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ABSTRACT

We study the supportedness of nondominated points of multiobjec-
tive optimization problems, that is, whether they can be obtained
via weighted sum scalarization. One key question is how supported
points behave under an efficiency-preserving transformation of the
original problem. Under a differentiability assumption, we character-
ize the transformations that preserve both efficiency and supported-
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ness as the component-wise transformations with strictly increasing
and convex components. In addition, we consider transformations
that can render originally unsupported points supported in the trans-
formed problem. This enables algorithms to find nondominated
points by applying the weighted sum scalarization to a transformed
problem.

2020 MATHEMATICS
SUBJECT CLASSIFICATION
90C29

1. Introduction

This paper investigates effects of image space coordinate transformations for multiobjec-
tive optimization problems of the form
min f(x) s.t.

x € X, (MOP)

with a nonempty set X C R” of feasible points and a continuous vector-valued objective
function f : X — R™. We do not impose any convexity assumptions on the component
functions of f or on the set X. The image set of X under f is denoted by Y := f(X). Through-
out this paper, we consider solution concepts based on the standard ordering cone R, the
set of vectors in R” with non-negative components. -
One concept for the algorithmic solution of problems like MOP is the weighted sum
scalarization, whose solutions are referred to as supported points of MOP. Supported
points are always weakly efficient for MOP (cf. [1]), while the converse does generally not
hold. It is well known that if MOP is convexlike, that is, the upper image set Y + RZ is
convex, the weakly efficient points are characterized as the supported points (cf. [1]).
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In [2], image space transformations @ : R™ — R™ are considered, along with the
transformed problem

min O(f(x)) s.t. x € X, (MOPg)

such that MOP and MOPg share the same set of efficient points. Such transformations
can generate desirable properties like smoothness or convexity. However, if the weighted
sum scalarization is the intended solution concept, it is crucial that all supported points
of MOP stay supported for MOPg. This paper focuses on identifying and characterizing
supportedness respecting transformations (SRTs), that is, image space transformations that
preserve the supported points.

A prominent example studied in the literature is the p-th power transformation, defined
by ®°(f(x)) = (i(x)?,...,fm(x)P), under the assumption that Y C R”". As noted in [2],
applying the weighted sum scalarization to MOPgy is equivalent to the compromise pro-
gramming approach with £,-norms, with the origin as utopia point of the original problem.
Combined with Lemma 5.5 in [2], this establishes that the p-th power transformation is an
SRT.

There exist simple examples in which this transformation even renders previously
unsupported points supported. In [3], it is shown that when X is finite, the p-th power
transformation with a sufficiently large p ensures that all nondominated points become
supported. A lower bound for p is also provided. However, the task of computing this
bound is of the same complexity as the exact computation of the nondominated set with the
filter method of Jahn, Graef and Younes [4]):if Y = {yl, oy } € R”, computation of the
bound requires mJ(J — 1) evaluations of terms of the form log(a/b) in the worst case, while
the filter method requires the same number of scalar comparisons. For the special case that
all points in Y have integer components and are contained in a box, an easy-to-compute
lower bound for p is provided in [5].

In the continuous case, [6] studies the p-th power transformation under the assumption
that the set of nondominated points (Definition 2.3) is the graph of a twice continuously
differentiable function. Under this condition, it is shown that for some sufficiently large
p € [0, 00), every nondominated point of MOPgy is supported. Unfortunately, the required
assumption is restrictive: even in the linear case, the set of nondominated points typically
contains kinks and is thus not the graph of a differentiable function. This limitation is
acknowledged in [6], where it is further shown that if the graph of the function is twice
continuously differentiable in a neighbourhood of a nondominated point, then this point
becomes locally supported under the p-th power transformation: it is attained as a locally
minimal point of a weighted sum. Yet, solving a weighted sum problem locally does not
guarantee the global efficiency of the solution. Similar comments apply to the exponential
transformation from [7].

This paper is organized as follows. Section 2 introduces basic definitions and prelimi-
nary results from the literature. In Section 3, we define image space transformations that
preserve both efficiency and supportedness and, under mild assumptions, characterize
them as component-wise monotone transformation with convex components. Section 4
discusses the capability of such transformations to generate new supported points. Finally,
Section 5 offers concluding remarks.
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2. Preliminaries
2.1. Solution concepts

In multiobjective optimization there exist three main concepts to generalize the notion of
a (global) minimal point from the single-objective case. For their introduction we use the
following notation for relations between vectors (cf. [1]). It replaces the usual inequality
sign < by the sign < and the re-defines the sign <.

Definition 2.1: For y!,y? € R™ with m € N we define

(a) ylgyZ = y]1§y]2’Je[m] ::{l,...,m},
() ¥ <7 oy <yt andyl £
1 2 . 1 2 g

In the case y' < y* one says that y' dominates y?, and for y' < y? that y' strictly
dominates y?. The inequalities y' > y?, y! > y? and y! > y? are defined analogously.

Note that for scalars the inequality y! < y? is equivalentto y! < y?, so that for scalars we
shall only use the relations y! < y? and y! < y?. The relation y! < y? is a relevant concept
only for m = 2.

With the cones

RY := {y e R"|y 2 0},
RY := {y e R"|y > 0} = RZ\ {0}, and
R”:= {y e R"|y> 0} = intR':",

one may write a relation like y! < y? equivalentlyas y* — y! € RY, etc. One may also define
ordering structures on R by replacing the standard ordering cone (or Pareto cone) RZ by

other convex cones, but in the present paper we focus on the standard case of component-
wise inequalities.

Definition 2.2:

(a) ForY C R™apointy € Y is called weakly nondominated, ifnoy € Y withy < y
exists.

(b) For MOP a point x € X is called weakly efficient, if f (x) is a weakly nondominated
point of f (X).

