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In the present paper, improvements of the linear forcing method in physical space are
developed for both isotropic and anisotropic turbulence. The enhancements achieved
are then applied to direct numerical simulations of premixed methane-air flame simu-
lations with inflow-outflow conditions. The first enhancement introduces an individual
forcing scheme for each momentum equation, which — unlike previous approaches —
removes the constraint that the three space-averaged normal Reynolds stresses must
increase or decrease synchronously in time. The second enhancement targets engineer-
ing applications involving premixed flames with inflow-outflow conditions. Here, the
linear forcing scheme is extended for a flow in a divergent domain, enabling the flame
to better stabilise within the computational domain. The third enhancement involves
adapting the linear forcing scheme for anisotropic turbulence and applying it to a flame
within the divergent domain. Results show that the proposed enhancements — each
based on the numerical scheme suggested by Bassenne et al. (2016, Physics of Fluids
28, 035114) — are computationally inexpensive, requiring only 0.26% of the total CPU-
time of the simulation. Moreover, it is demonstrated that for anisotropic turbulence,
starting from isotropic conditions, the normal Reynolds stresses attain the prescribed
levels rapidly, within just one characteristic time interval. When applied to the pre-
mixed flame setup, the proposed scheme is used only in the cold, near-inflow region of
the domain, which continuously changes shape and size depending on the instantaneous
flame position. Results show that with the proposed forcing scheme, the cold volume
occupies only a small portion of the domain (11.5-18.0%), demonstrating its numeri-
cal efficiency. The consumption flame speed correlates well with the energy dissipation
rate (correlation coefficient of 0.86) but negatively with the integral length scale (corre-
lation coefficient of — 0.70). Anisotropic turbulence of the same intensity reduces the
consumption speed by a factor of 1.11.

Keywords: linear forcing in physical space; divergent domain; anisotropic turbulence;
flame stabilisation; direct numerical simulation; flame speed

1. Introduction

The compressible momentum conservation equations, excluding buoyancy forces and
second viscosity, can be expressed as:
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Here, u; is the value of the velocity component in spatial direction x;(i = 1,2, 3), ¢ is time,
p is absolute pressure, p is density, u is dynamic viscosity and §;;is the Kronecker symbol.
Summation over repeating indices is implied.

In Equation (1), Sg;represents an additional source term, referred to here as the ‘forcing
term’. Lundgren [1] was the first to introduce the concept of generating turbulence through
this term, proposing the following form:

Sri = Cu; (2)

where C is a constant. This formulation makes the source term linearly proportional to
the velocity component u;, which is why the approach is called ‘linear forcing’. The
method forces uniformly at all wavenumbers [1]. Considering the balance of the turbulent
kinetic energy (TKE) k = %u;u; for statistically stationary isotropic turbulence, Lundgren
[1] showed that, assuming isotropic turbulence, the constant C can be expressed in the
form:

C= = = 3)

where the operator (-)denotes spatial averaging. Here, € is the dissipation rate of the
turbulent kinetic energy, u; is the fluctuation of the i velocity component and u’ is the root-
mean-square (rms) velocity. According to Equation (3), the forcing constant C represents
an eddy turnover time [2].

Over the years, many researchers have contributed to the development of linear forcing
in physical space; however, it is not feasible to include all of them here. Therefore, only
studies that are directly relevant to the present work and its results will be referenced in the
following.

While Lundgren [1] used a pseudospectral code to introduce the concept of linear forc-
ing, Rosales and Meneveau [2] recognised its potential for numerical codes that solve the
momentum equation in physical space. In their work, they demonstrated the applicabil-
ity of this approach for such codes and showed that the results are equivalent to those
obtained in spectral implementations. Throughout their simulations, the value of C was
kept constant:

Foo @)
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which corresponds to a prescribed constant eddy turn-over time-scale. Here, the index
‘00’ denotes target values to be achieved when approaching statistically steady-state. An
important observation in [2] was that the integral length scale, defined as:

'3
=) (5)

is smaller than that obtained from spectral simulations, which typically force in low
wavenumber bands, and that it depends on the domain size.
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While the above approach is feasible, in large eddy simulations (LES) or direct numer-
ical simulations (DNS), the objective is to attain quasi-steady-state conditions as quickly
as possible. Carroll and Blanquart [3] improved the convergence of the turbulent kinetic
energy towards the steady state by modifying the forcing term as follows:

SF,' = Cmu, (6)

where k is a target value for the statistically steady-state solution. If, during the iterations,
k becomes larger than k., this scheme decreases the source term, and vice versa. Accord-
ing to [3], the use of Equation (6) enables much earlier attainment of statistical stationarity
for k compared to the scheme used by [2], while preserving the spectral characteristics of
the velocity field.

