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Abstract

Synthetic populations are essential for transportation research, yet full real-world population data are rarely available. Existing ap-
proaches, particularly Iterative Proportional Fitting (IPF) and Iterative Proportional Updating (IPU), struggle with heterogeneous
geographic resolutions and large household samples containing redundant information. This paper introduces a new population
synthesis algorithm that combines a top-level generation step with an optimized hierarchical allocation process. The method uses
equivalence classes to merge content-identical households, reducing computational effort, and reverses the hierarchical IPU work-
flow by synthesizing households at the highest geographic level before distributing them downward. Experiments using German
census data and the MiD 2017 survey show that equivalence classes reduce IPU runtime by up to a 31-fold factor, with the pro-
posed algorithm achieving an additional 2x—4x speedup with substantially lower memory use. Solution quality, evaluated via mean
absolute percentage error across 41 control variables, consistently surpasses hierarchical IPU, especially for small marginal sums.
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1. Introduction

Many transportation research models require detailed information on the structure and attributes of the population
in the study area to improve their accuracy. The full information of the real populace is usually unobtainable, due
to limitations in data collection, privacy concerns, and the overall infeasibility of full population surveys. A digital
twin, a synthetic population, is used as proxy to provide access and modify the survey information spectrum, while
matching the observed data of the real counterpart as closely as possible. The literature classifies methods used for this
process into three categories: Synthetic Reconstruction (SR), combinatorial optimization (CO), and statistical learning
(SL) [3]. The most prominent class has been synthetic reconstruction with the well established Iterative Proportional
Fitting (IPF) procedure [1], which has been refined to handle both household and person level attributes in the Iterative
Proportional Update (IPU) procedure [18]. Both the hierarchical IPF method [12] and the hierarchical IPU method
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[6] provide an enhancement to handle input data at different resolution levels. More recent work has focused on the
use of metaheuristics such as genetic algorithms [9], variational autoencoders [16] [5], or a combination of IPF with
machine learning [17]. However, most tools in practice use a variant of IPF or IPU such as SILO [10], PopGen [14],
ILUTE [15], CEMDAP [4], and MOBIUS[2]. The algorithm proposed in this paper will provide a new way for IPU to
handle different input resolution levels, using both a SR approach to generate the initial population and a CO approach
to map the population to the study area.

2. Methodology

IPU. The main benefit of IPU is that, since households are treated as an atomic unit, interdependencies in the
household structure are maintained in the synthesis process [18]. It requires a set of microdata sample households
H and a set of target marginal sums M as input. Each marginal sum m has a target value #, and a contribution
function ¢,, : H — R to measure the contribution of a target household to m. For example, the marginal sum
may = (42,{p € h : 0 < age(p) < 18}|) would encode that the expected amount of minors in area A is 42. While
fractional and negative contributions of households to a marginal sum are theoretically possible, in practical cases
the contribution function either counts the amount of attribute occurrences in the household (such as the amount of
minors) as a natural number or encodes a boolean attribute (such as household size) via 1 and 0. The households are
converted to a frequency matrix, where each household is represented by a vector v,(M) := (¢,,(h))mem that encodes
the contribution of the household to each target marginal sum. Each vector is assigned a scalar value 6", which repre-
sents the number of copies of the corresponding household that should be placed. During an iteration i the algorithm
alters the scalar values to improve the solution. We indicate the current scalar in iteration i with 6?’. Each scalar is ini-
tialized to 68 = 1.0. The algorithm then iterates through the target marginal sums in a fixed order, usually ordered by
household attributes and person attributes. During an iteration, the algorithm selects a marginal sum m and optimizes
the scalars of all households that contribute to the marginal sum called H,,.

Hy, = {h € Hlcp(h) # 0} ey

The algorithm then calculates the scaling factor f by which the scalars should be modified in the iteration.

