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Abstract. Kernel functions for Laplacian integral operators are con-
structed on p-adic analytic manifolds using charts and transition maps
from an atlas with connected nerve complex. In the compact case, an
operator of Vladimirov-Taibleson type parametrised by a real parameter
s is defined. Its kernel function uses a geodetic-like distance function on
the nerve complex of its atlas. The L2-spectrum of this operator is estab-
lished, and it is shown that it gives rise to a Feller semigroup. In this way,
the Cauchy problem for the corresponding heat equation is solved in the
positive by a transition function of a Markov process. The existence of a
heat kernel function and a Green function in the case s > 1 is proven. As
an application, it is shown how to express the number of points on the re-
duction curve defined over the residue field of an elliptic curve with good
reduction in terms of the eigenvalues of a Vladimirov-Taibleson-like op-
erator. This provides for an alternative way of counting points on elliptic
curves defined over finite fields.
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1. Introduction

There is meanwhile a lot of literature on diffusion on p-adic domains in a vari-
ety of different guises, the starting point being given by the authors of [29,36].
Many authors are concerned with the space Qn

p for n ≥ 1, where Qp stands for
the p-adic number field, e.g. [23]. A deep result in this context is that p-adic
Brownian motion is a scaling limit [38]. One also finds literature on diffusion
on compact subdomains of Kn, where K is a non-archimedean local field, e.g.
[16,22,39]. Other non-archimedean spaces on which diffusion is studied are
vector spaces over local fields [21], the finite adèles [32], Mumford curves [5,6]
and their finite quotients [3].

Diffusion operators are even studied on non-commutative p-adic Lie
groups through their unitary representation theory [33,35]. More general ul-
trametric spaces are also studied in this context with a plethora of diffusion
Laplacians or sub-Laplacians being used [2,8]. The former reference inspired
the construction of directional Laplacians on p-adic Lie groups [34], and lead
to p-adic weak imitations of classical partial differential operators in order to
study boundary value problems on compact p-adic domains [4]. The reference
[8] extended ideas from [20] and found applications on the transcendent p-adic
points of Shimura curves [7]. The study of time-dependent p-adic diffusion is
initiated in [10,18]. Recent applications of diffusion operators consist in the ex-
traction of topological and geometric information from p-adic domains [6,9,11].

Diffusion is mostly understood through a Markov process. Over p-adic
fields, these are also studied [40]. More general p-adic stochastic processes are
in the focus of [41]. Their relation to p-adic pseudodifferential equations is
extensively laid out in the recent book [42].

All this having been said, defining a diffusion operator on p-adic analytic
manifolds in the sense of [24,26] using charts and transition functions is still
lacking. The scope of this article is to fill this gap, and to study the case of n-
dimensional compact p-adic analytic manifolds, since they are always endowed
with a nowhere vanishing analytic differential n-form according to [25]. This
is an asset, because from [14,37] one is informed that such a differential form
naturally defines a measure on the manifold. For example, elliptic curves have
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nowhere vanishing invariant differential 1-forms, and such can be used also in
the case of an elliptic curve E with good reduction to provide for a measure
on its K-rational points E(K), where K is a p-adic local field. This approach
allows to extend the construction of diffusion processes of Tate elliptic curves
of [6] via Laplacian integral operators in an entirely different manner to the
case of elliptic curves E over K with good reduction. As an application, the
number of Fq-rational points on the reduction curve E can be expressed in
terms of the spectrum of a Laplacian integral operator on E(K).

The following section recalls the necessary constructions for p-adic an-
alytic manifolds and how to obtain a measure as alluded to in the previous
paragraph. Section 3 studies charts and transition maps from a certain kind
of atlantes having connected nerve complex and the property that its transi-
tion functions on overlaps take balls to balls of equal radius. These are used
in order to obtain well-defined kernel functions on a p-adic analytic manifold
X, as well as corresponding Laplacian integral operators on X. This allows to
define an analogue Δs of the Vladimirov-Taibleson operator on compact p-adic
analytic manifolds depending on a real parameter s, and whose kernel func-
tion depends on the geodetic distance between simplices of the nerve complex
associated with the atlas. The remainder of this section is dedicated to find-
ing their L2-spectra, showing that such operators define a Feller semigroup,
to solving the Cauchy problem for the corresponding heat equation, and to
proving the existence of heat kernel functions and Green functions in the case
s > 1. The last Section 4 makes these constructions explicit in the case of
an elliptic curve with good reduction, and then is able to count the points
on the reduction curve defined over the residue field from the infimum of the
wavelet eigenvalues of Δs with varying degree of precision, depending on s ∈ R.

Lastly, to fix notation, let (K, |·|) be a non-archimedean local field. The
maximum norm ‖·‖K on Kn is also known to define an ultrametric. The given
p-adic analytic manifold will be denoted as X. Since

dx = dx1 ∧ · · · ∧ dxn

already denotes a differential n-form on Kn, the notation

|dx| = |dx1| ∧ · · · ∧ |dxn|
will be used for indication the Haar measure on Kn. However, the individual
coordinate Haar measures |dxi| will not be used in this article.

2. p-adic Analytic Manifolds

The notion of p-adic analytic manifold X of dimension n over a non-
archimedean local field K can be found e.g. in the books [24,26]. We recall
some notions here.



  129 Page 4 of 29 P. E. Bradley Results Math

2.1. Atlantes and Differential Forms

Let X be a Hausdorff space. An n-chart on X is a pair (Uα, φα), where Uα ⊆ X
is open,

φα : Uα → Kn

is a map such that φα(Uα) is open in Kn, and φα is a homeomorphism onto
its image. Further, two charts (Uα, φα), (Uβ , φβ) are compatible, if there is a
transition map ταβ fitting into the following commutative diagram

Uα ∩ Uβ

φα

�����
���

���
�� φβ

����
���

���
���

φα(Uα ∩ Uβ)
ταβ

�� φβ(Uα ∩ Uβ) ,

and this transition map ταβ is bi-holomorphic whose inverse is the transition
map τβα = τ−1

αβ in the reverse horizontal direction in that diagram. An atlas
of X is a family

A = {(Uα, φα) | α ∈ I}
of pairwise compatible charts such that the sets Uα with α ∈ I form an open
covering of X. Two atlantes A, B of X are equivalent if A∪B is also an atlas
of X. An equivalence class of atlantes on X is called a p-adic analytic structure
on X. Each analytic structure on X possesses an atlas which is maximal in
its equivalence class with respect to inclusion of sets, cf. e.g. [24, Remark 7.2].
Finally, a p-adic analytic manifold is a pair (X,A) consisting of a Hausdorff
space X and an atlas A of X in the above sense.