(c) We denote the sets of weakly nondominated points of Y and of weakly efficient
points of MOP by Y,,,4 and X,,., respectively.

Definition 2.3:

(a) For Y C R™apointy € Y is called nondominated, if no y € Y with y < y exists.
(b) For MOP a point x € X is called efficient, if f (x) is a nondominated point of f (X).
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(c) We denote the sets of nondominated points of Y and of efficient points of MOP by
Y,.4 and X,, respectively.

Each nondominated point of a set Y is also weakly nondominated, but not vice versa.
The analogous statement is true for efficient and weakly efficient points of MOP. The third
solution concept is stronger than nondominatedness and efficiency, respectively. We use
the notions of proper nondominatedness and proper efficiency in the sense of Geoffrion
[8], since it is tailored to the component-wise structure of the standard ordering cone RZ.
Other properness concepts are due to, for example, Benson [9], Borwein [10] and Henig
[11].

Definition 2.4:

(a) ForY C R™ the pointy € Y is called properly nondominated, if some real number
K > 0 exists such that for all y € Y and all i € [m] with y; < y; some j € [m] with

yj > yjand
Yi— )_/i <K
Yi =i
exists.
(b) For MOP the point x is called properly efficient, if f (x) is a properly nondominated
point of f(X).

(c) We denote the sets of properly nondominated points of Y and of properly efficient
points of MOP by Y}, and Xp, respectively.

The following decision space solution concepts generalize the notion of strict (local)
minimal points from single-objective optimization.

Definition 2.5: A point x € X is called strictly efficient if there is no x € X, x # Xx, such

that f(x) < f(%).

Definition 2.6 ([12]): A pointx € X is called strictly local efficient of order 2 if there exist
some a > 0 and a neighbourhood U of X such that for all x € X N U \ {x}, it holds that

(f(x) + RZ) N B(f(x), allx — XII*) = 0,

where B(y, 0) denotes an open ball centred at y with radius J.

For motivations and illustrations of these solution concepts we refer to, e.g. [1, 13].
Finally, for a nonempty set Y C R™ the vector o with extended real-valued entries

is called ideal point point of Y. In this paper, we adopt the usual convention infyey y; =
—oo0 if yj is not bounded from below on Y. Thus, the vector a exclusively has real-valued
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entries if and only if Y is bounded from below. By the Weierstrass theorem, all appearing
infima are attained as minimal values, if Y is compact. We refer to a vector & € R™ with
o < a as utopia point of Y.

2.2. Scalarization techniques

A well-established approach for solving multiobjective problems is scalarization, where
the original problem is replaced by a parametric single-objective problem. In this work, we
focus on two scalarization methods: the weighted sum and the ¢-constraint scalarization.
The weighted sum scalarization depends on a parameter w € R (or w € R”") and is given
by

min wa(x) st. xeX (m(w))

in the decision space. Since our analysis mostly takes place in the image space, we also
consider the image space version:

min w'yst. yeY. (WS(w))

The e-constraint scalarization depends on an index parameter i € [m] and parameter
vector b € R™ (historically referred to as €) and is given by

min fi(x) s.t. fi(x) < b, j e [m]\ {i}, x € X. (R(i, b))

An image space formulation of this scalarization also exists, but is not used in this paper.

2.3. Supportedness and convexity

Various definitions of supported points can be found in the literature. A comprehensive
overview is given in [14]. We adopt the following definition, which, according to [14]
belongs to the most general class of supportedness concepts.

Definition 2.7: A point y € Y is called supported for Y if there exists some w € RZ such
that y is a minimal point of WS(w). The corresponding preimages x € X with f(x) = y are
called supported for MOP.

A useful characterization of supportedness is given in the following result, which holds
under external stability: if for every point y € Y \ Y,,4 there exists some point y € Y4 with
y < y,wesay that Y,,4 is externally stable (cf. [15]). If Y, 4 is externally stable, the underlying
problem MOP is said to possess the domination property (cf. [16]).

Theorem 2.8 (Lemma 8.4 in [14]): Let Y,4 be externally stable. Then a point y € Y is a
supported point of Y if and only if there is no convex combination > A;y' of pointsy',...,y" €
Yua \ {y} such that > 1iy' < y.

The next two results establish the connection between supportedness and weak non-
dominance.
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Theorem 2.9 ([1], Theorem 3.4): Every supported point of Y is weakly nondominated.

If the upper image set Y + RY is convex, we refer to MOP as convexlike. A sufficient
condition for MOP to be convexlike is the convexity of X and of the objectives fj»j € [m].

Theorem 2.10 ([1], Theorem 3.5): Let MOP be convexlike. Then the set of supported points
of Y equals the set of weakly nondominated points of Y.

The following classical result states a helpful characterization of convexity for univariate
functions.

Theorem 2.11 ([17], Theorem 1.1.8): Let I C R be an interval and f : I — R be con-
tinuous. Then f is convex if and only if it is midpoint convex, i.e. for all x',x* € I it holds
that

f(x1 +x2) < b +f(x2)'
2 - 2

2.4. Component-wise monotone transformations

We now define the type of image space transformations studied in this paper. We call a set
Y abox ifit can be writtenas Y = ) x ... X )V, with not necessarily closed or bounded
intervals ); C R, j € [m]. In this sense, the whole space R™ itself is a box.

Definition 2.12: For boxes ), Z C R™ we call a bijective mapping ®:)Y — Z a
component-wise monotone transformation (CMT) if it is of the form

p1(y1)
®(y) =P :
(ﬂm(ym)

with a permutation matrix P and strictly increasing functions ¢; : J; — Zj, j € [m]. If
additionally ) and Z are open and @ is a C!-diffeomorphism, @ is called a component-
wise monotone C!-transformation, or C'-CMT for short.

