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Abstract. We study linear convective stability of a two-front superposition
in a reaction-diffusion system. Due to the instability of the connecting
equilibrium, long-range semi-strong interaction is expected between the
two waves. When restricting to the linear dynamics, we indeed identify
that convective stability of superposed waves occurs for fewer propagation
speeds than for the corresponding single waves. It reflects the interaction
that monostable waves have over long distances. Our method relies on
numerical range estimates, that imply time-uniform resolvent bounds.
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1. Introduction

1.1. Setting and main result

We study a reaction-diffusion system that models interaction between two
invasive species:

{(%ul = dOgpur + 1u1 (1 — uy) + @rujug (11)

8tU2 = 8mu2 -+ ’LLQ(]. — ’ZLQ) “+ o1 un

t > 0, z € R, with positive parameters (d,r, a1, as). Denoting D = diag(d, 1)

and
ru 1—u +O(]U, (%)
g(u) = ( ( ) 1 )7

U2(1 — Ug) + Qo U
system (1.1) conveniently rewrites as
Uy = Dug, + g(u).
This system admits four constant equilibria

r+o
_ 7"—()41(1)42 _ 0
€1 = T(1+a2) bl €2 = 1 I

T—Q1 Q2

() ()

that correspond (respectively) to the cohabitation of the two species, the
species 2 only, the species 1 only, and an empty environment. We refer to
[15] for similar systems involving more equilibria. We assume in the following
that (1.1) is cooperative, and that the first species has a higher invasion speed
than the second one.

(1.2)

Assumption 1. Parameters satisfy d > 1, r > 1, and the stability condition
r—aiag > 0.

In particular, ey is spectrally stable while es, es and e4 are spectrally unstable.

In addition to constant solutions, (1.1) also admits families of invasion
front solutions, as discussed in Section 2. These solutions have a fixed profile
p € C®(R,R?) converging at 400 to equilibria (1.2), and propagate at constant
speed ¢ € R:

u(t,z) = p(x — ct). (1.3)
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FIGURE 1. Left: Schematic representation of a two-front su-
perposition e; — ez — e4. Right: Schematic plot of wuy
in space-time domain. Higher values of u; are indicated by
darker colours. The two fronts move with different speeds
c1 < cCo

We are interested in two-stage invasions, which are superpositions of two inva-
sion fronts (p1,c1) and (pe, c2) that respectively connect e; — e3 and ez — ey,
see Figure 1. While both waves are well described separately, the combined
pattern e; — e3 — ey is not fully understood when ¢; < co. Indeed, due to the
different front velocities, it is time-dependent in any frame, and thus cannot
be constructed as the solution to a time-independent ODE.

Instead, it is common to rely on a stability approach to describe such
a time-dependent pattern. Compared to the stability analysis of a traveling
wave, the linearization around the wave superposition is non-autonomous, and
interaction terms have to be estimated.

Such a stability approach has been successfully used for superpositions
of bistable fronts and pulses, and we refer to [18,27] for recent examples. The
main novelty in the present paper is that the connecting intermediate state
between the two fronts is unstable.

In most settings, two waves with different propagation speeds interact
weakly enough that they behave as if studied separately. A more detailed
literature discussion can be found in subsection 1.2. In contrast, the works
[6,11,14] on systems related to (1.1) indicate that two invasion fronts interact
over large distances. In particular, the propagation speed of one front can be
affected by the presence of another front, even though their distance grows
linearly in time. See again Subsection 1.2.

Since monostable fronts usually come in speed-parameterized families, it
is crucial to identify conditions on speed pairs (c1, ¢2), which ensure stability of
the superposed pattern, see (1.4). Since any superposition of two fronts with
different speeds is time-dependent in any co-moving frame, even the linear
analysis is challenging since we have to obtain decay estimates for a non-
autonomous linear system. For this, we rely on estimates of the numerical
range for the linearization, see (3.1), to establish resolvent bounds, which are
uniform in time and allow us to apply evolution systems theory [23].
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To formulate the main result, we first introduce a front superposition, by
gluing two fronts (p1,c1) and (pe, c2) together. For this, let x : R — [0,1] be a
C*°, monotone partition of R:

x(z) = {? z

Let 11 < 0 < 12 be two initial positions, and let ¢y = % The resulting
front superposition is defined as

u(t,z) = (1 —x(x — cot))pl(x — it — )
+ x(z — cot)pa(x — cat — ).

Note that, in general u is not a solution to (1.1), and we discuss the quality of
this approximate solution in Section 1.4.

