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Abstract

We establish an existence result for a problem set in the whole Euclidean space involving the Grushin
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variational methods, truncation techniques, and concentration-compactness arguments, together with set-
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1. Introduction

In the present paper we consider the problem

—Ayu=xrwi@u"" +A2w2(z)|Vyu|’_l +u®>7 " in RY,

P
u>0 in RN, ®)
where N > 3, A, is the Baouendi-Grushin operator, 11 >0, 1, >0,0<n <1 <r <2, 2;
is the Sobolev critical exponent defined in (2.2), wy, wa: RN — [0, +00) are suitable weight
functions whose properties will be described below. As such, our problem is singular at u =0
and has a critical growth in a sense which will be explained later.
For the reader’s convenience, we briefly recall the basic terminology of the Baouendi-Grushin
operator. We split the Euclidean space RN as R" x RY, where m>1,¢>1andm+£¢=N.A
generic point z € R" can therefore be written as

Zz(xay):(xla-'-a-xl’rhyla-~~7y@)s

where x € R™ and y € R%. Let y be a nonnegative real parameter. For a differentiable function
u we define the Grushin gradient

Vyu(z) = (Vxu(@), [x|" Vyu(2)) = (3, u(@), . .., 0, u(@), X[V dy,u(@), ..., |x|" dy,u(2)).

The Grushin operator A, is defined by

Ay u(z) = Ayu(z) + 1x1% Ayu(z),

where A, and A, are the Laplace operators in the variables x and y, respectively. A crucial
property of the Grushin operator is that it is not uniformly elliptic in the space R, since it is
degenerate on the subspace ¥ = {0} x R¢. We denote by Ny, :=m + (1 + y )£ the homogeneous
dimension associated to the decomposition N =m + £.

The operator A, was first introduced by Baouendi in his 1967 Ph.D. thesis, [14]. A few years
later, Grushin investigated the hypoellipticity properties of A, in the case y € N, see [33].

In the early 80’s, Franchi and Lanconelli [25-27] introduced a class of operators of the form

N
A=) 0y (370y),
i=1

which include A,,. Here A1, ..., Ay are given functions which satisfy suitable conditions.

Moreover, the Grushin operator falls into the class of X-elliptic operators introduced in [38].
In fact, the Grushin operator is uniformly X-elliptic with respect to the family of vector fields
X =(Xq,...,Xy) defined as

0 0
Xi=—fori=1,...,m Xpmyj=xlV —forj=1,..., ¢
Xi Byj
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With the same notation we can write the Grushin operator A, as sum of the vector fields

N
Ay => X3
j=1

Note that, when y is an integer, the C*°-field X = (X1, ..., Xy) satisfies the Hérmander’s finite
rank condition, see [36].

Remark 1.1. The latter statement is obvious when y is an even integer. In fact, the operator A,
can be expressed as a sum of smooth vector fields that satisfy Hormander’s finite rank condition
even when y is odd, see [1]. If y > 0 is a generic real number, the vector field X fails to be
smooth, and this is a well-known difficulty related to the Grushin operator, see Remark 3.3 for
more details.

We assume the following hypothesis on wi and w»:
(H;1) The functions wy, w» are nonnegative, belong to LY(RN )N L®(RN) and there exist a ball

B(z0,0) C RN and » > 0 such that

widz > w > 0.

B(z0,0)
Remark 1.2. The last condition on w is satisfied as soon as w; # 0, see [49, Theorem 7.7].
We assume the following decay condition on wj:

(Hz) There exist constants ¢; > 0, R > 0 and § > N, +n (N, — 2) such that, for every z € RN
with d(z) > R,

w1(z) < c1d(z) 7%,

where

1
d@) = (1P 4+ + D2y ) 7 (1.1)

is the homogeneous distance associated to A,,.

We will look for solutions to (P) in the Beppo Levi space having null trace in the Grushin setting,
ie. Dg (RY), see Section 2.3 for details.

By definition, a function u € DJj (RV) is a weak solution to (P) if # > 0 in R" and satisfies
the following variational identity:
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¥y € Dy (RY): /vyuvywdz=/(Muu(z)u*"+xzw2(z>|vyu|’*1+u2’f*‘)¢dz.
RN RN

The main result of this paper is the following.

Theorem 1.3. Suppose that (H1)-(Hy) hold. Then there exists A > 0 such that, for any 1| €
(0, A) and any Ay € [0, A1], problem (P) admits a weak solution u > 0 in Dg RMYNL2RY)N
CO’T(RN)for some T € (0, 1]. Moreover, if Ay =0 then

loc

lim u(z) =0.
d(z)—~>+00

The analysis of critical problems was initiated by Brezis and Nirenberg in [19] for the Lapla-
cian in a bounded domain. Their work marked the beginning of an endless stream of efforts to
extend the seminal results.

In recent years, critical problems involving the Grushin operator have been extensively stud-
ied; see, for instance, [9,41,42,44,53], among others. An analogue of the Brezis—Nirenberg result
for the Grushin operator was recently established in [4]. Critical problems with the Grushin op-
erator have also bees treated in unbounded domains, see for example [3,54].

Existence of positive weak solutions for a Grushin problem with singular nonlinearity has
been proved in [8] in a bounded domain.

In [7], Bahrouni, Rddulescu, and Winkert introduced a Baouendi—Grushin operator with vari-
able coefficients Agx,y), which reduces to the ‘usual’ Grushin operator when G(x, y) =2. In
the same paper they investigated a boundary value problem involving a convective term in a
bounded domain. Problems in the whole space R" with singular nonlinearities for the operator
AG(x,y) have been studied in [5] and [6]. As far as we know, no results are available for entire
problems involving convective terms.

The first part of our work is inspired by [12], where an analogous to problem (P) has been
treated for the p-Laplace operator, and we adapt the results therein to the setting of the Grushin
operator. We point out that many ideas of [12] rely on the uniform ellipticity of the standard
Laplace operator, and it is not trivial to adapt them to the degenerate elliptic operator A, . Note
also that problem (P) mixes variational problems with double lack of compactness, in the sense
of Sobolev’s embeddings, with non-variational problems since convection terms destroy the vari-
ational structure.

Theorem 1.3 is a first attempt to study problems involving the Grushin operator with a critical,
a convective and a singular term in the entire space R" . To the best of our knowledge, our result is
new even in the case where more than one feature among singularity, convectivity and criticality
is taken into account.

The last part of the paper is motivated by the regularity and decay properties obtained in [13]
for a critical problem involving the p-Laplace operator, along with gradient estimates.

1.1. Outline of the proof
We start the proof of Theorem 1.3 by truncating the singular term u~" and freezing the con-

vective term |V, u |"~1, in order to cast the problem within a classical variational framework.
More precisely, we choose an appropriate function u;,  (to be defined in (3.12)) and an arbi-

trary, fixed, function v € Dg (RN). We then examine the auxiliary problem

4
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*

2-1 N
—Ayu=a(z,u) +u, in RY, (1.2)

where

a(z, s) = hwi(2) max{s, u;, ()} 7"+ w2V v@) 7 V(z,s) eRY xR,

The central part of the paper is dedicated to constructing a solution u € Dg (RV) to (1.2) by em-
ploying the mountain pass theorem on the associated energy functional J (see Theorem 3.12).
Using the concentration-compactness principle, we identify a critical level ¢ (see (3.23)) be-
low which the functional J recovers compactness, i.e., J satisfies the Palais-Smale condition
(Lemma 3.9); moreover, we show that, for sufficiently small values of A and A;, J exhibits the
mountain pass geometry (Lemma 3.10); finally, we verify that the mountain pass level lies below
the critical Palais-Smale level ¢, again for small A; and A, (Lemma 3.11).

We then return to the original problem. Since the truncation was performed at the level of
a sub-solution u,, (see Lemma 3.2 and (3.12)), any solution to (1.2) stays above u,, (see Re-
mark 3.13).

The next task is to unfreeze the convection term: this is achieved by using set-valued analysis
and fixed point theory. Specifically, we introduce a set-valued function .#, which associates to
each function v € D(})' (RN the set of solutions to (1.2) having ‘low’ energy (see (3.48)). The
function . is compact (Lemma 3.19) and, for small values of A and A;, lower semi-continuous
(Lemma 3.20). Moreover, its selection T, defined as 7 (v) := min.(v), still has the properties
of compactness and continuity; so, Schauder’s Fixed Point Theorem guarantees the existence of
a fixed point of 7 (Theorem 3.1), that is, a solution to (P).

Then, we prove a pointwise decay of our solution at infinity when A, = 0. The lack of pre-
cise elliptic estimates for the Grushin gradients forces us to impose A = 0. First, a global L*>®
estimate is ensured via De Giorgi’s technique (Theorem 4.1).

To get the decay of the solutions we then follow [13]. We need a doubling property in
Lemma 2.13, a Lemma on weak Lebesgue spaces (Lemma 4.3) and an adaptation to our set-
ting of a local boundedness theorem (Theorem A.1), whose proof is postponed to Appendix A.

It is also worth mentioning that we provide quantitative estimates on the threshold A in The-
orem 1.3: see (3.37), (3.40), (3.43), and (3.56).

As an additional result, we also prove (Lemma 3.5) the decay of a subsolution to (P). This
result requires some stronger assumptions on £ and wy; see Remark 3.6 for further details.

Unlike in the paper [12], we can only prove that the solutions are locally Holder-continuous
since, as explained in Remark 3.4, a full regularity theory is not available in this context. We
establish the continuity of the solutions (Theorem 4.1) via the non-homogeneous Harnack in-
equality for X-elliptic operators (see [34, Theorem 5.5]).

The paper is organized as follows. In Section 2 we give some classical definitions and state
some basic results, such as the concentration-compactness principles, the mountain pass theo-
rem, and a fixed point theorem, together with minor lemmas which will be useful in the sequel.
Section 3 is devoted to proving an existence result for problem (P); in particular, in Section 3.1
we study a truncated and frozen problem, while Section 3.2 addresses the unfreezing of the
convection term via set-valued analysis, finally giving a solution to (P). Section 4 discusses the
boundedness and the decay of the solutions, concluding the proof of Theorem 1.3.
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2. Preliminaries
2.1. The fundamental solution for A,

We have already introduced in (1.1) the homogeneous distance associated to the Grushin
operator A,,. Notice that this distance is homogeneous of degree 1 with respect to the anisotropic
dilatation

8.z y) =0, ATy, A>0

and, for y = 0, it reduces to the usual Euclidean distance in RN . The function

I'(z) = 2.1

d(Z)Ny72

is a fundamental solution for the Grushin operator with singularity at z = 0, see [21, Appendix
B]. The constant C is a suitable positive constant that depends on m, £ and y. Precisely,

|x |2

do
1/2 ’
(X P0+2) 4 (14 )2 [y[2) "

c'=w, -2 /

{z:d(z)=1}
where o denotes the surface measure of the manifold {z : d(z) = 1}.

2.2. Notation

The complement of any set A in a set X is A° = X \ A. We indicate with B, (z, R) = {§ €
RN : d(z — &) < R} the d-ball of center z € R and radius R > 0. We will omit y when it is
equal to 0 and the d-ball B(z, R) reduces to the Euclidean one.

Given any A C RY, we write XA to indicate the characteristic function of A. For any N-
dimensional Lebesgue measurable set €2, the symbol |Q2] denotes the N-dimensional Lebesgue
measure of 2.

We denote by C2°(R™) the space of the compactly supported smooth functions on RY, while
CIOO’CT (RN ), for any t € (0, 1], denotes the space of locally T-Ho6lder continuous functions. Given
any measurable set 2 C RY and q € [1,+00], L9(2) stands for the standard Lebesgue space,
whose norm will be indicated with | - || L¢(g), or simply | - [|; when Q = RNV,

Given a real-valued function ¢, we denote its positive and negative part by

P+ = max{(pvo}» Q= max{_‘p90}'

We abbreviate {u > v} = {x e RV : u(x) > v(z)}, and similarly for {u < v}, etc.

We indicate with X* the dual of a Banach space X, while (-, -) stands for the duality brackets.
Given two Banach spaces X, Y, the continuous embedding of X into Y is indicated by X — Y
if the embedding is compact, we write X < Y. If a sequence (u,) strongly converges to u we
write u,, — u; if the convergence is in weak sense, we use u, — u. The letter S denotes the best
Sobolev constant; see the next subsection for details.
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The space of all finite signed Radon measures is denoted by .# (R", R). Concerning con-

vergence of measures (u,) C .4 (RY,R), we write Un A w and w, — u to signify tight and
weak convergence, respectively (the definitions are given in the next subsection). The symbol &,
indicates the Dirac delta concentrated at z € RV

The letter C denotes a generic positive constant whose dependence on other variables is ir-
relevant in the specific context. Subscripts on C emphasize its dependence from the specified
parameters.

For the sake of brevity, the sentence “in R should be understood as “a.e. in RY”. We would
like to point out that the degenerate region X is always a negligible set in the sense of Lebesgue
measure. For instance, a function which is positive almost everywhere might well be negative on
the whole X.