In [37, Chapter 2.2] or [14, Chapter 7.4], one can learn how an analytic
differential n-form ω on a p-adic analytic manifold X gives rise to a measure
μX = |ω| on X \ V (ω), where V (ω) ⊂ X is the vanishing set of ω, in the
following way: express locally in a chart (Uα, φα) the differential form ω as

ωα = fα dx

on Uα with fα : Uα → Kn an analytic map, and where

dx = dx1 ∧ · · · ∧ dxn

is the standard differential n-form on Kn. More precisely, ω is given on φα(Uα)
as

ωα(φα(x)) = fα(φα(x)) dx

with the chart map φα : Uα → Kn. Then, outside of the vanishing set of ωα,
the measure |ω| is defined on (Uα, φα) as

μX(A) =
∫

φα(A)

|fα(φα(x))| |dx|
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for a set A ⊂ Uα such that φα(A) is measurable w.r.t. the Haar measure on Kn

which has been denoted as |dx| in order to not confuse it with the differential
form dx on Kn. The measure μX(A) can also be written as

μX(A) =
∫

A

|ω| =
∫

X

1A(x) |ω(x)| =
∫

X

1A(x) dμX(x) ,

and possibly in some other more or less intuitive ways. In a similar way, the
same holds for functions f : X → C. This, together with a way to define kernel
functions, will be made explicit in later sections.

2.2. Equalising Atlantes

Given a covering U of a topological space, one can define the nerve graph
N1(U) of U as follows: its vertices are the elements of U, and an edge is defined
between two distinct elements U, V ∈ U, if and only if their intersection U ∩V
is non-empty. The nerve graph is in fact the 1-skeleton of the nerve complex
N(U) used for constructing Čech complexes.

Given a p-adic analytic manifold (X,A), define the nerve complex N(A)
of the atlas A as the nerve complex of the underlying covering of X given by
the charts in A. The nerve graph N1(A) is defined as the 1-skeleton of N(A).

Lemma 2.1. Any compact p-adic analytic manifold (X,A) has an atlas equiva-
lent to A whose nerve graph is a finite trivial graph, i.e. a finite graph without
edges.

Proof. This is the content of Serre’s theorem [25, Théorème (1)]. �

This result shows that, in principle the number of connected components
of a nerve graph represented by an atlas of a given analytic structure on a
compact manifold can be arbitrary.

Definition 2.2. A p-adic analytic structure on a Hausdorff space X is called
connected, if it contains an atlas whose nerve graph is connected.

Definition 2.3. Let F : U → V be a locally bi-analytic map between open
subsets U, V of Kn. The smallest N ∈ Z such that F takes balls of radius
p−N to balls of the same radius, is called the equalising number of F . If no
such integer exists, then the equalising number will be defined as −∞. The
notation is

e(F ) = the equalising number of F

for a given such map F . In the case that e(F ) is finite, the map F is called
equalising.

Example 2.4. An example of a bi-analytic map which is not equalising is given
by

f : K → K, x �→ πx ,

as even no disc in K is mapped to a disc having the same radius.
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Definition 2.5. The equalising number of an atlas A of a p-adic manifold is

e(A) = min {e(τα,β) | ταβ is the transition map for (Uα, φα), (Uβ , φβ) ∈ A} ,

and is an integer or −∞. In the case that e(A) ∈ Z, the atlas is called equal-
ising.

Theorem 2.6. An analytic structure of a compact p-adic manifold contains a
finite equalising atlas.

Proof. By compactness, the analytic structure contains a finite atlas A.
Let now (U, φ), (V, ψ) be a pair of compatible charts in A with transition

map
F : φ(U ∩ V ) → ψ(U ∩ V ) ,

where F (x) is w.l.o.g. the bi-analytic function

F (x) = a0 + Ax + h.o.t.

on Kn. Assuming that
‖A − I‖ ≥ 1 ,

the following equalising method will be applied: First, there exists m ∈ Z such
that

H(x) = pmF (x) + x = pma0 + (pmA + I)x + h.o.t.
satisfies

‖A′ − I‖ < 1
for

A′ = pmA + I .

Then the diagram

U ∩ V

φ

����
��
��
�

ψ

���
��

��
��

φ′

��

ψ′

��

Kn F ��

φ̃
		

Kn

ψ̃
		

Kn

H
�� Kn

commutes, where the other maps are given as

φ̃ = id ,

φ′ = φ ,

ψ̃(z) = pmz + F−1(z) ,

ψ′ = ψ̃ ◦ ψ .

It follows that the charts

(U, φ), (U, φ′), (V, ψ), (V, ψ′)
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are compatible, and the pair (U, φ′), (V, ψ′) is an equalising pair of charts which
can replace (U, φ), (V, ψ), and the new transition map is given by

φ′(U ∩ V ) → ψ′(U ∩ V ), x �→ ψ̃(F (x)) = H(x) ,

because it does indeed hold true that

ψ̃(F (x)) = pmF (x) + F−1(F (x)) = H(x)

for x ∈ φ′(U ∩ V ) = φ(U ∩ V ).
Now, given again atlas A, assume w.l.o.g. that

(U, φU ), (V, φV ), (W,φW ) (1)

are pairwise overlapping charts in A for which every pair is not equalising. The
only interesting case is that the triple intersection U ∩ V ∩ W is non-empty.
Then the three transition maps form a diagram

φU (U ∩ V ∩ W )
τφU φV ��

τφU φW 

���
����

����
���

φV (U ∩ V ∩ W )

τφV φW������
����

����
��

φW (U ∩ V ∩ W )

forming a part of the larger diagram

Kn FUV ��

FUW

���
��

��
��

��
��

��
��

��
��

��
��

� Kn

U ∩ V ∩ W

φU



															

φV

��
















φW

		
Kn

FW V

��������������������������

(2)

The question is, if it is possible to obtain an equalisation of the triple (1) fitting
into the diagram (2). The equalising method above allows to keep (U, φU ) and
simultaneously modify (V, φV ) and (W,φW ) such that we may assume that
FUV and FUW are both equalising bi-analytic maps. This means that one can
now equalise FWV as follows:

Kn FW V ��

id
		

Kn

ψ̃
		

Kn

H
�� Kn

such that H is an equalising bi-analytic map.

