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1. Introduction

In the present paper we consider the problem

{︄−Δγu = λ1w1(z)u
−η + λ2w2(z)|∇γ u|r−1 + u2∗

γ −1 in RN,

u > 0 in RN,
(P)

where N ≥ 3, Δγ is the Baouendi-Grushin operator, λ1 > 0, λ2 ≥ 0, 0 < η < 1 < r < 2, 2∗
γ

is the Sobolev critical exponent defined in (2.2), w1, w2 : RN → [0,+∞) are suitable weight 
functions whose properties will be described below. As such, our problem is singular at u = 0
and has a critical growth in a sense which will be explained later.

For the reader’s convenience, we briefly recall the basic terminology of the Baouendi-Grushin 
operator. We split the Euclidean space RN as Rm ×Rℓ, where m ≥ 1, ℓ ≥ 1 and m + ℓ = N . A 
generic point z ∈RN can therefore be written as

z = (x, y) = (x1, . . . , xm, y1, . . . , yℓ) ,

where x ∈ Rm and y ∈ Rℓ. Let γ be a nonnegative real parameter. For a differentiable function 
u we define the Grushin gradient

∇γ u(z) = (∇xu(z), |x|γ ∇yu(z)) = (∂x1u(z), . . . , ∂xmu(z), |x|γ ∂y1u(z), . . . , |x|γ ∂yℓu(z)).

The Grushin operator Δγ is defined by

Δγu(z) = Δxu(z) + |x|2γΔyu(z),

where Δx and Δy are the Laplace operators in the variables x and y, respectively. A crucial 
property of the Grushin operator is that it is not uniformly elliptic in the space RN , since it is 
degenerate on the subspace Σ = {0} ×Rℓ. We denote by Nγ := m + (1 + γ )ℓ the homogeneous 
dimension associated to the decomposition N = m + ℓ.

The operator Δγ was first introduced by Baouendi in his 1967 Ph.D. thesis, [14]. A few years 
later, Grushin investigated the hypoellipticity properties of Δγ in the case γ ∈N , see [33].

In the early 80’s, Franchi and Lanconelli [25--27] introduced a class of operators of the form

Δλ =
N∑︂
i=1 

∂xi

(︂
λ2
i ∂xi

)︂
,

which include Δγ . Here λ1, . . . , λN are given functions which satisfy suitable conditions.
Moreover, the Grushin operator falls into the class of X-elliptic operators introduced in [38]. 

In fact, the Grushin operator is uniformly X-elliptic with respect to the family of vector fields 
X = (X1, . . . ,XN) defined as

Xi = ∂

∂xi
for i = 1, . . . ,m Xm+j = |x|γ ∂

∂yj
for j = 1, . . . , ℓ.
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With the same notation we can write the Grushin operator Δγ as sum of the vector fields

Δγ =
N∑︂

j=1 
X2

j .

Note that, when γ is an integer, the C∞field X = (X1, . . . ,XN) satisfies the Hörmander’s finite 
rank condition, see [36].

Remark 1.1. The latter statement is obvious when γ is an even integer. In fact, the operator Δγ

can be expressed as a sum of smooth vector fields that satisfy Hörmander’s finite rank condition 
even when γ is odd, see [1]. If γ > 0 is a generic real number, the vector field X fails to be 
smooth, and this is a well-known difficulty related to the Grushin operator, see Remark 3.3 for 
more details.

We assume the following hypothesis on w1 and w2:

(H1) The functions w1, w2 are nonnegative, belong to L1(RN)∩L∞(RN) and there exist a ball 
B(z0, ϱ) ⊂ RN and ω > 0 such that

∫︂
B(z0,ϱ)

w1 dz ≥ ω > 0.

Remark 1.2. The last condition on w1 is satisfied as soon as w1 ≢ 0, see [49, Theorem 7.7].

We assume the following decay condition on w1:

(H2) There exist constants c1 > 0, R > 0 and δ > Nγ + η (Nγ − 2) such that, for every z ∈ RN

with d(z) > R,

w1(z) ≤ c1d(z)
−δ−2γ ,

where

d(z) =
(︂
|x|2(γ+1) + (γ + 1)2|y|2

)︂ 1 
2(γ+1)

(1.1)

is the homogeneous distance associated to Δγ .

We will look for solutions to (P) in the Beppo Levi space having null trace in the Grushin setting, 
i.e. Dγ

0 (R
N), see Section 2.3 for details.

By definition, a function u ∈ D
γ

0 (R
N) is a weak solution to (P) if u > 0 in RN and satisfies 

the following variational identity:
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∀φ ∈ D
γ

0 (R
N) :

∫︂
RN

∇γ u∇γ φ dz =
∫︂
RN

(︂
λ1w1(z)u

−η + λ2w2(z)|∇γ u|r−1 + u2∗
γ −1

)︂
φ dz.

The main result of this paper is the following.

Theorem 1.3. Suppose that (H1)-(H2) hold. Then there exists Λ > 0 such that, for any λ1 ∈
(0,Λ) and any λ2 ∈ [0, λ1], problem (P) admits a weak solution u > 0 in Dγ

0 (R
N)∩L∞(RN)∩

C
0,τ
loc (R

N) for some τ ∈ (0,1]. Moreover, if λ2 = 0 then

lim 
d(z)→+∞u(z) = 0.

The analysis of critical problems was initiated by Brezis and Nirenberg in [19] for the Lapla
cian in a bounded domain. Their work marked the beginning of an endless stream of efforts to 
extend the seminal results.

In recent years, critical problems involving the Grushin operator have been extensively stud
ied; see, for instance, [9,41,42,44,53], among others. An analogue of the Brezis–Nirenberg result 
for the Grushin operator was recently established in [4]. Critical problems with the Grushin op
erator have also bees treated in unbounded domains, see for example [3,54].

Existence of positive weak solutions for a Grushin problem with singular nonlinearity has 
been proved in [8] in a bounded domain.

In [7], Bahrouni, Rădulescu, and Winkert introduced a Baouendi–Grushin operator with vari
able coefficients ΔG(x,y), which reduces to the ‘usual’ Grushin operator when G(x,y) ≡ 2. In 
the same paper they investigated a boundary value problem involving a convective term in a 
bounded domain. Problems in the whole space RN with singular nonlinearities for the operator 
ΔG(x,y) have been studied in [5] and [6]. As far as we know, no results are available for entire 
problems involving convective terms.

The first part of our work is inspired by [12], where an analogous to problem (P) has been 
treated for the p-Laplace operator, and we adapt the results therein to the setting of the Grushin 
operator. We point out that many ideas of [12] rely on the uniform ellipticity of the standard 
Laplace operator, and it is not trivial to adapt them to the degenerate elliptic operator Δγ . Note 
also that problem (P) mixes variational problems with double lack of compactness, in the sense 
of Sobolev’s embeddings, with non-variational problems since convection terms destroy the vari
ational structure.

Theorem 1.3 is a first attempt to study problems involving the Grushin operator with a critical, 
a convective and a singular term in the entire space RN . To the best of our knowledge, our result is 
new even in the case where more than one feature among singularity, convectivity and criticality 
is taken into account.

The last part of the paper is motivated by the regularity and decay properties obtained in [13] 
for a critical problem involving the p-Laplace operator, along with gradient estimates.

1.1. Outline of the proof

We start the proof of Theorem 1.3 by truncating the singular term u−η and freezing the con
vective term |∇γ u|r−1, in order to cast the problem within a classical variational framework.

More precisely, we choose an appropriate function uλ1
(to be defined in (3.12)) and an arbi

trary, fixed, function v ∈ D
γ

0 (R
N). We then examine the auxiliary problem
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−Δγu = a(z,u) + u
2∗
γ −1

+ in RN, (1.2)

where

a(z, s) := λ1w1(z)max{s, uλ1
(z)}−η + λ2w2(z)|∇γ v(z)|r−1 ∀(z, s) ∈RN ×R.

The central part of the paper is dedicated to constructing a solution u ∈ D
γ

0 (R
N) to (1.2) by em

ploying the mountain pass theorem on the associated energy functional J (see Theorem 3.12). 
Using the concentration-compactness principle, we identify a critical level ĉ (see (3.23)) be
low which the functional J recovers compactness, i.e., J satisfies the Palais-Smale condition 
(Lemma 3.9); moreover, we show that, for sufficiently small values of λ1 and λ2, J exhibits the 
mountain pass geometry (Lemma 3.10); finally, we verify that the mountain pass level lies below 
the critical Palais-Smale level ĉ, again for small λ1 and λ2 (Lemma 3.11).

We then return to the original problem. Since the truncation was performed at the level of 
a sub-solution uλ1

(see Lemma 3.2 and (3.12)), any solution to (1.2) stays above uλ1
(see Re

mark 3.13).
The next task is to unfreeze the convection term: this is achieved by using set-valued analysis 

and fixed point theory. Specifically, we introduce a set-valued function S , which associates to 
each function v ∈ D

γ

0 (R
N) the set of solutions to (1.2) having ‘low’ energy (see (3.48)). The 

function S is compact (Lemma 3.19) and, for small values of λ1 and λ2, lower semi-continuous 
(Lemma 3.20). Moreover, its selection 𝒯 , defined as 𝒯 (v) := minS (v), still has the properties 
of compactness and continuity; so, Schauder’s Fixed Point Theorem guarantees the existence of 
a fixed point of 𝒯 (Theorem 3.1), that is, a solution to (P).

Then, we prove a pointwise decay of our solution at infinity when λ2 = 0. The lack of pre
cise elliptic estimates for the Grushin gradients forces us to impose λ2 = 0. First, a global L∞
estimate is ensured via De Giorgi’s technique (Theorem 4.1).

To get the decay of the solutions we then follow [13]. We need a doubling property in 
Lemma 2.13, a Lemma on weak Lebesgue spaces (Lemma 4.3) and an adaptation to our set
ting of a local boundedness theorem (Theorem A.1), whose proof is postponed to Appendix A.

It is also worth mentioning that we provide quantitative estimates on the threshold Λ in The
orem 1.3: see (3.37), (3.40), (3.43), and (3.56).

As an additional result, we also prove (Lemma 3.5) the decay of a subsolution to (P). This 
result requires some stronger assumptions on ℓ and w1; see Remark 3.6 for further details.

Unlike in the paper [12], we can only prove that the solutions are locally Hölder-continuous 
since, as explained in Remark 3.4, a full regularity theory is not available in this context. We 
establish the continuity of the solutions (Theorem 4.1) via the non-homogeneous Harnack in
equality for X-elliptic operators (see [34, Theorem 5.5]).

The paper is organized as follows. In Section 2 we give some classical definitions and state 
some basic results, such as the concentration-compactness principles, the mountain pass theo
rem, and a fixed point theorem, together with minor lemmas which will be useful in the sequel. 
Section 3 is devoted to proving an existence result for problem (P); in particular, in Section 3.1
we study a truncated and frozen problem, while Section 3.2 addresses the unfreezing of the 
convection term via set-valued analysis, finally giving a solution to (P). Section 4 discusses the 
boundedness and the decay of the solutions, concluding the proof of Theorem 1.3.
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2. Preliminaries

2.1. The fundamental solution for Δγ

We have already introduced in (1.1) the homogeneous distance associated to the Grushin 
operator Δγ . Notice that this distance is homogeneous of degree 1 with respect to the anisotropic 
dilatation

δλ(z, y) = (λx,λγ+1y), λ > 0

and, for γ = 0, it reduces to the usual Euclidean distance in RN . The function

Γ(z) = C

d(z)Nγ −2 (2.1)

is a fundamental solution for the Grushin operator with singularity at z = 0, see [21, Appendix 
B]. The constant C is a suitable positive constant that depends on m,ℓ and γ . Precisely,

C−1 = (Nγ − 2)
∫︂

{z: d(z)=1}

|x|2γ(︁|x|2(1+2γ ) + (1 + γ )2 |y|2)︁1/2 dσ,

where σ denotes the surface measure of the manifold {z : d(z) = 1}.

2.2. Notation

The complement of any set A in a set X is Ac = X \ A. We indicate with Bγ (z,R) = {ξ ∈
RN : d(z − ξ) < R} the d-ball of center z ∈ RN and radius R > 0. We will omit γ when it is 
equal to 0 and the d-ball B(z,R) reduces to the Euclidean one.

Given any A ⊆ RN , we write χA to indicate the characteristic function of A. For any N
dimensional Lebesgue measurable set Ω, the symbol |Ω| denotes the N -dimensional Lebesgue 
measure of Ω.

We denote by C∞
c (RN) the space of the compactly supported smooth functions on RN , while 

C
0,τ
loc (R

N), for any τ ∈ (0,1], denotes the space of locally τ -Hölder continuous functions. Given 
any measurable set Ω ⊆ RN and q ∈ [1,+∞], Lq(Ω) stands for the standard Lebesgue space, 
whose norm will be indicated with ∥ · ∥Lq(Ω), or simply ∥ · ∥q when Ω = RN .

Given a real-valued function φ, we denote its positive and negative part by

φ+ := max{φ,0}, φ− := max{−φ,0}.

We abbreviate {u > v} = {x ∈ RN : u(x) > v(z)}, and similarly for {u < v}, etc.
We indicate with X∗ the dual of a Banach space X, while ⟨·, ·⟩ stands for the duality brackets. 

Given two Banach spaces X,Y , the continuous embedding of X into Y is indicated by X ↪→ Y ; 
if the embedding is compact, we write X ↪→

↪→ Y . If a sequence (un) strongly converges to u we 
write un → u; if the convergence is in weak sense, we use un ⇀ u. The letter S denotes the best 
Sobolev constant; see the next subsection for details.

6 
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The space of all finite signed Radon measures is denoted by M (RN,R). Concerning con

vergence of measures (μn) ⊆ M (RN,R), we write μn
∗ 
⇀ μ and μn ⇀ μ to signify tight and 

weak convergence, respectively (the definitions are given in the next subsection). The symbol δz
indicates the Dirac delta concentrated at z ∈ RN .

The letter C denotes a generic positive constant whose dependence on other variables is ir
relevant in the specific context. Subscripts on C emphasize its dependence from the specified 
parameters.

For the sake of brevity, the sentence ``in RN'' should be understood as ``a.e. in RN''. We would 
like to point out that the degenerate region Σ is always a negligible set in the sense of Lebesgue 
measure. For instance, a function which is positive almost everywhere might well be negative on 
the whole Σ.

2.3. Functional setting

Given an open subset Ω ⊆ RN we introduce the Sobolev space H 1
γ (Ω) as

H 1
γ (Ω) =

{︂
u ∈ L2(Ω) : |∇γ u| ∈ L2(Ω)

}︂

and the Beppo-Levi space Dγ (Ω) as

Dγ (Ω) =
{︂
u ∈ L2∗

γ (Ω) : |∇γ u| ∈ L2(Ω)
}︂
,

where 2∗
γ is the Sobolev critical exponent associated to Nγ to be the number

2∗
γ := 2Nγ

Nγ − 2
. (2.2)

The spaces H 1
0,γ (Ω), Dγ

0 (Ω) are defined as the completion of C∞
c (Ω) with respect to the norms 

∥ · ∥2 + ∥∇γ (·)∥2 and ∥∇γ (·)∥2, respectively. In what follows we will denote the norm of the 
space Dγ

0 (R
N) with the symbol

∥u∥γ =
⎛
⎜⎝ ∫︂

RN

∥∇γ u∥2 dz

⎞
⎟⎠

1/2

. (2.3)

It is easy to check that Dγ

0 (R
N) is a Hilbert space with respect to the inner product

⟨u,v⟩γ =
∫︂
RN

∇γ u∇γ v dz.

Moreover, we trivially have the embedding

H 1
0,γ (R

N) = H 1
γ (R

N) ↪→ D
γ

0 (R
N) = Dγ (RN),

7 
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while H 1
γ (R

N) ↪→ Lq(RN) for any q ∈ [2,2∗
γ ] by the results of [2, p. 1249].

We denote by D−1,2,γ
0 (RN) the dual space of Dγ

0 (R
N). Following [4, Eq. (3.1)], we define 

the best constant of the Sobolev-Gagliardo-Nirenberg embedding Dγ

0 (R
N) ↪→ L2∗

γ (RN), see 
[40, Lemma 5.1], as

S := inf 
u∈Dγ

0 (RN)

u≠0

∫︁
RN

⃓⃓∇γ u
⃓⃓2 dz (︂∫︁

RN |u|2∗
γ dz

)︂2/2∗
γ
. (2.4)

For the sake of completeness, we now recall some embedding theorems in bounded domains. 
If Ω ⊂ RN is bounded and satisfies the regularity condition (D)1 of [1, Section 5], then 
H 1

γ (Ω) ↪→ Lq(Ω) for every q ∈ [1,2∗
γ ], and H 1

γ (Ω) ↪→↪→ Lq(Ω), for every q ∈ [1,2∗
γ ), see [1, 

Proposition 5.5]. This latter fact, together with the continuous embedding Dγ

0 (R
N) ↪→ H 1

γ (Ω), 
gives Dγ

0 (R
N) ↪→↪→ Lq(Ω) for all q ∈ [1,2∗

γ ).

A sequence of measures (μn) ⊆ M (RN,R) converges tightly to a measure μ, written as 

μn
∗ 
⇀μ, if

∫︂
RN

f dμn →
∫︂
RN

f dμ for all f ∈ Cb(R
N), (2.5)

where Cb(RN) is the space of the bounded, continuous functions on RN . On the other hand, 
(μn) ⊆ M (RN,R) is said to converge weakly to μ, written as μn ⇀ μ, if (2.5) holds for 
all f ∈ C0(RN), where C0(RN) is the space of the continuous functions that vanish at in
finity.2 Since C0(RN) ⊆ Cb(RN), tight convergence implies weak convergence. Moreover, if 
(μn) ⊆ M (RN,R) is bounded, then (up to sub-sequences) μn ⇀ μ for some μ ∈ M (RN,R): 
see [24, Proposition 1.202]. Notice that weak convergence is the ‘natural’ convergence in the 
space M (RN,R), since M (RN,R) = (C0(RN))′. It is worth pointing out that tight conver
gence can be seen as non-concentration at infinity: see [10,11].

Let (X,∥ · ∥X) be a Banach space and J be a functional of class C1 (hereafter indicated as 
J ∈ C1(X)). A sequence (un) ⊆ X is a Palais-Smale sequence at level c ∈ R if J (un) → c in 
R and J ′(un) → 0 in X∗. If each Palais-Smale sequence at level c admits a strongly convergent 
sub-sequence, then J is said to satisfy the Palais-Smale condition at level c; briefly, J satisfies 
(PS)c.

