q1 2079.93

p = 2/q = 1 sfemp2q1 99.14

p = 3/q = 1 sfemp3q1 3.58

p = 4/q = 0.7 sfemp4q0.7 6.61

Table 4 shows the norm of the residual vector G dur-
ing the Newton iteration for the displacement step w =
3mm → 3.5mm. Due to the consistent linearization, all dif-
ferent SSFEM configurations show a quadratic convergence
behavior near the equilibrium point. It should be noted that
a similar convergence rate is observed for the configuration
sfemp1q1, which is not shown.

Finally, it can be concluded that the iteration behavior is
nearly independent of the chosen polynomial basis, and thus
also of the polynomial degree p and the q-norm q.

7.2.2 Computational effort

As shown in Sect. 7.2.1, higher polynomial degrees are nec-
essary to accurately capture stochastic moments such as the
skewness. Table 3 illustrates that the number of degrees of
freedom ndof grows significantly with a higher polynomial
degree. For a comparison of the computational effort, we
consider the so-called speedup factor defined as

Ssfem = Tmcs / Tsfem , (102)

where Tmcs and Tsfem are the computation times of the MCS
and the SSFEM, respectively. Table 5 presents the speedup
factors Ssfem of different SSFEM configurations compared to
theMCSwith 5×103 sampleswith reference to the computer
environment used.

Within the Newton method, the current global stiffness
matrix KT must be factorized at each iteration step, see
Eqs. (68) and (69). This process is decisive for the over-
all computation time. This can be seen in the significantly
decreasing speedup factors Ssfem in Table5. For the con-
figuration sfemp4q0.7, which yields a good approximation

Fig. 23 Total PCE-based Sobol’ indices ST (pc)
i for the three displace-

ment levels w = 3mm, w = 6.5mm and w = 8.5mm

quality up to the skewness, a speedup factor of 6.61 is
obtained.

It should be noted that fewerMCS samples are required to
approximate the mean value and the standard deviation, but
also that a lower polynomial degree in the PC expansion is
sufficient to capture these stochastic moments. However, the
speedup factors in Table 5 can be scaled, e.g., if 5×102 MCS
samples for the mean value would be sufficient, sfemp1q1
would result in a speedup factor of 207.99.

7.2.3 Sensitivity analysis

In the following, we investigate the sensitivity of the stochas-
tic load factor λ with respect to the M = 7 input variables.
Therefore, we consider the total PCE-based Sobol’ indices at
the three displacement levels w = 3mm, w = 6.5mm and
w = 8.5mm. These three displacement states are marked
in Fig. 19. An advantage of the SSFEM is that the Sobol’
indices are determined directly by post-processing an exist-
ing PC expansion. In our case, this corresponds to the PCE
of the load factor λ, which is determined within the solution
algorithm. The total Sobol’ indices are evaluated based on
the configuration sfemp4q0.7 and are illustrated in Fig. 23.

It is obvious, that the variability of the random load factor
λ at the displacement stepw = 3mm is primarily influenced
by the first input variable X1 = θ1. At the displacement
states w = 6.5mm and w = 8.5mm, not only X1 = θ1, but
also X3 = θ3 affects the variability of the load factor. The
sensitivity index of the remaining input variables Xi , i ∈
{2, 4, 5, 6, 7} is negligible, see Fig. 23.

Figure 24 depicts the first three eigenvalues λi , i ∈
{1, 2, 3} and the corresponding eigenvectorsϕi , i ∈ {1, 2, 3}.

The decreasing influence of the input variables Xi , i =
1, . . . , 7 results from the decreasing magnitude of the eigen-
values λi , i = 1, . . . , 7, as shown in Fig. 24. Furthermore,
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the eigenvectors ϕi , i ∈ {1, 3, 5, 7} are symmetric, while
the remaining eigenvectors ϕi , i ∈ {2, 4, 6} are asymmet-
ric. This fact is also a reason for the different Sobol’ indices
ST (pc)
i of the input variables.

7.3 Single-hinged frame

The last example is a single-hinged frame under a stochastic
line load q0(ω), see Fig. 25. The geometry of the structure
is inspired by the so-called Lee’s frame [11]. A geomet-
rically exact beam formulation is required to analyze the
post-critical behavior of the structure, since both finite dis-
placements and rotations occur.

A two-node Timoshenko beam element with linear shape
functions is used for the spatial discretization of the structure.
For the rectangular cross-section, the shear correction factor
is κ = 5/6, see Fig. 25. The deterministic FE formulation
of the underlying two-dimensional geometrically exact beam
element can be found in e.g. [16, 24, 27]. To enable its appli-
cation in the SSFEM, the deterministic element formulation
has been appropriately extended to the stochastic setting. It
should be noted that a co-rotational beam element with finite
rotations within the SSFEM was proposed by [14].

