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1. Introduction and main result

We are interested in breather solutions for the spatially heterogeneous semilinear wave equation
V(2)ugy — Uge = D(2)|ulP1u for (z,t) € R? (1)

for p > 1. Breathers are real-valued, periodic in ¢ and localized in z, i.e., lim;| o u(z,t) = 0. Our goal is
to give sufficient conditions on V' and T so that non-trivial breathers of (1) exist.

Breather solutions to (1) are a rare phenomenon in the sense that only few examples of coefficient classes
V(z) are known which support breathers — a more detailed account of the literature will be given at the end
of the introduction. The results known to us so far [8,19,28,29] and very recently [11] all rely on spatially
periodic coefficients Vo and on having very good information on the spectrum of the spatial operator
L= —m({‘—;. The main tool to describe periodic differential operators is Floquet—Bloch theory, which
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provides an explicit description of spectrum and spectral measure in terms of quasiperiodic eigenvalues and
eigenfunctions on the periodicity cell. The basic idea in the approaches cited above is then to tailor Ve,
in such a way that L has spectral gaps about k?w? for k € Nyqq, with w being the temporal frequency of
the breather, e.g., by a careful design of a piecewise constant Vje,. Since k*w? are the eigenvalues of the

operator —97 on T = 2Z-periodic functions, this ensures that the linear wave operator 97 — 7 1(95)89% is
er
invertible in suitable spaces of T-periodic functions. In principle, this approach is not limited to spatially

periodic coefficients Ver(2), but as soon as one leaves this class, several difficulties arise:

(a) finding a way to describe the spectrum of L and to keep k%w? out of it,
(b) finding a replacement for the Bloch transform which diagonalizes the operator L.

In this paper, we overcome the limitations of spatially periodic coefficients to some extent and show existence
of breathers to (1) for different kinds of perturbed periodic V. A prototypical case where our results apply
is a perturbation V = Vjer + Vioc of a positive periodic potential Ve, where Vi, has compact support.
Concrete examples beyond the purely periodic setting are also provided.

As an essential tool to find breathers in the nonperiodic setting and in extension of [13], we show an
explicit formula for the spectral measure of the perturbed periodic operator L = — % dd—;, cf. Theorem 3.23.
The spectral description uses solutions of the eigenvalue problem without L?-constraint, which are called
generalized eigenfunctions, cf. Definition 3.15. In the periodic setting, they are given by the quasiperiodic
Bloch-eigenfunctions. Once this formula is available we use the calculus of variations to find breathers of (1)
as critical points of a functional J. We show that .J is well defined in the Hilbert space H = {u € L*(Rx T) :
Jrxr wlOluV (2)d(z,t) < co} where O = 07 — ﬁ@% is the weighted wave operator and |0] its spectrally
defined absolute value. To achieve this, we show embedding properties of H into LY(R x T)-spaces using
the functional calculus for L, cf. Proposition 3.1. Then, saddle-point tools from the calculus of variations
[38] provide breathers for (1) as ground states of J.

With this brief introduction we can now describe our main result. We consider potentials V' which coincide
outside a finite interval with a periodic function VpJgr in a neighborhood of +o0 and Vi, in a neighborhood
of —oo. This also includes the case where V is a purely periodic function. We use the following basic
assumptions. To improve readability, we use the & symbol, and statements involving double symbols should

be read choosing always the top symbol, or always the bottom symbol.

(A1) V,T € L*>°(R) with ess infg V' > 0 and T" > 0 almost everywhere. Moreover, V has locally bounded
variation.

(A2) There exist X* > 0, R* € R, and X*-periodic functions V£, € L>(R) such that V(x) = V,£. () for
x> R" and V(z) = V. () for z < R™.

Remark 1.1. A function V: R — R has locally bounded variation if V|4 has bounded variation for all

compact intervals A C R, or equivalently, if V' is the difference of two monotone increasing functions. This

assumption on V' in (A1) is used for the embedding into L%-spaces, as it allows us to obtain L*°-bounds on

the generalized eigenfunctions, cf. Proposition B.1.

The next two assumptions concern the spectrum of the weighted Sturm-Liouville operator L. If we

consider the ﬁ—weighted wave operator 0 = 07 — V(lx) 02 applied to a time-periodic function u, then a

ikwt

Fourier-decomposition of u = ) 7, -5 g (2)e™" results in a Fourier-decomposition of O into a family (Ly)rez

of Sturm—Liouville operators
1 d2 5 o

Lk::—m@—kw, (2)
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where w = 2% is the frequency and T is the time-period of the breather. Since the method we use requires
0 to be outside of the spectra of the operators Ly, we need to circumvent the problem that 0 € o(Lyg).
A natural way to achieve this is to find a symmetry operation that is compatible with (1) such that for
any function invariant under this symmetry the zero-order Fourier coefficient automatically vanishes. The
symmetry that we use is v — —u(-, -+ %) and hence we consider functions which are %—antiperiodic in time,
i.e., functions supported on temporal frequencies kw with k € Zyqq. Since Ly = L_g, the main assumption

is now to keep 0 out of the spectrum of the family (Lj)ren,,, O, in other words, to keep k%w? out of the

odd
spectrum o (L) of the weighted Sturm—Liouville operator L = *ﬁ%- In fact, a stronger assumption is

needed as follows.

(A3) There exists w > 0 such that inf{|v/X\ — kw| : X € 0(L), k € Ngqq} > 0.
(A4) The point spectrum oy, (L) satisfies 3 \c, ) A" < oo for all r > %, which means that o, (L) grows
at least quadratically or is finite.

Assumptions (A3) and (A4) will be used in Section 3 to show embedding properties into LP-spaces of
the domain #H of the energy functional J whose Euler-Lagrange equation is (1). With these assumptions,
we can now formulate our main theorem. We use the notation T := R /pz for the one-dimensional torus of
length T'.

Theorem 1.2. Let 1 < p < 0o and assume (A1), (A2), (A8), (A4). Then (1) has infinitely many nontrivial
T = 2U’T—periodic breathers if additionally one of the following assumptions are satisfied.

(a) (compact case) lim|z o I'(z) = 0.
(b) (asymptotically periodic case) V = Vyer is X -periodic on R and I’ = T'per +Tioc where Tpey is X -periodic
and Toe > 0, lim|z| o0 Toc(2) = 0.

The solutions are strong H?(R x T)-solutions and satisfy (1) pointwise almost everywhere. The theorem
also holds if we replace T by —T" in (1).

Remark 1.3. Note that in case (b) we have V,f, = Vi, = Ver and X+ = X~ = X. Case (b) also includes
the purely periodic case where I'j,. = 0. Assumption (a) provides a convenient way to overcome compactness
problems for Palais—Smale sequences. It remains open how to generalize (a), (b) to cases where infg I' > 0

and still V' is a perturbation of a periodic potential.

Examples of coefficients V' which satisfy (A1), (A2), (A3), (A4) are given in Appendix C. The structure
of the paper will be given at the end of the introduction after the account of the relevant literature which
follows next.

The study of breather solutions to nonlinear wave equations may have its origins in completely integrable
cases such as the sine-Gordon equation s — Uz, + sinu = 0 on R X R where explicit breather families
can be constructed through the inverse scattering method [1]. Although next to sine-Gordon, a number
of completely integrable systems with breather solutions are known, e.g., Korteweg—de Vries, nonlinear
Schrodinger, Toda lattice etc., these systems are still rare, and therefore the search for methods to prove
existence of breathers beyond inverse scattering continues. The first attempts of studying generalizations
of the sine-Gordon equation turned out to be fruitless since in [7,15,36,25] it was shown that if the sinu
nonlinearity in sine-Gordon is generalized to an analytic perturbation f(u) with f(0) =0, f/(0) =1, f”(0) =
0 then only the f(u) = sinwu nonlinearity can support a breather solution. On the other hand, nonlinear
lattice equations can support breather solutions [27], e.g. the 2-atomic Fermi-Pasta—Ulam—Tsingou chains
[21,22]. A similar result on the PDE-side for nonlinear wave equations was obtained by Blank, Chirilus-
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Bruckner, Lescarret and Schneider [8], where breathers for spatially-periodic nonlinear wave equations of
the type (1) were shown to exist. As we have explained above, the idea was to use the band-structure of
the spectrum of the spatially periodic operator L = —ﬁdd—; and design the coefficient function V(z) in
such a way that the temporal frequencies k*w? with w = 2% being the breather frequency, fall into the
gaps of the spectrum of L, cf. [12] for a systematic approach to such coefficient functions based on inverse
spectral theory. By adding a suitable linear potential with a bifurcation parameter to L, breather solutions
bifurcating from the edge of the essential spectrum were constructed by the center-manifold theorem and
spatial dynamics. The same approach was also used for finding breathers for constant-coefficient nonlinear
wave equations on metric graphs [28], where the spatial heterogeneity of the graph generates a banded
spectrum of the spatial operator.

A methodically different approach using calculus of variation tools rather than spatial dynamics came
up in [19] and was also used in [29]. Variational methods for time-periodic solutions of nonlinear wave
equations on spatially bounded intervals have been used before [10,9,20]. But its applicability to breathers on
unbounded spatial domains like the real line has been substantially obstructed due to essential spectra rather
than point spectra of the underlying spatial differential operators. The variational techniques constructed
breathers as saddle points of an energy functional on a suitable Hilbert space. It was successful for (1) with a
periodic potential V(x) [19] or on a periodic metric graph [29], and it required essentially the same spectral
situation as in the spatial dynamics approaches. As an additional feature the variational method does not
rely on a bifurcation parameter and can therefore generate “large” breathers instead of “small” breathers
locally bifurcating from zero as for the spatial dynamics method.

From the results mentioned so far one might get the impression that (except for the completely integrable
cases) spatial heterogeneity is a necessary prerequisite for the existence of breathers. It is surprising that
in space dimensions two or higher this is not the case, cf. [30,35] for the construction of weakly localized
breathers.

Our paper is structured as follows: in Section 2 we set up the problem in a way that it can be treated by
tools from variational calculus, i.e., we give a proper definition of the energy functional J and its domain H.
Then we prove that ground states exist and are strong solutions of (1). In Section 3, the functional calculus
for L is introduced and used to prove embedding theorems H < LI(R x T'). Three appendices complete
our paper. In Appendix A we collect some definitions and properties of vector valued L3-spaces based on
positive-definite matrix-valued measures, which appear in the functional calculus for L. In Appendix B, we
show how L? and L°°-bounds for solutions of —u” = AV (z)u can be mutually estimated uniformly in .
Finally, in Appendix C we give several classes of potentials V' for which assumptions (A1), (A2), (A3), (A4)
of Theorem 1.2 hold.