A partially ordered set (A,≤) is said to be downward directed if for any a, b ∈ A there exists 
c ∈ A such that c ≤ a and c ≤ b. We recall that, if a is a minimal element of the downward 
directed poset A, then a = minA: indeed, since A is downward directed, for any b ∈ A there 
exists c ∈ A such that c ≤ a and c ≤ b, and minimality of a forces c = a, so that c ≤ b for all 
b ∈ A, i.e., c = minA.

Let (X,dX), (Y, dY ) be two metric spaces. A set-valued function S : X → 2Y 3 is said to be 
lower semi-continuous if, for any xn → x in X and y ∈ S (x), there exists (yn) ⊆ Y such that 

1 From now on, we will assume that the bounded sets Ω ⊆ RN satisfy condition (D). We point out that the balls 
Bγ (z,R) satisfies (D), as remarked in [1].

2 A function f vanishes at infinity if, for each ε > 0, there exists a compact set Kε such that supx∈Kε
|f (x)| < ε.

3 Here 2Y is the power set of Y .

8 
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yn → y ∈ Y and yn ∈ S (xn) for all n ∈ N; it is said to be compact if, for any bounded K ⊆ X, 
the set S (K) is relatively compact in Y .

2.4. Some tools

We start by proving a simple result concerning weak convergence of the positive part of func
tions.

Lemma 2.1. Let (un) ⊆ D
γ

0 (R
N), u ∈ D

γ

0 (R
N) be such that un ⇀ u in Dγ

0 (R
N). Then (un)+ ⇀

u+ in Dγ

0 (R
N).

Proof. The proof proceeds with only minor modifications to that of [12, Lemma 2.1], thanks 
to the compact embedding Dγ

0 (R
N) ↪→↪→ Lp(Bγ (0,R)) for all fixed R > 0 (see Section 2.3), 

together with Stampacchia’s lemma (cf., e.g., [34, Corollary 2.2]). □
The following lemma establishes the (S)+ property of the Grushin operator. We first recall the 

definition.

Definition 2.2. Let (X,∥ · ∥) be a Banach space. An operator A : X → X∗ is of type (S)+ if, for 
any (un) ⊆ X and u ∈ X such that

un ⇀ u in X, lim sup
n→∞ 

⟨A(un),un − u⟩ ≤ 0,

one has un → u in X.

Lemma 2.3. The operator A : Dγ

0 (R
N) → D

−1,2,γ
0 (RN) defined by

⟨A(u), v⟩ :=
∫︂
RN

∇γ u∇γ v dz

is of type (S)+.

Proof. Let (un), u ∈ D
γ

0 (R
N) such that

un ⇀ u in D
γ

0 (R
N), lim sup

n→∞ 
⟨A(un),un − u⟩ ≤ 0. (2.6)

We have

⟨A(un) − A(u),un − u⟩ ≥ 0 ∀n ∈ N,

implying

lim inf
n→∞ 

⟨A(un) − A(u),un − u⟩ ≥ 0.

Therefore by (2.6)

9 
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lim 
n→∞⟨A(un) − A(u),un − u⟩ = 0,

which is equivalent to require ∥un − u∥2
γ → 0 by recalling (2.3). □

Let us introduce two lemmas that are useful for handling concentration of compactness at 
points and at infinity, respectively.

The first concentration compactness lemma was proved in [43, Theorem 3.3] for a p-Grushin 
operator in a bounded domain Ω ⊆ RN , but the case in the whole RN , where the tight conver
gence appears, follows with the same argument.

Theorem 2.4. Suppose (un) ⊆ D
γ

0 (R
N) to be such that un ⇀ u in Dγ

0 (R
N), and both |∇γ un| ⇀

μ, |un|2∗
γ

∗ 
⇀ ν in the sense of measures, for some u ∈ D

γ

0 (R
N) and μ,ν bounded non-negative 

measures on RN . Then there exist an at most countable set 𝒜, a family {zj}j∈𝒜 of distinct points 
in RN and two families of numbers {μj }j∈𝒜, {νj }j∈𝒜 ⊆ (0,+∞) such that

ν = |u|2∗
γ +

∑︂
j∈𝒜

νj δzj , μ ≥ |∇γ u|2 +
∑︂
j∈𝒜

μjδzj , μj ≥ Sν

2 
2∗
γ

j for all j ∈ 𝒜,

where δz is the Dirac measure concentrated at z ∈RN and S is defined in (2.4). In particular,

∑︂
j∈𝒜

(νj )
2 

2∗
γ < ∞.

Lemma 2.4 requires the tight convergence of the sequence of measures involving 2∗
γ . How

ever, the direct proof of this condition is rather difficult and technical, also for γ = 0. Thus, we 
report [4, Lemma 3.3], that is a version of Lemma 2.4 known as escape to infinity principle, 
where the concentration at infinity is contained in the parameters ν∞ and μ∞.

Lemma 2.5. Suppose that (un) ⊆ D
γ

0 (R
N) is bounded and define

ν∞ := lim 
R→+∞ lim sup

n→∞ 

∫︂
Bc
γ (0,R)

|un|2∗
γ dz, μ∞ := lim 

R→+∞ lim sup
n→∞ 

∫︂
Bc
γ (0,R)

|∇γ un|2 dz.

Then, Sν
2/2∗

γ∞ ≤ μ∞ and

lim sup
n→∞ 

∫︂
RN

|un|2∗
γ dz =

∫︂
RN

dν + ν∞, lim sup
n→∞ 

∫︂
RN

|∇γ un|2 dz =
∫︂
RN

dμ + μ∞,

where ν and μ are as in Lemma 2.4.

Lemmas 2.4 and 2.5 will be used to avoid concentration both at points, i.e. νj = μj = 0 for 
all j ∈ 𝒜, and at infinity, i.e. ν∞ = μ∞ = 0.

10 
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Remark 2.6. As observed in [12, Remark 2.4], the numbers νj , μj in Theorem 2.4 represent 
the concentration of the measures ν and μ at the points zj for all j ∈ 𝒜, i.e. νj = ν({zj }) and 
μj = μ({zj }).

We recall two celebrated results in Nonlinear Analysis.

Theorem 2.7 (Ambrosetti, Rabinowitz; cf. [46, Theorem 5.40]). Let (X,∥ · ∥X) be a Banach 
space and J ∈ C1(X). Let u0, u1 ∈ X, ρ > 0 such that

max{J (u0), J (u1)} < inf 
∂B(u0,ρ)

J =: b and ∥u1 − u0∥X > ρ.

Set

Φ := {ϕ ∈ C0([0,1];X) : ϕ(0) = u0, ϕ(1) = u1}, cM := inf 
ϕ∈Φ sup 

t∈[0,1]
J (ϕ(t)).

If J satisfies (PS)cM , then cM ≥ b and there exists u ∈ X such that both J (u) = cM and J ′(u) =
0. Moreover, if cM = b, then u can be taken on ∂B(u0, ρ).

Theorem 2.8 (Schauder; cf. [31, Theorem 6.3.2 p. 119]). Let K be a non-empty bounded convex 
subset of a normed linear space E, and let T : K → K be a compact map. Then T has a fixed 
point.

We will apply the following result about the boundedness of sequences defined by recursion.

Lemma 2.9. [12, Lemma 2.7] Let the sequence (bk) ⊆ [0,+∞) satisfy, for some c > 0, K > 1
and α > 1, the recursion

bk ≤ c + Kbαk−1 for all k ∈N.

If

Kbα−1
0 ≤ 1

2
and Kcα−1 < 2−α, (2.7)

then the sequence (bk) is bounded.

For technical reasons we will need the following generalization of a well-known inequality. 
The proof is elementary, but we include it for completeness.

Lemma 2.10 (Peter-Paul’s inequality). Suppose that ε > 0, b1, . . . , bk ≥ 0 and p1, . . . , pk ∈
(1,+∞) satisfy 

∑︁k
j=1 p

−1
j = 1. The following inequality holds:

k∏︂
j=1

bj ≤ ε

k−1 ∑︂
j=1 

b
pj

j

pj

+ 1 
εpk−1 · b

pk

k

pk

.

11 
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Proof. Take any b1, . . . , bk ≥ 0 and p1, . . . , pk ∈ (1,+∞) such that 
∑︁k

j=1 p
−1
j = 1. By Young’s 

inequality for products, see for instance [18, p. 92], we have

k∏︂
j=1

bj ≤
k∑︂

j=1 

b
pj

j

pj

.

For any ε > 0 we write

k∏︂
j=1

bj = ε

k−1 ∏︂
j=1

bj · bk
ε

≤ ε

⎛
⎝k−1 ∑︂

j=1 

b
pj

j

pj

+ 1 
pk

(︃
bk

ε

)︃pk

⎞
⎠

= ε

k−1 ∑︂
j=1 

b
pj

j

pj

+ 1 
εpk−1

b
pk

k

pk

. □

The following result is a straightforward adaptation of the weak comparison principle (cf. [48, 
Theorem 3.4.1]) to our framework. The proof relies on the same ideas as in [12, Lemma 2.8]; 
however, we include it here for completeness.

Lemma 2.11. Suppose that u,v ∈ D
γ

0 (R
N) satisfy

⟨−Δγu,φ⟩ ≤ ⟨−Δγ v,φ⟩ (2.8)

for all φ ∈ D
γ

0 (R
N) such that φ ≥ 0 in RN and φ ≡ 0 on {u ≤ v}. Then u ≤ v in RN .

Proof. Testing (2.8) with (u − v)+ ∈ D
γ

0 (R
N), and by Stampacchia’s lemma (cf., e.g., [34, 

Corollary 2.2]), gives

∫︂
{u>v}

(︁∇γ u − ∇γ v
)︁2 dz ≤ 0.

Hence, ∥(u − v)+∥γ = 0 in RN , which implies (u − v)+ = 0 in RN , since (u − v)+ ∈
D

γ

0 (R
N). □

We also state a weak comparison principle for exterior domains, inspired by [23, Corollary 
p. 830]. We omit the proof, since it is similar to the proof of Lemma 2.11.

Lemma 2.12. Let Ω ⊂ RN be a smooth, bounded domain. Suppose that u,v : Ωc →R are mea
surable functions such that |∇γ u|, |∇γ v| ∈ L2(Ωc). Suppose moreover that

⟨−Δγu,φ⟩ ≤ ⟨−Δγ v,φ⟩

for all φ ∈ Dγ (Ωc) such that φ ≥ 0 in Ωc. Moreover, assume u ≤ v on ∂Ω, i.e., (u − v)+ ∈
D

γ

0 (Ω
c). Then u ≤ v in Ωc.

12 
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We will also need the following doubling Lemma.

Lemma 2.13 ([47, Theorem 5.1]). Let (X,d) be a complete metric space, and let ∅ ≠ D ⊂ W ⊂
X, with W closed. Set Γ := W \ D. Finally, let k > 0 and M : D → (0,+∞) be bounded on 
compact subsets of D. If z ∈ D is such that

M(z) >
2k 

d(z,Γ)
,

then there exists ξ ∈ D such that

M(ξ) >
2k 

d(ξ,Γ)
, M(ξ) ≥ M(z), (2.9)

and

M(ẑ) ≤ 2M(ξ) for all ẑ ∈ D ∩ BX(ξ, kM−1(ξ)),

where BX(z0, r) is the closure of the X-ball having center z0 and radius r .

Remark 2.14. Let X = RN and Ω be an open subset of RN . Put D := Ω and W := Ω, so that 
Γ = ∂Ω. Then BX(ξ, kM−1(ξ)) ⊂ D for all ξ ∈ D. Indeed, since D is open, (2.9) implies that

d(ξ,X \ D) = d(ξ,Γ) > 2kM−1(ξ).

We conclude this section recalling the definition of the weak Lebesgue spaces. For any s ∈
(0,∞), we define the weak Lebesgue space Ls,∞(RN) as the set of all measurable functions 
u : RN → R such that

∥u∥s,∞ := sup 
h>0

(︂
h |{|u| > h}|1/s

)︂
< ∞.

The quantity ∥ · ∥s,∞ makes Ls,∞(RN) a quasi-normed space (see for instance [32]). Moreover, 
the embedding Ls(RN) ↪→ Ls,∞(RN) is continuous (see [32, Proposition 1.1.6]). The same 
holds for

Ls,∞(Ω) ↪→ Ls−ε(Ω) for all ε ∈ (0, s), (2.10)

provided Ω has finite measure (see, e.g., [32, Exercise 1.1.11]). Incidentally, we recall the fol
lowing interpolation inequality (see [32, Proposition 1.1.14]): given any 0 <p,q ≤ ∞,

∥f ∥r ≤ C∥f ∥ιp,∞∥f ∥1−ι
q,∞ for all f ∈ Lp,∞(RN) ∩ Lq,∞(RN), (2.11)

where 1
r

= ι 
p

+ 1−ι
q

and C > 0 is a suitable constant depending on p,q, r . We also set

2∗,γ := 2(Nγ − 1)

Nγ − 2 
.

13 
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3. The existence result

Hereafter we will tacitly retain assumption (H1). The present section is devoted to prove the 
first part of Theorem 1.3, that is the existence of at least one positive weak solution to (P), i.e.

Theorem 3.1. There exists Λ> 0 such that, for any λ1 ∈ (0,Λ) and any λ2 ∈ [0, λ1], the problem

{︄−Δγu = λ1w1(z)u
−η + λ2w2(z)|∇γ u|r−1 + u2∗

γ −1 in RN,

u > 0 in RN,
(3.1)

admits a solution u ∈ D
γ

0 (R
N).

We first prove a Lemma, which ensures the existence of a sub-solution to (3.1). We also 
establish its decay as d(z) → +∞, under stronger assumptions on ℓ and w1.

Lemma 3.2. Let η ∈ (0,1), then there exists a unique u ∈ C
0,τ
loc (R

N) solution to

{︄−Δγu = w1(z)u
−η in RN,

u > 0 in RN.
(3.2)

Moreover, if (H2) holds, then w1u
−η ∈ L1(RN) ∩ L∞(RN).

Proof. For all n ∈ N , consider the regularized problems

−Δγun = w1(z)

(︃
(un)+ + 1 

n

)︃−η

in RN. (Pn)

Fix any n ∈ N . Direct methods of Calculus of Variations (see [51, Theorem I.1.2]) ensure that 
there exists un ∈ D

γ

0 (R
N) solution to (Pn). The (local) Hölder-continuity of the solutions un

comes from the non-homogeneous Harnack inequality for X-elliptic operators established in 
[34, Theorem 5.5] as already observed in [37].

Taking (un)− as test function in (Pn) we find that ∥(un)−∥γ = 0, so un ≥ 0 a.e. in RN . Recall 
that Σ = {0} × Rℓ is the degenerate set for the Grushin operator which is a uniformly elliptic 
operator on a bounded domain Ω ⊂ RN \ Σ. Let Ω be any bounded domain contained in any 
connected component 𝒞 in RN \Σ.4 By standard regularity theory, un ∈ C2(Ω) and either un ≡ 0
on Ω or un > 0 in Ω by the strong maximum principle for uniformly elliptic operators. In the 
former case un ≡ 0 on 𝒞. Clearly, un ≡ 0 in RN is not a solution of (Pn). Suppose now that 
un ≡ 0 on 𝒞. If we consider as a test function in (Pn) a cut-off function with compact support 
contained in 𝒞, the left-hand side of (Pn) vanishes, while the right-hand side remains strictly 
positive. Hence un > 0 in RN \ Σ.

4 It is easy to see that RN \ Σ is disconnected if and only if ℓ ≥ N − 2.
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By [22, Sect. 3.1] and recalling that un is a continuous function, we have the following repre
sentation formula5

un(z) = C

∫︂
RN

w1(ξ)
(︁
((un(ξ))+ + 1/n)−η

)︁
d(z − ξ)Nγ −2 dξ for a.e. z ∈ Σ,

where d is the distance defined in (1.1). The nonnegativity of w1 in condition (H1) guarantees 
that un > 0 a.e. in Σ.

Testing (Pn) with un, besides using Hölder’s and Sobolev’s inequalities, yields

∥∇γ un∥2
2 =

∫︂
RN

w1

(︃
un + 1 

n

)︃−η

un dz ≤
∫︂
RN

w1u
1−η
n dz ≤ ∥w1∥ζ∥un∥1−η

2∗
γ

≤ S− 1−η
2 ∥w1∥ζ∥∇γ un∥1−η

2 ,

provided that ζ > 1 satisfies 1 
ζ

+ 1−η
2∗
γ

= 1. We deduce ∥∇γ un∥2 ≤ (S− 1−η
2 ∥w1∥ζ )

1 
1+η , so that 

(un) is bounded in Dγ

0 (R
N). By reflexivity, un ⇀ u in Dγ

0 (R
N) for some u ∈ D

γ

0 (R
N), up to 

sub-sequences.
Observing that un + 1 

n
> un+1 + 1 

n+1 on {un > un+1} we get the weak inequality

−Δγun = w1(z)

(︃
un + 1 

n

)︃−η

≤ w1(z)

(︃
un+1 + 1 

n + 1

)︃−η

= −Δγun+1 on {un > un+1}.

According to Lemma 2.11, it turns out that un ≤ un+1 in RN . Thus, we can define a measurable 
function ũ such that un ↗ ũ in RN .

We show that u = ũ in RN . For all k ∈ N , Dγ

0 (R
N) ↪→

↪→ Lp(Bγ (0, k)), so un → u in 
Lp(Bγ (0, k)) and un → u in Bγ (0, k), up to sub-sequences. A diagonal argument ensures that 
un → u in RN , whence u = ũ in RN (see, e.g., [28, p. 3044] for details).

Now we prove that we can pass to the limit in the weak formulation of (Pn). Clearly,

lim 
n→∞

∫︂
RN

∇γ un∇γ φ dz =
∫︂
RN

∇γ u∇γ φ dz. (3.3)

On the other hand, splitting φ = φ+ − φ−, Beppo Levi’s monotone convergence theorem guar
antees

lim 
n→∞

∫︂
RN

w1

(︃
un + 1 

n

)︃−η

φ+ dz =
∫︂
RN

w1u
−ηφ+ dz.

Analogously,

5 With respect to the Lebesgue measure in Rℓ.
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lim 
n→∞

∫︂
RN

w1

(︃
un + 1 

n

)︃−η

φ− dz =
∫︂
RN

w1u
−ηφ− dz,

giving

lim 
n→∞

∫︂
RN

w1

(︃
un + 1 

n

)︃−η

φ dz =
∫︂
RN

w1u
−ηφ dz. (3.4)

Hence (3.3)--(3.4) ensure that u is positive and it solves the equation in (3.2).
Uniqueness of u can be proved by comparison as follows. If u1, u2 ∈ D

γ

0 (R
N) are two so

lutions to (3.2) then Lemma 2.11 yields u1 ≤ u2 in RN , since w1u
−η
1 < w1u

−η
2 on {u1 > u2}. 