-1
1.

)

VA

(1.4)

Assumption 2. The two fronts remain far apart: Speeds and positions are or-
dered as ¢; < ¢o and ¥y — 7 > 0.

As discussed above, we focus on the linearization of (1.1) at w, which is

given by

vy = Dvgy + Jg(ult, z))v, (1.5)
where J; denotes the Jacobian matrix of g. The instability of e3 and ey is
expected to impact the long-time dynamics of (1.5). When studying a single
monostable front, the invaded state instability has a well-understood impact.
In particular, the stability of the wave in a co-moving frame can be recovered
using spatial exponential weights [24]. This mechanism is known as convective
stability [12]. We shall refer to c-convective stability to indicate the stability
of a wave in a frame moving with speed c € R.

For a wave superposition, the relation between equilibria instability and
full pattern stability through spatial localization has not been described yet.
We investigate this connection by restricting to bounded weights. Our con-
clusion is that convective stability of individual equilibria is not enough for
the wave to be stable and that more restrictive weights are necessary. More
precisely, we make the following assumptions on the speeds ¢; and cso.

Assumption 3. The low speed c; is such that there exists a k1 satisfying

{m12_clm+(1+2a2) <0, (1.6)
dk1%2 —ciky — 1 < 0.
The high speed c5 is such that there exists a ko satisfying
dra? — caky +1 < 0. (1.7)
Furthermore, c1, co, k1 and ko satisfy
drs? —coko + 1+ K1(ca — 1) < 0. (1.8)

Conditions (1.6) and (1.7) are equivalent to ci-convective stability of es
and ce-convective stability of ey, respectively. The additional condition (1.8)
is more restrictive than (1.7), and thus rules out some speed pairs (c1,cz). As
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noticed in Lemma 12, it is always possible to fulfill (1.8) by choosing a large
enough c¢o. Thus, we understand the extra condition (1.8) as reflecting the
two-front interactions.

The present paper proves that under these assumptions, solutions to the
linearized system are exponentially damped with respect to time, if the initial
data satisfy some localization criteria. The precise result states as follows.

Theorem 4. Assume that Assumptions 1, 2 and 3 are satisfied. There exists
positive constants «, C', 1 such that the following holds. For all0 < a1, as < «,
there exists a C*° weight w : (0,4+00) x R — (0,1], such that solutions to (1.5)
with initial data vy satisfy

u(t)

w(t)

The exact expression of the weight w is given by (3.2) and (3.6)-(3.7).

v
w(0)

—nt
S

L2(®)

L2®)

Remark 5. Although the analysis in this paper is restricted to linear stability,
numerical simulations indicate that the superposition front (1.4) is also non-
linearly stable in the sense that the solution to (1.1) with initial data (1.4)
remains close to a superposition of two supercritical fronts with the same
speeds ¢; and co. See Figure 2 for a numerical solution. However, a rigorous
nonlinear stability analysis is left for future work, see Section 1.4 for more
details.

1.2. Long range semi-strong interactions

A two-wave interaction that modifies the wave shapes is qualified as semi-
strong, see [25] and the references therein. In contrast, weakly interacting waves
behave as if studied separately, while strong interaction refers to wave collision.

Other reaction-diffusion waves whose distance grows linearly have weak
interactions. See [8,18,27] for pulses and bistable front superpositions without
speed modification or position drifts.! Waves with identical speeds interact
semi-strongly, and thus present richer interactions [25], including unbounded
position drifts.

The situation is similar in non-parabolic equations, while constant equi-
libria are rarely exponentially stable in such settings. For Korteweg-de Vries,
Schrédinger, wave, or Klein-Gordon equations, pulses traveling with distinct
speeds interact weakly and pulses with equal speeds interact semi-strongly. See
for example [3,19-21] and [4,22].

In contrast to the above studies, invasion fronts interact semi-strongly
even though their distance is growing linearly with time [11]. We believe that
this phenomenon is related to the instability of the connecting state (es in
the present setting). Indeed, the instability of other states does not seem to
strengthen interactions, see [2,18].