More generally, [2] considers transformations that leave the set of efficient points invari-
ant. Under differentiability, these transformations are characterized as the C 1_CMTs. More-
over, [2] proves that CMTs preserve weak efficiency, and under additional assumptions,
proper efficiency. Since permutation matrices P only change the order of the objectives, we
restrict ourselves to the identity permutation matrix P = I throughout this paper.

We point out that CMTs are tailored to multiobjective optimization problems with the
standard ordering cone RZ. For general ordering cones, it cannot be expected that image
space transformations that leave the set of efficient points (with respect to this general
ordering cone) invariant have this component-wise structure.
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2.5. Optimality conditions

We recall a first order necessary condition for proper efficiency and a second order suf-
ficient condition for strict local efficiency of order 2. For more details on the following
concepts from nonlinear programming we refer to [18]. In the remainder of this section,
we assume that there exist sufficiently smooth functions g : R* — R7 and h: R" — R”"
such that the feasible set of MOP is given by X = {x € R" | g(x) < 0, h(x) = 0}, and that f
is sufficiently smooth as well. We define the indices of active constraints (active index set)
as

Ip(x) = {i € [q] | gi(x) = O}

For first order approximations of the feasible set at a point X, both the tangent cone
T(x,X) == {d € R" | 3(d", t*)ken, d* — d, 5 N O with x + t5d* € XV k e N}
and the linearization cone
Le(xX)={deR" | Vg d<0,iecl), Vhix)'d=0,je [r]}

are commonly used. If T(x,X) = L< (x,X) holds, the Abadie constraint qualification
(ACQ) is said to hold.

Theorem 2.13 (Proposition 4.3 in [19]): Let x be a properly efficient point of MOP at which
the ACQ holds. Then there exist ik € R”, 4 € qu, i € R” such that

m q r
D EVAE + D Vg + D V() =0, (2)
i=1 j=1 k=1
Zigi®) =0, jelql (3)

Finally, we state a second order sufficient condition for a strict local efficient point of
order 2 from [12], for which we introduce

Le(%f):={deR" | VLX) Td <0, ie [m])

Theorem 2.14 (Corollary 5.3 in [12]): Let x € X and suppose that there exist k € RYZ,
le ]qu, 1t € R” such that (2) and (3) hold, and

m q r
dT | D kDY) + D 4iD’g(R) + > ukD*hi(x) | d > 0 (4)

i=1 j=1 k=1

is fulfilled for alld € L<(x,X) N L<(x,f) \ {0}. Then x is a strict local efficient point of order
2.
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3. Supportedness respecting transformations

In this section we introduce a class of CMTs under which no supported points are lost in
the transformed problem.

Definition 3.1: Let ), Z be boxes and ® : Y — Z a CMT. Then ® is called a support-
edness respecting transformation (SRT) if for all Y C ) and all supported points y of Y,
the transformed point @ (y) is a supported point of ®(Y). If in addition ) and Z are open
and @ is a C!-diffeomorphism, we call ® a supportedness respecting C!-transformation,
or C1-SRT for short.

In the remainder of this section, we will characterize C!-SRTs as C!-CMTs with convex
components. This requires a lemma on the convex hull of a set.

Definition 3.2: Let Y C R™. The intersection of all convex supersets of Y is called the
convex hull conv Y of Y.

Lemma 3.3: Let Y C R™ andy € Y. Then y is a supported point of Y if and only if it is a
supported point of the convex hull convY of Y.

Proof: “=7: Let y be a supported point of Y. Then there exists some w > 0 such that
w'y > w'jforall y € Y or equivalently, Y is a subset of the halfspace H>:={yeR"|
wly = w'5}. This means that H> is a convex superset of Y and thus, Y C convY C H>
holds. We thus have w'y > w7 for all y € conv Y, which in combination with y € ¥ =
y € conv Y means that y is a supported point of conv Y.

“<": Let y be a supported point of conv Y, then there exists some w > 0 such that
w'9 < w'y holds for all y € convY. From Y C convY and j € Y it follows that j is a

supported point of Y. |
The next result shows that a CMT is an SRT if its components are convex functions.

Theorem 3.4: Let ), Z be boxes and ® :Y — Z be a CMT where in addition, the
components @;, i € [m], are convex. Then @ is an SRT.

Proof: Let Y C Y and let y be a supported point of Y. From Lemma 3.3 we know that y
is also a supported point of conv Y. It follows from Theorem 2.9 that y is a weakly non-
dominated point of conv Y. Since @ is a CMT, @ (y) is a weakly nondominated point of
@ (conv Y). We now artificially write the componentsof @ as ®; : YV — Z;, Di(y) = @i(yi).
It is easy to verify that all ®;, i € [m], are convex and thus the auxiliary problem

min®(y) st. yeconvY

is convexlike. From Theorem 2.10 it thus follows that ®(y) is a supported point of
®(convY). Since P(Y) C P(convY) and ®(y) € O(Y), it follows that O (y) is a sup-
ported point of ®(Y). |

In the following theorem we will also establish the converse of Theorem 3.4 in the sense
that the components of a C!-SRT must be convex. The proof proceeds by contraposition:
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fa
by

pa(f2)

bi+by |

by -

h

Figure 1. Sketch of the proof of Theorem 3.5.

we assume a C!-CMT @ : )) — Z where at least one component, say ¢,, is nonconvex and
then construct a set Y C Y/, such that all points in Y are supported, but an unsupported
point exists in ®(Y).

The main construction of the proof is illustrated for m = 2 in Figure 1. Since by
Theorem 2.11 midpoint convexity is also violated, we can choose by, b, such that ¢, ((b; +
b2)/2) > (p2(b1) + ¢2(b2))/2. We then define Y := {y, %, } as shown on the left-hand
side of Figure 1. All three points lie on a line and are thus supported. The scalar ¢ > 0 is
chosen sufficiently small, such that the primary variation in Y appears along the coordi-
nate associated with the nonconvex component ¢,. Using Taylor’s theorem, we show that
for such an ¢ there exists some weight vector we (¢) such that in the transformed set ®(Y)
it holds that

wy (@) P(") = wy(e)P(P) < wg(e)D(P).

