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Abstract

The assortative behavior of a network is the tendency of similar (or dissimilar) nodes
to connect to each other. This tendency can have an influence on various properties
of the network, such as its robustness or the dynamics of spreading processes. In
this paper, we study degree assortativity both in real-world networks and in several
generative models for networks with heavy-tailed degree distribution based on latent
spaces. In particular, we study Chung-Lu Graphs and Geometric Inhomogeneous
Random Graphs (GIRGs). Previous research on assortativity has primarily focused
on measuring the degree assortativity in real-world networks using the Pearson
assortativity coefficient, despite reservations against this coefficient. We rigorously
confirm these reservations by mathematically proving that the Pearson assortativity
coefficient does not measure assortativity in any network with sufficiently heavy-tailed
degree distributions, which is typical for real-world networks. Moreover, we find that
other single-valued assortativity coefficients also do not sufficiently capture the wiring
preferences of nodes, which often vary greatly by node degree. We therefore take a
more fine-grained approach, analyzing a wide range of conditional and joint weight
and degree distributions of connected nodes, both numerically in real-world networks
and mathematically in the generative graph models. We provide several methods of
visualizing the results. We show that the generative models are assortativity-neutral,
while many real-world networks are not. Therefore, we also propose an extension

of the GIRG model which retains the manifold desirable properties induced by the
degree distribution and the latent space, but also exhibits tunable assortativity. We
analyze the resulting model mathematically, and give a fine-grained quantification of
its assortativity.
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Author summary

The degree of a node in a network, that is, the number of other nodes it is
connected to, is a simple measure of “importance” within the network. Whether
nodes connect predominantly to similarly important “peers”, or whether there
exist hierarchies where less important nodes connect to much more important
nodes, has far-reaching consequences for processes that occur within networks
as well as for the underlying network structure. This property is often called
“assortativity” and typically measured by computing a single numerical value for
a network. A lot of information is lost in this process and, to make matters worse,
the most widespread way of computing this value has severe statistical flaws.
We provide new evidence of these flaws and instead propose a local approach
to measuring assortativity, which studies how the degree distribution of a node’s
neighbors changes with this node’s degree. We further propose a “tunable” mod-
el, which allows to adjust the wiring preferences of nodes based on the degrees
of potential neighbors, while at the same time capturing many established struc-
tural properties of real networks. We evaluate our new assortativity measure
both on real-world networks and theoretical network models including our new
tunable models.

1 Introduction

The study of network topologies has been a focal point of network science since

its inception. A central feature of social and other networks is the assortativity or
homophily of its nodes. (In keeping with the common naming conventions in graph
theory, in the more technical sections we often use the terms node and vertex inter-
changeably.) This is the tendency of nodes to form connections with other nodes that
have similar properties. For example, a member of a social network will have many
connections with people who share profession, hobbies, or kinship with her.

While this feature is interesting in its own right and has been the subject of inten-
sive studies [1-8], it can also be utilized in order to construct artificial networks whose
structure mirrors the structure of a large class of real-world networks. The idea is to
use a latent space in which the nodes are located. The purpose of this latent space is
to model hidden features of the nodes, like interests or profession for social networks,
but also geographical distance. Distances in the latent space correspond to similar-
ity of the nodes. Each node also randomly draws an (approximate) degree, which
we will refer to as weight. This is drawn from a heavy-tailed distribution as they are
observed in social networks [9], typically from a power law. Then, nodes form con-
nections, typically referred to as edges, based on their distances and their weights.
Sometimes, the models have a temperature parameter which also allows them to
form weak ties [10], i.e., nodes can randomly form edges even if not mandated by
their distance and weights. This paradigm for generating artificial complex networks
has been introduced and re-discovered by many different research communities,
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under names like Geographical Threshold Models [11], Hyperbolic Random Graphs [12], Scale-Free Percolation [13], and
Geometric Inhomogeneous Random Graphs (GIRGs) [14,15] and its variations like MCD-GIRGs [16].

The resulting complex network models have been found to be very expressive. They do not only faithfully reproduce
the structural features that are explicitly built in, like sparsity and a power-law degree distribution. They also show a large
number of other emerging structural properties that have also been observed in real-world networks. Those include
the component structure consisting of one giant connected component and many very small connected components
[15], ultra-small graph distances [15] (the small world property [15,17]), high clustering coefficients [15], closeness and
betweenness centrality [18], small vertex and edge separators [16,19], small entropy per edge [14], high compressibility
[14], and a very rich structure of overlapping communities of all sizes [14].

The network models could also be used to explain why some algorithms perform much better on real-world networks
than in worst-case instances, including algorithms for computing graph distances, diameters, vertex covers, maximal
cligues, and Louvain’s algorithm for community detection [20]. We highlight in particular the surprising fact that bidirec-
tional breadth-first search can find the graph distance (hop distance) between two nodes in time that is not only sublinear
in the graph size, but that variations of the algorithm need to explore fewer nodes than the largest degree on a short-
est connecting path [21]. Another remarkable feature of these network models is that greedy routing schemes that rely
only on local information work extremely well and manage to send packages along (almost) shortest paths between the
source and the target node [22—24]. This mirrors the outcome of Stanley Milgram’s small-world experiment, which became
famous under the name six degrees of separation [25]. The same complex network models have also been argued to
provide a better fit for epidemiological spread of diseases than other models [26,27], and have been used to evaluate
potential intervention strategies [28,29]. A particularly welcome feature is that the number of weak ties can be explicitly
controlled in the models and influences many of the aforementioned results [18,20,26—28], which reflects the central role
of weak ties in many empirical studies [10].

All those similarities with real-world networks emerge without specifying which properties of the nodes are modeled
by the various dimensions of the latent space. In fact, such a specification is often difficult, or plainly impossible. While
it is sometimes possible to identify a few dimensions in social networks which affect edge formation, it is hardly possible
to identify all such dimensions, as would be necessary for completely fitting a model to a real network (in some cases
reconstruction of the underlying topology has been possible, for example for the autonomous systems of the internet
network [22]), but in general this is a very challenging task, and it has been estimated that the dimensionality of the
unknown latent space is between 5 and 10 in many cases [30]. Even if some important dimensions are abstractly known,
often the according data is not available for the individual nodes. Such information is often even absent for “hard” data
like geographic location, and it is very rare for “soft” information like interests and hobbies. Fortunately, many structural
insights about complex networks and processes on them can be obtained without such a tight fit of individual nodes

While the use of a latent geometric space to model assortative tendencies of the nodes has generally been very
successful, the aforementioned network models explicitly exclude a specific type of assortativity, namely degree assor-
tativity. Node degree, defined as the number of incident edges, is a prominent feature. Degree assortativity measures
whether nodes of low degree tend to have a disproportionately large fraction of their connections to other low-degree
nodes, and conversely for high-degree nodes. In fact, most empirical studies on assortativity in network science focus on
degree assortativity. This has the simple reason that degrees can be directly inferred from the network structure and are
thus always available, while other properties of nodes are usually not available. For the rest of the paper, we will focus on
degree assortativity.

Contrarily to most other node properties, positive assortativity (homophily) of degrees is not universally found in com-
plex networks. Some such networks also show disassortativity (heterophily) of degrees. A common rule of thumb is that
social networks are often positively assortative, whereas biological and technological networks tend to show negative
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assortativity [1]. (Note that we can not confirm that social networks are positively assortative with respect to the degrees.
Rather, we find two opposing trends, a positive and a negative one, and either of the two can dominate. We discuss those
findings in Sect 6.2.2) Describing the assortative tendencies of degrees in a network is a fundamental goal of network sci-
ence in its own right, but they have also been shown to have far-reaching consequences on community structure, network
robustness and a multitude of network dynamics:

« Disassortative networks exhibit a higher epidemiological threshold, whereas assortative networks allow for longer peri-
ods of intervention before an epidemic spreads in the BTW sandpile model of distress propagation [3].

 Assortativity decreases network robustness [4].

 Assortativity in multilayer networks - connecting hubs of one network with the hubs in another network - can enhance
cooperation under adverse conditions [5].

+ Assortative degree correlations can strongly improve the sensitivity for weak stimuli in the brain [31].
» Conversely, dynamical processes can also influence the assortativity of an underlying network [6].

» Degree-degree correlations may cause the failure of heuristic algorithms [32].

1.1 Our contributions: Informal discussion

This paper makes several key contributions of varying nature. They range from rigorous mathematical theorems to exper-
imental results. Thus, their level of technicality varies substantially - and as a consequence they may appeal to different
audiences. To make our paper accessible, we first discuss all our main results informally, avoiding technical details as

far as possible and only providing intuition. Afterwards, we go through the results again. In this second pass, we are still
brief and only present the key results, but we formulate them more rigorously and with additional technical details, so that
readers can opt to skip the technical parts if desired.

Negative result on Pearson assortativity coefficient. As motivated above, we need good and robust ways to
describe and understand assortativity of degrees. However, assortativity is a complex concept and is not easy to
measure. The most common approach is to compute a single real-valued coefficient, whose sign then indicates
whether the network is assortative (positive sign) or disassortative (negative sign). The most commonly used
coefficient is the Pearson assortativity coefficient. However, it has been challenged whether this coefficient is a
good measure for assortativity [33]. In this paper we give a negative answer in the strongest possible sense, which
is our first main result. We show that for every network with a sufficiently heavy-tailed degree distribution, the
Pearson assortativity coefficient is negative, regardless of the assortative behavior of the network. This confirms
mathematically that this coefficient does not measure assortativity of degrees if the degree distribution is heavily
skewed.

Other coefficients and a new lens on assortativity. There are other coefficients than the Pearson assortativity coeffi-
cient which are better suited, in particular Spearman’s and Kendall’s rank correlation coefficients [33]. Another contribution
of this paper is that we investigate those coefficients for a selection of networks from the KONECT database [34]. How-
ever, we argue that, in many of these cases, reducing assortativity to a single number is too simplistic. These concerns
have been raised in the literature before [35,36]. Instead, we propose an alternative way to study assortativity. In a nut-
shell, we suggest to consider a random edge e={u,v}, and to study how the degree distribution of v changes when we con-
dition on the degree of u. We explore several ways in which this information can be graphically illustrated. We will discuss
all alternatives and the full technical details in Sect 6, but already show an example here for illustration in Fig 1. Further
examples both for artificially generated networks and for real networks from the KONECT database can also be found

in Sect 6, as well as alternative ways for graphical illustration. We note here that other Jocal approaches to measuring
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Fig 1. Four heatmaps displaying the effect on a random edge e={u,v} when conditioning on the degree of one endpoint. A red color at coordi-
nate (x,y) indicates that the information deg(u) = x makes it more likely that the other endpoint of e has degree deg(v) = y. A blue color shows that this
becomes less likely. All networks follow a power-law degree distribution. Details on the networks are provided in Sect 6. The Gowalla social network
(top-left) shows mostly positive assortativity: the diagonal is red, so nodes of the same degree tend to connect to each other, while most regions else-
where are blue. The CAIDA Autonomous Systems Network (top-right) shows strong negative assortativity. Two networks (bottom row) with similar degree
distributions. Both would be classified as assortativity-neutral by Spearman’s and Kendall's assortativity coefficients because both coefficients are close
to zero. However, while the artificially generated network (bottom-left) is indeed neutral (the blue triangle is inevitable in power-law networks, see Sect
1.2.3), the Youtube Network (bottom-right) has both positive and negative assortative tendencies which cancel each other out. The heatmap is thus more
informative than a single coefficient.

https://doi.org/10.1371/journal.pcsy.0000097.9001

assortativity have been tried before [37] (for a survey, see also [38]). Typically, these approaches consider a node’s contri-
bution to a global coefficient and thus the drawbacks of coefficients remain unsolved.