Reversing the roles of u1 and u2 leads to u2 ≤ u1 in RN , whence u1 = u2 in RN .
To prove that u ∈ C

0,τ
loc (R

N) we first notice that −Δγu ≥ 0 in Bc
γ (0,R) for any fixed R > 0. 

Given σ > 0, set Φσ (z) := σΓ(z), where Γ is the function defined in (2.1), and observe that 
−ΔγΦσ = 0 in Bc(0,R). According to the weak comparison principle in exterior domains, 
Lemma 2.12, there exists σ > 0 small enough such that

u ≥ Φσ in Bc
γ (0,R).

This implies that u satisfies

−Δγu = w1(z)u
−η ≤ w1(z)σ

−ηd(z)η
(︁
Nγ −2

)︁
in Bc

γ (0,R). (3.5)

Since un ↗ u in RN , then

u ≥ u1, where inf 
Bγ (0,R)

u1 > 0 for all R > 0, (3.6)

being u1 solution of (Pn) with n = 1, implying

w1u
−η ∈ L∞

loc(R
N), (3.7)

so we can apply again the non-homogeneous Harnack inequality, [34, Theorem 5.5], and the 
arguments in [37] which yield that u ∈ C

0,τ
loc (R

N).
It remains to prove w1u

−η ∈ L1(RN) ∩ L∞(RN). First, recalling (3.7), we have w1u
−η ∈

L1(Bγ (0,R)) ∩ L∞(Bγ (0,R)).
On the other hand, by (3.5)-(H2) we have

w1u
−η ≤ Cd(z)η(Nγ −2)−δ−2γ in Bc

γ (0,R),

which implies w1u
−η ∈ L1(Bc

γ (0,R)) ∩ L∞(Bc
γ (0,R)) since δ > η(Nγ − 2) + Nγ − 2γ , by 

(H2). Summarizing, w1u
−η ∈ L1(RN) ∩ L∞(RN). □

16 



L. Baldelli, P. Malanchini and S. Secchi Journal of Differential Equations 478 (2026) 114550 

Remark 3.3. A strong maximum principle for weak solutions has been proved in [8, Theorem 
2.6], which can also be applied here when m = 1 and γ ≥ 1. When γ ∈ N , following an idea of 
[16], we can provide an alternative proof of the positivity of un. We recall that, if γ ∈ N , −Δγ

satisfies the Hörmander condition. Since w1 ≥ 0, we see that 
∫︁
RN ∇γ un∇γ φ dz ≥ 0 for every 

φ ∈ C∞
c (RN) such that φ ≥ 0. Hence 

∫︁
RN u(−Δγφ) dz ≥ 0 for every such φ. Recalling that un

is a continuous function, it follows that un is a viscosity sub-solution of the operator −Δγ . The 
strong maximum principle proved in [15, Corollary 1.4] yields that either un ≡ 0 or un > 0 in 
RN . Again, un ≡ 0 cannot be a solution of (Pn).

Remark 3.4. Remark 3.3 shows a typical difficulty arising in the Grushin operator’s framework, 
which can be overcome in the case γ ∈ N: the strict positivity of the solution u cannot be ex
pected for our weak solutions. Actually, a Hopf Lemma was proved in [45] which would imply 
u > 0, provided that u ∈ C2(RN). However, a full theory of elliptic regularity is not available 
for weak solutions to degenerate operators, and we do not expect u to be of class C2 across the 
degenerate set Σ.

Now we prove the decay of the solution u found in Lemma 3.2.

Lemma 3.5. Let u ∈ C
0,τ
loc (R

N) as in Lemma 3.2, ℓ > 4 and set

δ1 := Nγ + η (Nγ − 2) and δ2 := η(Nγ − 2)− 2γ + (ℓ − 2)(γ + 1).

If there exist constants c1 > 0, R > 0 and δ such that, for every z ∈ RN with d(z) > R,

w1(z) ≤ c1d(z)
−δ−2γ , δ > max{δ1, δ2}, (3.8)

then

u(z) → 0 as d(z) → +∞. (3.9)

Proof. Let a a (small) fixed parameter and define Σa := {z = (x, y) ∈ RN : |x| ≤ a}. Set also 
Σc

a := RN \ Σa . We divide the proof into two cases, according if z ∈ Σa or z ∈ Σc
a .

Case I: If z ∈ Bc
γ (0,R) ∩ Σc

a . Take any q < 0, R,M > 0, and define

Ψ(z) := M
(︂
|x|2(γ+1) + (γ + 1)2|y|2

)︂ q
2(γ+1) = Md(z)q, z ∈ Bc

γ (0,R) ∩ Σc
a.

By direct computation we have

∇xΨ(z) = Mqd(z)q−2(γ+1)|x|2γ x, ∇yΨ(z) = Mq(γ + 1)d(z)q−2(γ+1)y

so that

∇γΨ(z) = Mqd(z)q−2(γ+1)|x|γ (|x|γ x, (γ + 1)y).

17 



L. Baldelli, P. Malanchini and S. Secchi Journal of Differential Equations 478 (2026) 114550 

By (3.2)-(3.6)6 in [1], choosing ρ = d(z), we have

∫︂
Rm

∫︂
Rℓ

|∇γΨ|2 dz = M2
∫︂

{z: d(z)=1}

∞ ∫︂
R

ρ2q+Nγ −3(sinφ)
2γ 
γ+1 dρ dℋN−1

γ ,

where ℋN−1
γ is the (N − 1)-dimensional measure defined in [1, pag. 8] and φ ∈ (0,π/2). So 

|∇γΨ| ∈ L2(Bc
γ (0,R)) if q < 1 −Nγ /2. Moreover, note that by [21, Eq. (5.22)], it is possible to 

write

∫︂
RN

|Ψ(z)|2∗
γ dz = M2∗

γ sN

+∞∫︂
R

ρNγ −1ρ2∗
γ q dρ,

where sN is an explicit constant that depends only on N , implying Ψ ∈ L2∗
γ (Bc

γ (0,R)) again if 
q < 1 − Nγ /2. Furthermore,

ΔγΨ = Mq(q − 2 + Nγ )
(︂
|x|2(γ+1) + (γ + 1)2|y|2

)︂ q
2(γ+1)−1 |x|2γ

= Mq(q − 2 + Nγ )d(z)
q−2−2γ |x|2γ .

So Ψ ∈ Dγ (Bc
γ (0,R)) and it solves

{︄−ΔγΨ = CMd(z)q−2−2γ |x|2γ in Bc
γ (0,R),

Ψ → 0 as d(z) → +∞,

where

CM := −Mq(q − 2 + Nγ ),

which is positive if we impose the further condition q > 2 − Nγ . That is, we suppose 2 − Nγ <

q < 1 − Nγ /2.
Since z ∈ Bc

γ (0,R) ∩ Σc
a , recalling that u satisfies (3.5), by (3.8), we have

− Δγu ≤ c1σ
−ηd(z)η(Nγ −2)−δ−2γ ≤ CMd(z)q−2−2γ a2γ ≤ CMd(z)q−2−2γ |x|2γ = ΔγΨ,

(3.10)

enlarging M if necessary. Note that it is sufficient for the estimate (3.10) to have

η(Nγ − 2) − δ − 2γ ≤ q − 2 − 2γ,

that is δ ≥ η(Nγ − 2) − q + 2, which is satisfied when q > 2 − Nγ since δ > δ1.

6 In (3.2)-(3.6), the authors deal with the case m,ℓ ≥ 2. They observe, as indicated in (3.12), that their conclusions 
remain valid even when m = 1.
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Choose M large enough such that Ψ(R) > u(R). Applying Lemma 2.12 to u and Ψ in RN \Σa

we obtain

u(z) ≤ Ψ(z) for all z ∈ Bc
γ (0,R) ∩ Σc

a,

implying the required decay (3.9) in Σc
a .

Case II: If z ∈ Bc
γ (0,R) ∩ Σa , we define Ψ̃(z) := M̃f (x)g(y), where M̃ > 0. By direct 

computations, we obtain

Δγ Ψ̃ = M̃Δxf (x) · g(y) + M̃|x|2γΔyg(y) · f (x). (3.11)

We aim to choose f and g accurately in order to recover again the estimate −Δγu ≤ −Δγ Ψ̃. 

Define f (x) := e−|x|2 and g(y) := |y|q for some q < 0, for all z = (x, y) ∈ Σa .
First we prove that Ψ̃ ∈ Dγ (Bc

γ (0,R) ∩ Σa) for some values of q . By computing

∇γ Ψ̃ = e−|x|2 (︂−2x|y|q, |x|γ |y|q−2q
)︂

and taking z ∈ Bc
γ (0,R) ∩ Σa , that is we can suppose |y| ≥ a, we can estimate

|∇γ Ψ̃|2 = e−2|x|2 |y|2q
[︂
4|x|2 + q2|x|2γ |y|−2

]︂
≤ e−2|x|2 |y|2q

[︂
4|x|2 + q2|x|2γ a−2

]︂
,

which is integrable in Bc
γ (0,R) ∩ Σa if q < −ℓ/2. Moreover,

∫︂
Bc
γ (0,R)∩Σa

Ψ̃2∗
γ dz = M̃

∫︂
|x|<a

(︂
e−|x|2)︂2∗

γ
dx ·

∫︂
Bc
γ (0,R)∩Rℓ

|y|q2∗
γ dy,

so Ψ̃ ∈ L2∗
γ (Bc

γ (0,R) ∩ Σa) if q < −ℓ/2∗
γ . Since 2∗

γ ≥ 2 we consider q < −ℓ/2.
For any z ∈ Σa ∩ Bc

γ (0,R) we have

Δxf (x) = e−|x|2(4|x|2 − 2m), Δyg(y) = q(q − 2 + ℓ)|y|q−2,

which are both negative if a is sufficiently small and q > 2 − ℓ. This latter condition on q fits 
with q < −ℓ/2 since we are supposing ℓ > 4. Recalling (3.11), we have

−Δγ Ψ̃ = M̃(2m − 4|x|2)e−|x|2 |y|q + C
M̃

|x|2γ e−|x|2 |y|q−2 ≥ CaM̃|y|q,

where C
M̃

:= −M̃q(q − 2 + ℓ) > 0 and Ca := (2m− 4a2)e−a2
. Recalling (1.1), then d(z)γ+1 ≥

|y| for all z ∈ RN . We know by (3.5)-(3.8) that

−Δγu ≤ c1σ
−ηd(z)η(Nγ −2)−δ−2γ ≤ c1σ

−η|y|
η(Nγ −2)−δ−2γ

γ+1 ,

since η(Nγ − 2) − δ − 2γ ≤ 0 by (3.8). So −Δγu ≤ −Δγ Ψ̃ for every z ∈ Bc
γ (0,R) ∩ Σa , 

enlarging M̃ if necessary, by requiring
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q ≥ η(Nγ − 2) − δ − 2γ

γ + 1 

to be satisfied, or equivalently

δ ≥ η(Nγ − 2)− 2γ − q(γ + 1),

which holds since q > 2 − ℓ and δ > δ2.
Moreover, choosing M̃ large enough such that Ψ̃(R) > u(R) in Bc

γ (0,R) ∩ Σa , we apply 
again Lemma 2.12 with Σa instead of RN and find

u(z) ≤ Ψ̃(z) for all z ∈ Bc
γ (0,R) ∩ Σa.

Since Ψ̃(z) → 0 as d(z) → +∞, then (3.9) is proved also in Σa . □
Remark 3.6. We have proved the decay by constructing appropriate barrier functions and then 
applying the weak comparison principle for exterior domains, Lemma 2.12. Since the Grushin 
operator is not invariant under the action of O(N), standard radial functions as power of the 
distance d(·) are not suitable candidates, in particular near the degenerate set Σ. We have con
structed some barrier functions adapted to the geometry of the problem; this choice has forced 
us to impose ℓ > 4 and condition (3.8), which is slightly stronger than (H2). We conjecture that 
the restrictive condition ℓ > 4 is only of technical nature.

3.1. A truncated and frozen problem

We now make problem (3.1) variational by truncating and freezing it.
Let uλ1

∈ C
0,τ
loc (R

N) be the solution to

{︄−Δγu = λ1w1(z)u
−η in RN,

u > 0 in RN,

whose existence and uniqueness are guaranteed by Lemma 3.2, replacing w1 with λ1w1. Ac
cording to linearity of the Grushin operator and the singularity u−η, we have

uλ1
= λ

1 
1+η

1 u, (3.12)

where u is a solution of (3.2). For any fixed v ∈ D
γ

0 (R
N), set

a(z, s) := λ1w1(z)max{s, uλ1
(z)}−η + λ2w2(z)|∇γ v(z)|r−1 ∀(z, s) ∈RN ×R (3.13)

and consider the ‘truncated and frozen’ problem

−Δγu = a(z,u) + u
2∗
γ −1

+ in RN. (P̂)

Problem (P̂) has a variational structure: its energy functional J : Dγ

0 (R
N) →R is defined by
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J (u) := 1

2
∥∇γ u∥2

2 −
∫︂
RN

A(z,u) dz − 1 
2∗
γ

∥u+∥2∗
γ

2∗
γ
,

where A(z, s) := ∫︁ s

0 a(z, t) dt . It is standard to see that J is well-defined and of class C1, with

⟨J ′(u),φ⟩ =
∫︂
RN

∇γ u∇γ φ dz −
∫︂
RN

a(z,u)φ dz −
∫︂
RN

u
2∗
γ −1

+ φ dz.

Given a sequence (vn) ⊆ D
γ

0 (R
N) we define

an(z, s) := λ1w1(z)max{s, uλ1
(z)}−η + λ2w2(z)|∇γ vn(z)|r−1 ∀(z, s) ∈ RN ×R, (3.14)

An(z, s) :=
s∫︂

0 

an(z, t) dt,

and the functional

Jn(u) := 1

2
∥∇γ u∥2

2 −
∫︂
RN

An(z,u) dz − 1 
2∗
γ

∥u+∥2∗
γ

2∗
γ
.

From the definition of a we get the following relations, which hold for all (z, s) ∈RN ×R:

A(z, s) ≥ −
(︂
λ1w1(z)uλ1

(z)−η + λ2w2(z)|∇γ v(z)|r−1
)︂

|s|,

A(z, s) ≤ λ1

1 − η
w1(z)|s|1−η +

(︂
λ1w1(z)uλ1

(z)−η + λ2w2(z)|∇γ v(z)|r−1
)︂

|s|. (3.15)

For future reference we introduce the parameters ζ , θ ∈ (1,+∞) defined by the equations

1 
ζ

+ 1 − η

2∗
γ

= 1, 
1 
θ

+ r − 1

2 
+ 1 

2∗
γ

= 1. (3.16)

First, we prove two general results concerning, in particular, Palais-Smale sequences associated 
with the functionals Jn. Lemma 3.7 provides an energy estimate, while Lemma 3.8 detects a 
“critical'' energy level under which compactness is recovered.

Lemma 3.7 (Energy estimate). Suppose λ1 ∈ (0,1] and λ2 ∈ [0,1]. Let c ∈ R, L > 0, and 
(un), (vn) ⊆ D

γ

0 (R
N) such that

lim sup
n→∞ 

Jn(un) ≤ c,

lim sup
n→∞ 

∥∇γ vn∥2 ≤ L,

lim 
n→∞J ′

n(un) = 0 in D−1,2
γ (RN).

(3.17)
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Then there exists Ĉ = Ĉ(N,w1,w2, η, r, γ ) > 0 such that

lim sup
n→∞ 

∥∇γ un∥2
2 ≤ 2Nγ

[︂
Ĉ max{λ1, λ2}

2 
1+η

(︂
1 + L2(r−1)

)︂
+ c
]︂
.

Proof. According to (3.17) we have

c + o(1)(1 + ∥∇γ un∥2) ≥ Jn(un) − 1 
2∗
γ

⟨J ′
n(un), un⟩

= 1 
Nγ

∥∇γ un∥2
2 −

∫︂
RN

An(z,un) dz + 1 
2∗
γ

∫︂
RN

an(z,un)un dz.
(3.18)

By means of (3.12) and (3.15), as well as Hölder’s and Sobolev’s inequalities, we get

∫︂
RN

An(z,un) dz

≤ λ1

1 − η

∫︂
RN

w1|un|1−η dz + λ1

∫︂
RN

w1u
−η
λ1

|un| dz + λ2

∫︂
RN

w2|∇γ vn|r−1|un| dz

≤ λ1

1 − η
∥w1∥ζ∥un∥1−η

2∗
γ

+ λ
1 

1+η

1 ∥w1u
−η∥(2∗

γ )
′ ∥un∥2∗

γ
+ λ2∥w2∥θ∥∇γ vn∥r−1

2 ∥un∥2∗
γ
.

(3.19)

Moreover, by (3.14) and (3.17)

∫︂
RN

an(z,un)un dz ≥ −
∫︂
RN

an(z,un)|un| dz

≥ −
∫︂
RN

(︂
λ1w1u

−η
λ1

+ λ2w2|∇γ vn|r−1
)︂

|un| dz

≥ −S− 1
2

(︃
λ

1 
1+η

1 ∥w1u
−η∥(2∗

γ )
′ + λ2∥w2∥θLr−1 + o(1)

)︃
∥∇γ un∥2.

(3.20)

Inserting this latter inequalities in (3.18) and by using Young’s inequality we have

c + o(1)(1 + ∥∇γ un∥2)

≥ 1 
Nγ

∥∇γ un∥2
2 − λ1

1 − η
S− 1−η

2 ∥w1∥ζ∥∇γ un∥1−η
2

− S− 1
2

(︄
1 + 1 

2∗
γ

)︄(︃
λ

1 
1+η

1 ∥w1u
−η∥(2∗

γ )
′ + λ2∥w2∥θLr−1 + o(1)

)︃
∥∇γ un∥2

≥ 1 
Nγ

∥∇γ un∥2
2 − Cελ

2 
1+η

1 − ε∥∇γ un∥2
2 − Cε

(︃
λ

2 
1+η

1 + λ2
2L

2(r−1) + o(1)

)︃
− ε∥∇γ un∥2

2.
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Now, re-absorbing the terms ∥∇γ un∥2 on the right-hand side, we get

(︃
1 
Nγ

− 2ε

)︃
∥∇γ un∥2

2 ≤ Cε

(︃
λ

2 
1+η

1 + λ2
2L

2(r−1)
)︃

+ c + o(1).

