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Abstract

The tail behavior of aggregates of heavy-tailed random vectors is known to be deter-
mined by the so-called principle of ‘one large jump’, be it for finite sums, random
sums, or Lévy processes. We establish that, in fact, a more general principle is at play.
Assuming that the random vectors are multivariate regularly varying on various subcones
of the positive orthant [0, 00)?, first we show that their aggregates are also multivariate
regularly varying on these subcones. This allows us to approximate certain tail proba-
bilities rendered asymptotically negligible under classical regular variation. Second, we
discover that depending on the structure of a particular tail event, the tail behavior of the
aggregates may be characterized by more than a single large jump. Finally, we illustrate
a similar phenomenon for regularly varying multivariate Lévy processes, establishing as
well a relationship between regular variation of a multivariate Lévy process and multi-
variate regular variation of its Lévy measure on different subcones. The applicability of
these results in financial and insurance risk management is discussed.
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1. Introduction

In this paper, we study the asymptotic behavior of tail events pertaining to independent
sums of heavy-tailed random vectors and multivariate Lévy processes under the paradigm of
multivariate regular variation (MRV) [10, 55]. Assessment of such tail probabilities are of inter-
est in risk management for many finance, insurance, queueing, and environmental applications;
see [5, 24, 49] in the classical univariate case and [14, Chapter 5] and [48, Chapter 7] for some
expositions and results in the multivariate case. For instance, in financial and insurance sys-
tems, where return values, operational risks and insurance losses may be heavy-tailed, a key
goal is to assess the risk contagion in the system. Such assessments are done using various con-
ditional risk measures such as conditional value at risk (CoVaR), marginal expected shortfall

Received 29 August 2024 UTC; accepted 19 May 2026 UTC.

* Postal address: Engineering Systems and Design, Singapore University of Technology and Design, Singapore. Email:
bikram @sutd.edu.sg

** Postal address: Institute of Stochastics, Karlsruhe Institute of Technology, Germany. Email: vicky.fasen @kit.edu

© The Author(s), 2026. Published by Cambridge University Press on behalf of Applied Probability Trust.
This is an Open Access article, distributed under the terms of the Creative Commons Attribution licence
(https://creativecommons.org/licenses/by/4.0/), which permits unrestricted re-use, distribution and reproduc-
tion, provided the original article is properly cited.

1

Downloaded from https://www.cambridge.org/core. IP address: 94.31.72.233, on 19 Jun 2026 at 05:49:10, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/apr.2026.10068


https://doi.org/10.1017/apr.2026.10068
https://orcid.org/0000-0002-6172-8228
https://creativecommons.org/licenses/by/4.0/
https://crossmark.crossref.org/dialog?doi=10.1017/apr.2026.10068&domain=pdf
https://www.cambridge.org/core/terms
https://doi.org/10.1017/apr.2026.10068
https://www.cambridge.org/core

2 B. DAS AND V. FASEN-HARTMANN

(MES), marginal mean excess (MME), and systemic risk (SRISK) (cf. [1, 2, 15]), which can
be applied to many financial and insurance network models, e.g., as in [17, 39, 40]. The results
in this paper aim to help in the precise computation of such measures while aggregating these
returns, losses, or risk values.

A well-known class of heavy-tailed distributions is that of subexponential distributions. If
Z, 7M. 70 are independent and identically distributed (i.i.d.) random variables defined
on the same probability space (€2, A, ), then for fixed x > O we know that

PZD 4. +Z" > 1x)
im =n
n—00 P(Z > tx)

ey

if and only if Z follows a subexponential distribution, i.e., P(Z") + Z® > ) ~2P(Z > 1) as
t — oo; Chistyakov [13] proved this for non-negative random variables, later extended to R by
Willikens [60]. This phenomenon of ‘one large jump’ exhibited in (1) is so-called because a
high threshold-crossing of the sum of a set of random variables occurs with the same asymp-
totic probability as any one of them crossing the same threshold. An important subclass of
subexponential distributions are distributions with regularly varying tails (cf. [59]), and hence
(1) holds for these distributions as well. A random variable Z has a regularly varying right tail
if for x > 0, we have lim;_, oo P(Z > tx)/P(Z > t) = x~* for some —« < 0, which is called the
index of regular variation or tail index. We write Z € RV _,.

The aim of this work is to extend (1) to a multivariate setup by investigating aggregates
of i.i.d. multivariate regularly varying (MRV) random vectors, and provide new insights into
multivariate subexponentiality. A key finding of this paper is that tail events may occur in
ways other than (1), which extends our understanding beyond what is expected and obtained
using classical theory. In a multivariate context, an Ri-valued random vector Z is multivariate
regularly varying on Rﬁ \ {0}, if there exists a measurable function b(f) — oo as t — oo, and
a non-null measure w in the set of all Borel measures in ]Ri \ {0} which are finite on sets
bounded away from 0 such that

P(Z/b(1) € A) — p(A) ast— 0o

for Borel sets A bounded away from 0 with «(dA) = 0; see Section 2 for details. In particular,
we have p(tA) = t~*u(A) for some o > 0 and write Z € MRV(«, b, 1, ]Ri \ {0}).

For this paper, we restrict to non-negative random vectors, and the tail sets of inter-
est relate to positive high values, which is suited for many finance, insurance, queueing,
and environmental applications as, e.g., for insurance risks and operational risks, risk
managers are often only concerned with losses which are non-negative and the claim
amounts are the aggregates of such losses. Now, for i.i.d. non-negative random vectors
Z2,Z0, .. Z" e MRV(a, b, i1, RY \ {0}), we can deduce that

ZO 4. 4 Z"W e MRV(a, b, nje, RL\ {0)) 2)

(cf. [54, Proposition 4.1], [55, Section 7.3], and [35, Lemma 3.11]). Hence, for Borel sets A in
Ri which are bounded away from 0 satisfying

w(@A)=0 and u(A) >0, 3)
we have for fixed n > 1,

PZY + .. +ZM e1A)~ b(_L(t)y,(A) ~nP(Z€tA) ast— o0.

Downloaded from https://www.cambridge.org/core. IP address: 94.31.72.233, on 19 Jun 2026 at 05:49:10, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/apr.2026.10068


https://www.cambridge.org/core/terms
https://doi.org/10.1017/apr.2026.10068
https://www.cambridge.org/core

Aggregating heavy-tailed vectors 3

Thus, for such sets we may obtain an extension of (1) to higher dimensions of the form

PEZYV 4. 4+ 2" e 1A)
1m =
n—00 P(Z € 1A)

n, “4)

which is again a manifestation of the principle of ‘one large jump’. In particular, if the mar-
gins of Z are tail-equivalent, A = (— oo, x] for x € (0, oo)d with min(xy, ..., x4) < 00, and if
assumption (3) is satisfied, then (4) is valid. A further consequence here is that Z is as well
multivariate subexponential in the sense of [52], since by their definition, a random vector Z is
multivariate subexponential if (4) holds for sets of the form A = (— 0o, x] where x € (0, o0)?
with min(xy, . .., x4) < 0o. An alternative definition of multivariate subexponential distribu-
tions was introduced by Samorodnitsky and Sun [56] so that (4) holds for a broader class of
sets given by

A:={AC R?:A open, increasing , A€ convex , 0 géZ},

see [56, Corollary 4.10]. Naturally, the class of multivariate subexponential distributions in
[56] turns out to be a strict subclass of [52], and it also contains the classical MRV distributions
with tail equivalent margins (cf. [56, Proposition 4.14]). Hence, we may observe here that, not
quite surprisingly, extending the principle of ‘one large jump’ to more general sets also leads
to shrinking the class of possible distributions that satisfy the principle; see also the related
paper [42].

Nevertheless, even when Z € MRV («a, b, u, R’i \ {0}) with tail-equivalent margins, one
often encounters examples where for a large class of sets A, the value of ©(A) is equal to zero
and in this case,

lim b PEZV 4+ ... +ZMW ea)=0= lim b (OP(Z € 14),
—> 00 — 00

so that we are not able to conclude (4) from that. For example, if the elements of
Z=(Z,...,Zy) are themselves i.i.d. (with regularly varying marginal tail distributions) and
we consider the sets

A={zeRe 7> x;forallje s}, (5)

for some index S CI:= {1, ..., d} with |[S| > 2, x; > 0 for j €S, then under classical MRV
assumptions we have p(A) =0, since for Z € A to hold, at least two components of Z need
to be large together (cf. Example 4). In fact, the components of Z need not be indepen-
dent at all, a Gaussian dependence among variables with tail equivalent regularly varying
marginal distributions and pairwise correlations less than one will ensure ©(A) =0 as well;
see Section 5.2

However, for various applications, it is important to know the exact rate at which
PEZWY + ... +Z™ e tA) decreases for any set A. For example consider Z) 4 - .. +Z™ to
be the first n aggregated d-dimensional losses of d business lines and let A be a ‘ruin set’. Then
A of the form (5) reflects that all business lines in set S are ruined if n losses occur. Ruin sets
may also be much more complex, for example, one may be interested in the event that at least
i business lines are ruined, where 1 <i <d. Estimating such ruin probabilities is relevant for
the companies and quite often for such types of sets we may observe u(A) =0.

The aim of the present paper is twofold. First, we derive sufficient criteria for a classical
MRYV random vector Z € MRV(«, b, 1, Ri \ {0}) and Borel sets A bounded away from 0 to
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4 B. DAS AND V. FASEN-HARTMANN

satisfy the ‘one large jump principle’ in (4) even if (A) = 0. To this end, we use the concept
of MRV on various subcones on ]Ri and show the presence of the MRV property for the
aggregate > ;_; Z® on these subcones under quite general assumptions. Furthermore, we
derive the exact rate of decrease of the tail probability P(Z!) + ... +Z™ e 1A) as t — oo,
which depends on the structure of the set A.

Second, we also show that the presence of MRV on various subcones of Ri may result in a
behavior which is quite different from (4). For example, a phenomenon investigated for sets A
as defined in (5) is that

M 4.4z
i P(ZD 4. +Z" €1A)

= 6
Am PZ < iA) C,s) (6)

(cf. Remark 9), where C, |5 > 0 is not necessarily equal to n, and depends not only on the
number of summands n, but also on the cardinality of the set S (cf. (5)), and of course on
the distribution of Z. Here, the tail event Z() 4. .. 4+ Z" € 1A may be determined by thresh-
old crossings in different coordinates of S, by different variables Z®_ Thus, an aggregation
of random vectors leads to a tail event with a ‘few large jumps’ and these jumps occur either
together in one random vector Z®), or separately in a few different random vectors; the asso-
ciated results are discussed in Proposition 2 and Section 4.2. Interestingly, we note that the
phenomenon of ‘a few large jumps’ for such aggregation of heavy-tailed vectors in fact occurs
under the more general setup of adapted multivariate regular variation (adapted-MRV) for the
underlying random vectors. This is a new concept that we have introduced in this paper, which
provides significant flexibility in dealing with random vectors that have regularly varying mar-
gins but which do not necessarily exhibit MRV on various subcones of R‘fr. Hence, although
the traditional methods of finding tail estimates for the random vectors and aggregates do not
work for adapted-MRV random vectors, yet we are able to calculate the exact tail rates for their
aggregates; see Example 1 for one such case.

Moving beyond aggregation of random vectors, a key contribution of this paper is in charac-
terizing the tail probabilities of multi-dimensional regularly varying Lévy processes which are
a natural generalization of finite aggregation of regularly varying random vectors and have
inherent applications to stochastic storage processes including insurance claims, inventory
management, financial modeling, and more (cf. [3, 5, 8, 14, 53]). In an insurance company
with multiple business lines, a typical model for the multivariate risk process is a multivariate
compound Poisson process or, more generally, a multivariate Lévy process, and the ruin prob-
ability is a multivariate tail event (cf. [33, 43] in the one-dimensional case and [6, 7, 30, 56] in
the multivariate setup). In finance, a bank’s total operational risk can be modeled by a multi-
variate compound Poisson process where the components are again the different business lines
(cf. [11, 38]).

Recall that a (multivariate) Lévy process L = (L(s))s>0, 1S a stochastic process with L(0) =0
P-almost surely, has stationary and independent increments, and has cadlag sample paths
(cf. [57]). Consequently, L(s) is infinitely divisible and has the same distribution as sums of
i.i.d. random vectors; following the basic premise of this paper. A Lévy process L is character-
ized by its Lévy measure IT(A), which measures the expected number of jumps of L in [0, 1]
whose jump sizes are in A (cf. Section 6). The principle of ‘one large jump’ has been illustrated
for MRV Lévy processes by Hult and Lindskog [29, 31] and the asymptotic rates of further hid-
den jumps have been characterized in [47] (for the univariate case). Our work addresses the
case where the results of [31] hold, including and specifically addressing cases with negligible
probability approximation for a tail event. In particular, a conclusion of [31, Proposition 3.1] is
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Aggregating heavy-tailed vectors 5

that L(1) € MRV(a, b, i, R4\{0}) if and only if IT € MRV(«, b, i1, R%\{0}) and then, for
any Borel set A bounded away from 0 satisfying (3) we have

P(L(s) € tA) ~ b%(t),u(A) ~sTI(tA) as t— o0,

resulting in

P(L(s) € 1A)

% T TI(A) )

(see [23] for the one-dimensional case). Naturally, if (A) = 0 then we are not able to conclude
(7) anymore from classical MRV. This again happens, for example, if we consider L to be
composed of d i.i.d. one-dimensional regularly varying Lévy processes and A is defined as
in (5). If the Lévy measure IT is multivariate regular varying on relevant subcones of R% , under
quite general conditions, we show that L(s) is multivariate regularly varying on that subcone
as well. As a consequence, we still observe (7) holding for sets A with £t(A) = 0. Furthermore,
we also find conditions where the asymptotics are quite different and we observe

P(L(s) € tA) _
Ay 0 ®

where ¢ is a function for which ¢(s) = s, for all s may not hold, defying the linearity property
in the time s often observed for Lévy processes as in (7), thus generalizing the phenomenon
of ‘one large jump’ to ‘a few large jumps’. Here we present examples of Lévy processes and
tail sets where P(L(s) € tA) and the Lévy measure I[1(#A) decrease at different rates as t — oo,
which is contrary to the common belief regarding classical MRV of Lévy processes where
these two quantities are tail equivalent. Our newly defined framework of adapted-MRYV aids in
this regard. These results on the tail probabilities of heavy-tailed Lévy processes have obvious
implications on risk and ruin problems, especially in the context of insurance and finance,
where logarithmic asset prices and claim amount processes can be modeled as Lévy processes.

