THE LOW-DEGREE BOUNDED
COHOMOLOGY OF CLASSICAL GROUPS

Zur Erlangung des akademischen Grades eines

DOKTORS DER NATURWISSENSCHAFTEN

von der KIT-Fakultat fiir Mathematik des

Karlsruher Instituts fiir Technologie (KIT)
genehmigte

DISSERTATION

von

Alexander Blatz, M.Sc.

Tag der miindlichen Priifung: 22. April 2026
1. Referent: Prof. Dr. Tobias Hartnick
2. Referent: Prof. Dr. Michelle Bucher






Acknowledgments

First and foremost, I would like to express my deepest gratitude to my advisor, To-
bias Hartnick, for his unwavering support, insightful guidance, and immense expertise
throughout my PhD journey. His patience, encouragement, and profound knowledge in
mathematics have been instrumental in shaping this dissertation, from the initial formu-
lation of research questions to the final refinements. I could not have imagined a better
mentor for my doctoral studies.

I am very grateful to my co-referee Michelle Bucher for her valuable feedback and
thoughtful suggestions.

[ am also grateful to my mathematical colleagues—Sofia Amontova, Federica Bertolot-
ti, Mattias Byléhn, Caterina Campagnolo, Carlos De la Cruz Mengual, Frank Herrlich,
Marek Kaluba, Thorben Kastenholz, Stefan Kiihnlein, David Lenze, Peter Patzt, Arlette
Paul, Nicolas Pimenidis, Maurice Reichert, Alessio Savini, Lorenzo Scoffone, Torstein
Ulsnzes, Maximilian Wackenhuth, Cunyuan Zhao, and many others—for the many stim-
ulating discussions that helped clarify difficult concepts and sharpen my understanding.
Their insights, questions, and willingness to share ideas have been an invaluable part of
my mathematical growth and have greatly enriched this dissertation.

I would also like to extend my sincere thanks to the faculty members of the Depart-
ment of Mathematics for creating such a vibrant and supportive intellectual environment
at KIT.

Finally, I wish to express my heartfelt gratitude to my family and friends for their
unwavering love, encouragement, and patience throughout this long journey. To my
parents, whose constant support and belief in me have been a source of strength from the
very beginning; to my close friends, who provided laughter, distraction, and perspective
whenever I needed it most; and to everyone who listened to my mathematical ramblings
or simply offered a kind word during challenging times—thank you. Your understanding
during late nights, missed gatherings, and moments of doubt made this achievement
possible. Most of all, I thank Maren for her endless patience and for reminding me that
there is a world outside of mathematics.

This work would not have been possible without the contributions of so many. Thank
you all.

Lahr/Schwarzwald, February 14th, 2026






Contents

Acknowledgments

List of Tables

List of Figures

Notation and Conventions

Introduction

I. Background Material

1. The Classical Groups

1.1. Formed Spaces . . . . . . . . . ...

1.2. The Classical Groups and their Embeddings . . . . . .. .. ..

1.3. Root Space Decompositions of Classical Lie Algebras . . . . . .

1.3.1. Root Space Decompositions of Complex Classical Lie Algebras

1.3.2. Restricted Root Space Decompositions of Non-Complex Clas-

sical Lie Algebras . . . . . . . . .. ... ... ... ......

1.4. Sporadic Isogenies . . . . . . ... Lo

2. Bounded Cohomology and Related Cohomology Theories

2.1. Some Cohomology Theories . . . . . .. .. .. ... ... ...
2.1.1. Group Cohomology . . . . . .. .. .. .. ... ... ...
2.1.2. Continuous and Measurable Cohomology . . . . . . ... ...
2.1.3. The van Est Isomorphism . . . .. ... .. ... .......
2.1.4. The Continuous Cohomology of Simple Groups . . .. .. ..

2.2. Bounded Cohomology . . . . .. .. .. ... ... .. .....
2.2.1. Lebesgue G-Spaces . . . . . . . .. ...
2.2.2. Banach G-Modules and Coefficient G-Modules . . . . . . . ..
2.2.3. Continuous Bounded and Measurable Bounded Cohomology

2.3. (Co-)Homological Stability . . . .. .. ... ... ... ....

2.4. The Isomorphism Conjecture . . . . .. .. ... ... . ....
2.4.1. Equivalent Formulations . . . . .. . ... ... .. .. ....
2.4.2. Beyond Connected Semisimple Lie Groups . . . . . ... ...

2.5. Evidence for the Isomorphism Conjecture . . . . . . .. .. ..
2.5.1. Injectivity Results . . . . ... .. ... ... ..
2.5.2. Surjectivity Results . . . . . . . ... ... .. .. ..

17

19
19
24
27
27

28
32

33
33
33
36
38
41
43
43
44
46
50
52
02
%)
56
o6
29



Contents

II. Calculations for Classical Groups

3. Stabilizers and Invariants

3.1.
3.2.
3.3.
3.4.
3.5.

Statement of Results . . . . . . . .. ... L L.
The Stabilizer of an Isotropic Point . . . . . . . . .. ... ...
Identifying Lebesgue Spaces . . . . . . . . .. .. ... ...
The Generalized Angular Cartan Invariant . . . . . . . . .. ..
Cross-Ratios and Parametrization of Quadruples in the Sym-
plectic Case . . . . . . . . .. L

4. Parametrizations Using Stabilizers

4.1.
4.1.1.
4.1.2.

4.2.
4.2.1.
4.2.2.
4.2.3.

4.3.
4.3.1.
4.3.2.

4.4.
4.4.1.
4.4.2.

4.5.

Parametrization for the Symplectic Groups
Parametrization of Quintuples . . . . . . ... ... ... ...
Parametrization of Sextuples . . . . . .. ... ... .. ....

Parametrization for the Complex Orthogonal Groups . . . . . .
Parametrization of Quadruples
Parametrization of Quintuples . . . . . . . . ... ... ...
Parametrization of Sextuples . . . . . .. ... ... ... ...

Parametrization for the Unitary Groups
Parametrization of Quadruples
Parametrization of Quintuples . . . . . . . . ... ... ...

Parametrization for the Real Orthogonal Groups
Parametrization of Quadruples
Parametrization of Quintuples . . . . . . ... ... ... ...

Parametrization of Arbitrary Tuples

I11. Bounded-Cohomological Stability

5. Spectral Sequences

5.1
0.2,

Spectral Sequences Associated to Double Complexes
The L*-Double Complex of a Classical Group

6. Secondary Stability of Classical Groups

6.1.

6.2.
6.2.1.
6.2.2.
6.2.3.
6.2.4.

6.3.

Bibliography

iv

Degree-Two Stability of Classical Groups

Secondary Stability of Classical Groups
Results in Degree Two
Results in Degree Three
Results in Degree Four
Proofs of Our Orthogonal Vanishing Theorem and Our Corol-
laries . . . . . oL

Outlook . . . . . . . .

63

65
65
66
70
71

75

79
80
80
81
82
82
83
84
85
86
87
89
90
91
93



List of Tables

1.  Continuous cohomology of rank one classical groups and current state
of the isomorphism conjecture . . . . . . .. . .. ... ... ...
2. Continuous cohomology of higher rank classical groups and current
state of the isomorphism conjecture . . . . . . . . .. ... ... ...






List of Figures

1. A geodesic triangle in the Poincaré disk model of the hyperbolic plane 39
2. Extending a geodesic 2-simplex to an ideal triangle in the geodesic
compactification of the hyperbolic plane . . . . . .. ... ... ... 54

vil






Notation and Conventions

Basics: We write X C Y for the relation of every element of the set X being an element
of the set Y. We denote the natural numbers, integers, rational numbers, real numbers,
complex numbers, and quaternions by N, Z, Q, R, C, and H, respectively, where we
convene that 0 € N. If X and Y are sets, then the set of maps from X to Y is denoted
by Map(X,Y). By a Banach space we mean a real Banach space. The class of a vector
x € V\ {0} in P(V) is denoted by [z].

Groups: The identity of a group G is usually denoted by eq or e. If H and G are
groups, then we denote the relation of H being a subgroup of G by H < G. The center
of a group G is denoted by Z(G). We convene that every (locally) compact group is
automatically assumed to be Hausdorff. By a Lie group we mean a real Lie group.

Group Actions: We exclusively consider left G-actions. If G is a group and X is a
G-set, then the action of g € G on z € X is denoted by g.x or gz; the set of G-invariants
of X is denoted by X¢; we say that X is a trivial G-set if X¢ = X. The orbit space
of an action G ~ X is denoted by G\ X. An action G ~ X is called continuous if the
corresponding action map G x X — X is continuous, in which case X is referred to as
a G-space. However, a smooth action is not defined to be a group action with smooth
action map (see Subsection 2.2.1). Unless stated otherwise, if X is a G-set, then we
consider X" as a G-set using the diagonal action g(x1,...,x,) = (921,...,9%y,).

X






Introduction

This thesis is concerned with certain nice matrix groups—namely, classical groups—
acting isometrically on nice non-positively curved spaces—namely, symmetric spaces of
non-compact type. In order to understand such an action, it is helpful to compare its
associated geometric invariants to its associated asymptotic invariants; we will see that
this comparison boils down to the description of rigidity phenomena for the Laplace
equation Af = 0.