I
ST TR 2
/ Yhen,, O - cm(h) 2)

Then, all scalars for households in H,, are scaled uniformly by:
6514—1 = 6? f ©)

An example of this scaling process is shown in Figure 2, where the rule for household size 1 is optimized. This proce-
dure is repeated until a stopping criterion is met, typically either a maximum number of iterations or no improvement
in solution quality. Upon completion the scalar values are converted to a synthetic population by creating a number of
copies of the associated household. Note that the scalar values are fractional and need to be converted to an integer to
create a population sample.

In Figure 2 the set of households {A, &, h3, hsa} is converted to the vector representation using the marginal sums
for gender in area A, A, and household size in B, the logics are the amount of households of size 1: |1], the amount of
households of size 2: |2|, the amount of males: ¢, and the amount of females: ¢ . Note that even though households 4,
and h4 have a residents with different ages, the corresponding vectors v, and v4 are encoded identically, since age is
not part of the evaluation of any marginal sum. During the first iteration, the marginal sum for B!l is optimized. Each
vector with a nonzero entry, displayed with a dot, has its corresponding ¢ scaled by the calculated scaling factor f
(Equation 3). At the end of this iteration, the marginal sum is matched, but other marginal sums will change as a side
effect.

Hierarchical IPU. The classic IPU algorithm assumes that all marginal sums are present for a single target area. In
practice many data sets for marginal sums are available at different levels of geographic resolution, either by different
survey design, or to prevent deduction of personal information. The hierarchical IPU [6] provides a solution to handle
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Fig. 1. An example for the conversion from households and marginal sums to the vector representation used in the IPU procedure showing the
conversion process for a hierarchical area B that includes A; and Aj. Also showcasing the first iteration step where the rule |1| is optimized. The
households are iy = {(J",30), (2,29)}, 2 = (', 42)}, h3 = {(@, 9D}, ha = {(F, 1)}

marginal sums of different resolutions. It copies the vector set for each child geographic unit, and appending each
vector with the attribute encoding of the parent geographic unit marginal sums. The augmented vector set can then
be optimized using the standard IPU procedure. This procedure can be repeated recursively to represent an arbitrary
amount of resolution levels. Moreno and Moeckel synthesized the greater munich area this way with 3 resolution
levels [11].

Equivalence classes. Our first contribution is to show that the input size for IPU can be reduced by using equivalence
classes. The classic IPU algorithm will generate a N xXm matrix, where N is the number of input households. Therefore,
the algorithm runtime will scale with the input household set size, as shown in [7]. However, for both large sample
inputs or a small amount of target sums, several households will be represented by a content identical vector. These
households are indistinguishable from each other under the given target sums. As such, we can define an equivalence
class as follows:

[h] = {hi € H | vi(M) = vy, (M)} “

where h is a representative for all households in the equivalence class. We define the set of equivalence classes as
follows:

H/y = {[hlulh € H)} Q)

The IPU algorithm will produce the same output for input H or H/j; when the scalar is initialized to 6{;’] = |[h]]. We
show this via induction over the iterations. For an arbitrary iteration i let

: st
VI e[h]: 6] =" = (6)

T

If the induction hypothesis holds 6 then the scaling factors f for the normal iteration step and f’ for the equivalence
class iteration step are identical since

VYW elhl: W eH,heH, s [hle€H,/u @)
and
Vh' € [h] : cu(h) = cu(h') =t c,u([R]) (®)

by definition of the equivalence class in Equation 4. We can rearrange the sum of the factor calculation into groups of
equivalence classes [A;], [h2] - - - [h,] where [h;] € H,, /[y since all elements A’ € [A] are in H,, (Equation 7)

Dteum= 3 D cumy= D 67 Y ety = Y Sl ety = Y e, (h) )
heHy, [h,-]eHm/M h’e[hj] [hj]EHm/M h’e[h,-] [h€H M/ m [hl€Hm /M
Which, when inserted into equation 2 gives:
I 3 - 3
Shem, OF - em(h) — Timersy O - cn([A])

f= f 10)
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Fig. 2. A high level illustration of the hierarchical distribution (HD) algorithm, showcasing both the target sum accumulation, initial solution and
distribution phases used to generate a synthetic population.

