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Abstract

Understanding the nature of Dark Matter (DM) and the origin of the matter anti-matter
asymmetry remain among the most challenging tasks in modern particle physics and cosmol-
ogy. In this thesis we investigate theoretical frameworks that address both of these issues with
an emphasis on production mechanisms that can be tested through current and upcoming
experimental probes.

In the first part of this thesis we introduce a new tool that is able to compute the DM relic
abundance for any model that provides a DM candidate stabilized by a Z2-symmetry via the
freeze-out mechanism. Additionally, the code is able to perform efficient parameter scans on
the given model to find parameter regions that generate the observed DM abundance. We
give detailed descriptions of the algorithms and techniques used throughout the code as well
as provide examples of how to use it.

In the second part of this thesis we finished an ongoing project, where we investigated the
interplay between two DM generation mechanism, freeze-in and freeze-out, in the model CP in
the Dark. Under certain circumstances, this model contains two DM candidates, both of which
generate their own relic density through the aforementioned mechanisms. We demonstrate
that via the interplay between the two, we can easily generate the observed relic density while
also retaining the possibility of measurable signals in upcoming collider and direct detection
searches.

The third, deals with the problem of the observed Baryon Asymmetry of the Universe (BAU).
Here, we investigate the properties of the transport equations which are used to compute the
BAU via the mechanism of Electroweak Baryogenesis (EWBG). More specifically, we check
the convergence region of the moment expansion of the transport equations as well as its
dependence on the choice of the truncation scheme. Additionally, we perform a phenomeno-
logical investigation of the Complex 2 Higgs-Doublet Model (C2HDM) with respect to the
BAU. Lastly, we discuss the validity of the obtained BAU in the parameter space allowed by
the current experimental and theoretical constraints.
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Zusammenfassung

Das Verständnis der Natur der Dunklen Materie (DM) und des Ursprungs der Materie
Antimaterie-Asymmetrie gehört zu den größten Herausforderungen der modernen Teilchen-
physik und Kosmologie. In dieser Arbeit untersuchen wir Theorien, die beide Probleme
adressieren, mit besonderem Fokus auf Produktionsmechanismen, die durch aktuelle und
zukünftige Experimente überprüfbar sind.

Im ersten Teil präsentieren wir ein neues Programm, das in der Lage ist, die Reliktdichte der
Dunklen Materie für jedes Modell, das einen Z2-Symmetrie stabilisierten DM-Kandidaten
bereitstellt, mit dem freeze-out Mechanismus zu berechnen. Darüber hinaus ist der Code in
der Lage, effiziente Parameterscans für das gegebene Modell durchzuführen, um Parameter-
bereiche zu identifizieren, die die beobachtete DM-Dichte erzeugen. Wir geben detaillierte
Beschreibungen der im Programm verwendeten Algorithmen und Techniken sowie Beispiele
für dessen Anwendung.

Im zweiten Teil dieser Arbeit haben wir ein bestehendes Projekt vollendent. In diesem unter-
suchten wir das Zusammenspiel zweier Mechanismen zur Erzeugung Dunkler Materie, Freeze-
in und Freeze-out, im Modell

”
CP in the Dark“. Unter bestimmten Bedingungen enthält dieses

Modell zwei DM-Kandidaten, die jeweils ihre eigene Reliktdichte über die genannten Mech-
anismen erzeugen. Wir zeigen, dass durch ihr Zusammenspiel die beobachtete Reliktdichte
leicht reproduziert werden kann. Gleichzeitig besteht die Möglichkeit, messbare Signale an
zukünftigen Teilchenbeschleuniger-Experimenten und Experimenten zum direkten Nachweis
von Dunkler Materie zu erhalten.

Der dritte und letzte Teil befasst sich mit dem Problem der beobachteten Baryonenasym-
metrie des Universums (BAU). Hier untersuchen wir die Eigenschaften der Transportglei-
chungen, die zur Berechnung der BAU über den Mechanismus der elektroschwachen Baryo-
genese (EWBG) verwendet werden. Insbesondere prüfen wir den Konvergenzbereich der
Momentenentwicklung der Transportgleichungen sowie deren Abhängigkeit von der Wahl der
Abbruchbedingung. Darüber hinaus führen wir eine phänomenologische Untersuchung des
komplexen 2-Higgs-Dublett-Modells (C2HDM) im Hinblick auf die BAU durch. Abschließend
diskutieren wir die Gültigkeit der erhaltenen BAU im Parameterraum, der durch aktuelle ex-
perimentelle und theoretische Einschränkungen erlaubt ist.
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CHAPTER 1

Introduction

Two theoretical frameworks underpin our current understanding of nature across vastly dif-
ferent scales. On microscopic distances, the Standard Model (SM) of particle physics provides
a precise and experimentally validated description of the constituents of everyday matter and
its interactions, as confirmed by decades of collider and precision measurements [1, 2]. On
cosmological scales, the Λ Cold Dark Matter model (ΛCDM) successfully captures the large-
scale structure and evolution of the universe, relying on a small set of parameters to explain
observations ranging from the Cosmic Microwave Background (CMB) to the distribution of
galaxies [3, 4].

Despite their individual successes, a tension emerges when these two models are considered
together. The cosmological framework requires the existence of components such as Dark
Matter (DM) and a generated primordial matter anti-matter asymmetry. However, neither
of these ingredients can be accommodated within the SM. This mismatch highlights a funda-
mental incompleteness in our description of nature and provides a compelling motivation to
search for new physics that consistently connects the microscopic laws of particle interactions
with the macroscopic evolution of the universe. A promising approach to tackle this issue is
to extend the current SM via additional particles capable of connecting these two regimes.
In this context, such extensions not only provide viable candidates for DM, but can also
introduce new sources of CP -violation and out-of-equilibrium dynamics required to generate
the Baryon Asymmetry of the Universe (BAU) offering a unified framework to address both
shortcomings.

One of the possible particle candidates to account for the DM content of the universe, are
Weakly-Interacting-Massive Particle (WIMP). For couplings to the SM at the weak scale,
such particles can naturally reproduce the observed relic abundance of DM in the universe,
which is measured to be [4]

ΩXh
2 = 0.120± 0.001 . (1.1)

However, the improving sensitivity of direct detection experiments [5,6] has led to increasingly
stringent constraints, causing the viable parameter space of models containing WIMPs to
shrink. This has led to an increase of complexity in current DM models, which, instead of
providing a single candidate, contain an entire Dark Sector (DS) of particles. Although this
solution manages to account for the null results observed by direct detection experiments, the
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introduction of additional particles often complicates the generation of the observed DM relic
abundance. To address this challenge, we develop a tool within this thesis that systematically
explores the parameter space and identifies regions consistent with the observed dark matter
relic abundance for a given model. The tool can be applied either to predefined models
provided with the code or to user-defined DM models featuring a single candidate stabilized
by a Z2-symmetry. It computes the corresponding DM relic abundance via thermal freeze-out
and offers a set of algorithms for systematic parameter space searches.

Instead of increasing the complexity of our models, a second way to circumvent the exper-
imental constraints is by considering Feebly-Interacting-Massive-Particles (FIMPs). In this
approach, the DM candidate couples very weakly to the SM, such that it remain undetectable
by current and near-future experiments. The DM relic abundance in such models is produced
via the mechanism of freeze-in in the early universe. Although models that contain a FIMP
work very well at generating the observed DM relic abundance they are very difficult to probe
in experiments due to their small interaction with the SM. As a result, establishing their ex-
istence with current experimental techniques is highly challenging. In the second part of this
thesis we finished a project that began prior to this theses, where we consider a model that
contains two DM candidates, a FIMP and a WIMP. With this setup, the observed relic abun-
dance can be easily generated by the FIMP component, while the WIMP sector can give rise
to observable signals in upcoming experiments. Furthermore, depending on the measured
signals, it may be possible to infer the fraction of the relic abundance contributed by the
FIMP component.

We not turn to the problem of the observed BAU, which is characterized by the quantity [4]

ηobs =
nB − nB̄

s
≃ nB

s
≃ (8.690± 0.053) · 10−11 . (1.2)

To generate a matter anti-matter asymmetry from an initially symmetric state, a model has
to fulfill the three Sakharov conditions [7]: Baryon-number violation, C and CP -violation,
and departure from thermal equilibrium. A particularly promising approach to obtain the
asymmetry is the mechanism called Electroweak Baryogenesis (EWBG). In this approach the
Higgs field undergoes an electroweak phase transition in the early universe, during which
its Vacuum Expectation Value (VEV) changes from a symmetric to a broken phase. If this
transition is of first order, bubbles of the broken phase nucleate and expand throughout the
Universe. Inside these bubbles, the Higgs field acquires its electroweak (true) VEV, while
outside the bubbles the field remains in the symmetric (false) phase. As the plasma interacts
with this expanding bubble, CP -violating processes create an asymmetry between matter
and anti-matter which is subsequently absorbed by the expanding bubble. It was shown
that the Higgs potential of the SM does not give rise to a first-order phase transition and
is therefore not sufficient to explain the observed BAU [8, 9]. Therefore, additional scalar
particles are necessary to obtain a strong first-order phase transition within the framework of
EWBG. Given such models, we must solve the transport equations of the plasma to obtain
the generated asymmetry and hence the BAU. To construct these equations we use the WKB
method developed in Refs. [10–12], where the most recent developments include higher-order
moment expansions [13]. In this work, we adopt this approach and investigate the convergence
of the BAU as we increase the number of considered moments across different regions of
parameter space. Doing so, our investigation shows that the computation of the BAU does
not lead to stable results for small wall velocities or small wall thicknesses. We proceed to
do a phenomenological investigation of the Complex 2 Higgs-Doublet Model (C2HDM) with
respect to the BAU and show clear correlations between specific model parameters and the
value of the BAU.

This thesis is structured as follows. We begin by providing the necessary prerequisites in
Chapter 2 to enable the reader to follow the rest of the thesis. Here, we give a brief intro-
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duction into the SM in Sec. 2.1, followed by an rough overview of the history of the universe
in Sec. 2.2. We use Sec. 2.3 to introduce the Boltzmann equation, which is the central equa-
tion to describe the dynamics of the plasma that is present in the early universe. Lastly, we
provide a rough overview on the topic of finite temperature field theory in Sec. 2.4.

With the necessary tools at hand, we continue with the three projects contained in this
thesis. In Part I, we describe our developed DM tool RelExt, which is able to compute the
relic density via freeze-out for an arbitrary DM model, where the DM candidate is stabilized
by a Z2 symmetry, as well as to search the parameter space of the model for parameter regions
which generate the observed DM abundance. First, we give an introduction into the WIMP
paradigm in Chapter 3, where we derive the necessary Boltzmann equation to describe DM
freeze-out. In Chapter 4, we provide an in depth description of our code RelExt, where we
describe the overall structure of the tool as well as the algorithms used throughout the code.
We give a few examples on how the code can be used to search parameter regions in Chapter 5
and give a conclusion of this part in Chapter 6.

In Part II of this thesis we consider the model CP in the Dark, which in a certain limit
provides two DM candidates, one FIMP and one WIMP. We analyze the effect of having
these two DM candidates with respect to experimental observables. In Chapter 7 we give a
small introduction into the DM generation mechanism called freeze-in. Next, we derive the
necessary Boltzmann equations in Chapter 8 to describe the generation of the DM abundance
including both DM candidates. Lastly, we give a conclusion of this project in Chapter 9.

Part III contains the third project of this thesis, in which we compute the BAU using the
WKB method and study its convergence behavior in the moment expansion of the trans-
port equations as well as investigate the generated BAU within the C2HDM. To do so, we
first provide an introduction into the mechanism of EWBG in Chapter 10. After that, in
Chapter 11, we derive the transport equations as well as provide the formula to compute the
BAU. In Chapter 12 we provide an updated value on one of the collision rates used in the
transport equations, namely the top Yukawa rate. Lastly, we provide our numerical analysis
in Chapter 13 and conclude this part in Chapter 14.

In Chapter 15 we give an overall summary and outlook of the projects contained in this
thesis.





CHAPTER 2

Prerequisites

2.1. The Standard Model

The Standard Model of Particle Physics (SM) [14–16] is seen as one of the major achievements
in theoretical physics of the 20th century. It manages to combine three of the four known
fundamental forces of nature into one theory, i.e. the electromagnetic force, the weak force,
and the strong force. So far, in the regime of particle interactions, there is no theory which
is in better agreement with the experiments than the SM. In this section we will give a brief
overview of the theory behind the SM and refer the reader to Ref. [17] for more details.

The SM is based on Quantum Field Theory (QFT) and consists of a renormalizable La-
grangian which is invariant under the local gauge group

SU(3)c × SU(2)L × U(1)Y . (2.1)

Here, SU(3)c is the gauge group of Quantum Chromodynamics (QCD) and represents the
strong force. Since the Lagrangian is invariant under this group there exists a corresponding
conserved charge, the color charge. This charge is mediated by its associated fields, which
are called gluons denoted by Gaµ (a = {1, .., 8}). They act as mediators between color triplet
states, the quark fields {u, d, c, s, t, b}. The SU(2)L gauge group represents the weak force
with the conserved charge which is the weak isospin I3W and which is mediated by the gauge
fields W i

µ (i = {1, 2, 3}). Finally, we have the U(1)Y gauge group, which conserves the
hypercharge Y and is mediated by the gauge field Bµ. Together, the SU(2)L ×U(1)Y builds
up the Electroweak (EW) force which couples to left handed doublet fields and right handed
singlet fields.

The SM Lagrangian can be split up into several distinct sectors which describe different
properties of the SM particles [18],

LSM = Lgauge + Lfermion + LHiggs + LYukawa + LGF + Lghost . (2.2)

The first term is responsible for the dynamics and propagation of the gauge fields and is given
by

Lgauge = −1

4
GaµνG

aµν − 1

4
W i
µνW

iµν − 1

4
BµνB

µν , (2.3)
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where the field strength tensor F aµν for the gauge field Aaµ is defined by

F aµν = ∂µA
a
ν − ∂νA

a
µ + gfabcAbµA

c
ν . (2.4)

Further, the group structure constants satisfy[
T a, T b

]
= ifabcT c , (2.5)

with T a being the generators of the considered gauge group and a, b, c are the corresponding
group indices. The last term in Eq. (2.4) is responsible for the self-coupling of the gauge fields
and has a significant effect on the underlying physics leading to confinement and asymptotic
freedom of the couplings in the case of QCD [19,20]. This term appears only for non-abelian
gauge groups and is zero in the abelian case.

Next, we have the kinetic term of the fermions ψ which is also responsible for their coupling
to the gauge bosons

Lfermion =
∑
ψ

iψγµDµψ ≡
∑
ψ

iψ /Dψ . (2.6)

Here, the covariant derivative is given by

Dµ = ∂µ − igsT
aGaµ − ig1τ

iW i
µ − ig2Y Bµ , (2.7)

where the coupling constants gy (y ∈ {s, 1, 2}) represent the strength of the strong, weak and
hypercharge force, respectively. The covariant derivative ensures that the Lagrangian remains
invariant under local gauge transformations. Important to note here is that the generators
of the corresponding gauge group, T a, τ i and Y , have different representations based on the
quantum field they are acting on. For example, for a color neutral and electroweak charged
fermion (left-handed leptons) we take the trivial representation for the QCD generators T a =
0, the fundamental representation for the weak force τ i = σi/2, where σi are the Pauli
matrices, and set Y such that the electric charge Q of the fermion is reproduced via the
relation

Q = τ3 + Y . (2.8)

The appropriate choice of the representation of the generators leads to the observed behavior
between matter fields and gauge fields.

Looking at the kinetic terms in Eq. (2.3) and Eq. (2.6) we notice that they do not contain
any bilinear terms which would correspond to a particle mass. This is due to the fact that a
mass term would break local gauge invariance of the SM gauge groups. However, in reality
we observe that some gauge bosons and fermions have masses. To resolve this issue, Brout,
Englert and Higgs introduced a mechanism which gives rise to the masses in an elegant way.
In the Higgs mechanism, an additional scalar complex SU(2)L doublet, the Higgs doublet Φ,
is added to the SM via

LHiggs = (DµΦ)
† (DµΦ) + µ2Φ†Φ− λ

(
Φ†Φ

)2
, (2.9)

where µ > 0 and λ > 0 are free parameters of the Higgs potential

V (Φ) ≡ −µ2Φ†Φ+ λ
(
Φ†Φ

)2
. (2.10)

We want to find the minimum of this potential to determine the ground state of our theory.
This is done by requiring that

∂V (Φ)

∂Φ

!
= 0 , (2.11)
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which leads to the expectation value of

⟨Φ⟩ =
√
µ2

2λ
≡ v√

2
. (2.12)

The v is called the EW Vacuum Expectation Value (VEV) and defines the ground state of
the Higgs potential. This ground state breaks the EW symmetry of the SM potential from
a SU(2)L × U(1)Y symmetry to the electromagnetic U(1)em symmetry. We can expand the
Higgs doublet around the VEV by writing

Φ =

 G+

v + h+ iG0

√
2

 . (2.13)

Here, G+ and G0 are the charged and neutral Goldstone bosons, respectively, which emerge
from breaking the SU(2)L × U(1)Y symmetry down to the electromagnetic symmetry and h
is the Higgs boson. Inserting Eq. (2.13) into the covariant derivative term of Eq. (2.9) will
lead to the mixing of the fields W i and B, which after diagonalization will give the physical
mass eigenstates

W±
µ =

1√
2

(
W 1
µ ∓ iW 2

µ

)
,

Zµ = cosθWW
3
µ − sinθWBµ , (2.14)

Aµ = sinθWW
3
µ + cosθWBµ .

The Weinberg angle θW fulfills the relations

cosθW =
g1√
g21 + g22

and sinθW =
g2√
g21 + g22

, (2.15)

and the masses of the W±-boson, Z-boson and photon γ (Aµ) are given by

mW =
1

2
gv , mZ =

mW

cosθW
, mγ = 0 . (2.16)

Further, we can use the gauge freedom of SU(2)L to absorb the Goldstone fields into the
longitudinal degrees of freedom of the massive gauge bosons. This choice is called the unitary
gauge.

The Higgs mechanism gives rise to the masses of the massive gauge bosons trough its coupling
to the Higgs boson with a non-zero VEV in the ground state. The masses of the fermions
can be obtained in a similar manner via the Yukawa potential

LYukawa = −LLŶlΦlr −Q
′
LŶdΦd

′
r −QLŶuΦ̃u

′
r + h.c. , (2.17)

where Φ̃ = iσ2Φ∗, Ŷl/d/u are complex Yukawa coupling matrices and Q′
L (LL) are the left

handed quark (lepton) doublets. After EW symmetry breaking and mass diagonlization the
Yukawa terms will lead to bilinear fermion terms which give rise to their masses.

It is known that the gauge term in Eq. (2.3) is not enough to consistently quantize the gauge
fields as it will lead to undefined propagators. The underlying reason for this is the fact that
we have a gauge freedom in our theory. To address this, we need to introduce the gauge fixing
terms with gauge parameters ξ which are given by

LGF = − 1

2ξG
F 2
G − 1

2ξA
F 2
A − 1

2ξZ
F 2
Z − 1

2ξW
F−F+ , (2.18)
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with

F aG = ∂µGaµ ,

FA = ∂µAµ ,

FZ = ∂µZµ − ξZmZG
0 , (2.19)

F+ = ∂µW+
µ − iξWmZG

+ ,

F− = ∂µW−
µ + iξWmZG

− .

These terms additionally remove the bilinear terms between Goldstone bosons and the corre-
sponding gauge bosons appearing in Eq. (2.9), however, they also break the gauge invariance
of the Lagrangian.

When introducing gauge fixing terms into a non-abelian gauge theory one naturally obtains
additional ghost fields c and c which have the following Lagrangian

Lghost =
4∑
i=1

[
c+
∂(δF+)

∂αi
+ c−

∂(δF−)

∂αi
+ cZ

∂(δFZ)

∂αi
+ cA

∂(δFA)

∂αi

]
ci

+
8∑

a,b=1

caG
∂(δF aG)

∂βb
cG,b , (2.20)

where the variation δ is taken with respect to the gauge group parameters αi of the EW group
and βb of the QCD group.

Even though the SM is a very successful theory, there are several experimental phenomena
and theoretical questions which it cannot account for. Examples for such shortcomings are:

• Dark Matter and Dark Energy [4],

• Gravity,

• Baryon asymmetry of the universe [8],

• Strong CP problem [21,22],

• Hierarchy problem [23,24],

• Neutrino masses [25,26].

In this thesis we will focus on the problem of DM and the BAU by considering extensions of
the SM via additional particles.

2.2. The Early and Current Universe

The standard model of cosmology, also called the Λ Cold Dark Matter model (ΛCDM), is at
the time of this thesis the best description of the current universe and its evolution starting
from the big bang. The validity of the ΛCDM model is experimentally tested by the space
telescopes WMAP [3] and Planck [4]. In this section, we review the main evolutionary stages
of the universe within the framework of the ΛCDM model.

According to this framework the age of the universe is 13.801±0.024Gyr. To account for the
homogeneous and isotropic universe that we observe today, the universe had first to go through
an inflationary stage. During this time period, the universe expanded at an exponentially
increasing rate, leading to casual connections on large scales and its flatness. One common
explanation for this rapid growth of the universe is the so called slow-roll inflation generated
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via an Inflaton field. Slow-roll inflation is driven by the energy and form of the field’s potential,
and its time evolution ultimately leads to the termination of the inflationary phase. At the end
of inflation, the Inflaton field oscillates around the minimum of its potential. These oscillations
correspond to Inflaton particles, which decay into SM particles and, in some scenarios, Dark
Matter. This process fills the universe with a hot plasma and marks the reheating phase.
For a detailed review on slow-roll inflation and additional inflation models, see Refs. [27,28].
Following the reheating phase, the universe contains a thermal plasma characterized by a
temperature known as the reheating temperature Treh. The exact temperature has no clear
upper bound and depends on the considered inflation model. However, a lower bound can be
derived from constraints on the neutrino density and its effect on Big Bang Nucleosynthesis
(BBN), yielding [29]

Treh ≳ 4MeV . (2.21)

At this stage, the universe is composed of matter, radiation, and vacuum energy. The densities
of these components determine the expansion rate of the universe, characterized by the Hubble
parameter H, defined in terms of the scale factor a(t)

H(t) =
ȧ(t)

a(t)
. (2.22)

Its time evolution is governed by the Friedmann equation [30]

H(t)2

H2
0

= Ωr +Ωm +ΩΛ +Ωk , (2.23)

where

Ωk = − k2

a(t)2H2
0

and Ωi =
ρi

3M2
plH

2
0

(i ∈ {r,m,Λ}) , (2.24)

with the free curvature k, the Planck mass Mpl and the densities ρr/m/Λ of radiation, matter
and vacuum energy, respectively. The present-day value of the Hubble rate, referred to as
the Hubble constant H0, is inferred from two distinct observational methods. In the first
approach the Hubble constant is determined by fitting the parameters of the ΛCDM model
to the power spectrum of the Cosmic Microwave Background (CMB). The result obtained by
the Planck collaboration using this method gives a rate of [4]

H0 = (67.4± 0.5)kms−1Mpc−1 . (2.25)

The second approach determines the Hubble constant directly from the redshift–distance
relationship of stars and supernovae, resulting in [31]

H0 = (73.5± 1.1)kms−1Mpc−1 . (2.26)

The discrepancy between the two results is known as the Hubble tension and is an unresolved
problem to this date. For a review of the Hubble tension and proposed solutions, we refer
the reader to Ref. [32].

With the expansion of the universe, the temperature of the thermal bath decreases. This
decrease in temperature leads to several out-of-equilibrium phenomena and phase transitions
in the further evolution of the universe. One such transition is the Electroweak Phase Tran-
sition (EWPT) which could happen at the end of inflation and reheating, at a temperature
of TEWPT ≃ 100GeV.3 During the EWPT the universe transitions from a vacuum state
in which the electroweak symmetry is exact to one in which it is broken. As stated in the

3Should the EWPT take place at this temperature and be responsible for the BAU, it would establish a lower
bound on the reheating temperature, Treh > TEWPT.
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previous section, this gives rise to the masses of the fermions and gauge bosons. Additionally,
it can also be a key ingredient in a dynamically generated baryon asymmetry used to explain
the measured value in Eq. (1.2), which will be a central topic of this thesis. This can happen
if the EWPT is of strong first-order, i.e. if the baryon wash-out condition [33]

ξ(Tc) =
v(Tc)

Tc
≳ 1 , (2.27)

is fulfilled. Here, v is the VEV of the broken vacuum at the critical temperature Tc, which is
the temperature at which the unbroken and broken vacuum are degenerate. As the universe
transitions from the unbroken to the broken electroweak vacuum, bubbles begin to form, with
the broken vacuum inside them. These bubbles expand with a wall velocity vw, which can
be determined by solving the scalar field equations of motion and the Boltzmann equations
for the plasma [34, 35]. As these bubbles grow larger they fill the universe until the whole
plasma is in the broken phase.

After the particles of the SM have acquired their masses, they are in thermal equilibrium.
Since the SM particles have different masses, they follow different equilibrium distributions.
This results in the fact that the density of the heavier particles is suppressed compared to
that of the lighter ones. This effect can be tracked by examining the effective degrees of
freedom geff(T ) in the plasma as a function of temperature via [36]

geff(T ) =
30

π2
ρtot
T 4

. (2.28)

Here, ρtot is the total energy density of the particles of the bath given by

ρtot =
∑
i

gi

∫
d3p

(2π)3
Eifi(p) , (2.29)

where

fi =
1

e(Ei−µi)/T ± 1
, (2.30)

is the Bose-Einstein (upper sign) or Fermi-Dirac (lower sign) distribution. In addition, gi are

the internal degrees of freedom, Ei =
√

p2 −m2
i the energy, and µi the chemical potential of

the considered particle i. For the SM, the maximum number of effective degrees of freedom is
given by geff(T > 175GeV) = 106.75. As the temperature of the thermal bath decreases, the
heavy SM particles will stop contributing to the effective degrees of freedom and therefore
lowering it. For the evaluation of the effective degrees of freedom at the present temperature
Eq. (2.28) cannot be used, since it assumes that all particle species remain in thermal equi-
librium. Neutrinos, however, decouple from the thermal bath at a temperature Tdec, defined
implicitly by the condition4

Γ(Tdec)
!
= H(Tdec) . (2.31)

Here, Γ is the interaction rate between neutrinos, photons, and electrons. As the Hubble
rate gets larger than the interaction rate (H ≫ Γ) the neutrinos freeze-out of the thermal
equilibrium at a temperature of approximately Tdec ≃ 1MeV, after which their comoving
number density remains constant. Taking this into account, the current value for the effective
degrees of freedom is geff(T0) = 3.36 [36].

The mechanism by which particles freeze-out of thermal equilibrium can also account for
the present dark matter abundance given in Eq. (1.1). In this thesis, we focus on this and

4This provides only an approximate definition of the decoupling temperature Tdec. A more precise determination
requires solving the corresponding Boltzmann equation.
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another (see below) thermal mechanism as the origin of the DM abundance. In particular, we
study models featuring electrically neutral Weakly Interacting Massive Particles (WIMPs),
which reproduce the observed relic abundance through thermal production. Their masses
typically range from ∼ 1GeV up to a few TeV, and they interact with the SM via weak-scale
interactions. Again, we can use the condition given in Eq. (2.31) to estimate the temperature
at which the DM particles decouple from the thermal bath. This temperature is also referred
to as the freeze-out temperature Tfo and is approximated via the DM mass mX to be at5

Tfo ≈
mX
25

. (2.32)

As in the case of neutrinos, after decoupling, the DM particles obtain a nearly constant co-
moving number density as the universe expands and cools, leading to the observed DM relic
abundance. In the freeze-out scenario we assume that the DM particles are in thermal equilib-
rium with the SM after reheating. If we relax this assumption and start with a negligible DM
density, the DM particles can obtain their relic density through a process known as freeze-in.
In this scenario the SM continuously produces DM particles until the condition in Eq. (2.31)
is fulfilled and production stops at a freeze-in temperature Tfi of approximately

Tfi ≈ mX
5
. (2.33)

In this scenario, the coupling between the SM and DM particles must be sufficiently small to
prevent the overproduction or thermalization of DM.

At temperatures of T = O(100MeV) the SM plasma goes through another phase transi-
tion, the QCD phase transition [38]. During this epoch, the quark–gluon plasma hadronizes,
forming bound states such as mesons and baryons. As the universe continues to cool to tem-
peratures of T = O(1MeV), these hadrons combine to form nuclei of light elements like 2H,
3He, 4H and 7Li, marking the phase of Big Bang Nucleosynthesis [39]. As the universe keeps
cooling it reaches the recombination epoch at a temperature of T = O(1eV) at which the
electrons and protons of the thermal bath combine to atoms [40]. This leaves the photons
with no interaction partners, as all charged particles have formed to neutral ones. These
photons build up the CMB radiation we observe today.

The CMB provides a crucial probe of the universe’s thermal and expansion history [4]. As
already mentioned above, from its precise measurement, both the present Hubble rate and
the dark matter relic density can be inferred. Moreover, the CMB spectrum allows us to
determine the current temperature of the universe as

T0 = (2.7255± 0.0006)K . (2.34)

The analysis of the CMB temperature anisotropies further reveals the composition of the
universe, yielding a baryon density of Ωbh

2 = 0.0224 ± 0.0001, the vacuum energy density
ΩΛh

2 = 0.3107 ± 0.0082 and a negligible radiation density Ωrh
2 = O

(
10−5

)
. Finally, the

spatial curvature is measured to be Ωk = 0.001 ± 0.002, which is fully consistent with a flat
universe, completing our picture of the universe’s thermal and compositional evolution.

2.3. The Boltzmann Equation

In this thesis we aim to compute observables originating from the early plasma of the universe.
A possible approach to this would be to simulate the plasma and study its evolution in
temperature (and thus time). However, such simulations are computationally demanding

5Note that the freeze-out temperature places a lower bound on the DM mass of approximately mχ ≳ 100MeV,
arising from constraints imposed by BBN [37].
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and become infeasible for sufficiently large systems. The approach we will adopt in this work
is to assign a phase space distribution function f ≡ f(pµ, xµ) to each particle species and to
study their evolution during the expansion of the universe. The equation which governs this
evolution is the Boltzmann equation, which is given by

L[f ] = C[f ] . (2.35)

On the left-hand side of the equation we have the Liouville operator L which will be respon-
sible for the dynamical evolution of the system. The right-hand side, the collision operator C,
describes the interaction between different particle species within the plasma and is therefore
able to link different particle species to generate a system of Boltzmann equations.

We will first focus on the Liouville operator. In its general covariant, relativistic form acting
on a distribution function, it is given by [41]

L[f ] =
(
pµ

∂

∂xµ
− Γµνρp

νpρ
∂

∂pµ
+mFµ

∂

∂pµ

)
f , (2.36)

with the Christoffel symbols (affine connection)

Γµνρ =
1

2
gµα(∂νgαρ + ∂ρgαν − ∂αgνρ) , (2.37)

the external four-force Fµ and the particle mass m. We want to describe a spacetime that
is expanding, homogeneous, isotropic, and has no curvature.6 We do this by choosing the
appropriate metric, the Friedmann-Lemâıtre-Robertson-Walker (FLRW) metric with k = 0,
which can be written as a diagonal matrix with the elements

g00 = 1 and gii = −a(t)2 , (2.38)

and coordinates xµ = (t, x, y, z). From this the relevant non-zero Christoffel symbols from
Eq. (2.37) are given by

Γ0
ij = ȧ(t)a(t)δij = H(t)a(t)2δij , Γk0j =

ȧ(t)

a(t)
δkj = H(t)δkj , (i, j, k) ∈ {1, 2, 3} . (2.39)

Insertion into Eq. (2.36) gives

L[f ] =
[
E∂t + p∇x −H(t)(a(t)2p2∂E + Ep∇p) +m(F 0∂E + F∇p)

]
f , (2.40)

where ∇A ≡ (∂A1 , ∂A2 , ∂A2)
T is the gradient with respect to the components of a vector

A. The Liouville operator can be separated into three distinct contributions. The first
describes the natural evolution of the distribution function in phase space, while the second,
proportional to H(t), modifies the evolution of the distribution function due to the expansion
of the universe. The last term accounts for possible external forces such as those arising from
external electric or magnetic fields.

We now move on to the collision operator which is defined as [42]

C[f1] = −1

2

∫
dΠ2 · ·dΠmdΠm+1 · ·dΠn(2π)4δ4(p1 + p2 + · ·+pm − pm+1 − · · −pn)[
|M|21+2+··+m→m+1+··+nf1f2 · ·fm(1± fm+1) · · (1± fn)

−|M|2m+1+··+n→1+2+··+mfm+1 · ·fn(1± f1)(1± f2) · · (1± fm)
]

≡ −1

2

∫
dΠ{2..n}(2π)

4δ4

(
m∑
i=2

pi −
n∑

i=m+1

pi

)
[
|M|2{1..m}→{m+1..n}f1f2 · ·fm(1± fm+1) · · (1± fn)

−|M|2{m+1..n}→{1..m}fm+1 · ·fn(1± f1)(1± f2) · · (1± fm)
]
, (2.41)

6We implicitly assume that these conditions hold throughout the evolution of the universe.
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where fi are the distribution functions of the particle species i, the (+) applies to bosons
and the (−) to fermions. Further, the matrix elements squared |M|2{X}→{Y } with incoming
particles X and outgoing particles Y are summed over the spins and polarizations of all initial
and final state particles, except for particle 1. Additionally, we define the phase space integral
measure

dΠi =
d3pi

(2π)32Ei
. (2.42)

Looking at Eq. (2.41) we notice that the integration goes over the phase space of all particles
included in the X → Y process, except for the momenta of the particle species of interest p1.
This is because we want to solve the Boltzmann equation with respect to this variable. The
equation also contains the Dirac distribution δ, which ensures that energy and momentum are
conserved. In addition, we have two terms that appear in the square brackets. One represents
the forward direction of the scattering process and the other the backward direction. Depend-
ing on the particle type appearing in the final state, we have either a Fermi-suppression (−)
or a Bose-enhancement (+). In this thesis we will only consider matrix elements which are
non CP-violating and therefore are equivalent in both directions. This simplifies Eq. (2.41)
to

C[f1] = −1

2

∫
dΠ{2..n}(2π)

4δ4

(
m∑
i=2

pi −
n∑

i=m+1

pi

)
|M|2{2..m}→{m+1..n}P[f1] , (2.43)

with

P[f1] = f1f2 · ·fm(1± fm+1) · · (1± fn)− fm+1 · ·fn(1± f1)(1± f2) · · (1± fm) . (2.44)

Note, that when we insert the thermal equilibrium distribution given in Eq. (2.30) (µi = 0)
for all involved particle species we obtain

P[f1] = feq,1feq,2 · ·feq,n
(
e(E1−µ1+··+Em−µm)/T − e(Em+1−µm+1+··+En−µn)/T

)
= 0 , (2.45)

where we used the identity
1± feq = feqe

(E−µ)/T , (2.46)

in the first step and energy conservation to obtain zero as well as the chemical equilibrium
condition µ1 + · · +µm = µm+1 + · · +µn. Inserting the Collision operator and the Liouville
operator back into Eq. (2.35) we obtain our desired form for the Boltzmann equation

L[f ] =
[
E∂t + p∇x −H(t)(a(t)2p2∂E + Ep∇p) +m(F 0∂E + F∇p)

]
f

=− 1

2

∫
dΠ{2..n}δ

4

(
m∑
i=2

pi −
n∑

i=m+1

pi

)
|M|2{2..m}→{m+1..n}P[f ] = C[f ] . (2.47)

In general we need to couple many such Boltzmann equations, each describing the evolution
of the respective particle species. The collision operator couples these equations such that
we need to solve a system of coupled integro partial differential equations to determine the
phase space evolution of the distribution functions. However, in practice we can assume that
many of the involved particles are in thermal equilibrium and therefore we will not need a
separate Boltzmann equation for each of them.