2. Proof of the main result

We begin with the functional analytic framework. The one-dimensional torus T = R/pz is equipped
with the measure dt = ©dA, where d\ is the Lebesgue measure on [0,7]. We use the notation L} (R) =
L*(R,V(x)dz) and L% (R x T) := L*(R x T,V (x)d(z,t)). Note that L? = L%, with equivalent norm since
V is bounded and uniformly positive by (A1). Our goal is to obtain breathers as critical points of a suitable
functional. Purely formally, this can be achieved via the functional

2
= [ V@t - @l ),
RxT

where u: R x R — R is a temporally %—antiperiodic function of time. Note that we have not yet specified
the domain of the functional .J. This will be our next task. First, we decompose u into its temporal Fourier
modes by writing
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u(z,t) = Z ay,(w)ex(t)

k€Zoaa

where ey (t) = " k € Z, is an orthonormal basis of L?(T). Then the functional J takes the form
J(u) = Jo(u) — J1(u),

where

Jo(u) = Z /|ak|2—k2w2V(x)|ﬁk|2 de, Ji(u) = }% / [(x)|uPt d(z,t).
k€Zoaa g RxT

For the operator Lj as defined in (2), we know by (A3) that 0 does not belong to its spectrum. Therefore,
the following constructions are possible. Based on the spectral resolution L = fR AdP, of the selfadjoint
operator L: H*(R) C L% (R) — L% (R) we can define

T = / VA2 dPy,
R

which is an isomorphism /|Lg|: H'(R) — L3,(R). We equip H'(R) with the norm ||v||3;, = [[\/|Lx|v] L2
and thus obtain the Hilbert space Hy. The two orthogonal projections Pki : Hr — Hy, given by

oo k2w?
vt = PHv] = / 1dPy[v], v =P v] = / 1dPy[v]
k2w2 — 00

yield an orthogonal decomposition H; = ’Hg @M, ,v=uv"+v" such that

(o}

/|v’|2 RV (@) ol de = / (= k2?)d (Plo], ) 12
R

— 00

\4

o0
= / ’)\ — k:2w2’ d<P>\[v+ —v7 ], vt +U_>L2 = <v+ —v ot +v_>Hk = Hvﬂ‘ik — Hv_Hj{k.
—o0

For later purposes, let us also introduce the bilinear form associated with Ly by

b (v, w) = /v/w’ — B2V (z)vwdz, v,w € Hy. (3)
R

As we shall see in Proposition 3.1, the proper domain for J is the Hilbert space
H = {u €LY (R x T;R): lully < oo}

equipped with the norm || - || according to

~ N ~ 12
lal3, = D (VILeltw, VILela)rz, =2 Y llaxlls,

k€Zoaa k€Ngaa
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where in the last identity we used the conjugation symmetry @_; = 4 which is a consequence of the
requirement that u has to be real-valued.

The next lemma explains the structure of ‘H and some of its properties, further properties are found in
Lemma 2.6 and Proposition 3.1.

Lemma 2.1. The space H embeds continuously into L%, (R x T) and is complete.

Proof. Recall that 7, is a Hilbert space. Then H := ®yen,,, Hi, with & denoting a direct sum of Hilbert
spaces, is itself a Hilbert space. By definition, we have

H={ueLy(RxT;R): (t)ren,. € H}

Consider the map ¢: H — H given by

(un)] = Y (ur(@)er(t) + up(@)e_k(1)).

k€Nyaa

For (ug)ken, ., € H we calculate

2 2 1 2
[[e[(ur)reNoaalllzz =2 Z l[ullzz <2 Z ( sup k22| [k 3,

keNoaa k€Noaa A€a(L)
2 2
< sup 5 (k) keN |
Aeo(L) |\ — k2w?| SoaallH
k€Ngaa

where the last supremum is finite by (A3). This shows that ¢ is well-defined, that ¢.: H — H is an isomorphism
and that H < L% (R x T) is bounded. O

The orthogonal decomposition of H; = ”HkJr @ H,, now readily extends to an orthogonal decomposition
H = HT & H ™ given by u = ut +u~ with u®(z,t) = > keZona ﬁ,f(x)ek(t) for u € H. We then define
J, Jo,Ji: H—=>R by J=Jy—J; and

Jo(w) = [t |3 = a5, D)

/ L(z) |ulP™ d(z,t).

RxT
Due to Proposition 3.1, J is well-defined and continuously differentiable with
J ()] =2{ut o), —2(u",¢7), — / L(z) |ul’ " upd(z, t) (4)
RxT

for u, p € H.

Remark 2.2. It is clear that functions u = Z‘ k| <k Uk€k (t) with finitely many non-zero Fourier-modes and
where @, € H'(R) has compact support are dense in H.

We note that any critical point of J is necessarily a saddle point, which is heuristically due to the
fact that the quadratic part Jy of J stems from the indefinite wave operator 97 — ﬁx)@% and J{'(u)
is spatially localized. To see this in more detail, fix k¥ € Nygq and an arbitrary element \ € 0ess(L)
for which we may choose a Weyl-sequence (1);cn and a function o;(z,t) = v/2 cos(kwt)y;(x) such that



J. Henninger et al. / J. Math. Anal. Appl. 564 (2026) 130829 7

Jo(pr) = X —k?*w? +0(1) as | — oo. We may assume that supp ¢; C [RT,00) or supp ¢; C (—o0o, R™] and we
only consider the former case. Then J” (u)[@;(-+mX 1), o1 (-+mX )] = 2Jo (1) = J7 (w)[o1 (- +mX ), o1 (- +
mX*)] = X —k?w? + o(1) as [,m — oco. Since suitable choices of A € gess(L) and k € Nyqgq yield positive or
negative values of A — k?w?, we see that J”(u) is necessarily indefinite.

A general tool for obtaining existence of saddle points is given by the Nehari-Pankov manifold, cf. [33,38].
It consists of minimizing J on the set

M={ueH\H :J'(u)|w] =0 for all w € Ru+H }.
For variational problems with a positive definite quadratic part, i.e., H~ = {0}, the construction goes
back to Nehari [32,31], whereas the case of an indefinite quadratic part goes back to Pankov [33]. Pankov’s
method was elaborated by Szulkin—-Weth [38] in a more abstract form, which we use as the main source in
the subsequent arguments. The following properties of J and M are important prerequisites for applying
abstract results from [38].

Lemma 2.3. The following statements hold true:

(i) J1 is weakly lower semicontinuous,

Ji(0)=0 and %J{(u)[u] > Ji(u) >0 foru #0.

J1(u)
lleell 2

For a weakly compact set U C H \ {0} we have limg_, oo

lim, o =0 and lim,_.o % =0.
H

Ji(su) _
2

)

) oo uniformly with respect to u € U.
iv) In case (a) of Theorem 1.2 the map u > Ji(u) is completely continuous from H to H'.

) For eachw € H\H™ let H(w) = Reow+H ™. Then there exists a unique nontrivial critical point m(w)
of J|3(w). Moreover, m(w) € M is the unique global mazimizer of J|y ) as well as J(m(w)) > 0.
(vi) There exists 6 > 0 such that the projection m(w)™ € H* satisfies ||m(w)™ ||y > 6 for allw e H\H ™.

Proof. (iv): Let (un)neny € H and u € H with u, — w in H as n — co. Then for all ¢ € H we have by
Holder’s inequality

|3 (un)lo] = J{(@)l]] < 20T (Jun P~ g — fufP ™ ) || psa

15 @ Pl @) = O = 00

where the convergence follows by the assumption on I', the local compactness of the embedding H —
LPH(R x T) and the continuity of the Nemytskii operator LP*1(R x T) — LPTH(R x T),u — |ulf " u,
cf. [2]. The proof of the remaining claims is essentially contained in [29]. For (i)—(iii) see the proof of [29,
Lemma 5.1] where for Fatou’s lemma the positivity of T" is used, cf. (A1l). For (v)—(vi) we refer to the proof
of [29, Lemma 5.2]. O

Lemma 2.4. The set M is a C'-manifold. Moreover, if My is a bounded subset of M, then there exists a
constant C > 0 with the following property: if u € My, VJ(u) =17+ 0 with T € TyM and o L3y T,M, then

VIl < Cll7ln. (5)
A proof of this lemma can be found in [3]. It shows that M is a natural constraint set for J, i.e., it does

not generate Lagrange multipliers for critical points of J when restricted to M. Indeed, if u is a critical
point of J|r then VJ(u) Ly TyM, hence VJ(u) = 0 by (5).
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The next result provides the important boundedness of Palais—Smale sequences. It differs methodically
in its proof from [29]. In the following proofs, C' denotes a constant that is independent of u but may change
from line to line.

Lemma 2.5. There exist constants C,e > 0 such that
e < |lully < CJ(u)7T for all u € M. (6)
Moreover, any Palais—Smale sequence (up)nen of J: H — R is bounded.

Proof. First, for u € H we have

) = L ()] = =1 /IX@MP“dWJ) (7)

RxT

In the following we use the embedding of H into LPT1(R x T), cf. Proposition 3.1. For u € M, we find
lu (3, = (u,u™),,
=1 J(w)ut] + / L(z)|ulP~ uu™ d(z, t)
H—’
=J' (w)[u—u"]=0 RxT

_pP_
p+1

< IrE” Jul*tt d(z, ) [ut Lo

< CITYIET I ()7 flut e

by (7) and J'(u)[u] = 0. Together with a similar estimate for «~ this implies the second inequality of (6).
Since J(u) < CHuHé’jl for u € M by Proposition 3.1 and u # 0 we also get the first inequality of (6).

It remains to show the boundedness of a Palais—-Smale sequence. Let (uy)nen be a Palais—Smale sequence
for J in H. From the identities

= (un)[u ] = lJuz |13 + /F($)|un|p_1unu77d($at)7

RxT

ﬂ%mm:wma—/rumm*%waam

RxT
we find
_p
p+1
1
laZ )3, < | oryE /rmmwwdmw +o(1) | et
xT
so that
T
lunll < C /F@WWHaaw 11 (8)

xT
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Using the identity J(u,) — 2J” (un)[un] = ;% Jrxr T(@)|un[PT! d(z,t) and (8), we obtain

/ L () |un [P d(z,t) < C(J(un) + [[unln)
RxT

P
p+1

<C | J(un) + (m/ T(x)|u,|PT d(, ) +1
xT

This implies
[ t@lu P et < 0w + 1)
RxT

and, once again with the help of (8),

p+1

lunllsf < C(J(un) +1)
which proves boundedness of Palais—Smale sequences as claimed. O

The next lemma is a variant of Lions’ concentration compactness result, cf. [40]. Since the norm in A
is nonlocal in space, the result cannot be derived in the standard way by combining Holder and Sobolev
inequalities. Instead, one uses the embedding of H into the space H defined by

H={ueL’RxT):ulx,t)= Y dn(x)ex(t), i =t_r Vk € Zoaa, |lullm < oo}

k€Zoaa
equipped with the norm || - | g according to
2. Losr2 A2
lullf = m”uk”L? + k[l ax L ) -
k€Zoaa

The norm in H is local in space and is suited for standard concentration-compactness arguments. In Propo-
sition 2.7, we show boundedness of the embeddings H — H — LP(R x T) for p € [2,4). Next we state the
concentration-compactness lemma. A proof using the intermediate space H and its embedding properties,
interpolation arguments, and R = (J, o,z [ — 7,2 + 7] for r > 0 can be found in [29].