This situation is illustrated on the right-hand side of Figure 1, where it becomes evident that
@ (y?) is not supported. To formalize this, we invoke Theorem 2.8 and show that there exists
some convex combination of ®(y!) and ®(y?) that strictly dominates ®(y*). This dom-
inating point is obtained by projecting ®(y*) onto the line connecting ®(y') and @ (3?).
The generalization to m > 2 is straightforward and involves extending the three points to
three (i — 2)-dimensional boxes, which only play a minor role in the argument.

Theorem 3.5: Let Y, Z be open boxesand ® : Y — Z aC'-CMT. Then @ is an SRT if and
only ifall p;, i € [m], are convex.

Proof: In view of Theorem 3.4, we only need to show “<”, which we will do by contrapo-
sition. Assume there exists some j € [m] such that ¢; is nonconvex. Wl.o.g., let j = 2. By
Theorem 2.11, there exist by, b, € s, b; < by such that

225 b+ 52)) > 5 (02(00) + 92(82)). )
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Choose apointa € Y and ¢ > 0 such that [a — ¢,a + €] C ) and closed intervals Y; =
[)_/i,)_/i] cV with)_/i <y fori=3,...,m.Set

Yie):={a—¢} x (b} x Y3 X -+ X Yy,
Yz(e):z{a+e}x{b1}xY3><~--><Ym,

Y3(e) := {a} x B(bl +b2)] X Y3 X xYy,,

and
Y(e) := Y'(e) U Y?(e) U Y2 (e).

All points in Y (¢) are supported. This can be seen by choosing the weight vector w(e) :=
(by — b1,2¢,0,...,0)T € R” and computing that for all points y € Y(¢), it holds that
wTy =a(by — b1) + €(b1 + b2). In particular, all points in Y(¢) are weakly nondomi-
nated. It is not hard to see that the points

)’llqd = (o — S,bz,)_/3, e ,)_’m)T,

yid = (a + g,bl,)_/3, e ,)_/m)T,
3 b1 + by T
Ynd =N\ T V),

are even nondominated. Let Z; = [2,,Zi] := [i(y ), ¢s(7)}.i = 3,. .., m, and define
Z'(e) = {p1a— &)} x {92(b2)} X Z3 X -+ X Zim,
Z2(e) == {p1(a+ &)} x {pa(b1)} X Zs X -+ X Zim,
Z2(e) = {p1(a)} x [(02 (%(bl + bz))} X Z3 X -+ X L,

as well as

Z(e) := ®(Y(e)) = Z'(e) U Z2(e) U Z3(¢).

Choose wo () := (92(b2) — 02(b1), p1(a + €) — p1(a —€),0,...,0) T € RZ and let 712
€ Z'(¢) U Z%(g). We then have

we(6)2'% = p1(a + £)p2(b2) — p1(a — £)pa2(by).

For z* € Z3(¢), we have

b b
w$(8)<z3—z12)=(wz(bz>—¢z<b1>>¢1(a)+(m(a+e)—m(a—e))¢2( L+ 2)

2
—p1(a+e)p2(b2) + g1(a — &)p2(by),
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and using a first order Taylor expansion of both ¢1(a + ¢) and ¢ (a — ¢) at the point a, we
obtain

by +b
we ()2 = 2'%) = (p2(b2) — 92(b1))91(a) + (22(p1(a) + 0 ())pa ( 1 er 2)

— [p1(a) + £(p1(a) + (&) (b2)
+ [p1(a) — (91 (@) + @(€))]p2(b1)

= 26(61(@ + 06 [ 02 301+ 0) = S 2000 + 020 .

where @ denotes (possibly different) terms with w(¢) inaiN 0. Because of (5) and ¢/ (a) >
0, we thus have wg (€)(z> — z!'?) > 0 when ¢ is sufficiently small. Note that the term
wg (¢)(z> — z'?) does not depend on the concrete choices of z'? and 2%, and thus, nei-
ther does &. We now choose ¢ > 0 such that for all z' € Z!(¢),z* € Z*(¢) and 2> € Z(¢),
we have

we(€)2! = wg(£)2> < wg(e)Z. (6)

We will use Theorem 2.8 to show that Z>(¢) contains an unsupported point. To this end
we define

&= 00y = (1@ =), 02(b2) 25, 52,) " € Z1(e),
ni= 00 = (1@ +2),02(b1) 23 - 2,) | € Z2(e),
z:= (p1(@), 2((b1 + £2)/2), 75, . Zm) " € Z°(e),
and w := wq (¢). In particular, it follows from (6) that we have
wic=wn<wz (7)

Since ® is a CMT, the points ¢ and # are nondominated points of ® (Y (¢)). We will show
that there exists some 1 € (0, 1) with

1=+ in <z (8)
We find such a 4 by projecting the point z onto the line through & and 7, i.e.we impose
(2= (A= 1S+ )" € —n) =0,

resulting in

_ =@ -+ & -m)e—2)
(m — &) + (& — m)? '
By inserting the definitions, one sees that

A

0 <(m—&)a—&) < (i —&)*and
0<(&G-—m)(&—2) <E-—m)?
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hold, which means thatin fact, A € (0, 1). We now show that every componentofz — ((1 —
)¢ + An) is positive. For i = 3, ..., m, we simply have

zi— (A =D&+ An) =zi — (1= Az, + 1z) =z —z; > 0.

For the first two components, note that w = (& — 2,11 — 1,0, .. ., 0)" holds, and we
can thus write

H—2

z1 =&

We thus have

&H—2
z1—&
wiwz—((A=DE+a))=wwz=8—w' | 0 | n-20.