Noticing that Equation (6) still leads to oscillations of & in time with relative amplitudes
of 30 to 40% around the target value, Bassenne et al. [4] developed a forcing method that
can reach the desired level of k much faster than the forcing scheme from Equation (6) and
then maintain it with less fluctuations during the simulation:

€ = oy = EO) = QKO) — koo ) G/t o

2 k(1))

Here, G is a dimensionless constant acting as a proportional gain [4] and 7, is an integral

time constant, defined as o, = ”8—2 In the present study, we use G = 6.7, which represents
a compromise between stability of the initial iterations (which decreases as G increases)
and the degree at which the prescribed value for (k) is maintained (which improves with
increasing G) during the simulation. Note that C depends only on fluctuating parameters
and varies in time, as both (k) and (¢) — despite the spatial averaging — also vary with time.
For clarity, the notation for time dependence is omitted in the following descriptions.

Up to this point, all considerations have addressed homogeneous isotropic turbulence,
typically applied to incompressible flow in a periodic box domain. However, for engi-
neering applications involving inflow-outflow conditions and a turbulent flame within the
domain, the method described so far requires specific adaptations and further develop-
ments, which are the main focus of this paper. The first contribution of the present work
is the extension of the linear forcing scheme from Equation (7), providing greater flexi-
bility by enabling individual forcing of each momentum equation, even in isotropic cases
(forcing is done in a way that allows small temporal deviations from the common average
rms-value). This topic is addressed in Section 2.

A second contribution of this work is the introduction of a turbulent flame configuration
featuring a divergent-shaped domain. This configuration employs inflow-outflow bound-
ary conditions, and the downstream flow deceleration induced by the domain geometry
allows the flame to self-stabilise within the computational domain — a task that is challeng-
ing to achieve in conventional constant-cross-section geometries. Section 4 presents this
configuration and the necessary adaptation of the linear forcing.

The third contribution involves the development of the linear forcing scheme from
Equation (7) for cases involving anisotropic turbulence, along with its subsequent applica-
tion to turbulent flames with anisotropic inflow conditions. The development of the method
as well as the corresponding results are presented in Section 5.
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2. Individual forcing of the momentum equations at constant turbulent kinetic
energy

Although the linear forcing method has been widely adopted for isotropic turbulence —
such as in the approaches of [1-4] — these formulations typically assign the same forcing
constant C to all three momentum equations, as in the ‘forcing at constant turbulent kinetic
energy’ method of [4], see also Equation (7) above. While this formulation ensures that the
overall kinetic energy of the turbulence remains nearly constant over time, it imposes an
artificial constraint: the rms values of all three velocity components must either increase or
decrease synchronously at each time step, simply following the increase or decrease of the
constant C from Equation (7) with time. It is evident that this method is also not suitable
for non-isotropic flows.

To address this limitation and facilitate the extension of linear forcing to anisotropic tur-
bulence, an approach similar to those proposed in earlier works [5, 6] is adopted, where
forcing is applied individually to each spatial direction. While in [5, 6] the method of [2]
was used for individual forcing, the distinctive feature of the present work lies in apply-
ing individual forcing to the scheme of Bassenne et al. [4] which has been shown by the
authors to accelerate convergence toward statistically steady-state conditions. Specifically,
in Equation (7), (k) is replaced by the corresponding Reynolds normal stress, resulting in
the following modified form:

c - (&) — (3 (uju}) — ko) G/tso C, = (e) — (3 (uhuth) — ko) G/t
2 Glawt) 2 (Glws))
() = G fiy) — k) Gt
Ci= — ®
3 2+ (3 ()

Here, C is the constant for the momentum equation in the x;direction, C, for x, and Cj
for x3. Equation (8) allows the turbulence in each of the three momentum equations to
evolve independently, while maintaining statistical isotropy on average and ensuring that
the value of (k) approaches the target value (k). It should be noted that both the dissipa-
tion rate (&) and the normal stresses (u;u;) in Equation (8) are spatially averaged quantities.
The averaging procedure used for the simulation of a turbulent flame is described in
Section 4.2.

In the following, the results from Equation (8) are compared with the periodic cubic
box domain simulations from [2], where the authors show that by applying forcing in
physical space, ‘all cases converge to an average scale of about 19% of the domain size’
[2]. The case computed using the present forcing method (Equation (8)) corresponds to
case 3a (Table 1) from [2], which employs the largest forcing constant and thus generates
the strongest turbulence. All simulations in this work are performed with OpenFOAM
[7], employing fourth-order interpolation schemes for spatial derivatives and second order
implicit schemes for time integration. Because of this, the grid resolution is chosen to
resolve the Kolmogorov length with 1.5 to 2 cells, which is three to four times higher than
the recommendation by Pope [8] and in line with the recommendation by Moin [9]. The
present simulation was initialised with a random velocity distribution. With a domain size
of 27 metres, a kinematic viscosity of 4.491 x 1073 m?/s, and input parameters k., = 0.66
m?/s? and 7, = 1.895 s in Equation (8), the simulation was performed on a 128 grid. The
time-averaged results obtained for the integral length scale £ are 1.253 m, or 19.94% of the



Table 1. Results of the statistical quantities. Numbers in parentheses denote the target values.