1We believe that [27] system approach adapts to bistable front superpositions with very few
modifications.
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FIGURE 2. Space-time plot of a numerical simulation of (1.1)
with initial data given by the front superposition (1.4) and
parameter values (d,r, a1, as) = (4,2,0.75,0.75). The initial
profile is obtained from two single fronts ps and p; with su-
percritical speeds ¢; = 7.8284 > ¢q 1in = 2v/1 4+ a2 ~ 2.64575
and ¢, = 15.6569 > coyin = 2Vdr ~ 5.65685, where c¢1 /2 in
denote the linearly predicted spreading speeds obtained from
a marginal stability analysis, see e.g. [1]. The numerically
measured spreading speeds for the superposition front are
Clnum = 7.8358 and 2 num = 15.6841 and thus, the spreading
speeds remain close to the speeds of the single profiles. The
two single fronts are obtained individually using a numerical
boundary value solver for ps and a shooting method for p;.
In addition, the exponential decay of the front profile towards
the unstable equilibria is explicitly enforced using the decay
rates predicted from the linear stability analysis.

In fact, the instability of the intermediate state is only repaired in
weighted topology. When using optimal weighted norms, generic fronts lose
all their spatial localization.? This lack of spatial localization makes interac-
tion terms difficult to handle, leading to interaction between waves over large
distances.

1.3. Single front dynamics

Let us stress that the front (ps, c2) is unstable when distance is measured with
bounded weights. Indeed, behind the invasion, transport is directed towards
the unstable infinity. In fact, numerical simulations suggest that initial data
close to p» may converge to a front superposition similar to the one we study,
see Figure 3.

2The weight spatial rate is given by the smallest root of the asymptotic dispersion relation.
By solving the profile ODE in a neighborhood of the asymptotic unstable equilibrium, one
sees that this rate corresponds to the spatial rate of generic trajectory of the stable manifold.
Non-generic trajectories that belong to a strong stable manifold may stabilize for weaker
weights.
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FI1GURE 3. Left: Numerical simulation showcasing po instabil-
ity. Parameter values are (d,r, a1, @) = (4,2,0.75,0.75), and
the initial datum is a step function of e3 for z € (—50,50) and
e4 everywhere else, with an additional small perturbation in
us in a neighborhood of x = 0. Initially the solution forms a
front with a profile close to ps. However, the perturbation in
the wake then grows into a secondary slower front with a pro-
file close to p;. Right: All known single fronts (edges) between
pairs of equilibria (nodes)

FIGURE 4. Numerical simulations showcasing ps (in)stability.
Left: same parameters as in Figure 3 and initial step function
with e; for z € (—50,50) and ey everywhere else. The so-
lution initially forms a front connecting e; and ey directly,
which breaks up quickly into a superposition of p; and ps.
Right: parameter values are (d,r, a1, as) = (0.2,2,0.75,0.75),
and initial step function with e; for z € (—10,10), ez for
x € (—40,40) \ (—10,10) and e4 everywhere else. Initially a
superposition front of p; and py forms with ¢; > c¢o. This
superposition then merges into the single interface ps

System (1.1) also admits an e; — ey invasion front family (ps,c3)e;>c; -
Interestingly enough, numerical simulations also suggest that nearby initial
data quickly break into a two-stage invasion, see Figure 4. For different pa-
rameter values than those considered here, numerical simulations rather show-
case locked fronts, where the p;-ps connection reduces to a ps wave. To relate
ps convective stability to the existence of stable speed pairs (c1, ¢a) satisfying
c1 < co seems an important question to solve, see Figure 4.
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1.4. Obstacles regarding the original system

As of now, only linear dynamics can be handled. With very few efforts, we
could incorporate quadratic terms in the argument. The main obstacle we are
facing to apply the wave separation approach from [27] are residual terms.

Lemma 6. Let u be the front superposition (1.4), and w be a scalar weight.
Assume that the solution to (1.1) decomposes as

u(t,z) = u(t,x) + w(t, x)w(t, x).

Then the weighted correction w satisfies

wy = %R(@) + Lw + %Q(ww), (1.9)

where residual, linear and quadratic terms are defined as

R(u) == —u + Duy, + g(u),
1 wi
= = D(Ww) e + Jy(w)w — L,
Lw " (Ww)ze + Jg(w)w —w

Qv) :==g(u+v) — g(u) — Jg(wv.
Furthermore, the residual term expresses as
R(u) = [Dys, x](p2 — p1) + cox'(p2 — p1) — x(1 = x)Q(p2 — p1).

Proof. Getting the claimed equation on w is direct. We now describe how to
get the second expression for R. For readability, we do not write the evaluation
of functions at © — ¢ot or & — ¢;t —);, j € {1,2}. Using the profile equations

—c;p = Dpj + g(py), jef1,2},
leads to
R(w) = [DOya, x|(p2 — p1) + coX'(p2 — p1)

+ g((l —X)p1 + sz) — (1 =x)g(p1) — x9(p2).