This paper is organized as follows. In Section 2, we provide necessary preliminary results
and background for our work; we discuss the basic framework in terms of MRV on subcones of
Rf{_ using M-convergence. Then, in Section 3, we derive alternative characterizations of MRV
on subcones and introduce the new concept of adapted-MRV as a generalization of MRV. Our
main result, Theorem 1, appears in Section 4 which is used to obtain results on both ‘one
large jump’ of the form (4) and its generalization to ‘a few large jumps’ of the form (6) under a
variety of assumptions. In Section 5.1, the results on finite convolutions are extended to random
sums. Our results are complemented with examples of finite sums and compound Poisson sums
in Section 5.2, where the dependence structure of the underlying i.i.d. jumps is modeled by
diverse copula models. Finally, an application to assess the tail behavior in regularly varying
Lévy processes is given in Section 6. We conclude in Section 7 with indications toward future
work. The proofs of the paper are relegated to the appendices.

2. Preliminaries

For investigating the asymptotic behavior of probabilities of tail events in a multivariate
setting, we employ the framework of M-convergence used to define MRV on subcones of
Rﬁ = [0, c0)? (cf. [19, 47]); we briefly recall and discuss these concepts in the current section.
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6 B. DAS AND V. FASEN-HARTMANN

Unless otherwise specified, for the rest of the paper, all random vectors are assumed to lie
on the positive orthant E; := R‘fr. Notationally, vector operations are understood component-
wise, e.g., for vectors z=1(z1,...,2z4) and x =(x1, ..., Xg), X <z means x; <z for all i.
Moreover, for a constant # > 0 and a set A C R‘i, we denote by 1A := {1z € Ri :z € A}. Finally,
for x e R, (x)+ := max (x, 0).

2.1. Regular variation

The theory of regular variation provides a systematic framework to discuss heavy-tailed
distributions; see [10, 55] for details. Here we briefly discuss regular varying functions
and MRV of measures and random vectors on Euclidean cones with M-convergence. A
measurable function f: Ry — Ry is regularly varying at infinity if for all x > 0, we have
limy_, o0 f(tx)/f(t) = xP for some fixed B € R. We write f € RVg; and if B =0 then the func-
tion f is called slowly varying. A real-valued random variable Z with distribution function
F, denoted by Z ~ F, is regularly varying (at +00) if F:= 1 — F € RV_, for some a > 0.
Equivalently, Z ~ F is regularly varying with index —« <0 if there exists a measurable
function b : R;. — R with b(f) — 0o as t — oo such that

tP(Z > b(t)x) =t F(b(£)x) =25 x™%  for all x > 0.

We write F € RV_,(b). As a consequence b(f) € RV /e and a canonical choice for b is
b)=F<(1—1/1 :fk(l/t) where F<(x) =inf{y e R: F(y) > x}.

Measures u and v defined on B(Ry) are (right) tail equivalent if
lim;_, oo (2, 00))/v((t, 00)) = ¢ for some ¢ > 0. Naturally, the same holds for probability
measures and, hence, distribution functions F and G are (right) tail equivalent if

F(@) — im 1—-F(@) _
t—00 6(;) t—oo 1 — G(1)

’

for some ¢ > 0. We call measures u and v (respectively, distributions F and G) completely tail
equivalent if c = 1. We often assume that components of the random vectors considered in this
paper are tail equivalent (if not identically distributed, or completely tail equivalent).

In what follows, (multivariate) regular variation on Euclidean subspaces of E; :Ri is
introduced using M-convergence of measures which differs from vague convergence, the tra-
ditional notion used for MRV. See [19, 32, 47] for further details and the preference for this
notion over vague convergence; moreover, see [9] for a broader notion of vague convergence.
Consider the space E; endowed with the sup-norm metric d(x, y) = ||x — y||c for x,y € E,;.
A cone CCEy is a set that is closed under scalar multiplication: if z € C then #z € C for
t > 0; a closed cone is a cone which is a closed set in [£;. Regular variation is defined using
M-convergence on a closed cone C C E,; with a closed cone Cy C C deleted. We say that a sub-
set A C C\ Cy is bounded away from Cy if d(A, Cy) =inf{d(x,y):x €A,y € Cy} > 0. Denote
by M(C \ Cyp) the class of Borel measures on C \ Cy assigning finite measures to all Borel sets
A C C\ Cyp, which are bounded away from Cy. We often refer to a subspace of the closed cone
E; which is a cone, as a subcone. Next, we define M-convergence first and subsequently use it
to define regular variation on M(C \ Cy) where Co C C C Rf{_ are closed cones containing 0.

Definition 1. (M-convergence.) Let u, u,, n>1 be Borel measures on M(C \ Cyp). Suppose
[ fdu, — [ fdu as n— oo for any bounded, continuous, real-valued function f whose sup-
port is bounded away from Cy, then we say w,, converges to u in M(C \ Cy), and write u, — u
in M(C\Cy).
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Aggregating heavy-tailed vectors 7

Next we define regular variation of measures on M(C \ Cy) which is an extension of the
definition found in [32] for measures in M(Ri \ {0}).

Definition 2. A Borel measure IT on M(C \ Cy) is regularly varying on C \ Cy if there exists
a regularly varying function b(¢) € RV1,q, a > 0, called the scaling function and a non-null
(Borel) measure u(-) € M(C \ Cp) called the limit or tail measure such that as t — oo,

1 TH(D(D)-) = (),

in M[(C \ Cyp). Similarly, a random vector Z € Ri is multivariate regularly varying on C \ Cy
if the probability measure I1(-) := P(Z € -) is regularly varying on C \ Cy.

We write [T € MRV(«, b, u, C\ Cp) andZ € MRV(a, b, 1, C\ Cp), respectively; one or
more parameters are often dropped according to convenience.

Remark 1. Since b(t) € RVy,o, we observe that the limit measure w(-) has the scal-
ing property w(t-)=1t"“u(-) for > 0. Hence, if the measure or the random vector is
MRV(a, b, u, C\ Cyp), we often refer to —a < 0 as its tail index (in the subspace C \ Cy).

2.2. Coordinate subcones of the positive orthant
Equipped with the notion of M-convergence and regular variation, we proceed to discuss
regular variation on a particular set of subcones of Rf{ and also provide equivalent conditions

for the same (cf. [50] and [19, Section 2]). Forz € ]Ri we write Z =(z1, . . . , Z¢7) and denote the
(decreasing) order statistics of z by z(1) > z2) > - - - > z@@). For0 <i <d — 1 let

CAS)IZ U {ZERiIZjl=0,---,Zjd,,-zo}:{ZERiZZ(H_]):O},

Isji<<jg-i=d

and (CA;‘D = {ze Ri :7(@) >0}. For any i=1, ..., d, the closed cone (CAS) represents the
union of all i-dimensional coordinate hyperplanes in RS’F. Define the following sequence of
subcones of Ri where we investigate regular variation (when it exists):

E) = RI\CA] " ={zeR%:z;>0}, l<i<d

We call the subsets E(di) coordinate subcones since they are cones obtained from Ri by
removing particular coordinate hyperplanes. Here ES) is the positive orthant with {0} = CAS))
removed, Eg) is the positive orthant with all one-dimensional coordinate axes removed, IE;S)
is the positive orthant with all two-dimensional coordinate hyperplanes removed, and so on.
Clearly, E}’ D E ... > EY’ =CAY.

3. Adapted-MRYV and regular variation on ]Eg)

Adding random vectors which exhibit MRV on the various coordinate subcones ES) often
result in random vectors which exhibit MRV on the same subcone; interestingly enough
though, for the sum to be MRV, it is not necessary for the summands to be strictly MRV
on that subcone. This is an important observation, especially while dealing with random vec-
tors which may exhibit classical MRV (on ]ES)) but not on one or more of the other subcones
ES), i=2,...,d.Hence, we begin with defining a new notion of adapted-MRYV in Section 3.1,
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8 B. DAS AND V. FASEN-HARTMANN

extending the classical notion of MRV, in order to allow for a broader class of models and
examples. Later, in Section 3.2, we also characterize MRV on the subcones IEE;) of Ri, since
extreme events often occur in tail subsets of such cones; we also derive necessary and sufficient

conditions for convergence in M(ES)) in Proposition 1.

3.1. Adapted-MRV

Since our interest is in the tail behavior of aggregates over independent regularly varying
random vectors, when considering joint exceedances of sums of such vectors, regular variation
on various combinations of subcones becomes quite important. The following definition pro-
vides a framework in which such random vectors possess a property that is more general than
MRV while still being tractable for assessing tail asymptotics with MRV under aggregation.

Definition 3. Suppose Z € Rﬁ is a random vector such that the following hold.

(1) We have Z € MRV(«;, b;, i4i, ES)) fori=1,..., A forsome A <d.

(2) If A <d then additionally assume that there exists a y >0, such that for
i=A+1, ...,dandanyAeR(’),wehave

VA
lim tP|——€ A) =0, ©))
t—00 bi(1)

where b;(1) := 1'/% with a = (¢a — (A + Day)+ +i(eeg + ), i-e. with the rate b;, we
have convergence to zero. We refer to (9) as null convergence and write Z € N'C(b;, ES)).

Then we say Z is adapted multivariate regular varying on Ri and write
{Z € MRV*(;, bi, i, ED); i=1, ..., d; A} where a; =00, p;=0fori=A+1,...,d.

Remark 2. The following remarks regarding Definition 3 highlight the importance of this new
concept vis-a-vis the notion of classical MRV on subcones ]E('), i=1,...,d.

(1) Fori=1,..., A, MRV*(«a;, b;, ii, ]Eg)) and MRV(«;, b;, u;, ES)) are equivalent.

(i) For i=A+1,...,d, the notation MRV*(«;, b;, i, Eg)) means that for some
of > 0 as defined, we have Z € NC(b;(t) = et ]EE;)) and o; =00, u; =0. The con-
stant y is chosen to be the same for all i=A+1,...,d and the value of
A = arg max;{¢; : @; < 0o} is implicit.

(iii) Note that an alternative representation for ocz 41 is
o =max(aa, (A + Dap) 4+ (A + Dy.
First, this implies that ap < “Z+1 <---<aj and, hence, b;l(t) =o(b; (1) ast — o0
fori=A, ...,d— 1. Second, we also have aZH > (A + Daj.
(iv) The steps for finding (hidden) regular variation on Eg) have been discussed in [19,
Section 2.1], so we will not repeat them here. Nevertheless, the same procedure can
be applied for adapted-MRV. In addition, methods to estimate the index of MRV on

the different subcones are proposed in [16, Section 4]; the tail indices pertaining to
adapted-MRYV in the various cones can be found in a similar manner.
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Aggregating heavy-tailed vectors 9

The class of adapted-MRV distributions is highly flexible and encompasses most MRV
distributions on ES). Hence, for practical applications, it is sufficient to consider this class. In
the following remark we discuss how the notion of adapted-MRV enriches the model class of
heavy-tailed distributions in the multivariate setting.

Remark 3.
(a) If Z e MRV(«;, b;, i, Eg)) fori=1,...,d, then clearly

[Z e MRV*(ai, bi, 1, ES)s i=1, ..., d; A=d).

Thus, condition (9) provides us with more flexibility in case we fail to have MRV on
subcone Eg) forj> A forsome A=2,...,d.

(b) Condition (9) is satisfied if E(Z)@s—(A+Da++i@+7) < oo for some ¥ > y; here
Z1) = - - - = Z(g) are the order statistics of the elements of Z = (Zy, . .., Z;). In particu-

lar, one such example is when Z;) =0 for j > A, see Section 4.2. For further examples
of multivariate heavy-tailed distributions exhibiting such a property see [15, 20].

(c) If A <d then (9) still allows for MRV to hold on E¥, i= A +1, ..., d albeit with a
lighter regularly varying tail rate than (ep — (A + Do)+ + i(a; + ).