Case Method Domain & grid cells u’1 ms /S urz’rmsm/s u;’rmsm/s km?/s? em?/s’ {mm
1 Present Isotropic Rectangular10 Mio 0.844(0.85) 0.839(0.85) 0.838(0.85) 1.060(1.08) 868 0.703
2 [4] Isotropic Rectangular10 Mio 0.914(0.85) 0.804(0.85) 0.801(0.85) 1.066(1.08) 773 0.806
3 Present Isotropic Divergent10 Mio 0.846(0.85) 0.840(0.85) 0.804(0.85) 1.063(1.08) 830 0.735
4 Present Isotropic Divergent163 Mio 0.905(0.85) 0.887(0.85) 0.892(0.85) 1.205(1.08) 2700 0.282
5 Present Anisotropic Divergent20 Mio 1.123(1.20) 0.646(0.60) 0.629(0.60) 1.038(1.08) 925 0.631
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domain length, confirming that the present method predicts the correct integral length scale
with the required precision for canonical flows such as periodic cubic box turbulence.

A further comparison with the results of [2] shows that the present turbulence is fully
isotropic, with average rms-values in each spatial direction u, ,, = 0.66285, u;, =
0.66271, and u; ,,, = 0.66269 m/s, which closely match the target value of 0.6633 m/s.
The energy dissipation rate, € = 0.236 mD2/s3, is 1.12 times higher than that reported by
[2] (¢ = 0.210 mD2/s3). It should also be noted that € is considerably lower here compared
to the inflow-outflow setups discussed in the next section.

3. Application to flows with inflow-outflow boundaries

Bearing in mind the ultimate goal of simulating turbulent flames in domains with a diver-
gent shape and inflow-outflow boundary conditions, this and the following sections apply
the proposed forcing scheme to a sequence of flow configurations that progressively
approach this target. As a first step, the present method is applied to a rectangular domain
with inflow-outflow boundary conditions and compared with the approach described in [4].

3.1. Rectangular domain with inflow-outflow boundary conditions

The geometry of the considered rectangular isothermal flow with periodic boundaries along
the y and z directions is shown in Figure 1(a,b). The black line at the sides indicates
the downstream end of the forcing zone, set at x = 3.75 mm to match the subsequent
combustion simulations. For the same reason, the domain dimensions are defined as
8.96 x 7.88 x 7.88 mm, corresponding to the same volume as the divergent domain dis-
cussed in the next subsection. The structured numerical grid consists of over 10 million
rectangular cells (256 x 200 x 200), and the inflow velocity was 1.0 m/s. The flow was
initialised with a uniform velocity of 1.0 m/s. In all simulations without a flame, the value
G = 67 was used to strongly force the turbulence toward the target TKE level, thereby
enabling consistent comparison between them. The constant 7o, was set to 0.00206 s for
consistency with the combustion simulations described in Sections 4 and 5. The kinematic
viscosity was set to the same value as in the cold region of the flame simulations, namely
v =16.25x10"% m%/s.

Table 1 shows the statistical results from the two simulations: the present method based
on Equation (8) (case 1) and the approach of [4] based on Equation (7) (case 2). The
values in this table represent time-averaged quantities obtained after spatial averaging was

a) Rectangular (Eq. (8)) b) Rectangular [4] (Eq. (7)) c) Divergent (Eq. (8))

Figure 1. Geometry and a time snapshot of the turbulent kinetic energy (TKE) in the rectangular
and divergent flow configurations.
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Figure 2. Integral length scale, energy dissipation rate and rms of velocity components for the
method of [4] (case 2, on the left-hand side) and the present method (case 1, on the right-hand side).

performed and recorded at each time step. Figure 2 presents the time evolution of the
statistical quantities for the two cases. Case 3 from Table 1 is introduced in Section 3.2,
case 4 is considered in Section 4, and case 5 is addressed in Section 5. The numbering of
the cases is consistently maintained across the following tables in this paper.

As expected from the similarity between Equations (7) and (8), both methods produce
statistical values for this rectangular domain that, although not identical, are quite close
to each other. Let us begin with the integral length scale £. The method of [4] yields val-
ues about 1.15 times higher, which corresponds to the lower energy dissipation rate &
obtained with this method. Both quantities are compared in Figure 2. It can be observed
that the method of [4] shows temporarily higher peaks for ¢, whereas the results from the
present method are more constrained. As evident from Figure 2, in the present model the
dissipation rate reaches its steady-state level somewhat faster.

Essentially, the presence of a strong convective downstream flow results in turbulence
characteristics that no longer correspond to those of the periodic cubic box investigated in
[2] as well as at the end of Section 2. As shown in Table 1, the energy dissipation rate for
both methods is on the order of 102, whereas that in [2] equals 0.210 m>D?2/s3, i.e. on the
order of 10~!. Furthermore, taking the hydraulic diameter as the natural reference length
scale for flows with inflow-outflow boundary conditions, the integral length scale obtained
by the method of [4] corresponds to 10.2% of the hydraulic diameter, while that from the
present method is 8.9%. Both results differ substantially from the 19% obtained for the
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periodic cubic box and essentially represent outcomes determined by the simulation setup
rather than a priori known values.