Analyzing assortativity in generative models of complex networks. As mentioned before, many complex network
models with an underlying latent space do not include degrees in this latent space, but handle them separately. (Some
models, like Hyperbolic Random Graphs, do include the weights into the latent hyperbolic space, but in a separable way.
Our conclusion still applies to these models: they are mostly assortativity-neutral, and the spurious positive assortativity
comes from the same source as for the GIRG model.) This allows to prescribe the degree distribution, for example as a
power law. Thus, while the resulting networks are assortative with respect to the features modeled by the latent space,

it has been unclear whether their degrees are also assortative. As our third main contribution, we answer this question
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for the GIRG model, one of the most prominent complex network models with an underlying geometry and an inhomoge-
neous degree distribution. We show that it is mostly, but not totally, assortativity-neutral. Moreover, we can pinpoint exactly
where the small (positive) assortativity comes from. It originates from random fluctuations in the number of nodes with
similar properties. Consider that — by chance — there are more nodes than expected with some specific property, i.e., there
are more nodes than expected in the same region X of the latent space. Then the nodes in X have higher degrees, but
also their neighbors tend to be in X and thus also have higher degree. This gives a small positive contribution to assor-
tativity of degrees. The effect is relevant for nodes of very small degree, but is negligible for nodes of medium or large
degree. If we remove this effect by removing the latent space, we show that the resulting Chung-Lu model [39] is perfectly
assortativity-neutral. Here we measure neutrality not just by a single real number, but in the strongest possible sense: we
show that for a random edge e={u,v} the whole probability distribution of deg(v) is invariant under information about deg(u)
. (Except for a ceiling effect for extremely large degrees that we quantify precisely.) This can also be visually seen in Fig
1(c), which displays such a Chung-Lu random graph.

We provide a formal statement that pinpoints in which sense this neutrality is retained in GIRGs. More precisely, we
show that the GIRG model is still perfectly assortativity-neutral with respect to weights, but not to degrees. Weights are
internal parameters of the model that are tightly, but not perfectly, coupled to the degrees. We can show that the only
non-neutral contribution, a positive one, to assortativity of degrees comes from this slight mismatch between weights and
degrees. If we isolate this effect by removing the degree inhomogeneity (since the effect is negligible for nodes of large
degrees) and retaining the latent space, then we can exactly quantify the assortativity of the resulting Random Geometric
Graph model. Thus we can split the construction of latent space models like GIRGs into two steps, one of which is per-
fectly assortativity-neutral, while the other one gives a mild positive assortativity that we can quantify.

Tuning the assortativity of complex network models. As our analysis shows, established models of complex networks
such as GIRGs are mostly assortativity-neutral for degrees. This raises the question of how we can build models with a
heavy-tailed degree distribution and a latent space (in order to maintain assortativity for other properties than degrees),
albeit with tunable assortativity of degrees. Our final contribution is to present exactly such a model. We show that we
can slightly alter the connection probability of the GIRG model in such a way that assortativity of degrees can be tuned
to be either positive or negative, while keeping the basic properties of the model intact. These properties include the tight
coupling between weights and degrees, which maintains the prescribed degree distribution, but also a high clustering
coefficient, small-world properties, and so on. As for the GIRG model, we can split the degree assortativity into two parts:
a minor part coming from mismatches of weights and degrees of low-degree nodes, as before; and a major part that can
be described via assortativity of the weights. We precisely quantify this latter part and show that the (positive or negative)
assortativity of the model can indeed be tuned by a parameter.

1.2 Our contributions: Technical summary

In this section we elaborate on our contributions from a technical perspective. In the following, assortativity always refers
to the degrees of the network’s nodes. We denote a neighborhood relation between two nodes uand vby u ~ v.

1.2.1 Networks and network models. We consider two types of networks, real-world networks and artificially
generated networks. The real-world networks are taken from the KONECT database [34], where we restrict to undirected
simple networks whose degrees follow a power law according to [40].

We focus on two generative models for complex networks. The first one is called Geometric Inhomogeneous Random
Graphs (GIRGs). In this model, n nodes are placed randomly in the latent space [0,1]¢ for some fixed dimension d. (Often,
the torus topology is used, i.e., each dimension wraps around, since this removes boundary effects and makes the model
more symmetric.) Weights are drawn from a power-law distribution with law P(W = w) = ©(w™") for w > 1, where the
power-law exponent 7 is usually in the range 7 € (2, 3). Afterwards, each pair of nodes u,v connects independently with
probability ©(min{1, 2% 1) where w,, w, are the weights and x,, x, the positions of u and v respectively, and the

> n|x—xy |4
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parameter o > 1, sometimes called the inverse temperature of the model, modulates the proportion of weak ties in the net-
work. The ©(-) allows for constant factor deviations. This formula turns out to give exactly the right scaling, as we explain
in detail in Sect 3.

The other complex network model we look at is the Chung-Lu random graph model. It is similar to the GIRG model,
except there is no underlying latent space. So, every node draws a weight as for GIRGs, but then any pair of nodes
u,v connects with probability ©(min{1, *2%}), with no geometric information. The two models are closely related,
as the marginal connection probability is the same when randomizing over the geometric positions in GIRGs. This
means that for two nodes u,v with fixed weights but random positions, the marginal connection probability in a GIRG
is Plu ~ v | wy, wy] = ©(min{1, #2%}), just as for Chung-Lu graphs. As a consequence, many properties transfer from
Chung-Lu graphs to GIRGs. In particular, in both models the expected degree of a node coincides with its weight up to a
constant proportionality factor. This leads to a degree distribution that follows the same power-law as the weights, ensur-
ing that the neighborhood distribution (obtained by selecting a uniformly random edge e, choosing a random endpoint v of
e, and then returning the degree of v) and the small-world property are conserved and remain equivalent for both models.
However, due to the latent space, GIRGs also have strong clustering and communities, which Chung-Lu graphs do not
have.

We also introduce a variant of GIRGs for which the assortativity coefficient can be tuned to be either positive or nega-
tive. We call the resulting model Tunable GIRG or TGIRG. The construction steps are the same as for GIRGs, except that
we use a different connection probability: we connect each pair of nodes u,v with probability ©(min{1, W}“),
where o € [0, 7 — 1) is a parameter that determines how assortative or disassortative the model is. Here, o = 1yields the
GIRG model and thus (almost) neutral assortativity, while smaller values of o give disassortative networks and larger
values give assortative networks.

Finally, we also give a brief analysis of assortativity in Random Geometric Graphs (RGG). Those graphs are similar
to GIRGs, though the weights do not follow a power law, but are all set to one. Moreover, as we only use those graphs
to demonstrate a point for GIRGs, we restrict ourselves to the case of a = oo (zero temperature), and to the case that
the hidden constant factor in the O(-)-term is one. See the discussion of theoretical results on GIRGs below for why we
discuss those graphs.

1.2.2 Experimental results. We systematically explore degree assortativity of the real networks and of artificially
generated Chung-Lu and GIRG networks. We find, in accordance with our theoretical result, that the Pearson assortativity
coefficient is not a good measure for assortativity and provides almost no information. Spearman’s and Kendall’s
correlation coefficients are generally in good agreement with each other. However, we find cases in which those
coefficients are close to zero even though there are strong positive and negative assortative effects in the network which
happen to cancel out.

We argue that single real coefficients lose too much information, and that a more detailed approach is useful. We offer
three visualizations of assortativity. We depict an example of each in Fig 2, but defer their detailed discussion, the sys-
tematic exploration of artificial and real networks, and the interpretation of the findings, to Sect 6. For additional examples
of networks where intricate wiring patterns are concealed by coefficient values close to zero, we refer the reader to the
figures for the Wordnet and Youtube networks in S1 File. The three visualizations are:

« A comparison of line plots showing the conditional probability P[deg(v) > x| v ~ u] on a log-log scale, where u is
a random node of prescribed degree d. By inspecting how the curves change for different values of d, one can
infer what the typical neighbors of nodes of different degrees look like. Of particular interest is the ordering of the
curves and whether such curves cross each other for different d. For artificial networks, our theoretical results
show that each such curve can be decomposed into two sub-parts, both of which are linear. The slopes of the two
linear parts and the transition point between them are central and should be used as baselines for the curves for
real networks.
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Fig 2. Conditional and Joint Degree Distributions of the CAIDA Autonomous Systems Network. (A) Degree distribution curves. (B) Joint degree
heatmap. (C) Conditional degree heatmap.

https://doi.org/10.1371/journal.pcsy.0000097.9002

To obtain a proper baseline for such curves it is important to keep in mind the difference between sampling a random
node and sampling a random edge. In the former case, one obtains the degree distribution of the network. In the latter
case, one obtains the neighborhood distribution (equivalently, the neighborhood distribution may be obtained by choosing
a uniformly random node u of degree > 1, go to a uniformly random neighbor v of u, and return the degree of v), which is
shifted towards high-degree nodes. For heavy-tailed degree distributions, those two distributions are very different from
each other. It is crucial to use the latter distribution as baseline, not the former one. This is closely related to the friendship
paradox that a random neighbor of a random node has larger average degree than a random node.

» Heatmaps of joint degree frequencies, i.e., heatmaps where the coordinate (x,y) displays the proportion of edges e={u,v}
with deg(u) = x and deg(v) = y. Comparing different rows and columns of those heatmaps reveals preferences of nodes
of different degrees.

» The heatmaps get easier to interpret if one uses normalization. Thus, as the third option we display the normalized
values % for a random edge e={u,v}. The exact definition is slightly more complicated and involves a case
distinction for whether the fraction is larger or smaller than one. We defer the details to Sect 6.

A detailed discussion of our findings for social and technical networks can be found in Sect 6. The most important

points are:

« All social networks that we consider show an increased likelihood for edges between pairs of low-degree nodes. This is
very similar to the effect of adding a latent geometric space to the artificial models, see below. This indicates that such a
geometric space may be beneficial for modeling social networks.

» Beyond those pairs of low degrees, there are very different assortativity patterns in social networks. We find at least two
types of different patterns. Those can contribute positively or negatively to an assortativity coefficient. If they contribute
negatively, then we have opposing contributions to the coefficient, and either contribution may dominate, or contribu-
tions may cancel out, so that the complex opposing wiring patterns are invisible through the lens of assortativity coeffi-
cients. In general, the Spearman and Kendall assortativity coefficients of social networks range from strongly negative to
strongly positive.

» The assortativity patterns for technical networks of autonomous systems strongly differ from those of social networks.
They are usually negatively assortative. Other than social networks, those networks do not generally show an increased
likelihood in connections between pairs of low-degree nodes. One possible source of strong disassortative patterns in
technical networks may stem from underlying hierarchies where connections are formed between different hierarchical
levels.
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» We can match the different assortativity patterns in real networks to different parameter regimes in the tunable models
of artificial networks that we propose (see below).

