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1. Introduction
1.1. Overview of the problem.

Let Q c R", n > 2 be an open and bounded Lipschitz domain with boundary 0Q. The goal of this paper is to give a contribution to
the regularity theory for relaxed minimisers of

FI[u;Q]:/f(Au)dx, u: R =V,
Q

where A is a #-th order, linear, constant-coefficient, homogeneous differential operator on R” between two real finite dimensional
vector spaces V and W, i.e.

Au:= Y A0, u:iR">V, 1.1)
la|=¢

with linear maps A, : V' - W and multi-indices « € Nj. Moreover, f : W — R is an integrand which will be specified later. In case of

the full or symmetric gradient, i.e. Au = Du or Au = sym(Du) := %(Du + Du") respectively, such functionals appear in the continuum
description for modelling elastic and plastic effects for solids and fluids, where u is then the corresponding displacement or velocity
field, cf. [1]. Usually, plasticity is described by means of linear growth densities f : W — R, meaning that there exist two constants
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$u_j^{\dela \Omega }:= (\overline {u}_0\ast \varrho _{\eps _j})\vert _{\Omega }$


\begin {align}\label {eq:EstimateMollification} \|u_j^{\dela \Omega } - u_0\|_{\sobo ^{\Aop ,1}(\Omega )} \leq \frac {1}{8 \mathrm {Lip}(f) j^2}.\end {align}


$\mathscr {D}_j:= u_j^{\dela \Omega } + \sobo ^{\Aop ,1}_0(\Omega ;\R ^2)$


$\tilde {u}_j := u_j -u_0 + u_j^{\dela \Omega }\in \mathscr {D}_j$


\begin {align}\label {eq:minimisingSequenceWithSmoothBoundary} \|\tilde {u}_j - u_j\|_{\sobo ^{\Aop ,1}(\Omega )} = \|u_j^{\dela \Omega } - u_0 \|_{\sobo ^{\Aop ,1}(\Omega )}\leq \frac {1}{8\mathrm {Lip}(f) j^2}.\end {align}


$\F [-;\Omega ]$


$\mathscr {D}_{u_0}$


$\mathscr {D}_j$


$\tilde {u}_j$


\begin {equation*}\big \vert \F [v;\Omega ] - \F [w;\Omega ]\big \vert \leq \mathrm {Lip}(f) \|\A [\D v]- \A [\D w] \|_{\lebe ^1(\Omega ;\R ^{2\times 2}_\A )},\quad \forall v,w \in \sobo ^{\Aop ,1}(\Omega ),\end {equation*}


\begin {align*}&\F [u_0+\varphi ; \Omega ] \leq \F [u_j^{\dela \Omega }+\varphi ; \Omega ] + \mathrm {Lip}(f) \|\A [\D u_0] - \A [\D u_j^{\dela \Omega }]\|_{\L ^1(\Omega ; \R ^{2\times 2}_\A )}\\ &\F [u_j^{\dela \Omega }+\varphi ; \Omega ]\leq \F [u_0+\varphi ; \Omega ] + \mathrm {Lip(f)} \|\A [\D u_0] - \A [\D u_j^{\dela \Omega }]\|_{\L ^1(\Omega ;\R ^{2\times 2}_\A )}\end {align*}


$\varphi \in \sobo ^{\Aop ,1}_0(\Omega )$


$\varphi \in \sobo ^{\Aop ,1}_0(\Omega )$


\begin {align}\label {eq:InfimaApproximation} \bigg \vert \inf _{\mathscr {D}_{u_0}}\F [-;\Omega ] - \inf _{\mathscr {D}_{j}} \F [-;\Omega ]\bigg \vert \leq \frac {1}{8j^2}.\end {align}


$\varphi = u_j-u_0$


\begin {align}\label {eq:AlmostAttainment} \F [\tilde {u}_j;\Omega ] \leq \F [u_j; \Omega ] + \frac {1}{8j^2} \leq \inf _{\mathscr {D}_{u_0}}\F [-;\Omega ]+ \frac {1}{4j^2},\end {align}


$\F [-;\Omega ]$


$\mathscr {D}_j$


$\tilde {u}_j$


$P\in \R ^{2\times 2}_{\A }$


\begin {align}\label {eq:DefinitionOfIntegrands} f_j(P):= f(P) + \frac {1}{2A_j j^2}(1+\abs {P}^2)\quad \mbox {with}\quad A_j := 1+\int _\Omega (1+ \abs {\A [\D \tilde {u}_j]}^2)\dx {x},\end {align}


\begin {align}\label {eq:sigma} \abs {\D f_j(P)} \leq \abs {\D f(P)} + \frac {1}{2A_j j^2}\abs {P}\overset {\eqref {eq:LinGrowth}}{\leq } c_2+ \frac {1}{2A_j j^2}\abs {P}.\end {align}


$\tilde {u}_j$


\begin {align*}\mathscr F_j [v;\Omega ] = \begin {cases}\displaystyle \mathscr F[v;\Omega ] + \frac {1}{A_j j^2} \int _\Omega (1+\abs {\A [\D v] }^2)\dx {x}\quad &\mbox {if} \quad v\in \mathscr {D}_j\\ +\infty \quad &\mbox {if}\quad v\in \sobo ^{-2,1}(\Omega ;\R ^2) \setminus \mathscr {D}_j. \end {cases}\end {align*}


$\tilde {u}_j$


$j^{-1}$


$\F _j[-;\Omega ]$


$\sobo ^{-2,1}(\Omega ;\R ^2)$


\begin {align}\label {eq:CloseToInf_Ekeland} \F _j[\tilde {u}_j;\Omega ] \leq \F [\tilde {u}_j;\Omega ] + \frac {1}{2j^2} &\overset {\eqref {eq:AlmostAttainment}}\leq \inf _{\mathscr {D}_{u_0}} \F [-;\Omega ] + \frac {3}{4j^2} \\ &\overset {\eqref {eq:InfimaApproximation}}{\leq } \inf _{\mathscr {D}_j} \F [-;\Omega ] + \frac {1}{j^2} \leq \inf _{\sobo ^{-2,1}(\Omega ;\R ^2)} \F _j[-;\Omega ] + \frac {1}{j^2}\notag .\end {align}


$\sobo ^{-2,1}(\Omega ;\R ^2)$


$\F _j[-;\Omega ]$


$\infty $


$\sobo ^{-2,1}(\Omega ;\R ^2)$


$k=2$


$\mathfrak {f} = f_j$


$(v_j)_{j\in \N }$


\begin {align}\|v_j - \tilde {u}_j \|_{\sobo ^{-2,1}(\Omega ;\R ^2)} &\leq \frac {1}{j} \label {eq:Ekeland_1}\\ \F _j [v_j; \Omega ] &\leq \F _j[w;\Omega ] + \frac {1}{j} \|v_j -w\|_{\sobo ^{-2,1}(\Omega ;\R ^2)}\quad \mbox {for all}\quad w\in \sobo ^{-2,1}(\Omega ;\R ^2)\label {eq:Ekeland_2}.\end {align}


$(v_j)_{j\in \N }$


$j\in \N $


\begin {align}& \int _\Omega \abs {\A [\D v_j]} \dx {x} \leq \frac {1}{c_1} \bigg (\inf _{\mathscr {D}_{u_0}} \F [-;\Omega ] + \frac {2}{j^2}\bigg ),\label {eq:EkelandSequence_Property_1}\\ & \frac {1}{2A_j j^2} \int _\Omega (1+\abs {\A [\D v_j]}^2)\dx {x}\leq \frac {2}{j^2}\label {eq:EkelandSequence_Property_2}.\end {align}


$j\in \N $


$w=\tilde {u}_j$


\begin {align}\label {eq:FinitenessOfFunctionalForEkelandSeq} \F _j[v_j;\Omega ] \leq \F _j[\tilde {u}_j,\Omega ] + \frac {1}{j^2}\leq \inf _{\mathscr {D}_{u_0} }\F [-;\Omega ] + \frac {2}{j^2}.\end {align}


$\F _j[{v_j};\Omega ]$


$\F _j$


$v_j\in \mathscr {D}_j\cap \sobo ^{1,2}(\Omega ;\R ^2)$


\begin {align*}\inf _{\mathscr {D}_j} \F [-;\Omega ] \leq \F [v_j; \Omega ] \leq \F _j[v_j;\Omega ] \leq \inf _{\mathscr {D}_{u_0} }\F [-;\Omega ] +\frac {2}{j^2}.\end {align*}


\begin {align*}\frac {1}{2A_j j^2} \int _\Omega (1+\abs {\A [\D v_j]}^2) \dx {x} = \left (\F _j[v_j;\Omega ] - \F [v_j; \Omega ]\right ) \leq \frac {9}{8j^2}\le \frac {2}{j^2},\end {align*}


$\sigma _j:= \D f_j(\A [\D v_j])$


$\A [\sigma _j]= \sigma _j$


$\A $


$\R ^{2\times 2}_\A $


$\sigma _j\in \R ^{2\times 2}_{\A }$


$(v_j)_{j\in \N }$


$j\in \N $


\begin {align}\label {eq:EulerLagrangeInequality} \left \vert \int _\Omega \skalarProd {\sigma _j}{\D \varphi }\dx {x}\right \vert =\left \vert \int _\Omega \skalarProd {\sigma _j}{\A [\D \varphi ]}\dx {x}\right \vert \leq \frac {1}{j}\|\varphi \|_{\sobo ^{-2,1}(\Omega ;\R ^2)} \qquad \forall \ \varphi \in \sobo ^{1,2}_0(\Omega ;\R ^2).\end {align}


\begin {align*}\skalarProd {\sigma _j}{\D \varphi }=\skalarProd {\A [\sigma _j]}{\D \varphi }=\skalarProd {\sigma _j}{\A [\D \varphi ]}.\end {align*}


$\varphi \in \sobo ^{1,2}_0(\Omega ;\R ^2)$


$\theta >0$


$w=v_j\pm \theta \varphi $


$\theta $


\begin {align*}\frac {\F _j[v_j\pm \theta \varphi ; \Omega ]- \F _j [\varphi ;\Omega ]}{\theta }\leq \frac {1}{j}\|\varphi \|_{\sobo ^{-2,1}(\Omega ;\R ^2)}\end {align*}


$\theta \searrow 0$


$\F _j$


$\pm \varphi $


\begin {equation*}\lim _{\theta \searrow 0} \frac {\F _j[v_j\pm \theta \varphi ; \Omega ]- \F _j [\varphi ;\Omega ]}{\theta } = \left .\frac {\dx {}}{\dx {\theta }}\right \vert _{\theta =0} \F _j[v_j \pm \theta \varphi ;\Omega ] = \pm \int _\Omega \skalarProd {\sigma _j}{\A [\D \varphi ]}\dx {x}.\end {equation*}


$v_j$


$j\in \N $


$f\in \cont ^2(\R ^{2\times 2}_\A )$


$\Lambda \in (0,\infty )$


\begin {align}\label {eq:MuElliptic_UpperBound} 0\leq \skalarProd {\D ^2 f(P)\xi }{\xi }\leq \Lambda \frac {\abs {\xi }^2}{(1+\abs {P}^2)^\frac {1}{2}}\quad \mbox {for all}\quad P,\xi \in \R ^{2\times 2}_\A .\end {align}


$(v_j)_{j\in \N }$


$v_j\in \sobo ^{2,2}_\loc (\Omega ;\R ^2)$


$x_0\in \Omega $


$0<r<R<\mathrm {dist}(x_0,\dela \Omega )$


$s\in \{1,2\}$


$0<h<\frac {1}{2}(\mathrm {dist}(x_0,\dela \Omega )-R)$


$\varrho \in \hold ^\infty _c(\Omega ;[0,1])$


$\chi _{\ball _{r}(x_0)}\leq \varrho \leq \chi _{\ball _{R}(x_0)}$


$\varphi := \triangle _{s,-h}(\varrho ^2 \triangle _{s,h} v_j)\in \sobo ^{1,2}_0(\Omega ;\R ^2)$


\begin {align}\label {eq:EulerLagrange_TestedWithDiffQuot} \left \vert \int _\Omega \skalarProd {\triangle _{s,h}\D f_j(\A [\D v_j])}{\A [\D (\varrho ^2 \triangle _{s,h}v_j)]}\dx {x} \right \vert \leq \frac {1}{j^2} \|\triangle _{s,-h}(\varrho ^2 \triangle _{s,h}v_j)\|_{\sobo ^{-2,1}(\Omega ;\R ^2)}.\end {align}


\begin {align*}\triangle _{s,h} \D f_j(\A [\D v_j])(x) = \int _0^1 \D ^2 f_j\big (\A [\D v_j](x) + th \triangle _{s,h} \A [\D v_j](x)\big )\dx {t} \,\triangle _{s,h} (\A [\D v_j])(x),\end {align*}


$\Leb ^n$


$x\in \ball _{r}(x_0)$


$\mathscr {B}_{j,s,h}(x):\R ^{2\times 2}_\A \times \R ^{2\times 2}_\A \to \R $


\begin {align*}\mathscr {B}_{j,s,h}(x)[\eta ,\xi ]:= \int _0^1 \skalarProd {\D ^2 f\big (\A [\D v_j] (x) + th \triangle _{s,h}(\A [\D v_j])(x)\big )\eta }{\xi }\dx {t}\quad \mbox {for all}\quad \eta ,\xi \in \R ^{2\times 2}_\A .\end {align*}


$\mathscr {B}_{j,s,h}(x)$


$f_j$


\begin {align}\label {eq:BoundsBilinearform} \frac {\abs {\xi }^2}{A_j j^2} \leq \mathscr {B}_{j,s,h}(x) [\xi ,\xi ] \leq \bigg (\Lambda + \frac {1}{A_j j^2}\bigg ) \abs {\xi }^2.\end {align}


$\A [\D ( \varrho ^2 \triangle _{s,h}v_j)] = \varrho ^2 \A [\D (\triangle _{s,h} v_j)] + \A [2\varrho \nabla \varrho \otimes \triangle _{s,h} v_j]$


\begin {align*}\mathrm {I} &:= \int _\Omega \skalarProd {\triangle _{s,h}\D f_j (\A [\D v_j])}{\varrho ^2 \A [\D (\triangle _{s,h} v_j)]}\dx {x} \notag \\ & \leq - \int _\Omega \skalarProd {\triangle _{s,h}\D f_j(\A [\D v_j])}{ \A [2\varrho \nabla \varrho \otimes \triangle _{s,h} v_j]}\dx {x} +\frac {1}{j} \|\triangle _{s,-h}(\varrho ^2 \triangle _{s,h} v_j)\|_{\sobo ^{-2,1}(\Omega ;\R ^n)} \\ &=: \mathrm {II} + \mathrm {III}\notag .\end {align*}


$\mathrm {I}$


\begin {align}\label {eq:BoundBelow_I} \mathrm {I} = \int _\Omega \mathscr {B}_{j,s,h}(x) \big [\varrho \A [\D (\triangle _{s,h} v_j)], \varrho \A [\D (\triangle _{s,h} v_j)]\big ] \dx {x} \geq \frac {1}{A_j j^2} \int _\Omega \abs {\varrho \A [\D (\triangle _{s,h} v_j)]}^2 \dx {x}.\end {align}


\begin {align*}\mathrm {II} &= -\int _\Omega \mathscr {B}_{j,s,h}(x) \big [\varrho \A [\D (\triangle _{s,h} v_j)], \A [2\nabla \varrho \otimes \triangle _{s,h} v_j]\big ]\dx {x} \\ &\leq \frac {1}{2} \int _\Omega \mathscr {B}_{j,s,h}(x) \big [\varrho \A [\D (\triangle _{s,h} v_j)], \varrho \A [\D (\triangle _{s,h} v_j)]\big ]\dx {x} \\ &\hspace {2cm}+\frac {1}{2} \int _\Omega \mathscr {B}_{j,s,h}(x) \big [ \A [2\nabla \varrho \otimes \triangle _{s,h}v_j], \A [2 \nabla \varrho \otimes \triangle _{s,h} v_j]\big ]\dx {x}.\end {align*}


$\mathrm {I}$


\begin {align*}\frac {1}{2} &\int _\Omega \mathscr {B}_{j,s,h}(x) \big [ \A [2\nabla \varrho \otimes \triangle _{s,h}v_j], \A [2 \nabla \varrho \otimes \triangle _{s,h} v_j]\big ]\dx {x} \\ &\leq 2\bigg (\Lambda + \frac {1}{A_j j^2}\bigg )\|\nabla \varrho \|_{\lebe ^\infty (\Omega ;\R ^2)}^2 \int _{\ball _{R}(x_0)} \abs {\triangle _{s,h} v_j}^2 \dx {x} \\ &\leq 2\bigg (\Lambda + \frac {1}{A_j j^2}\bigg )\|\nabla \varrho \|_{\lebe ^\infty (\Omega ;\R ^2)}^2~ \|v_j\|_{\sobo ^{1,2}(\Omega ;\R ^2)}^2,\end {align*}


$v_j\in \sobo ^{1,2}(\Omega ;\R ^2)$


$\mathrm {III}$


\begin {align*}\mathrm {III} = \frac {1}{j} \|\triangle _{s,-h}(\varrho ^2 \triangle _{s,h} v_j)\|_{\sobo ^{-2,1}(\Omega ;\R ^2)}\leq \frac {1}{j} \|\varrho ^2 \triangle _{s,h} v_j\|_{\lebe ^1(\Omega ;\R ^2)} \leq \|\partial _s v_j\|_{\lebe ^1(\Omega ;\R ^2)}.\end {align*}


\begin {align*}\frac {1}{A_j j^2} \int _\Omega \abs {\varrho \A [\D (\triangle _{s,h}v_j)]}^2 \dx {x} \leq c,\end {align*}