Since the invariants we consider will be rather abstract, we first build up some intu-
ition by considering the most well-known examples.

Poincaré’s Upper Half-Plane: We equip Poincaré’s upper half-plane
H?={z+iyeC|z,y eR, y>0}
with its usual hyperbolic metric defined by

|21 — 2o

d(z1,22) = Qartanh( > (21, 2 € HP).

|21 — 72
Let us fix G = SL(2,R). Recall that the action of G on H? by Mobius transformations

is isometric, i.e. the map
az+b

H? — H?, 2+
cz+d

d
We denote the vector space of differential n-forms on H? by Q"(H?). Then the
subspace Q2(H?)¢ of G-invariant differential 2-forms is spanned by the area form du on
H?. This produces a G-invariant continuous function J(du): (H?)® — R by setting

is an isometry for all (CCL b) e G.

J(du)(z0, 21, 22) = / dy,

A(z0,21,22)

where A(zg, 21, 22) C H? denotes the geodesic triangle with end points zg, 21, z2. Linear
extension yields the map J: Q?(H?)¢ — C((H?)3)¢ defined by
J(w)(z0, 21, 22) = / w (w € Q*(H?)Y).
A(Zo,zl,zg)

One can show that J is injective; let us now describe the image of J. Stokes’ theorem

yields
/ w= / dw.
OA(20,..-,23) A(z0,..-,23)
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Since H? is two-dimensional, we have Q3(H?) = {0}, which implies dw = 0 and

0 :/ w
OA(20,..-,23)
:/ w—/ w—l—/ w—/ w
A(z1,22,23) A(z0,22,23) A(z0,21,23) A(z0,21,22)

= J(w)(z1, 22, 23) — J(w) (20, 22, 23) + J(w)(20, 21, 23) — J(W) (20, 21, 22)-

We say that J(w) satisfies the cocycle condition; this motivates the consideration of the
homogeneous 2-differential d*: C((H?)?)¢ — C((H?)*)¢ defined by

d*(f)(z0,...,23) = f(21, 20, 23) — f(20, 22, 23) + f(20, 21, 23) — f(20, 21, 22),

so that we have im(J) C ker(d?).

One can show that J: Q?(H?)¢ — ker(d?) is “close to surjective” in the sense that
for every f € ker(d?) there exists a G-invariant continuous function g: (H?)* — R such
that the function defined by

(20, 21, 22) — f(20, 21, 22) + g(21, 22) — g(20, 22) + g(20, 21)

is in the image of J. This motivates the consideration of the homogeneous 1-differential
d': C((H?)%)¢ — C((H?)*)Y defined by

d'(9)(20, 21, z2) = g(z1, 22) — (20, 22) + g(20, 21)-
One can check that im(d') C ker(d?); hence the quotient vector space
H?(G) = ker(d?)/im(d")

is well-defined. It is possible to show that J induces an isomorphism Q2(H?)¢ = H2(G);
we call H2(G) the second continuous cohomology of the isometric action G' ~ H?. Con-
tinuous cohomology is the main geometric invariant that we will consider. Let us now
discuss its asymptotic counterpart.

Writing D? = {z € C: |z] < 1}, we can consider the Cayley transform

z—1
Z241i’

H? — D?, 2 +—

which is clearly a diffeomorphism; thus, we can transport the hyperbolic metric on H?,
as well as the G-action, to D? to obtain Poincaré’s disk model of the hyperbolic plane.
Clearly, the (topological) boundary of D? in C is given by S' = {z € C: |z| = 1}.

We can extend the action of G on D? to an action on S'. Note however that S!
neither admits a G-invariant metric nor a G-invariant measure with respect to this
action. Indeed, this action only preserves the Lebesgue measure class 7] of S'; such an
action G ~ (S!,[7]) is often called a non-singular action.

In the following we identify D? and S' with the corresponding subsets ngfRQ. 8\!Ve call

a function f: D? — R harmonic if it solves the Laplace equation Af = 5z T a—yg‘ = 0.



Denoting the vector space of bounded harmonic functions on D? by H>(D?), the Poisson
transform gives an isomorphism

P: L¥(8) = HX(O), P()@) = | FOK@ dr(©)
where K (x,&) denotes the Poisson kernel given by
N [Edlis 2 1

Using product measures and products of Poisson kernels, we also obtain an isomorphism
P LOO((Sl)n+l) i Hoo((]DQ)n—i-l)

for all n € N. Note that P"” maps G-invariant functions to G-invariant functions. Since
every harmonic function is automatically smooth and hence continuous, we have the
inclusion H>((D?)"*!) — C((D?)"*!). Now it is natural to ask how the continuous
cohomology H?(G) relates to the Poisson transform.

Note that the definition of the homogeneous differentials d? and d' also works in the
setting of L*°-functions, i.e. we can consider the maps d2: L>®((S')?)¢ — L>((SH)H)¢
and dl: L>=((SY)2)¢ — L°((S')?)¢ defined by the same alternating sum conditions. In
this context, the quotient vector space

H?,(G) = ker(d}) /im(d})

is called the second (measurable) bounded cohomology of the measure class preserving
action G ~ (S, [7]).

One can check that P? maps ker(d}) to ker(d?) and im(d}) to im(d"), which means
that P? induces a map

P2 H;,(G) — HI(G),

which in the context of bounded cohomology is known as the comparison map. We
emphasize that P2 measures the difference between G-invariant differential 2-forms on
H? (the right-hand side) and harmonic representatives thereof (the left-hand side).

Theorem (Burger-Monod [25]). The map P?: H2,(G) — H2(G) is an isomorphism.

This theorem can be viewed as a rigidity phenomenon for the Laplace equation on H?2.
Concretely, the surjectivity part of this theorem means that every G-invariant continuous
function f on (H?)? satisfying the cocycle condition d?(f) = 0 is “close” to a solution
of the elliptic partial differential equation Af = 0 in the following sense: There exists
some G-invariant continuous function g on (H?)? such that f +d*(g) is a solution of this
PDE, i.e. a harmonic function. The injectivity part of this theorem means that for every
G-invariant bounded harmonic function f on (H?)? that can be written as f = d'(g) for
some G-invariant continuous function g on (H?)? there exists some G-invariant bounded
harmonic function i on (H?)? such that f = d'(h).

From this point of view, the above theorem can be seen as an analogue of the Hodge
theorem, which we now state as a reminder. We say that a differential n-form w € Q" (M)
on a Riemannian manifold M is harmonic if Aw = 0, where A: Q"(M) — Q"(M)
denotes the Laplace—Beltrami operator; the vector space of all such forms is denoted by

H(M).
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The Hodge Theorem (see e.g. [127, Ch. 6]). Let M be a closed Riemannian manifold.
Then the inclusion H"(M) — Q"(M) induces an isomorphism between H"(M) and the
de Rham cohomology H" (M) of M.

We mention in passing that H%(G) can naturally be identified with the second
de Rham cohomology of the compact dual of H?, i.e. with H*(S?), where S* denotes
the 2-sphere.

In Remark 2.4.4 we provide another geometric interpretation of the comparison map
by discussing extensions of differential forms to the boundary without using the Poisson
transform. Using this point of view, we explain in Example 2.4.5 how the surjectivity of
P2 follows from the negative curvature of H?; proving injectivity requires more work.

Having discussed the degree-two case, let us explain the extension to higher degrees.
It is natural to generalize the cocycle condition by considering the homogeneous n-
differential d*: C((H?)"*1)¢ — C((H?)"*%)¢ defined by

n+1
d"(f)(z0 -, 2nt1) = Z(—l)lf(zo, ey By Bidly - e s Zngl)-

i=0
One can check that im(d"') C ker(d"), so we can define the n-th continuous cohomology
H*(G) = ker(d")/im(d"~!) of the isometric action G ~ H?. Using the same alternating
sum formula, we obtain the map d: L°((S!)"™1)¢ — Lo°((S')"*2)% so we can define
the n-th (measurable) bounded cohomology H2\ (G) = ker(d}?) /im(dy~") of the measure
class preserving action G ~ (S!,[r]). Again, the Poisson transform induces a linear
map P": H, (G) — H?(G). Keeping the Hodge theorem in mind, we are led to ask the
following question:

Question. Is P": H", (G) — H?(G) an isomorphism for all n > 37

As in the degree-two case, one can show that the map

J: QY H*)C — C((H?)" ™, J(w)(20- .., 20) = / w
A(20y.-52n)

induces an isomorphism Q"(H2)¢ = H*(G). Since Q"(H2) = {0} for all n > 3, the
above question is equivalent to the triviality of H}, (G) for all n > 3.

This question has seen very limited progress in the last 25 years. Burger and
Monod [27] solved the n = 3 case by explicitly considering the associated functional
equation—the Spence-Abel equation—and its unique solution—Roger’s dilogarithm;
Hartnick and Ott [71] solved the n = 4 case by explicitly considering the associated
PDE problem. Close to nothing, not even finite-dimensionality of H?, (G), is known in
degrees n > 4.

In this thesis, instead of increasing the degree considered, we will consider this ques-
tion in degrees n = 2, 3,4 for symmetric spaces generalizing H?.