Lemma 2.6. Given q € [2,00), r > 0, let (un)nen be a bounded sequence in H such that

sup / |un|?d(z,t) = 0 as n — oco.
r€2rZ
[z—r,x+7]xT

Then u, — 0 in LY(R x T) as n — oo for all G € (2,00).
Proposition 2.7. Suppose that (A1), (A2), (A3) are fulfilled. Then the following holds true:

(i) The embedding v*: H — H is continuous.
(ii) For every q € [2,4) the embedding i: H — LR x T) is continuous and locally compact, i.e., the map
i: H— LA x T) is compact for every compact set A C R.
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Proof. (i): By assumption (A3), we have § := inf{|v/A — kw|: A € 0(L),k € Ngqq} > 0 and hence
X — k2% = [V — [klw|[VA + |k|w| > 6|k|w
for all A € o(L) and all k € Zoqq. Thus |Li| > dw|k|I on H*(R) and for v € H'(R) we therefore have
1oll30, = (V/1Lklv, V/1Lilv) s, > 6wl [|o]|Z; - (9)
For C > 0 small enough and for v € Hg, k € Zoqa, we therefore find

w?k*C
/lvll2 — k*? of* V(z) da = [|v]3,, > = ||UHL2 :

which implies

- /v 24z > K2u?[v]2
() [ 2

and hence, by rearranging terms,
C
lvll3, > ‘k|||v 22 (10)

For v € Hj,, we have [p [v/|* — k*w? lv]? V(z)dz < 0 so that ]2, < k2w2||v||2L%/ and hence in this case
(10) follows from (9). Having established (10) separately for v* € H; and v~ € H,,, we obtain the estimate
(10) for v € Hy:

C C _ _
sl < o (@Y 1Ze + 107 1172) < lo¥ IRy, + Il 13, = vl
2|k K|

Then (9) and (10) for all k € Z,qq imply the continuity of the embedding t*: H — H.

(ii): First we see that for u(z,t) =3 oz k(w)er(t) we get

1/q/

’
lull oy < Cq | D Il
k€Zoaa

for all ¢ € [2,00] by standard Riesz—Thorin interpolation. With the Gagliardo—Nirenberg inequality for

2<q<4and9:%—%

[vllze < Conllo'[Z:lvllz=%  ve H'(R)
and a triple Holder inequality with exponents (q721), 4(;1;21), and 2(qq:21)7 we obtain

’ ’ ¢ G=3) a3+
lulfogury C S Nuelde <C S Jufl3a® ™7 el
k€Zoaa k€Zoda
-1 (i1 1 (L4l =1
=C Y (K =) G (k| (k| o) G k|

k€Zoaa
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q—2 q+2 q—2
4(q—1) 4(q—1) 2(q—1)

<o > kTl > Ikllluelze > Ikl

k€Zoaa k€Zoaa k€Zoaa

< Cllully-

Note that >, 7 |k|t;T22 converges due to 2 < ¢ < 4. This establishes the continuity of the embedding
I: H— LR x T). For ¢ = 2, the embedding is clear. The local compactness can be seen as follows. First,
we modify 7 by setting ix =0Tk for K € N, where Tk truncates the Fourier series to modes k € Zyqq
with |k| < K. Then ix — [ in the operator norm as K — oo. Using the Rellich—Konradchov compact
embedding theorem in space for finitely many frequencies, we see that I maps compactly into LI(A x T)
for every compact set A C R, and hence the same holds for 7. O

We are now ready to give the proof of Theorem 1.2. We employ the abstract result Theorem 35 from [38],
which provides a Palais—Smale sequence (u,,),en for the functional J that belongs to M and is minimizing
for J|aq. This is possible since by Lemma 2.3 the conditions (B1), (B2) and (i) and (ii) of Theorem 35 in
[38] are fulfilled. At this point, we do not claim that also (iii) of Theorem 35 in [38], which leads to the
Palais-Smale condition, holds. But as we shall see this is indeed the case in case (a) of Theorem 1.2 but
not necessarily in case (b). As a consequence of Theorem 35 in [38] we obtain a minimizing Palais—Smale
(Un)neN in M with J'(u,) — 0 as n — oo. By Lemma 2.5 we know that (uy),en is bounded, and hence
there is u € H and a subsequence (again denoted by (u,)nen) such that w, — u as n — oco. Using that
Up — U in Lfotl
that J'(u) =0

It remains to shows that the limit function u belongs to M (which implies that it is non-zero) and that it

(R x T') and that compactly supported functions are dense in H (cf. Remark 2.2) we deduce

is a minimizer of J on M. For this purpose we give different proofs depending on which of the assumptions
(a) or (b) of Theorem 1.2 holds.

Case (a): By Lemma 2.3(iv) also property (iii) of Theorem 35 in [38] holds and hence it provides a
(necessarily nontrivial) ground state of J|x¢ and infinitely many bound states.

Case (b) — purely periodic case: Let us first assume I'jo = 0 so that we are in a purely periodic setting.
In this case property (iii) of Theorem 35 in [38] does not hold. However, due to the periodic structure,
concentration-compactness arguments can be used, and the proof is essentially the same as in [29]. Therefore,
we only sketch the argument. First, since u,, € M we have J(u,) = ;% Jrwr D(@)|un [PT d(2, t), and using
Lemma 2.5 it follows that 0 is not a limit point of (u,)nen in LPTH(R x T). Then, by Lemma 2.6 with
r = 3 there exist z, € XZ and & > 0 such that for v, (z,t) := u(z + z,,t) we have

/ (o2 d(z, £) > 8 > 0,

,EIxT

[,

B

The sequence (v, )neN is still a Palais—Smale sequence for J, and hence (by Lemma 2.5 and Proposition 3.1)
has a weakly convergent subsequence v,, — v # 0 as n — oo with v € H. Following our observations at the
beginning of the proof, we find that J'(v) = 0 and due to 0 = J'(v)[v] = [[v 1|3, — [[v™||3, — (p+ 1) J1(v) we
see that v™ # 0. Hence, v € M and by a Fatou-type argument we see that v is indeed a minimizer of J on

M.

Case (b) — perturbed periodic case: Now we assume I'jo. Z 0. In this case let us consider two functionals:
next to J = Jy — Ji we also consider JP' = Jy — JI'“" with

JP () = S / Dper(@)ulPF d(z,t).
RxT
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The only difference between the two functionals is that J7'*" < .J; by the assumption I'pey < T = Tper + Dioc.
While the Hilbert space H and the decomposition H = H* @& H~ stay the same for both functionals, the
underlying Nehari—Pankov manifolds are different, i.e., next to M we also have

MP =Ly e H\H ™ : J*'(u)[w] =0 for all w € [u] +H }
together with the two ground-state levels
P = inf{JP"(u): u e MP}, c=inf{J(u): u e M}.

We already know from the previous case that ¢P°" is attained for a minimizer uP® with JP'(uPer) = 0.
Let us show that ¢ < ®°". Associated with M and MP®" we have the two maps m: H \ H~ — M and
mPe: H\H™ — MP cf. Lemma 2.3. Since mP®" (uP®") = uP®" ¢ H~ and u = m(uP*) € [0, c0)uP +H ™,
Lemma 2.3 (v) shows JP(u) < JP'(uPr) = ¢P*. On the other hand, T'joc > 0 implies J(u) < JP(u).
Combining these, we have ¢ < J(u) < JP(u) < JP (uP) = ¢P** as claimed.

Let us first consider the case where ¢ = ¢P°". For the above inequalities to be equalities, I'jocu = 0 and
u = uP®" must hold. But then u = uP® is both a minimizer and a solution since J'(u) = JP'(uP°r) = 0.
So let us assume in the following that ¢ < ¢P°" holds. Based on this inequality let us now verify that c is
attained. As in the purely periodic case we start with the bounded Palais—Smale sequence (u,)pen for J
on M where 0 is not a limit point of (u,),en in LPT1(R x T). By Lemma 2.6 this time for the exponent
q = p + 1 there exists a sequence x,, € XZ and § > 0 such that

/ lun [P d(2,t) > 6

[Tn—% 2nt+3]xT

for all n € N. We claim that due to ¢ < ¢®* we have that 0 is not a limit point of (u, )nen in LT (R x T),
which is enough to conclude that a weakly convergent subsequence w, — wu provides a minimizer u of
J on M (the multiplicity result is then the same as in the purely periodic case). So let us a assume for
contradiction that a subsequence of (u,),en (again denoted by (u,)en) converges to 0 in Lf’otl(R x T).
Then necessarily |x,| — oo as n — co. If we set v, (z,t) = u,(x — zp,t) then (up to a subsequence) v, — v
in # and v,, — v in L” (R x T) and pointwise a.e. as n — oo for some v € H \ {0}. Recalling Remark 2.2

let us take a function ¢ € M with compact support and set ¢, (z,t) = p(z + x,,t). Then

o(1) = J/(un)[@n} = Jé(un)[wn] - chr/(un)[‘:an] -2 / Floc(fc)|un|pilun§0n d(z,t)
RxT

=%wmm—JWMMwwat/rm@—wmmwwwamw

supp ¢

= JP (v)[¢]

+ Lp+1

loc

where we have used that v: — v*, v, — v in (R x T), ¢ has compact support and T'joc(z) — 0 as

|x] — oco. Hence v is a nontrivial critical point of JP°" and belongs to MP°". Thus
L opers
P < TP (v) = TP () = ST ()]
p+1

—rt [ @l e

p
RxT
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1
< PF  fimint / TP () |0 [P d (2, 1)
p— neN
RxT

1
< PF  fimint / T(2)[vn P+ d(z, £)
p—1 neN
RxT

= lim inf (J(un) - %J’(un)[un])

neN

=cC

which contradicts the already established inequality ¢ < ¢P°". This contradiction completes the proof of the
perturbed periodic case.

The multiplicity result can finally be obtained as follows: instead of restricting to 7/2-antiperiodic
functions, we can consider the set of T/2m-antiperiodic functions for m € Nyqq. Note that u being T/2m-
antiperiodic implies that also |u[P~!u is T/2m-antiperiodic. Hence, T/2m-antiperiodicity is compatible with
the underlying equation (1). Assuming 7/2m-antiperiodicity amounts to allowing temporal Fourier-modes
in the set mZoqq instead of Zoqq. We can now find a ground state w,, of J in the set of 7/2m-antiperiodic
functions for every m € Noqq. The set {u,,: m € Nygq} cannot be finite since the (in absolute value) lowest
index of all non-zero Fourier modes of u,, is at least m.

To finish the proof of Theorem 1.2 we show that our obtained critical point u € H of J lies in H*(R x T)
and satisfies the equation (1) pointwise almost everywhere. The proof is based on the ideas of Chapter 6 in
[29]. We present in detail only the parts which differ from [29].

We start with analyzing the linear problem

o L oo
Oy w V(gj)@zw—f.

For this, recall from (3) the definition of the bilinear forms by.

Lemma 2.8. Let f € H'. Then there exists a unique solution w € H to

> bk, pr) = (f, @pwxn forallp € H (11)
k€Zoaa

and ||w|l,, = ||f|ly holds. Further, if f € L}, (R x T) then w € H*(R x T).