$c>0$


$h>0$


$(\triangle _{s,h}(\A [\D v_j]))_{h>0}$


$\lebe ^2(\ball _{r}(x_0);\R ^{2\times 2})$


$\partial _s \A [\D v_j]$


$\lebe ^2(\ball _{r}(x_0);\R ^{2\times 2})$


$s\in \{1,2\}$


$\D ^2 v_j\in \lebe ^2(\ball _{r}(x_0);\R ^{2\times 2\times 2})$


$x_0\in \Omega $


$0<r<R<\mathrm {dist}(x_0,\dela \Omega )$


$v_j\in \sobo ^{2,2}_\loc (\Omega ;\R ^2)$


$k\in \{1,2\}$


\begin {align*}\left \vert \int _\Omega \skalarProd {\partial _k\sigma _j}{\D \varphi }\dx {x}\right \vert =\left \vert \int _\Omega \skalarProd {\partial _k\sigma _j}{\A [\D \varphi ]}\dx {x}\right \vert \leq \frac {1}{j}\|\varphi \|_{\sobo ^{-1,1}(\Omega ;\R ^2)} \qquad \forall \ \varphi \in \sobo ^{1,2}_0(\Omega ;\R ^2),\end {align*}


$(v_j)_{j\in \N }$


$\A [\sigma _j]= \sigma _j$


\begin {align}\label {eq:DerivativeSigma} \A [\partial _k\sigma _j]=\partial _k\A [\sigma _j]=\partial _k\sigma _j.\end {align}


$\partial _s \varphi $


$\varphi \in \hold ^\infty _c(\Omega ;\R ^2)$


$s\in \{1,2\}$


$(v_j)_{j\in \N }$


$j\in \N $


$\A :\R ^{2\times 2}\to \R ^{2\times 2}$


$\R ^2$


$\R ^2$


$\R ^{2\times 2}$


$\Aop := \A [\cdot \otimes \nabla ]$


$\C $


$c=c(\Lambda , \A )>0$


\begin {align}\label {eq:WeightedSecondOrder} &\sum _{k=1}^2 \int _{\ball _{2r}(x_0)}\varrho ^4 \skalarProd {\D ^2f_j(\A [\D v_j])\partial _k\A [\D v_j]}{\partial _k\A [\D v_j]}\intd x\notag \\ &\hspace {0.5cm}\leq \frac {c(\Lambda ,\A )}{r^2} \bigg [\int _{\ball _{2r}(x_0)} \abs {\A [\D v_j]}\dx {x}\\ &\hspace {2cm}+ \frac {1}{A_j j^2}\int _{\ball _{2r}(x_0)} (1+\abs {\A [\D v_j]}^2)\dx {x} + \bigg (1+\frac {r^2}{j}+\frac {r^3}{j} \bigg )\int _{\ball _{2r}(x_0)} \frac {\abs {v_j}}{r}\dx {x} \bigg ]\notag ,\end {align}


$\varrho \in \hold ^\infty _c(\Omega ;\R )$


$\chi _{\ball _{r}(x_0)}\le \varrho \le \chi _{\ball _{2r}(x_0)}$


$\abs {\nabla \varrho } \leq \frac 2r$


$\abs {\D ^2\varrho }\le \frac {4}{r^2}$


$v_j\in \sobo ^{2,2}_{\loc }(\Omega ;\R ^2)$


\begin {align*}\A [\D (\varrho ^4 \partial _k v_j)] = \A [\partial _k v_j\otimes \nabla \varrho ^4]+ \varrho ^4 \A [\partial _k \D v_j].\end {align*}


\begin {align}\label {eq:A+B} \int _\Omega &\varrho ^4\skalarProd {\D ^2 f_j(\A [\D v_j])\partial _k \A [\D v_j]}{\partial _k\A [\D v_j]}\intd x\notag \\ &= -\int _\Omega \skalarProd {\D ^2 f_j(\A [\D v_j])\partial _k \A [\D v_j]}{\A [\partial _k v_j \otimes \nabla \varrho ^4]}\intd x \notag \\ &\hspace {2cm} +\int _\Omega \skalarProd {\D ^2 f_j (\A [\D v_j])\partial _k \A [\D v_j]}{ \A [\D (\varrho ^4\partial _k v_j)]}\dx {x}\notag \\ &=-\int _{\Omega }\skalarProd {\partial _k\sigma _j}{\A [\partial _k v_j \otimes \nabla \varrho ^4]}\intd x+\int _{\Omega }\skalarProd {\partial _k\sigma _j}{\A [\D (\varrho ^4\partial _k v_j)]}\dx {x}=: \mathrm {A} + \mathrm {B}.\end {align}


$\mathrm {B}$


$\varrho ^4 \partial _k v_j\in \sobo ^{1,2}_0(\Omega ;\R ^2)$


\begin {align}\label {eq:estimateB} \abs {\mathrm {B}} &\leq \frac {1}{j}\|\varrho ^4 \partial _k v_j \|_{\sobo ^{-1,1}(\Omega ;\R ^2)}\notag \\ &\leq \frac {1}{j}\| \partial _k (\varrho ^4 v_j) -v_j \partial _k \varrho ^4\|_{\sobo ^{-1,1}(\Omega ;\R ^2)} \leq \frac {1}{j} \bigg (1+\frac {8}{r}\bigg )\|v_j\|_{\lebe ^1(\ball _{2r}(x_0);\R ^2)}.\end {align}


$\mathrm {A}$


$\partial _k v_j \otimes \nabla \varrho ^4$


\begin {align*}\mathrm {A} &= -\int _\Omega \skalarProd {\partial _k \sigma _j}{\A [\partial _k v_j\otimes \nabla \varrho ^4]}\dx {x} =-\int _\Omega \skalarProd {\partial _k \sigma _j}{\partial _k v_j\otimes \nabla \varrho ^4}\dx {x}.\end {align*}


$\A $


$\mathbb {C}$


\begin {align}\label {eq:Decomposition0} \partial _k v_j \otimes \nabla \varrho ^4 \notag &= (\D v_j)e_k\otimes \nabla \varrho ^4\\ &=\mathfrak {L}(\A [\D v_j])e_k \otimes \nabla \varrho ^4 + \gamma (\D v_j) \mathfrak {G}e_k\otimes \nabla \varrho ^4\notag \\ &=\mathfrak {L}(\A [\D v_j])e_k \otimes \nabla \varrho ^4 + \gamma (\D v_j) \D (\mathfrak {G}e_k \varrho ^4).\end {align}


$\mathrm {A}$


\begin {align*}\abs {\mathrm {A}} &\leq \left \vert \int _{\ball _{2r}(x_0)}\skalarProd {\partial _k \sigma _j}{\mathfrak {L}( \A [\D v_j])e_k\otimes \nabla \varrho ^4}\dx {x}\right \vert + \left \vert \int _{\ball _{2r}(x_0)} \skalarProd {\partial _k \sigma _j}{\gamma (\D v_j) \D (\mathfrak {G}e_k \varrho ^4)}\dx {x}\right \vert =: \mathrm {A}_1 + \mathrm {A}_2.\end {align*}


$\mathrm {A}_1$


$\mathfrak {L}\colon \R ^{2\times 2}\to \R ^{2\times 2}$


$\nabla \rho ^4=\rho ^2\cdot 2\nabla \rho ^2$


\begin {align*}\mathrm {A}_1 &= \int _{\ball _{2r}(x_0)} \skalarProd {\D ^2 f_j(\A [\D v_j])\partial _k \A [\D v_j]}{\mathfrak {L}(\A [\D v_j])e_k \otimes \nabla \varrho ^4}\dx {x} \\ &\leq \frac {1}{2} \int _{\ball _{2r}(x_0)} \corrected {\rho ^4} \skalarProd {\D ^2 f_j (\A [\D v_j])\partial _k \A [\D v_j]}{\partial _k \A [\D v_j]}\dx {x} \\ &\hspace {2cm} + \corrected {2}\int _{\ball _{2r}(x_0)} \skalarProd {\D ^2 f_j(\A [\D v_j])\mathfrak {L}(\A [\D v_j])e_k\otimes \nabla \varrho ^{\corrected {2}}}{\mathfrak {L}(\A [\D v_j])e_k\otimes \nabla \varrho ^{\corrected {2}}}\dx {x}.\end {align*}


\begin {align*}\skalarProd {\D ^2 f_j (P)\xi }{\xi } \leq \Lambda \frac {\abs {\xi }^2}{(1+\abs {P}^2)^{\frac {1}{2}}} + \frac {1}{A_j j^2}\abs {\xi }^2.\end {align*}


\begin {align*}\int _{\ball _{2r}(x_0)} &\skalarProd {\D ^2 f_j(\A [\D v_j])\mathfrak {L}(\A [\D v_j])e_k\otimes \nabla \varrho ^{\corrected {2}}}{\mathfrak {L}(\A [\D v_j])e_k\otimes \nabla \varrho ^{\corrected {2}}}\dx {x}\\ &\leq \frac {\Lambda }{2}\int _{\ball _{2r}(x_0)} \frac {\abs {\mathfrak {L}(\A [\D v_j])e_k\otimes \nabla \varrho ^{\corrected {2}}}^2}{(1+\abs {\A [\D v_j] }^2)^{\frac {1}{2}}}\dx {x} + \frac {1}{2A_j j^2 }\int _{\ball _{2r}(x_0)} \abs {\mathfrak {L}(\A [\D v_j])e_k\otimes \nabla \varrho ^{\corrected {2}}}^2\dx {x}\\ &\leq \frac {c(\Lambda , \A )}{r^2} \int _{\ball _{2r}(x_0)} \abs {\A [\D v_j]}\dx {x} + \frac {c(\A )}{ A_j j^2 r^2} \int _{\ball _{2r}(x_0)} (1+\abs {\A [\D v_j]}^2) \dx {x}.\end {align*}


$\mathrm {A}_2$


$\mathrm {A}_2$


$\gamma $


$\gamma (\cdot )=\skalarProd {Q}{\cdot }$


$Q\in \R ^{2\times 2}$


$v_j\in \sobo ^{2,2}_{\loc }(\Omega ;\R ^2)$


\begin {align}&\int _{\ball _{2r}(x_0)} \skalarProd {\partial _k \sigma _j}{\gamma (\D v_j) \D (\mathfrak {G}e_k \varrho ^4)}\dx {x}\notag \\ &= -\int _{\ball _{2r}(x_0)}\skalarProd {\sigma _j}{\skalarProd {Q}{\partial _k\D v_j}\D (\mathfrak {G}e_k \varrho ^4)}\dx {x} -\int _{\ball _{2r}(x_0)}\skalarProd {\sigma _j}{\gamma (\D v_j)\D (\mathfrak {G}e_k \partial _k\varrho ^4)} \dx {x}\\ & =: \mathrm {A}_{2a} + \mathrm {A}_{2b} \notag \end {align}


$\mathrm {A}_{2b}$


\begin {align}\gamma (\D v_j)\D (\mathfrak {G}e_k \partial _k\varrho ^4) &= \D (\gamma (\D v_j)\mathfrak {G}e_k \partial _k\varrho ^4) - \mathfrak {G}e_k \partial _k\varrho ^4 \otimes \nabla (\gamma (\D v_j))\notag \\ &= \D (\gamma (\D v_j)\mathfrak {G}e_k \partial _k\varrho ^4) - \mathfrak {G}e_k \partial _k\varrho ^4 \otimes \begin {pmatrix}\skalarProd {Q}{\partial _1\D v_j}\\[1ex]\skalarProd {Q}{\partial _2\D v_j} \end {pmatrix},\end {align}


$\gamma $


$\mathcal {L}_\ell :\R ^{2\times 2}\to \R ^{2\times 2}$


\begin {align}\label {eq:intparts6573} \gamma (\D v_j)\D (\mathfrak {G}e_k \partial _k\varrho ^4) &= \D (\gamma (\D v_j)\mathfrak {G}e_k \partial _k\varrho ^4) -\partial _k\varrho ^4\sum _{\ell =1}^2 \partial _\ell \left (\mathcal {L}_{\ell }\big (\A [\D v_j]\big )\right ).\end {align}


$\varrho $


$\gamma \colon \R ^{2\times 2}\to \R $


\begin {align*}&\abs {\int _{\ball _{2r}(x_0)}\skalarProd {\sigma _j}{\D (\gamma (\D v_j)\mathfrak {G}e_k \partial _k\varrho ^4)}\dx {x}}\\ &\hspace {1cm}\le \frac 1j\norm {\gamma (\D v_j)\mathfrak {G}e_k \partial _k\varrho ^4}_{\sobo ^{-1,1}({\ball _{2r}(x_0)};\R ^{2})} \\ &\hspace {1cm} =\frac 1j\norm {\sum _{\ell ,m=1}^2Q^{(\ell m)}\partial _m v_j^{(\ell )}\mathfrak {G}e_k \partial _k\varrho ^4}_{\sobo ^{-1,1}({\ball _{2r}(x_0)};\R ^{2})}\\ &\hspace {1cm}\le \frac 1j\sum _{m=1}^2\norm {\partial _m\left ((Q^\top v_j)^{(m)}\mathfrak {G}e_k \partial _k\varrho ^4\right )-(Q^\top v_j)^{(m)}\mathfrak {G}e_k \partial _m\partial _k\varrho ^4}_{\sobo ^{-1,1}({\ball _{2r}(x_0)};\R ^{2})}\\ &\hspace {1cm}\leq \frac {c(\A )}{j}\left (\frac 1r+\frac {1}{r^2}\right )\|v_j\|_{\lebe ^1({\ball _{2r}(x_0)};\R ^2)}.\end {align*}


\begin {align}\label {eq:badpartA2b} &\abs {\sum _{\ell =1}^2 \int _{\ball _{2r}(x_0)}\partial _k\varrho ^4\skalarProd {\sigma _j}{\partial _\ell \left (\mathcal {L}_{\ell }\big (\A [\D v_j]\big )\right )}\dx {x}} \notag \\ &\hspace {1cm}\le \abs {\sum _{\ell =1}^2 \int _{\ball _{2r}(x_0)}\partial _k\varrho ^4\skalarProd {\partial _{\ell }\sigma _j}{\mathcal {L}_{\ell }\big (\A [\D v_j]\big )}\dx {x}} \\ &\hspace {2cm} +c(\A ) \int _{\ball _{2r}(x_0)} \abs {\sigma _j}\abs {\A [\D v_j]}\abs {\D ^2 \varrho ^4}\dx {x} =:\mathrm {A}_{2b}' + \mathrm {A}_{2b}'' .\notag \end {align}


$\mathrm {A}_{2b}''$


\begin {align}\mathrm {A}_{2b}'' \le \frac {c(\A )}{r^2}\int _{\ball _{2r}(x_0)}\abs {\A [\D v_j]}\dx {x} + \frac {c(\A )}{A_jj^2r^2}\int _{\ball _{2r}(x_0)}\abs {\A [\D v_j]}^2\dx {x},\end {align}


$\mathrm {A}_{2b}'$


\begin {align*}&\sum _{\ell =1}^2\int _{\ball _{2r}(x_0)}\partial _k\varrho ^4\skalarProd {\partial _\ell \sigma _j}{\mathcal {L}_{\ell }\big (\A [\D v_j]\big )}\dx {x} \\ &\hspace {1cm}= \sum _{\ell =1}^2 \int _{\ball _{2r}(x_0)}\skalarProd {\D ^2f_j(\A [\D v_j])\varrho ^2\partial _\ell \A [\D v_j]}{4\varrho \partial _k\varrho \mathcal {L}_{\ell }\big (\A [\D v_j]\big )}\dx {x}\notag \\ &\hspace {1cm}\le \epsilon \sum _{\ell =1}^2 \int _{\ball _{2r}(x_0)}\skalarProd {\D ^2f_j(\A [\D v_j])\varrho ^2\partial _\ell \A [\D v_j]}{\varrho ^2\partial _\ell \A [\D v_j]}\dx {x}\\ &\hspace {2cm}+\frac {16}{\epsilon }\sum _{\ell =1}^2 \int _{\ball _{2r}(x_0)}\skalarProd {\D ^2f_j(\A [\D v_j])\varrho \partial _k\varrho \mathcal {L}_{\ell }\big (\A [\D v_j]\big )}{\varrho \partial _k\varrho \mathcal {L}_{\ell }\big (\A [\D v_j]\big )}\dx {x}. \notag \end {align*}


$k$


$\epsilon =\epsilon (\A )>0$


\begin {align*}\skalarProd {\D ^2 f_j (P)\xi }{\xi } \leq \Lambda \frac {\abs {\xi }^2}{(1+\abs {P}^2)^{\frac {1}{2}}} + \frac {1}{A_j j^2}\abs {\xi }^2.\end {align*}


\begin {align}\frac {16}{\epsilon }\int _{\ball _{2r}(x_0)}&\skalarProd {\D ^2f_j(\A [\D v_j])\varrho \partial _k\varrho \mathcal {L}_{\ell }\big (\A [\D v_j]\big )}{\varrho \partial _k\varrho \mathcal {L}_{\ell }\big (\A [\D v_j]\big )}\dx {x} \notag \\ &\le \frac {c(\Lambda ,\A )}{r^2}\int _{\ball _{2r}(x_0)}\frac {\abs {\A [\D v_j]}^2}{(1+\abs {\A [\D v_j]}^2)^{\frac 12}}\dx {x}+\frac {c(\A )}{A_jj^2r^2}\int _{\ball _{2r}(x_0)}\abs {\A [\D v_j]}^2\dx {x} \notag \\ &\le \frac {c(\Lambda ,\A )}{r^2}\int _{\ball _{2r}(x_0)}\abs {\A [\D v_j]}\dx {x}+\frac {c(\A )}{A_jj^2r^2}\int _{\ball _{2r}(x_0)}(1+\abs {\A [\D v_j]}^2)\dx {x}\end {align}