1.2.3 Theoretical results. Negative result for the Pearson assortativity coefficient. Our first theoretical result is
showing that the Pearson assortativity coefficient is not a good measure for assortativity. This has already been argued
before [33,40,41], but we give a strong theoretical result:

Theorem 1.1. Let2 <7 < 7/3 and let G = (V, £) be a graph on n vertices with A := max,cy deg(v) = O(n"=") such that
for a vertex v chosen uniformly at random in V and for all 0 < k < A we have P(deg(v) > k) = ©(k'""). Then its Pearson
assortativity coefficient n(G) is negative, more precisely (G) = ©(—n~T-2/(7-1),

This result shows that the Pearson assortativity coefficient does not measure assortativity for power-law networks with
a sufficiently heavy tail. It always gives the same result, regardless of how the nodes in the network are wired.

The reason for this result is visible in Fig 1. Note that in all four subplots there is a strongly blue triangle in the upper
right corner. This is not an artifact of the networks, but is inevitable in all networks which follow a power-law degree dis-
tribution. Such networks simply have too few vertices of large weights, so that the required number of neighbors of large
weight for neutrality in this region is impossible to reach. All assortativity coefficients compute a weighted average of the
different regions depicted in Fig 1, but the Pearson coefficient puts particular weight on this upper right region, which
forces it to be negative if the power-law degree exponent 7 is smaller than 7/3.

Weight assortativity in Chung-Lu graphs and GIRGs. We investigate the assortativity of weights in Chung-Lu graphs
and GIRGs. Note that the weights are closely coupled to the degrees, but they are not identical, and we discuss the differ-
ence further below. We show that both Chung-Lu graphs and GIRGs are assortativity-neutral for weights, except for a cut-
off for extremely large weights. More precisely, consider a vertex u with weight w, < n, and consider a random neighbor v
of u. Then the conditional weight distribution of v is given by

Plw, > w|w,v~u]l= {@(Wl ") !f Wy <

o ") if L <wu<n. (1)
The full formulation of the statement can be found in Proposition 4.3 (by setting o = 1in the statement). Note that the
second case is very exceptional. Most nodes have small (constant) weights, and the maximal weight in the graph is
©(n"~M) = o(n). So for most nodes v, the second case is void. Only if the weight w, is very large, the second case starts
occurring for large values for w. For example, if u has an exceptionally large weight of w,, = ©(y/n), then the tail distribution
of w, changes at w = O(v/n), which again is a very small part of the tail.

The key insight about (1) is that the formula in the first case is independent of w,. In other words, the distribution of

w, in the neighborhood of u does not depend on the weight of u, except possibly for a cut-off at very large weights. (The
reason for the cut-off is that above the cut-off the number of vertices with so high weight in the graph is simply too small
to satisfy the formula in the first case, the same effect as discussed in the previous section.) This means that, up to the
exception at the cut-off, the models are perfectly assortativity-neutral with respect to the weights.
Degree assortativity in GIRGs and RGGs. We have established that weights are assortativity-neutral in GIRGs. If the
weight is super-constant, then it is so tightly coupled to the degree that the degrees are necessarily also assortativity-
neutral. However, for constant weights the coupling is not so tight, and in this case there is a positive assortative contribu-
tion from random fluctuations of the vertex locations. To describe this effect, we strip the GIRG model of nodes of larger
weights, which yields the RGG model. Moreover, in order to keep the exposition simple we only consider the case of
zero temperature. In Proposition 5.1, we derive an exact formula for the assortativity in this resulting model. Essentially,
for a vertex u with given degree, the degree of a random neighbor v of u is the sum of two independent Poisson random
variables. One of them is independent of deg(u), while the expectation of the other is proportional to deg(u), which yields a
positive constant assortativity.
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We believe, without formulating a mathematical theorem, that assortativity in GIRGs is best regarded as the result of
two consecutive processes: for a random vertex u the weight of a random neighbor v is not coupled to w,. However, the
translation of weight into degree gives positive assortativity, modulated by exactly the same process as for RGG. This
modulation is only relevant for constant weights and degrees. This is also strongly confirmed by experiments, which show
positive assortativity for constant degrees, and neutral assortativity otherwise.

1.2.4 TGIRG: A complex network model with tunable assortativity. As our final contribution, we propose a complex
network model that builds on the GIRG model and inherits its wealth of structural properties, and at the same time can
be tuned to have either positive or negative assortativity. The idea is to use a slightly different probability kernel. In the
GIRG model, the connection probability increases with the product of the weights w,, - w,.. This product can equivalently
be written as (wy, A w,) - (W, V wy). The idea is now to scale up or down the smallest of those two factors with an exponent
o € [0, 7—1). (This range is chosen so that the expected degree of a vertex is of the same order as its weight as in the
original GIRG model, see Lemma 3.2.) This follows an idea of [42], and in fact this model has been studied before [43,44],
but not with respect to assortativity.

In this paper we show two things: firstly, we analyze basic properties of the resulting TGIRG model, including its
marginal connection probability (Proposition 4.2). We also show that it shares properties of the GIRG and the Chung-Lu
model, in particular that it has the same neighborhood distribution as both (Proposition 4.1) and that it has a large cluster-
ing coefficient of £2(1) as GIRGs (Proposition 3.6). And secondly we show that assortativity of the resulting model is indeed
tunable. More precisely, let us fix as before a vertex u of fixed weight w , and let v be a random neighbor of u. Then we
show the following formula, where for simplicity we ignore cases that only hold for exceptionally large weights (the full
statement can be found in Proposition 4.3):

Plw, > w| wy, v~ u] = OW'" (WA w,)° ). (2)

In order to understand the formula, let us first consider o > 1and use the formula ©(w'™") of the assortativity-neutral GIRG
model as baseline. Compared to the baseline, the probability is boosted by a factor (w A w,,)°~". For w < w,,, this factor
simplifies to we=", and it is capped at wJ~" for w> w,. The first thing to note is that this factor is increasing in w, so larger
weights w get boosted more. Moreover, for larger w, the boost is stronger in two ways: firstly there is a prolonged interval
[1,w ] in which the boost factor is increasing; and secondly the maximum boost factor w?~1is higher. Both effects imply
that for larger weight w,, the distribution puts more emphasis on the tail of the distribution. Thus the resulting model is
assortative.

On the other hand, if o < 1then the exponent o — 1is negative. This reverses the effect and makes the network dis-
assortative. (Note that this is assortativity of weights. The same effect as for GIRGs will add a small positive assortative
effect for degrees that is only relevant for small degrees.) We confirm these findings by experiments. Fig 3 illustrates the
effects of increasing o on a graph with the same vertex set and approximately the same average degree.

1.3 Related work

In this subsection, we give an overview of related work, including known results on TGIRGs.

Origins of the line of research and early results. The study of assortativity through the lens of network science was
initiated by Newman and various collaborators in a series of papers [1,2,45]. In these early works, they introduced the
Pearson correlation coefficient as a measure for network assortativity and observed experimentally that social networks
tend to be positively assortative, while biological and technological networks exhibit negative assortativity [1]. Newman
also computed the (vanishing) limits of the Pearson correlation coefficient for Erdés-Rényi random graphs and preferen-
tial attachment graphs as well as for the grown graph model of Callaway. In the same work, he also proposed a positively
assortative network model, for which he runs simulations according to which the phase transition for the existence of a
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Fig 3. TGIRGs with n=1000, T = 2.8, a = oo, and average degree 10 on the same vertex set for varying o: (A) 0 =0.2,(B)o =1, (C) o = 1.8.

https://doi.org/10.1371/journal.pcsy.0000097.9003

giant component occurs earlier with increasing assortativity. He further observed numerically that contrarily to other net-
works, the attack strategy of removing a small number of high-degree nodes in order to disconnect the giant component is
relatively inefficient in assortative networks because high-degree nodes cluster together [1]. Degree-degree correlations,
as well as non-degree assortativity were studied in [2], including mixing by ethnicity or age in heterosexual partnerships,
indicating strong positive correlations. The paper also proposes Monte-Carlo algorithms for generating networks of a
desired assortativity level. Simulation results again point to an earlier emergence of the giant component with increas-

ing assortativity. At the same time, the size of the giant component is smaller for assortative graphs than for neutral and
disassortative instances. This is credited to the fact that the well-connected core of high-degree nodes already leads to

a giant component at lower densities, but these lower densities also make it less likely that the giant component extends
to regions in the graph outside this core. (Non-degree) assortativity was subsequently investigated as a plausible cause
of emerging communities in networks [46], accompanied by an algorithm based on the betweenness centrality measure,
which was later applied successfully also to non-human social networks [47]. Newman and Park demonstrated that the
reverse implication connecting communities and assortativity sometimes also holds: community structure can lead to
degree-degree correlations [48]. These early research articles already illustrate the difficulty of finding models which are
both tunable and mathematically tractable.

Assortativity tuning. Numerous approaches have been tried in order to generate networks with varying levels of assor-
tativity. The most general procedures are the ones introduced by Newman [2] and Bogufia and Pastor-Satorras [49] which
devise two different schemes to construct general correlated networks with prescribed correlations. Simpler approaches
focus on imposing merely the intuitive requirement that “nodes with similar degrees connect preferably”, instead of
“hard-coding” the desired correlations [50]. Another classical procedure relies on an idea from the so-called configuration
model [51], which allows to generate networks with a desired degree sequence by assigning to each node the number of
“stubs” that correspond to its desired degree and then randomly connecting stubs. This idea can be extended to a rewir-
ing procedure where pairs of edges uv and rs are selected randomly replaced by ur and vs if and only if the assortativity
of the network is increased (or decreased) through this rewiring [2,50,52]. Finally, there exist various modifications of the
preferential attachment model, which was originally introduced by Barabasi and Albert [9]. In this model of a growing net-
work, nodes are added one-by-one, connecting to existing nodes with a probability that is proportional to their respective
degrees. l.e., the “rich get richer” and newly arriving (and therefore low-degree) nodes connect preferably to nodes of high
degree. By modifying the attachment rule, one can directly change the wiring preferences of nodes [1,53]. The iterative
generation of such networks introduces a lot of dependencies which make the rigorous mathematical analysis of networks

PLOS Complex Systems | https://doi.org/10.1371/journal.pcsy.0000097  April 20, 2026 11737




PLO?# Complex Systems

difficult. Although we focus here on degree-assortativity, we mention that for attribute-assortativity, besides the latent
space approach that underlies GIRGs, there exist several mechanisms which allow to adjust the assortativity levels of a
network, such as the stochastic block model and its variants [54—56].

Structural and process implications of (dis)assortativity. A key motivation for studying assortativity of networks is the
belief that the level of assortativity can have far-reaching structural consequences for the network in question as well as
the evolution of dynamical processes on it. Structurally, degree assortativity is said to lead to tightly-knit cores of influential
nodes, often referred to as a “rich-club” [57]. We remark here that such a well-connected core consisting of high-degree
nodes can also be produced by other mechanisms, as exhibited by GIRGs [15]. Another assertion echoed in many papers
is that network robustness is greatly affected by the (dis)assortativity of a network [58,59]. Dynamical processes on net-
works have also been studied intensively through the lens of assortativity [60]. This has led to the observation that degree
correlations impact the epidemic threshold [61] and the development of models for spreading which take assortativity into
account [38]. Synchronization phenomena in complex networks have also been investigated [62,63].