For the first component, this results in

SH—2
z1—<&1

T T 0

w ow(zr — (A=A +An) =w' | wlzr — &) — (11 — &)

——— .

=wy .

0

wi(z1 — &) wa (& — 22)
wa(z1 — &) wa(z1 — &)

— ' 0 _ 0
0 0

=wi(w' (z = &))

> 0,

where the inequality holds due to (7) and w; > 0. Dividingby ww > 0 shows that we have
z1 — ((1 — )¢ + Anmp) > 0, and a similar computation yields z, — (1 — )& + Anz) >
0. In conclusion, we showed that (8) holds. Additionally, it is not hard to see that Z(¢),4 is
externally stable and thus, by Theorem 2.8, z is not a supported point of Z(¢) = @ (Y (¢)).
Since all points in Y (¢) are supported, @ is not an SRT. |

Theorem 3.5 provides the desired characterization of C!-diffeomorphisms that pre-
serve both efficiency and supportedness: the C!-diffeomorphisms that preserve efficiency
are exactly the C L_.CMTs (cf. [2]), and Theorem 3.5 characterizes the C'-CMTs that also
preserve supportedness, namely the C1-SRTs, as the C1-CMTs with convex components.
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4. Generation of supported points

In this section we turn our attention to SRTs that not only preserve supportedness, but
can also render unsupported points supported. In Section 4.1, we establish an equivalence
between the supportedness of a nondominated point and strong Lagrangian duality for a
special case of the e-constraint scalarization R(i, b). Section 4.2 presents results from the
literature that provide conditions under which a certain p-th power transformation guar-
antees strong duality for single-objective problems. In Section 4.3, these results are applied
to R(i, b) to prove that a multiobjective p-th power transformation can render a nondom-
inated point supported if the feasible set of MOP is polyhedral. Section 4.4 briefly outlines
an extension to the fully nonconvex case, and in Section 4.5, we state a new result on the
compromise programming approach with £,-norms that is equivalent to our findings on
the p-th power transformation.

4.1. Supportedness and duality

In this section, we relate the supportedness of an efficient point to the Lagrangian dual
problem of a particular ¢-constraint scalarization. A connection between Lagrangian dual-
ity and scalarizations is mentioned in [20], Chapter 5.3.3. In Theorem 4.2, we formalize this
observation and provide a proof based on similar ideas as in the proof of Theorem 4.6 in

[1].

Consider a general single-objective inequality-constrained problem

mxinf(x) st. gx) = b, xeX, (P)

where X C R”,f :X > R, g:X — RTand b € R1. The associated Lagrangian function
is given by
L(x, 4) = f(x) + 2" (g(x) — b).

The Lagrangian dual of P consists of maximizing the dual objective

w(4) := inf L(x, 1)
xeX

overall A € ]R;, ie.
max (A1) st. A =0. (D)

By the weak duality theorem, for a primal-dual feasible pair (x, 1), the inequality y (1) =
f(x) always holds (cf. [20]). If this inequality is fulfilled with equality at such a pair of
points, strong duality is said to hold at (x, 4), and the points are optimal for their respective
problems.

Lemma4.1: Let x be feasible for Pand A € qu such thatf(x) = w(A). Then x is a minimal
point of P and A a maximal point of D. -

Whenever such a pair (x, 1) exists, we say that strong duality holds for P. In the next
theorem, we apply this duality framework to a scalarization R(i, b), with b = f(x), which
is denoted R(i, f (x)).
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Theorem 4.2: Letx € X be efficient. Then x is a supported point of MOP if and only if strong
duality holds for R(i, f (x)) for some i € [m].

Proof: The dual problem of R(i, f (x)) is given by

max y(4) = [ inf fiCx) + > @ —f@) | st A=o. 9)

jelm\{i}

“¢=": By strong duality, there exist some x € X with fj(x) < f;(x), j € [m] \ {i}, and some
/ 2 0 such that y (1) = fi(x) holds. By Lemma 4.1, X is thus a minimal point of R(, f (x)).
Since x is efficient, it is also a minimal point of R(i, f (x)) (proof of Theorem 4.5 in [1]) and
we have y (1) = fi(x). If we choose w := (A1, ..., i—1, 1, Ait1,... Am) |, We obtain

716 = w(h) = (inf #70) - >
jelml\{i

and, by rearranging,

inf ' f(x) = | [Z]m M@ + i) = w'f@).
jelm]\{i

The point x is thus a minimal point of WS(w) with w = w, i.e. X is a supported point of
MOP.

“=": Since x is supported, there exists some w € RZ such that x is a minimal point of
’Wg(w) with w = w. We thus have

inf W fx) =w' f(X).

There exists some i € [m] such that w; > 0, and since w can be scaled arbitrar-
ily, we can assume w.lo.g. that w; =1 holds. Now, if we define the vector 1:=
(W15 ..« s Wi, Wit1, - . ., Wiy), rearranging yields f;(x) = w (). Since 1 >0, x € X and
fix) = fi(x), j € [m] \ {i}, strong duality holds for R(i, f (x)). [

4.2. Strong duality via power transformation

Beginning in the 1990s, several authors have studied the so-called p-th power trans-
formation for single-objective problems with inequality constraints and an abstract set
constraint. In the original formulation by [21], the objective function, constraints and
right-hand sides are raised to a power of p. This problem is equivalent to the original one
if the objective, constraints, and right-hand sides are positive, which can be enforced by
applying an exponential function first or by adding a sufficiently large constant, if they are
bounded from below.

