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Manifesting across all time, mass and length scales, nonlinearities lie at the
core of numerous physical phenomena. Next-generation quantum applica-
tions, such as quantum sensing, require the combination of nonlinearity with
non-classical correlations. This necessitates the search for an experimental
platform which enables a nonlinear response at ultra-low excitation levels in a
system with practical sensing potential and quantum compatibility. Here, we
report the observation and theoretical modeling of nonlinear dynamics in a
mechanical system driven at the single-excitation level. We achieve this using a
cavity-optomechanical platform with large single-photon coupling rates and a
nonlinear microwave resonator. Specifically, the large Kerr nonlinearity of our
superconducting microwave circuit reduces the threshold for the observation
of nonlinear dynamics by four orders of magnitude, making this regime
experimentally accessible at the few-photon level. The parameter-based
quantitative predicative power of the theoretical description underlines our
deep understanding of the physics involved and that this device concept paves
the way for experiments with non-classical microwave drive schemes.
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Nonlinear dynamics is fundamental to both classical and quantum
systems. It gives rise to an extremely rich class of physics, like
bifurcation', chaos*’, and synchronization*®. Typically, these phe-
nomena are highly sensitive to initial conditions, requiring a thorough
study and a deep understanding to make precise predictions and
enable effective use of nonlinear dynamics. While nonlinear systems
are ubiquitous in nature, their systematic experimental study often
relies on classical mechanical systems or electronic circuits®’. Addi-
tionally, nonlinearities also play a substantial role in quantum
mechanics and are indispensable for quantum state generation®™'%
Optomechanical systems parametrically couple an electro-
magnetic resonator with a mechanical mode, enabling extremely

sensitive readout schemes for mechanical sensing applications
These systems allow for the monitoring of minute forces originating
from, e.g., electromagnetic fields, Bose-Einstein condensates, mass,
and even gravitational waves"%, Their extreme sensitivity is linked to
the ability to prepare the mechanical mode in the quantum mechanical
ground state® " or non-classical states like squeezed states’**. In
addition, the same devices are also ideally suited for exploring non-
linear physics both in the classical and quantum domain® . However,
due to the weak optomechanical interaction strength, these systems
have been mostly limited to the classical regime up to this point. There
have been numerous studies on such nonlinear dynamics in the clas-
sical domain, specifically self-sustained oscillations, both from a
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theoretical and experimental perspective®* >, Most of these works rely
on driving the system at high input powers to observe such features. In
general, a combination of non-classicality and nonlinear response of
the mechanical system can be accessed in the single-photon strong-
coupling regime, where the optomechanical coupling rate exceeds the
photonic and phononic decay rate. In addition to accessing nonlinear
quantum dynamics, this regime allows for the generation of arbitrary
quantum states® **,

Since entering the single-photon strong-coupling regime is
experimentally demanding, suitable schemes need to be explored to
reduce the demands on the coupling strength. Promising strategies
include enhancing the nonlinearity induced by the optomechanical
coupling strength, e.g., by implementing nonlinear elements in the
electromagnetic circuit. Inductively coupled cavity-optomechanical
systems using superconducting microwave (quantum) circuits with
embedded mechanical elements, as demonstrated in refs. 44-47, are
ideally suited to test this conjecture. These systems combine an
intrinsic nonlinear microwave resonator with a mechanical element
and the ability to prepare the mechanical modes close to the ground
State46,48*51.

Here, we experimentally explore and quantitatively model an
optomechanical system with a strong nonlinearity implemented as a
superconducting quantum circuit. We observe self-sustained
oscillations®*** of the mechanical oscillator by measuring the scatter-
ing response of the nonlinear cavity at excitation levels as low as a few
photons. Our semi-classical model quantitatively describes the
observed nonlinear response using independently determined system
parameters. Notably, the excitation level of the microwave resonator
required to trigger self-sustained mechanical oscillations is by several
orders of magnitude lower than in conventional optomechanical sys-
tems based on linear cavities. The observation of nonlinear features at
occupations as low as a few photons makes the setup compatible with
future studies in the quantum domain. Specifically, this provides a
pathway to investigate nonlinear dynamics driven by non-classical
excitation schemes.

