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1 Introduction

The absence of any unambiguous evidence for heavy new physics (NP) at the LHC has
motivated growing interest — both theoretical and experimental — towards alternative
scenarios featuring new light particles with masses much lighter than a proton. As the
low-energy remnants of a possibly rich dynamics above the electroweak scale, light NP
candidates would offer the unique opportunity to probe new interactions beyond the SM ones.
A prominent example in this direction is given by light spinless particles, whose mass can be
naturally protected against quantum corrections if they are pseudo Nambu-Goldstone bosons
(pPNGBs) of a spontaneously broken global symmetry. In this case, the mass of such particles
can be naturally lighter than the scale at which the corresponding symmetry is broken.

A paradigmatic realization of such a possibility is provided by the QCD axion [1-4], which
offers an elegant dynamical solution to the strong CP problem. Inspired by this success,
a variety of light scalar particles have been proposed in connection with other small SM
parameters, such as the electroweak scale [5], the flavour puzzle [6-8] or neutrino masses [9, 10].
In addition to these, other representative spin-0 particles are given, for instance, by light
dilatons [11-13], moduli fields in superstring compactifications [14] or Randall-Sundrum
scenarios [15-17], and generic axion-like particles (ALPs) that generalize the couplings of the
QCD axion. Such light scalars may be motivated to explain anomalous stellar cooling [18-22],
the abundance of dark matter (DM) in the universe via e.g., misalignment [23-25] or freeze-
in [26], or, if there are CP-violating interactions with SM fields, the observed dominance
of matter over antimatter in the universe [27, 28].

Assessing the impact of new light (pseudo-) scalars in these scenarios often requires
accurate predictions of their couplings with SM fields at low energies, in terms of the
fundamental parameters appearing in specific UV models [29]. Of particular importance with
this respect is the coupling to two photons. Indeed, many experimental searches rely entirely



on the interactions of light scalars with the electromagnetic fields [30-32], be them axion
haloscopes [33-35] or helioscopes [36-38], light-shining-through-walls experiments [39, 40],
particle colliders [41-44] or beam-dump experiments [45-47]. For sufficiently light scalar
masses this coupling is severely constrained by astrophysics [48-51]. Finally, the lifetime
of scalars lighter than an MeV is largely set by their coupling to photons,' which is crucial
in determining their viability as DM candidates. Even if the lifetime exceeds the age of
the universe, stringent constraints on sub-MeV DM decays to photons arise from CMB
observations [52, 53] and X-ray and low energy ~-ray telescopes [54-57], see ref. [58] for
a summary.

In the literature, the coupling of light scalars and pseudoscalars to photons at low energies
has been extensively studied for the case of CP-preserving couplings, see e.g. [59-71]. The
purpose of this letter is to clarify some subtleties related to the computation of the di-photon
decay amplitude, and to provide a solid and accurate prediction for the associated decay
rate for a light, sub-GeV spinless particle. This calculation will be carried out in terms
of the Wilson coefficients of a generic effective field theory (EFT) extending the SM at
the electroweak scale, which we set up in section 2. Here we also allow for CP-violating
interactions, filling an existing gap in the literature. In section 3 we compute the decay
rate of light spinless particles to photons, and match our results to various scenarios in the
literature, such as the Higgs Portal, the Dilaton, an axion-like particle and the CPon in
section 4. Here we compare to previous calculations, and report various discrepancies with
the existing literature. We summarize our conclusions in section 5. Details of the chosen
operator basis and scalar-meson mixing are referred to appendix A and B, respectively.

2 Effective field theory for a light spin-zero particle

The interactions of a light spinless scalar ¢ with SM fields at the electroweak scale are
captured by the following Lagrangian:
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where V# V= {B, Wy, G}, are the field strengths of the U(1)y, SU(2)z and SU(3). gauge
bosons, VA =1 /2eMP7V, their duals and g1, g2, gs their respective coupling constants.?

!This is true as long as couplings to neutrinos can be neglected. A direct coupling to neutrinos often
features some form of mass suppression due to the chirality-flipping nature of the coupling of any scalar to
a pair of on-shell fermions. Loop-induced effects can be generated, but are expected to be suppressed with
respect to those to photons by inverse powers of the W-boson mass.

We use the conventions g,, = diag(+1,—1,—1,—1), % = 41, v5 = in%9'4%y3, PL = 1_275,
tr(ys7 " y°y°) = —4ie"”P?. Under a chiral transformation f — f' = e *475 f, the Lagrangian transforms as
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The couplings Vi, 4.} are 3 X 3 matrices in flavor space. We assume that the dependence of
our effective theory on ¢ is only through the dimensionless combination ¢/A, A denoting a
large scale close to the cutoff. We expand the theory in powers of ¢/A, neglecting quadratic
and higher-order terms. Moreover, we adopt a field basis where ¢ and H have non-derivative
interactions and their VEVs read (¢) = 0, (H) = (0,v/v/2)" with v = 246 GeV. Finally,
we adopt a power counting rule where the coupling constants cy and ¢y are of order A,
while the remaining couplings are all of order i°. After electroweak symmetry breaking has
occurred, the SU(3). x U(1)em-invariant terms relevant to the decay of ¢ into two photons
read in the fermion mass basis [27]:
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We use a compact notation where f collects all charged fermions of the SM: f = (u,d,e)’
with generation indices understood. Similarly we define YV = Y, & V; @ V.. Denoting by
Y =Y, ®Y; @Y, the matrices of Yukawa couplings in the SM: —(h +v)/v2fLY fr +h.c., V
and U are unitary matrices such that m = V1Y Uv//2 is diagonal and positive definite. The
matrices x and y are hermitian. The parameter & = (51 + 32)/2\ describes the mixing between
¢ and the Higgs. We have neglected operators proportional to cgw and ¢pw others than
those in eq. (2.2), since their contribution to the ¢ — v+ amplitude is of order 42, beyond our
level of accuracy. If there are non-vanishing couplings in both lines of eq. (2.2), CP is violated.?