In [21], it was shown that for sufficiently large p, the p-th power transformation satisfies
the assumption of the local duality theorem (cf. [22]), making it solvable by certain primal-
dual algorithms. Subsequent works like [23] and [24] extended this result to a broader
setting and introduced additional variants of the approach.
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Later, in [25] and [26], it was shown that under stronger assumptions, even strong
Lagrangian duality holds for the p-th power transformation if p is sufficiently large. The
same result was later shown in [27] under slightly weaker conditions.

From this point forward, we assume that the problem data of P fulfil f : X - R, g:
X - RZ, and b € Ri. The positivity assumption is not restrictive, as it can be ensured by
applying the exponential function to all components. Note that the scalarization R(j, b) is a
special case of P and can thus be treated by the p-th power transformation. For p € R and
a vector a € R™, we define

af = (a",...,afn)T.

Let p = 1. The p-th power transformation of P is given by

n&inf(x)f" st. g)P S b, xeX. (Q(p)

The positivity off, g and b ensures that the local and global minimal points of P and Q(p)
coincide.

We now summarize the main result from [25], which states that under certain condi-
tions, strong duality holds for Q(p) if p is sufficiently large.

Let V,L(%, ) and DL(x, 1) denote the gradient and Hessian matrix of the Lagrangian
of P with respect to x at a point (%, 1). We define the sets

C(x7) = {deR" | Vf®)"d =0, Vgi(x)"d = 0 forall j with 7; > 0},
FZ 1) = {x € X | f(x) £ f(®), g(x) < b for all j with ; > 0.

Assumption 4.3: Assume that X is compact and P uniquely solvable with minimal point
x and that there exists some 4 € RY such that

(a) we have

VLG A)Td>0 VdeT(xX), (10a)

D ilgi® = b) =0 (10b)
i=1
(b) foralld e C(x, 1) N T(x,X) \ {0}, it holds that d" D?L(x, 1)d > 0,

(c) there exists some neighbourhood U of X such that X N U is convex,
(d) it holds that

F(x, ) = {x}. (11)

It was shown in [23] that if a local minimal point of Q(p) satisfies parts (a), (b) and (c)
of Assumption 4.3, the Lagrangian L, of Q(p) possesses a local saddle point (x, /_117), ifpis
sufficiently large. The component 4, of this local saddle point is defined via the multiplier
A, whose existence is part of Assumption 4.3. This result was strengthened in [25], where it
was shown that under Assumption 4.3, L, has a global saddle point if p is sufficiently large.
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According to Section 5.4.2 in [20], strong duality holds for a problem P if and only if its
Lagrangian has a saddle point. This proves the following theorem.

Theorem 4.4: Let Assumption 4.3 be fulfilled. Then there exists some p = 1 such that for all
p 2 p, strong duality holds for Q(p).

In Section 4.3, we will discuss how restrictive Assumption 4.3 is and provide a sufficient
condition that is tailored to multiobjective optimization.

4.3. Supportedness via power transformation

From now on, we assume that X is compact, the objective function f of MOP is twice con-
tinuously differentiable on X, and that the image set of MOP satisfies Y C R”. The latter
assumption is not restrictive. By the compactness of X and continuity of f, Y is compact.
Thus, one can choose a utopia point @ and consider the transformed problem MOPg with
o(y)=y—a.

Under the assumption Y C R” we will show that for some sufficiently large p = 1, the
SRT

O :R" 5 R”, DP(y)=(F,....0h)T

can render an efficient point x supported for MOPg with ® = ®P. We employ the
g-constraint scalarization

min f,; (%) s.t. fi(x) < fi(x), ie [m—1], x € X, (R(m, f(x)))

where we chose the index i = m for convenience, although the following arguments are
valid for any index. For p = 1, the problem MOPgr denotes MOPg with @ = ®P. The
g-constraint scalarization of MOPgy with i = m and b = ®P(f(x)) is given by

min f,,(x)f s.t. fi(x) S fi(x)f, ie[m—1], xeX. (RP (m, f(X)P))

Lemma 4.5: Let X be compact, Y C R, and x be an efficient point of MOP. If Assump-
tion 4.3 holds for R(m, f (X)) at X, then there exists some p = 1 such that for all p = p, the
point X is a supported point of MOPgp.

Proof: The problem R(m, f(x)) is a special case of P, and RP(m, f(x)P) is its p-th power
transformation Q(p). Since X is compact and Assumption 4.3 holds for R(m, f(x)) at x,
Theorem 4.4 implies the existence of some p = 1 such that for all p = p, strong duality
holds for R?(m, f(x)P). It thus follows from Theorem 4.2 that x is a supported point of
MOPgy». [ |

In the remainder of this section, we discuss how restrictive Assumption 4.3 is, and in
the subsequent Lemma 4.7, we provide a sufficient condition for said assumption, which is
more tailored to the context of multiobjective optimization.

We first briefly discuss the assumption for a general single-objective problem, ignoring
the special structure of R(m, f(x)). Assumption 4.3(a) generalizes the KKT conditions in
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the presence of the abstract set constraint x € X. According to Corollary 6.15 in [28], this
condition necessarily holds at a local minimal point under a certain constraint qualifica-
tion. At an interior point x of X, part (b) is implied if x is a nondegenerate local minimal
point (cf. [29]). At a boundary point however, the definition of a nondegenerate local min-
imal point involves a Lagrangian function that aggregates all active constraints, including
the ones describing the set X, while the Lagrangian employed in Assumption 4.3 only takes
the explicit constraints into account. This can be overcome if the explicit constraints of P
describe a compact set and X is described by inequalities as well, since X can then be cho-
sen such that the feasible set of P lies in its interior. In that case, part (b) can be considered
mild, since it is a topologically generic assumption (cf. [30, 31]). If this generic assumption
holds, the uniqueness of the minimal point x is only violated in degenerate situations, and
part (c) of the assumption holds as well, since X is an interior point of X. In conclusion,
all parts of the assumption mentioned so far can be considered mild. Unfortunately, part
(d) is a more restrictive condition. The following example illustrates that it can be violated
even in a nondegenerate case.