2.3. Functional setting
Given an open subset 2 € R" we introduce the Sobolev space H)} () as
H)(Q) = [u e LX) : |Vyul e L2(Q)}
and the Beppo-Levi space D? (R2) as
DY (Q) = {u e L% (Q): |Vyul Lz(Q)} :
where 27 is the Sobolev critical exponent associated to Ny, to be the number

2* — ZNV
YN, -2

2.2)

The spaces H ! (), Dy (€2) are defined as the completion of C2°(€2) with respect to the norms
-1z + 1V, ( )||2 and ||V () |l2, respectively. In what follows we will denote the norm of the
space DV (R™) with the symbol

1/2

lull, = /nvyunzdz . 23)

It is easy to check that D(’)/ (R¥) is a Hilbert space with respect to the inner product

(u,v), = / V,uVy,vdz.
RN
Moreover, we trivially have the embedding
Hy,(RV) = H)(R") — D§ (R") = D” RY),

7
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while Hyl (RN) — L4(RN) for any g € [2, 251 by the results of [2, p. 1249].
We denote by Do_l’z’y(]RN) the dual space of Dg (R™). Following [4, Eq. (3.1)], we define

the best constant of the Sobolev-Gagliardo-Nirenberg embedding D} (RV) < L% (RV), see
[40, Lemma 5.1], as

2
Vyu|” dz
S= inf Sy [Vru| T (2.4)
DR (o lul® dc)

For the sake of completeness, we now recall some embedding theorems in bounded domains.
If @ c RY is bounded and satisfies the regularity condition (D) of [1, Section 5], then
Hyl(sz) < L9(Q) for every ¢ € [1,23], and Hyl(sz) 3 LI(Q), for every g € [1,25), see [1,
Proposition 5.5]. This latter fact, together with the continuous embedding Dg RY) — H}} (),
gives DJ (RN) & L9(Q) for all g €[1, 2%).

A sequence of measures (i,) C .# (RY,R) converges tightly to a measure w, written as

* .
Mn _\/J/a lf

ffdun—>/fdu forall f e Cy(RM), (2.5)
RN RN

where Cj,(RY) is the space of the bounded, continuous functions on R". On the other hand,
(un) € 4 (RN R) is said to converge weakly to p, written as i, — s, if (2.5) holds for
all f e Co(RY), where Co(RY) is the space of the continuous functions that vanish at in-
finity.” Since Co(RY) € C,(RY), tight convergence implies weak convergence. Moreover, if
(un) € .4 (RN, R) is bounded, then (up to sub-sequences) i, — u for some u € .# (RN, R):
see [24, Proposition 1.202]. Notice that weak convergence is the ‘natural’ convergence in the
space .# (RN R), since .#(RYN,R) = (Co(RN))'. It is worth pointing out that tight conver-
gence can be seen as non-concentration at infinity: see [10,11].

Let (X, | - |x) be a Banach space and J be a functional of class C! (hereafter indicated as
J € C1(X)). A sequence (u,) C X is a Palais-Smale sequence at level ¢ € R if J(u,) — ¢ in
R and J'(u,) — 0 in X*. If each Palais-Smale sequence at level ¢ admits a strongly convergent
sub-sequence, then J is said to satisfy the Palais-Smale condition at level c; briefly, J satisfies
(PS)...

A partially ordered set (A, <) is said to be downward directed if for any a, b € A there exists
c € A such that ¢ < a and ¢ < b. We recall that, if a is a minimal element of the downward
directed poset A, then a = min A: indeed, since A is downward directed, for any b € A there
exists ¢ € A such that ¢ < a and ¢ < b, and minimality of a forces ¢ = a, so that ¢ < b for all
beA,ie,c=minA.

Let (X, dx), (Y, dy) be two metric spaces. A set-valued function . : X — 2¥3 is said to be
lower semi-continuous if, for any x, — x in X and y € .%(x), there exists (y,) C Y such that

' From now on, we will assume that the bounded sets & € RY satisfy condition (D). We point out that the balls
By (z, R) satisfies (D), as remarked in [1].

2 A function f vanishes at infinity if, for each & > 0, there exists a compact set K such that sup,.c Kl fX)l<e.

3 Here 2Y is the power set of Y.
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yn — y €Y and y, € ¥ (x,) for all n € Nj it is said to be compact if, for any bounded K C X,
the set .(K) is relatively compact in Y.

2.4. Some tools

We start by proving a simple result concerning weak convergence of the positive part of func-
tions.

Lemma 2.1. Let (u,) € Dy (RY), u € DJ (RY) be such that u, — u in Dy (RN). Then (u,)4 —
uy in DY (RV).

Proof. The proof proceeds with only minor modifications to that of [12, Lemma 2.1], thanks
to the compact embedding D} (RY) & LP (B, (0, R)) for all fixed R > 0 (see Section 2.3),
together with Stampacchia’s lemma (cf., e.g., [34, Corollary 2.2]). O

The following lemma establishes the (S)4 property of the Grushin operator. We first recall the
definition.

Definition 2.2. Let (X, || - ||) be a Banach space. An operator A: X — X* is of type (S) if, for
any (u,) € X and u € X such that

u, ~uin X, limsup(A(un,),u, —u) <0,
n—oo

one has u, — u in X.

Lemma 2.3. The operator A: Dg RNy - D0—1,2,y (RN) defined by

(A(u), v) :=fV,,uV,,vdz

RN
is of type (S)+.
Proof. Let (u,), u € Dy (RY) such that
Uy, —u in D(’)/ RYN),  limsup(A(up), un —u) < 0. (2.6)
n— o0
We have
(A(up) — Aw),upn —u) >0 VneN,
implying

liminf(A(un) — A(u), up —u) >0
n—o0

Therefore by (2.6)
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lim (A(up) — Au), up —u) =0,
n—00

which is equivalent to require ||u, — u ||)2/ — 0 by recalling (2.3). O

Let us introduce two lemmas that are useful for handling concentration of compactness at
points and at infinity, respectively.

The first concentration compactness lemma was proved in [43, Theorem 3.3] for a p-Grushin
operator in a bounded domain 2 C RY, but the case in the whole R, where the tight conver-
gence appears, follows with the same argument.

Theorem 2.4. Suppose (u,) C Dg (RN) to be such that u, — u in Dg (R™), and both [Vyun| —

* 3k
Ww, lup |2V — v in the sense of measures, for some u € Dg (RN) and ., v bounded non-negative
measures on RN . Then there exist an at most countable set A, a family {z j}jeA of distinct points
in RN and two families of numbers {jtjena (vitjea € (0, +00) such that

2
* 2% .
v=lul> + E V8, /LZ|VVM|2+ E Wjdz;, szSvjy forall j € A,
jeA jeA

where 8 is the Dirac measure concentrated at z € RN and S is defined in (2.4). In particular,
l*
Z (vj)* <oo.
jeA

Lemma 2.4 requires the tight convergence of the sequence of measures involving 2;. How-
ever, the direct proof of this condition is rather difficult and technical, also for y = 0. Thus, we
report [4, Lemma 3.3], that is a version of Lemma 2.4 known as escape to infinity principle,
where the concentration at infinity is contained in the parameters v, and pteo-

Lemma 2.5. Suppose that (u,) < Dg (RN is bounded and define

. . * . .
Voo = lim limsup / |un|2V dz, Moo= lim limsup / |Vyun|2dz.
R—>+00 n—o0o R—>+4+00 n—o0
BS(0.R) BS(0,R)

*

2/2%
Then, Svso © < oo and

limsup/|un|2; dzz/ dv + veo, limsupf |Vyu,,|2dz=/ du + oo,

n—o0 n—>oQ

RN RN RN RN
where v and | are as in Lemma 2.4.

Lemmas 2.4 and 2.5 will be used to avoid concentration both at points, i.e. v; = u; = 0 for
all j € A, and at infinity, i.e. Voo = thoo = 0.

10



L. Baldelli, P. Malanchini and S. Secchi Journal of Differential Equations 478 (2026) 114550

Remark 2.6. As observed in [12, Remark 2.4], the numbers v;, u; in Theorem 2.4 represent
the concentration of the measures v and p at the points z; for all j € A, ie. v; =v({z;}) and

wj=mn{z;}.
We recall two celebrated results in Nonlinear Analysis.

Theorem 2.7 (Ambrosetti, Rabinowitz; cf. [46, Theorem 5.40]). Let (X, | - ||x) be a Banach
space and J € C(X). Let ug, u1 € X, p > 0 such that

max{J(uo),J(ul)}< mf J=2>b and |u;—uollx > p.
B(uo,p)

Set

={p e CO[0, 11; X) : $(0) =up, p(1) =u1}, cp = inf sup J(¢(@)).
#eP1el0,1]

If J satisfies (PS),,,, then cy > b and there exists u € X such that both J(u) = cy and J'(u) =
0. Moreover, if cpr = b, then u can be taken on d B(ug, p).

Theorem 2.8 (Schauder; cf. [31, Theorem 6.3.2 p. 119]). Let K be a non-empty bounded convex
subset of a normed linear space E, and let T: K — K be a compact map. Then T has a fixed
point.

We will apply the following result about the boundedness of sequences defined by recursion.

Lemma 2.9. [/2, Lemma 2.7] Let the sequence (by) C [0, 4+00) satisfy, for some ¢ >0, K > 1
and a > 1, the recursion

by <c+Kby_, forall keN.
If

Kbi™' <= and Kc*'<27¢ 2.7)

N =

then the sequence (by) is bounded.

For technical reasons we will need the following generalization of a well-known inequality.
The proof is elementary, but we include it for completeness.

Lemma 2.10 (Peter—Paul s inequality). Suppose that ¢ > 0, by,...,by >0 and p1,..., px €
(1, +00) satisfy Z/ 1 p] = 1. The following inequality holds:

P,
1 b

k — P
}:[lbjs XZ:pL e R

11
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Proof. Take any by, ...,b;r > 0and py, ..., px € (1, +00) such that Zﬁ:l pj_1 = 1. By Young’s
inequality for products, see for instance [18, p. 92], we have

k k pPi
J
[Toi=d>~-
j=1 j=1 7
For any ¢ > 0 we write
k k—1 k—1 pPj
b by" 1 b\
[Tei=¢[]t; —<e[> L _<_k>
j=1 j=1 & =1 Pi PRNE
k—lbpj Dk
‘ 1 b

The following result is a straightforward adaptation of the weak comparison principle (cf. [48,
Theorem 3.4.1]) to our framework. The proof relies on the same ideas as in [12, Lemma 2.8];
however, we include it here for completeness.

Lemma 2.11. Suppose that u, v € D())/ (RN) satisfy
(=Ayu,¢) = (—=Ayv, ) (2.8)
forall ¢ € Dg(RN) such that ¢ > 0in RN and ¢ =0 on {u < v}. Then u <v in RV.

Proof. Testing (2.8) with (u — v)4 € Dg (RN), and by Stampacchia’s lemma (cf., e.g., [34,
Corollary 2.2]), gives

(Vyu — Vyv)2 dz <0.
{u>v}

Hence, [[(u — v)4+]l, = 0 in RY, which implies (u — v)4 = 0 in RY, since (u — v); €
DY®RMY). O

We also state a weak comparison principle for exterior domains, inspired by [23, Corollary
p- 830]. We omit the proof, since it is similar to the proof of Lemma 2.11.

Lemma 2.12. Let Q@ C RY be a smooth, bounded domain. Suppose that u, v: Q¢ — R are mea-
surable functions such that |V, ul, |V, v| € L?(Q°). Suppose moreover that

(=Ayu,¢) <(=Ayv,9)

for all ¢ € DY (Q°) such that ¢ > 0 in Q€. Moreover, assume u < v on 9%, i.e., (u —v)* €
Dg(Qc). Then u < v in QF°.

12
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We will also need the following doubling Lemma.

Lemma 2.13 (/47, Theorem 5.1]). Let (X, d) be a complete metric space, and let 9 = D C W C
X, with W closed. Set T' .= W \ D. Finally, let k > 0 and M: D — (0, 400) be bounded on
compact subsets of D. If z € D is such that

M) 2k
7 acTy
then there exists & € D such that
M 2k M(E) > M( 2.9)
(§)>d($,l“)’ (6)=M(2), (2.

and

M@(Z) <2M () forall € DN Bx(E, kM_l(E)),
where Bx (20, 1) is the closure of the X-ball having center 7o and radius r.

Remark 2.14. Let X = R and  be an open subset of RY. Put D := Q and W := Q, so that
I'=9Q. Then By (&, kM~ (£)) C D forall £ € D. Indeed, since D is open, (2.9) implies that

d(E X\ D)=d(,T)>2kM ().

We conclude this section recalling the definition of the weak Lebesgue spaces. For any s €
(0, 00), we define the weak Lebesgue space L°® 'OO(RN ) as the set of all measurable functions
u: RN — R such that

ll]l5,00 := sup (h {lu| > h}|1/s) - 0.

h>0

The quantity || - ||5,co makes LS®@RN) a quasi-normed space (see for instance [32]). Moreover,
the embedding L*(RY) < L%>®(R¥) is continuous (see [32, Proposition 1.1.6]). The same
holds for

L¥®(Q)— L*7¢(Q) forall € €(0,s), (2.10)

provided €2 has finite measure (see, e.g., [32, Exercise 1.1.11]). Incidentally, we recall the fol-
lowing interpolation inequality (see [32, Proposition 1.1.14]): given any 0 < p, g < 00,

IFlr < CUAIG ol flly s forall feLP®@®RN)n LI ®RY), @2.11)
where % = ; + % and C > 0 is a suitable constant depending on p, ¢, 7. We also set
2(Ny — 1)
2y = ——r.
N, =2

13
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3. The existence result

Hereafter we will tacitly retain assumption (Hj). The present section is devoted to prove the
first part of Theorem 1.3, that is the existence of at least one positive weak solution to (P), i.e.

Theorem 3.1. There exists A > 0 such that, for any A1 € (0, A) and any Ly € [0, L1], the problem

—Ayu=rwi@u" "+ )szg(z)|Vyu|r_l +um7 N in RY,

3.D
u>0 in RN,

admits a solution u € Dg (RM).

We first prove a Lemma, which ensures the existence of a sub-solution to (3.1). We also
establish its decay as d(z) — 400, under stronger assumptions on £ and wj.

Lemma 3.2. Let nn € (0, 1), then there exists a unique u € CIOO’Cr (RN solution to

—Ayu=wi(@Qu™" in RV,
(3.2)
u>0 in RV,
Moreover; if (Ha) holds, then wiu™" € L'(RN) N L®(RN).
Proof. For all n € N, consider the regularized problems
Ny
—Ayup =wi(2) ((un)+ + ;) in R™. ®,)

Fix any n € N. Direct methods of Calculus of Variations (see [51, Theorem I.1.2]) ensure that
there exists u, € Dg (RN) solution to (P,). The (local) Holder-continuity of the solutions u,
comes from the non-homogeneous Harnack inequality for X-elliptic operators established in
[34, Theorem 5.5] as already observed in [37].