If λ1, λ2 ≤ 1, then

(︃
1 
Nγ

− 2ε

)︃
∥∇γ un∥2

2 ≤
⎧⎨
⎩Cελ

2 
1+η

1

(︁
1 + L2(r−1)

)︁+ c + o(1), if λ1 ≥ λ2,

Cελ
2 

1+η

2

(︁
1 + L2(r−1)

)︁+ c + o(1), if λ1 ≤ λ2,

(3.21)

for a suitable Cε = Cε(ε,N,w1,w2, η, r, γ ) (since S is a function of only Nγ and u depends 
uniquely on w1, η, γ ). Choosing ε = 1 

4Nγ
and setting Ĉ := Cε , (3.21) becomes

1 
2Nγ

∥∇γ un∥2
2 ≤ Ĉ max{λ1, λ2}

2 
1+η

(︂
1 + L2(r−1)

)︂
+ c + o(1). (3.22)

We conclude by taking the upper limit as n→ +∞. □
Lemma 3.8 (Concentration-compactness). With the same hypotheses of Lemma 3.7, if

c <
SNγ /2

Nγ

− Ĉ max{λ1, λ2}
2 

1+η

(︂
L2(r−1) + 1

)︂
=: ĉ, (3.23)

then there exists u ∈ D
γ

0 (R
N) such that, up to sub-sequences, un ⇀ u in Dγ

0 (R
N) and

(un)+ → u+ in L2∗
γ (RN). (3.24)

In particular, ((un)+) is uniformly equi-integrable in L2∗
γ (RN), i.e.,

∫︂
Ω 

(un)
2∗
γ

+ dz → 0 as |Ω| → 0, uniformly in n ∈ N. (3.25)

Proof. By Lemma 3.7 we deduce that (un) is bounded in Dγ

0 (R
N). Hence there exists u ∈

D
γ

0 (R
N) such that, up to sub-sequences, un ⇀ u in Dγ

0 (R
N), which implies (un)+ ⇀ u+ in 

D
γ

0 (R
N) by Lemma 2.1. In particular, ∇γ (un)+ ⇀ ∇γ u+ in L2(RN), ensuring that the sequence 

of measures (|∇γ (un)+|2) is bounded. Thus, |∇γ (un)+|2 ⇀ μ for some bounded positive mea

sure μ; analogously, (un)
2∗
γ

+ ⇀ ν for an opportune bounded positive measure ν. According to 
Lemmas 2.4--2.5, applied to ((un)+) in place of (un), there exist some at most countable set 𝒜, 
a family of points (zj )j∈𝒜 ⊆ RN , and two families of numbers (μj )j∈𝒜, (νj )j∈𝒜 ⊆ (0,+∞)

satisfying
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ν = u
2∗
γ

+ +
∑︂
j∈𝒜

νj δzj , μ ≥ |∇γ u+|2 +
∑︂
j∈𝒜

μjδzj ,

lim sup
n→∞ 

∫︂
RN

(un)
2∗
γ

+ dz =
∫︂
RN

dν + ν∞, lim sup
n→∞ 

∫︂
RN

|∇γ (un)+|2 dz =
∫︂
RN

dμ + μ∞,

(3.26)

and

Sν
2/2∗

γ

j ≤ μj for all j ∈ 𝒜, Sν
2/2∗

γ∞ ≤ μ∞, (3.27)

being

ν∞ := lim 
R→+∞ lim sup

n→∞ 

∫︂
Bc
γ (0,R)

(un)
2∗
γ

+ dz, μ∞ := lim 
R→∞ lim sup

n→∞ 

∫︂
Bc
γ (0,R)

|∇γ (un)+|2 dz.

We claim that 𝒜 = ∅. By contradiction, let j ∈ 𝒜 and ψ ∈ C∞
c (RN) be a standard cut-off func

tion fulfilling ψ ≡ 1 in Bγ (0,1/2), ψ ≡ 0 in Bc
γ (0,1), and 0 ≤ ψ ≤ 1 in RN . For each ε ∈ (0,1)

set

ψε(z) := ψ

(︃
z − zj

ε

)︃
.

By hypothesis (3.17) we have ⟨J ′
n(un), (un)+ψε⟩ → 0, that is,

∫︂
RN

|∇γ (un)+|2ψε dz +
∫︂
RN

(un)+∇γ un∇γ ψε dz

=
∫︂
RN

an(z,un)(un)+ψε dz +
∫︂
RN

(un)
2∗
γ

+ ψε dz + o(1).

(3.28)

Since Dγ

0 (R
N) ↪→↪→ L2(Bγ (zj , ε)), we have (up to sub-sequences) un → u both in L2(Bγ (zj , ε))

and in RN . Reasoning as for (3.20), besides recalling that (|∇γ un|) is bounded in L2(RN), one 
has

lim 
ε→0

lim 
n→∞

⃓⃓⃓
⃓⃓⃓
⃓
∫︂
RN

an(z,un)(un)+ψε dz

⃓⃓⃓
⃓⃓⃓
⃓

≤ lim 
ε→0

lim 
n→∞

∫︂
Bγ (zj ,ε)

(︂
λ1w1u

−η
λ1

+ λ2w2|∇γ v(z)|r−1
)︂

|un| dz

≤ λ
− η

1+η

1 S− 1
2

(︃
sup 
n∈N

∥∇γ un∥2

)︃
·

· lim 
ε→0

(︂
λ1∥w1u

−η∥
L
(2∗
γ )′

(Bγ (zj ,ε))
+ λ2∥w2∥Lθ (Bγ (zj ,ε))

Lr−1
)︂

= 0,

(3.29)
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where we used (H1), (3.17) and limε→0 ∥w1u
−η∥

L
(2∗
γ )′

(Bγ (zj ,ε))
= 0, since w1u

−η ∈ L∞(RN) by 

Lemma 3.2.
Since ∇γ ψε is bounded and compactly supported in Bγ (zj , ε), we deduce un∇γ ψε → u∇γ ψε

in L2(RN) as n → ∞. By Hölder’s inequality and the change of variable ξ ↦→ (z−zj )/ε we infer

lim 
ε→0

lim 
n→∞

⃓⃓⃓
⃓⃓⃓
⃓
∫︂
RN

un∇γ un∇γ ψε dz

⃓⃓⃓
⃓⃓⃓
⃓≤ lim 

ε→0
lim 

n→∞∥∇γ un∥2∥un∇γ ψε∥2

≤ sup 
n∈N

∥∇γ un∥2 · lim 
ε→0

∥u∇γ ψε∥2 ≤ sup 
n∈N

∥∇γ un∥2 · ∥∇γ ψ∥Nγ lim 
ε→0

∥u∥
L

2∗
γ (Bγ (zj ,ε))

= 0.

(3.30)

Passing to the limit in (3.28) via (3.29)--(3.30) we get

lim 
ε→0

lim 
n→∞

∫︂
RN

|∇γ (un)+|2ψε dz = lim 
ε→0

lim 
n→∞

∫︂
RN

(un)
2∗
γ

+ ψε dz.

Recalling Remark 2.6, we obtain

μj = νj . (3.31)

Combining (3.31) with (3.27) entails Sν
2/2∗

γ −1
j ≤ 1, whence

μj = νj ≥ SNγ /2. (3.32)

Now using (3.32) and arguing as in (3.22) we have

c + o(1) ≥ Jn(un) − 1 
2∗
γ

⟨J ′
n(un), un⟩

≥ 1 
Nγ

∥∇γ un∥2
2 +

⎡
⎢⎣ 1 

2∗
γ

∫︂
RN

an(z,un)un dz −
∫︂
RN

An(z,un) dz

⎤
⎥⎦

≥ SNγ /2

Nγ

+ 1 
Nγ

∥∇γ u∥2
2 +

⎡
⎢⎣ 1 

2∗
γ

∫︂
RN

an(z,u)u dz −
∫︂
RN

An(z,u) dz

⎤
⎥⎦+ o(1)

≥ SNγ /2

Nγ

+ 1 
2Nγ

∥∇γ u∥2
2 − Ĉ max{λ1, λ2}

2 
1+η

(︂
L2(r−1) + 1

)︂
+ o(1)

≥ SNγ /2

Nγ

− Ĉ max{λ1, λ2}
2 

1+η

(︂
L2(r−1) + 1

)︂
+ o(1),

(3.33)

contradicting (3.23) as n → ∞. This forces 𝒜= ∅.
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A similar argument proves that concentration cannot occur at infinity, that is, ν∞ = μ∞ =
0: indeed, using a cut-off function ψR ∈ C∞(RN) such that ψR ≡ 0 in Bγ (0,R), ψR ≡ 1 in 
Bc

γ (0,2R), and 0 ≤ ψR ≤ 1 in RN , one arrives at ν∞ = μ∞, and then the conclusion follows as 
in (3.33).

According to (3.26), besides 𝒜= ∅ and ν∞ = 0, we obtain

lim sup
n→∞ 

∫︂
RN

(un)
2∗
γ

+ dz =
∫︂
RN

u
2∗
γ

+ dz,

that is (3.24), by uniform convexity (see [18, Proposition 3.32]); in turn, (3.24) forces (3.25) by 
Vitali’s convergence theorem (see, e.g., [17, Corollary 4.5.5]). □

Problem (P̂) exhibits a double lack of compactness, due to the setting in RN and the presence 
of a reaction term with critical growth. The aim of the next lemma is to recover compactness on 
the energy levels that lie under the critical level ĉ defined in (3.23).

Lemma 3.9 (Palais-Smale condition). Let λ1 ∈ (0,1], λ2 ∈ [0,1], L > 0, and v ∈ D
γ

0 (R
N) be 

such that ∥∇γ v∥2 ≤ L. Then J satisfies the (PS)c condition for all c ∈ R fulfilling (3.23).

Proof. Take any c ∈ R as in (3.23) and consider an arbitrary (PS)c sequence (un) associated to 
the functional J . Applying Lemma 3.8 with vn ≡ v and Jn ≡ J entails un ⇀ u in Dγ

0 (R
N) and 

(un)+ → u+ in L2∗
γ (RN). Let us evaluate

⟨J ′(un), un − u⟩ =
∫︂
RN

∇γ un∇γ (un − u) dz −
∫︂
RN

a(z,un)(un − u) dz

−
∫︂
RN

(un)
2∗
γ −1

+ (un − u) dz.
(3.34)

Since Dγ

0 (R
N) ↪→ L2∗

γ (RN), we have un ⇀ u in L2∗
γ (RN) and un → u in RN , up to sub

sequences (see, e.g., [28, p. 3044]).

Thus, observing that (3.24) forces (un)
2∗
γ −1

+ → u
2∗
γ −1

+ in L(2∗
γ )

′
(RN), we get

lim 
n→∞

∫︂
RN

(un)
2∗
γ −1

+ (un − u) dz = 0. (3.35)

Reasoning as for (3.20) one has

∥λ1w1u
−η
λ1

+ λ2w2|∇γ v|r−1∥(2∗
γ )

′ ≤ λ
1 

1+η

1 ∥w1u
−η∥(2∗

γ )
′ + λ2∥w2∥θLr−1 < +∞,

so the linear functional ψ ↦→ ∫︁
RN

(︂
λ1w1u

−η
λ1

+ λ2w2|∇γ v|r−1
)︂
ψ dz is continuous in L2∗

γ (RN). 

Moreover, un ⇀ u in L2∗
γ (RN) guarantees that |un − u| ⇀ 0 in L2∗

γ (RN). By the definition of 
an in (3.14)
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lim 
n→∞

⃓⃓⃓
⃓⃓⃓
⃓
∫︂
RN

a(z,un)(un − u) dz

⃓⃓⃓
⃓⃓⃓
⃓≤ lim 

n→∞

∫︂ (︂
λ1w1u

−η
λ1

+ λ2w2|∇γ v|r−1
)︂

|un − u| dz = 0. (3.36)

Using (3.35)--(3.36) and recalling that ⟨J ′(un), un − u⟩ → 0, due to the fact that (un) is a (PS)c
sequence, by (3.34) we conclude

lim 
n→∞

∫︂
RN

∇γ un∇γ (un − u) dz = 0.

Then the (S+) property of the Grushin operator, Lemma 2.3, yields un → u in Dγ

0 (R
N). □

The next two lemmas are devoted to verifying the mountain pass geometry for the functional 
J and ensuring the mountain pass level cM (see Theorem 2.7) lies below the critical Palais-Smale 
level ĉ (see (3.23)), provided λ1 and λ2 small enough.

Lemma 3.10 (Mountain pass geometry). Let L> 0 and v ∈ D
γ

0 (R
N) be such that ∥∇γ v∥2 ≤ L. 

Then there exists C̃ = C̃(N,w1,w2, η, r, γ ) > 1 such that, for all λ1 > 0, λ2 ≥ 0 satisfying

λ2 ≤ λ1 <Λ1 :=
[︄

SNγ /2

C̃Nγ (S
Nγ /4 + 1)(1 + Lr−1)

]︄1+η

, (3.37)

the functional J satisfies the mountain pass geometry. More precisely, one has

J (û) < J (0) = 0 < inf 
∂Bγ (0,ρ)

J and ∥∇γ û∥2 > ρ, being ρ := SNγ /4,

for any û ∈ D
γ

0 (R
N) such that û+ ≢ 0 and ∥∇γ û∥2 is sufficiently large.

Proof. Fix C̃ = C̃(N,w1,w2, η, r, γ ) > 1 such that

1 
1 − η

S− 1−η
2 ∥w1∥ζ + S− 1

2

(︂
∥w1u

−η∥(2∗
γ )

′ + ∥w2∥θLr−1
)︂

≤ C̃(1 + Lr−1).

Let λ1, λ2 fulfill (3.37) and pick any t > 0. Reasoning as in (3.19), besides recalling the choice 
of C̃, we get

inf 
∂Bγ (0,t)

J ≥ inf 
u∈∂Bγ (0,t)

⎡
⎢⎣1

2
∥∇γ u∥2

2 − λ1

1 − η

∫︂
RN

w1|u|1−η dz

−
∫︂
RN

(︂
λ1w1u

−η
λ1

+ λ2w2|∇γ v|r−1
)︂

|u| dz − 1 
2∗
γ

∥u∥2∗
γ

2∗
γ

⎤
⎥⎦
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≥ inf 
u∈∂Bγ (0,t)

[︃
1

2
∥∇γ u∥2

2 − λ1

1 − η
S− 1−η

2 ∥w1∥ζ∥∇γ u∥1−η
2

−S− 1
2

(︃
λ

1 
1+η

1 ∥w1u
−η∥(2∗

γ )
′ + λ2∥w2∥θLr−1

)︃
∥∇γ u∥2 − 1 

2∗
γ

S− 2∗
γ
2 ∥∇γ u∥2∗

γ

2

]︄

= 1

2
t2 − λ1

1 − η
S− 1−η

2 ∥w1∥ζ t1−η − S− 1
2

(︃
λ

1 
1+η

1 ∥w1u
−η∥(2∗

γ )
′ + λ2∥w2∥θLr−1

)︃
t − 1 

2∗
γ

S− 2∗
γ
2 t2∗

γ

≥ 1

2
t2 − λ1

1 − η
S− 1−η

2 ∥w1∥ζ (t + 1)

−S− 1
2

(︃
λ

1 
1+η

1 ∥w1u
−η∥(2∗

γ )
′ + λ2∥w2∥θLr−1

)︃
(t + 1) − 1 

2∗
γ

S− 2∗
γ
2 t2∗

γ

≥ 1

2
t2 − (t + 1)

[︃
λ1

1 − η
S− 1−η

2 ∥w1∥ζ + S− 1
2

(︃
λ

1 
1+η

1 ∥w1u
−η∥(2∗

γ )
′ + λ2∥w2∥θLr−1

)︃]︃

− 1 
2∗
γ

S− 2∗
γ
2 t2∗

γ

≥ 1

2
t2 − C̃λ

1 
1+η

1 (1 + Lr−1)(t + 1) − 1 
2∗
γ

S− 2∗
γ
2 t2∗

γ ,

since ∥∇γ u∥2 = t whenever u ∈ ∂Bγ (0, t). Let us consider the real-valued function g : (0,+∞) 
→R defined as

g(t) := 1

2
t2 − ε(t + 1)− 1 

2∗
γ

S− 2∗
γ
2 t2∗

γ ,

where ε := C̃λ
1 

1+η

1 (1 + Lr−1). Condition (3.37) forces ε < SNγ /2

Nγ (S
Nγ /4+1)

, so that

g(SNγ /4) = SNγ /2

Nγ

− ε(SNγ /4 + 1) > 0.

Setting ρ := SNγ /4 we get

inf 
∂Bγ (0,ρ)

J ≥ g(ρ) > 0.

Given any u ∈ D
γ

0 (R
N) such that u+ ≢ 0, we have J (tu) → −∞ as t → +∞: indeed, according 

to (3.15) and the fact that ∥u+∥2∗
γ
> 0,

lim sup
t→+∞ 

J (tu) ≤ lim 
t→+∞

⎡
⎢⎣ t2

2 
∥∇γ u∥2

2 + t

∫︂
RN

(λ1w1u
−η
λ1

+ λ2w2|∇γ v|r−1)|u| dz − t2∗
γ

2∗
γ

∥u+∥2∗
γ

2∗
γ

⎤
⎥⎦

= −∞.
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Hence, setting û := tu, we have J (û) < 0 < inf∂Bγ (0,ρ) J and ∥∇γ û∥2 > ρ, provided t is suffi
ciently large. □
Lemma 3.11. Let L > 0 and v ∈ D

γ

0 (R
N) be such that ∥∇γ v∥2 ≤ L. There exists Λ2 ∈ (0,1)

such that for every λ1 > 0, λ2 ≥ 0, being λ2 ≤ λ1 <Λ2 implies

inf 
ϕ∈Φ sup 

t∈[0,1]
J (ϕ(t)) < c < ĉ, Φ := {ϕ ∈ C0([0,1];Dγ

0 (R
N)) : ϕ(0) = 0, ϕ(1) = û}

for a suitable c = c(λ1, λ2,N,w1,w2, η, γ ) > 0, where ĉ is defined in (3.23) and û is the function 
that satisfies the minimizer for the embedding constant S, that is û∈ D

γ

0 (R
N) and satisfies

∥∇γ û∥2
2 = inf 

u∈Dγ
0 (RN)

∥u∥2∗
γ
=1

∥∇γ u∥2
2,

see [4, Theorem 3.4].