Claim. The map ψ̃ ◦ FUV is also equalising.
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Proof of Claim. It holds true that

ψ̃(FUV (x)) = pmFUV (x) + F−1
UV (FWV (x)) = pmFUV (x) + FUW (x) .

Hence, the linear term of this map is

(pmAUV + AUW )x ,

where AUV and AUW are the matrices appearing in the first-order approxi-
mations of FUV and FUW , respectively. Thus, the matrix

B = pmAUV + AUW

satisfies the inequality

‖B − I‖ = ‖(AUW − I) + pmAUV ‖ < 1

for m >> 0, because ‖AUW − I‖ < 1 by assumption.

By induction, it now readily follows that in the case of a non-empty
intersection

U0 ∩ · · · ∩ Ur �= ∅
with r ∈ N, the above proof can be extended to show that all pairs of transition
maps for the coverings (U1, φ1), . . . , (Ur, φr) can be made equalising. �

2.3. A Weighted Nerve Complex

The nerve complex N(U) of a covering U = {Ui | i ∈ I} of a topological space,
with I assumed at most countable, is defined as follows:

Ui �= ∅, i ∈ I (vertices)

Uij = Ui ∩ Uj �= ∅, i �= j ∈ I (edges)
...

...

Ui0...ik
= Ui0 ∩ · · · ∩ Uik

�= ∅, i0, . . . , ik ∈ I pairwise distinct (k-simplices)
... (etc.)

Of course, Ui ∈ U is assumed non-empty, as it is otherwise tacitly removed
from U. A k-simplex UJk

is a k-facet of an �-simplex UJ�
with k < � and

Jk, J� ⊆ I such that |Jk| = k + 1, |J�| = � + 1, iff Jk ⊂ J�. Here, we used the
notation

UJ =
⋂
j∈J

Uj

for a finite subset J of I. A k-facet of a k + 1-simplex σ is called a face of σ.

A tacit assumption about the atlas A, apart from the other stated as-
sumptions, is that if (U, φ), (V, ψ) ∈ A are such that φ �= ψ, then also U �= V .
This is a motivation for us to use equalising atlantes on p-adic analytic mani-
folds.
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Let N(A) be the nerve complex of a compact p-adic analytic manifold
(X,A), where the atlas A is assumed finite and equalising. Further, N(A)
is assumed connected, although for the considerations in this section, this as-
sumption is not needed. Its k-simplices are now going to be given weights w(σ)
as follows:

For a k-simplex σ = Ui0...ik
, define

w(σ) = μX(Ui0...ik
) ,

and thus obtain a weight function on the set of facets of N(A).

Definition 2.7. The pair (N(A), w) is called the weighted nerve complex of the
p-adic manifold (X,A).

As an example, let Pn(K) be the p-adic projective n-space. It is shown
in [14, Chapter 3.1] that this is a p-adic analytic manifold, endowed with the
atlas consisting of the n + 1 open sets

Ui = {[x0 : · · · : xn] ∈ Pn(K) | |xi| = 1, ∀j �= i : |xj | ≤ 1}
for i = 0, . . . , n. The chart maps can be written as

φi : Ui → Kn, [x0 : · · · : xn] �→
[
x0

xi
: · · · : 1 : · · · :

xn

xi

]
=

(
x0

xi
, . . . ,

xn

xi

)
,

where in the first expression after the arrow �→, the 1 is in the i-th place.

Observe that the image of each φi is On
K . In order to keep track of indices,

write the elements of φi(Ui) as

z = (z0, . . . , ži, . . . , zn) ∈ φi(Ui) = On
K ,

i.e. as n + 1-tuples with i-th entry left out. This is justified, as Pn(K) is a
quotient of Kn+1 \ {0}. The transition maps are now given as

τij : φi(Ui ∩ Uj) → φj(Ui ∩ Uj), (z0, . . . , ži, . . . , zj , . . . , zn) �→(
z0

zj
, . . . ,

1
zj

, . . . , žj , . . . ,
zn

zj

)

for i < j, and τii = id, for i, j = 0, . . . , n. If i > j, then

τij = τ−1
ji ,

where τji is defined as above.

Observe that for i < j:

φi(Ui ∩ Uj) = Oj−1
K × S0 × On−j

K ,

i.e. the j-th coordinate ranges over the unit sphere

S0 = {x ∈ K | |x| = 1} ,
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whereas the other coordinates range over the whole unit disc OK .

The measure |ω| on Pn(K) is on each chart Ui (i = 0, . . . , n) given by
the Haar measure, and transitions as follows: the differentials of the functions
xk

xi
on Uij are

d

(
xk

xi

)
=

d(xk/xj)
xi/xj

− xk/xj

(xi/xj)
2 d

(
xi

xj

)

for k �= i, j, and

d

(
xj

xi

)
= d

(
1

xi/xj

)
= −d(xi/xj)

(xi/xj)
2 ,

and then taking the wedge product yields

d

(
x0

xi

)
∧ · · · ∧ (xi/xi)

∨ ∧ · · · ∧ d

(
xn

xi

)

= ±
(

xj

xi

)n+1

d

(
x0

xj

)
∧ · · · ∧ (xj/xj)

∨ ∧ · · · ∧ d

(
xn

xj

)
,

where the sign depends on, whether or not a transposition is needed in order
to bring the differentials into the natural ordering.

Hence, on each chart, it is

|ω|Ui
| = |dx0| ∧ · · · ∧ |dxi|∨ ∧ · · · ∧ |dxn| ,

and on the overlap Uij , it transitions as

∣∣ω|φi(Uij
)
∣∣ =

|xi|n+1

|xj |n+1 |dx0| ∧ · · · ∧ |dxj |∨ ∧ · · · ∧ |dxn| =
∣∣ω|φj(Uij)

∣∣ , .

Hence the local Haar measures transition by a constant factor 1 on overlaps.

