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In this Letter, we introduce a next generation of Andreev spin qubits—three-terminal Andreev spin qubits.
These qubits outperform two-terminal devices in the speed of two-qubit gates, benefiting from enhanced
spin splitting. Our theoretical analysis reveals increased tunability and interqubit coupling mediated by the
supercurrent. Furthermore, it provides a comprehensive explanation for the results of a recent experiment on a
three-terminal device [M. Coraiola et al., Phys. Rev. X 14, 031024 (2024)]. We identify the optimal operational
regime for single- and two-qubit gates. Moreover, our concise theoretical framework for the equilibrium multi-
terminal Josephson effect offers significant potential for exploring nontrivial physics in the artificial dimensions
of superconducting phase differences—a rapidly growing field of research.

DOI: 10.1103/55xn-c574

Introduction. Andreev spin qubits (ASQs) have been pro-
posed in a theoretical work [1] as a way to combine electron
spins in localized states that can maintain coherence on long
timescales [2,3] and strong long-range coupling via Cooper
pairs condensate. Coupling between an electron spin and su-
percurrent is achieved by spin-orbit interactions (SOI) [4-10];
such hybridized spin is usually referred to as pseudospin. The
first ASQ has recently been developed [11] in a semiconduct-
ing nanowire, where SOI lift the degeneracy of two states of
a quasiparticle localized in an Andreev bound state (ABS) be-
tween two superconducting leads. Further experiments were
performed in a semiconducting quantum dot (QD), where a
combination of SOI and magnetic field allowed for a visi-
ble splitting as well as a long-range coupling between two
ASQs [12,13]. Nevertheless, to speed up two-qubit gates,
stronger spin splitting is required. Therefore, we suggest an
improved design of an ASQ—a three-terminal Andreev spin
qubit (TASQ)—that demonstrates enhanced spin splitting of
the ABS [14,15].

In our work, we harness a powerful Green’s function for-
malism [16-27] developed further in a recent theoretical work
[28]. Such an approach allows us to establish the nontrivial
properties of a three-lead setup in comparison to a Josephson
junction with two leads. We further develop the ideas put
forth in a theoretical work [14], such as the enhanced phase-
dependent spin splitting of the bound states and changes in the
ground-state fermion parity.
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Our model captures features observed in a recent exper-
iment [15] and allows us to propose an optimal regime for
the qubit operation. Our findings combined with experimental
evidence [15] suggest that the TASQ is a feasible device that
overcomes one of the main disadvantages of a two-terminal
ASQ—the weak splitting of ABSs. The higher connectivity
of the TASQ as a circuit node enables a wider range of
multiqubit architectures, leveraging the robust long-distance
supercurrent-mediated interqubit coupling.

Results: Quantum model and its spectrum. In this section,
we present a simple low-energy description of three-terminal
Josephson junctions in two-dimensional electron gas with
spin-orbit interaction. We begin by noting that the dominant
portion of the current flowing between the superconductors
through the semiconducting plate is transmitted via one-
dimensional ballistic channels connecting the contact points.
Further leveraging the techniques of Ref. [28] to integrate
these channels out enables the construction of an effective
low-energy model in the space of the three contact points, akin
to the empirical quantum dot model proposed in Ref. [10].

As is earlier anticipated, we can model the semiconducting
plate connecting the three superconducting electrodes with a
triangle made up of one-dimensional ballistic channels that
link the contact points of the electrodes [see Fig. 1(a)]. It
is crucial to note that in the semiconducting part of the sys-
tem, the Rashba Hamiltonian, traditionally written in the form
Hp = agr(—k.0, + k,0,), describes the spin-orbit coupling in
the two-dimensional electron gas. Our convention, however,
is to represent it as olez - o, with k= kyé; + kyé,, assuming
the rotation of the Pauli matrices o, — —o,, 0y — oy. This
convention facilitates a determination of the one-dimensional
projections H\'/) = agkU/) .G of Hg onto the triangle’s
sides by means of identifying ¢V =¢,, ¢°? = R(8 —
)8, and 213 = R(w — B)&,, where g = arccos(%) and R
is the rotation matrix with the corresponding angle argument.
The equivalent representation ng”/) = ark U Vg, U UIDT,
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FIG. 1. Sketch of the effective model’s configuration. As illus-
trated in (a), the effective model replaces the semiconducting plate
(where the superconducting electrodes connect) with three quantum
wires linking the contacts (see SM [29] for details). By further
integrating the extended components of the system and projecting
onto the Fermi surface, we can establish (see SM [29]) an effective
three-site model based on the contact points of the original setup, as
described by Eq. (1) and schematically depicted in (b). Additionally,
the spin-momentum locking from the original model results in rota-
tions of spin-dependent hopping amplitudes as one moves from one
contact to another, as is further schematically indicated in (b).