2.4. Finite Temperature Field Theory

The description of the SM we used in Sec. 2.1, based on QFT, is only valid for processes
involving a small number of particles. In other words, it is only valid at zero temperature
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with no background medium. However, for the purposes of this thesis, this is not sufficient
as we want to study a thermal plasma containing a large number of particles and no isolated
particle states. To account for the effects coming from a thermal background within QFT,
we need to consider Finite Temperature Field Theory (FTFT). We will use this section to
introduce the relevant concepts we need from FTFT, based on Refs. [43–46].

The key difference between QFT and FTFT is that we do not consider single quantum states
but mixed states given by the density matrix

ρ =
∑
α

pα |α⟩⟨α| , (2.48)

where the states |α⟩ form an orthonormal basis and pα is the probability of finding |α⟩ in a
statistical ensemble. The expectation value of an operator O is then given by

⟨O⟩ =
∑
α

pα ⟨α| O |α⟩ = tr(ρO) , (2.49)

where we used that |α⟩ is orthonormal. Due to the fact that pα is a probability distribution,
all pα have to be real and fulfill

0 ≤ pα ≤ 1 ,
∑
α

pα = 1 , tr(ρ) = 1 . (2.50)

Since pα is real, this also implies that the density matrix ρ has to be hermitian. For a state
in thermal equilibrium the density matrix can be represented by

ρ =
1

Z
exp(−βH) , Z = tr[exp(−βH)] , (2.51)

where β = T−1 and H is the Hamiltonian of the system under consideration.

Let us first consider a free scalar field whose Hamiltonian is given by

H =
∑
k

a†kak , (2.52)

where a†k and ak are creation and annihilation operators fulfilling the commutation relations

[ak, a
†
l ] = δkl , [ak, al] = [a†k, a

†
l ] = 0 . (2.53)

We define the number operator Nk ≡ a†kak with eigenvalues nk to obtain for the partition
function Z

Z =tr[exp(−β
∑
k

ωkNk)] =
∑
n

⟨n| exp(−β
∑
k

ωkNk) |n⟩ =
∑
n

exp(−β
∑
k

ωknk)

=
∑
n

∏
k

exp(−βωknk) =
∏
k

∑
nk

exp(−βωknk) =
∏ 1

1− e−βωk
. (2.54)

With the partition function at hand, we can also calculate the average number of particles
⟨Nk⟩ and the average energy of the system ⟨H⟩

⟨Nk⟩ = tr(ρNk) =
1

Z

∑
n

exp(−β
∑
k′

ωk′nk′)nk = − 1

β

∂

∂ωk
logZ =

1

eβωk − 1
= fBE(ωk) ,

⟨H⟩ =
∑
k

ωk⟨Nk⟩ =
∑
k

ωkfBE(ωk) , (2.55)
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where we recover the Bose-Einstein distribution fBE from Eq. (2.30). From the above equation
we then obtain the following identities

⟨a†kal⟩ = fBEδkl , ⟨aka†l ⟩ = (1 + fBE)δkl , ⟨aka†l ⟩ = ⟨aka†l ⟩ = 0 . (2.56)

With these identities, we can now consider the time ordered causal 2-point thermal Green’s
function, i.e. the thermal propagator

⟨T ϕ(x)ϕ(y)⟩ = Θ(x0 − y0)⟨ϕ(x)ϕ(y)⟩+Θ(y0 − x0)⟨ϕ(y)ϕ(x)⟩ , (2.57)

where ϕ(x) is the quantum field of a scalar particle given by

ϕ(x) =
∑
k

1√
2V ωk

(
ake

−ikx + a†ke
ikx
)

(2.58)

in a volume V . Without loss of generality we will set y = 0 and calculate ⟨T ϕ(x)ϕ(0)⟩. First,
we calculate the 2-point function

G>(x) ≡ ⟨ϕ(x)ϕ(0)⟩ =
∑
kl

⟨aka†l ⟩e
−ikx + ⟨a†kal⟩e

ikx

2V
√
ωkωl

=
∑
k

(1 + fBE(ωk))e
−ikx + fBE(ωk)e

ikx

2V ωk

=

∫
d3k

(2π)32ωk

[
(1 + fBE(ωk))e

−ikx + fBE(ωk)e
ikx
]
, (2.59)

where we took the limit V → ∞ in the last step. We can now use the relation∫
d3k

(2π)32ωk
=

∫
d4k

(2π)4
δ(k2 −m2)Θ(k0) , (2.60)

to bring G> in the following form

G>(x) =

∫
d4k

(2π)4
∆>

BE(k)e
−ikx with ∆>

BE ≡ (Θ(k0) + nBE(k0))2πδ(k
2 −m2) , (2.61)

and nBE(k0) ≡ fBE(|k0|) . Similarly, we obtain for the other 2-point function G<(x) ≡
⟨ϕ(0)ϕ(x)⟩

G<(x) =

∫
d4k

(2π)4
∆<

BE(k)e
−ikx with ∆<

BE ≡ (Θ(−k0) + nBE(k0))2πδ(k
2 −m2) . (2.62)

Combining these results, the causal 2-point function can be expressed as

⟨T ϕ(x)ϕ(0)⟩ =
∫

d4k

(2π)4
∆BE(k)e

−ikx , (2.63)

with

∆BE ≡ i

k2 −m2 + iϵ
+ 2πnBE(k0)δ(k

2 −m2) , (2.64)

where we used the following relation∫
d4k

(2π)3
[Θ(x0)Θ(k0) + Θ(−x0)Θ(−k0)]δ(k2 −m2)e−ikx

=

∫
d3k

(2π)32ωk
[Θ(x0)e

−iωkx0 +Θ(−x0)eiωkx0 ]eikx =

∫
d4k

(2π)4
ie−ik0x0

k2 −m2 + iϵ
eikx

=

∫
d4k

(2π)4
ie−ikx

k2 −m2 + iϵ
, (2.65)
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making use of the residue theorem in the second line. Thereby, we derived the thermal
scalar propagator in Eq. (2.64). The first term is the known zero temperature result for the
Feynman propagator, while the second term comes from the fact that we consider a thermal
plasma. It acts as an additional on-shell contribution where the resulting particle follows the
Bose-Einstein distribution. Following the same steps as above, one can derive the thermal
propagators for gauge bosons and fermions [46]. For a gauge field Aµ, the result is

G>µν(x) =

∫
d4k

(2π)4
Pµν∆

>
BE(k)e

−ikx , (2.66)

G<µν(x) =

∫
d4k

(2π)4
Pµν∆

<
BE(k)e

−ikx , (2.67)

⟨T Aµ(x)Aν(0)⟩ =
∫

d4k

(2π)4
Pµν∆BE(k)e

−ikx , (2.68)

where Pµν is a gauge dependent tensor. For a fermion field ψ we obtain

S>(x) =

∫
d4k

(2π)4
(/k +m)∆>

FD(k)e
−ikx , (2.69)

S<(x) =

∫
d4k

(2π)4
(/k +m)∆<

FD(k)e
−ikx , (2.70)

⟨T ψ(x)ψ̄(0)⟩ =
∫

d4k

(2π)4
(/k +m)∆FD(k)e

−ikx , (2.71)

where

∆>
FD ≡ (Θ(k0)− nFD(k0))2πδ(k

2 −m2) , ∆<
FD ≡ (Θ(−k0)− nFD(k0))2πδ(k

2 −m2) , (2.72)

∆FD =
i

k2 −m2 + iϵ
− 2πnFD(k0)δ(k

2 −m2) , (2.73)

and nFD is the Fermi-Dirac distribution. An important connection from FTFT to QFT is
that the density operator can also be viewed as a time evolution operator with imaginary time
such that eβHO(t,x)e−βH = O(t− iβ,x). With this, we obtain the Kubo-Martin-Schwinger
(KMS) relation [43]

⟨O1(t)O2(t
′)⟩ = ⟨O2(t

′)O1(t+ iβ)⟩ , (2.74)

where we made use of the cyclicity of the trace.

2.4.1. Path Integral Formalism

So far we have only considered free particles without any interactions. To see how interactions
appear in FTFT we will use the path integral formalism. In this formalism the n-point
function is given by

⟨T ϕ̂(x1) . . . ϕ̂(xn)⟩ =
∫

Dϕ ⟨ϕ, t0| ρT ϕ̂(x1) . . . ϕ̂(xn) |ϕ, t0⟩

=
1

Z

∫
Dϕ ⟨ϕ, t0| e−βHT ϕ̂(x1) . . . ϕ̂(xn) |ϕ, t0⟩

=
1

Z

∫
Dϕ ⟨ϕ, t0 − iβ| T ϕ̂(x1) . . . ϕ̂(xn) |ϕ, t0⟩ , (2.75)

where ∫
δϕ(t) |ϕ, t⟩⟨ϕ, t| = 1 with δϕ(t) ≡

∏
x

dϕ(t,x) . (2.76)
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The object in Eq. (2.75) can be represented by a path-integral, following the procedure
described in Ref. [47] (Sec. 9),

⟨T ϕ̂(x1) . . . ϕ̂(xn)⟩ =
1

Z

∫
Dϕϕ̂(x1) . . . ϕ̂(xn)exp

(
i

∫
C
d4xL(ϕ)

)
, (2.77)

with the partition function

Z =

∫
Dϕexp

(
i

∫
C
d4xL(ϕ)

)
. (2.78)

From this, we obtain the generating functional in the presence of an external source J(x) as

Z(J) =
1

Z

∫
Dϕexp

(
i

∫
C
d4x(L + J(x)ϕ(x))

)
, (2.79)

with which we can obtain the n-point Green’s function via

⟨T ϕ̂(x1) . . . ϕ̂(xn)⟩ =
1

in
δn

δJ(x1) . . . J(xn)
Z(J)

∣∣∣∣∣
J=0

. (2.80)

At this stage there are two key differences to the zero temperature path integral formalism.
First, the fields fulfill the periodicity boundary condition (anti-periodic in case of fermions)

ϕ(t0,x) = ±ϕ(t0 − iβ,x) . (2.81)

Second, the time integral in the exponential function is taken over a complex contour that
starts at t0 and ends at t0 − iβ. In the derivation of the path integral we insert a set of
discrete times x01, x

0
2 . . . x

0
n between the boundaries, which means that we can choose the path

ourselves. A simple choice would be a straight path from t0 to t0−iβ. This prescription would
lead us to the imaginary time formalism (for more details see [43,48]). We will, however, take
a different approach in which the Green’s functions are calculated at real times, the so called
real time formalism. Here, we take a path that starts at ti and ends at a time tf . We call
this segment of the path C+. Next, we go from tf back to ti which we call C−, and lastly
we go from ti to ti − iβ which we call C3.

7 Now, taking ti → −∞ and tf → +∞, we are left
with a time integral that can be written as∫

C
dtL(ϕ) =

∫ ∞

−∞
dt+L(ϕ+)−

∫ ∞

−∞
dt−L(ϕ−) , (2.82)

where introduced the notation for fields that lie on C+/− by giving them the corresponding
index, effectively doubling the amount of fields. The contribution from C3 has been dropped
as it only contributes trivially to the generating functional [43].

2.4.2. Propagators in the Scalar Theory

With this setup, we can now consider a scalar theory given by

SC(ϕ) = S0(ϕ) + SI(ϕ) , (2.83)

where

S0(ϕ) = −1

2

∫
C
d4xϕ(∂µ∂

µ +m2)ϕ and SI =

∫
C
d4xLI . (2.84)

7One could have also introduced a fourth segment which goes from tf to tf − iσ (σ ∈ (0, β)). However, this
does not change any physical results as discussed in Ref. [45].
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Here, S0 corresponds to the unperturbed theory and SI involves the interactions of the theory.
With these, the perturbative series for Z is given by

Z(J) =
1

Z
exp

(
iSI

(
1

i

δ

δJ

))
Z0(J) , (2.85)

where Z0 is the functional of the unperturbed theory and is given by

Z0(J) = exp

(
− i

2

∫
C
d4xd4yJ(x)G(x− y)J(y)

)
. (2.86)

To determine the dynamics of this theory, we want to investigate the above quantity. There,
the Green’s function G(x− y) fulfills the relation

(∂µ∂
µ +m2)G(x− y) = −δc(t− t′)δ3(x− y) , (2.87)

where the delta distribution is extended to account for the path taken along the C− branch

δc(t− t′) =
dΘc(t− t′)

dt
=


δ(t− t′) t, t′ ∈ C+

−δ(t− t′) t, t′ ∈ C−

0 else

, (2.88)

with

Θc(t− t′) =


Θ(t− t′) t, t′ ∈ C+

Θ(t′ − t) t, t′ ∈ C−

0 t ∈ C+ , t′ ∈ C−

1 t′ ∈ C+ , t ∈ C−

. (2.89)

Taking the Fourier transform of Eq. (2.87) with respect to the spacial coordinates gives

(∂2t + ω2
k)G(t− t′, ωk) = −δc(t− t′) . (2.90)

The Green’s function which solves this equation while simultaneously fulfilling the KMS
relation in Eq. (2.74) is given by [43]

iGc(t− t′, ωk) =
nBE

2ωk

[
Θc(t− t′)

(
eβωk−iωk(t−t′) + eiωk(t−t′)

)
+Θc(t

′ − t)
(
e−iωk(t−t′) + eβωk+iωk(t−t′)

) ]
. (2.91)

Taking the Fourier transform of this result with respect to time we obtain 4 different propa-
gators based on which branch t and t′ lie in,

iG++(k) = ∆BE(k) , iG−−(k) = ∆∗
BE(k) , (2.92)

iG+−(k) = ∆<
BE(k) , iG−+(k) = ∆>

BE(k) , (2.93)

where the ∆(k) are given in Eqs (2.61), (2.62) and (2.64), which we can write via a single
2× 2 propagator matrix

iĜ =

iG++ iG+−

iG−+ iG−−

 . (2.94)

This is the distinct feature of the real time formalism. By having two time branches, we
introduce a second set of fields which lie on the C− branch. Although these two sets do not
have a direct interaction, they are connected via the propagator matrix given in Eq. (2.94)
mixing the two. However, this mixing manifests itself only in higher-order corrections, as all
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external lines carry exclusively either the (+) or the (−) index, corresponding to a single time
direction. Similarly, although more involved, we obtain for the fermion propagator Ŝ and the
vector boson propagator Ĝµν [46]

iŜ = (/k +m)

iS++ iS+−

iS−+ iS−−

 ≡ (/k +m)

∆FD ∆<
FD

∆>
FD ∆∗

FD

 , iĜµν = PµνiĜ . (2.95)

2.4.3. Physical Propagators

In FTFT we are not interested in the causal propagators G±± since they do not have well
defined analyticity properties as can be seen by the delta distribution appearing inside them.
Further, they are not linearly independent from each other since they fulfill

G++ +G−− = G+− +G−+ . (2.96)

We can solve both issues by considering the physical Green’s functions which are related to
the causal ones via

iGR = iG++ − iG+− =
i

k2 −m2 + iϵ
− 2πΘ(−k0)δ(k2 −m2)

= P i

k2 −m2
+ π(1− 2Θ(−k0))δ(k2 −m2)

= P i

k2 −m2
+ sgn(k0)πδ(k

2 −m2) =
i

k2 −m2 + isgn(k0)ϵ
,

iGA = iG++ − iG−+ =
i

k2 −m2 − isgn(k0)ϵ
,

iGK = iG++ + iG+− = (1 + 2nBE(k0))2πδ(k
2 −m2) , (2.97)

where we used the Cauchy principle value P and the identity

lim
ϵ→0+

1

x± iϵ
= ∓iπδ(x) + P

(
1

x

)
. (2.98)

To obtain physical predictions the retarded propagator GR is the relevant quantity we have
to use when calculating quantities in FTFT. We can perform the basis change from the causal
propagator matrix to the physical propagators matrix Ǧph via

Ǧph = QǦQ−1 =

 0 GA

GR GK

 with Q =
1√
2

1 −1

1 1

 . (2.99)

In this basis the external fields are transformed via

ϕ+ =
1√
2
(ϕcl + ϕq) , ϕ− =

1√
2
(ϕcl − ϕq) , (2.100)

in terms of new fields which we call the classical field ϕcl and the quantum field ϕq. The
diagrammatic representation of the physical propagators is shown below:

GR

ϕcl(t) ϕq(t′)

GA

ϕq(t) ϕcl(t′)

GK

ϕcl(t) ϕcl(t′)
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To see how this affects the Lagrangian and its couplings structure we will look at the kinetic
fermion term involving the gluon gauge field (Eq. (2.6))

LF = igsT
aGa,+µ ψ̄+γµψ+ − igsT

aGa,−µ ψ̄−γµψ− , (2.101)

which in terms of the classical and quantum fields is then given by

LF =
igs√
2
T a
(
Ga,clµ ψ̄qγµψcl +Ga,clµ ψ̄clγµψq +Ga,qµ ψ̄clγµψcl +Ga,qµ ψ̄qγµψq

)
. (2.102)

In this basis we notice that now all the vertices carry the same sign and that each vertex
carries an odd number of quantum fields. When constructing Feynman diagrams, one of the
external legs is chosen as the probed one, while the remaining legs are taken to be classical.
It does not matter which of the external legs is chosen to be the probed one, since they lead
to the same results.



Part I.

Dark Matter in Extensions of the
Standard Model





CHAPTER 3

Introduction into WIMP Dark Matter

Currently, there are three main ideas on the nature of DM which try to explain the observed
phenomena. The first are primordial black holes, which are black holes that formed in the
early radiation dominated universe and still govern the universe today [49]. In a second
approach called modified Newtonian dynamics, the second law of Newton is modified by a
scale factor such that it explains the correct velocity dependence of stars in the outer regions of
galaxies [50]. In this thesis, we focus on the third class of scenarios, in which DM is assumed to
be a new particle not contained within the SM. The theoretically allowed mass range for DM
is extremely broad, spanning many orders of magnitude. Starting from ultralight candidates
with masses as low as m ∼ 10−21 eV, up to the Planck scale at m ∼ 1028 eV. In this work
we restrict ourselves to thermal dark matter, which typically lies in the mass range of a few
GeV to a few TeV. For an extensive review on DM models for the entire mass range we refer
the reader to Ref. [51].

3.1. Extensions Beyond the SM

Our goal is to construct models which provide a suitable DM candidate that is able to account
for the observed relic density in Eq. 1.1. Additionally, the model should be able to explain
the lack of DM evidence from current direct and indirect detection experiments as well as
collider searches. We do this by extending the SM Lagrangian LSM via an additional Beyond
the SM (BSM) Lagrangian LBSM such that

Lmodel = LSM + LBSM . (3.1)

A simple choice for LBSM that explains the observed null results from experiments is

LBSM =
1

2
∂µϕS∂

µϕS − 1

2
m2ϕ2S . (3.2)

Here, ϕs is a real scalar field with mass m. This Lagrangian does not couple to the SM
and is therefore able to explain the null results of the experiments. To explain the observed
relic density in this model one has to assume that the relic density was there from the very
beginning of the universe as an initial condition or that it was produced via non thermal
processes. We could add further fields to the BSM Lagrangian which can interact with each
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Figure 3.1.: DM-Higgs coupling over the DM mass. The green line shows the parameters
which lead to the measured relic density. The red regions and orange are excluded by direct
detection experiments, collider searches and pertubativity constraints. The figure is taken
from Ref. [51].

other but not with the SM and construct a whole Dark Sector (DS) of particles. The issue
with such models is that we can only study their influence on ordinary matter via gravitational
effects, which are very weak and therefore currently impossible to probe in an experiment on
particle level.

In this work we want to consider DM models which interact with the SM via forces besides
gravity. However, their interaction with the SM should still be small to account for the
experimental data. Depending on how small the coupling to the SM is, two classes of models
emerge. In the first class of DM models the DS particles are in thermal equilibrium with
the SM at the beginning of the universe. It was shown that for particles with a coupling
at the order of the weak scale, so called WIMPs, the DM relic abundance can be obtained
through the freeze-out mechanism [52].8 In the second class of models the DS particles have
a negligible initial abundance and are not in thermal equilibrium with the SM. In this case,
the relic density is obtain through freeze-in and requires very small couplings to the SM of
λ ∼ 10−10 to generate the observed relic abundance. Since the required couplings of the DM
particles to the SM are very small, they are also referred to as FIMPs. In this part of the
thesis we will focus on WIMPs as the source of the DM relic abundance, while in Part II we
will investigate FIMPs as an additional source for the observed relic density.

To see how a connection between the BSM model and the SM might look like we extend our
previous example in Eq. (3.2) by an additional term to obtain a coupling to the SM such that

LBSM =
1

2
∂µϕS∂

µϕS − 1

2
m2ϕ2S − λHSϕ

2
SΦ

2 − λs
4
ϕ4S , (3.3)

where Φ is the SM Higgs doublet. Further, we have the portal coupling λHS between the
DM field and the Higgs field, which ensures the thermal connection to the SM, and the
self-coupling λs between four DM particles. Since, the DM candidate only couples to the
Higgs boson after EW symmetry breaking, connecting the DM particles to the SM, the

8Even though freeze-out is the most commonly used mechanism to produce the relic abundance, there are many
others which have been proposed, cf. [53–60].
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model described by Eq. (3.3) is called a Higgs portal model. Further, we note that a Z2 was
imposed such that ϕS → −ϕS and Φ → Φ. This ensures that the DM is stable and cannot
decay into two Higgs bosons.9 The considered model is very constrained as can be seen by
from Fig. 3.1. The green line shows the parameter space which generates the observed relic
density of Ωχh

2 = 0.12 ± 0.001. The dark red region is excluded by the upper bound on
the invisible decays of the Higgs boson [61], while the light red region is excluded by direct
detection experiments. Further, the orange region is the bound obtained from pertubativity
constraints. The model under consideration allows only for DM masses in the range between
3-7 TeV, which will be covered by future DM experiments.

As a consequence we want to construct models which are able to explain the DM relic abun-
dance and are not excluded by current experiments and as such have the chance at being
tested in future experiments. Further, the toy model considered in Eq. 3.3 is only able to
account for DM but no further observed phenomena. To build models which account for other
phenomena besides DM, a richer particle spectrum with additional couplings is necessary. We
want to consider a general model with potentially multiple DS particles that are Z2-odd and
additional Z2-even particles. We divide the particle content of the BSM into a set of Z2-even
fields Ψi a set of Z2-odd fields Xi. From this a general Lagrangian can be constructed via

Lmodel ({Ψi,Xi}) = Leven({Ψi}) + Lodd({Xi}) + Ltri({Ψi,Xi}) + Lquar({Ψi,Xi}) . (3.4)

Here, Leven contains only Z2-even Ψi fields, Lodd contains only Z2-odd Xi fields, Ltri contains
the trilinear coupling between two Xi and one Ψi and Lquar contains quartic couplings between
two Xi and two Ψi. For the production of DM we mostly care about the last two parts of
Eq. (3.4) as they are responsible for the thermal contact to the SM. In the next section we
want to describe the thermal freeze-out of the Xi fields and derive the according collision
terms necessary for the Boltzmann equation with processes allowed by the Lagrangian.

3.2. Dark Sector Boltzmann Equations

To derive the Boltzmann equation which describes the density evolution of a DS particle Xi
we start at the-left hand side of Eq. (2.47) with no external force

L[fX ] =
[
E∂t + p∇x −H(t)

(
a(t)2p2∂E + Ep∇p

)]
fXi

. (3.5)

Further, with the assumption that the universe is homogeneous and isotropic on large scales
the distribution functions are only dependent on E and t such that

L[fXi
] =

[
E∂t −H(t)a(t)2p2∂E

]
fXi

(E, t) . (3.6)

After transforming the momentum into the comoving frame

p =
p′

a(t)
, (3.7)

we arrive at
L[fXi

] =
[
E∂t −H(t)p′2∂E

]
fXi

(E, t) . (3.8)

We now integrate both sides of Eq. (2.47) over the momentum of the DS particle with the
integral measure in Eq. (2.42) multiplied by two and summed over the internal degrees of
freedom gi. With this we obtain for the integrated Liouville operator∑

gi

∫
d3p

(2π)3E
L[fXi

] = ṅXi
+ 3HnXi

, (3.9)

9Imposing a Z2 symmetry is not the only way to ensure that the DM particle is stable. There are many models
which use different symmetry groups, which also lead to a stable DM candidate.



26 3. Introduction into WIMP Dark Matter

where

n =
∑
g

∫
d3p

(2π)3
f(E, t) , (3.10)

is the number density of a particle. For the first term of Eq. (3.9) we used the the fact that
we can change the order between the derivative and the integration, while for the second term
we used the energy momentum relation E =

√
p2 +m2 and integrated by parts i.e.

∑
g

∫
d3p

(2π)3E
p2∂Ef =

∑
g

∫
d3p

(2π)3
p∇pf = −3

∑
g

∫
d3p

(2π)3
f = −3n. (3.11)

We now move on to the right-hand side of Eq. (2.47), the collision operator, where we will
consider the 2 → 2 annihilation process

XiXj ↔ ΨkΨl .

Again, we integrate over the momentum and sum over the internal degrees of freedom of the
considered DS particle as in Eq. (3.9)

∑
gi

∫
d3pi

(2π)3Ei
C[fXi

] = −
∫

dΠ{i,j,k,l}δ
4(pi + pj − pk − pl)|M|2XiXj↔ΨkΨl

P[fXi
] , (3.12)

where the indices of the momenta, energy and degrees of freedom are assigned such that they
correspond to the respective particle and

P[fXi
] = fXi

fXj

(
1± fΨk

) (
1± fΨl

)
− fΨk

fΨl

(
1± fXi

) (
1± fXj

)
. (3.13)

The sum over the internal degrees of freedom was absorbed into the definition of |M|2. To
simplify Eq. (3.13) we assume that the Pauli blocking and Bose enhancement can be neglected
and that the Ψ particles are in thermal equilibrium, since most of them are electrically charged
and can interact with the thermal photons. This allows to do the replacement fΨ → fΨ,eq,
from which we can apply the principle of detailed balance leading to

f eqΨk
f eqΨl

= f eqXi
f eqXj

. (3.14)

With this, Eq. (3.13) is simplified into

P[fXi
] = fXi

fXj
− f eqXi

f eqXj
. (3.15)

Further, we assume that the DS particles are in kinetic equilibrium10 and non-relativistic at
the freeze-out temperature, i.e.

fXi
(Ei, t) = e

−(Ei−µi(t))

T ≡ ξXi
(t)f eqXi

(Ei) , ξXi
(t) = e

µi(t)

T , f eqXi
(Ei) = e

−Ei
T . (3.16)

The assumption that the DS particles are non-relativistic is justified, since the freeze-out
temperature is given by Tfo = mX /25. After integrating Eq. (3.16) on both sides over the
particle momentum and using Eq. (3.10) we arrive at

fXi
= nXi

(t)
f eqXi

(Ei)

neqXi

. (3.17)

10This assumption was investigated in Ref. [62] and shown to be invalid for the model in Eq. (3.3) for DM masses
close to the Higgs threshold.



3.2. Dark Sector Boltzmann Equations 27

We have now managed to express the distribution function in terms of the number density
which has a time dependent and a time independent part. Inserting Eq. (3.15) and Eq. (3.17)
into Eq. (3.12) we obtain

gi

∫
d3pi

(2π)3Ei
C[fXi

] = −⟨σv⟩XiXj↔ΨkΨl

(
nXi

nXj
− neqXi

neqXj

)
, (3.18)

where the Thermally Averaged Cross section (TAC) for a 2 → 2 process ⟨σv⟩ is given by

⟨σv⟩XiXj↔ΨkΨl
=

∫
dΠ{i,j,k,l}δ

4(pi + pj − pk − pl)|M|2XiXj↔ΨkΨl
f eqXi

f eqXj

neqXi
neqXj

. (3.19)

Together with Eq. (3.9) we obtain the Boltzmann equation for a single DS particle

ṅXi
+ 3HnXi

= −⟨σv⟩XiXj↔ΨkΨl

(
nXi

nXj
− neqXi

neqXj

)
. (3.20)

At this stage we would like to note a few things. We started out the derivation with an
integro partial differential equation and ended up with a linear differential equation. The key
assumption which led to this simplification is that the DS particles are in kinetic equilibrium
such that their distribution functions fulfill Eq. (3.16). This assumption let us factorize the Ei
dependence over which we then integrate in the TAC separately. Another thing to note is that
although we are solving for the number density in Eq. (3.20), the number density itself only
depends on the chemical potential and the temperature. This means that in this Boltzmann
equation we are tracking the departure of the DS particles from chemical equilibrium, which
in turn will give us the number density.

So far we only considered one annihilation process in the collision operator. To obtain the full
collision operator we have to sum over all possible final states as well as over all annihilation
partners Xj . For the remainder of this thesis, the summation over the Ψ indices will be left
implicit. Further, in Eq. (3.20) we considered only the annihilation processes in our Boltzmann
equation. However, we have two additional process that are relevant for the density evolution
of the corresponding DS particle. The first are conversion processes

XiΨk ↔ XjΨl ,

where i ̸= j 11 and the second are decays

Xi ↔ XjΨl . (3.21)

Taking these into account, the Boltzmann equation for a single DS particle is given by [63]

ṅXi
+ 3HnXi

=−
∑
j

⟨σv⟩XiXj↔ΨkΨl

(
nXi

nXj
− neqXi

neqXj

)
−
∑
j ̸=i

[
⟨σv⟩XiΨk↔XjΨl

(
nXi

nΨk
− neqXi

neqΨk

)
− ⟨σv⟩XjΨk↔XiΨl

(
nXj

nΨk
− neqXj

neqΨk

)]
−
∑
j ̸=i

[
ΓXi↔ΨkXj

(
nXi

− neqXi

)
− ΓXj↔ΨkXi

(
nXj

− neqXj

)]
. (3.22)

In general we need to construct Eq. (3.22) for every DS particle included in the considered
model, which would give us a set of N coupled Boltzmann equations, where N is the number
of DS particles. However, this is not necessary as we can use the fact that there has to be

11The case i = j has no relevance for the number density, since the particle number remains constant. However,
they are important to retain kinetic equilibrium and must be taken into account if the assumption in Eq. (3.16)
breaks.
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a lightest DS particle X1 with mass m1. Due to the enforced Z2 symmetry, all heavier DS
particles eventually decay into the lightest one throughout the evolution of the universe. Even
if their masses are almost degenerate, loop corrections will result in a non-zero decay width.
This means that we can look at the DS as a whole, instead of looking at the individual DS
particles. To do this we sum Eq. (2.47) over all DS particles and define

nX =

N∑
i=1

nXi
. (3.23)

Due to the symmetry of the second and third term on the right hand side of Eq. (2.47) with
respect to i↔ j, they will cancel leaving us with

ṅX + 3HnX = −
N∑

i,j=1

⟨σv⟩XiXj↔ΨkΨl

(
nXi

nXj
− neqXi

neqXj

)
. (3.24)

Freeze-out occurs during the radiation dominated universe, meaning that the SM particles
are still relativistic while the DS particle are not. This means that the number density of
the latter is much stronger Boltzmann suppressed during this epoch compared to the former.
This leads to the fact that the conversion/scattering rate ⟨σv⟩XiΨk↔XjΨl

is larger than the
annihilation rate ⟨σv⟩XiXj↔ΨkΨl

ensuring that the Xi remain in thermal equilibrium before
freeze-out. This allows us to equate the ratios between the individual particle and the total
density to their equilibrium values

nXi

nX
≃
neqXi

neqX
. (3.25)

Using this, Eq. (3.24) becomes

ṅX + 3HnX = −⟨σv⟩eff
(
n2X − (neqX )2

)
, (3.26)

with

⟨σv⟩eff =
N∑

i,j=1

⟨σv⟩XiXj↔ΨkΨl

neqXi
neqXj

(neqX )2
. (3.27)

As a next step, we want to bring Eq. (3.26) into a form where the change in the number
density due to the expansion of the universe is absorbed into a new quantity called the yield

YX =
nX

s
, (3.28)

where s is the entropy density. Under the assumption that the entropy S = a3s is constant,
we obtain

ẎX =
ṅX

s
+ 3H

nX

s
. (3.29)

Dividing Eq. (3.26) by s and using the above equation we obtain

ẎX = −s⟨σv⟩eff
(
Y 2

X − (Y eq
X )2

)
. (3.30)

As a final step, we want to change the coordinates from the time t to a temperature dependent
variable x = m1/T . In order to do this, we calculate ẎX in terms of x

dYX

dt
=

dYX

dx

dx

dt
=

dYX

dx

(
− x

T

dT

dt

)
=

dYX

dx

(
− x

T

ds

dt

dT

ds

)
=

dYX

dx

(
3Hs

x

T

dT

ds

)
. (3.31)

For the Hubble constant H we use Eq. (2.23), for which, in a radiation dominated, flat
universe we have Ωk = Ωm = ΩΛ = 0. Together with

s = heff(T )
2π2

45
T 3 , ρ = geff(T )

π2

30
T 4 , (3.32)
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where heff(T ) are the effective degrees of freedom with respect to entropy, we obtain the final
form for the Boltzmann equation of the DS particle density

dYX

dx
= −

√
π

45G

g
1/2
∗ (T )m1

x2
⟨σv⟩eff

(
Y 2

X − (Y eq
X )2

)
. (3.33)

Here, G is the gravitational constant, g
1/2
∗ (T ) is defined as

g
1/2
∗ (T ) =

heff√
geff

(
1 +

T

3heff

dheff
dT

)
, (3.34)

and the equilibrium yield is given by

Y eq
X =

neqX
s

=
1

2π2s

N∑
i=1

gi

∫
dEiEi

√
E2
i −m2

i e
−Ei/T =

45x2

4π2heff

N∑
i=1

gi
m2
i

m2
1

K2

(
mi

m1
x

)
, (3.35)

where Kn is the modified Bessel function of the second kind of order n.

To obtain the relic density we need to solve Eq. (3.33), starting at x = 0 with the initial
condition YX (0) = Y eq

X (0) up to x0 = m1/T0, where T0 is given by Eq. (2.34). This will give
us today’s yield Y0 = n0/s which we can plug into Eq. (2.24) together with today’s entropy
density to obtain the relic density

ΩXh
2 =

m1Y0s0
3M2

plH
2
0

h2 ≈ 2.742
m1

GeV
Y0 , (3.36)

where h is a dimensionless constant given by

h =
H0

100 km
sMpc

, (3.37)

and we take the value of H0 given by Eq. (2.25). In Part II of this thesis we will consider a
model with two DM candidates. In this scenario we have to compute the respective Y0 for
each particle and add the two resulting contributions from Eq. (3.36) to obtain the full relic
density.