Results
Device concept
We use the inductively coupled nano-electromechanical device, which
has been described in refs. 44,52. The microwave cavity is frequency
tunable between 6.6 and 7.35 GHz by an external magnetic field. It is
realized as a superconducting A/4 coplanar waveguide (CPW) reso-
nator made from an aluminum thin film (Fig. 1), which is shunted to
ground via a dc superconducting quantum interference device (dc-
SQUID). The dc-SQUID is partially suspended and hosts two nano-
mechanical string resonators with a length of 30 pm and resonance
frequencies of Q.,/(2m)~ 5.6 MHz, sharing loss rates of approxi-
mately I',/(2m) ~ 10 Hz. It adds a magnetic flux-dependent induc-
tance to the circuit, which allows for tuning of the microwave
resonance frequency w., controls the optomechanical single-photon
coupling rate go, and adds a Kerr nonlinearity K to the microwave
harmonic oscillator. We adjust the applied flux ® and the total mag-
netic field By using an in-plane and an out-of-plane magnetic field B;,
and B,,p, respectively. In this paper, we focus on the mechanical mode
at Q.,/(2m) = 5.607716 MHz, with large single-photon optomechanical
coupling rates go ranging from a few to tens of kilohertz.

This electromechanical device can be accurately modeled using
the Hamiltonian for a driven optomechanical system with the addition
of a Kerr nonlinearity to the cavity mode***5>3,

H/h=—nd'a+0,b'b— ga*a*aa +god'ab+h). M

g L .
Here, a(b), a' (b ) are the annihilation and creation operators for the
cavity (mechanical) mode, and A = w;, - w is the detuning in the frame

Fig. 1| Schematic representation of the examined device. The device features a
superconducting flux-tunable A/4 coplanar waveguide (CPW) resonator (orange),
which is shunted to ground via a dc-SQUID. Signal input s;,(¢) and output s, (¢) are
achieved through a transmission line (blue). The dc-SQUID is partially suspended,
forming two nanomechanical string resonators (only one of which is depicted
here). The frequency of the microwave resonator is tunable via an out-of-plane
magnetic field B,op. The application of an in-plane magnetic field B, induces an
optomechanical coupling between the out-of-plane displacement of the nanostring
and the CPW resonator. The sample is probed at a temperature of 70 mK in a
commercial dilution refrigerator. Details on the device fabrication and cryogenic
wiring can be found in the “Methods" section.

rotating with respect to the external microwave probe frequency wy,.
Note that w, is the resonance frequency of the nonlinear cavity at very
small driving strength, i.e., in its linear regime.

Stability analysis

Since self-sustained oscillations are a signature of instability in the
mechanical mode, we first discuss the stability of our system as a
function of the detuning A and the input photon flux n;,. For this
analysis, we solve for the fixed points of the system and perform a
linear stability test in their proximity’ (Supplementary Note 7). Gen-
erally, such an optomechanical system has one or three real solutions
for fixed points® depending on n;, and A. This is because the number
of physical (real) solutions to the fixed-point equation is governed
by a cubic equation, which can have either 1 or 3 real solutions
depending on the parameters. If the real part of all the eigenvalues of
the stability (drift) matrix is negative, then the corresponding fixed
point is stable.