Siegel’'s Upper Half-Spaces: One of the most well-known infinite families of sym-
metric spaces generalizing Poincaré’s upper half-plane is the family of Siegel’s upper
half-spaces

H, = {X +iY € C"™*" | X,Y € R symmetric, Y is positive definite} (r > 1).



We clearly have H; = H2. The metric on H, is defined by setting

T

d(Zy,Zy) = Z(Qartanh(aj))Q,

=1

where o1, ...,0, are the singular values of the matrix (Z; — Zg)(Zl — Z)_l. One can
show that H., is a symmetric space of dimension r(r+1) and rank r, i.e. r is the maximum
dimension of a subspace of the tangent space (of any point) on which the curvature is
identically zero. Actually, H, is even a Kdhler manifold. Note that, in contrast to the
negatively curved hyperbolic plane, H,. for » > 1 only has non-positive curvature.

The isometry group of H, is (the projectivization of) the real symplectic group

SP(QT’,R) = {(é g) ‘ABT:BAT, D" :DCT, AD"T — BCT :Ir} C R2Zrx2r,

Let us now fix G, = Sp(2r,R). Then G, acts isometrically on H, by the generalized
Moébius transformations

H, — H,, Z— (AZ+ B)(CZ + D)™

4B) g

In complete analogy to the case of the hyperbolic plane, we can define the continuous
cohomology H?(G,) of the isometric action G, ~ H, by considering equivalence classes
of G,-invariant continuous functions on H*™', and integrate G,-invariant differential n-
forms over geodesic coning n-simplices in H, to obtain the isomorphism Q"(H, )¢ =
H(G,). Again, we can consider the space H*(H,) of bounded functions f on H,
satisfying the Laplace equation Af = 0.

In contrast to the hyperbolic plane, it is not as straightforward to define a suitable
boundary for H,. Because of the non-positive curvature of Hl,., geodesics still diverge,
and we still obtain the visual boundary 0. (H,) of H,, which, again, neither admits a
G-invariant metric nor a GG,-invariant measure, but only a G,-invariant measure class.

However, the visual boundary 0., (H,) is “too big” to yield a generalized Poisson trans-

form L*(8x (H,)) = H>°(H,); indeed, we need to restrict to the well-studied Furstenberg
boundary Op(H,.) C Ox(H,.) of H, which, similarly, only admits a G,-invariant measure
class [7]. In [56] Furstenberg proved that the generalized Poisson transform

for all

P L=(0p(H,)) — HZ(H,), P(f)(z) = /a RIGHEEG

is an isomorphism, where K (z,¢) denotes a generalized Poisson kernel.

Now we can define the bounded cohomology H”, (G,) of the measure class preserv-
ing action G, ~ (Op(H,),[7]) by considering equivalence classes of G,-invariant L*°-
functions on 9 (H,.)"*!, and note that the generalized Poisson transform induces a linear
map P": H?, (G,) — H*(G,).

Theorem (Burger-Monod [25]). The map P?: H2,(G,) — H2(G,) is an isomorphism.
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Question. Is P": H, (G,) — H*(G,) an isomorphism for all n > 3?

We can now state the main result of the present thesis; this result is proved using
methods developed by De la Cruz Mengual and Hartnick [40], [44], [43], [42].

Main Theorem (G, = Sp(2r,R)). The map P3: H3, (G,) — H3(G,) is an isomorphism
for all r > 1.

Again, H3(G,) can naturally be identified with the third de Rham cohomology of the
compact dual of H,., which is the complex Lagrangian Grassmannian A, = Sp(r)/U(r); it
is known that H*(A,.) = 0. Hence we will prove vanishing of H2, (G,.), which is equivalent
to the following rigidity result for the Laplace equation on H,:

Corollary (G, = Sp(2r,R)). For every G,-invariant bounded harmonic function f on
H? satisfying the cocycle condition d*(f) = 0 there exists a G.-invariant bounded har-
monic function g on H? such that f = d*(g).

We will also prove partial results for different generalizations of H? in degrees n =
2,3,4. Let us now introduce the full generality of groups and spaces with which we will
work.

The Classical Groups: We will consider the ten well-known families of (semisimple)
classical groups, which are all given as determinant-one matrix subgroups of automor-
phism groups of formed vector spaces (see Section 1.1). These families are given as
follows:

(i) SL(n,C), the complex special linear groups
SO(n, C), the complex special orthogonal groups
Sp(2n, C), the complex symplectic groups
SL(n,R), the real special linear groups

SU(p, q), the special unitary groups

Sp(2n,R), the real symplectic groups
SL(n,H), the quaternionic special linear groups

)
)
)
)
(vi) SOg(p, q), the (identity components of) the real special orthogonal groups
)
)
) Sp(p, q), the quaternionic symplectic groups
)

SO*(2n), the quaternionic special orthogonal groups

The groups in the families (i)—(iii) admit the structures of complex Lie groups, while the
groups in the other families are real Lie groups which do not admit a complex structure
(except for SO((3,1)).

Let G be any group in the list above. Then the symmetric space with which we will
work is the homogeneous space G/K for a maximal compact subgroup K of G in the
case G = Sp(2r,R) we can take the unitary group K = U(r).

As above, we can define the n-th continuous cohomology of the isometric action
G ~ G/K by considering equivalence classes of G-invariant continuous functions on



(G/K)™'. Again, integrating G-invariant differential n-forms over geodesic coning n-
simplices in G/K yields an isomorphism Q"(G/K)“ = H"(G), and we can consider
the space H*((G/K)"™') of bounded harmonic functions on (G/K)"™!, i.e. bounded
functions f satisfying Af = 0.

In this setting, the Furstenberg boundary 0r(G/K) of G/K turns out to be isomorphic
to the homogeneous space G/P, where P is a minimal parabolic subgroup of G; in the
case G = SL(2,R), one can take

p{(} )| rews wes)

Considering equivalence classes of G-invariant L°°-functions on (G/P)"*! yields the n-th
bounded cohomology H?, (G) of the measure class preserving action G ~ G/P.

In [56] Furstenberg even showed that the Poisson transform can be generalized to an
isomorphism

P L¥((G/P)") = H¥((G/K)™),

which again yields the induced comparison map P™: H?, (G) — H*(G). The bijectivity
of this map was first conjectured by Monod [102] in his ICM address in 2006 and has
since become known in the field of bounded cohomology as the isomorphism conjecture.

The Isomorphism Conjecture (Monod [102]). The comparison map
P Hyy(G) — HY(G)
is an isomorphism.

A conjecture implying surjectivity had previously been conjectured by Dupont [48],
who proved the former in the n = 2 case. We will only consider degrees < 4, where, by
results of Gromov [65], Bucher [10], Hartnick-Ott [71], Monod [101], Bucher-Burger—
lozzi [15] and De la Cruz Mengual [42], the comparison map is always known to be
surjective. See Subsection 2.5.2 for further cases in which surjectivity is known.

While the continuous cohomology of classical groups is known in all cases, computing
bounded cohomology or proving injectivity of the comparison map is notoriously hard.
To this day, the isomorphism conjecture is only known to hold in degrees n < 2, with ad-
ditional results in degrees n = 3 and n = 4 for specific groups only. See Subsection 2.5.1
for the cases in which injectivity is known.

Note that classical groups and their associated symmetric spaces are particularly
well-behaved with respect to the Poisson transform, and that there exist non-positively
curved examples where the comparison map is neither surjective nor injective. For a
counterexample to surjectivity, one can show that H” (R*) = 0 and that H*(R*) is
isomorphic to the exterior power A"R¥.

Measurable Bounded Cohomology: The theory of measurable bounded cohomology
was introduced by Burger and Monod (see [25], [100], [26]) as a measurable generalization
of discrete bounded cohomology, which was independently introduced by Johnson [83],
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Trauber (unpublished), and Gromov [65]. The most complete account of the theory
of bounded cohomology is Monod’s book [100]. In Chapter 2 we will formally define
bounded cohomology and discuss those aspects which are relevant for the isomorphism
conjecture.

One can show that H?, (G) can also be computed by considering equivalence classes
of continuous bounded functions on G™*! or L*-functions on G™*!, instead of L*-
functions on (G/P)"*!. Indeed, it is more common to denote H”, (G) by H% (@) and to
speak of the continuous bounded cohomology of G. Similarly, H*(G) can be computed
by considering equivalence classes of continuous functions on G"*! or L°-functions on
G, instead of continuous functions on (G/K)"™'. Viewed this way, the comparison
map H? (G) — HZ(G) is induced both by the map

Cbounded<Gn+1)G — O(Gn+1>G7

as well as by the map
Loo(Gn+1)G SN LO(Gn—&-l)G7

i.e. by just forgetting boundedness.

The Isomorphism Conjecture in Low Degree: In low degree continuous cohomology
is closely connected to the existence of certain additional structures on the group or the
associated symmetric space; this makes studying the boundedness problem posed by the
isomorphism conjecture in these degrees especially significant and intriguing.

In degree two, Q2(G/K)% is non-zero if and only if G/K admits the structure of
a Kihler manifold. In this case, Q*(G/K) is one-dimensional and spanned by the
corresponding Kdhler form on G/K. Boundedness of this form has been applied in
rigidity theory, see [46], [37], [24], [23].