Since g is a sum of linear and bilinear terms, straightforward computations
ensure that

g(u Copt sz> (1= )91) — x9(p2) = —x(1 - )Qp2 — p).

and the proof is complete. O

To prove temporal decay for solutions to (1.9) rather than (1.5), one may
use the integral equation associated to (1.9), and close a bootstrap argument.
Since the weight provided by Theorem 4 is bounded, w — %Q(ww) is well-
defined as a map H'(R) — H'(R). As a consequence, exponential temporal
decay for solutions to (1.5) allows to easily deal with the integral term involving

Q.
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On the other hand, the weighted residual is not time integrable in H'-
norm. Indeed, it behaves to leading order as

!
Rt ~ YO () e - an), (10
such term arising from the commutator (0,4, x](p2 — p1). Although (1.10) has
compact support, its L>°-norm exponentially grows in time. Indeed, the spec-
tral gap (1.6) requires the weight to be more localized than p; — ej.

Although our linear analysis would apply to a different superposition
ansatz, to our knowledge no choice leads to better residual behavior than
(1.4). A linear superposition

u(t, z) = p1(x — c1t) + po(x — cat) — e3,

does not create linear terms as (1.10), since the weighted residual behaves at
leading order as

1

w(t,z)B(pz(:C —cot) — ez, pi(z —cit) — e3> (1.11)

for some symmetric bilinear map B : R? x R?2 — R2. However, the absence
of a cut-off function y allows for much more communication between the two
profiles. In the region x > ct, (1.11) reduces to #==*, and is thus insensitive
to p2. At & = cot, it exponentially grows with time because of the spectral gap
condition (1.6).

1.5. Future directions

1.5.1. Incorporating residual terms. In view of the previous subsection, the
more promising direction seems to saturate the spectral gap conditions, that
is to work with critical weights. In such a setting, modulation of the front
positions and speeds to account for the L* residual as a forcing term seems
an interesting scenario. A first step in this regard is to better understand the
orbital stability of single invasion fronts [13].

1.5.2. Periodic equilibrium. In many biological and physical models, equilibria
are spatially periodic. For example, the KPP equation with non-local inter-
actions presents two-stage invasions with periodic equilibrium at the back.
Such patterns can be described using the approach in [10] when the two in-
vasive equilibria are close. Looking for their stability would be an interesting
direction.

1.5.3. Critical speeds and selection. The current paper deals with the linear
stability of a superposition of two invasion fronts with prescribed, supercritical
speeds ¢; and ¢y, which is exploited in the proofs through the presence of a
spectral gap. In contrast, invasion fronts with critical speeds are expected to
be nonlinearly stable only with algebraic decay rates [1,5,9], or without decay
rates [13], due to the lack of spectral gap even in optimally weighted spaces.
Stability of two-stage invasions constructed from (at least) one critical wave
seems out of reach with our current tools. Indeed, numerical range estimates
for system are not sharp, forcing us to work in a setting with spectral gap.
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1.6. Technical summary and outline
With the change of variable v = ww, equation (1.5) equivalently rewrites as
wy = L(t)w, (1.12)

= Dwg, + QD&wm + (Jg(g) L + Dwm) w,
w w w

while Theorem 4 states temporal decay for w. To control the long-time dy-
namics of the linear equation (1.12), we rely on the evolution system theory
[23, Chapter 5]. It requires spectral stability of the parabolic operator family
L(t): H*(R) C L*(R) — L*(R).

To obtain time-independent resolvent bounds on L(t), we estimate its
numerical range, see (3.1). This approach allows us to handle operators and
weights that are space- and time-dependent . In addition, numerical range
study appears convenient for scalar KPP equations [17], since it sharply con-
trols their spectral gaps. However, numerical range estimates poorly handle
systems with coupling coefficients. This results in the smallness assumption
on a7 and ag. The key point of the proof is to carefully design w to recover
stability. Condition (1.8) comes from this construction.

The structure of the paper is then as follows. In Section 2, we revisit the
existence and (in)stability of the steady states and single fronts. We also estab-
lish that Assumption 3 can indeed be satisfied for any parameters (d, r, a1, as)
and an open set of speeds (c1, ¢2). In Section 3, we establish numerical range
bounds for the time-dependent, weighted linear operator £(t). Finally, Section
4 provides the proof of the main Theorem 4.

1.7. Data availability statement

The numerical simulations displayed in Figures 2, 3 and 4 have been obtained
using Matlab (Version 24.1.0, R2024a), and the code is available at https://
github.com/Bastian-Hilder/FrontCascade.