Challenges of research on assortativity. Since the proposed models are often tailored to explain a single structural
aspect of real-world networks or study a specific dynamical process, this has resulted in a wealth of otherwise sparsely
studied models which are difficult to compare. From a practitioner’s perspective, any insight relating degree-degree
correlations to structural properties such as network robustness, which is crucial in critical infrastructures, also requires
that the examined model captures more than just one aspect of real-world networks in order to be valid. As outlined in

the introduction, GIRGs jointly exhibit many such desirable properties stemming from the latent geometric space. As we
discuss in the next subsection, a lot is already known about our proposed extension of GIRGs as they fit well into existing
frameworks. For the description of further properties of TGIRGs, we refer the reader to Sect 3; most notably they have a
large local clustering coefficient of ©(1).

1.3.1 Related work on TGIRGs. A variety of properties of TGIRGs have been shown for different ranges of c. Some
of these properties have been derived using a different parametrization of the model, known as the weight-dependent
random connection models with the interpolation kernel (see for example [43]). Our choice of parametrization has the
advantage that weights are intuitive proxies for expected degrees and that 7 directly controls the decay of their power-law
distribution, whereas the alternative parametrization only provide this indirectly. There also exist parametrizations which
assign different exponents o4 and o5 to the smaller and larger weight in the connection probability. These can however
always be reparametrized (as long as o4 > 0) to give o4 = 1by changing the power-law exponent 7 accordingly [42].

We first give the conversion formulas between our parametrization (Definition 2.6) and the alternative parametrization,
which uses marks in the interval [0,1] instead of power-law distributed weights. Apart from the dimension d of the underly-
ing space (for which the mark parametrization does not differ from ours), three parameters are used, ym, om, am, where the
subscript ,, serves to distinguish the parameters of the mark parametrization from the parameters of our parametrization
(in particular since both parametrization use the symbol «, but for different purposes). The conversion formulas between
the two parametrizations are as follows:

The existence and uniqueness of a giant component is well understood [43, Proposition 2.4 and Corollary 2.14]:

elfo>7—20r7<2+ % whp (we say an event occurs with high probability (whp) if it occurs with probability tending to 1
as n tends to oo) the graph contains a unique giant component.

« Ifd=1,a>2 7>2+ -1 and o < 7—2, whp the graph does not contain a giant component.

a-1’
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« For other parameter regions, the presence of a giant component depends on the constants hidden in the ©-notation of
the connection probability in (8).

Additionally, the cluster size decay of TGIRGs is studied in [42,64]. Regarding the average distance in the giant com-
ponent, unlike with standard GIRGs for which this is always doubly logarithmic in the number of nodes, various scaling
regimes can occur, depending on the model parameters. When ¢ c [0, 7 — 2], TGIRGs satisfy Assumptions 1.1 and 1.2 in
[65], and hence Theorems 1.1 and 1.2 therein apply, which yields that the average distance is whp m loglog n if
T<2+ % and w(loglogn)if 7> 2+ g When o € [1,7—1), the proof in [15] can be adapted (the proof is for GIRGs, i.e., for
o =1, and for larger o the connection probability between two given vertices is larger than for GIRGs), yielding a doubly
logarithmic average distance in this case as well. On the other hand, ifa>2, 7> 2+ ﬁ and o < 7—2, then the average
distance is linear in the number of nodes [66]. In some parameter regimes, TGIRGs also exhibit an average distance that
is neither linear nor ultra-small. For example, the connection probability in TGIRGs is lower bounded by the connection
probability in long-range percolation, where the average distance is at most polylogarithmic when a < 2 [67], yielding at
most polylogarithmic distances for any TGIRG with o < 2. This holds for any choice of 7, o and d, including choices where
the average distance is w(loglog n).

Organization of the paper. The remainder of the paper is organized as follows. In Sect 2, we formally introduce
the graph models we analyze and state some of their key properties in Sect 3. In Sect 4, we derive a comprehen-
sive set of conditional and joint weight distributions for vertices of Chung-Lu graphs and GIRGs. In Sect 5, we
prove that degrees of neighboring vertices in Random Geometric Graphs are positively assortative and discuss
degree-degree correlations in Chung-Lu graphs and GIRGs. Sect 6 contains experimental evaluations for a variety
of real-world networks and for artificially generated networks from the network models. In Sect 7 we prove Theorem
1.1, which shows that the Pearson correlation coefficient is negative for every networks whose degree distribution
has a sufficiently heavy tail. We also discuss the use of alternative coefficients and report those coefficients for

real-world networks.

2 Graph models

We denote by [n] the set [n] := {1, ..., n}. We will often use the notations

XAy :=min{x, y} and XV y = max{x, y}

to denote minima and maxima. We consider simple undirected graphs with vertex set V = [n] and edge set denoted by
€. The set of neighbors of a vertex v € V is denoted by I'(v). We use the short-hand notation uar for (events occurring)
uniformly at random and iid when random variables are independent and identically distributed. In most graphs models we
study, the degrees are distributed according to a power law, which is defined as follows.
Definition 2.1. Let 7 > 1. A discrete random variable X with values in N is said to follow a power-law with exponent 7 if
P(X =x) = O(x") for x € N. A continuous random variable X with values in [1, c0) is said to follow a power-law with expo-
nent 7 if it has a density function f, satisfying fx(x) = ©(x").

Our focus will be on scale-free graph models, i.e., graphs that have a power-law degree distribution with exponent
T € (2, 3). However, for the sake of generality, we give the definitions for any choice of 7 > 2. We start by defining
Chung-Lu graphs, which are standard graphs yielding such a power-law degree distribution.
Definition 2.2 (Chung-Lu graph [39]). Let 7 > 2 and let D be a power-law distribution on [1, co) with exponent T. A
Chung-Lu graph is obtained by the following two-step procedure:

(1) Every vertex v € V draws iid a weight w, ~ D.

(2) For every two distinct vertices u,v € V, add an edge between u and v in £ independently with probability
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@(mi”{wjku})' (3)

Classically, the O(-) simply hides a factor 1, but this more general definition of the model also captures similar random
graphs, like the Norros-Reittu model [68], while important properties stay asymptotically invariant [69].

Very frequently, real-world networks have an (implicit) underlying geometry. The Random Geometric Graph (RGG)
model is the simplest model that includes geometry. In RGGs, each vertex is assigned coordinates in an underlying
ground space. Pairs of vertices are then connected independently of other pairs if their distance is below a global thresh-
old [70]. We will take the d-dimensional unit hypercube [0,1]¢ equipped with the torus topology as the ground space. In
particular, we define the distance between two points x = (X1, ..., Xq), X' = (X}, ..., X})in [0,1]¢ as

x—X'|| := max min{|x; — x}|, 1 = |x; — x}|}.
Ix=x' = max minlx—x], 1~ b~ X}

(4)

We remark here that, while in the subsequent we fix the norm for our models to be the max-norm, all our results, except

for the expected volume of the intersection of balls of influence in Proposition 5.1, also hold for any other choice of norm.
Definition 2.3 (RGG). Fix a node set V of order |V| = n and a function r = r(n) = @(n‘«li). A threshold Random Geometric

Graph is obtained by the following two-step procedure:

1. Every node v € V draws independently and uar a position x in the hypercube [0,1].
2. Connect each pair of distinct vertices u,v € V by an edge iff || x, — x,|| < r

Note that the condition on ryields a sparse graph, that is, an expected number of edges which is linear in the number
of vertices. We refer to the geometric region of points with distance at most r from a node as its ball of influence or box of
influence.

Geometric Inhomogeneous Random Graphs (GIRGs) combine the degree inhomogeneity of Chung-Lu graphs with the
geometric component of RGGs. The vertices are assigned both a weight and a position in a given ground space. We will
again take the d-dimensional unit hypercube [0,1]¢ equipped with the torus topology as ground space.

Definition 2.4 (GIRG [14]). Let 7 > 2, « > 1and d € N and let D be a power-law distribution on [1, o) with exponent 7. A
Geometric Inhomogeneous Random Graph (GIRG) is obtained by the following three-step procedure:

(1) Every vertex v € V draws iid a weight w, ~ D.
(2) Every vertex v € V draws independently and uar a position x in the hypercube [0,1].

(3) For every two distinct vertices u,v € V, add an edge between u and v in £ independently with probability

puv=@(min{%,1}“)_ o

We also allow o = oo and in this case require that

. 1/d
_{@“llﬂ&—mHSOKWW))’
uv — . 1/d
0, if [ xy = xv|| > Q( (%) ™), (6)
where the constants hidden by O and Q2 do not have to match, i.e., there can be an interval [cq (%), ¢, (%) Vd] for
|| xu — xv|| where the behaviour of p_is arbitrary.
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We now introduce extensions of the Chung-Lu and the GIRG models that allow to modulate the assortativity of
the graph. This is achieved by varying the influence of the smaller weight in the connection probability via a parame-
ter 0 < o < 7—1. We note here that the choice o = 1recovers the original models. We begin with the extension of the
Chung-Lu model, which we call Tunable Chung-Lu graphs.
Definition 2.5 (Tunable Chung-Lu graph). Let 7 > 2, o € [0,7—1) and let D be a power-law distribution on [1, co) with
exponent 7. A Tunable Chung-Lu graph is obtained by the following two-step procedure:

(1) Every vertex v € V draws iid a weight w, ~ D.

(2) For every two distinct vertices u,v € V, add an edge between u and v in £ independently with probability

@<min { (wy A Wv);(Wu % Wv)’ 1 })

(7)

Next we define the analogous extension of GIRGs, which we call TGIRGs. This model has been studied in [42,64,71,72]
and by Lichtrath in his PhD Thesis [43], but never in the context of assortativity.

Definition 2.6 (TGIRG). Let 7>2,a>1,0 € [0,7—1) and d € N and let D be a power-law distribution on [1, c0) with
exponent 7. A Tunable Geometric Inhomogeneous Random Graph (TGIRG) is obtained by the following three-step
procedure:

(1) Every vertexv €V draws iid a weight w, ~ D.
(2) Every vertex v € V draws independently and uar a position x in the hypercube [0,1]°.

(3) For every two distinct vertices u,v € V, add an edge between u and v in £ independently with probability

O ( min { 7 /,\1|||/)V(:)i()v(t””;/ WV), 1 }a)

Analogously to GIRGs, also here we allow a = oo, requiring in this case that

_ [0, llxy—x,|| < O((tenmd )
TULO ik x> (L)) ) (©)
We remark that for & = 0 we recover the (soft) Boolean model [65,73,74], which is basically a Random Geometric Graph
where each vertex has an associated random radius drawn from a power-law distribution, while for o = 7 —2 we recover
the age-dependent random connection model introduced in [44] as an approximation to the spatial preferential attach-
ment model [75]. We also note that (T)GIRGs sometimes use a slightly different parametrization, replacing the long-range
parameter a € (1, 0] by its inverse T := g € [0, 1), called the temperature of the model.

3 General properties of the graph models

In this section, we describe some general and important properties of Chung-Lu graphs and GIRGs. They hold in fact for a
general class of graph models described in [15]. They also generalize to Tunable Chung-Lu graphs and TGIRGs (remem-
ber that we get the original Chung-Lu graph model and GIRG model by setting o = 1in the definition of the corresponding
tunable model), hence for the sake of conciseness we state each result directly for the more general tunable models.