In degree three, Q3(G/K)% is non-zero if and only if G admits the structure of a
complex Lie group. In this case, Q3(G/K)% is one-dimensional and spanned by the
corresponding Borel form on G/K.

In degree four, Q*(G/K)® is non-zero if and only if G/K is at least four-dimensional
and G/K admits the structure of a Kéhler manifold or the structure of a quaternion-
Kihler manifold. In this case, Q*(G/K)% is at most four-dimensional and is spanned
by (possibly) the cup product of the corresponding Kéahler form with itself as well as
(possibly) the corresponding quaternion-Kahler forms.

By work of Burger and Monod [25], the isomorphism conjecture is known to hold in
degree two. In degree three, the isomorphism conjecture has been proved for several
groups, including SL(n,R) (see [27] and [101]), SL(n,C) (see [62], [5], [101], [15]), the
complex symplectic groups Sp(2n,C) (see [40]), and the complex orthogonal groups
SO(2n + 1,C) (see [44], [43], [42]).

In Table 1 and Table 2 we list the continuous cohomology of all classical groups in
degrees k = 2,3,4, in rank one (which we do not tackle in this thesis) and in higher
rank, respectively; additionally, information on whether the isomorphism conjecture is
(partially) solved is provided.



Group/Degree k=2 |k=3|k=4
S0(2,1), SLEZ,R) IRV |0V |07

SO(3,1), SL(2,C) [0v | Rv |0V
SOp(4,1), Sp(1,1) [0v |0V |RV
SOp(n,1) (n>5) |0« |0v |0V
SU(n, 1) Rv |[0v |R?
Sp(n,1) (n > 2) oOv: |07 R?

Table 1.: Continuous cohomology of rank one classical groups and current state of the
isomorphism conjecture. Green: isomorphism conjecture known to hold. Or-
ange: surjectivity of the comparison map known; injectivity thereof unknown.

Our further results are summarized by the following theorem.

Rank Reduction Theorem. (i) The isomorphism conjecture holds in degree three
for all groups of the form SOq(r + 1,7), r > 1, if and only if H3,(SO¢(4, 3)) = 0.

(i1) Let d > 3 be odd. Then the isomorphism conjecture holds in degree three for
all groups of the form SOg(r + d,r), r > 1, if and only if H3, (SOu(3 + d,3)) =
H2,(SO0(2 4+ d,2)) = 0.

(17i) Let d > 0. Then the isomorphism conjecture holds in degree three for all groups of
the form SU(r+d,r), r > 1, if and only if H3, (SU(3+d, 3)) = H3, (SU(2+4d, 2)) = 0.

(iv) Let d > 1 be odd. Then the isomorphism conjecture holds in degree four for all
groups of the form SOg(r +d,r), r > 5, if and only if HY (SOo(5 + d,5)) = 0.

(v) The isomorphism conjecture holds in degree four for all groups of the form
Sp(2r,C), r > 1, if and only if H (Sp(4,C)) = 0.

(vi) The isomorphism conjecture holds in degree four for all groups of the form SO(2r+
1,C), r > 1, if and only if H2 (SO(5,C)) = 0.

That's Odd: We do not obtain similar rank reduction results for groups of the form
SOg(r + d,r) for even d. The reason for this is that we actually prove rank reduction
statements for the full automorphism groups O(r+d, r); these results only directly trans-
late to the groups SOg(r + d,r) if the determinant homomorphism O(r + d,r) — {£1}
admits a homomorphic section, which is the case if and only if d is odd (a similar state-
ment holds for O(n, C) and SO(n,C)). We do, however, obtain the following vanishing
result.

Orthogonal Vanishing Theorem. We have H3 (O(r,7)) = 0 for all r > 1.

Unfortunately, since O(r, r) is not connected, an interpretation of this vanishing result
in terms of harmonic functions is not available.
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Group/Degree k=2|k=3|k=4
SL(n,C) (n > 3) o0v |Rv |0(V)
SO(5,C) Ov |Rv |07
SO(2n +1,C) (n > 3) ov |Rv |0(V)
Sp(4,C) Ov |Rv |07
Sp(2n,C) (n > 3) 0v |Rv [0(V)
SO(4,C) Ov |R*v (07
SO(2n,C) (n > 3) ov |R? 07
SL(n,R) (n > 3) 0v |0v |0(V)
SU(p,2) (p > 2) Rv |07 R% ?
SU(p,3) (p > 3) Rv [07? R ?
SU(p,q) (p,q = 4) Rv [0(V) R (V)
SO0(3,2) Rv |[0v |R?
SOo(2 + d,2) (d> 3 0dd) Rv |07 |R?
SOo(4, 3) 0v |07 |R%?
SO0(3+d,3) (d >3 odd) Ov: |07 07
SOo(4 +d,4) (d> 1 odd) 0v |0() R2?
SO¢(r+d,r) (r>5,d>10dd) [0« [0(Y)  0(¥)
Sp(2n,R) (n > 2) Rv |[0v |0(V)
SO0(2,2) R*v [0v |R?
SOo(4,2) Rv |07 R? ?
SO0(2+d,2) (d > 4 even) Rv [07 R?
SO(3,3) ov |0v |07
SOp(3+d,3) (d > 2 even) ov |07 07
SO0 (4,4) ov |07 R3 ?
SO¢(4 + d,4) (d > 2 even) ov 07 R? ?
SOg(r+d,r) (r>5, d>0even) | 0v |07 07
SL(n,H) (n > 3) Ov |[0v |0(V)
Sp(p, q) (p,q > 2) 0v |07 J07
SO*(2n) (n > 4) Rv [07 R?

Table 2.: Continuous cohomology of higher rank classical groups and current state of the
isomorphism conjecture. Green: isomorphism conjecture known to hold. Yel-
low: rank reduction known to be possible (for sufficiently high rank). Orange:
surjectivity of the comparison map known; injectivity thereof unknown. Blue:
new results obtained in this thesis (with check mark: new instances of the iso-
morphism conjecture proved; with check mark in parentheses: improvements
to rank reduction; with question mark: full calculations or rank reduction im-
provements for full automorphism groups, into which the relevant semisimple
classical groups embed with finite index). Gray: mistake in the literature par-
tially corrected in this thesis (with the injectivity remaining unknown).

Let us now explain the proofs of our Main Theorem, our Rank Reduction Theorem,
and our Orthogonal Vanishing Theorem. The first observation is that our groups embed
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into each other, e.g. we have a natural block embedding
tr: Sp(2r,R) — Sp(2r 4+ 2, R).

In the following, we will use these embeddings systematically.

Bounded-Cohomological Stabilization: While the methods employed to calculate
the bounded cohomology of rank one groups vary widely, by far the most successful
method in higher rank is to prove bounded-cohomological stability (see Section 2.3). Let
¢ G — G171 be continuous group homomorphisms, r € N. The sequence (G, ¢,)ren
is called bounded-cohomologically stable if there exists a function p: N — N such that

Hgb (‘Pp(q)+s) : Hgb (Gp(q)+s+1> - Hgb (GP(Q)+S)

is an isomorphism for all s € N. This kind of stability is usually proved by using an
analogue of Quillen’s stability criterion (see [110] and [44]).

In [101] Monod proved bounded-cohomological stability of (SL(r + 1, K), ¢,), for K €
{R, C}, where ¢, denotes the left corner inclusion. Explicitly, in degree three he obtained
the following injections/isomorphisms:

[a)

... 5 H3,(SL(5,K)) = H3,(SL(4,K)) — H?, (SL(3,K)) — H?_(SL(2,K))

Together with the previously known results in rank one, namely H3 (SL(2,R)) = 0 and
H2, (SL(2,C)) = R (see [27] and [5]), we can see that H (SL(r+1,R)) =0 for all r > 1
and that H3, (SL(r + 1,C)) is at most one-dimensional for all r > 1.

In [43] De la Cruz Mengual and Hartnick proved bounded-cohomological stabilization
for most other families of classical groups, including the families SO(2n+1, C), Sp(2n, C),
SU(p, q), SOg(r+d,r) (d odd), and Sp(2n, R). Their stability ranges have been improved
to linear stability ranges for most split classical groups by Kastenholz and Sroka [85]. In
contrast to Monod’s result, the stability ranges obtained are too high to yield a reduction
to a group whose third bounded cohomology is known.

Secondary Stability: To circumvent the issue of stability ranges not being low enough,
we employ the concept of secondary cohomological stability. This concept was introduced
in the setting of discrete groups by Galatius—Kupers—Randal-Williams [57] and was
subsequently used in the context of the isomorphism conjecture in bounded cohomology
by De la Cruz Mengual [40], [42] for complex classical groups in degree 3.

The idea is to prove that the “stability-failure” of a family (G,, ), is stable, i.e. to
prove that (ker(HZ (¢.))), or (coker(H% (¢))), is stable. The stability of the kernels can
then be used to decrease the injectivity range, while the stability of the cokernels can
be used to decrease the surjectivity range.

To prove stability of the relevant kernels or cokernels, we will use an argument in-
volving a spectral sequence to prove that these kernels or cokernels are isomorphic to
the action cohomology HE (G, ~ P,); this cohomology is defined by equivalence classes
of G,-invariant L>°-functions on P**1 where P, denotes the isotropic projective variety
corresponding to G, (see Section 1.1 for its definition).