A possibility for comparison with the present results is provided by Nilsson et al. [10],
who studied a flame in a rectangular domain using a low-wavenumber forcing method
described in [11]. For a case with ' /Sy = 15 (premixed methane flame, equivalence ratio
¢ = 0.6, grid resolution Ax = 10 um; Sy stands for the unstretched laminar flame speed)
they report an integral length scale £ = 0.68 mm, which agrees well with the values from
this study (see Table 1).

Further analysis shows that although both methods (present and from [4]) yield turbu-
lent kinetic energy values close to the target value of 1.08 mD2/sD2, the present method
produces more uniform —i.e. more isotropic — rms values than the method of [4], for which
U} msis 1.14 times higher than u5 ,, .. The stronger uniformity of the present method is also
evident from Figure 2. A plausible explanation for this behaviour is that the present method
independently controls each rms component (u/lms, u/2,rms’ ug,rms), whereas the method of
[4] lacks a mechanism for such independent control, as it directly forces the sum of the
components — namely, the turbulent kinetic energy itself.

In the following, the two methods (present method and from Bassenne et al. [4]) are
compared in terms of their numerical characteristics, with the corresponding results sum-
marised in Table 2. Each simulation was performed on 128 CPU cores over a period of
24 h and the time step was guided by fixing the CFL number to 0.9 [12]. The results show
that the present method exhibits a slightly smaller time step and reaches a shorter physical
simulation time than the method of [4]. The CPU time required to compute the forcing con-
stants from Equations (7) or (8), the cold-domain averaged values of TKE, RMS velocity
components, and energy dissipation rate — for all cases in Table 2 — is quite low, ranging
from 1.3% to 1.4%. This demonstrates the method’s overall effectiveness.

Furthermore, for all cases in Table 2, the Kolmogorov length scale # is larger than the
smallest grid size (near the inflow), indicating that the grid resolution is sufficiently fine to
resolve even the smallest turbulent structures.

In conclusion, both methods [4] and the present one deliver results that are close to
each other. The present method is slightly slower in its overall performance (it advances
to a physical end time that is 9% shorter) than the method of [4]. However, for the
isotropic case considered, the present results are fully isotropic, while the method of [4]
shows a difference of a factor of 1.14 between the individual RMS values of the velocity
components.

3.2. Flow in a divergent domain

The next step towards a flame simulation is to examine the performance of the proposed
method for isothermal flow in a divergent domain. The divergent domain geometry is
shown in Figure 1(c); structured hexahedral numerical grid is applied. Its domain volume
equals that of the two rectangular domains. While other technical details for the divergent
geometry can be extracted from the following sections, here the primary goal is to com-
pare the turbulent and numerical characteristics with those of the rectangular geometries.
Therefore, all simulation parameters are set identical to those of the rectangular flows from
the previous subsection.

A first impression of the results can be gained by comparing the instantaneous turbulent
kinetic energy shown in Figure 1. It can be seen that the TKE results here are qualita-
tively and quantitatively quite close to those from the two rectangular domain simulations.



Table 2. Numerical characteristics of the incompressible flows with inflow-outflow boundary conditions. The last column shows the grid size near the inflow
and the Kolmogorov length scale 1 (in parentheses). The number of time steps reached for 24 h on 128 CPU cores.

Domain shape Physical time reached Number of time Average time Grid size and

Case Method & Grid cells & % CPU time steps — step, At n
1 Present Isotropic Rectangular10 Mio 0.379 s1.347% 127 328 2.98E-06 s 35 um(47 um)
[4] Isotropic Rectangular10 Mio 0.417 s1.316% 125 606 3.32E-06 s 35 um(48 um)
3 Present Isotropic Divergent10 Mio 0.387 51.388% 120 596 3.21E-06 s 35 um(48 um)

Suijjapoy puv £102Yy [ UOISNGUIO))
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Further time-averaged results are presented in Tables 1 and 2 (case 3). These show that the
results for the divergent domain — both turbulence characteristics and numerical param-
eters — lie between those of the two rectangular domain simulations for all investigated
time-averaged quantities.

4. Linear forcing of a premixed flame with isotropic turbulence
4.1. Geometry of the divergent domain and flame stabilisation

In domains with inflow-outflow boundary conditions and a constant cross-sectional area,
flames often migrate downstream, moving forth and back. This unsteady behaviour results
from fluctuations in turbulence intensity, which cause the flame speed to vary locally.
Hence, over extended simulation times, these fluctuations may cause the flame to flash back
or abruptly leave the computational domain. These challenges are especially pronounced
when using very fine computational grids, as they demand considerable resources, includ-
ing prolonged downstream domains. For instance, [13] reports simulations for which the
domain is up to six times longer in the downstream direction than in the lateral directions.