2. Endstates and single fronts

Before proving Theorem 4, let us collect a few useful facts about constant
equilibria and single fronts.

Lemma 7. Under Assumption 1, ey is spectrally stable while es, es and ey are
spectrally unstable.

Proof. 1t is direct to compute that
_(r(1—=2u) O QU2 Gy
Jg(u) o < 0 1-— 2U2 + QU Uy ’ (21)
Direct computations show that J,(eq) has two stable eigenvalues, while Jy(e2),
Jg4(e3) and Jg(eq) all have at least one unstable eigenvalue. Using Fourier trans-

form, spectral (in)stability of J,(e) is equivalent to L?(R) spectral (in)stability
of DOyy + Jy(e). O
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We now discuss the existence of invasion fronts. Insert the traveling wave
ansatz (1.3) into (1.1) to obtain the profile equation

0= Dp" +cp' +g(p). (2.2)

Lemma 8. There exists c1,« > 0 such that for all c; = ¢y, there exists p; :
R — R? such that (2.2) is satisfied, and

limp; = ey, limp; = e3.
— 00 —+oo

Furthermore, components of py are monotone, and there exists r1 € R such
that for all x < x4

pl,l(x) 2 17 pl,Q(‘T) 2 ]-7 (23)

Proof. Following the definition from [26, §2.2], it is direct to see that system
(1.1) is monotone. In particular, notice that e; > e3 component-wise. Applying
[26, Theorem 2.2] provides ¢, > 0 and profiles p; for all speeds ¢1 > c1 ..
Both components of p; are monotone, thus decreasing, and (2.3) follows from
the component-wise inequality e; > (1,1)7T. O

Lemma 9. There exists ca . > 0 such that for all co = ca ., there exists pa :
R — R? such that (2.2) is satisfied, and

lim py = eg, lim py = ey.
—0o0 +oo
Furthermore, for every e > 0, there exists xo € R such that for all x < xo,
p2a(7) >1—e. (2.4)

Proof. Looking for a profile ps = <£ 2’1> with ps 2 = 0, we see that the system
2,2

s

(2.2) decouples, and is equivalent to the scalar KPP profile equation
0 =dpy, + capyy +1p2i(1 —p2a).

Applying [17], we obtain the slowest speed ca . = 2Vdr, and existence of a
decreasing profile connecting 1 to 0 for all speeds ¢z > c3 «. O

We conclude this section with a convective stability criterion for the un-
stable equilibria.

Lemma 10. Let ¢1 > c1,4, and k1 > 0 such that (1.6) holds. Then diagonal
coefficients of Jy(e3) — c1k1 + Dr1? are negative.

Proof. Using expression (2.1), we find that diagonal coefficients of Jy(e3) —
c1k1 + Dk ? are precisely the left-hand sides in (1.6). O

Lemma 11. Let ¢; > ca.., and k2 > 0 such that (1.7) holds. Then diagonal
coefficients of Jy(eq) — caka + Dro? are negative.

Proof. The proof is almost identical to the previous one. Due to Assumption
1, diagonal coefficients of Jg(e4) — caka + Dxy? are less than r — cokg + dro?.
This is precisely the left-hand side in (1.7). O
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Finally, we show that it is indeed possible to satisfy all conditions in
Assumption 3. In particular, equilibria eg and e4 are not remnantly unstable
for large speeds, following [7] classification.

Lemma 12. For any values of (d,r, aq, as), Assumption 3 is fulfilled by taking
c1 and co large enough.

Proof. We begin with a proof that (1.6) is fulfilled when ¢; is large enough.
Given ¢; > 24/1 + ap each condition in (1.6) have explicit solution sets

1
‘fil—%l <§ c1? — 41+ a9),
and )
‘/{1 ;;‘ < 2d\/012—|—4dr.

Since these two intervals are respectively centered at ¢ > both conditions

in (1.6) can be fulfilled simultaneously precisely when

C1 1 1
g 4 <Ly —\/e?+ 4ar.
> gVl — AT o) < g+ op /e + ddr
Dividing by % and Taylor expanding when ¢; — 400, this condition becomes

1+a—r+0 1 - 1
012 c1—+o00 Cl4 da

2d’

which is satisfied for all large enough ¢;.