11
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Secondary Stability Theorem (see Theorem 3.1.6). For every k > 1 we have a linear
1somorphism
anb(GT+1 ~ Pry) = anb(Gr ~ P,)

for all r > s, where sy grows linearly in k.

In degree three for G, = Sp(2r, R), the spectral sequence argument yields an isomor-
phism ker(H?, (¢,.)) =2 H3, (G,+1 ~ P,y1) for all > 1. By the “primary” stability results
of [43], there exists some s > 1 such that ker(H3, (15)) = 0. Our Secondary Stability
Theorem now implies

ker(Hg, (¢)) 2 Hyy(Gryn v Prin) 2 Hy (G~ Pogr) 2 ker(Hp, (1)) = 0,
which yields the improved stability range
.= HG, (Sp(6, R)) = HG, (Sp(4, R)) < HG, (Sp(2, R)).
Since Sp(2,R) = SL(2,R), we have
H, (Sp(2r, R)) = H, (Sp(2, R)) = H,(SL(2,R)) = 0

for all » > 1, which yields our Main Theorem.

We will prove the secondary stability theorem by parametrizing the configuration
spaces G,\P¥ for all k > 1. Inside of our stability range G,\P” is, in a suitable sense,
isomorphic to the product of a Euclidean space (generalizing the classical cross-ratio)
and a compact space of dimension at most one (generalizing Cartan’s angular invariant),
see Chapter 3.

We will also show that P, is isomorphic to the homogeneous space G, /P, where P
is a mazimal parabolic subgroup of G,.. Thus, our Secondary Stability Theorem can be
viewed in the context of reductive Lie groups acting on generalized flag manifolds, i.e.
as a result in parabolic geometry.

Unfortunately, even our Secondary Stability Theorem does not yield stability ranges
low enough to give any more direct evidence for the isomorphism conjecture for families
different from Sp(2r,R); our method gives partial results, leaving “gaps” consisting of
medium-rank groups, which would need to be treated using a different technique.

Reformulation of Results and Further Corollaries: TLet us now reformulate our Rank
Reduction Theorem; the proofs of the following theorems and corollaries, as well as the
proof of our Orthogonal Vanishing Theorem, can be found in Section 6.2.

Theorem A. The induced maps

Hgb(b‘*) Hgb(%)
—_— e

.= B2 (U5 +d,5)) H2, (U(4+d,4)) H?, (U3 +d,3)) (d € N),

3 . 3 B
.. = HZ,(0(5 +d,5)) Teplta), 3, (0(4 + d, 4)) H3, (i3)

Hi’b(Lg) Hi’b(u)
.= H3(Sp(6,R))  —=—= H},(Sp(4,R))  —=— H,(Sp(2,R))

are injective.

12



Proof of Our Main Theorem. Theorem A yields
HZ,(Sp(2r, R)) — H,(Sp(2,R)) = HE, (SL(2,R)) = 0 = H(Sp(2r, R)). O
Theorem B. The induced maps

ol 8 (0(5 4+ d,5)) 22U BB (O(4+d,4)  (deN)

.. — H2.(0(6 +d,6)) >
are surjective.

Theorem C. The induced maps

"ol 1 005+ d,5)) 22U 1Y (O(4+d,4)  (deN)

.. — HL(0(6+d,6)) ———
are injective.
Theorem D. The induced maps

Hgb (t3) Hgb (t2)

.. — HL(0(9,0))
HE,(Sp(8, ©)) 22 1, (Sp(6, €)) ~22),
- = HY(08,0)) 221 1 (0(6,C))

—— H,(0(7,C)) == Hg,(0(5,0)),

22 1 (Sp(4, ©)),

Bal9, g1 0(4, )

are injective.

Various theorems in the theory of bounded cohomology now imply our Orthogonal
Vanishing Theorem, as well as the following corollaries (see Subsection 6.2.4 for proofs).

Corollary A. The induced maps

H3 H?

o= H3 (SU(5+d,5)) —2>— Hoplea), H2 (SU(4 +d,4) —>—% Hoplta), H2,(SU(3 +d,3)) (d€N),

H?, (SO (4 + d, 4)) H?,(SOu(3 +d, 3)) (d odd),

. — H%, (SO (6 + d, 6)) HZ, (SO (5 + d, 5)) HZ, (SO (4 + d, 4)) (d odd),
.. — H5(S0(9,0)) Hz,(SO(7,C)) Hz,(SO(5,0))

are injective and the induced maps

2 (,.
Tl 2 (SU3 +d,3)) (deN),

Hgb(u)

Hgb (L4)

.— H2,(SU(5 +d,5)) —=— H2 (SU(4 + d,4))

S HP(SO(6 4+ 4, 6)) 2" 13 (S00(5 + d, 5)) H2 (SO0 (4 + d, 4)) (d odd)

are isomorphisms.

Corollary B. The isomorphism conjecture holds in degree three for SOg(3,2). In par-
ticular, we have H3, (SO(3,2)) = 0.

13



Introduction

The following corollary is due to a theorem by Monod [103].
Corollary C. Let I be an irreducible lattice in Sp(2r,R), r > 2. Then H}(T') = 0.

The following corollary follows from Gromov’s mapping theorem, which is a classical
and deep result in bounded cohomology.

Corollary D. Let X be a topological space whose fundamental group is an irreducible
lattice in Sp(2r,R) for some r > 2. Then the third bounded cohomology of X with
trivial real coeflicients (see [55, Ch. 5] for a precise definition) vanishes.

Example A. Recall that the symmetric space X, associated to Sp(2r,R) is known as
the Siegel upper half-space. The Siegel modular variety A, .. .,, which parametrizes
principally polarized abelian varieties of type (ey,...,e,), is a locally symmetric space
locally isometric to X, for some r > 2. Hence the fundamental group of .Ael,,,,,eg is
an irreducible lattice in Sp(2r,R) for some r > 2, which implies H} (A, .., ) = 0. In
the same way we have H}(A., . (n)) = 0 for the Siegel modular variety A, . (n),
which parametrizes principally polarized abelian varieties of type (eq,...,e,) with level

n-structure. For more information on Siegel modular varieties see |79).

Bounded cohomology has been extended to the setting of measurable groupoids by
Sarti and Savini [113], [114]. Hartnick and Sarti [72] recently proved a cohomological
induction statement in this setting, which implies the following corollary.

Corollary E. Let (X, u,Y) be an ergodic transverse Sp(2r, R)-system for some r > 2.
Then the third measurable bounded cohomology of the associated transverse measured
groupoid vanishes.

Lacking references, we will also prove the following (probably well-known) statement.

Proposition A. The induced maps

S HA (UM 4 d,4) 2 g2 (UGB +d,3) 2 w2 (U2 v d,2)  (deN),
HZ (.

2 (4,
o H(Sp(6,R) T WA (Sp(4R) T2 HE(Sp(2,R))

are isomorphisms, and H% (O(r +1+d,r + 1)) — H? (O(r + d,r)) is the zero map for
all 7, d € N.

Structure of the Thesis:

(i) Part I provides the necessary foundations. Chapter 1 details the structure of
formed spaces and their associated automorphism groups, and provides explicit
root space decompositions of classical Lie algebras. Chapter 2 reviews the requisite
cohomology theories, including discrete, continuous, and (continuous) bounded
cohomology, and formally introduces and discusses the isomorphism conjecture.

Part T consists mostly of previously known results. References for the smooth ver-
sion of Witt’s lemma (Theorem 1.1.6), the root space decompositions of Section 1.3

14



(iii)

(in coordinates corresponding to a Witt basis) and the proof of base point inde-
pendence of cohomology (Lemma 2.1.1) are hard to find in the literature, which
is why they are explicated here. Furthermore, in Proposition 2.5.13 we partially
correct a mistake in [42].

Part II forms the technical core of our geometric arguments. We develop parametri-
zations of configuration spaces of isotropic projective varieties, using as invariants
generalizations of the cross-ratio and Cartan’s angular invariant.

The theorems proved in Part IT are new, except for some cases that were already
treated in [42]. While the criterion of Lemma 3.3.1 to obtain isomorphisms of
Lebesgue spaces was implicitly used in [40] and [42], the stabilizer criterion of
Lemma 3.3.2 seems to be new.

Part IIT applies the calculations of the previous chapters to derive the stability
results listed above. We employ a spectral sequence associated with the L*>°-double
complex of a classical group to prove the injectivity and surjectivity statements.

Section 5.1 consists almost entirely of previously known results, the sole exception
being Lemma 5.1.6, which is an extension of an argument by Monod [104]. The
results of Section 5.2 were largely known for complex groups, while the results for
non-complex groups are mostly new. Proposition 5.2.7 is an extension of an ex-
tremely useful argument by Monod [104]. While bounded-cohomological stability
was known for all families of classical groups considered, the ranges obtained in
Chapter 6 are strict improvements in all cases.

Outlook: Let us highlight two open questions (see Section 6.3 for a more detailed
discussion).

(i)

(i)

Can the geometric methods employed for rank one groups, as well as the coho-
mological stabilization techniques for groups of higher rank, be extended to yield
additional evidence for the isomorphism conjecture for the quaternionic classical
groups Sp(p, ¢) and SO*(2n)?

