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—— Abstract

We present our approach for the CG:SHOP 2026 challenge. In this international challenge, the goal
was to find a median triangulation for a set of triangulations in the parallel flip reconfiguration
graph of all triangulations of an underlying point set. Our simulated-annealing-based approach
makes use of two ingredients: a heuristic edge selection for approximating the parallel flip distance
of two given triangulations, and a heuristic procedure to generate good initial triangulations.
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1 Introduction

In this paper, we study changing triangulations of a planar point set using parallel flips. Given
a set of planar triangulations of some point set, we search for a central triangulation and a
sequence of parallel flip operations from each input triangulation to the central triangulation,
S0 as to minimize the sum of the number of parallel flip operations in each sequence.
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Median for Triangulations Under the Parallel Flip Distance

Figure 1 Two edges with their corresponding quadrilateral. They do not share a triangle and
can be flipped in parallel, transforming the left triangulation into the right triangulation.

This problem represents the core of the 2026 Computational Geometry Challenge [1]
(CG:SHOP), which ranked teams based on their solutions to a provided set of instances. Our
team, j£1ip2, was invited to publish its methods after finishing in 4th place with an approach
based on heuristic methods inspired by observations for the classical flip distance [5].

For a point set S C R?, a triangulation D is a maximal set of non-crossing straight-line
edges incident to points in S. In a triangulation, every interior edge e not on the boundary of
conv(S) is adjacent to exactly two triangles. If two such triangles form a convex quadrilateral
Q, then we call e flippable, and replacing e with the other diagonal flip(e) results in a valid
triangulation D' = D \ {e} U {flip(e)}. Replacing e with flip(e) is called a unit flip.

A set of edges F in a triangulation D is called a parallel flip operation if each edge e € E
is flippable and no two edges in E are part of the same triangle [4]. Since no two edges
in a parallel flip share a triangle, we again obtain that D' = D\ E U {flip(e) | e € E} is a
valid triangulation. Parallel flips induce a graph PG, whose vertices are the set ® of all
triangulations, in which two triangulations are adjacent if one can be transformed into the
other by exactly one parallel flip. Note that the edges of this graph are undirected, since
parallel flips are reversible, i.e., flip(flip(e)) = e, and, classically, this graph is connected [7].
A sequence of parallel flip operations transforming D to D’ is a path in PG from D to D’. The
length dpe(D,D’) of a shortest path from D to D’ in PG is called the parallel flip distance.

Given these definitions, we formulate the challenge posed in the CG:SHOP contest.

» Problem 1 (Median Point for Parallel Flip Distance). Given a set S of points and a set
T ={T1,...,Tm} of triangulations (terminals), find a triangulation (center) C and paths
{P;} in PG from each T; to C, minimizing

cost(C, %) = Z | P; |

TeX

Ideally, we want |P;| to be dpe(C, 7;). This raises the intermediate problem of computing
the parallel flip distance of two triangulations. Computing the unit flip distance, where the
goal is minimizing the number of unit flips, is NP-hard [8, 10]. The complexity of computing
the parallel flip distance remains open. For the unit flip distance, exact methods [9] based
on shortest paths and integer linear programs have been employed. To us, these approaches
appeared ill-suited for large instances (although the winning team Shadoks [3] ultimately
employed an optimal SAT solver with great success). Instead, we employ a greedy approach
inspired by [5] for the sub-task of approximating dp¢(-).
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Based on this heuristic distance computation, we solve Problem 1 via a simulated-
annealing-based approach. Our method is separated into three stages:
1. Compute an initial candidate center C.
2. Improve C via simulated annealing, with parallel flip distance heuristics as a guide.
3. Use more expensive distance heuristics to improve cost(C, ¥).
We describe our parallel flip distance heuristics in Section 2 and our simulated-annealing-based
center search in Section 3. Finally, we present experimental results in Section 4.

2  Parallel Flip Distance Heuristics

We start with an observation on parallel flips. Given a triangulation D, we define the conflict

graph Gp as the graph whose vertices correspond to all flippable edges in D, and in which

two vertices are adjacent if the corresponding edges are part of the same triangle and hence

cannot be part of the same parallel flip. Thus, parallel flips correspond to independent sets

in Gp. Based on this, the idea of our flip heuristics H, (D, D;) can be summarized as follows:

1. Start with Dy = Ds.

2. Compute a utility value u(e) for each flippable edge e € D;, such that flipping an edge
with high utility is expected to produce a triangulation closer to the given target D;.