In any case, the transition maps are p-adic analytic and take balls to balls
of equal measure. Hence, the atlas

A = {(Ui, φi) | i = 0, . . . , n}
is equalising with

e(A) = 1

as its equalising number. Figure 1 shows the weighted nerve complex associated
with the p-adic projective plane (P2(K),A). It is a 2-simplex with constant
weight for every simplex dimension. It also shows that the 0-faces are actually
balls with radius larger than q−e(A) = q−1.
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Figure 1. The weighted nerve complex associated with
(
P2(K),A

)

3. Laplacian Operators on Compact p-adic Manifolds

In this section, X denotes a compact p-adic analytic manifold with a given con-
nected analytic structure containing an equalising atlas A whose nerve graph
is also connected. Furthermore, each open in the covering of X given by A

is assumed compact. If one starts in the proof of Theorem 2.6 with a finite
atlas having a connected nerve graph, then one obtains an equalising atlas of
X having the same property. This property is also assumed.

Again, assume that (X,A) has a non-vanishing analytic differential n-
form ω. This is justified by [25, Théorème (2)].

3.1. Function Spaces on p-adic Manifolds

In this subsection, X need not be compact, but nevertheless has an analytic
structure containing an equalising atlas A whose nerve graph is also connected.
Furthermore, it is assumed that a non-vanishing analytic differential n-form ω
exists on (X,A).

Then a function h : X → R is defined by the following data: a family of
functions

hα : φα(Uα) → R

for each chart (Uα, φα) (α ∈ I), satisfying the following condition: given charts

(Uα, φα), (Uβ , φβ) ∈ A

such that
Uαβ = Uα ∩ Uβ �= ∅ ,

then the following diagram is commutative:

Uαβ

φα

��











 φβ

��	
		

		
		

		

φα(Uαβ)
ταβ ��

hα
��		

			
			

		
φβ(Uαβ)

hβ
��
















R

(3)
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where ταβ is the transition map associated with the charts (Uα, φα), (Uβ , φβ)
from the atlas.

Since indicator functions 1A of measurable subsets A ⊆ X can be defined
in the same manner, the following definition is motivated by the equalising
character of the atlas A:

Definition 3.1. A set B ⊆ X is a ball, if for each chart (Uα, φα) ∈ A, φ(B)
is a ball in Kn, and for any pair (Uα, φα), (Uβ , φβ) ∈ A with B ⊆ Uα ∩ Uβ ,
the transition map ταβ takes φα(B) to φβ(B) which is a ball in Kn of equal
radius. This radius is defined as the radius of a given ball B ⊆ X.

Notice that in a p-adic manifold having an equalising atlas, the notion of
radius of a ball is well-defined.

Definition 3.2. The join of two points x, y ∈ X of X is

x ∧ y =
⋂
B

B ,

where B ⊆ X runs through all balls of X containing x, y ∈ X, if there exist
such balls. Otherwise, the join is not defined.

Notice that by the equalising property of the atlas A, the notion of join
x ∧ y is well-defined for any pair of points x, y ∈ X if it exists, of course.

A function f : X → C is locally constant, if it is constant on balls B ⊆ X
with sufficiently small radius. This is equivalent to saying that for each chart
(Uα, φα), the associated function

fα : φα(U) → C

is constant on sufficiently small balls which get mapped to balls of equal radius
under all the suitable transition functions given by the atlas A.

In this manner, define

D(X) = {f : X → C | f is locally constant with compact support}
C(X) = {f : X → C | f is continuous}

Lρ(X,μX) = {f : X → C | ∀(U, φ) ∈ A : f ∈ Lρ(φ(U), φ∗μX)} (0 < ρ ≤ ∞) ,

as function spaces on X.

In particular, the last type of function spaces requires integration on X
with respect to the measure μX given by a non-vanishing regular analytic n-
form ω on X. It can be written out on charts (Uα, φα), (Uβ , φβ) as follows:
Assume that the integral ∫

Uαβ

h(x) dμX(x)
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is to be evaluated on the set

Uαβ = Uα ∩ Uβ .

Thus, using diagram (3), obtain∫
Uαβ

h(x) dμX(x) =
∫

φα(Uαβ)

hα(z) |ωα(z)|

=
∫

τ−1
αβ (φβ(Uαβ))

hβ(ταβ(y)) |ωβ(ταβ(y))|

=
∫

τ−1
αβ (φβ(Uαβ))

hβ(ταβ(y)) |fβ(ταβ(y))| |dταβ(y)|

=
∫

φβ(Uαβ)

hβ(y) |fβ(y)| ∣∣det
(
τ ′
αβ(y)

)∣∣ |dy|

=
∫

φβ(Uαβ)

hβ(y) |ωβ(y)| ,

where we have written out the differential form ω on Uαβ often encountered
in the following sloppy notation:

ωα = ω|Uα
= fα dx, ωβ = ω|Uβ

= fβ dx

with analytic functions fα : Uα → K, fβ : Uβ → K as:

ωα|Uαβ
= fα dx|Uαβ

= fβ dx|Uαβ
= ωβ |Uαβ

,

but here explicitly given as

fα|φα(Uαβ) = fβ |φβ(Uαβ) ◦ ταβ = det
(
τ ′
αβ

) · fβ |φβ(Uαβ)

in order to be able to explicitly integrate on the p-adic analytic manifold X
using charts and transition functions.

Using this and diagram (3), it is an exercise to show that the function
space D(X) is dense in the other function spaces defined above, and that the
latter are Banach spaces.

3.2. Local Vladimirov-Taibleson Operators

A well-defined kernel function k(x, y) on the p-adic manifold X × X can be
defined using the atlas A × A. Given a kernel function k(x, y) on X, one can
now define a Laplacian integral operator K as follows:

Kh(x) =
∫

X

k(x, y)(h(x) − h(y))μX(y) .

The following definition will make use of the weighted nerve complex
(N(A), w) defined in Section 2.3. First, define for A ⊂ X

σ(A) = the highest-dimensional simplex containing A ,
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if A is contained in a simplex of N(A). Use the notation

σ(x1, . . . , xm) = σ({x1, . . . , xm})

for x1, . . . , xm ∈ X, if there exists a simplex in which these points are all con-
tained.