To mitigate these issues, the divergent domain configuration is introduced and utilised,
see Figure 3. The basic idea of the divergent domain geometry follows practically estab-
lished configurations of radial or conical porous burners: in such physical devices, the
flame stabilises at a position where its burning velocity equals the velocity of the incoming
fresh gas mixture [14]. Following this basic principle, the present simulation of a lean, pre-
mixed methane-air flame employs a divergent domain to enable the flame to self-adjust its
position. As the velocity decreases along the streamwise distance, the flame can stabilise
at a location where its propagation speed matches that of the local flow, thus remaining
entirely within the computational domain. Flashback is prevented by setting the inflow
velocity near the inlet significantly higher than any possible flame speed, even under high
turbulence. Similarly, the flame is unlikely to exit the computational domain downstream

300

Figure 3. Geometry of the divergent domain with temperature distribution. The white line marks
the boundaries of the ‘cold” inflow region, where forcing is applied.
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because, if it approaches the outlet, the fresh gases (before being influenced by the flame)
will have a sufficiently low velocity to allow the flame to propagate back into the domain.
Thus, with an appropriate choice of both the expansion angle and the inflow velocity, the
divergent domain setup provides the flame with the flexibility to self-adjust its position—
even over relatively long simulation times. Geometrical features of the domain and the
structured numerical grid are presented in Tables 3 and 4.

A lean methane-air mixture with equivalence ratio ¢ = 0.7and temperature 300 K enters
the domain at x; ,,;, = Om with a constant (both spatially and temporally uniform) speed of
1.0m/s in x;-direction. Periodic boundary conditions are applied in both spanwise direc-
tions of the computational domain. The flow, which enters the domain in a laminar state,
becomes turbulent downstream due to the linear forcing method applied here. The u;-
velocity component is first initialised with the laminar velocity field, which varies along
x1and is determined from the continuity equation under the assumption of incompress-
ible flow. For the first time step, random numbers with a uniform distribution in the range
[—0.5, 0.5] are superimposed on this laminar velocity field.

Chemical reactions within the flame are initialised by imposing a temperature of 1900K
at locations where x; > 5mm. The reaction mechanism used is that by Kee [15], compris-
ing 17 species and 58 reactions. The corresponding laminar flame speed of the ¢ = 0.7
methane-air flame is Sy = 0.1938m/s, and the thermal flame thickness is § = 0.66mm.
All combustion simulations have been performed with the in-house code EBI-DNS [16],
which couples OpenFOAM [7] and Cantera [17] to solve the compressible Navier-Stokes
equations and mass and energy balances including chemical reactions. Fourth-order inter-
polation schemes were applied for spatial discretisation, and a second-order implicit
scheme for time derivatives. In the same way as for the incompressible cases, Table 4
shows that the grid resolution for the combustion simulations is 1.5 to 2 times smaller
than the Kolmogorov length scale. Additionally, the flames are resolved with 20 to 40 grid
points, exceeding the recommendation by Poinsot and Veynante [18] by a factor of two to
four. The CFL number is fixed to 0.2.

4.2. Adapting the divergent domain configuration for a flame simulation

For the divergent domain configuration described above, the linear forcing method requires
specific adaptations. The first concerns the region where forcing is applied. Following the
approach of Klein et al. [19], forcing in this work is restricted to the ‘cold’ domain. The
cold domain forcing is employed here for two reasons: first, to avoid directly affecting the
flame front through the forcing, and second, to prevent turbulence decay that could occur
if the turbulence was imposed as a boundary condition exactly at the inlet. With the aim
to maintain nearly constant physical quantities such as density and dynamic viscosity, a
temperature threshold of 330 K is used to distinguish between the ‘cold’ (forced) and ‘hot’
(not forced) parts of the domain. In Figure 1, this threshold is indicated by the thick white
line.

The second adaptation addresses the calculation of fluctuating velocities in the divergent
domain configuration. In classical box turbulence simulations with periodic boundaries, the
mean velocity in any spatial direction is zero, so Equation (2) or Equation (8) is applied
directly to the velocity fluctuations. However, in inflow-outflow setups, applying forcing
to the instantaneous velocities would cause the mean flow direction to dominate, result-
ing in excessive forcing along that axis. To avoid this, the time-averaged velocity is first
subtracted from the instantaneous velocities, and Equation (8) is then applied solely to the



Table 3. Domain lengths and number of cells for the combustion simulations.

Lyxo, x3 at X1 min Lyxo, x3 at X1 jmax Grid cells Total number of
Case Turbulence Lx; mm mm mm Grid cells Ny Nx2 = Nx3 grid cells
4 Isotropic 17.92 7.0 10.5 1024 400 163 840 000
5 Anisotropic 17.92 7.0 10.5 512 200 20 480 000

Table 4. Grid resolution and Kolmogorov length for the combustion simulations.

Grid resolution Grid resolution along Grid cells per flame Energy dissipation rate Kolmogorov length n
along x| X2,X3 thickness 8 € (cold domain)
Case Turbulence um um - m?%/s3 um
4 Isotropic 17.50 17.50-26.25 25-38 2700 35.51
46.41

5 Anisotropic 35.00 35.00-52.50 12-19 925

4!

‘010 Adua(q 'V °f
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fluctuations. It is worth noticing that for the divergent domain configuration — where the
downstream velocity continually decreases (considering only the cold region) — the local
time-averaged velocity along the x; direction is obtained from the continuity equation. This
ensures that forcing does not become disproportionately strong in the main flow direction.