Example 1. Let X, X® be i.i.d. random variables with P(X" > x) =x~%, x> 1 for some
a > 0.Let BD, B? be i.i.d. random variables with P(B) = 1) = 0.5 = P(B()) = 0). Define for
k=1,2,

z® .= BOE®, 0) + (1 — BP0, xP).
Then Z(V, Z® are i.i.d. with Z1 € MRV(a, b(t) = 1'/%, uy, EY) where
w1 (([0, x1] % [0, x21)) = 0.5x7% +0.5x,%,  x1,x2> 0.
Clearly, Z" e NC('/Z@ty), Eg)) for any y > 0 and does not possess MRV on E(Zz). Hence,
ZW | Z? are adapted-MRV with A = 1.
Now we can check that Z® +Z® e MRV(a, bi(r)=1"%,2u,, IE(ZI)) and
ZW £ Z® € MRVQa, by(t) =120 115, EP) where

a((xr, 00) X (x2, 00)) =0.5(x1x2)™%, x1,x2>0.

Most examples of regularly varying vectors on Efil) are in fact adapted-MRV. Later, in
Section 5.2, we provide examples of joint distributions for which our framework is useful and
use copulas to represent joint dependence. This allows us to demonstrate our findings through
a variety of examples.

3.2. Characterization of regular variation on Eg)

In the rest of this section, we characterize a particular family of sets R (defined in (11)),
proving that it is an M-convergence determining class on ]Es) and, hence, it provides a neces-
sary and sufficient criterion for MRV on Eg) and, finally, for adapted-MRV. The particular tail
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10 B. DAS AND V. FASEN-HARTMANN

sets appear in multivariate risk and reliability problems where the quantity of interest is a finite
or a random sum of identically distributed vectors.

Let B:= B(Ri) denote the Borel o-algebra on ]R‘i. Foranyie{l,...,d} =1, Eg) is a
subspace of Ri and we denote its induced o -algebra by

BY:= B(EY)={aeB:ACE}). (10)

A rectangular set in Eg) is defined as any set A= {z € ]Rff_ :zj > xj forall j € S} where S C 1,
IS| > i, and x; > O for all j € S. Let us denote the collection

R®:= {A e B :Ais arectangular set in ]Eg)}. (1D)

Lemma 1. We have that RY is a 7 -system and o(R®) = BO,

The proofs of Lemma 1 as well as other subsequent results in this section are given in
Appendix A. The following proposition shows that for verifying convergence of measures in
IES), we can restrict to testing convergence in sets belonging to R). The result and the proof
are in the spirit of [55, Lemma 6.1].

Proposition 1. Let u, u; € M(Eg))for all t > 0 and some fixed i € . Then as t — oo,
te— o in M(ED) (12)
if and only if

tlim wi(A) = n(A), forallAeR? (13)
—00

with w(0A) = 0 (u-continuity set), where RD is the collection of sets as defined in (11).

Remark 4. In light of Proposition 1, when we seek regular variation (or any measure conver-
gence) in the space Eg) using M-convergence (as in Definition 2), we can equivalently show
this only for rectangular sets in R” (which are also continuity sets with respect to the limit
measure).

We wrap this section up with an extension of the so-called ‘heavier tail wins’ phenomenon,
in the context of MRV on a subcone IEE;). It is useful for many of the proofs in this paper.

Lemma 2. Suppose X € MRV(«v;, b;, i, ]Eg)) for some fixed i €1, and X is independent of
the R¢-valued random vector Y with E|| Y| %Y < oo for some y > 0. Then

X+Ye MRV(O[,’, b;, Ui, Efll))

4. Aggregating regularly varying random vectors

In the introduction, we discussed the principle of ‘one large jump’ determining the behavior
of aggregates of MRV random vectors in the classical framework. The novelty of this work
lies in the fact that, on one hand, we are able to extend the idea to a more general class of
tail events and, on the other hand, we show that the more general phenomenon of ‘a few large
jumps’ occurs as well, in particular under the assumption of adapted-MRV; hence, it is also not
necessary to restrict to assuming MRV on the different cones.
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Aggregating heavy-tailed vectors 11

We start by assuming that individual random vectors have tail equivalent margins and they
admit adapted-MRV (see Definition 3). In our first result, Theorem 1, we consider two inde-
pendent random vectors that are not necessarily identically distributed, and we assess the
asymptotic probability of the sum belonging to various tail sets. This theorem forms the basis
of many subsequent results for finite sums of i.i.d. random vectors in Section 4.1. Furthermore,
we demonstrate that the sum is indeed adapted-MRV as well.

Theorem 1. Let Z(l),Z(z) eRi be independent random vectors, each with tail equiva-
lent marginal distributions and {Z(k) € MRV*(algk), bl(k), ,ul(k), ES)), i=1,...,d; Ay} for
k=1,2, ie. they are adapted-MRV on ]Rf{_. Define (x(()k) =0, bgc)(_(t) =1, M(()k) =1, for

k=1, 2, and
1() := argmax;e(o i}{E](i) : E](i) < 00},
where
1)« 2
0 L R =0
Cj = max. lim sup W .
0=mzi | oo B (P (1)
Define fori=1,...,d, andm=0, ..., i
(1)« 2)«
o by b5,
mo T 1<« 2 :
=00 p (b (1)
Suppose that for k=1, 2, and eachm=1, ...,i— 1, either lim;_, o bﬁ,]f)&(t)/bg;rl_(t) =0or

cﬁi) =0. Then
{20+ 27 € MRV (i, bi, uP,EY), i=1,...,d; A®)

(€Y @) (1)«

. 2
with a; =) + o>y b () = by )" (Ob

i_I(i)(t), and

i
u@)=>"clDpx (A) forAeB(ED).

m=0

where /L;';“- is the measure which is uniquely defined on RY as follows: for
A={zeRq :z>x;forallje S} e RY with S CL |S| > i, and x; > 0 for all j € S we have

P i(A) = E 1w ({z e EY" : 7> x; forall j € J}),ug)m({z eRBy ™z >xjforallje S\J}).
JCSULD)
|J|=m

Moreover, A® € {max (A1 + 1, Ay +1),..., min(A; + Az, d)}.

The proof is quite involved requiring a meticulous investigation of several components. A
fundamental ingredient needed was a proper characterization of M-convergence in the sub-
space E(d’) via rectangular sets, which we derived in Proposition 1 (building on Lemma 1).
Another key part of the proof of Theorem 1 was in identifying which components (of the many
possible) contribute to the limit measure and which do not (Lemmas 3-5); these required quite
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12 B. DAS AND V. FASEN-HARTMANN

technically involved calculations. Therefore, we have relegated the proofs of this theorem and
the results of this section to Appendix B.

Remark 5. Since the output of argmax may contain multiple elements, /(i) is not defined
uniquely; hence, a value for (i) is often chosen from these outputs according to convenience.

We have refrained from stating a general result akin to Theorem 1 for adding n random
vectors since the parameters of the limit model become notationally cumbersome without pro-
viding additional insight; on the other hand, for a variety of joint dependence behaviors, we
often observe nicer structures appearing. In the rest of the section, we discuss the consequences
of Theorem 1 on the finite sum of i.i.d. random vectors under various assumptions.

4.1. All subcones exhibit regular variation

First, we investigate the case where we add i.i.d. random vectors which are MRV on all
relevant cones. The results, as we show, are direct consequences of Theorem 1. We begin with
a well-known model where all components of each vector are also i.i.d. random variables; see
Example 4 for the exact structure of the limit measure in this case. The following proposition
provides a slightly more general version of this case.

Proposition 2. (Nearly independent case.) Let ZV, ..., Z™ be i.i.d. random vectors in Ri

with tail equivalent mqrginal distributions and Z\V € MRV(ai, b;, i, Eg)) fori=1,...,d
where b (1) = (b; (1)) and b (t) € RV /. Then a; = ia and

n
Y 2% e MRV(ei, b, EY)) fori=1,....d. (14)
k=1

Now if for some ;> 0,j=1,...,d,

ni({z ey : 7 > xj forall j € S}) :H;cjxj_"‘ (15)
jes

for S CTwith |S| =i, x; > 0 forall j € S and j;(ES )y =0,i=1, ..., d, then

n
> 2% e MRV (ier, bj, nip; BY) fori=1,....d.
k=1

Remark 6. If all components of the random vectors Z, ..., Z™ are completely tail equiva-
lent, then k1 =kp = - - =kg.

Although condition (15) seem rather restrictive, the result obtained in (14), i.e. if
ZW e MRV(«, b;, ES)) then Y j_, Z® e MRV(a;, b;, IES)), holds under much weaker
assumptions. The particular assumption (15) only helps to calculate the exact form of the limit
measure. In the following result, we discuss another case with a different set of conditions
which allows us to create many examples. In the special case of (15), tail events of the form (5)
occur by threshold crossings of all possible combinations of coordinates of the » summands
which gives the ‘few large jumps’ phenomenon instead of the well-known ‘one large jump’
phenomenon.
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Aggregating heavy-tailed vectors 13

Proposition 3. Ler ZV, ..., Z™ be i.i.d. random vectors in Ri with tail equivalent marginal
distributions and ZV ¢ MRV(a;, b;, i, ES)) for i=1,...,d. Moreover, assume that
o <pm+di—pforallm=1,...,i—landi=2,...,d. Then

n
Y 2% € MRV(ei. bi, nui  BY) fori=1,....d.
k=1

Remark 7. Clearly, a sufficient condition for Proposition 3 to hold would be to assume that
16) _

cn =0, m=1,...,i—1landi=2,...,dinsteadof o; < o0, + j_p, forallm=1,...,i—1
and i=2, ..., d. This requires the notation of Theorem 1, and we prefer the latter in lieu of
interpretability.

Remark 8. In both Propositions 2 and 3, we observe that while adding finitely many random
vectors Z(l), Ce, Z("), we obtain 22’:1 z® ¢ MRV(a;, b;, u?n, ]ES)). The indices of regular
variation «; and the scaling parameter b; remain the same no matter how many vectors we add
although the measure /,L??n are quite different for different values of n. Note the following.

(1) Under the assumptions of Proposition 2, we have o; = oy, + otj—p form =0, ..., i, and
/L?Bn =n'u;. Interestingly, o; = o0y, + iy, for m=0, ..., i does not necessarily imply

® _ i,

that pu;7, = n'p;.
(i) Under the assumptions of Proposition 3, we have o; < o0y + otjpy form=1,...,i—1,

which turns out to be a sufficient condition for ,uan =np;.

The two extreme cases of dependence considered in general are the case of fully inde-
pendent components for Z", which is covered in Proposition 2, and the case where the
components of ZW are dependent such that ZW e MRV(a, b, uw, Eg)) fori=1,...,d. The
following corollary addresses the latter case.

Corollary 1. (Dependent case, corollary to Proposition 3.) Let Z(l), R Z™ peiid. randqm
vectors in ]Ri with tail equivalent marg-inal distribution; and ZW e MRV(a, b, Wi, Eg))
fori=1,...,d. Moreover, (a;, b;, u;, Eg)) = (o, b, u, ES))foriz 1,..., " for some i* <d.
Then

n
Y20 e MRV(er, b, np, EY) fori=1,.... 0"
k=1
In all the propositions and corollaries of this section, we observe that if
ZW e MRV(a;, b, 11, ), then their finite sum Y 1_, Z® € MRW(ai, bi, Coipsis EY)
for some constant C,; > 0. The ‘one large jump’ phenomenon is observed here, in the
sense of (5) with C,; =n in Proposition 3. But C,; is not necessarily n, as for example
in Proposition 2, and this is a case which we think of as a phenomenon of ‘more than one
large jump’ or ‘a few large jumps’. Note that in both cases mentioned here, we did assume
Z"Y to have MRV on all cones, but not to be strictly adapted-MRV. In the following Section
4.2, we illustrate that a similar principle holds, even under the assumption of adapted-MRYV,
although the characterizing jumps are now of the form (6) which relates to ‘a few large jumps’
phenomenon.

4.2. Not all subcones necessarily exhibit regular variation

In certain contexts, we may be interested in adding random vectors which are not necessarily
MRYV on all relevant cones. For example, we may have a sequence of i.i.d. random vectors for
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14 B. DAS AND V. FASEN-HARTMANN

which not all components are non-zero in each realization. In this section, we concentrate on a
few such examples. The general structure for the limit measures in such problems is often not
quite apparent.

Proposition 4. Ler ZV ... Z"W ¢ R’i be i.i.d. random vectors with tail equivalent marginal
distributions which are RV _y and let

[z € MRV (i, bi, wiy BY), i=1,....d; A=1}

with a1 = a and bi(t) = t"/"@F0) for some fixed yo > 0 and i=2, ..., d. Then

n
{ > 20 € MRV* (i, bin. 1&, EY), i=1,....d: A=min{d, n}}.
k=1

Specifically, fori=1, ..., d we have the following.

(@) If n>ithen

n
ZZ(") € MRV(ai,n =ia, bi,nv H’z?n’ ]Efil))’ (16)
k=1

where b, (1) = (by () and

|

ud (lz€EY 15> x forall je S}) = # [Tmi({zeE) :5>x}).  an

jes
for S Clwith |S| =i, x; > 0 for j€ S and /L%l(]Eg+l)) =0.

d) If 1 <n<ithen

n
320 e NC(bin(t) =71 EY) (18)
k=1

with y; := yo/i! and, in particular, Y §_, Z® e NC("/ 1@ +ro), Eg)).
Remark 9. In Proposition 4, if the marginal distributions are completely tail equivalent with
distribution functions Fj, j=1,...,d and b1(?) = F;_(l/t), then ,u?n in (17) is given by

!
n! o

X

;LEB"({Z € IE;’) :zj>xjforallje S}) = TR

N
Remark 10. For the conclusion of Proposition 4 to hold, the random variables Z(l), e, zm
need not be identically distributed as long as they are independent and are all adapted-MRV
with the same sets of parameters. The proof follows by similar arguments as the proof of
Proposition 4 and is skipped.