Proof. Firstly, we notice that û is a solution, up to a normalization, of the equation −Δγ û =
û2∗

γ −1 in RN , so that ∥∇γ û∥2
2 = ∥û∥2∗

γ

2∗
γ

= SNγ /2, see [4, Eq. (6.2)]. Next, we observe that the 

path t ∈ [0,1] ↦→ t û belongs to Φ, so

inf 
ϕ∈Φ sup 

t∈[0,1]
J (ϕ(t)) ≤ sup 

t∈[0,1]
J (tû) ≤ sup 

t∈[0,+∞)

J (tû).

Accordingly, let us compute the maximizer t of the function t ↦→ J (tû), being t ≥ 0.

0 = d 
dt

⃓⃓⃓
t=t

(J (tû)) = ⟨J ′(t û), û⟩ = t∥∇γ û∥2
2 −

∫︂
RN

a(z, t û)ûdz − t
2∗
γ −1∥û∥2∗

γ

2∗
γ
,

whence

t
2∗
γ −1∥û∥2∗

γ

2∗
γ

= t∥∇γ û∥2
2 −

∫︂
RN

a(z, t û)ûdz. (3.38)

From (3.38) we deduce

t
2∗
γ −1∥û∥2∗

γ

2∗
γ

≤ t∥∇γ û∥2
2 = t∥û∥2∗

γ

2∗
γ
,

forcing t ∈ [0,1]. Fix any Λ2 ∈ (0,1) and define

Υ1 :=
{︃
λ ∈ (0,Λ2) : t ∈

[︃
1

2
,1

]︃}︃
, Υ2 :=

{︃
λ ∈ (0,Λ2) : t ∈

[︃
0,

1

2

]︃}︃
.

Suppose λ1 ∈ Υ1. Exploiting the monotonicity of a(z, ·) and
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max 
t∈(0,+∞)

(︄
t2

2 
− t2∗

γ

2∗
γ

)︄
= 1 

Nγ

,

we get

J (tû) = t
2

2 
∥∇û∥2

2 −
∫︂
RN

a(z, t û) dz − t
2∗
γ

2∗
γ

∥û∥2∗
γ

2∗
γ

=
(︄
t
2

2 
− t

2∗
γ

2∗
γ

)︄
∥∇û∥2

2 −
∫︂
RN

a(z, t û) dz ≤ ∥∇û∥2
2

Nγ

−
∫︂
RN

A

(︃
z,

û

2 

)︃
dz.

(3.39)

Let m̂ := infB(z0,ϱ) û > 0, being z0, ϱ as in (H1). Imposing

Λ2 ≤
(︃

m̂

4∥u∥∞

)︃1+η

, (3.40)

one has ∥uλ1
∥∞ ≤ Λ

1 
1+η

2 ∥u∥∞ ≤ m̂/4. Accordingly, as in (3.20), using the nonnegativity of w2
in (H1),

∫︂
RN

A

(︃
z,

û

2 

)︃
dz ≥

∫︂
{û/2>uλ1

}

⎛
⎜⎝

û/2∫︂
uλ1

a(z, t) dt

⎞
⎟⎠ dz ≥

∫︂
{û/2>uλ1

}

⎛
⎜⎝

û/2∫︂
uλ1

λ1w1t
−η dt

⎞
⎟⎠ dz

= λ1

1 − η

∫︂
{û/2>uλ1

}
w1(z)

[︄(︃
û

2 

)︃1−η

− u
1−η
λ1

]︄
dz ≥ λ1

1 − η

∫︂
B(z0,ϱ)

w1(z)

[︄(︃
û

2 

)︃1−η

− u
1−η
λ1

]︄
dz

≥ λ1

1 − η

[︄(︃
m̂

2 

)︃1−η

−
(︃
m̂

4 

)︃1−η
]︄ ∫︂
B(z0,ϱ)

w1(z) dz ≥ λ1

1 − η

[︄(︃
m̂

2 

)︃1−η

−
(︃
m̂

4 

)︃1−η
]︄
ω =: 2λ1Č,

since B(z0, ϱ) ⊆ {û/2 > uλ1
}. Incidentally, notice that Č depends only on N,γ,w1, η. From 

(3.39) we deduce

J (tû) ≤ SNγ /2

Nγ

− 2λ1Č. (3.41)

Now assume λ1 ∈ Υ2. Setting

č := max 
t∈
[︂
0, 1

2

]︂
(︄
t2

2 
− t2∗

γ

2∗
γ

)︄
<

1 
Nγ

,

from the nonnegativity of a defined in (3.14), we deduce

30 



L. Baldelli, P. Malanchini and S. Secchi Journal of Differential Equations 478 (2026) 114550 

J (tû) = t
2

2 
∥∇û∥2

2 −
∫︂
RN

a(z, t û) dz − t
2∗
γ

2∗
γ

∥û∥2∗
γ

2∗
γ

≤
(︄
t
2

2 
− t

2∗
γ

2∗
γ

)︄
∥∇û∥2

2 ≤ čSNγ /2. (3.42)

Recalling that

ĉ = SNγ /2

Nγ

− λ
2 

1+η

1 Ĉ
(︂

1 + L2(r−1)
)︂

since λ2 ≤ λ1, and noticing that 2 
1+η

> 1, we can impose the additional bound

Λ2 ≤ min

⎧⎨
⎩1 − Nγ č

Nγ Č
SNγ /2,

[︄
Č

Ĉ
(︁
1 + L2(r−1)

)︁
]︄ 1+η

1−η

⎫⎬
⎭ , (3.43)

so that

J (tû) ≤ max

{︃
čSNγ /2,

SNγ /2

Nγ

− 2λ1Č

}︃
<

SNγ /2

Nγ

− λ1Č < ĉ

by (3.41) and (3.42). The proof is concluded by choosing c = SNγ /2

Nγ
− λ1Č. □

Now we are ready to prove existence of solutions to the truncated and frozen problem (P̂).

Theorem 3.12. Let L > 0 and v ∈ D
γ

0 (R
N) be such that ∥∇γ v∥2 ≤ L. Let λ1 > 0, λ2 ≥ 0 such 

that λ2 ≤ λ1 < Λ with Λ := min{Λ1,Λ2}, being Λ1 and Λ2 defined in Lemmas 3.10 and 3.11, 
respectively. Then there exists u ∈ D

γ

0 (R
N) solution to (P̂).

Proof. By virtue of Lemmas 3.9, 3.10, and 3.11, the conclusion follows from Theorem 2.7. □
Remark 3.13. Any solution u to either (P̂) or (P) satisfies u ≥ uλ1

, being uλ1
defined in (3.12). 

Indeed, if u solves (P̂), then it satisfies (in weak sense)

−Δγu ≥ a(·, u) = λ1w1u
−η
λ1

+ λ2w2|∇γ v|r−1 ≥ λ1w1u
−η
λ1

= −Δγuλ1
on {u < uλ1

},

because of (3.13) and the nonnegativity of w2. Thus, Lemma 2.11 yields u ≥ uλ1
in RN .

Note that, by (3.12) and (3.6) we have uλ1
= λ

1 
1+η

1 u ≥ C > 0, where u satisfies (3.2), implying 
u ≥ C > 0. A similar argument holds for solutions to (P), after noticing that they are positive by 
definition.

Remark 3.14. Note that Theorem 3.12 holds true also for λ1 = λ2 = 0, giving the existence of a 
nontrivial solution of mountain pass type to the critical equation

−Δγu = u2∗
γ −1 in RN.
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As a last step, we show that the minimum of two super-solutions to (P̂) is still a super-solution. 
We adapt the arguments of [39, Lemma 10].

Lemma 3.15. Let u1, u2 ∈ D
γ

0 (R
N) be super-solutions to (P̂). Then u := min{u1, u2} is a super

solution to (P̂).

Proof. Let us choose η ∈ C∞(RN) such that η(z) = 0 for z ≤ 0, η′(z) ≥ 0 for z ∈ (0,1) and 
η(z) = 1 for z ≥ 1. Given ε > 0 we define

ηε(z) := η

(︃
u1(z) − u2(z)

ε

)︃
and ηε(z) := 1 − ηε(z).

Notice that ηεφ ∈ D
γ

0 (R
N) for each φ ∈ D

γ

0 (R
N). In fact, we trivially have ηεφ ∈ L2∗

γ (RN) and

∇γ (ηε(z)φ) = 1

ε
η′
(︃
u1(z) − u2(z)

ε

)︃
∇γ (u2 − u1)φ + ηε(z)∇γ φ ∈ L2(RN).

The same holds for ηεφ. So

∫︂
RN

∇γ u2∇γ (ηεφ) dz ≥
∫︂
RN

(︃
a(z,u2) + (u2)

2∗
γ −2

+
)︃
ηεφ dz,

∫︂
RN

∇γ u1∇γ (ηεφ) dz ≥
∫︂
RN

(︃
a(z,u1) + (u1)

2∗
γ −2

+
)︃
ηεφ dz,

which can be rewritten as

∫︂
{u1≥u2}

ηε∇γ u2∇γ φ dz + 1

ε

∫︂
{0<u2−u1<ε}

η′
(︃
u1 − u2

ε

)︃
φ∇γ u2∇γ (u1 − u2) dz

≥
∫︂
RN

(︃
a(z,u2) + (u2)

2∗
γ −2

+
)︃
ηεφ dz (3.44)

and

∫︂
{u1≤u2}

ηε∇γ u1∇γ φ dz − 1

ε

∫︂
{0<u2−u1<ε}

η′
(︃
u1 − u2

ε

)︃
φ∇γ u1∇γ (u1 − u2) dz

≥
∫︂
RN

(︃
a(z,u1) + (u1)

2∗
γ −2

+
)︃
ηεφ dz. (3.45)

Adding (3.44) and (3.45) and recalling that η′
ε ≥ 0, we get
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∫︂
{u1≥u2}

ηε∇γ u2∇γ φ dz +
∫︂

{u1≤u2}
ηε∇γ u1∇γ φ dz (3.46)

≥
∫︂
RN

(︃
a(z,u2) + (u2)

2∗
γ −2

+
)︃
ηεφ dz +

∫︂
RN

(︃
a(z,u1) + (u1)

2∗
γ −2

+
)︃
ηεφ dz

+ 1

ε

∫︂
{0<u2−u1<ε}

η′
ε

(︃
u1 − u2

ε

)︃
φ|∇γ (u1 − u2)|2 dz

≥
∫︂

{u1≥u2}

(︃
a(z,u2) + (u2)

2∗
γ −2

+
)︃
ηεφ dz +

∫︂
{u1≤u2}

(︃
a(z,u1) + (u1)

2∗
γ −2

+
)︃
ηεφ dz.

Passing to the limit as ε → 0 in (3.46) by Lebesgue Dominated Convergence Theorem, then

∫︂
{u1≤u2}

∇γ u1∇γ φ dz +
∫︂

{u1≥u2}
∇γ u2∇γ φ dz ≥

∫︂
{u1≤u2}

(︃
a(z,u1) + (u1)

2∗
γ

+
)︃
φ dz

+
∫︂

{u1≥u2}

(︃
a(z,u2) + (u2)

2∗
γ

+
)︃
φ dz

and the claim follows. □
3.2. Unfreezing the convection term

Let us introduce the constant

L := 2SNγ /2. (3.47)

Remark 3.16. As observed in [12, Remark 4.6], the choice (3.47) is made for the sake of def
initeness: actually, any choice of L > SNγ /2 allows to prove Theorem 3.1, provided Λ is small 
enough.

We recall that the constants Λ1 and Λ2 were defined in Lemmas 3.10 and 3.11. For a suitable 
constant Λ3, whose value will be chosen later (see (3.56)), we set

Λ := min {Λ1,Λ2,Λ3}

and we fix λ1 > 0, λ2 ≥ 0 such that λ2 ≤ λ1 <Λ. We set

ℬ :=
{︂
u ∈ D

γ

0 (R
N) : ∥∇γ u∥2 <L

}︂
∈ 2D

γ
0 (RN)

and we define S : ℬ → 2D
γ
0 (RN) by

S (v) :=
{︂
u ∈ D

γ

0 (R
N) : u solves (P̂) and satisfies J (u) < c

}︂
, (3.48)
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where c ∈ (0, ĉ) is defined in Lemma 3.11. We explicitly notice that S depends on λ1 and λ2; 
anyway, for the sake of simplicity, we omit this dependence.

Lemma 3.17. The set-valued function S is well defined, i.e., S (ℬ) ⊆ ℬ.

Proof. Take any v ∈ ℬ and u ∈ S (v). Applying Lemma 3.7 with un ≡ u, vn ≡ v, and Jn ≡ J , 
after observing that J (u) < c < ĉ and J ′(u) = 0 by definition of S , we get

∥∇γ u∥2
2 < 2Nγ

[︃
Ĉλ

2 
1+η

1

(︂
L2(r−1) + 1

)︂
+ ĉ

]︃
.

The conclusion then follows by recalling (3.23). □
Lemma 3.18. For any v ∈ ℬ, the set S (v) is non-empty and admits minimum.

Proof. Fix any v ∈ ℬ. The fact that S (v) ≠ ∅ is guaranteed by Theorem 3.12.
Now we prove that S (v) is downward directed. Let u1, u2 ∈ S (v) and define u :=

min{u1, u2}. Since u1, u2 ∈ S (v), then u1 and u2 in particular are super-solutions to (P̂). Thus, 
Lemma 3.15 gives that u is a super-solution to (P̂).

We now introduce the truncation T : Dγ

0 (R
N) → D

γ

0 (R
N) defined by T (u)(z) = τ(z,u(z)), 

where τ : RN ×R→R is the function

τ(z, t) =

⎧⎪⎪⎨
⎪⎪⎩
uλ1

(z) if t < uλ1
(z),

t if uλ1
(z) ≤ t ≤ u(z),

u(z) if t > u(z),

and uλ1
is defined in (3.12). Note that uλ1

≤ u in RN . In fact, since uλ1
is a sub-solution to (P̂), 

the inequality uλ1
≤ u comes from Remark 3.13.

We claim that there exists ǔ ∈ D
γ

0 (R
N) such that J (ǔ) < ĉ and

−Δγ ǔ = a(z,T (ǔ)) + (T (ǔ))2∗
γ −1 in RN. (3.49)

The energy functional associated to (3.49) is

Ĵ (u) = 1

2
∥∇γ u∥2

2 −
∫︂
RN

B̂(z,u) dz,

where

B̂(z, s) :=
s∫︂

0 

b̂(z, t) dt, b̂(z, t) := a(z, τ (z, t)) + τ(z, t)2∗
γ −1.

From the definition of a in (3.13), (3.12), and λ2 ≤ λ1 ∈ (0,1) we estimate, reasoning as in 
Lemma 3.7,
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b̂(z, t) = λ1w1(z)τ (z, t)
−η + λ2w2(z)|∇γ v(z)|r−1 + τ(z, t)2∗

γ −1

≤ λ1w1(z)u
−η
λ1

+ λ2w2(z)|∇γ v(z)|r−1 + τ(z, t)2∗
γ −1

= λ
1 

1+η

1 w1(z)u
−η + λ2w2(z)|∇γ v(z)|r−1 + τ(z, t)2∗

γ −1

≤ λ
1 

1+η

1

(︂
w1(z)u(z)

−η + w2(z)|∇γ v(z)|r−1
)︂

+ u(z)2∗
γ −1 =: h(z).

Since h ∈ L(2∗
γ )

′
(RN), Ĵ is coercive: indeed,

Ĵ (u) ≥ 1

2
∥∇γ u∥2

2 −
∫︂
RN

h(z)|u| dz ≥ 1

2
∥∇γ u∥2

2 − ∥h∥(2∗
γ )

′ ∥u∥2∗
γ

≥ 1

2
∥∇γ u∥2

2 − S− 1
2 ∥h∥(2∗

γ )
′ ∥∇γ u∥2.

Moreover, it is readily seen that Ĵ is weakly sequentially lower semi-continuous. Thus, applying 
the direct methods of Calculus of Variations (see [51, Theorem I.1.2]), there exists ǔ ∈ D

γ

0 (R
N)

such that Ĵ (ǔ) = minD
γ
0 (RN) Ĵ , so ǔ satisfies (3.49). In particular, Ĵ (ǔ) ≤ Ĵ (0) = 0. In addition, 

uλ1
≤ ǔ ≤ u. In fact, in {uλ1

> ǔ}, then T (ǔ) = uλ1
and

−Δγ ǔ = λ1w1(z)u
−η
λ1

+ λ2w2(z)|∇γ v(z)|r−1 + (uλ1
)
2∗
γ −1

+ ≥ −Δγuλ1
,

being uλ1
a sub-solution to (P̂). Lemma 2.11 implies uλ1

≤ ǔ. Analogously, in {ǔ > u}, T (ǔ) = u

and

−Δγ ǔ = λ1w1(z)u
−η + λ2w2(z)|∇γ v(z)|r−1 + u

2∗
γ −1

+ ≤ −Δγ u,

being u a super-solution to (P̂). Again we apply Lemma 2.11.
Accordingly, ǔ solves (P̂) and Ĵ (ǔ) = J (ǔ), so that J (ǔ) ≤ 0 < c. The claim is proved. We 

also obtained ǔ ∈ S (v). By arbitrariness of u1 and u2, the set S (v) is downward directed.
Let us consider a chain 𝒞 ⊂ S (v) and a decreasing sequence (un) ⊆ 𝒞, i.e. un ≥ un+1 for all 

n, such that un solves (P̂) and satisfies J (un) < c for all n.
Since (un) ⊆ 𝒞, then Lemma 3.9 gives that there exist u ∈ D

γ

0 (R
N) such that, up to subse

quences un → u in Dγ

0 (R
N), implying that u solves (P̂) and satisfies J (u) < c, i.e. u ∈ S (v)

and u ≤ un. An application of Zorn’s Lemma yields that S (v) admits a minimum. □
Lemma 3.19. The set-valued function S is compact.

Proof. Let (vn) be a (bounded) sequence in ℬ. For any n ∈ N , pick un ∈ S (vn). Our aim is to 
prove that un → u in Dγ

0 (R
N) for some u ∈ D

γ

0 (R
N).

Remark 3.13 ensures un ≥ 0 in RN for all n ∈ N , so Lemma 3.8 gives the existence of u ∈
D

γ

0 (R
N) such that un ⇀ u in Dγ

0 (R
N) and un → u in L2∗

γ (RN). Notice that, for all n ∈ N ,
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0 = ⟨J ′
n(un), un − u⟩ =

∫︂
RN

∇γ un∇γ (un − u) dz

−
∫︂
RN

an(z,un)(un − u) dz −
∫︂
RN

u
2∗
γ −1

n (un − u) dz.
(3.50)

Computations similar to the ones of (3.29) show that (an(·, un)) is bounded in L(2∗
γ )

′
(RN), and 

(u
2∗
γ −1

n ) enjoys the same property; hence

lim 
n→∞

∫︂
RN

an(z,un)(un − u) dz = lim 
n→∞

∫︂
RN

u
2∗
γ −1

n (un − u) dz = 0.