with U®D =1 and UBY = U1 = 2Pz = U proves
to be especially useful in the derivation of the effective model.
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The model’s on-site energy €, ¢’ and hopping ¢, ¢’ parame-
ters are obtained from the Fermi-level projections of the full
system’s Green’s function, which is evaluated at the corre-
sponding spatial points. The unitary matrix U = io,e” 2P
takes into account the above-described direction’s change of
the quasiparticle propagation at each contact. The spin-orbit
phases @50 = kgL and ¢g, = kgL', expressed in terms of the
Rashba momentum ki = my g, are accumulated during the
propagation through the legs of the lengths L and L’.

Now it is appropriate to discuss the domain of validity
of the low-energy theory presented above. In the experi-
ment, the observed spectrum consisted of a vast number of
low-transparency channels and, most importantly, a single
high-transparency (ballistic) channel per pair of contacts—
giving rise to the lowest pair of pseudo-spin-split Andreev
bound states (ABS) studied in this work. As our model aims to
accurately describe these specific low-energy modes (i.e., the
lowest pair, not the higher-lying low-transparency channels),
the discussed Hamiltonian accomplishes this task. This also
justifies why we model the two-dimensional (2D) semicon-
ductor plateau as three ballistic channels connecting each pair
of superconducting contacts. This can be formally understood
through a semiclassical argument: the dominant path between
any two contacts is the least-action path—a straight line. It
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Therefore, the SOI in the original semiconducting plate is
assumed to be constant throughout the sample, which re-
sults in the spin-orbit vector in the effective three-channel
model having different angles to the the propagation direc-
tions /) along the segments from the contact j/ to the
contact j (j, j' =1,2,3). For simplicity, we will consider
an isosceles triangle with a horizontal side of the length
L and two oblique sides of the length L'. We assume that
both the s-wave superconductors and the semiconductors have
spatially uniform parameters. In particular, the energy gap
parameter A has the same value in all superconducting leads
J» and their phases ¢; can be tuned by external fluxes. In
addition, we assume that an effective electron mass my is the
same in the semiconducting and superconducting parts of the
system.

In the next step, we integrate out the extended com-
ponents of the effective wire model described above [and
sketched in Fig. 1(a)] mapping it onto an effective three-site
low-energy model [see Fig. 1(b)], where sites represent the
zero-dimensional contact points, marked by indices j. Re-
ferring interested readers to the details of our microscopic
derivation in Sec. 1 of the Supplemental Material (SM) [29],
we state the following effective 12 x 12 Nambu Hamiltonian,
formulated in the combined space of spin, particle-hole, and
contact-point indices, that describes the low-lying excitations
in the discussed device:
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may be of interest to enhance the prominence of this channel,
which could be achieved using a recently developed gating
technique [30].

The correct interpretation of the model is that it is writ-
ten in the basis of the three lowest-energy Andreev bound
states at the three superconductor (SC)/semiconductor inter-
faces (referred to as contact points), each spatially attenuated
over approximately a coherence length into the SC terminals.
These Andreev bound states then hybridize in a non-Abelian
fashion—i.e., with spin- and particle-hole-space-dependent
coupling—as prescribed by our Hamiltonian in Eq. (1).

To justify the presence of only one bound state per contact,
as well as the semiclassical picture outlined above, we rely on
the so-called short-junction regime, defined by the following
experimentally relevant hierarchy of length scales:

1 VUr.s , 1
~ — >max{L,L'} > k; . 2
5~ A { } 2> kg (2

Indeed, the junction used in the experiment was appreciably
smaller than the superconducting coherence length, but still
long enough to allow at least one spin precession to occur
during transport.