Proof. The first statement follows directly from Lemma 6.1 in [29]. For the proof of the second statement
we use the spectral resolution L = fR AdPy to expand

wet)= Y | [anod | @, fwo= 3 | [anif]] @
k€Zoaa R k€Zoaa R
Using that w is a solution to (11) and comparing coefficients, we obtain
. 1 ~
_ iwkt
wiz,t)= Y e /mdP,\[fk] (z)
k€Zoaa R

so that



14 J. Henninger et al. / J. Math. Anal. Appl. 564 (2026) 130829
iwkt iwk 3
8tU) .’E t Z (§] W dP)\[fk} (x)
k€Zoaa R
By the spectral assumption (A3), there exists a constant ¢ > 0 such that

|wk| B |wk| <e |wk|
=R X = [kl [VX + [l )f+|k|w]

for all k € Zoqq and A € o(L). Using Parseval, we conclude

”athi%/(RxT): Z /k2 2V (@) dz = Z / N\ — k2 2) H ’\fk’

keZoddR ke ZoddR L%/(R)
< > /C dHPAfk: £z, oty -
kEZoddR Ly (R) '
Next,
S [ 1ok - kv ar = o | - o ot o, = ol
k€Zoaa g
implies
> [laiPars 3 [ReAv@o? ot ol < @ 10 e + ol
k€Zoaa g k€Zoaa g
and hence

2 N 2
[0sw| 7251y = Z [0 M2 (m) < 00-
k€Zoaa

Together with the fact that w € L?(R x T), cf. Lemma 2.1, this shows w € H}(R x T). O
Weak solutions to (1) are defined as follows.

Definition 2.9. A time-periodic function v € H'(R x T) is called a weak solution of (1) if
[ (w62 = Vo - 1@ ™ o) (w0 =0 (12)
RxT

holds for every time-periodic ¢ € H'(R x T).

Next we transfer the result of Lemma 2.8 to the nonlinear case and show that critical points of J are
weak solutions to (1).

Lemma 2.10. Let u € H be a critical point of J. Then u € H' (R x T) is a weak solution to (1) in the sense
of Definition 2.9.
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Proof. Since u € H is a critical point of J it satisfies (11) with f = TI'(z)|u|P~'u. Moreover, since
we LL(R x T) for all ¢ € [2,00) by Proposition 3.1 and I' € L>(R) by assumption (A1) we see that
f € LY (R x T). Then Lemma 2.8 applies and we obtain u € H!(R x T). Clearly, (12) holds for all ¢ € H,
which consists of %—antiperiodic functions. Since the subset of H identified in Remark 2.2 is also dense in
the set of Z-antiperiodic H'(R x T)-functions, we deduce that (12) holds for all Z-antiperiodic functions
in H'(R x T). Note that (12) trivially holds for all Z-periodic functions in H'(R x T) since then all three
integrands are products of a %—antiperiodic function with a %—periodic function and thus integrate to 0. As
a T-periodic function is the unique sum of a %—periodic function and a %—antiperiodic function, this finishes

the proof of the lemma. O

Lemma 2.11. Let u € H be a weak solution to (1). Then u € H*(R x T) satisfies (1) pointwise almost
everywhere.

Proof. By using difference quotients as is Lemma 6.3 and Lemma 6.4 in [29] we infer 0?u, 0,0;u € L*(RxT).
As in the proof of Lemma 6.5 in [29] we conclude §%u € L*(R x T). O

3. LP-embeddings

This section is devoted to the proof of the following embedding property for the Hilbert space H.

Proposition 3.1. Let (A1), (A2), (A3), and (A4) be fulfilled. Then for every p € [2,00) the embedding
H — LP(R x T) is bounded and locally compact, i.e., H — LP(A x T) is compact for every compact set
ACR.

As H depends strongly on the spectral projections of the operator L, we first develop a functional calculus
for the operator L. In Section 3.1 we give a general description of the functional calculus, cf. Theorem 3.6. In
Section 3.2 we develop a description of the associated spectral measure. This ends in Theorem 3.23, where
we calculate the density of the spectral measure with respect to the sum of the Lebesgue measure (for the
essential spectrum) and the counting measure (for the point spectrum). Lastly, in Section 3.3 we consider
LP-embeddings in a slightly more general setting. Using uniform bounds on (generalized) eigenfunctions
and estimates on the spectrum, we show the embedding result Theorem 3.27, of which Proposition 3.1 is a
special case (with &« = 8 = 0). Throughout this section, we will always assume that the potential V satisfies
(A1) and (A2).

3.1. A functional calculus for L
We describe a functional calculus for the spectral problem
—u" =AV(z)u  for z€R. (13)
Recall that V' € L (R;R) satisfies ess infg V' > 0. We follow [13] and begin with some preliminary notation.
Notation 3.2. We denote the upper half-plane by H = {z € C: Im[z] > 0}, the unit circle by S =
{z € C: |z| =1}, the unit circle except two points by S, = S\ {—1,1}. By a solution to (13) we mean a
function u € WIQO’Cl(R; C) solving (13) pointwise almost everywhere.

Definition 3.3. For A € C, we denote by ¥;(x;A), ¥a(z; A) the solutions to (13) with initial data

Ti(0;0) =1, Wi(0;A) =0,  Uy(0;1) =0, WH0; M) =1
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and write ¥(z;\) = <g; Ei’ i;) We further define the Wronskian

b
Wif.g=fd — g sothat  W[f.g]|’ = / (Lf -9 f-Lg) Vde.

In particular, W{f, g] is constant if f, g both solve Lu = Au.

The following three results about the solutions of (13) can be found in [13, Chapter 9] for the case V =1

and with f%p(x)% + ¢(z) in place of — & put proofs can easily be adapted to the weighted setting.

dz?’
More precisely, the following three results correspond to Theorem 2.4, Theorem 2.3, and Section 5 in [13].

Related is also the work [5] where the authors treat the weighted setting on the half-line.

Theorem 3.4. L is of “limit-point type” at +o0o and —oo. That is, for any A € C at most one linearly
independent solution of (13) lies in L3,([0,00)), and the same holds for L%, ((—o0,0]).

Theorem 3.5. There exist holomorphic functions my: C\R — C such that for each A € C\ R, the solution
uw=Wi(5A) +me(A)¥a(-5A)

lies in L*(£[0,00)). Moreover, we have the identity
Foo
Tm[m.s (A)] = Tm[A] / uf? V.
0

Next we present the definition of a functional calculus for the operator L. It uses the Hilbert space L?(y)
consisting of functions R — C? which are square-integrable with respect to a matrix-valued function u
defined on R. See Appendix A for a definition and basic properties of L?(1).

Theorem 3.6. There exists an increasing function pu: R — R2*2, called the spectral measure, such that the
map T: L2, (R;C) — L?(u) given by

T = [ Fa) 0w ) Vs
R
for compactly supported f € L%/(]R; C) is an isometric isomorphism, with inverse given by
7 g)(@) = [ 9O 0 dpis ()

R

for compactly supported g € LQ(M), where we use Finstein summation convention. Moreover, at points
A1, A2 € R where p is continuous the increment of the spectral measure can be computed as

Az
w(Ag) — () = lim [ M(s+ie)ds
e—0+
A1

where
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M= %Im (m— —my)™ (%(ml—i—m+) %(%—;TQ)}

Let us show that T as above diagonalizes the differential operator L.

Lemma 3.7. Let f € L2, (R;C). Then f € H*(R;C) if and only if Idg -T[f] € L*(p). In this case, T[Lf] =
Idg -T'[f] holds.

Proof. Part 1: First let f € H?(R;C) be compactly supported. Then

T[Lf](/\):/Lf( ) U2 A)de_/f LU(2: ) Vda
_/\/f (30) Vdz = AT[f] V).

Thus Idg -T[f] € L?() and T[Lf] = Idg -T[f]. For general f, we argue by approximation.
Part 2: Now assume that AT'[f] € L?(u), and let g € H2(R;C). Then we have

/f LgVdr = /T[f](/\) - T [Lgl(N) dpij (N) = /ﬂ[f](A)-/\Tj[g](/\) dpsij(A)

R

R
/m Tilgl(\) dp; (A /T UIdg -T[f]] - g Vda.
R R

Since L is self-adjoint, we have f € H?(R;C) and Lf = T~ '[Idg -T[f]]. O
3.2. Description of the spectral measure

Recall that V' is periodic on [R*,0c0) with period X and also on (—oc, R™] with period X ™. In this
section, we use this property to give a better description of the spectral measure p in Theorem 3.6.

Remark 3.8. One can also give a description of the spectral measure in the way we do below when V is
asymptotically periodic at +co provided that the defect from the periodic limiting profiles is integrable. We
avoid this because it creates additional difficulties when considering LP-embeddings.

Definition 3.9. Define the propagation matrix

Uiy \) Uy(y: A (e ) Uz )
Ply2:2) = (‘I’SE,Z;A; W’g%ﬂ%) ' (‘I’ngc;A; ‘P'zgx;kg)

so that any solution u of (13) satisfies

u(y) \ _ [ ul)
() = P (563
for all z,y € R. Further define the monodromy matrices
PE(\) = P(0,z; \)P(z = XF,0; ),

where 2 = R*.



18 J. Henninger et al. / J. Math. Anal. Appl. 564 (2026) 130829

Remark 3.10. The monodromy matrix P*()) is a propagation matrix along one period expressed in terms

of values (;‘,((%))> at z = 0:

PT(\) = P(0,z;\)P(z + X T, 2; \)P(0, 2; \) L.
The same is true for P~, except we move one period towards —oo.
Lemma 3.11. The propagation and monodromy matrices have determinant 1. For each A € C \ R, P()\)

has an eigenvalue p with |p| < 1, and the eigenspace is spanned by (mil()\)>

Proof. We only consider “+”. First, P is well-defined since for y, z > R* and omitting A we have
P(0,y)P(y+ X*,0) = P(0,2)P(z,y)P(y + X T,z + X)P(z + XT,0)
= P(0,2)P(z,y)P(y,z)P(x + XT,0) = P(0,z)P(z + XT,0)

where P(y+ X*,z + X ) = P(y, ) because the differential operator is X *-periodic on [R*, 00).
Next P, and therefore also P+, has determinant 1 since

d 1\ J};)\ )\ LL’;)\ " "
T det (‘I/’igx, /\g \I/zgx, A%) =Wy (z; \) P (x;A) — Y (25 ) Ta(2;0) =0

and at = 0 the determinant is 1 due to the definition of Wy, ¥s.
Lastly let A € C\R. We write v := (1,m4 (X)) " and u = ¥y (-;A\)+my (A\)Wa(-;\) = ¥(-;)\)-v, which is
square integrable near +o0o by Theorem 3.5. By definition of P*(\) we further have for n € N and z > R™

(u(ac +nXt)

o (z + nX*)) = P(z +nX",0)v = P(x,0)P(0,2)P(x + nX ", x)P(x,0)v

= P(z,0)P(0,z)P(x + X, 2)"P(x,0)v = P(z,0)PT(\)"v
and therefore
w(r +nXT) = U(z;\) - PT ().