As we are interested in discussing the low-energy phenomenology of a spinless state,
mg < 1 GeV, we need to evolve our Lagrangian from the electroweak scale down to those
energies that are typical of the processes we want to probe (m, in the case of the two-photon
decay). In order to do so, we need to take into account both the matching of our Lagrangian on
different EF'T descriptions as the different mass threshold scales are crossed, and the running
of the Wilson coeflicients between two subsequent mass scales. The running of the Wilson
coefficients of the theory from the electroweak scale below has been dealt with in several
studies, to which we refer for results [63, 75, 81-87]. Regarding the matching procedure, one
needs first to integrate out the heavy fields ¢,b,c,7 and W [63, 88]. Once this is done, one is
left with a version of the Lagrangian in eq. (2.2) that is restricted to interactions of ¢ with
photons, light leptons, light quarks and gluons. With standard techniques, the interactions

3Bounds on the CP-violating couplings of a generic new scalar can be found in [27, 72-75], while we refer
to [76, 77] for the QCD axion. These bounds are placed by considering the impact of CP-violating ALPs on
the electric dipole moments of particles, nucleons, nuclei and molecules, as well as dedicated searches. The
latter, such as the experiments ARIADNE [78] and QUAX [79], aim at probing the coupling of CPV ALPs to
fermions by investigating the long-range monopole-dipole potentials mediated by new light scalar states, as
first proposed in [80].



among ¢ and gluons in the effective Lagrangian can be replaced by other interactions. The
Lagrangian resulting from these manipulations then reads
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Here @; and Né are the electric charge and the number of colors of the fermion f;; Q4 is an
arbitrary hermitian matrix acting on the space ¢ = (u, d, s) and satisfying tr(Q4) = 1/2 [89];
BQCD and ,Bd%%arks are the coefficients of one-loop beta functions:

5(%CD =11- %”f =9, 5%%lllaarks = Z NcQz ’

i=u,d,s
while my, x4, ¢, Cy, Cp represent obvious restrictions to the low-energy degrees of freedom
u,d, s, e, ju of the matrices m, x and Cj; = y;;/(m; + my). Finally, 04|qcp and 64|, are the
traces of the energy-momentum tensor, restricted to the QCD and pure photon contributions,
respectively. They appear when the operator ¢GG is removed by making use of the trace

anomaly equation [59]. The photon contribution, evaluated in d spacetime dimension, reads

d 4
0l |y = ——F,F*,
an evanescent term needed for the consistency of the ¢ decay amplitude. In egs. (2.4), (2.5),
we have kept the leading terms of the expansion in powers of 1/M, M representing the mass
of an heavy state such as ¢, b, ¢, 7 and W. In particular we have neglected contributions
to the effective photon couplings that are suppressed by m(% /M2



We are mainly interested in a mass range for ¢ where the dominant decay channel is
into two photons (or two neutrinos). Since our effective theory should be applied at energy
scales smaller than the QCD confinement scale, the interactions with quarks and gluons
have to be treated by making use of non perturbative techniques. In this relation, chiral
perturbation theory (ypt) represents a suitable framework: interactions with quarks and
gluons can be traded for interactions with those degrees of freedom that are relevant at low
energies, light pseudoscalar mesons in our case. The procedure has been discussed in detail
in [63, 74, 89-91], and here we simply summarize their results. First of all, ¢ interactions with
quarks are introduced in the chiral Lagrangian as external sources. The chiral counterpart to
any quark-containing operator in the Lagrangian in eq. (2.2) can be found by making use of
the low-energy quark-hadron duality. Such a procedure cannot be applied to gluon-containing
operators, which have been removed from the Lagrangian of eq. (2.4) in favor of other
operators. The chiral counterpart to the Lagrangian in eq. (2.4), valid up to order O(p?) in
the chiral expansion and up to order O(A~2) in the pEFT expansion, is found to be

xpt _ p,xpt xpt
£¢ = £¢PC + £¢PV,

where, by assigning conventionally a positive parity to ¢, we have separated parity-conserving
(PC) and parity-violating (PV) contributions. These read
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where fr; =92.44+0.3 MeV, By = mfri/(mu +myq), My is the 79 mass in the chiral limit and

%Tro + %778 T K+ )
> =exp [i\/iq)/fﬂ} , P = " —%woi—i— %ng K° + %170]17
K_ K[) —%T]g
D,y =0,X+ieA,[Qq, Y],
2 A A 2
Jaa=i% tr [;(D“ET)E - f(D“E)ET ,  jh= zf?” tr [(D“ET)E - (Dﬂz)zq ,

(2.8)