Letting n → ∞ in (3.50) entails

lim 
n→∞⟨−Δγun,un − u⟩ = lim 

n→∞

∫︂
RN

∇γ un∇γ (un − u) dz = 0,

so that the (S+) property of −Δγ , Lemma 2.3, yields un → u in Dγ

0 (R
N). □

Lemma 3.20. If Λ3 = Λ3(N,w1,w2, η, r, γ ) > 0 is sufficiently small, then S is lower semi
continuous.

Proof. Let vn → v in Dγ

0 (R
N) and u ∈ S (v). We have to construct a sequence (un) ⊆ D

γ

0 (R
N)

such that un ∈ S (vn) for every n ∈ N and un → u in Dγ

0 (R
N). To this aim, we consider the 

following family of problems, parameterized by indexes n,m ∈ N and defined by recursion on 
m: {︄−Δγu

m
n = an(z,u

m−1
n ) + (um−1

n )2∗
γ −1 in RN,

u0
n = u for all n ∈N.

(3.51)

By induction on m ∈ N , problem (3.51) admits a unique solution um
n ∈ D

γ

0 (R
N) for all n,m ∈ N , 

according to Minty-Browder’s theorem [18, Theorem 5.16] since Dγ

0 (R
N) is a reflexive Banach 

space. Fixed R > 0, for every g : RN → R we define gR : RN → R as gR(z) := g(Rx,R1+γ y)

for all z ∈RN , see [21, p. 531]. By a change of variables x̂ ↦→ Rx and ŷ ↦→ R1+γ y we get

∥gR∥q = R−Nγ /q∥g∥q for all q ≥ 1.

Moreover

ΔxgR = R2Δxg(Rx,R1+γ y), ΔygR = R1+γΔyg(Rx,R1+γ y)

so that

Δγ gR = R2(Δxg + (|x|R)2γΔyg) = R2Δγ g(Rx,R1+γ y). (3.52)
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We want to determine R,Λ3 > 0 such that the set {zmn : n,m ∈ N} is bounded in Dγ

0 (R
N), being 

zmn := (um
n )R for all n,m ∈N . By using (3.52), we observe that zmn solves

−Δγ z
m
n (z) = R2

[︂
an(Rx,R1+γ y, zm−1

n ) + (zm−1
n (z))2∗

γ −1
]︂
. (3.53)

Testing (3.53) with zmn , besides using (H1), (3.12) the definition of an in (3.14), λ2 ≤ λ1 ∈
(0,Λ) ⊆ (0,1), Hölder’s inequality, and the boundedness of (vn) in Dγ

0 (R
N), produces

∥∇γ z
m
n ∥2

2

= R2

⎡
⎢⎣∫︂
RN

(︂
λ1(w1)R(uλ1

)
−η
R + λ2(w2)R|(∇γ vn)R|r−1

)︂
zmn dz +

∫︂
RN

(zm−1
n )2∗

γ −1zmn dz

⎤
⎥⎦

≤ R2

⎡
⎢⎣λ 1 

1+η

1

∫︂
RN

(︂
(w1)R u

−η
R + (w2)R|(∇γ vn)R|r−1

)︂
zmn dz + ∥zm−1

n ∥2∗
γ −1

2∗
γ

∥zmn ∥2∗
γ

⎤
⎥⎦

≤ R2
[︃
λ

1 
1+η

1

(︂
∥(w1)R u

−η
R ∥(2∗

γ )
′ + ∥(w2)R∥θ∥(∇γ vn)R∥r−1

2

)︂
∥zmn ∥2∗

γ
+ ∥zm−1

n ∥2∗
γ −1

2∗
γ

∥zmn ∥2∗
γ

]︃

≤R2S− 1
2 ∥∇γ z

m
n ∥2

[︄
λ

1 
1+η

1 R
− Nγ

(2∗
γ )′
(︂
∥w1u

−η∥(2∗
γ )

′+∥w2∥θ∥∇γ vn∥r−1
2

)︂
+S− 2∗

γ −1
2 ∥∇γ z

m−1
n ∥2∗

γ −1
2

]︄
,

where θ is defined in (3.16).

Setting H :=
[︂
S− 1

2

(︂
∥w1u

−η∥(2∗
γ )

′ + ∥w2∥θLr−1
)︂]︂

, being λ1 ∈ (0,Λ) we get

∥∇γ z
m
n ∥2 ≤ HΛ

1 
1+η R1−Nγ

2 + R2S− 2∗
γ
2 ∥∇γ z

m−1
n ∥2∗

γ −1
2 . (3.54)

Now we want to apply Lemma 2.9 to (3.54). First we estimate, via Lemma 3.17,

∥∇γ z
0
n∥2 = ∥(∇γ u)R∥2 = R−Nγ

2 ∥∇γ u∥2 ≤ R−Nγ
2 L.

Hence the first condition in (2.7) is met provided

1

2
≥ R2S− 2∗

γ
2 
(︃
R−Nγ

2 L
)︃2∗

γ −2

= S− 2∗
γ
2 
(︃
L 
R

)︃2∗
γ −2

. (3.55)

On the other hand, the second condition in (2.7) is fulfilled whenever

21−2∗
γ > R2S− 2∗

γ
2 
(︃
HΛ

1 
1+η R1−Nγ

2 
)︃2∗

γ −2

= H 2∗
γ −2Λ

2∗
γ −2
1+η S− 2∗

γ
2 . (3.56)

Choosing R = R(N) > 0 sufficiently large and Λ3 = Λ3(N,w1,w2, η, r, γ ) > 0 small enough, 
both conditions (3.55)--(3.56) are fulfilled. By virtue of Lemma 2.9, after noticing that all the 
quantities appearing in (3.55)--(3.56) do not depend on n, we conclude that there exists L̂ =
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L̂(N,R,Λ,γ ) > 0 such that ∥∇γ z
m
n ∥2 ≤ L̂ for all n,m ∈N , which implies ∥∇γ u

m
n ∥2 ≤ RNγ /2L̂

for all n,m ∈ N .
Now we pass to the weak limit the double sequence (um

n ) with respect to each index separately: 
up to sub-sequences, there exist (un), (u

m) ⊆ D
γ

0 (R
N) such that

um
n ⇀ um in D

γ

0 (R
N) as n → ∞, ∀m ∈ N,

um
n ⇀ un in D

γ

0 (R
N) as m → ∞, ∀n ∈N.

(3.57)

Letting n → ∞ in the weak formulation of (3.51), it turns out that both u1 and u solve the 
problem

{︄−ΔγU = a(z,u(z)) + u(z)2∗
γ −1 in RN,

U ∈ D
γ

0 (R
N).

(3.58)

Since (3.58) admits a unique solution by Minty-Browder’s theorem, we deduce u1 = u. Reason
ing inductively on m ∈ N , it follows that um = u for all m ∈ N . Pick an arbitrary ρ > 0. Since 
D

γ

0 (R
N) ↪→↪→ L2(Bγ (0, ρ)), the convergences mentioned in (3.57) are strong in L2(Bγ (0, ρ)). 

Accordingly, the double limit lemma [29, Proposition A.2.35] which holds in any metric space, 
guarantees, up to sub-sequences,

lim 
n→∞un = lim 

n→∞ lim 
m→∞um

n = lim 
m→∞ lim 

n→∞um
n = lim 

m→∞um = u in L2(Bγ (0, ρ)).

In particular, since ρ was arbitrary, a diagonal argument ensures un → u in RN .
Now we prove that un ∈ S (vn) for all n ∈ N . Letting m → ∞ in the weak formulation 

of (3.51) reveals that un solves (P̂) with v = vn, for all n ∈ N . Reasoning as in Lemma 3.8, 

boundedness of (un) in Dγ

0 (R
N) allows us to assume |∇γ un|2 ⇀ μ and u

2∗
γ

n ⇀ ν for some 
bounded measures μ,ν. According to Lemmas 2.4--2.5, there exist some at most countable set 
𝒜, a family of points (zj )j∈𝒜 ⊆ RN , and two families of numbers (μj )j∈𝒜, (νj )j∈𝒜 ⊆ (0,+∞)

such that

ν = u2∗
γ +

∑︂
j∈𝒜

νj δzj , μ ≥ |∇γ u|2 +
∑︂
j∈𝒜

μjδzj ,

lim sup
n→∞ 

∫︂
RN

u
2∗
γ

n dz =
∫︂
RN

dν + ν∞, lim sup
n→∞ 

∫︂
RN

|∇γ un|2 dz =
∫︂
RN

dμ + μ∞,

and

Sν
2/2∗

γ

j ≤ μj for all j ∈ 𝒜, Sν
2/2∗

γ∞ ≤ μ∞, (3.59)

being μ∞, ν∞ as in Lemma 2.5. Suppose by contradiction that J ≠ ∅, so that μj = νj ≥ SNγ /2

for some j ∈ 𝒜, according to (3.59). A computation analogous to (3.33), jointly with u ∈ S (v), 
ensures that
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c > J(u) = J (u) − 1 
2∗
γ

⟨J ′(u),u⟩ ≥ ĉ

being ĉ defined by (3.23), which contradicts c < ĉ. Hence concentration at points cannot occur; 
as in Lemma 3.8, a similar argument excludes concentration at infinity. We deduce un → u in 
L2∗

γ (RN), which is the starting point of the proof of Lemma 3.19; thus we infer un → u in 
D

γ

0 (R
N). In particular, Jn(un) → J (u) as n → ∞, so Jn(un) < c for all n sufficiently large, 

ensuring un ∈ S (vn). □
Now we are ready to prove the main result of the present section, that is Theorem 3.1.

Proof of Theorem 3.1. Let us consider the following selection of the multi-function S defined 
in (3.48):

𝒯 : ℬ → ℬ, 𝒯 (v) := minS (v).

The function 𝒯 is well defined, according to Lemma 3.18. Suppose we have proved that 𝒯 is 
continuous and compact. Then Schauder’s Theorem 2.8 applies, and 𝒯 possesses a fixed point 
u ∈ D

γ

0 (R
N). Remark 3.13 guarantees u ≥ uλ1

, so that u solves (3.1).
We only need to prove that 𝒯 is continuous and compact. Let 𝒜⊆ ℬ be any bounded set. Since 

𝒯 (𝒜) ⊆ S (𝒜) and S is relatively compact from Lemma 3.19, then also 𝒯 (𝒜) is relatively 
compact.

Let (wn) ⊆ ℬ such that wn → w in Dγ

0 (R
N). For un := 𝒯 (wn), the compactness of 𝒯 implies 

that, up to a subsequence, un → u in Dγ

0 (R
N). First, we claim that u ∈ S (w). Since un satisfies 

(P̂) with v = wn, then a straightforward application of the Dominated Convergence Theorem 
shows that u satisfies (P̂) with v = w. Moreover, un ∈ S (wn) implies J (un) < c. Now J (u) < c

follows from the convergence un → u in Dγ

0 (R
N). The claim is proved.

It remains to prove that u = 𝒯 (w). Lemma 3.20 provides a sequence (vn) ⊆ D
γ

0 (R
N) such 

that vn ∈ S (wn) and vn → 𝒯 (w) in Dγ

0 (R
N). By the definition of 𝒯 , then un := 𝒯 (wn) ≤ vn. 

Letting n → ∞, we have

𝒯 (w) ≤ u = lim 
n→∞un ≤ lim 

n→∞vn = 𝒯 (w), in RN,

where the first inequality holds thanks to the definition of 𝒯 (w) and u ∈ S (w), giving u =
𝒯 (w). □
4. Regularity and decay of solutions

From now on we will assume conditions (H1)-(H2). We start this section by proving that any 
weak solution u to (3.1) belongs to L∞(RN). We also establish the (local)-Hölder continuity of 
the solution u.

Theorem 4.1. Let λ1, λ2 ≥ 0 and u ∈ D
γ

0 (R
N) be a solution to (3.1). Then

∥u∥∞ ≤ M,

for a suitable M = M(N,w1,w2, r, γ, λ1, λ2) > 0. Moreover, u ∈ C
0,τ
loc (R

N) for some τ ∈ (0,1].
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Proof. Given any k > 1, we test (3.1) with (u− k)+. Since u > k > 1 in Ωk := {z ∈RN : u(z) >
k}, besides using (H1) and Peter-Paul’s inequality (Lemma 2.10) we get

∥∇γ (u − k)∥2
L2(Ωk)

≤ λ1

∫︂
Ωk

w1u
1−η dz + λ2

∫︂
Ωk

w2|∇γ u|r−1u dz + ∥u∥2∗
γ

L
2∗
γ (Ωk)

≤ λ1∥w1∥∞
∫︂
Ωk

u2∗
γ dz + λ2

∫︂
Ωk

w2|∇γ u|r−1u dz + ∥u∥2∗
γ

L
2∗
γ (Ωk)

≤ λ1∥w1∥∞∥u∥2∗
γ

L
2∗
γ (Ωk)

+ λ2ε∥w2∥θ∞|Ωk| + λ2ε∥∇γ u∥2
L2(Ωk)

+ λ2Cε∥u∥2∗
γ

L
2∗
γ (Ωk)

+ ∥u∥2∗
γ

L
2∗
γ (Ωk)

≤ λ2ε∥∇γ (u − k)∥2
L2(Ωk)

+ Cε

(︃
∥u∥2∗

γ

L
2∗
γ (Ωk)

+ |Ωk|
)︃

≤ λ2ε∥∇γ (u − k)∥2
L2(Ωk)

+ Cε

(︃
∥u − k∥2∗

γ

L
2∗
γ (Ωk)

+ k2∗
γ |Ωk| + |Ωk|

)︃
,

where θ is defined in (3.16) and Cε depends on λ1, λ2. Choosing ε = 1 
2λ2

(when λ2 = 0 or λ1 = 0

the estimate is trivial) and re-absorbing the term ∥∇γ (u− k)∥2
L2(Ωk)

on the left-hand side, we get

∥∇γ (u − k)∥2
L2(Ωk)

≤ C

(︃
∥u− k∥2∗

γ

L
2∗
γ (Ωk)

+ k2∗
γ |Ωk|

)︃
,

for some C > 0 depending only on N,w1,w2, r, γ, η, λ1, λ2. By Sobolev’s inequality we obtain

∥u − k∥2
L

2∗
γ (Ωk)

≤ C

(︃
∥u − k∥2∗

γ

L
2∗
γ (Ωk)

+ k2∗
γ |Ωk|

)︃
,

enlarging C if necessary. Let M > 2 and set kn := M(1−2−n) for all n ∈ N . Repeating verbatim 
the proof of [20, Lemma 3.2], we infer that ∥u − kn∥

L
2∗
γ (Ωkn )

→ 0 as n → ∞, provided ∥u −
M/2∥

L
2∗
γ (ΩM/2)

is small enough. We claim that

lim 
M→+∞∥u− M/2∥

L
2∗
γ (ΩM/2)

= 0.

Indeed, since u ∈ L2∗
γ (RN), we have that, for any K > 0,

K

⃓⃓⃓{︂
z : u(z)2∗

γ > K
}︂⃓⃓⃓

≤ ∥u∥2∗
γ

L
2∗
γ (RN)

.

In particular,

lim 
M→+∞

⃓⃓
ΩM/2

⃓⃓= 0.

40 



L. Baldelli, P. Malanchini and S. Secchi Journal of Differential Equations 478 (2026) 114550 

By the absolute continuity of the integral, see [50, Proposition 16.3], for any ε > 0 we can pick 
M so large that

∫︂
ΩM/2

u2∗
γ dz ≤ ε.

As a consequence,

∫︂
ΩM/2

(︃
u − M

2 

)︃2∗
γ

dz ≤
∫︂

ΩM/2

u2∗
γ dz → 0 as M → +∞.

Hence, u ∈ L∞(RN).
Finally, the (local)-Hölder continuity of u follows by the non-homogeneous Harnack inequal

ity, [34, Theorem 5.5], and the arguments in [37]. □
Now we are ready to prove the last part to complete the main result of the paper, that is 

Theorem 1.3. In particular, Theorem 3.1 gives the existence of a weak solution to problem (P). 
Its regularity and decay (for λ2 = 0) are given by Theorem 4.1 above and Theorem 4.2 below, 
respectively.

Theorem 4.2. Let λ1 > 0 and u ∈ D
γ

0 (R
N) be a solution to

{︄−Δγu = λ1w1(z)u
−η + u2∗

γ −1 in RN,

u > 0 in RN.
(4.1)

Then

u(z) → 0 as d(z) → +∞.

4.1. Preliminary estimates

Now we give a preliminary lemma on weak Lebesgue spaces; we refer to Section 2.4 for the 
definitions.

Lemma 4.3. Any solution u to (4.1) belongs to L2∗,γ −1,∞(RN). In particular, u ∈ Lr(RN) for 
all r ∈ (2∗,γ − 1,∞].

Proof. Take any solution u of (4.1). Theorem 4.1 ensures that u ∈ L∞(RN), so we put M :=
∥u∥∞. For any h ∈ (0,M), test (4.1) with Th(u) := min{u,h}. Then

∫︂
{u≤h}

|∇γ u|2 dz =
∫︂
RN

λ1w1u
−ηTh(u) dz +

⎡
⎢⎣ ∫︂
{u≤h}

u2∗
γ dz + h

∫︂
{u>h}

u2∗
γ −1 dz

⎤
⎥⎦ . (4.2)
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Recall that, by Remark 3.13, u ≥ C > 0 a.e. in RN , where C is a positive constant. Then we can 
estimate (4.2) as

∫︂
{u≤h}

|∇γ u|2 dz ≤ λ1C
−η

∫︂
RN

w1Th(u) dz +
⎡
⎢⎣ ∫︂
{u≤h}

u2∗
γ dz + h

∫︂
{u>h}

u2∗
γ −1 dz

⎤
⎥⎦ . (4.3)

Now we estimate the terms into square brackets. It is readily seen that

∫︂
{u≤h}

u2∗
γ dz =

∫︂
RN

Th(u)
2∗
γ dz − h2∗

γ |{u > h}|, (4.4)

while the layer-cake lemma [32, Proposition 1.1.4] entails

∫︂
{u>h}

u2∗
γ −1 dz = (2∗

γ − 1)

M∫︂
0 

s2∗
γ −2|{u > max{s, h}}| ds

= h2∗
γ −1|{u > h}| + (2∗

γ − 1)

M∫︂
h 

s2∗
γ −2|{u > s}| ds.