Define the function

dg : X × X → R≥0, (x, y) �→⎧⎨
⎩

μX(x ∧ y), x, y contained in a ball in X

min
γ : σ(x)�σ(y)

{μX(Uγ(x, y))}, x ∧ y does not exist

where γ : σ(x) � σ(y) is a path between σ(x) and σ(y) in the simplicial
complex N(A) passing through a sequence of adjacent faces (of higher or lower
dimension), and

Uγ(x, y) =
⋃
σ∈γ

σ ⊆ X ,

where the union is taken over the subsets of X corresponding to the simplices
along the path γ.

Lemma 3.3. The function dg defines a distance on X.

Proof. This is immediate due to the monoticity of the measure μX w.r.t. in-
clusion. �

Definition 3.4. The function dg is called the geodetic distance on the p-adic
analytic manifold (X,A).

Definition 3.5. The operator Δs given by

Δsh(x) =
∫

X

dg(x, y)−s(h(x) − h(y))) |ω(y)|

with for x ∈ X and s ∈ R, is called a p-adic Laplace-Beltrami operator on X,
and defines a Laplacian integral operator on D(X).

Remark 3.6. The connectedness of the nerve complex N(A) is essential in
order to to be able to transition from anywhere to everywhere in the manifold
(X,A).

An example compact manifold which is not contained inside a p-adic ball
is the projective n-space Pn(K). The main reason is that its nerve complex,
depicted in Figure 1, is a 2-dimensional simplex, viewed as a simplicial com-
plex. This means that in the case of the p-adic projective n-plane with the
usual atlas, the operator Δs is actually global, because every point is reach-
able from the maximal 2-simplex.
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An example of manifold whose nerve complex is not a simplex, is given
by

Y = Pn(K) \ U0...n = Pn(K) \ Sn
0 ,

whose nerve complex N(AY ) is the simplicial complex obtained by removing
from the n-simplex N(APn(K)) (as a simplicial complex) the “interior” n-facet.
In Y , two points are contained in a common simplex, if and only if they are
inside an n − 1-simplex or in any of its lower-dimensional facets. Notice, that
Y is a compact p-adic analytic sub-manifold of (Pn(K),A) with atlas AY

obtained from A by restricting the maps φ in the charts (U, φ) to the open
U ∩ Y of Y . Notice that the weights on N(AY ) are different from those on
N(A).

3.3. Spectrum of the Local Vladimirov-Taibleson Operator

In order to be able to say something about the L2-spectrum of Δs, define now
a suitable notion of wavelet. And for this, the notion of ball in X is helpful.

Definition 3.7. A wavelet on X is a function

ψ : X → C

supported on a ball B(a) ⊆ X, with a ∈ X, and for any given chart (Uα, φα)
containing B, ψα is a Kozyrev wavelet supported in a ball centred in φα(a) ∈
Kn.

Lemma 3.8. It holds true that∫
X

ψ(x) |ω(x)| = 0

for any wavelet ψ on X.

Proof. Since this is a well-known fact for Kozrev wavelets in Kn, cf. [15, The-
orem 3.29] or [1, Theorem 9.4.2], the assertion follows immediately. �

Lemma 3.9. Any wavelet ψ on X supported in a ball B ⊆ X is an eigenfunc-
tion of the p-adic Laplacian Δs with eigenvalue

λψ =
∫

X\B

dg(x, y)−s |ω(y)| + μX(B)1−s(1 − q−n(1 + (−1)n)) ,

independently of the choice of any x ∈ B, and where s ∈ R.

Proof. Independence on the choice of x ∈ B is immediate. The proof of the
eigenvalue formula in [17, Theorem 3] almost carries over, because in the de-
composition of the integral∫

X

dg(x, y)−s(ψ(x) − ψ(y)) dμx(y)

=
∫

X\B

dg(x, y)−s(ψ(x) − ψ(y)) dμX(y)
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+
∫

B

dg(x, y)−s(ψ(x) − ψ(y)) dμ(y) ,

it is not needed that dg(x, y) is an ultrametric, if x ∈ B and y ∈ X \ B.
In that proof, it is only used that dg(x, y) is an ultrametric on the ball B.
The asserted eigenvalue formula follows by a similar argumentation as the
proof of [17, Theorem 3]. �

Define the function space

L2(X,μX)w =
∣∣∣∣closure of the span of wavelets in X with supports so small,
that they do not overlap

∣∣∣∣
as a closed subspace of L2(X,μX). The non-overlapping condition is realisable,
because of Theorem 2.6. The L2-space has as a dense subspace

D(X)w = D(X) ∩ L2(X,μX)w ,

and, by Lemma 3.9, the operator Δs is densely defined on L2(X,μX)w. The
following result can now be formulated:

Theorem 3.10. The Hilbert space L2(X,μX)w has an orthonormal basis of
eigenfunctions of Δs consisting of wavelets on X, where s ∈ R. Each eigen-
value has only finite multiplicity.

Proof. The orthonormal property is given by the smallness of the supports,
and by the corresponding property on the image of each chart map plus the
fact that the images of balls map to balls via transition map. The finiteness of
the eigenvalue multiplicities follows from Lemma 3.9. �

The subscript w is going to be used also for other function spaces via
intersecting with D(X)w or D(X,R)w which denotes the real-valued functions
on X which are locally constant (with compact support).

Lemma 3.11. The operator −Δs generates a Feller semigroup e−tΔs

with t ≥ 0
on C(X,R)w for s ∈ R.

Proof. The proof follows the lines of the proof of [5, Lemma 5.1], in which
we verify the criteria given by the Hille-Ray-Yosida Theorem, cf. [12, Ch. 4,
Lemma 2.1]

1. The domain of −Δs is dense in C(X,R)w. This is verified, as the
domain is D(X,R)w which is dense in C(X,R)w.

2. −Δs satisfies the positive maximum principle. Let h ∈ D(X,R)w, and
x0 ∈ X such that h takes its maximum in x0. By compactness of X, such
x0 ∈ X exists. Then

−Δsh(x0) ≤
∫

X

d(x, y)−s(h(x0) − h(x0)) |ω(x)| ≤ 0 ,

which shows that the positive maximum principle is satisfied.
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3. The range Ran(ηI +Δs) is dense in C(X,R)w for some η > 0. If s ≤ 0,
then −Δs is a bounded operator, and one can argue as in [39, Lemma 4.1]. In
the case s > 0, the operator is unbounded, and one can now argue as in the
proof of [5, Lemma 5.1] (by pretending one has the trivial group Γ = 1 acting
on X). This shows the denseness of the range in C(X,R)w.

