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Abstract We present a methodology for simulating dilute suspensions of particles settling under gravity,
with the main purpose of overcoming limitations of triply periodic configurations, mainly the strong vertical
correlation that hinders the study of cluster dynamics. The current approach removes vertical periodicity and
employs a moving reference frame, enabling efficient simulations of both single- and many-particle cases.
We illustrate the method with two examples of increasing complexity: a single particle in the steady vertical
regime and a many-particle case at a parametric point where collective effects were previously observed and
recovered here. A converged, free-of-corrections time interval of approximately 600 D/ U, is simulated in the
many-particle case, representing the first simulation of this kind to date. New physical insights can be explored
thanks to this new configuration, for example, the effect of still fluid on the first layer of particles encountered
by the fluid, or the turbulent character of the flow after a swarm of particles has passed by. Finally, the method
only requires parameter tuning, allowing implementation within existing solvers without changes to their core
formulation: for a standard configuration with an imposed free stream velocity at the inlet, only the input
velocity (or the viscosity of the fluid) and the time step need to be updated.

1 Introduction

Particle-laden flows, in which solid particles interact with a surrounding fluid, play critical roles in both
natural and industrial systems [15,19]. Such flows are challenging because both experiments and simulations
are hard to carry out. Experimental characterization requires high-resolution three-dimensional tracking of
particle positions and orientations in opaque suspensions [24]. Numerical methods using particle-resolved
direct numerical simulations (PR-DNS) face also a complex task. They must capture detailed hydrodynamic
interactions at the scale of individual particles, while also accounting for large-scale collective behavior [6,21].
This multiscale challenge requires enormous computational resources. Even state-of-the-art simulations in
dilute systems typically handle only O(10%) particles at moderate Reynolds numbers, limiting statistical
significance.

One particular problem of interest in this field involves gravity-driven, particle-laden flows in the dilute
regime, where collective effects significantly modify the hydrodynamic behavior compared to isolated particles.
These collective effects manifest themselves as spatial heterogeneities in particle concentration, with exper-
imental observations revealing regions of higher particle concentration (clusters) and lower (voids) relative
to the mixture’s average concentration [8]. The onset of clustering fundamentally alters the flow dynamics,
resulting in enhanced settling velocities, increased collision frequencies, and amplified fluid perturbations,
among other modified transport properties.

Numerical simulations of such systems are typically conducted in triply periodic configurations, analyzing
particle behavior in the absence of walls or other geometric constraints beyond the fluid—particle interfaces.
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This computational setup has yielded valuable insights into clustering phenomena for spherical particles
[5,11,22], cubes [18], oblate spheroids [4,16], and prolate spheroids [10,14]. However, the triply periodic
approach presents inherent limitations for studying cluster dynamics. As clusters grow to sizes comparable to
the computational domain, the results become strongly correlated along the vertical direction. This constrains
our ability to analyze cluster evolution and stability beyond their initial formation stages. To address these
limitations, this work introduces a methodology that enables an efficient usage of inflow—outflow conditions,
thereby removing the need for vertical periodicity. This non-homogeneous vertical setup overcomes the chal-
lenge that the terminal settling velocity of the particle ensemble is not known a priori. The method uses an
iterative approach, adding corrections to determine this a-priori-unknown velocity, or what is equivalent, the
Reynolds number of the particle ensemble. In this way, we enable long time-integration intervals in reasonably
small computational domains and without the need to consider non-inertial effects in the governing equations.

The article is organized as follows. First, in §2 we describe in detail the problem under study, including the
governing equations, the relevant non-dimensional parameters, and the definition of the reference frames that
will be used throughout the paper. Then, in §3 we present the proposed methodology, where we explain how
the iterative correction of the Reynolds number is implemented, together with the mapping operators and the
details regarding the numerical integration. In §4 and §5, two representative examples are shown, first for the
case of a single particle in the steady vertical regime, and later for the case of many particles where collective
effects appear and the performance of the method is evaluated. Finally, the main conclusions and remarks are
summarized in §6, where we also discuss the potential of the approach to be applied to other problems and the
possible directions for future work.

2 Problem description

The problem under study is the settling of particles under the effect of gravity in an unbounded domain. The
fluid is assumed to be Newtonian with density ps and kinematic viscosity v, and the particles are assumed
to be rigid spheres with uniform density p,, volume V and moment of inertia per unit mass J. Note that the
extension to non-spherical particles does not affect the methodology, but it is not considered here to simplify
notation. We further assume the flow to be incompressible. Figure 1a shows a sketch of the problem including
the gravitational acceleration vector, g, the particles at three different instants (assuming p, > pr), and the

laboratory frame, O fyz. The laboratory frame is defined as the reference frame in which the fluid is at rest in
the absence of particles. The vertical direction is defined as the direction opposite to gravitational acceleration,
with unit vector e, = —g/|g|. In the following, we assume particles to be heavy and, for simplicity of
notation, the governing equations are discussed for the case of a single particle: the change in formulation for
lighter-than-the-fluid particles and the extension to an ensemble of particles being straightforward.