Figure 2 compares the resulting stability diagram of our elec-
tromechanical system with and without a non-zero Kerr and opto-
mechanical interaction, where we normalized the input photon flux
in all cases to the same critical photon flux 7, crie = 2k3/(3v/3K excKefr)
calculated for I, g¢#0. Here, the effective Kerr constant K =K + K,
is composed of the intrinsic nonlinearity of the superconducting
circuit K and the nonlinearity originating from the radiation pressure
of the mechanical mode K,,,****. While the case of a linear cavity, X =0
in Fig. 2a, c, shares features like multi-stability with that of a nonlinear
cavity, K#0 in Fig. 2b, d, e, a non-zero K value dramatically reduces
the excitation powers required to enter this regime. In particular, the
non-zero Kerr nonlinearity shifts the transition from at least one
stable (regions ii-iv) to one unstable (region i) fixed point towards
negative detunings (i.e., the red sideband) for very low intra-cavity
photon occupations. Because the cavity resonance shifts towards
negative detunings due to the strong Kerr nonlinearity, the effective
sidebands also shift with power, enabling an effective heating of the
mechanical mode at negative detunings. Moreover, the multi-stable
area (regions iii, iv), with three fixed points, is accessible at several
orders of magnitude lower input powers than in a linear opto-
mechanical system. We can understand this by the critical photon
flux that quantifies the boundary where our system becomes
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Fig. 2 | Stability diagram of a (non)linear optomechanical system. The system is
described by Eq. (1) as a function of the normalized detuning of the probe fre-
quency from the cavity resonance, A/Q,, and the input photon flux n;, normalized
with respect to the critical photon flux n, i at which the optomechanical system
becomes bistable. On the left, panels a and ¢ show a linear system with £ =0,
whereas in panels b, d, and e on the right, a Kerr nonlinearity of X/2m=70kHz is
assumed. For all panels with non-zero coupling, go/21t = 4.69 kHz. ni, (it is the same
in all panels and calculated for the case of /2 =70 kHz. It corresponds to an input
power of —120 dBm, where the cavity starts to bifurcate at an occupation of

N, i =19. These parameter values correspond to parameter set lll in the experi-
ment (Table 1). The colors depict stability regions with different amounts of (un)
stable solutions. In region i, we find one unstable, in ii one stable, in iii one stable
and two unstable, and in iv two stable and one unstable fixed point. Unstable
regions are encircled by a dashed orange line. In b, the cavity nonlinearity induces a
Kerr-enhanced instability, extending the unstable region compared to a linear
system (orange shaded area). Note that panel ¢ extends a to vastly larger input
powers. Only then one can observe multi-stability in a linear system, whereas the
Kerr nonlinearity reduces the input power required to reach this regime by four
orders of magnitude. Panel d is a zoom into the low power region of b, where the
dashed horizontal lines represent the input powers displayed in Fig. 3c,d. Panel

e shows the phase diagram for a classical nonlinear duffing resonator with zero
optomechanical interaction go = 0.

multistable, which is a nonlinear phenomenon. The critical photon
flux nj, oric is determined by the effective Kerr K.¢. For our system
parameters in Fig. 2, K,,, ~ 107*KC, which means that the critical input
power is roughly four orders of magnitude smaller compared to a
linear cavity. Hence, the finite Kerr nonlinearity qualitatively alters
the stability diagram as displayed in Fig. 2a, b. For large positive
detunings, the system is forced back into stability for £#0 by the Kerr
nonlinearity, whereas for K = 0 this boundary is only determined by A
and go. By setting go = O as in Fig. 2e, we recover the phase diagram of
a classical Kerr nonlinear resonator with three fixed points (two
stable and one unstable, region iv).

We can intuitively understand the qualitative form of the stability
diagram. The region with one unstable fixed point links to the possi-
bility of stimulating self-sustained oscillations of the mechanical sys-
tem using a blue sideband drive (region i). The multiple fixed points
originate from the total Kerr nonlinearity of the system, with con-
tributions from the microwave circuit and the optomechanical
interaction*®,

Within the stability diagrams shown in Fig. 2 we can identify the
following bifurcations: (i) a Hopf bifurcation at the transition between

a stable and an unstable fixed point (boundary between region i and ii)
and the same transition when involving a total of three fixed points
(transition from region iv to iii); (ii) a (inverse) saddle node bifurcation
occurring between areas with three and a single fixed point (transition
from ii to iv, and from iii to i). More details can be found in Supple-
mentary Note 7.

Cavity scattering response

To link the stability diagram to the experimental data, we model the
scattering response of the microwave resonator Sy; = Sou/Sin in dif-
ferent stability regimes using two approaches: an approximative ana-
lytical model and the full numerical solution of the equations of
motion of the system, both of which are discussed in Supplementary
Note 6. Both approaches employ standard input-output theory” to
obtain the cavity response. For the analytical description, we distin-
guish between the responses obtained in the stable and unstable
regions. When the system is stable, the scattering response S, is given
by

Kext 1

Su=1- 2 T+ Ky )t K2

@)

Here, kK = Kex; + Kint iS the total loss rate of the microwave resonator with
the coupling rate ke and the internal loss rate ki, and 11, is the steady
state photon occupation of the microwave cavity.