The column has a height of 50 cm and is discretized into
20 elements. The beam has a length of 75 cm and is therefore
divided into 30 elements. This spatial discretization results
in a total of 50 elements and 51 nodal points.

The material behavior is isotropic and linear elastic. The
Young’s modulus of the structure is modeled as a spatially
correlated Gaussian random field with the properties

E(x, ω) ∼ N (21000, 2100) kN/cm2 . (103)

Fig. 24 First three eigenvalues λi , i ∈ {1, 2, 3} and the corresponding
eigenvectors ϕi , i ∈ {1, 2, 3}

Fig. 25 Single-hinged frame: system, geometry, boundary conditions
and external load

The Poisson’s ratio of thematerial is ν = 0.3. For the random
field,we use the squared exponential correlation function, see
Eq. (101), with a correlation length of �c = 30 cm. With a
quality measure of Q = 0.99, only six terms remain of the
N = 51 terms in the KL expansion, see Eq. (106), where
N = 51 corresponds to the total number of nodal points.
The random field is constructed on a straight line with a total
length of 50 cm + 75 cm = 125 cm.

Additionally to the randomYoung’smodulus, we consider
the line load q0(ω) as a Gaussian random variable with the
properties

q0(ω) ∼ N (0.1, 0.01) kN/cm . (104)

Thus, a total ofM = 7 normally distributed randomvariables
are considered, summarized in the random vector

X(ω) = [X1, X2, X3, X4, X5, X6, X7]T
= [θ1, θ2, θ3, θ4, θ5, θ6, q0]T ∈ R

7 .
(105)

For the approximation of the stochastic dimension, only Her-
mite polynomials are used.

The generalized displacement control from Sect. 5 is used
to trace the equilibrium path. Within the solution algo-
rithm, the displacement w is controlled, which is shown in
Fig. 25. This displacement quantity is increased in steps of
Δw = 2 cm from 0 to 50 cm. Within the solution algorithm,
the PC coefficients λα, α ∈ {0, . . . , P} associated with the
stochastic line load q0(ω) are calculated. It should be noted at
this point that due to the line load, the application of the single
displacement control, described in Sect. 4.2, is not possible.

Four different combinations of the polynomial degree p
and the q-norm q are used for the computation with the
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Table 6 Settings for SSFEM computation, notation, number of basis
polynomials P̄ and degrees of freedom ndof · P̄
Settings Notation P̄ ndof · P̄
p = 1/q = 1 sfemp1q1 8 1192

p = 2/q = 1 sfemp2q1 36 5364

p = 3/q = 0.8 sfemp3q0.8 43 6407

p = 4/q = 0.8 sfemp4q0.8 127 18923

SSFEM. Table 6 shows all configurations of the SSFEM and
the resulting number of degrees of freedom.

7.3.1 Results of the SSFEM

The results of the SSFEM configurations in Table 6 are com-
pared with those of a Monte Carlo simulation. In order to
get converged results with the MCS, a total of N = 5 × 105

samples are used, similar to the previous example. The fol-
lowing figures depict the first three stochastic moments of
the random load factor λ versus the deterministic controlled
displacement w.

The mean value μλ of the load factor λ is shown in Fig.
26. For all SSFEM configurations, an excellent agreement
with the MCS results is observed. Figure 26 additionally
shows the mean value of the deformed structure for the two
displacement states w = 12 cm and w = 50 cm. It can be
seen that large displacements and also large rotations already
occur at the limit point at w = 12 cm. This fact highlights
the need for a geometrically exact beam formulation.

Figure 27 illustrates the standard deviation σλ of the load
factor λ. A high agreement between the SSFEM and MCS
results is observed. Minor deviations can only be recognized
for the configuration sfemp1q1.

The skewness δλ is illustrated in Fig. 27. The approxima-
tion behavior of the SSFEM concerning the third stochastic
moment is similar to that of the previous numerical examples
in Sects. 7.1 and 7.2.Using the configuration sfemp4q0.8, the
skewness of the load factor is captured with high accuracy
throughout the entire computation.

In Appendix E, we provide further investigations of the
stochastic load factor λ at the displacement levelw = 28 cm.
In addition to the convergence behavior of the MCS with
respect to the number of samples, we also examine the
approximation quality of the SSFEM results.

In order to visualize the variation of the stochastic load
factor, Fig. 29 illustrates the mean value μλ plus minus three
times the standard deviation σλ. In addition, this graph shows
multiple random load displacement curves. This diagram
clearly illustrates the influence of the random modeling of
the Young’s modulus E(x, ω) and the line load q0(ω) on the
structural behavior of the frame.