(4.5)

Thus, plugging (4.4)--(4.5) into (4.3) yields

∫︂
{u≤h}

|∇γ u|2 dz

≤ λ1C
−η

∫︂
RN

w1Th(u) dz +
⎡
⎢⎣∫︂
RN

Th(u)
2∗
γ dz + (2∗

γ − 1)h

M∫︂
h 

s2∗
γ −2|{u > s}| ds

⎤
⎥⎦ .

(4.6)

In order to absorb 
∫︁
RN w1Th(u) dz into h

∫︁M

h
s2∗

γ −2|{u > s}| ds, we notice that

lim 
h→0+

M∫︂
h 

s2∗
γ −1|{u > s}| ds =

∥u∥2∗
γ

2∗
γ

2∗
γ

by the layer-cake lemma, so there exists h> 0 (depending on u) such that

M∫︂
h 

s2∗
γ −1|{u > s}| ds >

∥u∥2∗
γ

2∗
γ

2 · 2∗
γ

for all h ∈ (0, h).

Hence, exploiting also the Hölder inequality,
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h

M∫︂
h 

s2∗
γ −2|{u > s}| ds ≥ h 

M

M∫︂
h 

s2∗
γ −1|{u > s}| ds >

∥u∥2∗
γ

2∗
γ

2M2∗
γ

h

=
∥u∥2∗

γ

2∗
γ

2M2∗
γ ∥w1∥1

∥w1∥1h ≥
∥u∥2∗

γ

2∗
γ

2M2∗
γ ∥w1∥1

∫︂
RN

w1Th(u) dz

(4.7)

for every h ∈ (0, h). Putting (4.6) and (4.7) together yields

∫︂
{u≤h}

|∇γ u|2 dz ≤ C

⎡
⎢⎣∫︂
RN

Th(u)
2∗
γ dz + h

M∫︂
h 

s2∗
γ −2|{u > s}| ds

⎤
⎥⎦

for some C > 0 depending on N,w1, u, γ, η,λ1. Consequently, through Sobolev’s inequality we 
obtain

∫︂
RN

Th(u)
2∗
γ dz ≤ S

− Nγ
Nγ −2

⎛
⎜⎝ ∫︂

{u≤h}
|∇γ u|2 dz

⎞
⎟⎠

Nγ
Nγ −2

≤ C

⎡
⎢⎣∫︂
RN

Th(u)
2∗
γ dz + h

M∫︂
h 

s2∗
γ −2|{u > s}| ds

⎤
⎥⎦

Nγ
Nγ −2

≤ C

⎡
⎢⎢⎢⎣
⎛
⎜⎝ ∫︂
RN

Th(u)
2∗
γ dz

⎞
⎟⎠

Nγ
Nγ −2

+
⎛
⎝h

M∫︂
h 

s2∗
γ −2|{u > s}| ds

⎞
⎠

Nγ
Nγ −2

⎤
⎥⎥⎥⎦

(4.8)

for all h ∈ (0, h). Lebesgue’s dominated convergence theorem and u ∈ L2∗
γ (RN) entail ∫︁

RN Th(u)
2∗
γ dz → 0 as h → 0+, so taking a smaller h we have

C

⎛
⎜⎝ ∫︂
RN

Th(u)
2∗
γ dz

⎞
⎟⎠

Nγ
Nγ −2

≤ 1

2

∫︂
RN

Th(u)
2∗
γ dz for all h ∈ (0, h).

Thus, re-absorbing 
∫︁
RN Th(u)

2∗
γ dz to the left, from (4.8) we infer

∫︂
RN

Th(u)
2∗
γ dz ≤ C

⎛
⎝h

M∫︂
h 

s2∗
γ −2|{u > s}| ds

⎞
⎠

Nγ
Nγ −2

for all h ∈ (0, h).
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From (4.4), we deduce

h2∗
γ |{u > h}| ≤

∫︂
RN

Th(u)
2∗
γ dz ≤ C

⎛
⎝h

M∫︂
h 

s2∗
γ −2|{u > s}| ds

⎞
⎠

Nγ
Nγ −2

for all h ∈ (0, h).

Reasoning as in [52, p. 154], it turns out that u ∈ L2∗,γ −1,∞(RN). Then (2.11) and u ∈ L∞(RN)

ensure u ∈ Lr(RN) for all r ∈ (2∗,γ − 1,∞]. □
We will also use a local boundedness theorem, Theorem A.1. We provide its proof in Ap

pendix A to make the paper self-contained and for the reader’s convenience.
Before proving Theorem 4.2, we preliminarily produce a (non-optimal) decay estimate for 

solutions to (4.1).

Theorem 4.4. Let λ1 > 0. Then, for any κ < SNγ /4, κ ′ > 0, and r > r ′ > 0, there exists K0 > 0
(depending on κ, κ ′, r, r ′,N,γ,λ1, δ) such that

u(z) ≤ K0d(z)
2−Nγ

2 in Bc
γ (0, r) (4.9)

for every u ∈ D
γ

0 (R
N) solution to (4.1) satisfying

∥∇γ u∥L2(Bc
γ (0,r ′)) ≤ κ and ∥∇γ u∥2 ≤ κ ′.

Proof. Fix κ, κ ′, r, r ′ as in the statement, and set r ′′ := r+r ′
2 . Notice that (4.9) is ensured by

d(z,Bγ (0, r
′′))u(z)

2 
Nγ −2 ≤ K ′ for all z ∈ Bc

γ (0, r), (4.10)

where K ′ > 0 is a suitable constant depending on k, k′, r, r ′,N,λ1, δ. Indeed, if (4.10) holds true, 
then there exists K ′′ = K ′′(r, r ′) > 0 such that d(z,Bγ (0, r ′′)) > K ′′d(z) for all z ∈ Bc

γ (0, r), 
since

d(z) > r ⇒ r ′′ < r ′′

r
d(z) ⇒ d(z,Bγ (0, r

′′)) = d(z)−r ′′ >
(︃

1 − r ′′

r

)︃
d(z) =: K ′′d(z),

recalling that r ′′ < r . Hence, our aim is to prove (4.10).
Assume by contradiction that (4.10) fails, so that there exist (un) ⊆ D

γ

0 (R
N) and (zn) ⊆

Bc
γ (0, r) such that, for all n ∈ N , un > 0 in RN and

a1) −Δγun = λ1w1(z)u
−η
n + u

2∗
γ −1

n in RN ,
a2) ∥∇γ un∥L2(Bc

γ (0,r ′)) ≤ κ ,

a3) ∥∇γ un∥2 ≤ κ ′,
a4) d(zn,Bγ (0, r ′′))un(zn)

2 
Nγ −2 > 2n.
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According to Theorem 4.1, un ∈ L∞(RN) for all n ∈ N . Then Lemma 2.13 (with k = n, M =
u

2 
Nγ −2
n , and D = B

c

γ (0, r
′′) ⊆ Bc

γ (0, r
′′) = W ) furnishes (ξn) ⊆ B

c

γ (0, r
′′) such that

b1) d(ξn,Bγ (0, r ′′))un(ξn)
2 

Nγ −2 > 2n,
b2) un(zn) ≤ un(ξn),

b3) un(t) ≤ 2
Nγ −2

2 un(ξn) for all t ∈ Bγ (ξn, nun(ξn)
2 

2−Nγ ).

For every n ∈N we define μn := un(ξn)
−1 and

ũn(t) := μnun(w), w = (wx,wy) = (μ

2 
Nγ −2
n tx,μ

2(1+γ )
Nγ −2 
n ty) + ξn, t = (tx, ty) ∈ RN. (4.11)

Note that the variable w depends on n, although we omit this dependence in the notation to keep 
it lighter and more readable.

In particular, since

∂ũn

∂(tx)i
= μ

Nγ
Nγ −2
n

∂un

∂(wx)i
, 

∂ũn

∂(ty)j
= μ

2γ+Nγ
Nγ −2 
n

∂un

∂(wy)j
, i = 1, . . . ,m j = 1, . . . , ℓ

so that

∇γ,t ũn = (∇tx ũn, |tx |γ ∇ty ũn) = (μ

Nγ
Nγ −2
n ∇wxun, |wx |γ μ

2γ+Nγ
Nγ −2 
n μ

− 2γ 
Nγ −2

n ∇wyun)

= (μ

Nγ
Nγ −2
n ∇wxun, |wx |γ μ

Nγ
Nγ −2
n ∇wyun) = μ

Nγ
Nγ −2
n ∇γ,wun

(4.12)

and

Δγ,t ũn = Δtx ũn + |tx |2γΔty ũn = μ

Nγ +2
Nγ −2
n Δwxun + |wx |2γ μ

− 4γ 
Nγ −2

n μ

4γ+Nγ +2
Nγ −2 

n Δwyun

= μ

Nγ +2
Nγ −2
n Δγ,wun = μ

2∗
γ −1

n Δγ,wun.

Thus, from (a1) we infer

−Δγ,t ũn(t) = λ1w1(w)μ
2∗
γ −1+η

n ũ−η
n (t) + ũ

2∗
γ −1

n (t) in RN, (4.13)

where w is defined in (4.11). Exploiting (b3), along with the definition of μn and (4.11), yields

ũn(0) = 1 and ũn(t) ≤ 2
Nγ −2

2 for all t ∈ Bγ (0, n). (4.14)

We claim that

lim 
n→∞μ

2∗
γ −1+η

n f1(w) = 0 (4.15)

locally uniformly for t ∈ RN , where
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f1(w) = w1(w)ũ−η
n (t).

Reasoning up to sub-sequences, we reduce to two cases:

(I) μn → 0;
(II) μn ≥ c for all n ∈N , being c > 0 opportune.

In case (I), it is readily seen that (4.15) holds true uniformly in RN , since f1 ∈ L∞(RN) since 
ũn > 0, by Remark 3.13, and w1 ∈ L∞(RN).

Otherwise, if (II) occurs, fix any compact H ⊆ RN . Since Bγ (0, n) ↗ RN , then H ⊆ Bγ (0, n)
for all n ∈ N sufficiently large, say n > ν ∈ N . Thus, (b1) and d(ξn,Bγ (0, r ′′)) < d(ξn) yield, 
for all t ∈ H ,

d(w) = d((μ

2 
Nγ −2
n tx,μ

2(1+γ )
Nγ −2 
n ty) + ξn) ≥ d(ξn) − μ

2 
Nγ −2
n d(t) ≥ μ

2 
Nγ −2
n (2n − d(t)) ≥ μ

2 
Nγ −2
n n

for all n > ν. This, together with (4.14) and (H2), we get

μ
2∗
γ −1+η

n w1(w)ũ−η
n (t) ≤ Cμ

2∗
γ −1+η− 2(δ+2γ )

Nγ −2 
n n−δ−2γ ≤ Cc

2∗
γ −1+η− 2(δ+2γ )

Nγ −2 n−δ−2γ ,

by Remark 3.13, since

2∗
γ − 1 + η − 2

δ + 2γ 
Nγ − 2

≤ 2∗
γ − 1 + η − 2

Nγ + η(Nγ − 2) + 2γ

Nγ − 2 
= −1 − η − 4γ 

Nγ − 2
< 0,

by the choice of δ, for all t ∈ H and n > ν. Letting n → ∞, besides taking into account the 
arbitrariness on H , proves (4.15), taking into account that −δ − 2γ < 0.

Fix any z ∈RN and observe that Bγ (z,2) ⊆ Bγ (0, n) for any n sufficiently large. Thus, (4.14)
in (4.13) gives

0 ≤ −Δγ,t ũn ≤ λ1w1(w)μ
2∗
γ −1+η

n ũ−η
n (t) + 2

Nγ −2
2 (2∗

γ −1) in Bγ (z,2) (4.16)

for all n large enough.
Thus (4.16), together with (4.15), implies that (ũn) is bounded in C0,τ (Bγ (z,2)) for some 

τ ∈ (0,1] by the non-homogeneous Harnack inequality, [34, Theorem 5.5], and the arguments in 
[37].

In particular, since z is arbitrary, Ascoli-Arzelà’s theorem and a diagonal argument ensure

ũn → ũ∞ in Cloc(R
N) (4.17)

for some ũ∞ ∈ Cloc(RN). Moreover, (4.12) and (a3) give

∥∇γ,t ũn∥2 =
∫︂
RN

|∇γ,t ũn(t)|2 dt =
∫︂
RN

μ

2Nγ
Nγ −2
n |∇γ,wun(w)|2 dt

=
∫︂
RN

|∇γ,wun(w)|2 dw = ∥∇γ,wun∥2 ≤ κ ′,
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so that (ũn) is bounded in Dγ

0 (R
N) and ũn ⇀ ũ∞ in Dγ

0 (R
N) up to a subsequence. By using the 

compactness of the embedding Dγ

0 (R
N) ↪→↪→ L

q
loc(R

N) for all q ∈ [1,2∗
γ ), we have that ũn → ũ∞

in Lq
loc(R

N) for all q ∈ [1,2∗
γ ). Let φ ∈ C∞

c (RN), and call K the support of φ. Since ∇γ,t ũn

converges weakly to ∇γ,t ũ∞ in L2(RN) we have

∫︂
RN

∇γ,t ũn∇γ,tφ dt →
∫︂
RN

∇γ,t ũ∞∇γ,tφ dt.

Moreover, ⃓⃓⃓
⃓⃓⃓
⃓
∫︂
RN

|ũn|2∗
γ −1φ dt −

∫︂
RN

|ũ∞|2∗
γ −1φ dt

⃓⃓⃓
⃓⃓⃓
⃓≤

∫︂
K

⃓⃓⃓
|ũn|2∗

γ −1 − |ũ∞|2∗
γ −1

⃓⃓⃓
|φ| dt

≤ 22∗
γ −2 sup

K

|ũn − ũ∞|2∗
γ −1 ∥φ∥1

= o(1)∥φ∥1

by (4.17). It follows from the boundedness of (ũn), (4.13) and (4.15) that

−Δγ,t ũ∞ = ũ2∗−1∞ in RN (4.18)

in the weak sense. Observe that, for any R > 0, one has

∥∇γ,t ũn∥L2(Bγ (0,R)) = ∥∇γ,wun∥
L2(Bγ (ξn,Rμ

2 
N−2
n ))

for all n ∈N. (4.19)

Now we prove that, for all n ∈N large enough,

Bγ (ξn,Rμ
2 

N−2
n ) ∩ Bγ (0, r

′) = ∅. (4.20)

To this end, take any y ∈ Bγ (0, r ′) and observe that (b1) and the fact that r ′′ > r ′ imply

μ
− 2 

N−2
n d(y − ξn) ≥ μ

− 2 
N−2

n d(ξn) − μ
− 2 

N−2
n d(y) = μ

− 2 
N−2

n d(ξn,Bγ (0, r
′′)) + μ

− 2 
N−2

n (r ′′ − d(y))

≥ μ
− 2 

N−2
n d(ξn,Bγ (0, r

′′)) > 2n,

exploiting also ξn ∈ B
c

γ (0, r
′′) and y ∈ Bγ (0, r ′′). Therefore, (4.20) holds true for all n > R

2 .
Moreover, from ũn⇀ũ∞ in Dγ

0 (R
N), we have ∇ũn⇀∇ũ∞ in L2(RN), and in L2(Bγ (0,R)), 

giving

∥∇γ,t ũ∞∥L2(Bγ (0,R)) ≤ lim inf
n→∞ 

∥∇γ,t ũn∥L2(Bγ (0,R)) ≤ lim inf
n→∞ 

∥∇γ,wun∥L2(Bc
γ (0,r

′)) ≤ κ

where we used (4.19)--(4.20) and (a2) for n large. Now we pass to the limit for R → ∞ we end 
with
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∥∇γ,t ũ∞∥2 ≤ κ.

Now, since ũ∞ satisfies (4.18), then

∥∇γ ũ∞∥2 ≥ SNγ /4. (4.21)

In fact, testing (4.18) with ũ∞ and using Sobolev’s embedding one has

∥∇γ ũ∞∥2
2 = ∥ũ∞∥2∗

γ

2∗
γ

≤ S−2∗
γ /2∥∇γ ũ∞∥2∗

2 ,

and we get (4.21) just dividing by S−2∗
γ /2∥∇γ ũ∞∥2

2 > 0.
The hypothesis κ < SNγ /4 forces ũ∞ = 0, which contradicts ũ∞(0) = 1, guaranteed by (4.14)

and (4.17). □
Remark 4.5. In the classical setting, see [47], after performing a blow up argument by the Dou
bling Lemma as in the proof of Theorem 4.4, only (I) occurs. In our situation we cannot get rid 
immediately of the case (II) due to the nature of the estimate, see [13, Remark 4.4].

4.2. Decay

Finally, we establish an upper and lower bound for the function u solution to (4.1), which 
leads to the decay of u as d(z) → +∞, concluding the proof of Theorem 4.2.

Theorem 4.6. Let λ1 > 0 and u ∈ D
γ

0 (R
N) be a solution to (4.1). Then there exist C0 > 0, 

depending on N,u,γ , and C1 > 0, depending on N,λ1, δ, u, γ , such that

C0

(︂
1 + d(z)Nγ −2

)︂−1 ≤ u(z) ≤ C1

(︂
1 + d(z)Nγ −2

)︂−1
(4.22)

for all z ∈RN .

Proof. Take any u ∈ 𝒟γ

0 (R
N) solution to (4.1). Set κ := SNγ /4

2 . Then there exist r ′, κ ′ > 0
(depending on N,γ,u) such that ∥∇γ u∥L2(Bc

γ (0,r
′)) ≤ κ and ∥∇γ u∥2 ≤ κ ′. For any R > 0 and 

ξ = (ξx, ξy) ∈RN we define

uR(ξ) := RNγ −2u(Rξx,R
1+γ ξy). (4.23)

A rescaling argument, together with (H2), Remark 3.13 and (3.52) yields

−ΔγuR(ξ) = −RNγ Δγ u(Rξx,R
1+γ ξy)

= RNγ (λ1w1(Rξx,R
1+γ ξy)u(Rξx,R

1+γ ξy)
−η + u(Rξx,R

1+γ ξy)
2∗
γ −1)

=: fR(ξ,u) in RN \ {0},
(4.24)

where
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fR(ξ,u) ≤ RNγ

Cλ1w1(Rξx,R
1+γ ξy) + R−2uR(ξ)

2∗
γ −1

≤ Cc1λ1R
Nγ −δ−2γ d(ξ)−δ−2γ + R−2uR(ξ)

2∗
γ −1.