Taking (u,)— as test function in (P,) we find that || (u,)—|l, =0,sou, >0 a.e.in RV . Recall
that ¥ = {0} x RY is the degenerate set for the Grushin operator which is a uniformly elliptic
operator on a bounded domain 2 € RV \ X. Let Q be any bounded domain contained in any
connected component C in RV \ £.* By standard regularity theory, u,, € C*(2) and either u,, = 0
on 2 or u, > 0 in Q by the strong maximum principle for uniformly elliptic operators. In the
former case u,, = 0 on C. Clearly, u, =0 in R¥ is not a solution of (P,,). Suppose now that
u, =0 on C. If we consider as a test function in (P,) a cut-off function with compact support
contained in C, the left-hand side of (P,) vanishes, while the right-hand side remains strictly
positive. Hence u, > 0in RV \ X.

4 Itis easy to see that RV \ ¥ is disconnected if and only if £ > N — 2.

14
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By [22, Sect. 3.1] and recalling that uj, is a continuous function, we have the following repre-
sentation formula’

up(z)=C / 1 ®) (&) 4 1/m7) dé forae.zeX

d(z —&)Nr2
RN

where d is the distance defined in (1.1). The nonnegativity of w; in condition (H;) guarantees
that u,, > 0 a.e. in X.
Testing (P,) with u,,, besides using Holder’s and Sobolev’s inequalities, yields

1\ _
2 - 1
9= [ (i) e = [ a7z < bl 17

RN RN

_1 1-n
=S 7 lwilleIVyunll, ~,

1—
-1 — 1. We deduce IVyupllz < (S_T]7 lwille) ™7, so that

. . 1
provided that ¢ > 1 satisfies t 3

i
(uy) is bounded in Dg (R™). By reflexivity, u, — u in D())/ (RN for some u € Dg (RN), up to
sub-sequences.

Observing that u,, + % >Upyl + # on {u, > u,4+1} we get the weak inequality

1\7" 1 -
—Ayu, =w(2) (un + —) <wi(z) <Mn+1 + —> =—Ayupyr on {uy >upq1}.
n n+1

According to Lemma 2.11, it turns out that u, < u,4 in RY . Thus, we can define a measurable
function i such that u,, i in RV,

We show that u = i in RY. For all k € N, D{(RY) & LP(B,(0,k)), so u, — u in
L?(By,(0,k)) and u, — u in B, (0, k), up to sub-sequences. A diagonal argument ensures that
u, — u in RN, whence u = ii in R" (see, e.g., [28, p. 3044] for details).

Now we prove that we can pass to the limit in the weak formulation of (P,). Clearly,

lim Vyunvygodzzfvyuvy(pdz. 3.3)

n—oo

RN RN

On the other hand, splitting ¢ = ¢4+ — ¢_, Beppo Levi’s monotone convergence theorem guar-
antees

1\ 7"
lim [ w; <un + —) pydz= / wiu Ty dz.
n

n—oo

RN RN

Analogously,

5 With respect to the Lebesgue measure in RE.

15



L. Baldelli, P. Malanchini and S. Secchi Journal of Differential Equations 478 (2026) 114550

n—o00

RN RN

1\ 7"

lim [ w (un+—> w—dz=/w1u’"¢—dz,
n

giving

1 -
lim /wl (un—i——) (pdz:/wlu_"godz. (3.4)
n—oo n
RN RN

Hence (3.3)—(3.4) ensure that u is positive and it solves the equation in (3.2).

Uniqueness of u can be proved by comparison as follows. If u, us € D(})' (RY) are two so-
lutions to (3.2) then Lemma 2.11 yields u; < u> in RY, since wyu; " < wiu; " on {u; > us}.
Reversing the roles of 1 and u; leads to up < u; in RV, whence u = up in RV,

To prove that u € CIOO’CT (RN) we first notice that —A,u > 0 in B; (0, R) for any fixed R > 0.
Given o > 0, set ®,(z) := oI'(z), where I' is the function defined in (2.1), and observe that
—A,®; =0 in B°(0, R). According to the weak comparison principle in exterior domains,
Lemma 2.12, there exists o > 0 small enough such that

u>®, in B,(0,R).
This implies that u satisfies
—Ayu=wi(Qu " < wl(z)a_”d(z)”(NV_z) in By (0, R). (3.5)
Since u, /" u in RY, then

u>uy;, where Bi(%f u; >0 forall R>0, 3.6)
y W],

being u solution of (P,) with n = 1, implying
wiu" e LY (RY), (3.7)
so we can apply again the non-homogeneous Harnack inequality, [34, Theorem 5.5], and the
arguments in [37] which yield that u € Cl(())cf RN).
It remains to prove wiu~" € L'(RN) N L®(RW). First, recalling (3.7), we have wiu~" €

L' (B, (0, R)) N L>°(B, (0, R)).
On the other hand, by (3.5)-(H2) we have

wiu™" < Cd@)" NPT i BY(0,R),

which implies wiu~"7 € Ll(B]‘;(O, R) N L‘X’(B;(O, R)) since § > n(Ny, —2) + N, — 2y, by
(H). Summarizing, wiu™" € L'RY)NL®RY). O

16
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Remark 3.3. A strong maximum principle for weak solutions has been proved in [8, Theorem
2.6], which can also be applied here when m =1 and y > 1. When y € N, following an idea of
[16], we can provide an alternative proof of the positivity of u,. We recall that, if y e N, —A,,
satisfies the Hormander condition. Since w; > 0, we see that fRN Vyu,Vy@dz > 0 for every
peCX (RN) such that ¢ > 0. Hence f]RN u(—A,¢)dz = 0 for every such ¢. Recalling that u,
is a continuous function, it follows that u, is a viscosity sub-solution of the operator —A,,. The
strong maximum principle proved in [15, Corollary 1.4] yields that either u, =0 or u,, > 0 in
R¥. Again, u,, = 0 cannot be a solution of ®,).

Remark 3.4. Remark 3.3 shows a typical difficulty arising in the Grushin operator’s framework,
which can be overcome in the case y € N: the strict positivity of the solution # cannot be ex-
pected for our weak solutions. Actually, a Hopf Lemma was proved in [45] which would imply
u > 0, provided that u € C>(RV). However, a full theory of elliptic regularity is not available
for weak solutions to degenerate operators, and we do not expect u to be of class C2 across the
degenerate set X.
Now we prove the decay of the solution u found in Lemma 3.2.
Lemma 3.5. Let u € C.Y (RV) as in Lemma 3.2, € > 4 and set
51:=Ny +n (N, —2) and & :=n(N,—-2) =2y +({L-2)(y+1).

If there exist constants ¢c1 > 0, R > 0 and § such that, for every z € RN with d(z) > R,

wi(@) <ad@ 7Y, 8> max{3, &), (3.8)
then

u(z) >0 as d(z) > +oo. 3.9

Proof. Let a a (small) fixed parameter and define X, := {z = (x, y) € RV : |x| < a}. Set also
¥¢ == RN\ B,. We divide the proof into two cases, according if z € &, or z € X¢,.

Casel: If z € B; (0, R) N X¢. Take any g < 0, R, M > 0, and define

q
\I’(Z) =M (|x|2()/+1) + (y + 1)2|y|2) 2(y+D

=Md(x)?,  ze€By(0,R)NZ.
By direct computation we have
VoW(2) = Mqd(2)? 2V x 7 x, VyW(2) = Mq(y + Dd()? 27Dy
so that
V,W(z) = Mqd (@)Y D x| (1x " x, (v + Dy).

17
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By (3.2)-(3.6)6 in [1], choosing p = d(z), we have

o0
2
//|Vy\lf|2dz=M2 / fp29+Ny_3(sin¢)TL dpd’H}]Y_l,
RmR¢ {z:d(x)=1} R

where 7—[{,\”1 is the (N — 1)-dimensional measure defined in [1, pag. 8] and ¢ € (0, 7/2). So

[V, V| e L2(B)‘,' (0, R)) if ¢ < 1— N, /2. Moreover, note that by [21, Eq. (5.22)], it is possible to
write

“+o00
/ WGP dz = M sy / PN %4 dp,
RN R

where sy is an explicit constant that depends only on N, implying W € L% (B}, (0, R)) again if
q <1— N, /2. Furthermore,

4 ___
Ay¥=Mqlg =2+ Ny) (PO 4+ DHy2) 70 e
=Mq(g —2+ Ny)d(z)? 272 |x|*".

So Ve DV(B; (0, R)) and it solves

—AyW=Cyd(@)? > |x|¥ in B0, R),
v -0 as d(z) » +oo,

where

Cu=—-Mq(qg—2+N,),
which is positive if we impose the further condition ¢ > 2 — N,,. That is, we suppose 2 — N,, <

qg<1—N,/2.
Since 7 € B}C, (0, R) N X¢, recalling that u satisfies (3.5), by (3.8), we have

— Ayu <o 1d ()" AT < Cpud ()17 a? < Cud @ XY = A,
(3.10)

enlarging M if necessary. Note that it is sufficient for the estimate (3.10) to have
NNy =2) =8 -2y <q—2-2y,

thatis § > n(N, —2) — q + 2, which is satisfied when g > 2 — N,, since § > §;.

6 1n (3.2)-(3.6), the authors deal with the case m, £ > 2. They observe, as indicated in (3.12), that their conclusions
remain valid even when m = 1.

18
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Choose M large enough such that W(R) > u(R). Applying Lemma 2.12 to u and ¥ in RN \ &,
we obtain

u(z) <W(z) forallze B; O,R)NZE,

implying the required decay (3.9) in X¢,.

Case II: If z € BS(0, R) N T4, we define W(z) := M f(x)g(y), where M > 0. By direct
computations, we obtain

AyU=MAf(x) - g()+Mx|” Ayg(y) - f (). (3.11)
We aim to choose f and g accurately in order to recover again the estimate —A,u < —Ay\il.

Define f(x) := e~1F and g(y) == y|? for some g <0, forall z = (x, y) € Zy.
First we prove that W € DY (B}, (0, R) N %) for some values of g. By computing

~ _ 2 _
Vb= e (2|l 1y )
and taking z € B}C, (0, R) N X, that is we can suppose |y| > a, we can estimate
~ _ 2 _ _ 2 _
1V, U2 = e 2y P4 (4152 4 g2 7 13172 ] < 2P 3P (44 + gPx a2
which is integrable in B)‘,' 0, R)N X, if g < —£/2. Moreover,
/ 5 dz=M f 'X'Z : f 1|73 dy,
BS(0,RNZ, lx|<a BS(0,R)NRY

so W e L% (BS(0, R) N ,) if ¢ < —£/25. Since 25 > 2 we consider g < —¢/2.
Foranyze £, N B}i (0, R) we have

Acf)=e @2 —2m), Ay =qlqg—2+0)y72,

which are both negative if a is sufficiently small and ¢ > 2 — £. This latter condition on ¢ fits
with g < —£/2 since we are supposing ¢ > 4. Recalling (3.11), we have

—A, Y =MQm — 4x[He |y + c,‘~4|x|2Ve*""2|y|q*2 > Cy M|y,

where Cy; = —Mq(q —2+¢) > 0and C, == (2m — 4a2)e=*. Recalling (1.1), then d(z)”+! >
ly| for all z € RY. We know by (3.5)-(3.8) that

No—2)—5—2 n(Ny =2)—86-2y
—Ayu < c1o7d()" N DT <oy A

since n(N, —2) — 8 —2y <0 by (3.8). So —A,u < —Ay\il for every z € B}C,(O, R)YN X,
enlarging M if necessary, by requiring
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q>77(Ny—2)—8—2y
- y+1

to be satisfied, or equivalently

§=n(Ny =2) =2y —q(y + 1),

which holds since g > 2 — £ and § > 4. ~
Moreover, choosing M large enough such that W(R) > u(R) in B; 0, R) N 2,4, we apply

again Lemma 2.12 with %, instead of R" and find
u(z) <W¥(z) forallze BS(0,R) N,
Since W(z) — 0 as d(z) — 400, then (3.9) is proved also in ¥,. O

Remark 3.6. We have proved the decay by constructing appropriate barrier functions and then
applying the weak comparison principle for exterior domains, Lemma 2.12. Since the Grushin
operator is not invariant under the action of O(N), standard radial functions as power of the
distance d(-) are not suitable candidates, in particular near the degenerate set . We have con-
structed some barrier functions adapted to the geometry of the problem; this choice has forced
us to impose ¢ > 4 and condition (3.8), which is slightly stronger than (H,). We conjecture that
the restrictive condition £ > 4 is only of technical nature.

3.1. A truncated and frozen problem

We now make problem (3.1) variational by truncating and freezing it.
Letu, € CIOO’CT (RN be the solution to

—Ayu=rwi(@u"" in RY,
u>0 in RN,

whose existence and uniqueness are guaranteed by Lemma 3.2, replacing wi with Ajwq. Ac-
cording to linearity of the Grushin operator and the singularity ¥ =", we have

1
=y, (3.12)

where u is a solution of (3.2). For any fixed v € D} (R"), set
a(z,s) =rwi(z) max{s,g)\l(z)}_'7 —l—)»zwz(z)lVyv(z)Ir_1 V(z,s) e RN xR (3.13)

and consider the ‘truncated and frozen’ problem

*

2B-1 N A
—Ayu=a(z,u) +u, in R, P
Problem (P) has a variational structure: its energy functional J : D(’)’ (RY) — R is defined by
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1 5 1 2
J(u) :=§||Vyu||2— A(z,u)dz — 2—*Ilu+||2;,
R¥ v

where A(z,s) := fg a(z, t)drt. It is standard to see that J is well-defined and of class C!, with

2% —1
<J’(M),(ﬂ)=/Vyuvywdz—/a(z,u)wdz—/uj pdz.