We now turn to (1.7). The set of admissible xy for this inequality is non-
empty as soon as ¢y > 2v/dr. Furthermore, when ¢, — +oco the lower and
upper bounds expand as

T 1 Co r 1
— +0ct00 | —3 — — — 4+ 00—t | —5 |- 2.5
62+ 2—+ <02‘3><K/2<d 02+ 2—+ <023> ( )

To conclude, let us discuss (1.8). We see from (2.5) that ko > k1 is always
possible when ¢ is large enough. Increasing ¢, if necessary then ensures that
(1.8) holds. The proof is complete. O

3. Numerical range bounds

The goal of this section is to prove a time-uniform resolvent bound on £(t), see
the later Proposition 17. It essentially reduces to locate the numerical range
of L(t), a subset of the complex plane defined as

Rey = {{(L(t)u,u) 1 u € H?(R,C?), lull L2y =1} . (3.1)

Since L(t) is parabolic, our goal is to include Rp in a stable sector, see
Lemma 14. To keep the presentation simple, we first showcase the estimate for
a single scalar front, and then present the two-stage invasion case.

The simpler scalar case discussion is independent of Theorem 4 proof.
While such a wave is usually handled with a co-moving frame approach to get
rid of time dependence, we take the occasion to illustrate that our method also
applies in the steady frame.
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3.1. Single scalar wave

In this subsection only, we study the simpler scalar model
U = dOgzu + Tu(l — u),

which is a KPP equation obtained from (1.1) by restricting to the invariant
subspace us = 0. This KPP equation admits a front p(z — ct) with speed
¢ > 2v/rd. We linearize at its neighbourhood, and further use a weight in
exponential form: w(t,z) = (). The expression of £(t) then reduces to

LXPP(t) = dDaq + 2620z +7(1 = 2p(x — ct)) — $1 + d(6rx + 027).
From the standard identity Re (¢guq, u) = —3(¢zpu, ), that is obtained with
one integration by parts, we compute that

Re (LPPu,u) = —d||us||22 + (aou, u),
Im (L5PPy, u) = 2dTm (P, u),
where

ag :=1(1 —2p) — ¢y + dp,>.

Lemma 13. There exists a positive constant n and a C* function ¢ : (0,4+00) X
R — R such that for all (t,z) € (0, +00) x R

ap(t,z) < —n.

Proof. We can always assume that % < p(z—ct) <1 when z —ct < 1. Indeed,
p is monotonic, and the profile equation is translation invariant. Thus p can
be replaced with p(- — z) for zp € R. From the condition on ¢, there exists an
7 > 0 such that

dk? —ck+1r=—n
admits positive solutions when solved for k. Let k be one of these solutions
and define

0 if v —ct < —1,
Pt,x) = —%(x—ct+1)? ifz—cte(-1,1),
—k(z — ct) ifox—ct>1.

It is direct to check that ¢ is C! with respect to its variables.
When x — ¢t > 1, the choice of k ensures that

ap(t,x) = =2rp(z —ct) —n < —n.
When z — ¢t € (—1,1), we compute that
ag(t,x) = —2rp(x — ct) + P(x — ct),

where P is the convex second-order polynomial

ck  dr? dx? ok dr? 4
P@“—Gz*4>+(22)y+4y-

In particular for all y € (—1,1),
P(y) < max(P(-1),P(1)) = max(r,—n) =r.
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Thus, when x — ¢t € (—1,1),

ap(t,x) < r(l —2p(x — ct)) < —%.

We remark that the last chain of inequalities is still valid when x — ¢t < —1.
Shrinking 7 if necessary, we proved the claimed bound for all (¢,z) € (0, 4+00) X
R.

To conclude the proof, we explain how to improve regularity from C! up
to C>°. We set a partition of unity 6 : R — [0, 1] such that

0 |yl > 2,
0(y) = 4 5

First, notice that the restriction @j.;_2 c¢42) is time-independent after a suit-
able space translation. We approximate it using density of smooth func-
tions: For any & > 0, there exists a C*° map ¢ : [—2,2] — R such that
[6(- + ct) — @llwie(—2,2) < 6. The convex combination

(t,x) — 0(x — ct)p(xz — ct) + (1 — 6(x — ct))p(t, x)
is & close to ¢ in W*°-norm, so that the bound ag < —n is still valid upon
shrinking 7. 0
Assuming that ||ul|g2 = 1, the previous lemma ensures that

Re (L%Pu, u) < —|lugll72 — 1.
Turning to the imaginary part, we obtain

[Tm (£¥PPu, w)| < 2dk||ug|| 2.
Thus, for all u € H?(R) with ||ul[z2 = 1, there exists £ > 0 such that

(LPy,u) e {Ae C:ReA< —¢%—n and [ImA| < 2dk},
C {MeC:ReXA < —C(1+ [ImAP)}

for some constant C' > 0.