3.3. Thermally Averaged Cross Section

The TAC given via Eqs. (3.19) and (3.27) consists of a 12-dimensional integral, where 4 of
these can be eliminated by the delta distribution leaving an 8-dimensional integral we have to
solve. The goal is to simplify this as far as possible to ensure a fast and efficient computation
for our purposes. To do this we closely follow the derivation performed in Ref. [63]. As a first
step we will look at the numerator of Eq. (3.27) and split up the integral into incoming and
outgoing momenta such that

A ≡ ⟨σv⟩XiXj↔ΨkΨl
neqXi

neqXj
=
∑
i,j

∫
dΠidΠjWij(s)e

−(Ei+Ej)/T . (3.38)

Here, Wij is the two-particle phase space involving the integrals over the final state momenta

Wij =
1

Skl

∑
gi,gj ,gk,gl

∫
dΠkdΠl|M|2XiXj↔ΨkΨl

δ4(pi + pj − pk − pl) , (3.39)
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where Skl is a symmetry factor in case of identical final state particles. The two-body phase
space in Eq. (3.39) is well known and simplifies to [64]

Wij(s) =
pkl

8πSkl
√
s

∑
gi,gj ,gk,gl

∫ 1

−1
|M|2XiXj↔ΨkΨl

dcosθ , (3.40)

with

pkl(s) =

√
[s− (mk +ml)2] [s− (mk −ml)2]

2
√
s

, (3.41)

the Mandelstam variable s = (pi + pj)
2 = (pk + pl)

2 and θ being the angle between the
incoming momentum pi and the outgoing momentum pl. Next, we rewrite the phase space
volume over the initial state particles by using the energy momentum relation and integrating
over trivial angle contributions giving

dΠidΠj =
1

2(2π)4
|pi||pj |dEidEjdcosβ . (3.42)

Here, β is the angle between the incoming momenta pi and pj . Following the prescription in
Ref. [63] we perform a variable transformation such that

E+ =E1 + E2 ,

E− =E1 − E2 , (3.43)

s =m2
i +m2

j + 2EiEj − 2|pi||pj |cosβ ,

which gives the Jacobian

dEidEjdcosβ → dE+dE−ds

4|pi||pj |
, (3.44)

and the integration region

s ≥(mi +mj)
2 , (3.45)

E+ ≥
√
s , (3.46)

2pij

√
E2

+ − s

s
≥

∣∣∣∣∣E− − E+

m2
j −m2

i

s

∣∣∣∣∣ . (3.47)

Note that Eq. (3.38) only depends on the variables E+ and s. This allows us to integrate
over E− trivially and obtain for the phase space volume

dΠidΠj =
pij(s)

2(2π)4

√
E2

+ − s

s
dE+ds . (3.48)

Plugging Eq. (3.48) back into Eq. (3.38) and integrating over E+ gives

A =
T

32π4

∑
ij

∫
pij(s)Wij(s)K1

(√
s

T

)
ds . (3.49)

For the denominator of Eq. (3.27) we only need to simplify neqX which gives

neqX =
∑
i

neqXi
=
∑
i,gi

∫
d3pi
(2π)3

e−Ei/T =
T

2π2

∑
i

gim
2
iK2

(mi

T

)
. (3.50)

Putting everything together, we obtain for the TAC
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⟨σv⟩eff =

∑
i,j

∫∞
(mi+mj)2

pij(s)Wij(s)K1

(√
s

m1
x
)
ds

8T
[∑

i gim
2
iK2

(
mi
m1
x
)]2 . (3.51)

An important feature of Eq. (3.51) is that co-annihilation channels where the DS mass is
larger than the DM mass are exponentially suppressed. We can see this by approximating
K1(x) for large x as [65]

Kn(x) ≈
√

π

2x
e−x . (3.52)

Meaning the largest contribution to the integral in Eq. (3.51) will come from s values near the
rest mass, while higher values are Boltzmann suppressed. This allows us to do a comparison of
the strength of the DM annihilation processes compared to the ones from DS co-annihilations
by considering the fraction between their respective Boltzmann suppression at the rest mass

K1

(
(mi +mj)

x
m1

)
K1

(
2m1

x
m1

) ∝ e
− x

m1
(mi+mj−2m1) . (3.53)

Since mi,j ≥ m1, the exponent will always be negative resulting in a suppression for large
DS particle masses. This means that to obtain efficient co-annihilation, the masses of the
considered DS particles must be close to the DM mass.





CHAPTER 4

RelExt: A Tool for the Exploration of Dark Matter Models

Up until now we have discussed the theory needed to understand the mechanism of freeze-out
from which the DM relic abundance can be generated thermally. The first major project of
this thesis is to take the necessary formulas and implement them into a code which is able
to compute the relic density numerically for an arbitrary model with a Z2 symmetry. The
description of the code structure and its algorithms is based on our published manual [66].

Many codes exist which calculate DM observables such as SuperIso Relic [67], DarkSUSY
[68], MicrOMEGAs [69–74], MadDM [75–77] and DarkPACK [78]. All of these codes are able to
compute the relic density of WIMP particles via freeze-out. The codes SuperIso Relic

and DarkSUSY were originally written for Supersymmetric (SUSY) models. In the case of
DarkSUSY the user can additionally provide the TAC to compute the relic density in their
given model. The codes MicrOMEGAs and MadDM automatically compute the relevant matrix
elements via CalcHep [79] and MadGraph5aMC@NLO [80], respectively. DarkPACK also allows to
compute the relic density for an arbitrary model using the C++ package MARTY [81], which is
a tool for symbolic calculations of BSM quantities such as matrix elements. For more details
on the different tools we refer to Ref. [82].

In this chapter we will present our new code RelExt, which is based on Mathematica [83] and
C++. The users solely have to provide their FeynRules [84] model files, which RelExt uses
to automatically generate the necessary tree-level 2 → 2 matrix elements and to compute
the relic density. What separates this code from the previously mentioned ones is that it
includes scan procedures, which allow the user to search the parameter space such that the
observed relic density is obtained within the experimental limits. This can be used to study
the phenomenological implications for the considered model with respect to current collider
and DM experiments. Further, it can be used to investigate which models are favored to
produce the correct relic density, which will give insights into future model building. Although
the code in the current version only includes the tree-level processes, it is set up such that
higher-order corrections can be implemented in future updates.

The code is open-source and can be downloaded in its current version from

https://github.com/jplotnikov99/RelExt .

https://github.com/jplotnikov99/RelExt


34 4. RelExt: A Tool for the Exploration of Dark Matter Models

Figure 4.1.: Flowchart of RelExt. Taken from Ref. [66].

When downloading the code, it will include the following already implemented and tested
models: the complex singlet extension of the Standard Model (CxSM) [85–92], the Next-to-
2-Higgs-Doublet Model (N2HDM) in its dark doublet phase (DDP) [93, 94], the model CP
in the Dark (CPVDM) [95,96], the Two-Real-scalar-Singlet Model (TRSM) [97,98], and the
BDM5 [99, 100]. As already mentioned, new models can be implemented by providing the
corresponding FeynRules model files. Important to note is that the code at this stage is only
able to deal with models that have one DM candidate. Additionally, if the (co-)annihilation
processes are CP-violating the derivation in Sec. 3.2 breaks down and as such cannot be
treated by RelExt.

4.1. Code Overview

We start by giving a rough overview of the structure of the code. A more detailed breakdown
will be given in the upcoming sections. As can be seen in Fig. 4.1, RelExt consists of
two distinct parts. These two parts are denoted by ”New Model Implementation” and ”DM
Observables and Parameter Search”, respectively.

New Model Implementation
In the first part of the code the users can provide the FeynRules model files necessary for
their model. Using these model files, RelExt generates the corresponding FeynArts/FeynCalc
[101–103] model files. The code uses the packages FeynArts and FeynCalc to generate all
necessary 2 → 2 (co-)annihilation matrix elements. Additionally, it will generate further
quantities such as decay channels and information about s-channel resonances. All the infor-
mation generated by this part of the code is then translated into C++ files, that can be used
in the second part of the code.

DM Observable and Parameter Search
Once a model is translated into C++ the second part of the code can be used separately and
does not rely on any components of the first part, i.e. Mathematica is not needed for this part.
Here, the code is able to search the parameter space of the model for parameter configurations
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which are able to saturate the experimental limit on the relic density. In order to do this,
the code computes the TACs, the necessary total decay widths of the virtual particles, as
well as the running of the couplings, which enter the interaction vertices. The Boltzmann
equation given in Eq. (3.33) is then solved numerically to obtain today’s relic density. Each
model contains its own main.cpp file, which the users can modify and on which they apply
different search algorithms on the parameter space of the model. The relic density as well as
the needed parameters are then saved in an output file specified by the user. Appendix A.1
provides a more detailed discussion of the class structure underlying this part of the code.

4.2. Structure and Description of the Algorithms

Depending on the BSM model under consideration the set of input parameters can be more
or less extensive. The interplay between these parameters can make it difficult to find viable
relic density values necessary to perform meaningful phenomenological investigations. To find
viable parameter regions, extensive parameter scans have to be performed, which can be quite
time consuming. Because of this, there are two main objectives we want to accomplish with
RelExt:

• Solve the Boltzmann equation given in Eq. (3.33) as fast and as precisely as possible,
making large parameter scans feasible.

• Search the parameter space efficiently to obtain several viable parameter regions in a
short amount of time.

In this section, we will describe the important algorithms and numerical methods used
throughout the code, which allow for a fast computation of the relic density and subse-
quently enable an efficient parameter search. The code for the algorithms used in the C++

part of RelExt is given in Appendix A.2.

4.2.1. Amplitude Generation

To calculate the relic density, we first need to generate the relevant (co-)annihilation matrix
elements used in Eq. (3.40). As already mentioned, this is done by the first part of the code
with the help of the Mathematica packages FeynArts and FeynCalc. The code automatically
recognizes the DS particles provided by the model files and generates all possible tree-level
2 → 2 diagrams, with two DS particles in the initial state and two visible particles in the final
state. To avoid unnecessary computation at later stages, we filter out processes which are
identical up to a charge conjugation. From these diagrams we get the analytical expressions
for the matrix elements using FeynCalc. Since BSM models can contain numerous additional
particles, this can lead to matrix elements consisting of many diagrams already at tree-level.
To ensure a fast calculation of the matrix elements squared we keep the analytical expression of
each diagram in a list. We then loop over this list multiplying individual diagrams accordingly
and sum them to obtain |M|2. In the example of a matrix element consisting of 2 diagrams
with analytical expressions A and B, |M|2 is given by

|M|2 = |A|2 + |B|2 + 2Re(A∗B) . (4.1)

Many of these matrix elements will have similar coupling structures that need to be evaluated.
We want to avoid computing the same coupling appearing in different amplitudes multiple
times as they can be quite large depending on the model under consideration. In order to do
this, the code recognizes couplings or combination of couplings that appear more than once
throughout all amplitudes and stores them in tokens which will only be computed once per
parameter point.
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To obtain the TAC given in Eq. (3.51) we have to integrate over the Mandelstam variable
s. In the amplitudes this can lead to divergencies resulting from s-channel propagators. To
avoid this, we use the Breit-Wigner formula, and make the replacement

1

s−m2
med

→ 1

s−m2
med − iΓmedmmed

, (4.2)

where mmed and Γmed are the mass and total decay width of the mediator particle, re-
spectively. The code automatically identifies all s-channel mediator particles and is able to
calculate their total decay widths. Here, the code differentiates between scalar particles,
fermions and vector bosons. In the case of scalar and pseudoscalar particles, the code iden-
tifies all decay channels at tree level, saves their coupling modifiers and converts them into
C++ code. These coupling modifiers are used to compute the total decay widths including
higher order QCD corrections for which we mostly follow the implementation provided by
HDECAY [104, 105] as well as the formulas provided in Refs. [106, 107]. For all SM particles,
except for the top-quark and the Higgs boson, the user has to provide the correct total decay
width in the corresponding model file. The top-quark decay width, as well as the decay widths
of additional non-scalar particles in the visible sector are calculated by the code at tree-level.
Further, in some kinematic regions it is possible to encounter t/u-channel divergencies. To
cure these, we use a similar approach as MicrOMEGAs and introduce a regulator width given
by Γj = mj/1000 [108]. Using this width leads to a deviation of less than 1% outside of the
divergent regions compared to the zero width result.

In the case of DM (co-)annihilation into quarks we consider running quarks masses in the
final states, expect for the top quark, where we take the pole mass. We evaluate the quark
masses at next-to-next-to-next-to leading log order (N3LL) taken at the scale given by twice
the DM mass. RelExt always uses the following MS masses as input for the bottom, charm
and strange quark at the scale Q given in the brackets, respectively: mb(mb) = 4.18 GeV,
mc(3GeV) = 0.986 GeV, and ms(2GeV) = 0.095 GeV. For the first two quark generations
as well as the leptons, the user has to provide the masses. The running masses are also used
in the computation of the total decay widths of the scalars.

4.2.2. Computation of the TAC

The next step in obtaining the relic density, is to integrate over cosθ in Eq. (3.40). Here, we
first estimate the integrand using a composite Simpson’s 3/8 method [109]. This estimate
is then used in the termination criterion in the adaptive Simpson 3/8 computation of the
integral. The usage of the estimate leads to rapid convergence as regions which are small
compared to the estimate will terminate faster. Next we need to integrate Eq. (3.51) over
the Mandelstam variable s. This is the most time consuming part of the whole relic density
computation and requires therefore most optimization. We want to compute as little as
possible while still retaining a good accuracy of the TAC. For this we make use of the relation
shown in Eq. (3.53) by neglecting processes that are too far away from the DM rest mass. In
order to accomplish this we first sort all the (co-)annihilation channels into batches of equal
rest mass via the condition

max(mi +mj ,mk +ml) , (4.3)

where mi/j are the initial state DS particles and mk/l are the outgoing SM particles. In
Tab. 4.1 we can see an example of how this data structure looks like. Here, we consider a DS
consisting of two real singlet fields, with masses chosen to better illustrate how the channel
sorting works. We see that for most channels the DS particles are responsible for the rest
mass of the given process. This is to be expected for WIMPs as they are heavier than most
SM particles. However, some of the SM or BSM particles, such as the Higgs boson, the
top-quark or a second Higgs particle, can be heavier than the DS particles. In such cases we
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Rest mass [GeV] Involved processes

200 X1X1 → eē, µµ̄, τ τ̄ , uū, dd̄, cc̄, ss̄, bb̄, ZZ, W+W−

250 X1X1 → hh

260 X1X2 → eē, µµ̄, τ τ̄ , uū, dd̄, cc̄, ss̄, bb̄, ZZ, W+W−, hh

320 X2X2 → eē, µµ̄, τ τ̄ , uū, dd̄, cc̄, ss̄, bb̄, ZZ, W+W−, hh

350 X1X1, X1X2, X2X2 → tt̄

Table 4.1.: Example of how RelExt internally sorts the processes for the computation of the
TAC. In this example we have two DS singlet particles X1 and X2 with a mass of mX1

= 100
GeV and mX2

= 160 GeV, respectively.

obtain additional entries into the data structure as can be seen by the second and last row of
Tab. 4.1. We can now define the following criterion that will decide whether or not certain
(co-)annihilation processes will be taken into account during the computation [71]

B = e
−x

mi(k)+mj(l)−2m1

m1 > Bϵ . (4.4)

Here, RelExt uses the default value of Bϵ = 10−6, meaning that channels whose rest mass
leads to a B below this number will not be included in the computation of the TAC.

Another trick that we use to speed up the computation, is to expand the modified Bessel
functions of the second kind for both the numerator and the denominator. The asymptotic
behavior for large x is given by [65]

Kn(x) =

√
π

2x
e−x

∞∑
k=0

1

k!(8x)k

k∏
j=1

(
4n2 − (2j − 1)2

)
≡ e−xP kn (x) , (4.5)

which allows us write the TAC in Eq. (3.51) in the following form

⟨σv⟩eff =

∑
i,j

∫∞
(mi+mj)2

pij(s)Wij(s)P
k
1

(√
s

m1
x
)
e
−

√
s

m1
x
ds

8T
[∑

i gim
2
iP

k
2

(
ml
m1
x
)
e
− x

m1
ml
]2 (4.6)

=
∑
i,j

∫ ∞

(mi+mj)2

pij(s)Wij(s)P
k
1

(√
s

m1
x
)

8T
[∑

l glm
2
l P

k
2

(
ml
m1
x
)
e
− x

m1
(ml−

√
s/2)
]2ds . (4.7)

To make sure that the error between the exact Bessel function and the approximation is
sufficiently small we expand up to the sixth order. This already leads to a relative error
of ∼ 1.74 · 10−5 at x = 5, while decreasing the evaluation time significantly. Looking at
Eq. (4.6) we notice a problem. For large values of x (≈ 1000) the exponential functions in the
numerator and the denominator cannot be evaluated anymore by C++ as they will result in
an underflow error. However, the value at today’s temperature is roughly x0 ≈ 1015 for a DM
mass of 500 GeV. Even though the (co-)annihilation of the DS particles become less relevant
at later times, i.e. larger x, we still want to solve the Boltzmann equation as far as possible to
obtain a more precise result. This is done by casting Eq. (4.6) into Eq. (4.7). In this form, the
exponential function only appears in the denominator and due to the exponents now being
subtracted from each other, we can evaluate it for larger values of x. With this we can reach
x values of up to x = 107. However, this results in another problem. In Eq. (4.6) we had to
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evaluate the exponential functions in the denominator only once for a given x value, while in
Eq. (4.7) we have to evaluate them every time we insert a new value of s, slowing down the
computation. For this reason, RelExt first checks if it can evaluate the exponential functions
in Eq. (4.6). If their arguments are too large Eq. (4.7) is used instead.

Optimizing the exponential functions might seem irrelevant at first sight, since the TAC also
depends on Wij which can contain large expressions for the amplitudes, especially in models
with many additional particles. Having to evaluate large expressions will be of course more
computationally demanding than simply computing the exponential functions. However, here
we can use a clever trick by noticing that the combination pij(s)Wij(s) does not depend on
x. While integrating over s, the integrator will choose always the same s-abscissas to obtain
a value for the integral, meaning that pij(s)Wij(s) will be evaluated at the same s-values for
different x. For this reason RelExt saves the results of the x-independent part in a hashmap,
making it instant to evaluate them for the next iteration in x. This means that during the
computation of the relic density, the first x-value called will take the most amount of time
to evaluate, while the remaining ones will be bounded by the evaluation of the x-dependent
part.

The next step is to integrate over s. Here, we have to make sure that we treat possible
resonances appearing from s-channels accordingly. Simply integrating over s with an arbitrary
numerical method can lead to the method missing these peaks if they are very sharp. To avoid
this, the code integrates the peaks separately as it knows their locations which were provided
by the Mathematica code. The algorithm to integrate over s is done in 4 steps:

1. Transform the integral to obtain finite boundaries via the substitution
x = (mi+mj)

2+(1−u)/u. This changes the boundaries such that
[
(mi +mj)

2,∞
)
→

(0, 1] and gives the Jacobian 1/u2.

2. Set additional boundaries inside the integration region which separate the peak regions
from the remaining regions of the integrand.

3. Loop over the process batches with identical rest masses (see Tab. 4.1) and compute an
estimate of the integral. The peaks are integrated precisely already at this stage.

4. Loop over the processes batches again, this time compute the integral precisely using
the estimate obtained from the previous step.

RelExt does not create separate boundaries for each peak that occurs between the rest mass
and infinity. If the peak is too far away from the boundary and therefore strongly Boltzmann
suppressed it will not be treated separately, i.e. if the condition

e
−x

mmed−(mi+mj)

m1 > Bϵ , (4.8)

is fulfilled. The peak structure at the resonances given by Eq. (4.2) has the half-maximum
points mmed±Γ/2. We want to encapsulate, however, the whole peak when integrating them
separately and therefore choose the boundaries mmed ± 20Γ for the peak-integrator.12 For
the peak integration we use again an adaptive Simpson 3/8 method, while for the regions
outside of the peaks or if there are no peaks at all we use the adaptive Gauss-Kronrod 15
point algorithm [109]. In Fig. 4.2 we see clearly how the algorithm resolves the integral
over two peaks. There we show which of the two integrators evaluate the integrand of the
TAC depending on the center-of-mass energy. In this example, we only consider the process
XX → bb̄, where X is our DM particle with a mass of mX = 60GeV. The peaks result

12It can happen that the peak boundaries exceeds the integration boundary given by the rest mass or overlap
with each other. In such a case the peak boundaries are adjusted accordingly (see Appendix A.2).
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Figure 4.2.: Integrand of the TAC as a function of the center of mass energy. The red points
are evaluated by the peak integrator and the green points by the usual integrator.

from the two Higgs bosons appearing in this example point at the masses of mh1 = 125GeV
and mh2 = 130GeV. We can see that the integrator evaluates a lot more points in the peak
regions (red points) to obtain a more precise result, while for regions outside of the peaks the
Gauss-Kronrod integrator needs much less points to reach a sufficient precision.

4.2.3. Solving the Boltzmann Equation

Now that we have optimized the computation of the TAC, the next step is to solve the
Boltzmann equation in Eq. (3.33). We want to track the evolution of the yield starting from
x = 0 up to the current temperature x0. The first thing to realize is that for high temperatures,
i.e. low x, the yield will remain in equilibrium with the thermal bath. So instead of starting
our solver at x = 0 we want to start at a later time when the DS bath begins to decouple
from the thermal bath. As already stated, we call this decoupling temperature, the freeze-out
temperature xf . To determine xf we follow the derivation of Ref. [110]. We start by defining
a new quantity ỸX = YX − Y eq

X which turns Eq. (3.33) into

dỸX

dx
= −

√
π

45G

g
1/2
∗ (T )m1

x2
⟨σv⟩effỸX

(
ỸX + 2Y eq

X

)
− dY eq

X

dx
. (4.9)

To first order we can neglect the left-hand side of Eq. (4.9) since YX follows the equilibrium
distribution. We further introduce a new constant δ which is defined via ỸX = δY eq

X . Using
the aforementioned definition and dividing Eq. (4.9) by Y eq

X gives

dlnY eq
X

dx
+

√
π

45G

g
1/2
∗ (T )m1

x2
⟨σv⟩effY eq

X δ (δ + 2) = 0 . (4.10)

We arrived at a transcendental equation for x, which we have to solve to obtain the freeze-out
point. We can choose δ freely as it is simply a measure of how much the yield should differ
from its equilibrium value, when we solve Eq. (4.10). A δ which is too large will lead to a
wrong estimate of the freeze-out point, while a small δ will be more accurate but requires
us to solve more of the remaining evolution. The previous statement is true if we evolve
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the Boltzmann equation starting from xf until x0 with any arbitrary ordinary differential
equation solver. However, there is another way to solve the Boltzmann equation which is
called the freeze-out approximation. In this approximation, we again determine the freeze-
out point using Eq. (4.10), but instead of evolving the Boltzmann equation, we assume that
Y eq

X ≪ YX in Eq. (3.33) which allows us to immediately integrate and obtain today’s yield
via

1

YX (x0)
=

1

(1 + δ)Y eq
X (xf)

+

√
π

45G

∫ x0

xf

dx
g
1/2
∗ mX

x2
⟨σv⟩eff . (4.11)

In the freeze-out approximation we want a δ which is small enough to determine the freeze-
out point accurately with sufficient accuracy, but at the same time is large enough to justify
the assumption Y eq

X ≪ YX . In RelExt we have the option to either use the faster freeze-out
approximation or to solve the Boltzmann equation directly using a Dormand-Prince method.
In the freeze-out approximation we use the recommended value of δ = 1.5 to determine the
freeze-out point. We found this to be accurate up to a few percent compared to the full
numerical result. This behavior was also observed in Refs. [70, 110]. When we want to solve
the Boltzmann equation using the Dormand-Prince method the freeze-out point is determined
with δ = 0.1.

We have not yet talked about how we actually solve Eq. (4.10) in RelExt. By experience we
know that the freeze-out point for couplings at the weak scale is approximately at xf ∼ 20−30.
For couplings much larger or much smaller than the weak scale this is not true. However,
in such scenarios the relic density will either be heavily under-produced or over-produced.
For this reason RelExt will search in the region x ∈ [5, 50] for a solution of Eq. (4.10). One
idea would be to simply run a bisection algorithm on this region. However, as discussed in
Sec. 4.2.2 this will lead the code to include many channels in its computation for the lower
boundary of x, which we ultimately might not care about at xf and above. To circumvent
this issue, we start at the upper boundary and move in steps of ∆x = −2 towards the lower
boundary while keeping track of the sign of Eq. (4.10). Once the sign flips we execute the
bisection method between the current and the previous x-value to obtain the freeze-out point.

4.2.4. Parameter Search

With the solver of the Boltzmann equation set up we can now easily calculate the relic density
via Eq. (3.36) and therefore move on to finding parameter regions which generate the observed
relic density of Eq. (1.1). Finding these regions can become very cumbersome, especially for
models with many parameters. To combat this difficulty, we implemented three algorithms
into RelExt with different strengths to find viable parameter regions.

The first algorithm uses a Monte Carlo approach to filter out the good parameter regions
and reuse them for future parameter scans. To accomplish this, we first lay a grid on the
parameter region we want to investigate. This is done by dividing the parameter ranges of
each parameter into Nb equally spaced bins, resulting in a total of N

Np

b number of cells that
cover the parameter space, where Np is the number of parameters. In classical Monte Carlo
problems like e.g. the integration of higher-dimensional integrals, we want to adjust our
sampling method to match the regions of interest. This means that we want to sample more
regions where the integrand is large than regions where the integrand is small. The crucial
point is that in such a case we still sample the whole region, but vary the sample density. In
a parameter search we do not care about the regions which give us a bad relic density and
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therefore do not want to keep sampling them. In this context we define how good or bad a
parameter point is by assigning it a weight w which ranges from 0 to 1 via

w =


(
Ωdh

2

Ωch2

)2

, Ωdh
2 < Ωch

2(
Ωch

2

Ωdh2

)2

, Ωdh
2 > Ωch

2

. (4.12)

Here, Ωdh
2 is the desired relic density, that we want to obtain and Ωh2 is the computed relic

density for the current parameter point. Now we can set up a random scan and RelExt will
keep track of the Nbest best cells during the process. The tracking of the best cells works as
follows. When a new parameter point is generated it will be assigned to a unique cell of the
grid. RelExt will first fill up an array with unique cells and their weights, until it reaches a
length of Nbest. While it fills up the array, it keeps track of the worst cell among them. If
now a new point is generated whose w is larger than the one from the worst cell, it will be
substituted with the new cell. However, if the array already contains the cell, it will only
update the w value of this cell based on if its larger than the currently saved value. Once the
array of best cells is full, we set a probability pb which determines the probability that newly
generated points are randomly generated from one of the best cells. This leaves a probability
of 1− pb that the new point is generated randomly. After the scan is done RelExt generates
an output file with the best cells, which can be reused for future scans.

In the Monte Carlo approach we hope that with a large enough sample size the good parameter
regions will become apparent such that we can focus our sampling on these regions. However,
in many cases this will not be sufficient as only very few cells are able to generate Ωdh

2 and
within these cells we still have to find the parameter combination which results in Ωdh

2 with
a reasonable uncertainty. This means that even if we keep scanning in the best cells, it might
take a long time until we find points which generate the desired relic density. In such a case,
the second algorithm can be employed - the random walk. With this algorithm, we start with
an initial parameter point and try to improve it with each step. We do this by changing each
parameter value xi to a one new one x′i via

x′i = xi(1 + γi) . (4.13)

The γi is a randomly chosen step size in the range [−γmax, γmax], where γmax is a constant of
our choice. At each step that we take we compute ∆Ωh2 = Ωch

2−Ωdh
2 and compare it with

its value before the step. If ∆Ωh2 is larger than the previous value, we take a new step via
Eq. (4.13). In the case that it gets smaller, we keep going in the same direction by repeating
the same step. This process continues until Ωdh

2 is reached within the specified uncertainty
or until the maximal number of iterations is reached.

The previous algorithms are designed for models with many parameters. But if we want
to study models with few parameters we might want to investigate the influence of single
parameters on the relic density more precisely. For such scenarios the third algorithm was
developed. This algorithm tries to obtain Ωdh

2 by changing a single parameter of the model.
To accomplish this, the algorithm operates in three modes, with the following goals.

Vanguard
Follows the gradient which minimizes ∆Ωh2 in large steps. Its goal is to find out if ∆Ωh2 can
become 0 or if we are stuck in a local minimum.

Descent
If the Vanguard mode finds that we are stuck in a local minimum, this mode applies a gradient
descent algorithm to find this minimum.
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Bisect
If the Vanguard mode finds that ∆Ωh2 can become zero, a bisection algorithm is used to
determine the parameter which results in ∆Ωh2 ≈ 0.

The search algorithm always starts in the vanguard mode. While the mode tries to minimize
∆Ωh2, we keep track of its sign and the sign of its derivative with respect to the parameter
that we vary. This can result in two possible scenarios:

1. The sign of ∆Ωh2 stays the same from one step to another, but the sign of its derivative
flips. In this scenario we are stuck in a local minimum and switch to the Descent mode.

2. The sign of ∆Ωh2 flips from one step to another. In this case, we crossed a line in the
parameter space where ∆Ωh2 = 0 and switch to the Bisect mode.

There are scenarios, in which the local minimum can be very sharp, but contains two or
more lines which cross the ∆Ωh2 = 0 line. The algorithm will first falsely identify that we
have a local minimum, but still keeps track of potential sign flips while walking towards the
minimum. If then a sign flip occurs, it will be able to switch to the Bisect mode and find one
of the ∆Ωh2 = 0 lines. To summarize, this algorithm will find the parameter value which
results in either a local minimum of ∆Ωh2 or in ∆Ωh2 ≈ 0 given an initial starting point.

4.3. Validation

To ensure that RelExt works as expected we compared the relic density computed by it,
which we will call ΩRelExth

2, with the one from MicrOMEGAs ΩMicroh
2. We made sure to test

every model implemented in RelExt by sampling several random points and ensuring that
the input parameters, the running quark masses and the decay widths match the ones from
MicrOMEGAs. Further, we verified that RelExt works in more challenging scenarios, i.e. in the
case of (co-)annihilation processes, resonant annihilation, and when threshold effects occur.

In Fig. 4.3 we compare the computed relic density Ωch
2 over the DM mass of both codes in

the real singlet extension of the SM. This model features a single DM particle and a SM-like-
Higgs boson with a mass of 125GeV who are connected via a trilinear portal coupling λportal.
For the orange and green points we set λportal = 0.1, while for the red and black points we set
λportal = 6. The curves show a dip in the relic density at a mass of mDM = mh/2, where mh is
the Higgs boson mass. This is expected since the annihilation channels become resonant and
the relic density is inversely proportional to the TAC. The peaks and dips which follow after
the resonant production are thresholds for the on-shell production of the Z-boson, W -boson
and Higgs boson, respectively. From the figure it can be inferred that RelExt and MicrOMEGAs

are in very good agreement with a maximum deviation of 6% between the two codes.

Next, we compare the codes in the model CP in the Dark [95,111]. This model is based on an
N2HDM with an imposed Z2 such that the particle spectrum consists of the SM Higgs boson
and five additional scalars in the DS, of which three are neutral and two are charged. The
lightest neutral DS particle is the DM candidate. We will describe the model in more detail in
Sec. 5.2. In Fig. 4.4 we show the relative difference between RelExt and MicrOMEGAs over the
DM mass. The parameter sample was generated using the public code ScannerS [112] which
checks for all relevant theoretical and experimental constraints. We find that the relative
difference between the two codes does not exceed 2%, indicating good agreement.

Although the previous two examples show only small differences between the results of RelExt
and MicrOMEGAs, larger deviations can be found in models where additional visible sector
scalar particles get introduced. In such models, these additional scalars can obtain large total
widths and can therefore have a large impact on (co-)annihilation channels with masses near
the corresponding s-channel resonance. With this in mind, we will look next at the dark
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Figure 4.3.: Relic density computed by RelExt and MicrOMEGAs over the DM mass in the real
singlet model. The orange and red points were computed by MicrOMEGAs with a Higgs portal
coupling of 0.1 and 6, respectively. The green and black points were computed by RelExt for
the portal couplings 0.1 and 6, respectively. Taken from Ref. [66].

Figure 4.4.: Relative error of the computed relic density between RelExt and MicrOMEGAs

over the DM mass for the model CP int the Dark. Taken from Ref. [66].
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Figure 4.5.: Relative difference of the relic densities calculated with RelExt and MicrOMEGAs

as a function of mhnon-SM/mDM (left) and Γhnon-SM (right), for the dark doublet phase of the
N2HDM. Here, mhnon-SM is the mass of the non-SM-like Higgs boson in the visible sector, and
Γhnon-SM its total width. Taken from Ref. [66].

doublet phase of the N2HDM [93]. This model consists of two visible scalar particles, one of
which is the SM Higgs boson, and four scalar DS particles, where two are neutral and two
are charged. The second, visible, non-SM scalar which we will denote by hnon-SM can obtain
a large total width and will therefore be the focus of the following comparison. As in the case
of CP in the Dark we performed a scan in the parameter space of the model using ScannerS

ensuring that all relevant theoretical and experimental constraints are fulfilled. In Fig. 4.5
we show the relative difference in the relic density between the two codes as a function of the
ratio between the mass of non-SM Higgs boson and the mass of the DM candidate in the left
plot and as a function of the total width Γhnon-SM of the non-SM Higgs boson on the right.
We can see that near the resonance region, where mhnon-SM ≈ 2mDM and for large values
of Γhnon-SM we obtain points which show a relative difference of up to 9%. This difference
comes from the way s-channel resonances are implemented in each code. In RelExt, the
replacement in Eq. (4.2) is made independent of the current s-value that is used. However,
MicrOMEGAs handles such resonances by introducing the aforementioned replacement only if
the s-value is approaching this resonance. This means the authors of MicrOMEGAs obtain
two regions between which they interpolate - the resonant and the non-resonant region. To
show the difference more clearly, we will look at the DMDM → W+W− cross section for
the benchmark point given Tab. 4.2 for which the relative difference in the relic density is
7.3%. The cross section is shown in Fig. 4.6 plotted as a function of the center mass energy√
s. The plot shows a clear deviation between the two codes at a

√
s-value slightly below

the resonance of the non-SM Higgs boson. This is exactly the region where MicrOMEGAs uses
the interpolated values between the resonant and non-resonant regions. To confirm that the
main reason for large deviations in the relic density between RelExt and MicrOMEGAs comes
from the treatment of the resonances we set the width to zero outside the resonance peaks
and as a result found good agreement also in these regions.
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N2HDM

mhSM 125.09

mhnon-SM 927.082

mHD
405.215

mAD
595.853

mH±
D

628.737

α -0.248593

vs 292.978

m22 133.912

λ2 3.49988

λ8 2.34688

ΓhSM 0.00490257

Γhnon-SM 38.9219

ΩRelExth
2 0.000314878

ΩMicroh
2 0.000339666

Table 4.2.: Benchmark point shown in Fig. 4.6 for the dark doublet phase of the N2HDM. The
first 12 lines contain the input parameters, lines 13 and 14 the relic densities from RelExt

and MicrOMEGAs, respectively. More details on the model and its input parameters can be
found in Refs. [93,94]. Input parameters with units are given in GeV.
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Figure 4.6.: Cross section over the center-of-mass energy for two DM particles annihilating
into two W -bosons for the BP-defined in Tab. 4.2. The red curve shows the result computed
by MicrOMEGAs, while the black curve shows the corresponding result by RelExt. Taken from
Ref. [66].



CHAPTER 5

Application of RelExt on Different Dark Matter Models

We want to see how the code works in practice by showing different ways to search the
parameter space for various models. We will structure this chapter by first introducing the
model under consideration and then proceed to show how RelExt can be used to sample the
parameters of the model.

5.1. The CxSM

To illustrate how the code can be used for parameter searches for a model with few parameters
we will first look at the CxSM.

5.1.1. Model Description of the CxSM

The CxSM extend the SM scalar potential by an additional complex scalar singlet field S. This
singlet field and the SM Higgs doublet field Φ are parameterized after electroweak symmetry
breaking as

Φ =

 G+

1√
2

(
v +H + iG0

)
 , S =

1√
2

(
vS + S + i(vA +A)

)
. (5.1)

Here, H and S are real scalar fields, A is a pseudoscalar field and G+ and G0 are the charged
and neutral Goldstone bosons, respectively. The parameters v, vS and vA are the VEVs to
their respective fields H, S and A. We impose two separate Z2 symmetries on this model
such that

Z1
2: H → H , S → −S , A→ A ,

Z2
2: H → H , S → S , A→ −A .

Under consideration of these symmetries, we can write the most general renormalizable scalar
potential as follows

V =
m2

2
|Φ|2 + λ

4
|Φ|4 + δ2

2
|Φ|2|S|2 + b2

2
|S|2 + d2

4
|S|4 +

(
b1
4
S2 + c.c.

)
, (5.2)
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where the model parameters m, λ, δ2, b2, d2 and b1 are all real. By setting vA = 0 the Z2
2

remains unbroken and A becomes a stable DM candidate. The first Z2, however, gets broken
due to vS ̸= 0, which leads to mixing between the neutral scalar fields H and S. To obtain
the mass eigenstates, which we will denote by hi (i = 1, 2) we need to perform a rotation
defined by h1

h2

 = Rα

H
A

 , (5.3)

where the orthogonal rotation matrix Rα is given by

Rα =

 cosα sinα

−sinα cosα

 . (5.4)

The mass eigenstates are ordered such that mh1 ≤ mh2 . This rotation leads to a modification
factor ki for all interaction strength ghi between the CxSM Higgs bosons hi and the SM
particles given by

ghi = kigHSM
, ki ≡

 cosα, i = 1

−sinα, i = 2
, (5.5)

where gHSM
is the SM coupling between the SM Higgs boson and the SM particles. Our

choice of input parameters for this model is

v , vS , α , mh1 , mh2 , mA , (5.6)

where mA is the DM mass. The relations between the potential parameters and the input
parameters are given in Appendix B.1.