Table 7 Convergence behavior for the displacement step w =
12 cm → 14 cm

No. of iter sfemp2q1 sfemp3q0.8 sfemp4q0.8

1 7.744E−01 7.744E−01 7.744E−01

2 3.447E+02 3.448E+02 3.447E+02

3 4.675E+00 4.647E+00 4.652E+00

4 8.312E−01 8.403E−01 8.385E−01

5 3.268E−02 3.224E−02 3.277E−02

6 1.732E−04 1.625E−04 1.821E−04

7 3.827E−09 2.396E−09 4.218E−09

Furthermore, Fig. 30 depicts the mean value plus minus
three times the standard deviation of the deformed struc-
ture at three different displacement states. The highlighted
nodal point in each deformed mesh is the node at which the
displacement w is prescribed within the solution algorithm.
Since this displacement quantity is deterministic, all marked
points for one displacement state are located on a horizontal
line. Due to the uncertainties of the Young’s modulus and
the line load q0(ω), all remaining nodal displacements are
stochastic quantities.

Similar to the previous examples, the convergence behav-
ior of the stochastic element formulation within the Newton
iteration is investigated. Therefore, we consider the displace-
ment step w = 12 cm → 14 cm, see Fig. 26. The norm of
the global residual vector G is shown in Table 7.

It is obvious that for the different configurations of the
SSFEM, a quadratic convergence behavior is achieved in the
vicinity of the equilibrium point. A similar convergence rate
is observed for the configuration sfemp1q1, which is not
shown.

7.3.2 Computational effort

For a comparison of the computational effort, we consider
the computation times of the MCS and the SSFEM. Table 8
illustrates the speedup factors of different SSFEM configu-
rations compared to the MCS with 5 × 103 samples.

Similar to the second numerical example in Sect. 7.2, the
computation time for the SSFEM depends significantly on
the polynomial degree of the underlying PC expansion. With
increasing degrees of freedom ndof , the speedup factors
decrease significantly. The configuration sfemp4q0.8 is 2.08
times faster than theMCSwith 5×103 samples and provides
an excellent approximation up to the skewness. As described
in Sect. 7.2.2, the speedup factors in Table8 can be scaled.
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Fig. 26 Mean value μλ of the
load factor λ for different
combinations of the polynomial
degree p and the q-norm q

Fig. 27 Standard deviation σλ

of the load factor λ for different
combinations of the polynomial
degree p and the q-norm q

Fig. 28 Skewness δλ of the load
factor λ for different
combinations of the polynomial
degree p and the q-norm q

7.3.3 Probability density function

Finally, the probability density function (PDF) fλ(λ|w =
28 cm) of the load factor λ at the displacement state w =
28 cm is examined in more detail. The estimation of the

probability density function is performed in the same way
as described in Sect. 7.1.3.

A set of N = 5 × 105 realizations of the random vector
X(ω) in Eq. (105) is used to perform an MCS with both
the full FE model and the surrogate model provided by the
SSFEM calculation. The reference solution obtained using
the FE model is labeled mcs+ fem.
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Fig. 29 Mean value μλ plus minus three times the standard deviation
σλ as well as random realizations of the load–displacement curves

Fig. 30 Mean value plus minus three times the standard deviation of
the deformed structure for three different displacement states

Table 8 Speedup factor Ssfem: ratio between MCS and SSFEM com-
putation time Tmcs/Tsfem

Notation Notation Speedup factor

p = 1/q = 1 sfemp1q1 1615.82

p = 2/q = 1 sfemp2q1 191.07

p = 3/q = 0.8 sfemp3q0.8 48.04

p = 4/q = 0.8 sfemp4q0.8 2.08

The results of the estimated probability density function
are shown in Fig. 31.

As already shown in Fig. 28, sfemp1pq1 is not able to
capture the skewness of the load factor λ. The insufficient
approximation between the random vectorX(ω) and the load
factorλ is also evident in the PDF, see Fig. 31 (top). As shown
inFig. 31 (bottom), a higher polynomial degree leads to avery
accurate approximation of the estimated probability density
function.

Fig. 31 Probability density function (PDF) fλ(λ|w = 28 cm) of the
load factor λ at the displacement level w = 28 cm

8 Conclusion and outlook

In the present paper, a new solution algorithm, referred to as
generalized displacement control, has been proposed to trace
the equilibrium path of geometrically nonlinear structures
within the framework of the SSFEM. In this solution proce-
dure, a user-defined displacement quantity is prescribed. The
corresponding load factor for the external load is computed
instead of a reaction force, thereby removing restrictions on
the type of the external load. The key idea is to extend the
global residual vector by an additional set of constraint equa-
tions, leading to an extended system of nonlinear equations.
To solve this system within a Newton iteration scheme, all
equations are consistently linearized. Subsequently, the pro-
posed algorithm is validated using three numerical examples
that confirm its accuracy, robustness, and applicability for
nonlinear spectral stochastic finite element analysis.