RN RN RN
Given a sequence (v;) € D} (RY) we define
an(z, s) = rjwi (z) max{s, u, (z)}~" + w2 @DV, v @I Yz s) eRY xR, (3.14)

N

A,u(z,8) :=/a,,(z,t)dt,

0

and the functional

1 5 1 2%
Tn() = SVyully = | An(zu)dz = =l flpy -
R¥ 4

From the definition of a we get the following relations, which hold for all (z, s) € RY x R:
A(z,8) = — (Mwl @u;, (27" + rwa(2)|Vy v(z)I’_l> Is|,
A
AGs) = {2 @lsl 7 (e @, @7+ @@ ) sl 319)

For future reference we introduce the parameters ¢, 6 € (1, +00) defined by the equations

L St/ T S et P (3.16)
(T 6" 2 T2

First, we prove two general results concerning, in particular, Palais-Smale sequences associated
with the functionals J,. Lemma 3.7 provides an energy estimate, while Lemma 3.8 detects a
“critical” energy level under which compactness is recovered.

Lemma 3.7 (Energy estimate). Suppose A1 € (0,1] and Ay € [0,1]. Let c € R, L > 0, and
(n), (vy) € DY (RYN) such that

limsup J,, (u,) <c,
n—0oo

limsup [|V,vull2 < L, 3.17)

n—oo

lim J;(uy) =0 in D;"?(R").
n—0o0
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Then there exists C = é(N, wi, wa, N, r,y) > 0 such that

N 2
limsup |V, u, ||% <2N, [C max{Ap, Ao} TH (1 + L2(r_l)) + c] .

n—oo

Proof. According to (3.17) we have

1
c+o(l)(1+ ||V)/un||2) > Jn(un) — 2_*(-,,2(1'%), Up)
Y

1 ) 1 (3.18)
= —|Vyunllz — / An(z,uy)dz + e an(z, up)uy, dz.
Ny Zy

RN RN

By means of (3.12) and (3.15), as well as Holder’s and Sobolev’s inequalities, we get

/An(zv Mn)dz
RN

A _
5—1_1 /wllunllfndz—f-)»l/wlgM"|un|dz+A2/w2|Vyvn|”1|un|dZ (3.19)
nRN RN RN

M 1—n | , T - 1
Smllwlllgllun||2;n+)»1 "lwiu "ll(z;)/llunllz;+)»2||w2||9||Vyvn||§ llutn ll2; -

Moreover, by (3.14) and (3.17)

/an(z,un)undzz—/an(z,un)lunldz

RY RY
> — / (Mwlzx_ln + Kzlﬂzlvyvnlr_l) lup|dz (3.20)

RN

i _ _
>-52 (MH" lwiu™"ll sy + A2llwzllo L : +0(1)) IVyunl2.
Inserting this latter inequalities in (3.18) and by using Young’s inequality we have

c+o()(1+ ||Vyun||2)

> L vz = 2
L ovoanz—
-N, TR -

14

_ 1 1-n
ST lwillgVyunlly

—57 1'1‘i )»Ijr_"Hw u M @sy + Aallwalla L1+ o(1) ) [ Vyunll
% 1 1% ) 2llwz2llo o yunll2
14

1 2 2 B
> I Vyunlly = Cer™ = ellVyunll3 = Ce (m +A3L207D +o(1>> — e[| Vyunll3-
Y
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Now, re-absorbing the terms ||V, u, |2 on the right-hand side, we get

1 2
<N— - 28) IV, unll3 < Ce <k1'+” + A%Lz("”) +c+o(l).
Y

If A1, A2 <1, then

2

1 Car ™" (14 L20=D) 4 ¢ + 0(1), if A > Ao,
(——28) IVyunl3 < 3§ °° g( ) (3:21)
v Cely " (14 L2=D) 4 +o(D), if A < A2,

for a suitable C, = C¢(¢, N, wy, w2, n, 7, y) (since S is a function of only N, and u depends
uniquely on wy, 1, ). Choosing ¢ = ﬁ and setting C := C,, (3.21) becomes

1 A 2
o IVytnl3 < € max{a, Ao} (1 + L2<’—“) +c+o(D). (3:22)
14

We conclude by taking the upper limitas n — +o00. O
Lemma 3.8 (Concentration-compactness). With the same hypotheses of Lemma 3.7, if

SNy /2 5

— Cmax{Ar, Ay} T (Lz(’_l) + 1) — ¢, (3.23)

c<
Y

then there exists u € Dg (RN such that, up to sub-sequences, u, — u in Dg R and
(Uun)y — uy in L RN). (3.24)

In particular, ((u,)+) is uniformly equi-integrable in L (RM), ie.,

2*
/(un)+y dz—>0 as |2 —0, uniformlyin neN. (3.25)
Q

Proof. By Lemma 3.7 we deduce that (u,) is bounded in Dg (RN). Hence there exists u €
D(’)/ (R¥) such that, up to sub-sequences, u, — u in D())/ (RY), which implies (u,)4 — u4 in
D} (RV) by Lemma 2.1. In particular, V,, (u,)+ — V,u in L>(R"), ensuring that the sequence
of measures (|V, (u,,)+|2) is bounded. Thus, |V, (14,,)+|2 — u for some bounded positive mea-
2*

sure w; analogously, (u,),” — v for an opportune bounded positive measure v. According to
Lemmas 2.4-2.5, applied to ((u,)+) in place of (u,), there exist some at most countable set A,
a family of points (z;)je4 C RY, and two families of numbers () jeds Vi) jea S (0, +00)
satisfying

23



L. Baldelli, P. Malanchini and S. Secchi Journal of Differential Equations 478 (2026) 114550

2*
\):M+V+Zl)j(szj, ,U«2|Vyu+|2+ZMj8zj,

jeA jeA
” (3.26)
limsup/(un)f dz=/ dv + veo, limsup/ |Vy(un)+|2dz=/ du + oo,
n— 00 n—od
RN RN RN RN
and
2/2% 22
Sv <y forall je A, Sval < oo, (3.27)
being

) ) 2 -
Voo := lim limsup / (un){ dz, o= lim limsup / IV, )+ dz.
R—+00 p—>oo R—00 n—oo
BS(0.R) By (0.R)

We claim that A = . By contradiction, let j € A and ¥ € C>°(RV) be a standard cut-off func-
tion fulfilling ¢+ =1in B, (0,1/2), ¥ =0in B}C,(O, 1),and 0 < < 1in RV, Foreach ¢ € (0, 1)
set

=2
Ve (2) :=w( . ")-
By hypothesis (3.17) we have (J; (up), (un)+¥e) — 0, that is,

f IV, () P dz + f (Un)4 V11V e d2
RN RN

) (3.28)
_ / i (2 1) () 4 Vs 2 + f () e dz + 0(1),

RN RN

Since Dg (RN) = LZ(BV (zj,¢€)), we have (up to sub-sequences) u, — u both in Lz(By (zj,¢€))
and in RV . Reasoning as for (3.20), besides recalling that (IVyuy|) is bounded in L%(RN), one
has

e—>0n—>00

lim lim fan(z,un)(un)wgdz

< lim lim (Mw%‘l’? +A2w2|vyv(z)|’*1) luy | dz 520

N 1
<i TST2 (sup ||vyun||z>~
neN

) —n r—1Y\ _
-lim (?»1 lwiu ||L(2;>,(By<zj)€)) + M llwallzos, .00l ) =0,
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where we used (Hy), (3.17) and limg— ¢ ||wiu™ =0, since wiu~" € L2(R") by

K ” L(Z;)/ (By (Zj €))
Lemma 3.2.

Since Vv, is bounded and compactly supported in By, (z;, €), we deduce u, V), e — uV,, ¥,
in L2(RN) as n — oo. By Hélder’s inequality and the change of variable & — (z —z j)/& we infer

lim lim /u,,vyu,,vyl//gdz < lim lim |V, u,]l2]unVy e |12
e—>0n—>o00

e—>0n—00
N

< -1 < . i —
< sup [|Vyunll2 g%””vywSHZ_SUP 1Vyunl2 IIVNIINVElgrbllulle;(By(zj,s)) 0.

neN neN
(3.30)
Passing to the limit in (3.28) via (3.29)—(3.30) we get
2*
lim lim IV, (Mn)+|21/fs dz = lim lim /(un)+y Ve dz.
e—>0n—>o00 e—>0n—0o0
RN RN
Recalling Remark 2.6, we obtain
Mj=Vj. (3.31)
.. . . 2/2%—1
Combining (3.31) with (3.27) entails Svj ¥ <1, whence
wj=v;>SM/2 (3.32)
Now using (3.32) and arguing as in (3.22) we have
1 /
c+o(l) > J,(uy) — 2_*<Jn(un)s Up)
Y
1 5 1
= —”Vyun”2+ Py an(z, up)u, dz — An(z,uy)dz
N, 2
RN RY
SNy /2 1 5 1 (3.33)
> + —IVyulz + —/an(z,u)udz—/An(z,u)dz +o(1)
N, ' N, 2
RN RN
sV /2 2 _ A 2 (1201
2 =+ gy 19yl = Cmaxias, da) ™ (L2070 +1) +o(1)
sM/z 2
> S = Cmax(ir o)1 (L2070 1) +o(1),
Y

contradicting (3.23) as n — oo. This forces A = 0.

25



L. Baldelli, P. Malanchini and S. Secchi Journal of Differential Equations 478 (2026) 114550

A similar argument proves that concentration cannot occur at infinity, that is, Voo = oo =
0: indeed, using a cut-off function g € C%(RN) such that Yr=0in B,(0,R), yg=11in
B; (0,2R),and 0 < ¢¥g < 1in R¥, one arrives at Voo = oo, and then the conclusion follows as
in (3.33).

According to (3.26), besides A = @ and v, = 0, we obtain

. 2% 2%
lim sup / (up) dz = f u/ dz,
n—od
RN RN
that is (3.24), by uniform convexity (see [18, Proposition 3.32]); in turn, (3.24) forces (3.25) by
Vitali’s convergence theorem (see, e.g., [17, Corollary 4.5.5]). O

Problem (P) exhibits a double lack of compactness, due to the setting in RY and the presence
of a reaction term with critical growth. The aim of the next lemma is to recover compactness on
the energy levels that lie under the critical level ¢ defined in (3.23).

Lemma 3.9 (Palais-Smale condition). Let Ay € (0,11, 2 € [0, 1], L > 0, and v € D} (R") be
such that |Vyvll2 < L. Then J satisfies the (PS), condition for all c € R fulfilling (3.23).

Proof. Take any c € R as in (3.23) and consider an arbitrary (PS), sequence (u,) associated to
the functional J. Applying Lemma 3.8 with v, = v and J, = J entails u, — u in D} (R") and

(up)4 — ug4 in L (RY). Let us evaluate

(J/(”n)sun_”>:/Vy”nvy(un_”)dz_/G(Zsun)(un_u)dz

N N
. - . (334)
- /(”n)er (up —u)dz.
RN

Since D (RY) — L% (RY), we have u, — u in L>(R"Y) and u, — u in RV, up to sub-
sequences (see, e.g., [28, p. 3044]).
251 251 *y/
Thus, observing that (3.24) forces (un)+y — u+V in %) RM), we get

lim /(u,,)iy_l(u,, —w)dz=0. (3.35)
n—0oo
RN

Reasoning as for (3.20) one has
- 1 e 1
IAwiu, "+ Aow2| V) 0]~ sy = A lwi™"ll@sy + Aallwalla L™ < +o00,
so the linear functional ¥ > [p (Al wlﬁ?;n + A2w2|vyv|r—l) W dz is continuous in L% (RM).

Moreover, u, — u in L> (RV) guarantees that |u, — u| — 0 in L% (RN). By the definition of
a, in (3.14)
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lim [a(z,un)(un—u)dz < lim /<K1w1£;1n+)»2w2|vyv|r_l)Iun—u|dz:O. (3.36)
n—oo n—0o0

N

Using (3.35)—(3.36) and recalling that (J'(u,), u, — u) — 0, due to the fact that (u,) is a (PS),
sequence, by (3.34) we conclude

lim VyuyVy (uy —u)dz =0.

n—oo

RN
Then the (S.) property of the Grushin operator, Lemma 2.3, yields u#, — u in D(’)’ ®RM). O
The next two lemmas are devoted to verifying the mountain pass geometry for the functional
J and ensuring the mountain pass level ¢y (see Theorem 2.7) lies below the critical Palais-Smale

level ¢ (see (3.23)), provided A; and A, small enough.

Lemma 3.10 (Mountain pass geometry). Let L > 0 and v € Dg (R™) be such that Vyvll2 < L.
Then there exists C = C’(N, w1, wy, N, r,y) > 1 such that, for all .1 > 0, Ay > 0 satisfying

SNV/2 I+n
MM <Ar=|-= , (3.37)
CN,(SM/*+ 1A+ L1

the functional J satisfies the mountain pass geometry. More precisely, one has

J@) <J©)=0< inf J and |Vyila>p, being p:=SNr/*
3By (0,p)

forany it € D} (RN) such that it # 0 and ||V, ii||> is sufficiently large.

Proof. Fix C = C(N, w;, w2, n,r,y) > 1 such that

1 —L=n -1 -1 r—1 ~ r—1
T3S T el + 57 (o Moy + o L) < CA L.