The phenomenon of a ‘few large jumps’ holds here too, as illustrated next. Assume that in
Proposition 4, the marginal distributions are completely tail equivalent as in Remark 9; and
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Aggregating heavy-tailed vectors 15

Z=(,.. .5 Zg) ~ Z. Without loss of generality let A be the tail event of interest where
A={zeEY:z>xforallje({l,...,i}}. Note that from (16) and (17), we can infer that, in
fact, as t — oo,
PED 4. 42 e py e — " o
o e ~ - X
CRORCEDE S
i X
=Cp, !
nill by (1)

j=1

1
~ Coi [ [ P(Z > 1xp),
j=1

where C, ; = (n!)/((n — i)!). Hence, ZW ...+ Z € 1A occurs at the same rate with which
i independent univariate marginals cross their respective thresholds, indicating i many large
jumps. The constant C, ; gives the number of possible choices of independent jumps, here the
marginal jumps counted are all from different variables Z®.

In the rest of the section, we provide examples exhibiting Proposition 4 and its possible
generalization.

Example 2. Let (X®);cy be a sequence of i.i.d. random variables with distribution function
and F € RV_q, a > 0. Let (B®);cn be i.i.d. random vectors taking valuesin {eq, . . ., eq} with
PBY =e)=p;>0, S,p=1, and ¢;=(0,...,0,1,0,...,0)€{0, 1} where the only
non-zero entry 1 is at the /th place. Define Y® := X®B®  k e N. Moreover, let (¢®)cy be an
i.i.d. sequence of random vectors with E||e® (/4@ +?) < oo for some 6 > 0. Finally, also assume
that X, x@ | B(l), B(z), e @ are independent. Then z® .— y® e®,
ke N, are a sequence of i.i.d. adapted-MRV random vectors with A =1 (cf. Lemma 2)
and, hence, Proposition 4 (along with Remark 10) provides the tail asymptotic behavior of
e Z® for any n > 1.

The neat expressions for limit measures and tail indices as obtained by Proposition 4 in
aggregating i.i.d. adapted-MRV random vectors with A = 1 do not extend as nicely for A > 1.
Nevertheless, we may still be able to find a pattern in certain cases and our next example with
A =2 elaborates on this.

Example 3. The setting is similar to Example 2. Let X, x® X1 X@ ~F,
be ii.d. random variables with F, € RV_,, o > 0. Let BY B . , E(l), E(z), ... be
ii.d. random vectors taking values in {ey, ..., ey} as defined in Example 2. Also assume
that X, x@ . ,)?(1), )?(2), . ,B(l), B(2), e, E(l), E(Z), ... are independent. Then
y® .= 2-Vaxhp® L o=1/aXOBD  p N are iid. adapted-MRV random vectors with
A =2. Specifically for any k£ > 1:

() YO € MRV(a, by, 1, E) where by (1) =F, (1/) and with A} = z e B} : 77 > x;} €
R for some j €1, ju1(Ay) =pjxj_"‘;

(i) YO e MRVQa, by, 2, E) where b3 (1)=(b{ (1))> and with Ay ={z € B : 7> x;,
70> Xp} € R for some j, £ €1, j # £ we have uy(Az) = %pjpg(xjxg)_“;

(iii) fori=3, ..., d and some y > 0, we have Y®) e NC(s!/@+y)), Eg)).
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16 B. DAS AND V. FASEN-HARTMANN

Applying Theorem 1, and following the proof of Proposition 4, we can show that for n > i,
n
> ¥® e MRV (i, bi. 11;%. EY),
k=1
where by~ (1) = (b; (1))" and
1 ({z ey 15> xforalljes}) = fim [ [ m(fze EY : 7> x))
jes

= fim [ [ o @, (19)

jes

for § C T with |S| =17, x; > 0 for j € § and some function f; : N — R, where

! .
(n’i'i), <fm=n', n=i iel

Furthermore, uif(EEjH)) = 0. In particular, we can check that

film)=n, n>1, Hhm)y=nn—-1/2), n>1,
) =nn—-1/2)(n-1), n=2, Jam)=n(n—1/2)(n—1D(n—-3/2), n=2.

A pattern in the value of f emerges for this example, but it depends on the limit measures of the

underlying variables Y®). Examples in the same spirit can be computed for A > 3 involving
some careful combinatorial accounting.

Remark 11. It is easy to extend Example 3 in the spirit of Example 2. Suppose YO keN,
are the same random vectors as in Example 3 and (s(k))keN are i.i.d. random vectors with
E|le® 4@+ < 5o for some 6 > 0, which are also independent of the sequence (Y®)en.
Then Z® .= Y® 4+ e® keN,isan adapted-MRYV sequence of random vectors with A =2.
All the conclusions for (Y(k))keN, and ZZ:] Y(k), n > i, in Example 3 also hold for (Z(k))keN,

and ZZ:I Z(k), n > i, by an application of Lemma 2.

5. Regular variation of compound Poisson sums

Having investigated finite sums in the previous section, we now study random sums, and in
particular compound sums, in this section. For compound sums, the number of summands is
assumed to be Poisson distributed and independent of the summands, as is the case for com-
pound Poisson processes at fixed time points. Compound Poisson processes are typical models
for yearly aggregated insurance or operational risks. In Section 5.1, we develop the general the-
ory behind the MRV of random sums on subcones Eﬁi’) under the broad model Assumption 1,
which is satisfied by all of our examples. A classical approach to modeling dependence in
a compound sum is to use a copula model for the i.i.d. summands (risks). Subsequently,
using this approach, in Section 5.2 we exhibit our results in several examples of compound
Poisson sums. Our examples cover the cases of independent risks (cf. Example 4), mutually
asymptotically independent risks (cf. Example 5), pairwise asymptotically independent risks
(cf. Example 6) but also strongly dependent risks (cf. Example 7); see [18] for the explicit
definitions of pairwise and mutually asymptotic independence.
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5.1. Random sums of regularly varying random vectors
We observed in Section 4 that the tail behavior of a finite sum may take various forms even

when the sums are still MRV. Hence, for convenience, for the rest of the paper, we assume that
the following is satisfied.

Assumption 1. Let Z, (Z(k))keN be a sequence of i.i.d. random vectors in R‘i. Assume that
foralli=1,...,d there exists a measurable function f;: N — Ry and a non-null measure
Wi € M(Eg) ) such that for any n € N,

n
ZZ(/‘) € MRV*(O(,;”, bin, ,u??n = fi(n)u;, IEE;)); i=1,....d; An}
k=1

and A, =d for n > d. Furthermore, assume that for alli=1, ..., d, there exist a finite con-
stant o; > 0 and a regularly varying function bi(t) € RV1,q; such that if fi(n) #0 we have
Uipn =0Qj and bi,n = b,‘.

Remark 12.

(a) In general, the structure of the function f; can be quite complex and often requires an
involved combinatorial accounting procedure, see Example 3; nevertheless in several
examples we do observe that f;(n) = n and in all our examples 0 < f;(n) < . Assumption
1 allows us the flexibility not to be involved in the computation of f;.

(b) For A, <d wehavefi(n)=0and o; , =00 fori=A, 41, ...,d, and, hence, we have
null convergence. On the other hand, fori=1, ..., A, wehave 0 < fi(n) < 00, o , = o;
and b; , = b;. For the examples considered in Section 4.2 this happens to be the case.

(c) Suppose Aj =d, then Assumption 1 implies that /(i) as defined in Theorem 1 can be
chosen to be i and, hence, o), + ¢, > o; forevery m=0, ..., iandi=1,...,d. On
the other hand, o, 4+ otj—y, > o forevery m=1, ..., i — 1 is a sufficient condition for
1) =i.

Remark 13. Under Assumption 1, define Z®b .= Zl (k—1)d+1 ZD, keN. Also let
= ZP,....Z) ~Z® D and Z(Gf) ) .Z(d) be the order statistics of Z{, ..., Z5.

(a) From Assumption 1 we have

n
> 7@ e MRV(a;, by, fidn)pi, EY)

k=1
with 0 < fi(dn) <oco fori=1,...,d and n € N. Now, a consequence of Remark 12(c)
is that /(i) (as defined in Theorem 1) for the random vector Z®-V (or, equivalently, Z®)
is equal to i and, hence, a;, + otj—p, > o forevery m=0, ..., iandi=1, ..., d. Now,

I(i) = i implies as well that there exists a finite constant C* > 0 such that

)

T o X
i=1 m=0 @
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18 B. DAS AND V. FASEN-HARTMANN

(b) Note that the function gi(r) := P(ZE > t) e RV_,, for any i € I. Hence, using Potter’s
(i) i y g
bound [21, Proposition B.1.19(5)] there exists a finite constant C** > 0 such that
D
IP’(Z(i) > t/2) -

]P’(ZS?) > t) o

SUP; et SUP;~.0 Cc**. (21)

Theorem 2. Let Assumption 1 hold and let the i.i.d. sequence (Z(k))keN be independent of the
No-valued random variable t with E(k") < 0o for all k > 0. Thenfori=1, ...,d,

T
Y 2% € MRV (e, b, E(fi(1)pi. EY).
k=1
The proof is in Appendix C. Note that the examples considered in both Section 4.1 and
Section 4.2 all satisfy Assumption 1 (as well as (20)). Hence, for any Ny-valued random vari-
able T whose moment generating function exists on the positive real line, we can compute the
tail probability of a random sum of T many i.i.d. MRV random vectors using Theorem 2.

5.2. Copula models and compound Poisson sums

In the discussion henceforth, examples of d-dimensional MRV random vectors and their
compound Poisson sums are explored, which are often used to model risks/claim sizes and
aggregated risks, respectively, in operational and insurance risk models [11, 30, 38, 56].
Following common practice, we model the marginal distributions of the risks separately from
the dependence structure and hence, resort to using copulas (cf. [36, 51]). To this end, for
all examples in this section, we consider random vectors Z = (Zy, ..., Zy) with identically
distributed continuous marginal components with distribution function F,, where Fy e RV_,
with o > 1, and the dependence is given by the particular (survival) copula. Moreover, we
fix by (1) = F; (1/1), t> 1. Note that assuming tail equivalent marginals would lead to sim-
ilar conclusions but the notation becomes cumbersome. Our interest is in tail sets, hence we
will often use survival copulas along with copulas which we recall briefly here. For a random

vector Z= (21, ...,Zy)~ F with continuoEs marginal distributions Fy, ..., Fy, the copula
C: [0, 114 = [0, 1] and the survival copula C: [0, 114 — [0, 1] are distribution functions such
that for (xq, ..., xy) € R4:

P(Zy <x1,...,24 <xq)=C(F1(x1), ..., Falxq)),

P(Zy > x1, ..., Za>xg) = C(F1(x1), . . ., Fa(xa)),

where Fj =1~ Fjfor all j € I.. Finally, for aggregated models we suppose that zo, .z
are i.i.d. random vectors with distribution of Z and independent of the Poisson random variable
N(s) with intensity As for some A, s > 0.

Example 4. (Independence copula.) A widely used copula to exhibit asymptotic tail indepen-
dence and (hidden) regular variation is the independence copula. The independence copula C
and the survival copula C are given by

CJ_(M],...,Md)z’éj_(ul,...,Ma'):l/l]l/l2,...,ud, O<u;<1. 22)

Let Z ~ F with identical (continuous) marginals F, as defined above and dependence given by
C, (or C1). Then with b5 (¢) = (by (1))

Z e MRV(ia, by, 1, EY) (23)
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Aggregating heavy-tailed vectors 19

where

pi(lz By 15> xforall je S}) = (24)

jes
for SC T with [S| =i, i=1,...,d (cf. [19]) and u(EST")=0. Clearly Z and Y }_, Z®,
which has as well the independence copula C, because the margins are independent, exhibit
regular variation on all subcones Eg) with respect to MRV on Es_l) fori=2,...,d. However,

the margins of Zf{vf]) Z® are not independent anymore, so the copula is not the independence
copula, but still, due to Theorem 2,

N(s)

320 e MRV (ier, bi, shpui, EY) fori=1,....d.

k=1
Example 5 (Marshall-Olkin copula.) In reliability theory, the Marshall-Olkin distribution
provides an elegant mechanism to capture the dependence between the failure of subsystems
in an entire system. We focus on a particular structure of the Marshall-Olkin survival copula
as given in [45, (2.4), p. 58]. Assume that for all & # S C I there exists a parameter Ag > 0.
Consider then the generalized Marshall-Olkin survival copula given by

d )
6Mo(u1,...,ud)=l_[ 1_[ /\un’s, 0<u<1,

i=1|S|=i jeS
where
A
Ky S .
U S 2 JESC (25
J2{))

A typographical error in the formula for r/jS in [45, eq. (2.4), p. 58] is corrected in (25). We
consider two particular choices of the parameters Ags for our examples.