We investigated the geometrically nonlinear behavior of
various structures subjected to uncertain material and geo-
metrical properties as well as random external loads. The
examined structures include a cylindrical shell, an arch struc-
ture, and a single-hinged frame. Within the SSFEM, all
stochastic quantities are characterized by their individual
PC coefficients. Therefore, the stochastic moments are deter-
mined directly by post-processing an existing PC expansion.
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For all numerical examples, the results of the SSFEM and
the MCS show excellent agreement. The studies demon-
strate that the size of the polynomial basis, which depends
on the polynomial degree p and the q-norm q, has a sig-
nificant influence on the accuracy of the SSFEM results. In
addition, Sobol’ indices can be determined directly within
a post-processing procedure. The investigations show that
the variability of a quantity of interest is affected to varying
degrees by the individual input variables. Furthermore, the
surrogate model obtained from the SSFEM has been used
together with the MCS in a post-processing step to com-
pute the probability density function of a quantity of interest.
The numerical examples demonstrate excellent agreement
between the MCS using the surrogate model and the full FE
model.

Despite the advantages of the SSFEM, themethod also has
certain limitations, particularly for large problems with high
stochastic dimensions. The exponential growth of the poly-
nomial basis leads to large systems of equations that must be
solved in each iteration step. In this paper, only direct solvers
have been used. However, they can become impractical when
solving such large systems of equations. To address these
challenges, iterative solver techniques can be employed, but
they require appropriate preconditioning to achieve reliable
and efficient convergence.

The proposed solution algorithm allows the calculation
of problems that cannot be investigated with standard solu-
tion algorithms within the framework of the SSFEM. This
includes the snap-through behavior of the arch structure and
the single-hinged frame. In all numerical examples, the pro-
posed generalized displacement control exhibits quadratic
convergence near an equilibrium point due to the consistent
linearization of all equations.

Future research will focus on further mixed element for-
mulations based onHu–Washizu functionals. In addition, the
development of a general path-following algorithm, such as
the arc-length method, within the framework of the SSFEM
will be part of future work.

A Random fields and PC approximation

We consider a spatially correlated Gaussian random field
H(x, ω), which is discretized using the Karhunen–Loève
expansion (KLE)

H(x, ω) ≈ Ĥ(x, ω) = μH +
N∑

i=1

θi (ω)
√

λi ϕi (x) , (106)

where θi (ω) ∼ N (0, 1) is a standard normal distribution.
Furthermore, λi and ϕi (x) are the i-th eigenvalue and eigen-
vector of the covariance matrix

C = σ 2
H

⎡

⎢
⎣

ρ(x1, x1) . . . ρ(x1, xN )
... ρ(xi , xk)

...

ρ(xN , x1) . . . ρ(xN , xN )

⎤

⎥
⎦ ∈ R

N×N ,

(107)

where ρ(xi , xk) denotes a correlation function and N is the
number of discrete spatial points x. Since we assume a sta-
tionary random field, the mean value μH and the variance
σ 2
H are constant over the spatial domain.
For smooth random fields, the magnitude of the eigenval-

ues λi decreases rapidly and therefore the N terms in Eq.
(106) can be reduced to K ≤ N . Thus, the quality measure
Q is introduced

Q = ( K∑

i=1

λi
) / ( N∑

i=1

λi
)
. (108)

In general, a value of Q = 0.99 is sufficient to consider-
ably reduce the number of KLE terms, and consequently, the
number of random input variables for a PC expansion.

In the context of the SSFEM, an explicit representation of
the discretized random field Ĥ(x, ω) with the PCE is neces-
sary. Therefore, we introduce the PC expansion

Ĥ(x, ω) = Ĥ pc(x, ω) =
K∑

α=0

hα(x) Ψα(θ) , (109)

where the K standard normal distributed random variables
are arranged in the random vector θ = [θ1, . . . , θK ]T .
Furthermore, Ψα(θ) and hα(x) denote the multivariate Her-
mite polynomials and the spatially varying PC coefficients,
respectively. For clarity, the random variables are denoted
by Θ throughout this section to avoid any confusion with
the spatial coordinates x. The coefficients hα(x) are deter-
minedby anorthogonal projection.Due to the orthonormality
condition of the basis polynomials, see Eq. (5), the PC coef-
ficients are given by

h0(x) = E
[
Ĥ(x, ω)Ψ0(Θ)

]

=
∫

DΘ

Ĥ(x, ω)Ψ0(θ)︸ ︷︷ ︸
= 1

fΘ (θ) dθ = μH
(110)

and

hα(x) = E
[
Ĥ(x, ω)Ψα(Θ)

]

=
∫

DΘ

Ĥ(x, ω)Ψα(θ) fΘ (θ) dθ = √
λα ϕα(x) ,

(111)
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where α = 1, . . . , K . Since the random variablesΘi (ω), i =
1, . . . , K are linear in the KLE in Eq. (106), the dis-
cretized random field is represented exactly with a linear PC
expansion. Thus, the projections on all higher-order basis
polynomials with α > K are equal to zero.