Under the chiral group SU(3)7,xSU(3)g, X(z) transforms as X(x) — LX(z)R'. The last two
terms of Eﬁitv induce a mixing among ¢ and the light pseudoscalar mesons at the level of
kinetic and mass terms. This mixing generates a coupling of ¢ to photons, inherited from the
Wess-Zumino-Witten (WZW) term accounting for the anomalies of the global currents [92, 93].
In particular, the chiral Lagrangian contains the operator

o

L’D—47Tf7r

Fun "™ " CpP, (2.9)
P:WO,U,’/]/

with Cr = 1,C), = 4/3\/2/3,C,y = 7/(3v/3), and where we have fixed the n — 1’ mixing angle
Qpyy to about —19°, see appendix B for details. Expressing the mesons P in terms of the mass
eigenstate ¢ as P = 0pg¢ + ..., an effective ¢-gamma-gamma interaction —56’7%%}7 Wﬁ’ g
is induced with

A

5Cy = 7
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70 m,n’

We have calculated the mixing angles in appendix B, systematically expanding either in
the isospin-breaking parameter 0 = (mg — my,)/(mg + m,,) or in the small ratio miﬂr /ms,
for general matrices Q4 with trQa = 1/2.

In conclusion, for the purpose of calculating the decay amplitude of ¢ into two photons at
the desired level of approximation, we will use the Lagrangian E;fpt = L;ggtc + Eéflgtv, where

£2§§tc is as in eq. (2.6), while the relevant part of E;gffv reads
~ o« ~ 0, O -
CB = =Gy o % B + B0t @1
where C’; = C, + 6C,, which reads
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where we have calculated the 507 contribution using the general results in appendix B,
employing the result of the mgm / m% expansion in eq. (B.26), fixing o,y = —19°. One can
explicitly verify that the Q4 dependence cancels out in CN';

3 Decay rate
The decay rate of ¢ into two photons can be expressed as
a?

P —=")=¢5 5

(IG5 (mg)? + |C5(mg) %) | (3.1)
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Figure 1. One-loop diagrams contributing to C’S/H(m¢). The tree-level diagram proportional to d — 4
vanishes in d = 4 dimensions, but produces a finite contribution when combined with the external-leg
divergences induced by the last two diagrams.

obtained by evaluating the two-photon decay amplitude from Eépt. We provide explicit
expressions for the amplitudes C’eﬂ(m¢) and C’eﬁ(m¢) up to one-loop level. At this order,
Ceﬁ(md)) and C’eﬁ(m¢) depend separately on E C and £XP ¢PV, respectively. We find
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The terms proportional to x are sourced by the operator ¢ G,,G*” and are in agreement
with the results of ref. [59]. They are obtained by summing the diagrams in figure 1.

For mg smaller that about 1 MeV, the above coefficients are real and the ¢~y interaction
can be described by the effective Lagrangian

a9 ~ .
ﬁqyw 4 A [Ceff(mqs)FuyFu Cgﬂ(m(ﬁ)ijFM } . (3.4)

It is instructive to examine the approximate expressions of Ceﬂ(m¢) and C’eff(m¢) when mg

is small. In this regime, we can expand the functions Jy(z) and Jp/g PV (2) around z = 0.



X~y XG Xe X XT Xu Xd Xs Xc Xb Xt X¢
1 0.26 —0.67 | —0.67 | —0.67 | —0.03 | —0.06 | —0.08 | —0.98 | —0.31 | —0.98 | —3.5

Xy | Xa Xe Xu Xr Xu Xd Xs Xe Xb Xt
1| —-1.96 1 1 1 0.35 | —0.65 | —0.65 | 0.35 | —0.65 | 0.35

Table 1. Coefficients of C(0) and C'iH(O), in the parametrization of eq. (3.7).

By keeping the first two orders in the series expansion and recalling the expression of C
and C’; in eq. (2.5) and (2.12), we obtain:
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When ¢ is lighter than about 1 MeV, barring cancellation of the leading-order terms, the
decay rate is dominated by the values of these coefficients evaluated at mi = 0. Making
use of the parametrization

CM(0) = xy oy +xaca+xe €+ Y Xidi,
i=all
CM0) = %y &+ Xela+ Y Xidis (3.7)
i=all

and chosing as inputs m, = 2.2MeV, myg = 4.7MeV, my = 93.5MeV, § = 0.36, m o =
135MeV, m,, = 547.9MeV [94], we get the numerical estimate displayed in table 1. When
mg < 1 MeV the correction to eq. (3.7) are very small and are expected to be dominated by
the additional contributions ACGH —0.04 :z:em(b/m2 ACBH ~ +0.08 gjem?ﬁ/mg

4 Matching to specific models

e Light CP-even scalar and Higgs Portal

If ¢ is a genuine scalar particle with diagonal fermion couplings £ D —¢/Af,z;fi, its
decay rate into two photons is obtained by setting to zero the coupling C*f;ﬁc(mgb) in
eq. (3.1) and taking C’,‘;ﬁ(m(ﬁ) given by the expression in eq. (3.2) with ¢, = c¢ =0,%; =




xifmg, k = —=2/27(x/my + xc/me + 2p/mp), § = 0. When my < 1 MeV, the effective
photon coupling is well approximated by

2 T; Ty +xq Tyt 7 T;
Ccft0)y=—= NLQ? = ( “ u S) —l 4.1
5 (0) 3 Z CQ m; 12 mu+md+mu+ms 81 (4.1)

i=e,u,T,c,b,t i= tcb

This result slightly differs from the one of ref. [68], where the effective photon-scalar
coupling, evaluated to one-loop accuracy, does not include the last contribution from
heavy quarks proportional to k.