And thus by equation 3 that

VW elh]: 60, =6" - f=6" f=6", (11)
o = s ot =g 3 6 =1l ol, (12)

Where Equations 11 and 12 complete the induction step. The induction start for i = 0 holds automatically since 68 =1
and 6! = 6] - |[4]| by definition of the variables.

Hierarchical Distribution (HD) algorithm. Our new HD algorithm inverts the conceptual procedure of the hierarchic
IPU approach. Rather than optimizing a massive matrix at the lowest resolution level, a smaller matrix at the top
level is optimized, and the generated households at the top level are distributed to the lower resolution levels. Figure
2 provides a graphical explanation of the algorithm using a small example study area. The algorithm itself can be
structured in three phases. In the first phase the marginal sums of the child areas are recursively accumulated into the
parent areas. For example, when two subareas A; and A, of the parent area B; have a common marginal sum, then B
can inherit a proxy marginal sum equal to the summation of the targets. For simplicity purposes, we will assume that
the marginal sums at different resolution levels are logically distinct and that within a level, all target areas have an
associated marginal sum for a given logic. As illustrated in Figure 2, the regions of level A have a marginal sum for
the target %, the regions of level B have a marginal sum for B and the region C has a marginal sum defined for A.
The algorithm sifts up the target marginal sums of a level by creating a new rule with the target set to the sum of the
targets. For example, the target for BT is resolved to be 3, the sum of Af and A; .

Once the accumulation process has generated all target marginal sums for the top level area, a standard IPU proce-
dure synthezises the households to produce an initial population. Unlike the standard IPU procedure, these households
are not automatically assigned to their lowest area resolution, being more of a floating pool of households in the re-
gional level C. To distribute the households in the pool to the lowest areas, we use a recursive algorithm. As long as
there are households assigned to a high level area, the algorithm distributes the entire set of households from this area
to the corresponding child areas. Figure 3 provides a small example of the distribution process.

We use a round-robin selection strategy: The subareas may each after another pick a single household from the set
of remaining households in the parent area or withdraw from the selection process permanently. During an iteration,
the subarea S calculates the expected gain of each household 4 using the sum of relative square difference for all
associated marginal sums m of the area for the currently placed households H and H; + h (Equation 13). If at least
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Fig. 3. A graphic visualizing the distribution process. The arrow indicates the currently active subarea that needs to perform a selection. S| selects
the orange household. S, then immediately withdraws from the selection process. S| and S5 then select their preferred household alternating until
both areas also withdraw from the selection process. One green and one purple household remain and need to be assigned with the fallback strategy,
which places the purple household in S3 and the green household in 5. The color is indicating the equivalence classes of the households, which
can be used to speed up the calculation process.

one household yields a positive value under this metric, the household with the highest value is added to S, and the
subsequent subarea proceeds with the selection process.

) (13)

Z(m(Hs + h) —m(Hy)

ny

If none of the households exhibit a positive gain, the subarea selects no households and withdraws from the selection
process. The withdrawal mechanism prevents sparsely populated subareas from being forced to select a household
once their marginal sums have already been satisfied. Because the set of available households monotonically decreases
over time, a subarea that finds all remaining households unsuitable at a given iteration will continue to do so in
all subsequent iterations. Therefore, the subarea can be safely removed from further consideration. If all subareas
ultimately withdraw, a fallback procedure is required to allocate the remaining households. In this case, all subareas
are reinstated, and each household is assigned to the subarea that minimizes the relative error according to the selection
metric defined in Equation 13.

3. Results

The German census [8] provides marginal sums for different levels of precision: municipality, municipal asso-
ciation, county, administrative district, federal state, and Germany. We can arbitrarily control the precision of the
resolution quality by choosing the resolution level at which the marginal sums are extracted. For our experiments, we
chose to acquire age and gender distributions at the municipality level and the remaining marginal sums at a variable
level.