Since all three criteria of the Hille-Ray-Yosida Theorem are satisfied, the
assertion now follows. �

Theorem 3.12. There exists a probability measure pt(x, ·) with t ≥ 0, x ∈ X on
the Borel σ-algebra of X such that the Cauchy problem for the heat equation(

∂

∂t
+ Δs

)
u(x, t) = 0

having initial condition u(x, 0) = u0(x) ∈ C(X,R)w has a unique solution in
C1((0,∞),X)w of the form

u(x, t) =
∫

X

u0(y)pt(y, dμX(y)) .

Additionally, pt(x, ·) is the transition function of a strong Markov process on
X whose paths are càdlàg.

Proof. Following the proof of [5, Theorem 5.2], we can argue as follows:

Due to Lemma 3.11, −Δs is the generator of a Feller semigroup on
C(X,R)w. Arguing as in the proof of [39, Theorem 4.2], there exists a uniformly
stochastically continuous C0-transition function pt(x, dμX(y)) satisfying con-
dition (L) of [30, Theorem 2.10] such that

e−tΔs

h0(x) =
∫

X

h0(y)pt(x, dμX(y)) ,

cf. [30, 2.15]. Now, from the correspondence between transition functions and
Markov processes, it follows that there exists a strong Markov process on X,
whose paths are càdlàg. �

In fact, there is a heat kernel function associated with the operator −Δs:

Theorem 3.13. The heat kernel function

H(t, x, y) = 1 +
∑
ψ

e−tλψψ(x)ψ(y)

for Δs with s ∈ R, where ψ runs over the wavelets on X, exists for x �= y ∈ X,
t > 0. If s > 1, then it also exists for x = y and t > 0, and

H(t, ·, ·) ∈ L2(X × X,μX ∧ μX)

in this case.
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Proof. The convergence of the series H(t, x, y) for t > 0, and x �= y follows
thus: since X is compact, there are only finitely many wavelets ψ such that

x, y ∈ supp(ψ) ,

and so H(t, x, y) is a finite sum in this case, hence convergent. This shows the
existence of the heat kernel function outside the diagonal of X × X.

If s > 1, t > 0, and x = y, then

H(t, x, x) = 1 +
∑
ψ

e−tλψμX(supp(ψ))−1

(∗)

≤ 1 +
∑
ψ

e−μX(supp(ψ))1−s t

μX(supp(ψ))
< ∞ ,

where (∗) follows from Lemma 3.9. This shows the existence of the heat kernel
function for Δs on all of X × X.

For the L2-property, it holds true that∫
X×X

|H(t, x, y)|2 dμX(x)dμX(y) ≤ μX(X)2 +
∑
ψ

e−2tλψ < ∞ ,

because the eigenvalues increase unboundedly with shrinking supp(ψ) in the
case s > 1, t > 0. �

The heat kernel function can be written as

H(t, x, y) = 1 + h(t, x, y)

with
h(t, x, y) =

∑
ψ

e−tλψψ(x)ψ(y) ,

for t > 0. The associated Green function is given by

G(x, y) =
∫ ∞

0

h(t, x, y) dt

for x, y ∈ X.

Corollary 3.14. The Green function for −Δs with s > 1 exists, and has the
form

G(x, y) =
∑
ψ

λ−1
ψ ψ(x)ψ(y)

for x, y ∈ X.

Proof. The form of G(x, y) is given formally by integrating each summand of
h(t, x, y). Since

λψ ∈ O
(
μX(supp(ψ))1−s

)
for μX(supp(ψ)) → 0, and∣∣∣ψ(x)ψ(y)

∣∣∣ ≤ μX(supp(ψ))−1 ,
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it follows that
λ−1

ψ

∣∣∣ψ(x)ψ(y)
∣∣∣ ∈ O (μX(supp(ψ))s)

with s > 1. Hence,

|G(x, y)| ≤
∑
ψ

λ−1
ψ

∣∣∣ψ(x)ψ(y)
∣∣∣ < ∞ ,

and the convergence of G(x, y) follows for x, y ∈ X. �

Remark 3.15. Again, as seen in the proof of Theorem 3.13, due to the com-
pactness of X, the Green function in its form of Corollary 3.14 is a finite sum,
if x, y ∈ X are two distinct points.

4. Diffusion on an Elliptic Curve with Good Reduction

Let E be an elliptic curve over K with p �= 2, 3, and given via its Weierstrass
equation:

E : y2 = x3 − 27c4x − 54c6 ,

where it w.l.o.g. be assumed that c4, c6 ∈ OK . The curve is a projective al-
gebraic subvariety of the projective n-space Pn over K, and the set E(K) of
K-rational points form a closed subset of the p-adic analytic manifold P2(K),
locally given as the zero set of an algebraic equation in two variables. Since all
points of E(K) are non-singular, it follows that E(K) is a 1-dimensional closed
submanifold of P2(K). Cf. [14, Chapter 2.4] for the construction of closed sub-
manifolds and an atlas for such.

Notice that the zero element O ∈ E(K) in the space of K-rational points
E(K) has the coordinates

O = [0 : 1 : 0] ∈ P2(K)

w.r.t. to the Weierstrass equation.

The measure μE on E(K) will be given through the invariant differential
1-form

ω =
dx

2y
,

which has no zeros on E(K). It will be written as

μE = |ω| =
|dx|
|2y| ,

and will play a prominent role in the following subsections.

The main difference with the case of Tate elliptic curves dealt with in [6],
is that in the case of good reduction, there is no Tate uniformisation available,
as explained in [31] or [28, Chapter V.3], and thus the theory of theta functions
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from [13, Chapter 5.1] cannot be used. This necessitates a different approach,
as will be explained below.

4.1. E(K) as a p-adic Analytic Manifold

Assume that E has good reduction. This means that the curve

E : y2 = x3 − 27 c4x − 54 c6 (4)

defined over the residue field k = OK/πOK is non-singular. In other words, E
is an elliptic curve over k whose Weierstrass equation is (4), and whose origin
is O = [0̄ : 1̄ : 0̄] ∈ P2(k).