Our results often leave gaps for medium-rank groups. Can the methods of [71] or
a better understanding of the functional equations corresponding to cross-ratios
be used to fill these gaps?

15
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1. The Classical Groups

1.1. Formed Spaces

In this section we define the classical formed spaces in a unified way and state a strong
version of Witt’s lemma.

Let K € {R,C}. Let 0: K — K be a continuous field automorphism, i.e. either the
identity or, if K = C, complex conjugation. Let V' and V' be finite-dimensional K-vector
spaces.

We call f: V — V' a o-linear map if f is additive and

fw) =0\ f(v) AeK, veV).

We call w: V xV — K a o-sesquilinear form on V if w is additive, w(—,v) is linear
and w(v,—) is o-linear for all v € V. Let w be a o-sesquilinear form on V and let w’
be a o-sesquilinear form on V'. A morphism from (V,w) to (V',w’) is a linear map
f:V — V' such that

S (f ), f(w)) =wv,w)  (v,weV).

We call w reflexive if for all v,w € V the statements w(v,w) = 0 and w(w,v) = 0

are equivalent. In this case, we call (V,w) a formed space. We obtain the category of

formed spaces, in which the automorphisms of a formed space (V,w) are the bijective

self-morphisms of (V,w); the group of automorphisms of (V,w) is denoted by Aut(V,w).
Let (V,w) be a formed space and let X be a subset of V. The K-subspace

Xt ={veV]|wkr)=0Vrec X}

of V is called the space orthogonal to X. A subspace W of V is called totally isotropic
if W c Wt. We call (V,w) or w non-degenerate if V= is trivial. The induced map

w: (V/VE) x (V/VE) =K, (v+V5hw+VE) = w,w)

is well-defined, and (V/ Vi,w) is a non-degenerate formed space.
Let (V,w) and (V',w') be formed spaces. We define a o-sesquilinear form w U w’ on
the direct sum V LUV’ of V and V' by setting

(wU W) ((v,0"), (w,w") = w(v,w) + ' (v, w) (v,w eV, v, w eV').

One can easily check that (V,w)U (V') = (VUV' wUw'), together with the inclusions
of V and V' into V U V', defines a coproduct of V and V' in the category of formed
spaces.
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Remark 1.1.1. We have (V,w) = (V/V*+,©) U (V+,0), where 0 denotes the constant
zero form. Hence we restrict ourselves to non-degenerate forms in the following.

Theorem 1.1.2 (Birkhoff-von Neumann [4]). Let (V,w) be a non-degenerate formed
space, where dim(V') > 1. Then ezactly one of the following statements holds:

(i) w is symmetric, i.e. 0 =idg and w(v,w) = w(w,v) for all v,w € V,
(i1) w is skew-symmetric, i.e. 0 = idg and w(v,w) = —w(w,v) for all v,w € V,

(iii) K =C, o0 =~ is complex conjugation, and (V,w) is isomorphic to a formed space
(V,w'), where w' is Hermitian, i.e. w'(v,w) = w'(w,v) for all v,w € V.

Proof. See [109, Proposition 6.1, Proposition 7.13], or [45, Ch. I, §6]. ]

Remark 1.1.3. By choosing bases, we can identify V and Endg (V) with K* and K",
respectively, where n = dim(V'); this turns V' and Endg (V') into smooth manifolds, even
into affine K-algebraic varieties. The restriction of the smooth structure of Endg (V') to
the general linear group GLg(V) of V turns the open subset GLg (V) = det™! (K*) into
a smooth manifold. On the other hand, we can view GLg (V') as an affine K-algebraic
variety in K"*1. Cramer’s rule implies that GLg(V) is a linear Lie group, even a
linear K-algebraic group. Furthermore, GLk(V) ~ V yields a natural smooth and even
K-algebraic action map.

The automorphism group Aut(V,w) of a formed space (V,w) is a linear R-algebraic
subgroup of GLk (V') and the natural action Aut(V,w) ~ V is R-algebraic. In particular,
Aut(V,w) is a closed subgroup of the Lie group GLk(V'), hence, by Cartan’s closed
subgroup theorem, Aut(V,w) admits a unique smooth structure that turns it into a Lie
group embedded in GLg (V).

We call a non-degenerate formed space (V,w) a(n)
e orthogonal geometry if w is symmetric. In this case we call O(V,w) = Aut(V,w)

the orthogonal group of (V,w),

o symplectic geometry if w is skew-symmetric. In this case we call Sp(V,w) =
Aut(V,w) the symplectic group of (V,w),
e unitary geometry if w is Hermitian. In this case we call U(V,w) = Aut(V,w) the
unitary group of (V,w).
We call (V,w) a (K, o)-ordinary geometry or just an ordinary geometry if (V,w) is of
any of these three types. If (V,w) is an ordinary geometry, there exists €, € {£1} such
that w(v, w) = g 0(w(w,v)) for all v,w € V, and (o,¢,) € {(idk, 1), (idg, —1), (*, 1)}.

Theorem 1.1.4 (Witt’'s Lemma). Let (V,w) be a non-degenerate formed space, let
(W, wlwxw) be a formed subspace and let f: W — V be an injective morphism. Then
there exists g € Aut(V,w) such that glw = f.

Proof. See [120, Theorem 7.4]. O

Remark 1.1.5. Tt follows that any two maximal totally isotropic subspaces of V' have the
same dimension. This dimension is called the rank of (V,w).
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If (V,w) is a non-degenerate formed space, then for all £ < dimg (V') we define the
open conull submanifold

VE = {v = (vy,...,0) € VE| vy,..., v are linearly independent}
of V. Now we consider the subspace
M*(V,w) = {(v,w) e V® x k) ‘ the map v; — w; is a morphism},

which by the preimage theorem is an embedded smooth submanifold of V) x V),
Clearly, Aut(V,w) ~ M*(V,w) yields a natural smooth action map. Looking at the
proof of [120, Theorem 7.4], we can conclude the following strong version of Witt’s
lemma.

Theorem 1.1.6 (Witt’s Lemma, Strong Version). Let (V,w) be a non-degenerate formed
space. Then for all k < dimg(V) there ewxists a map M*(V,w) — Aut(V,w) sending
each (v,w) € M*(V,w) to an extension of v; — w; in Aut(V,w), which is smooth on an
Aut(V,w)-invariant open conull submanifold of M*(V,w).

We call (z,y) € V x V a hyperbolic pair with respect to w if w(z,z) =0 = w(y,y)
and w(x,y) = 1. A hyperbolic plane is a formed space spanned by a hyperbolic pair. We
call a formed space (V,w) totally anisotropic if w(v,v) # 0 for all v € V' \ {0}.

Theorem 1.1.7 (Witt). Let (V,w) be a non-degenerate formed space of rank r. There
exist hyperbolic planes Hy, ..., H, and an up to isomorphism unique totally anisotropic

formed space A such that (V,w) = <|_|::1 H,—) L A.
Proof. See [120, Chapter 7, Section “Flags and Frames”|. ]

In particular, there exist linearly independent vectors e,,...,eq, f1,..., f, € V such
that w(e;,ej) = w(fi, f;) = 0 and w(e;, f;) = iy, 4,7 = 1,...,7. We say that
(€ry... €1, fi,-.., fr) is adapted to w. The ordered standard basis of K*" is adapted
to the form

r

Wi ((ar, . an by, b)), (a, o dy by B) =) oan)by + eajo(by)
i=1

for all (o,¢) € {(idk, 1), (idg, —1), (7, 1)}.

Remark 1.1.8 (Classification of Symplectic Geometries). Let (V,w) be a symplectic ge-
ometry of rank r. Then w(v,v) =0 for all v € V, so (V,w) = | ||_; H; = (K, wl; _,).
Thus, for every r € N there exists an up to isomorphism unique symplectic geome-
try of rank r. We call (KQT?WdeK,fl) the standard symplectic space of rank r. We call
Sp(2r,K) :== Sp (KQ’”, wi’”dKj_l) the symplectic group of rank r over K.

Lemma 1.1.9 (Hyperbolic Gram-Schmidt). Let (V,w) be an ordinary geometry of rank
r and let ey, fi € V satisfy w(e, f1) = 1. There exist e, ... ea, fo,..., fr €V such that

wle,e) =w(fi, f;)=0,47=1,...,r, and w(e;, f;) =i, 1,7 =1,...,7.
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1. The Classical Groups

Proof. The claim is trivial if » = 1. If » > 1, then we assume that w(e;, e;) = w(fi, f;) =
0,47 =1,....,r—1, and w(e;, f;) = 6, i, = 1,...,7 — 1. Let v € V be linearly

independent from e,_q,..., ey, f1,..., fr—1 and set
r—1
e =0 — g, Zw(fi,v)ei + o(w(v, e)) fi.
i=1
Then w(e,,e,) = 0 and w(e,e;) = wle, fi) = 0,49 =1,...,7 — 1. Since w is non-
degenerate, there exists f. € V such that w(e,, f/) = 1 NOW set

r—

1
fr:f; (fzaf)ez+0< (f7i>€z))fz

=1
Then w(e;, fr) =w(fi, fr) =0,i=1,...,r =1, and w(e,, f,) = w(e,, f/) = 1. O

Remark 1.1.10. If (V,w) is symplectic, then the vectors above can be chosen to form a
basis adapted to w.