In the laboratory frame Ofyz, the governing equations for the fluid velocity, u, and pressure, p, are the
Navier—Stokes equations for an incompressible flow
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and for the particle velocity, u, = (u Py Up, W p), and angular velocity, @, the Newton—Euler equations for a
rigid body
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where S represents the surface of the particle, n is a unit vector normal to the surface of the particle pointing
toward the fluid and r is a position vector with respect to the center of gravity. The fluid stress tensor, t, is
defined in terms of the fluid pressure and velocity as T = —pI + pfv (Vu + VuT), where I is the identity
matrix. Please note that the term involving gravity is explicitly added in (3) because the gravity term has been
eliminated from the fluid momentum Eq. (1), as is customarily done by subtracting the hydrostatic part from
the pressure field. Note also that for an ensemble of particles, a collision term has to be added to the right hand
side of (3). For a discussion of the various collisions models, we refer to the literature [2,7,12,13].
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Fig. 1 a) Sketch of the particles settling in the unbounded domain and b) representation of a computational domain in the
laboratory frame, OXL),ZA ¢) Sketch of the relation of the laboratory (OXLyz) and moving (O;nyz) frames. d) Representation of the
computational domain in the moving frame, Oy,,. The gravitational acceleration g is included in all the panels, and the boundary

conditions in the bottom and top boundaries are indicated in panels b and d

Dimensional analysis shows that, in addition to the solid volume fraction, the problem is governed by
two non-dimensional parameters. Among the possible combinations, we select the density ratio between the
particle and the fluid, g, and the Galileo number, Ga, defined as

_Pr 5)
pof
A
Ga = 282, ©)
Vv

where D is the diameter and U, = /(0 — 1) |g| D is a gravitationally scaled velocity.
If we choose py, D and U, as reference quantities, we can rewrite Egs. (1)-(4) in non-dimensional form as
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where the particle parameters (V = V/D? and J = J/D?), the differential element of area (d6 = do/D?)
and the position vector (r = r/D) are also expressed in non-dimensional form. We also introduce the non-

dimensional nabla operator normalized with the particle diameter vV = ( 3 (x{} D)’ 7 (yzj Dy’ 3 (ZE; D)). Given the

values of ¢ and Ga, Egs. (7)-(10) can be solved numerically with proper boundary conditions. For a Cartesian
domain like the one shown in Fig. 1b, the velocity at the bottom and top boundaries is set to zero (u = 0).
In this work, periodicity is applied as a lateral boundary condition to approximate an unbounded domain;
nevertheless, the method we present is not limited to periodic boundaries in the lateral directions.

In the following sections, we will rewrite the equations with respect to moving reference frames. To maintain
clarity, we express non-dimensional quantities for both fluid and particles as ratios of dimensional quantities to
their corresponding reference values. While this approach makes Eqgs. (7)—(10) appear more complex, it reduces
the number of variable definitions and prevents reader confusion when we present the proposed methodology.
For quantities whose non-dimensional form remains constant across all reference frames in this work, such as
particle geometric properties, we denote the non-dimensional version by adding a tilde to the symbol.

2.1 The need of a moving reference frame

Figure 1b shows a sketch of the computational domain used to integrate Eqgs. (7)—(10) numerically. Any
combination of a finite Galileo number (Ga > 0) and a non-neutrally buoyant particle (o0 > 1) will produce
a relative motion of the particle with respect to the fluid. As illustrated in Fig. la, after transients have been
discarded, heavy particles will settle with an average terminal velocity. In order to accommodate the initial
transient and a sufficiently long time interval of interest, the domain must be elongated in the vertical direction.
As an alternative, it is possible to use a non-periodic domain (in the vertical direction) in conjunction with a
moving frame, O .» which travels at a constant velocity U,, = —Uy,e; (with Uy, = [Uy,|), with respect to the
laboratory frame [1,17,23]. This is sketched in Fig. 1c. The velocity of the fluid and the particle with respect
to the moving frame are defined as u,, = u — U,, and u,,, = u, — U,,, respectively. Since the velocity Uy,
is constant, we can write the Navier—Stokes equations for the pressure and fluid velocity with respect to the
moving frame, p and u,,, respectively, as
aum—i-(um-V)um = —@Jrvvzum, (11)
dt of

V-u,=0. (12)

Similarly, we can write the Newton—Euler equations for the particle relative motion

du,y,
dr

ppvd(J“’) =/r>< (r -n)do . (14)
S
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dt
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Note that the pressure p, the angular velocity @, and the fluid stresses are invariant to Galilean transformation,
therefore we do not need to define new symbols for these quantities in the moving frame. Equation (14) is
the same as Eq.(4), and it is repeated for readability. The change in reference frame implies that the boundary
condition at the bottom boundary of the computational domain is u,, = Uje, and a typical advective or
stress-free condition type should be imposed at the top boundary (see Fig. 1d).

If we choose py, D, and U, as reference quantities, we can rewrite Egs. (11)-(14) in non-dimensional
form as
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where we have introduced the Reynolds number based on the velocity of the moving frame with respect to the
laboratory frame U,

U,D
Re,, = n=

(19)

Given the values of o, Ga, and Re,,, we could solve numerically Egs. (15)-(18). The aim of integrating
Egs. (15)—(18) instead of (7)—(10) is twofold: i) to enable long time-integration intervals in relatively small
computational domains, as sketched in Fig. 1c, leading to an affordable computational cost, and ii) to use
existing numerical tools without having to implement ad hoc terms to account for non-inertial effects. In order
to achieve these goals, it is essential to properly select the value of Re,,, which should correspond to the
particle Reynolds number based on the terminal velocity of the particle (or particle ensemble), (wp);,

Re, = M 7 (20)

where the operator (-),; represents time averaging.

The problem with this approach is that the particle Reynolds number, Re,, is a result of the calculation,
not known a priori. As a consequence, the precise value of Re,, to achieve the goal of long integration time
intervals is not known at the beginning of the simulation. Indeed, we would like to have Re,, = Re,, which
would imply

Wpm
Reyy = Rep & Uy =—(wp) & (——) =0, 2D
Un [,

resulting in no average drift of the particle in the vertical direction in the moving reference frame. Figure2
shows the three possible scenarios regarding the value of Re;, with respect to Re):

® Rey < Rep: Particles drift toward the bottom of the domain and eventually are influenced by the presence
of the bottom boundary.

e Re;, > Rep: Particles drift toward the top of the domain and eventually are influenced by the presence of
the top boundary.