3.2. Two front superposition

Coming back to the actual notations, we proceed similarly as in the previous
subsection. To lighten notations, we may again write the weight in exponential
form:

w(t,z) =: e?t), (3.2)
Lemma 14. Let ¢ as in (3.2). For each t > 0 and each u € H*(R, C?),
Re (L(t)u,u) = —(Dug, uz) + Re (Agu, u),
Im (L(t)u, w) = 2Im (Dpyuy, uw) + Im (Jg(uw)u, u),
where

Ay = Jg(ﬁ) — o+ D(¢x)2

Proof. Since the coefficients of £ are real-valued, and most of them are diago-
nal, the expression of Im (Lu, u) is as claimed. The expression for the real part
follows from the identity Re (¢guq, u) = — 5 (¢zau, u). O
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The following lemma ensures that the system case reduces to the scalar
case when coupling coefficients are small enough.

Lemma 15. Let a, b, ¢, d in R such that a <0, d <0 and b;“ < +Vad. Let

- (1)

Then there exists n > 0 such that for any Z = (21, 22)T € C?
Re(AZ, Z) < —n|Z|*.

Proof. We compute that
Re(AZ,Z) = a|z1]? + d|z2)? + (b + ¢)(Re 21 Re 29 + Im 21 Tm 23).
Using Young’s inequality zy < §x2 + 2%3/2, to bound the right-hand side, we

obtain the estimate
c b+c
Jiai + (a+ 525 1P
Setting e = /%, it rewrites as

1
Re(AZ, Z) < (b—;c — \/ad> (<€|,21|2 + 6|,22|2> ,

which completes the proof. ]

Re(AZ,Z) < <a+eb+

Lemma 16. There exist positive constants n, o and ¢ : (0, +00) xR — (—00, 0]
such that for all aq,an € (0,a) and (t,z) € (0,+00) x R, the diagonal coeffi-
cients of Ay are less than —n.

Proof. To keep formulas readable, we drop the initial shifts in this proof. That
is we assume ¥ = 99 = 0. The proof adapts to non-zero shifts by replacing
each occurrence of x — c;t with  — ¢;t — ;.

We decompose the half plane into five regions: (0, +00) xR = I; U...UI5.
The first three correspond to u being close to constants:

L= {(ta) o — et < 1},
Iz={(t,z):x —cit >1and z — cot < —1},
Is = {(t,x) 2 —cot > 1}.
The remaining two correspond to transition regions of wu:
I =A{(t,z) :x—erit € (-1,1)},
Ii={(t,z) 12 —cot € (—1,1)}.

Let us collect some useful bounds on the profile u. Upon taking a smaller «,

we can assume that
(u(t, ), (u(t,z)), < 2. (3-3)

As for a single front, we can always translate both p; and ps. More precisely,
let € > 0 be chosen in a few lines. Using (2.3)-(2.4), we can assume that

(tr)eLUL = (ut,z)),,(ult z),> (3.4.a)
(tx)el3Ul, = (u(t,z)),>1- ((t x)) > 0. (3.4.h)
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In the region where u is close to unstable equilibria, we need exponential
decay. Let k1 and ko which satisfy Assumption 3. From (1.7), we can choose
€ so small that

dry? — c1ky — 1 4 2re < 0. (3.5)
We then define
0 (t,z) € I,
o(t,x) =< —r1(x — c1t) (t,z) € Is, (3.6)
—k1(c2 — 1)t — ka(x — cat)  (t,x) € Is.
On the transition regions, we further impose
o(t.2) = {—"ﬁf(a@ —cit+ 1)27 (t,x) € I, 37)
—k1(x —ert) — B2 (z — et + 1)? (¢, @) € Iy

It is direct to check that ¢ is C! with respect to its variables. From (3.6), we
compute:

Jg( ) (t,l‘) € Ilv
Ay = Jg(g) — K1C1 + Dlil2 (t,LL') e I3,

=

Jy(u) — koca + Dro® + k1(co — 1) (t,z) € I,
while (3.7) leads to:
Ay = {Jg(u) + Py(z —cit) (t,z) € Lo,
Jg(u) + Py(x — cot) (t,x) € Lu,

with second-order polynomials

Tk c1k 2
Py(y) = %D — 12 LI % (mQD — cml) + yzn12D7
2 _
Py(y) = (2 Zﬁl) D — 02(@2 ") pres
y y?
+ 5 ((Ii22 _ [g12)D — CQ(K,Q — Kl)) + Z(Iﬁg — Hl)QD-

We now successively bound diagonal coefficients of Ay in the different regions.

o I : Using the expression (2.1) for Jy(u) and (3.4.a), we get that diagonal
coefficients are less than —r + 2a; and —1 4 2a4 respectively. Both are
negative when « is small.

o Iy : We first compute P, on the boundary:

PQ(—l) :0, Pg(l) :DFL12—011€1.