Lemma 1.1.11 (Anisotropic Gram-Schmidt). Let (A,w) be a totally anisotropic or-

dinary geometry, d = dim(A). Then there exists a basis hy,...,hq of A such that
wlhg, i) =0, k,l=1,....d, k#1L.

Proof. The claim is trivial if d = 1. If d > 1, let hy,..., hs—1,h); be a basis of A and
assume that w(hg, hy) =0, k,l=1,....,d—1, k # 1. Set

&.

-1

w(hg, hly)
hg = hl, — 0 Ay,
d 1 w(hk hk)
Then hy, ..., hyis a basis of A such that w(hg, hy) =0, k,l=1,...,d, k # . ]

Corollary 1.1.12. Every ordinary geometry (V,w) = (|_|::1 HZ-) U A admits a Witt

basis, i.e. a basis (e,...,e1,h1,... ha, f1,..., fr) such that H; is a hyperbolic plane
spanned by e; and f; satisfying w(e;, fj) = 6, 1,5 =1,...,r, and hq, ..., hq span A and
satisfy w(hg, b)) =0, k,l=1,...,d, k # L.

Remark 1.1.13. If K = C, then the basis above can be chosen to satisfy w(hg, hg) = 1,
k=1,...,d. If K=R, then it can be chosen to satisfy w(hy, hy) = 1, k=1,...,d.

Let A\y,...,Ag € K. We define the form

My A KO KT 5 K, (a1, aq), (b, 00) = > Meo(ag) by

Remark 1.1.14 (Classification of Complex Orthogonal Geometries). Let K = C, let (V,w)
be an orthogonal geometry of rank r with totally anisotropic part A, and let d = dim(A).
Assume that d > 2. Then there exist hy, hy € A such that w(hy, hy) = g, k, 1 = 1,2, but
w(hy + ihg, hy + ihy) = 0, which is a contradiction. Hence d < 1. If d = 0, then (V,w)
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1.1. Formed Spaces

is isomorphic to ((CQ’ 0 ) = (C*,wiy_ ). If d =1, then there exists h € A\ {0}

1d@
such that w(h, h) = 1, so (V,w) is isomorphic to (C*+! wiy! ) = (C¥,why 1) U(C, (1)),
where

7,1 / /A ARV /
Wigen (@ oo yar,¢,b1,00050,), (ag, .o ay, L0 D)
T
= g a;b + alb; | +cc.
i=1

Thus, for every r € N there exist up to isomorphism exactly two complex orthogonal

geometries of rank r. We call <C2’"+d,w£’i‘é 1> the standard orthogonal space of rank r

and parameter d. We call O(2r+d,C) =0 (CQ’"*d, wfd’il) the complez orthogonal group
of rank r and parameter d.

Remark 1.1.15 (Classification of Real Orthogonal and Complex Unitary Geometries).
Let either K = R and (V,w) be an orthogonal geometry, or K = C and (V,w) be a
unitary geometry. Let r be the rank of (V,w) and A its totally anisotropic part. We
have w(v,v) € R for all v € V. By the intermediate value theorem, either w(v,v) > 0
for all v € A or w(v,v) < 0 for all v € A. Let hy,...,hy be a basis of A such that
w(hg, hy) = €bp, where € € {£1}, and ¢ = 1 if K = C. Then (V,w) is isomorphic to

<K2T+d, wr,d,a) ~ <K2T,w;1) L (Kd’ <57 .. ’5>), where

o,1

w;’fll’s((ar,...,al,cl,... Cd, b1, ..., 0.), (al, ... al, cy, . b b))
T

:(Z (a;)b; + a;o(b; >+Zsack
i=1

Thus, for every » € N, d > 1 there exist up to isomorphism exactly two real orthogo-

. . 1
nal or complex unitary geometries of rank r and parameter d, namely (K2T+d, w;‘f’ >

and (KQ’"*d w“fl). If d = 0, then for every r € N there exists an up to isomor-
phism unique real orthogonal or complex unitary geometry of rank r and parameter
d, namely (Kzr,w?g’il). We call <R2’"+d,w;d‘€> the standard orthogonal space of rank

r, parameter d and sign €, and we call O(r,d + r) = O(Rz”d,wg?fl), respectively
O(r +d,r) = O(RQ”*d,wrdl) the real orthogonal group of rank r, parameter d and

r,d,e

sign —1, respectively sign 1. We call (C%*d,w 7 ) the standard unitary space of rank

o,1

r, parameter d and sign €, and we call U(r,r + d) = U(CQT” wr‘f ), respectively

U(r +d,r) = U(Cz”d,wrdl) the unitary group of rank r, parameter d and sign —1,

respectively sign 1.

r,d,1 r,d

7,0,1 r .
_1 and Wide1 = Wide,1-

To unify notation, we also write w; = W
idg idg,

Definition 1.1.16. We say that a formed space (V,w) of rank r is a classical space if
there exists d € N and € € {1} such that (V,w) = (K> wid<).

0,€w
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1. The Classical Groups

Corollary 1.1.17. Any non-degenerate formed space of dimension > 1 is isomorphic
to a classical space.

Let (V,,w) be a classical space of rank r > 1, with automorphism group G, =
Aut(V,,w) and Witt basis (e,,...,e1, h1,..., ha, f1,..., fr). We define its associated
quadratic form q: V, — K, v+ w(v,v) and its isotropic projective variety

P, = {[t] € P(V;) | a(v) = O}.

Note that the diagonal action G, ~ PF yields a smooth and even R-algebraic action
map for every k& > 1. One of our goals will be to understand the orbit spaces G, \P¥,
k > 1, up to G,-invariant null sets. Hence we consider the G, -invariant open conull
submanifolds

Pk = {fv=Tv1,...,u] € Pk ‘ w(v;,v;) #0, i # 4},
P = {v e PV | v is in general position }

of Pk, where we say that [vi,...,v;] € Pﬁk) is in general position if every m-subtuple of
(v1,...,vx) spans an m-dimensional subspace of V,., where m = min(dimg(V}.), k).

Next, we define the G,-invariant pseudo-sphere S, , = {v € V. \ {0} | ¢(v) = p} of
pseudo-radius p € R. Note that S, =V, \ {0} if w is alternating.

Lemma 1.1.18. (i) The action G, ~ S, , is transitive for all p € R. In particular,
the action G, ~ P, is transitive.

1) The action G, ~ 777@ 18 transitive.
(it)

Proof. (i) Let v,w € S, ,. By Witt’s lemma, the isometric embedding v — w extends
to an element of G,.

(i) Let [vg,v1] € P, By Witt’s lemma, the isometric embedding vy — w(vo, v1)ey,
v1 — [, extends to an element of G,. O

Corollary 1.1.19. The orbit spaces G, \P, and GT\P,@ are trivial.

Notation 1.1.20. For a classical space (V,,w) of rank r > 1 we will always use the
following notation: We have a field K € {R,C}, a continuous automorphism ¢ of K, a
o-sesquilinear form w on the finite-dimensional K-vector space V, such that (V,,w) =
(K> wrde) for some d € N and ¢ € {£1}, and (¢, ... ,e1, by, ... ha, fr,..., [2) is &
Witt basis for (V,w); the automorphism group of (V,,w) is denoted by G, the corre-
sponding quadratic form is denoted by ¢, the corresponding isotropic projective variety
is denoted by P,, and the pairwise non-orthogonal k-tuples of P, in general position are

denoted by P,

1.2. The Classical Groups and their Embeddings

The inclusion
K2r+d K2(r+1)+d’

(Gpy..oyar, ey Caybry . b)) = (0,an, ... a1,¢1,. .., Ca, b1, ..., by, 0)
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1.2. The Classical Groups and their Embeddings

induces monomorphisms

(Kd 0, ds) N (K2+d 1d€> N <K4+d 2, da) oy

y Wo e Wee aaw

Aut (K w0) <5 Aub(K2H, whee) o Aub(RH,w20e) <

? O'E 0'8

We obtain the embeddings

1—=Sp(2,C) <= Sp4,C) —. (1.2.1)

1= 0(2,C) —=0(4,C) —. (1.2.2)

{£1} =< 0(3,C) = 0O(5,C) . (1.2.3)
1= Sp(2,R) <= Sp(4,R) —. (1.2.4)
0(d,0) = O(14+d,1) — O(2+d,2) — .. (1.2.5)
U(d,0) - U1 +4d,1) - U(2+d,2) — .. (1.2.6)
0(0,d) = O(1,d+1) = O(2,d+2) — .. (1.2.7)
U(0,d) = U(1,d+ 1) = U(2,d+2) — .. (1.2.8)

of Lie groups, where the groups in the sequences (1.2.1), (1.2.2), and (1.2.3) admit
structures of complex Lie groups. The sequence (1.2.7) can be treated analogously
to sequence (1.2.5), and (1.2.8) analogously to (1.2.6), so we will usually ignore the
sequences (1.2.7) and (1.2.8).

The groups in the sequences (1.2.1)—(1.2.8) are called (reductive) classical groups and
the corresponding formed spaces are exactly the classical spaces.