In Higgs Portal models ¢ is identified with a light CP-even scalar that couples to the
SM particles only via mixing with the Higgs, i.e. only the last terms in eq. (2.1) are
non-zero. Keeping only the resulting mixing angle £ in the final expressions (note that

in this limit = —£m), we obtain
Z (4 im 22 )‘]0(2%4)*; _fL(‘]O(;;W)” (2mi<>)
:f( 18+ZJ1/2<2m>_118M§K (2*2%)‘]0(2%4)]) 2

in agreement with ref. [59]. For very light scalars with mg < 2m, ones has
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in agreement with ref. [61].

&, (4.3)

Dilaton

The dilaton, the pseudo-Goldstone boson associated with the spontaneous breaking of
scale invariance, has been the subject of extensive study for many years [11-13, 15, 17].
Its phenomenology has been discussed within an EFT framework [95-98], and specific
mechanisms have been designed to obtain a sub-GeV light dilaton [99-103]. Here
we consider a simple illustrative example, consisting of the SM degrees of freedom
supplemented — at low energies — by an extra light dilaton o, coupled to those
operators that break scale invariance, either at the classical or at the quantum level. In
particular, we focus on the following dilaton interactions

Lt = % (—Qm%VW;W+# —myZ,Z" +> my ff + mih2)
f
o
(B B+ S, + S WhenGIGL ) (1)
written in the mass eigenstate basis, identifying the scale-invariance breaking scale with
A. Here B, and W, are the field strengths of the electroweak gauge vector bosons
with gauge couplings ay = ¢”2/4m and ay = g%/4r, respectively.



At the classical level, for the purpose of computing the decay amplitude into two
photons, the dilaton couplings coincide with those of a scalar that mixes with the Higgs
boson. Matching to the Lagrangian in eq. (2.2) yields £ =1 and &; = —1. Beyond the
classical term in eq. (4.4), the dilaton also couples to the anomalous trace of the energy
momentum tensor. The coefficients 6%, b3 and b%CD are the beta-function coefficient of
the SM gauge couplings, and we get ¢y = b%ED/Z = (b +03)/2 and ¢ = b%CD/2.4

The couplings of the dilaton to massive gauge bosons and to fermions are corrected
at the loop level by the corresponding anomalous mass dimension, which is a further
source of scale symmetry breaking. Moreover, for the dilaton to acquire a mass, explicit
scale-invariance violating terms should be present, which could alter the couplings in
eq. (4.4). We assume both these effects to be negligible in a first approximation.

We get:

-
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Assuming b%ED and b%CD saturated by all SM degrees of freedom, that is bOQED =
—41/64+19/6 = —11/3 and bOQCD =7, for a very light dilaton with m, <« 2m, we get:

7 (m:  m2 1 (m2 m?2
Ceﬁ(m):<"+ >+<“+ + ... (4.6)
Y180 \m2 o om? 10 \m2 = m%

The decay amplitude of the dilaton into two photons vanishes in the limit m, = 0, in
agreement with general properties of the matrix element (0|0%|y9'), relying on Lorentz
invariance, gauge invariance, Bose statistics and energy-momentum conservation [59].

o Axion-like Particles

For axion-like particles a the Lagrangian is usually written in a basis where the ALP
has only derivative couplings. As only flavor-diagonal terms contribute to the decay
rate, we restrict to such couplings, described by the Lagrangian

£=N2 i GWG +EX 4emF Frv g *fzcjﬂu% fi. (4.7)

In order to match to the CP-odd Lagrangian in the first line of eq. (2.2) with ¢ = a,
we perform chiral fermion field redefinitions proportional to the parameter c;

fi — o/ g (4.9
*We distinguish bgp and bycp from ng‘g’ks = —% and B4cp =9, that have been introduced to match

QCD and chiral Lagrangians at the GeV scale, with three active flavours.

,10,



which remove the derivative couplings and give (up to higher powers of a)
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so that Cg = — N, which finally gives C’ﬁﬁ(ma) =0 and
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+ 2m? [ cu + 13¢q — 6cs e —— (4eq + 6cs cu)]
5 m2 13m?2 m
—N|-Z-¢ us T +6(9— 1386 — 962 i
l 3 m2 —m?2 + 12m?2 +4( )12m727(m?r —m2)
mg m2 PV [ Ma
n ™ a i=e,pu v

This result extends and corrects various results in the literature, see appendix B for
details. In the limit m, — oo we recover the results of ref. [63]. Terms suppressed
by 1 /m?7 have been calculated to first order in ¢ in ref. [69], but we disagree on
terms proportional to N in the isospin limit (see section B.1), presumably because of

typographical errors.’

In the limit of tiny ALP masses (like the standard QCD axion), m, < m, we obtain

. 5 m2

CH(0)=—E~N |- —0+(13+95 1362~ 95%) - | ~ —E+1.96N . 4.11
This results captures only partially the complete NLO corrections in the chiral expansion
that have been derived in ref. [60] for two-flavor xPT with a matching between two-flavor
and three-flavor xPT, and genuine three-flavor yPT in ref. [62]. These give values of
—F +1.92(4) and —FE + 2.05(3), respectively, superseding our LO result.