$\mathrm {A}_{2b}$


$\mathrm {A}_{2a}$


$\widetilde {\mathcal {L}_\ell }, \widehat {\mathcal {L}_{\ell }}:\R ^{2\times 2}\to \R ^{2\times 2}$


$\mathrm {A}_{2a}$


\begin {align}\mathrm {A}_{2a} = \int _{\ball _{2r}(x_0)}\skalarProd {\sigma _j}{\sum _{\ell =1}^2 \partial _\ell \left (\widetilde {\mathcal {L}_{\ell }}\big (\A [\D v_j]\big )\right )}\varrho ^3\partial _1\varrho + \skalarProd {\sigma _j}{\sum _{\ell =1}^2 \partial _\ell \left (\widehat {\mathcal {L}_{\ell }}\big (\A [\D v_j]\big )\right )}\varrho ^3\partial _2\varrho \dx {x}.\end {align}


$\mathrm {A}_{2b}$


\begin {align*}\sum _{k=1}^2\int _{{\ball _{2r}(x_0)}} &\varrho ^4\skalarProd {\D ^2 f_j(\A [\D v_j])\partial _k \A [\D v_j]}{\partial _k\A [\D v_j]}\intd x\\ &\leq \frac {c(\A )}{j}\bigg (1+\frac {1}{r}+\frac {1}{r^2}\bigg )\|v_j\|_{\lebe ^1({\ball _{2r}(x_0)};\R ^2)} + \frac {c(\Lambda ,\A )}{r^2} \,\|\A [\D v_j]\|_{\lebe ^1({\ball _{2r}(x_0)};\R ^2)} \\ &\hspace {2cm}+ \frac {c(\A )}{A_j j^2r^2}\int _{{\ball _{2r}(x_0)}}(1+\abs {\A [\D v_j]}^2)\dx {x}.\end {align*}


$\A [\cdot \otimes \nabla ]$


$\C $


$\lebe ^1$


$v_j$


$\lebe ^1$


$\A [\D v_j]$


\begin {align}\label {eq:L1-bound_Ekeland_C_elliptic} \|v_j\|_{\lebe ^1(\Omega ;\R ^2)} &\leq \|v_j-u_j^{\dela \Omega }\|_{\lebe ^1(\Omega ;\R ^2)} + \|u_j^{\dela \Omega } \|_{\lebe ^1(\Omega ;\R ^2)} \notag \\ &\leq c(\Omega )\,\| \Aop v_j-\Aop u_j^{\dela \Omega }\|_{\lebe ^1(\Omega ;\R ^{2\times 2})}+\|u_j^{\dela \Omega }\|_{\lebe ^1(\Omega ;\R ^2)} \notag \\ &\leq c(\Omega )\bigg (\|\Aop v_j\|_{\lebe ^1(\Omega ;\R ^2)} + \|u_j^{\dela \Omega }\|_{\sobo ^{\Aop ,1}(\Omega )}\bigg )\\ &\leq c(f,u_0,\Omega ) \left [\frac {1}{c_1}\left (\inf _{\mathscr {D}_{u_0}} \F [-;\Omega ] + \frac {2}{j^2}\right )+\frac {1}{j^2}\right ]\notag .\end {align}


\begin {align*}& \sum _{k=1}^2\int _{\ball _{2r}(x_0)} \varrho ^4\skalarProd {\D ^2 f_j(\A [\D v_j])\partial _k \A [\D v_j]}{\partial _k\A [\D v_j]}\intd x\\ &\hspace {0.5cm}\leq \frac {c(\Lambda ,\A )}{r^2} \bigg [\int _{\ball _{2r}(x_0)} \abs {\A [\D v_j]}\dx {x} + \frac {1}{A_j j^2}\int _{\ball _{2r}(x_0)} (1+\abs {\A [\D v_j]}^2)\dx {x}\\ &\hspace {2cm}+ \bigg (\frac {r^3}{j}+\frac {r^2}{j} +\frac {r}{j}\bigg )\int _{\ball _{2r}(x_0)} \frac {\abs {v_j}}{r}\dx {x} \bigg ]\\ &\leq \frac {c(\Lambda ,\A )}{r^2} \bigg [\int _{\ball _{2r}(x_0)} \abs {\A [\D v_j]}\dx {x} + \frac {1}{A_j j^2}\int _{\ball _{2r}(x_0)} (1+\abs {\A [\D v_j]}^2)\dx {x}\\ &\hspace {2cm}+ \bigg (1+\frac {r^2}{j}+\frac {r^3}{j} \bigg )\int _{\ball _{2r}(x_0)} \frac {\abs {v_j}}{r}\dx {x} \bigg ],\end {align*}


$\frac {r}{j} \leq 1+\frac {r^2}{j}$


$f$


$\mu $


\begin {align}\label {eq:WeightedSecondOrder_MuElliptic} &\int _{\ball _{2r}(x_0)} \varrho ^4 (1+\abs {\A [\D v_j]}^2)^{-\frac {\mu }{2}} \abs {\D \A [\D v_j]}^2\dx {x} \notag \\ &\hspace {0.5cm}\leq \sum _{k=1}^2\int _{\ball _{2r}(x_0)} \varrho ^4\skalarProd {\D ^2 f_j(\A [\D v_j])\partial _k \A [\D v_j]}{\partial _k\A [\D v_j]}\intd x \notag \\ &\hspace {0.5cm}\leq \frac {c(\Lambda ,\A )}{r^2} \bigg [\int _{\ball _{2r}(x_0)} \abs {\A [\D v_j]}\dx {x}\\ &\hspace {2cm}+ \frac {1}{A_j j^2}\int _{\ball _{2r}(x_0)} (1+\abs {\A [\D v_j]}^2)\dx {x} + \bigg (1+\frac {r^2}{j}+\frac {r^3}{j} \bigg )\int _{\ball _{2r}(x_0)} \frac {\abs {v_j}}{r}\dx {x} \bigg ]\notag \\ &\hspace {0.5cm}\leq \frac {c}{r^2}\left (1+\frac {r^2}{j}+\frac {r^3}{j}\right )\left [\frac {1}{c_1}\left (\inf _{\mathscr {D}_{u_0}} \F [-;\Omega ] + \frac {2}{j^2}\right )+\frac {1}{j^2}\right ] + \frac {c}{r^2 j^2}\notag ,\end {align}


$c=c(c_1,c_2,\lambda ,\Lambda ,\A ,u_0,\Omega )>0$


$\C $


$\A [\cdot \otimes \nabla ]$


$\mathrm {A}$


$\C $


$\A =\dev :\R ^{n\times n}\to \R ^{n\times n}$


\begin {equation*}\dev P:= P -\frac {\tr P}{n}\,\bbone _n,\end {equation*}


$\mathfrak {L}=\mathrm {id}_{\R ^{n\times n}}$


$\gamma (P)=\displaystyle \frac {\skalarProd {P}{\bbone _n}}{n}$


$\mathfrak {G}=\bbone _n$


$P\in \R ^{n\times n}$


$\A =\dev $


$\dev \D $


$\C $


$\C $


$2$


$\C $


$2$


$3$


$\varepsilon =\sym \D $


$\C $


\begin {equation}\label {eq:Korn_Remark} \|\D u\|_{\lebe ^\Phi (\Omega ;\R ^{n\times n})}\lesssim \|\sym \D u\|_{\lebe ^\Phi (\Omega ;\R ^{n\times n}_{\rm sym})}\end {equation}


$u\in \hold ^\infty _c(\R ^n;\R ^{n})$


$\Phi \in \nabla _2\cap \Delta _2$


$\Phi \in \Delta _2$


$\Phi \in \nabla _2$


$\|\cdot \|_{\lebe ^\Phi }$


$\|\cdot \|_{\lebe ^\infty }$


$\|\cdot \|_{\lebe ^1}$


$\Phi \in \nabla _2\cap \Delta _2$


$\C $


$\R ^2$


$\mathfrak {L}$


$\gamma $


$\mathfrak {G}\in \mathrm {GL}(2)$


$\dim {\A [\R ^{2\times 2}]}\ge 3$


$\dim {\A [\R ^{2\times 2}]}=4$


$\{\e _i\otimes _\Aop \e _j\}_{i,j=1,2}$


$\A [\R ^{2\times 2}]$


$\mathfrak {G}\in \mathrm {GL}(2)$


$\mathfrak {L}$


\begin {align*}\mathfrak {L}(\e _i\otimes _\Aop \e _j):= \e _i\otimes \e _j-\mathfrak {G} \qquad \text {for } i,j=1,2,\end {align*}


$\mathfrak {G}=\bbone _2$


$u\in \hold ^\infty _c(\R ^2;\R ^2)$


\begin {align*}\mathfrak {L}(\A [\D u])=\begin {pmatrix} -(\partial _1 u_2 +\partial _2 u_1 + \partial _2 u_2) & \partial _1 u_2 \\ \partial _2 u_1 & -(\partial _1u_1+\partial _1u_2+\partial _2 u_1) \end {pmatrix}.\end {align*}


$\D u$


$\mathfrak {L}(\A [\D u])$


\begin {align*}\partial _1u_1= -\mathfrak {L}(\A [\D u])^{(22)}-\mathfrak {L}(\A [\D u])^{(12)} - \mathfrak {L}(\A [\D u])^{(21)}, \quad \ldots \end {align*}


$d=1$


$\D ^2 u$


$\D \mathfrak {L}(\A [\D u])$


$\dim {\A [\R ^{2\times 2}]}=3$


$i_{0},j_{0}\in \{1,2\}$


\begin {align*}\mathbf {e}_{i_{0}}\otimes _{\Aop }\mathbf {e}_{j_{0}} = \sum _{(i,j)\neq (i_{0},j_{0})}a_{ij}\mathbf {e}_{i}\otimes _{\Aop }\mathbf {e}_{j}\end {align*}


$a_{ij}\in \R $


$(i_0,j_0)=(2,1)$


$a_{11}, a_{12}, a_{22}$


\begin {align*}\e _2\otimes _{\Aop }\e _1=a_{11}\e _1\otimes _\Aop \e _1 + a_{12}\e _1\otimes _{\Aop }\e _2+a_{22}\e _2\otimes _{\Aop }\e _2.\end {align*}


\begin {align}\label {eq:detG} a_{11}a_{22}+a_{12}\neq 0,\end {align}


$\mathfrak {L}$


\begin {align*}\mathfrak {L}(\e _i\otimes _\Aop \e _j)=\begin {cases} \e _i\otimes \e _j & \text {if } (i,j)\neq (2,1),\\[1ex] \begin {pmatrix} a_{11} & a_{12} \\ 0 & a_{22} \end {pmatrix} & \text {if } (i,j)=(2,1). \end {cases}\end {align*}


\begin {align*}\mathfrak {L}(\A [\D u])=\begin {pmatrix} \partial _1 u_1 + a_{11}\partial _2 u_1 & \partial _1 u_2 + a_{12}\partial _2 u_1 \\ 0 & \partial _2u_2 + a_{22}\partial _2 u_1 \end {pmatrix},\end {align*}


$\D u$


$\mathfrak {L}(\A [\D u])$


\begin {align*}\begin {pmatrix} \partial _1 \mathfrak {L}(\A [\D u])^{(11)}\\ \partial _2 \mathfrak {L}(\A [\D u])^{(11)}\\ \partial _1 \mathfrak {L}(\A [\D u])^{(12)}\\ \partial _2 \mathfrak {L}(\A [\D u])^{(12)}\\ \partial _1 \mathfrak {L}(\A [\D u])^{(22)}\\ \partial _2 \mathfrak {L}(\A [\D u])^{(22)} \end {pmatrix} = \begin {pmatrix} 1 & a_{11} & 0 & 0 & 0 & 0\\ 0 & 1 & a_{11} & 0 & 0 & 0\\ 0 & a_{12} & 0 & 1 & 0 & 0\\ 0 & 0 & a_{12} & 0 & 1 & 0\\ 0 & a_{22} & 0 & 0 & 1 & 0\\ 0 & 0 & a_{22} & 0 & 0 & 1 \end {pmatrix} \begin {pmatrix} \partial _1^2 u_1\\ \partial _1\partial _2 u_1 \\ \partial _2^2u_1\\ \partial _1^2 u_2\\ \partial _1\partial _2 u_2 \\ \partial _2^2u_2 \end {pmatrix}.\end {align*}


$6\times 6$


$-(a_{11}a_{22}+a_{12})\neq 0$


$\D ^2 u$


$\D \mathfrak {L}(\A [\D u])$


$\Aop =\dev [\cdot \otimes \nabla ]$


$d=2$


\begin {equation*}(\D u)^{(ij)}=(\dev \D u)^{(ij)} \qquad \text {for }i\neq j \in \{1,\ldots ,n\}.\end {equation*}


$\D u$


$\dev \D u$


\begin {align*}\partial _i(\dev \D u)^{(ii)}&=\partial _i\left (\partial _i u_i -\frac 1n\sum _{j=1}^n\partial _ju_j\right )=\frac {n-1}{n}\partial _i\partial _i u_i -\frac 1n\sum _{\stackrel {j=1}{j\neq i}}^n\partial _i\partial _j u_j\\ &= \frac {n-1}{n}\partial _i(\D u)^{(ii)}-\frac 1n\sum _{\stackrel {j=1}{j\neq i}}^n\partial _j(\dev \D u)^{(ji)}.\end {align*}


$\mathbb {L}$


\begin {equation*}\D ^2 = \mathbb {L}\circ \dev [\cdot \otimes \nabla ].\end {equation*}


$\A [\cdot \otimes \nabla ]$


$\A :\R ^{2\times 2}\to \R ^{2\times 2}$


$\C $


$\R ^2$


$\Aop :=\A [\cdot \otimes \nabla ]$


$\Aop u = 0$


\begin {align*}u(x)=Bx +b \quad \text {with } B\in \ker \A \text { and } b\in \R ^2.\end {align*}


$\Omega \subset \R ^n$


$n\geq 2$


$\Aop $


$\Psi $


$\Phi $


\begin {equation}\label {eq:CianchiAssumptionYoungFunctions} t \int _0^t \frac {\Phi (s)}{s^2}\dx {s} \leq \Psi (ct) \quad \mbox {and}\quad t\int _0^t \frac {\Psi ^\ast (s)}{s^2}\dx {s}\leq \Phi ^\ast (ct),\end {equation}


$t\geq 0$


$c>0$


$C>0$


\begin {equation}\label {eq:Korn_Type_Orlicz_Paul} \int _\Omega \Phi (\abs {\D u})\dx {x} \lesssim \int _\Omega \Psi (C\abs {\Aop u})\dx {x}\quad \mbox {for all}\quad u\in \sobo ^{1,\Psi }_0(\Omega ;V).\end {equation}


$u\in \sobo ^{1,\Psi }(\Omega ;V)$


\begin {equation}\label {eq:Korn_Type_Orlicz_Paul_Norm} \|\D u \|_{\lebe ^\Phi (\Omega ;\Lin (\R ^n;V))} \leq C\, \|\Aop u\|_{\lebe ^\Psi (\Omega ;W)}.\end {equation}


$r>0$


$x_0\in \R ^n$


$\ball _r(x_0)\subset \R ^n$


$\Aop $


$\C $


$\Psi $


$u\in \sobo ^{\Aop ,\Psi }(\ball _r(x_0))$


$c=c(r,n,\A )>0$


\begin {equation}\label {eq:PoincareOrlicz} \inf _{\rfrak \in \ker (\Aop )}\|u-\rfrak \|_{\L ^\Psi (\ball _r(x_0);V)} \leq c\,\omega _n r\,\|\Aop u\|_{\L ^\Psi (\ball _r(x_0);W)}.\end {equation}


$\ball := \ball _r(x_0)$


$c=c(\ball ,\Aop )>0$


$u\in \sobo ^{\Aop ,1}(\ball )$


\begin {equation}\label {eq:PointwiseInequalityPoincare} \abs {(u-\Pi ^\ball _{\Aop } u)(x)} \leq c\int _\ball \abs {x-y}^{1-n} \abs {\Aop u(y)}\dx {y}\quad \mbox {for }\Leb ^n\mbox {-a.e. } x\in \ball ,\end {equation}


$\Pi ^\ball _{\Aop }$


$\ker (\Aop )$


$x\in \ball $


$\mu _x\colon \mathscr {B}(\ball )\to [0,\infty )$


\begin {equation*}\mu _x (A):= c\int _\ball \abs {x-y}^{1-n} \dx {y}\quad \mbox {for}\quad A\in \mathscr {B}(\ball )\end {equation*}


$m_x:= \mu _x(\ball )$


$\abs {x-y}\leq \diam (\ball ) = 2r$


$x,y\in \ball $


\begin {equation}\label {eq:LowerBoundMeasure_Poincare} m_x =c \int _\ball \frac {\dx {y}}{\abs {x-y}^{n-1}}\geq c\frac {\Leb ^n(\ball )}{(\diam (\ball ))^{n-1}} = c\,\omega _n\, r\quad \mbox {for}\quad \Leb ^n\mbox {-a.e. }x\in \Omega .\end {equation}


$m_x$


$\lambda := \|\Aop u\|_{\L ^\Psi (\ball ;W)}$


$\Leb ^n$


$x\in \Omega $


\begin {align*}\begin {imageonly} \Psi \left (\frac {\abs {(u-\Pi ^\ball _{\Aop } u)(x)}}{m_x\lambda }\right ) \leq \Psi \left (\, \dashint _{\ball } \frac {\abs {\Aop u(y)}}{\lambda }\dx {\mu _x(y)}\right ) \leq \dashint _\ball \Psi \left (\frac {\abs {\Aop u(y)}}{\lambda }\right ) \dx {\mu _x(y)} \end {imageonly}\end {align*}