The effective Hamiltonian (1) possesses various symme-
tries, which explain features of its spectrum to be discussed
in the following. First of all, het({p;}) possesses the
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particle-hole symmetry C = 7,0,K, with K denoting complex
conjugation. It relates the Hamiltonian to itself at each fixed
set of the phases {¢;},

Chetr({9;NC™ = —herr({g}}). 3)

The time-reversal operator T = io, K, such that T? = —1,
relates her evaluated at the phases {¢;} to its time-reversal
partner at {—g;},

Theie({p DT ™" = her({—9;}). “

This symmetry implies the twofold Kramers degeneracy of a
spectrum at the time-reversal invariant phases ¢; = 0, L.

Moreover, the Hamiltonian (1) conserves the pseudospin
operator,

Uso — 3tr[U. 1
NY 2 [ SO] UT _ E—r’ 22 _ = (5)

2i,/1 — L([Usol)? 4’

where  Ugp = €507 (U 50U )(UTe50%U) is  the
total non-Abelian closed-loop spin-orbit phase accu-
mulated along the triangle’s circumference, and U =
diag{1, e~ #s0%Usy, Ute50°U} is a unitary transformation
acting trivially in the particle-hole space: [X, 7, . 0] = 0. We
refer to Sec. 2 of the SM [29] for the explicit demonstration of
the commutation, [X, hei({g;})] = 0. It is important to note
that the pseudospin conservation generally holds for arbitrary
triangular geometry, not just for the presently discussed
isosceles case, with a general expression for ¥ being more
involved than in Eq. (5).

The pseudospin conservation implies that each ABS is
characterized by the pseudospin quantum number (—i—% or

—%), and two ABSs with opposite pseudospin values have a
protected crossing. Moreover, a holelike ABS has an opposite
pseudospin value of its particlelike ABS partner—this follows
from the anticommutation {C, ¥} = 0. One should note that to
operate the qubit, one requires direct transitions between the
pseudo-spin-split Andreev levels, which implies breaking of
pseudospin conservation. That can be achieved by the direct
gate voltage drive because electron dipole spin resonance
(EDSR) [5,31-34] explicitly breaks pseudospin conservation,
or by magnetic field, etc.

Models belonging to this symmetry class (three supercon-
ducting contacts attached to a semiconducting island with
spin-orbit coupling) may host zero-energy eigenstates. In
Ref. [14], the necessary condition for the existence of such
eigenstates has been derived in the framework of the scattering
matrix approach. It states that the interior of a triangle formed
by the points ¢!, /%2, ¢'%*, which lie on the unit circle in the
complex plane, must contain the circle’s center. In Sec. 3 of
the SM [29], we derive this condition for a spectrum of the
effective Hamiltonian (1) by analyzing possibilities to satisfy
the equation det [Ae({@;})] = 0.

Applying the necessary condition for the choice of the
phases ¢3 =0, ¢; = —¢y = ¢, we deduce that zero-energy
states may only exist at ¢ € [7, 37”]. Plotting the spectrum of
heit({@, —@, 0}) = he(@) versus ¢ in Fig. 2, we observe that
the zero-energy states do occur at the spin-orbit phase value
@so = 2.2. Since the spectrum is particle-hole symmetric, a
pair of two crossings at zero energy occurs on the interval of

x=U

o= 2.2 =2.6
(a) $so (b) $so
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9
N\
0 < et
U TN
/,'/ D i N
s R
—Ay et s T N
0 % T s 2
'

FIG. 2. The example of the energy spectrum of the effective
Hamiltonian of Eq. (1) for the case of an isosceles triangle L = 0.3L’
with ¢ = = = ¢, @3 =0, 1 =10'/3 =0.7A¢, € = 10¢'/3 =
0.35A, and two distinct values of the spin-orbit angle ¢g50 =
0.3, ¢5o =2.2, 2.6. Red and blue lines represent two different
pseudospin projections, while solid and dashed lines distinguish par-
ticlelike and holelike solutions. Note that the effective Hamiltonian
provides quantitatively accurate results only in the vicinity of zero
energy. We index two states closest to zero energy by indices 1 and 2
for particlelike solutions and —1, —2 for their holelike counterparts.