The contributions for large ALP masses have been calculated for small isospin breaking
in refs. [65, 66, 104] for pure derivative couplings (E = N = 0), and for pure gauge
bosons couplings (¢; = 0) in refs. [64, 71]. When restricting our result in appendix B.1
to the small isospin limit, we only agree with ref. [104] and [71]. In ref. [66] there
seems to be an apparent confusion of mixing angles of 19, ns and n, 7', while there is a
discrepancy already on the level of mixing angles with ref. [64], and their final result
seems off by a large O(1) factor for sizable values of m,. With respect to ref. [65] we
find a different sign for the n — a mixing angle.

e Light Pseudoscalar

Our results directly apply to a light pseudoscalar A with diagonal fermion couplings of
the form £ D —A/Af,iyivsfi, giving Cf{H(A) =0 and for mg < m,
~ve ) Yi 1/5 Yi

i=all i i=quarks mi

5These errors have been corrected by the authors of [69] in an updated version of their preprint (v3).

— 11 —



where we also took the m, — oo limit for simplicity. Compared to the naive loop
contribution from the first term, all quark contribution receives an O(1) correction due
to the effective gluon coupling Cg, which is formally a 2-loop effect but of the same
size since o is non-perturbative at the relevant scale y = m 4. This is in contrast to
the statements in appendix B of ref. [105], which only considers the first contribution.

o CPon

Spinless particle are expected to arise from solutions to the strong CP problem based
on spontaneous CP violation [106, 107]. The CKM phase arises as a VEV of a complex
scalar field, a component of which — the CPon — can remain light and provide a
candidate of Dark Matter [108]. In the simplest version of the theory, the couplings of
the CPon ¢ are specified by [109, 110]:

Gy =cg=8==£(=0, ddi=> 9i=0, (4.13)

where the last relations hold for sums restricted to each charge sector: charged leptons,
up-type quarks and down-type quarks. This implies:

2 .
b= o (Bt da+ 24), Ce=0. (4.14)

2

As a result, C’fjff(md,) is suppressed by powers mé /mz .,

or mé /m?,, and we get:

1 R . . 1 [Ty + Tdd  Tuw + Tss
ceff = —(79 25 25%4) — — ( ut
7 (mg) = g7 (793w + 2584 + 2585) — 13 Ty + Mg | Ty + my
7 Lmy AT (mE e m
180 2 Tz Taggg e T ) <m2 Tk

1 Tyu + Tdd m?ﬁ Tyy + Tss mi
- —2 2+ (4.15)
90 \ my +mg m2  my +mg mi,
G, = MG Gu—Ga_
y \e _12._2 ylm?—{_ 2 m?r—mi
l_€7IJ/
2 2
b (134 + 1300 — 6§s) — 6 — T (4G + 675 — 2200 | +
24m72] Yu Yd Ys (m% _ mé) Yd Ys Yu cee
(4.16)

up to higher powers of mi. This extends the results of ref. [108], where only the limit
mg = 0 was computed.

5 Conclusions

We have evaluated the effective couplings of a light spinless gauge-singlet particle ¢ to on-shell
photons. We considered the most general case of CP-violating microscopic interactions,
allowing for both scalar and pseudoscalar elementary couplings. By conventionally assigning
¢ to the CP-even sector, we have formally distinguished between CP-invariant and CP-
violating interactions. We focused on a light, weakly coupled particle with mg < GeV,
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whose interactions with matter, the Higgs boson, and gauge fields are suppressed by inverse
powers of a heavy scale A.

In specific models, such a particle may represent a viable dark matter candidate. Stability
on cosmological scales requires its mass to lie below the threshold for decay into an electron-
positron pair, unless the couplings to electrons is extremely suppressed. Moreover, the decay
rate into two photons must be sufficiently small to evade stringent constraints, such as those
arising from stellar cooling and from indirect X-ray and gamma-ray line searches. In general,
a comprehensive assessment of the viable parameter space cannot be achieved without precise
knowledge of the dependence of the relevant physical observables on all particle couplings.
For instance, in specific scenarios, the decay rate into two photons can be entirely determined
by the microscopic couplings of the decaying particle to quarks, leptons, and gluons.

Starting from the most general theory that includes a spinless gauge-singlet particle at
the electroweak scale, we derived the corresponding low-energy effective theory below the GeV
scale, where light quarks and gluons are replaced by a set of pseudoscalar mesons. Using this
effective theory, we systematically expanded the effective couplings of ¢ to on-shell photons
in powers of small parameters. Working at the one-loop level, we retained terms at first order
in 1/A. We accounted for both isospin-breaking effects and n—r’ mixing, providing explicit
expressions for the couplings up to first order in mi / m% and m2/ m%.