The first result gives the marginal probability that an edge between two vertices with given weights is present in
TGIRGs.
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Lemma 3.1. Let G = (V, &) be a TGIRG and v € V be a vertex with fixed position x, € [0, 1]9. Then all edges uv foru 7 v
are independently present with probability

(Wy A wy)?(wy V Wv), 1})

P(uv € &€ | xy, wy, wv)=@(min{ p

(10)
In particular, we can also remove the conditioning on x , (by integrating over [0,1]%) and get

(wy A wy)7 (wy V Wv), 1})

P(uveglwu,wv)=®(min{ p

(11)

Proof. For classical GIRGs, this corresponds to Lemma 4.2 and Theorem 7.3 in [15]. We give the proof for TGIRGs in the
supporting information. O
The next lemma says that the expected degree of a vertex is of the same order as its weight, thus allowing us to treat a
given weight sequence (W,)vcy as a sequence of expected degrees.
Lemma 3.2. Let G = (V, £) be a Tunable Chung-Lu graph or a TGIRG and v € V be a vertex with fixed weight w, € [1, c0).
Then we have E[deg(v) | wy] = ©(min{w,, n}), or equivalently P(uv € £ | wy) = ©(min{**, 1}) for a vertex u chosen uniformly
at random in V.
Proof. For classical GIRGs and Chung-Lu graphs, this corresponds to Lemma 4.3 in [15]. The general result was proved
using a different parametrization in [43]. For convenience of the reader and in the spirit of self-containment, we provide a
proof with our parametrization in the supporting information. O
By observing that E[w,] = ©(1) for all vertices v € V, this then naturally yields the connection probability between two
random vertices.
Lemma 3.3. Let G = (V, £) be a Tunable Chung-Lu graph or a TGIRG and u,v € V be vertices chosen uniformly at ran-
dom. Then P(uv € £) = ©(1/n).
For vertices of sufficiently large weight, their degree is concentrated around its expectation, as stated precisely in the
next lemma.
Lemma 3.4. Let G = (V, £) be a Tunable Chung-Lu graph or a TGIRG. Then the following properties hold with probability
11—
(i) deg(v) = O(w, +log? n) for all v € V.
(ii) deg(v) = (1 + o(1))E[deg(v)] = ©(w,) for all v € V with w, = w(log? n).
Proof. For classical GIRGs and Chung-Lu graphs, this corresponds to Lemma 4.4 in [15]. The same proof can be used for
the tunable models. O
The above results imply in particular that Chung-Lu graphs and GIRGs have a power-law degree distribution with expo-
nent 7. Next we will see that, just like classical GIRGs, TGIRGs exhibit clustering. Before stating the result formally, we
give the required definition of the (average) clustering coefficient of a graph.
Definition 3.5. In a graph G = (V, £) the local clustering coefficient of a vertex v € V is defined as

[{uuICTW)uu'esl
o e Ty T deg() 22,
cc(v) := ceg(v) = 2
0

otherwise,

and the average clustering coefficient, or simply clustering coefficient, of G is given by

=1
cc(G) T Vezvcc(v).
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Proposition 3.6 below then states that the average clustering coefficient of TGIRGs is constant. Note that the
statement places no further restrictions on o. In particular, for ¢ = 1, we recover the classical GIRG model for
which the analogous result was proven originally in [14]. We remark that in Tunable Chung-Lu graphs the situ-
ation is completely different and due to the lack of geometry their clustering coefficient tends to 0 with increas-
ing n.

Proposition 3.6. Let G = (V, £) be a TGIRG. Then whp its clustering coefficient satisfies cc(G) = O(1).

4 Conditional distributions of weights

In this section, we give conditional and joint weight distributions for Tunable Chung-Lu graphs and TGIRGs. Note that

all results directly apply to classical Chung-Lu graphs and GIRGs (often with a simplified statement) by taking o = 1. We
begin with the weight distribution of a (vertex) endpoint of an edge drawn uniformly at random. The key ingredient for
deriving the results of this section is Bayes’ Formula. Full proofs are given in S1 File.

Proposition 4.1. Let 7> 20 € [0,7—1) and let G = (V, £) be a Tunable Chung-Lu graph or a TGIRG whose weight distri-
bution D is a power-law with exponent 7. Denote by fy, (w | uv € £) the density of the weight of the endpoint of an edge uv
chosen uniformly at random in €. Then

f, (W | uv € &) = {@W ) ftwsn,

O(wTn) ifw>n. (12)
Note that the second case in Eq (12) basically never occurs, since whp the largest weight is of order n"(=" = o(n). Prop-
osition 4.1 therefore tells us that the weight of the endpoint of a random edge follows a power-law with exponent 7 —1(as
opposed to the weight of random vertex, which also follows a power-law, but with exponent 7). The next proposition gives
the joint weight density of two endpoints u,v of a randomly chosen edge.
Proposition 4.2. Let 7> 20 € [0,7—1) and let G = (V, £) be a Tunable Chung-Lu graph or a TGIRG whose weight distri-
bution D is a power-law with exponent T. Denote by fiw, w,)(Wu, W, | uv € &) the joint density of the weights of the end-
points of an edge uv chosen uniformly at random in €. Then

Wy Awy)o (W V)™ i (wy Aw)7 (W VvV wy) < n,

f; wy,w, |uvef)= .
(WU‘WV)( Wy | ) {n(Wqu)_T if (Wy A Wy)7(Wy V wy) > n,

i.e., fow,w) (W, wy | uv € £) = O(((Wy A Wy) (Wy V Wy) A n) - (Wuw,) ™).
We remark here that the case distinction stems from the cutoff at 1 in the connection probability. There is a mul-
tigraph version of the model where we do not cap the expression at 1 but simply require that the expected number

wa/w)” (VW) Eor the vast majority of the vertices, this expectation will naturally be

of edges connecting u and v is (wy
at most 1, and for the remaining vertex pairs, one can for example randomly assign | W AW (WY We) | o [ (Wu/ W) (Wu VW)
edges, with the probabilities chosen to match the desired expectation. In this multigraph version, the first line in the
display equation in Proposition 4.2 holds for all weights, not just for weights with (w, A wy)?(w, vV wy) < n. In the sim-
ple graph version that is the focus of this paper, the first line of the display still applies for a large majority of vertex

pairs. Note that for the classical Chung-Lu and GIRG models (obtained by choosing o = 1), this line simplifies to

fw, w,(Wu, w, | uv € £) = wl"w]l™", and by Proposition 4.1 this is the same as fiy, (W, | uv € €) - f,(wy | uv € ). In other
words, (under the cutoff) the two endpoint weights are independent, which already is a strong indication of the neu-
tral assortativity of these classical models. The next proposition gives the weight density of a vertex v as a function

of the weight w, of its neighbor u, which gives more insight in the assortative behavior of Tunable Chung-Lu graphs

and TGIRGs in general.
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Proposition 4.3. Let 7 € (2,3), 0 € [0,7—1) and let G = (V, £) be a Tunable Chung-Lu graph or a TGIRG whose weight
distribution D is a power-law with exponent . Consider an edge uv € £ connecting a vertex u with weight w, to some
vertex v. Then the conditional distribution of the weight W of v satisfies

oW T (WA w,)™) if (WA W) (WwVw,) <n,
fw, (W | wy, uv € €) = ¢ O(%2) if wy < n < (wWAw) WV w),
ow™) if w, > n.

Again, the last case of the display equation in Proposition 4.3 is basically void since whp all weight are much smaller

than n. Moreover, the second case only applies to exceptionally large weights. For the classical choice o = 1, the first
case gives fiy, (W | wy, uv € £) = ©(w'™") and in particular this conditional distribution is actually independent of w,, which
shows the neutral assortativity of Chung-Lu graphs and GIRGs. Compared to this baseline, we see that by choosing o > 1
the distribution gets a boost of order (w A w,)°~". In particular, this boosting factor is increased for larger w and w,, which
translates to positive assortativity. On the other hand, choosing o < 1 makes the exponent o — 1 negative, and thus yields
an opposite effect, which shows the disassortative behavior of the corresponding graph models.

5 Degree assortativity in RGGs, Chung-Lu graphs and GIRGs

So far, we have analyzed assortativity with respect to the vertex weights of our random graph models. However, our ulterior motive
is to understand assortativity with respect to vertex degrees. In the graph models of interest here, the weight of a vertex corresponds
to its expected degree, and hence Propositions 4.1-4.3 are also informative about the degree assortativity in typical instances of
Chung-Lu graphs and GIRGs. Moreover, the degrees of vertices of sufficiently large (polylogarithmic) weights are whp of the same
order as their weight (see, e.g., Lemma 3.4), making these vertices completely assortativity-neutral in terms of degree as well.

In GIRGs however, there is an additional effect caused by random vertex-density fluctuations in certain regions, i.e., by
chance, some regions in the ground space of the GIRG may contain more nodes. These effects are noticeable for low-
degree nodes. In order to explain this effect, we consider the simpler model of Random Geometric Graphs. We note here
that the same analysis applies to GIRGs but comes at the price of much higher technicality. We omit the details but note
qualitatively that the larger the weights of the involved nodes, the smaller the effect.

5.1 Degree assortativity in random geometric graphs

In the following, we derive the conditional degree distribution for vertices given the degree of one of their neighbors in Random
Geometric Graphs, demonstrating that degrees of neighboring vertices are positively correlated. In this section, we will denote
by B (x) the ball of radius r centered at x € [0, 1]9. By Vol(A) we denote the Euclidean volume of a set A C [0, 1]¢ and by Po(u)
, following the usual convention, a Poisson random variable with mean 1. Recall from our definition of RGGs that the latent
space we are using is equipped with the torus topology and distances are measured using the max-norm || - || .. Proposi-
tion 5.1. Let G = (V, £) be a Random Geometric Graph on n vertices in the d-dimensional hypercube, let uv € £ be an edge
selected uniformly at random from &, and let the degree of u be deg(u) = k. Then deg(v) is distributed as
Vol(B:(x,) N B/(x,)) Vol(By(xu) \ Br<xv))>
Vol(Br(xu)) Vol([0, 1]9) ’

deg(v) ~ 1 +Po((k—1) )+Po((n—1—k)

where

[VOI(Br(Xu) mBr(Xv))} _ (3)"

Vol(B/(xy)) 4
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In particular, deg(v) can be stochastically lower-bounded by a random variable X distributed as

X ~ 1+ Po(O(k)).

Proposition 5.1 tells us that RGGs have positive degree assortativity in the following sense. The degree of a random
neighbor v of some vertex u can be decomposed into two independent Poisson random variables. The expectation of the
first one does not change with deg(u), while the expectation of the second one scales linearly with deg(u) (Fig 4).

5.2 Degree assortativity in GIRGs

We are now in a position to summarize our findings. We can distinguish the following cases. Pick a vertex u of weight w,
and one of its neighbors v of weight w,.

* Whenever w, - w, < n, the conditional weight distribution of w_ is independent of w, (Proposition 4.3). Hence the only
assortative effect on the degree of v comes from the geometric (positive) assortativity: The degree of a vertex con-
ditional on the degree of its neighbor depends positively on the intersection of their balls of influence - whereby here
the ball of influence is the geometric region (which is a function of w ) in which v connects to every vertex with at least
constant probability. (Note that whenever w, > w,,, then the ball of influence of u is typically contained in the ball of influ-
ence of v.) For constant-weight vertices, this effect of the geometry indeed plays a prominent role. This influence decays
as w, grows. Since whp no weight is of order §2(n), this scenario occurs in particular whenever w,=O(1).