5.1.2. Example Search in the CxSM

To illustrate how RelExt can be used to search for parameters, we will show two code examples
of main.cpp files in which we adjust single parameters to obtain the observed relic density.
Each main.cpp comes with a few settings the user can adjust. We give a brief description of
the settings below. A more detailed description of these settings can be found in Ref. [66].

MODE Can take the values 1, 2 or 3. Decides how new parameters are
read in.

SAVEPARS Parameter names, whose values will be saved in the output file.

CONSIDERCHANNELS If not left empty, only these (co-)annihilation channels will be
considered in the calculation of the relic density.

NEGLECTCHANNELS Channels which will be ignored during the computation.

NEGLECTPARTICLES Channels which contain these particles in their initial or final state
will be ignored in the computation.

BEPS Sets the value for Bϵ in Eqs. (4.4) and (4.8).

XTODAY Value of x0 until which we solve the Boltzmann equation.
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FAST This is set to true if we want to use the freeze-out approximation
and false if the Boltzmann equation should be solved with the
ODE solver.

CALCWIDTHS If this setting is set to true, the decay widths of particles appear-
ing in the s-channels will be computed by RelExt. Otherwise
they have to be provided by the user.

SAVECONTRIBS If set to true, the relative contribution of individual channels to
the computed relic density will be saved in the output file.

In the first example, we want to study how a change in α will influence the parameter vS ,
on which we will perform a search to obtain the observed relic density. Below we give the
settings we will use for the parameter scan.

1 /* Change to desired settings starting from here

2 ***********************************************

3 */

4 static constexpr int MODE = 1;

5 static const VecString SAVEPARS = {"MA1", "MS1", "alpha", "svev"};

6 static const VecString CONSIDERCHANNELS = {};

7 VecString NEGLECTCHANNELS = {};

8 static const VecString NEGLECTPARTICLES = {"u", "d", "e", "mu"};

9 static constexpr double BEPS = 1e-6;

10 static constexpr double XTODAY = 1e6;

11 static constexpr bool FAST = true;

12 static constexpr bool CALCWIDTHS = true;

13 static constexpr bool SAVECONTRIBS = false;

14 /*

15 ***********************************************

16 Until here */

Listing 5.1: Settings for the CxSM

As can be seen by the settings shown in Listing 5.1, we neglect the lightest quarks and the
first two generations of leptons. We do this because we are considering a Higgs portal model,
where the lightest particles will have the smallest couplings to the DS and therefore will
only contribute negligibly. Doing this saves computation time since it forces RelExt to skip
these channels when computing the relic density. By setting MODE=1 we will read in a single
parameter specified by the following input file

1 MA1 |10 , 1000 , 500

2 MS1 |10 , 1000 , 200

3 alpha | -1.57079 , 1.57079 , -1.57

4 svev | 0 , 1e6 , 300

The first two values for each parameter specify the lower and upper boundary values the
parameter is allowed to obtain during a parameter search. The last entry for each parameter
is the initial starting value when loading the parameter while using MODE 1. With the settings
and the input file prepared we can run the main.cpp shown in Listing 5.2. The first 5 lines of
the shown code are identical in every main.cpp file and are necessary to load in the settings.
In line 6 we load the parameter point from the provided input file. Next, we save the initial
value for α in line 7, i.e. sav=1.57, and keep increasing it in the for-loop until it reaches a
value of sav=-1.57 in line 8. While we loop over the sav-values we first set the value of α,
then search for a vs such that a relic density of Ωdh

2 = 0.12 ± 0.001 is obtained and lastly
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1 int main(int argc , char **argv) {

2 clock_t begin_time = clock();

3 Main M(argv , MODE , BEPS , XTODAY , FAST , CALCWIDTHS , SAVECONTRIBS);

4 M.set_channels(CONSIDERCHANNELS , NEGLECTCHANNELS ,

NEGLECTPARTICLES);

5

6 M.LoadParameters ();

7 double sav = M.GetParameter("alpha");

8 for (sav; i < 1.57; sav += 0.01) {

9 M.ChangeParameter("alpha", sav);

10 M.FindParameter("svev", 0.12, 0.001);

11 M.SaveData(SAVEPARS);

12 }

13

14 std::cout << "Computation time:\n"

15 << float(clock () - begin_time) / CLOCKS_PER_SEC << "\n";

16 }

Listing 5.2: main.cpp file used to run the scan in α and vS

save the parameters in the output file. Lines 14-16 simply print the computation time of the
whole process.

After running this main.cpp file we plot the singlet VEV vS over the mixing angle α shown
in Fig. 5.1. The plot shows three minima at the points αmin = {−π/2, 0, π/2}, which is due
to the fact that one of the two coupling modifiers ki (i = 1, 2) goes to zero and blocks the
according annihilation channels which have to be compensated by a small vS to still obtain
the observed relic density.13 The peaks of the plot are located at αmax = ±π/4 since there
both the sine and cosine coupling modifiers can contribute maximally.

We can also scan the mass of the DM candidate to study the influence of the resonance peaks
on the choice of vS . To do this we have to adjust only a few lines of code in the input file
and the main.cpp file. In the input file we only modify the last entry for each parameter.

1 MA1 |10 , 1000 , 50

2 MS1 |10 , 1000 , 205

3 alpha | -1.57079 , 1.57079 , 0.2

4 svev | 0 , 1e6 , 50

For the main.cpp we only show the modified parts

1 double sav = M.GetParameter("MA1");

2 for (size_t i = 0; i < 150; i++) {

3 M.FindParameter("svev", 0.12, 0.001);

4 M.SaveData(SAVEPARS);

5 M.ChangeParameter("MA1", ++sav);

6 }

The resulting plot is shown in Fig. 5.2. This time we show the singlet VEV over the DM
mass. The two peaks which appear in this plot are exactly at the threshold of the two Higgs
bosons contained in the model, i.e. at mDM = mhi/2 (i = 1, 2), with mh1 = 125GeV and
mh2 = 205GeV. In these regions annihilation becomes very efficient due to the resonance
peaks and have to compensated by a increase in vS to obtain the observed relic density.

13A small vS leads to a larger TAC since the portal coupling is proportional to v−1
S .
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Figure 5.1.: The singlet VEV vS over the mixing angle α for a benchmark point with mh1 =
125.09GeV, mh2 = 200GeV and mA = 500GeV in the CxSM. All points shown generate the
observed relic density.

Figure 5.2.: The singlet VEV over the DM mass for a benchmark point with mh1 =
125.09GeV, mh2 = 205GeV and α = 0.2 in the CxSM. The points shown generate the
observed relic density. Taken from Ref. [66].
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5.2. CP in the Dark

To obtain the observed relic density for a simple model with only a few input parameter such
as the CxSM is fairly straight forward. To show how we can find the relevant parameter
regions in a more complicated model, we will look at the model CP in the Dark.

5.2.1. Model Description of CP in the Dark

In the model CP in the Dark we extend the scalar sector of the SM such that we have two
complex doublet fields Φ1 and Φ2 as well as an additional real singlet field ΦS . Although in
general all the fields can acquire a non-zero VEV, we will consider a scenario in which only
Φ1 obtains a VEV. After electroweak symmetry breaking we can write the scalar fields as

Φ1 =

 G+

1√
2

(
v + h+ iG0

)
 , Φ2 =

 H+

1√
2

(
ρ1 + iη

)
 , Φs = ρs . (5.7)

As in the case of the CxSM, the G+ and G0 fields are the charged and neutral Goldstone
bosons. Further, we have the SM-like Higgs boson h, a charged scalar H+, two CP-even
neutral fields ρi (i ∈ {1, s}) and a CP-odd field η. To ensure that we have a stable DM
candidate we enforce the following Z2 symmetry

Φ1 → Φ1 , Φ2 → −Φ2 , Φs → −Φs . (5.8)

After applying this symmetry, the most general renormalizable scalar potential is given by

VScalar = m2
11Φ

†
1Φ1 +m2

22Φ
†
2Φ2 +

λ1
2

(
Φ†
1Φ1

)2
+
λ2
2

(
Φ†
2Φ2

)2
+ λ3Φ

†
1Φ1Φ

†
2Φ2 + λ4Φ

†
1Φ2Φ

†
2Φ1 +

λ5
2

[(
Φ†
1Φ2

)2
+ h.c.

]
(5.9)

+
1

2
m2
sΦ

2
s +

λ6
8
Φ4
s +

λ7
2
Φ†
1Φ1Φ

2
s +

λ8
2
Φ†
2Φ2Φ

2
s + (AΦ†

1Φ2Φs + h.c.) ,

where m11, m22, ms and λi (i ∈ [1, 8]) are real parameters and A is complex. The term
proportional to A introduces additional CP violation that is restricted to the DS. To obtain
the mass eigenstates hi (i ∈ {1, 2, 3}) we need to rotate the gauge eigenstates ρi and η via an
orthogonal matrix R that is given by

R =


cα1cα2 sα1cα2 sα2

−(cα1sα2sα3 + sα1cα3) cα1cα3 − sα1sα2sα3 cα2sα3

−cα1sα2cα3 + sα1sα3 −(cα1sα3 + sα1sα2cα3) cα2cα3

 . (5.10)

This matrix is parameterized by three angles αi ∈
[
−π
2
,
π

2

]
(i ∈ {1, 2, 3}). Further, we used

the notation sinα ≡ sα and cosα ≡ cα as an abbreviation. With the matrix R the mass and
gauge eigenstates are related via 

h1

h2

h3

 = R


ρ1

η

ρs

 . (5.11)

The mass eigenstates are ordered such that mh1 ≤ mh2 ≤ mh3 . Our choice for the set of
input parameters is the following

v , mh , mh1 , mh2 , mH+ , α1 , α2 , α3 , λ2 , λ6 , λ8 , m22 , ms. (5.12)

The remaining parameters can be obtained from these and are given in Appendix B.2.
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5.2.2. Example Search in CP in the Dark

In this model we not only have more parameters compared to the CxSM but also additional
co-annihilation partners in the DS, which complicate the parameter search. We start of
noticing that this model contains only a single Higgs boson which can act as Higgs portal to
the SM. For such a scenario we expect the relic density to behave similar to the one shown
in Fig. 4.3. There, we can divide the parameter space into two distinct regions. The first
region is below the Higgs threshold at a mass of mDM < 125GeV, which has many peaks
and dips due to different particle thresholds and resonances. While the second region with
mDM > 125GeV is very smooth and contains no such effects. For the following parameter
scan we want to search these two regions separately to ensure that we find valid points in
both of them and do not get stuck in one or the other while searching. We set up the two
regions via the following input files

1 mH1 |10 , 125

2 mH2 |10 , 1000

3 mHc |10 , 1000

4 alph1 |0 , 1.56

5 alph2 |0 , 1.56

6 alph3 |0 , 1.56

7 m22sq |0 , 1e+06

8 mssq |0 , 1e+06

mH1 |125.1 , 1000

mH2 |125.1 , 1000

mHc |125.1 , 1000

alph1 |0 , 1.56

alph2 |0 , 1.56

alph3 |0 , 1.56

m22sq |0 , 1e+06

mssq |0 , 1e+06

Further, we adjust the settings by applying MODE=2 to produce random parameter points be-
tween the given boundaries and changing SAVEPARS accordingly. With this setup, we do a first
parameter scan using the Monte Carlo method described in Sec. 4.2.4. We choose Nb = 100
and track the best 500 cells during the scan, which will be saved at the end of the parameter
scan. Further, we set pr = 1 such that we only generate random parameters and do not
produce any from the already found best cells. We do this because at this stage we only
care about finding the best cells and do not worry about producing good parameter points
yet. The corresponding main.cpp is given in Listing 5.3. The first 5 lines are identical to the
CxSM example. In line 6 we initialize the grid by calling InitMonteCarlo and specify Nb,
Nbest, pr and Ωdh

2 with the respective arguments. Next, we generate 105 random points for
which we compute the relic density, track their weight according to Eq. (4.12) and save the
parameter point in the output file.

1 int main(int argc , char **argv) {

2 clock_t begin_time = clock();

3 Main M(argv , MODE , BEPS , XTODAY , FAST , CALCWIDTHS , SAVECONTRIBS);

4 M.set_channels(CONSIDERCHANNELS , NEGLECTCHANNELS ,

NEGLECTPARTICLES);

5

6 M.InitMonteCarlo (100, 500, 1, 0.12);

7 for (size_t i = 1; i <= 1e5; i++) {

8 M.LoadParameters ();

9 M.CalcRelic ();

10 M.SetWeight ();

11 M.SaveData(SAVEPARS);

12 }

13 std::cout << "Computation time:\n"

14 << float(clock () - begin_time) / CLOCKS_PER_SEC << "\n";

15 }

Listing 5.3: main.cpp file used to run a random scan to determine the best cell.

After running the code we obtain Fig. 5.3 where we plot the computed relic density over the
DM mass. The gray, dashed line shows the desired, observed relic density we want to obtain.
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Figure 5.3.: Computed relic density over the DM mass for a random parameter scan in the
model CP in the Dark. The gray, dashed line represents the observed relic density. Taken
from Ref. [66].

Out of the 2 · 105 randomly generated points, only 27 (0.0135%) are within the 2σ range of
the observed relic density Ωdh

2 = 0.120± 0.002.

After the first scan, we can use the best cells tracked by RelExt to perform a second scan
similar to the previous one. The main difference this time is that we set pr = 0 and therefore
generate points only from the already found best cells. This leads to the plot shown in
Fig. 5.4, where the blue points are generated via the best cells, while the gray points are the
randomly generated points from the original sample. Just by looking at the plot we notice a
much better yield of good parameter points compared to the previous scan. This time, out
of the 2 · 105 generated points, 3948 (1.97%) are within the 2σ range of the observed relic
density. This is an increase by a factor of roughly ∼ 100 in the amount of good points that
we are able to produce.

As a further improvement, we will now also apply the random walk algorithm we described
in Sec. 4.2.4. We again sample our points only from the best cells as in the previous scan,
however, this time, we apply the random walk on these points to obtain the observed relic
density. To do this, we only have to adjust line 9 in Listing 5.3 such that

M.CalcRelic (); -> M.RWalk (0.12, 0.002, 0.01, 400);

This will increase the computational effort since RelExt will now have to go through many
iterations of the random walk for each newly generated point. Due to this reason we reduce
the number of generated points to 2 · 104, i.e. changing

for (size_t i = 1; i <= 1e5; i++) -> for (size_t i = 1; i <= 1e4; i++)

After running the main.cpp, we obtain the plot shown in Fig. 5.5. The blue points are
generated using the random walk on the best cells scan, the light and dark gray points
originate from the two previously discussed scans. Additionally we marked a subset of the blue
points, red. These red points are validated against all relevant experimental and theoretical
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Figure 5.4.: Computed relic density over the DM mass in the model CP in the Dark. The
blue points are generated from the best cells, while the gray ones are generated randomly.
The dashed line represents the observed relic density. Taken from Ref. [66].

Figure 5.5.: Computed relic density over the DM mass in the model CP in the Dark. The blue
points are generated from the best cells with a random walk applied onto them. The light gray
points are generated from the best cells and the dark gray points are generated randomly.
Further, the red points are validated against theoretical and experimental constraints by
ScannerS. Taken from Ref. [66].
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Method points generated % within 2σ [good points]

/[CPU time]

Random mDM > mh 105 0.% ∼0 s−1

Random mDM < mh 105 0.027% ∼0.0012 s−1

Best cells mDM > mh 105 0.29% ∼0.0178 s−1

Best cells mDM < mh 105 3.66% ∼0.135 s−1

Best cells with RWalk mDM > mh 104 97.5% ∼0.065 s−1

Best cells with RWalk mDM < mh 104 97.3% ∼0.085 s−1

Table 5.1.: The left column shows the total amount of points generated by the scan, the middle
column shows the fraction of points for which the obtained relic density is within the 2σ limit
and in the right column we present the number of good points (relic density within the 2σ
limit) per second. We compare the random scan, the scan using only the best cells, and the
scan in the best cells where a random walk is applied. The computations were performed on
a liquid cooled AMD EPYC 7351 16-Core Processor machine with an x86 64 architecture, a
base clock frequency of 1.2 GHz and maximum frequency of 2.4 GHz. We used 4 cores with
a total of 4 GB of RAM for our scans. Taken from Ref. [66].

constraints by ScannerS [112]. Out of the 2 · 104 points, 19489 (97.45%) are within the 2σ
limit.14 We have to be a bit more nuanced when comparing the yield of these result to the
previous ones. To obtain a better comparison we also need to take the computation time into
account. We do this by looking at how many good points we generated per second, instead
of simply comparing their amount. The results for the corresponding scan method are shown
in Tab. 5.1. We see, as expected, the increase of the factor ∼100 in the good points per
second between the random scan and the best cells scan throughout the whole mDM region.
However, when comparing the best cells scan with the random walk, we need to differentiate
between the regions in which mDM > mh and mDM < mh. In the former the increase in good
points per second is a factor of ∼3.6. While in the latter case, the best cells scan outperforms
the random walk by a factor of ∼ 1.6. This can be attributed to the fact that in this region
we have many peaks and dips, which lead to large changes in the relic density even if we
change the parameters only slightly. Due to this, the random walk algorithm has a harder
time to converge and therefore the computation time is increased. Nonetheless, it can still
be beneficial to apply the random walk algorithm in this scenario as it is able to find further
best cells from the already established ones, that can be used for future parameter searches.

14Points which are not within the 2σ bound have reached the maximum iteration limit of the random walk
algorithm.



CHAPTER 6

Conclusion

As a part of this thesis we have developed the code RelExt, which is able to solve the Boltz-
mann equation needed to compute the relic density via freeze-out. To do this, it automatically
computes the necessary amplitudes, thermally averaged cross sections and the decay widths
of the s-channel mediators based on the model at hand. Further, it is also able to employ
different parameter search strategies to find the parameter regions in which the model is able
to generate the experimentally measured relic density. The code is shipped with the pre-
installed and tested models CxSM, TRSM, the N2HDM in the dark doublet phase, the model
CP in the dark, and the BDM5. The user has the option to implement additional models by
providing the corresponding FeynRules model files. So far the code only covers models whose
DM is stabilized by a discrete Z2. We described in depth the algorithms used throughout
code which ensure a fast computation of the relic density as well as enable parameter searches
to find the parameter regions in a given model which generate the observed relic density.

Further, we validated the correctness of our code by comparing it with MicrOMEGAs. During
this comparison we found agreement throughout the tested models and also in parameter
regions where resonance and threshold effects occur. However, in regions where a mediator
particle with a large decay width occurs, we find disagreement due to the different ways
our code and MicrOMEAGs treat resonances. This difference is highlighted in Fig. 4.6 for a
benchmark point in the N2HDM.

The output of the code is designed such that it can be easily linked to other codes such
as ScannerS [112] and BSMPT [113, 114]. Because of this, RelExt provides an excellent tool
to test different DM models with respect to their capability to produce the experimentally
measured relic density via thermal freeze-out while also respecting further experimental and
theoretical constraints.

In its current version, RelExt can deal with models featuring one DM candidate. Future
versions will aim to include multi-component DM models as well as models with feebly inter-
acting massive particles in which the relic density is generated via freeze-in. Further upgrades,
involve the inclusion of higher-order correction to the amplitudes present in the freeze-out/in
processes.





Part II.

Simultaneous Freeze-in and Freeze-out
in CP in the Dark





CHAPTER 7

Introduction

This part of the thesis is based on our published paper, which can be found in Ref. [115].
We will not show the numerical results here, since these were already discussed in my master
thesis. For these we refer to the paper, i.e. [115], which based on the aforementioned thesis.
Still, we will take the occasion to provide the necessary theoretical background in more detail
than in the master thesis in the next chapter as well as a summary of the results in Chapter 9.

In the previous part of the thesis we focused our efforts on generating the correct relic abun-
dance for an arbitrary freeze-out model with a DM candidate stabilized by a Z2 symmetry. In
the process of doing that, we did not consider the second relevant DM constraint, the Direct
Detection (DD) cross sections. As can be inferred from Fig. 3.1, the DD experiments exclude
a large portion of the parameter region in the simplest WIMP scenario. This is a common
feature of Higgs portal models since the interplay between DD constraints and generating
the correct relic abundance is such that they counteract each other. More specifically, if we
want to evade the DD experiments a small coupling to the SM is required. However, the
same coupling will appear in the annihilation of DM particles during freeze-out leading to
an overabundance of the relic density. On the other hand, if we increase the couplings to
obtain the observed relic density, the DD constraints are jeopardized. One way to circumvent
this issue is to introduce additional DS particles which are able to co-annihilate with the DM
candidate, reducing the relic density without the need for large couplings. A simple way to
illustrate this effect is by looking at a Z2 symmetric model with two real singlet fields ϕ1 and
ϕ2 and the following renormalizable potential

VScalar = µ2h|Φ|2 + λh|Φ|4 +m2
1 ϕ

2
1 +

λ1
4!
ϕ41 +m2

2 ϕ
2
2 +

λ2
4!
ϕ42

+
λ1H
2

ϕ21|Φ|2 +
λ2H
2

ϕ22|Φ|2 +
λ12
4
ϕ21ϕ

2
2 (7.1)

+ m2
12ϕ1ϕ2 +

λ112
4

ϕ31ϕ2 +
λ122
4

ϕ1ϕ
3
2 +

λ12H
2

ϕ1ϕ2|Φ|2 .

Here, Φ is the SM doublet field and all parameters are real. To obtain the mass eigenstates
of the DS, which we denote by hD1 and hD2, we apply the rotation matrix with the angle θD
as follows hD1

hD2

 =

 cosθD sinθD

−sinθD cosθD

ϕ1
ϕ2

 , (7.2)
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where by convention we impose mhD1
< mhD2

. Compared to a singlet DM model, where
we only have one coupling that is responsible for freeze-out, this model has three which are
λ1H , λ2H and λ12H . With these three couplings we can draw a plane in which the desired
relic density constraint is obtained, as shown in Fig 7.1. Here, we plot the coupling λ1H
over λ2H and show λ12H via the color gradient for 3 different mass combinations of mhD1

and
mhD2

. All points that are shown generate the observed relic abundance within to uncertainty.

Figure 7.1.: Parameter points in the (λ1H , λ2H , λ12H) plane for which Ωh2 = 0.120 ± 0.002
for different mhD1

, mhD2
mass combinations. The points above the red line are excluded by

DD experiments. The points were generated using RelExt. Taken from Ref. [115].

The red line shows the DD exclusion limit, where points above the line are excluded. We
see that in such a model it is much simpler to escape the limits from DD experiments since
the coupling that is responsible for the DD constraints, λ1H , can be arbitrarily small. This
would lead to a large relic density in the scenario of single singlet, but with the additional
singlet hD2 we can simply increase the couplings responsible for the co-annihilation channels
to reduce the relic density. Although this approach works well for models where we can
freely change all of the (co-)annihilation couplings, for models where gauge couplings are
involved, which cannot be chosen arbitrarily, it becomes more difficult to obtain the observed
relic density. We saw this phenomenon for CP in the Dark in Sec. 5.2, where we had to
apply dedicated search algorithms to find parameter regions which are able to generate the
desired relic density. However, there is another way to completely evade the DD constraints
by considering a different DM production mechanism called freeze-in. We briefly mentioned
freeze-in in Sec. 2.2 and will go into more detail in this part of the thesis.
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7.1. Freeze-in

The mechanism of freeze-in is a natural explanation of the null results observed by current
DM experiments while simultaneously accounting for the observed relic density. The key
difference between the freeze-in mechanism compared to the freeze-out mechanism is the
initial condition of the Boltzmann equation. While in the freeze-out scenario the DS particles
start in thermal equilibrium with the SM bath, in the freeze-in scenario we begin with no
initial DM abundance. The SM particles annihilate into DM until the freeze-in point xfi is
reached. To make sure that the DM particles do not immediately equilibrate with the SM
bath, we need to choose a very small portal coupling λ of the order of λ ∼ 10−10. In the
case where the coupling is larger than this value, the DM particles immediately reach thermal
equilibrium and go through the freeze-out process at a later time.

The Boltzmann equation for the freeze-in mechanism is in general more involved than the
freeze-out counterpart. This is attributed to the fact that freeze-in ends at early times of
roughly xfi ≈ 2 − 5 [116]. As a result, the DM particles are still in the relativistic regime
and the assumption that they follow the Maxwell-Boltzmann (MB) distribution is not valid.
The effect of taking the non-relativistic MB distribution for the Boltzmann equation has been
compared with a fully relativistic treatment in Ref. [74]. It was shown for a singlet DM model
with a Higgs portal that the difference is a factor of two in the relic density for DM masses
that are above half the Higgs mass and has no effect for masses below that. We will see that in
our model the DM candidate going through freeze-in is a singlet and couples to the SM only
via the Higgs portal. For this reason we will use the treatment in which we assume the MB
distribution and adjust the result by this factor of two. In the case of a MB distribution the
Boltzmann equation is identical to the one in the freeze-out case, i.e. Eq. 3.33. One common
simplification at this stage is to neglect the Y 2

X term since the yield is negligible compared to
its equilibrium value leading to

dYX

dx
=

√
π

45G

g
1/2
∗ (T )m1

x2
⟨σv⟩eff(Y eq

X )2 . (7.3)

Another quantity that becomes relevant in the freeze-in scenario is the reheating temperature
which we discussed in Sec. 2.2. We have to decide how large it is after inflation as it determines
the initial temperature of the SM bath and therefore the initial condition for the Boltzmann
equation, i.e. YX (xreh) = 0. In this thesis we will set xreh = 10−4. We do this, because smaller
values of xreh will lead to the same results, while larger values move into the territory of a
late reheating scenario [117,118], which we do want to study in this thesis.





CHAPTER 8

Coupled Boltzmann Equations in CP in the Dark

A major deficit of freeze-in models is that due to their small couplings, its extremely difficult
for upcoming experiments to detect their existence. We would prefer to construct a model
which is testable, while also giving us information on the question whether parts or all of
the DM abundance is generated via freeze-in. The idea that we follow in this thesis is to
have two components which make up the full relic density, namely one component which is
generated via freeze-out and which has testable consequences, and a second component, which
is generated via freeze-in. The question then becomes: Can we make any statements about
the freeze-in component in a given model if we obtain information from the freeze-out sector?
In our paper we have shown that indeed through the combination of certain signatures we
can infer the properties of the freeze-in component.

8.1. Coupling Freeze-out and Freeze-in

We will consider a model which has two DM candidates, where one evolves via the freeze-out
mechanism and the other via the freeze-in mechanism. These are in general not independent
since there can exist a mediator that connects the two. To account for this connection we
need to consider a system of two coupled Boltzmann equations given by [119,120]

dYFI
dx

=

√
π

45G

g
1/2
∗ mFI

x2

[
⟨σv⟩FI↔SM

((
Y eq
FI

)2 − Y 2
FI

)
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YFO
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)2 (
Y eq
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FI
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, (8.1)
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=
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FO

)
− ⟨σv⟩FI↔FO

((
YFO
Y eq
FO
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Y eq
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)2 − Y 2
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. (8.2)

Here, we denote with the indices FI and FO, respectively, the freeze-in bath and the freeze-
out bath. With the first equation we determine the yield of the freeze-in particle bath, while
the second equation is responsible for the evolution of the freeze-out particles. We see that
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the terms proportional to ⟨σv⟩FI↔FO connect the two equations as ⟨σv⟩FI↔FO describes the
particle exchange between the FI and FO baths. In general, we would also need to consider a
decay term for the freeze-in equation. However, in our study we will choose DM masses such
that SM particles cannot decay into DM particles. As already stated in the previous chapter
we can neglect the YFI terms which simplifies the equations to
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45G
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(8.4)

Next, we are going to focus on the enhancement factor Ȳ which we define as

Ȳ 2 ≡
(
YFO
Y eq
FO

)2

. (8.5)

It is a measure of how large the density of the freeze-out particles is compared to the their
equilibrium value. We can determine how this enhancement factor behaves at different times
of the evolution. Before freeze-out occurs this factor is going to be one, since at this stage the
particles are still in thermal equilibrium. After freeze-out YFO becomes constant and therefore
Ȳ ∝

(
Y eq
FO

)−2
. We know that freeze-in takes place at a value of xFI = mFI/TFI ≈ 2 − 5,

while freeze-out occurs at xFO = mFO/TFO ≈ 25. This means that for similar masses mFI

and mFO the freeze-out candidate will remain in thermal equilibrium throughout the entire
freeze-in process. Meaning that we can safely set Ȳ = 1 in this scenario for the freeze-in
equation. However, in a scenario where the freeze-out occurs before the freeze-in, this factor
cannot be simply set to one and has to be taken into account. For both processes to happen
simultaneously, i.e. TFI = TFO, the masses have to fulfill the relation

mFO

mFI
≈ 5− 12.5 . (8.6)

This means that the mass of the freeze-out candidate has to be at least 5 times larger than
the freeze-in counterpart. In our sample we make sure that such scenarios do not occur and
therefore set Ȳ = 1 in the freeze-in equation. Further, we know that the freeze-in coupling
are many orders of magnitude smaller than the freeze-out and SM couplings. This means
that the TAC ⟨σv⟩FI↔FO will be negligible compared to ⟨σv⟩FO↔SM and can therefore be
neglected in Eq. (8.4). These considerations lead to the decoupled Boltzmann equations

dYFI
dx

=

√
π

45G

g
1/2
∗ mFI

x2

[
⟨σv⟩FI↔SM

(
Y eq
FI

)2
+ ⟨σv⟩FI↔FO

(
Y eq
FI

)2 ]
, (8.7)

dYFO
dx

=

√
π

45G

g
1/2
∗ mFI

x2
⟨σv⟩FO↔SM

[(
Y eq
FO

)2 − Y 2
FO

]
. (8.8)

We can solve these equations independently of each other to obtain the relic density via

ΩXh
2 = ΩFOh

2 +ΩFIh
2 , (8.9)

where ΩFO/FI are the relic densities generated via freeze-out and freeze-in, respectively.

8.2. Freeze-in in CP in the Dark

We already gave an introduction of the model CP in the Dark in Sec. 5.2.1 and showed in
Fig. 5.5 that we can obtain the observed relic density while considering all relevant constraints.
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This was fairly involved and required dedicated parameter searches. As already mentioned,
to avoid this we can invoke the freeze-in mechanism by reducing the couplings to the SM
and choosing a different initial condition for the Boltzmann equation. However, in CP in
the Dark we quickly run into a problem. Our DS particles couple to the SM via SU(2)L
gauge couplings which are proportional to g1/cosθW ≈ 0.74. This value is much larger than
the couplings required for freeze-in. In order to avoid them, we need to choose the rotation
matrix given in Eq. (5.10) such that it decouples one of the mass eigenstates from the other
two. In our case we choose to decouple the h1 particle. This is done by setting α2 = π/2
such that the mass eigenstates are given by the gauge eigenstates via

h1 = ρs ,

h2 =− sα1+α3ρ1 + cα1+α3η , (8.10)

h3 =− cα1+α3ρ1 − sα1+α3η .

We see that h1 now only obtains a contribution from the SU(2)L singlet field ρs and can
therefore not couple to the corresponding gauge bosons. All of the weak coupling strength
has been moved into h2 and h3 via the doublet fields ρ1 and η.

To describe the model CP in the Dark we need 13 independent input parameters, which are
given in Eq. (5.12). As already mentioned, the remaining parameters in terms of the input
parameters are given in App. B.2. We already set the rotation angle α2 such that the gauge
coupling of our freeze-in candidate is set to zero. Next, we need to ensure that the Higgs
portal coupling λ7 is sufficiently small to enable freeze-in. In the case that α2 = π/2 the λ7
coupling is given by

λ7 =
2(m2

h1
−m2

s)

v2
. (8.11)

Therefore, to ensure that it is sufficiently small we need to impose m2
h1 ≈ m2

s. There are
further consequences of fixing the α2 parameter. The first is that the other neutral DS masses
become degenerate, i.e. mh2 = mh3 . The second is that the parameter A becomes zero. As a
result, decays of the form h2/3 → h1h are no longer possible and the CP violating properties
of the model are lost. Further, the parameter λ5 also becomes zero as a consequence. The
fact that A = 0 and λ5 = 0 is the same as imposing an additional U(1) symmetry to the
already exisiting Z2 symmetry on our lagrangian such that

Φ1 → Φ1 , Φ2 → eiθΦ2 , Φs → Φs . (8.12)

This way we obtain two dark sectors. The first which only contains the h1 particle which is
going to responsible for the relic density generated via freeze-in. While the second, consisting
of h2/3 and H±, will generate the relic density via freeze-out. Since the DM candidates h2/3
are degenerate and also have the same couplings to the SM, they will contribute equally to
relic density. We can now study the phenomenological consequences of this setup and check if
we can find any signatures that could hint towards the existence of a freeze-in DM candidate.





CHAPTER 9

Conclusions

In this part of the thesis we investigated the model CP in the Dark and its phenomenological
implications with respect to a scenario where simultaneous freeze-in and freeze-out is possible.
In order to do this, we have first introduced the coupled Boltzmann equations in Sec. 8.1,
which couple a thermal bath of freeze-out particles with a bath of freeze-in particles. We
have then shown that we can decouple these equations and therefore treat freeze-in and
freeze-out as independent processes since they occur at different times during the evolution
of the universe.

The model CP in the Dark was already introduced prior to this part in Sec. 5.2.1. Due to
the size of the gauge couplings that couple the DS of CP in the Dark to the SM, it is difficult
to obtain couplings that are small enough for freeze-in. In Sec. 8.2 we address this issue by
considering a scenario where the lightest gauge eigenstate decouples from the other two of
the model giving us a freeze-in candidate. This was achieved by fixing one of the rotation
angles to α2 = π/2. By doing this, we were able to obtain two DM candidates, one of which
contributes to the relic density via freeze-out and one of which contributes via freeze-in. We
also discussed the further implications of this scenario on the remaining model parameters.

In Ref. [115] we performed a numerical analysis of our setup by considering all relevant ex-
perimental and theoretical constraints. We have shown that throughout the entire parameter
region freeze-in plays a crucial role in generating the observed relic abundance. In a majority
of the scanned points that generated the desired relic density, freeze-in had to generate the
majority of the relic abundance. We have shown that this effect is independent of the value of
the DD cross section. The addition of a charged scalar contributes to the diphoton branching
ratio of the SM Higgs boson. We have investigated this effect and found a signature that
might hint towards a universe whose relic density is mostly generated via freeze-in. In a sce-
nario where the diphoton branching ratio re-scaled to the SM value is measured to be below
one, this model is able to generate the observed relic abundance only via dominant freeze-in
contribution. If this model were to account for the entire observed relic density, this would
give us a clear signal if the relic density was generated predominantly via freeze-in.





Part III.

Electroweak Baryogenesis in the
C2HDM





CHAPTER 10

Introduction into Electroweak Baryogenesis

We will now shift our focus away from the problem of DM to an equally prominent one: the
asymmetry between matter and anti-matter in the universe. In a universe that starts out
in thermal equilibrium we expect there to be the same amount of matter as anti-matter. If
this were the case, these two types of matter would have annihilated during the evolution of
the universe and we would be left with a universe that consists mostly of photons. However,
this is not what we observe. Instead, we have a universe that is full of matter and almost no
anti-matter. We quantify the amount of asymmetry we observe via the Baryon Asymmetry
of the Universe (BAU) ηobs which is given by Eq. 1.2. In order to explain the BAU we need
to find a mechanism in the early universe that dynamically generates an asymmetry between
matter and anti-matter.

10.1. Sakharov Conditions

In 1967, Sakharov proposed three conditions that have to hold true in order to dynamically
generate the BAU [7]

• Baryon number violation

• C and CP violation

• Departure from thermal equilibrium

The first condition is self-explanatory. If we have no processes that violate the baryon number,
we cannot obtain a baryon asymmetry. The second condition ensures that a process which
produces a baryon excess does not produce the same anti-baryon access via the complementary
process. If C and CP were exact the same amount of baryons and anti-baryons would be
produced resulting in no net asymmetry. For the third condition we follow Refs. [121, 122]
and consider the thermal equilibrium average of the baryon number operator B̂ via the density
operator ρ = exp(−βH), where H is the CPT -invariant world Hamiltonian

⟨B̂⟩T = tr
(
e−βHB̂

)
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= tr
(
(CPT )(CPT )−1e−βHB̂

)
= tr

(
e−βH(CPT )−1B̂(CPT )

)
= −tr

(
e−βHB̂

)
= −⟨B̂⟩T . (10.1)

Here, we used the CPT invariance of the Hamiltonian and the fact that B̂ is odd under C and
even under P and T . Therefore, ⟨B̂⟩T = 0 for a system that is always in thermal equilibrium.
In the following sections we want to see if and how the SM can or cannot fulfill the three
Sakharov conditions.