The coupling of light scalars and pseudoscalars to photons at low energies has been
extensively studied in the literature. Nevertheless, we have extended existing analyses in
several important aspects. The decay of a hypothetical light Higgs particle — with a mass
below 1 GeV — into two photons was investigated in ref. [59], where the gluonic contribution
was first evaluated using the QCD trace anomaly and current algebra techniques. Building
on a similar theoretical framework, we have extended the analysis of ref. [59] to fully general
CP-invariant couplings, including the possibility of mixing between ¢ and the Higgs boson
as a particular case. Our treatment extends the recent analysis of ref. [68] — which also
focuses on the CP-invariant sector — by fully incorporating the contribution arising from
the ¢-gluon interaction.

In the CP-violating sector, we have comprehensively accounted for the effects of light
pseudoscalar mesons, including isospin-breaking effects and -7’ mixing. A crucial consistency
check of our computation is provided by the independence of the final result under the most
general change of basis — with three active light flavors, u, d, and s — designed to eliminate
the CP-violating ¢-gluon interaction. We explicitly demonstrate this independence using
two distinct expansions, which are presented in the appendix. Our general results can be
specialized to any physically motivated scenario involving a light spinless particle, and we
discuss several well-known examples in the final part of this work, pointing out various
discrepancies with the existing literature.
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A Operators involving ¢ and the Higgs boson

Here we show that it is possible to choose a field basis where all derivative operators involving ¢
and the Higgs boson are absent. Operators containing derivatives have at least dimension five:

O, =00¢|H?, Oy = ¢pO|H|?

O3 = ¢H'D?H , O, =¢D*H' H

Os = DH'DH , O¢ = 0¢DH' H

O; = d¢H' DH . (A1)

Via integration by parts, they are related by the equations

01 = 0y, 02 = O3 + 04 + 205
-0 = 03+ O3, —07 =04+ O3,

that can be used to eliminate the operators Oz, Os, Og and O7. The operators O3 4 can be
removed by making use of the equations of motion of the Higgs doublet. In terms of the two
combinations Oy = O3 + O4 (O is hermitian, while O_ is antihermitian) we obtain:

Oy =20\ |H|? = NH[*) — ¢(qrYyHdg + 1L Y.Her + q1 Yy Hupg + h.c.)
O_ = (b((jLYdeR + Z_LYeHeR — (jLYuf{uR — h.C.) .

Our effective Lagrangian already includes the operators (we use ) to distinguish these
couplings from the Yukawas Y of the SM):

— (@Y Hdp + LY. Hep + GrYVuHup + h.c.).
The combination ¢4 O4 + ic_O_ produces a shift of the couplings V:
Vie = Vae+ (cy —ic_)Yqe, Vi = Vu+ (4 +icl)Yy,.
We conclude that O34 can be eliminated in favour of the nonderivative operators
olH,  olHI.

We are left with a single derivative operator, that can be chosen as O;. To show that also
O, is redundant, consider the energy density

V =Vir + Vs + Virr .

We first discuss Vj, the limit of V' when the Higgs doublet is set to zero. We assume the
dependence of V; on ¢ is only through the combination (¢/A):

Vs =p?A*f (f) = 1’A%Y %f(n)(o)% .
n=0 """
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The function f(z) is dimensionless and the overall scale u?A? has been choosen to deliver
a mass term for ¢ proportional to u?, a free parameter. When p? = 0, the potential is flat,
reproducing the case of a Goldstone boson. When u? = AéCD /A%, an axion-like mass is
reproduced. We have in mind an application where p is below the electron-positron energy
threshold, so that ¢ can only decay into two photons or two neutrinos. Neglecting all the
1/A terms, the leading equations of motion of ¢ read

O¢ = —f'(0)*A — f"(0)p + . ..

Replacing this in O; we obtain

O1 = — 1 (O)2A[HI2 — f"(0)26 | HI2 + ..
showing that O can be absorbed by redefining Vi + Vs, We write

Vg = —\o?|H|? + N\ H|*

Vorr = Br ol HI? + By S| HI* + O(67/A)
understanding that the parameters v? and 3 include the effect of Oy, respectively. Here again
we have assumed that the interaction of ¢ with the SM fields occurs via the combination (¢/A)*
and we have kept only the first order k = 1. In Vi +V, we retained operators up to dimension

5. It is not restrictive to choose a field basis where (¢) = 0 (otherwise we conveniently shift
#). This imposes a relation on the minimum conditions. Setting |H| = p/v/2,

av_ 2 3 2 3
I AP+ AT+ Bryvio+ Bap

= —Ap(v? = p?) =0
v, X1 o 1 1
9Y _2A 2 ety 2 L2 02 o4
90 M nz:%n!f (O)An+512AUP + B2 xp

1 1
= f(0)*A+ B ﬁ02p2 + 52ﬂp4 =0.

These are solved by

(H) = 7
,U4
FO)p® =—(281 + B2)ihe -

Evaluating the second derivatives at the minimum we find the mass matrix
3

( 202 (B1+Bz)1j\>
( .

3

Bi+p2)5  f(0)u?

To first order in v/A and in the limit f”(0)u? < Av?, the mass eigenstates are:

(4)- (L)),

is the mixing parameter used in the text.

where ¢ = (512-;52)
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In summary, all derivative ¢ — H interactions can be eliminated in favour of non-derivatives
ones. At order 1/A, these are ¢|H|? and ¢|H|*. Expanding the energy density around the
minimum, the main effect is represented by a mixing between ¢ and H, of order v/A,
contributing to the ¢ — vy amplitude.