$\ball $


$x$


\begin {equation*}\begin {imageonly} \begin {aligned} \int _\ball \Psi \left (\frac {\abs {(u-\Pi ^\ball _{\Aop } u)(x)}}{m_x\lambda }\right ) \dx {x} &\leq \int _\ball \,\dashint _\ball \Psi \left (\frac {\abs {\Aop u(y)}}{\lambda }\right ) \dx {\mu _x(y)}\dx {x}\\ &= \int _\ball \Psi \left (\frac {\abs {\Aop u(y)}}{\lambda }\right )\int _\ball \frac {c}{\abs {x-y}^{n-1}}\frac {1}{m_x}\dx {y}\dx {x}\\ &= \int _\ball \Psi \left (\frac {\abs {\Aop u(y)}}{\|\Aop u\|_{\L ^{\Psi }(\ball ;W)}}\right )\dx {y}\\ &\leq 1, \end {aligned} \end {imageonly}\end {equation*}


$u\in \sobo ^{\Aop ,\Psi }(\ball )$


\begin {align}\label {eq:Poincare_Projection} \|u-\Pi ^\ball _{\Aop } u\|_{\L ^\Psi (\ball ;V)} \leq c\, \omega _n\, r \|\Aop u\|_{\L ^\Psi (\ball ;W)},\end {align}


$c=c(\Aop ,\ball )>0$


$\rfrak \in \ker (\Aop )$


$\L ^p$


$r>0$


$\Psi $


$\Phi $


$\beta >0$


$c=c(\Phi ,\Psi ,n,r,\Aop )>0$


\begin {align}\label {eq:KornType2_Orlicz} \inf _{\rfrak \in \ker (\Aop )} \|\D (u-\rfrak )\|_{\L ^\Phi (\ball _r(x_0);\Lin (\R ^n;V))}\leq c \bigg (1+\frac {1}{r}\bigg )\|\Aop u \|_{\L ^\Psi (\ball _{2r}(x_0);W)}\end {align}


$u\in \sobo ^{\Aop ,\Psi }(\ball _{2r}(x_0))$


$\Aop $


$\C $


$\varrho \in \hold ^\infty _c(\R ^n;[0,1])$


$\chi _{\ball _{r}(x_0)}\leq \varrho \leq \chi _{\ball _{2r}(x_0)}$


$\abs {\nabla \varrho }\leq \frac {2}{r}$


\begin {equation}\label {eq:Poincare_KornProof} \|u-\Pi _\Aop ^\ball u\|_{\L ^\Psi (\ball _{2r}(x_0);V)} \leq c\,\omega _n\, r\|\Aop u\|_{\L ^\Psi (\ball _{2r}(x_0);W)},\end {equation}


$\Omega =\ball _{5r}(x_0)$


$\varrho (u-\Pi _\Aop ^\ball u)\in \sobo ^{1,\Psi }_0(\ball _{5r}(x_0);V)$


\begin {align*}\|\D (u-\Pi _\Aop ^\ball u)\|_{\L ^\Phi (\ball _{r}(x_0))} &\leq \|\D (\varrho (u-\Pi _\Aop ^\ball u))\|_{\L ^\Phi (\ball _{5r}(x_0)}\\ & \leq c \,\|\Aop (\varrho (u-\Pi _\Aop ^\ball u))\|_{\L ^\Psi (\ball _{5r}(x_0);W)}\\ &\leq c \,\bigg ( \frac 1r\left \|u-\Pi _\Aop ^\ball u\right \|_{\L ^\Psi (\ball _{2r}(x_0);V)} + \|\Aop u\|_{\L ^\Psi (\ball _{2r}(x_0); W)}\bigg )\\ &\leq c\,\bigg (1+\frac {1}{r}\bigg ) \|\Aop u\|_{\L ^\Psi (\ball _{2r}(x_0);W)}.\end {align*}


$\rfrak \in \ker (\Aop )$


$r>0$


$x_0\in \R ^n$


$\ball _r(x_0)\subset \R ^n$


$\beta >0$


$c=c(\beta ,r,n)>0$


\begin {align}\label {eq:exponentialKorn_type} \inf _{\rfrak \in \ker (\Aop )} \|\D (v-\rfrak )\|_{\exp \L ^{\frac {\beta }{\beta +1}}(\ball _r(x_0);\Lin (\R ^n;V))} \leq c\,\bigg (1+\frac {1}{r}\bigg )\|\Aop v \|_{\exp \L ^{\beta }(\ball _{2r}(x_0);W)}\end {align}


$v\in \exp \L ^\beta (\ball _{2r}(x_0);V)$


$\Aop \in \exp \L ^\beta (\ball _{2r}(x_0);W$


$\Aop $


$\C $


$u\in \hold ^\infty _c(\R ^2;\R ^2)$


\begin {align}\label {eq:representation} u=\frac {1}{\pi }\sum _{\abs {\alpha }=2}\frac {1}{\alpha !}\frac {x^\alpha }{\abs {x}^2}\ast \partial ^\alpha u.\end {align}


$\A :\R ^{2\times 2}\to \R ^{2\times 2}$


$\Aop :=\A [\cdot \otimes \nabla ]$


$\C $


$\R ^2$


$\partial ^\alpha u$


\begin {align*}\partial ^\alpha u = \partial _1 \ell _1(\A [\D u]) + \partial _2 \ell _2(\A [\D u]), \qquad \abs {\alpha }=2,\end {align*}


$\ell _j:\R ^{2\times 2} \to \R ^2$


$j=1,2$


\begin {align*}u=-\frac {1}{\pi }\sum _{\abs {\alpha }=2}\frac {1}{\alpha !}\sum _{j=1}^2\partial _j\frac {x^\alpha }{\abs {x}^2}\ast \ell _j(\A [\D u]),\end {align*}


$\Aop $


$\C $


$\C $


$\Aop $


\begin {equation}\label {eq:Poincare2.0} \inf _{v\in \mathscr {K}}\norm {u-v}_{\exp \lebe ^\beta (\Omega ;\R ^2)}\le c(\beta ,\Aop ,\Omega )\norm {\Aop u}_{\exp \lebe ^\beta (\Omega ;\R ^{2\times 2})}\end {equation}


$u\in \lebe ^{\Phi _\beta }(\Omega ;\R ^2)$


$\Aop u\in \lebe ^{\Phi _\beta }(\Omega ;\R ^{2\times 2})$


$\mathscr K$


$\Aop $


\begin {equation*}\mathscr K := \{ v(x)=Bx+b, B\in \ker \A , b \in \R ^2 \},\end {equation*}


$\C $


\begin {equation}\label {eq:limitigSobo} \norm {u}_{\lebe ^{2}(\R ^2;\R ^2)}\le c(\Aop ) \norm {\Aop u}_{\lebe ^1(\R ^2;\R ^{2\times 2})} \qquad \forall \ u\in \hold ^\infty _c(\R ^2;\R ^2)\end {equation}


$\Aop $


$\C $


$\C $


\begin {equation}\label {eq:Cianchi(6.15)} \norm {\D u}_{\exp \lebe ^{\frac {\beta }{\beta +1}}(\Omega ;\R ^{2\times 2})}\le c(\beta ,\Aop ,\Omega )\,\left (\norm {u}_{\exp \lebe ^\beta (\Omega ;\R ^{2\times 2})}+\norm {\Aop u}_{\exp \lebe ^\beta (\Omega ;\R ^{2\times 2})}\right )\end {equation}


$u\in \exp \L ^\beta (\Omega ;\R ^2)$


$\Aop u\in \exp \L ^\beta (\Omega ;\R ^{2\times 2})$


$u-v$


$v$


$\Aop $


\begin {equation}\label {eq:Korn2} \inf _{v\in \mathscr {K}}\norm {\D (u-v)}_{\exp \lebe ^{\frac {\beta }{\beta +1}}(\Omega ;\R ^{2\times 2})}\le c(\beta ,\Aop ,\Omega )\norm {\Aop u}_{\exp \lebe ^\beta (\Omega ;\R ^{2\times 2})},\end {equation}


$x_0\in \Omega $


$r>0$


$\ball _{2r}(x_0)\Subset \Omega $


$(v_j)_{j\in \N }$


\begin {equation*}V_\mu (\xi ) := (1+\abs {\xi }^2)^{\frac {2-\mu }{4}}\quad \mbox {for} \quad \xi \in \R ^{2\times 2}_\A .\end {equation*}


$v_j\in \sobo ^{2,2}_\loc (\Omega ;\R ^2)$


$k\in \{1,2\}$


\begin {align}\label {eq:BoundDerivativeOfV} \abs {\partial _k V_\mu ( \A [\D v_j])}^2 &\leq \left (\frac {2-\mu }{2}\right )^2 \big (1+\abs {\A [\D v_j]}^2\big ){}^{\frac {-2-\mu }{2}} \abs {\A [\D v_j]}^2 \abs {\partial _k \A [\D v_j]}^2 \nonumber \\ &\leq c(\mu ) \frac {\abs {\partial _k \A [\D v_j]}^2}{(1+\abs {\A [\D v_j]}^2)^{\frac {\mu }{2}}}.\end {align}


$v_j\to u$


$\sobo ^{-2,1}(\Omega ;\R ^2)$


$\sobo ^{\Aop ,1}(\Omega )\hookrightarrow \lebe ^1(\Omega ;\R ^2)$


$(v_j)_{j\in \N }$


$v_j\weakstar u$


$\BV ^\Aop (\Omega )$


$j\to \infty $


$\mu \in (1,2)$


\begin {align}\label {eq:Proof_MainTheorem1} &\|V_\mu (\A [\D v_j])\|^2_{\sobo ^{1,2}(\ball _{r}(x_0))} \nonumber \\ & \hspace {1cm}= \|V_\mu (\A [\D v_j])\|^2_{\lebe ^2(\ball _{r}(x_0))} + \|\nabla V_\mu (\A [\D v_j])\|^2_{\lebe ^2(\ball _{r}(x_0))} \nonumber \\ &\hspace {1cm}\leq \int _{\ball _{r}(x_0)} (1+\abs {\A [\D v_j]}^2)^{\frac {1}{2}} \dx {x} + c(\mu ) \int _{\ball _{2r}(x_0)}\frac {\abs {\D \A [\D v_j]}^2}{(1+\abs {\A [\D v_j]}^2)^{\frac {\mu }{2}}}\dx {x} \nonumber \\ &\hspace {1cm}\leq c \bigg (1+\frac {1}{r^2}\bigg ) \int _{\ball _{2r}(x_0)} \abs {\A [\D v_j]}\dx {x} + \frac {c}{r^2} \bigg [\frac {2}{j^2} + \bigg (1+\frac {r^2}{j}+\frac {r^3}{j}\bigg )\int _{\ball _{2r}(x_0)} \frac {\abs {v_j}}{r}\dx {x}\bigg ],\end {align}


$c=c(\Lambda ,\A ,\mu )>0$


$(V_\mu (\A [\D v_j]))_{j\in \N }$


$\sobo ^{1,2}(\ball _r(x_0))$


$\sobo ^{1,2}(\ball _r(x_0))\hookrightarrow \exp \lebe ^2(\ball _{r}(x_0)$


\begin {align}\label {eq:ExponentialBoundV_Function_C_Elliptic} \|V_\mu (\A [\D v_j])\|_{\exp \lebe ^2(\ball _{r}(x_0))} &\leq c(r) \|V_\mu (\A [\D v_j])\|_{\sobo ^{1,2}(\ball _r(x_0))}.\end {align}


$(V_\mu (\xi ))^2\geq \abs {\xi }^{2-\mu }$


\begin {align}\label {eq:OrliczEstimate_C_Elliptic} \| \A [\D v_j]\|_{\exp \lebe ^{2-\mu }(\ball _{r}(x_0);\R ^{2\times 2}_\A )}\leq \|V_\mu (\A [\D v_j])\|_{\exp \lebe ^2(\ball _{r}(x_0))}^\frac {2}{2-\mu },\end {align}


$\lambda _j:= \|V_\mu (\A [D v_j])\|^{\frac {2}{2-\mu }}_{\exp \lebe ^2(\ball _r(x_0))}$


\begin {align*}1\geq \int _{\ball _r(x_0)} \exp \left (\frac {(V_\mu (\A [\D v_j]))^2}{\|V_\mu (\A [\D v_j])\|^2_{\exp \lebe ^2(\ball _r(x_0))}}\right )\dx {x}\geq \int _{\ball _r(x_0)} \exp \left (\frac {\abs {\A [\D v_j]}^{2-\mu }}{\lambda _j^{2-\mu }}\right )\dx {x},\end {align*}


$\|\A [\D v_j]\|_{\exp \lebe ^{2-\mu }(\ball _{r}(x_0))}\leq \lambda _j$


$v_j\weakstar u$


$\BV ^\Aop (\Omega )$


\begin {equation}\label {eq:Liminf_MainTheorem} \begin {imageonly} \begin {aligned} &\liminf _{j\to \infty } \|\A [\D v_j]\|_{\exp \L ^{2-\mu }(\ball _r(x_0);\R ^{2\times 2}_\A )} \\ &\hspace {1cm}\leq c(\Lambda ,\A ,\mu ) \bigg [\bigg (1+\frac {1}{r^2}\bigg ) \abs {\Aop u}(\overline {\ball }_{2r}(x_0))+ \dashint _{\ball _{2r}(x_0)} \frac {\abs {u}}{r}\dx {x} \bigg ]{}^{\frac {1}{2-\mu }}=: \mathfrak {m}<\infty . \end {aligned} \end {imageonly}\end {equation}


$\Aop $


$\mathfrak {m}>0$


$v_j$


$\tilde {v}_j=\frac {v_j}{\mathfrak {m}}$


$\|\Aop \tilde {v}_j\|_{\exp \lebe ^{2-\mu }(\ball _{r}(x_0))}\leq 1$


\begin {align}\label {eq:IntegralBound_C_Elliptic} \int _{\ball _r(x_0)} \exp (\abs {\A [\D \tilde {v}_j]}^{2-\mu })\dx {x} &= \int _{\ball _r(x_0)} \exp \left (\frac {\abs {\A [\D v_j]}^{2-\mu }}{\mathfrak {m}^{2-\mu }}\right )\dx {x}\nonumber \\ &\leq \|\A [\D \tilde {v}_j]\|_{\exp \lebe ^{2-\mu }(\ball _{r}(x_0);\R ^{2\times 2}_\A )}.\end {align}


$\Aop u$


$\Aop ^s u\equiv 0$


$\ball _{r}(x_0)$


\begin {equation*}\Phi \colon \R ^{2\times 2}_\A \to \R , \quad \Phi (z) = \exp \left (\frac {\abs {z}^{2-\mu }}{\mathfrak {m}^{2-\mu }}\right ),\end {equation*}


\begin {align*}\Phi ^\infty (z) := \lim _{t\to \infty } \frac {\Phi (tz)}{t} = \lim _{t\to \infty } \frac 1t\exp \left (\frac {(t\abs {z})^{2-\mu }}{\mathfrak {m}^{2-\mu }}\right ) = \begin {cases} 0\quad &\mbox {if}\quad \abs {z}=0\\ +\infty \quad &\mbox {if}\quad \abs {z}>0. \end {cases}\end {align*}


\begin {align*}\int _{\ball _{r}(x_0)} \Phi (\A [\D u])\dx {x} + \int _{\ball _r(x_0)} \Phi ^\infty \left (\frac {\dx {\Aop ^s u}}{\dx {\abs {\Aop ^s u}}}\right ) \dx {\abs {\Aop ^s u}} &= \Phi (\Aop u)(\ball _r(x_0))\\ &\leq \liminf _{j\to \infty } \Phi (\Aop v_j)(\ball _r(x_0))\leq 1,\end {align*}


$\Aop ^s u\equiv 0$


$\ball _r(x_0)$


\begin {align*}\int _{\ball _r(x_0)}\Phi (\A [\D u] )\dx {x}=\int _{\ball _r(x_0)} \exp \left (\frac {\abs {\A [\D u]}^{2-\mu }}{\mathfrak {m}^{2-\mu }}\right )\dx {x}\leq 1.\end {align*}


$\A [\D u] \in \exp \lebe ^{2-\mu }(\ball _r(x_0);\R ^{2\times 2}_\A )$


$\|\A [\D u]\|_{\exp \lebe ^{2-\mu }(\ball _r(x_0);\R ^{2\times 2}_\A )}\leq \mathfrak {m}$


\begin {equation}\begin {imageonly} \|\A [\D v_j]\|_{\exp \L ^{2-\mu }(\ball _r(x_0);\R ^{2\times 2}_{\A })} \leq c \bigg [\bigg (1+\frac {1}{r^2}\bigg ) \abs {\Aop u}(\overline {\ball }_{2r}(x_0))+ \dashint _{\ball _{2r}(x_0)}\frac {\abs {u}}{r}\dx {x}\bigg ]{}^{\frac {1}{2-\mu }}, \end {imageonly} \label {Xeqn17-3.57}\end {equation}


$c=c(\Lambda ,\A ,\mu )>0$


$\D u$


$\mathscr {K}$


\begin {equation*}\begin {imageonly} \|v\|_{\exp \lebe ^{\frac {2-\mu }{3-\mu }}(\ball _r(x_0);\R ^2)} + r\,\|\D v\|_{\exp \lebe ^{\frac {2-\mu }{3-\mu }}(\ball _r(x_0);\R ^{2\times 2}_{\A })}\leq c(\mu )~~\dashint _{\ball _{r}(x_0)}\abs {v}\dx {x} \end {imageonly}\end {equation*}


$v\in \mathscr {K}$


$\pi \colon \lebe ^1(\ball _r(x_0);\R ^2)\to \mathscr {K}$


$v\mapsto \pi _v$


\begin {equation*}\begin {imageonly} \dashint _{\ball _{r}(x_0)} \abs {\pi _v}\dx {x} \leq c(r)~\dashint _{\ball _{r}(x_0)}\abs {v}\dx {x}, \end {imageonly}\end {equation*}