Let A1, A2 fulfill (3.37) and pick any 7 > 0. Reasoning as in (3.19), besides recalling the choice
of C, we get

1 A
inf J> inf ~IVyul3 - ! /w1|u|l_nd2
3B, (0,1) u€dB, (0,1) | 2 1—n

RN

- _ 1 2
= [ (s w07 laldz = el
RN v
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> inf l||Vyu||§— al S*I%nllwlllgllvyulli_"
T uedBy(0,) | 2 1—n

1 = _ _ 1 %5 2%
—§72 (M'+" lwiw™" Ml sy + Azllwzllo L 1) Vyul2 — 2—*5 2 ||Vy”||2y:|
Y

l A 1— 1 £ l 2 %
=2 = 2 ot = ST (AT fwiw sy 4 Aallwall L) £ — =S F 1%
2 1—n v 2%

2 M

1—
ST wifle (2 + 1)

1 L l .
—-§72 <)»]1+?7 ||w1£_n||(2;)/ +)»2||w2||0Lr—1> (t+1)— 2_*S—7yt2y
Y

1 )\.1 _ 1 _1 — _ _
zitz—(ﬂrl)[l_ ™2 lwille + 8 2(x;+”||w1g "y + A2 llwallgL” 1)}

2%
_ 1*5—77’;21/
%
12 1+n 1 —— 2*
> —t 1+L7H(@+1 ——S
>3 ( )( ) >

14

since ||V, ull2 =t whenever u € 9B, (0, ). Let us consider the real-valued function g: (0, +00)
— R defined as

l _v 2*
gt) = —t —s(t+1)——S 2tV

V

1
= G317 (1 + L") Condit s
where £ := CA; ™" (1 + L"™"). Condition (3.37) forces & < N ST so that

SNV/Z
g(SNr/4y = - e(SM/* 1) >0.

Setting p == SVr/* we get

inf J> > 0.
250,0) g(p)

Given any u € Dg)/ (R™) such that uy # 0, we have J (fu) — —o0 as t — +o0: indeed, according
to (3.15) and the fact that ||u4 ||2,; >0,

*
25 «

2 _ B
limsup J (tu) < lim E||vyu||§+z/(Mwmln+A2wz|vyu|f Yuldz — — 2 ||u+||2*

t——+00
RN

28



L. Baldelli, P. Malanchini and S. Secchi Journal of Differential Equations 478 (2026) 114550

Hence, setting it := tu, we have J (i) <0 < infyp,(0,p) J and ||V iz > p, provided ¢ is suffi-
ciently large. 0O

Lemma 3.11. Let L > 0 and v € Dg)/ (RNY be such that IVyvll2 < L. There exists A € (0, 1)
such that for every A1 > 0, Ay > 0, being Ay < A1 < Ay implies

d}nf sup J(p(1) <c<é, @:={¢peC’(0,1]; Dy RY)): $(0)=0, (1) =0}
€Pel0,1]

for a suitable ¢ = c(A1, Ay, N, wi, wy,n, ) > 0, where ¢ is defined in (3.23) and i is the function
that satisfies the minimizer for the embedding constant S, that is it € Dg (RN) and satisfies

A2 . 2

IVyalls=inf [[V,ull3,

ueD} (RV)
llellz =1

see [4, Theorem 3.4].

Proof. Firstly, we notice that # is a solution, up to a normalization, of the equation —A, i =

ADF ] . ~ A2y

2%~ in RV, so that |V, a3 = lal,, = SN/, see [4, Eq. (6.2)]. Next, we observe that the
Y

path ¢ € [0, 1] — tu belongs to @, so

inf sup J(¢p()) < sup J(tir) < sup J(tir).
P rc[0,1] te[0,1] 1€[0,+00)

Accordingly, let us compute the maximizer 7 of the function ¢ — J (i), being ¢ > 0.

d A 0k 1 a 28
O:E _(J(tu))—U (i), a) =1(|Vyal3 — /a(Z,tM)MdZ—IV ||M||2£,
RN
whence
ok _1 2% _ R R
Al ||2;=z||vyu||§—/a(z,ru)udz. (3.38)
RN
From (3.38) we deduce
O TN g
2 il <TIV,al3 =Tl

forcing 7 € [0, 1]. Fix any A; € (0, 1) and define

T = {AG(O,Az)I?E[%vI:“v Tai= {AE(O’A”:?G[O’ %“

Suppose 11 € Y. Exploiting the monotonicity of a(z, -) and
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2 1
max > 5 | =
te@+00) \ 2 25 N,

we get
ISR S . TR
J(tu)=5|IVu||2— a(z,tu)dz—z—*llullz*
Y
RN 4
. (3.39)
_ 2 Va2 / (.7i)d <||Vﬁ||§ /A i q
=13 2 ull3 a(z,tu)dz < N, 2,2 Z.
RN RN

Let mm = infpy, o) 1 > 0, being zo, 0 as in (H;). Imposing

A ( i >1+n (3.40)

2= ) .
Hulloo

1

one has lluy, oo = AZIT” lulloo < mr/4. Accordingly, as in (3.20), using the nonnegativity of w;
in (Hy),

. /2 /2
/A(z, g) dz > / /a(z,t)dt dz > / /Alwlz*”dt dz
RV (@/2>u,} o, @/2>u,,}
M A\ 1,,7- A AN 1-n
g / w1(z)[<§) —uy, | dz= = / wi@) || 5 —u, | dz
{i/2>u; ) - B(z0,0)

5 A\ 1-7 AN\ 17 2 A\ 17 A\ .
>~ - (3 / wi(x)dz > = -(= w=:2MC,
1—n|\2 4 1—n|\2 4
B(z0,0)

since B(zp,0) C {i/2 > u,, }. Incidentally, notice that C depends only on N, y, wi, n. From
(3.39) we deduce

Ny /2

J (@) < —2xC. (3.41)

Now assume 11 € T». Setting

from the nonnegativity of a defined in (3.14), we deduce

30



L. Baldelli, P. Malanchini and S. Secchi Journal of Differential Equations 478 (2026) 114550
22

P . o (P07 N
J(tu)=—||Vu||2—/a(z,tu)dz——llullz* |5 — 5| IVulz =cS™% 342
2 2% v 2 2%
RN Y Y

Recalling that

N, /2 2
SNy/ _AI‘T”C’<1+L2“_1)>
NV

c=

since A» < A1, and noticing that ﬁ > 1, we can impose the additional bound

1+n
1—Nyé C e
Ap<min] — SN2 | = : (3.43)
N,C C (1+ L20-D)
so that
_ , SN2 . Ny /2 5
J(tﬁ)gmax{éSNV/ ,——2,\lc}< —MC<¢é
Y Y

by (3.41) and (3.42). The proof is concluded by choosing ¢ = Sxyy/z -uC. O

Now we are ready to prove existence of solutions to the truncated and frozen problem P).

Theorem 3.12. Let L > 0 and v € Dg (RN) be such that IVyvll2 < L. Let Ay > 0,12 > 0 such
that Ay < A1 < A with A :=min{A1, A>}, being Ay ancf Ay defined in Lemmas 3.10 and 3.11,
respectively. Then there exists u € Dg (R solution to (P).

Proof. By virtue of Lemmas 3.9, 3.10, and 3.11, the conclusion follows from Theorem 2.7. O

Remark 3.13. Any solution u to either (P) or (P) satisfies u > u, , being u, ~defined in (3.12).
Indeed, if u solves (13), then it satisfies (in weak sense)

— -1 -
—Ayu>a(,u)= Alwlgkln + Aws|Vyv] T > Mwlgkln =—Ayu,, on {u < EM}’

because of (3.13) and the nonnegativity of wy. Thus, Lemma 2.11 yields u > u, in RV,

e

Note that, by (3.12) and (3.6) we have u,; = AIHW u > C > 0, where u satisfies (3.2), implying

u > C > 0. A similar argument holds for solutions to (P), after noticing that they are positive by
definition.

Remark 3.14. Note that Theorem 3.12 holds true also for A1 = A =0, giving the existence of a
nontrivial solution of mountain pass type to the critical equation

*_ .
—Ayuzuzv ! in RV,
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As a last step, we show that the minimum of two super-solutions to (P)is still a super-solution.
We adapt the arguments of [39, Lemma 10].

Lemma 3.15. Let uy, up € Dg (RN) be super-solutions to (f’). Then u := min{u1, us} is a super-
solution to (13).

Proof. Let us choose n € C*®(RN) such that 5(z) =0 for z <0, '(z) > 0 for z € (0, 1) and
n(z) =1 for z > 1. Given ¢ > 0 we define

ne(2) =n ( and 7,(z) =1-1:(2).

u1(z) —uz(z)
€
Notice that n.¢ € D} (RV) for each ¢ € D} (RN). In fact, we trivially have 1,¢ € L% [RN) and

V, (2 — u1)@ + n:(2)Vyp € L*(RM).

1 _
V, (ne(2)9) = g"/ (M)

The same holds for 77,¢. So

2% -2
/VyUZVy(nsw)dZE/(a(Z,M2)+(u2)+y )newdz,

RN RN
_ 252\ _
Vy”lvy(ng(p)dzz a(z,u1)+(u1)+ N9 dz,
RN RN

which can be rewritten as

1 Uy —un
/nsvyuzvyfﬂdZJrg / n’( . )‘PVVMZVV(MI—MZ)dZ

{ur1>us} {O<up—u;<e}
2;—2
> a(z, uz) + (u2) nepdz  (3.44)
RN

and

_ 1 (U1 —u

ngvyulv,ﬂpdz—g n - oVyu1Vy (uy —uz)dz
{u1<uz} {O<up—uj<e}

zf(a(z,u1)+(u1)2f_2>ﬁs<pdz. (3.45)

RN
Adding (3.44) and (3.45) and recalling that n, > 0, we get
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/ neVyur Vy o dz + / N:Vyu1Vy@dz (3.46)

{ur=uz} {u1=<uz}
22 22 _
> a(z,uz) + (u2) Ney dz + a(z,up) + (u1)4 Neydz
RN RN

1 up —up
+2 / né( - )§0|Vy(ul —uz)|*dz
{O<up—uy<e}

D) 252\
/ (a(z,uz)+(uz)+y )nsfpdz+ / <a(z,u1)+(u1)+y )ngde-

{u1>us} {u1<uz}

v

Passing to the limit as ¢ — 0 in (3.46) by Lebesgue Dominated Convergence Theorem, then

2*
f Vyu1V,pdz + / VyurVy,@pdz > / (a(z,ul)—i-(ul)f)(pdz

{u1<us}) {u1>us} {u1<us}

+ / <a(z,u2)+(u2)i;><pdz

{ur1zus}
and the claim follows. O
3.2. Unfreezing the convection term
Let us introduce the constant
L:=28M/2, (3.47)
Remark 3.16. As observed in [12, Remark 4.6], the choice (3.47) is made for the sake of def-
initeness: actually, any choice of L > SV»/2 allows to prove Theorem 3.1, provided A is small

enough.

We recall that the constants A and A, were defined in Lemmas 3.10 and 3.11. For a suitable
constant A3, whose value will be chosen later (see (3.56)), we set

A :=min{A{, Ao, A3}
and we fix A; > 0, A > 0 such that A» < A; < A. We set
B = {u e DI RY): Vyula < L} € 2P0 ®RY)
and we define .7 : B — 2P0 ®") by
()= {u e DY RY) :u solves (P) and satisfies J (u) < e}, (3.48)
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where ¢ € (0, ¢) is defined in Lemma 3.11. We explicitly notice that . depends on A; and Ay;
anyway, for the sake of simplicity, we omit this dependence.

Lemma 3.17. The set-valued function . is well defined, i.e., . (B) C B.

Proof. Take any v € B and u € .¥(v). Applying Lemma 3.7 with u, =u, v, =v, and J, = J,
after observing that J (1) < ¢ < ¢ and J'(«) = 0 by definition of .¥, we get

2
IV, ull3 < 2N, [cx{” (L“’*” + 1) + é} .

The conclusion then follows by recalling (3.23). O
Lemma 3.18. For any v € B, the set . (v) is non-empty and admits minimum.

Proof. Fix any v € 3. The fact that .”’(v) # ¢ is guaranteed by Theorem 3.12.

Now we prove that .’(v) is downward directed. Let uy, up € . (v) and define u =
minf{uy, uz}. Since uy, ur € .7 (v), then u; and Uz in particular are super-solutions to (P). Thus,
Lemma 3.15 gives that i is a super-solution to (P).

We now introduce the truncation 7: D} (RY) — D} (RY) defined by T (u)(z) = (z, u(2)),
where 7: RV x R — R is the function

u, (2) ift<u, (2,
T(z, 1) = ! if u; (2) <1 =<u(z2),
u(z) if t >u(z),
and u,  is defined in (3.12). Note that u, <uin R¥. In fact, since u, , is a sub-solution to (f’),

the inequality u, <u comes from Remark 3.13.
We claim that there exists # € Dg)/ (RN such that J (i7) < ¢ and

—Ayi=a(z, TG@)+ T @)>»~" in RV, (3.49)

The energy functional associated to (3.49) is

N 1 N
J(u)=§||vyu||§—fB(z,u>dz,
RN
where

N

B(z,s) 1=/1;(Z,f)dt, b(z,t) =a(z,t(z,1)) +t(z, ) L.
0

From the definition of a in (3.13), (3.12), and Xy < A € (0, 1) we estimate, reasoning as in
Lemma 3.7,

34



L. Baldelli, P. Malanchini and S. Secchi Journal of Differential Equations 478 (2026) 114550

b(z, 1) = w1 (DT, D7 + A @)V v @ ™ + 1z, 1) !
< M @u) + Awa ()| Vy@ T+ T P!

= wi (@ + Awa (@) Vv @ T + Tz, )P !

<[ (01@u@ ™+ @IV, @1 ) + 7% =h@).

Since h € L®) RM), J is coercive: indeed,

A 1 1
J@) = SVl - / h(@)luldz = 2 IVyull3 = Al gy llullg
RN

_1
> SIVyull3 = S™2 Ml sy 1 9y ull2.