(a) Equal parameter for all sets: Let Ag = A > 0 for all & # S C T; hence, from (25) we have

) =270 = . (26)
Therefore,

P(Zy > x1, ..., Zq > xg) = C(Fa(x1), - . ., Folxg))

d
=[TIT A\t

i=1|S|=i jeS
d . d )
_ - _ e
=[] Falcxp* # =] Fuleg)® .
j=1 j=1
where x(1) > - - - > x(¢) denote the decreasing order statistics of xy, . . . , xz. Now, we can

check that fori=1, ...,d,

Z e MRV(a;, by, i, E)
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where )
@i=02—-2""Da,
b () = (b ()% = bg )22,
i
ni(lz €EY 15>y forall je 8)) = [T agn* ",
j=1
where § C 11, |S| =i withx; > O forj € §, and x(1) > - - - > x(;) denote the decreasing order
statistics of (xj)jes and ,ui(IESH)) =0. Now observe that for fixed i=1,...,d, and

m=1,...,i—1,

U+ iy =2 — zf(m—l))a +@2- 2—(zemfl))a

>2a
>2-2""Dy =q;. 27
Hence, by Proposition 3 and Theorem 2, we have fori=1, ..., d,
n N(s)
ZZ("> € M'RV(O{[, bi, ni;, ]EE;)) and Zz(k) c MRV(O[,’, bi, sh ki, EEJI))
k=1 k=1

(b) Parameters proportional to cardinality of the sets: Let Lg = |S| A where A > 0 for all
@ # S C I. From (25) we have nf =1S|(d + 1)27“=D = |S§|(d + 1) using the definition
in (26). Following a similar logic as in part (a), we obtain in this case

P(Zy > x1, ..., Zg> xg) = ﬁ (Fo ()10~ D@+ 1027070,
j=1
Again we can check that fori=1,...,d,
Ze MRV(af, b}, uf, EY)
where
i

j—1\ « d io
fk: 1—— —_— = n y
% ;( d+1>2/—1 I R b T

bE () = (b3 (1)%

i
i ({2 €EY g > x forall jes}) =[] (xgy -2,
=1

where [S| =i with x; >0 for j€S and /L?‘(]ESH)):O. Again note that for fixed

i=1,....,d,m=1,...,i—1,and ¢; as in (5),
ok n mo n d n (i—m)
o o = oj— n
moLEEm T I LL  d+D2mt T T T g1 (d + )2

d o m i—m
= (o + ti—m) + +

dr1 " @+ 1\ amT " 2im=1
d_, ¢ "M (using (27)
> —— — | — —_— usin
a1 @\ T o &
.

i
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Hence, by Proposition 3 and Theorem 2 we have fori=1, ..., d,
n ) N(s) )
Y 20 e MRV(ef . b} npf EY) and Y 2% € MRV(af, b} sipf EY).
k=1 k=1

In both examples of the Marshall-Olkin copula dependence (with identical regularly
varying margins), Z, Y ¢_; Z%®, and Z;{VSI) Z® exhibit regular variation on all cones
By, i=2,....d.

Example 6. (Archimedean copula (ACIG).) This Archimedean copula example based on
the Laplace transform of the inverse gamma distribution, called ACIG copula in short,
appears in [27] with its (hidden) regular variation discussed in [28, Example 4.4]. Suppose
Z=(Z,...,7Z3) has an ACIG copula with dependence parameter 1 < <2 and iden-
tical margins Fo € RV_g, i=1,...,d. Then Z e MRV(a, by, u1, E,’) and Z e MRV
(@B, by, 2, ED) for i=2,...,d where b5 (1)= (b5 (1)P. In this particular example Z
exhibits regular variation on ]E;Z) with respect to MRV on Eg) but no further (multivariate)

regular variation at any subsequent coordinate subcone ]E(i), i > 3. Now, clearly the conditions
of Proposition 3 are satisfied and, hence, we have

n
ZZ(k) c MRV(O(, by, njt1, IEE;)),
k=1
and

n
> Z® e MRV(aB. by, npa, BY) fori=2,....d.
k=1

and similarly by Theorem 2,

N(s)
ZZ(k) € MRV (a, by, sAu1, Efil))
k=1
and
NG) ‘
ZZ(") c MT\’,V(a,B, by, sk, IEE;)) fori=2,...,d.
k=1

Example 7. (Asymptotically tail-dependent copula.) In the previous examples, we observed
distributions with regularly varying marginals and copulas exhibiting asymptotic tail indepen-
dence leading to MRV with different indices on different spaces, see [17] for an appropriate
definition. But some distributions exhibit so-called asymptotic tail dependence which would
lead to MRV with the same index, rate function and limit measure on all subcones ]ES); see
[26] for general examples in dimension d =2 and [12] for higher-dimensional Archimedean
copulas exhibiting asymptotic tail dependence. We illustrate this with one example. Let Z ~ F
such that for o > 1,

d -1
Fx)=1-— <1+Zx;‘> , xeRd.

j=1
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22 B. DAS AND V. FASEN-HARTMANN

We can check that the marginals are identically Pareto distribu_ted with index —« and, hence,
the tails are RV _y. Moreover, Z € MRV(a, b(t) =1/, pu, Es)) fori=1,...,d where

1S] j -1
u({z € Eq : zj > x; for alljeS}):Z(— 1/+! Z (Zx%) (28)
=1

j=1 ky <---<kj
ky,....kj€S

for S C I. Hence, we can compute tail asymptotics of its convolution using Corollary 1 and by
Theorem 2,

N(s)
> 2% € MRV(er, b, s, EY) fori=1,....d.
k=1

Remark 14. (Gaussian copula.) Gaussian copulas have been widely considered as a key exam-
ple of asymptotic tail independence, for which coefficients of tail dependence, tail order and
(hidden) regular variation have been studied, especially in the bivariate case; see [25, 28, 44].
The recent paper [16] studied the case d > 3 in detail and provided the appropriate order of
MRYV on the different subcones. Indeed, we have pairwise asymptotic independence but we do
not necessarily have mutual asymptotic independence as explored in [18].

6. Regular variation of multivariate Lévy processes

As a natural extension of regular variation for random sums and compound Poisson pro-
cesses, this section examines regular variation of multivariate Lévy processes L = (L(s));>0 on

the different subcones E(di), i=1,...,d, and relates it to MRV of the corresponding Lévy
measure. Note that a Lévy process is characterized by its Lévy—Khinchine representation
E® L)) = exp (— s W(O)) for ® € R?, where

V()= —i(y, ®) + %(@, ¥ 0) +/ (1—¢e"®% +i(x, ©)) M(dx)
Rd

with y € Rd, 3 a non-negative definite matrix in R9%d and a Borel measure IT on RY, called
the Lévy measure which satisfies fRd min{||x||2, 1} TI(d x) < oo and T1(0) = 0. Moreover, (-, -)
denotes the inner product in R?. The Lévy measure IT1(A) measures the expected number of
jumps of the Lévy process in the interval [0, 1] which lies in the set A. We denote by I1; for
j=1,...,d the marginal Lévy measures. The compound Poisson process is also a special
kind of Lévy process which is represented by a random sum at every fixed time point. In this
paper, we restrict to Lévy processes in R% , i.e. the marginal Lévy processes are subordinators,
which are increasing Lévy processes, and used as models for multivariate claim amounts in
operational risks (cf. [11, 38]) and insurance risks (cf. [6, 7, 56]). For more details on Lévy
processes see [4, 58].

Regular variation in multivariate Lévy processes, especially characterizing complex tail
events, including but not restricted to (5), can happen in a variety of ways. We may observe
regular variation for the Lévy process itself or the Lévy measure, and they may have different
implications depending on the dependence structure of the Lévy process. In the following three
subsections, we investigate this in detail; the proofs of the associated results are provided in
Appendix D.
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6.1. The Lévy measure admits regular variation on all subcones
Hereafter, we assume that the Lévy measure is multivariate regularly varying on all sub-

cones ES), i=1,...,d and show that the same is true for the Lévy process, in fact, they are
tail equivalent (in a multivariate sense) as we exhibit next.

Proposition 5. (Extending Proposition 3.) Let (L(s))s>0 be a Lévy process in ]Ri with Lévy

measure I1 € MRV(v;, b;, Wi, Eg)) fori=1,...,d whose univariate marginal Lévy mea-
sures are tail equivalent. Moreover, assume that o < oty + iy forallm=1,...,i— 1 and
i=2,...,d Fors>0, we have then

L(s) e MRV (i, by, sui, YY) for i=1,...,d.

A direct consequence of Proposition 5 is the tail equivalence of the Lévy measure of the
set #A and the probability measure of the Lévy process belonging to #A, for Borel sets A € B

bounded away from (CAS_D with u;(A) > 0 and ©;(dA) = 0 such that

P(L(s) € tA) ~ s P(L(1) € 1A) ~ s TI(14) ~ b%(t) 1i(A)  ast— 0o
l

Although the tail equivalence of the Lévy process and the Lévy measure holds for a variety
of sets, the tail rate differs depending on which subcone IEE;) the set A belongs to. A similar
conclusion was shown in [31], but only for sets A with 1¢1(A) > 0. However, in many situations
this is not the case as we see in the following examples.

Example 8. Suppose Lg), j=1,2,3 are ii.d. Lévy processes in R, with Lévy measure
Iy € MRV(a, by, jha, (0, 00)), L(ﬂ’),jz 1, 2 are i.i.d. Lévy processes in Ry with Lévy mea-
sure [1g € MRV(B, bg, ug, (0, 00)) and L, is a Lévy process in Ry with Lévy measure
I, e MRV(y, by, uy, (0, 00)). A typical example for L, is an «-stable Lévy process
with Lévy measure Ha(dx)zax’“’ll(o,oo)(x) dx. Furthermore, assume all processes are
independent and @ < 8 < y < 2«. Then the three-dimensional Lévy process

L(s) = (L) + LY () + Ly (5), LP($) + Ly () + Ly (5). LE(S) + L) + Ly (5)).
has Lévy measure

3
IA) = Z M (A) + Tg(A1 NA2) + T1g(A3) + IT, (A NAz NA3),
=1

where A| ={zeR;:(z,0,0) €A}, A, ={zeR;+:(0,z,0) €A}, and A3={z€R+:(0,0,2)
€ A}. Of course, IT satisfies the assumptions of Proposition 5 with («1, oz, a3) = (v, B, ¥),
(b]’ b27 b3) = (bOly bﬂ5 b]/)’ and

3
n1(A) = Z Ha(4)), p2(A)=pug(A1NA2) and w3(A)=pu, A NA2NA3).
j=1
Finally, L(s) € MRV(a;, by, sy, EY) fori=1, 2, 3.

In Example 8, L(s) is multivariate regularly varying on ]Eg) and IEEE) but with different
indices and, hence, 1 (Efiz)) = 0. This implies that the components of L(s) are asymptotically
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24 B. DAS AND V. FASEN-HARTMANN

pairwise tail independent. In the special case where the components of L(s) are (strongly)
dependent, the next result follows directly from Proposition 5.

Corollary 2. (Extending Corollary 1: dependent case.) Let (L(s))s>0 be a Lévy process in

Ri with Lévy measure I1 € MRV(v;, b;, i, Eg))for i=1,...,dwhose univariate marginal
Lévy measures are tail equivalent. Moreover, (¢, b;, i, Eg)) =(a, b, u, ]EE;))fori =1,...,i*

for some i* < d. Then for s > 0 we have
L(s) € MRV (o, b, s, EY)  fori=1,..., "
Example 9.

(a) Completely dependent case: Let L| = (L(s))s=0 be a Lévy process in R with uni-
variate marginal Lévy measure 1, € MRV(«, by, iy, (0, 00)) and L= (Ly, ..., Ly).
Then the Lévy measure of L is given by

T1(A) = min e ((xj, 00))
jes

for a rectangular set A = {z € R‘j_ :zj>xjforall j€ §} with S CTand x; > 0 forj € S. In
this case, we are in the setting of Corollary 2 with i* = d and p(A) = minjcg xj_“ for a
rectangular set A as above.

More generally, if the marginal tail Lévy measures are not necessarily identical but are
completely tail equivalent satisfying Il; € MRV(«, by, fLa, (0, 00)) for j=1,...,d
and

[1(A) = min I;(x;, 00),
jes -

then ITe MRV(«, by, 14, Eg)) for i=1,...,d as well and the assumptions of
Corollary 2 are satisfied. Indeed, this is a Lévy measure, it is constructed by the
completely dependent Lévy copula (cf. [37]).

(b) Suppose L;, j=1,...,d are Lévy processes in R} with univariate com-
pletely tail equivalent marginal Lévy measures IT; € MRV(a, by, o, (0, 00)) and
L(s) = (L1(s), ..., Lg(s)) is a d-dimensional Lévy process with Lévy measure

1/6
T(4) = ( > (M, oo>)>—9>
jes

for some 6 > 0, where A={z € Ri :zj > x; for all j € S} is a rectangular set with SC I
and x; > 0 for j € S. This Lévy measure is constructed using the Clayton Lévy copula
(cf. [37]). Let the measure © on B be defined as

—-1/6
i = (L)
jes
for a rectangular set A as above. Then IT € MRV(«, by, i, ]ES)) fori=1,...,d and,
hence, due to Corollary 2, L(s) € MRV(«, by, su, EE;)) fori=1,...,das well.

(c) Another (dependent) example of a Lévy process can be constructed by a compound
Poisson process where the jump sizes have the distribution F as in Example 7.
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Remark 15. Regular variation of the Lévy measure on different subcones Eg) can be related
to regular variation of the Lévy copula and Pareto Lévy copula, respectively, on these different

subcones; cf. [22, 41] for classical regular variation of such Lévy measure on Efil). This work
is under investigation by the authors.