$v\in \lebe ^1(\ball _{r}(x_0);\R ^2)$


$\beta := 2-\mu >0$


$\tfrac {\beta }{\beta +1}= \tfrac {2-\mu }{3-\mu }$


\begin {equation*}\begin {imageonly} \begin {aligned} &\|\D u\|_{\exp \lebe ^{\frac {2-\mu }{3-\mu }}(\ball _{r}(x_0);\R ^{2\times 2})}\\ &\hspace {1cm}\leq \|\D (u-\pi _u)\|_{\exp \lebe ^{\frac {2-\mu }{3-\mu }}(\ball _{r}(x_0);\R ^{2\times 2})} + \|\D \pi _u\|_{\exp \lebe ^{\frac {2-\mu }{3-\mu }}(\ball _{r}(x_0);\R ^{2\times 2})}\notag \\ &\hspace {1cm}\leq c\bigg (\left (1+\frac 1r\right )\|\Aop u\|_{\exp \lebe ^{2-\mu }(\ball _{2r}(x_0);\R ^{2\times 2}_\A )} + \dashint _{\ball _{r}(x_0)}\frac {\abs {u}}{r}\dx {x} \bigg )\\ &\hspace {1cm}\leq c \left (\bigg (1+\frac {1}{r^2}\bigg )\bigg [\bigg (1+\frac {1}{r^2}\bigg ) \abs {\Aop u}(\overline {\ball }_{2r}(x_0)) + \dashint _{\ball _{2r}(x_0)} \frac {\abs {u}}{r} \dx {x}\bigg ]{}^{\frac {1}{2-\mu }} + \dashint _{\ball _{r}(x_0)} \frac {\abs {u}}{r}\dx {x}\right ), \end {aligned} \end {imageonly}\end {equation*}


$c = c(\Lambda ,\mu ,\Aop )>0$


$\BV ^\Aop $


$\C $


$\C $
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¢y, ¢, > 0 such that

c|P| < f(P)<c,(1+|P]) forall PeW. (1.2)
This growth condition guarantees that #[—; Q] is well-defined on the space

WALQ) 1= {ve LY@ V) : Av e LY@ W)},

being the natural generalisation of W'!(Q; R"). We can equip W""! () with the canonical norm |[ullya.1q, := llull 1.y, + 1Al g
turning it into a Banach space. Of course there holds W!!(Q; RV) = WP !(Q) with ¥ = R and W = RV*" in the full gradient case.
As the space W1 (Q) is not reflexive, we cannot expect to have existence of minimisers using the direct method of the Calculus of
Variations. Thus, a relaxation to the space BVA(Q) of functions of bounded A-variation is necessary to ensure existence of minimisers.
The latter function space is defined by

BVAQ) := {v e LY(Q; V) : Av € RM;;, (W)},

where RMy;,(Q; W) denotes the space of W -valued finite Radon measures, cf. [2]. Another drawback compared to the superlinear
growth case 1 < p < oo is, that there exists, in general, no constant ¢ = ¢(A) > 0 such that

”DM”LI(Q;Lin([R";V)) < C”Au”Ll(g;W)

holds for all u € C°(Q; V) which is known under the name Ornstein-type non-inequality in the literature, cf. [3, Thm. 1.3]. Therefore,
we have the strict inclusions W1(Q; V) ¢ WA1(Q) and BV(Q; V) ¢ BVA(Q), where BV(Q; V) = BVP(Q) is the usual space of functions
of bounded variation. Since the full distributional derivatives of BVA-functions do not belong to RM;;,(Q; Lin(R"; V)), we cannot
apply known results for linear growth functionals involving the full gradient. Hence, we are interested in the question under which
conditions on the integrand f we have BV,,.(Q; V) or even Wll‘;i (Q; V) regularity for relaxed minimisers. In particular, we are seeking
for a parallel regularity theory to what is known in the full or symmetric gradient case for linear growth functionals. To state our
main result we next introduce the precise framework.

1.2. Existence results for relaxed minimisers

Throughout this paper we assume that the Dirichlet datum satisfies u, € W*!(Q). As usual, we define W?’l (Q) to be the closure
of the test-functions C°(Q; V) with respect to the || - [lya.1 (@-norm. A crucial assumption for the differential operator A of the form
(1.1) is the notion of C-ellipticity. Namely, if we associate the corresponding Fourier symbol map

A[E] = Z AV W, EeR!
|la|=¢

to A, we call the operator A elliptic if
VE € R"\{0} : A[¢] : V — W is injective,
and C-elliptic if
VE € C"\{0} : A[¢] 1 V +iV - W +iW is injective.

It turns out that C-ellipticity is equivalent to the fact of having a trace operator, cf. [2] as well as (compact) embeddings, cf. [4].
Moreover, since C-ellipticity is equivalent to having a finite dimensional null-space, cf. [2, Thm. 2.6] it follows from [5,6] that
u € BV is also LP-differentiable, which will be important to have the decomposition (1.6) below. The following characterisation of
C-elliptic differential operators is essentially due to SMITH [7] but we also refer to KALAMAJSKA [8] and GMEINEDER et al. [9, Prop.
3.2]:

Lemma 1.1. A is C-elliptic if and only if there exists another linear, constant-coefficient, homogeneous differential operator L on R" and a
number d € N such that DY = [LoA.

In the following, we focus on the case # = 1 and n = 2 and consider first-order C-elliptic differential operators A on R? that are
induced by an (orthogonal) projection & : R?>*?> — R?*? (like &/ € {sym,dev} denoting the symmetric and deviatoric part map), i.e.
the induced differential operator on R? from R? to R?*? is given via A := o/[- @ V]. In this setting, these operators possess a certain
structure and we have by [10, Prop 4.1] the following decomposition

P=A[P)+y(P)® forall PeR>? (1.3)
where 8 : R?>? —» R>Zand y : R>? — R are linear maps, and & € GL(2). Furthermore, the integer d from Lemma 1.1 can be specified:

Lemma 1.2. Let A := o[- ® V] be a first-order C-elliptic differential operator on R? induced by a projection of : R?>*?> — R?*2, Then there
exists a first-order linear constant-coefficient homogeneous differential operator L such that D*> = LoA.

The proof of this lemma will be given below in Section 3.4. From now on, we consider the variational principle

to minimise F[u; Q] ::/f(Au)dx over QZMO ::u0+Wg\"'(Q),
Q

2
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where f: W — R is a convex integrand satisfying the linear growth condition (1.2) and A = /[- ® V] is a C-elliptic differential
operator induced by a projection o as above. Recalling the discussion in [2, Sec. 5], we notice that it is not too restrictive to assume
W =R*?, where

R := {P € R®? : d[P] =P} =span{v®, & := A[v®&],v,& € R}
To overcome the missing weak compactness in W"-1(Q), we relax the functional & to the space BVA(Q) by setting

F o l0:01 = / F(elDo)dx + / f°°< dAo )deH / £ty — 0) @ vog) AT, (1.4)
o Q d|Asu| oQ

where v, denotes the unit outward normal field along dQ and the behaviour of the integrand f at infinity is encoded in the recession
function defined by

f(sz)

f®(2) = lim == for ze&RZZ (1.5)
§—00 S
Moreover, we have used the Lebesgue-Radon-Nikodym decomposition which allows to split Au into
dA%u dA%u dA%u
Au = A? Ay = " A’u| = of [Du)L" Adul, 1.6
u u+A’u aon dIA] [ASu| [DulZ" + dlASull ul (1.6)

where the density of A*u with respect to £” can be identified with o/[Du], which is the part map of the approximate gradient Du. For
the precise definition of all building blocks of the above formula we refer to Section 2. Next we introduce the notion of minimality,
which we will use in the sequel:

Definition 1.1 (BV”- and local BVA-minimisers).

1. Givenu, € BVA(Q), amap u € BVA(Q) is called BV”-minimiser with respect to the Dirichlet datum u,, if we have §uo [u;9Q) < §M0 [w; Q]
for all w € BVA(Q).

2. Amapue€ BVQC(Q) is called local BVA-minimiser if we have ?u[u; Ul < §u[w; U] for all U € Q with Lipschitz boundary oU and
all w € BVA(U).

We note, that it follows from the definition, that any BVA-minimiser is also a local BVA-minimiser. Under our assumptions, it is
shown in [11, Thm. 5.3] or [12, Thm. 3.3] that there exists a BV”-minimiser u, which is the weak*-limit of a minimising sequence in
9,, without having a relaxation gap, i.e.

inf #[—: Q)= min %, [-:Q]=F, [u:Ql. .7
D BVA(Q) 0 0
Moreover, since the recession function is positively 1-homogeneous and hence, not strictly convex, it turns out, that the whole
functional §u0 [—; Q] is not strictly convex on BVﬁOC)(Q). As a consequence, (local) BVA-minimiser may be non-unique in general.
In order to conclude Sobolev regularity we have to impose a suitable ellipticity condition on f, namely we consider the notion of
u-ellipticity described in the upcoming subsection.

1.3. The scale of u-elliptic variational integrands and previous results.

In the context of convex linear growth integrands it is common to consider p-elliptic variational integrands. More precisely, given
1 < u < o0, we say that some Cz—integrand f: Rf;z — R is u-elliptic if there are constants 0 < 4 < A < oo such that

2 2
e <n—E

N—
(1+|PP2 (1+1PH)2

forall P,ée Rijz. (1.8)

We briefly notice, that the condition > 1 is necessary, since otherwise the integrand is no longer of linear growth, cf. [13, Rem. 4.14]
for more details. In case of the full gradient, i.e. the framework of BV-spaces, BILDHAUER proved in all dimensions that at least one
BV-minimiser is of class Wll:: QR AWL(QRNY for p> 1if u< 1+ % . The W'!-regularity remains true for 1 + % < p <3 under
the additional assumption of local boundedness, which can be justified by means of maximum principles or Moser-type iterations. We
refer to [14] for the precise statements and more details. In [15], BECK and SCHMIDT extended the above Sobolev regularity result to
all BV-minimisers using the Ekeland variational principle, recalling that relaxed minimisers may be non-unique. We briefly indicate
that so far there is no result for the autonomous Dirichlet problem available dealing with the case ; > 3. However, we mention [16]
for a result concerning the Neumann problem as well as [17] for a counter-example for non-autonomous variational integrals in case
u > 3. Let us also mention [18] dealing with two-dimensional radially symmetric variational integrals as well as [19] for a result
concerning non-autonomous integrands in the full gradient case. Finally, we note that y-elliptic integrands show a similar behaviour
to one of (p, g)-growth and we refer to the discussion in [13] and [20] for a detailed overview including many additional references.

The first contribution in direction of the symmetric gradient can be found in [21], proving higher integrability and Sobolev
regularity for a non-optimal range 1 < y < 1+ i by means of fractional methods. The same result was later extended by GMEINEDER

in [11] to therange 1 < u <1+ % known from the full gradient case, using techniques which heavily exploit the specific structure
of the symmetric gradient. Finally, assuming additional local boundedness for the minimiser, it is shown in [13] that W' !-regularity

3
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holds for the full range 1 < u < 3, hence giving a picture to that in the BV-case. Again, the specific structure of the symmetric gradient
plays a key role in the proof.

So far the only result treating more general C-elliptic operators was given by WOzNIAK in [12], generalising the higher integrability
and Sobolev regularity for the non-optimal range 1 < u <1+ %, exploiting that the fractional techniques are more flexible. At the
present stage it seems hopeless to transfer the methods from [11] and [13] to the general C-elliptic case, since the structure of the
differential operator plays a major role. However, in two dimensions all C-elliptic operators induced by a projection & share the
main structural condition (1.3), which allows to generalise the main result of [11] for the range 1 < yu < 1+ % This will be the main
theorem of our paper and reads as follows:

Theorem 1.1 (Gradient integrability). Let A := o/[- ® V] be a first-order C-elliptic differential operator on R? induced by a projection
o : R>2  R¥2, Moreover, let uy € WA(Q) and f € C2(Rf;2) be a variational integrand satisfying (1.2) and (1.8) for u € (1,2). Then
every local BV”-minimiser u of F is of class W"1(Q; R2) n WII(;Z(Q; R?) for all g € [1, ). More precisely, for every subset U € Q there exists
a constant ¢ = c(A, u, A) > 0 such that whenever B,,(x,) € U we have

[IDull 2o

expL3# (B,(xo)iR>?)

1 1 = Jul ! |u] 1.9)
<c (1+—2>[<1+—2>|Au|(B2r(xo))+][ —dx]rﬂ +][ —dx |.
r r By (xg) B.(xo)

Remark 1.1. The arguments we use in our proof also show that this statement holds true in all dimensions for the part map &/ = dev,
cf. Remarks 3.2 and 3.3.

At this stage, we briefly comment on the proof of our main Theorem 1.1. In order to overcome the possible non-uniqueness we will
adapt the vanishing viscosity method in conjunction with the Ekeland variational principle. We start with an arbitrary BVA-minimiser,
whose approximation is a minimising sequence for the original functional. Since this sequence does not satisfy the corresponding
Euler-Lagrange inequality, we add an additional regularising term to our functional and apply the Ekeland variational principle in
order to derive a minimising sequence of almost-minimisers (v;);ey close to the original sequence. The latter comes naturally with
an Euler-Lagrange inequality, which turns out to be sufficient to derive weighted second-order estimates, which will be the key
ingredient for showing gradient integrability. In order to derive these bounds, we apply the Ekeland variational principle in the space
W21 which may be surprising at first glimpse: Let us recall that for the symmetric gradient there holds

00,1 = 0, symDut® — 9, symDu + 9, sym Du®.

for all u € CX(R";R") and i, j,k € {1, ...,n}. By Lemma 1.2 such a representation remains valid in our situation. In order to obtain
the weighted estimates, we have to test the Euler-Lagrange inequality in a differentiated version by second-order quantities behaving
approximately like Av;. At this stage the usage of W1 as proposed in [15] would destroy any estimates, since we only have

180 -1 S 1D, -

The right-hand side of the latter cannot be controlled because of Ornstein’s non-inequality. However, as in the case of the symmetric
gradient, cf. [11,13], the space W~2! turns out to be sufficient, because in this case we have

180,21 S llo;l-

Moreover, the explicit structure of the operator is essential, which already appeared in the framework of the symmetric gradient. Let us
emphasise that the decomposition (1.3) is the main building block in order to conclude the weighted second-order estimates. Without
the latter, it currently appears hopeless to apply the described method to obtain a similar result that includes C-elliptic differential
operators in all dimensions.

2. Preliminaries

We mainly use standard notation. We equip R” and R"*" with the usual Euclidean or Frobenius norm, respectively and denote both
by |- |. The latter is induced by the matrix inner product (A, B) := A : B :=tr(A" B) for A, B € R™". Moreover, we write B, (x,) =
{x €R": |x — x¢| < r} for an open ball with radius r > 0 centred at x, € R". #" and 9"~! indicate the n-dimensional Lebesgue and
(n — 1)-dimensional Hausdorff measure, respectively and we simply write dx, when integrating with respect to #". Moreover we set
w, 1= Z"(B;(0)). For a (Lebesgue) measurable set U Cc R" with 0 < £"(U) < o0 and f € LIIOC(R”; R™) we denote the average by

1
]{]f(x)dx = D) /Uf(x)dx.

Furthermore, V and W are two finite dimensional normed spaces and with some abuse of notation we will denote both norms by
| -], as it is clear from the context. We use the notation a ® b = ab' for the usual tensor product of two vectors a € R” and b € R™.
Finally, ¢ > 0 denotes a generic constant, whose value may change from line to line and whose dependencies are usually indicated,
whereas the precise value is irrelevant. Finally, we state two elementary estimates for linear growth integrands, which we will use in
the proof of the main theorem.
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Lemma 2.1 ([22, Lem. 5.2], [15, Lem. 2.8]). Suppose that f : Rff — R is a convex Cl-function which satisfies the linear growth condition
(1.2). Then we have the following statements:

1. For dll z € R%? there holds |D(z)| < ¢, and in particular Lip(f) < c,.
2. For all z € R%? there holds (Df(2),z) > ¢,]z| — ;.

2.1. Function spaces and related topics

For an open set Q C R", 1 < p < o and k € N we denote by L”(Q) and W*?(Q) the Lebesgue and Sobolev spaces, cf. e.g. [22].
Without further comment we also use V'-valued versions of these spaces. For a finite Radon measure y € RM;;,(€2; V) we denote by
|u| its total variation. Moreover, we have the Lebesgue-Radon-Nikodym decomposition

du? du’
H "y Z 1], 2.1)

u=pt =
into absolutely continuous and singular part with respect to #".
2.1.1. Functions of bounded A-variation
As already mentioned above, a function of bounded A-variation, is a function u € L'(Q; V) such that Au is a finite Radon-measure.
We notice, that a linear, homogeneous, first-order differential operator A can also be characterised by its part map & € Lin(V @ R"; W)

via Au = o/[Du]. In order to introduce a norm on BVA(Q), we define the dual or formally adjoint operator A* as the differential operator
A* on R” from W to V given by

n
A*p =Y A, v RS W,
a=1

where A” denotes the adjoint map of A,. With this, we introduce the total A-variation of u € Ll @;V)by

loc
|Aul(€) := sup {/Qw,A*wdx CpeCUW), ol <1 }

which in turn allows us to characterise the space BV*(Q) equivalently as the set of functions « having finite A-variation. The local

variant BVI/‘})C(Q) is defined in the obvious manner. Furthermore, the space BV” is a Banach space with respect to the norm
llullgya @y 1= llull gy + [Aul(€).