Example 4.6: The problem
min2 —x*st. g(x) =—x<1, (%) =14+x < 1,x € X = [—100, 100]
has the unique globally minimal point X = —1 with multipliers 1; = 2, 1, = 0, but we have
Fx, ) ={xeR|2—-x*<1,—x <1} = {—1}U[1,100].
Furthermore, this violation persists under small perturbations of the problem data.

Assumption 4.3(d) also appears in [26] and [27]. In [25], it was shown that it is satisfied
for convex programming problems. But in such cases, under a mild constraint qualification,
strong duality already holds without requiring power transformations. Unfortunately, the
authors also argued that this assumption is indeed indispensable.

Luckily, part (d) turns out to be less restrictive when applied to R(m, f (x)). In this case
the set X is the feasible set of the original problem MOP, and the only explicit constraints,

fix) = fix), i € [m—1],

are active at x by construction. We will show that under the additional assumption that x is
properly efficient for MOP, the multipliers corresponding to these explicit constraints are
positive. Thus, Assumption 4.3(d) becomes equivalent to the condition that R(m, f (X)) is
uniquely solvable.

There is however a drawback in having X represent the feasible set of MOP. It is now
possible that a feasible point lies on the boundary of X and thus, part (c) is not guaranteed to
hold, and part (b) is no longer the generic sufficient condition for strict local minimality. As
a remedy, we will from now on assume that X is a polyhedron described by linear functions
g»j € [q] and hy, k € [r], i.e.

X={xeR"|gx) =0,jelq], h(x) =0, k € [r]}.

Thus, part (c) is again guaranteed to hold since X is convex, and part (b) again takes the
form the generic second order sufficient condition for a local minimal point, since the
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second derivatives of the linear functions describing X would vanish if one computed the
Hessian of a Lagrangian that also takes into account the constraints describing X.

Lemma 4.7: Let X be a polyhedron and x a strictly and properly efficient point of MOP,
Furthermore, suppose that x satisfies the sufficient condition for a strict local efficient point
of order 2 from Theorem 2.14 together with its multipliersk € R, 1 € qu, u € R, which

exist according to Theorem 2.13. Then Assumption 4.3 holds for R(m, f (X)) at x.

Proof: Since x is strictly efficient, it follows from the definition that for all x # X that are
feasible for R(m, f (x)), it holds that f,,(x) > fu(x). Thus, x is the unique minimal point of

R(m, f(%)).
The condition (10b) of Assumption 4.3(a), i.e.

m—1
D kilfi®) = fi®) =0

i=1
is obviously fulfilled at x for arbitrary x. The Lagrangian of R(m, f (x)) is given by

m—1

L(x, 1) = fn(®) + D ifi(x) = fi®)),

i=1

and to prove that (10a) holds, we must show that there exists some x € R’Z”_l such that

(Vim(x) + Zlm_ll kVfi(x))Td = 0 for all d e T(%,X). Since  is assumed to be prop-
erly efficient, and since the ACQ holds at x by the polyhedrality of X, we may apply
Theorem 2.13. Hence there exist ¥ € R™, 1 € ]Rq 1 € R” such that 4;gj(x) = 0forj € [q],

and

m q r
D RV + D AjVgi®) + D ik Vhi(x) = 0.
i=1 j=1 k=1
If we divide both sides by %,, > 0 and define (i, 1, 1) := (X1, ... S Kome1s Ay 1) /Km, We
obtain
m—1
Vi@ + D & Vi) + Zz Vgi(®) + Z Ak Vhi(®) =0,
i=1 j=1 k=1
where ¥ € R”~!. Let d € T(x, X). By the linearity of the constraints, the ACQ is fulfilled
everywhere in X and we have d € L<(x, X). It thus holds that Vg; (x)Td < oforallj € Iy(x)
and th(a'c)Td = 0 for all k € [r]. Furthermore, /_lj =0 forallj ¢ Ip(x). We obtain

m—1 T
(me(a‘c)+ ZkiVﬁﬁc)) d
i=1

T
m—1

> me(x)+ZKIVf(xHZAVg,(x)+zﬂkwk(x) d=0.

i=1 j=1 k=1
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For part (b), let d # 0lie in the set C(x, x) N T'(x, X) = C(x, k) N L<(X, X). For R(m, f (X)),
we have

CGx, ) ={deR" | Vfi(®)d=0,iec [m],

since ¥ > 0. Note that C(x,x) C L< (f, x) and thus, by assumption, we have that (4) holds

at (x, x, I, 1). Dividing by x,,, and the fact that all entries of g and / are linear shows that
we have

d"D2L(x,k)d > 0.

Assumption 4.3(c) is fulfilled since X is a polyhedron.
For Assumption 4.3(d), note that for the problem R(m, f (x)), we have

F(x, i) = {x € X | fn(x) = fin(%).£j(x) < fj(%),j € [m — 1]},

since j > 0 for all j € [m — 1]. Thus, F(x,x) is the set of minimal points of R(m, f (X)),
and since X is the unique minimal point, we obtain F(x, k) = {x}. [ |

The combination of Lemmas 4.5 and 4.7 yields the following result.

Theorem 4.8: Let X be a bounded polyhedron, Y C R, and x a strictly and properly effi-
cient point of MOP. Furthermore, suppose that X satisfies the sufficient condition for a strict
local efficient point of order 2 from Theorem 2.14 together with its multipliers k € R’f,;{ €
R, % € R, which exist according to Theorem 2.13. Then there exists some p > 1 such that

for_allp 2 p, the point x is a supported point of MOPgp.