10.1.1. Baryon Violating Processes

In the SM we assign the baryon number and lepton number to the quarks and the leptons.
These are classically conserved quantities due to the fact that the SM Lagrangian has a global
U(1)B and U(1)L symmetry, i.e. it is invariant under the global phases

q(x) → eiω/3q(x) , (10.2)

ℓ(x) → eiλℓ(x) . (10.3)

Here, q and ℓ are the SM quarks and leptons, respectively. From Noether’s theorem we obtain
the associated conserved currents Jµ for the baryon number B and the lepton number L

∂µJBµ = ∂µ
1

3

∑
q

q̄γµq = 0 , (10.4)

∂µJLµ = ∂µ
∑
ℓ

ℓ̄γµℓ = 0 . (10.5)

These currents are only conserved at the Born level. At the level of quantum fluctuations
chiral currents are not conserved - they suffer from Adler-Bell-Jackiw anomalies [123,124]. For
a gauge theory with a (non)abelian gauge group G of dimension dG we obtain the following
anomaly equations for the left- and right-chiral currents

∂µf̄LγµfL = −cL
g2

32π2
F aµνF̃

aµν , (10.6)

∂µf̄RγµfR = +cR
g2

32π2
F aµνF̃

aµν , (10.7)

where f = q, ℓ, F aµν is the field strength tensor, F̃ aµν is the dual tensor, g is the gauge coupling
corresponding to the gauge group under consideration and cL/R are constants that depend on
the representation of fL and fR. We can now consider the above equations with respect to the
SM gauge groups. For the QCD gauge group we have cQCDL = cQCDR since the gluons couple
with equal strengths to left- and right-handed quark currents. The weak gauge bosonW only
couples to the left-handed fermions giving cWR = 0, and lastly we have the hypercharge boson
which couples differently to the different chiralities, i.e. cYL ̸= cYR . Plugging these results into
Eqs. (10.4) and (10.5) together with the decomposition

f̄γµf = f̄LγµfL + f̄RγµfR , (10.8)

we obtain
∂µJBµ = ∂µJLµ =

nF
32π2

(
−g21W i

µνW̃
iµν + g22BµνB̃

µν
)
, (10.9)

where W i
µν (i ∈ {1, 2, 3}) and Bµν are the SU(2)L and U(1)Y field strength tensors, respec-

tively, nF = 3 is the number of fermion generations and g1/2 are gauge coupling constants.
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From Eq. (10.9) we see that ∂µ
(
JBµ − JLµ

)
= 0, i.e. the quantum number B −L is conserved

in the SM, however B +L is not. To see how this anomaly can result in baryon number vio-
lating processes we first rewrite the right-hand side of Eq. (10.9) as a divergence of a current
Kµ [122]

∂µJBµ = ∂µJLµ = nF∂
µKµ , (10.10)

with

Kµ = − g21
32π2

2ϵµναβW i
ν

(
∂αW

i
β +

g1
3
ϵijkW j

αW
k
β

)
+

g22
32π2

ϵµναβBνBαβ . (10.11)

For a non-abelian gauge field whose field strength vanishes at infinity we can show that
2ϵµναβ∂

αF aβ = −g1ϵµναβfabcF bαF cβ which gives∫
d4x∂µKµ =

g31
96π2

∫
∂V4

dnµϵµναβϵ
ijkW iνW jαW kβ = NCS(tf )−NCS(ti) ≡ ∆NCS , (10.12)

where NCS is the Chern-Simons number and ti/f are some initial and final times, respectively.
In a non-abelian gauge theory, like the SU(2)L, there is an infinite number of ground states
that carry different topological charges ∆NCS = 0,±1,±2, . . . which yield different physical
vacuum states. These ground states are separated by a potential barrier. To see how this
affects the baryon number we integrate Eq. (10.9) and obtain

∆B̂ = ∆L̂ = nF∆NCS . (10.13)

It was shown in Ref. [21] that large gauge fields W i
µ ∼ 1/g1 with non-zero topological charge

can induce transitions that change the baryon and lepton number according to Eq. (10.13).
In scenarios where the fermion masses can be neglected a more precise violation rule can be
defined via

∆Le = ∆Lµ = ∆Lτ =
1

3
∆B = ∆NCS . (10.14)

So far we have found that there are different equivalent ground states which carry different
topological charges. However, for a baryon number-violating process to occur there needs to
be a transition from one vacuum state to another. In the case of a process where the gauge
field connects one ground state to another we speak of an (anti-)instanton [125]. The cross
section of such a process at zero temperature is of the order of [21]

σinstanton(T = 0) ∼ e−8π2/g21 ≈ 10−164 . (10.15)

Which means that at zero temperature a transition between two vacuum states is practically
impossible. The situation changes at finite temperature where the SM is coupled to a heat
bath, i.e. in the early universe. This enables processes where the transition between vacuua
occurs not via a tunneling process as in the instanton case but by passing over the potential
barrier separating the two minima. These transitions are called weak sphalerons [126] and
have a rate that is Boltzmann suppressed such that [127]

Γsph ∝ e−Esph(T )/T , (10.16)

where Esph is the minimal height of the barrier given by

Esph(T ) =
4π

g1
B

(
λ

g21

)
v(T ) , (10.17)

and B is a dimensionless constant which is tabulated in Ref. [126]. Plugging in numerical
values for the temperature-independent constants the barrier height becomes

Esph(T ) ≃ 37v(T ) . (10.18)
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The rate given by Eq. (10.16), however, only applies in the case where the SU(2)L × U(1)
symmetry of the SM is already broken. For temperatures above Tc ≳ 100 GeV this symmetry
is unbroken (more on that in the next section) and has therefore a different topological
structure. In such a scenario the weak sphaleron rate has to be computed on the lattice and
is given by [128]

Γsph ≈ 8 · 10−7T . (10.19)

So for large temperatures, where the electroweak symmetry is unbroken, we obtain an unsup-
pressed weak sphaleron rate that leads to baryon number-violating processes. However, once
this symmetry is broken the rate is exponentially suppressed through the value of the VEV.

10.1.2. C and CP Violation

In the SM we also have C and CP violation via the weak interaction of the quarks given by

LqqW = − g1√
2
ūLγ

µVCKMdLW
+
µ + h.c. , (10.20)

in terms of the left-handed quark flavor triplets uL and dL for up-type and down-type quarks,
respectively, as well as the Cabibbo-Kobayashi-Maskawa (CKM) matrix

VCKM = U †
uL
UdL , (10.21)

where UuL and UdL are unitary transformations which rotate the quark fields into their mass
basis. The CKM matrix contains the KM phase angle δKM which is responsible for CP-
violating processes. Processes where CP violation has been observed and can be explained
by the KM phase are Kaon decays [129] as well as B meson decays [130].

10.1.3. Departure from Thermal Equilibrium

So far the SM can account for two out of the three Sakharov conditions. The last condition
requires that we have a suitable event during the evolution of our universe which disturbs
the thermal equilibrium of the SM plasma. As already implied in the previous section the
breaking of electroweak symmetry is a key component in describing a possible mechanism that
explains the BAU. So the question becomes: Does the electroweak phase transition cause a
departure from thermal equilibrium? In order to answer this question we have to study the
Higgs potential of the SM given in Eq. (2.10) at finite temperature. For large temperatures
and small Higgs masses the effective Higgs potential Veff(ϕ, T ) is given at one loop by [122]

Veff(ϕ, T ) =
1

2
a(T 2 − T 2

1 )ϕ
2 − 1

3
bTΦ3 +

1

4
λϕ4 , (10.22)

with

a =
3

16
g21 +

(
1

2
+
m2
t

m2
h

)
λ , b =

9g31
32π

, T1 =
mh

2
√
a
. (10.23)

Although we now know that Higgs mass is not small, it is still worth to investigate this
example. We can check how this potential evolves as the universe cools down. Here, we can
obtain two distinct scenarios with different phenomenological consequences which we show
schematically in Fig. 10.1. In the first scenario shown on the left, there always exists a single
simultaneous minimum as the universe cools down. As soon as a new minimum forms at
the critical temperature Tc the VEV acquires this value and keeps decreasing smoothly until
it reaches today’s value. In such a case we speak of a second-order phase transition. The
second scenario on the right shows that at the critical temperature we obtain two degenerate
minima separated by a potential barrier. If such a scenario occurs, we call it a first-order
phase transition. During this transition, as the universe cools down further, bubbles with a
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Figure 10.1.: Effective potential over the field value for different temperatures. On the left we
show a second order phase transition, while on the right we show a first-order phase transition.

non-zero VEV begin to form in the universe where the fields inside these bubbles have either
crossed the potential barrier due to temperature fluctuations or due to tunneling processes.
These bubbles release latent heat and grow larger until they eventually fill the entire universe.
The interaction of the plasma with the expanding bubble wall is exactly the out of equilibrium
event we are looking for.

For the potential given in Eq. (10.22) we obtain a first-order phase transition at a critical
temperature of

Tc =
T1√

1− 2b2/(9aλ)
. (10.24)

However, we need to remember that this potential is only valid if the mass of the Higgs boson
is small compared to the relevant temperature. Since, we know that the Higgs boson has a
mass of mh = 125.09 GeV, this assumption is not valid since the phase transition occurs at
the order of 100GeV. A more dedicated investigation to determine if the SM has a first-order
phase transition has been done on the lattice in Refs. [131, 132]. There it has been shown
that for Higgs boson masses above mh ≃ 72 GeV only a second-order phase transition is
able to take place. This means that the SM by itself is not sufficient to explain the BAU we
observe today. One ansatz to obtain a first-order-phase transition as well as sufficient C and
CP violation, which we will follow in this thesis, is to introduce further scalar fields. These
additional fields are able to produce potential barriers between the true and the false vacuum,
necessary for baryogenesis at the cost of a more complicated vacuum structure.

10.2. Electroweak Baryogenesis

Suppose we are able to provide a model with enough C and CP violation as well as a first-
order phase transition, we still need to provide the mechanism which produces the BAU. In
this thesis we will consider the process of non-local baryogenesis, where the baryon asymmetry
is ultimately generated away from the bubble wall in contrast to local baryogenesis where CP
violation and baryon number violation takes place at the bubble wall. Non-local baryogenesis
takes place in three steps. We will describe these steps with the help of Fig. 10.2 which shows
the entire process schematically. We show a planar bubble wall with the false vacuum on the
left side of the wall and the true vacuum on the right. The bubble wall has a wall velocity vw
with which it is expanding and a wall thickness Lw. In the first step left- and right-handed
particles collide with the bubble wall that is expanding. Due to the fact that our model
has CP violation, the left- and right-handed particles have different reflection coefficients
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Figure 10.2.: A schematic graphic of electroweak baryogenesis showing the interaction of the
left-handed and right-handed top quarks with the bubble wall and their conversion into a
baryon asymmetry. Taken from Ref. [133].

at the bubble wall which induces an overabundance of left-handed particles outside of the
bubble, i.e. left of the wall in Fig. 10.2. This abundance is then converted in the second step
via the weak sphaleron processes, which are unsuppressed outside of the bubble wall, into a
baryon asymmetry. This asymmetry would quickly equilibrate if left untouched and no net
baryon asymmetry would be present. In such a case we speak of baryon asymmetry wash
out. However, in the third step this momentary baryon asymmetry gets picked up by the
expanding bubble wall. Since the sphaleron processes are Boltzmann suppressed inside the
bubble the asymmetry remains and we are left with more matter than anti-matter.

One thing we have to make sure, is that the sphaleron rate is sufficiently suppressed in
order to avoid wash out. Going back to Eqs. (10.16) and (10.17) we have to ensure that the
exponential suppression is large to effectively turn off the sphaleron rate inside the bubble.
This is done by imposing that our first-order phase transition is strong via the condition [33]

v(Tc)

Tc
≳ 1 . (10.25)

This ensures that the Boltzmann suppression is sufficiently large and the generated baryon
asymmetry is retained inside the bubble wall.
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Transport Equations

So far we only gave a rough outline on how electroweak baryogenesis (EWBG) can produce
the observed BAU. In this chapter we will present the technical details and derive the trans-
port equations necessary to compute the BAU. We will adopt the WKB ansatz first developed
by Cline, Joyce and Kainulainen in [10] and Fromme and Huber in [11]. In these papers, the
equations were only valid for small wall velocities. This approach was later generalized to ar-
bitrary wall velocities by Cline and Kainulainen [12] and, with the most recent developments,
was extended for arbitrary plasma velocity moments by Kainulainen and Venkatesan [13]. We
will base this chapter on the work done in these references to derive the transport equations
as well as the formula to calculate the baryon asymmetry.

11.1. CP -Violating Force

We want to start by deriving the force that acts on the plasma particles as they move through
the bubble wall. Since the bubble wall interpolates between the true vacuum and the false
one, we will look at a VEV that is dependent on the distance to the bubble wall z. To make
sure that we obtain CP -violating effects, we will give the VEV also a complex phase such
that it can be parameterized via

⟨0|ϕ|0⟩T ≡ ω(z)√
2
eiθ(z) . (11.1)

Here we implicitly define the VEV to be the ground state of the field ϕ. To see the effect of
such a ground state we will look at the Yukawa sector given in Eq. (2.17) and assume that
ϕ couples to the fermions of the SM. This will lead to mass terms of the fermions that are
given by

Lmass = −mψ(z)ψ̄LψR −m∗
ψ(z)ψ̄RψL , (11.2)

where ψ is either a lepton or a quark field and mψ(z) the respective mass defined via

mψ(z) =
yψ√
2
ω(z)eiθ(z) ≡ |mψ(z)|eiθ(z) , (11.3)

with yψ being the Yukawa coupling to the scalar field ϕ. Equation (11.3) tells us that fermions
inside the plasma that are trying to pass into the bubble obtain a z-dependent mass with a
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complex phase. Note that we cannot get rid of this phase by redefining the fermions fields.
As it is a local phase, it will appear again via the derivatives of the kinetic terms. We can now
write the equations of motion, i.e. the Dirac equation, for the fermions of this Lagrangian(

iγµ∂µ −mψ(z)PR −m∗
ψ(z)PL

)
ψ = 0 , (11.4)

where PR/L = (1 ± γ5)/2 are the right- and left-chiral projectors, respectively. The key
difference to the usual Dirac equation is that the above equation does not remain invariant
under a C transformation and instead becomes(

iγµ∂µ −m∗
ψ(z)PR −mψ(z)PL

)
ψc = 0 , (11.5)

resulting in different equations of motion based on if we consider a particle or an anti-particle.
For now we will focus on the particle case. We first boost into a frame where the momentum
parallel to the wall is zero, meaning px = py = 0. To solve Eq. (11.4) in this frame we make
an ansatz with a plane-wave time dependence with positive energy as well as a tensor product
between chiral components and spin eigenstates χs

ψs(t, z) = e−iEt

Ls(z)
Rs(z)

⊗ χs . (11.6)

The spin is taken to be in z direction such that σ3ψ = sψ, with eigenvalues s = ±1. Inserting
this into Eq. (11.4) we obtain two coupled equations for Ls and Rs

(E − is∂z)Ls = mψRs , (11.7)

(E + is∂z)Rs = m∗
ψLs . (11.8)

Inserting Rs from Eq. (11.7) into Eq. (11.8) we obtain[
(E + is∂z)

1

mψ
(E − is∂z)−m∗

ψ

]
Ls = 0 . (11.9)

To solve the above equation we will assume that the background, i.e. the VEV, varies slowly
compared to the time scale at which the plasma particles move (T ≫ L−1

w ). This allows us
to do a gradient expansion with respect to the z variable. To enable us to do the gradient
expansion we make the WKB ansatz for Ls

Ls(z) ≡ w(z)exp

[
i

∫ z

pcz(z
′)dz′

]
, (11.10)

with the amplitude w(z) and the canonical momentum pcz. At this stage we have to remember
that we can do a field redefinition by a local phase, i.e. ψ → eiα(z)ψ, which preserves the
equations of motion but shifts the canonical momentum via

pcz → p̃cz = pcz + α′(z) . (11.11)

This ambiguity in the definition of pcz shows that it cannot be the physical momentum of
the particle. Inserting the ansatz of Eq. (11.10) into Eq. (11.9) and separating the real and
imaginary parts we obtain

E2 − |mψ|2 − p̃2cz + (sE + p̃cz)θ
′ −

|mψ|′

|mψ|
w′

w
+
w′′

w
= 0 , (11.12)

2p̃czw
′ + p̃′czw −

|mψ|′

|mψ|
(sE + p̃cz)− θ′w′ = 0 . (11.13)
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Here, the prime denotes the derivative with respect to z. At lowest order, where we drop all
the gradient terms, we recover the usual dispersion relation from Eq. (11.12), E2 = p̃2cz+m

2
ψ.

We can also derive the dispersion relation to first-order in gradients. At this order the above
equations decouple such that we obtain from Eq. (11.12)

pcz ≈ p0 + sCP

(
1

2
+
sE

p0

)
θ′ − α′ , (11.14)

to first-order in gradients, where p0 = sign(pcz)
√
E2 − |mψ|2. With sCP = ±1 we include

the generalization of the equation to also include the anti-particle state, where sCP = −1
refers to the anti-particle. Here, we made the phase dependence explicit again, so that we
can later show its cancellation in the physical quantities. We can also obtain the energy via
Eq. (11.12),

E =

√
(pcz + αCP )

2 + |mψ|2 − sCP
sθ′

2
, (11.15)

with αCP ≡ α′∓sCP θ′/2 where the (−) refers to left-handed and (+) to right-handed particles.
To restore the momenta parallel to the wall again we boost back to a general frame where
E2 → E2 + p2x + p2y. This changes the dispersion relation in Eq. (11.15) to

E2 = (pcz + αCP )
2 + |mψ|2 − sCP s

√
(pcz + αCP )

2 + |mψ|2θ′ +
θ′2

4
+ p2x + p2y

≈ E2
0 − sCP sE0zθ

′, (11.16)

where we neglect the θ′2 term and define

E0 ≡
√
(pcz + αCP )2 + p2x + p2y + |mψ|2 , E0z ≡

√
(pcz + αCP )2 + |mψ|2 . (11.17)

After taking the square root, only considering the positive energy solution, and performing a
Taylor series we obtain15

E ≈ E0 − sCP
sθ′

2

E0z

E0
. (11.18)

Next, we calculate the physical kinetic momentum which is given by pz = Evgz, where vgz is
the group velocity of the WKB wave-packet defined via

vgz ≡
∂E

∂pcz
=
pcz + αCP

E0

(
1− sCP

sθ′

2

E2
0 − E2

0z

E2
0E0z

)
. (11.19)

With this, the kinetic momentum is given at leading order by

pz ≈ (pcz + αCP )

(
1− sCP

sθ′

2E0z

)
. (11.20)

Now we can use the kinetic momentum to substitute the canonical momentum in Eq. (11.17)
to obtain

E0z =

√
p2z

(
1− sCP

sθ′

2E0z

)−2

+ |mψ|2 ≈ Ẽ0z + sCP
sθ′

2

p2z
Ẽ0zE0z

. (11.21)

Inserting the above equation back into Eq. (11.20) gives pz to the order that we want to
consider

pz = (pcz + αCP )

[
1− sCP

sθ′

2

(
Ẽ0z + sCP

sθ′

2

p2z
Ẽ0zE0z

)−1
]

≈ (pcz + αCP )

(
1− sCP

sθ′

2Ẽ0z

)
. (11.22)

15Although αCP also depends on θ′ we treat it as a constant in the expansion. For the derivation this means that
we are taking higher-order terms of θ′ into account. Doing this will make it easier to obtain the cancellation
of αCP .
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Next, we can insert the obtained kinetic momentum into Eq. (11.17) to obtain to first-order
in gradients

E = Ẽ0 + sCP∆Ẽ = Ẽ0 − sCP
sθ′|mψ|2

2Ẽ0Ẽ0z

, (11.23)

where

Ẽ0 ≡
√
p2z + p2x + p2y + |mψ|2 , Ẽ0z ≡

√
p2z + |mψ|2 . (11.24)

In the same manner we can write the group velocity in Eq. (11.19) with respect to the kinetic
momentum

vgz =
pz

Ẽ0

(
1 + sCP

sθ′|mψ|2

2Ẽ0Ẽ0z

)
. (11.25)

We see now that Eqs. (11.23) and (11.25) are independent of the phase α′ and therefore
represent physical quantities. Using the aforementioned equations we can use the Hamilton
equations, ż = vgz and ṗz = −∂E/∂z, to obtain the CP -violating semiclassical force

Fz ≡ ṗz ≈ −
(|mψ|2)′

2Ẽ0

+ sCP s

[
(|mψ|2θ′)′

2Ẽ0Ẽ0z

−
|mψ|2(|mψ|2)′θ′

4Ẽ3
0Ẽ0z

]
. (11.26)

It is clear that we have two terms which act differently depending on the particle under
consideration. The first term is CP -even and is therefore identical for particles and anti-
particles, while the second term implies that the interaction with the wall leads to opposite
forces acting on particles compared to anti-particles. This CP -violating force can also be
derived from more fundamental principles via the Schwinger-Keldysh equation as was done
in Ref. [134].

11.2. Liouville Operator

To describe how the plasma particles evolve as they interact with the bubble wall we will use
the Boltzmann equation given in Eq. (2.47). We are looking for a time-independent solution
with an external force, where we only take into account the z direction. This gives us the
following form for the Liouville operator

L[f ] = (ż∂z + ṗz∂pz)f = (vgz∂z + Fz∂pz) f = C [f ] . (11.27)

To find a solution to this equation, we first consider a phase-space distribution in the moving
wall frame that is in local equilibrium, i.e.

f i0w(z,p) = fFD/BE[γw(Ẽ
i
0(z,p) + vwpz)] , (11.28)

for a particle species i with energy Ẽi0 =
√
p2 + |mi(z)|2 and a given wall velocity vw with

the Lorentz factor γw. Depending on the particle species we need to use the Fermi-Dirac (+)
or Bose-Einstein (−) distribution functions which are given by

fFD/BE(x) =
1

eβx ± 1
, β =

1

T
. (11.29)

In this thesis we will adopt the convention present in the literature for the derivatives of f i0w.
Namely, that derivatives of f i0w are denoted by a prime and are taken with respect to the
entire argument γw(Ẽ

i
0 + vwpz) such that f i′0w = ∂γw(Ẽi

0+vwpz)
f i0w. The prime for all other

quantities still keeps the same meaning and denotes the derivative with respect to z.

Of course the plasma particles will not be in local thermal equilibrium since they are experi-
encing a force at the bubble wall. We want to track this disturbance away from equilibrium,
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which we assume to be small, by including a chemical potential µi to capture changes in
number density and a perturbation δf i to track the departure from kinetic equilibrium. This
gives us the ansatz

f i(z,p) = fFD/BE[γw(E
i + vwpz)− µi] + δf i(z,p) . (11.30)

Note, that we also now take into account the change in the dispersion relation due to the
interaction with the wall by using Eq (11.23). To make sure that δf only tracks the kinetic
disturbance and not the number density of the equilibrium we impose∫

d3pδf i(z,p) = 0 . (11.31)

To linearize the equations with respect to µi and δf we again only consider the leading terms
in the gradient expansion and treat µi to be of the same order as ∆Ẽ. This gives us, up to
the second order in gradients, the following expression

f i ≈ f i0w + f i′0w(γwsCP∆Ẽ − µi) +
1

2
f i′′0w(γwsCP∆Ẽ − µi)2 + δf i . (11.32)

A natural way to continue is to split the chemical potential as well as δf into a CP -even and
CP -odd part via

µi ≡ µie + µio , δf i ≡ δf ie + δf io . (11.33)

This allows us to arrange our ansatz in Eq. (11.32) via

f i ≡ f ie + sCP f
i
o , (11.34)

where

f ie ≈ f i0w − f i′0wµ
i
e +

1

2
f i′′0wγ

2
w∆Ẽ

i2 + δf ie , (11.35)

f i0 ≈ f i0w(γw∆Ẽ
i − µio)− f i′′0wγw∆Ẽ

iµie + δf io . (11.36)

With this split we can now extract the CP -odd and CP -even parts of the Boltzmann equation
via the projections

L[f ]
∣∣
CP−odd

≡ 1

2

(
L[f ]|scp=+1 − L[f ]|scp=−1

)
, (11.37)

L[f ]
∣∣
CP−even

≡ 1

2

(
L[f ]|scp=+1 + L[f ]|scp=−1

)
. (11.38)

By applying the first projection we select the terms that change sign between particles and
anti-particles, while applying the second projection collects terms that are not sensitive to
the particle type. The CP -odd projection gives [135]

L[f ]
∣∣
CP−odd

=− pz

Ẽi0
f i′0wµ

i′
o + vwγw

(|mi|2)′

2Ẽi0
f i′′0wµ

i
o −

(|mi|2)′

2Ẽi0
∂pzδf

i
o +

pz

Ẽi0
∂zδf

i
o

+ svwγw
|mi|2(|mi|2)′θ′

4Ẽi20 Ẽ
i
0z

(
f i′′0w

Ẽi0
− γwf

i′′′
0w

)
µie + svwγw

(|mi|2θ′)′

2Ẽi0Ẽ
i
0z

f i′′0wµ
i
e

+
spz|mi|2θ′

2Ẽi20 Ẽ
i
0z

(
γwf

i′′
0w − f i′0w

Ẽi0

)
µi′e +

spz|mi|2θ′

2Ẽi30 Ẽ
i
0z

∂zδf
i
e

+
s

2Ẽi0Ẽ
i
0z

(
(|mi|2θ′)′ −

|mi|2(|mi|2)′θ′

2Ẽi20

)
∂pzδf

i
e

+ svwγw
(|mi|2θ′)′

2Ẽi0Ẽ
i
0z

f i′0w + svwγw
|mi|2(|mi|2)′θ′

4Ẽi20 Ẽ
i
0z

(
γwf

i′′
0w − f i′0w

Ẽi0

)
, (11.39)
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where we expanded up to third order in gradients. For the CP -even projection we obtain

L[f ]
∣∣
CP−even

=− pz

Ẽi0
f i′0wµ

i′
e + vwγw

(|mi|2)′

2Ẽi0
f i′′0wµ

i
e −

(|mi|2)′

2Ẽi0
∂pzδf

i
e +

pz

Ẽi0
∂zδf

i
e

− spz|mi|2θ′

2Ẽi30 Ẽ
i
0z

f i′0wµ
i′
o −

svwγw

2Ẽi0Ẽ
i
0z

[
(|mi|2θ′)′

(
1 +

pz

vwẼi0

)
− |mi|2(|mi|2)′θ′

2Ẽi0

]
f i′′0wµ

i
o

+
s

2Ẽi0Ẽ
i
0z

[
(|mi|2θ′)′ −

|mi|2(|mi|2)′θ′

2Ẽi0

]
∂pzδfo +

spz|mi|2θ′

2Ẽi30 Ẽ
i
0z

∂zδfo

− vwγw
(|mi|2)′

2Ẽi0
f i′0w , (11.40)

up to second order in gradients. In both equations the last line corresponds to the so-called
source terms. These are independent of the variables we are trying to solve for and act as
the force that drives our plasma out of equilibrium. Especially relevant for our purposes is
the CP -odd source term

Sio ≡ −svwγw
(|mi|2θ′)′

2Ẽi0Ẽ
i
0z

f i′0w − svwγw
|mi|2(|mi|2)′θ′

4Ẽi20 Ẽ
i
0z

(
γwf

i′′
0w − f i′0w

Ẽi0

)
. (11.41)

Although we have derived the Liouville operator for a fermion with a complex mass, it is also
valid for neutral scalars or fermions without a complex phase, by setting θ to zero.

One could already try and solve Eqs. (11.39) and (11.40) at this stage. However, this not easy
at all and at the time of this thesis has only been done for the CP -even part, e.g. in Refs. [136–
138]. By solving the CP -even part one can determine the friction at the wall and the wall
velocity. However, for the CP -odd equation, we will follow a different approach in which we
average our equations with suitable weights to obtain a closed system of first-order linear
differential equations called the fluid network. This approach is more resourceful in terms
of computational complexity as we do not have to deal with a system of integro-differential
equations. For the CP -even equations, this approach was shown to lead to unreliable results
and was therefore abandoned.

11.3. Moment Expansion

As already mentioned in the previous section, we want to construct a closed system of first-
order differential equations from Eq. (11.39). For our further calculation we will neglect the
terms proportional to the CP -even variables µie and δf ie as they are of higher order in ∂z
compared to the CP -odd counterparts. This leaves us with an equation depending solely on
the CP -odd variables µio and δfo

L[f ]
∣∣
CP−odd

= − pz

Ẽi0
f i′0wµ

i′
o + vwγw

(|mi|2)′

2Ẽi0
f i′′0wµ

i
o −

(|mi|2)′

2Ẽi0
∂pzδf

i
o +

pz

Ẽi0
∂zδf

i
o

= Sio + Ci[f ] . (11.42)

To proceed, we integrate the above equation over the momenta with the weight (pz/Ẽ
i
o)
ℓ, for

different moments ℓ. At this point we define the average over a function X(p) as

⟨X(p)⟩ ≡ 1

N1

∫
d3pX(p) with N1 =

∫
d3pf ′0w,FD

∣∣
m=0

= −γw
2π3

3
T 2 . (11.43)
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This gives us the ℓ’th moment equation

−

〈
pℓ+1
z

Ẽℓ+1
0

f i′0w

〉
µi′o + vwγw(|mi|2)′

〈
pℓz

2Ẽℓ+1
0

f i′′0w

〉
µio + ∂z

〈
pℓ+1
z

Ẽℓ+1
0

δf io

〉
+ ℓ(|mi|2)′

〈
pℓ−1
z

2Ẽℓ+1
0

δf io

〉

=

〈
pℓz
Ẽℓ0

(
Sio + Ci[f ]

)〉
. (11.44)

Following Ref. [13], we define the ℓ’th velocity moment uio,ℓ and the dimensionless mass x via

uio,ℓ ≡

〈
pℓz
Ẽℓ0
δf io

〉
and xi ≡

mi

T
. (11.45)

Note, that the condition in Eq. (11.31) sets uio,ℓ = 0. With the above definitions we obtain
for Eq. (11.44)

−Dℓ+1µ
i′
o + ui′o,ℓ+1 + vwγw(|xi|2)′Qℓ+1µ

i
o + ℓ(|xi|2)′R̄uio,ℓ = Ŝio,ℓ + Ĉiℓ , (11.46)

where we define the dimensionless coefficient functions Dℓ, Qℓ and R̄ via

Dℓ ≡

〈(
pz

Ẽ0

)ℓ
f ′0w

〉
, Qℓ ≡ T 2

〈
pℓ−1
z

2Ẽℓ0
f ′′0w

〉
, R̄uio,ℓ ≡ T 2

〈
pℓ−1
z

2Ẽℓ+1
0

δf io

〉
. (11.47)

Further, the ℓ’th dimensionless source term Ŝio,ℓ and collision term Ĉiℓ are given by

Ŝio,ℓ = −vwγw
[
(|xi|2θ′)′Q8o

ℓ − (|xi|2)′|xi|2θ′Q9o
ℓ

]
, Ĉiℓ =

〈(
pz

Ẽ0

)ℓ
Ci
〉
, (11.48)

with

Q8o
ℓ ≡ T 2

〈
spℓ−1
z

2Ẽℓ0Ẽ0z

f ′0w

〉
, Q9o

ℓ ≡ T 4

〈
spℓ−1
z

2Ẽℓ+2
0 Ẽ0z

(f ′0w − γwẼ0f
′′
0w)

〉
. (11.49)

We have now obtained a system of n coupled first-order differential equations defined by
Eq. (11.46), where ℓ goes from 0 to n− 1. This system of equations depends on the universal
functions Dℓ, Qℓ, Q

8o
ℓ and Q9o

ℓ , for which we provide an explicit form in Appendix C. These
functions depend in general on the two variables xi and vw and have to be computed nu-
merically. Computing them each time we solve the transport equations would be very time
consuming, especially for large moments ℓ. However, since they are independent of the model
under consideration, they can be evaluated beforehand. To do this, we build a 2-dimensional
grid in xi and vw with the corresponding function values. In the code we then load these
grids and use cubic splines to obtain continuous functions which are now orders of magnitude
faster to evaluate.

11.4. Factorization and Truncation

Even though in Eq. (11.46) we have arrived at a much simpler form for our system of differ-
ential equations, there are still some things we have to address. The first one is that we have
yet to specify R̄ defined in Eq. (11.47). Here, we use the factorization rule first introduced
in [11] and generalized in [13] to obtain

R̄uio,ℓ = T 2

〈
pℓ−1
z

2Ẽℓ+1
0

δf io

〉
→
[

T 2

2pzẼ0

]
uio,ℓ , (11.50)
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where

[X] ≡ 1

N0

∫
d3pXf0w with N0 =

∫
d3pf0w = γw

∫
d3pf0 ≡ γwN̂0 . (11.51)

We can now use Eq. (11.51) to obtain an explicit expression for R̄

R̄ =
πT 2

γ2wN̂0

∫
dE ln

∣∣∣∣p− vwE

p+ vwE

∣∣∣∣ fFD/BE(E) . (11.52)

Another issue we also have, is that the equations resulting from Eq. (11.46) have more vari-
ables than equations due to the velocity moment derivative ui′o,n. To obtain a closed set of

equations we have to define a truncation scheme which relates uio,n to the previous velocity
moments. A first approach which was introduced in Ref. [11] was to use the factorization rule
of Eq. (11.50) which leads to

uio,n =

〈(
pz

Ẽi0

)n
δf i

〉
→

[
pz

Ẽi0

]
uio,n−1 ≡ Ruio,n−1 , (11.53)

where R is the average longitudinal velocity of the boosted plasma and leads to R = −vw.
However, we have to remember that this choice for the truncation scheme is arbitrary. One
could also set R = 0, setting the last moment to zero, or set R = −1, i.e. opposite to the
previous moment. We will refer to the truncation choice, where the last moment is related
to the previous one only via constant as the constant truncation scheme.

More recently, an alternative truncation scheme was proposed in Ref. [13], where the largest
moment relates to all of the previous moments via the coefficients Rj

ui′o,n =

n−1∑
j=1

Rju
i′
o,i . (11.54)

To determine the different Rj ’s the authors defined the variance truncation scheme, where
the n’th variance is set to zero such that〈(

pz

Ẽi0
− uio,1

)n
δf io

〉
= 0 . (11.55)

Expanding this expression and comparing coefficients with Eq. (11.54) leads to the following
expressions for Rj

R1 = −n2(−uio,1)n−1 +

n−1∑
k=2

n
k

 (n− k)uio,k(−uio,1)n−k−1 , (11.56)

Rj = −

n
j

 (−uio,1)n−j , j ∈ [2, n− 1] . (11.57)

The choice of the truncation scheme should not affect the final BAU significantly. We will
check if this is the case in Sec. 13.1.2.

Now that we have a closed system of equations we can define the vector wio = (µio, u
i
o,1, . . . , u

i
o,n−1)

T

to write Eq. (11.46) as a matrix equation of the form
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Âwi′o + B̂wio = Ŝio + Ĉi[wio] , (11.58)

where Â and B̂ are n× n-dimensional matrices defined via

Â =



−D1 1 · · · 0 0

−D2 0 · · · 0 0

...
...

. . .
...

...

−Dn−1 0 · · · 0 1

−Dn R1 · · · Rn−2 Rn−1


, B̂ = (|x|2)′



vwγwQ1 0 0 · · · 0

vwγwQ2 R̄ 0 · · · 0

vwγwQ3 0 2R̄ · · · 0

...
...

...
. . .