We use 41 different control variables for the marginal sums: For the person attributes we use age categorized by
age groups, gender, current school type of students, gender distribution of students, the employment type by gender
categorized in 3 classes, and the highest degree by gender of people aged 15 and above. For the household attributes
household size, the seniority status of the household and the household type is used. Due to a variable mismatch
in census data and survey household data we have only been able to associate the household type 1 (Single) to the
corresponding census variable. As a workaround we grouped all other household types into its own type variable.

In the following, we use two separate rule sets of marginal sums to compare the algorithm runtime and solution
quality. A small rule set R,,;, consisting only of: age, gender and household size. And R,; using all variables listed in
Table | as input set. We chose 5 geographic areas within the census data with increasing population size. The name,
number of municipalities and population size of each experiment area is listed in Table 2.
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Table 1. The control attributes extracted from the census database for marginal sums.

Attribute Name Number of Variables Variable Categories
Person Age 11 0,2,5,9, 15,18, 24, 39, 59, 66, 74

Gender 2 Male/Female

School by level 3 Elementary / Middle school / Highschool

School by gender 2 Male/Female students

Employment by gender 6 Male/Female X Employed,Unemployed,Other

Highest degree by gender 6 Male/Female x General,Secondary School, Higher School
Household Size 6 1,2,3,4,5, 6+

Type 2 Type 1 (Single)/Other

Seniority Status 3 Seniors Only/Mixed/None

Table 2. A description of the geographic areas used in the experiments.

Name Resolution Level Number of Municipalities Number of Residents
Marne municipal association 13 12 848
Herzogtum Lauenburg county 140 203 381
Oberbayern administrative district 500 4678 189
Nordrhein-Westfalen state 396 17 890 489
Germany country 10 786 82711282

Table 3. Runtimes of the standard IPU and the HD algorithm in seconds (s) using equivalence classes and unfiltered households for Ry, andR ;.

Runtime [s]
Input Rule set Equivalence class Amount of vectors Marne Lauenburg Oberbayern Nordrhein-Westfalen Germany

HD Rinin v 2514 0.89 1.83 25.4 94.9 1019
IPU Runin v 2514 29 443 166 130 3509
IPU Ruin X 130274 119 1255 4850 3785 -
HD Ran v 18088 4.04 21.3 265 758 5897
IPU Ran v 18088 58.0 735 2964 2360 -
IPU Ran X 130724 379 4395 16370 12771 -

Table 3 shows the run times of the different algorithms. We compare three algorithm configurations: The hierarchic
IPU algorithm using the full household survey set, the hierarchic IPU algorithm using equivalence classes as input
and our hierarchical distribution (HD) algorithm, also using equivalence classes.

In the experiments, a curated household set with 130724 household records from the Mobilitit in Deutschland
(MiD) data set from 2017 was used [13]. When creating equivalence classes using the small rule set R, the number
of unique vectors of the data set is reduced to 2514 (1.92%). When using the complete rule set R,; the number of
unique vectors in the MiD is 18088 (13.84%). Comparing equivalence classes to the full vector set for IPU shows
that the run time can be reduced to a fraction of the time required, taking only in average 3% of the time for R,,;, and
17% of the time for R,;. These numbers closely correlate to the reduction in vectors of 1.%3;4214 = 0.02 for R, and
11380078284 = 0.14 for R,y indicating a linear relation between runtime and vector set size. IPU failed to produce results for
3 of the 4 instances for Germany, each time exceeding the maximum allowed amount of RAM (256 GB). In contrast,
our algorithm had a peak RAM consumption of 70 GB for the experiment run of Germany using R,;. In addition, our
algorithm outperformed the traditional IPU in all experiment instances. The largest speedups were achieved on the
Lauenburg instance, being 24 times as fast for R,,;, and 34 times as fast for R,;. The smallest speedups were achieved
on the Nordrhein-Westfalen instance, generating only a speedup of 1.36 and 3.1 in comparison to IPU.