In the regime of instability, we solve the classical equations of
motion assuming a coherent oscillation of the mechanical mode with
B=p+Be et where B represents the static displacement of the
mechanical resonator and B’ (¢) are the amplitude (phase) associated
with the oscillations of the mechanical displacement®** B is deter-
mined via the power balance condition 'y, + Iope = O with the opto-
mechanical damping rate I',,°. The scattering response in this regime
is

- Kext jn(zl)/n(zl)
Su=1= 5 D i A Kgn, + MO FK/2 &)

n

with /, the Bessel function of the first kind and z; =2B'g,/Q,,.

In addition, we simulate the system's response by numerically
solving the equations of motion for our Hamiltonian and using the
input-output relation to obtain the scattering response. The simulation
fully captures the dynamic evolution of the correct photon number
without assuming a steady state, as done in the analytical model. This
allows the correct incorporation of the Kerr nonlinearity's effect,
especially at the transition boundary between stable and unstable
dynamics. Furthermore, we can precisely predict the time required for
the system to reach its steady state (see Supplementary Note 6.2 for
more details). Note that we have restricted the discussion to classical
dynamics and thus have not investigated quantum fluctuations since
our single-tone measurement only gives access to the mean-field
scattering response of the system.

Pulsed measurement technique to avoid transient dynamics
For the experiment, we apply a combination of in-plane and out-of-
plane magnetic fields. This sets the single-photon coupling rate
0= (000 )VBexXpel*** and the intrinsic Kerr nonlinearity K of the
cavity (Table 1, and SI). Here, 0 0. = 0w./0® is the flux responsivity, i.e.,
the derivative of the cavity resonance frequency with respect to the
applied flux @, y is the mode shape factor, and [ is the length of the
nanostring.

Specifically, we set B;, = 30 mT for all experiments presented and
control gy between zero and several tens of kilohertz using ®p via
Opw. ~ O, wc. Notably, ®oop also affects the Kerr nonlinearity K of
the cavity. Thus, by adjusting the out-of-plane magnetic field Byop OF
Do, We are able to explore a wide range of system parameters
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Table 1 | Experimental system parameters

Set Il Set Il Set IV
We/2rm (GHz) 7.310 7.241 7.006
Kine/ 2T (MHZ) 0.60 0.68 2.33
Kext/ 21T (MHZ) 1.72 1.64 1.55
K/2m (kHz) 20 70 1.4x10°
N, crit 67 19 1.6
Qn/2m (MHz) 5.607653 5.607483 5.607110
I'm/2m (H2) 14 12 6
9o/21 (kHz) 1.95 4.69 18.4
go/K 0.10 0.07 0.01

The sets of system parameters are determined independently at the working points and used as
input to the analytical model and the numerical simulation of the scattering response. Additional
parameter sets are discussed in Supplementary Note 4. Since the actual occupation of the
nonlinear microwave cavity depends on the detuning A, we give the cavity occupation at
bifurcation and at the critical detuning as A, . =K/v/3K; as a reference. Note that due to the
tunability of our microwave cavity, we are able to cover substantially different values of go, K,
and thus also the ratio go /K.

(Table 1). To demonstrate our quantitative understanding of the
response, we determine the system parameters for four distinct
working points using independent techniques as discussed in Sup-
plementary Note 1. Those then serve as input parameters for our
theoretical model, which we compare with the experimental data.