Similar to the BV-setting there are three different notions of convergence available on BV*. Namely, given v € BVA(Q) and a sequence

))jen in BVA(Q) we say that v; converges to v as j — o

o in the weak*-sense, in symbols v; A v, if v; — v strongly in LY(Q; V) and Av I 2 Av in the sense of W-valued Radon measures.
¢ in the A-strict sense, if v; = strongly in L'(Q; V) and |Auj‘(Q) — |Av|() as j — oo.
¢ in the A-area-strict sense if v I strongly in L'(Q; V) and (Av Q) = (Av)(Q) as j — oo, where we have abbreviated

(A)(Q) ::/\/1+|AU|2dx+|A5v|(Q) for ueBVAQ).
Q

In the last formula we have used the Lebesgue-Radon-Nikodym decomposition (1.6).

2.1.2. Orlicz-Sobolev-spaces
In order to derive estimates for the full gradient from the one for Au as needed in (1.9), we use a suitable Korn-type inequality,
cf. Section 3.4. Towards this aim, let ®: [0, c0) — [0, ) be a Young-function, meaning

t
o) = / #(s)ds for >0,
0
where ¢ : [0, 00) — [0, 0] is a non-decreasing, left-continuous function, which is neither identical to 0 nor co. We then define the
Lebesgue-Orlicz space as the space
L@ V) 1= {u: Q > R" measurable : lull oy < oo},

where || - || ¢ q,) denotes the Luxemburg norm given by

Nl oy = inf {z 50: /¢<M> dx < 1}.
N Q A

We abbreviate exp L#(Q; V) := L% (Q; V) for the Orlicz-space corresponding to Qp(t) 1= exp(t?) with ¢ > 0 and f > 0. Moreover, we
define the Orlicz-Sobolev space W"*(Q; V) as

W@ V) 1= {u € L®(Q; V) : u is weakly differentiable and Du € L®(Q; Lin(R"; V))},
which is a Banach space when equipped with the norm

llullyrog,y <= llullLoq.y) + IDull o q.Linge vy)-
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2.1.3. Negative Sobolev spaces

For k € N we define the negative Sobolev space W~1(Q; V) as the set of all V-valued distributions T € 2'(Q; V) which admit the
representation

T= Zd"Ta with 7, eL'(Q:V), e €N} and |a| <k

la|<k

This space becomes a Banach space when endowed with the norm

0T N+ ) :=inf{ Y Tl T= Y, T, T, eL‘(Q;V)}.

la|<k la|<k

As a consequence of [11, Lem. 2.5] (cf. also [13, Sec. 3.2.3]), we recall for s € {1,...,n} and h > 0 the estimates

”aswllw—ZJ(Q;RZ) < ”w”w—lvl(g;RZ) < ”w”Ll(Q;[Rz)’ (2.2)
”aswllw—l:l(Q;RZ) < ”w”Ll(Q;RZ) (2.3)
Il As,h w”w—l«l(gh;RZ) < ”w”Ll(Q;[R2) (2.4)

where Q, :={x € Q : dist(x,0Q) > h} and /\ ,w denotes the finite difference quotient, i.e.

w(x + hey) — w
Ao 1= R0 g

2.2. (Lower semi-)continuity results

Since the distributions Au are merely Radon measures we need lower semi-continuity results for functionals defined on measures.
In this way, we define based on the Lebesgue-Radon-Nikodym decomposition (2.1), another measure f(u) through

fU) = / f< dp? )dx+/ f°°< d”b: )dl;fl for Borel subsets U C Q. (2.5)
U dzn U dlps|

We notice, that if f is of linear growth in the sense of (1.2), then the recession function f* of f defined through (1.5) is a well-defined,
1-homogeneous, lower semi-continuous and convex function taking finite values. The last condition can no longer be guaranteed, if
one drops linear growth assumption from above. The main (lower semi-)continuity result for functionals of the form (2.5) is due to
RESHETNYAK, which we state in the following tailor-made version:

Theorem 2.1 (Reshetnyak (lower semi-)continuity theorem, [23],[15, Thm. 2.4]). Let Q c R? be an open and bounded set and let
[ [Rf;z — R be a convex function of linear growth from below. For functions u,u,,u,, --- € BVA(Q) we have

1 ifu; X 4 in the weak*-sense in BVA(Q) then
S(Au)(Q) < liminf f(Au;)(Q),
joo
2. andifu ; =~ uin the A-area-strict sense in BVA(Q) then

JAWE) = lim f(Au;)(€Q).

In particular, recalling (1.6), we infer that the relaxed functionals (1.4) are lower semi-continuous with respect to the weak*-
convergence as well as continuous with respect to the A-area-strict convergence, if f : Ri;z — R is a convex integrand of linear
growth in the sense of (1.2).
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Finally, we state a customised version of [11, Lem. 2.6], which will be necessary when applying the Ekeland variational principle
Proposition 2.1 later on.

Lemma 2.2. Let Q c R? be an open and bounded set with Lipschitz boundary, 1 < q < o and k € N. Moreover, assume that f : Rgz - Ryo
is a convex function that satisfies %lPl" <f(P) < c(1 +|P|%) for some ¢ > 0 and all P € R%2. Then for every uy € W1(Q; R?), the functional

/ f(Awydx  ifue D, :=uy+ WA (Q;R?)
Flul :=13Ja 0
+00 fue WH@QRH\ 2,

is lower semi-continuous with respect to the norm topology on W~*1(Q; R?).

2.3. The Ekeland variational principle

In order to overcome possible non-uniqueness phenomena for BV”-minimisers, we use the Ekeland variational principle to con-
struct a suitable minimising sequence. We will need it in the following version:

Proposition 2.1 (Ekeland [24],[22, Thm. 5.6, Rem. 5.5]). Let (X,d) be a complete metric space and F : X — R U {co} be a lower
semi-continuous function with respect to the metric topology, which is bounded from below and not identically +oco. Suppose that for some
u € X and some € > 0, there holds F[u] < inf y F + ¢. Then there exists v € X such that

1. d(u,v) < /e
2. F[v] < F[u] and
3. for all w € X there holds F[v] < F[w] + \/e d(v, w).

3. Proof of the main theorem
3.1. Ekeland approximation procedure

We observe that Theorem 1.1 contains a local statement and therefore, whenever u € BVQC(Q) is a local BVA-minimiser of F, the
restriction u|;; € BV” to a relatively compact set U € Q with Lipsichitz boundary dU, is a BVA-minimiser with respect to its own
boundary values. Hence, it is not too restrictive to assume

u=u, € BVA(Q).

Although many steps of the approximation are standard, we provide full details for the sake of completeness. The construction is
divided into several steps.

Step 1: Construction of a regular minimising sequence subject to smooth boundary values. Using [2, Proposition 4.24] we get a smooth
sequence (u;) ;e in uy + C2(Q; R?) such that

u; - u in the A-area-strict topology on BVA as j - . B.1)

As a consequence of Theorem 2.1 and the discussion below, the functional % w5 Q1 is continuous with respect to the A-area-strict
topology on BVA(Q). Therefore, using the consistency relation from (1.7), we obtain

lim Flu; Q] = lim F, [u;Ql = F, [4;Q]= min F, [-Q]= inf F[—; Q.
J—=© J— g
Hence, (u;);ey is @ minimising sequence for #[—; Q] in 9, . Passing to a non-relabeled subsequence if required, we may assume

. 1 .
Flu;; Q] < }%nf F[— Q]+ @ forall jeN. (3.2)
up

Since A is C-elliptic we can apply [2, Theorem 4.17] to conclude the existence of a continuous trace-operator tr : WA!(Q; R?) —
L'(9Q, #"-"). Therefore, we can find a compactly-supported extension #, € W*!(R?; R?) of u, cf. also [2, Corollary 4.21]. Next, we
choose ¢; > 0 in a way, such that the mollification of u, with a scaled radial standard mollifier o, provides us with a sequence

(u?“)jeN in W12(Q; R?) defined by u?ﬂ 1= (b * oc,)lq satisfying
1
8Lip(f),;2

This allows us to define approximate Dirichlet classes through 9; := uja.Q + W? 1(Q; R2). Setting i = —up + u?ﬂ € 9;, we conclude
using (3.3) that

”“?Q - u()”w/\‘l(g) < (33)

~ Q
;= ujllyar gy = 149® = ugllya ) < 3.4

1
8Lip(f)j2
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We now show, that the infimum of #[—;Q] over 9, can be approximated by the corresponding one over the Dirichlet class 9,

which is almost attained for &i;. Towards this claim, we observe that

Flv;Q] - F[w; Q]| < Lip(f)||/[Dv] — &[Dw Yo, w € WAL(Q),

]”L‘(Q:Rf,,“)’
and thus, we obtain

Flug + #; Q1 < F[ul® + ¢; Q1 + Lip(/)l| o/ [Dug] — M[Du;’ﬂ]nu(mf;z)

Ful® + @; Q] < Flug + @; Q1 + Lip()|| o/ [Dug] — &/ [Dul?1l 1 .22,
T
for every ¢ € W(’?’I(Q). Taking into account (3.4), we can take the infimum on the right-hand side over all ¢ € WOA’I(Q) to deduce
. . ) 1
52 F[—Q] - lgj_f?[—,ﬂ] < 81_2 (3.5)
Finally, we notice that the choice ¢ = u =ty in combination with (3.2) results in

. _ 1 _ 1
g[ujvg]ﬁg[u-ag]+81—,255,111;9"[—,9]+4F7 (3.6)

and hence, the infimum of #[—; Q] over 9, is almost attained by #;. This step will be crucial, when verifying the assumptions of the
Ekeland variational principle from Proposition 2.1 in the next step.

Step 2: Definition of regularised functionals. In this part, we implement a vanishing viscosity approximation by adding a quadratic
regularisation term. More precisely, for P € [Rf;fz we define

2
f,(P) 1= f(P)+ — —(1+|P) with A;:=1 +/(1 +)w[Dﬁj]| ydx, (3.7)
24;j Q
leading to
B Y R (3.8)
i < + < 6t — . .
i 24,2 27T oa2

We finally introduce the regularised functionals in terms of &; by

Flv, Q] + 1.2
Filv; Q) = Ajj

+o0 if veW2(QR)\ P,

/(1+|M[DU]|2)dx if veg,
Q

Step 3: The Ekeland approximation. As already announced at the end of the first step, (3.6) is crucial to verify the assumption of
the Ekeland variational principle. Indeed, we obtain that i ;s j~! close to the infimum of F;[- Q] in W-21(Q; R?) because of

1 (346)' 3
Filia;; QA <Fli;; Q+ — < inf F[—; Q]+ — 3.9
il Q) < Fla ]+2j2 5‘1‘0 [ ]+4j2 (3.9)
G5 1 . 1
< inf F[— Q]+ = < inf gj[—;Q]+_—.
2 J2 T wlar?) J?

As W=21(Q;R?) is a Banach space and Z;[-:Q] is clearly not identical oo, as well as lower semi-continuous on wW21(Q; R?) by
Lemma 2.2 with k = 2 and f = f;, the Ekeland variational principle from Proposition 2.1 is applicable and provides us with a sequence
(v;);en of almost-minimisers, i.e., they fulfill

. 1
”Uj - uj”w—Zl(Q;RZ) < ; (3~1O)

F,[0,: Q1 < F,[w; Q] + %nv, Wil forall we W(QRY), (3.11)

)
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We proceed by proving useful properties of the Ekeland-type approxmiation sequence:

Proposition 3.1 (Properties of the Ekeland sequence). Let (v;);en be the Ekeland-type approximiation sequence from above. Then for
every j € N we have the following estimates:

V(o 2
/ ‘M[va]‘dx < c—<gf Fl— Q)+ j—2>, (3.12)
2A - /(1+ |&I[Dv ]( )dx <- —. (3.13)

Proof. For arbitrary j € N we test the almost-minimality condition (3.11) with w = i; , which results, after exploiting (3.10) and
(3.9), in

_ 1. . 2
Tl 0) < (0, Q)+ 5 < jnf FLi0 + . (3.14)

In particular, Filv;; Q1 is finite and therefore, (3.12) follows directly from the lower bound of the linear growth condition (1.2). By
definition of the functional %; we obtain v; € 2; n W!2(Q; R?) and, using (3.14), also

igfg[—;ﬁ]sg[vj;g]sgj[u Q]<1nf F—; Q]+—
2j J

0

In view of (3.5) we conclude

7a. 2/(1+|£2¢[Dl} ]( )dx = (F;[0;; Q1 - Flo}; Q1) <

which is exactly the second estimate (3.13). This finishes the proof. O

Introducing the abbreviation o; := Df;(«/[Dv;]), we immediately observe &/[c;] = o}, since « is a projection on R%? and o; € R%2,
The key ingredient to derive regularity of all generalised minimisers will be a Euler-Lagrange inequality, following from the almost-
minimality condition (3.11). More precisely, we have

Theorem 3.1 (Euler-Lagrange inequality). Let (v;);cy be the Ekeland-type approximation sequence from Proposition 3.1. Then the following
Euler-Lagrange inequality holds true for all j € N:

|/ <O’ D(p)dx

Proof. The first relation follows in view of
(0,.D0) = (410,1.Dp) = (o #D).

The remaining part follows essentially the same steps as in [11, (4.13)] or [12, Lemma 4.4]. To this end, we consider an arbitrary
test function ¢ € W(l)‘z(Q; R?), which is admissible because of the quadratic growth, cf. (3.7). For 6 > 0 we test the almost-minimality
condition (3.11) with w = v; + §¢. Dividing the resulting inequalities by 6 yields

/<0' [Dg]) dx| < -||¢||W_Z,I(Q;R2) Vo e WA (Q:RY). (3.15)

Filv; £00;Q] - F;le; Q|
) < ;”(pllw—M(Q;RZ)

and passing to the limit 6 \, 0, we obtain the two one-sided Gateaux-differentials of the functional &; in directions +¢, which can be
computed explicitly. Thus, we can finish the proof:
m%[u,i%ﬂ]—%[(p&] d

lim 5 =% Bzo?,[u,a_pr;m =+/ (o;, 9 Dg]) dx.

O

3.2. Non-uniform estimates

In order to justify subsequent computations, we first derive an existence result for second derivatives of v;, which is non-uniformly
in j € N. This can be achieved in a fairly standard manner, by testing the Euler-Lagrange inequality (3.15) with difference quotients.
Nevertheless, we have to be more careful as usual, since we deal with differential inequalities instead of equations.

Lemma 3.1 (Non-uniform second-order estimates). Let f € Cz([Rf;z) satisfy (1.2) and for some A € (0, o) the estimate

€]
1

0< (D*/(P)E,E) <A
(+[PP)?

forall P,¢ée [Rf;z. (3.16)

Moreover, let (v;);en be the Ekeland-type approximation sequence from Proposition 3.1. Then we have v; € Wﬁﬁ(g; R2).

9
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Proof. The proofis similar to [11, Lemma 4.2], but for the sake of completeness we give the whole argument. Let x, € Q be a point and
fix two radii 0 < r < R < dist(x(, 0Q). Moreover, let s € {1,2},0 < h < %(dist(xo,ag) — R) and a localisation function ¢ € C°(; [0, 1])
with g (x,) < 0 < XBj(xy)- We test the Euler-Lagrange inequality (3.15) with ¢ := VAN (AR Y W(l)’z(Q; R?) and after a discrete
integration by parts we obtain

/Q { A\ DF (Do), D A v)]) dx| < jizn VAN CWANPR'D | Iy (3.17)

By the fundamental theorem of calculus in combination with the chain rule, we observe
1
A\ ;DS (Do D(x) = / szj(d[Duj](x) +1th A\ 9D 1(x)) dr A (/[Do;])(x),
0

which motivates for #"-a.e. x € B,(x,) the definition of bilinear forms 3, ; ,(x) : R%? x R2? - R through

1
By, €] :=/0 (D*f (e [Dv;1(x) + th A, (Do, 1)), £y dt - forall 5,& € RE2.

We note that each 3, ; ,(x) is an elliptic bilinear form, since, by the very definition of f; from (3.7), together with (3.16), the following
estimates hold:

N
= < B A E< A+

1 2
—_— . 3.18
A7 " j2>|§| (3.18)

J

In particular, a suitable version of the Cauchy-Schwarz inequality is available. Using the product rule &/[D(o” As’h vl =
ozd[D(AS,hvj)] + d[20Vo ® As’hvj] and rearranging terms in (3.17), gives

1:=/ { Ay DS (Do, D), DA, o)1) dx
Q
<- /Q ( A1 Df (D)), [20V0 ® [\ pv;1) dx + %II Aoy (0 Dgp 0Pllyw-21

=: 1T +1IL

Rewriting term I and using the lower bound from (3.18), we infer
1 2
I= / B 5.0 (%) [O&Y[D(As,hvj)], 0 [D(AN; U,-)]] dx > A_J? / |0£¢[D(As,hv,-)] dx. (3.19)
Q Jj Q
Moreover, using the Cauchy-Schwarz inequality, we estimate

1= —/QQ%’j,s,h(x)[o.gf[D(As,hUj)],.Qf[ZVg®As’huj]] dx
< % / B s /([0 DA, v, 0 DA\ v)]] dx
Q

3 /Q B5n ([ A2V0 ® L)1, A12V0 ® A pvy]] d.