6.2. The Lévy process is asymptotically tail independent

In Proposition 5 and subsequently Corollary 2, the underlying Lévy measure admits regular
variation on all relevant subcones, but this may not necessarily be the case in general. The next
result includes the case where the Lévy measure is adapted-MRYV, i.e. MRV need not exist in
all the relevant subcones.

Proposition 6. (Extending Proposition 4.) Let (L(s))s>0 be a Lévy process in Ri with Lévy
measure T1 such that {I1 € MRV*(«;, b;, i, ES)), i=1,...,d;, A=1} and 11 has tail
equivalent univariate marginal Lévy measures in RV _q. Then for s > 0 we have

L(s) € MRV (ia1, by, 'k, BY)  fori=1,....,d,
with b= (1) = (b7~ (1)) and

uf(m{zeﬁs%wj})=nm<{zeE£;>:z,->x,-})

jes jes
for S CLwith |S| =i, x; > 0 forj €S, and p-EI D) = 0.
Interestingly, for rectangular sets A € R as in (5) with |S| = i, we observe that
P(L(s) € tA) ~ s' P(L(1) € tA) as t — 0. (29)

Hence, the linearity property of P(L(s) € tA) ~ s P(L(1) € tA) as t — 0o, which we had noticed
in the dependent cases of Proposition 5 and Corollary 2, respectively, vanishes here making
this an unusual phenomenon for Lévy processes. Moreover, although IT is multivariate reg-
ularly varying on IES), for sets A € R the tail measures I1(fA) and P(L(1) € tA) are not tail
equivalent anymore, in contrast to the common wisdom for regular variation of Lévy processes
on EEIU.

Example 10.

(a) Suppose the marginal Lévy processes L1, ..., Lg of L=(Ly, ..., Ly) are independent
with tail equivalent univariate marginal Lévy measures I1; which are regularly varying
with tail index —a < 0. Then the Lévy measure of L is

d
M@A)=_ M;A)
j=1
for Aj={z€R;:(0,...,0,20,...,0) €A}, where z appears in the jth coordinate.
This Lévy measure has mass only on the coordinate axes. Hence, the assumptions of
Proposition 6 are satisfied and this proposition can be applied to show MRV of L on
various subcones. In particular, it satisfies (29).

(b) A compound Poisson process with jumps sizes (Z(k))keN as in Example 2 satisfies the
assumptions of Proposition 6 as well, providing an example for the same.
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6.3. The Lévy measure is asymptotically tail independent

A special case of the next proposition is a compound Poisson process where the marginal
distributions of the jump sizes are independent. The observed phenomena are again differ-
ent from Proposition 6, which covers as a special case a compound Poisson process with
independent marginal Lévy processes.

Proposition 7. (Extending Proposition 2.) Let (L(s))s>0 be a Lévy process in Ri with Lévy
measure TL € MRV(ai, bi, i, BY) for i=1, ..., d where by(t) € RV1/q, b7 (1) = (b7 (1))',

and for some k; >0, j=1,....,d,
Hi(ﬂ {ZEIE;’) 1gj >xj}) =Hicjx;-"
jes jes

for SCI with |S|=i, x;>0 for j€S and w(@E ™) =0, i=1,....d and T has tail
equivalent univariate marginal Lévy measures. Let (N*(s))s>0 denote a Poisson process
with intensity 1. Then for s > 0 we have

L(s) € MRV (i, b, EN*(9))ui, EY)  fori=1,...,d.

As a consequence of Proposition 7, for any rectangular set A € R%) as in (5) with |S| =i we
obtain

_EV'(s))

P(L(S) €tA) W

P(L(1) etA) ast— oo,

where E(N*(s)") is a polynomial of order i in s, and s' < E(N*(s)’).
Remark 16.

(a) We can verify that indeed the result in Proposition 7 is in accordance with Theorem 1.
From Proposition 7 we get that for the i.i.d. random vectors

L(1) and L(2) — L(1) € MRV (ict, by, EN* (1)), BY)  fori=1, ..., d.
Applying Theorem 1 gives
L) =L(1) + [LQ) — L(1)] € MRV (iet, b;, n®, EY) fori=1,...,d

with

u® = Z (I;)]E(N*(l)m)E([N*(Z) - N* (DI

m=0

: i * M ATk * i—m
:]E<m2=;)<m>N ()M[N*(2) — N*(1)] )u,
= E(N*(1) + [N*(2) = N* (D]’ i = EN* () )i,

which is also a consequence of Proposition 7.
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(b) Suppose (L(s))s>=0 is a compound Poisson process with Lévy measure
T e MRV(«;, b;, Ku;, ES)) for i=1,...,d with o;, b;, and u; as in Proposition
7 and K >0 is some positive constant. Furthermore, suppose the marginal Lévy
measures of IT are tail-equivalent. Let (L(s));> be another compound Poisson process

with Lévy measure f1=T1/K. Then [T € MRV(a, by, jui, EV) for i=1, ..., d and
due to Proposition 2, we have

L(s) e MRV (i, bi, EN* ()i, EY)  fori=1,...,d.
But L(s) 4 Z(Ks) and, hence, we have
L(s) e MRV (ia, by, E(N*(Ks) ), E))  fori=1,...,d.

Example 11. Consider the compound Poisson process

N*(s)
L= (zV.....Z})
k=1

where (N*(s))s>0 is a Poisson process with intensity 1, which is independent of the i.i.d.
sequence of jump sizes (Zik), cey Zfik))keN. Suppose (Zik))keN, R (Zfik)keN are as well inde-
pendent of each other with tail equivalent marginal distributions Fj and F; € RV _,. Then for
arectangular set A ={z € Ri :zj > x; for all j € §} with § C I and x; > 0 for j € § we have

d
@A) = [ [ Fie.

jes

Thus, the assumptions of Proposition 7 are again satisfied and hence, can be applied here.

7. Conclusion

In this paper, we have provided a general framework for finding tail probabilities of risk
vectors or multivariate risk processes pertaining to the aggregation of heavy-tailed random
vectors; these range from finite sums to random sums and eventually to multivariate Lévy pro-
cesses as well. We discovered that while under certain conditions, the well-known ‘one large
jump’ phenomenon still holds, there are scenarios, especially under the broader framework of
adapted-MRYV, where we may observe a more general phenomenon of ‘a few large jumps’.
Notably, a new discovery for classical MRV Lévy processes is that there are tail sets for which
the probability measure and the Lévy measure are no longer tail-equivalent.

Furthermore, classical MRV random vectors with tail equivalent margins are known to be
multivariate subexponential in the sense of [52, 56]. In comparison to these definitions of
multivariate subexponentiality, in our work, we have been able to extend the collection of tail
sets that exhibit the ‘one large jump’ principle.

In the direction of future work, first note that only a few popular copula models have been
used to demonstrate our results; clearly, these can be extended to many other useful models
depending on the domain of application. Another clear application of this work will be in
finding risk contagion in operational risk and ruin probabilities for multivariate risk processes,
which is under active investigation by the authors. Finally, given particular types of multivariate
tail events, our work could also be applied to finding optimal portfolios for hedging against
such extreme events.
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28 B. DAS AND V. FASEN-HARTMANN

Appendix A. Proofs of the results in Section 3

Proof of Lemma 1. "l_"he set (1, oo)d € R® and, hence, it is non-empty. Now, let A and B be
two arbitrary sets in R, Then for some m, n > i, with x>0, jefky, ..., kn} =151 Cland
i >0, jef{ty, ..., ¢} =S ST wehave

A:{zeRi:zj>xjforalljeS1}, B:{zeR‘i:zj>yjf0ralljeSz}.
Forj € §*:= §1 US,, define

X, if j € §1 NS¢,
wi =1 ifjeS1°NS,,
max({x;, y;} ifje S NS;.

Thus, ANB={z € Ri tzj>wjforallje S*} where |S*| > max (m, n) > i and w; > 0 for all
jeS*. Hence, ANBeR® and R® is a m-system. It can also be checked that
o(R®)y= B9, O

Proof of Proposition 1.

(12) = (13): Using [47, Theorem 2.1], if (12) holds then any set of the form A € R® with
w(dA) =0 is clearly bounded away from CA; and belongs to the o-algebra B® as defined in
(10). Hence, (13) holds as t — oc.

(13) = (12): Now assume (13) holds for all y-continuity sets A € R”). Denote by M, the
collection

M ={u;:1>0) C M(E}).

For any r>0, let v be the restriction of ve M(ES)) to ]Eg) \ (CAgr) where

(CAY) ={zeR% :d(z, CAy) <r}). Let M := (v :veM} and let {r¢} be a sequence

r¢ 4 0 as £ — oo. Note that M) M(Eg) \ (CAZ@) which is a class of finite Borel measures.
Denote by Ci(r) = all real-valued, bounded continuous functions f on ]Eg) which vanishes on

CA\"”. Fix £ > 1 and pick any f € CZ-W) which is uniformly continuous. Then by definition, the
support of f lies on a finite union of rectangular sets given by

A= 4s.

IS|=i

where Ag ={z € ]R‘_f_ izj>r*foralljeS}e R for some 0 < * < ry. Without loss of general-
ity the sets Ag can be assumed to be p-continuity sets using [47, Lemma 2.5]. Now, using (13)
we have convergence on the sets Ag and, therefore,

sup, ey V() = sup; iy (f) < sup,cga f(@) sup, 1i(A)
< sup,cpd f) Y sup, i (Ag) < oc.

Scl
|S|=i

Hence, for any sequence of measures {v,},>1 e MU0 the sequence v,(f) has a convergent

subsequence. Since this is true for any uniformly continuous f € Ci(r‘ ), itis true for any f € CYIQ,
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which are compactly supported functions in C;m . Since Cf)r,“() is separable, using a countable
dense collection {f;}j>1 € Cf’rf(), and a diagonal argument we can show that any sequence of
measures {v,},>1 e MU0 has a subsequence {vy,} such that lim,, ., v, (g) = v(g) for any
g€ Cf}) and, hence, for all uniformly continuous functions f € Cfr‘) (using a sequence g, — f
where g, € C;’rf()). Thus, M0 = {uﬁ”) 1t > 0} is relatively compact; cf. [55, (3.16), p. 51)]; and
this holds for a sequence {r¢} where r; | 0. In addition, M rd) = M. Hence, by [47, Theorem
2.4] we have M is relatively compact.

Suppose as t — 0o, u; has two different sequential limits @1 and uj, then by assumption
they clearly agree on all sets A € R®). By Lemma 1 such rectangular sets form a 7-system
generating the o -algebra BY. Hence, 1t =y = w on E. O

Proof of Lemma 2. Let A={z € Ri :zj > x; forall j € S} where SCI, |S| >, x; > 0 for
J €S, and p;(9A) = 0. Furthermore, let 0 < & < minjes x; and define the sets

Al i={zeRd :zj>x —eforallje s},
Ay i={zeR% :z>x +eforalljes),
N = {zeRi:|zj|§£foralljeS}.

Suppose without loss of generality ,ui(E)Aj) = wi(0A; ) = 0 (otherwise choose & appropriate).
On the one hand,

P(X +Y etA) <P(X etA]) + P(Y € tN?)
<P(XeiA]) +P(|Y]s > &).
Hence,
lim sup b~ ()P(X + Y € tA) < lim sup b~ ())P(X € tA]) + lim sup b;~ (OP(||¥ || oo > £7)
=00 =00 11— 00
< wi(AD) +lim sup b~ ()(y )" VR Y| %Y
— 00

= wi(A) | ni(A) ase |0, (A1)

since (;(0A) = 0. On the other hand,

PX+YetA)>PX+Y€etA, Y etN,)
>P(XetA,, Y €tN;)
=PX e1tA,;)P(Y € tN;).

Therefore,
li,IECi,gf b P(X +Y €1tA) > litrisogp b~ (1) P(X € tA] )P(Y € IN,)
=wi(A;) T ni(A) aselO, (A2)
since w;(0A) =0. Thus, (A1) and (A2) imply that
lim b (OP(X + Y € 14) = 1i(A),

and using Proposition 1 we can conclude the statement. U
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Appendix B. Proofs of the results in Section 4

The following auxiliary lemmas are used to prove Theorem 1.

Lemma 3. Let the assumptions of Theorem 1 hold. Then for anym =0, ...,i—1:
: (D 7. (D)« (1) (2)
tl_lff}o by, (b~ (@) IPJ(Z(m+1) > 1) IED(Z(i—m) >1)=0 (B1)
: (D17 (2)« (2) (1 —
Jim by ™ 0B, (O P(Ziyys1y > 1) P(Z 2, > 1) =0 (B2)

Proof. Let T® := arg max,-{oz,(k) < oo}, k=1,2. By definition, for i <T'®, we have
IP’(Z((S) >1) = 0(1/b5k)(_(t)); and for i>T®, ]P’(Z((ik)) >1)= o(l/bgk)(_(t)). Hence, to prove
(B1), we need only to show that

ay, = lim sup M =
=0 bm—H (t)bifm 0
For m = 0 we have

ap = ch” lim 1 /B0 =0.
Letme{l,...,i— 1}. Note that
by (1)

— AW 13
am = ¢y, lim sup T
—oe by, (0)

(D«

Since lim sup,_, o, b /b0

m+1
if either cj” = 0 or lim sup,_, o b’ (1)/b\}
Theorem 1. The proof of (B2) is analogous.