To explore the stability diagram and the dynamic response of the
system experimentally, we apply a single fixed frequency microwave
tone at w, to the system (sio(f)) and record the response in the time
domain (so.(¢)) (Figs. 3a, b and 1) in the form of a time-dependent
complex transmission parameter S,,(¢). The tone is applied, and Sx(¢)
is recorded for 1.4s to experimentally measure the ring-up of the
mechanics and verify that the steady state is reached. To display the
transmission parameter only in the steady state, S(¢) is averaged over
the last 2 ms of the pulse. This ensures that it is not altered by transient
or ring-up effects, which occur initially after the probe pulse is applied.
Between subsequent interrogations, we allow the system to equilibrate
with its thermal environment for 0.8 s, so that any mechanical exci-
tation fully depletes before the next pulse is applied. We repeat this
procedure as a function of the frequency of the microwave tone w,. A
full Sy1(w, ¢) spectrum can be found in Supplementary Note 3. Fig-
ure 3¢, d shows the resulting steady state transmission as a function of
frequency for two different excitation powers Py at the cavity. This
measurement protocol is essential to compare the experimental data
with theory. Since our system is weakly dissipative (k < Q,,) along with
80 < Qn, itcanrequire up to 1s to reach the steady state after the probe
tone is applied, which we observe both in the simulation and the
experiment. Hence, conventional frequency swept experiments can
result in a transient behavior, which is beyond the scope of our theo-
retical treatment (for more details, see Supplementary Note 3). We
chose this measurement protocol since it is a conceptually simple and
fast measurement with good signal-to-noise at the given bandwidths
and powers. Moreover, it allows for a direct comparison with our
theoretical framework. A measurement of the self-sustained oscilla-
tions by the temporal behavior of the microwave output power, as
done in, e.g., ref. 30, is impractical due to the low power levels in
our study.

Connecting experiment, model and stability analysis

Figure 3c, d show the steady state transmission data for Py = — 139.6
and - 118.6 dBm, which correspond to n;,/nin ¢ric = 0.008 and 1.10,
respectively. The power at the sample is calibrated as detailed in
Supplementary Note 2. The data recorded with the low excitation
power shows the expected linear response of the microwave reso-
nator. Surprisingly, even a moderate excitation level of only
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Fig. 3 | Measurement protocol and results. a Measurement protocol in the time
domain: A probe signal at a given frequency wy,; is applied sufficiently long for the
mechanical oscillator to ring up and reach its steady state. A waiting period follows,
which allows the excitation to ring down completely. We repeat this for different
frequencies wp », Wp 3, ... of the probe signal. The detuning A is calculated for each
probe frequency with respect to the resonance frequency w. of the cavity in the
linear regime, i.e. A= w,,; - w.fori=1,2,3,.... b Measurement protocol in the
frequency domain: A single microwave probe/pump tone with frequency w, is
swept around the cavity resonance w.. We measure its complex scattering para-
meter S»1 = Sout/Sin. €, d Scattering response |S,;| observed in the experiment (purple
dots), calculated with our analytical model (orange dots), and obtained from
numerical simulation (gray lines) for parameter set Ill and an input power of n;,/
Nin,crie = 0.008 and 1.10 corresponding to Py = — 139.6 dBm and - 118.6 dBm,
respectively. The different stability regions are highlighted in the background by
the color code introduced in Fig. 2. We see that both the analytical model and the
simulation capture the nonlinear features, including the self-sustained oscillations
observed as an additional absorption dip around A/Q,, =1in d.

P4 = - 118.6 dBm qualitatively alters the transmission signature in two
ways by (i) deforming the main resonance and shifting it to negative
detunings and (ii) the appearance of an additional absorption sig-
nature of the microwave cavity at frequencies corresponding to the
blue sideband around A/Q, = 1.

We quantitatively understand both excitation scenarios analyti-
cally using Egs. (2) and (3) to compute the scattering response. In the
first case shown in Fig. 3c, the input is much below the critical input
power ni, orir, SUch that the system is completely stable and can be
correctly described using Eq. (2). This allows us to assert that we only
have a single stable fixed point and thus only one photon branch exists
for all detunings (corresponding to region ii).

For higher powers as in Fig. 3d, the analytically modeled response
is piecewise combined using the stability diagram shown in Fig. 2d. The
scattering response in regions ii-iv with at least one stable fixed point is
computed using Eq. (2), which already includes the shift of the trans-
mission minimum due to the finite Kerr nonlinearity. Transitioning
into region i, the system undergoes a Hopf bifurcation, which char-
acterizes the onset of self-sustained oscillations of the mechanical
mode’, hence, we model the scattering response in this region with Eq.
(3). In this range, we find further absorption signatures at multiples of
the mechanical resonance frequency and frequencies higher than the
response of the microwave cavity.