® Rey, ~ Rep: Particles stay in the computational domain for a long time interval.
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Fig. 2 Sketch of the possible scenarios for values of Re,, a) lower, b) higher, or ¢) equal to the particle Reynolds number Re,,
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For a single particle, the scenarios discussed above comprise all possible cases. However, for an ensemble
of particles, additional considerations may arise, particularly regarding the homogeneity of the mixture. For
example, particles may drift apart from each other in certain situations. Even when the particle Reynolds
number of the ensemble is properly captured, individual particles might drift and become influenced by the
presence of top and/or bottom boundaries. The potential negative influence of these individual particles drifting
away will depend on the total number of particles and should be evaluated with care.

In the following section, we present a method to iteratively correct the value of Re,, enabling long time-
integration intervals in reasonably small computational domains (as sketched in Fig. 2¢), and using a numerical
tool in which Eqs. (15)—(18) are discretized, without the need of implementing ad hoc terms to account for
non-inertial effects.

3 Methodology

Here, we propose an iterative method to obtain a sequence of estimates of Re,,, denoted Re,(,f), being s the
iteration index, that, if successful, converges toward the particle (or particle ensemble) Reynolds number. This
is done by letting the system evolve during consecutive, relatively short time intervals and using the resulting
evolution to correct the next iterate. It will be shown that even if the initial guess is a rough estimate, the method
is robust and converges efficiently. Please note that in this work, we use “iteration” to refer to a time interval

during which the system evolves using the same Reﬁ,}v ). Each iteration consists of many individual time steps.

Let us first outline the methodology before proceeding with the technical details. We start with an initial
condition, such as the fluid and particles at rest in the laboratory frame, and specify an initial value for the

Reynolds number Re,(nO ), which can be estimated using simple order-of-magnitude methods or any other suitable
approach. Assuming that we have already performed s — 1 iterations, then the following steps are to be followed
for the next iteration s:

1. We change the non-dimensional state variables at the end of the previous iteration, tg_ D fromthe laboratory

frame O)CLyZ to the moving reference frame Oyy:. This is done using a simple mapping operation to be
discussed below.
(8) (s)

2. We then integrate Eqgs. (15)—(18) in a time interval [t Al ] with an estimated value of the Reynolds

number Re,(;f). The length of the time interval can be determined during run time. For example, when a
predefined particle vertical displacement threshold is met, the time interval ends. During integration, one
must accumulate the complete time evolution of a reduced set of particle-related statistics (compared to the
full set of state variables), which will be later used to estimate the Reynolds number of the next iteration,
ReSHD),

3. The non-dimensional state variables are now transferred from the moving reference frame Oyy; to the

laboratory reference frame OxLyZ, by using the inverse mapping operation of step 1. This is done in two
substeps:

e The reduced set of statistics is mapped for the whole time interval [IE‘S), tg)].

e The full set of state variables is mapped only for the last time instant tés) to initialize the next iteration.

4. We then concatenate the reduced set of statistics obtained in this s-th interval to that of the previous
intervals. In this way, at this stage the complete time evolution in the interval [0, tl(;)] is available for the

statistics needed to compute Ref,f +),

5. Using the complete time evolution of the reduced set of statistics, we can correct the Reynolds number and

determine its value for the next iteration, Re,(qf D This involves a control/optimization strategy which is

problem dependent and it is discussed in its own section below.
6. We can now return to step 1 for the next iteration

Please note that the choice of retaining intermediate fluid and/or particle states in step 2 is left to the user; we
show here the steps using the minimum amount of storage resources for the algorithm to function.
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3.1 Elements of the algorithm
3.1.1 Set of state variables

We define the two sets of non-dimensional variables each of which fully defines the state of the system:

®(x.1:Ga.p) = 1L L M @D 22
X, 1] a7Q) o ) —29 R ) ( )
U, psU2" Uy Uy

associated with the laboratory frame Oﬁyz, and

) ®) © oD\
®()(x, 1: Ga, 0. Rely)) := (“—’") ( p2> (“ﬂ) (“’—) , (23)

with the s-th moving frame O;"yzs . Ideally, one would like to integrate the state vector in the laboratory frame
shown in (22) since it only depends on the governing parameters of the problem, Re,, and o. However, in

order to integrate the solution for long time intervals, we rely on integrating Eqs.(15)—(18) with Re,, = Re,(,f )
to obtain the state vector <I>,(q‘;). Therefore, the main purpose of working with <I>f,f ) is numerical integration.

3.1.2 Mapping functions to change the reference frame

In this section, we define the mapping functions M and M ~! to change the reference frame from the laboratory
to the moving frame and vice versa, respectively,

®, = M(@®;y), (24)
®=M"'@,:7), (25)

where we introduce the ratio between the velocity of the moving frame and the gravitationally scaled velocity

U Re
y=_—=—. (26)
U, Ga
Assuming that the moving frame travels with respect to the laboratory frame along the vertical direction
U,, = —Upne; (see Fig. 1c), the resultant expressions are
P = D2
U2 U
@, = M(®;y) = o o 27)
U TUV T
@D _ wD -1
Un  — 07
£ =Ly y?
U U,
®=M"(@y) > e (28)
u, _ Upm
i = (i -e)y
@D _ wD
U T

Please note that we have dropped the iteration index (s) for clarity.
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3.1.3 Integration

As discussed above, numerical integration is performed in the moving reference frame. Figure 1d shows the
computational setup in which the problem is integrated: an inflow/outflow configuration. More specifically,
the bottom boundary condition is of Dirichlet type, imposing a uniform free stream of velocity U, e,. We
apply an advective boundary condition at the top to minimize computational domain influence, though other
approaches achieving this goal are possible. Similar freedom of choice applies for the lateral boundary con-
ditions. Particularly, we assume the domain to be periodic in the lateral directions (x and y according to Fig.
1d), but the algorithm has no restrictions in the usage of other type of boundary conditions. This flexibility is
an advantage: Unknown effects of certain lateral boundary conditions on particle settling pose no additional
challenge.