...

vwγwQn 0 0 · · · (n− 1)R̄


,

(11.59)

and Ŝio = (Sio,1, . . . , S
i
o,n) is the source vector with its components given by Eq. (11.48). We

will define and discuss the collision operator Ĉi in the next section. To bring Eq. (11.58) into
a numerically more suitable form, we invert Â to obtain

wi′o = Â−1
[
Ŝio + Ĉi − B̂wio

]
, (11.60)

with

Â−1 =
1

Dn



R1 R2 · · · Rn−1 −1

R1D1 R2D1 · · · Rn−1D1 −D1

...
...

. . .
...

...

R1Dn−1 R2Dn−1 · · · Rn−1Dn−1 −Dn−1


+



0 0 · · · 0

1 0 · · · 0

...
. . .

. . .
...

0 · · · 1 0


, (11.61)

and

Dn ≡ (−1)ndet(Â) = Dn −
n−1∑
i=1

RiDi . (11.62)

The matrix Â has been chosen such that it fulfills the general truncation rule defined in
Eq. (11.54).

11.5. Collision Operator

Until now we have only considered the equations for a single particles species i. However, the
plasma consists of many different species that interact with each other, exchanging momentum
and particle number. As already mentioned in Sec. 2.3, the separate Boltzmann equations
of these particles will be coupled via the collision operator with each other. In general we
have to consider all processes that provide an interaction between the plasma particles. For
our purposes it is enough to restrict ourselves to the most relevant ones, which are 2-body
decays and 2 → 2 scattering processes. After linearizing the collision operator in Eq. (2.41)
we obtain the general expression for an inelastic process [13,135]

Ciinel ≈ −f i0w(p)

∑
j

sijξj

Γinel − δf i(p)Γinel . (11.63)
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Here, sij = ±1 if the particle j is incoming (+) or outgoing (−), ξj = µj/T and Γinel is the
inelastic scattering rate. To obtain the collision operator for an elastic scattering process, one
has to simply omit the first term of Eq. (11.63) as the chemical potentials cancel giving

Ciel ≈ −δf i(p)Γel . (11.64)

After taking the thermal average as defined in Eq. (11.43) with the corresponding momentum
weight, we obtain the ℓ’th moment collision operator

Ĉiℓ = −Kℓκ
iC̄i − uiℓκ

iΓ̂itot , (11.65)

where Kℓ is another universal function defined by

Kℓ ≡ T−1

〈(
pz

Ẽ0

)ℓ
f0w

〉
, (11.66)

and κi is a normalization constant given by [135]

κi =
T 3

12ni
=


π2

9ζ(3)
≃ 0.912 FD

π2

12ζ(3)
≃ 0.685 BE

. (11.67)

Further, we have the collision term that contains decays and 2 → 2 scattering processes in
terms of the thermally averaged rates Γ̂,

C̄i =
∑
j,k

(µi − µj − µk)Γ̂
dec
i→jk +

∑
j,k,l

(µi + µj − µk − µl)Γ̂
scat
ij→kl , (11.68)

and the total interaction rate given by

Γ̂itot =
∑(

Γ̂iel + Γ̂dec
i→jk + Γ̂scat

ij→kl

)
. (11.69)

The computation of these thermally averaged rates is quite involved as one needs to consider
finite temperature effects and in general the full 12 dimensional phase space in the case of
2 → 2 scattering. We will provide an explicit calculation for such a 2 → 2 rate in the next
chapter.

At this stage we have to decide which particles and rates are the most relevant ones for
the computation of the BAU. Before we talk about the rates, we first have to decide which
particles generate the largest asymmetry. To determine this, we have to look at the source
term in Eq. (11.48) as it is responsible for driving the particles out of equilibrium. The crucial
part is that it is proportional to |xi|2 ∼ |mi|2, meaning that fermions with a large mass will
provide the largest CP -violating sources. In a scenario where the only fermions are the SM
ones, the largest contribution will therefore come from the top-quark and the bottom-quark.
Now that we have established which particles are the main contributors to the asymmetry, we
need to find the dominant rates which try to equilibrate this asymmetry. The most relevant
rates have been established long ago to be the following ones [10,11]:

Top Yukawa Rate: tLh ↔ tRg

The top Yukawa rate Γ̂y is given by the annihilation of a left-handed top-quark with a Higgs
boson into a right-handed top-quark and a gluon. The rate for this process has first been
estimated in Ref. [139] to give Γ̂y ≈ 4.2 · 10−3T , while the most recent calculation provides
Γ̂y ≈ 1 ·10−2T [135]. In this work we present a new result, which does not rely on the leading
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log approximation used in the aforementioned references. We calculate it in the next chapter
in detail to obtain

Γ̂y ≈ 6.0 · 10−3T . (11.70)

Yukawa Helicity Flipping Rate: tL ↔ tR

The Yukawa helicity flipping rate determines the rate at which a left-handed particles flips
to a right-handed one via the interaction with the VEV. To calculate it, one has to work
in the real-time Keldysh-Schwinger framework as in Ref. [140]. The rate is then obtained
using the VEV-insertion approximation where the imaginary part of the retarded self-energy
is expanded around the wall background. The most recent result is then given by [135]

Γ̂m ≈ 0.26|mt(z)|2

T
. (11.71)

Higgs Number Violating Rate: h ↔ W+W−

The Higgs number-violating rate is the rate given by a Higgs boson decaying via the interac-
tion with the thermal plasma into non Higgs particles. In the literature the imaginary part of
the retarded Higgs self-energy induced by a thermal W -loop was used to calculate this rate.
The most recent result is given by [135]

Γ̂h ≈ 1.5|mW (z)|2

T
. (11.72)

W-Boson Scattering Rate: tL ↔ bLW
+

The W -boson rate determines the particle exchange between bottom and top quarks via the
W -boson. In the literature [11] it is defined via the total Higgs rate Γ̂htot, i.e.

Γ̂W = Γ̂htot . (11.73)

Strong Sphaleron Rate: qL ↔ qR

Similar to the weak sphaleron rate we discussed in Sec. 10.1.1 the strong sphaleron rate is a
topological transition from one vacuum to another in QCD. This rate was computed using
lattice methods in Refs. [141,142] and gives with our normalization [135]

Γ̂ss ≈ 2.7 · 10−3T . (11.74)

The strong sphalerons provide a connection to the light quark states which will influence the
heavier ones. Taking into account the chemical potentials of the involved particles we define
the function

Γ̃ss[µi] ≡ Γ̂ss
∑
q

(µqL − µqR) . (11.75)

For light quarks, where the strong sphaleron rate is the only relevant one, we can assume
that they have the same chemical potential

µqL = −µqR ≡ µq . (11.76)

Additionally, we use the baryon number conservation B =
∑
q

(nq − n̄q) = 0.16 Since we

consider only small perturbations in µ we have

nq =

∫
d3p

(2π)3

(
eβ[γw(E−vw)−µq ]

)
≈ nq|µq=0 −

N1

(2π)3
Dq

0µq , (11.77)

16Note that the baryon number conservation is not a contradiction to the fact that we are trying to compute a
baryon asymmetry. At the level of the transport equations the baryon number is conserved. Only in the final
step (Sec. 11.7), where we consider the weak sphalerons, baryon number violation occurs.
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where we wrote the result in terms of the universal function Dℓ defined in Eq. (11.47). For
anti-particles we can simply use the relation µq = −µq̄. This means that when consider the
two chiralities of a light quark we obtain for B

B =
∑

q∈{qL,qR}

(nq − n̄q) = − 2N1

(2π)3
Dq

0µqL − 2N1

(2π)3
Dq

0µqR = 0 . (11.78)

This shows that light quarks cancel naturally in the sum if both the left- and right-handed
partners appear. For our purposes we will treat all quarks up to the bottom quark as light
such that we can assume the relation in Eq. (11.76) holds for them. For the left-handed
bottom quark this assumption is not justified though, since it interacts via rates which are
comparable in size to the strong sphaleron rate. Taking this into account, the baryon number
gives

B =
∑
q

=
2N1

(2π)3
Db

0µq −
2N1

(2π)3
Db

0µbL − 2N1

(2π)3
Dt

0µtR − 2N1

(2π)3
Dt

0µtL = 0 , (11.79)

which then gives the relation obtained in Ref. [12]

µq = Dt
0µtL +Dt

0µtR +Db
0µbL , (11.80)

where we neglect the mass of the right-handed bottom quark to set Db
0 = 1 on the left hand

side. Plugging Eqs. (11.76) and (11.80) into Eq. (11.75) we obtain

Γ̃ss[µi] = Γ̂ss

[
(1 + 9Dt

0)µtL + (1 + 9Db
0)µbL − (1− 9Dt

0)µtL

]
(11.81)

We stress that this derivation requires that µbR is not part of the reaction network. If one
wants to include µbR into the network, the above equation has to be adjusted accordingly.

Total Interaction Rates

Although the total interaction rate for a given particle can be defined via Eq. (11.69), in the
formalism we are currently considering a different definition is used. It is given by [10,11,139]

Γ̂itot ≡
Di

2

Di
0D̂

i
, (11.82)

where D̂i is a diffusion constant containing the information about the interaction with the
plasma. The diffusion constants for quarks and the Higgs boson are given by [135]

D̂qL =
7.1

T
, D̂qR =

7.6

T
, D̂h =

14

T
. (11.83)

Now that we have established the most relevant interaction rates, we can build our interaction
network. In this network we will include the left- and right-handed top quark, the left-handed
bottom quark and the Higgs boson. Their respective collision operators at the ℓ’th moment
are then given by Eq. (11.65) with [135]

C̄tL = Γ̂y(µtL − µtR + µh) + 2Γ̂m(µtL − µtR) + Γ̂W (µtL − µbL) + Γ̂ss[µi] ,

C̄bL = Γ̂y(µbL − µtR + µh) + Γ̂W (µbL − µtL) + Γ̂ss[µi] ,

C̄tR = −Γ̂y(µtL + µbL − 2µtR − 2µh) + 2Γ̂m(µtR − µtL)− Γ̂ss[µi] ,

C̄h =
3

2
Γ̂y(µtL + µbL − 2µtR + 2µh) + Γ̂hµh . (11.84)

Note that we neither included the W -boson, nor the gluon in our network even though
they are involved in the presented interaction rates. This is due to the fact that they are
thermalized at a much faster rate than the involved particles. Therefore, at the timescales we
are investigating, they can be assumed to always be in thermal equilibrium, i.e. µW/g = 0.
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11.6. Full Equation Network

With the collision operators at hand, we can now extend the single species moment equations
given in Eq. (11.58). As already mention, for each particle species we define a vector wio =
(µio, u

i
o,1, . . . , u

i
o,n−1)

T . To include multiple particles species we can combine the individual

particle vectors into a larger Nn-vector WT = ((w1
o)
T , (w2

o)
T , . . . , (wNo )T ), where N is number

of involved particles. This gives us the full equation network

ÂW ′ + B̂W = Ŝ + Ĉ[W] , (11.85)

where Â = diag(Â1, . . . , ÂN ) and B̂ = diag(B̂1, . . . , B̂N ) are block diagonal matrices whose
sub-matrices are defined via Eq. (11.59). Further, Ŝ and Ĉ[W] are correspondingly defined
Nn-vectors. Due to the block diagonal structure of Eq. (11.85), it is easy to invert

W ′ = Â−1
[
Ŝ + Ĉ[W]− B̂W

]
, (11.86)

with Â−1 = diag(Â−1
1 , . . . , Â−1

N ) and Â−1
i defined in Eq. (11.61).

11.6.1. A Note on Convergence

As we discussed in Sec. 11.5, our network consists of four species, meaning we have to solve
a network consisting of 4n coupled equations. The boundary conditions are such that every
component of W vanishes far outside and deep inside the bubble. At surface level, this
system of equations seems to be over determined as we have 4n variables with 8n boundary
conditions. However, by checking the asymptotic behavior of Eq. (11.86) we can check if some
of the variables converge naturally, without enforcing boundary conditions. In the asymptotic
limit, the source term vanishes and we are left with

W ′ = Â−1
[
Ĉ[W]− B̂W

]
≡ X̂W . (11.87)

By studying the eigenvalues λi of X̂ , which can be real or complex, we can check if we have
enough eigenmodes that converge naturally. In the limit z → ±∞ the matrix X̂ becomes a
constant and we obtain solutions that behave as ui ∼ exp(λiz). Since the λi are complex in
general, the solutions we obtain, behave like damped oscillators at the edges of the integration
region. We make sure that the real part of at least half of the eigenvalues leads to converging
eigenmodes in this limit, before we begin solving the transport equations. For the remaining
modes, that do not converge, we need to enforce the boundary condition to obtain a valid
solution. We will look at the eigenvalue spectrum in more detail in Sec. 13.1.1.

11.7. Baryon Asymmetry

With the derived transport equations we can now compute the chemical potential of the
relevant particles as a function of the distance to the bubble wall. The next step is to
convert the generated left-handed chemical potential into a baryon asymmetry. As discussed
in Sec. 10.2, we need to consider that sphalerons only couple to the left-handed particles. In
order to continue, we define the baryon-left chemical potential

µBL
≡ 1

2

∑
q

µqL(z) . (11.88)

We can use the relation given in Eq. (11.76) to eliminate the light quarks and obtain

µBL
=

1

2

(
1 + 4Dt

0

)
µtL +

1

2

(
1 + 4Db

0

)
µbL + 2Dt

0µtR . (11.89)
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The baryon asymmetry nB can then be calculated via the diffusion equation

n′B(z) =
nf

2γwvw
Γws(z)(NcµBL

(z)T 2 −AnB(z)) , (11.90)

where nf is the number of flavors, Nc the number of colors, A = 15/2 and Γws(z) is the weak
sphaleron rate given by

Γws = Γsphfsph(z) with fsph(z) = min

(
1,

1.7T

Γsph
e−37v(z)/T

)
. (11.91)

The function fsph(z) is defined such that the sphaleron rate is interpolated between the sym-
metric and the broken phase using the rates discussed in Sec. 10.1.1 and Γsph from Eq. (10.19).
Since Eq. (11.90) is a first-order linear equation we can solve it exactly

nB(z) = −
∫ ∞

z
dz′

nfNc

2vwγw
Γws(z

′)µBL
(z′)T 2exp

[
−

Anf
2vwγw

∫ z′

z
Γws(z

′′)dz′′

]
, (11.92)

where we set nB(+∞) = 0. To relate nB to the BAU given in Eq. (1.2) we need to evaluate
nB(−∞) and divide by the entropy density given in Eq. (3.32) with heff = 106.75,

ηB = −
45nfNc

4π2vwγwheffT

∫ ∞

−∞
dzΓws(z)µBL

(z)exp

[
−

Anf
2vwγw

∫ z

−∞
Γws(z

′)dz′
]
. (11.93)

Using this formalism, we notice that the integral appearing in the exponent of Eq. (11.93)
diverges since the VEV in Eq. (11.91) reaches a constant value inside the bubble. This effect
occurs because we consider a time-independent solution. Its easy to see that if we allow
for a change in temperature (time) the cooling of the universe would further suppress the
sphaleron rate until it nearly vanishes at T = 0. Further, because the time between the phase
transition and today is finite, the particles could have only traversed a finite volume and not
an infinite one. In practice, we simply truncate the integration boundaries at some large
constant relative to the bubble wall thickness. Varying this constant changes the final result
only negligibly.



CHAPTER 12

Top Yukawa Rate

tL

h

g

tR

cl q

cl

q

cl cl

GR

Figure 12.1.: Feynman diagram of the process that leads to the top Yukawa rate.

As already alluded to in the previous chapter, we want to provide an update of the top
Yukawa rate Γ̂y. The first analytical estimate for this rate was provided in Ref. [139] and
since then has been used throughout the literature for nearly two decades. Recently, new
estimates were published using the VIA method in Ref. [143] giving Γ̂y ≈ 3 · 10−2T and the
leading log approximation in Ref. [135] giving Γ̂y ≈ 10−2T . In this chapter we want to provide
an updated calculation, where we include the full dispersion relation of the corrected fermion
propagator as well as a full numerical integration of the collision operator. The diagram we
want to evaluate is shown in Fig. 12.1, where cl and q denote classical and quantum fields,
respectively, as introduced in Sec. 2.4.3. Similar to the aforementioned references, we consider
only the t-channel contribution.

12.1. Self-Energy

To obtain finite temperature effects, the self-energy of the retarded propagator has to be
calculated. We will do so for the massless case as was done in Ref. [144], but without taking
the Hard Thermal Loop (HTL) limit.17 For clarity we will denote four vectors of kinematical

17In the reference, in contrast to the retarded propagator, they considered the Feynman propagator which gives
the same result as our calculation in the HTL limit.
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variables with capital letters and absolute values of the spatial components with small letters
in this section. The self-energy Σ for a massless fermion at zero temperature has the form

ΣT=0 = −a /K , (12.1)

which results in a propagator correction given by S = /K/(1+a)K2, where the pole remains at
K2 = 0. At finite temperature the situation changes since we have an additional kinematical
quantity we have to consider, the plasma velocity Uµ with UµU

µ = 1. We will perform our
calculation in the plasma rest frame where Uµ = (1, 0, 0, 0). With this in mind, the self-energy
changes to

ΣT = −a /K − b /U , (12.2)

where a and b are Lorentz invariant functions, which depend on the energy k0 and the
momentum k. This changes the propagator structure in a non trivial way to

S(K) =
(1 + a) /K + b /U

(1 + a)2K2 + 2(1 + a)bk0 + b2
. (12.3)

The pole of this structure can be determined by solving the equation

k0(1 + a) + b = k(1 + a) , (12.4)

which in the HTL limit gives k0 = mf as k → 0, where mf is the thermal mass given by [144]

m2
f ≡ g2C2

8
T 2 (12.5)

and C2 is the quadratic Casimir invariant. The thermal mass was used in the previous results
to obtain the top Yukawa rate, where it acted as a regulator mass in the propagator. In the
more general case, we obtain the coefficient functions via the projections

tK ≡ 1

4
tr( /KiΣT ) = −aK2 − bk0 and tU ≡ 1

4
tr(/UiΣT ) = −ak0 − b , (12.6)

which results in

a =
1

k2
(tK − tUk0) and b =

(
k20
k2

− 1

)
tU − k0

K2
tK . (12.7)

The self-energy for the retarded fermion propagator with an arbitrary gauge boson in the
loop is given by

iΣR(K) =
cl cl

q

cl
cl
q +

cl q
cl

cl
cl
q

= −1

2
ig2C2

∫
d4P

(2π)4
GRµν(P )γ

µSK(P −K)γν +GKµν(P )γ
µSR(P −K)γν , (12.8)

with loop momentum P . Inserting the expressions for the propagators given in Eq. (2.97)
and extracting the temperature-dependent contributions we obtain

iΣRT (K) =− g2C2

∫
d4P

(2π)3
(/P − /K)

[
−2nFD(p0 − k0)

P 2 + isgn(p0)ϵ
δ
(
(P −K)2

)
+

2nBE(p0)

(P −K)2 + isgn(p0 − k0)ϵ
δ(P 2)

]
. (12.9)
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After performing the transformation P → P + K on the first term and P → −P on the
second term the expression simplifies to

iΣRT (K) = 2g2C2

∫
d4P

(2π)3
δ(P 2)

(P +K)2 + isgn(p0 + k0)ϵ

[
(/P + /K)nBE(p0) + /PnFD(p0)

]
= g2C2

∫
dpdx

(2π)2
p

(P +K)2 + isgn(p0 + k0)

[
(/P + /K)nBE(p0) + /PnFD(p0)

] ∣∣∣∣
p0=±p

,

(12.10)

where x ≡ cosθ and the angle θ between the three-momentum vectors p and k.

12.1.1. Integral Intermezzo

Before we apply the projectors from Eq. (12.6), we will first evaluate the integrals that will
appear due to them. These are the following,

I1(P ) =

∫ 1

−1
dx

1

(P +K)2 + isgn(p0 + k0)ϵ

∣∣∣∣
p0=±p

, (12.11)

I2(P ) =
1

p

∫ 1

−1
dx

p0
(P +K)2 + isgn(p0 + k0)ϵ

∣∣∣∣
p0=±p

, (12.12)

I3(P ) =

∫ 1

−1
dx

P ·K
(P +K)2 + isgn(p0 + k0)ϵ

∣∣∣∣
p0=±p

. (12.13)

We will evaluate the first integral I1(P ) to showcase how we deal with them. As a first step
we split it up into the real and imaginary part using Eq. (2.98)

I1(P ) =

∫ 1

−1
dx

[
P 1

K2 − 2p(kx∓ k0)
− iπδ(K2 − 2p(kx∓ k0))sgn(p0 + k0)

]
. (12.14)

We use a shorthand notation with the (∓), with which we mean the addition of the two
branches that result from the respective sign. For the real part we obtain

Re(I1) =

∫ 1

−1
dxP 1

K2 − 2p(kx∓ k0)
= − 1

2pk

[
log|K2 − 2p(k ∓ k0)|

]1
−1

=
1

2pk
log

∣∣∣∣K2 + 2p(k ± k0)

K2 − 2p(k ∓ k0)

∣∣∣∣ = 1

2pk
log

∣∣∣∣(k0 ± p)2 − (k − p)2

(k0 ± p)2 − (k + p)2

∣∣∣∣
≡ 1

2pk
L±(P ) =

1

2pk
(L+(P ) + L−(P )) ≡

1

2pk
L1(P ), (12.15)

where

L1(P ) = log

∣∣∣∣(k − 2p)2 − k20
(k + 2p)2 − k20

∣∣∣∣ . (12.16)

Moving on to the imaginary part, we obtain

Im(I1) = −πsgn(k0 ± p)

∫ 1

−1
dxδ(K2 − 2p(kx∓ k0)) . (12.17)

Here we have to distinct between two cases k0 > k and k0 < k since it will determine the area
in which the argument of the delta distribution can be evaluated to zero. For k0 > k the first
branch (−) never contributes since K2 − 2p(kx− k0) < 0 and we are left with

Im(I1) =− sgn(k0 − p)π

∫ 1

−1
dxδ(K2 − 2p(kx+ k0))

=− sgn(k0 − p)
π

2pk

∫ 1

−1
dxδ

(
K2 − 2pk0

2pk
− x

)
=− sgn(k0 − p)

π

2pk
Θ

(
k0 + k

2
− p

)
Θ

(
p− k0 − k

2

)
. (12.18)
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Plugging in the upper boundary for p, p =
k0 + k

2
into the sgn function gives

k0 −
k0 + k

2
=
k0 − k

2
> 0 ,

and therefore

Im(I1) = − π

2pk
Θ

(
k0 + k

2
− p

)
Θ

(
p− k0 − k

2

)
. (12.19)

For the case k0 < k we obtain

Im(I1) = − π

2pk

[
sgn(k0 + p)Θ

(
p− k − k0

2

)
+ sgn(k0 − p)Θ

(
p− k + k0

2

)]
, (12.20)

and similar to the previous case, due to

k0 − p ≤k0 −
k + k0

2
=
k0 − k

2
< 0,

we are left with

Im(I1) = − π

2pk

[
Θ

(
p− k − k0

2

)
−Θ

(
p− k + k0

2

)]
. (12.21)

Combining the real and imaginary part, the integral I1, and similarly I2 and I3, are obtained
as

I1(P ) =
1

2pk

L1(P )− iπ


Θ

(
k0 + k

2
− p

)
Θ

(
p− k0 − k

2

)
k0 > k

Θ

(
p− k + k0

2

)
−Θ

(
p− k − k0

2

)
k0 < k

 , (12.22)

I2(P ) =
1

2pk

L2(P ) + iπ


Θ

(
k0 + k

2
− p

)
Θ

(
p− k0 − k

2

)
k0 > k

Θ

(
p− k + k0

2

)
+Θ

(
p− k − k0

2

)
k0 < k

 , (12.23)

I3(p) =2− K2

2
I1(P ) , (12.24)

where

L2(P ) ≡ L+(P )− L−(P ) = log

∣∣∣∣(k0 + k)2((k0 − k)2 − 4p2)

(k0 − k)2((k0 + k)2 − 4p2)

∣∣∣∣ . (12.25)

12.1.2. Applying Projectors

With the relevant integrals at hand we apply the projectors defined in Eq. (12.6) on Eq. (12.10)
to obtain

tK =
g2C2

4π2

∫
dpp

[(
2 +

K2

2
I1(P )

)
nB +

(
2− K2

2
I1(P )

)
nF

]
, (12.26)

tU =
g2C2

4π2

∫
dpp [(pI2(P ) + k0I1(P ))nB(p0) + pI2(P )nF (p0)] , (12.27)
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Figure 12.2.: Imaginary part of tU divided by m2
f at T = 1 over k0. On the left our result

and on the right the result obtained in Ref. [145]. The different lines show, from dark red to
light red, the respective result for a fixed value of k = 0.5, 1, 1.5.

with the real and imaginary parts given by

Re(tK) =
g2C2

8π2

∫
dp

[(
4p+

K2

2k
L1(P )

)
nB +

(
4p− K2

2k
L1(P )

)
nF

]
,

Im(tK) =
g2C2K

2

16πk

∫ k0+k
2

|k0−k|
2

dp(nF − nB) ,

Re(tU ) =
g2C2

8π2k

∫
dp [(pL2(P ) + k0L1(P ))nB + pL2(P )nF ] ,

Im(tU ) =
g2C2

8πk


∫ k0+k

2

k0−k
2

dp [(p− k0)nB + pnF ] k0 > k∫ ∞

k0+k
2

dp [(p− k0)nB + pnF ] +

∫ ∞

k−k0
2

dp [(p+ k0)nB + pnF ] k0 < k

.

(12.28)

The real parts of the above expressions agree with the results obtained in Ref. [145], in which
the imaginary time formalism was used. However, for the Im(tU ) our result differs in the
k0 < k regime by an overall minus sign. This difference can be seen in Fig. 12.2, where we
show our computed imaginary part of tU normalized by m2

f as a function of k0 for different
values of k in the left plot and the same quantity computed in Ref. [145] on the right. We
checked that this has only a negligible effect on the final result.

12.1.3. Collision Operator

We want to consider the collision operator defined in Eq. (2.43) for a 2 → 2 process averaged
via Eq. (11.43). For a general 2 → 2 process this gives

⟨C[f ]⟩ = 1

N1

∫
dΠ{1..4}(2π)

4δ4 (P1 + P2 − P3 − P4) |M|212→34P[f ] , (12.29)

with
P[f ] = f1f2(1± f3)(1± f4)− f3f4(1± f1)(1± f2) . (12.30)

Since the collision operator is Lorentz invariant, we will calculate it in the plasma frame.
With the identity

(1± fi) = fie
βEi−βµi , (12.31)
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we can write P[f ] as

P[f ] = f1f2f3f4

(
eβ(E3+E4−µ3−µ4) − eβ(E1+E2−µ1−µ2)

)
≈ f01 f

0
2 (1± f03 )(1± f04 )

(
µ1 + µ2 − µ3 − µ4

T

)
, (12.32)

where we expanded around µ ≈ 0 and used energy conservation in the second line. For our
purposes we only consider a scenario where all particles are massless and will therefore do
the derivation with this in mind. We extract the temperature dependence of the collision
operator by rescaling the momenta via Pi → PiT such that

⟨C[f ]⟩ = T 4

N1

∫
dΠ{1..4}(2π)

4δ4 (P1 + P2 − P3 − P4) |M|212→34P[f ] . (12.33)

We can immediately integrate out the fourth particle, such that

⟨C[f ]⟩ = T 4

N1

∫
dΠ{1..3}2πδ

(
(P1 + P2 − P3)

2
)
|M|212→34P[f ] . (12.34)

With the remaining δ distribution we can integrate out the momentum of the third particle
using

δ
(
(P1 + P2 − P3)

2
)
=
δ
(
p3 − p1p2−p1p2

F

)
2|F |

, (12.35)

where
F ≡ p1 + p2 + p̂3(p1 + p2) with p̂3 =

p3

p3
. (12.36)

This leaves us with

⟨C[f ]⟩ = T 4

N1

∫
dΠ{1,2}

∫
dΩ

p3
16π2

|M|212→34P[f ]

∣∣∣∣
p3=

p1p2−p1p2
2|F |

= Γ̂12→34(µ1 + µ2 − µ3 − µ4) , (12.37)

where

Γ̂12→34 ≡
T 3

N1

∫
dΠ{1,2}

∫
dΩ

p3
16π2

|M|212→34f
0
1 f

0
2 (1± f03 )(1± f04 ) . (12.38)

All that is left to do is to plug in the amplitude for the processes tLh → tRg, c.f. Fig. 12.1,
which in terms of the coefficients a and b as well as the mandelstam variables s = (P1 +P2)

2

and t = (P1 − P3)
2 is given by

|M|tLh→tRg =− 4g2sy
2
t

[
|1 + a|2st+ |b|2(s+ t− 4p2p3) + 2Re(ab∗ + b)(p1(s+ t) + p2t− p3s)

− 4Im(a∗b+ b)UµP ν1 P
ρ
2 P

σ
3 ϵµνρσ

]
/|(1 + a)2t+ 2(1 + a)b(p1 − p3) + b2|2 ,

(12.39)

After plugging in the numerical values gs =
√
4παs, αs = 0.12, yt = 1, C2 = 4/3 and

integrating the collision operator using the Cuba library [146] we obtain a value of

Γ̂y = (0.00596747± 5.93 · 10−6)T . (12.40)

Our result differs by 41% compared to the most recent result using the leading log approxi-
mation calculated in Ref. [135].



CHAPTER 13

Numerical Analysis

In the following we perform a thorough numerical and phenomenological analysis of the trans-
port equation and therefore the BAU, using two models. The first model is the benchmark
model given in [13] (Sec. 7). We will use this model to study the effects of different transi-
tion temperatures, wall velocities, wall thicknesses and truncation schemes as these are direct
input parameters of the model. The second model which we will consider, is the Complex 2-
Higgs Doublet Model (C2HDM). In this model, we perform a phenomenological investigation
and study the impact of changing the parameters of the C2HDM potential on the BAU. The
results which we will show in this section are new and have not been published. A publication
is in preparation.

13.1. Benchmark Model

We begin by introducing the benchmark model used in Ref. [13]. In this model the bottom
quark and the Higgs boson are assumed to be massless. To obtain a complex top mass, the
additional dimension 5-operator i(s/Λ)Q̄3HtR is introduced, where s is an additional scalar
field and the new physics scale is called Λ. Taking this operator into account, the top mass
is given by

mt(z) = yth(z)

(
1 + i

s(z)

Λ

)
= |mt(z)|eiθ(z) , (13.1)

with

|mt(z)| = yth(z)

√
1 +

s(z)2

Λ
, θ(z) = arctan

s(z)

Λ
. (13.2)

The VEV-profiles h(z) and s(z) of the scalar fields are modeled via so-called kink solutions

h(z) =
vn
2

(
1− tanh

z

Lw

)
, s(z) =

wn
2

(
1 + tanh

z

Ls

)
, (13.3)

where the input parameters are defined as

vn =
1

2
wn = Tn , Λ = 1TeV , Lw = Ls =

5

Tn
, Tn = 100GeV . (13.4)
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Figure 13.1.: Source terms for the left-handed top quark in the benchmark model as a function
of zTn. Left: odd-numbered source terms, right: the even-numbered source terms.

We will use these parameters with a wall velocity of vw = 0.1 and Eq. (11.84) for the collision
network as our base scenario which we will use throughout this section. In Fig. 13.1 we
show the source terms as defined in Eq. (11.48) for the left-handed top quark in this model
for moments up to ℓ = 16. We see that as we increase ℓ the magnitude of the source terms
decrease. With the source terms at hand we solve Eq. (11.86) to obtain the chemical potentials
depending on the distance to the bubble wall z. Since it is impossible to display the modes
in z ∈ (−∞,∞), we will compress the interval to u ∈ (−1, 1) such that

u =

√
1 + z2 − 1

z
. (13.5)

We show the chemical potentials over u in Fig. 13.2 for all particles involved in the fluid
network with number of equations per particle of up to n = 50 with the truncation scheme
R = −vw. The chemical potentials µtL and µtR have the same order of magnitude and have a
similar dependence on u up to a difference in sign. They are also not fully identical in size or
shape, otherwise they would exactly cancel and the BAU would be close to zero. As can be
inferred from the plots, the chemical potential of µbL is almost an order of magnitude smaller
than that of µtL and will therefore only have a small impact on the final BAU. We show
the chemical potential of µh for completeness, but it impacts the BAU only indirectly as an
interaction partner. For all curves we notice that larger moments lead to oscillatory modes at
the edges, which is something we expect as already mentioned in Sec. 11.6.1. The reason for
these large distance oscillations comes likely from the high energy modes of δf , which tend
to decay more slowly compared to the low energy ones. Large moments pick up these high
energy modes of δf and as a result show up as large distance oscillations. Additionally, the
magnitude of the chemical potentials decreases with larger moments and is not as sharp as
the low moment ones. Both, the oscillations and the decreasing magnitude, are effects which
are also observed in Ref. [13].

In Fig. 13.3 we show the BAU normalized to the observed value, i.e. η̄ ≡ η/ηobs, as a function
of the number of moments for three different truncation schemes which we introduced in
Sec. 11.4. On the left we show the numerical results obtained using the collision network
and rates that we defined in Chapter 11 and which we call the Barni network, on the right
we show our results using the collision network and rates from Ref. [13], which we call the
KV network. We observe that the BAU generated from the Barni network is smaller in
magnitude than the one computed with the KV network. This is expected, since the collision
rates which try to equilibrate the chemical potentials are larger in our network compared
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Figure 13.2.: Computed chemical potentials of the particles involved in the fluid network over
u as defined in Eq. (13.5) for moments up to n = 50 for R = −vw.
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Figure 13.3.: The normalized BAU η̄ ≡ η/ηobs over the number of moments. Left: the results
for the collision network defined in Eq. (11.84) and the rates presented in Sec. 11.5, right:
results for the collision network and rates used in Ref. [13]. The different colors represent
different truncation scheme choices, where R = 0,−vw correspond to a constant truncation
choice and variance to the variance truncation introduced in Sec. 11.4.

to the ones in [13]. Nonetheless, both networks exhibit the same behavior as we increase
n. Namely, the absolute value of η̄ decreases as we increase the number of moments, but
does not stabilize to a constant value after taking into account a maximum of 50 moment
equations, independent of the truncation scheme we choose. We will be investigate the scheme
dependence in further detail in Sec. 13.1.2. The result we obtained using the KV network
matches the result obtained in Ref. [13] very well. The minor differences are most likely
attributed to a difference in the definition of Vh (see App. C) as well as in the equation
used to obtain the final BAU (Eq. (11.93) in our case). However, a key discrepancy to the
aforementioned reference is that we do not observe a significant difference in convergence
behavior depending on the truncation choice.

We would like to also note that, since the BAU is negative, this model describes a universe
that is full of anti-matter compared to matter. This cannot be solved by a simple relabeling
of names as it ultimately emerges from the Lagrangian, where the labels for what matter and
anti-matter are set to match the observed experiments. Hence, this parameter point does not
lead to physical scenario.

13.1.1. Eigenvalue Spectrum

We can investigate the oscillatory and decaying/growing eigenmodes of the fluid network by
considering the transport equations in the asymptotic limits z → ±∞. In this limit, the
equations reduce to W ′ = X̂W, where X̂ is the constant matrix defined in Eq. (11.87). As
already mentioned, the solutions of this equation will be a linear combination of ui ∼ exp(λiz),
where the λi are the complex eigenvalues of X̂ . We show the eigenvalue spectrum of X̂ in
Fig. 13.4 for different numbers of equations per particle n. In the upper row we show the
eigenvalues for z → +∞ and in the lower row, the eigenvalues for z → −∞. We see that
for n = 2 (left column) all eigenvalues are real and therefore do not lead to oscillations far
away from the bubble wall. This is in concordance with what we observed in Fig. 13.2.
For larger moments we obtain more and more eigenvalues with a small real part and a
large imaginary part which leads to slowly decaying and highly oscillatory modes. Another
important feature is that exactly half of the eigenvalues have a negative real part, ensuring
that we have a sufficient amount of decaying modes to obtain a converging solution to the
transport equations. Further, we see for the n = 12 scenario that we obtain very small
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Figure 13.4.: Eigenvalue spectrum of X̂ with the imaginary part of λi on the y-axis and the
real part on the x-axis for different number of equations per particle, left to right column:
n = 2, 12, 50. The upper row shows the eigenvalues for z → ∞ and the lower row for z → −∞.

negative real parts for the eigenvalues and leads to very slow decaying modes, which cannot
be handled consistently by our numerical solver. This occurs, more generally, for the sequence
n = 4, 8, 12, . . . as was also observed in Ref. [13].