Then, we handle P, using convexity of its coefficients, and J,(u) using
the same bound as in I; to obtain that diagonal coefficients of A, are less
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than (respectively)
2a + max(—r,dk1? — ¢y —7),
2a + max(—1, k12— c1kq — 1).

Using Assumption 3 and taking a small enough, both are negative.
o I3 : From (3.4.0), diagonal coefficients are less than (respectively)

20+ dri? — ciky — 1 + 2er,
200+ k12 —c1ky — 1.

Using (3.5) for the first coefficient and the first line of (1.6) for the second,
and taking a small enough, both are negative.
o Iy : We compute P, on the boundary:

P4(—1) = /{12D — C1k1,
Py(1) = Ko’ D — cokig + k1(ca — c1).

Using (3.4.0) to control J,(u), and convexity of Py, we get that diagonal
coefficients of Ag are less than (respectively)

2(re + ) + max (dn12 —C1K1 — T,

drg? — cokg — 1+ K1(ca — 01))7
and
2a + max (/{12 —c1k1 + 1, /@2 — Ccoko + 1+ K/l(CQ — cl)).

Using (3.5) and (1.8), the first coefficient is negative. The second one
follows using (1.6), (1.8), r > 1 and again choosing « sufficiently small.

o I5 : Using Assumption 1 and (u)1,(w)2 > 0, we obtain that diagonal
coefficients of Ay are less than

20 + dkio? + Cokia + 1 + ki(ca — c1).

Equation (1.8) precisely ensures that this quantity is negative when « is
sufficiently small.

To conclude the proof, we can improve the regularity of ¢ in a very similar
way as for the single front case. We notice that close to a regularity defect,
¢ only depends on = — ¢t or x — cot, and use the approximation by smooth
functions twice. 0

Proposition 17. Fiz d > 1,7 > 1 and let Assumptions 1, 2, and 3 be satisfied.
Then, there exist positive constants 1 and « such that for all aq,as € (0, )
and t > 0, the spectrum of L(t) is included in the sector

S:={AeC:ReA< —n(1+|ImA])}. (3.8)
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Furthermore, for each t > 0 the following resolvent estimate holds. For each
A ¢ S and each f € L*(R),

11l 2 my

dist(n, 5) (3:9)

||(>‘ - ’C(t))ilfHLQ(R) <

Proof. We show that the numerical range of £(¢) is included in S. It implies
the claim, as shown by [16, Lemma 4.1.9].

Let u € H%(R,C?) such that ||u| ;> = 1. Using Lemma 14, we can bound
the real and imaginary part of (Lu,w). Since ¢, and the coefficients of J,(u)
are bounded,

[t (Lu, w)] < C el 2 [lull 2 + CllullZs,

<
<O (14 ||ugl ;2) - (3.10)

To estimate the real part, we rely on Lemma 15. From Lemma 16, diagonal
coeflicients are negative. Off-diagonal coeflicients read o;u; and asu,, thus
Lemma 15 applies when « is small enough. This yields a C' > 0 such that

Re (Lu,u) < —C(1 + |Jug|32). (3.11)

Combining (3.10) and (3.11), we see that there exists £ € R such that (Lu, u)
belongs to the set

{AeC: ReA<-C(1+¢&%) and [ImA|<C(+[¢)},
which is itself a subset of (3.8) for a small enough 7. O

4. Proof of the main result

Proof: Theorem 4. To control solutions to (1.12), we rely on the evolution
system theory [23, §5.2, §5.6]. The family of operators £(t) : H*(R) C L*(R) —
L?(R) is stable with constant (1,—n), due to the resolvent bound (3.9). It is
direct to check that L£(t) := L(t) + n satisfies

H (5(t1) - 5(752)) 5(t3)’1fHL2 < Clty — to|| fll 2,

since u and w are continuous. Applying [23, Theorem 6.1] to L, we recover
that z(t) = e"w(t) satisfies

12()][ 2 < Cll2(0) | >

Unfolding the change of variable concludes the proof. O
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