The integration time interval of the s-th iteration is [¢{”, 7}’

() (5
previous iteration 1,° = fp

], where the starting point is the end of the

D There are two issues to consider when defining the duration of the time-

integration interval: First, when Re,(,f) #* Reﬁ,f 71), the flow variables after restart present a small unphysical

discontinuity that is damped after a few time steps. This is due to the change in reference frame and the presence
of the nonlinear term in the momentum equation. Since our main interest is in reaching a statistically stationary
state after having applied corrections and then keeping Re,, constant, and we are not primarily interested in
the transient state, we disregard this issue in the following. Nevertheless, the length of the intervals should be
sufficiently long to accommodate the damping of the small discontinuity. Based on our experience, a minimum
of 10 time steps is a good rule of thumb. Second, rough estimates of Re,,, although handled by the method, may
result in moderately large vertical drifts inside the computational domain. Therefore, the first set of iterations
should be relatively short to avoid large displacements of the particle(s) in the moving frame. This requirement
can be relaxed if, during runtime, the simulation is designed to stop when a specified condition is violated, for
example, when the particle’s vertical position falls below or rises above predefined thresholds.

The other aspect to consider for numerical integration is the selection of the time step. In this work, we
use a fixed time step normalized with the gravitationally scaled velocity, At U, /D, which means that the time

step is updated with every correction of Ref,f). Therefore, the non-dimensional time step used to integrate
numerically Egs. (7)-(18) is computed as follows

AtUL N\ AU
=, 02 29
( D ) D %)

The relationship between the time normalized with the gravitationally scaled velocity, # U, /D, and the time
normalized with the velocity of the moving frame, ¢ U,,,/ D, is somewhat more elaborated than Eq. (29) and is
discussed in Appendix A.

3.1.4 Correction of Reynolds number Rey,

In this section, we describe how to correct the value of the Reynolds number between successive iterations.
This method component is highly dependent on the specific problem and user preferences. Therefore, we
present here the simplest expression to update the ratio y = Re,,/Ga, which for a fixed Galileo number is
equivalent to obtain an expression for Re;,, = y Ga, but somehow more convenient since in this work we are
presenting the mapping operators as functions of y. Starting from wj, = wp,, — Uy, after simple algebra, we
obtain the expression

__n/Us (30)
Wpm/Upn — 1’
which can be averaged in time, leading to
y o twrlUs G31)
(wpm/ Um)z —1

Since the objective is to maintain the particle at an approximately constant vertical position relative to the
moving reference frame, we seek (w pm) , = 0. From this condition, we can obtain an expression to update y

for the next iteration
' w
%””=—&i>, (32)
Ug [,
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and consequently Rels ™ = y6+DGa.

To illustrate the algorithm’s basic functioning, we consider an artificially generated test case mimicking
single-particle settling behavior: A particle starting from rest undergoes constant acceleration during a transient
period of duration ¢, before reaching terminal velocity. Therefore, the vertical velocity relative to the laboratory
frame as a function of time is given by

t
Wp —At—,if 0<t<t (33)
= . ,

Us —A,if t.<t

where A > 0 is a known constant.
For the iterative procedure, we use fixed-duration “integration” intervals (iterations) of Tiy = #./4, and
averaging intervals of the same duration T,yy = Tin. Therefore, the averaged value of w), /U, obtained in the

s-th iteration is
(s)

w) (s) 1 1y w),
.l T e m/- 7, (Ddr, 34
U, ty —t) )i U

t

where tl(;) — tﬁf) = Tavg = Tint. The term “integration” is marked by quotes because, in this particular example,

we do not integrate numerically, but use the information given in equation (33) (in the laboratory frame) and
construct the “integrated” solution in the s-th moving frame with the relation

(s)
Wpm Wp  (s)~1
— = — +1. 35
( U, ) U, Y (35)

In a realistic case, this procedure is reversed because the settling velocity w,/U, is not known a priori.
One first integrates numerically in the s-th moving frame to obtain the particle-related statistics, in this case
(Wpm/ U,,)®, and then applies the appropriate mapping functions to obtain w »/ Ug. In the following, we will
present the procedure as if it would be done in a realistic case, using the term “integration.”

Figure 3 shows the evolution of the iterative procedure. The problem starts from rest (w,/U, = 0 <
Wpm/Um = 1), and we initialize y with an underestimated value y©@ = 0.8 A. (Simple algebra shows that
the converged value of y is A.) After the first iteration, the particle is still at the early stages of the transient,
and therefore, the averaged value of the settling velocity (see Fig. 3b) is small compared to the terminal
velocity. We update the value of y according to Eq. (32) and obtain ¥ = 0.13 A. Because during the
first iteration the particle is accelerating downward from rest, the averaged value of w,/ U, used to compute

y (D underestimates the instantaneous velocity at the end of the interval; therefore, the particle has a negative

initial velocity in the moving frame of the second iteration, (w p;, / U,)D (tf(ll)) < 0. Furthermore, it keeps on
accelerating downward. As commented above, this behavior deviates from our target ({w /Up): = 0), but
it only exposes the lack of knowledge of the solution, which is overcome by using relatively short integration
intervals, especially at the early stages. In the consecutive iterations, we obtain y® = 0.384, y® = 0.634,
and y® = 0.88A, which shows how the algorithm progressively reduces the difference between y ) and its
target y = A. This can be seen in Fig. 3a, where the vertical downward motion of the particle is smaller and
smaller as the iterative procedure advances.