Since the function u is L%-localized, we have that PT(\)"v — 0 as n — co. As P ()) has determinant 1
and is 2 x 2, we conclude that v must be an eigenvector of PT()) to an eigenvalue p with |p| < 1. O

Lemma 3.12. The monodromy matrices P¥()\) are holomorphic on C. As a consequence, the “singular sets”
Sy = {X € C: PE(\) has eigenvalue — 1 or 1}

are discrete subsets of R. Moreover, there exist open neighborhoods D+ of H \ S+ and continuous functions
p+: Dy USL — C that are holomorphic on Dy with |py| < 1 on H and such that py()\) is an eigenvalue
of PE(\) for A € DL U Sy. If I is a connected component of R\ S+, then one of the following alternatives
holds:

(a) |p£l <1 onl.
(b) |p£] =1 on I and p'y(AN)p+(N) €1(0,00). If I is bounded, py is a diffeomorphism from I to one of the
sets SNH or SN (—H).
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Remark 3.13. Comparing p4 of Lemma 3.12 with p of Lemma 3.11 (which depends on +), we have py = p
on H, whereas p+ can be either p or p~! on —H, depending on the behavior of p+ on R.

Remark 3.14. As we will see in Proposition 3.20 below, intervals of type (a) and (b) correspond to spectral
gaps and spectral bands of L, respectively.

Proof of Lemma 3.12. We only present the “+” case. By [39, §13, Theorem III] and arguments therein,
W, (z; A) are holomorphic functions of A for fixed , and in particular P* are holomorphic. From Lemma 3.11
we know that P*(\) does not have eigenvalues of modulus 1 for A € C \ R. As a consequence of the identity
theorem for holomorphic functions, S; must be discrete.

For A € H, let py()\) be the unique eigenvalue of PT(\) with |py| < 1. Then p, is continuous and can
be continuously extended to p;: H — C. As p, () is a simple eigenvalue of P*(\) for all A € H \ S, the
implicit function theorem applied to det(PT(\) — pI) = 0 shows that p; can be extended to a holomorphic
function in a neighborhood D of H \ S,.

Denote by C the connected component of D \ H touching all of I. Then either |[p,| < 1 on C or |py| > 1
on C. In the first case, the maximum principle shows that |p;| < 1 on I, whereas in the second case we
have |p4| = 1 by continuity.

Let us assume |p4| =1 on I, take Ay € I, and write

P+(A) = p+(Ao) + (A = Ao)" f(N)
where f is holomorphic with f(A\g) # 0. For all h € H and € > 0 we have
1> ps (o + eh)® = 142" RefA” f(Ao)p+ (h0)] + O™ ).

This shows Re[h™ f(Ao)p+(Ao)] < 0 for all b € H, which is only possible when f(Ag)p+(Xo) € 1[0, 00) and
n = 1, and therefore f(X\g) = p/; (Ao) # 0.

As p!, vanishes nowhere on I, p is a diffeomorphism from I to its image py(I) € S,. If I = (A1, A2) is
bounded, we have A1, Ay € Sy and therefore py (A1), p+(A2) € {—1,1}. This is only possible when py(I) is
either SNH or SN (-H). O

As the eigenvalues p4, and in particular the associated eigenfunctions, are central to the functional
calculus, we introduce symbols for them and show a useful identity.

Definition 3.15. For A\ € D, we denote by v+ (\) the nonzero eigenvector of P¥()) to the eigenvalue p (1)),
and let ¢4 (z;A) == v (N\) - U(x; A) be the associated eigenfunction.

Remark 3.16. Note that ¢ solves (13) and satisfies ¢4 (z = XF;\) = pL(A) o+ (2;A) for z = R, for A € H
we have by |p+| < 1 that ¢+ € L?(4[0,00)). Moreover, v4 can locally be chosen holomorphic. In order to
keep our notation short we omit the A-dependency for ¢.

Lemma 3.17. Let A € R with pL(\) € S, and ¢4 (z) = ve(A) - ¥(z; ). Then we have

RT+Xx* R~
— _ p+(N) 2 1 _ _P—(/\) 2
Rt R——X~—

Proof. We only consider the “4” case. Recall that

Loty =gy, G+ (z+ XT50) = pr (N (23 0)
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so in particular LOx¢y = ¢4 + AOx¢4 holds. Since Loy = A¢1 and |py (N)| = 1, it follows that

Rt4x+ Rt+x+
64| Ve = (LOrds — ADrd4) by Vida
R+ R+
R++X+
= / (LOx¢ - ¢4 — Oropy - Loy) Vda
R+
- R++X+
= W[8A¢+v¢+] R+

= W(0r(p+0+), p+0+](RT) = W[Or¢, o1 ](RT)
= 0o P W[d4, o4 ](RY) + (|p1]| = DW[Ord4, 91 ](RT)
=P Wt ¢1]. O

We introduce two coefficients and a singular set to describe the interaction between ¢, and ¢_.

Definition 3.18. Let A € Dy with p1()\) € S.. Then, as ¢ is not real-valued, the functions ¢, ¢+ span the
space of solutions to (13). Therefore, there exist constants r,¢ such that

¢¢ =ro4 + tqi)_i.

We call the number r = r(¢+; ¢+) the reflection coefficient and t = t(¢5; ¢+) the transmission coefficient.
Also we define Sy as the singular set

So={Ae Dy ND_: span{vy(A)} = span{v_(A)}}
on which ¢, ¢_ are linearly dependent, and denote the “large singular set” by S = S, US_ U Sp.

Remark 3.19. Let A € H. Then, as ) is not an eigenvalue of L, the L?(4[0, o0))-functions ¢+ (cf. Re-
mark 3.16) must be linearly independent. That is, H N Sy = () holds. By the identity theorem, Sy has no
accumulation points in Dy N D_.

Recalling Theorem 3.6, we now calculate the density lim._,o M (A + ie) of the spectral measure p for A
away from the singularities S. With this we describe the essential spectrum; the point spectrum is considered
separately afterwards.

Proposition 3.20. The limit

lim M(\+ i)
e—0+

converges uniformly for X in compact subsets of R\ S. If we denote the limiting matriz by M(\) then

WM () = - ( Lo o= 10O PN Loy |v-v+<A>|2|p'<A>‘>
A 3 - ,
21 \|H(6—; 0 161072 (o mroxsy 1S40 N6 172 - —x- 5

holds for A € R\ S and v € C2.



J. Henninger et al. / J. Math. Anal. Appl. 564 (2026) 130829 21

Proof. Part 1: First, let A € H. By Lemma 3.11 we can write v+ (\) = cx(A\)(1,m+(A\))T for some c4(\) €
C \ {0}, and we set wi(N) = cx(A\)"1(mx(N),—1)T. Using the definition of M()) in Theorem 3.6 we
calculate

Im|[m _
wy W0y Mg (\) = [742, wy W— jM;j(N) =0,
e ()]
Tm[m_]
w*,iw%»,jMij()\) = 0, w,viw,,jMi ()\) = —
T ler (M)
Note that the identity
v—;((vv)w —(v-vp)w-)
omy —m_ B s
holds for any v € C2. Therefore, for A € H we obtain
1 Im[m Im[m_
vt My () = —— ( ooy 2zl oy 22l l) . (14)
m|my —m_| le— (V)] e+ (V)]

Before taking the limit, we express (14) in simpler terms. For this, we calculate

(Lés 37— 64+ 132) Vo = = Wb, 5|

r 1
0

>|

009+ 0) = 64 (0)F,(0)) = lex (V)

> Im[m. |
Im[A] ’

>
|-

>
—~

and in the same way also obtain

o Im[m_]

0
/wﬁVM=—munlmﬂ.

Using this,

Wips, d-] = ¢+(0; 1) (0; 1) = ¢ (0: M) (0; ) = ey (N)e— (A) (m—(A) — my (X))

as well as Lemma 3.17, we can express (14) as

o) 0
_ Im[)] 2 2 2 2
VO Mij(A) = ——————= | |v-v_(A Vdr+|v-vi (A _FVdx ). 15
(A) T Wios. o] (I (M O/|¢+| + v v (A)] Zo o | ) (15)

Part 2: For the limit, let \g € R\ S and A € H. Since ¢4 (z + X ) = p;(2)d+ () we have

) R* ) RT4+XT
J1os@nP vae = [lor@f vae+ ——— [ [oumn)f Vs,
J , L—[p+ (V)] e

If |p4+(Xo)| = 1, then by Lemma 3.12 we have p/, (Ag)p+(Xo) =1 ]pﬁr()\o)‘ and thus
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L- |P+(>\)|2 = —2Re[(A — A0)p); (Ao)p+(Ao)] + O(IA — )\0|2) =2 ’PQF()\O)‘ Im[A] + O(|A - )\0|2)

as A — Ag. It follows that

1 R++X+
i 917 (Y| ;)\ 2 Vd 5 )\ = 1’
Im[/\]/\qzﬁ_,_(a:; N|? Vdz — 2|p' (M) R[ |+ (23 Ao) z, |pr(No)l
0 N I+ (o) <1

as A — Ao along curves with |A — Ag|* = o(Im[A]). As Ao & So, we have W oo (-; o), d—(-;Ao)] # 0. So the
remaining terms in the right-hand side of (15) are continuous at Ag. Thus we so far have shown

Ljpe =1y [0 0= P 16417 (e ms 4 x )
21 |W g4, 6-1° |, (V)]
Lo =1} v - U+(/\)|2 H¢—||2L$,(R——X—7R—)
21 |W g, o-]1* |0 (V)]

1_1)%1+ v M (A +ig) =

€

for A € R\ S, and one easily sees that this convergence is locally uniform. Using Lemma 3.17 we have

W, ¢—] = Widy,r(d—; o4 )bt + t(d—; dy )]

_ A
=td—; 0 ) Wlpy, ¢4 ] = t(d—; ¢+)Z,:E/\§ H¢+”i%,(R+,R++X+)

as well as its analogue

~(\)
Wio, o) =-Wp_, 1] = t(¢+;¢_)£,_ G 19-125 (- —x- e

The claim follows from this and (16). O
We complete the description of the spectral measure by considering the point spectrum.

Lemma 3.21. Let A € R. Then p is discontinuous at A if and only if A € op(L). In this case, letting
d(x; N) =v-U(x; \) be an eigenfunction, we have

(Uiv_j)zz,jzl

p(A+) — p(A=-) = P) .
1612 @,
Note that v € Cuy(A) = Cv_(X) holds for X\ € o,(L), and in particular o,(L) C Sy.

Proof. We write Ap(A) = p(A+) — pu(A—).
Part 1: Let p be discontinuous at Ag. For w € C? we have

f=T" 1pgyw] = wi¥%;(-;00)Auii(No) € L (R).

Lemma 3.7 yields f € H?(R) with Lf = \of. Since there is at most 1 linearly independent eigenfunction
@, Ap(Xo) has rank 1. As Ap(Xg) is positive semidefinite and w; Ap;j(Ao)e; € Cv there exists r > 0 such
that Ag;;(Ao) = r7;v; holds. It remains to check the value of r:
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2 4 2
=l lgl2s -

rlol* = u15805500) = [0y = 177 Bl = |

Note that ¢ is a multiple of a real-valued function since it is an eigenfunction to a simple real eigenvalue.
Hence v is a multiple of a real vector and in particular v;v; = v;U; holds.