For the lateral velocity components, the spatial average within the cold domain is calcu-
lated at each time step and subtracted from the instantaneous velocity before applying the
linear forcing. This ensures that any occasionally arising strong flow in a lateral direction
will be damped rather than amplified. Turbulence statistics, such as the domain-average
turbulent kinetic energy k, are calculated after the average velocity has been subtracted.

For Equation (8), the parameters of interest are ko, and #. The first one represents
the target value for the turbulent kinetic energy in the ‘cold’ domain — after statistically
steady-state conditions are reached. In this study, it was set to ko, = 1.08m?/s? and corre-
sponds to an rms-value of ' = 0.85m/s. The second parameter represents a timescale, set
to 5o = 0.00206 s. This value was determined using Equation (5) and 19% of the hydraulic
diameter at the divergent domain’s midsection, following the observation in [2]. Note that
this timescale — once forcing reaches steady state and the bracketed term in Equation (8)
approaches zero — does not influence the results. This completes the computation of the
constants in Equation (8) for the proposed linear forcing method.

The flow with the premixed flame was first initialised and then simulated for 0.1 s to
reach statistically steady-state conditions. Subsequently, an additional 0.0615 s of simu-
lation was performed for evaluation purposes; only this period is presented in the results
section, with the time axis shifted for convenience to start from 0.0 s. The evaluation period
spans 30 times the timescale presented above and is therefore sufficiently long.

We note that no additional filtering is applied to the fluctuating velocities in the present
study — a technique that could control the integral length scale, as demonstrated in [6, 19,
20]. However, this work focuses on evaluating linear forcing alone, without introducing
extra parameters or modifications to Equations (8) or (9).

4.3. Results from the lean premixed methane-air flame simulation - isotropic
turbulence

As a first step, the volume of the cold region — subjected to linear forcing — is examined
over time. Figure 4(a) shows that the volume of this region remains nearly constant, which
is a prerequisite for maintaining a stable flame position that does not fluctuate significantly.
The cold region volume, depicted in Figure 4(b), varies between 11.5% and 18.0% of
the total domain volume. Expressed in terms of the variation of the x|-coordinate of the
cold region boundary (defined as T = 330K), this means that the average x;-coordinate
of the boundary remains within the range of 3mm to 4.51mm throughout the simulation.
Figure 4(b) illustrates the evolution of the turbulent kinetic energy from the laminar inflow
boundary condition to downstream levels that ensure the space-averaged TKE in the cold
domain is maintained at ko, = 1.08m?/s.

Figure 5 presents the individual rms values of the velocity components along with the
corresponding turbulent kinetic energy (TKE). The mean rms velocities according to the
three spatial directions are u} ,, =0.905, v, - =0.887, and uj,, =0.892m/s, respec-
tively. These similar values indicate that the forcing scheme from Equation (8) produces the
desired isotropic turbulence (on average), while temporarily allowing each velocity fluctu-
ation to vary independently up or down, see Figure 5. This is the key difference from the
method proposed by Bassenne et al. [4] (see Equation (7)), which requires all fluctuations
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Figure 4. The cold region in which the forcing is applied: (a) Cold region volume as a function of
time. (b) The cold region volume shown on the domain boundaries and coloured by the TKE.
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Figure 5. Rms of the velocity fluctuations as well as of the TKE over time. The values presented
are spatial averages over the cold domain (7" < 330K).

to increase or decrease synchronously. All three velocity fluctuations are slightly higher
than the prescribed value of 0.85 m/s. Consequently, the average TKE is 1.20 mD>2/sD2,
somewhat above the target value of 1.08 mD2/sD2.

Figure 6 shows the flame consumption speed alongside the energy dissipation rate of
turbulent kinetic energy and the integral length scale. Notably, the flame speed exhibits a
strong positive correlation with the dissipation rate, €, as clearly seen in the figure; the cor-
relation coefficient is 0.86. Conversely, the flame speed is also correlated with the integral
length scale, but negatively, with a correlation coefficient of —0.70 (due to the opposing
correlation between € and ¢ from Equation (5)).

The average value of the dissipation rate, €, over the time interval shown in Figure 6
is 2700 mD?2/s3; please note that the dissipation rate was not controlled in any way in the
present study and the obtained value is simply the result from the simulation. The relatively
high dissipation rate € is attributed to linear forcing acting directly on the smallest scales in
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Figure 6. Energy dissipation rate, integral length scale (both averaged over the cold domain) and
consumption flame speed.

physical space. Since € is computed from derivatives at the smallest grid scales, it directly
reflects the forcing impact. This high dissipation — in the denominator — yields correspond-
ingly low integral length scales, resulting in smaller turbulent Reynolds numbers. For the
current simulation, the obtained length scale in the cold region is £ = 0.282 mm (c.f. Table

1, Case 4) and the turbulent Reynolds number, defined as Re, = ZT” = %,is equal to 15.2.