The success of the algorithm starts to be visible when the transient comes to an end. This can be seen in
Fig. 3b, where the selected signal to compute the average of w,/ U, is free from the influence of the transient.

This results in ¥ = A, which, because of the simplicity of the current example, is exactly our target value
and results in <w pm> ., = 0. From this point on, we can conclude that the iterative process is ended and the rest
of the problem is simply evolved without further modifying the value of y.

Please note that although this seems an oversimplified example, it does include the main features of realistic
cases, especially the initial transient behavior. The main differences with respect to a realistic case are that
more, and (probably longer) integration intervals are needed after the transient has ended in order to ensure
that: i) the statistically stationary regime is fully attained, and ii) the averaged values involved in updating y
are robust enough.

To conclude the section, we follow the notation from § 3.1.1 and introduce two vectors of non-dimensional
quantities that contain the reduced set of particle-related statistics used by the correction algorithm: IT, asso-
ciated with the laboratory frame, and II,,, with the moving frame. We also define two mapping functions to
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Fig. 3 Evolution of the solution of the illustrative example in the a) moving and b) laboratory frame. In panel b, the portion of
signal used to correct y after the last iteration (s = 4) is shown with a red, dashed line. Iterations are identified by the vertical
dashed lines, with the iteration index in blue on top of each panel
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Fig. 4 Diagram of the workflow of the algorithm

transform between reference frames: S maps from the laboratory to the moving frame, and S~! maps from
the moving to the laboratory frame. In the example discussed above, this would have been

m, — {%} =S(H;y)=%y_l+1, (36)
m 8
w _ w
H={U—"}=Sl<¢m;y>=(;m—1)y. (37)
g m

The user should include in II (and II,,) the quantities needed for the correction algorithm employed to
successfully work. This will become clearer in the following sections, where we present examples with single
and multiple particles. Finally, the whole methodology is summarized in the diagram shown in Fig. 4.

4 Settling of a single particle

In this section, we show the performance of the method for a single sphere settling under gravity in the steady
vertical regime. We set the Galileo number and the density ratioto Ga = 121 and o = 1.5, based on the works of
[9] and [22]. Following [23], we use a cuboidal computational domain of dimensions [16/3 x 16/3 x 1 6]D3 and
a spatial resolution of D/Ax = 24 in all directions, resulting in a number of grid cells of [128 x 128 x 384]. We
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impose an inflow boundary condition with constant velocity U,,e; at the inlet (bottom boundary), an advective
condition at the outlet (top boundary), and periodicity in the lateral directions, as sketched in Fig. la.
Because of the simplicity of the steady vertical regime, and the fact that we are dealing only with one
particle, the correction algorithm is very similar to the example shown in § 3.1.4. Thus, the reduced sets
of statistics are IT = {w »/ Ug} and IT,, = {w pm/ Um}, with the corresponding mapping functions already

presented in Eqgs. (36) and (37). We use a time step of At U, /D = 8 - 1073 and fixed-duration integration
intervals of Tjy Uy /D = 50 (6250 time steps). As mentioned in § 3.1.3, the time step normalized with the
velocity of the moving frame of the s-th iteration, (A U,,/D)®, is updated according to Eq. (29).

We initialize the problem with both fluid and particle at rest

o= (0.0.0) & 21 = 0.0.1) (38)
g m
u, Uy,
— =(0,0,0 — =(0,0,1) . 39
o= 0.0.0 & = 0.0.1) (39)

The iteration procedure on Rey, is initialized using a point-particle model in which the drag coefficient is given
by

Cp = f(Rep) - (40)

= e —_—,
b P” Re p

where f(Rep) = 14 0.15 Reg‘672 is the factor proposed by Schiller and Naumann (Crowe et al., [3], their
equation 4.15), which is reasonably good for Reynolds number up to 800 ( f = 1 recovers Stokes drag). After
some algebra and setting the drag force equal to the submerged weight of a sphere, one obtains

Ga?

Repf(Rep) = 1_8 (41)

The initial Reynolds number is set to the numerically determined solution of this equation, resulting in Re,(,(,) ) =

145.5 for the present case.

Table 1 shows the Reynolds number and the time step used to integrate Egs. (15)—(18) in every iteration.
It can be seen that the Reynolds number converges steadily to the value Re,, = 139.97. This value is then
the computed particle Reynolds number Re,, which only differs from the value of the point-particle model
by about 4%. For the sake of simplicity, iterations and integration intervals are analogous. The value of y is

updated according to y ¢+ = — <(w p/U g)(s)) , (see Eq. (32)), but the time window to compute the averaged
vertical velocity is now dynamically updated
(s) 1)
w 1 B w
<_1’> = 5= / —L(v)dr, (42)
Ug t Ip /2 t;;)/Z Ug
which implies that we used the last half of the simulated time to compute the nextiterate of ReStY = Yyt Ga.

During the initial transient, accelerations are large and the shorter the averaging window, the better the algorithm
will compensate large drifts in the computational domain. As the case evolves, and approaches convergence,
the averaging window increases, resulting in more stable predictions for next iterates. This is particularly useful
to handle cases in which the particle starts from rest and shows unsteadiness in the converged state.