Part 2: Now let Ao € 0,(L) with eigenfunction ¢. Then AoT'[¢](A) = T[Lo](N) = AT[¢](N) for X € R by
Lemma 3.7 and therefore T[¢] = 15,3 w for some w € C2. As

2 2 __
0 < 16125, = 716122 = wiT7 Apig (o),
1 must be discontinuous at \g. O

Notation 3.22. In the following, for A € o,(L) we denote by ¢y and vy the eigenfunction and eigenvector
from Lemma 3.21.

Let us conclude this subsection by explicitly writing down the L?(p)-norm.

Theorem 3.23. Let f: R — C? be measurable. Then

1 Lijpe =1} [FO) -0 (N [ (V)] N Lip o=ty FO) o (N o (M)

2 |
17120 = 5= ar

t(d—: 64 ||¢+||L2 wrrixny  10040) 6= 172 (m-—x- 5y

Ly U ml >|.

Aeop(L) H(bOHL2

Proof. By Lemma 3.12 and Remark 3.19 the set S is at most countable and its complement has at most
countably many connected components. Let us write! S = {\,: n € N}, R\ S = U,enI,. It follows that

112 = Do 1AL + Do 1FOW L 2

neN neN
Lemma 3.21 shows that the second series is equal to
2
3 |f(A) - vo(N)]
T R
Aeop(L) ||¢0||L%,(]R)

For the first series, let n € N and [a,b] C I,,. By Theorem 3.6 and Proposition 3.20 we have
b
/M( JdA = lim [ M(A+ie)d\ = pu(b) — p(a).

e—0+4+
a

As a, b were arbitrary, it follows that
/fz f] z] d>\ /fz fj d//w]( )

holds. Summing over n and using the formula for M (\) given in Proposition 3.20 completes the proof. O

! For simplicity of notation, we assume that both sets are countably infinite.
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3.83. Embeddings

Let us generalize the torus T to a measure space Q and —0? to a formal symmetric operator £ on {2
satisfying Lep, = Vkek, where (e)ren is an orthonormal system in L(2) and v, > 0. For k € N, set
fQ x,t)eg(t) dt. We consider the differential operator L — £ on R x Q, with L acting on € R

and ,C onte Q. We asbomate to it the sesquilinear form

b(u,v) = / (L= L)yu-v) V(z)d(z,t) Z / — vp) T[] (N) - T [06](N)) dpaij (A).

RXQ keN g

Next we give the domain of the above form.

Definition 3.24. Using the closed subspace

Li,,) = {ue Ly(R x Q): u(z, -) € span {ey: k € N}}

={ue LER x Q): u(z,t) = Z ay (z)er(t) }

keN

of L (R x ), we define the domain H of b by

H= {u € L%ek): ||u||?H = (u,u), < oo},

where

(u,v)g =) /(I/\ — vi| Tila] (A) - T5[06] (V) dpaig (A).-

keN g
Our main goal is to investigate embeddings H < L, (R x ). We use interpolation in p. The end point
p = 2 will be trivial, and we prepare p = oo by first showing L°°-bounds for the spectral density as well as

eigenfunctions.

Lemma 3.25. There exists a constant C > 0 (independent of \) such that

l6— I e i)

<
t(o—; 0 10+l 2 (r+ R4 x+)

holds for all X € R\ S with p4(X\) € Si, analogously

[0+l L (r) e
t(o+; ) 10—l 12 (r-—x- r-)

holds for A € R\ S with p_(X) € Sy, and lastly

I boll o= R

— < C
I¢oll 2 m)

holds for A € ap(L).
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Proof. We consider the first inequality, and calculate
Wg—,0-] = Wlrey + t65, 705 +164] = (Ir* = [t7)Wo+, b4 ).
Let us show that |r(éd—; ¢4 )| < [t(¢d—; ¢4)|. For this, by Lemmas 3.12 and 3.17 we first have

p+(N)

()\) ||¢+HL2 (R+,R+4+X+)2 S i(—oo,()),

[¢+a ¢+]

Case 1: Assume p_(\) € S,. Then these lemmas also show W[¢p_, ¢_] € i(0, 00), so we even have |r| < |t|.

Case 2: Assume |p_(A)| < 1. Recall that ¢_(z — X~) = p_(A\)¢_(z) holds. As this equation has at most
1 linearly independent solution and p_(A) € R, we see that ¢_ is a real-valued function up to multiplication
with a complex scalar. Therefore W¢_,¢_| = 0, and in particular |r| = |¢|.

Thus |r| < [¢| holds. Using semiperiodicity of both ¢4 and ¢_ in their respective regions as well as
Proposition B.1, we then estimate

16-lloe =0l oe (- —x- 00) = IO+ + 104 || e (- —x- c
S 20t 94+l oo (r-—x-00) = 2t |94+l oo (- —x— R+ x+) S [EHO+] 2 (r+ R+ x+)

uniformly in A.
The second inequality can be shown in analogy to the first. So let us consider the third inequality. Here,
using semiperiodicity of ¢g on both (—oco, R™) and (R", o) as well as Proposition B.1 we find

[#olloe = lY0ll oo (R-—x - R+ x+) ||¢’0||L2 (R-—X— Rt+x+) = ||¢0HL2 ®) U

Using the bounds of Lemma 3.25 we obtain a sufficient condition for boundedness of LP-embeddings.

Lemma 3.26. Let p € (2,00], let (IF

neN enumerate the connected components of R\ Sy on which |py| =1

holds, and assume that

Ci=> erlZ | D dist(w, LN ™"+ > dist(ve, I,) "+ Y | — A" | <o (17)

kEN neN neN Aeap(L)
where s = L. Then the embedding H — LY, (R x Q) is bounded.

p—

Proof. Observe that the map

E:H L2, urs > en(T A — v Tla (V)] (x)
keN

is an isometric isomorphism. Set mg(A) = |A — v| 2 and for 6 € [0,1], ¢ = 25 we consider the map

Lo: L( o~ Ly (R x Q) um Z ex ()T m{ T[] (V)] (2).
keN
Our goal is to show that 1p o E: H — L{,(R x Q) is bounded for # € [0, 1] and ¢ = 125 using interpolation.

If we then set 6 = g we get p = ¢, tp o E = Id and thus the proof will be finished.

Part 1: First, let 8 = 1, ¢ = co and assume that u € L%ek) has finitely many nonzero modes @ and that
T'[ty] is compactly supported for all k. Then we calculate
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[ul(z, )] = > e m (M) W;(5 A) dpij(A)
P i ( / k( 2

1/2 1/2
(Z|T ||L2;¢)> (Z6k(t)|2||mk(~)‘1’($;-)|iz(u)> :

keN keN
Note that the first term is

2 2
Z 1T [k ||L2(M) = Z ||UkHL%/(R) = ||UHL§e

W
keN keN

Now we consider the second term. Using the identities ¢u(z;A) = U(z; A) - v (A), do(z;A) = U(z; A) - v(N)
as well as Theorem 3.23 and Lemma 3.25 we obtain

m ()@ (@5 )22,

_ 1 / Lijp, =1 Ime V) [6- (@) [p. (V)] L+ Me-oyi=1y me (V)1 |6+ (@) o2 (V)] O\

27TR\S t(p—; b4)| ||¢+HL2 (R+ R+ +X+) (5 0-)? ||¢—||i%,(R*7X*,R*)
n Z mi (V) |go ()|
Aeop(L) H(bOHL2

/|mk (Lo =1y [P + Lo =gy [PZ V) dA+ D fme (V[
R\S A€oy, (L)

uniformly in &, z. Using Lemma 3.12 we can further estimate

TRV EAREIES Sy ATNCY JPACVER

R\S ’YLENI+
<Zdlst v, It /|pJr ’d)\
neN
I’L
< Z dist(vg, L)
neN

with similar estimates for the other two terms. Recalling the definition of C, we so far have shown
leafulll, S C* lulls, | (18)

for u € L( 0 with compact frequency support. By density, (18) holds for all u € L2e

Part 2: For =0and g =2, 1: L(e ) — L% is the identity map. By interpolation, cf. e.g. [26, Chapter 2],
the map tg: L% s LY (R x ), g = 125, is bounded for all § € [0,1]. The claim of Lemma 3.26 follows by
setting 6 = ; since for this choice (g E is the identity map and p = ¢ holds. O

Theorem 3.27. Let N € N and assume for the eigenvalues vy of L that #{kz: Vi € B} < N for any

interval B of length 1, which implies that (vy) grows at least quadratically. Generalizing (A8) we assume
additionally

inf{‘ﬁ—\/ﬁ‘ : keN,Aea(L)} > 0.
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Moreover, assume o, > 0 exist such that the eigenfunctions of L satisfy |lex| . < z/k%, and generalizing
(A4) assume for the point spectrum of L that

Z AT < o0

Xeop(L)

holds for r > % + B. Then the embedding H — L}, (R x Q) is bounded and H — LY,(A x Q) is compact for
allpe 2,2+ %—&-B) and A C R compact.

Proof. Set ¢ = mf{’\f \/_‘ ke N,\e U(L)} and s = ﬁ > 14 2a + 28. We show that the
assumptions of Lemma 3.26 are satisfied.

Part 1: We estimate the spectral bands I,;. By definition, for A € {min I;’, max I.'} we have p,()\) €
{=1,1}. Therefore there exists an X-periodic or X-antiperiodic solution ¢ of the problem

1 d?

TRt = ot 2X) = o) (19)

If we enumerate the eigenvalues of (19) in increasing order by (/\ )jen, we get in particular
Z diSt(Z/k,I:)_s S 2 Z ‘I/k - )\;_‘75 .
neN jeN

Moreover, using that the eigenvalues of the 2X-periodic Laplacian are 0, %, £,2%,2%,... (with eigen-

functions 1,sin(%5¢), cos(5F ), sin(25¢), cos(25F), ... ), by the Min-Max-Principle (cf. [37, Chapter 11.2, The-
orem 1]) we have

- ¢ X W/[* da
"= in p
J 1 (R 2X 2 +
s i I o Vo
N
1 . fOQX lW/|* dz 1 T |2
> —7— inf Sup =55 = T .
[Voeelloo e ®) wey [P juf de [[Voer| o \ X
dim(Y)=j u#0
Part 2: The following estimates are inspired by [29]. First, we estimate the double sum via
5™ e, 3 sl 1) S 3 Il 3 31
keN neN keN JjeEN
:Z|I/k|az‘\/l/ — Aj‘_s‘\/yk‘i‘\/A;‘_s
keN jeN
< Z max{/Af,0} " Z el [Vor — AT
jeN keN

Next, observe that for each k € N we have /vy, € (J,o_o[m, m+1) as well as /v — )\+ el m, m+1).