Notably, this spectral signature shows a Duffing-like shape similar
to the main resonance, as it is slightly skewed and shifted from the first
mechanical sideband to lower frequencies. This is again due to the Kerr
nonlinearity and is correctly reflected in our model. In addition, we
operate in Fig. 3d above bifurcation, causing the photon branches to
splitinto three. This corresponds to three fixed points, as in regions iii,
iv, similar to the three photon branches of a Duffing oscillator. For
smaller values of gy, there are two stable (upper/lower) and one
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Fig. 4 | Power and parameter dependence of the cavity scattering response. The
panels are labeled with capital Roman numbers according to the parameter sets,
so that, e.g. the leftmost two columns Il.a-e refer to parameter set Il in Table 1.
The two color plots Il.d, e compare simulation and experiment for a wide set of
input powers. The linecuts in Il.a-c show the experimental data (points) and
numerical simulation (lines) for a single input power increasing from top to
bottom. The powers are indicated by the dashed vertical lines in Il.d, e and
correspond to nin/Nin cric = 0.003, 1.63, and 4.09, translating to P4 = - 139.6 dBm,

-111.6 dBm, and -107.6 dBm. For Ill a-c, where both g, and K are increased, we
show njn/nip crie = 0.008, 1.10, and 2.77 (P4 = — 139.6 dBm, - 118.6 dBm, and

- 114.6 dBm). Since IV a-c On the right, it has the largest single-photon coupling
8o and Kerr nonlinearity K, the lowest absolute input powers are required for the
additional absorption dips to appear on the blue sideband. Input powers of n;,/
Nin cric = 0.04, 1.45, and 2.88 are depicted, which correspond to Py = —139.6 dBm,
-123.6 dBm, and -120.6 dBm. For all linecuts, the background is shaded
according to the color code introduced with the stability diagram in Fig. 2.

unstable (middle) photon branch as indicated by region iv. However,
our system settles for nearly all detunings into the lower photon
branch since the instability of the mechanical subsystem makes the
upper branch inaccessible, corresponding to region iii with only one
stable and two unstable fixed points. For more details, we refer to
Supplementary Note 7.

While our analytical model provides a good quantitative
understanding of the system, it inherently includes approximations,
such as the assumption of a stationary cavity state, and neglects
excitation of the mechanical mode by higher-order sidebands. In
addition, these constrain the model to finite frequency sections.
Therefore, we also numerically solve the equations of motion to
obtain the scattering response displayed in Fig. 3c, d, and find
excellent quantitative agreement between experiment, analytical
model, and simulation.

Extending to various powers and system parameters

Figure 4 compares the input power-dependent spectral data with the
numerical model for the parameter sets given in Table 1, demon-
strating our exquisite quantitative understanding. For these datasets,
we repeat our transmission measurement for different input powers
and detunings and display the steady state results as |S,;|. As predicted
by the stability diagram and Egs. (2) and (3), we observe a shift of the
microwave resonator frequency to lower frequencies combined with a
distorted Duffing-like lineshape for all three sets of parameters. In
addition, we find a second absorption dip in the blue detuned regime,
which shows a threshold behavior with the input power. As before, we
attribute this feature to self-sustained oscillations of the mechanical
mode observed through the cavity response and created by the
effective blue-sideband drive of the applied tone. Thus, they reflect the
system's instability at these driving powers. This unique feature of our
optomechanical system is linked to the comparably large go and K
values. All spectral features and their power dependence are in
excellent agreement with the parameter-based, fit-free simulation.
Line cuts at different input powers (Fig. 4a-c for set II, Ill, and IV)
underline this aspect. Only at very high input powers do we notice a

slight deviation in absorption strength. This deviation might arise due
to various reasons. First, the microwave drive induces a thermal
occupation of the system that our model does not account for. Sec-
ond, the systems parameters might change at high input powers. In
particular, a reduction of the loss rate k of the cavity due to the
saturation of two-level systems can quickly influence the dip shape.
Third, uncertainties in the power calibration might have a larger
influence at larger drive powers. Lastly, higher-order nonlinearities,
which are not included in our theoretical model, could also come into
play at these powers.

Furthermore, the fixed point analysis quantitatively maps out
the areas with different types and amounts of fixed points. The cor-
responding boundaries between stable and unstable regions are
reflected experimentally, for example, as the sudden jump observed
at the high-frequency end of the sidedip around A/Q, = 1.4 in
Fig. 4ll.c and Ill.c. Hence, for larger positive detunings, we do not
observe or expect additional absorption features as our system
remains stable.