Figure5 shows the evolution of the vertical velocity of the particle in the laboratory frame normalized
with the fluid viscosity, equivalent to an instantaneous particle Reynolds number (panel a) and in the moving
frames for every iteration (panel b). The insets include an amplified view of the transition from one iteration
to the next one, showing a very smooth update and small oscillations with respect to the averaged value. It
should be noted that although, strictly speaking, the converged state of this case is stationary, the numerical
approximation can show small oscillations when using immersed boundary methods (IBMs) (as we do in this
example). This is a consequence of the relative motion between the fluid and particle discretization inherent
of IBMs (see Section 5.1.2 of Uhlmann, [20]). In the moving frame, panel b, it can be seen how the initial
rest condition of the particle (w, = 0) in the laboratory frame corresponds to an upward drift in the moving
frame (wp, /Uy = 1) that results in a vertical displacement of the particle inside the computational domain
of approximately 5D. The vertical motion in the computational domain (moving frame) is negligible from the
fourth iteration.
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Table 1 Integration parameters Re, and At U, /D corresponding to each iteration of the single particle settling in the steady
vertical regime (Ga = 121, o = 1.5)

(s)
Iteration (s) Rey (%)
0 145.500 9.6198 - 1073
1 138.856 9.1805-1073
2 140.120 9.2642 - 1073
3 139.940 9.2522-1073
4 139.973 9.2544 - 1073
5 139.967 9.2540 - 1073
|
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Fig. 5 Time evolution of a) vertical velocity expressed as a particle Reynolds number (laboratory frame) and b) vertical velocity
(black) and position (red) in the moving frame corresponding to each iteration. Insets in a) are zooms of the same quantities

5 Settling of multiple particles
5.1 Problem description and computational setup

To demonstrate the capabilities of the proposed method, we now extend the analysis from a single particle to a
suspension of many spherical particles, in the dilute regime. As in previous studies for dilute systems [16,22],
for the contact modeling we use the method proposed by [7]. This example highlights the main advantage of
the present approach, its efficiency, and robustness in handling multi-particle systems.

We focus on a configuration for which collective effects have been reported in the literature. Specifically,
we select the parameters of case M178 from [22]: Ga = 178, 0 = 1.5, and solid volume fraction ®* = 5-1073,
corresponding to a dilute regime. For these flow parameters, a single particle follows a steady oblique trajectory;
this is known as the steady oblique regime [23]. In the triply periodic computations performed by [22], the
solid volume fraction was defined as

* = M , (43)
L,Ly,L,
where N, is the number of particles and Ly, L, and L, are the dimensions of the computational domain. The
superscript * highlights that this definition applies to triply periodic configurations.

In the present work, we employ a smaller computational domain than [22], (Ly Ly L;) = [64/3 x 64/3 x
64]D3, to reduce the computational cost. Recall that the aim here is to show the feasibility of the method.
The spatial resolution is D/Ax = 24 in every direction, resulting in a number of grid cells equal to [512 x
512 x 1536]. The initial condition consists of a uniform distribution of particles within a subregion of the
computational domain of height H = 39 D; the regions above and below are filled with fluid only (see Fig. 6).
The particles are distributed following a random Poisson process.
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Fig. 6 a) Lateral and b) top view of the computational domain and the initial position of the particles. Sketch-like annotations
are included for clarity, but both the representation of the computational domain and the rendering of the particles are shown to
scale

Replacing L, by H in Eq. (43), and using the same value of the volume fraction as [22],

N,V "
d=—2L __—5.1073, (44)
L.L,H

we can solve for N, and obtain N, = 169. Note that we have discarded the superscript *. This is because
in the inflow—outflow configuration, the initially uniform particle concentration becomes non-uniform as the
simulation progresses. It develops a spatial variation that depends on the vertical coordinate, ¢ (z), as will be
shown below.

Finally, we use a time step of At U,/D = 8 - 1073 and variable-size integration intervals of minimum
200 steps and, as mentioned in § 3.1.3, the time step normalized with the velocity of the moving frame will be
updated according to Eq. (29).

5.2 Correction algorithm

In the multi-particle case, the correction algorithm requires more statistical information than for a single
particle. We monitor four quantities: the mean vertical position of the particle ensemble, its standard devia-
tion, the lowest particle position, and the highest particle position. The switch from velocities to positions
allows us to account for the spatial extent of the particle ensemble, which determines when corrections
to the Reynolds number Re, should be applied. In the single-particle case, this was not needed due to
the short transients involved. We still require the mean settling velocity to correct Re,,, but this is easily
obtained from the time derivative of the ensemble-averaged position z?,vg . The sets of reduced statistics are
now IT = {Z;Vg/D,zg‘i"/D, z?ax/D,z;td/D}, and I, = {z;%/D,zg‘,i},‘/D, zg‘;‘,"/D,z;‘fn/D}.
Each particle position in the laboratory frame is given by

W =z +20,, (45)
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where z;, is the position of the lower boundary of the computational domain in the laboratory frame (see
Appendix A for its expression). Then, the four quantities which appear in II are defined as

(@)
avg ZN,, ip

: 46
Zp N, (46)
2 — min (zﬁ?) : 47)
= max (=) . (48)
. 2
0 _ave
std _ ZNP (Zpl B Zp ) (49)
Zp = Np .

Thus, the mean, minimum, and maximum position in both frames differs only by the shift z;, whereas the
standard deviation remains identical.