3. Find a maximum-weight independent set (MWIS) heuristically.

4. Apply the corresponding parallel flip operation to obtain a new triangulation D; .

5. Repeat Steps 2-4 with D,;; until the target triangulation is reached.

Typically, the resulting flip distance estimate is asymmetric, i.e., H,(D,D’) # H, (D', D).

Flip Utilities. Hanke et al. [5] observed that the number of proper crossings between edges
of two triangulations is an upper bound on the (unit) flip distance. Consequently, they
introduced a heuristic that aims to aggressively decrease the number of such crossings.
This definition extends nicely to the parallel flip distance, and serves as the basis for our
utility function: Let e be an edge connecting two vertices of S, and let D; denote the target
triangulation. Define crp, (e) as the number of proper crossings between e and the edges of D.
For a flippable edge e in D, let ug (e, D, D;) = crp, (e) — crp, (flip(e)), while for non-flippable
edges, let ug (e, D, D) = —oo. Note that if D # Dy, at least one edge has positive utility [5].
This heuristic is heavily geared towards the unit flip distance: it does not take into account
that flipping an edge e blocks all other edges of its two triangles from being added to the
current parallel flip. Consequently, we define a natural extension to this heuristic: Let

u2L(€aD7Dt) = U/H(67D7Dt) - Z uH(27D7Dt)a
z€6(e)

where d(e) denotes the (flippable) neighbors of e in the conflict graph Gp. Our edge selection
for the construction of a parallel flip is sequential, so during the selection process, some
neighbors of an edge e may already be blocked by previously selected edges. Thus, we can
dynamically exclude them from the penalty sum in usy (e, D, D;). The values cr, ugy, and
usy, naturally extend to multiple target triangulations by summing over all terminals.

MWIS Heuristics. Our main MWIS heuristic scans all flippable edges in decreasing order
of utility u(e, D,D;) and adds an edge e if the solution remains an independent set and
u(e,D,D;) > 0. For more accuracy, at the expense of runtime, we refine the initial greedy
solution via a local search that swaps selected edges with some of their non-selected neighbors,
as long as it increases the total utility. This process ends when no beneficial swaps remain.
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Randomization. We introduce randomization into the greedy edge selection algorithm and
rerun the randomized parallel flip sequence computation multiple times to increase the overall
accuracy. Concretely, given a parameter k (usually k < 50), we maintain a buffer of the k
unblocked edges with the highest utility. At each selection step, one edge from the buffer is
selected uniformly at random and added to the parallel flip before updating the buffer.

Engineering. The main runtime cost of the heuristic H,(D;, D;) is the initial computation
of crp,(e) for edges e € Dy with respect to the target D;. Here, a brute-force approach
combined with an R-tree outperformed a Bentley-Ottmann sweep [2], which requires exact
arithmetic for rational crossing points. For small instances (|S| < 1000), we speed up
computations of the form H,(C,7T), with current center C and terminal T, by precomputing
a table that contains the number of crossings cry(e) for every possible edge e € (‘;) As the
size of this table is quadratic in |S], we do not compute it for larger instances.

3 Center Search via Simulated Annealing

To optimize the chosen center, we employ simulated annealing [6] with a fixed time horizon
tiotal- Simulated annealing is a local search technique that iteratively explores the solution
space by moving to randomly generated neighboring solutions. Improving moves are always
accepted, while worsening moves are accepted with a probability Pcceps (A, t) that depends
on the objective change A and the normalized progress t = tcurrent/ttotal. This probability is
controlled by a temperature parameter that evolves according to a cooling schedule.

Cooling Schedule. We use an exponential cooling schedule that quickly reduces the tem-

perature such that, in the final quarter of the runtime, the algorithm effectively behaves as a

¢/0.75
greedy local search. Concretely, we set Tquarter = —m, and T'(t) = Tp - ( )

ensuring 7°(0.75) = Tyuarter- To dampen the impact of large cost increases, we use a sublinear

Tquarter
T ’

0

transformation of A and accept moves with probability Paccept (A, 1) = exp(—%). With

Ty = 30, this yields strong exploration early on and greedy behavior in the final quarter.

Initial Centers. We use four different strategies to generate the initial center:

1. Delaunay: A simple choice for the initial center is the Delaunay triangulation.

2. Path: For each terminal pair 7,7’ € ¥, compute a short heuristic flip path, evaluate all
triangulations along the paths and select the best one as the initial center.