(t) < o0, the last equality implies that a,, = 0 is only possible
)<«

41 (0 =0, which holds true by the assumptions in
Lemma 4. Let the assumptions of Theorem 1 hold and

A={zeRe 7> xforalljeS)
be a rectangular set with S C 1L, |S| =i, x; > 0 for j € S and /JL?(E)A) =0. Then

lim by b OPED +Z? € 14) = pP(A). (B3)

Proof.

Step 1. First, we derive an upper bound for the left-hand side of (B3). Let 0 < € < 1 such that
exj < (1 —e)x forallj,l€S. Then

IP(Z“>+Z(”€’A):[ PIREDD }P(m{zf”ﬂfz)mf}
o}

Jr SSU{&} JH U jes
=8\ 11 CS\LUio)
1 1
N ﬂ {Z;)Stexj}ﬂ m {Z;)>t(1 —e)xj}
JjeNi JES\JI
N ﬂ {ZJ@ <tex;} N m {Z;Z) > 11— e)x,-})
JE€J2 JeS\»
=: M(t, €) + M»(t, €). (B4)
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Note that in the case J1 NJ2 # & these probabilities are zero since it results in computing
probabilities of empty sets. Next, we find an upper bound for M (¢, €). Note that

Mit.e)< Y JP( N {Z" > -exin N {z}z)>z(1—e)xj}>
}

JHSSU(B jeS\Ji JeS\J2
J1=8\Jp

N {z? >« —e)xj}>.

JES\J2

3 (-

HCSU{B}  \je

LetAc:= {z € Ri :zj > (1 — €)x; for all j € S} and choose € > 0 such that u?(aAE) =0. Then

lim sup b5}~ (0B, (M (1, €) < P (Ao). (BS)
11— 00

Define x* := minjes x;. Following a similar argument for M(z, €) we get the upper bound

Myt o)< Y. IP( N {z;”>t(1—e)xj})lp>( N {Z;2)>t(1—e)xj})
}

JHESU{@ jeJrUS\Jq jeJ1US\Ja
I ES\HUIB)

(1) o
= 2 Puusoumn = 10— OX) P(Zig ) > 11— )

J,SSU(2)
J1 S\ U(2)

=YY > B> 1 —ex) P(ZD,, > (1 — o).

m=0 I=1 JoSSU{D} J|CS\LU(D}
ol=m  1S\(U UTp)l=I

Finally, an application of Lemma 3 yields

. <~ 2)«
lim sup b))~ (Db (OMa(t, €)
— 00
i—1 i—m
. 1 2
< E E lim sup bg(g)(_(t)bgjla(t)
— 00

m=0 I=1 Jo,<SU{@} J| CS\JpU{2)
ol=m 1S\ Ulp)|=I

x P(Z)) 1, > 11— x*) P(Z,) > 1(1 — ex*) = 0. (B6)
Now from (B4), (B5), and (B6) we have

. <« 2)<«—
lim sup b, ) (b7 (0 P@D + 22 € 14) < uP(A0) L nP(A) ase |0,
11— 00

where in the last step we use the fact that ,ufB(BA) =0.

Step 2. Next, we derive a lower bound for the asymptotic limit. There are a total of 2!S! subsets
of S which we order as J(1), ..., J(2¥)) (in any way). Now, define the sets

Cr:= ﬂ {Z;l)>txj}ﬂ ﬂ {Z;2)>txj}, I=1,...,28.

jely JES\I(D)
Then,
5ls]
zV+z%emyo| Ja,
=1
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32 B. DAS AND V. FASEN-HARTMANN

and using the inclusion—exclusion principle we have

2181 2181
PzV + 7P eA) > P( U C1> >y PCy— Y. PC,NCy). (B7)

=1 =1 1<l <l <2ISI

Now, on the one hand,

5lS]
lim b= (200 Y BC) = u (A), (B8)
I=1

and on the other hand, for any 1 </; < 12 < 251 the inequality

@
0 <B(C, N Cr) < P(Z 00500 > &)\ gaprumy > &)

holds. Define m:= [J(l}) NJ(lp)|. Since J(Iy) #J(p) we have
[J(I1)UJ(lp)| = |J(1) NJ(L)| + 1 =m+ 1. Hence, a conclusion of Lemma 3 is that
lim sup b5 )~ (b () P(Cy, N Ciy)
11— 00

. (D, 7. (2)« (1) (2) _
< lim sup by~ (Db, 160 OP(Z 1) > 6)P(Z2 ) > ) =0 (B9)

for any 1 <1; < I, <215, Then (B7), (B8), and (B9) result in the lower bound
lim inf by b O PEY + 22 € 14) = uP(A),
and together with the upper bound in Step 1 the lemma is proven. (]
Lemma 5. Let the assumptions of Theorem 1 hold and
A:{ze]R‘_iF :;/>xjforalleS}
be a rectangular set with S C 1, |S| > i, and x; > 0 for j € S where ,ufB(Z)A) =0. Then
nP@) =" 4) + ¢ 1A,

Proof. Since

uPA)= Z i (A)

we have to show that 301 ol % (4) = 0. But

0< Z CI(I)/,L:;”

~im Sy ¥ o=l )e( N 17 -01)
m=1 chsu jeJ jesS\J
i—1

i (1)« (2)« (1)
<2 lim 3 b0 (b (t)IP(Z

. ( .
) i—1G) ) > “}gSnxj>P<Z|S| > leIél;l)g)

m=1
i—1
i : (D<= 7. (2)« (2) s
<2 thgrgo by (b~ ,(,)(I)IP’< (m—1)+1) >tm1;1xj)IP<Zl._(m_1) >tr}1€1;1x]>.
m=

The right-hand side is equal to zero due to Lemma 3. O
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Proof of Theorem 1. Due to Proposition 1 it is sufficient to study the convergence on the
rectangular sets A = {z € RY : z; > x; for all j € S} where S C I, |S| > i, and x; > 0 for j € S with
,ufB(aA) =0. If |S] = i, a consequence of Lemma 4 is that

2)<«
lim b(il)f(t)bf Do OPED + 27 e 14) = uP(A).

If |S| > i theni < d — 1. Thus, using Lemma 3 and similar elaborate calculations as in the proof
of Lemma 4 (cf. the proof of Lemma 5) we can show that

lim bﬁ%}f(r)bfz’,jl)(t)mz“) +2Z® e 1h)

= lim b2 OPEY € 1)+ lim b~ (b0 (WPE? € 1A)
b(l) ) (2)<_(t)

(1 10,
+¢o my)(A) lim —m—.
) | | t—00 b%) )

_ (0,0
=c; ks (4) lim — D=
i8]

In case lim, , o0 b{" (1)/b{ (1) = 0 we have 12{"’(A) = 0. Otherwise,

(1)
i fim

(1
t*)OO (1)(_ /“Li (A)
bISI

In summary,

1 2)« 1) (1 1 2
lim b0 Ob 275 OPEY + 22 € 14) = ¢ (@) + &g P (@) = uP @)

where the final equality is due to Lemma 5. (|

Proof of Proposition 2. Note that «; =io is immediate from b;() € RV1/(qa). Using
Theorem 1, it is sufficient to prove the statements for n =2 and the rest follows by induction
(which is direct and omitted here). Using the notation of Theorem 1, for any i=1,...,d,

we have I(i) =i and c =1 and lim;_, b‘_(t)/bmﬂ(t) =0 for m=0, ...,i and for any
i=1,...,d Thus,

ZV +72® e MRV (ia, bi, EY)
and (14) follows by induction. Now if (15) is satisfied then, for n = 2, using the notation of
Theorem 1, we have () = (,, ) wi(+) and, hence, for any A € B(E(l)) with 1;(dA) = 0 we get

i

B4 — BN Ay — iy,
i (A)-Z(m) pi(A) =2 i(A)

m=0
implying that
zV +Z® € MRV (ia, by, 2'ps, ).
Now (15) follows by induction using Theorem 1. (]

Proof of Proposition 3. Consider n=2 and the notation of Theorem 1. Fix some
ie{l,...,d). We have I()=i, ch’=0, m=1,...,i—1 and ¢}’ =c? =1. Clearly,
e ;= ,u;.")i = u; and, hence, ,ufB = /’LO,i + 0 =2u. Now by Theorem 1, we get

ZV 4+ 72® e MRV (a1, by, 2111, EY).

The final result can now be derived using induction (which we skip here). (]
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Proof of Corollary 1. Since o; = o <a + @ = oy + &tj—p, this holds as a direct conse-
quence of Proposition 3. (]

Proof of Proposition 4. By Definition 3, A =1, b1(f) € RV, and for some fixed yy > 0,
bi(1) =1/ ) i =2 . d.Then b; (1) € RV, and let by~ (1) = 1*£(r) where £(7) is some
slowly varying functlon. Also define S(") = Z(k). We prove the statement by induction.

(1) Consider i = 1. By definition, (16) holds for n =i = 1. Using classical MRV results [46,
Theorem 1.30], [34, Example 3.2], we obtain S® € MRV(«, by, nju1, ES). Thus (16)
holds for all n > i = 1; the form of the limit measure is (17) with |S| =i=1. For n =2,
M?Z(EEJZ)) = 0 follows using Theorem 1 and then u?n(Eg’)) =0 for n > 2 follows using
induction.

(2) Fixipe{2,...,d}. By way of induction, assume that for any i € {1, ..., ip — 1}, (16)
holds for all n > i and (18) holds for n < i with y;,_1 = yo/(ip — D!. Note that the induc-
tion base case holds for ig = 2. Moreover, for n = 1, (18) holds for i = , d with yg
by the adapted-MRV assumption on ZD. First, in part (i) we show that for i=1ip, (18)
holds for n < i =1ip with y;, = yp/io!. Hence, this will imply that (18) will hold with y;,
for any i € {2, ..., ip} and n < ip. Then, we show (16) holds for n =i =g in part (ii)
and for all n > i = ip in part (iii) assuming (18) holds with y;, for n <i=1j.

(i) Here in addition to the induction assumption of (2), assume that for i = ip, (18) holds for
all n=1,...,n9— 1 where ng < ip. If ip =2 then the only choice of nis n=ng=1
and (18) holds since S0 =Z e NC(s!/@e+r0)) ]Efiz)). Thus, assume iy > 3. Note
that §70) = §(0=D 4 7(0) Now by the adapted-MRV assumption on Z®, we have
Z0) e N /et ED) and, hence, ZM e NC("/ 1@ io-) ED) fori=2, ..., d
since yj,—1 < yu; thus we can and do choose b;(f) = 1/ etvig-1) Using the notation of
Theorem 1, forj=0,...,ny — 2,

_ b0
E(.’Z) := max {hm sup no ! l(O_ / }
J>1o 0<m<ip 1—00 m no l(t)blo m(0)
<«
. / no— l(t)blo—/(t)
> lim sup = (b= (1)
=00 Ypo—1,n9—1ig—(np—1)
(£ t))’ (lio=ie+vig-1)
= lim sup =%

—o0 (124(r))0=1 . fHo—=(o—D))@+yip—1)

since bj,no*l(t) = (b;_([))n()—l for ]= O, ..., N — 1 from (2) Slmllarly, for
j=no, ..., iop we obtain

Ob;_(®)
&) max {lim sup jno 17 o) }

]Vl() 0<m<iyp —00 bn(1_n0 l(t)bl(()_ m([)

b1 (Ob; (1)
> lim sup ——2"— il )
i—>o0 bt g1 (OB 1) (D)
t!(a-i-)ﬁo l).t(IO_])(a+Vto 1)

= lim sup (@ 2yt - o DNy
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)

Due to the calculations above we can also conclude that 55;371 .

1(ip) = no — 1 with

0= 1. Hence,

I(l()) _ 1, mzno—l,
o 0, otherwise.

Therefore, by Theorem 1, §0) ¢ MRV*(ig.ng» Zio,no’ M?g,no, ]ESO)) where

Qig.ng = Ang—1,n9—1 + Uig—(ng—1) = (np — D + 00 =00,  (recall ip > 3),
Zi:no(t) — (tag(t))HO*l . t(io—(”lo—l))(a"t‘)/io—l)’
and “%,no =0. Defining b; ", (1) = 0@+Yi0)  we have Zio,,,o(t) = 0(bjy 5y (1)) as t — 00,
since
io(a + viy) = ol + yo/io!)
. ib—no %
<Ig| o+ T
°< o (o~ D!

and, hence, S7) e N C(biy,ny (), ]Eg‘))). Here we have shown that (18) holds for i =iy
and n = ng. Therefore, by induction, (18) holds for all n < ij.

) =ipa + (ip — (no — )yiy—1)

(i) Now, we show (16) holds for n=ng=1ip. Note that from 2(i) we can choose
bi(t) =1"/@* i) a5t 5 oo fori=2,...,d. Thenforj=0, ..., iy —2,

) . b (b (1)
~(io) __ =(io) : Joio—1 io—Jj
c.V =c¢Y:= max {limsup —————
Jmo — “iio 0<m=i { t—>oop b;iofl (t)bioefm(t) }

b (b _.(t
> lim sup —ilo_l( ) lo_i( :
=00 biofl,iofl(t)bl (t)
(tae(t))i . flo=Dla+vig)
= lim sup - =00,
t—00 (tag(l))(lofl) - 124(1)

(O = (b7 (1)Y for all j<no—1.

si.nc§: by the induction assumption bj‘;lo_ (= bj‘;O_
Similarly for j = i, we have

Cig,ng = Cig,ip = OC

since we have b5, (1) = 10®*7i0) from part 2(i) of the proof. For j = ig — 1,

ip,ip—1
<« «—
g0 g o b im sup by iy—1 (b7 (D)
oo T sy | et B 0B7,0)

=1

{. (ﬂamwl%ﬂao}
= max 4 limsup

0<m=igp t—00 br(n_,io—l(t)b;o_—m(t)

Finally, for j = iy,

) ) b= (b5 (1)
-(o) __ =(io) ._ : io,ip—1 0
Cio,no — Tip,ip " OE}r?in { hfiigp b (l‘)bf_ (t)}
== m,ip—1 ig—m
tio(ﬂl+)/i0)
>limsyp ————— =0
t—00 bi?—l,io—l(t)bf(t)
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Hence, I(ig) = ip — 1 with

o) _ oy _ )L om=io—1,
o Tl 0, otherwise.