Together with the assumption on the number of eigenvalues per interval of length 1, we use this (combined

m——oo[

with a separate consideration for m = —1,0) to estimate for fixed j
STl Vim = AT <20 > [V - ,/ﬁ < 29(\F)* 2N (5 S 4 Z m- > ,
keN keN

lve|<2at
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>l v yN T < (1-g) X vm T < (1-g5) 2N (6 3 m> |

keN keN
lve|>22F

Therefore we obtain

S max (0001 D0 Il [V = AT < 0 max AT 8} 09)7)

jeN keN jeN

where the right-hand side is finite since )\;' > (j —1)? by part 1 and s — 2a > 1 by assumption.
Part 3: So far, we have shown

> lelz > dist(vg, 1)) 7 < o0

keN neN

By the arguments above, this also holds for I, and we have the estimate

SllerlZ, D> AT <0 Y max{VA s} (1+A%)

keN A€o, (L) A€oy, (L)

which is finite by assumption.
Part 4: Tt remains to show local compactness of the embedding F: H — LP(R x ). We only consider
p > 2 and take A C R compact. For K € N consider

K
Ex:H = LH(Rx Q) urs > er(t)i(x).
k=1

As the map H — H*(R),u > 4, is bounded for each k, Ex is a compact operator. A small modification of
Lemma 3.26 shows that ||E — Ek|| < C# where

Cro=Y llexlls | D dist(ui, L) ™"+ > dist(ve, L)+ Y =A™

keN neN neN A€oy, (L)
k>K

As the series in (17) converges, Cx — 0 as K — oo, and therefore the limit E: H — L}, (A x Q) is also
compact. O
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Appendix A. Vector-valued L2-spaces

Following [16], we give a definition of the Hilbert space L?(u) appearing in Section 3 where p is an
increasing matrix-valued function.

Definition A.1. We call a function p: R — C9*? jncreasing if u(y) — p(z) is Hermitian and positive semi-
definite for all y > .
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Lemma A.2. Let ji: R — C%? be increasing. Then the coefficients wij are locally of bounded variation, and
hence there exist C-valued measures v;;, defined on the bounded Borel subsets of R, which are o-additive

/@dﬂij :/@dl/z‘j

R R

for sets with bounded union, such that

for all ¢ € C.(R). Here, the left-hand side is a Riemann—Stieltjes integral.

Proof. By positive definiteness, for y > = we have

i (y) = iz ()| < \/(un(y) = i () (g5 () = pj (@) < 5 (maiy) — pas (@) + 1 (y) = pj5(@)) -
Since p; and pj; are increasing, it follows that
i | pypae < 5 (i (b) = pii(a) + w5 (0) — pjj(a)) < oo

Existence of the measure p;; then follows from the Riesz—Markov—Kakutani representation theorem, see e.g.
[34, Theorem 6.19] O

Definition A.3. Let pu: R — C%*? be increasing, v;; be the measures from Lemma A.2, and f: R — C¢ be
Borel measurable. Let v be a o-finite Borel measure on R such that all v;; are absolutely continuous with
respect to v. Then define

_ —du;;
Hf||2L2(,L) ::/fifj dpiz(A) ==/<fifj dyl,]) dv,
R R

dg;" is the Radon—Nikodym derivative.

where we used Einstein summation convention and

Remark A.4. By [16, Lemma XIIL5.7], the matrix (d;':] )ij is positive semidefinite v-almost everywhere.

Hence, the last integrand above is nonnegative and therefore the integral exists in [0, 0o]. Note that such
v always exists and that the L?(u)-norm does not depend on the choice of v. One can for example take

d
v(E) = sup,en Zi,j:l lvij| (BN [=n,n]).

Definition A.5. Define L?(p) as the quotient space

L (p) = {f: R — C measurable’ (FAIPPYIRS oo} /{f: R-+C4 meas. 1712,y =0}

By [16, Theorem XIIL.5.10], L?(u) is a Hilbert space with inner product
— __dvy
(91200 = /figj dpij (A) :_/(figjd—yj> dv.
R R

Remark A.6. Multiplication with matrix-valued functions need not be well-defined on L?(z1). Consider for
example

A=A 1 0
M()‘> = <_)\ A ) € CQXQ? M = (0 _1)7
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so that Hf||L2(u) = g lfi— f2I? dX. In particular, (g,¢)T = 0 in L?(u) for arbitrary measurable g, whereas
HM g,9 THL?(#) 2 Hg||L2 ®R) need not be zero, nor finite. On the other hand, multiplication with scalar-
valued measurable functions m: R — C is well-defined, and in addition ||mf||L2(#) < SUP.eRr |m($)\'\|f||L2(ﬂ)
holds.

Appendix B. Eigenfunction bounds

In this section we discuss uniform estimates on functions u solving
—u" =AV(z)u for z€l (20)

on a compact interval I and with A\, V positive. For Schrédinger operators, uniform eigenfunction bounds
with respect to A of the type [Ju|| . S ||u||, are known, cf. e.g. [24]. These can be transferred to the weighted
eigenvalue problem (20) using the Liouville transform if V is twice differentiable. However, here we show a
generalization of this inequality under the weaker assumption that V is of bounded variation.

Proposition B.1. Let I,J be bounded intervals of positive length with J C I, and V € BV (I) with
ess inf; V > 0. Then there exists a constant C = C(I,J,V) > 0 such that

||“||Loo(1) <C ||UHL2(J) (21)

for all X\ > 0 and all solutions u to (20).
Note that the reverse inequality ||ull p2( 5y < |[ull 2y < \T|1/2 [ull oo (1) always holds.

Proof. Part 1: For fixed A € [0, 00), inequality (21) holds since the space of solutions to (20) has dimension
2 < oo. As the space of solutions to (20) depends continuously on A, so does the optimal constant C' in (21).
Therefore it suffices to show that C' can be bounded uniformly as A — oo.

Part 2: We use a change of coordinates similar to the Liouville transform, replacing (u,u’) by (¢1, d2).
For this, let a == inf I, u := v/\, and for x € I set t(x f V'V (s)ds as well as

o) = (Smlptel) o)) (),

or equivalently

(%m):( cos (it (x)) sin(ut () )wm
u'(z) —p/ V() sin(ut(z))  pr/V(x) cos(ut(x)) '
We assume without loss of generality that I, J are open.

Let z,y € I with y > x. We calculate

e () o ()

/w$(£ﬂﬁgvd<ui%0

P(y) — o(x) =
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Yy

+ [t (Sntente))) + vVt (o)) as

x

= /y D (S a (v,

x

Applying the triangle inequality to the above integral we obtain

ol <lot@lly+ [ (22)

[=,y]

where v is the total variation of the Lebesgue-Stieltjes measure associated with V=2, Note that v is finite
with v(I) < Var(V~"2,I). Since v’ is continuous and

A= VG| (ot oo

holds for s € I, we can apply the Gronwall inequality from Lemma B.2 to (22) and obtain

< IVIIL 16(s)l, (23)

6wl < lo@)lyexp (IVIIL v(lz. o))

for y > x. Setting E = exp <||VH(1>/O2 V(I)), we have in particular

6(y)ly < Elo(2)l, (24)

for y > x. A similar argument shows that (24) also holds for y < x.
Part 3: Let us now estimate the L and L2-norm. For this, choose some ¢ € I. First, we have

[ull poe (ry < max|@(2)l, < E[S(E)]5 -

Now consider the L?-norm. For ¢ > 0, define an increasing sequence of points z,, € J by xy := infJ
and x, = sup{z € J: v((zp-1,2)) < €} for n € N. If &, < supJ holds for fixed n € N, we have
v((Xp-1,2n)) < e <v((zn-1,2n]) and therefore

E ((j—1,xj]) > ne.

v()

Hence the above iteration terminates after N < [ ] steps, and thus yields a partition inf J =z < z1 <

- < ay =supdJ of J with v((z,—1,2,)) < & for all n. For arbitrary &, € (z,—1,x,) we calculate

J
-5 T (st oo
5 T () ol o5 ] vttt

T Tp—1 —
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We estimate the terms separately. For n € {1,..., N'}, using integration by parts we have
7 (Snterte)) - oten e ds
= 7 %COS(M(S)) (Iqﬁl(fn)l2 - |¢z(£n)\2) + sin(2put(s)) Re[d1(€)p2(€)] ds
- i ;(s) (sin(2pat(s)) (Jor(€n)I” ~ o2(€0)I*) — 200s(2,ut(s))Re[¢1(gn)m]>]:1
- i 7 (Sin(2ut(5)) (I¢1(£n)\2 - |¢2(€n)l2) — 2cos(2ut(s)) Re[qsl(gn)m]) d <V<S)—1/2) _
This and -

< |6(&)l3

sin(9) (161 (&n)* = [92(&0)I”) — 2 cos(60) Relgn (€n)02(€x)]

allow us to estimate

I (i) ot = =t oten - 288 (o =]+t
> It () - "‘jj L (2l +vi).

For the second set of terms, we use (23) to estimate

T

/ 16()]5 + [6(En)la) [6(5) — DEn)l, ds

< v () o)

< 216y (@ — 0e) IVIIL SN v((@n1,20))
<2 V2 E? | ¢ (2 — n1).

Summing up all estimates over n, we get

ot s (o - (5 v

The partition of J (and therefore N) depends on € but not on p = V'A. Therefore, choosing ¢ sufficiently
small, the constant appearing above is positive for large A. This shows

D) 2= VI ) ole)

lull oo 1y S 12(E)]2 S Nlull p2(ry

for large A, completing the proof. O
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Lemma B.2. Let I be an interval, f,g: I — [0,00) be maps, v be a locally finite Borel measure on I, and
C > 0. Assume that g is continuous with g < C'f and

() < f(z) + / gdv

[=,y]

holds for all y > x. Then we have

fly) < fz)exp (Cr([z,y]))

for ally > x.

Proof. Fix y > x and € > 0. As g is uniformly continuous on [z,y], we find 6 > 0 such that |a —b] < ¢
implies |g(a) — g(b)| < ¢ for a,b € [z,y]. Further choose a partition z = 29 < 1 < -+ < 2, = y such that
[T — Tm—1| <6 for m € {1,...,n} and v({z,,}) =0 for m € {1,...,n — 1}. We then calculate

F(m) < f(@ma) + / gdv

[Imfl’wm]
< f@m-1) + (9(@m-1) + e)v([Tm-1, Tm])
< flzm )(1+OV([xm 17xm]))+5y([$m—1axm])~

Inserting this inequality into itself for m = n,..., 1, we obtain
f(y) Sf(fll) H(l—i_cy([xm*laxm +EZ *Tm 17-75m H <1+CV([xj*17xj])>
m=1 j=m+1

< f(x) exp(Cv([z,y])) + ev([z,y]) exp(Cv([z, y]))

and the claim follows by letting e — 0. O

Remark B.3. A similar, more general result, which does not require continuity of g but uses half-open
integration intervals can be found in [18, Theorem 5.1].

Appendix C. Examples

We analyze the spectrum of L = 7%% in more detail and present examples of V such that our
assumptions (A1)—(A4) hold. First we observe a qualitative result for the spectrum of L.

Lemma C.1.
2
(a) Uess(L) = Uess( ﬁ dx2) U esg( m#)
(b) The spectral bands oess(L) consist of purely absolutely continuous spectrum of L and edges of the spectral

bands are no eigenvalues of L.
(c) Bvery gap of 0ess(L) contains at most finitely many eigenvalues of L.