N =

Moreover, it is readily seen that Jis weakly sequentially lower semi-continuous. Thus, applying
the direct methods of Calculus of Variations (see [51, Theorem I.1.2]), there exists i € D} (R")
such that J (if) = mian RN) J, so i satisfies (3.49). In particular, J (i) < J(0) = 0. In addition,
u; < i <u.Infact, in {u;, > u}, then T (1) =u,, and

. _ _ 2% —1
—Ayii = Mwi@uy) + @IV @ 4+ )Y = A,

being u;  a sub-solution to (P). Lemma 2.11 implies u;, <. Analogously, in {i > u}, T (i) =u
and

. __ _ _25— _
Ay =xwi(@u T+ Awr(2)|V,v(2)]" l—i—uf <—A,u,

being u a super-solution to (P) Again we apply Lemma 2.11.

Accordmgly, 1 solves (P) and J (1) = J (i), so that J(&t) <0 < c. The claim is proved. We
also obtained 1 € .¥(v). By arbitrariness of u; and u3, the set . (v) is downward directed.

Let us consider a chain C C .¥(v) and a decreasing sequence (u,) € C, i.e. u, > u,4 for all
n, such that u,, solves (13) and satisfies J (u,) < ¢ for all n.

Since (u,) C C, then Lemma 3.9 gives that there exist u € Dg (RM) such that, up to subse-
quences u, — u in D(])/ (R™), implying that u solves (f’) and satisfies J(u) < c, i.e. u € L (v)
and u < u,. An application of Zorn’s Lemma yields that .#’(v) admits a minimum. O

Lemma 3.19. The set-valued function . is compact.
Proof. Let (v,) be a (bounded) sequence in B. For any n € N, pick u, € .%(v,). Our aim is to
prove that u, — u in D} (R") for some u € D} (RM).

Remark 3.13 ensures u, > 0 in R for all n € N, so Lemma 3.8 gives the existence of u €

DY (RV) such that u, — u in D (RV) and u, — u in L (RV). Notice that, for all n € N,
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0=(J, (un), up —u) = / VyunVy (uy —u)dz
RN

2% —1
—/an(z,un)(un—u)dz—/u/ (tn — 1) dz.
RN RN

(3.50)

Computations similar to the ones of (3.29) show that (a, (-, u,)) is bounded in LE (RY), and
x_1
Y

(u,” ) enjoys the same property; hence

n—0o0o

RN RN

2% —1
lim [ an(z,u,) W, —u)dz= lim / u,  (u, —u)dz =0.
n—oo

Letting n — oo in (3.50) entails

lim (—A,u,,u, —u) = lim Vyu,Vy (up —u)dz =0,
n—0o0 n— 00

RN
so that the (S4) property of —A,, Lemma 2.3, yields u, — u in Dg)/ ®RM). O

Lemma 3.20. If A3 = A3(N,wy, wa,n,r,y) > 0 is sufficiently small, then . is lower semi-
continuous.

Proof. Let v, — vin Dg (RN) and u € .7 (v). We have to construct a sequence (i) C Dg (RM)
such that u, € .%(v,) for every n € N and u, — u in D(})' (RY). To this aim, we consider the
following family of problems, parameterized by indexes n, m € N and defined by recursion on
m:

*— .
—Ayunm=a,,(z,uZ’_l)+(uZ'_l)2V ' in RV,
ul=u forall n e N.

(3.51)

By induction on m € N, problem (3.51) admits a unique solution u” € D (R") foralln,m € N,
according to Minty-Browder’s theorem [ 18, Theorem 5.16] since D())/ (R™) is a reflexive Banach
space. Fixed R > 0, for every g: RY — R we define gz : RN — R as gr(z) == g(Rx, R'T7y)
for all z € RV, see [21, p. 531]. By a change of variables X — Rx and § — R!'?”y we get
lgrlly=R™"/|glly forall g=1.

Moreover

Avgr=R*Acg(Rx, R"7y),  Aygr=R"VAyg(Rx, R y)
so that

A, gr=R*(Acg+ (IxIR)? Ayg) = R*A, g(Rx, R'7 y). (3.52)
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We want to determine R, A3 > O such that the set {z)” : n, m € N} is bounded in Dg (R™), being
= (u})g for all n,m € N. By using (3.52), we observe that /' solves

Ay2 @) = R [an(Rx, Ry, 207 + @~ @], (3.53)

Testing (3.53) with 2!, besides using (Hp), (3.12) the definition of a, in (3.14), A < A; €
(0, A) € (0, 1), Holder’s inequality, and the boundedness of (v,) in Dg (R™N), produces

IV, 20113
=8| [ (hrCwnr, )7+ hato el vy ) e de [ @
RV RV

. .
<R’ Al*”/((wnRgR"+<w2>R|<vyvn>R|f—1)z$dz+||z,’;’-1||2* Iz 1123
RN

B 1
2% -1
PR n -1
<R ! (Il(wl)RuR @y + 1 w2)rllo 1 (Vyva) Rl )IIZZ’IIz’; + llzy IIZg IIZlelz;}

1 Ny 21

2¢—% T T LY - ~1 _ 1,251
<R’S z||vyzz1||2[x1 TR (Il gy Hlwallo 19,0157 ) 4577 19,207

where 0 is defined in (3.16).
Setting H := [s—% (||wlg_’7||(2;)/ n ||w2||9L’_1>], being A1 € (0, A) we get

1 2% —1
IV, 2"l < HATIR'™F + R2S™ z||v . (3.54)

Now we want to apply Lemma 2.9 to (3.54). First we estimate, via Lemma 3.17,
0 2 _M
IVyzullz = 1(Vywrll2=R™2 IVyul2 < R™ 2 L.

Hence the first condition in (2.7) is met provided

| " o \25-2 % NG 2
s R F(RFL) =sF(z2) . (3.55)
2 R

On the other hand, the second condition in (2.7) is fulfilled whenever
* 2% 2 * *
2 1 N; « 2y -2 2
212 S R2s—F (HAI_R —Ty> —HE AT s F, (3.56)

Choosing R = R(N) > 0 sufficiently large and A3 = A3(N, wy, wa, n,r, ) > 0 small enough,
both conditions (3.55)—(3.56) are fulfilled. By virtue of Lemma 2.9, after noticing that allAthe
quantities appearing in (3.55)—(3.56) do not depend on n, we conclude that there exists L =
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L(N,R,A,y) > Osuchthat |V,z7|l» < L forall n,m € N, which implies ||V, u/" |, < RN7/2L
for all n, m € N.

Now we pass to the weak limit the double sequence (u!') with respect to each index separately:
up to sub-sequences, there exist (u,), (u™) C D())/ (R¥) such that

m

u —~u ian(RN)asn—>oo, VmeN,

m
" (3.57)
ul' —~u, in DYRY) as m — 0o, VneN.

Letting n — oo in the weak formulation of (3.51), it turns out that both u' and u solve the

problem

—A,U =a(z,u(z)) +u)*~" in RV,

(3.58)
U e D} (R").
Since (3.58) admits a unique solution by Minty-Browder’s theorem, we deduce u! = u. Reason-
ing inductively on m € N, it follows that u™ = u for all m € N. Pick an arbitrary p > 0. Since
DY (RN) = L*(B, (0, p)), the convergences mentioned in (3.57) are strong in L?(B, (0, p)).
Accordingly, the double limit lemma [29, Proposition A.2.35] which holds in any metric space,
guarantees, up to sub-sequences,

lim u, = lim lim «) = lim lim )= lim 4" =u in LZ(B),(O, 0)).
n—0o0 n—o00 m— 00 m—00 n— 00 m—00

In particular, since p was arbitrary, a diagonal argument ensures u, — u in R".
Now we prove that u, € . (v,) for all n € N. Letting m — oo in the weak formulation
of (3.51) reveals that u, solves (P) with v = v,, for all n € N. Reasoning as in Lemma 3.8,

2
boundedness of (u;) in D(’)/ (RY) allows us to assume |V},un|2 — u and u,” — v for some
bounded measures ., v. According to Lemmas 2.4-2.5, there exist some at most countable set
A, a family of points (z;) je4 C R, and two families of numbers (1)) jeds (Vj)jea S (0, 4+00)
such that

v=ut b Y s w= Veul ) pgs,

jeA jeA
2*
limsup/u,,y dz:f dv + vso, limsup/ |V),u”|2dz:/ dit + oo,
n— 00 n—o00o
RN RN RN RN
and
2/2% 2/2%
Sv <y forall je A, Svak” < o, (3.59)

being (oo, Voo as in Lemma 2.5. Suppose by contradiction that J # @, so that u; =v; > SNy /2
for some j € A, according to (3.59). A computation analogous to (3.33), jointly with u € . (v),
ensures that
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c>Jw) =Ju) — ZL*(J'(u),u) >¢
¥

being ¢ defined by (3.23), which contradicts ¢ < ¢. Hence concentration at points cannot occur;
as in Lemma 3.8, a similar argument excludes concentration at infinity. We deduce u,, — u in
L% (R™), which is the starting point of the proof of Lemma 3.19; thus we infer u,, — u in
Dg RM). In particular, J,(u,) — J(u) as n — 00, so J,(u,) < c for all n sufficiently large,
ensuring u, € . (v,). O

Now we are ready to prove the main result of the present section, that is Theorem 3.1.

Proof of Theorem 3.1. Let us consider the following selection of the multi-function . defined
in (3.48):

T:B— B, 7T() :=minY(v).

The function 7 is well defined, according to Lemma 3.18. Suppose we have proved that 7 is
continuous and compact. Then Schauder’s Theorem 2.8 applies, and 7 possesses a fixed point
ue Dg (R™). Remark 3.13 guarantees u > uy,,so that u solves (3.1).

We only need to prove that 7 is continuous and compact. Let A C B be any bounded set. Since
T(A) € .7(A) and .7 is relatively compact from Lemma 3.19, then also T (A) is relatively
compact.

Let (w,,) C B such that w,, — w in Dg (RN). For u,, := T (wy), the compactness of 7 implies
that, up to a subsequence, u, — u in Dg (RM). First, we claim that u € . (w). Since u,, satisfies
(P) with v = wy,, then a straightforward application of the Dominated Convergence Theorem
shows that u satisfies (f’) with v = w. Moreover, u, € .%(w,) implies J(u,) < c. Now J(u) < ¢
follows from the convergence u, — u in Dg (RN). The claim is proved.

It remains to prove that u = T (w). Lemma 3.20 provides a sequence (v,) C D(J)/ (R™) such
that v, € . (wy) and v, — T (w) in D} (RY). By the definition of T, then u, == T (w,) < v,.
Letting n — oo, we have

T(w)<u= lim u, < lim v, =T (w), in RV,
n—>oo n—>oo

where the first inequality holds thanks to the definition of 7 (w) and u € . (w), giving u =
T(w). O

4. Regularity and decay of solutions

From now on we will assume conditions (Hj)-(H>). We start this section by proving that any
weak solution u to (3.1) belongs to L>(R™). We also establish the (local)-Holder continuity of
the solution u.

Theorem 4.1. Let A1, Ay > 0and u € D())/ (RN) be a solution to (3.1). Then

lulloo = M,

0,7t
loc

for a suitable M = M (N, wy, wa, 1, Y, A1, A2) > 0. Moreover, u € C (]RN)for some T € (0, 1].
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Proof. Givenany k > 1, we test (3.1) with (u —k) . Sinceu >k > 1in Q; :={z e RV : u(z) >
k}, besides using (Hp) and Peter-Paul’s inequality (Lemma 2.10) we get

1V (e =072 g,

_ _ 25
5)»1/11)1141 ”dz+A2/w2|Vyu|’ 1udz+||u||LV2;(Q)
k

Qi Q

2% r—1 2;
<Atllwillee | u™rdz+ A2 | wa|V,ul udz+||u||L2;
()

Qp Q

*

2 2%
< V* 6 Q V 2 V*
< hllwiloollel %, o+ Aoelwall G|l +hoel Vyulag, +2aCellull g o+ lul

Z

L% ()

9
< 326V = D) g, + Ce (nun;z; ot |s2k|>
k
2% *
< MtV (= B2 g, + Co (nu kI o R+ |szk|> ,
k

where 6 is defined in (3.16) and C, depends on A1, A2. Choosing ¢ = 2172 (whenAy; =0o0ri; =0

the estimate is trivial) and re-absorbing the term ||V, (u — k) ||i2 @ 00 the left-hand side, we get

2 o 2
1Vy (u k)IILz(Qk)§C<IIM klles;(Qk)+k V|9k|>,

for some C > 0 depending only on N, wy, wa,r, ¥, n, A1, A2. By Sobolev’s inequality we obtain

=k, < C (kI R ).
L@~ L% ()

enlarging C if necessary. Let M > 2 and set k,, :== M (1 —27") for all n € N. Repeating verbatim
the proof of [20, Lemma 3.2], we infer that |lu — k|| — 0 as n — oo, provided |lu —

M2, @)

L (R,
is small enough. We claim that

M1—1)n+100 e = M/ZHLT{’(QM/z) =0

Indeed, since u € L% (RN ), we have that, for any K > 0,

*

K|fzu@ = k)| < 1’
. <1y

In particular,
lim |QM/2| =0.
M— 400
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By the absolute continuity of the integral, see [50, Proposition 16.3], for any ¢ > 0 we can pick

M so large that
/ u® dz<e.

Qpp

Asa consequence,

M\ -
/(u—;) dszuydz—>0 as M — +o00.

Qu/2 Q2

Hence, u € L2 (RY).
Finally, the (local)-Holder continuity of u follows by the non-homogeneous Harnack inequal-
ity, [34, Theorem 5.5], and the arguments in [37]. O

Now we are ready to prove the last part to complete the main result of the paper, that is
Theorem 1.3. In particular, Theorem 3.1 gives the existence of a weak solution to problem (P).
Its regularity and decay (for A, = 0) are given by Theorem 4.1 above and Theorem 4.2 below,
respectively.

Theorem 4.2. Let A1 >0 and u € D())/ (RN) be a solution to

—Ayu=Aw (z)u‘"—}—uz;*l in RN,
{ yam A 4.1)

u>0 in RV,
Then

u(z) >0 as d(z) > +oo.
4.1. Preliminary estimates

Now we give a preliminary lemma on weak Lebesgue spaces; we refer to Section 2.4 for the
definitions.