* If wy - wy, > n, the conditional density resp. tail of the distribution of w, decays (proportionally) as w, increases. Since, as
mentioned, degrees are concentrated for large weights, our theoretical results suggest that the negatively assortative
effect of the weights exceed the positive (but vanishing) assortative effect of the geometry.

Fig 4. lllustration of the intersection of the boxes of influence B/(x,) N B/(x,) of two vertices u,v. If we know that deg(u) = k, then the density of
vertices inside By(x,) (area shaded in purple) is proportional to k, while the density of vertices outside B/(x,) (shaded in orange) decreases (slightly) with
k. Note that the intersection B/(xy) N B(xy) (delimited in blue) makes up a constant fraction of the area of B/(x,), which leads to positive assortativity in
RGGs.

https://doi.org/10.1371/journal.pcsy.0000097.9004
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* If either w, or w, is larger than n, the weights have no assortative effect anymore (cf. Proposition 4.3). However, whp this
case does not occur across the whole graph.

6 Experiments

Here we complement our theoretical considerations with an empirical evaluation. Besides other interesting observations,
our experiments in particular support our claims that (i) our tunable models indeed control the assortativity in the desired
way and that (ii) using just a single number to describe how vertices of different degrees tend to connect does not do the
rich underlying structure justice.

We start in Sect 6.1 by studying assortativity coefficients based on the correlation measures between the two endpoints
of an edge. As correlation measures, we consider Pearson’s, Spearman’s, and variants of Kendall’s coefficients. Our anal-
ysis confirms previous findings [33] that Spearman’s rank correlation coefficient (and similarly Kendall’s) provides a more
appropriate measure of assortativity than Pearson’s correlation coefficient, although we will see in Sect 6.2 that reducing
the measure assortativity to a single number nonetheless has serious limitations. Additionally, we show how the o param-
eter in our tunable models can be leveraged to regulate these assortativity coefficients.

In Sect 6.2, we take a more fine-grained look at the joint distribution of vertex degrees. This provides deeper insights
into how vertices of different degrees tend to connect that go beyond what can be expressed with just a single number.
Overview of real-world networks. Before presenting the experimental results, we provide brief background information
on the real-world network dataset examined here; also see Table 1. More detailed descriptions of the individual networks
can be found in S1 File. In order to allow for meaningful results, we restrict our analysis to networks which are verifiably
power-law. The rigorous detection of power laws in empirical degree distributions in real-world networks is a challenging
task — hence we rely on the evaluations of [40], who analyzed 35 undirected real-world networks without multi-edges
collected from the KONECT database [34]. Two of the networks, the Catster/Dogster network and the Route views contain

Table 1. The real-world networks we use in our experiments. We report the number of vertices, the number of edges, the average degree, the
Spearman assortativity coefficient and the power-law exponent T estimated by the Hill estimator [76] as reported in [40].

graph vertices edges avg degree T assortativity
LiveJournal 5204 176 49 174 464 18.90 3.86 0.4
Orkut 3072 441 117 184 899 76.28 3.58 0.36
Gowalla 196 591 950 327 9.67 2.80 0.25
Brightkite 58 228 214 078 7.35 3.51 0.22
Bible names 1773 9131 10.30 3.09 0.08
WordNet 146 005 656 999 9.00 2.86 0.03
Human PPI 3133 6 726 4.29 3.04 -0.03
Youtube 1134 890 2987 624 5.27 2.48 -0.08
Skitter 1696 415 11 095 298 13.08 2.38 -0.14
Proteins 1870 2277 2.44 3.09 -0.16
Amazon 334 863 925 872 5.53 3.99 -0.19
Catster/Dogster 623 766 15699 276 50.34 2.10 -0.23
Dogster 426 820 8 546 581 40.05 2.15 -0.3
Route views 6474 13 895 4.29 2.13 -0.5
CAIDA 26 475 53 381 4.03 2.10 -0.53
Hyves 1402673 2777 419 3.96 2.98 -0.55
Catster 149 700 5449 275 72.80 2.09 -0.56

https://doi.org/10.1371/journal.pcsy.0000097.t001
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self-loops. The methodology of [40] ensures in particular statistically consistent and robust estimations of the tail expo-
nent 7 of the power law from the measured degree sequence. We further required that the networks were non-bipartite,
and had estimated power-law parameters within or close to the range 2 < 7 < 3, for all three employed estimators: Hill,
Moments and Kernel estimator. For the experiments comparing assortativity coefficient values, we additionally include net-
works which are of strong power-law type but whose exponent 7 is larger than 3.

Code and data. The code used for these experiments is freely available on GitHub (https://github.com/thobl/assortativity)
and Zenodo (https://zenodo.org/records/16746826). All used and produced data is available on Zenodo (https://zenodo.
org/records/16745980).

6.1 Assortativity coefficients

An assortativity coefficient measures the correlation between the degrees of the vertices of an edge. To make this more
precise, consider an undirected graph G = (V, £). For each edge {u, v} € £ we consider the pairs (deg(u), deg(v)) and
(deg(v), deg(u)). For this set of pairs, we consider three types of correlation measures: Pearson’s coefficient, Spearman’s
coefficient, and Kendall’s coefficient. All coefficients take values in [-1, 1], with —1 denoting maximally negative assortativ-
ity and 1 denoting maximally positive assortativity. We defer their precise definitions to S1 File.

6.1.1 Assortativity coefficients of real-world networks. Fig 5 shows and compares the different assortativity
coefficients for the surveyed networks. Consistent with our theoretical result (Theorem 1.1), the sign of the Pearson
correlation coefficient is always negative for networks with 7 < % and essentially non-positive for all surveyed networks
including those with 7 > 3. For Spearman and Kendall, we obtain a much wider range of different assortativity values. For
all considered networks, the sign of the assortativity is the same for Spearman and Kendall — and their magnitudes track
each other closely. This strongly supports the previous suggestion of Litvak and van der Hofstad [33] to use Spearman
and not Pearson to measure assortativity. In the following, unless explicitly mentioned otherwise, the term assortativity
coefficient always refers to the Spearman correlation.

Overall we can observe that most networks have negative assortativity. In particular for networks with power-law
exponent 7 < 3, the three networks with largest assortativity coefficients are Gowalla (0.25), WordNet (0.03) and Youtube
(-0.08).

0.6

0.3
c q
E \ ! 1<7/3
E 0o [Humen PP
g £ , ® 73<t<3

-0.34 - - ® 3<r1

'
-0.6 1
-0.6 -0.3 0.0 0.3 0.6 -0.6 -0.3 0.0 0.3 0.6
pearson kendall

Fig 5. Comparison of assortativity coefficients (Pearson, Kendall, Spearman) for real networks.

https://doi.org/10.1371/journal.pcsy.0000097.9005

PLOS Complex Systems | https://doi.org/10.1371/journal.pcsy.0000097  April 20, 2026 21137



https://github.com/thobl/assortativity
https://zenodo.org/records/16746826
https://zenodo.org/records/16745980
https://zenodo.org/records/16745980

PLON- Complex Systems

6.1.2 Our tunable models. The goal with our tunable models was to have a parameter o that controls the assortativity
coefficient. Before analyzing the plots in detail, let us briefly recall the role of o in the connection probability, which
we restate here for the case of Tunable Chung-Lu graphs — the role of o in the connection probability of TGIRGs is
analogous:

@(min { (wy A Wv);(Wu Vv Wv)’ 1 })

(13)
Fig 6 shows the assortativity depending on o. Focusing on the Spearman coefficient (bottom row) for now, one can clearly
see that changing o has the desired effect that the assortativity changes monotonically depending on o. Note that from
our theoretical considerations, we know that we only get a power-law degree distribution for 7 > ¢ + 1, which corresponds
to the change of behavior with sudden upticks for o € {1.2, 1.4, 1.6} for the curves representing ™ € {2.2,2.4,2.6}, respec-
tively. We note that for 7 = 2.2, in the range o < 7 —1, also the value of Spearman, despite increasing as o increases,
never becomes positive. Our theoretical results (Proposition 4.2), which hold for all 2 < 7 < 3 indicate that this is another
artifact of the use of coefficients and not a sign that there is no assortative wiring behavior occurring in the graph.

Comparing Chung-Lu graphs with GIRGs, we can see that the geometry facilitates a larger assortativity coefficient.
While the effect is not very strong for most parameter combinations, it is particularly pronounced for small values of ¢ and
large values of 7. The latter is predicted by our theoretical results: we know that the positive effect on assortativity from
the latent geometry is restricted to low-degree vertices (Sect 5), on those are more dominant for larger 7.

We note that the assortativity coefficient is rather stable with respect to scaling the graph size, see Fig 7. We also refer
to Sect 6.2 for degree distributions showing that we indeed still get a power-law distribution if 7 > o + 1.
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Fig 6. Assortativity coefficients of Tunable Chung-Lu graphs and TGIRGs as a function of o for different power-law exponents 7. Each point is
the mean of five generated networks. Each generated network has 200 000 vertices and expected average degree 15. For the TGIRGs we use dimen-
sion 2 and temperature 0.

https://doi.org/10.1371/journal.pcsy.0000097.9006
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The top row of Fig 6 is only there to again show the shortcomings of Pearson correlation in the context of assortativity.
The coefficient only slightly changes and actually decreases for increased o, except for the regimes where o is too large
to actually yield a power-law distribution.

6.2 Joint distribution

Here we take a more detailed look at the joint distribution of edge degrees, i.e., when drawing a random edge {u, v},

X =deg(u) and Y = deg(v) are random variables and we are interested in their joint distribution. We propose three different
ways of looking at this joint distribution, resulting in three different types of plots, which we introduce in the following, using
a Chung-Lu graph with different values of o as an example; see Fig 8A-8C.

Joint distribution heatmap. Fig 8A directly shows the joint distribution of X and Y, i.e., the color at coordinate (x, y)
indicates the probability that X=x and Y=y. Note that the plot uses logarithmic axes and that the degrees are grouped into
buckets. To be more precise, we use 21 buckets and for j € [0, 20], the ith bucket B, is the range B; = [b', b*"). The base b
is chosen such that the maximum degree d__ is in the last bucket, i.e., b= 3/dmax + 1.

Comparing the three plots in Fig 8A, we can clearly see the effect of o on the joint distribution, with o < 1 (disassor-
tative) facilitating edges between vertices of different degrees while ¢ > 1leads to more edges with endpoints of similar
degree. However, we note that this trend becomes only apparent due to the comparison of the plots for different values of
o. When just looking at the plot for o = 1, it is not obvious that the corresponding graph has neutral assortativity. Indeed,
the slightly brighter L-shape might be perceived as negative assortativity, which would be a misinterpretation; also see
Fig 6. Thus, although this is certainly the simplest representation of the joint distribution, we recommend to use one of the
other representations introduced below.