Figure 7a and b shows the evolution of the metrics during the simulation. The correction algorithm includes
the following features:

o If zrpni“ or z,** crosses a predefined lower or upper limit, the simulation is paused and a new estimate of y
is computed.

e A threshold on the mean vertical velocity is also enforced. If exceeded, the simulation is paused and a new
estimate of y is computed.

e A vertical drift, prescribed by the user, may be imposed to ensure the particles remain well inside the
computational domain. For this, the equation for the next iteration is modified with respect to (32) as
follows

(s+1) _ (wp/Ug>z

Larife/ Tarife — 1
where Lgrif; and Tgrife denote the desired vertical drift length and drift duration, respectively, for the next
iteration. These are target quantities that may not be exactly achieved during the subsequent time evolution.
The closer the system is to a statistically steady state, characterized by reduced unsteadiness in the mean
settling velocity and by being further from the initial transient, the more accurately these desired quantities
will be reproduced in the next iteration.

o The thresholds are dynamically updated based on the observed behavior of the system.

4 (50

The goal of simulating the settling of many particles over a long period was successfully achieved. Figure 7
shows the entire time history of the simulation, including the long initial transient during which corrections
were applied and in which the thresholds were gradually updated, as indicated by the various horizontal lines.
The total interval without corrections spans approximately 600 D/ U,. Although only this portion is used for
analysis, the complete time history remains useful for feeding the correction algorithm and examining the
system s overall behavior.

In the following section, time-averaged quantities are computed over the window 1129.9 < tU,/D <
1718.4, where no further corrections are applied and the solution exhibits a reasonable degree of statistical
stationarity. During this time interval, the mean vertical position of the particle ensemble presents a tiny drift.
As a consequence, the Reynolds number imposed during this last interval, Re,, = 233.52, is slightly different
from the actual particle Reynolds number Re, = 234.4. This difference is, however, smaller than 0.4%.
The success of the method is reflected in how small this difference is, which allows for long time-integration
intervals. This is the case even when the particle distribution size shows oscillatory behavior of moderate
amplitude (3D) and large timescale (300D / Uy), as seen in the evolution of zj}d in Fig. 7b.

5.3 Results

Now, let us briefly discuss some of the results that are obtained in this new configuration. First, for illustration,
we show a 3D visualization of a slab of the domain, representing the particles and the vortex structure identified
using the second invariant of the velocity gradient tensor, Q (Fig. 8a), and the vertical velocity of the fluid
phase (Fig. 8b). It can be seen how the wake around the particles located at the bottom part of the distribution
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Fig. 7 Time history of a) IT}, as they are computed (moving frame) and b) vertical velocity in the laboratory frame and width of
the distribution. In a), the thin gray lines indicate change of moving frame, the black dashed line the last correction, the red dashed
lines the limits of the computational domain and the green lines the minimum and maximum thresholds used in the correction
algorithm. The vertical dash line in both panels indicates the beginning of the converged part of the simulation, in which no

correction is applied, which corresponds to (¢ Um/D)(S) =14899andt Uy /D = 1129.9

shows a toroidal vortex (see panel a), and a clearly tilted, straight, and elongated wake (see panel b), resembling
the solution of an isolated particle in the steady oblique regime. This is the regime that corresponds to the
selected Galileo number and density ratio for an isolated particle [9,23], as mentioned above. Differently,
particles located downstream of the first front of particles show unsteady wakes with the characteristic hairpin-
like vortex structures, whose formation is triggered by the hydrodynamic interactions with the surrounding
particles.

Another phenomenon that can be examined in this configuration is the perturbed flow field that develops
within and downstream of the particle swarm. For example, in the region of fluid surrounding the zone of higher
particle concentration located near the center of the domain, the downward velocity perturbations reduce the
drag experienced by the particles located further downstream. In contrast, regions with few or no particles are
also slightly perturbed (although not visible in the figure): Because of conservation of mass, a weak upward
flow develops that forms a vertically aligned region of increased drag.

Figure 9 shows a contour plot of the particle concentration as a function of time and of the vertical coordinate,
(Z - z;‘,vg) /D. The plot includes the whole time evolution for illustration, but we analyze only the time
interval where no corrections are applied, beyond the vertical dashed line in the figure. The figure shows that
there are time intervals during which the particle ensemble is more compressed, indicated by the red patches
in the figure. One such area is located between the two auxiliary lines toward the end of the simulation,
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Fig. 8 Visualization of a slab of the problem of a) the Q-criterion and b) the vertical velocity

tUg /D = [1480, 1650]. At earlier times, t Uy /D < 1480, the particle ensemble occupies a broader area. This
is clearly visible in Fig. 10a that shows the time evolution of a measure of the width of the particle distribution
(z°'9). This quantity presents an oscillatory behavior with maximum and minimum at times which are consistent
with Fig. 9.

Figure 10a shows also the evolution of the vertical velocity of the particle ensemble. With the given
non-dimensionalization, the quantity can be understood as an instantaneous particle Reynolds number. The
time evolution of this quantity presents high-frequency oscillations, probably due to the small amount of
particles considered here. Interestingly, in the interval where the particle ensemble is more compressed, the
vertical velocity of the particle ensemble is somewhat lower. This reduction in velocity may be attributed
to a hindrance effect: When particles are more closely packed, the fluid displaced by their motion generates
upward disturbances that interfere with neighboring particles, thereby reducing the overall settling speed of
the ensemble. However, the number of particles considered in this study is too small for statistical convergence
and these observations need to be confirmed in simulations with a larger number of particles.