Lemma 4.3. Any solution u to (4.1) belongs to L*»~L°@RN). In particular, u € L" (RN) for
allr € (24, — 1, 00].

Proof. Take any solution u of (4.1). Theorem 4.1 ensures that u € L®RYM), so we put M =
lu|loo- For any h € (0, M), test (4.1) with Tj,(u) := minf{u, h}. Then

/|Vyu|2dz=/Mwlu*"Th(u)dz-i- /uzidz—i-h / uldz |, 4.2)

{u=h} RN {u<h} {u>h)}
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Recall that, by Remark 3.13, 4 > C > 0 a.e. in R¥, where C is a positive constant. Then we can
estimate (4.2) as

/ |Vyu|2dz§)»1C_’7/wlTh(u)dz+ /ﬁdﬁh / ut 14z

4.3)
{u<h} RN {u<h} {u>h}
Now we estimate the terms into square brackets. It is readily seen that
2% 2% 2%
/ quZ—/Th(u)de—h v {u > h}|, “4.4)
{u<h} RN
while the layer-cake lemma [32, Proposition 1.1.4] entails
M

/ Wl dr = (2 - 1)/s2?—2|{u > max{s, h}}|ds

h 0
=) 4.5)
M
=% {u > h}| + 25— 1)fs2’£—2|{u > s}| ds.
h
Thus, plugging (4.4)—(4.5) into (4.3) yields
f |V),u|2 dz
{u<h}
M 4.6)
<A C7" / w Ty () dz + / Ty ()% dz + 25— 1)h/s2’?‘2|{u > s} ds
RN

RN h

. M 2% o .
In order to absorb [py wiTj(u)dz into h [, 5=~ |{u > s}| ds, we notice that

:
el

%

M
lim+/52;_1|{u > s} ds =
h—0

h

by the layer-cake lemma, so there exists z > 0 (depending on u) such that

M 3k

. lluell ok _
/5 v {u > s}lds > 2.2: for all & € (0, h).

% 14

Hence, exploiting also the Holder inequality,
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*

M

M Y
2% _2 h 0% _1 ”u“z*
hfs?’ |{M>S}|dSZ—/sV H{u > s}|ds > 4
M 2M23
h h
; . .7
leell luell
=" wih > / w Ty (u)dz
2M 25 lwilh 2M 25 Jlwilh
RN
for every h € (0, h). Putting (4.6) and (4.7) together yields
M
2 2 252
/ [Vyuldz<C /Th(u) de—i—h/s y " Hu > s}|ds

{u=h} RN h

for some C > 0 depending on N, wy, u, y, n, »1. Consequently, through Sobolev’s inequality we
obtain

Ny
N2
. _ Ny
/Th(u)zydzgs Ny =2 / IV, ul?dz
RN (u=h)
_ Ny
M Ny-2
<C /Th(u)zi dz+hfs2?*2|{u>s}|ds 4.8)
[RY h
<C /Th(uﬁ dz + h/s2?—2|{u>s}|ds
RN h

for all h € (0,h). Lebesgue’s dominated convergence theorem and u € L% (RN entail
f]R{N Ty (u)Z; dz — 0 as h — 07T, so taking a smaller & we have

Ny
Ny =2
* 1 * J—
c /Th(u)zV dz SE/Th(u)ZV dz forall he (0,h).
RN RN

Thus, re-absorbing fRN Ty (u)zz dz to the left, from (4.8) we infer

Ny
M Ny =2

/Th(u)z’ﬁ dz<C h/ﬁ*ﬂ{u > s}/ ds forall h € (0, h).
RN h

43



L. Baldelli, P. Malanchini and S. Secchi Journal of Differential Equations 478 (2026) 114550

From (4.4), we deduce

Ny
M N, 2
W2 [(u > h)| < / Tyw)? dz < C hfs2’£*2|{u > s}|ds forall h € (0, h).
RN h

Reasoning as in [52, p. 154], it turns out that u € L?»~1:*°(RN). Then (2.11) and u € L*(R"N)
ensure u € L"(RV) forall r € (2, — 1,00]. O

We will also use a local boundedness theorem, Theorem A.l. We provide its proof in Ap-
pendix A to make the paper self-contained and for the reader’s convenience.

Before proving Theorem 4.2, we preliminarily produce a (non-optimal) decay estimate for
solutions to (4.1).

Theorem 4.4. Let 1 > 0. Then, for any k < SNv/* k' >0, and r > r' > 0, there exists Ko > 0
(depending on «,«’,r,r', N, y, A1, 8) such that

2—N-
u(z) < Kod(z) = in BS(0,r) 4.9)
foreveryu € Dg (RN) solution to (4.1) satisfying
”VVMHLZ(B}‘;(OJJ)) SK and ”VVM”z SK'/.

Proof. Fix «,«’,r,r’ as in the statement, and set r” = %” Notice that (4.9) is ensured by

2
d(z, B, 0,7 u@ ™% <K' forall ze BS(0,r), (4.10)

where K’ > 0 is a suitable constant depending on k, k', r, ¥’, N, A1, 8. Indeed, if (4.10) holds true,
then there exists K” = K”(r,r’) > 0 such that d(z, B, (0,r")) > K"d(z) for all z € By (0, 1),
since

" "

d@)>r = r'< %d(z) = d@z By0.r") =d@)—r" > (1 - r—) d(z) = K"d(2),

r

recalling that r” < r. Hence, our aim is to prove (4.10).
Assume by contradiction that (4.10) fails, so that there exist (u,) C Dg (RYY) and (z,) C
B (0, r) such that, for all n € N, u, > 0in RY and

_ 25—1,
a1) —Ayuy =rwi(@QDuy ' +u,”  inRY,
) [IVyunll2pe o,y <k
a3) |Vyunll2 <«’,

_2
a4) d(zn, B, 0, 7"ty (zn) 2 > 2n.
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According to Theorem 4.1, u, € L°(R") for all n € N. Then Lemma 2.13 (with k =n, M =
2

Ny =2

up” " and D =B, (0,r") € BS(0,r") = W) furnishes (£,) € B, (0, ") such that

br) d(En, By O, " Nita (&) 7 = 21,
b2) un(z,) < %”E'S”)’ 2
b3) u,(¢) < ZVTun(Sn) forall t € B},(gn,nun@n)m)_

For every n € N we define u, :==u, (&)~ ! and

2 2(1+y)
i (1) =ttty (W), W= Wy, wy) = (n”  Lestn” 1y +Enn 1= (te, 1) eRN. (4.11)

Note that the variable w depends on n, although we omit this dependence in the notation to keep
it lighter and more readable.
In particular, since

- N ~ 2y+N.
oty vy—z dup dty 1;\;]/—; duy .
= Uy s —— = Uy D upa—— 1=1, ,m ]=1, A
9(tx)i 9 (wy); a(ty) d(wy);
so that
Ny 2y+Ny 2
~ ~ ~ N, =2 N, =2 N, 2
Vytttn = (Vi iy, |tx|yvtyun) = (tn"  Vutn, lwel pn " 7 waun)
4.12)
Ny Ny Ny
Ny, =2 N, =2 Ny =2
= (Mny wauna |wx|yl"ny waun) = Mny vy,wun
and
AL vty T
~ ~ 2 ~ — 2 — —
Ay,t“n = At)("in + |ty J/Aty’/ln = ,U«ny waun + |wy| J/l/«n 4 Mn 4 Awyun
Ny+2
Ny, 2 25 —1
= MUn 4 Ay,wun = Mny Ay,w“n-
Thus, from (a;) we infer
- 2% —14n__ 251 .
— Ayl (1) = Mwi (W), @, () + i, () in RY, (4.13)

where w is defined in (4.11). Exploiting (b3), along with the definition of w,, and (4.11), yields

Ny =2

G0 =1 and @,() <2~ forall 1€ B,(0.n). (4.14)
We claim that
tim " fiw) =0 4.15)
100
locally uniformly for € R, where
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fi(w) = wi(w)a, " (1).

Reasoning up to sub-sequences, we reduce to two cases:

@ pn —0;
(I) py, > cforall n € N, being ¢ > 0 opportune.

In case (I), it is readily seen that (4.15) holds true uniformly in RY, since f; € L>(R") since
i, > 0, by Remark 3.13, and wy € L*RY).

Otherwise, if (I) occurs, fix any compact H € RY. Since B, (0,n) / R" then H C B, (0, n)
for all n € N sulfficiently large, say n > v € N. Thus, (by) and d(&,, B, (0, r')) < d(&,) yield,
forallt € H,

2(1+y)

Ny—2
Iy, Un

Ny =2

d(w) =d((tn

2
Ny 2

_2 _2
t) +E) = dE) — A=’ Qn—d(®) = n
for all n > v. This, together with (4.14) and (H»), we get

2(5+2y)

+ -~
! wy (w)ii, (1) < Cu,

e 0% _1qp_ 2642y o
n3= < e t=N,=7 =8 2y,

by Remark 3.13, since

Ny+77(Ny—2)+2y: 1 —n 4y

S+2
R/ N R 0,

25— 14n—2 -
2Ry T N, —2 N, —2 "

by the choice of §, for all r € H and n > v. Letting n — 00, besides taking into account the
arbitrariness on H, proves (4.15), taking into account that —§ — 2y < 0.

Fix any z € R" and observe that B, (z,2) € B, (0, n) for any n sufficiently large. Thus, (4.14)
in (4.13) gives

2% —1 Ny =2 s
0<—Ay iy < jwi(w)iy,” +"a,;'7(t)+2VT<2y—l> in B, (z,2) (4.16)

for all n large enough. L

Thus (4.16), together with (4.15), implies that (it,) is bounded in CO”(By (z,2)) for some
7 € (0, 1] by the non-homogeneous Harnack inequality, [34, Theorem 5.5], and the arguments in
[37].

In particular, since z is arbitrary, Ascoli-Arzela’s theorem and a diagonal argument ensure

Iy — llso  in Cloe(RY) 4.17)

for some iioo € Cloc(RY). Moreover, (4.12) and (a3) give

2Ny
~ ~ Ny =2
IV, 1dinll2 = / |V it (1) > dt = / i’ IV ity (w)|? dt
RN RN

2
= / |Vy,wun(w)| dw = ”Vy,wun”Z SK/,
RN
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so that (i) is bounded in Dg (RY) and i1, — fis in D(})' (R™) up to a subsequence. By using the
compactness of the embedding D} (RV) = LT (RY) forallg €1, 25), we have that ii, — fico

loc
in L] (RN) for all ¢ € [1,23). Let 9 € C°(RY), and call K the support of ¢. Since V,, /iy,

converges weakly to V,, ;i in LZ(RN ) we have

/.Vy,,lznvy’tgpdl‘—)‘/‘V%,ﬁoovy,t(pdt.
RN RN

Moreover,

S SO O S B |
[ttt = [l ] < [ il o1t
RN RY K

< 2% 72 sup ity — iioo " lly
K
=o(Dllelh
by (4.17). It follows from the boundedness of (iz,), (4.13) and (4.15) that
—Aysiioo =% " in RY (4.18)
in the weak sense. Observe that, for any R > 0, one has

Iy ciinll 128, 0.y = II Vi witnl > forall neN. (4.19)
e OR) TP PR

Now we prove that, for all n € N large enough,
2
By, (&1, Ry )N B, (0,r") =¢. (4.20)

To this end, take any y € B, (0, ') and observe that (by) and the fact that »”” > r” imply

__2_ __2_ __2_ __2_ __2_
Mn N_zd(y — &) = N_zd(‘i:n) — MUn N_2d(y) = MUn N_zd(gnv By(o, I’//)) + Un N2 (r// —d(y))
__2_
> Un N_zd(énv By (0, r”)) > 2n,

exploiting also &, € E; (0,7") and y € B, (0, r"). Therefore, (4.20) holds true for all n > g.

Moreover, from it, — i~ in D(’)/ (RN), we have Vii,— Vil in L2(RV), and in L2(B,, (0, R)),
giving

||Vy,zﬁoo||L2(By(0,R)) = ]Lrgiogf”vy,lﬁn”Lz(By(O,R)) = ljin;iogfllvy,wunIILz(B;(o,,/)) <K

where we used (4.19)—(4.20) and (ay) for n large. Now we pass to the limit for R — co we end
with
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1Vy tisoll2 < k.
Now, since il satisfies (4.18), then
IV disoll2 > SM7/4. 4.21)

In fact, testing (4.18) with i1, and using Sobolev’s embedding one has
- - 2% ok - *
IVyfico 13 = lisoll} < S22 Vyiisoll3

and we get (4.21) just dividing by S72’;/2||V),1200 ||% > 0.
The hypothesis k < SVr/# forces i o = 0, which contradicts i+ (0) = 1, guaranteed by (4.14)
and (4.17). O

Remark 4.5. In the classical setting, see [47], after performing a blow up argument by the Dou-
bling Lemma as in the proof of Theorem 4.4, only (I) occurs. In our situation we cannot get rid
immediately of the case (II) due to the nature of the estimate, see [13, Remark 4.4].

4.2. Decay

Finally, we establish an upper and lower bound for the function u solution to (4.1), which
leads to the decay of u as d(z) — +o0, concluding the proof of Theorem 4.2.

Theorem 4.6. Let L > 0 and u € Dg (RN be a solution to (4.1). Then there exist Cy > 0,
depending on N, u, y, and C1 > 0, depending on N, A1, 8, u,y, such that

-1 —1
Co (1 n d(z)NV_2> <u(x) < C (1 + d(z)NV_z) 4.22)
forall z e RV,

Proof. Take any u € D())/ (RN solution to (4.1). Set k = SN2V/4. Then there exist ’,k’ > 0

(depending on N, y, u) such that ||Vyu||Lz(B;(0’r/)) <« and |Vyul2 <«’. For any R > 0 and
£ = (&, &y) € RN we define

ur(®) =RV u(R&, R'"7Ey). (4.23)
A rescaling argument, together with (H;), Remark 3.13 and (3.52) yields

~Ayug(E) =—R" A u(R&, R™7E))
= R (Guywi (RE, RV E)u(RE, RV E) ™ + u(RE,, RM7E)H T (4.24)
= fr(&,u) in RV \ {0},

where

48



L. Baldelli, P. Malanchini and S. Secchi Journal of Differential Equations 478 (2026) 114550

fr(E, u) < RN Chywi (RE., R™7E) + R 2ug(6)% ™!