Complementary cumulative distributions. Fig 8B shows the complementary cumulative distribution of the random
variable X = deg(u) for two different random trials. The line labeled node shows P[X > x] if u is a random node. The line
labeled edge shows P[X > x] if u is the random endpoint of a random edge {u, v}. For the latter, we are also interested in
conditioning on the degree Y = deg(v) of the other endpoint v, i.e., P[X > x| Y]. For this, we consider five different val-
ues of Y. More precisely, we condition on Y being in one of the five evenly distributed buckets B, B, B,,, B,,, or B,;, as
defined above. In Fig 8B, this is labeled as edge ¢ where c € {0,0.25,0.5,0.75, 1} refers to the bucket B20c. Also note the
colored arrows on the left side of the plots in Fig 8A. They indicate on which value of Y the corresponding line in Fig 8B
conditions.

Before we discuss the line plots, we briefly comment on the scaling of the plots and the interpretation of the curves.

As is common for networks whose degree sequence tail follows a power law, we use a logarithmic scale on both axes. In
this scaling, conforming to a power law then means that the curve is a straight line and its gradient corresponds to —7 + 1,
where 7 is the exponent of the power law.

Considering the node line, one can see that changing o only slightly changes the curve, i.e., we get the desired
power-law distribution consistent with our theoretical results that the (expected) degree of a node is of the same
order as its weight and hence does not depend on ¢ (Lemma 3.2). Concerning assortativity considerations,
note that complete independence of the two endpoint-degrees of an edge would mean that conditioning on the
degree Y should not change the distribution of X. In terms of the curves, this would mean that all curves edge c
should coincide with edge. Note that in the central plot of Fig 8B with o = 1 (neutral assortativity), this is indeed
the case for c € {0.25,0.5,0.75}. Moreover, for ¢ € {0, 1}, it is also the case for small values of x. For larger values
of x, however, conditioning on Y being very large (c = 1)makes it less likely that X > x. This makes sense as in a
Chung-Lu graph, there are not enough high-degree vertices such that many high-degree vertices can connect to
other high-degree vertices, see Proposition 4.3 and also the discussion after the re-statement of Theorem 1.1 in
Sect 7.1. Conversely, the probability X > x is slightly increased for large x when conditioning on Y being very small
(c=0).
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assortativity

Fig 7. Spearman Assortativity coefficient values in Tunable Chung-Lu Graphs and TGIRGs for varying network sizes and levels of o.
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Fig 8. Three different types of plots illustrating the joint distribution. Each column shows a Chung-Lu graph with 200 000 vertices, average degree
15, power-law exponent 7 = 2.8, and varying ¢ € {0.2, 1, 1.6}, controlling the assortativity. (A) Joint distribution of vertex degrees of a random edge. The
colors use a logarithmic scale. (B) Complementary cumulative distribution of the degree of a random node (node) and of a random endpoint of a random
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edge (edge). The numbers indicate conditioning on the degree of the other endpoint. (C) For a random edge with degrees (X, Y), the color indicates how
P[X = x] changes when conditioning on Y=y.

https://doi.org/10.1371/journal.pcsy.0000097.9008

Varying o clearly changes the picture. For o = 0.2 (negative assortativity), one can see in the left plot of Fig 8B that
the lines corresponding to a large value of Y (c € {0.5,0.75, 1}) lie significantly below the edge line, i.e., conditioning
on Y being large decreases the probability that X > x. This matches the intuition of what negative assortativity is sup-
posed to mean. For ¢ = 1.8 (positive assortativity) in the right plot, one can see that for small values of x, the same lines
(c € {0.5,0.75, 1}) lie above the edge line, which again makes sense for positive assortativity. For larger values of x, how-
ever, the lines for c=1 and later also for ¢=0.75 fall below the edge line, which again comes from the fact that there are
just not enough high-degree vertices to support enough edges between vertices of very high degree. This agrees with the
derivation in Proposition 4.3, where we prove that the tail of the curves is composed of two different linear pieces of differ-
ent slopes. As predicted in Proposition 4.3, the second slopes starts very late for small values of ¢ and is thus not visible,
but it becomes observable for ¢ € {0.75, 1}.

While these plots in Fig 8B are somewhat difficult to read, we would argue that they are more informative than the heat-
maps shown in Fig 8A.

Conditional heatmaps. Finally, the plots in Fig 8C show how P[X = x] changes when conditioning on Y=y (again using
the same buckets as before). We normalize this change as follows. If P[X = x| Y = y] > P[X = x], we say that we have

an increase of 1 — %. Otherwise, we have a decrease of 1 — %. Note that this normalizes the values to lie
between 0 and 1 with values close to 1 indicating a large change due to conditioning on Y=y. Moreover, 0 increase is
equivalent to 0 decrease, indicating independence. We note that the plots are symmetric as P[;Pé[:);T\i]:y] = ]P’[E:B}//l:)"(/]:x]‘ For brev-
ity, we call these heatmaps conditional heatmaps.

We believe these conditional heatmaps to be easy to read and insightful. In Fig 8C, one can nicely see that for neutral
assortativity (c = 1), the plot is mostly white. Moreover, the effect of varying o is very apparent. We discuss these effects in
more detail in the following section.

6.2.1 Discussion — Generated networks. The three rows of Fig 9 show the conditional heatmaps for tunable Chung-
Lu as well as TGIRGs with temperature T=0 and T=0.7, corresponding to a = co and o = 1.4 respectively. The columns
show different values from ¢ € {0.2, 1, 1.6}. Thus, considering the different columns aids our understanding of ¢’s influence
on the assortativity of the underlying graphs. Moreover, the different rows let us study the impact of the geometry.

For the central column (o = 1), we can see that the conditional heatmap is mostly white, indicating neutral assortativity. Notice
that for Chung-Lu (first row, central column) there is some variation for the low-degree vertices (in particular for degrees 1 and
2). This is most likely just noise: As there are in general only very few vertices of such low degree, a slight absolute change
results in a big relative change. The completely blue square in the bottom-left corner for example tells us that there are no
edges where both endpoints have degree 1 or 2, which is not surprising if there are in general few vertices of such low degree.
For GIRGs the picture is similar, except that we see an increase in edges where both endpoints have low degree (red bottom-
left corner). This can be explained by random fluctuation in the density of nodes in the underlying geometry, as derived in Sect
5. One can also nicely see how TGIRGs with higher temperature (T7=0.7) lie between Chung-Lu and TGIRG with temperature
zero.

For varying o, we observe two extremal patterns. As one extreme, we see an L-shape, with a vertical red stripe on the
left hand of the heatmap and horizontal red stripe on the bottom of the heatmap (¢ = 0.2). This reflects a strongly disas-
sortative wiring pattern where high-degree vertices prefer to connect to low-degree vertices and vice versa. It indicates
that low values of o successfully produce disassortative networks (while preserving key properties of classical Chung-Lu
graphs and GIRGs respectively). Again, for TGIRGs, the geometry makes connections between low-degree vertices more
assortative, resulting in the red lower left corner of the conditional heatmap.
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Fig 9. Conditional heatmaps for Tunable Chung-Lu (top), TGIRGs with temperature T=0.7 (middle row), and T=0 (bottom) for o = 0.2 (left),
o =1 (middle column), and o = 1.6 (right). Each graph has 200 000 vertices, average degree 15, and power-law exponent 7 = 2.8. The dimension for
the TGIRGs is 2.

https://doi.org/10.1371/journal.pcsy.0000097.9009
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On the other extreme, in highly assortative networks one would expect heatmaps to display a distinguished red diago-
nal (connecting the lower left corner of the heatmap to its upper right corner). Indeed, this would indicate that vertices in
the corresponding network of degree, say k, preferably connect to vertices of degree k, whereas connecting to vertices of
any other degree is less likely. And indeed, such assortative behavior can be observed qualitatively for a large range of
degrees for both Tunable Chung-Lu graphs and TGIRGs when ¢ = 1.6; see the right column in Fig 9. Notably, this effect
now also reaches low-degree nodes in Tunable Chung-Lu graphs. Note that for very high-degree nodes, this idealized
assortative wiring indicated by the red diagonal can not be maintained. The blue triangle, which is always present in
power-law networks with exponent 7 > 2 now leads to a lateral spreading of the probability mass which would be on the
diagonal to the nodes with highest degrees that are available. We remark again that the Pearson correlation coefficient
puts special emphasis on these very-high-degree vertices which are forced to connect to lower-degree vertices and thus
contribute negatively to the overall picture, which is highly problematic for scale-free networks in general and renders it
useless for small values of 7. This is made rigorous by our results in Sect 7.

6.2.2 Discussion — Real-world networks. Changing focus now to the real-world networks, the wiring patterns are
much more nuanced. Nonetheless, some large-scale phenomena can be made out in the conditional heatmaps shown
in Fig 10. Similar to the generated graphs, all plots show a blue triangle in the top-right corner. Due to normalization, this
also means that the remaining regions in the same rows and columns appear more red. To compensate for this effect we
need to compare with an assortative-neutral baseline, for which we can use Chung-Lu networks with matching power-law
exponent 7. Fig 11 shows such Chung-Lu networks for various values of 7. The size of the blue region is larger for smaller
7. For large 7 the resulting effect is negligible since then the blue region is too small to have much impact, but it is notable
for small 7.

Social networks. Considering the social networks in the first two rows of Fig 10, we want to point out that their Spearman
assortativity coefficients cover a large range. In fact, from all networks in our data set with power-law exponent 7 € (2, 3]

, the catster and Gowalla networks have the smallest (-0.56) and largest (0.25) assortativity coefficients, respectively;
see Fig 5 and Table 1. This contradicts the common belief that social networks tend to have positive assortativity [1].
Nonetheless, the conditional heatmaps in Fig 10 reveal a pattern that is common among the social networks in our data
set: Low degree vertices in the range [1,10] preferably connect to vertices of similar degree and to vertices with much
higher degree but not so much to vertices in the intermediate range. Note that the colors especially in the three petster
networks (Catster, Dogster, Catster/Dogster)and inthe Gowalla network are substantially more pronounced
than in the baseline in Fig 11. Thus the pattern of preferences is not just a normalization artifact.

This pattern can at least partially explain the wide range in assortativity values. Connections between pairs of low-degree verti-
ces contribute to positive assortativity while edges with one low-degree and one high-degree endpoint yield negative assortativity.
These are conflicting effects and depending on which is stronger, one might obtain positive, negative, or neutral assortativity.