While the first term on the right hand side can be absorbed into I, the second can be treated with the help of the upper bound of
(3.18). More precisely, we have

% /Q'%j,s,h(x) [#12Ve ® A\, 40,1, 412V ® A\, v;1] dx

1 5 2
52(A+ )nv@nm o [l o
A, j? L®(Q:R2) BR(XO)‘ & J|

J
1 2 2
< 2<A ¥ W> 190 e gy 1971120

which is finite as v ;€ wWh2(Q; R?) by construction, cf. the proof of Proposition 3.1. For the last term III we use the estimate (2.4) for
negative Sobolev spaces, namely we have

1 1
I = ;” As,—h (02 As,h Uj)”w—zyl(g;[RZ) < ;”02 As,h vj”LI(Q;[RZ) < ”()sUjHL](Q;RZ)-
Collecting all the estimates leads to

2
%/\oﬂ[D(Ashv,)] dx<e,
Ajl Q ’

for a constant ¢ > 0 independent of 4 > 0. Therefore, the family (A ,(«/[Dv D pso is uniformly bounded in L2(B, (x,); R¥?), implying
the existence of the derivatives d,%/[Dv;] in L2(B,(x,); R¥?) for s € {1,2}. Thus, by Lemma 1.2 we conclude D?v ;€ L2(B,(x); R>2x2),
Since x, € Q and 0 < r < R < dist(x(, Q) were arbitrary, we have shown v ;€ Wiﬁ(g; R?) and the proof is complete. [

10
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Theorem 3.2 (Differentiated Euler-Lagrange inequality). Under the assumptions of Lemma 3.1 it holds for all k € {1,2}

/ <6kaj,D(p> dx
Q

where (v;) ey IS the Ekeland-type approximation sequence.

1
= ‘/ <6kaj,9[[D(p]> dx| < ;||(p||w_1,1(9;R2) Vope W(l)l(Q; R2),
Q

Proof. Since /[o;] = 5; we also have
00,1 = 0, [0;] = 9,0, (3.20)
To conclude, we use d,¢ with ¢ € C°(Q;R?) and s € {1,2} as a test-function in (3.15) and then apply an approximation argument
like in [11, Lemma 4.4]. O
3.3. Uniform weighted second-order estimates
As a key ingredient in the proof of our main Theorem 1.1 we will need weighted second-order estimates for the Ekeland-type
approximation sequence (v;);en, Which are uniformly in j € N. Namely we have:

Theorem 3.3 (Weighted second-order estimates). Let o/ : R>? — R>2 be an (orthogonal) projection such that the induced differential
operator on R? from R? to R¥*? given via A := @[- ® V] is C-elliptic. Then there exists a constant ¢ = ¢(A, &) > 0 such that
2

Z/ o* (D2 f;([Dv;1)9, & [Dv;], 0, A[Dv;]) dx
k=1 Bar(xp)

<AD [/ |/ Do 1] dx (3.21)
r Ba,(x0)

2 2 3 U;
+ 1_2/ (1+)Q¢[Duj]| )dx+(l+r—,+r—_>/ udx],
A% JByy(x) J J By (x)

where o € CZ°(Q;R) is a localisation function with xg () < 0 < Ip,,(x,) 1V0l < % and ‘Dzo‘ < %.

Proof. From Lemma 3.1 we recall v; € Wiﬁ(g; R?) and therefore, we can apply the product rule to obtain
A[D(e*0,v))] = d[0,v; ® Vo'l + o* [0, Dv].

This allows to rewrite
/Qg“(szj(d[Duj])akd[Duj],akgf[Du,])dx
= —/Q<D2fj(9[[va])6k91[va],szf[akuj ® Vo'l) dx
+/Q(szj(.szi’[va])ak.sz/[va],M[D(046kvj)]>dx

=—/<(3k0'j,d[0kvj®Vo4]>dx+/<0k6-,.Qi[D(o40kUj)]>dx=: A+B. (3.22)
Q Q

The second integral B can be handled immediately using the differentiated Euler-Lagrange inequality from Theorem 3.2, once
noticing that ¢*0,v; € W(l)’2(Q; R?). Therefore, we infer

[BI

IN

14
7 llo 0kvj “W*lvl(Q;Rz)

A

1 1 8
< ;lldk(04vj) = 0,0,0* ly-11 @2y < 7 (1 + ;> 1071118, (g2 (3.23)
The treatment of A is more subtle, as the expression d, v ;® Vo* is, in general, not a full a gradient. In view of (3.20) it holds

A= —/ (00}, d[0v; ® Vo'l) dx = —/ (940,90, ® Vo' ) dx.
Q Q
Since o induces a C-elliptic differential operator in two spatial dimensions, the representation (1.3) yields
9v; ® Vo' = (Dvy)e, ® Vo'
= (A[Dv;])e, ® Vo' +y(Dv;)Be; ® Vo'
= R(A[Dv;])e, ® Vo' +7(Dv;)D(Ge,0*). (3.24)

This allows to split A into two parts, namely

|A] < +

/ (9y0;. 2([Dv;))e;, ® Vo' ) dx
Ba,(xp)

/ (0y0;.7(D)D(Ge,0h) ) dx| =1 A| + A,.
By (x0)

11
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Ad A,. Using the Cauchy-Schwarz inequality, which is applicable by (3.18), as well as the linearity of  : R>*? — R?>? and Vp* =
p? - 2Vp?, we obtain
A= / (D?f,(ADv;1)9, A [Dv;], X/ [Dv; e, @ Vo' ) dx
Bar(x0)

< % / p* (D% f;([Dv; )0, & [Dv;], 9, &[Dv;]) dx
Bay(x0)

+ 2/ (D2 f;(Dv; NR(L[Dv;)e, ® Vo?, (A [Dv;])e;, ® Vo? ) dx.
Bay(x0)

Now the first term can be absorbed into the left-hand side of (3.22), while the second can be controlled, because of the upper bound

& 1 .o
(D2 fi(P)E, &Y S A—>—— + —|¢]%.
' a+ippr AT

Therefore, we conclude

/B ( )<D2fj(&1[Dv/-])8(&I[va])ek ® Vo, R(A[Dv;])e, ® Vo? ) dx
2r (X0

2
A |2 Dv;De, ® Vo?| 1 X
< E/ 21 + -2/ ‘Q(d[DUj])€k®V02 dx
B0 (14 |a/[Do;| )2 24)7% Jey o)
2
< c(A, ) |,gz{[va]‘dx+ @) a+ |£¢[va]‘ ) dx.

% JByx) A;72r% I8y (x)

In view of Proposition 3.1 both terms can be estimated.
Ad A,. The second term A, deserves a more thorough analysis. In view of the linearity of y (so that y(-) = (Q, ) for a suitable
0 € R??) and since v; € lerﬁ(g; R?) by Lemma 3.1, we can integrate by parts:

/ (9k0;,7(Dv;))D(Ge,0*) ) dx
Boy(x0)

=_/B ( )<g.,<Q,0vaj>D(($5ekg4)>dx—/ (o, 7(Dv,)D(Ge, 0, 0%) ) dx (3.25)
2r(Xo

By, (x0)

=1 Ay, + Ay
To treat the second integral A,,, we first utilise the product rule to deduce
7(Dv;)D(Ge,0,0") = D(y(Dv;)8e,0;0") — Ge; 00" ® V(y(Dv)))
(0.0,00,)
(0.9,Dy; ))’

where in the last step we have used again the linearity of y. Hence, in view of Lemma 1.2 there exist constant coefficients linear maps
L, : R¥»? - R>? such that we have

= D(y(Dv,)8e, 0, 0*) — Ge, 00" ® ( (3.26)

2
7(Dv)D(Ge,d;0%) = D(y(Dv))Ge, 00") = 00" Y 0, (L, (/[Dv;])). (3.27)
#=1
First note, that the first term can be treated using the differentiated Euler-Lagrange inequality from Theorem 3.2, since we have a full
gradient in the second argument of the scalar product. Thus, by the boundedness of ¢ and the linearity of y : R>? — R, we obtain

/ (0;,D(r(Dv;)8e, 00" ) dx
Bay(x0)

IA

1 4
}”}'(D”f)@e"a"" ”w-‘-‘<Bz,(xo>:R2>

2
1 ¢
=; Z Q(f”‘)()muj. )®ek0ko4
¢m=1 W By, (x0)iR2)
2
1 T, \(m) 4 T, \(m) 4
< - : — .
wJ mz-‘i“am((Q )" 60900") = @) 0000 |
c(f)

11
7 (; + r_z)llujllLl(BZr(Xo):Rz)'

Note that, by integration by parts, the second term arising from (3.27) satisfies:

12
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2
Z/ 0c0*(0;.0,(L,(4Dv;1))) dx
Ba,(xp)

/=1
2
< Z/ 00" (9,0, L, (< [Dv;])) dx (3.28)
¢=1Bar(x0)
+ () |o|[s#1Dw;1||D2*| dx =: Ay, + A,
By, (xp)
For the second integral A’, we immediately obtain by (3.8)
2

Al < C(”‘f) |/Du;1[ dx + C(f)z || ax, (3.29)

=SBy AT I8y, (x0)

and in view of Proposition 3.1 both terms can be estimated. Furthermore, by (3.18), we can apply the Cauchy-Schwarz inequality to
estimate the first integral A’ :

2
Z/ 940*(0,0). L (/Dv;]) ) dx
£=1Bar(x0)

2
) z /B (x0) (D2 /;(e/IDv; 1007/ [Duy], 400 0L s (D, 1) ) dx
£=17Bas(xg

2
<e) /B (D f,(sA[Dv; 16?9, A[Dv; 1. 0>, /[Dv;1) dx
£=1"Bar(xg)

2
16
+— Z/ (D2 f(&[Dv;)edyoL s (#[Dv;1), 00 0L, (4[Dv;]) ) dx.
£=17Bar(x0)
Since we sum over k in (3.21), the first term on the right-hand side can always be absorbed into the left-hand side of (3.21) for

e = e(d) > 0 sufficiently small, while the second can be controlled, due to the upper bound

¢ 1
(07 1P g) <ALl L
a+1pP:> A
Therefore, we conclude
16
- (D f;(A[Dv;1)0dy 0L s (4Dv;1), 00, 0L s (/[Dv;]) ) dx
By, (x0)
c(A, o) |°Q’[D”j]‘2 () 2
<= e+ ‘.QY[DUJ-]‘ dx
" By (14 |M[va]‘ )2 AjJPr? JBaxg)
2
<& |#1Do; 1] dx + o) (1+ | Dv,1[ ) dx (3.30)
r By, (xg) A;j7r® JBy.(xo)

In view of Proposition 3.1 both terms can again be estimated, and the estimation of A,, is now complete.
It remains to estimate the first integral A,,. However, in view of Lemma 1.2 there exist constant coefficients linear maps L,, L, :
R>*? — R?*2 such that for A,, we obtain:

2
AZH:/B ( )(a ,Za,;(ﬁ,; ADu;]) ))03010+<0'.,Zaf(@(d[DUj]))>o3020dx. (3.31)
2r (X0

ot =1
We again integrate by parts and argue as in the estimation of A,,, cf. (3.28). Summarising, we infer

2
) / 0*(D? /(4 [Dv;1)0, A [Dv; 1,0,/ [Dv;]) dx
Bay(x0)

e 1 c(A o)
<= <1+ +t3 >”” It e, 2y + 1100 MLt gy, v m2)

c(d)
Ajj2r2 Ba,(x0)

(1+ |91[va]‘ )dx.

Since &/[- ® V] is a first-order C-elliptic differential operator we use the Poincaré-type inequality from [4, Lemma 2.12] together with
an approximation argument to estimate the L!-norm of v ; by the L!-norm of o/[Dv ;1. More precisely, taking into account (3.3), we
deduce

10l me) < o =l gy + 1602 1 e

13
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0Q 0Q
<y ”AUj - Au}. ”Ll(_Q;[RZXZ) + ||Mj ||L1(_Q;|R2)

< C(Q)<||AU]‘ ”LI(Q;RZ) + ”u;-)Q“wM(Q)) (3.32)

Sc(f»uo,Q)[ci<glf Fl=Ql+ /%) + Jiz]
1

“o
Finally, collecting all the estimates from above results in

2
Z/ o* (D2 f;([Dv;1)d, &/ [Dv;], 0, A[Dv;]) dx
k=1Bar(x)

2
< A&D [/ |1 dx + L (1 + |/ Do ]| ) dx
r By, (x0) Ajj* JBy(xp)

= r? r ‘Uj|
+ - + - + - — dx
J JJ/) IBytxg) T

< A D) [/ ‘M[va]‘ dx + ﬁ a+ |M[D”/]‘2)dx
Bar(xp)

> 2

347 I Bay(xg)

2 3 |Uj)
+<1+rf+r—,>/ —dx],
J J By (x) T

where we have used the inequality f <1+ ’/—2 in the last line. This yields the desired estimate and finishes the proof. O

Remark 3.1. Assuming in addition, that the integrand f is u-elliptic in the sense of (1.8) we can bound (3.21) from below to obtain
the following weighted second-order estimates:

/ o'+ ‘g[Duj]r)‘% )Dw[Duj]r dx
By, (x0)

2
< 2/ o* (D* f;(a[Dv;1)0,. &/ [Dv;], 8, /[Dv;]) dx
k=1B2,(x0)

I\

BB [ / |afDv, 1| dx (3.33)
r By (x0)

2 2 3 U;
- (1+|a/ Do | )dx+<1+;+;>/ | ]‘dx]
A" by J o J By(xg) I

2 3
Ch+ ) L g+ 2 )+ L+,
2 J Jj c gguo j2 j2 r2j2

for a constant ¢ = c(cy, ¢y, 4, A, &, uy, Q) > 0.

I\

Remark 3.2. The previous proof strongly relies on the structure of first-order C-elliptic differential operators in two dimensions.
Indeed, the presented arguments (3.22) and (3.23) are applicable for any first-order differential operator &/[- ® V] in all dimensions.
However, we were able to estimate the remaining term A by exploiting the decomposition (1.3), which relies on the C-ellipticity in
two dimensions. Indeed, whenever such a decomposition persists, we can follow the above arguments. Let us demonstrate it for the
deviatoric (trace-free) gradient in any dimensions. In this framework, &/ = dev : R™" — R"™" is given by

devpi=p- TP
n
(P.1,)
so that & = idgmw, y(P) = ——— and ® = 1, for P € R"™". Hence, we can repeat the above steps for the particular choice o/ = dev
n

in all dimensions. Note, that devD is a C-elliptic differential operator in all dimensions whose complementary part is always one-
dimensional. It is precisely this structure, that was used in the proof for C-elliptic differential operators in 2d which possess a one-
dimensional so called almost complementary part, cf. [10, Proposition 4.1]. This situation changes drastically if one focuses on the trace-
free symmetric gradient. Note, that the trace-free symmetric gradient is not C-elliptic in 2d and already in 3d the complementary part
of the trace-free symmetric gradient is no longer one-dimensional. However, the symmetric gradient ¢ = sym D case in all dimensions
was treated in [11,13,21].

3.4. Korn inequalities in Orlicz spaces for C-elliptic differential operators

In this section we investigate into Korn-type inequalities on the scale of Orlicz-spaces. We begin by mentioning several known
results. In [25] BREIT and DIENING prove that an inequality of the form

”Du”L‘D(Q;Rnxrx) S llsym Du||L‘1’(Q;Rg;<|;") (3.34)

14
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can only hold for all u € C°(R"; R") if and only if ® € V, n A, which was extended to more general elliptic operators by CONTI and
GMEINEDER [26]. This result is somehow natural as ® € A, and ® € V, loosely speaking mean that the norm || - ||, » is not too close to
I - llLeo and || - || 1 respectively, for which the Korn inequality fails. Moreover, it is possible to weaken the assumption ® € V, n A, by
replacing the norm on the right-hand side of (3.34) by a slightly weaker Orlicz norm due to results of CIANCHI [27] for the symmetric
gradient. Before establishing the needed Korn-type inequalities in Orlicz spaces, we catch up with the proof of Lemma 1.2:

Proof of Lemma 1.2. Our proof relies on the special structure of C-elliptic differential operators on R2, see (1.3) and is motivated
by construction of the corresponding linear maps  and y, as well as of the matrix & € GL(2), cf. the proof of [10, Prop. 4.1]. The
results in [10] imply that dim &/ [R¥*2] > 3, thus, we distinguish the only two possible cases:

e If dim &/[R??] = 4 then {e; ®4 €, }; ;-1 » form a basis of &/[R**?]. For any ® € GL(2) one can define the linear map £ by its action
on basis vectors
Be; ®y€;) 1=¢;Qe; -G fori,j=1,2,
cf. [10, Eq. (4.6)]. In particular, we can choose ® = 1, to obtain for u € C‘:"(Rz; R2):

—(01uy + 0yu; + 0huy) 01y
(A [Du]) = .
(ef[Dul) < dyu, —(@yty + 01ty + Oyuy)
Hence, we could already express all the entries of the gradient Du by a linear combination of the entries of 2(</[Du]):
dyuy = =R/ [Dul)® — KA Du))"? — o/ [Du)Y,

and could even take d = 1 in this case. But then also all the entries of D?u can be expressed as a linear combination of the entries
of DR(«/[Dul).
 The more sophisticated case is when dim &/[R>?] = 3. Then there exist indices i, j, € {1,2} such that

¢, Qne; = Z a;;€; @p €;
(i,)#(g.Jo)

for some a;; € R not all equal to zero. Without loss of generality, we consider like in the proof of [10, Prop. 4.1] the case
(ig» jo) = (2, 1), i.e., we find coefficients a,;, a},, a5, not all equal to zero such that

€ Qe =aje; Qpe +ape Qe +aye; Qye,.
In the proof of [10, Prop. 4.1] it was shown that
ayjay +ap #0, (3.35)

cf. [10, Eq. (4.8)]. In this case, the linear map 8 can be chosen in the following way, cf. [10, Eq. (4.12) f]:

¢ ®e if (i, ) # (2, 1),
L(e; ®p €)) =
Tt ) iap=co.
0 a»
Then
ouy +ay 0 0y + a0

ﬂ(ﬂ[Du])=< 14y + a0 Uy +ap 2“1),

0 Oslty + ay oy,

so that in general we cannot express all the entries of the gradient Du by a linear combination of the entries of this 2(</[Du]).
However, differentiating all the entries we obtain

9, 8([Du])1D 1 a; 0 0 0 o0k
0, 8(of [Du])1D 0 1 a; 0 0 0fododu
O ZDu)? 0 ap 0 1 0 Of oy
LAMDu)P |70 0 ey, 0 1 Of o
0, (A [Du])®? 0 a 0 0 1 0)0,0u,
0, 2([Du])®? 0 0 ap 0 0 1) Gu

Since the determinant of the appearing 6 x 6-matrix is —(a;;a,, + a;,) # 0 by (3.35), we can express all the entries of D?x by a
linear combination of the entries of DL(</[Du]). This completes the proof of Lemma 1.2. O

Remark 3.3. The structure from Lemma 1.2 also applies to the trace-free gradient in all dimensions. More precisely, all the entries of
the second derivative of a vector field can be expressed by a linear combination of derivatives of A = dev[- ® V], i.e, in Lemma 1.1 we
have for this particular choice also d = 2. Indeed, since this operator only applies on the diagonal elements, the off-diagonal entries
remain the same:

Duw) = (devDu)  fori#je(l,...,n}.