Table 4 (case 4) presents the grid size and Kolmogorov length scale, where the grid size
is considerably smaller than the Kolmogorov length scale. In the cold domain of primary
interest — where the spanwise grid is twice as fine as the Kolmogorov scale — the resolution
is adequate to resolve even the smallest turbulent eddies.

The CPU time required to compute the additional quantities — such as the space-averaged
values over the cold domain — along with the source terms in Equation (8), has been mea-
sured. The time spent computing these additional quantities for linear forcing accounts for
only 0.26% of the total simulation time — about five times lower than for incompressible
simulations (cf. Table 2). This demonstrates the method’s computational efficiency and
suitability for resource-intensive approaches like highly resolved Large Eddy Simulation
(LES) or Direct Numerical Simulation (DNS).

5. A flame simulation with anisotropic turbulence
5.1. Extending the present forcing to anisotropic simulations

Up to now, the proposed forcing scheme has been tested and compared with the method
of [4] for cases of isotropic turbulence. However, the inherent ability of the present
method to control each velocity component individually and independently provides a nat-
ural basis for applications involving anisotropic turbulence. To start with the anisotropic
scheme, let us first review the work of [5], which introduced a general forcing method
for Large Eddy Simulations (LES) and demonstrated its application to both LES and
hybrid LES/Reynolds-Averaged Navier-Stokes frameworks. This method, referred to as
anisotropic linear forcing, is based on an unsteady linear tensor function of the resolved
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velocity field. Implementing this approach requires the calculation of additional statistical
quantities, including the principal invariants of the Reynolds stress tensor, as well as the
solution of a second-order tensorial algebraic equation to determine the coefficients for
linear forcing. Therefore, from now on, the work from previous sections will be extended
by adapting the present forcing scheme to cases of anisotropic turbulence.

To begin the adaptation to homogeneous anisotropic turbulence, it should be noted that
Equation (8) — obtained by substituting k& from Equation (7) with % (uiuﬁ) — thereby allow-
ing each momentum conservation equation to independently set its own level of velocity
fluctuations — still implicitly retains the assumption of isotropic homogeneous turbulence.
Therefore, to develop the anisotropic forcing, Equation (7) is taken as the starting point.
To clarify how anisotropy is introduced into the system, consider the following example:
suppose the RMS values of the velocity fluctuations are intended to be twice as large in the
direction of the flow (index 1) compared to the two lateral directions:

’ ro

, , ;o -
Uy s = 2- Up pps = 2. u3,rms or <u1u1> =4 <M2M2> =4- <u3u3>

In this way, the turbulent kinetic energy k can be expressed independently in terms of
each individual Reynolds normal stress:

w = Bl FRas) 300y sl <slia) o

As the next step, the expressions from Equation (9) are substituted into Equation (7),
resulting in the following source terms for the momentum equations:

o 10 = Glegu) — k) G

5 ()
C - (e) — (3 <u/2u’2) — koo) G/too_
2= - ;
6(u2u2)
Cs = (e) — (3 <u/3u’3/) —/ koo) G/t (10)
6(”3“3)

The expressions in Equation (10) enable individual forcing of the momentum equations
while maintaining the kinetic energy knearly constant and approaching the target value
ks = 1.08m?/s?> — which was chosen to be the same as in the isotropic case.

The algorithm proposed above is primarily suitable for cases in which the ratio
between the rms values of the individual stresses from Equation (9) remains constant
both throughout the forcing region and over time. For most simulations, this condition
is satisfied.

5.2. Anisotropic flame simulation results

In this section, the relations from Equations (9) and (10) are used to investigate the
anisotropic forcing as well as the transition from isotropic to anisotropic turbulence. The
starting point is a fixed time-step from the flame simulation of isotropic turbulence pre-
sented in Section 4.3. To accelerate the computations, results from the fine numerical grid
(case 4 in Table 3) are interpolated onto a grid coarsened by a factor of two (case 5 in
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Figure 7. Anisotropic forcing: TKE and RMS velocity fluctuations.

Table 3). The simulation then continues on the coarser grid — with the forcing scheme from
Equation (10) — for additional 0.024 seconds. During the simulations, the space-averaged
turbulence properties of the cold forcing region are monitored over time. Figure 7 presents
the rms values of the velocity components as well as the resulting turbulent kinetic energy
in this region.

It can be observed that anisotropy is already established after one characteristic time
of 0.00206 s; the statistical evaluation presented below is conducted for the time interval
following this point. As shown in the figure, the turbulent kinetic energy does not reach its
target value (1.08m?/s?), indicated by the dashed line; instead, its average value remains
slightly lower at 1.038m?/s”. The average values for Uy s and us , are 0.646m/s and
0.629m/s, respectively. These values are intended to be 0.60m/s, i.e. half of the u, s
value, see Table 1 (case 5); however, the ratio 1:2 is not fully achieved, as the average u .,
value — measured at 1.123m/s — is itself underpredicted. This underprediction is related
to the lower kinetic energy observed. As a whole, the achieved anisotropy, calculated as
0.638/1.123 = 0.568 (with 0.638 being the average spanwise velocity rms), differs from
the expected value of 0.500 by a factor of 1.136, but still represents a clearly anisotropic
turbulence. The anisotropy could be increased further by choosing a larger value of the
control constant G.