Discussion

Additional datasets presented in Supplementary Note 4 underline the
quantitative agreement between experiment and model. Between
these, the changing single-photon optomechanical coupling gy shifts
the instability barrier. For higher go, the sidebands appear already at
lower input powers. This shows that, even though both the opto-
mechanical coupling go and the Kerr nonlinearity X strongly influence
the stability regions and steady state times, we can model the non-
linear response to great quantitative agreement. Note that due to the
large Kerr, the photon number in the cavity, at which we observe these
strongly nonlinear physics, is in the range of only a few to tens of
photons (i, ~ 2 — 120).

In conclusion, we have observed self-sustained oscillations in a
nonlinear nano-electromechanical device and demonstrated excellent
quantitative understanding between our theory and experiment. While
our theoretical analysis is restricted to the classical domain, the pre-
sence of such nonlinear features like limit cycles or period doubling®
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marks the threshold for the parameter space where nonlinear inter-
actions in the system become dominant. There are theoretical pro-
posals predicting non-classical states in such regimes®, but they
require the still experimentally challenging single-photon strong
coupling. Notably, the introduction of a nonlinear microwave reso-
nator into our nano-electromechanical system drastically reduces the
threshold for nonlinear dynamics to the few-photon level and hereby
enables a potential pathway for the generation of non-classical states
and the study of their dynamics in the nonlinear regime (Supplemen-
tary Note 5). Both require the mechanical mode to be close to or in its
ground state, which can be achieved by red sideband cooling. Addi-
tionally, the Kerr nonlinearity can be engineered as desired to explore
potential pathways for state generation. Beyond the fundamental
aspects, potential novel applications in quantum sensing envisage the
nonlinear dynamics of non-classical states as a resource”, which come
in reach given our findings combined with the versatile toolbox of
superconducting quantum circuits.

Methods

Device fabrication

The device is structured on a high-resistivity silicon wafer (R > 10 kQ
cm), from which a 6 x 10 mm chip is diced. The entire layout is defined
in a single step using electron beam lithography. Subsequently, a 40 nm
thick aluminum film is evaporated in a shadow-angle configuration,
followed by oxidation, and then a deposition of a secondary 70 nm thick
aluminum film. The structure is then transferred onto the substrate
through a lift-off process. To obtain tensile stressed aluminum, the
entire chip is annealed for 30 min at 350 °C under atmospheric pres-
sure. Following this, selective removal of the silicon beneath the alu-
minum is performed using reactive-ion etching (RIE), leaving two
suspended and mechanically compliant nanostrings within the dc-
SQUID. For further details on the fabrication process and detailed
scanning electron microscopy (SEM) images, we refer to ref. 44.

Cryogenic Wiring

Since all experiments presented here are conducted at millikelvin
temperatures in a commercial dilution refrigerator, cryogenic micro-
wave wiring is required to access the sample. The input microwave line
is equipped with a total of 50 dB of attenuation before reaching the
device under test (DUT) to suppress thermal noise and unwanted
reflections. The output signal is amplified by a high-electron-mobility
transistor (HEMT), which is mounted at the 4 K stage. To prevent back
reflections from the amplifier, three microwave circulators are placed
between the DUT and the HEMT. In addition to the microwave wiring, a
DC current line allows to control the current through a super-
conducting coil mounted outside of the DUT package. This allows for
the adjustment of the applied out-of-plane magnetic field B,op, Which
tunes the resonance frequency of the microwave cavity by modifying
the effective Josephson inductance of the dc-SQUID. The large in-plane
magnetic field B, is generated by a commercial 3D vector magnet, in
the center of which the DUT with the small coil is placed.

Data availability

The raw data that supports the findings of this study is available from
the corresponding author upon reasonable request. Processed data
representing all the data in the published figures, both from the main
text and the Supplementary Information, are openly available in the
zenodo repository®® under the following https://doi.org/10.5281/
zenodo.18954807.

Code availability
The code used for numerical simulation is openly available in the
Zenodo repository”. The code is also made available on GitHub under

the following url: https://github.com/dhiman-shivangi/self-
oscillations-optomechanics-codes.
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