B Vectorized implementation of arithmetic
operations with PC expansions

Various arithmetic operations with PC expansions are essen-
tial components of stochastic FE formulations and solution
algorithms, as described in the present paper. This appendix
provides several algorithms that can be used for an efficient
implementation of the SSFEM, e.g., in MATLAB [23].

For implementation purposes, it is reasonable to store the
components of the multiplication tensor Dαβγ as a matrix.
Therefore, we define the quantity

Dα :=
⎡

⎢
⎣

Dα00 . . . Dα0P
... Dαβγ

...

DαP0 . . . DαPP

⎤

⎥
⎦ ∈ R

P̄×P̄ , α ∈ {0, . . . , P} .

(112)

This allows the elements of the multiplication tensor to be
arranged into the matrix

M := [
vec (D0) , . . . , vec (Dα)︸ ︷︷ ︸

M(:, α + 1)

, . . . , vec (DP )
]
, (113)

where M ∈ R
P̄ 2×P̄ . The expression vec (Dα) denotes the

vectorization of the matrix Dα . Thereby, the matrix Dα is
transformed column by column into a vector, which is then
arranged in the (α+1)-th column of thematrixM. Following
the notation in MATLAB [23], this column is denoted by
M(:, α +1). Since only a small number of elements inM are
non-zero, it can be efficiently stored as a sparse matrix.

In the context of the implementation, PC variables are
defined as row vectors. The P̄ coefficients of the two known
PC expansions are stored in the vectors

b = [b0, . . . , bP ] ∈ R
1×P̄ , c = [c0, . . . , cP ] ∈ R

1×P̄ .

(114)

Furthermore,

a = [a0, . . . , aP ] ∈ R
1×P̄ (115)

contains the unknown PC coefficients.
Algorithm 4 illustrates the multiplication a = b · c of the

two PC expansions in Eq. (114).

Algorithm 4Multiplication a = b · c
Input: b ∈ R

1×P̄ , c ∈ R
1×P̄ , M ∈ R

P̄ 2×P̄

Output: a ∈ R
1×P̄

function [a] = PCmul(b, c,M)

S = b ⊗ c, S ∈ R
P̄×P̄ 	 Dyadic product

s = vec(S), s ∈ R
P̄ 2×1 	 Reshape matrix to vector

a = sTM
end

An illustrative example of the multiplication of two PC
expansions is given in Appendix C of [13].

The procedure for the division a = c/b is shown in Algo-
rithm 5.

Algorithm 5 Division a = c/b

Input: c ∈ R
1×P̄ , b ∈ R

1×P̄ , M ∈ R
P̄ 2×P̄

Output: a ∈ R
1×P̄

function [a] = PCdiv(c,b,M)

b̄ = bTM, b̄ ∈ R
P̄ 2×1

B = vec−1
P̄,P̄

(b̄), B ∈ R
P̄×P̄ 	 Reshape vector to matrix

a = c B−1 	 Solve system of equations

end

The expression vec−1
P̄,P̄

(•) denotes the inverse operation
of the column-wise vectorization vec(•) mentioned before.
In the operation B = vec−1

P̄,P̄
(b̄), the vector b̄ ∈ R

P̄ 2×1 is

reshaped into the matrix B ∈ R
P̄×P̄ .

Another important arithmetic operation in the SSFEM is
the augmentation of a PC expansion, see Eqs. (21) and (60).
We consider the PC expansion of the stochastic matrix

D(ω) =
P∑

α=0

DαΨα with Dα ∈ R
nr×nc , (116)

where nr and nc denote the number of rows and columns,
respectively. All PC coefficients are arranged in an aug-
mented matrix D ∈ R

(nr ·P̄)×(nc·P̄), see Eq. (63). For the
implementation the components Dα are arranged in the
matrix

d = [
vec (D0) , . . . , vec (Dα) , . . . , vec (DP )

]
, (117)

where d ∈ R
(nr ·nc)×P̄ . The matrix D is then derived from

the array d in Eq. (117). An efficient implementation of this
augmentation is shown in Algorithm 6.
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Algorithm 6 Augmentation Dαβ = DαβγDγ