Finally, Fig. 10b shows the vertical profile of the mean particle concentration, averaged over the time interval
without corrections, together with the initial distribution for comparison. Because of the small number of
particles in this dilute regime, and since statistics are computed separately at each height, the mean concentration
profile exhibits poor convergence. To obtain a smoother representation, the figure also includes a smoothed
version, ¢p, obtained by applying a box-filter with a filter width of 10D. The results indicate that the particle
distribution tends to adopt a Gaussian-like shape, with a maximum concentration near the center and two nearly
symmetric tails extending toward the top and bottom. In future simulations with a larger number of particles,
it will be interesting to examine whether this Gaussian shape persists, how the peak concentration compares
with the initial one, and how far the distribution tails extend beyond the initial profile, among other questions.
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Fig. 9 Contour plot of particle concentration as a function of time and the vertical coordinate. The vertical dash line indicates

the beginning of the converged part of the simulation, and the dash-dotted lines are auxiliary lines (t Uy /D = 1480, 1650) also
represented in Fig. 10a to support the discussion
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Fig. 10 a) Vertical velocity of the particle ensemble (black line) and standard deviation of particles’ vertical position (magenta
line) as a function of time. b) Solid volume fraction averaged in the lateral directions and time ({¢);, red curve) and box-averaged
with a filter width of 10D ({(¢p),, black curve). In a), the vertical dash-dotted lines are auxiliary lines (t Ug/D = 1480, 1650)
also represented in Fig. 9 to support the discussion. In b), the initial particle concentration distribution is represented with a blue
dotted line

6 Conclusions

In this work, we advance the simulation of particle suspensions settling under gravity. The most common setup
for this type of problem is a triply periodic computational domain. However, such configurations suffer from
strong vertical correlations, which hinder the study of phenomena such as cluster dynamics. Here, we show
that it is possible to remove the vertical periodicity and propose a methodology to overcome the associated
numerical challenges.

With the aid of two examples of increasing complexity—a single particle in the steady vertical regime
and a many-particle case exhibiting collective effects—we have demonstrated the robustness and efficiency
of the method. We measure the success and feasibility of the method through two aspects: First, the approach
is largely systematic; apart from the correcting algorithm, which is problem dependent, all components of
the method are simple and well structured. Furthermore, some indications have been given to deal with the
openness of the correcting algorithm. The second aspect that demonstrates the feasibility of the method is that
a converged, free-of-corrections interval of approximately 600D /U, has been obtained in a many-particle
case. This constitutes the first simulation of this kind presented to date (to the best of our knowledge).

The effectiveness of the method follows from two aspects. Even simulations initiated with coarse estimates
of the moving-frame Reynolds number provide valuable information on the system’s settling dynamics. Each
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iteration refines these estimates, progressively approaching the converged state. In addition, the consistent
update of flow and particle variables during reference-frame adjustments minimizes discontinuities in the
solution when simulations are restarted.

The proven feasibility of the method opens new possibilities in the analysis of particle-laden flows. By
eliminating vertical periodicity, the long-term dynamics of clusters can now be examined under physically
uncorrelated conditions. A further observation is that the final particle concentration profile emerges as a result
of the simulation rather than as an imposed input. The relevant control parameter becomes the total particle
weight per unit area, yielding a more realistic configuration in which the suspension naturally compresses or
expands according to the underlying hydrodynamic interactions.

This framework also allows investigation of the influence of still fluid below the settling region on the lower
particle layers. For example, in this work we find that the enhancement of the settling velocity is significantly
lower compared to the triply periodic case. This observation raises important questions about whether an
unperturbed fluid layer acts effectively as a wall that suppresses collective effects, or whether the result reflects
finite-domain limitations, among other possibilities. The approach also permits detailed examination of the
fluctuating flow induced by particle interactions: Whether clusters can grow to scales large enough to excite
broad flow structures and recover canonical turbulence, or whether the energy injected by particle wakes
remains confined to pseudo-turbulent regimes.

Finally, we emphasize that the proposed methodology can be implemented in any numerical solver that
integrates the Navier—Stokes equations in an inertial reference frame. Since this includes the majority of current
codes, the present method broadens the accessibility of this class of problems to the wider research community.
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A Technical details on the treatment of time

Although time is treated in a simple way, the relationship between the time normalized by gravitationally
scaling, t Uy /D, and the time normalized by the moving-frame velocity, ¢ Uy, /D, requires some discussion.
In some cases, this distinction can be ignored, for example, when analyzing a single particle in § 4. However,
when determining the position of the bottom boundary of the moving domain in the laboratory frame, z;, as
in § 5.2 or in more complex situations such as imposing continuous turbulence at the inlet, this issue must be
addressed. Therefore, in this appendix, we establish the relation between the time in the s-th moving frame
and the time in the laboratory frame.
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Assuming that the origin of time (¢ = 0) is the beginning of the simulation, the times normalized by U, and
U,, in the first iteration (s = 0) are simply related by

tUn\" 0t Us
) =, 0. 51
( D ) YD O

recall that y ) = Re,(,f ) /Ga. Since the moving frame velocity changes from iteration to iteration, this needs
to be taken into account leading to, for the s-th iteration,

-1 . _ (S))
(t Um>(s> _ SZ (y(i) T® Ug) e <t ta”) Ug 52)

D = D D

where T = tg) — IX) is the interval duration of the i-th iteration.
The position of the lower boundary in the laboratory frame, z;, is easily obtained since during each iteration

the reference frame travels at constant speed. Therefore, for the s-th iteration it is given by

P ST

Zp
2 (1) = — ,
D() “ D D

i=0

where we have assumed that z;(r = 0) = 0. Introducing in this expression, the factor y*) = Re,(,f ) /Ga =
(s)
Up’ /Uy, leads to

() s—1 0 (z —Yu ) ()
D=y (y0 ) o A () (54)
D L D D D

In the last equality, Eq. (52) has been used.
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