(4.25)

Take any r > r ′ and consider R ≥ r . Thus, writing u
2∗
γ −1

R = u
2∗
γ −2

R uR and applying Theorem 4.4
to u entails

R−2u
2∗
γ −1

R ≤ R−2
(︃
K0R

Nγ −2(d(Rξx,R
1+γ ξy))

2−Nγ
2 
)︃2∗

γ −2

uR

= R−2
(︃
K0R

Nγ −2
2 d(ξ)

2−Nγ
2 
)︃2∗

γ −2

uR

= K
2∗
γ −2

0 d(ξ)−2uR ≤ K
2∗
γ −2

0 uR for all ξ ∈ Bc
γ (0,1),

(4.26)

since Bc
γ (0,1) ⊆ Bc

γ (0, r/R).

Notice that RNγ −δ−γ d(ξ)−δ−γ ≤ rNγ −δ−γ for all ξ ∈ Bc
γ (0,1), since R ≥ r and δ > Nγ by 

(H2). Then, by inserting (4.25), (4.26) in (4.24), we have

−ΔγuR ≤ auR + b in Bc
γ (0,1),

being a := K
2∗
γ −2

0 and b := Cc1λ1r
Nγ −δ−2γ .

Then, by applying Theorem A.1 with Ω = Bγ (0,9) \ Bγ (0,1) we deduce

∥uR∥L∞(Bγ (0,7)\Bγ (0,3)) ≤ C∥uR∥Lα(Bγ (0,9)\Bγ (0,1)), (4.27)

for some C > 0 and for every α > 1.
Now we want to use (2.10) with s = 2∗,γ − 1 and s − ε = α > 1, so that

ε = 2∗,γ − 1 − α ∈ (0,2∗,γ − 1) ⇐⇒ α ∈ (1,2∗,γ − 1) =
(︃

1,
Nγ

Nγ − 2

)︃

in order to have

∥uR∥L1+ε(Bγ (0,9)\Bγ (0,1)) ≤ Cε∥uR∥L2∗,γ −1,∞(Bγ (0,9)\Bγ (0,1))
, (4.28)

enlarging Cε if necessary.
In order to apply Lemma 4.3 we point out that ∥ · ∥2∗,γ −1,∞ is invariant under the scaling 

(4.23). In fact, by the change of variables ξ̃x ↦→ Rξx and ξ̃y ↦→ R1+γ ξy we get

|{|uR| > h}| =
⃓⃓⃓{︂
RNγ −2|u(Rξx,R

1+γ ξy)| > h
}︂⃓⃓⃓

= R−Nγ

⃓⃓⃓{︂
RNγ −2|u| > h

}︂⃓⃓⃓
.

Now setting k := hR2−Nγ we have

||uR||s,∞ = sup
k>0 

(︂
kRNγ −2R−Nγ /s |{|u| > k}|1/s

)︂
= RNγ −2−Nγ /s ||u||s,∞,
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and for s = 2∗,γ − 1 the exponent Nγ − 2 − Nγ /s vanishes.
Hence, using (4.27)--(4.28) and Lemma 4.3 to (4.24) (up to constants), yield

∥uR∥L∞(Bγ (0,7)\Bγ (0,3)) ≤ Ĉ for all R ≥ r, (4.29)

for a suitable Ĉ > 0 depending on N,γ,λ1, δ, u.
Finally, for any z ∈ Bc

γ (0,5r), applying (4.29) with R = d(z)
5 we obtain

u(z) ≤ Cd(z)2−Nγ for all z ∈ Bc
γ (0,5r),

where C > 0 depends on N,γ,λ1, δ, r, u. Exploiting Theorem 4.1, it turns out that

u(z) ≤ C1

(︂
1 + d(z)Nγ −2

)︂−1
(4.30)

for all z ∈RN , for suitable C1 > 0 depending on N,γ,λ1, δ, u.
Now fix any r > 0 and set c := infBγ (0,r) u, which is positive by the fact that u is positive a.e. 

in RN and it is continuous by Theorem 4.1.
Recalling the fundamental solution of the Grushin operator Γ defined in (2.1), let Γr be such 

that ΔγΓr = 0 in RN \ {0} with Γr(z) = c for all z ∈ ∂Bγ (0, r), that is,

Γr(z) := c

r2−Nγ
Γ(z) = c

(︃
d(z)

r

)︃2−Nγ

for all z ∈RN \ {0}.

Then the weak comparison principle in exterior domains, Lemma 2.12 ensures u ≥ Γr in 
Bc

γ (0, r), so there exists ĉ > 0 (depending on N,r, c, γ ) such that

u(z) ≥ ĉd(z)2−Nγ for all z ∈ Bc
γ (0, r).

Hence

u(z) ≥ C0

(︂
1 + d(z)Nγ −2

)︂−1
for all z ∈ RN, (4.31)

where C0 > 0 is an opportune constant depending on N,u,γ . Putting (4.30) and (4.31) together 
entail (4.22). □
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Appendix A

Local boundedness results for (sub)solutions to elliptic equations have been developed in 
general setting, see for instance [30,35,48]. In this appendix we prove the following result, which 
extends some ideas of [34] for weak solutions to X-elliptic operators.

Theorem A.1. Let Ω ⊆ RN be a bounded domain and u ∈ H 1
γ (R

N)loc be a non-negative solution 
to

−Δγu ≤ au+ b in Ω, (A.1)

where a, b > 0. Then, for all α > 1, z ∈ Ω, and ℛ> 0 such that Bγ (z,2ℛ) ⊆ Ω, one has

sup 
Bγ (z,ℛ)

u ≤ C

[︃
ℛ−Nγ

α ∥u∥Lα(Bγ (z,2ℛ) +ℛ2b

]︃
,

where C > 0 depends on N , ℛ, α, γ , a, b.

We first recall a technical lemma, which is a direct consequence of Young’s inequality.

Lemma A.2 ([48, Lemma 6.2.2]). Let ζ ∈ R and ω1,ω2 > 0. If ζ 2 ≤ ω1ζ + ω2, then also

ζ ≤ ω1 +√︁2ω2.

Proof of Theorem A.1. The proof is an adaptation of the Moser iteration technique for the 
Grushin setting.

We do not claim any originality, but we provide a proof since we could not find a precise 
reference.

Throughout the proof, we will denote by C a generic constant, which may change from line 
to line, bout does not depend on the function u.

Assume initially ℛ = 1. Let m, q , k > 0 be such that m> k and set w := u + k. If q ≥ 1 we 
define

ψ(t) := r2

q

{︄
tq if 0 < t <m,

qmq−1t − (q − 1)mq if t ≥ m.

Otherwise, i.e. if 0 < q < 1,
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ψ(t) := r2tq , t > 0,

where, in both cases, r is given by q − 1 = 2(r − 1).
Let η ∈ C1(Ω) be nonnegative and vanishing in a neighborhood of ∂Ω. Since ψ ′(t) is uni

formly bounded when t ≥ k, then

φ(z) := η2(z)ψ(w(z))

can be chosen as a test function in (A.1), that is

∫︂
Ω 

∇γ u∇γ φ dz ≤ a

∫︂
Ω 

uφ dz + b

∫︂
Ω 

φ dz. (A.2)

Moreover, we have u = w − k,∇γ w = ∇γ u and

∇γ φ(z) = η2(z)ψ ′(w(z))∇γ w(z) + 2η(z)ψ(z)∇γ η(z).

We define, for q ≥ 1,

v(w) :=
{︄
wr, if k ≤ w <m,

rmr−1w − (r − 1)mr, if w ≥ m,

and simply v = v(w) := wr when 0 < q < 1. For simplicity from now on we only treat the case 
q ≥ 1, since the case 0 < q < 1 follows from similar ideas, see [48].

We have the following estimates:

ψ ′(w)|∇γ w|2 = |v′(w)|2|∇γ w|2 = |∇γ v(w)|2, (A.3)

ψ ′(w)w2 = [wv′(w)]2 ≤ r2v2(w), (A.4)

ψ(w)w ≤ v(w)wv′(w) ≤ rv2(w), (A.5)

ψ(w)|∇γ w| ≤ v(w)|v′(w)∇γ w| = v(w)|∇γ v(w)|. (A.6)

Indeed, if w <m, they follow quite easily, while, if w ≥ m, noting that

ψ ′(w) = r2mq−1, ψ(w)w = r2mq−1w2 − r2

q
(q − 1)mqw, v′(w) = rmr−1,

v(w)wv′(w) = r2m2(r−1)w2 − r(r − 1)m2r−1w = r2mq−1w2 − r(r − 1)mqw,

then (A.3) follows easily, while the first inequality in (A.5) and (A.6) hold true since r
2

q
(q − 1) ≥

r(r − 1). Quite simple calculations permit us to prove (A.4) by using w ≥ m. While, recalling

v2(w) = mq−1
[︂
r2(w − m)2 + 2rm(w − m) + m2

]︂
,

then the second inequality in (A.5) is equivalent to require
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r2mq−1w2 − r(r − 1)mqw ≤ mq−1r
[︂
r2(w − m)2 + 2rm(w − m) + m2

]︂
= mq−1r

[︂
r2w2 + r2m2 − 2r2mw + 2rm(w − m) + m2

]︂
,

that is

w2(r2 − r) + wm(−2r2 + 3r − 1) + m2(r − 1)2 ≥ 0,

which holds true since w ≥ m.
Making some calculations and using (A.3), (A.6) we get

∫︂
Ω 

∇γ u∇γ (η
2(z)ψ(w(z))) dz =

∫︂
Ω 

∇γ w[2η(z)ψ(w(z))∇γ η(z) + η2(z)ψ ′(w(z))∇γ w(z)] dz

=
∫︂
Ω 

2η(z)ψ(w(z))∇γ η(z)∇γ w dz +
∫︂
Ω 

η2(z)ψ ′(w(z))|∇γ w(z)|2 dz

=
∫︂
Ω 

2η(z)ψ(w(z))∇γ η(z)∇γ w dz +
∫︂
Ω 

η2(z)|∇γ v(z)|2 dz

≥ −2
∫︂
Ω 

η(z)v(z)|∇γ η(z)||∇γ v(z)| dz +
∫︂
Ω 

η2(z)|∇γ v(z)|2 dz

and, recalling that u = w − k, we have by (A.5)

a

∫︂
Ω 

u(z)η2(z)ψ(w(z)) dz + b

∫︂
Ω 

η2(z)ψ(w(z)) dz

= a

∫︂
Ω 

w(z)η2(z)ψ(w(z)) dz + (b − ka)

∫︂
Ω 

η2(z)ψ(w(z)) dz

≤ ar

∫︂
Ω 

η2(z)v(z)2 dz + (b − ka)

∫︂
Ω 

η2(z)ψ(w(z)) dz.

So that from (A.2) we get

∫︂
Ω 

η2(z)|∇γ v(z)|2 dz ≤2
∫︂
Ω 

η(z)v(z)|∇γ η(z)||∇γ v(z)| dz + ar

∫︂
Ω 

η2(z)v(z)2 dz

+ (b − ka)

∫︂
Ω 

η2(z)ψ(w(z)) dz.
(A.7)

If b − ka ≤ 0 we simply neglect the last term. If b − ka > 0, since w = u + k ≥ k > 0, the 
estimate (A.5) implies
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ψ(w) ≤ r
v2

w
≤ r

v2

k
,

which we insert into (A.7) to compare the last two integrals. So we obtain

∫︂
Ω 

η2(z)|∇γ v(z)|2 dz ≤ 2
∫︂
Ω 

η(z)v(z)|∇γ η(z)||∇γ v(z)| dz

+ max

{︃
b

k
, a

}︃
r

∫︂
Ω 

η2(z)v2(z) dz.

(A.8)

Define

ζ := ∥η∇γ v∥L2(Ω)

∥ηv∥
L

2∗
γ (Ω)

, ξ := ∥ηv∥L2(Ω)

∥ηv∥
L

2∗
γ (Ω)

, ξ̂ := ∥v∇γ η∥L2(Ω)

∥ηv∥
L

2∗
γ (Ω)

.

Now, we properly estimate (A.8). In particular, 
∫︁
Ω
η2(z)|∇γ v(z)|2 dz = ∥ηv∥2

L
2∗
γ (Ω)

ζ 2,

2
∫︂
Ω 

η(z)v(z)|∇γ η(z)||∇γ v(z)| dz ≤ 2∥v∇γ η∥L2(Ω)∥η∇γ v∥L2(Ω) = 2ζ ξ̂∥ηv∥2
L

2∗
γ (Ω)

.

Moreover

r

∫︂
Ω 

η2(z)v2(z) dz = r∥ηv∥2
L2(Ω)

= rξ2∥ηv∥2
L

2∗
γ (Ω)

.

Summarizing and dividing by ∥ηv∥2
L

2∗
γ (Ω)

, (A.8) becomes

ζ 2 ≤ 2ξ̂ ζ + max

{︃
b

k
, a

}︃
rξ2 ≤ 2ξ̂ ζ + max

{︃
b

k
, a

}︃(︃
1 + 1

r

)︃
r2ξ2. (A.9)

Now, by (A.9), Lemma A.2, the trivial estimate (2(1/r + 1))1/2 ≤ 2(1/r + 1) and together with 
the choice k = b, we get

ζ ≤ 2ξ̂ +
(︃

2 max {1, a}
(︃

1 + 1

r

)︃
r2ξ2

)︃1/2

≤ 2ξ̂ + 2

(︃
1 + 1

r

)︃√︁
max {1, a}rξ ≤ 2C(1 + r)(ξ̂ + ξ), (A.10)

where C depends on a, b. The Sobolev inequality implies that

∥ηv∥2∗
γ

≤ S∥∇γ (ηv)∥2 ≤ S
(︁∥v∇γ η∥2 + ∥η∇γ v∥2

)︁
,

where S is defined in (2.4). So it follows 1 ≤ S(ζ + ξ̂ ) and (A.10) becomes
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1 ≤ 2SC(1 + r)(ξ̂ + ξ) + Sξ̂ ,

which implies

1 ≤ C(1 + r)(ξ + ξ̂ ). (A.11)

Recalling the definition of ξ and ξ̂ , then (A.11) gives

∥ηv∥
L

2∗
γ (Ω)

≤ C(1 + r)(∥ηv∥L2(Ω) + ∥v∇γ η∥L2(Ω)), (A.12)

where C depends on N,γ,a, b.
Now we introduce some further conditions on the test function η. Let h, h′ be such that 

1 < h′ < h < 3, and set η ≡ 1 in Bγ (0, h′), η ≡ 0 in Ω \ Bγ (0, h), with 0 ≤ η ≤ 1 and 
supBγ (0,h)\Bγ (0,h′) |∇γ η| ≤ 2/(h − h′). Then, from (A.12) there follows

∥v∥
L

2∗
γ (Bγ (0,h′)) ≤ C

(1 + r)

h − h′ ∥v∥L2(Bγ (0,h)). (A.13)

For r ≠ 0 let us define

Φ(r,h) :=
⎛
⎜⎝ ∫︂
Bγ (0,h)

wr

⎞
⎟⎠

1/r

.

Suppose r > 0, r ≠ 2 and k := 2∗
γ /2 = Nγ /(Nγ − 2). Then (A.13) can be rewritten as (after 

letting m → ∞, so v → wr )

Φ(2kr,h′) ≤
(︃
C(1 + r)

h − h′

)︃1/r

Φ(2r, h).

Fix α > 1 as in the statement of the theorem and take successively

r = rj = k
j · α

2 
, h = hj = 1 + 2−j , h′ = hj+1, j = 0,1,2, . . .

We have, since C(1 + r)/(h − h′) ≤ 2αC(2k)j ,

Φ(2rj+1,1) ≤ Φ(2rj+1, hj+1) ≤
[︂
2αC(2k)j

]︂ 1 
rj Φ(2rj , hj )

and, iterating,

Φ(2rj+1,1) ≤
j∏︂

i=0 

[︂
2αC(2k)i

]︂ 1 
ri · Φ(2r0, h0) =

j∏︂
i=0 

[︂
2αC(2k)i

]︂ 1 
ri · Φ(α,2). (A.14)

In order to let j tend to infinity, observe that

55 



L. Baldelli, P. Malanchini and S. Secchi Journal of Differential Equations 478 (2026) 114550 

∞ ∏︂
i=0 

[︂
2αC(2k)i

]︂ 1 
ri = [2αC]

∑︁∞
i=0

1 
ri ·

∞ ∏︂
i=0 

[(2k)i] 1 
ri ,

and the series converges since k > 1, in particular

[2αC]
∑︁∞

i=0
1 
ri = (2αC)

Nγ
α .

Otherwise

∞ ∏︂
i=0 

[(2k)i] 1 
ri = e

log(2k)
∑︁∞

i=0
i
ri < ∞

and so, letting j → ∞ in (A.14) we get

sup 
Bγ (0,1)

w ≤ C

⎛
⎜⎝ ∫︂
Bγ (0,2)

wα dz

⎞
⎟⎠

1/α

, (A.15)

where C depends on N,α,γ, a, b. Now clearly supBγ (0,1) w = supBγ (0,1) u + b, while

∥w∥Lα(Bγ (0,2)) ≤ ∥u∥Lα(Bγ (0,2)) + |Bγ (0,2)| 1 
α b,

so (A.15) becomes

sup 
Bγ (0,1)

u ≤ C
(︁∥u∥Lα(Bγ (0,2)) + b

)︁− b ≤ C
(︁∥u∥Lα(Bγ (0,2)) + b

)︁
, (A.16)

where C continues to depend on N , α, γ, a, b. This concludes the proof when ℛ= 1.
The general case ℛ> 0 is obtained by a change of scale:

uℛ(z̄) := u(z) = u(ℛx̄,ℛ1+γ ȳ),

where z̄ = (x̄, ȳ) ∈ Bγ (0,1) and z = (x, y) = (ℛx̄,ℛ1+γ ȳ) ∈ Bγ (0,ℛ).
If u satisfies (A.1), then uℛ satisfies

−Δγuℛ(z̄) ≤ ℛ2auℛ(z̄) +ℛ2b.

Applying (A.16) to uℛ we get

sup 
Bγ (0,ℛ)

u ≤ C

(︃
ℛ−Nγ

α ∥u∥Lα(Bγ (0,2ℛ)) +ℛ2b

)︃
,

concluding the proof of the theorem. □
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[5] A. Bahrouni, V.D. Rădulescu, Singular double-phase systems with variable growth for the Baouendi-Grushin oper
ator, Discrete Contin. Dyn. Syst. 41 (9) (2021) 4283--4296.
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