Ny—5—2 5-2 2 2% 1 (4.25)

S CeM R 7AE) T + R ur(®) .

21 2%
Take any r > r" and consider R > r. Thus, writing u  =u, ug and applying Theorem 4.4
to u entails
L N, -2 1+ o\
Ruy <R <K0R YTE(d(RE, RTTVEY)) 2 ) UR
Ny =2 2Ny, \ 22

—R2 (KoRyzd(s) 2y> R (4.26)

252 252
=K," "d& Pug <K, “ug forall £ € BS(0,1),
since B}C,(O, 1) C B;(O, r/R).

Notice that RNy =87 d(£) =87 < pNv=0=7 forall £ € BS(0, 1), since R > r and § > N, by
(Hz). Then, by inserting (4.25), (4.26) in (4.24), we have

—Ayug <aup+b in B}C,(O, 1),

2% -2
being a := K, ~ and b= CciarNr 0727,
Then, by applying Theorem A.1 with Q@ = B,,(0,9) \ B, (0, 1) we deduce

lurllzo (B, 0,7\8,0.3) < CllurllLe(B,©0,9\8,0,1)) (4.27)

for some C > 0 and for every o > 1.
Now we want to use (2.10) with s =2, , — 1 and s — & = a > 1, so that

N.
=2y —1-a€(0,2,), 1) <= ae(l,Z*’V—l)=<l,N12>
14

in order to have
||MR ” LH'E(BV (0,9\B, (0,1)) < C&‘ ||MR ”Lz*.y—lvOO(By (0,9\B, (0,1))° (428)
enlarging C; if necessary.

In order to apply Lemma 4.3 we point out that || - |[2, ,—1,00 is invariant under the scaling
(4.23). In fact, by the change of variables £ > RE, and §y — R1+V§y we get

gl > ) = [[RY 2lu(Re,, R4V &) = h}| = R

{RNV_2|u| > h” .
Now setting k := hR>*~Nr we have

il = sup (kR™ 2RV () > k)17 ) = RN 28 o,
k>0
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and for s =2, ,, — 1 the exponent N, —2 — N,, /s vanishes.
Hence, using (4.27)—(4.28) and Lemma 4.3 to (4.24) (up to constants), yield

lurllzom,0.7m8,03) <C forall R>r, (4.29)

for a suitable C > 0 depending on N, y, A1, 8, u.
Finally, for any z € B} (0, 5r), applying (4.29) with R = @ we obtain

u(z) < Cd(z)>"  forall z € BS(0,5r),

where C > 0 depends on N, y, A1, 8, r, u. Exploiting Theorem 4.1, it turns out that

u(z) < C (1 Jral(z)Nfz)_1 (4.30)

for all z € RY, for suitable C; > 0 depending on N, y, A1, 8, u.

Now fix any r > 0 and set ¢ := infp (0,r) u, Which is positive by the fact that u is positive a.e.
in RY and it is continuous by Theorem 4.1.

Recalling the fundamental solution of the Grushin operator I" defined in (2.1), let I, be such
that A, T, =0in RV \ {0} with I',(z) = c for all z € 3B, (0, r), that i,

2-N,
T, (z) = rZ_LNVr(z) =c<@) forall ze RN\ {0}.

Then the weak comparison principle in exterior domains, Lemma 2.12 ensures u > I', in
Bf, (0, r), so there exists ¢ > 0 (depending on N, r, ¢, ) such that

u(z) > éd(z)> N forall z € BS(0,r).

Hence
N, =2 -1 N
u(z) = Co (1+d(z) v ) forall z e RY, 4.31)

where Cq > 0 is an opportune constant depending on N, u, y. Putting (4.30) and (4.3 1) together
entail (4.22). O
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Appendix A

Local boundedness results for (sub)solutions to elliptic equations have been developed in
general setting, see for instance [30,35,48]. In this appendix we prove the following result, which
extends some ideas of [34] for weak solutions to X-elliptic operators.

Theorem A.1. Let © C RY be a bounded domain and u € H)} RM)1oc be a non-negative solution
to

—Ayu<au-+b in Q, (A1)
where a, b > 0. Then, for all o > 1, z € Q, and R > 0 such that B, (z, 2R) C Q, one has
MWy 2
sup u <C|R™ e |lulles,z2r) +RD|,
B,(zR)
where C > 0 depends on N, R, «, y, a, b.

We first recall a technical lemma, which is a direct consequence of Young’s inequality.

Lemma A.2 ([48, Lemma 6.2.2]). Let ¢ € R and w1, wy > 0. If§2 < w1¢ + wn, then also

¢ < w1 ++/2w;.

Proof of Theorem A.1. The proof is an adaptation of the Moser iteration technique for the
Grushin setting.

We do not claim any originality, but we provide a proof since we could not find a precise
reference.

Throughout the proof, we will denote by C a generic constant, which may change from line
to line, bout does not depend on the function u.

Assume initially R = 1. Let m, ¢, k > O be such that m > k and set w :=u + k. If g > 1 we
define

r2 |4 if0<t<m,
v ==—{" .
q |gmi=—'t—(qg—1)m4 ift >m.

Otherwise, i.e. if 0 < g < 1,
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v(t) =r2, t>0,

where, in both cases, r is givenby g — 1 =2(r — 1).
Let n € C'(2) be nonnegative and vanishing in a neighborhood of 3. Since ¥’ (¢) is uni-
formly bounded when ¢ > k, then

0(2) =1 (DY (w(2)
can be chosen as a test function in (A.1), that is
/Vyuvywdzfa/uwdz+b/¢dz. (A.2)
Q Q Q

Moreover, we have u =w — k, V,, w =V, u and

Vyp(z) = nz(z)w’(w(z))vyw(z) + 202D ¥ () Vyn(2).
We define, for g > 1,

w’, ifk<w<m,

v(w) = r—1 r .
rm" " w—(r—Dm", ifw>m,

and simply v = v(w) := w" when 0 < ¢ < 1. For simplicity from now on we only treat the case
g > 1, since the case 0 < g < 1 follows from similar ideas, see [48].
We have the following estimates:

¥ ()| Vywl* = ' W) P|Vyw]* = Vo (w)], (A3)
¥ (w)w?® = [wy' (w)]* < r*v’(w), (A4)

v (w)w < v(w)wv(w) < rv’(w), (A.5)

Vv (w)|Vyw| < v(w) v (w)Vyw| = v(w)|Vyv(w)]. (A.6)

Indeed, if w < m, they follow quite easily, while, if w > m, noting that

2
v (w) =r*mi!, v(w)w =r’miw? — r—(q — Dmiw, v (w)=rm 1,
q

2,,200=1) 2 2 2

v(w)wv (w) =r"m r(r — Dm¥ 'w=r’mi'w? — rr — Hm4w,

then (A.3) follows easily, while the first inequality in (A.5) and (A.6) hold true since ’q—z(q —1)>
r(r — 1). Quite simple calculations permit us to prove (A.4) by using w > m. While, recalling

v2(w) =mi! [rz(w —m)? 4+ 2rm(w —m) + mz] ,
then the second inequality in (A.5) is equivalent to require
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r2md = w? —r(r — Dméw <m?'r [rz(w —m)? + 2rm(w — m) ~|—m2]

=mi 1y [Vzw2 +r2m? = 2r2mw + 2rm(w — m) + mZ] ’

that is

w2(r? = r) + wm(=2r* +3r — 1) + m*(r — D* >0,

which holds true since w > m.
Making some calculations and using (A.3), (A.6) we get

f V,uV, (* ()¢ (w(z))) dz = / V, w2n(2) ¥ (w(2)V, 1(z) + n* (@)Y (w(z))Vy w(z)ldz
Q Q

=/ZH(Z)W(w(Z))Vyn(Z)Vywdz+/nz(Z)W/(w(Z))IVyw(Z)Ide

Q Q

=/2n(z)w<w(z)>vm<z>vywdz+/n2(z)|vyv<z)|2dz

Q Q

> —2/n(z)v(Z)IVyn(Z)IIVyv(Z)IdZ+/n2(z)lvyv(z)|2dz
Q Q

and, recalling that u = w — k, we have by (A.5)

a/M(Z)nz(Z)w(w(Z))derb/HZ(ZW(w(Z))dZ

Q Q

=a f w@N* (Y (w(z))dz + (b — ka) / 1 (2) ¥ (w(z)) dz
Q

Q

Sar/n2(z)v(z)2dz+(b—ka)/nz(z)w(w(z))dz.
Q

Q
So that from (A.2) we get

/ P21V, v()2dz <2 f VDIV, 1)V, v()] dz + ar / P ()u(2) dz
Q Q Q

(A7)
(b — ka) / POY W) dz.
Q

If b — ka <0 we simply neglect the last term. If b — ka > 0, since w =u + k > k > 0, the
estimate (A.5) implies
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38

v v?
=r—

Y(w) <r o

w

which we insert into (A.7) to compare the last two integrals. So we obtain

/nz(z)wyv(z)ﬁdzs2/n(z)v<z>|vyn(z)||vyv(z)|dz

Q Q
(A.8)
b 2/8,.2
+ max %,a r | n7(2)v°(z)dz.
Q
Define
. ImVyvlp2 g _ Invllz 2@ s loVynlp2 g
191,25 1912 17912 g
Now, we properly estimate (A.8). In particular, fQ 172(z)|V),v(z)|2 dz = ||nv||iz,{/ (Q)Cz,
2/ n@v()|Vyn@)|IVyv(2)ldz < 2[vVynli 2 InVyvll 2 2255”777)”12)*/(9)'
Q
Moreover
2,52 _ 2 g2 2
r/n @@ dz=rlnv s g, =€l
Q
Summarizing and dividing by ||nv||iz§ @ (A.8) becomes
2 g b 2 P b 1Y\ 2.0
{7 <28¢ + max 0 d r§° <2§¢ + max ik 1+~ ) ré=. (A.9)
r

Now, by (A.9), Lemma A.2, the trivial estimate (2(1/r + 2 < 2(1/r 4+ 1) and together with
the choice k = b, we get

. 1 1/2
<2+ (Zmax{l,a} <1 + ;) r2§2)
§2§+2(1+%) Vmax {1, alré <2C(1+r)E +§), (A.10)
where C depends on a, b. The Sobolev inequality implies that
Invllzy < SIV, )2 < S (IvVynllz + 11V, vl2) .

where S is defined in (2.4). So it follows 1 < S(¢ + é‘) and (A.10) becomes
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1<25C(14r)(E +&) + SE,
which implies
1<C+r)E+8). (A.11)

Recalling the definition of £ and é , then (A.11) gives

170125 g, < €L+ DUVl 20 + 10Vl 2(0)). (A.12)

where C depends on N, y, a, b.

Now we introduce some further conditions on the test function n. Let &, h’ be such that
l<h <h<3, and set n=1in B,(0,h'), n=0in Q\ B, (0,h), with 0 <n <1 and
SUPg, (0.m\B, (0.1 | Vy 1l =2/(h — 1). Then, from (A.12) there follows

<ot A.13)
”U”LZ’?(BV(O,h’))— mllvlhz(sy(o,h))' (A.

For r # 0 let us define

1/r

®(r, h) = / w”

y (0,h)

Suppose r > 0, r # 2 and k = 2’;/2 = N, /(N, —2). Then (A.13) can be rewritten as (after
letting m — 0o, so v — w")

C(l+r)

1/r
P ) dQ2r, h).

O Q2kr, ') < (
Fix o > 1 as in the statement of the theorem and take successively
r=rj=k 2 h=hj=1+277 NW=h i =0,1,2
== 9’ = nj= ’ =hnj+1, J=U,1,24,...

We have, since C(1 +r)/(h — h') <2aC(2k)/,

1

Orji1, 1) = @1, hyin) < [20C@RY |7 @2, h))
and, iterating,
J 4L J Rt
o@D = [[200@0 " @@ro.ho) =[] [20C@R ] - 0@ 2. (A14)
i=0 i=0

In order to let j tend to infinity, observe that
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1

= T oo 1 2
[T[20ca®]|" =raci™=7 TTiR17,
i=0 i=0

and the series converges since k > 1, in particular

oo 1 N-
RaC= =7 = (2aC)+ .

Otherwise
T log@R) T,
[Tren 1 =250 < oo
i=0

and so, letting j — oo in (A.14) we get
1/a

sup w=<C / w*dz , (A.15)
B,(0,1) 02
y (U,

where C depends on N, «, y, a, b. Now clearly SUpg, (0.1) W =SUpp (o.1) 4 + b, while

1
lwllLe(s,0.2)) < lullL=(,0.2)) + |By(0,2)]=b,

so (A.15) becomes

sup u < C (Jlullze(s,0.2) +b) —b < C (lullre(s,©.2) +b). (A.16)
B, (0.1)

where C continues to depend on N, «, v, a, b. This concludes the proof when R = 1.
The general case R > 0 is obtained by a change of scale:

uR (@) =u(z) =u(Rx, R'"y),

where z = (x,y) € B,(0,1) and z = (x, y) = (Rx, R”V)?) € B,(0,R).
If u satisfies (A.1), then uy satisfies

—Ayur(Z) < R*aur(Z) + R*b.

Applying (A.16) to ug we get

_My
sup u<C <R o« |[ull Lo (B, 0.2R)) +R2b>,
B, (0.R)

concluding the proof of the theorem. O
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