Input: d ∈ R
(nr ·nc)×P̄ , nr , nc, M ∈ R

P̄ 2×P̄

Output: D ∈ R
(nr ·P̄)×(nc·P̄)

function [D] = PCaug(d, nr , nc,M)

d̄ = dMT 	 Multiplication with multiplication tensor

ir = [1, . . . , nr ] ∈ R
P̄ , ic = [1, . . . , nc] ∈ R

P̄

for j = 1, . . . , nr do
ii = ir + nr · ( j − 1) 	 Pointer for rows

for k = 1, . . . , nc do
kk = ic + nc · (k − 1) 	 Pointer for columns

ip = k + P̄ · (i − 1) 	 Linear column index

D(ii,kk) = vec−1
nr×nc

(
d̄(:, ip)) 	 Assembly

end for
end for

end

C Element framework for a geometrically
nonlinear spectral stochastic solid element

In order to provide a comprehensive understanding of
the SSFEM, the following section presents all algorithms
required for an efficient implementation of a stochastic FE
formulation, e.g., in MATLAB [23]. The spectral stochastic
formulation presented here refers to a two-dimensional con-
tinuum element. For a classical FE formulation of such an
element, the reader is referred to [27].

The stochastic displacement field is u(ω) = [u1, u2]T ,
see Fig. 32. Assuming a plane stress state, the relevant com-
ponents of the stochastic Green-Lagrangian strain tensor and
the 2nd Piola-Kirchhoff stress tensor are given by

E(ω) = [E11, E22, 2E12]T , S(ω) = [S11, S22, S12]T .

(118)

Furthermore, the necessary components of the stochastic dis-
placement gradient H(ω) are arranged in the column vector

h(ω) = [u1,1, u1,2, u2,1, u2,2]T . (119)

For linear elastic, isotropic materials, the stochastic material
matrix reads

C(ω) = Ed

1 − ν2

⎡

⎣
1 ν 0
ν 1 0
0 0 (1 − ν)/2

⎤

⎦ , (120)

where E is the Young’s modulus, ν the Poisson’s ratio and d
the thickness, see Fig. 32.

For the spatial discretization, quadrilateral elements with
nel = 4 are used. The displacement vector of node I ,
associated with the polynomial Ψα , is denoted by vIα =
[u1α, u2α]T , as depicted in Fig. 32.

Fig. 32 Spatial discretization with quadrilateral elements

The general framework for calculating the residual vec-
tor ge and the corresponding tangent stiffness matrix keT ,
described in Sect. 6.2, is shown in Algorithm 7.

Algorithm 7 Element framework for a spectral stochastic
formulation
for ig = 1, . . . , ngp do 	 Loop integration points

[N, det J] = Shape(xgp)
h = Grad(v,N)

E = Eps(h,M)

[S,C] = Mate(E,M)

for I = 1, . . . , nel do 	 Loop node I

BI = Bmat(h,M,N)

fI = Fint(BI ,S, det J, wgp)

ge ← ge + fI 	 Element residual vector

for K = 1, . . . , nel do 	 Loop node K

BK = Bmat(h,M,N)

kT I K = Tang(BI ,BK ,C,S,N,M, det J, wgp)

keT ← keT + kT I K 	 Element tangent stiffness matrix

end for
end for

end for

It is obvious that the structure of the element routine is
the same as in a classical FE formulation. The numerical
integration is carried out using ngp = 4 Gauss-Legendre
integration points. Within the individual routines, some dif-
ferences are recognizable, as special arithmetic operations
with PC variables have to be performed as part or the sto-
chastic formulation.

Within Algorithm 8 the Cartesian derivatives of the bi-
linear shape functions and the determinant of the Jacobian
matrix J are evaluated at the current integration point.
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Algorithm 8 Shape functions

Input: xgp ∈ R
1×2

Output: N ∈ R
2×4, det J

function [N, det J] = Shape(xgp)

N =
[
N1,1 . . . NI ,1 . . . N4,1
N1,2 . . . NI ,2 . . . N4,2

]
, det J = det

[
X1,ξ X1,η
X2,ξ X2,η

]

end

The PC coefficients of the stochastic displacement gradi-
ents are computed in Algorithm 9. At this point, it should
be noted again that within the implementation the individual
PC coefficients of different stochastic quantities are stored
column-wise, see h ∈ R

4×P̄ . The PC expansions of the four
independent components of the stochastic displacement gra-
dient are stored row by row, where the ordering corresponds
to that in Eq. (119).

Algorithm 9 Displacement gradients

Input: v ∈ R
8P̄×1, N ∈ R

2×4

Output: h ∈ R
4×P̄

function [h] = Grad(v,N)

v̄ :=

⎡

⎢
⎢
⎣

v10 . . . v40
.
.
. vIα

.

.

.

v1P . . . v4P

⎤

⎥
⎥
⎦ ∈ R

2 P̄×4, h =

⎡

⎢
⎢
⎣

h1
h2
h3
h4

⎤

⎥
⎥
⎦ =

reshape(Nv̄T, 4, P̄)

end

Based on the displacement gradient coefficients, the PC
expansions of the nonlinear strain components are com-
puted, see Algorithm 10. First, the multiplication routine
from Algorithm 4 is used to compute the nonlinear strain
terms. Therefore, the multiplication tensor M ∈ R

P̄ 2×P̄ ,
defined in Eq. (113), is required.