Proof W.lo.g. assume R~ <0 < R*. We follow the ideas of [4] and introduce the following notation: Let

LY., be a self-adjoint realization of — V+ @ <5 in L2((0,+00); V;5,) and let Ly, be a self-adjoint realiza-
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tion of _v—l.(m) % in L?((—00,0); Vi,). We denote by L a self-adjoint realization of —%%|(0,+m) in

L2((0,+00); V) and by L~ a self-adjoint realization of —ﬁdd—;ﬂ(—oc,o) in L2((—o00,0); V).

(a) By Theorem 2.1 in [4] we have JCSS(Ll-fer) = 0oss(LF) and LT are bounded from below. Next we show
that the resolvent difference of L and L™ @ L™ is an operator of rank at most two. Since L™, L~ and
L are bounded from below, resolvent operators exist for some constant x > 0 large enough and we can
write

(L4 kD)™ = (L™ LT+ kD)) f =w.

We set (L+kI)u = fand (L~ @LT+xI)v = f and hence w = u—v. For the restriction on (0, 00) we have
(L + kI)w|(,00) = 0, therefore w|(g o) lies in the kernel of (L + xI)|(9,o0) Which has dimension at most
one since L + xI is of limit-point type at +o0o, cf. Theorem 3.4. The same holds true for the restriction
on (—00,0). By Corollary 11.2.3 in [14] we obtain gess(L) = 0ess(L™ @& LT) = 0ess(Lpey) U Tess (Lifey)-

(b) See the proof of Theorems 1.1-1.3 in [4].

(c) By Theorem 2.3 from [4] we know that every gap of 0ess(LT) contains at most finitely many eigenvalues
of LT and therefore also every gap of ges(L™ @ LT) contains at most finitely many eigenvalues of
L= @ L*. Since the resolvent difference of L and L~ @ LT is an operator of rank at most two we
conclude by Theorem 3, Chapter 9.3 in [6] that in each gap of oess(L) the operator L gains at most two
more eigenvalues compared to the finitely many eigenvalues of L™ @ L™ in each gap of ooss(L™ G LT). O

C.1. Purely periodic case

As potential V' we consider a positive periodic step function Vye given as follows: take a partition
0=10p <6 <--- <Oy =1 of the interval [0, 1] and positive values a1,...,an > 0 to define

Voer(z) = a; for x € 0,1 X,0,X)and i =1,...,N (25)

and extend Vje, periodically to the real line with period X. First, we note that our assumptions (A1) and
(A2) are satisfied by definition of Vje;. Moreover, by Theorem 5.3.1 in [17], 0,(L) = 0 and hence (A4) is
fulfilled.

Lemma C.2. Let q; == \/a;(0; — 0;—1)X fori=1,...,N. Assume that there is T > 0 such that
4¢; € TN, i=1,...,N
and suppose that
4qi; € TNoaa
is satisfied for an even number of indices 1 < 11 < iy < -+ < ioy < N and no others. If moreover
Ay Qg

o = iais 7 Gign oy £1, (26)

iy Qiy * * " Qi
then (A3) is satisfied for w = 2% and V = Vper from above.

Proof. We denote by P;()\) the weighted monodromy matrix such that any solution of —u” = Aa;u on
[0;-1X,0;X] satisfies
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(/380) - ()

It is given by

PR cos(\/Xqi) \/% Sin(\/XQi)
Pi(A) = (— a;sin(VAg)  cos(VAg;) ) 2

and as a function of v\ it is ?1—” periodic. Since ¢; € %N it is in particular also 8T’T—periodic. The weighted

i

monodromy matrix P(X; Vper) of the full problem —u” = AVjer(2)u on [0, X] is then given by
P(/\7 Vper) = PN()\) o P1<)‘>7

which is 4w = 8T’T—periodic as a function of v/. Following Chapter 1 and Section 2.1 in [17], we know that

1 d?
- )= R: |tr PO\; Vier)| < 2
7 ( Vper(x) dl’2> {)\ © |tr ()\7 Vp )| }

where we use that the weighted monodromy matrix P(\; Vper) and the standard monodromy matrix are
similar and therefore have the same eigenvalues and the same trace. In order to check that (A3) holds, the
4w-periodicity with respect to v/A implies that it suffices to check that | tr P(w?; Vper)|, | tr P(9w?%; Vier)| > 2

since w, 3w are the only odd multiples of w in the periodicity cell [0, 4w]. If we insert k%w?, k € Nyqq into
P;(\) then the assumptions yield that

1
Pi(k2w?) = + (_3@_ JS—) if 4¢; € TNogq and  Pj(k*w?) = £1d if 4¢; € TNeyen.
By definition of the indices i1, ..., 42, we have
2 2 2,2 ‘:Jil 0
P1J+1(kw)P1J(k;w)::l: 0 iy
aij
and obtain
0
P(k*w?; Vper) = £ (*{)a L) (29)
NG

so that | tr P(k?w?; Vper)| > 2 by (26). Therefore, assumption (A3) holds. O

Lemma C.3. Let ¢; = \/a;(0; — 0;,—1)X fori=1,...,N be pairwise rational multiples of one another with
greatest common divisor q = ged(qy, . ..,qn) defined as the largest positive number such that all g; are
integer multiples of q. If % € Noaq is satisfied for an even number of indices 1 < i1 < iy < -+ < gy < N
and no others, and additionally

Qi Agg -

© Qg 7& 1

Qiy Ay~ Qg
holds then the assumptions of Lemma C.2 hold with T' = 43 for any k € Noqq.

Remark C.4. One can check that the conditions of Lemma C.3 are not only sufficient but also necessary for
Lemma C.2.
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Proof of Lemma C.3. The condition 4¢; € TN for all i = 1..., N means that % is a common divisor of the
¢i, and is therefore equivalent to % = £ for some k£ € N. We now have to check condition (26), where we

have
4q; € TNygqa < k% € Noga <= k € Ngygq and % € Noaq-

Thus, for even k we have m = 0 in Lemma C.2 so that (26) is false, whereas for odd & the indices i1, .. ., iom
of Lemma C.2 coincide with the indices of the current lemma, so that (26) holds by assumption. O

Remark C.5 (Two-step and three-step potentials). Let N = 2 and assume that a1,a2 > 0, 0 = 6y < 6, <
0> = 1 satisfy the assumptions from Lemma C.3. This means that Z—f = * with r,s € Noqq coprime and
T e ﬁ with the greatest common divisor ¢ = %1 = %. These conditions coincide with those stated in
[23] on admissible ranges of breather frequencies and material parameters for the case X = 2.

In the case N = 3, assuming ai,a2,a3 > 0 and 0 = 0y < 07 < 03 < 03 = 1 satisfying the conditions
from Lemma C.3 means (up to a permutation of the ¢;) that g—f = * with 7,5 € Nyqq coprime, g—i’ =T
with 7 € Neyen, § € Nogq coprime and a; # ao. Further, the greatest common divisor is given by ¢

| o=

ged(q1, g2, q3) = lcm‘]ﬁ where lcm denotes the least common multiple.
C.2. Perturbed periodic case

Next, we want to analyze the spectrum of L when V is a perturbed periodic potential and focus on two
different cases.

C.2.1. Interface of dislocated periodic potentials
Let Vper be given by (25) and for Vj,d > 0 consider

Vper (), x <0,
V(ZL') = V07 0<z< d7
Voer(x —d), d< .

We observe that our assumptions (A1) and (A2) hold by definition.

Lemma C.6. Assume that Ve satisfies the assumptions of Lemma C.2 and that for the same value of T we
have 4qy € TNeyen with qo = +/Vod. Then (A3) and (A4) hold.

We give the proof together with the proof of Lemma C.7 since they are based on the same idea.

C.2.2. Interface of periodic potentials
Let Vit and V. be different periodic potentials given by (25). Consider now the case

per per

V. , <0,
V(l’) _ pjr(aj) z
Viob(x), x>0.

Note that assumptions (A1) and (A2) hold by definition.

Lemma C.7. Assume that VX, both satisfy the assumptions of Lemma C.2 for the same value of T with

per

values o from (26). If additionally at,a=™ > 1 or a*,a™ < 1 then (A3) and (A4) hold.



J. Henninger et al. / J. Math. Anal. Appl. 564 (2026) 130829 37

Proof. Observe first that according to Lemma C.1 and Lemma C.2 we know that (A3) holds for the essential
spectrum of L and hence it remains to verify (A3) and (A4) for the eigenvalues of

—u" = AV(z)u for z € R.

In the following we use from Lemma C.2 that the square root of the spectrum of L., is periodic with

. _ 8
period 4w = 7.

Interface of dislocated periodic potentials. In analogy to (27) we define the weighted propagation matrix
Py()\) for solutions of —u” = AVou on [0,d]. It takes the form as in (28) and hence, as a function of v/,
it is periodic with period i—:. By the assumption 4qy € T Ngyen it is co-periodic to the propagation matrix
P(\; Vper) of the periodic potential Vje,, which has period 4w = ST”.

Let us consider a value A € 0,(L). By Lemma C.1 we have A & 0ess(L) and hence | tr P(X; Viper)| > 2.
Then, P(X; Vper) has two distinct real eigenvalues p(A), p(A) with [p(A)] < 1 < |p(A)] and corresponding
cigenvectors v(\),5(\) € R2. We note that p(\), 5(\), Ru(\), RG()\) are 4w-periodic as functions of v\
(inside the resolvent set of Lper). If A € 0,(L) is an eigenvalue with L?(R)-eigenfunction ¢, we necessarily
have (vVA¢(0),#'(0)) € Ro(N) and (VAp(d), ¢'(d)) € Ru()\) and therefore Po(M\)5(\) € Ru()). Since this
condition is also 4w-periodic as a function of v/ we see that op(L) has the same finite number of eigenvalues
in every interval of length 4w. This already implies (A4). For (A3) we only need to check that k*w? & o, (L)
for k € Noqq. From (29) we see by the structure of the propagation matrices that

a>1 — v(kw?) = <(1’> (k2w?) = (é)
and
o<1 = v(kw?) = <(1)> 3(k2w?) = <(1))

up to rescaling of the eigenvectors. Since Py(k?w?) = +£1d, we get k*w? ¢ 0, (L) and hence also (A3) holds.
Interface of periodic potentials. The considerations are similar to the previous case. As before, we denote

by P(\; ij;r) the propagation matrix for Vpier. By our assumption, both have the same period 4w = 57

.
For A\ & 0ess(L), the matrix P(X\; Vi) has eigenvalues pT (), 5= (A\) with eigenvectors v®(\), % ()\). The

» Vper
eigenpair (pT(\),v"()\)) generates a solution on [0, 00) decaying to 0 at +oo and (p~(\), 9~ ()\)) generates
a solution on (—o0,0] decaying to 0 at —oo. Therefore, the eigenvalue condition is given by

A€ ay(L) < 5 (\) € Rut(N).
Recall that at A = k%w? we have
n t12, 2 0 + + (12,2 L
at>1 = vT(kKw) =], a<1=>v(kw)=0
and
_ ~— 772 2 1 — ~— (1.2 2 0
a>1:>v(k:w):(0>, a<1:>v(kw):<1>.

Using our assumption that a™,a~ > 1 or a™,a™ < 1 we conclude k*w? & 0,,(L) and hence (A3) and (A4)
holds as seen in the previous case. O
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