Therefore, by Theorem 1, $70) = 500 ¢ MRY(ig,ngs ig,ng» /L?(? o Eg")) where
Qjg g = Wiy.ip = Uiy—1,ip—1 + 1 = (o — Do + a = ipa,

bi, ()=b " (Hb; (1) = (t*€(1))" and

10,710 o, io
io
<3} _,9 _ 1(ip) % o o
MiOﬁ”O - MiO-,iO - Cm,l'ou“m,i(),io = MKig—1,ig,ip>

m=0
where for A = {z € RY : z; > x; for all j € S} € R with |S| = ig, x; > 0 for j € S
io—1 .
ig—1,ig,ig(A) = Z Mie(?—l,io—l ({Z € ESO ) :zi>xjforall je J})
\J|J:%OS—1
X ,ul({zeEﬁll) 17> X foralljeS\J})
= % [wo-0[ueer s 5)]
JcS jeJ

J=ig—1

><;L]({ZGIES):zj>xjf0ralljeS\J})

=500 T (e sacmubatlee s -0

jes keS\{j}
=ip! 1_[ n1 ({z € IES) (g > xj}).
jes

Hence, (16) holds for ng = iy.

(iv) Here we show (16) holds for all n > iy. By way of induction (additionally) assume that
for i = ip, (16) holds for all n € {ig, ip + 1, . . ., no}. We show that then it also holds for
n=ng + 1. By part 2(ii), we know that it holds for ny = ip. Forj=0, ..., ip — 2,

) b (b (1)
¢ max { lim sup —220 0~ 1(0_ / }
0<m<ip | r—o0 b;n_,no (f)bio_m(t)

b (Hb_()

> lim sup 22007
t—00 bio,no(t)b(()_(t)
20y - flo—Ne+viy) o o
= lim sup ey - = lim sup Hio=Nvi (g(t))(/—to) = 0,
=00 1>y - 1 100

since by the induction assumption bj,:o = (bf(t))i for all j < ng and from parts 2(i)
and (ii) we may assume b;(t) = etvio) =2 . 4. By similar arguments we have
for

~(io) __ =) _
Cig—1,mo+1 = Cigng+1 = L.
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Hence, I(ip) =ip — 1, and

Ao 1, mefip—1,io},
m.no+1 0, otherwise.

Therefore, by Theorem 1, S+ ¢ MRV (g, ng+1> Pig,ng+15 u?(? 10 ESO)) where
Qig,ng+1 = QXig—1,ny + 1 = (ip — Do + ¢ = ipax,

l() n0+1 n= i(o_—l,no (t)bf_(t) = (tae(t))io’

0
® _ 1(io) ) , o
'u‘io,no+1 - Z cm no—HMm ip,no+1 — = Hip—1,ig.no+1 + Hig.ig.no+15

where for A = {z € R : zj > x; for all j € S} € R with |S| =i, x; > 0 forj € §

Mig—1,i,n0+1(A)

Jcs
=ip—1

Z ,uf_lyno({z € Ego_l) zj>xjforallje})ui({ze Ef;) igj>x;forallje S\ J})

_ no! W. . _ . D
> [(no_l_0+l)!gu1({zeEd .zj>x]})j|m({zeIEd > 3. €S\ )

Jl=ig—1

keS\{j}

Z(n0—10+1)‘|: 1—[ Ml({ZEEg):Zk>Xk})]M1({ZEEg)IZj>)Cj})
S

no !

treret | G S

and

Wi, ig,no+1(A) = Z ,ufg’no({z c ESO_I) :zj>xjforallje J})

JCSS
=i

mnﬂl ZGE(O) Zj >xj})
jeJ

The measures Rig—1.ny° /L?E ng» M1 are obtained from our assumptions and induction
hypothesis. Now,

1 i1 (A) = Hig—1.ig.ng+1(A) + i ig.ng+1(A)

. no' n'
R ZGE 17> X
[0 (no —ip + 1)! (no_,o)'}l_[‘“ d % ;})

g+ D!
N (no+1—to)' Hm (k5 51).

Hence, (16) holds for i = ip and n = ng + 1, thus by induction it holds for all n > iy. U
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Appendix C. Proofs of the results in Section 5
For the proof of Theorem 2, we require some auxiliary results.

Lemma 6. Let the assumptions of Theorem 2 hold. Define

d
®.=(28,...,29) = ZZ(")
k=1
and denote by Z(els)z-nng) the order statistics of Z@,...,Z?. In addition, let

Zélf; >0 > Z((]d?) be the order statistics of the elements of z® = (Z(k), R ijk)) for any
k > 1. Furthermore, forne Nandi= 1, ..., d define

k)
P( (Njes { > k=1 Zj( > ’})
Gini= SUp  sup,g :

SCI, |S|<i P(Z(G\BS\) > 1)

Then there exists a finite constant K; > 0 such that for any n € N :
Oipnt+1 = Kln

For one-dimensional random variables with i = d = 1, a stronger result holds: for any € > 0
there exists a constant K > 0 such that the left-hand side is bounded by K(1 4 €)" (cf. [24,
Lemma 1.3.5]).

Proof. First, we show recursively that for any i € I there exists a constant K; > 0 such that
tin+1 < K, forany n>d. Let S C I with |S| <iand n>d. Then

({5 -1)

-3 r(N]E2-donz - im0 0 1501

J;s jes jeJ jeS\J
n+1
ee(N|E 2= oz <im)
jes Lk=1 jes
=18, ) + Jn2(1, S). (CD)

We investigate the two terms separately. First,

n+1
USIGNED'S IP’( N { Yz >t} N {z"" >t/2}>

jss Nesw Li=t jeJ
n
< Z Z ( ﬂ [Zz;k)>l/2}ﬂm{Z;’H_l)>t/2}ﬂm{Z;n+l)>t/2})
55 KesWula) \jes\UUK) Li=1 jeJ jek

JS Kesvule FES\(JUK) jeluk
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Since the set S\J UK has at most i — 1 elements and by definition «;_1 , <«;,, we have
that

1
IS ein S Y P&y > 2PE(KR), > 12)
155 KSS\UU@)

Now applying (20) and (21) we have

t,S
SUp 51 SUPy0 ;ela( ) = Qi SUp scr >y C*C**
S (Zgsy > 1)~ s IS5 KSS\Ule

< ;220 C = K, (C2)

with K; := 2% C*C**. Next, for the second term in (C1) and S = {j1, ..., Ji} we have

=i 0 IE”(ZfE| > 1)

=su su /t/z .. /t/z IED(mjes { > k=t Z;k) >t—y/'})
B =R 0 P(Z% > 1/2)

P(Z3 > 1/2)
. P(Z% > l)

12 12 P((Vjes { iz 1Z§k)>t/2})
< C** sup scl Supt>0/ e / JE]P FZj[ quj.[ (dyl, ey dyi),
iSI=i 0 (Z{s, > 1/2)

.z (Y1, o dyi)

where we applied (21) once more. Now the last term above is bounded by C**«; ,, and, hence,

we have
n 2(t S)
c —= < C**ujp. C3
WP P0pze Sy T ©
S
Now from (C1), (C2), and (C3) we get
i1 < i nKi + ;0 C* = (K; + C™¥)ati . (C4)
Note that «;4<1 for i=1,...,d. Thus, applying (C4) recursively we obtain
Uint1 < (Ki+ )= for n>d, i=1,..., d. But for n <d we have of course «;, <1 for
i=1,...,d. Thus, with K; = max(1l, K; + C**) the statement of the lemma is satisfied.
Proof of Theorem 2. Define Z®:= (Z®, ..., z9):= Y{_,Z® and denote by
Z(]) >0 > Z(ES) the order statistics of Z®, ..., Z;e. LetA={ze R’i :zj > x; forall j€ S} bea

rectangular set in Eg) where S C1, |S| > i, and x; > 0, for all j € § with 14;(dA) = 0. Suppose
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S C S with |S| =i. Then

P(Y i, 2% e1A)

;
)

o0 P(MNics { 30, 20 > 1
= lim Y P(r=n) (Myes | o i) (C5)
—00 = IP’(Z@ > t)
But for any n € N we have
(k)
0 < sup P( MNjes { X Z;" > x;})
- >0 ]P’(Zf?) > t)
k . .
< sup P(Mies { Xhe1 27 > tminjes xj}) P(ZE) > t minjes x)
- >0 P(ZSB) > tminjes Xj) ]P(Z(% > l)
]P’(Zﬂ9 > t min; 5x~)
(i) lies Aj
= O SUP;~g @ (Co)
]P’(Z 2> t)
@
Since Z® € MRV(a;, bi, fild)wi, E) and fid)wi({z € R : 2 > 1)) > 0, we have
P(ZG > tmitjes X)) oo, | g,
< 5 = (minxj) " < oo.
P(Z5 > 1) Jes
Hence, there exists a finite constant C > 0 such that
IP’(ZG? > { min; sx<)
(i) JES ]
su C7
Pe0 T pzE S ) ©

Then an application of Lemma 6 and (C6), (C7) yields

P( (MNjes { X Z;k) > 1x;})

IP’(Z% > t)

0 <sup,. <CK!, neNlN.

Thus, there exists a uniform finite upper bound of the right-hand side of (C5) such that due to
Pratt’s theorem we are allowed to exchange the limit and the sum. A conclusion of Assumption

1 is then
Py zWenn) & 1i(A)
1 =) PG =n); .
50 P(Z5 > 1) Z:O N n)f(n)fi(d)m({z €RL 1) > 1})

Then Proposition 1 and Z® e MRV(a;, b;, fi(d)ui, IES)) for i=1.....d result in
ZZ:] Z(k) (= MRV(QZ', bl" ]E(fl(f))ﬂz, ]Eﬁ;)) D
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Appendix D. Proofs of the results in Section 6

Proof of Proposition 5.

Step 1. To begin with, let (L(s))s>0 be a compound Poisson process with intensity A > 0 and
jump size distribution Pz = I1/A, which is a proper probability measure on Ri. Let us also
assume that (N(s));>0 is a Poisson process with intensity A and ZW 7@ are iid. with
distribution Pz. Then Pz € MRW(a;, by, jui/*, E). Since E(N(s)) = As, using Proposition 3
and Theorem 2 we have

N(s)
L)Y 20 e MRV (a1, by, sui, EY) fori=1,....d.
k=1

Step 2. Now let (L(s));>0 be a general Lévy process. Define

Dyooi= {z€ RY:a < |zl < o0} for any a > 0.

Due to the Lévy-Itd decomposition (see [58, Theorems 19.2 and 19.3]) we can decompose L
into two independent Lévy processes L1 = (L1(s))s>0 and Ly = (L2(s))s>0 such that

L(s)=Li(s)+ La(s), s5=0,

where L; is a compound Poisson process with Lévy measure I1(-N Dy 00)/T1(Dy,00)
and Poisson intensity I1(D, o), whereas L, satisfies E|ILy(s)||? < oo for any 6>0
(see [46, Lemma 2.2 and proof of Theorem 2.3]). Thus, the Lévy measure of L is
I1(- N Dy 00) € MRV(ey, by, iy IEE;)) fori=1,...,d and by step 1 we have

Li(s) € MRV (ai, by, spi, EY) fori=1,...,d.
Then an application of Lemma 2 and L(s) = L1 (s) + L2(s) gives us the result. O

Proof of Proposition 6. As in Proposition 5 it is sufficient to investigate compound
Poisson processes (L(s))s>0 = ( Z;{vf]) AR s>0 With intensity A > 0 and jumps size distribution
Pz = I1/X. Then for the jump size distribution we have Pz =I1/A G.MRV(ai, bi, wi/ X, ]Ei;))
for i=1,...,d. Since E®W(s)(N(s)— DWN(s)—i+1)=(rs)', filn)=0 for n<i,
fi(n) =n!/(n —i)! for n > i, Proposition 4 and Theorem 2 result in

N(s)
Ls)=Y Z0 e MRV (i, by, s'ub, EY) fori=1,....4d,
k=1
which is the statement. t

Proof of Theorem 7. Suppose (L(s))s>0 is a compound Poisson process with H(Ri) <l1.
Let ZW, Z(z), ... be a sequence of iid. random vectors with distribution
PZY =0)=1-TI(RY) and P(ZV € A\(0}) = T1(A\{0}) for all sets A€ B(RZL). Then
ARNS MRV(vi, bi, i, ]ES)) fori=1, ..., d. Due to Proposition 2 and Theorem 2 we receive

N*(s)
L) 2 Y Z® ¢ MRV (ier, b, EWN*(5) )i, EY).
k=1
We extend this result to general Lévy measures and Lévy processes as in Proposition 5 by
choosing a large enough so that T1(D;,00) < 1. O
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