Algorithm 10 Strains

Input: h ∈ R
4×P̄ , M ∈ R

P̄ 2×P̄

Output: E ∈ R
3P̄×1

function [E] = Eps(h,M)

h21 = PCmul(h1,h1,M), h22 = PCmul(h2,h2,M)

h23 = PCmul(h3,h3,M), h24 = PCmul(h4,h4,M)

h12 = PCmul(h1,h2,M), h34 = PCmul(h3,h4,M)

e =
⎡

⎢
⎣
e1
e2
e3

⎤

⎥
⎦ =

⎡

⎢
⎣

h1 + (h21 + h23)/2
h4 + (h22 + h24)/2

h2 + h3 + h12 + h34

⎤

⎥
⎦ ∈ R

3×P̄

E = vec(e)
end

Subsequently, the augmented material matrix C ∈
R
3P̄×3P̄ is computed. To this end, the PC coefficients of all

nine stiffness components are defined and then arranged in
the matrix c ∈ R

9×P̄ . An illustrative example of how to cal-
culate the PC coefficients of a material matrix can be found
in [13] Appendix E. Using the routine in Algorithm 6, the
matrix C is computed. Together with the strains E ∈ R

3P̄×1,
all PC coefficients of the stresses S ∈ R

3P̄×1 are obtained.

Algorithm 11 Material law

Input: E ∈ R
3P̄×1, M ∈ R

P̄ 2×P̄

Output: S ∈ R
3P̄×1, C ∈ R

3P̄×3P̄

function [S,C] = Mate(E,M)

c =

⎡

⎢
⎢
⎣

c1
.
.
.

c9

⎤

⎥
⎥
⎦ ∈ R

9×P̄ 	 set PC coefficients of material matrix

C = PCaug(c, 3, 3,M)

S = CE
end

The vector of internal forces is calculated within the first
loop over all nodes, indicated by I . For this purpose, the B-
matrix BI ∈ R

3P̄×2 P̄ for node I is computed in Algorithm
12. The procedure for calculating the augmented matrix BI

is similar to that for the material matrix C. At this point, it
should be noted that the PC expansion of a constant quantity
is only non-zero on the first PC coefficient, see variable 1̄.

Algorithm 12 B-matrix

Input: h ∈ R
4×P̄ , M ∈ R

P̄ 2×P̄ , N ∈ R
2×4

Output: BI ∈ R
3P̄×2 P̄

function [BI ] = Bmat(h,M,N)

1̄ = [1, 0, . . . , 0, . . . , 0] ∈ R
1×P̄

b =

⎡

⎢⎢
⎢
⎢⎢
⎢
⎣

b1
b2
b3
b4
b5
b6

⎤

⎥⎥
⎥
⎥⎥
⎥
⎦

=

⎡

⎢⎢
⎢
⎢⎢
⎢
⎣

(1̄ + h1)NI ,1

h2NI ,2

(1̄ + h1)NI ,2 + h2NI ,1

h3NI ,1

(1̄ + h4)NI ,2

(1̄ + h3)NI ,1 + h3NI ,2

⎤

⎥⎥
⎥
⎥⎥
⎥
⎦

∈ R
6×P̄

BI = PCaug(b, 3, 2,M)

end

The nodal contribution of the vector of internal forces
fI ∈ R

2 P̄×1 is computed in Algorithm 13 and subsequently
assembled into fe, see Algorithm 7.

In Algorithm 14 the nodal contribution kT I K ∈ R
2 P̄×2 P̄

of the element tangent stiffness matrix keT is calculated. As
can be seen, due to the geometrically nonlinear formulation,
the matrix kT I K comprises two parts. The first corresponds
to the material part and the second to the geometric part,
respectively.
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Algorithm 13 Internal forces / Residual vector

Input: BI ∈ R
3P̄×2 P̄ , S ∈ R

3P̄×1, det J, wgp

Output: fI ∈ R
2 P̄×1

function [fI ] = Fint(BI ,S, det J, wgp)

fI = BT
I S det Jwgp

end

Algorithm 14 Tangent stiffness matrix

Input: BI ,BK ∈ R
3P̄×2 P̄ , C ∈ R

3P̄×3P̄ , S ∈ R
3P̄×1, N ∈ R

2×4

M ∈ R
P̄ 2×P̄ , det J, wgp

Output: kT I K ∈ R
2 P̄×2 P̄

function [kT I K ] = Tang(BI ,BK ,C,S,N,M, det J, wgp)

i1 = [1, 3, . . . , 3P̄] ∈ R
1×P̄ , i2 = i1 + 1, i3 = i2 + 1

s11 = S(i1), s22 = S(i2), s12 = S(i3)
g = (NI ,1NK ,1)s11+(NI ,2NK ,2)s22+(NI ,1NK ,2+NI ,2NK ,1)s22
G = vec−1

P̄,P̄
(gTM), GI K = G ⊗ 12×2

kT I K = (BT
I CBK + GI K ) det Jwgp

end

Since the symmetry of the element stiffness matrix is still
preserved, it is sufficient to determine the lower diagonal of
keT . In this case, the second loop over the nodes K runs from
1 to I .