Our algorithm tends to perform much better when the experiment area is partitioned into many subareas, and less
when the area is densely populated but sparsely partitioned. The latter phenomenon is caused by the distribution
process of the algorithm, which only places a single household in each iteration. In large populations, the insertion
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Table 4. Comparison of the algorithm solution quality using the mean absolute percentage error as metric.

Algorithm Rule set Marne Herzogtum Lauenburg Oberbayern Nordrhein-Westfalen Germany
HD Ruin 0.91% 0.65% 0.49% 0.48% 0.36%
IPU Ruin 8.88% 4.89% 1.17% 0.58% 2.18%
HD Rai 1.23% 2.70% 2.94% 3.37% 3.57%
IPU Rai 7.11% 8.47 % 4.85 % 5.48% -
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Fig. 4. All relative errors of the experiment areas for HD (blue) and IPU (orange) in comparison when using Ry, as input rule set.
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Fig. 5. All relative errors of the experiment areas for HD (blue) and IPU (orange) in comparison when using R, as input rule set.

of a single household exerts a negligible influence on the selection metric. However, the metric is recalculated for
each element. When comparing the run times of the algorithms in regard to the different rule sets, we can see that
our algorithm increases in runtime with a factor of 8.08 from R, to R,; whereas IPU scales with a factor of 18.08,
indicating that our algorithm is less impacted by an increment of the variable set.

To measure the quality of the population synthesis we compute the mean absolute percentage error over the ex-
pected and observed values of the marginal sums as suggested by Moreno and Moeckel [11].

Table 4 shows the errors for our algorithm and the IPU algorithm using equivalence classes for each of the exper-
iment areas. Our algorithm produces less average error for each of the experiments. In particular, IPU significantly
drops in solution quality for the smaller instances down to a 8.8% deviation from the expected values. Our algo-
rithm produces solutions of similar quality irrespective of the instance size. This phenomenon is in line with the
aforementioned integerization process producing more pronounced errors for smaller marginal sum targets. Our algo-
rithm mitigates this issue as the integerization is performed at the highest level area instead of the lowest areas and a
significantly smaller number of vectors that need to be converted in the first place.

Figure 4 shows the algorithms’ relative errors of the marginal sums in relation to their expected target value for 4
of the 5 experiment areas using R,,;,. IPU miscalculates smaller marginal sums more prominently for all instances.
When comparing to the errors of R,; in Figure 5, both algorithms begin to produce larger errors in general. IPU
produces outliers of -100% for Lauenburg and our algorithm produces outliers of 45% for Nordrhein-Westfalen.
Another observation is the formation of error clusters in the Oberbayern and Nordrhein-Westfalen instances. The
corresponding marginal sums measure the age groups [0, 2], [3, 5] and [6, 9] which are underrepresented in the survey
households. For small target values IPU forms visible error lines, due to more prominent integerization errors.
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4. Conclusion

This paper has shown that the usage of equivalence classes can reduce the run time of IPU by a significant factor
down to a fraction of 0.03 times the original execution duration. We introduced a new algorithm to calculate a synthetic
population for hierarchic study areas. The conceptual contribution of this work is the inversion of the population
generation mechanic, synthesizing at the highest geographic area and distributing downward instead of generating
directly at the lowest geographic resolution. This process avoids induced errors by reducing the amount of rounding
processes and high memory consumption. The algorithm outperforms the hierarchic IPU procedure in terms of runtime
by a factor of 2x-4x while producing qualitatively better results.

However, there is still room for improvement, as the distribution algorithm is using a simple greedy selection
strategy accounting for 90% of the entire execution time. There are ideas to improve this process. For example,
the distribution process could easily be parallelized after the first distribution layer. Also a multilevel optimization
scheme with reordering and swapping of households could improve the distribution quality by allowing poorly placed
households to be rearranged.
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