Theorem 4.1. The K-rational points E(K) of an elliptic curve E with good re-
duction with p �= 2, 3, form a 1-dimensional closed p-adic analytic submanifold
of P2(K), whose Serre invariant is

i(E(K)) =
∣∣E(k)

∣∣ mod (q − 1) ,

where q = |k| is the cardinality of the residue field k = OK/πOK .

Proof. The closed analytic submanifold property is given by the algebraic
equations for E(K) ⊂ P2(K), cf. [14, Chapter 2.4]. According to [37, The-
orem 2.2.5], it holds true that∫

E(K)

|ω| =
1
q

∣∣E(k)
∣∣ ,

since ω is a nowhere vanishing differential 1-form on E(K). From this, the
asserted value of the Serre invariant follows, since q ≡ 1 mod q − 1. �

Using the atlas {U0, U1, U2} of P2(K), one sees from the fact that

O = [0̄ : 1̄ : 0̄]

is the only non-affine point of E(k), that the set

E(K) ∩ (U0 \ U012) = ∅
is void. Hence, a minimal atlas AE of E(K) having a connected nerve complex
is given by

O1 = E(K) ∩ U1, O2 = E(K) \ E1

with non-empty overlap O1 ∩ O2 whose measure is likely to depend on the
particular Weierstrass equation of E. In any case, the weighted nerve complex
associated with AE is given in Figure 2, where the measures are

μE(O1) = μ1

μE(O1 ∩ O2) = μ1 − 2
q

μE(O2) =
2
∣∣E(k)

∣∣ − 2
q

,
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Figure 2. A minimal weighted connected nerve complex for
an elliptic curve with good reduction

and Theorem 4.1 has been used. Notice that the atlas AE has the equalising
property.

The reduction map
ρ : E(K) → E(k)

is, according to [27, Proposition 2.1], a surjective group homomorphism. This
means that the analytic manifold E(K) is the disjoint union of translates of
the set

E1(K) := ker ρ = ρ−1(O) ,

where O ∈ E(k) is the origin of the reduced elliptic curve E. It follows that

μE(E1(K)) =
1
q

, (5)

and μ1 is an integer multiple of 1
q .

Let now B ⊂ E(K) be a ball, and y ∈ E(K) \ B. There are three cases
for the value of the geodesic distance dg(B, y), namely:

Case B ⊂ E1. Then

dg(x, y) =

⎧⎪⎨
⎪⎩

μE(x ∧ y), x ∧ y exists
μ1, y ∈ O1 \ Bmax(x)
1
q

∣∣E(k)
∣∣ , y ∈ O2 \ O1

(6)

for x ∈ B, and with Bmax(x) the largest ball in E(K) containing x ∈ B.

Case B ⊂ O1 ∩ O2. Then

dg(B, y) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

μE(x ∧ y), x ∧ y exists
μ1 − 1

q , y ∈ O1 ∩ O2 \ Bmax(x)
1
q

(∣∣E(k)
∣∣ − 1

)
, y ∈ O2 \ O1 ∩ O2

μ1 , y ∈ O1 \ O1 ∩ O2

(7)

for x ∈ B.
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Case B ⊂ O2 \ O1. Then

dg(x, y) =

⎧⎪⎨
⎪⎩

μE(x ∧ y), x ∧ y exists
1
q

(∣∣E(k)
∣∣ − 1

)
, y ∈ O2 \ Bmax(x)

1
q

∣∣E(k)
∣∣ , y ∈ O1 \ O2

(8)

Proposition 4.2. The wavelet eigenvalues of Δs acting on D(E(K)) are

λψ = μE(B)1−s + q1−s
(
μ(Bmax(x))1−s − μE(B)1−s

)
+ κ(s)

for B = supp(ψ) ⊂ E(K) with

κ(s) =

⎧⎪⎨
⎪⎩

a, B ⊂ O1 \ O2 = E1(K)
b, B ⊂ O1 ∩ O2

c, B ⊂ O2 \ O1

with

a = μ−s
1 μE(O1 \ Bmax(x)) +

(∣∣E(k)
∣∣

q

)1−s

b =
(

μ1 − 1
q

)−s

μE (O1 ∩ O2 \ Bmax(x)) +

(∣∣E(k)
∣∣ − 1

q

)1−s

+ μ1−s
1

c =

(∣∣E(k)
∣∣ − 1

q

)−s

μE (O2 \ Bmax(x)) +

(∣∣E(k)
∣∣

q

)1−s

,

and with x ∈ B, s ∈ R.

Proof. This follows from Lemma 3.9 under the consideration of equalities (6)-
(8). �

4.2. Hearing the Number of Points on E(k)
Here, the case of an elliptic curve E with good reduction will be studied over
a local field K with p �= 2, 3 and residue field k of cardinality q = pf with
f >> 0. The number q will be considered sufficiently large, if the reduction
curve E(k) under the 2-sheeted cover

λ : E(k) → P1(k), (x, y) �→ x ,

contains all the branch points. By the Riemann-Hurwitz formula, the cover λ
has four ramification points: one of them is O, and the other ones are the pre-
images of the zeros of the polynomial f̄ from the proof of Theorem 4.1. This
means that the value for μ1 of the previous subsection can now be explicitly
given as the pre-image under ρ of the unramified locus in E(k) w.r.t. the cover
λ̄. This is the open set O1 ∩ O2. Hence, the following measures hold true:

μE(O1 \ O2) =
1
q

, μE(O2 \ O1) =
3
q

, μE(O1 ∩ O2) =

∣∣E(k)
∣∣ − 4

q
,
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and thus

μ1 =

∣∣E(k)
∣∣ − 3

q
, μE(Bmax(x)) =

1
q

(9)

for any x ∈ E(K). The latter follows by translating the disc E1(K) within
E(K). That E1(K) is indeed an analytic disc follows from the proof of [37,
Theorem 2.2.5], where the fibres of the reduction map of n-dimensional al-
gebraic varieties over OK with good reduction are analytically isomorphic to
πOn

K .