3. Intersection: For each edge e € (‘;), count the total number cre(e) of crossings with all
terminals. Construct the center greedily by adding edges in increasing order of cre(e).

4. Frequency: Each edge e in (g) is assigned a frequency based on how many terminals
contain e. The initial triangulation then results from greedily selecting edges in decreasing
order of frequency, using edges with frequency 0 if necessary.

Neighbor Generation. For small instances, where evaluating the flip heuristic is fast, we
generate neighbors randomly: We pick a random number k, then we pick k flippable edges
uniformly at random and apply the flips in random order, skipping blocked edges.

For larger instances, increased running time of the distance heuristic results in fewer
candidates C being evaluated, so in later stages, we use an informed neighbor generation:
We select a random subset T C T, compute ug(e,C,T") for all flippable edges and select
a random greedy flip with a (small) k-buffer. The transition from uninformed to informed
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Number of instances with difference A to the best known distance
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Figure 2 Comparison of deterministic and randomized heuristics: only-forward wu g, bidirectional
up, only-forward randomized g, bidirectional randomized wg, and bidirectional randomized uar,.

neighbor generation is again controlled by a schedule that gradually increases the probability
of selecting an informed neighbor. In the mostly greedy last quarter of the search, we
substantially increase the buffer size k for informed flips, reintroducing randomness.

Heuristic Selection. We evaluated the simulated annealing algorithm with many heuristic
combinations. The one we found to be the most promising was the following: First, during
the exploration phase, we use ug or usy to compute only the asymmetric deterministic
variants of the heuristics, focusing on computational speed. Then, in the final (greedy) phase
of the algorithm, we transition to the full ensemble of heuristics, including all introduced
randomization schemes, and their opposites HoPP(D, D')., i.e., H*?(D,D') = H,(D', D).

4 Experiments

The competition data set consists of 250 instances, grouped into 100 random, 101 woc, and 49
rirs instances. The random and woc instances are small (15-320 points and 2-20 terminals),
whereas the rirs instances are substantially larger (500-12 500 points and 20-200 terminals).
All experiments were conducted on nodes of the HPC cluster Marvin (University of Bonn),
each equipped with 1024 GB RAM and two Intel Xeon Sapphire Rapids 2.10 GHz CPUs.

Parallel Flip Distance Heuristics. To evaluate the quality of the heuristics, we generated
up to ten distinct terminal pairs for each instance (1481 samples in total) and computed the
parallel flip distance using ug and wusp, combining greedy and local search to compute the
MWIS. The computed flip distances range from 1 to 37 and increase with the instance size.

We observed that the distance values of the heuristics using different utility functions
differ in only 6% of instances. Hence, in Figure 2, we focus on ug. As expected, applying the
heuristic in a single direction (H,,, ) performs worst, with some outliers deviating by up to five
flips from the best known values. Taking the minimum of both directions (min(Hy,,, , HPP))
increases the number of best values found by 25% and eliminates most of the extreme outliers.

Notably, even the unidirectional randomized variant outperforms the bidirectional de-
terministic one, yielding a further performance gain of 25%, although some outliers with
large deviations from the best value remain. Minimizing over both directions yields the best
solutions for most instances; using uoy, instead of uy performs better in only thirteen cases.

Center Search with Simulated Annealing. We select one representative instance from each
data set. Figure 3 shows the progression of the objective value during the center search
for different configurations. All configurations use uy for exploration and the full heuristic
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Figure 3 Objective value progression for different configurations during simulated annealing with
varying initial centers. Top: uninformed neighbors; bottom: uninformed and informed neighbors.

ensemble in the final quarter. The main difference is in the neighbor selection: the upper
row uses only random neighbors, while the bottom row incorporates informed neighbors.
As expected, purely random neighbors do not improve the current best value during the
exploration phase, but then improve the solution during the final (greedy) search. In contrast,
the informed search shows gradual improvements, albeit with a higher risk of getting trapped
in local optima. For small instances, the random configuration achieves slightly better final
results, but unlike the informed search, it fails to find improvements on the rirs instance.

Figure 4 shows that the final objective value changes little with longer runtime for either
neighbor selection and can even get worse due to randomization. Further experiments indicate
that two to three days is a sweet spot, and that reruns should be favored over extended
optimization time. Overall, our example instances are representative: on random, uninformed
usually wins; on rirs, informed always wins; and on woc, both outcomes were observed.
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Figure 4 Final objective value after running for tiota1 days starting at the frequency center.
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