4.4. General feasible sets

Theorem 4.8 requires the feasible set X to be a polyhedron. However, the capability of the
p-th power transformation to generate supported points depends only on the geometry of
the image set Y, but not on its specific description. Thus, if the nonlinearity of X can be
“hidden” in the objective function without altering the image set, Theorem 4.8 remains
applicable.

Specifically, assume that there exist some bounded polyhedron X and a surjective map
I eC? (5(, X). Then the problem

minf(I'(x)) st. x€ X (MOPy,)

has the same image set as MOP, since I'(X) = X. To ensure that the condition that
R(m, f(x)) is uniquely solvable from Assumption 4.3 is preserved in the respective scalar-
ization of MOP};;,, we assume that the map I' is bijective. Note that the inverse of I' is not
required to be twice continuously differentiable and thus, it is not necessary that I' is a
C2-diffeomorphism.

Example 4.9: The set X = {x € R? | x, = 0, x|l = 1} is not polyhedral, and also
Assumption 4.3(c) is violated at every point in X. On the other hand, the set X = [0,7] C
R a polyhedron, and with the bijective Cz—map I' defined as I'(¢) := (cos t, sin t)T, it holds
that X = T'(X).
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Corollary 4.10: Assume that there exist a bounded polyhedron X and a bijective map T €
C*(X,X). Let x € X and t € X such that X = T (t) and the assumptions of Theorem 4.8 are
fulfilled for MOPy;,, at t. Then, there exists some p = 1 such that for all p = p, the point X is
a supported point of MOPgp.

Proof: By Theorem 4.8, there exists some p = 1 such that for all p = p, the point # is a
supported point of

min ®°(f(T(t))) s.t. teX.

Thus, ®?(f(I'(£))) = ®P(f(x)) is a supported point of ®*(Y) and x a supported point of
MOPgy, when p = p. [ ]

4.5. Compromise programming

In this final section we show that if x fulfils the assumptions of Corollary 4.10, it can also
be obtained by the compromise programming approach with £,-norms (cf. [32, 33]). This
scalarization is based on weighted £,-norms ||y, := o, |wiyf|)1/1’, with w e R”
and p € [1,00). In the compromise programming approach, it is even possible to have
w € RZ, although ||y||p,.w is not a norm on R™ when w has zero-entries. The compromise
programming approach is a scalarization

min [|f(x) = allwp st. xeX (Ep(w))

that minimizes the distance of image points to a utopia point @ in a weighted £,-norm for
some p € [1,00) and w € R”. A p-th power is applied to the objective function, which
does not alter the set of minimal points of the scalarization and renders a smooth objective
function. This results in the image space formulation

min Z wilyi—a)l st. yeyY (Cp(w))

i=1

of the compromise programming approach. It is well known that when w > 0, every mini-
mal point of C,(w) is properly nondominated. On the other hand, it was shown in [34] that
if Y is closed, every nondominated point of Y can be approximated by compromise solu-
tions in the following sense. For every nondominated point y € Y and ¢ > 0, there exists
some p = 1 such that for all p = p there exists some w € R” such that for every minimal
point y of Cy(w), it holds that ||y — y|lcc < €.

Using our new results on the p-th power transformation, we can show that certain
properly efficient points cannot only be approximated by the compromise programming
approach, but are even attained as minimal points of C,(w) for sufficiently large p. If MOP
and x € X fulfil the assumptions of Corollary 4.10, then Y C R” and thus, 0 is a utopia
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point of Y. Thus, the compromise programming approach of MOP with o = 0 is given by
m

min D wyl st. yey, (Ch(w))
i=1

which is precisely the weighted sum scalarization of MOPgr. We have shown in
Corollary 4.10 that there exists some p = 1 such that for all p = p, the point X is a sup-
ported point of MOPgp, which by definition means that there exists some w € RZ such
that f (x) is a minimal point of Cg (w). This proves the following result. -

Corollary 4.11: Assume that the assumptions of Corollary 4.10 are fulfilled at x € X. Then
there exist some p = 1 such that for all p 2 p, there exists some w € R such that f(X) is a
minimal point ofCS (w).

5. Conclusion

In this work, we have shown that component-wise image space transformations with
strictly increasing and convex components preserve the set of efficient points and ensure
that no supported points are lost because of the transformation, while new supported
points might be generated. From a practitioner’s point of view, this means that such trans-
formations can be safely applied when the intended solution approach is based on finding
supported points, like the weighted sum scalarization. Conversely, among all diffeomor-
phisms, transformations of this special component-wise structure are the only ones that,
regardless of the problem that they are applied to, preserve efficiency and supportedness.

Furthermore, we described a connection between the concept of supportedness in
multiobjective optimization and Lagrangian duality in single-objective optimization. This
connection allowed us to show that for a multiobjective problem with polyhedral feasible
set, but possibly nonconvex objectives, certain properly efficient points can be rendered
supported by the p-th power transformation. This result had also been shown in [6]
without the requirement of a polyhedral feasible set, but under the assumption that the
nondominated set is the graph of a smooth function. We argue that this latter condition is
restrictive and that the assumptions required in this work are more realistically achievable.
In addition, Section 4.4 outlines a possible extension to the fully nonconvex case.

Two important questions from the application perspective remain open: does there exist
a sufficiently large p such that all properly efficient points become supported? And is it
possible to compute alower bound on such a p? Only then, solution algorithms that identify
supported points could be applied to a p-th power transformed nonconvex problem.

In the technical note [35], alower bound for p under the assumptions of [6] was derived.
However, this bound is of theoretical interest only since its computation requires an opti-
mization over the set of efficient points. In [27], it is argued that it would be difficult to
compute a lower bound for the value of p from Theorem 4.4. Even if such a bound could
be computed, it would only apply to one specific properly efficient point. Unfortunately,
the set of properly efficient points is generally not closed. It is thus not guaranteed that a p
exists, such that all properly efficient points become supported.
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