Beyond these similarities between the networks in the wiring patterns of low-degree vertices, there are also some
differences, in particular for the medium degree vertices. In the Catster network, we can observe that vertices in the
range [10, 100] preferably connect to vertices of much higher degree. In contrast to that, in the Gowalla network, we
also get an increased number of connections between medium-degree vertices, resulting in a slightly red diagonal. We
note that this fits to the fact that Catster has negative and Gowalla has positive assortativity. The Youtube network,
shows a similar behavior as discussed before, with low-degree vertices (range [1,7]) connecting to other low-degree
vertices and to high-degree vertices (degree >400). In this network, vertices of intermediate degree in the range [20,
400] predominantly connect to vertices in the same range. However, we do not see a red diagonal as there is a gap
where vertices in the range [7,20] are slightly less likely to connect with vertices in the same range. We note that, while
the assortativity coefficient of the Youtube network is close to 0, we observe a highly interesting wiring pattern that is
far from being neutral, i.e., there is a dependence between the vertex degrees of an edge that it is too intricate to be well
described by a single number.
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Fig 10. Conditional heatmaps of nine real-world networks. The first six are social networks, the bottom three are technical networks representing
connections between autonomous systems. The networks are ordered by their Spearman assortativity coefficient: =0.56 (Catster), —=0.30 (Dog-
ster), =0.23 (Catster/Dogster), —=0.08 (Youtube), 0.22 (Brightkite), 0.25 (Gowalla) for the social networks and -0.53 (CA1D2), —0.50 (Route
views), =0.14 (Skitter) for the autonomous systems.

https://doi.org/10.1371/journal.pcsy.0000097.9010

Autonomous systems. The three networks in the bottom row of Fig 10 show computer networks where each vertex rep-
resents an autonomous systems and edges indicate direct connections. Interestingly, we see a very different wiring pat-
tern compared to the social networks. In the first two networks, CAIDA and Route views, we get a very similar picture.
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Fig 11. Conditional heatmaps for two Chung-Lu networks with different power law exponents 7. We use those as assortative-neutral baselines.

https://doi.org/10.1371/journal.pcsy.0000097.g011

The main difference is the sharp increase on the diagonal for Route views, which is an artifact from self-loops in the
network data. Moreover, Route views is more noisy than CATIDA, which is likely due to the fact that the network is substan-
tially smaller (6.5k and 26k vertices, respectively). We thus focus on CAIDA in the following, although similar observations
are true for Route views.

The overall pattern for CAIDA is that the diagonal is strikingly sparse and generally most connections are between
vertices of low degree (<10) and vertices of higher degree (>10). Examining the wiring preferences more in detail, the only
exception to this pattern are vertices with degree in the range [200, 600] that also have an increased connection probabil-
ity to vertices in the range [10,30], i.e., slightly above 10. This overall negative assortativity of the CATDA network, which
is also reflected by the Spearman assortativity coefficient of —0.53, is consistent with the general belief that technological
networks tend to be disassortative.

For the Skitter network, the picture is more nuanced. There is an increased number of edges where both endpoints
have a similar degree for the ranges [1,7] and [100, 600]. Beyond this assortative wiring, we mostly get disassortative
patterns: Vertices with degree in the range [1,7] have an increased number of connections to vertices in the range [50,
200]. Vertices of slightly higher degree in range [7,50] tend to connect to vertices of even higher degree (> 100). Although
less prominent than for CAIDA, this overall yields mostly disassortative wiring, which is also reflected in the assortativity
coefficient of —0.14.

We believe that the differences between CATIDA and Skitter are quite interesting and we can offer some potential
explanations (which should be viewed as educated guesses rather than definite truth). These networks of autonomous
systems form strong hierarchical structures with connections between different levels of the hierarchy. Moreover,
vertices higher up in the hierarchy tend to be central hubs with high degree while vertices lower down in the hierarchy
have fewer connections. It thus makes sense that we get disassortative patterns if most connections are between
different levels of the hierarchy. The core difference between CATIDA and Skitter is their size, with 26k vertices for
CAIDA and 1.7M vertices for Skitter. In a smaller network like CATIDA, it is conceivable to have a flat hierarchy with
vertices of very low degree directly connecting to vertices of very high degree. However, this likely becomes infeasible
in the larger skitter network. This is consistent with the rather extreme power-law exponents of 7 = 2.1 for CAIDA
and 7 =2.13 for Route views, while Skitter has 7 =2.38. With this, the patterns we observe for the Skitter net-
work between vertices of different degrees (top-left and bottom-right region of the plot) could come from a hierarchy
with multiple levels, where connections are predominantly between adjacent levels containing vertices with different
(but not extremely different) degrees. Moreover, the two red regions on the diagonal could come from connections on
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the same level of the hierarchy or from adjacent levels of the hierarchy containing vertices of similar degree (like, e.g.,
in a regular tree).

Although skitter is less disassortative than the other two, we would say that our results are in agreement with the
general belief that technological networks tend to be disassortative. However, the detailed picture is again more nuanced
than can easily be described with a single number.

Comparison with the models. We have already seen in the previous paragraphs that real-world networks in Fig 10 can
exhibit a variety of assortativity patterns, and that it makes sense to distinguish between social networks (first two rows in
Fig 10) and the technical networks stemming from autonomous systems (last row in Fig 10).

For social networks, we universally observe that low-degree vertices show an increased preference to connect to other
low-degree vertices, which contributes positively to assortativity. On the other hand, assortativity between other pairs of
vertices may vary widely. In Sect 5.2, we showed for our generative models that the effect of the latent geometric space on
assortativity is to increase assortativity between pairs of vertices of low degree, while not affecting assortativity between other
pairs of vertices. The fact that all studied social networks show such an increased assortativity between low-degree vertices
suggests that the changes induced by a latent space are compatible with the observed assortativity in social networks.

In general the real-world networks show a more complex structure than the network models. When we compare indi-
vidual social networks with generated networks of the same parameters, the fit is not tight. Fig 12 shows a comparison for
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Fig 12. Direct comparison of social networks with generated networks of corresponding parameters.

https://doi.org/10.1371/journal.pcsy.0000097.9012
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several social networks. The Gowalla network shows a red x-shape in its conditional heatmap in Fig 10 which has some
resemblance to the x-shape of the TGIRG with the same power-law exponent 7 = 2.8 and with o = 1.6 (left bottom panel).
However, apart from the more nuanced structure in the real network we want to highlight one important difference: for the
generated network the blue triangle is substantially smaller and the upper diagonal of the red »-shape does not extend

to the corners, while it does so for the Gowal1la network. This means that vertices of low degree (which are most verti-
ces) have an increased probability to form an edge with a vertex of very high degree in the Gowal1a network, but not in
the corresponding TGIRG. This effect might partially stem from an imperfect power-law in the Gowa11a network, see the
corresponding figure in S1 File. But even for generated models with a smaller value of 7, the probability is not as much
increased as in the Gowalla network, cf. Fig 11. This indicates that the wiring pattern of vertices of very high degree is
not adequately captured by the models. There is only a small number of such vertices, but due to their high degrees they
contribute a substantial fraction of all edges.

The situation for the Youtube network is similar to Gowal1a. Fitting the parameters gives a loose fit (middle row,
bottom panel), but it does not capture the finer structures and is not a good quantitative fit in all regions. Note that in the
plot we chose ™ = 2.2 because that gives a better fit better the size of the blue triangle in the upper right, but it does not
correspond to the exponent 7 = 2.48 of the Youtube network.

Among social networks, we get the worst fit for the petster networks. Since those have negative assortativity coefficient,
this suggest using a tuning parameter o < 1, but this does not result in a similar conditional heatmap, see the right col-
umn in Fig 12. Arguably, the gestalt shape for neutral o = 1(Fig 12, middle row bottom panel) or even o = 1.2 (Fig 13 left)
fits better, but even then the quantitative match is not good. In particular, it underestimates the number of connections
between vertices of low and of very high degree. This suggests that the assortative structure of the petster networks is
richer and can not be captured by the uniform application of a single tuning parameter as in the TGIRG model.

For the autonomous systems networks (bottom row in Fig 10), we get somewhat similar wiring patterns when using
o = 0.8 (Fig 13 middle and right). Due to the fact that an underlying geometry increases the probability for edges between
low-degree vertices, the Tunable Chung-Lu seems to be a better fit for CATIDA and Route views, while TGIRG seems to
be a better fit for Skitter. A notable difference to the artificial networks is that Skitter has an increased probability for
edges where both vertices are in the range [100,600], which is not present in the models.
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Fig 13. Conditional heatmaps for three models that, to some degree, show similar patterns as observed in the real-world networks.

https://doi.org/10.1371/journal.pcsy.0000097.9013
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7 Scale-free networks and assortativity coefficients

This section is dedicated to the analysis of scale-free networks using assortativity coefficients. In the first subsection, we
show that for a substantial range of 7, all networks whose degree distribution follow a power-law with parameter = have
negative Pearson correlation coefficient. It has been argued previously that the Pearson coefficient is ill-suited to model
degree-degree correlations in scale-free networks. Here, we provide a much stronger result which supports this claim.
Intuitively, our main theorem of this section means that the Pearson correlation coefficient can never give meaningful
results in any network with with power-law degree distribution and exponent close to 2, independent of any homophily or
heterophily in the network. In the second subsection, we provide a discussion of experimental results as well as alterna-
tive coefficients - and why the analysis of conditional and joint distributions is better suited to understand assortativity than
coefficients.

7.1 Severe shortcoming of Pearson correlation coefficient for the analysis of scale-free networks

We next provide the formal definition of the Pearson correlation coefficient, as given by Newman in [1].

Consider a network G = (V, £) and define a pair (Xo, X1) of random variables as follows. We sample anedgee =uv e &
uniformly at random, and then set (Xp, X1) = (deg(u) — 1, deg(v) — 1) with probability % and (Xp, X1) = (deg(v) —1,deg(u) - 1)
with probability % These deg(-) — 1terms correspond to the remaining degree of the vertex, i.e., the number of additional
edges that are incident to the vertex, discounting the edge e that led there in the first place. Note that X and X, are iden-
tically distributed but not necessarily independent. One way to quantify the dependence between the endpoint degrees of
a random edge is to compute the Pearson correlation coefficient of X and X,. The Pearson assortativity coefficient of the
graph G is defined as such:

HG) = Cov(Xo, X1)  _ E[XoX1]—E[Xo]JE[X1]
" /NVar(Xp)/Var(Xy) Var(Xo) ’ (14)

where the equality above holds because X and X, have the same distribution. Note in particular that the denominator is
always positive by definition. For convenience, we restate the main theorem of this section.

Intuitively, the negativity of r(G) comes from the contribution of high-degree vertices. More precisely, because of the
power-law degree distribution, any vertex of degree w(n"") has to connect to vertices of smaller degree, because there
are o(n"'") vertices of degree w(n'"). This effect is even stronger for vertices of maximum degree ©(n"(""), because
almost all of their neighbors have much smaller degree. If the tail of the degree distribution is heavy enough (which trans-
lates to the 7 < 7/3 condition), the contribution of these vertices dominates the numerator in (14).

8 Materials and methods

In this brief section, for the convenience of the reader, we give references to the relevant passages of the paper that pro-
vide sufficient detail to reproduce our findings.

Networks and network models. The formal definitions of the graph models we use can be found in Sect 2, with crucial
model properties stated in Sect 3. We describe the sampling process for TGIRGs in S1 File. An overview of the dataset of
real networks used in our experiments is given at the beginning of Sect 6, with detailed descriptions of the real networks
given in S1 File.

Assortativity coefficients. An overview of the assortativity coefficients we use is given in Sect 6.1, with the definition of
Pearson’s coefficient given in Sect 7.1 and additional details given in S1 File.

Experimental setup. The setup for our experiments is described in Sect 6, with details regarding the heatmaps given

in Sect 6.2. The code used for our experiments is freely available on GitHub (https://github.com/thobl/assortativity) and
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Zenodo (https://zenodo.org/records/16746826). All used and produced data is available on Zenodo (https://zenodo.org/
records/16745980).

Supporting information

S1 File. Supporting information for assortativity in geometric and scale-free networks. Contains the proofs omitted
from Sects 3, 4, 5 and 7, the formal definitions of the correlation measures used in our analysis, additional information on
the real networks in our dataset, additional figures and guidelines for generating TGIRGs.

(PDF)
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