13.1.2. Truncation Dependence

We saw in Fig. 13.3 that depending on the truncation scheme the moment expansion may
lead to different results. In this section we want to check if the results which we obtain,
are independent of the choice for R in the constant truncation scheme. To do this, we vary
this constant and compute how the results change based on the largest moment we consider.
In Fig. 13.5 we show the dependence of the normalized BAU depending on the R constant
for different wall velocities. The different lines show the largest considered moment of the
transport equations and the dashed blue line marks the truncation choice R = −vw. We
observe that for small wall velocities at low moment order, the result depends heavily on
our truncation choice. As we increase the number of moments the lines start to lose their
curved shape and begin to tend towards a constant, truncation scheme independent, value.
Since, this calculation is very computationally demanding for large moments, we only go
up to n = 50. To check if the BAU truly converges to a constant R-independent value in
this framework, larger moments have to be taken into account. However, for large vw, here
from vw = 0.5 on, we already observe a convergence at n = 50, making these results more
robust than the ones obtained at small vw. We would like to point out that as R → −1 the
numerical results for large vw can break down. This comes from the fact that the eigenvalues
of the exponentially growing eigenmodes are of O(100) and cannot be stabilized reliably by
our algorithm.

We do the same analysis for different wall thicknesses instead of wall velocities as shown in
Fig. 13.6. As in the case with vw, the results depend strongly on the truncation choice at
low moment orders, while for larger ones they begin to flatten out. Although, similar to the
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Figure 13.5.: The normalized BAU η̄ over the R-value used in the constant truncation scheme
for different wall velocities. The lines represent the largest moment taken into account in the
transport equations and the dashed blue line marks the truncation choice R = −vw.
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Figure 13.6.: The normalized BAU η̄ over the R-value used in the constant truncation scheme
for different wall thicknesses. The lines represent the largest moment taken into account in
the transport equations.
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Figure 13.7.: Error of the BAU as defined in Eq. (13.6) over the number of moments for
different vw on the left and different Lw on the right.

vw case, it is not clear at all that for small Lw, i.e. Lw < 1, they will reach a constant value
as n → ∞. For Lw = 2 the moment expansion converges already at n = 14. For large Lw,
however, the BAU turns out to be smaller. A rapid convergence for large Lw is expected as
it is the underlying assumption of the WKB ansatz, which is LwTn ≫ 1.

However, at this stage it is not clear that the BAU will converge to a constant value even if
the result is independent of the truncation choice. To investigate if the results for the BAU
really converge to a constant value for large vw and Lw, when large n values are chosen, we
will consider the quantity

ηerrn ≡
∣∣∣∣ηn+4 − ηn

ηn

∣∣∣∣ . (13.6)

If the BAU converges to a constant value we should see that ηerrn → 0 as we increase n. In
Fig. 13.7 we plot ηerrn as a function of n for different vw and Lw. For small wall velocities
as well as small wall thicknesses we see that ηerrn reaches either a constant value or starts
to increase for large n. This suggests that for these values the method does not lead to a
reliable and stable result. Only for large parameter values vw, Lw, we observe a convergent
behavior.18

There could be several causes why smaller values of Lw and vw do not reach a stable solution.
The obvious cause is that we did not take sufficiently large n into account and that the result
might stabilize for larger n values. However, looking at the trends observed in Fig. 13.7, this
seems unlikely. As already mentioned in Ref. [13] another possibly large source of error could
come from the estimates used to obtain the ℓ’th collision operator in Eq. (11.65). A more
detailed study of the collision rates for large moments might lead to a more stable solution for
the BAU. Another reason might be that the moment expansion approach is only valid in the
limit of large vw or large Lw as these fulfill the requirement that µ and δf are sufficiently small
perturbations allowing us to consider only linear terms in the transport equations. Hence,
the following results have to be evaluated, keeping in mind the discussed uncertainties.

13.2. Complex 2-Higgs Doublet Model

We will now switch from the simple toy model to a phenomenologically more relevant model,
the C2HDM [147–155]. In this model we add a second doublet to the SM scalar sector with
same gauge representation as the SM Higgs doublet and impose a softly broken Z2 symmetry,

18The fact that the Lw = 2 does not keep decreasing is due to the maximum precision of our algorithm.
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where Φ1 → Φ1 and Φ2 → −Φ2. Following the model description in Ref. [156], we write the
scalar potential as

V =m2
11|Φ1|2 +m2

22|Φ2|2 −
(
m2

12Φ
†
1Φ2 + h.c.

)
+
λ1
2
(Φ†

1Φ1)
2 +

λ2
2
(Φ†

2Φ2)
2

+ λ3(Φ
†
1Φ1)(Φ

†
2Φ2) + λ4(Φ

†
1Φ2)(Φ

†
2Φ1) +

[
λ5
2
(Φ†

1Φ2)
2 + h.c.

]
, (13.7)

where, due to the hermicity of the potential, all couplings are real, except for m2
12 and λ5

which are complex. We parameterize the doublets in terms of neutral components ρi and ηi
as well as charged components ϕ+i , where i ∈ {1, 2} as

Φ1 =

 ϕ+1
ρ1 + iη1√

2

 and Φ2 =

 ϕ+2
ρ2 + iη2√

2

 . (13.8)

The general finite temperature vacuum is then given by

⟨Φ1⟩ =

 0

ω1(T )√
2

 and ⟨Φ2⟩ =

 ωCB(T )

ω2(T ) + iωCP (T )√
2

 . (13.9)

We enforce that the charge breaking VEV ωCB as well as the CP -violating VEV ωCP have
to vanish at T = 0, respectively. Further, we define v1/2 ≡ ω1/2(T = 0) which fulfill the

condition v2 = v21 + v22 ≈ 246GeV at zero temperature. With this parameterization the
minimum conditions at zero temperature can then be written as three equations,

m2
11v1 +

λ1
2
v31 +

λ345
2
v1v

2
2 =Re

(
m2

12

)
v2 , (13.10)

m2
22v2 +

λ2
2
v32 +

λ345
2
v21v2 =Re

(
m2

12

)
v1 , (13.11)

2 Im(m2
12) =v1v2Im(λ5) , (13.12)

which, for non-zero VEVs v1 and v2, ensure one independent CP-violating phase if [147–149]

Im
{
λ∗5
(
m2

12

)2} ̸= 0 . (13.13)

Next, we proceed with the rotation into the Higgs basis via H1

H2

 = RTH

 Φ1

Φ2

 ≡

 cβ sβ

−sβ cβ

 Φ1

Φ2

 , (13.14)

with

tanβ ≡ v2
v1

. (13.15)

The doublets in the Higgs basis can then be written, with the Goldstone bosons G± and G0

in H1, as

H1 =

 G±

1√
2
(v +H0 + iG0)

 and H2 =

 H±

1√
2
(R2 + iI2)

 . (13.16)
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The mass matrix for the neutral Higgs states is defined for ρ1, ρ2 and ρ3 = I2 as

(M2)ij =

〈
∂2V

∂ρi∂ρj

〉
, (13.17)

which can be diagonalized by a general orthogonal matrix R via

RM2RT = diag(m2
1,m

2
2,m

2
3) , (13.18)

with

R =


c1c2 s1c2 s2

−(c1s2s3 + s1c3) c1c3 − s1s2s3 c2s3

−c1s2c3 + s1s3 −(c1s3 + s1s2c3) c2c3

 , (13.19)

where the notation si ≡ sinαi, ci ≡ cosαi (i ∈ {1, 2, 3}) was used and

−π/2 < α1 ≤ π/2 , −π/2 < α2 ≤ π/2 , −π/2 < α3 ≤ π/2. (13.20)

The model contains three neutral particles with no definite CP quantum numbers, h1, h2
and h3, and two charged scalars H±. The masses for the neutral Higgs bosons are ordered
such that m1 ≤ m2 ≤ m3. The set of independent parameters of the potential sector can be
chosen as

tanβ , λ1 , λ2 , λ3 , λ4 , Im(λ5) , Re(λ5) , Re(m
2
12) . (13.21)

By imposing a Z2 symmetry we have the possibility to forbid tree-level flavor-changing neutral
currents which are very constrained experimentally. The adopted natural flavor conservation
mechanism [157,158] extends the symmetry to the Yukawa sector such that each of the three
families of fermions couples to one and only one scalar field. We introduce the up-, down-
and lepton-type fermion doublets as Φu, Φd and Φℓ, which couple to up-type, down-type and
charged leptons, respectively. This gives us four possible Yukawa types of the softly-broken
Z2 symmetric 2HDM:

• Type-I: Φu = Φd = Φℓ ≡ Φ2

• Type-II: Φu ≡ Φ2 ̸= Φd = Φℓ ≡ Φ1

• Lepton-Specific (LS) Φu = Φd ≡ Φ2 ̸= Φℓ ≡ Φ1

• Flipped Φu = Φℓ ≡ Φ2 ̸= Φd ≡ Φ1.

This lets us write the Yukawa Lagrangian as follows

LY = −
3∑
i=1

mf

v
ψ̄f [c

e(hiff) + ico(hiff)γ5]ψfhi , (13.22)

where the coefficients of the CP-even and of the CP-odd part of the Yukawa coupling, ce(hiff)
and co(hiff), are presented in Tab. 13.1. The different families of fermions are identified
by choosing f with the labels t, b and τ for up-type and down-type quarks and leptons,
respectively. In this section we will only consider Type-I of the C2HDM.

13.2.1. VEV-Profile

In a model with a multi-dimensional VEV structure, such as the C2HDM, it becomes more
challenging to determine the profile that interpolates between the false and the true vacuum.
A common ansatz used in the literature [135, 159, 160] is to treat the VEVs as independent
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up-type down-type leptons

Type-I
Ri2
sβ

− i
Ri3
tβ
γ5

Ri2
sβ

+ i
Ri3
tβ
γ5

Ri2
sβ

+ i
Ri3
tβ
γ5

Type-II
Ri2
sβ

− i
Ri3
tβ
γ5

Ri1
cβ

− itβRi3γ5
Ri1
cβ

− itβRi3γ5

Lepton-Specific
Ri2
sβ

− i
Ri3
tβ
γ5

Ri2
sβ

+ i
Ri3
tβ
γ5

Ri1
cβ

− itβRi3γ5

Flipped
Ri2
sβ

− i
Ri3
tβ
γ5

Ri1
cβ

− itβRi3γ5
Ri2
sβ

+ i
Ri3
tβ
γ5

Table 13.1.: Yukawa couplings of the Higgs bosons hi in the C2HDM, divided by the corre-
sponding SM Higgs couplings. The expressions correspond to [ce(hiff) + ico(hiff)γ5] from
Eq. (13.22).

and assume a kink profile as we did with the benchmark model. The VEV profile is then
given by

ϕi(z) = ϕt,i + (ϕf,i − ϕt,i)
1

2

(
1 + tanh

(
z

Lw,i

))
with i = 1, · · · , nHiggs , (13.23)

where ϕt and ϕf are the true vacuum and false vacuum, respectively, and nHiggs denotes the
number of Higgs particles of the model.

In this thesis we will use a different approach where we solve the Equations Of Motion (EOM)
of the fields. We begin by considering the EOM of a scalar field [34] in a plasma

□ϕi +∇ϕiV (ϕ) +
∑
j

(∇ϕimj)

∫
d3p

(2π)32Ej
δf j(p, z) = 0 . (13.24)

Solving these equations directly is beyond the scope of this thesis. Instead, we note that
the last term in Eq.( 13.24) acts as a friction term that stops the bubble from reaching the
speed of light. We assume that the bubble wall has already reached a terminal velocity

vw and substitute the friction term with
µ

γwvw
∂tϕi, where µ is the friction coefficient [161].

If the wall has reached a terminal velocity it is clear that the profile can only depend on
z ≡ γw(z̃ − vw t̃), where tilde refers to the coordinates in the plasma rest frame. Plugging
ϕi(z) ≡ ϕi(γw(z̃ − vw t̃)) into the EOM gives

d2ϕi
dz2

+ µ
dϕi
dz

= ∇ϕiV (ϕ) . (13.25)

To determine µ we can simply multiply the above equation by dϕi/dz and integrate over z
which gives

µ
∑
i

∫ ∞

−∞

[
dϕi
dz

]2
dz = ∆V , (13.26)

where we used that the derivative of the field vanishes at z → ±∞ and define ∆V ≡
V (ϕ(∞)) − V (ϕ(−∞)). With this we obtain a recursive definition of µ, where we have
to compute the profiles of the different ϕi(z) with an initial µ via Eq. (13.25) and insert the
profiles into Eq. (13.26) to compute a new friction. We do these recursive steps until we
obtain a constant µ and thus a stable VEV profile for the corresponding potential. As an
initial guess for µ we use the kink profile.
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Figure 13.8.: Scatter plot of the normalized BAU for the C2HDM at n = 2 over the real VEV
ω1 (left) and ω2 (right) at different wall velocities. The points fulfill all relevant experimental
and theoretical constraints.

13.2.2. Parameter Impact on the BAU

We want to investigate how different parameters of the C2HDM affect the generated BAU.
To do this, we generated a data sample which fulfills all relevant experimental and theoretical
constraints using the tools ScannerS [112] and BSMPT [114]. Additionally, we use BSMPT to
compute the percolation temperature Tp, which is the temperature where at least 29% of
the false vacuum has tunneled into the true one. We use this temperature as our transition
temperature to solve the transport equations and compute the BAU. For the parameter scan
we compute the absolute value of the BAU for three wall velocities vw = 0.1, 0.5, 0.9 and use
the truncation scheme R = −vw. We will comment further below on why we only consider
the absolute value of the BAU and do not discard points with a negative sign in the BAU.
Further, we only consider n = 2 equations per particle species since this is sufficient to draw
conclusions about the parameter dependence of the BAU. As we saw in the benchmark model,
this leads to an overestimation of the BAU in most scenarios.

First, we will look at the dependence of the BAU on the neutral VEVs ω1 and ω2 at Tp. The
corresponding plots are shown in Fig. 13.8. In the left plot we observe a clear trend, namely
that smaller values of ω1 lead to a larger BAU. For ω2 there is no such clear trend as the BAU
remains relatively constant across the entire plotted ω2 region with only a slight increase for
larger ω2 values. As we already saw in the benchmark model in Sec. 13.1 the magnitude of
the BAU decreases as we increase the wall velocity. This is a phenomenon that we observe
throughout the entire parameter space.

Next, we will investigate the dependence of the BAU on the complex parameters of the
C2HDM, i.e. λ5 and m2

12, as these are the sources of CP -violation in this model. The
corresponding plots are shown in Fig. 13.9, where on the left we show the normalized BAU
over the absolute value of the ratio between the imaginary part and the real part of λ5. In
the right plot we do the same but for the ratio between the imaginary and real part of m2

12

on the x-axis. Here, we see a clear correlation for both plots, namely that the normalized
BAU goes to zero as the respective ratios go to zero. This is expected as these ratios are
a measure of the complex phase of the respective parameters. As these complex phases go
to zero, the model loses its CP-violating properties which ultimately leads to a constant θ
such that the source terms in Eq. (11.48) vanish. This gives a clear prescription on how to
maximize the BAU for future parameter searches. An interesting feature of this model is
that a sign flip of the imaginary parts of λ5, m

2
12 and a sign flip of ωCP leaves the potential

invariant. Therefore, flipping the signs of the imaginary parts is equivalent to flipping the
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Figure 13.9.: Scatter plot of the normalized BAU for the C2HDM at n = 2 over the absolute
value of the ratio between the imaginary and real part of λ5 (m2

12) on the left (right). The
points fulfill all relevant experimental and theoretical constraints.

sign in ωCP . Since, observables are not influenced by a constant complex phase, the change
in the imaginary parts will leave them invariant. The key difference with the BAU is that the
complex phase coming from ωCP is z-dependent during the phase transition and therefore a
sign flip of ωCP will ultimately lead to a sign flip of the BAU. In short, if we obtain a negative
BAU, we can simply flip the signs of the imaginary parts of λ5 and m2

12 to obtain a positive
BAU without influencing other observables.19

In Fig. 13.10 we show the normalized BAU over the wall thickness and LwTp as a color
gradient for the wall velocity vw = 0.1. Important to note is that in order to obtain a value
for the wall thickness we use the approximation [159]

Lw ≃

√
ω2(Tp)

8Vb
, ω2(Tp) = ω2

1(Tp) + ω2
2(Tp) + ω2

CP (Tp) + ω2
CB(Tp) , (13.27)

where Vb is the height of the potential barrier between the true and the false vacuum. This
definition is valid for a kink profile, but as we will see in the next section, does not necessarily
correspond to the wall thickness obtained from solving the field equations. Nevertheless, we
see a strong correlation between the wall thickness and the generated BAU, i.e. small Lw
lead to a large BAU. However, as we have shown in the case of the benchmark model, values
of LwT ≲ 100 (keeping in mind that T = Tn = 100GeV in the benchmark model) lead to
unreliable results and should be considered with caution. In general, we do not obtain a value
of LwTp that is larger than 10 throughout the entire parameter space, which according to the
analysis we have done in the benchmark model, is not enough to obtain a stable BAU in the
moment expansion. Therefore, our approach to compute the BAU might not be suitable for
small velocities in this model.

13.2.3. Benchmark Points

To get a better picture of how our VEV profile and the kink profile differ in the C2HDM we
will consider two Benchmark Points (BP). These two points are chosen such that the first has
a large LwTp, while the second BP has a large BAU. The input parameters of these BPs are
given in Tab. 13.2. We additionally provide the values for Lw, Tp, LwTp and the VEVs at Tp

19When we talk about other observables we mean observables obtained in today’s experiments where the VEV
does not change over space and time. If we at some point deduce other early universe observables that rely on
the VEV changing its phase, we have to be more careful.
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Figure 13.10.: Scatter plot of the normalized BAU for the C2HDM over the wall thickness
and LwTp as the color gradient. The points fulfill all relevant experimental and theoretical
constraints.

as well as the computed normalized BAU, where in one case we use the kink profile and in
the other case use the VEV profile obtained from solving the EOMs. In Fig. 13.11 we show
the VEV profiles of ω1, ω2 and ωCP of the presented BPs as a function of the bubble wall
distance z. In blue we show the kink profile, where we used the same wall thickness for each
VEV computed by BSMPT [113] and in orange we show the profile obtained by solving the
EOMs given in Eq. (13.25). For BP1 we see that the field profiles match rather well with the
exception of ωCP , where we observe an additional dip before it reaches its true vacuum value.
Defining a wall thickness for the EOM profiles is a bit more difficult than for the kink profiles,
since we do not have an analytic expression for them. However, if we look at the z-values
at which the VEV profiles reach a constant value in each z-direction and take the distance
between the two, we can compare the kink and the EOM profiles. If we take this as our
measure for the wall thickness, we find that the EOM profiles predict a larger wall thickness
for each VEV compared the respective kink profiles. We know from our analysis in Sec. 13.1.2
that a larger Lw leads to a smaller BAU. This is consistent with the results obtained in the
BP1 scenario where we obtain for the kink profile a normalized BAU of |η̄|kinkn=2 ≈ 0.123 and
for the EOM profile a normalized BAU of |η̄|EOM

n=2 ≈ 0.069 (see Tab. 13.2). We observe a
similar trend in the BP2 scenario. Here, the effect is even more drastic for ωCP , where the
wall thickness is off by roughly one order of magnitude. Another effect that naturally occurs
when solving the EOMs, is that each VEV profile has their own wall thickness. As can be
seen in the BP2 scenario, the wall thicknesses of the different VEVs do not have to be of the
same order in magnitude.

Next, we want to check how the BAU evolves as we increase the number of considered moment
equations per particle. We plot the normalized BAU over n for both BPs in Fig. 13.12. In
blue we show the results obtained via the kink profile and in orange using the EOMs. For
BP1 we observe a clear decrease of the absolute value of the BAU as we increase n. This is
not surprising as we already saw this in Sec. 13.1. Further, consistent with our investigation
in Sec. 13.1.2, η̄ does not stabilize to constant value, even after taking into account n = 50
moment equations per particle. However, we observe that the results from the kink profile
and the EOM profile move closer together as we increase n. This is a feature of BP1 and is
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BP1 BP2

tanβ 16.005 15.376

λ1 0.027295 0.184255

λ2 0.240944 0.242595

λ3 6.87916 8.945212

λ4 -2.88470 -3.21397

Re(λ5) 0.402294 1.710215

Im(λ5) 0.569051 0.460252

Re(m2
12) 17318.771 19800.915

Lw 0.047673 0.015447

Tp 150.82 51.1715

LwTp 7.190045 0.790438

ω1(Tp) 13.9098 15.9542

ω2(Tp) 162.214 247.473

ωCP (Tp) -4.07453 0.074599

ωCB(Tp) 2.98062 · 10−9 −1.3964 · 10−8

|η̄|kinkn=2 0.122611 10.711

|η̄|EOM
n=2 0.0692125 3.888

Table 13.2.: Benchmark points for the C2HDM. The first 8 rows provide the input parameters,
while the last 9 rows give the values for the wall thickness Lw, the percolation temperature Tp,
LwTp and the values of the VEVs at Tp as well as the absolute value of the normalized BAU
using the kink profile or using the solution of the field equations. The Lw values provided in
this table are computed using the approximation given in Eq. (13.27) and are only valid in
the case of the kink solution (see text).
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not true in general as we can see in the case of BP2. For BP2 we observe a strange behavior,
namely that the BAU seems to diverge at n = 42 and then flips its sign and becomes negative
for n = 46, 50. This indicates that this point is very unstable in the moment expansion
and does not lead to conclusive results. We observe such a behavior only for large phase
transition strengths, which in the case of BP2 is ξp = ω(Tp)/Tp ≈ 4.846 (ξp ≈ 1.08 for BP1).
However, it is not clear why this occurs for large ξp and further investigation is needed. A
possible explanation could be that the phase transition is too strong and that the perturbative
approach fails at this point.

To concluded this chapter, we want to say that one has to be cautious when computing
the BAU in phenomenological models such as the C2HDM. We have shown that for wall
thicknesses where LwT ≲ 100 there is no clear convergence of the BAU in the moment
expansion using the current WKB method. A way to stabilize the moment expansion is
to increase the wall velocity, however this will result in a decreased BAU, making it more
challenging to find parameter regions which generate the observed BAU. However, we expect
that the found correlations, e.g. the correlation between the imaginary part of λ5 and BAU
in Fig. 13.9, will still hold regardless of the precise value of the BAU.
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Figure 13.11.: VEV profiles for ω1, ω2 and ωCP in terms of the bubble wall distance z for BP1
and BP2 presented in Tab. 13.2. In blue we show the kink profile and in orange the profile
obtained by solving the EOMs in Eq. (13.25).
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Figure 13.12.: The normalized BAU η̄ over the number of moment equations n for the two
BPs presented in Tab. 13.2. In blue: the results using a kink profile, in orange: the results
using the profile obtained from the EOMs. We used a wall velocity of vw = 0.1 and a constant
truncation scheme with R = −vw.



CHAPTER 14

Conclusions

In the second project of this thesis we have developed a code that is able to solve the transport
equations and thus compute the BAU within in a given model. This code is not publicly
available yet, but will be included in the next update of BSMPT [113, 114, 162]. We have
performed a numerical investigation of the transport equations with respect to their moment
expansion as well as a phenomenological investigation in the C2HDM. To this end, we have
summarized the mechanism of EWBG which is required to obtain the matter anti-matter
asymmetry. Further, we provided a derivation of how to compute the BAU in this framework.
Doing so, we calculated the CP -violating force that emerges when considering a complex
top-quark mass, derived the transport equations from the Boltzmann equation and gave the
formula for the final BAU integration. In this context, we calculated the value of the top
Yukawa rate which provides a new update compared to the previously available values from
the literature, which gives a relative difference of roughly 41% compared to the most recent
value where the leading log approximation was used [135].

With our code, we considered a benchmark model, where the relevant quantities such as
the wall thickness Lw, VEVs, nucleation temperature and the wall velocity vw are direct
input parameters of the model. Our investigation suggests that as we increase the number
of considered moments the BAU becomes truncation scheme independent. We observe this
trend throughout our investigated region. This finding is in disagreement with the previous
analysis done in this regard (see Ref. [13]), where it was found that the moment expansion has
a large truncation scheme dependence for small wall velocities. Further, it is not clear that
the BAU will always converge to a constant value for a large number of moment equations
per particle n. We have shown that for values of Lw ≲ 1 (i.e. LwTn ≲ 100) or vw ≲ 0.5
there is no clear sign of convergence when taking into account n = 50 moment equations. We
think what most likely causes this, is that the assumption that µ and δf are sufficiently small
perturbations is not fulfilled in this regime.

For our investigation of the C2HDM, we used the tools ScannerS [112] and BSMPT [114]
to generate a data sample that fulfills all relevant experimental and theoretical constraints.
Further, we implemented an algorithm in BSMPT which solves the EOMs given in Eq. (13.25)
to determine the VEV profile of the scalar fields. In our phenomenological investigation we
observed a clear correlation between the BAU and the ratio between the imaginary part of
λ5 (m2

12) and the real part of λ5 (m2
12) in Fig. 13.9. As this ratio goes to zero, so does the
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computed BAU. This is explained by the fact that this ratio is measure of the complex phase
which generates the CP -violation within this model. By setting this to zero, the source terms
of the CP -odd transport equations vanish and no out of equilibrium force can be generated.
Further, we showed that small values of Lw and LwTp lead to a larger BAU. However, we did
not find values for LwTp > 10 within our parameter search, which is not sufficient to obtain
BAU values that are stable in the moment expansion and therefore have to be considered
with caution.

Lastly, we compared the VEV profile stemming from the EOMs with a kink profile ansatz.
To do so, we considered two benchmark scenarios and compared the VEV profiles of ω1, ω2

and ωCP for the two approaches. We saw for both BPs, that the EOM profile predicts a
larger wall thickness compared to the kink profile, which led to a smaller BAU. Further, we
have found a strange behavior in the moment expansion of BP2, where the BAU seems to
diverge and flips its sign at a specific value of n. We believe that this is due to the large phase
transition strength of this BP, but further investigation has to be done in this regard.

We would like to remind the reader, that these results are new and have not been published
previously. Our publication on this topic is in preparation.



CHAPTER 15

Final Conclusion and Outlook

The Standard Model of particle physics stands as one of the most successful achievements in
modern science, with an unparalleled record of predictive power in collider experiments. Its
precise quantitative predictions have been confirmed time and again, most notably through
high-energy measurements at facilities such as the CERN and its Large Hadron Collider,
where even subtle effects have been observed in remarkable agreement with theoretical ex-
pectations. This agreement with the collider data makes the identification of physics beyond
the SM highly non-trivial. The absence of significant deviations from the predictions of the
SM leave little room in the parameters space for models that attempt to describe new phe-
nomena. At the same time, we know from cosmological observations that phenomena such
as the existence of DM and the matter anti-matter asymmetry of the universe point toward
the incompleteness of the SM.

To address these cosmological phenomena, i.e. DM and the observed BAU, it is necessary to
consider the state of the early universe at which it was made up of a hot, dense plasma. During
this time, particle interactions and out-of-equilibrium processes can lead through the evolu-
tion of the universe to the macroscopic structures and phenomena we observe today. These
interactions provide a link between particles physics which we probe at colliders and through
cosmological observables. In this context, the Boltzmann equation provides a useful tool to
study the evolution of particle species as they undergo an out-of-equilibrium transition. The
Boltzmann equation combines the microscopic particle interactions included in the collision
operator, with the macroscopic evolution of the particle densities via the Liouville operator,
thereby allowing us to make quantitative predictions with respect to relic abundances and
asymmetries generated during the evolution of the universe.

The inclusion of additional particles besides the ones contained in the SM, can change the
dynamics of the early universe plasma in a way that leads to the observed cosmological
phenomena. In this thesis, we make use of this effect and study extensions of the SM that
can accommodate the observed DM abundance as well as the observed BAU. More concretely,
we developed tools which are able solve the Boltzmann equations for the given scenarios and
performed phenomenological investigations using these tools.

In the context of DM we developed the tool RelExt, which assumes a DM model containing
WIMPs that are stabilized by a Z2 symmetry and a single DM candidate. Although the



120 15. Final Conclusion and Outlook

code is shipped with a few of such models, the user can load their own model into the code
by providing the corresponding FeynRules model files. RelExt is then able to generate
all relevant (co-)annihilation channels, compute the corresponding TACs and numerically
solve the Boltzmann equation to obtain the DM relic density. Further, the code is able
to perform efficient parameter scans within a given model, to determine parameter regions
which are able to generate the observed DM abundance. In the first part of the thesis, we
provided a detailed description of this tool and its algorithms as well as its usage. We showed
that the parameter search techniques used in this code are able to determine the relevant
parameter regions to obtain the observed DM abundance and are therefore able to generate
phenomenologically relevant parameter points much faster than random searches. Further,
we provided a validation of the numerical results obtained by our tool by comparing it with
the well established code MicrOMEGAs.

In the next part of this thesis we finished a project that was already in the working, where we
considered the DM model CP in the Dark. We showed that by setting the model parameter
α2 = π/2, the model is able to obtain two DM candidates. One, which generates the DM
abundance via freeze-out and one which generates the abundance via freeze-in. We have
derived that the Boltzmann equations describing the density evolution of these particles
can be decoupled and treated separately. For models that generate the relic density purely
via freeze-in, it is challenging to provide predictions that can be measured in upcoming
experiments. However, in our phenomenological investigation of this model, due to having
two DM candidates, we have found that if the diphoton branching ratio re-scaled to the
SM value is below one, the only way that this model is able to generate the observed relic
abundance is via a sizable freeze-in contribution. This means, that in a scenario where this
model accounts for the entire observed relic density, we would have a clear signal that could
point us towards a relic density density that is mostly generated via freeze-in.

Within the third project we developed a code that is able to compute the BAU in the frame-
work of EWBG by solving the necessary transport equations. We studied the stability of the
BAU as we increase the number of moment equations in the transport network as well as per-
formed a phenomenological investigation of the C2HDM with respect to the BAU. First, we
introduced the mechanism of EWBG and presented the derivation of the CP -violating force
as well as the transport equations. This includes the perturbative expansion in the chemical
potentials of the involved particles as well as the average over arbitrarily large moments. For
the collision rates appearing in the transport equations we have calculated an updated value
for the top Yukawa rate, which gives a deviation to the most recent literature by roughly
41%. In our study of the stability of the BAU we considered a benchmark model, where
the relevant parameters for the computation of the BAU are direct input parameters of the
model. Our results suggest, that the BAU becomes independent of the chosen truncation
scheme as we increase the number of moments. Further, we have found that for small bubble
wall thicknesses and small bubble wall velocities the moment expansion does not converge to
a constant value for the BAU and should therefore be considered with caution. In our phe-
nomenological investigation of the C2HDM we were able to show clear correlations between
certain parameters of the model and the generated BAU. We picked two BPs, for which we
saw that the bubble wall thickness obtained from the EOMs is larger than the one obtained
from the typically used kink ansatz for the VEV profile, which leads to a decrease in the
computed BAU. The results obtained in this part are new and will be published soon.

Despite significant progress, the origins of DM and the observed matter–antimatter asymme-
try remain unresolved, leaving key questions in fundamental physics open. Addressing these
issues will require continued theoretical development on both the particle physics and astro-
physical fronts, alongside increasingly precise observational and experimental input. Only
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through the combined effort of experiment and theory we can hope to obtain answers on the
fundamental questions about the universe we find ourselves in.





APPENDIX A

RelExt Structure and Algorithms

In the following, we describe the class structure of the code in more detail as well as explain
the relevant algorithms used throughout RelExt mentioned in Chapter 4. Further, we will
give a more detailed description on how these algorithms work.

A.1. Class Structure of RelExt

The class structure of RelExt is depicted in Fig. A.1. Each box represents a separate class of
the code, except for the external Mathematica package, which feeds all the information about
the model into the classes ModelInfo and AnnihilationAmps. We color coded the different
classes based on the purposes they fulfill which are the following

Blue Highlights the classes which are responsible for running necessary compu-
tations and storing required information before the matrix elements are
evaluated. This includes the Mrun class which computes the running quark
masses, the class Width which computes the total decay widths of the s-
channel mediator particles and ModelInfo which loads the denominator
structure of a given process and the tokens used in the matrix elements.

Turquoise Highlights all classes which are responsible for the computation of the
TAC given in Eq. (3.51). The class AnnihilationAmps is responsible for
loading and evaluating the appropriate (co-)annihilation channels which
are integrated over cosθ by the class SigvInt which is also responsible for
computing the remaining integrand of the TAC. Lastly, the Tac class is
responsible for the s integration.

Green Highlights the classes which are responsible for solving the freeze-out Boltz-
mann equation. The class BeqInfo contains all the relevant information
about the Boltzmann equation such as the value of the gravitational con-
stant, the formula for Y eq

X and the effective degrees of freedom which are
loaded via the EffDof class. This information is then used by the classes
FOCondition, FOAppr and FOFull. The first of these classes contains the
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formula for the freeze-out condition given in Eq. (4.10). The second class
contains the formula for the integrand appearing in Eq. (4.11) and the
third class contains the complete Boltzmann equation given in Eq. (3.33).
These classes are then used by FO1DM to solve the Boltzmann equation and
compute the relic density.

Steel blue Highlights the classes which are necessary to setup the search algorithms.
The OmegaGoal class simply computes the difference between the desired
relic density and the currently computed relic density. This class is used
in every search algorithm to make sure that the next step step of these
algorithms is taken into the correct direction. The class MonteCarlo is
responsible for tracking the best cells as well as generating new parameters
based on these cells.

Yellow These are the classes with which the user interacts directly. First, we have
the DataReader class which reads the input files of the user, but is also used
internally to load the necessary data for the effective degrees of freedom.
The Main class contains all the functions to which the user has access and
which the user can use throughout the main.cpp files.

In the shown class diagram we omitted the parts of the code that are responsible for the
numerical algorithms since these are global functions and classes used throughout the code.
The connections between the classes show their respective dependencies between each other.
The important thing to note is that the Main class has a direct link to many of the other
classes which allows the user to invoke them via the functions we provide within the Main

class.

A.2. Key Algorithms of RelExt

In this section we describe in the detail the code for the algorithms described in Sec. 4.2. We
will not discuss the numerical algorithms, as these are well known (see Ref. [109]) and instead
will focus on the ones unique to RelExt.

A.2.1. Algorithms to compute the TAC

We start of with the functions that load in the requested (co-)annihilation channels and eval-
uate their matrix elements. These are provided in Listing A.1. The function set_channels

takes in a vector of strings with the names of the channels we want to load and a boolean which
determines if we want to include the flux factor of the given channel.20 These strings are used
to identify the corresponding (co-)annihilation functions via the maps amp2fls and amp2s

which then fill the cur_channel vector with the functions of the channels we want to load.
The difference between the two maps is that the former has the flux factors already included,
while the latter does not. Next, we define a bracket operator for our AnnihilationsAmps class
that evaluates the loaded matrix elements. Here, we simply iterate over all current channels
and add them up for a given cosθ and an s that can be set via a separate function. The sum
of these channels is then returned.

Next, we will go through the algorithm that sorts the (co-)annihilation channels based on
the prescription provided in Eq. (4.3). The corresponding function is given in Listing A.2.
It takes a vector of strings as an input with the channel names that we want to include in
the freeze-out process. In line 3 we assign memory to the vector polK2s with a size that is

20This is not the flux factor that is used in the calculation of a cross section.
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Figure A.1.: Class diagram showing the class dependencies of the C++ part of RelExt. The
figure has been made using the open source program VisualParadigm.