Let us compare the values of ¢ and £ with those from the cold divergent domain case
(case 3, Table 1), which has the same grid resolution as the present simulation (case 5,
Table 1). Note that in the present simulation, the forcing domain is not fixed but changes
dynamically over time, similarly to the domain shown in Figure 4(b). The comparison
shows that the dissipation rates for the two cases are quite close, with the present ¢ being
only 1.11 times higher than in the cold simulation with a fixed forcing region. This confirms
the method’s robustness and repeatability, even for the more complex case of an anisotropic
premixed flame simulation. Table 4 (case 5) shows that the grid resolves the Kolmogorov
length scale with more than one cell in the cold region near the inflow. In the hot region
affected by the flame, increased viscosity further enlarges the Kolmogorov scale.
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Next, we examine the consumption flame speed and compare it with that from the
isotropic turbulence case considered in Section 4 (case 4 in the tables). The present aver-
aged consumption speed is 0.588 m/s, compared to 0.653 m/s in the isotropic case (case 4
in the tables). An interesting result is that anisotropic turbulence — with downstream fluc-
tuations nearly twice the lateral ones — leads to less flame folding and thus reduces the
consumption speed by a factor of 1.11.

6. Conclusions

In this work, the linear forcing method in physical space is extended and applied to
both isotropic and anisotropic turbulent flows interacting with a premixed methane-air
flame. The proposed method builds on the constant turbulent kinetic energy (TKE) forc-
ing scheme of Bassenne et al. [4], which the authors have demonstrated to be numerically
efficient. The essence of the current developments lies in the individual control of the
forcing for each momentum equation, which enables its natural extension to anisotropic
turbulence.

To ensure flame stability and containment within the computational domain, a divergent
domain configuration with inflow-outflow boundary conditions is introduced and adapted
for the linear forcing approach of premixed turbulent flames. The method is first tested and
applied to several incompressible flows with simpler rectangular geometries that progres-
sively approach the divergent domain configuration. Validation against the periodic box
setup from [2] confirms that it accurately reproduces the integral length scale (19.94% of
the domain length), energy dissipation rate, and targeted TKE.

As a next step, the results from a rectangular incompressible flow are compared with
those from the original method of [4], showing good agreement for both numerical and
physical quantities. Small differences still exist — for instance, for this isotropic turbulence
case, the method of [4] is computationally more efficient, but the present method yields
a noticeably more isotropic solution. Finally, an incompressible divergent domain flow
is compared to the two rectangular domain flows, demonstrating that the case with the
divergent shape yields quantitatively and qualitatively very close results.

The divergent domain configuration demonstrates its main advantage in combustion
simulations by allowing the flame to self-adjust its position, preventing flashback or
blowout. For premixed turbulent combustion, linear forcing is applied only in the cold
region (T < 330K), which varies dynamically due to the movement of the flame and the
intense turbulent mixing. In the isotropic combustion case, this forced cold fresh gas region
occupies 11.5%—-18% of the total volume, providing ample space for flame development.
The divergent shape, combined with the relatively small changes in the forced volume size,
stabilises the flame’s position within the computational domain.

The present extension of the linear forcing method is numerically efficient, consuming
less than 1.4% of total CPU time for all incompressible flows. In the combustion case —
with a fine grid of 163 million cells, 17 species, and 58 chemical reactions — this fraction
dropped further to just 0.26% of total simulation time, confirming the suitability of the
method for high-performance computing.

All simulations use a structured hexahedral grid with resolution at or below the
Kolmogorov length scale (see Tables 2 and 4). While the method actively controls
turbulent kinetic energy (TKE) levels, the average dissipation rate emerges as a sim-
ulation outcome. Notably, in the combustion simulation under isotropic turbulence,



Combustion Theory and Modelling 19

this dissipation rate correlates strongly with the flame consumption speed (correlation
coefficient = 0.86).

The anisotropic combustion case was initiated from the interpolated isotropic case.
However, the simulation rapidly reached the targeted anisotropic state — within one integral
time scale (0.00206 s) — thus demonstrating once again the method’s numerical efficiency.
The flame under anisotropic turbulence experiences less front folding and thus exhibits a
consumption speed (0.588 m/s) that is 1.11 times smaller than in the isotropic case.

Overall, this work advances the linear forcing method of [4] for premixed turbulent
flames interacting with isotropic or anisotropic turbulence. Engineering scenarios with
inflow-outflow boundary conditions benefit from the divergent domain geometry, which
enables the flame to naturally adjust its position while remaining confined within the com-
putational domain — thus shortening its length and saving CPU time in high-performance
computing applications.

Future work will integrate the present developments with methods for independently
controlling both turbulent kinetic energy (TKE) and integral length scale — as proposed in
[6, 19, 20] — and adapt this approach for simulating turbulent premixed flames.
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