Corollary 4.3. The wavelet eigenvalues of Δs for an elliptic curve with good
reduction with q = pf with f >> 0 and p �= 2, 3 are

λψ(s) = 1 +
(
1 − q1−s

)
μE(B)1−s + κ(s)

with

κ(s) =

⎧⎪⎨
⎪⎩

a(s), B ⊂ E1(K)
b(s), B ⊂ O1 ∩ O2

c(s), B ⊂ O2 \ O1

and ψ a wavelet supported in B ⊂ E(K), and

a(s) =

(∣∣E(k)
∣∣ − 3

q

)−s (∣∣E(k)
∣∣ − 4

q

)
+

(∣∣E(k)
∣∣

q

)1−s

b(s) =

(∣∣E(k)
∣∣ − 4

q

)−s (∣∣E(k)
∣∣ − 5

q

)
+

(∣∣E(k)
∣∣ − 1

q

)1−s

+

(∣∣E(k)
∣∣ − 3

q

)1−s

c(s) =

(∣∣E(k)
∣∣ − 1

q

)−s (∣∣E(k)
∣∣ − 2

q

)
+

(∣∣E(k)
∣∣

q

)1−s

for s ∈ R.

Proof. This is an immediate consequence of Proposition 4.2 using (9). �

In order to be able to hear the number of points of E(k), use Corollary
4.3 in order to extract this number from

λ0(s) = inf {λψ(s) | ψ wavelet eigenfunction of Δs}

for s ∈ R.
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Theorem 4.4. Let E be an elliptic curve over K with q = pf and f >> 0,
p �= 2, 3. Then the number

∣∣E(k)
∣∣ satisfies the following property:

∣∣E(k)
∣∣ =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
3

λ0(s) − qs−1

) 1
s−1

+ t0 + q , for some t0 ∈ (0, 5), if s >> 1,

6 − 4λ0(1)
3 − λ0(1) , if s = 1,

(
2

λ0(s) − 1

) 1
s−1

+ t0 + q , for some t0 ∈ (1, 5) if s < 1 ,

and (
2

λ0(s) − qs−1

) 1
s−1

+ q <
∣∣E(k)

∣∣ <

(
3

λ0(s) − qs−1

) 1
s−1

+ 5 + q

if s > 1.

Proof. Case s > 1. In this case, λψ(s) attains its minimum when B = suppψ
is maximal, i.e. μ(B) = μ(Bmax) = q−1. This implies

λ0(s) = qs−1 + m(s) ,

where
m(s) = min {a(s), b(s), c(s)}

with s ∈ R. Since it is assumed that f >> 0, it can be assumed by the Hasse
bound [19, Theorem IV.9.4] (Riemann hypothesis for elliptic curves over finite
fields) that ∣∣E(k)

∣∣ − t

q
< min

{
1,

∣∣E(k)
∣∣ − 1

q

}

for t > 1. It follows that

2

(∣∣E(k)
∣∣

q

)1−s

< m(s) < 3

(∣∣E(k)
∣∣ − 5

q

)1−s

,

which for s >> 1 can be tightend to

3

(∣∣E(k)
∣∣

q

)1−s

< m(s) < 3

(∣∣E(k)
∣∣ − 5

q

)1−s

,

and thus

m(s) = 3

(∣∣E(k)
∣∣ − t

q

)1−s
∣∣∣∣∣∣
t=t0

for some t0 ∈ (0, 5) by continuity of that function in the variable t ∈ [0, 5]. It
follows that

∣∣E(k)
∣∣ =

(
3

λ0(s) − qs−1

) 1
s−1

+ t0 + q
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in the case s >> 1. In the general case of s > 1, it follows that
(

2
λ0(s) − qs−1

) 1
s−1

+ q <
∣∣E(k)

∣∣ <

(
3

λ0(s) − qs−1

) 1
s−1

+ 5 + q

Case s = 1. If s = 1, then

m(1) = 1 +

∣∣E(k)
∣∣ − 5∣∣E(k)
∣∣ − 4

= λ0(1) − 1 ,

from which it follows that
∣∣E(k)

∣∣ =
6 − 4λ0(1)
3 − λ0(1)

with f >> 0.

Case s < 1. If s < 1, then

m(s) = b(s) = λ0(s) − 1,

and thus

3

(∣∣E(k)
∣∣ − 5

q

)1−s

< m(s) < 3

(∣∣E(k)
∣∣ − 1

q

)1−s

,

which implies, similarly as in the case s >> 1, that

∣∣E(k)
∣∣ =

(
3

λ0(s) − 1

) 1
s−1

+ t0 + q

with t0 ∈ (1, 5). This proves the assertions. �
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for fruitful discussions. Frank Herrlich is thanked for my formation in algebraic
geometry many years ago.

Author contributions The author contributed to the study conception and de-
sign, and analysis. The author wrote, read and approved the final manuscript.

Funding Open Access funding enabled and organized by Projekt DEAL. This
research is partially funded by the Deutsche Forschungsgemeinschaft under
project number 469999674.



  129 Page 26 of 29 P. E. Bradley Results Math

Data Availability Statement There is no data associated with this manuscript.

Declarations

Competing Interests The author has no relevant financial or non-financial in-
terests to disclose.

Open Access. This article is licensed under a Creative Commons Attribution 4.0
International License, which permits use, sharing, adaptation, distribution and re-
production in any medium or format, as long as you give appropriate credit to the
original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in
this article are included in the article’s Creative Commons licence, unless indicated
otherwise in a credit line to the material. If material is not included in the article’s
Creative Commons licence and your intended use is not permitted by statutory regu-
lation or exceeds the permitted use, you will need to obtain permission directly from
the copyright holder. To view a copy of this licence, visit http://creativecommons.
org/licenses/by/4.0/.

References

[1] Albeverio, S., Khrennikov, A.Y., Shelkovich, V.M.: Theory of p-Adic Distribu-
tions: Linear and Non- Linear Models, volume 370 of London Mathematical
Society Lecture Note Series. Cambridge University Press, Cambridge, (2010)

[2] Bendikov, A., Grigor’yan, A., Pittet, C., Woess, W.: Isotropic Markov semi-
groups on ultra-metric spaces. Russ. Math. Surv. 69, 589–680 (2014)

[3] Bradley, P.E.: Heat equations and wavelets on Mumford curves and their finite
quotients. J. Fourier Anal. Appl. 29(5), 62 (2023)

[4] Bradley, P.E.: Boundary value problems for p-adic elliptic Parisi-Zúñiga diffu-
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