15
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Furthermore, we note that the diagonal elements of Du cannot be expressed as linear combinations of the entries of the elements of
dev Du. However, this holds true if we increase the order of differentiation:

n
9,(dev D)™ = a,(a,.u,. iy ajuj)
n

j=1

i t_/_/

J#r

n
L b
— = 2 0;(devDu).
j=1
i
Hence, we found a first-order differential operator L such that
D? = Lodev[-® V1.

Thus, we can follow the arguments below also in case of the deviatoric gradient in all dimensions and first establish the necessary
Korn-type inequalities in Orlicz spaces. In conclusion, we obtain a similar statement as in our main Theorem 1.1 for the deviatoric
gradient in all dimensions.

As an immediate consequence we can characterise the nullspace of &/[- ® V]:
Corollary 3.1. Let the projection o : R>? — R?*? induce a C-elliptic differential operator on R?> by A := o[- ® V]. Then Au = 0 if and
only if
u(x)= Bx+b with B € ker o« and b € R?.
Proof. It follows directly from Lemma 1.2. O
As a next step, we recall the following statement from [28, Theorem 5.1], which is a generalisation of [27, Theorem 3.1].

Theorem 3.4 (Korn-type inequality in Orlicz spaces). Let Q C R", n > 2 be an open and bounded set and A be a homogeneous, first-order
elliptic differential operator of the form (1.1). Moreover, let ¥ and ® be Young functions such that

' / CD(S)d <W¥r) and 1 / ¥ (S)d < ®*(cn), (3.36)
0 0 52

hold for all t > 0 and some ¢ > 0. Then there exist a constant C > 0 such that

/ @(|Dul)dx / P(C|Au)dx forall ue W, @:V). (3.37)
Q Q

As a matter of fact, modular estimates in Orlicz spaces are always stronger then Luxemburg norm. Therefore, in view of (3.37), we
obtain for u € WH¥(Q; V) the estimate

IDull o inaneyy < C I1AUl¥ g (3.38)

We now aim to prove a Korn-type inequality for balls on the scale of Orlicz spaces. Towards this aim, we first need to derive a
Poincaré-type inequality in Orlicz spaces, which will we be the content of the following theorem:

Theorem 3.5 (Poincaré-type inequality). Letr > 0, x, € R" and B,(xy) C R" be a ball, A be a C-elliptic operator of the form (1.1) and
Y be a Young function. Then, for every u € W’“'\P(B,(xo)) there exists a constant ¢ = c¢(r,n, &/) > 0 such that

reker(A\) llu = el B, (xg)vy < € @ur AUIILYE (0w )- (3.39)

Proof. For the sake of simplicity we abbreviate B :=B,(x,). The result is an immediate consequence from [29, Proposition 3.8.],
namely there exists a constant ¢ = ¢(B, A) > 0 such that for u € W*!(B) there holds the point-wise estimate

|(u - ngu)(x)) < c/ Ix — ' Au(y)|dy for P"-a.e. x € B, (3.40)
B

where HE\ denotes a suitable linear projection onto ker(A), cf. [29, Prop. 3.3]. As a next step we define for x € B a Borel measure
Uy o BB) — [0, 0) via

iy (A) :=c/|x—y|1*"dy for A€ BB)
B

and set m, := u,(B). Now, since |x — y| < diam(B) = 2r for all x, y € B, we can estimate

d (B
mxzc/ Y = >c ,3( )71 =cw,r for Z"-ae xeQ. (3.41)
B |x —y|" (diam(B))"

Dividing (3.40) by m, and A := ||Aul|_¥ . and applying the Jensen inequality, we obtain for #"-a.e. x € Q

(u—HBu)(x) A Au
of 16~ ! ). o g« ()

16
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Therefore, integrating the above inequality over B with respect to the x-variable, in conjunction with the Tonelli theorem, results in

(=T u)(x)
[v Ju-miwcof ) o [ fr() g
B m/1
=/\P<|Au(y)|>/ c —dydx
B A B |x —y|"! my

:/\I,< |Au)| >dy
B ||Au||Lny(B;W)
<l1

where the last inequality follows from the fact that u € wWA¥(B). Using the lower bound (3.41) together with the definition of the
Luxemburg norm gives

llu— HR“”L"‘(B;V) < caw, rllAull gy, (3.42)

where ¢ = ¢(A,B) > 0. This leads to the desired inequality (3.39), since we can always bound the left hand side by the infimum taken
over all r € ker(A), thus, the proof is complete. [

As a side remark, we refer to [4, Proposition 4.2] and [29, Proposition 3.7] for Poincaré-type inequalities on L”-spaces for star-shaped
or John domains respectively. We proceed and derive the announced Korn-type inequality in Orlicz spaces.

Theorem 3.6 (Korn-type inequality). Let r > 0 as well as ¥ and ® be Young functions such that (3.36) is satisfied. Then for each > 0
there exists a constant ¢ = ¢(®, ¥, n,r, A) > 0 such that

1
rell< o ID@ = V)l e @, (x)Linwr:p)) < C<1 + = >||Au”LW(B2r(x0);W) (3.43)

for all u € WAY(B,,(x,)), where A is a C-elliptic differential operator of the form (1.1).

Proof. Let o € C°(R";[0,1]) be a cut-off function satisfying XB,(xg) S 0 = XByy(x) and |Vo| < % Moreover, we recall from (3.42) that
the Poincaré-type inequality

Nl = T ull v, vy < € 0y Pl AUl LY (- (3.44)

holds true. Therefore, taking into account (3.38) on Q = Bs,(x,) applied for the function o(u — ng) € W(l)’\y(B5,(x0); V') in conjunction
with (3.44), leads to

B B
[ID(u — HAM)”L“’(B,(XO)) < |ID(o(u — H/-\“))”L‘D(B»(Xo)

< 1A = TIRu) ¥ gy, (xgp)
c lHu — HBuH + ||Aul|; w
r A LY¥(B,, (x0):V) L¥ By, (x0): W)

1
¢ <1 * ?> AUl B, cxprmw)-
This yields the desired inequality (3.43), as we can always bound the left-hand side by the infimum taken over all ¢ € ker(A), which
finishes the proof. [

As an immediate consequence, cf. also [27, Example 3.11], we observe

Corollary 3.2. Letr > 0, x, € R" and B,(x;) C R" be a ball. Then for all § > 0 there exists a constant ¢ = c(f, r,n) > 0 such that
inf ||ID(v—1)|| A <1 + - > [|Av]| I} (3.45)
reker(A) expLP+1 (B,(X());Lin([Rn;V)) exp LP (B2, (xo); W)
for all v € expLP(B,,(x,); V) with A € expL#(B,,(x(); W) , where A is a C-elliptic operator of the form (1.1).
Remark 3.4 (Korn-type inequality on Lipschitz domains). It is possible to establish a version of (3.43) without increasing the domain
of integration on the right-hand side. In order to do so, one can follow the lines of the proof of [27, Thm. 3.3]. The crucial idea to

establish Korn-type inequalities is Sobolev’s integral representation formula cf. [30, Sec. 1.1.10], namely for all u € C®°(R?;R?) it
holds

a
u= 1 Z ix_z * 0%u. (3.46)
Tt x|

If the projection & : R>? — R?>*? induce by A := ¢/[- ® V] a C-elliptic differential operator on R?, then by our Lemma 1.2 we can
express 0%u as linear combination

0% = 0,¢,(A[Dul) + 0, 5(A[Dul),  |a| =2,

17



F. Eitler and P. Lewintan Nonlinear Analysis 272 (2026) 114171

with suitable linear maps #; : R?>? — R? for j = 1,2. Thus, reinserting in (3.46) and integrating by parts we obtain

2
1 1 x*
u=-— 3 — Z‘;ajm % £;(A[Dul),

la=2 ** )=

to arrive at a similar statement as in [27, Eq. (6.6)]. Furthermore, since our induced differential operator A is C-elliptic, its kernel is
finite dimensional, cf. also Corollary 3.1, so that we can also deduce Korn-type inequalities of the second type in Orlicz spaces. First,
via an Orlicz version of the Poincaré’s inequality involving the C-elliptic differential operator A, we have

Ulél; flu— U”expL”(Q;IRZ) <c(B.A, Q)llAulleXpLﬂ(Q;R2x2) (3.47)

for every u € L?(Q; R?) with Au € L®5(Q; R?*?) where % denotes the finite dimensional nullspace of A
FH = {v(x)= Bx+b,Bekerd,beR?),

cf. Corollary 3.1. Let us shortly comment how we can again follow the lines of the proof of [27, Thm 3.3] emphasising the needed
adjustments: The first ingredient is Smith’s representation formula on cones for C-elliptic differential operators [7, Thm I]. The next
crucial step is to construct an extension operator like in [31, Ch Il Rem 1.3, Thm 1.2, Thm 2.2] which relies on a limiting Sobolev
type inequality [31, Eq. (1.32)]. The latter result has been generalised by VAN SCHAFTINGEN [32, Thm 1.3] and reads in our situation

lull 222y < cCOMNAUll 1 gagoa, ¥ u€CORY;RY) (3.48)

and holds true if and only if A is an elliptic and cancelling operator. In particular (3.48) is fulfilled for C-elliptic differential operators,
since C-ellipticity implies both ellipticity and cancellation, cf.[9]. Hence, we can apply the arguments from the proof of [27, Thm
3.3] to derive similar to [27, Eq. (6.15)] the estimate

D < c(p.A.Q ( ey + 1A . ) 3.49
I u”expLﬂi'/i](Q;szz) c(p ) ”u”expLﬁ(Q,szz) I u”expLﬁ(Q,RZXZ) ( )
for every u € exp LA(Q; R?) with Au € exp L#(Q; R?*?). Thus, applying (3.49) to u — v for a arbitrary v from the nullspace of A we
conclude in view of the Poincaré inequality (3.47)

inf ||D(u—v <c(f, A QA . s 3.50
DGO S COA D gz, (3.50)

which is the desired Korn’s inequality of the second type in Orlicz spaces.

3.5. Proof of the main Theorem 1.1

Proof. For the sake of readability we divide the proof into three parts. To this end, we consider x, € Q and r > 0 such that B,,(x,) € Q.
Step 1: Preliminary estimate. As a first step we let (v;),ey be the Ekeland approximation sequence from Proposition 3.1 and consider
the convex auxiliary function

V& i=(+1EHT  for £eRZ
We recall from Lemma 3.1 that v; € leo’i(Q; R?) and therefore, we can estimate for k € {1,2} the derivatives by

akv,,(mDuj])r < (2_7”)2(1 + )M[Duﬂr)#(ﬂ[Duj]‘z’akmDuj](z

2
|oxs#Du, 1|
< () (3.51)

2 u’
(1 + [a/Do, 1)
Furthermore, we observe that (3.1), (3.4) and (3.10) imply v ;= uin W-21(Q; R?). Hence, using (3.12) together with the compact
embedding WA!'(Q) & L'(Q;R?), cf. [4, Theorem 1.1], we can extract a non-relabeled subsequence of (v;);ey such that v; Suin
BVA(Q) as j — 0. Using (3.51) with (3.33) for u € (1,2), we obtain

2

e T
_ 2 2
= V@D DI, A+ IV DI,
2
. D/, |
g/ (1+|&/[va]‘ )2 dx +c(p) — &
B,(x0) By (x0) (1 4 ‘M[Dv/-]l )z

2 3 U;
gc<1+l2>/ ‘w[Duj]|dx+i2[%+(1+Q+i>/ de], (3.52)
r By, (xg) 1 J J By (x)

18
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with a constant ¢ = ¢(A, &, u) > 0. Therefore, the sequence (V,,(&[Dv;])) ey is uniformly bounded in WI*Z(B,(xO)). Now, the Trudinger
theorem in two dimensions, cf. [33], gives the embedding W'?(B, (x,)) < expL?(B,(x,) and hence

”Vu(d[DUj])”expLZ(B,(xo)) < C(r)”Vu(d[DUj])||Wl~2(B,,(x0))' (353)

As a next step, we utilise (Vu(.f))2 > |&]*7# to conclude the estimate

2

=
”M[va]”expLz_"(B,(xo);RE;Z) < ||VM(W[va])llexpLz(Br(XO)), (3.54)
2
which can be seen as follows: Setting 4, := ||V, (</[Dv, ]| 2“‘L2(B o) and using the definition of the Luxemburg norm, yields the chain
exp L2 (B,(xp
of inequalities
2—p
(V,(/[Du, 1)) |/ Dv, |
1> ex > dx > exp — dx,
B, (x)) IVl D DIZ 25 o B, (x)) by

implying ||</[Du;]|| xpL2H(B,(xp)) S Aj and hence, the claimed estimate (3.54) is proved. Recalling v; Suin BVA(Q) toegether with
(3.53) and (3.54), allows to pass to the limit in (3.52) which yields
11}’2&11" ”'Q/[val“expLz"‘(By(xo):Rgz)
1 = lu] | -1 (3.55)
< c(A,d,u)Kl + —z)l/\ul(Bzr(xo)) +][ —d ] =t m < oo.
r By(xp) T

Since A is a linear differential operator and m > 0 we can replace v; by 7; = U;f and consequently, we have ||A7, || exp LGB, (xg) = 1+

Applying [34, Lemma 8.8] leads then to

2-p
- |(Do)]|
/ exp((gf[Dﬁj]) )dx:/ exp| 5 — |
B, (x0) B, (x0) m
SN DT Mexp 1248, xg)R22)- (3.56)

Step 2: Exponential integrability of Au. We aim to use the Reshetnyak lower semi-continuity Theorem 2.1 to conclude that ASu =0
in B,(x). To this end, we introduce the function

©: R SR, ) =exp
PR SR, ] Gecmmg B

and observe that the corresponding recession function is given by
Ot t]z])># 0 if =0
®*®(z) := lim ﬁ = lim lexp <&> = Izl
oot 1=~ t m2# +o0  if |z| >0.

Applying Reshetnyak’s Theorem 2.1 in combination with (3.56) we observe

/ ®(o/[Du) dx + / <1>°°< dAu >d|A“u| = O(Au)(B, (xy))
B,(xo) B, (x0) d[Asu|

< liminf ®(Av;)(B,(x))) < 1,
j—oo

where for the last inequality we have used (3.55) and (3.56). Hence, by the definition of the recession function we must have A*u = 0
on B,(x() and

o [Du] |~
/ ®(/[Du]) dx = / exp (%) dx < 1.
B, (xg) B, (xg) meH

Recalling once more the definition of the Luxemburg norm, we infer &[Du] € expL?>* (B,.(x0); Rf;z) with estimate
”'Q{[Du]”expLZ"‘(B,(xo);Ri;(z) <m,i.e
1 = lul |5
”'Q{[DU]‘]”CXPLZ_"(Br(XO)?Ri;d) < c[(l + r—2> [Au|(B,,(xq)) +]l[32r(XO) - dx] T, (3.57)
for a constant ¢ = c(A, o, u) > 0.
Step 3: Exponential integrability of Du. Let us remember that % is finite dimensional, cf. Corollary 3.1, and therefore, all norms are
equivalent. In particular, there holds

ol 2o +rlDoll 2 <e(w) o] dx
expL3# (B, (x)iR?) expL3H (B, (x}R2?) B, (x0)

=

Wl
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for all v € #. Moreover, there exists a bounded linear projection operator r : LI(B,(xO); R?) » % with v ~ 7, such that

][ |7,| dx < e(r) |v] dx,
B, (xg) B, (x0)

for all v € L!(B,(xy); R?), cf. [11, Appendix 9.11.
To obtain the precise statement of (1.9) we use the Korn-type inequality from (3.50) with g :=2 — u > 0 and noticing % = i%:
gives

[Dull 2
expL3=# (B,(x();R2X2)
SID@=m)l 2-u + D7, |l 2w

expL37H (B, (xq)iR>?) expL 37K (B, (x0iR¥2)

1 |u]
<c (1+-> Aull,. o et LI
< - ) WAl 1208, g2 ][B,(xo) - )

_ N
<c <1+%>[<l+i>|Au|(Bzr(Xo))+]l de] 2-u +][ de ,
r r? Bo (o) T B,(x)

with ¢ = ¢(A, p, A) > 0. This finishes the proof. O

Remark 3.5. In this short note, we have investigated into the regularity of BV”-minimisers in two dimensions. Here, the crucial
idea was to rely on the one-dimensional (almost) complementary part of the part maps that induce C-elliptic, first-order differential
operators. Furthermore, we have shown that this strategy is also applicable for the deviatoric gradient in all dimensions. The case of
the symmetric gradient in all dimensions was treated in [13]. However, the case of a general C-elliptic operator in any dimensions
deserves a new approach. In particular, it remains an open problem to treat the trace-free symmetric gradient in three dimensions.
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