1 void AnnihilationAmps :: set_channel(const VecString &ch_str , const

bool flux) {

2 cur_channel.clear();

3 if (flux)

4 for (auto it : ch_str) cur_channel.push_back(amp2fls[it]);

5 else

6 for (auto it : ch_str) cur_channel.push_back(amp2s[it]);

7 }

8

9 double AnnihilationAmps :: operator ()(const double cos_t) {

10 double res = 0.;

11 for (auto it : cur_channel) res += it(cos_t , s);

12 return res;

13 }

Listing A.1: Code responsible for loading the wanted channels and evaluating the matrix
elements.
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1 bool Tac:: sort_inimasses(const VecString &ch_str) {

2 double temp;

3 sigv.polK2s.resize(AA.bath_masses.size());

4 for (auto it : ch_str) {

5 AA.set_channel ({it});

6 AA.assign_masses(m1, m2, it);

7 AA.set_s((m1 + m2) * (m1 + m2) * 100);

8 temp = AA(0.5);

9 if (std::isnan(temp) || std::isinf(temp)) {

10 std::cout << "The channel: " << it << " evaluates to non

numerical values .\n";

11 return false;

12 }

13 inimap[m1 + m2]. push_back(it);

14 }

15 return true;

16 }

Listing A.2: Code responsible for sorting the (co-)annihlation channels.

equal to the number of DS particles involved in the DS thermal bath - more on this later.
In lines 4-14 we loop over all channels. First we load the channel via the function shown in
Listing A.1, then we call the function assign_masses which determines if the initial or final
state masses are larger and assigns these to m1 and m2 for the given channel. In the lines
7-12 we test for a fixed s and cosθ value if the channel results gives us nans or infinities and
warn the user if this is the case. If we indeed find non-numerical results, the function returns
false for this parameter point which ultimately leads the code to return a relic density of 0.
However, if the channel passes the test it is sorted into the hashmap inimap which assigns
the sum of the masses to a vector that contains the channel names for the given mass (see
Tab. 4.1).

Now we move on to the integrand of the TAC given in Eqs. (4.6) and (4.7). The function
calc_polK2 precomputes the whole or parts of the denominator of the TAC. We first define
Tinv via the formula T−1 = x/mDM and also set a flag that we want to treat numerator and
denominator as two separate parts of the calculation via separate_num_den = true. Next,
in lines 7-16 we loop over the DS particles which are included in the DS thermal bath. In this
loop we save the mass of the considered DS particle in line 8 and compute the corresponding
denominator without the exponential function which we store in the vector polK2s. The
map DSdof returns the internal degrees of freedom of the DS particle. Next, we check if
the exponent of the exponential function is smaller than 700 to ensure that it is within the
definition boundaries of the C++ standard library. If it is, we treat the denominator separately
as indicated by Eq. (4.6) and if not we then set the flag separate_num_den to false which will
result in the code using Eq. (4.7) in the lipsv function. The lipsv function properly combines
the denominator determined via calc_polK2 with the Bessel function of the numerator. In
this function, we first define the relevant variables in lines 20-25. With the if-case in line
27 we check if x = mDM/T > 5 to determine if the approximation given in Eq. (4.5) is valid
or not. If it is, we proceed using Eq. (4.6) and Eq. (4.7) to compute the integrand. If not
then we do not approximate the Bessel function in the denominator.21 When we use the
approximation we first check if the flag seprate_num_den is set to true and if the exponent of
the exponential function is less than 700. If so, we use Eq. (4.6), otherwise we use Eq. (4.7).
Lastly, we define a bracket operator for the SigvInt class that takes the variable u ∈ (0, 1]

21During the computation of the freeze-out relic density this case should never occur since we require that the
freeze-out point should be at least xf = 5.
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as an input, converts it to the corresponding s-value and returns the entire TAC integrand,
where wij is given by Eq. (3.40). The variable lower_bound stores the current lower boundary
of the s integral as we will see later. Important is the multiplication by the Jacobian u−2

coming from the variable transformation between s and u.

Before we go over to the code responsible for the s integration, we will first look at the
algorithms which set the internal boundaries around the resonance peaks preparing the in-
tegration over s. The corresponding functions are given in Listing A.4. We start with the
function peak_relevance. It determines the x-value until which a given peak is relevant, i.e.
it returns Eq. (4.8) inverted with respect to x. The variable peakpos stores the position of
the peak (mmed) and beps_eps is the natural log of Bϵ. In case the peak position matches the
lower integral boundary it returns -1, making the peak irrelevant for additional boundaries.
The next function, peak_bounds, sets the boundaries around the peak. As already stated in
Sec. 4.2.2 we start with a boundary around the peak position with a size of 2 · 20Γmed. In
line 9 we check if the lower boundary of the peak is smaller than the lower boundary of the
entire integral. While this is the case we keep reducing the size of the boundary by factors
of 2. Once this is set, we assign 3 boundaries in lines 11-13, where the first and the third
boundaries are specified via the width, while the second boundary is set exactly at the peak.
These are converted from s space to u space using

u =
(
s− (mi +mj)

2 + 1
)−1

. (A.1)

The next function, check_boundaries, checks if the boundaries do not overlap. It is possible,
that if the peaks are too close to each other, their boundaries might overlap leading the
code to compute the same integral area twice. To avoid this, we ensure that subsequent
boundary values are sorted in descending order (ascending in s space). For the boundary
triplets returned by peak_bounds this is true by construction. However, for different boundary
triplets the last boundary of the first triplet might be larger than the first boundary of the
second triplet. In such a scenario they are set to the same boundary to resolve the overlap.
This check only works if the boundaries are sorted. These functions are now combined in
set_boundaries to set the inner boundaries of the s integral. In this function we keep
track of the number of relevant peaks fulfilling the criterion in Eq. (4.8) via the variable
N_relevant_peaks. From line 30-41 we loop over the number of possible resonances that can
occur during the computation. In line 31, we determine the x-value up to which the peak
is relevant, where denstructures contains the information about the width and the mass of
the mediator particles. Next, we check in the if-case if the peak is relevant at the current
x-value. If this is the case, we set peak boundaries, append them to the boundaries array
and increase the number of relevant peaks. Lastly in lines 42 and 43, respectively, we sort
the boundaries using an insertion sort algorithm and check these for overlaps.

Now that we are able to set the integration boundaries we move on to the integration over s.
Here, we have two functions that are relevant shown in Listing A.5: estimate_integrate_s
and integrate_s. As indicated by the function name, the former function is responsible for
giving us a first estimate of the s integral. We keep track of the total result and current
estimate by passing the res and estimate variables by reference. Although the purpose of
this function is to estimate the integrand, the peaks are already precisely computed at this
stage and are added to both the result and the estimate as can be seen in lines 4 and 5. In
the for-loop in lines 7 and 8 we estimate the integrand between the peaks using the Kronrod
61-point method [109] and in line 10 we add the estimate of the integral between 0 and the
first peak boundary as well as the integral between the last peak boundary and 1. This code
is only executed if the number of relative peaks is greater than zero. In the case that the
integrand contains no peaks, we estimate the integrand in a different manner via the loop
shown in lines 19-26. During the first iteration we subdivide the integral into two subintegrals
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1 void SigvInt :: calc_polK2 () {

2 double Tinv = x / AA.MDM;

3 double mtemp , cur;

4 size_t i = 0;

5 separate_num_den = true;

6 den_save = 0.;

7 for (auto it : AA.bath_masses) {

8 mtemp = *AA.DSmasses[it];

9 cur = AA.DSdof[it] * mtemp * mtemp * polK2(Tinv * mtemp);

10 polK2s[i] = cur;

11 if(Tinv * mtemp < 700. && separate_num_den)

12 den_save += cur * exp(-Tinv * mtemp);

13 else

14 separate_num_den = false;

15 i++;

16 }

17 }

18

19 double SigvInt ::lipsv(const double &s) {

20 size_t i = 0;

21 double num = 0.;

22 double den = 0.;

23 double mtemp;

24 double sqs = sqrt(s);

25 double Tinv = x / AA.MDM;

26

27 if (x > 5) {

28 if(sqs * Tinv < 700. && separate_num_den) {

29 num += Tinv * exp(-sqs * Tinv) * polK1(sqs * Tinv);

30 den += den_save;

31 }

32 else {

33 num += Tinv * polK1(sqs * Tinv);

34 for (auto it : AA.bath_masses) {

35 mtemp = *AA.DSmasses[it];

36 den += exp(-Tinv * (mtemp - sqs / 2)) * polK2s[i];

37 i++;

38 }

39 }

40 } else {

41 num += Tinv * polK1(sqs * Tinv) * exp(-sqs * Tinv);

42 for (auto it : AA.bath_masses) {

43 mtemp = *AA.DSmasses[it];

44 den += mtemp * mtemp * besselK2(Tinv * mtemp);

45 }

46 }

47

48 return num / (den * den);

49 }

50

51 double SigvInt :: operator ()(const double &u) {

52 double s = lower_bound * lower_bound + (1 - u) / u;

53 return wij(s) * lipsv(s) / (u * u);

54 }

Listing A.3: Code responsible for computing the x dependent part of the TAC.



A.2. Key Algorithms of RelExt 129

1 double Tac:: peak_relevance(const double &peakpos) {

2 if (peakpos == sigv.lower_bound) return -1.;

3 return -beps_eps * AA.MDM / (peakpos - sigv.lower_bound);

4 }

5

6 double *Tac:: peak_bounds(const double &peakpos , const double &width) {

7 static double bounds [3];

8 double n = 0.1;

9 while (peakpos - 2 * width / n < sigv.lower_bound) n *= 2;

10

11 bounds [0] = 1 / (( peakpos - 2 * width / n) * (peakpos - 2 * width

/ n) - sigv.lower_bound * sigv.lower_bound + 1);

12 bounds [1] = 1 / (peakpos * peakpos - sigv.lower_bound *

sigv.lower_bound + 1);

13 bounds [2] = 1 / (( peakpos + 2 * width / n) * (peakpos + 2 * width

/ n) - sigv.lower_bound * sigv.lower_bound + 1);

14

15 return bounds;

16 }

17

18 void Tac:: check_boundaries () {

19 for (size_t i = 0; i < boundaries.size() - 1; i++)

20 if (boundaries[i] < boundaries[i + 1])

21 boundaries[i + 1] = boundaries[i];

22 }

23

24 void Tac:: set_boundaries(const double &x) {

25 double peak_xf;

26 double *b;

27

28 N_relevant_peaks = 0;

29

30 for (int j = 0; j < AA.N_widths; j++) {

31 peak_xf = peak_relevance (*AA.denstructures.at(2 * j));

32

33 if (peak_xf > 0 && x < peak_xf) {

34 b = peak_bounds (*AA.denstructures.at(2 * j),

35 *AA.denstructures.at(2 * j + 1));

36 boundaries [3 * N_relevant_peaks] = *b;

37 boundaries [3 * N_relevant_peaks + 1] = *(b + 1);

38 boundaries [3 * N_relevant_peaks + 2] = *(b + 2);

39 N_relevant_peaks ++;

40 }

41 }

42 i_sort_boundaries ();

43 check_boundaries ();

44 }

Listing A.4: Code responsible for assigning the integral boundaries on resonances.
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1 void Tac:: estimate_integrate_s(const double &x, double &res , double

&estimate) {

2 double error;

3 if (N_relevant_peaks > 0) {

4 res = res + integrate_peaks(x);

5 estimate += res;

6

7 for (size_t i = 1; i < N_relevant_peaks; i++)

8 estimate += kronrod_61(sigv , boundaries [3 * i],

boundaries [3 * i - 1], error);

9

10 estimate += (kronrod_61(sigv , 0, boundaries [3 *

N_relevant_peaks - 1], error) + kronrod_61(sigv ,

boundaries [0], 1, error));

11 } else {

12 double temp;

13 double a = 1., b;

14 size_t i, imax = 1;

15 do {

16 error = 0;

17 temp = 0;

18 b = 1.;

19 for (i = 1; i < imax; i++) {

20 a = (double)i * 1e-3 * b;

21 temp += kronrod_61(sigv , a, b, error);

22 b = a;

23 }

24 temp += kronrod_61(sigv , 0., a, error);

25 imax ++;

26 } while ((error > 0.5 * std::abs(temp)) && (imax < 4));

27 estimate += temp;

28 }

29 }

30

31 void Tac:: integrate_s(const double &x, double &res , double &estimate)

{

32 if (N_relevant_peaks > 0) {

33 res +=

34 h_adap_gauss_kronrod_15(sigv , 0, boundaries [3 *

N_relevant_peaks - 1], estimate , gauss_kronrod_eps) +

35 h_adap_gauss_kronrod_15(sigv , boundaries [0], 1, estimate ,

gauss_kronrod_eps);

36

37 for (size_t i = 1; i < N_relevant_peaks; i++) {

38 res +=

39 h_adap_gauss_kronrod_15(sigv , boundaries [3 * i],

boundaries [3 * i - 1], estimate ,

gauss_kronrod_eps);

40 }

41 } else {

42 res +=

43 h_adap_gauss_kronrod_15(sigv , 0, 1e-3, estimate ,

gauss_kronrod_eps);

44 res +=

45 h_adap_gauss_kronrod_15(sigv , 1e-3, 1, estimate ,

gauss_kronrod_eps);

46 }

47 }

Listing A.5: Code responsible estimating and computing the s integral.
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with boundaries u ∈ {(0, 10−3), (10−3, 1)} and use the Kronrod 61-point method to obtain
an estimate on the integral. If the relative error of this method is larger than 50 % we divide
the integral into more subintegrals such that u ∈ {(0, 10−3n), (10−3n, 10−3(n−1)), ..., (10−3, 1)}
until the error is small enough or if a maximum number of n = 3 is reached.22 The computed
estimate is then used in the numerical algorithms to compute the integral value in the function
integrate_s. This function works similar to the previous one, but instead of using an
estimator, we use adaptive integration algorithms to compute the integral. In line 32, we first
check if we have peaks that relevant in the integration region, then we integrate between 0
and the first peak boundary as well as the last peak boundary and 1. With the for-loop in
lines 37-39 the areas between the peaks are integrated. In the case that there are no relevant
peaks, we integrate the two subintegrals u ∈ {(0, 10−3), (10−3, 1)}.23 With every integration
the result is added to the total result saved in the variable res.

We are now at the stage where we can compute the TAC given in Eq. (3.51). The corre-
sponding function is defined via the bracket operator shown in Listing A.6. In the lines 2-5
we prepare the computation by setting the total result as well as the estimate to 0. In line 4
we pass the x-value to the SigvInt instance sigv and in line 5 call the calc_polK2 function
used to initialize the denominator of the TAC. Next, we loop over the data structure that we
set up in Listing A.2 in lines 6-14. During this loop we compute an estimate of the TAC. We
do this by loading the channels that are assigned the same mass value via the condition given
in Eq. (4.3) in line 7. Next, we assign the masses which correspond to aforementioned mass
value to the variables m1 and m2 in line 8 and with them set the lower integration boundary in
line 9. With the if-statement in line 10 we check if the criterion in Eq. (4.4) is fulfilled. If this
is the case, we set the integral boundaries and estimate the contribution to the integral of the
currently set channels in lines 11 and 12, respectively. The for-loop in lines 15-23 is identical
to the previous one, except that we call integrate_s instead of estimate_integrate_s. At
the end we return the result of the computed TAC.

A.2.2. Algorithm to compute the Relic Density

For the computation of the relic density we will only describe the function which returns the
relic density but not the classes used within it. We do this, because the classes FOCondi-

tion, FOAppr and FOFull are straightforward implementations of Eq. (4.10), Eq. (4.11) and
Eq. (3.33), respectively. The function to compute the relic density is shown in Listing A.7.
First, the channels are sorted via sort_inimasses which returns false if the parameter
point leads to problems. In that case the map with the sorted channels gets cleared via
clear_state and a relic density of 0 is returned. With the for-loop in lines 10-18 we deter-
mine the freeze-out point via the freeze-out condition that is declared in the object foc. We
start by computing the condition at x = 50 in line 9 and decrease it by 2 with each itera-
tion. If we notice a sign flip between the current result y1 and the previous result y2 via the
if-condition in line 12, we know the freeze-out point must be between the two corresponding
x-values. We then apply a bisection algorithm to determine the freeze-out point. Next, we
check if the freeze-out point is smaller than 5 in case the freeze-out point is not valid. In line
27 we define the initial starting value of the yield using YX (xf ) = (1 + δ)Y eq

X (xf ). We then
check whether the freeze-out approximation should be used or not. If yes, an FOAppr object
is instantiated in line 29, which contains the integrand of Eq. (4.11), and integrated over x
using an adaptive integration method in line 30. The result is then combined with the initial
yield to give the current yield in lines 31 and 32. In the case where the approximation is not
used, the Boltzmann equation is instantiated via FOFull and used within the ODE solver

22In most cases the first iteration is sufficient.
23This acts as an artificial minimal recursion limit we set on the entire integral region.
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1 double Tac:: operator ()(const double &x) {

2 double res = 0.;

3 double estimate = 0.;

4 sigv.set_x(x);

5 sigv.calc_polK2 ();

6 for (auto &it : inimap) {

7 AA.set_channel(it.second);

8 AA.assign_masses(m1, m2, it.second [0]);

9 sigv.set_lower_bound(m1 + m2);

10 if (beps(x)) {

11 set_boundaries(x);

12 estimate_integrate_s(x, res , estimate);

13 }

14 }

15 for (auto &it : inimap) {

16 AA.set_channel(it.second);

17 AA.assign_masses(m1 , m2, it.second [0]);

18 sigv.set_lower_bound(m1 + m2);

19 if (beps(x)) {

20 set_boundaries(x);

21 integrate_s(x, res , estimate);

22 }

23 }

24 return res;

25 }

Listing A.6: Code responsible for computing the thermally averaged cross section.

Odeint to compute today’s yield in the lines 34-37. At the end we clear the map of sorted
channels and return the relic density via the function omega.

A.2.3. Parameter Search Algorithms

Lastly, we will present the algorithms used to search the parameter space to obtain the desired
relic density. We start with the Monte Carlo based algorithm where we have the two main
functions. The first, set_weight, is responsible for keeping track of the best cells and the
second, generate_new_pars, generates new parameters based on these cells. Both functions
are presented in Listing A.8. In the set_weight function we need to provide the current
parameter values pars and the computed relic density relic with these parameters. With
the relic density we compute the weight given by Eq. (4.12) in line 2. Next, we convert the
parameters into a vector of bins that uniquely assign a cell to the parameter point and convert
it to a cell ID in lines 3 and 4, respectively. The conversion prescription from a bin to an ID
in the example of 4 parameters is given by

[b1,b2,b3,b4] → "b1,b2,b3,b4",

where bi is the bin number of the corresponding parameter. In lines 5 and 6 we check if
this cell ID already exists among the best cells and if it does, we update its weight in case
it is larger than the currently saved one. With the else if-condition that follows we check if
the number of best cells has already reached the user requested size. If this is not the case
we add the new cell to the best cells and update the worst cell. The last else if-statement
is only reached if the best_cells map is full. In that case we check if the weight of the
current cell is larger than the worst cell. If it is, we remove the worst cell and insert the new
one. After that, we search for the new worst cell and save it for the next time the function
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1 double FO1DM:: operator ()(const VecString &channels) {

2 if (!BI.tac.sort_inimasses(channels)) {

3 BI.tac.clear_state(true);

4 return 0.;

5 }

6

7 double res;

8 double x1 = 50., x2 = 50.;

9 double y1, y2 = foc(x2);

10 for (x1 = 48.; x1 > 3.; x1 -= 2.) {

11 y1 = foc(x1);

12 if (y1 * y2 < 0) {

13 x1 = bisec_to_x(foc , x1, x2, secant_eps);

14 break;

15 }

16 x2 = x1;

17 y2 = y1;

18 }

19

20 if (x1 < 5.) {

21 if (! suppress)

22 std::cout << "Freeze -out temperature could not be

found .\n";

23 BI.tac.clear_state(true);

24 return 0.;

25 }

26

27 double yfo = (1. + foc.del) * BI.yeq(x1);

28 if (appr) {

29 FOAppr foa(BI);

30 res = adap_gauss_kronrod_15(foa , x1, xtoday , 1e-4);

31 res = 1. / yfo - res;

32 res = 1. / res;

33 } else {

34 FOFull fof(BI);

35 Output out;

36 Odeint <StepperDopr853 <FOFull >> ode(yfo , x1, xtoday , 0., 1e-6,

0.1, 0., out , fof);

37 ode.integrate ();

38 res = yfo;

39 }

40 BI.tac.clear_state(true);

41 return omega(res);

42 }

Listing A.7: Code responsible for the computatoin of the relic density.
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1 void MonteCarlo :: set_weight(const VecDoub &pars , const double &relic)

{

2 double weight = relic > target ? pow(target / relic , 2) :

pow(relic / target , 2);

3 std::vector <int > bins = get_bins(pars);

4 std:: string ID = bins_to_ID(bins);

5 if (best_cells.count(ID) != 0) {

6 best_cells[ID] = (best_cells[ID] > weight) ? best_cells[ID] :

weight;

7 } else if (best_cells.size() < N_best) {

8 best_cells[ID] = weight;

9 if (worst_cell > weight) {

10 worst_cell = weight;

11 worst_cell_ID = ID;

12 }

13 } else if (weight > worst_cell) {

14 best_cells.erase(worst_cell_ID);

15 best_cells[ID] = weight;

16 double new_worst = 2.;

17 std:: string new_worst_ID = "";

18 for (auto it : best_cells) {

19 if (it.second < new_worst) {

20 new_worst = it.second;

21 new_worst_ID = it.first;

22 }

23 }

24 worst_cell = new_worst;

25 worst_cell_ID = new_worst_ID;

26 }

27 }

28

29 VecDoub MonteCarlo :: generate_new_pars () {

30 VecDoub res(N_pars);

31 double rand = generate_random (0., 1.);

32 if (( best_cells.size() == N_best) && (rand > p_random)) {

33 std:: string cell_ID = select_random_cell_ID ();

34 std::vector <int > bins = ID_to_bins(cell_ID);

35 for (size_t i = 0; i < lbounds.size(); i++) {

36 double dx = (ubounds[i] - lbounds[i]) / (double)N_bins;

37 res[i] = generate_random(lbounds[i] + dx *

(double)bins[i], lbounds[i] + dx * (( double)bins[i] +

1.));

38 }

39 } else {

40 for (size_t i = 0; i < N_pars; i++)

41 res[i] = generate_random(lbounds[i], ubounds[i]);

42 }

43 return res;

44 }

Listing A.8: Code responsible for tracking the best cells and generating new parameters during
the Monte Carlo search.
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1 template <class FUNC >

2 VecDoub RandomWalk ::walk(FUNC &f) {

3 size_t cur_step = 0;

4 VecDoub xnew(f.get_parvals ());

5 ynew = f(xnew);

6 do {

7 yold = ynew;

8 xold = xnew;

9 if (is_good) {

10 same_step(xnew);

11 } else {

12 random_step(xnew);

13 }

14 ynew = f(xnew);

15 if (std::abs(ynew) >= std::abs(yold)) {

16 xnew = xold;

17 ynew = yold;

18 is_good = false;

19 } else

20 is_good = true;

21 if (( cur_step % 100) == 0) {

22 std::cout << "Current Step: " << cur_step

23 << " Omega: " << f.get_omega () << "\n";

24 }

25 cur_step ++;

26 } while (std::abs(ynew) > eps && (cur_step < maxit));

27 std::cout << "Steps taken: " << cur_step << "\n";

28 return xnew;

29 }

Listing A.9: Code repsonsible for the random walk.

is called. As already mentioned we can also generate new parameters from the best cells via
the generate_new_pars function. In this function we first prepare in line 30 a vector res

where we will save the new set of parameters. Next, we generate a random number between
0 and 1 which will be used to determine if we will generate a parameter point from the best
cells or a random one. In line 32 we therefore first check if the best cells vector is already
full and then check if the generated random number rand is larger than one set by the user
p_random (pr). If this is the case we generate a parameter point from the best cells. We do
this by first selecting a random cell from the best cells in line 33 and converting it to a vector
of bin numbers in line 34. Next, in the for loop in lines 35-41 we loop over the parameters and
define dx to be the size of a single bin for the given parameter boundaries. With this dx, we
generate a new random parameter value inside the given bin and save it in the res vector in
line 38. In the case that rand is smaller than the user specified value p_random we generate
a random parameter between the given parameter boundaries in lines 40 and 41. Finally, we
return the new parameters in line 43.

The search algorithm we will discuss next, is the random walk. We give the corresponding
code in Listing A.9. The template function walk takes a functor f as an input. For our
purposes, this functor will return the difference between the computed relic density and the
desired relic density (i.e. ∆Ωh2) when called via the bracket operator. We start in line 4,
where we get the current parameter values of the model and save them in a vector xnew. In
line 5 we compute ∆Ωh2 and save it in the variable ynew. Now, we enter the while loop in
which we first save the current value of ∆Ωh2 in yold and the current parameter values in
xold. In line 9 we check if the previous step was a good step, i.e. reduced ∆Ωh2. If this is



136 A RelExt Structure and Algorithms

the case, we take the same step via same_step and if not then we take a random step via
random_step. In line 14 we compute a new ∆Ωh2 and in line 15 check if its larger than the
previous one. If the computed ∆Ωh2 is larger, then we load the old parameter values and the
old ∆Ωh2 value as well as set is_good to false. Otherwise it was a step in the right direction
and we set is_good to true. In lines 21 to 24 we print the relic density after every 100 steps
taken and update the number of steps taken in line 25. The loop keeps going until either the
desired accuracy eps or the maximum iteration number maxit is reached. Once it exits the
loop, it returns the found parameter values.

The last algorithm we will describe in this section will be single parameter search with the
code given in Listing A.10. As already stated in Sec. 4.2.4 the single parameter search
consists of three search modes: vanguard, descent and bisect. The algorithm always starts in
the vanguard mode. With the function update_mode we update the current mode after each
step. As an input it takes the current step of the parameter search and the current ∆Ωh2.
In line 2 we check if the sign between the previous ∆Ωh2 and the current one has flipped. If
it has, we switch to the bisect mode via line 3. In line 7 we check if this was the first step
of the parameter search to ensure the next if statement is consistent. There, we compare the
signs between the previous step and the current step. If the signs are different, we must be in
a local minimum and switch to the descent mode in line 14. Now we move on to the actual
search algorithm which is provided in the template function find. As with the random walk
we need to provide a functor that calculates ∆Ωh2 and a starting value of the parameter
we want to search for. In line 20 we define the maximum allowed number of iterations and
compute the initial ∆Ωh2 in line 21. During the while loop that starts in line 23, we first
increase the number of iterations, save the parameter value and the corresponding ∆Ωh2 in
lines 24, 25 and 26, respectively. Moving on to the switch case, we have three possible cases
- one for each search mode. If we are in the vanguard mode we first determine the direction
which minimizes ∆Ωh2 in line 29. We then define a step multiplier based on how large ∆Ωh2

is, i.e. for large ∆Ωh2 the multiplier becomes large but is bounded by a maximum size of
1. The step itself is then defined in lines 32 and 33 where we multiply the direction with
the multiplier, the default vanguard step size (0.5) and the absolute value of the parameter.
The addition with 10−5 acts as minimum step size. With this step, the new parameter is
computed in line 34 and checked if it differs from the previous one in line 35. Using this
parameter, we compute the next ∆Ωh2 in line 37. Based on this new ∆Ωh2 and the current
step we update the search mode in line 38. We save the current step in line 39 and return
the parameter value in line 40 if we have already reached the desired accuracy in ∆Ωh2. In
the case that we are in the descent mode we first compute the gradient in line 43 and adjust
the parameter accordingly in line 44. With the new parameter we compute ∆Ωh2 in line 45.
We update the mode in the following line since it can still happen that the sign flips. Lastly,
we check if the relative difference between the previous and current ∆Ωh2 is smaller than the
desired accuracy and if that is the case we return the parameter value. In the bisect mode
we simply call the bisection algorithm between the previous parameter value and the current
one.
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1 void FindRoot :: update_mode(const double step , const double y) {

2 if (std:: signbit(yold) != std:: signbit(y)) {

3 searchmode = bisect;

4 std::cout << "Switch to bisect mode.\n";

5 return;

6 }

7 if (first_step) {

8 first_step = false;

9 return;

10 }

11 if (std:: signbit(stepold) != std:: signbit(step)) {

12 if (!( searchmode == descent)) {

13 std::cout << "Switch to descent mode.\n";

14 searchmode = descent;

15 }

16 }

17 }

18 template <class FUNC >

19 double FindRoot ::find(FUNC &f, double xstart) {

20 static const int MAXIT = 500;

21 double y = f(xstart);

22 int it = 0;

23 while (it != MAXIT) {

24 ++it;

25 xold = xstart;

26 yold = y;

27 switch (searchmode) {

28 case vanguard: {

29 double dir = absgradient(f, xstart , y) > 0 ? 1. : -1.;

30 double step =

31 std::abs(y) / scale > 1 ? 1. : std::abs(y) /

scale;

32 step =

33 dir * (step * vanguard_step_size + 1e-5) *

std::abs(xstart);

34 xstart = next_x(f, xstart - step);

35 if (std::abs(xstart - xold) < 1e-14 * std::abs(xold))

36 return xstart;

37 y = f(xstart);

38 update_mode(step , y);

39 stepold = step;

40 if (std::abs(y) < eps) return xstart;

41 } break;

42 case descent: {

43 double grad = descent_rate * absgradient(f, xstart ,

y);

44 xstart = next_x(f, xstart - grad);

45 y = f(xstart);

46 update_mode(grad , y);

47 stepold = grad;

48 if (std::abs(y - yold) < eps * std::abs(yold)) return

xstart;

49 } break;

50 case bisect:

51 return bisec_to_y(f, xold , xstart , eps);

52 break;

53 default:

54 break;

55 }

56 }

57 return xstart;

58 }

Listing A.10: Code repsonsible for the single parameter search.





APPENDIX B

Model Parameters

In this appendix we provide the parameters of the potential of the models we used in the
thesis in terms of their input parameters.

B.1. CxSM Model Parameters

The CxSM model, introduced in Sec. 5.1, has the following set of input parameters,

v , vS , α , mh1 , mh2 , mA . (B.1)

We can express the remaining parameters from this set of inputs to obtain

λ =
m2
h1

+m2
h2

+ cos2α
(
m2
h1

−m2
h2

)
v2

, (B.2)
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)
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, (B.3)
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sin2α
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, (B.4)
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1
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)
, (B.6)

b1 = −m2
A . (B.7)
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B.2. CP in the Dark Model Parameters

The model CP in the Dark was introduced in Sec. 5.2 with the following input parameters,

v , mh , mh1 , mh2 , mH+ , α1 , α2 , α3 , λ2 , λ6 , λ8 , m22 , ms . (B.8)

With these the remaining parameters are given by
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h3 =−
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, (B.9)
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APPENDIX C

Universal Transport Functions

In this appendix we want to derive explicit expressions for the universal functions defined in
Eqs. (11.47), (11.49) and (11.66). We start by considering the generic integral form

K(V, n,m, k) ≡
〈
pnz
Em

V (E, pz)Fk
0w

〉
=

1

N1

∫
d3p

pnz
Em

V Fk
0w[γw(E + vwpz)] (C.1)

where V (E, pz) is an arbitrary function of E and pz, N1 is a normalization constant given by
Eq. (11.43) and

Fk
0w ≡ ∂kf0w

∂(γw(E + vwpz))k
, (C.2)

where f0w is defined in Eq. (11.28). First, we perform a Lorentz transformation

E = γw(E
′ − vwp

′
z) , pz = γw(p

′
z − vwE

′) , px = p′x , py = p′y , (C.3)

where our new variables E′ and p′z are the energy and momentum in the plasma frame
resulting in
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Next, we do the coordinate transformation (p′x, p
′
y, p

′
z) → (E′, p′z, θ) via

E′ =
√
p′2x + p′2y + p′2z +m2 , tan(θ) =

p′y
p′x

, p′z = p′z . (C.5)

This leads to the Jacobian det(J) = E′ and turns Eq. (C.4) into
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where pE′ ≡
√
E′2 −m2. Next, we make the substitutions p′z = ypE′ and E′ = ωT to arrive

at the final expression

K(V, n,m, k) = − 3

π2γw
Tn−m−k+1

∫ ∞

x
dω

∫ 1

−1
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p̃ωp̃
n
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V Fk
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with

x = m/T , p̃ω =
√
ω2 − x2 , p̃z = γw(yp̃ω − vwω) , Ẽ = γw(ω − vwyp̃ω) . (C.8)

We can now define the universal functions in terms of K as follows

Kℓ = T−1K(1, ℓ, ℓ, 0) , (C.9)

Dℓ = K(1, ℓ, ℓ, 1) , (C.10)
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T 2

2
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Q8o
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T 2

2
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Q9o
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T 4

4

[
K(Vs/h, ℓ− 2, ℓ+ 2, 1)− γwK(Vs/h, ℓ− 2, ℓ+ 1, 2)

]
, (C.13)

where Vs/h are functions that depend on if we use the spin or helicity basis and are given
by [135]

Vs =
|p̃z|√
p̃2z + x2

, Vh = V 2
s

(
1− x2

ω2

)−1/2

. (C.14)

Note that the T dependence of the universal functions cancels, making them dimensionless
and solely dependent on x and vw.
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[76] M. Backović, A. Martini, O. Mattelaer, K. Kong, and G. Mohlabeng, “Direct
Detection of Dark Matter with MadDM v.2.0,”Phys. Dark Univ. 9-10 (5, 2015) 37–50,
arXiv:1505.04190 [hep-ph].

[77] F. Ambrogi, C. Arina, M. Backovic, J. Heisig, F. Maltoni, L. Mantani, O. Mattelaer,
and G. Mohlabeng, “MadDM v.3.0: a Comprehensive Tool for Dark Matter Studies,”
Phys. Dark Univ. 24 (2019) 100249, arXiv:1804.00044 [hep-ph].

[78] M. Palmiotto, A. Arbey, and F. Mahmoudi, “Darkpack: A modular software to
compute bsm squared amplitudes for particle physics and dark matter observables,”
2023. https://arxiv.org/abs/2211.10376.

[79] A. Belyaev, N. D. Christensen, and A. Pukhov, “Calchep 3.4: for collider physics
within and beyond the standard model,”Computer Physics Communications 184
no. 7, (July, 2013) 1729–1769. http://dx.doi.org/10.1016/j.cpc.2013.01.014.

[80] J. Alwall, M. Herquet, F. Maltoni, O. Mattelaer, and T. Stelzer, “Madgraph 5: going
beyond,” Journal of High Energy Physics 2011 no. 6, (June, 2011) .
http://dx.doi.org/10.1007/JHEP06(2011)128.

[81] G. Uhlrich, F. Mahmoudi, and A. Arbey, “– odern tificial heoretical phsicist a c++
framework automating theoretical calculations beyond the standard model,”Computer
Physics Communications 264 (July, 2021) 107928.
http://dx.doi.org/10.1016/j.cpc.2021.107928.

[82] C. Arina, “Review on dark matter tools,” 2021. https://arxiv.org/abs/2012.09462.

[83] W. R. Inc., “Mathematica, Version 14.1.” https://www.wolfram.com/mathematica.
Champaign, IL, 2024.

[84] A. Alloul, N. D. Christensen, C. Degrande, C. Duhr, and B. Fuks, “Feynrules 2.0— a
complete toolbox for tree-level phenomenology,”Computer Physics Communications
185 no. 8, (Aug., 2014) 2250–2300.
http://dx.doi.org/10.1016/j.cpc.2014.04.012.

[85] R. Coimbra, M. O. P. Sampaio, and R. Santos, “ScannerS: Constraining the phase
diagram of a complex scalar singlet at the LHC,” Eur. Phys. J. C 73 (2013) 2428,
arXiv:1301.2599 [hep-ph].

[86] R. Costa, M. Mühlleitner, M. O. P. Sampaio, and R. Santos, “Singlet Extensions of
the Standard Model at LHC Run 2: Benchmarks and Comparison with the NMSSM,”
JHEP 06 (2016) 034, arXiv:1512.05355 [hep-ph].

[87] V. Barger, P. Langacker, M. McCaskey, M. Ramsey-Musolf, and G. Shaughnessy,
“Complex Singlet Extension of the Standard Model,” Phys. Rev. D 79 (2009) 015018,
arXiv:0811.0393 [hep-ph].

[88] M. Gonderinger, H. Lim, and M. J. Ramsey-Musolf, “Complex Scalar Singlet Dark
Matter: Vacuum Stability and Phenomenology,” Phys. Rev. D 86 (2012) 043511,
arXiv:1202.1316 [hep-ph].
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