@ between 7 and 7. The two crossings coalesce and disap-
pear, as the parameter ¢go is continuously cranked up to the
value 2.6.

In addition to the zero-energy states at ¢ < 7, we also
have their symmetric partners at ¢ > 7. This happens due to
the above-made special choice of phases, which leads to an
emergent symmetry of the spectrum concerning its reflection
about the ¢ = & point. Formally, this symmetry is expressed
in terms of the unitary operator I1 = o,R, with n=1,

Nheii(p — 7)1 = he(w — @), (©6)

where the matrix

R =

(= )

1 0
0 0 )
0 1

geometrically reshuffles the contacts 1 and 2. It is also re-
markable to note the emergence of two more symmetries
supporting the spectral properties at a fixed value of ¢: (a) the

anti-unitary time-reversal-like symmetry T = —il[1T = RK,
with 72 = 1,
Ther(@)T ™" = her(), ®)
and (b) the unitary chiral symmetry S = CT = 7,0,R,
Sheit()S™" = —heri(p). ®

We find that the spectrum of our model is in good qual-
itative agreement with the low-energy spectrum recently
observed in the experiment [15]. In particular, the phase dis-
persion of the lowest pair of spin-orbit split Andreev levels
is described quite accurately, and we propose to utilize it for
the realization of a TASQ. The values of ¢gs0 used in the
model are compatible with the sample sizes (300 x 250 nm)
and estimated SOI length k5 ' & 150 nm.

To achieve an optimal regime for a single TASQ operation,
the pair of positive-energy quasiparticle states should, on one
hand, lie deep below Ay, and, on the other hand, should
feature a sufficiently large pseudospin splitting. In Fig. 2, we
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see that in the presence of zero-energy crossings, a holelike
state turns into a particlelike state between the two succes-
sive crossings on the interval 0 < ¢ < 7 (and symmetrically
on the interval 7 < ¢ < 2m) retaining its pseudospin value.
Thus, the two lowest positive-energy quasiparticle states be-
tween the crossings have the same pseudospin value, which is
unfavorable for the realization of the ASQ. Ramping up the
spin-orbit phase ¢go (see Fig. 2), we achieve the coalescence
of the two crossings and their subsequent disappearance. After
that, the two lowest positive-energy states near ¢ ~ 2?” feature
the opposite values of pseudospin, as well as a sufficiently
large pseudospin splitting. In addition, both phase dispersions
(blue and red) feature local minima near this phase value,
which protects the corresponding transition frequency against
noise. This regime appears to be optimal for a single TASQ
operation. Note that for two-qubit operations, one needs to
detune from that optimal point to have finite supercurrent (as
the local minima of the phase dispersion correspond to zero
supercurrent).

Driving transitions and coupling two qubits. In realistic
semiconductor platforms, the presence of electric dipole spin
resonance (EDSR) [31-33], i.e., a strong coupling between
spin and electric fields, dynamically breaks the pseudospin
conservation and enables transitions between the lowest pair
of pseudo-spin-split ABSs [5,12,13]. An alternative route to
lifting this symmetry is to apply a static magnetic field, which
breaks the pseudospin symmetry explicitly and likewise per-
mits driving the transition. We refer the interested reader
to Secs. 4-6 of the SM [29], where both mechanisms are
discussed in the context of our three-terminal device. Both
methods allow for the implementation of all necessary single-
qubit gates [1,5]. Then, only a CNOT gate with two qubits is
required to enable universal quantum computation [35,36].

One can couple two tripod junctions via a superconduct-
ing circuit. Owing to the gapped nature of excitations in
superconducting wires connecting the qubits, the direct over-
lap of ABS wave functions is exponentially suppressed. The
leading-order interaction between the qubits is provided by
the fluctuations of the phase fields shared by the junctions
[5,13] (often referred to as inductive coupling) and leads to
Ising-type interaction between two pseudospins. A similar
Ising-type interaction can be achieved with a single trans-
mission line connecting two qubits via plasmons [37]; see
Sec. 7 of the SM [29] for details. This coupling is sufficient
to perform a CNOT gate between two qubits [1,5]. Two qubits
can be arranged in a circuit similarly to the configuration used
in two-terminal qubit setups [12,13]. Each TASQ includes an
additional loop threaded by a magnetic flux, which serves
as a convenient control knob for tuning the qubit energy
levels. The three-terminal geometry allows for a controlled
enhancement of interqubit coupling, which provides a way
to speed up two-qubit gates. The strength of this coupling is
proportional to the level splitting in the absence of a magnetic
field, which was found to be an order of magnitude larger in a
recent experiment with a three-terminal device [15] compared
to two-terminal ASQs [11-13]. An overview of a circuit com-
prising two TASQs capacitively coupled to a resonator and a
transmission line is shown in Fig. 3.