D Layered cylindrical shell: Convergence of
theMCS and the SSFEM

In the following, the convergence behavior of the MCS and
the SSFEM is examined in more detail. For this purpose,
we consider the stochastic attributes of the load factor λ, see
Sect. 7.1.1. The percentage error ε(•) of a quantity (•) refers
to the reference solution of the MCS with N = 5 × 105

samples and is given by

ε(•) = |(•) − (•)mcs5e5|
|(•)mcs5e5| · 100% . (121)

For the investigations, we consider the stochastic load factor
λ at the displacement level w = 15mm. Three indepen-
dent runs of an MCS are performed, which are illustrated
in Figs. 33, 34, and 35 with solid lines. In order to evaluate
the convergence behavior of the MCS, the number of sam-
ple points N is successively increased from 102 to 105. To
this end, additional samples are added to the original set of
102 realizations. The percentage errors of the SSFEM results
are determined according to Eq. (121). These are shown as
dashed horizontal lines in the Figs. 33, 34, and 35.

Figure 33 shows that a percentage error of less than 1%
can be achieved for the mean value μλ with approximately
5 × 102 samples. For the SSFEM configuration sfemp1q1,

Fig. 33 Percentage error εμλ of the mean value μλ of the load factor λ

at the displacement level w = 15mm

Fig. 34 Percentage error εσλ of the standard deviation σλ of the load
factor λ at the displacement level w = 15mm

the percentage error is below 1%, whereas the other config-
urations exhibit even smaller deviations. The yellow dashed
line corresponding to sfemp4q0.8 obscures the green dashed
line, which corresponds to sfemp3q1.

A similar trend of the percentage errors can be observed
for the standard deviation σλ, see Fig. 34. Overall, it can be
seen that the standard deviation converges slower than the
mean value. In Fig. 34, the green dashed line of sfemp3q1 is
obscured by the yellow dashed line of sfemp4q0.8.

Considering Figs. 33 and 34, it is also apparent that the
SSFEMresults of the configuration sfemp2q1 showa slightly
lower error than those of sfemp3q1and sfemp4q0.8.This can
be explained by the fact that evenwhen using 5×105 samples
for the MCS reference solution, minimal fluctuations in the
stochastic moments can occur. This is not the case with an
analytical solution. Here, a continuous improvement in the
SSFEM results would be noticeable as the polynomial degree
increases.

Figure 35 depicts the skewness δλ of load factor λ. It
becomes clear that this stochastic attribute converges more
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Fig. 35 Percentage error εδλ of the skewness δλ of the load factor λ at
the displacement level w = 15mm

Fig. 36 Percentage error εμλ of the mean value μλ of the load factor λ

at the displacement level w = 28 cm

Fig. 37 Percentage error εσλ of the standard deviation σλ of the load
factor λ at the displacement level w = 28 cm

slowly than the mean value μλ and the standard deviation
σλ. The SSFEM configurations sfemp3q1 and sfemp4q0.8
result in errors of approximately 1% for the skewness of the
load factor λ.

Fig. 38 Percentage error εδλ of the skewness δλ of the load factor λ at
the displacement level w = 28 cm

E Single-hinged frame: Convergence of the
MCS and the SSFEM

In the following section, we analyze the convergence behav-
ior of the MCS and the SSFEM in more detail. For the
investigations, we consider the load factor λ at the displace-
ment level w = 28 cm. The convergence behavior of the
MCS and the approximation quality of different SSFEM
configurations is determined using the same procedure as
described in Appendix D.

Figure 36 clearly shows the convergence of themean value
as the number of MC samples increases. Using a linear poly-
nomial basis, the first stochastic momentμλ is captured with
a percentage error of less than 1%. Increasing the polyno-
mial degree of the underlying PC expansion leads to a further
reduction in the error εμλ .

Figure 37 clearly illustrates the influence of the polyno-
mial degree. Using higher-order polynomial bases improves
the accuracy of the standard deviation σλ.

A similar convergence behavior of the SSFEM configu-
rations is observed for the skewness δλ, see Fig. 38. For the
MCS, it becomes clear that the third stochastic moment δλ

converges more slowly than the first two stochastic attributes
μλ and σλ. Consequently, more MC samples are necessary
to achieve an error smaller than a defined error threshold.
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