B ¢-meson mixing
In the basis P = (¢,7%,ns,n0), the quadratic part of the ¢-meson Lagrangian reads
1 1
Ly = 5(8uP)TKp(8“P) ~ 5PTM,%P,
where, setting € = f/A, the matrices Kp and M2 are given by

1 C1€ Co€ C3€

cte 1 0 O
Kp = B.1
P=lee o0 1 0 | (B-1)
C3€ 0 O 1
mé —Mmig€ —mfge —mﬂe
A2 —mise  Bo(my +ma) %(m — myq) Bof(mu mq) B2)
P —mbe Qg(mu — ma) ma dm? ’ '
—mﬁe By %(mu —myg) om? m,%o
with
1 R R ~
C1—§(yu—yd)—20G(Qu—Qd),
171, . ~
CQ:% {2 (yu+yd—2ys)—2CG(Qu+Qd_2Qs)} )
2 I ~
=3 [3 045 -2C0(@u+ Qa2
2 = 2 By
mio :4CGBO(muQu*mde)a Mys = ?(mu+md+4ms)a
m13*% G O(muQu+mde_ mst)7 mnO*T(mu"i_md"i_ms)"” 0>
42 V2
m%él \/g CGBo(muQu—i-mde—l-mst) (5m2=?30(mu+md_2ms)v (B-3)

where we recall that in this normalization Q, + Qg4 + Qs = trQ4 = 1/2.

One could in principle perform an exact diagonalization of these matrices to identify the
canonically normalized mass eigenstates (@phys, Wghysv Tlphyss %hys)- However, it is well known
that x PT at leading order is not adequate to describe n—n’ mixing [111, 112], and corrections
to mixing angles and masses arise at NLO [113-115]. For the most recent estimates of the
mixing parameters in the n — 7’ system, we refer the reader to [116-119]. Here we ignore
these corrections, which justifies to perform a diagonalization only at leading order in the
small parameters w = m,/ms ~ 0.02 and 6 = (mg — my)/(mg + my) ~ 0.3 (and € = f/A).
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We begin by moving from the (ng,79) basis to the (n,7n’) basis, through the rotation

ns\ [ cosa sina n (B.4)
mo) \ —sina cosa n ) '

This diagonalizes the 3—4 block of the mass matrix, with diagonal entries that to the order
we are interested in (up to multiplicative corrections of order O(5%w?)) can be identified with
the physical masses m% and m727,. These masses and the mixing angle « are related to the
entries in the 3-4 block (6m?, my, my,) by the three equations

2 2
206m? m2 —m
tan 20 = —— cos2q = —5——I0 m2 +m?2 =m2 +m?2 . (B.5)
m2 —m, m2 —m2, n Y 8 1o
0 s n n

In turn these relations allow us to express Mg and my in terms of the mixing angle o and
m%, giving (we introduce the shorthand ¢ = cosa, s = sin«)

m V2(c? — s%) —cs
M2 =2B L ) B.6
F =20 ({75 - m. e (B.6)

3c c—/2s
Byms =m:————— + Bym , B.7
O T o 1 v2s) Y (21 4 8)(2¢ + V25) (B7)
along with the relation

2cs — \/2¢? 2¢/2

m?], = m%csi\[c — Bom V2 (B.8)

5(2¢c 4+ /25) (=14 68)s(2c+V2s)

Finally we can express Bym,, through the mass of the neutral pion m2. The leading order
relation is given by
1-6 o

Bymy, = ——m

5 i (B.9)

and receives multiplicative corrections of order §?w. Therefore the LO expressions is sufficient
to express all heavy scales through physical masses as (isospin breaking effects only enter
at higher order)

2 2 _ 2
M2 = <m2 . mi) V2A(s* = &) +es (B.10)
s(2¢ + V/2s)

3 2s —
m; c _ tm? V25— c :

de + 24/2s de + 24/2s
25 — /2 1
s(2¢ + v/2s) s(v2c+ s)

As anticipated, the last relation does not allow for realistic - and 7’ masses, which require
NLO xPT. Here we follow refs. [104, 120] and make the choice s = —1/3, ¢ = 21/2/3, which
gives the simple expressions

Boms = (B.ll)

2

MZ =3 (mfz - mfr) , Bymg = mfi - % , m%, = 4m727 —3m2. (B.13)
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Taking the expressions in eqs. (B.13), (B.9) along with s = —1/3,¢ = 2/2/3, one can
calculate the mixing angles 0pg of ¢ with the meson mass eigenstate P, which is the first
column of the orthogonal matrix O that diagonalizes the mass matrix in the basis where
kinetic terms are diagonal, i.e.

Opy = Op1 , O"R"MERO = Mj,, , RTKpR =14x4. (B.14)

Plugging these mixing angles into the Wess-Zumino-Witten (WZW) term [92, 93]:

a o 1 \/5 .
— 24/ = F, F* B.15
47Tf7r <7T + \/§n8 + 3770> nv ) ( )
or equivalently in the 7 — 1’ basis for the chosen value of «,

0‘<7T0+4\/2/73 7

— " F,E B.16
Ar f, 3 77+3\/§77> ny ( )

Lwzw D —

one obtains a contribution to the effective ¢-couplings to photons £ O —50704 /Anp/AF, WF g
given by

1
§Cy== Y Cplpy, (B.17)
P=r0nn

with Cr = 1,C, = 4/3,/2/3,C,y = 7/(3V/3). This adds to the one controlled by

Cy=e+ > NeQj —4Cq Y NeQ?Quii s (B.18)
i=all i=u,d,s

such that the total contribution (77 + 66’7 should not depend on the choice of the matrix

Q 4, which provides a useful consistency check.