The initialization of the TASQ depends on a concrete
realization. In the setup we discuss in this work, one can

= G
TASQ1 Eic O S
V, TV, ®©
Yooy Y
d, D, D, TASQ2 o
Cor
L

FIG. 3. Diagram of the circuit. Two TASQs are coupled via a
superconducting loop with a transmon E; ., and the coupling is
controlled by two fluxes ®, and ®3. Two additional control loops
threaded by the fluxes ®; and @, are utilized to tune qubit levels.
The qubits are capacitively coupled to a resonator (typically LC) via
C. and to the transmission line (in green) via C, for readout. Two
voltage gates V| and V, under the TASQ1 and TASQ?2 allow for the
tuning of the qubit levels (DC) and for single-qubit gates (AC).

prepare the system in the odd-parity sector by a resonant
microwave drive breaking a Cooper pair and ionizing one
quasiparticle to the continuum [38—40]. The initialization can
be achieved using the same gate voltage drive. In contrast to
two-terminal systems, where the energy splitting between the

Ea

AN

7
AN
7

FIG. 4. Details of a resonant two-photon process preparing the
qubit in state 1. The frequency of the drive tone is f = (E; + E3)/h.
Absorption of the first drive photon breaks a Cooper pair populating
Andreev levels 1 and 3. Absorption of a second photon ejects the
quasiparticle from the upper level into the leads (A is the supercon-
ducting gap in the leads). Sufficient energy difference between E|;
and E, allows for deterministic preparation of the qubit in the desired
state.

L100508-4



THEORY OF THREE-TERMINAL ANDREEV SPIN QUBITS

PHYSICAL REVIEW B 112, L100508 (2025)

two lowest-energy states is typically too small to allow for
deterministic state preparation, the three-terminal geometry
enables a sufficiently large energy difference between the two
states with different pseudospin quantum numbers. For exam-
ple, in the case demonstrated in Fig. 2, a drive at frequency
f1 = (E1 + E3)/h populates the first and the third levels with
one quasiparticle. If £y + F3 > A — Ej, the same drive ion-
izes a quasiparticle from the higher level into the continuum.
Moreover, if E; + E3 < A — Ej, a quasiparticle from the first
level cannot be excited to the continuum. That provides a
condition on the spectrum [39]. This drive is off-resonant
with a transition at frequency f, = (E, + E3)/h, which would
prepare the system in the second qubit state. As a result,
applying the drive at f; provides a deterministic method for
initializing the system with one quasiparticle in the first level.
The process is summarized in Fig. 4.

It is important to note that thanks to the sufficiently large
splitting of the two lowest-energy states in a three-terminal
geometry, Coulomb interaction is not required to suppress
unwanted transitions back to the even-parity state, unlike in
the two-terminal case [38—40]. Consequently, one can choose
adrive frequency fj or f>, resonant with the desired transition,
to reliably prepare the system in either of the two qubit states.

Conclusions. We have demonstrated, with a microscopic
model, the possibility of utilizing a three-lead Josephson
junction with SOI as a different type of a qubit—TASQ. Our
findings explain recent experimental observations [15] and

develop further the ideas proposed in a theoretical work [14].
We demonstrated the possibility to perform all the necessary
single-qubit gates and a CNOT gate with two qubits, which is
sufficient for universal quantum computing. Furthermore, our
theoretical formalism has a great potential for studying new
physics of multiterminal superconducting devices, which is a
rapidly evolving field of research.

To develop a useful qubit, one needs to create a good
model to describe decoherence, as well as ways to mitigate
it. Moreover, several different TASQ platforms should be
studied, which may require more involved models, including
effects such as Coulomb and exchange interactions, disorder,
etc. These issues should be addressed in future works.
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