We now give the mixing angles in two expansion schemes: first we follow ref. [69] and
expand only in the isospin breaking parameter § (which is actually not particularly small),
second we expand in w to first order (i.e. neglecting corrections O(mg’d/mg ~ mj /mf?)
and keep all orders of 4.

B.1 Mixing angles in the small isospin-breaking expansion

Expanding to first order in € and § = (mq — my,)/(mg + my,), the relevant mixing angles are
given by (assuming that mg is not too close to mg,,m, or m,y)

o . . 20,2 2 2 2 2
) m G — Ta . mz(m; —mZ)(2m; —mZ —m3)
Org/€ = 2Cc(Qu — Qa) + m2 —¢m2 - 2 20Cq (m2 — an)(mQ - TTZLQ)(mZ - m¢2)
™ o n = ) UThy ¢/ T

i (@ + ) + (=30 — 34 +200) + 202G + G — 51)

. (B.19)
2(m32 — mé)(m%, - mi)(m?r - mi) (
2 3 = Au Ud — As ~ =
O/ = 27V/2 {mé (—2OG(Qu +Qu— Q)+ y“/dy) +m2Cg — 4m%Cng}
my — My 2
V2/3m2m?2 o
+0 2 (Gu — Ja) (B.20)

2(m32 — mi)(m?r - mé)
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1/3 ~ Ju + Ja + 29
Ope/e= mQ_/mg {mi <—2CG(Qu + Qa+2Qs) + yw%)

n ¢ 2
~ = \/mm2 mfr R .
+2m2Co(Qu + Qu — 2Qs) + 8mECaQy| + 05— — ).
Q(mn’ - m(j))(mﬂ' - m(;S)

(B.21)

These results agree with eq. (3.15) in ref. [69] only in the isopsin limit, i.e. for § — 0.
Calculating (5C~’7 and summing with C’vg = —4Cq Dicuds N(i;Q?Q Aii, this contribution does
indeed not depend on )4, and reads

. 8. mi-—mi 7. mi-—m}
5C +CVG——*CG+90 ﬁ §CGﬁ
my —mg My, — My
4 m Ju—=0a ™
+§(yu+yd_ys) 2 5 2 u2 2 - 2
my —mj mz —mg
7 m3
+T8<yu+yd+2ys)%
m2, —m
n ¢
_ 2 9 2 1 2
+dCq [_ Qmﬂ 2 T g 2m7r i 2
7 my  3my m<Z> 3m —my
522l Thu — Jd — 30 n%—mpwsl
—Zm2m — (B.22)
3 e (m%—mi)(mz,—mi) (m%—mé)(mg,—mi)

This agrees with the result in eq. (3.18) of ref. [69] for all terms except the ones proportional
to C¢ in the isospin limit.”
B.2 Mixing angles in the large m; expansion

Expanding to first order in € and m, 4/ms ~ m2 /m% (and to first order in mé /m%), the
relevant mixing angles are given by (provided that m is not too close to my)

m2 Ju — U ~ ;
@ Yu — Yd My
”¢/€_m m35< 5 +2CG(Qd_Qu))+WH ¢ (2Qu —2Qq —9)
dmZm?2 A m4
n . (;25 ™ (SQu + 304 — 205 — 60@) 4 1 g 5 ) C (B.23)
mg(mz —m3) mi(mi —mg)
\/39 AC mi 2C, i C
F0ne/e=—4CcQs + o (y“+yd_y5_ G>+T”n ¢
sm2m? 5% miy A
o' A ¢C B.24
2m%(m72r _ mi) (yu yd) m%(m% _ mé) G ( . )
N m} ~ s
2 n
dm2m?2 6%my A
oM i
+ (Ou — Ya) — Ca- (B.25)
8mi(mz —m3) " Amiy(m3; —mg)

5Even when comparing to the updated version of [69](v3), which still seems to contain typographical errors.
"We however agree with the final results in an updated version of [69](v3).
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Calculating 5C~’7 and summing with CNQ,G = —4Cq Dicuds NéQ?Q Aii, this contribution does
indeed not depend on )4, and reads

m2

5 LA 54 Gu—Ga ™3 -
5C 4+ Cg=—2Cq+ —5Cg—T
T 3 2 mZ-m mZ —mj
13m2 -

C
12m2 ¢

m? . A . N

+ (135 + 1354 — 655 — 26C) +
24m2

2

5 M 4y + 60, — 220, + 18C

m4 ~

- Cq. (B.26)
12m2(m2 — mé)

+6(9 — 135 — 96%)

Further expanding to first order in § matches the result in eq. (B.22), when expanded to
first order in 1/ m727 In the m,, — oo limit one obtains

S S 5 = Gu — Yd mi ~ m?
5C'Y + C»yG - —§CG + b) ) - 60(;”%277[— (B27)

2 miZ-mj 2-md’

in agreement with eq. (92) of ref. [63]. In the main text we have adopted the contribution
in eq. (B.26) to derive the total result in eq. (2.12).
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