Together with the families of general linear groups GL(r+1,R), GL(r+1,C), GL(r +
1,H), the quaternion orthogonal groups O*(4r+2d), and the indefinite symplectic groups
Sp(r+d,r),Sp(r,d+7), we arrive at the well-known complete list of (reductive) classical
groups. All of these groups are indeed reductive and can be realized as automorphism
groups of more general formed spaces, see [109].

To exhibit the classical groups as matrix groups, we define the matrices

0 1

Jp = . € gl(r,R)
1 0
0O 0 J,

Bia=|0 1, 0] egl2r+dR)

J. 0 0
0o J,

C, (_Jr 0) € gl(2r,R)

Using the respective Witt bases to identify automorphisms of classical spaces with the
corresponding matrices, we have

O(2r+4d,C) = {g € GL(2r +4d,C) ‘ gTBrdg = B4},
Sp(2r,C) = {g € GL(2r,C) | ¢' C\g = C.},
U(r+d,r) ={g € GL(2r +d,C) | ¢"B,ag = Bra},
O(r+d,r) = {gEGL(2r~|—dR ‘g B, a9 = rd}
Sp(2r,R) = {g € GL(2r,R) | ¢' C,g = C, }.
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1. The Classical Groups

Restricting to the respective determinant 1 subgroups, we obtain the semisimple
classical groups:

Type A: SL(r+1,C),
Type B: SO(2r +1,C),
Type C: Sp(2r, C),
Type D: SO(2r,C),

Type A I: SL(r + 1,R),

Type A II:  SL(r+ 1,H),

Type A III: SU(r+d,r), SU(r,d+r),

Type B I: SO(r +d,r), SO(r,d+r), (dodd),
Type C I: Sp(2r, R),

Type C II:  Sp(r+d,r), Sp(r,d+r),

Type DI:  SO(r+d,r), SO(r,d+r), (deven),
Type D III: SO*(4r + 2d).

Up to local isomorphism, these exhaust all but finitely many simple Lie groups with
finitely many connected components. The naming convention according to their “type”
is due to Cartan; we will also use this convention for the corresponding families of
reductive groups. For a complete list of local isomorphisms between these families see
Section 1.4.

All of the groups in the list above, except for SO(r + d,r) and SO(r,d + r), are
connected. The corresponding identity components are denoted by SOg(r + d,r) and
SOo(r,d +1).

If G is a classical group, then we denote its projectivization by PG = G/Z(G). Let
us now list some facts concerning the projectivizations of classical groups.

Lemma 1.2.1. We have the isomorphisms

PSL(r +1,C) = PGL(r +1,C),

PSL(r +1,R) = PGL(r + 1,R) (r even),
PSL(r + 1,H) = PGL(r + 1,H),
PSU(r+d,r) = PU(r+d,r) (d € N),
PSO(2r +1,C) = PO(2r +1,C),

PSO(r +d,r) = PO(r+d,r) (d odd).

Furthermore, we have the finite index inclusions

PSL(r +1,R) < PGL(r+1,R)  (r odd),
PSO(2r,C) < PO(2r,C),

PSO(r+d,r) — PO(r+d,r) (d even),
PSO*(4r + 2d) — PO*(4r + 2d) (d=0,1).
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1.3. Root Space Decompositions of Classical Lie Algebras

Proof. The statements for the families GL(r + 1, C) and GL(r + 1, R) are easy to verify.
The statements for the families U(r + d,r), O(2r + d,C), and O(r + d, r) are proved in
[43, Lemma 5.2|. The statements for the families GL(r + 1, H) and O*(4r + 2d) can be
verified using the matrix descriptions in e.g. [64, Section 1.1.4]. O

1.3. Root Space Decompositions of Classical Lie
Algebras

In this section we will determine (restricted) root space decompositions of the classical
Lie algebras, i.e. of the Lie algebras of the classical groups. Such a Lie algebra will be
denoted by the corresponding Fraktur letters, i.e. the Lie algebra of Sp(2r,R) will be
denoted by sp(2r,R), etc. Note that projectivizing does not change the Lie algebra, and
that we have 0(2r +d,C) = s0(2r + d,C) and o(r +d,r) = so(r + d,r) = soo(r + d,r).

1.3.1. Root Space Decompositions of Complex Classical Lie
Algebras

Let d € {0,1}. For every complex reductive Lie algebra g € {0(2r + d, C),sp(2r,C)} we
will determine

(i) a block matrix description of g,
(ii) a Cartan subalgebra b of g,
(iii) a basis B* of b*,

(v) aset AT of positive roots,

)
)
)
(iv) the root system A of g with respect to b,
)
(vi) the set IT of simple roots with respect to AT,
)

(vii) the root spaces gy, A € A.

The Complex Orthogonal Lie Algebras: We have

g=0(2r+d,C)=s0(2r+d,C)
={X e€gl2r+d,C) | X"B,q+ B,4X =0}

X1 X5 X_lg: XT = — Xy
X —J.X] —J.X[J, 6 = —Jriedr
h = {diag(as,...,a,,0,...,0,—a,,...,—ay)},
B* ={ey,...,e.}, where
er(diag(ay, ..., a,,0,—a,,...,—ay)) = ay,
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1. The Classical Groups

A={ey—e|k#U{ex |k=1,....;r}U{ex+e |k <I}
U{—6k|]{?:17...,7"}U{—5k—5l|k32l},
+:{€k—€l|k<l}U{€k|]{721,...,7’}U{Ek+€l‘k’gl},

II={e —e9,...,60-1 — &r, &},
9e,—, = C(Ery — Eoryay1-1,2r+d+1-k) (k,l=1,...,1m, k#1),
9e, = C(Exps1 — Ergr2042-1) (k=1,...,r, d=1),
Oepter = C(Eporyari— — Eiorrari—k) (k,i=1,...,r, k<),
-, = C(Erg1p — Eorgoprs1) (k=1,...,r, d=1),
O-cr—e, = C(Eoriari—ni — Eorgari—ik) (k,l=1,...,1r, k>1).

The Complex Symplectic Lie Algebras: We have
=sp(2r,C)
={X egl2r,C)| X'C, +C,X =0}
_ {(Xl X ) XJ = J.XoJ,, }
AN\ =XV | XS = 0. X,
h = {diag(as,...,ar, —a,,...,—ay)},

B* ={e1,...,e.}, where

er(diag(ay, ..., ar, —ay,...,—a1)) = ay,

A:{gk—gl|]{77él}U{€k—|-€l|k’§l}U{—€k—€l|k‘Zl},
t=dep—glk<l}U{er+e |k <I},

IT = {81 &2, &1 — &py 25r}7

Oep—ey = (C(Ek,l - E2r+lfl,27"+lfk) (k,l = 17 - Ty k 7é l)v
gak—i-al = C(Ek,QT—i-l—l + El,?r—i—l—k) (kal = 17 s T k S l)v
O-cp—; = C(Egri1-ny + Eorg—ii) (K, l=1,...,r, k>1).

1.3.2. Restricted Root Space Decompositions of Non-Complex
Classical Lie Algebras

Let d € N. For every reductive Lie algebra g € {u(r+d,r),0(r+d,r),sp(2r,R)} we will
determine

(i) a block matrix description of g,

(ii) a block matrix description of £ and p, where g = €@ p is the Cartan decomposition
of g with respect to the Cartan involution X — —X*,

(iii) a maximal abelian subalgebra a of p,
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1.3. Root Space Decompositions of Classical Lie Algebras

(iv) the centralizer m = 3¢(a) of a in €,
(v) a basis B* of a*,
(vi) the restricted root system A of g with respect to a,

(vii) a set AT of positive restricted roots,

)
)
(viii) the set IT of simple restricted roots with respect to A™,
(ix) the restricted root spaces gy, A € A,
)

(x) a minimal parabolic subalgebra ¢ = m @© a ® @, 1+ 9.

The Unitary Lie Algebras: We have

g=u(r+d,r)
={X e€gl(2r+d,C) | X*B, 4+ B, 4X =0}
Xl X2 X3 X; - —JTX3J7»7
= X4 X5 - X5 J, Xi=—-X;, ,

Xo —J X —J.X:J )| Xt =—J.XgJ,
X1 X X3 Xi=—-Xy,

6= (=X X5 —XJ || Xj=—d Xl
-X3 J.Xe J.XiJ. )| X =—-X;5
X3 X5 X3
. . Xi =X,
e Rl | By S &
X: —1Xy —J.X1J, 3 s
a = {diag(a4,...,a,,0,...,0,—a,,...,—ai) | a,...,a. € R},
diag(bii,...,bd) O 0 b b € R
m = 0 X5 0 )é’*: 7_3( e
0 0 —diag(bd,...,bi) 5 >
B* ={e1,...,e.}, where
er(diag(ay,...,a,,0,...,0,—a,,...,—a1)) = ax,

A=A{er—c|k# 1 U{ex |k=1,....;r}U{ex+e& |k <I}
U{—ex|k=1,...;7}U{—er— e | k> 1},

At =Ae,—g|k<l}U{ex | k=1,...;r}U{er+e | k <1},

I={e —e9,...,60—-1 —&r,&r},
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1. The Classical Groups

Yer—e = R(Ek,l - E2r+d+1fl,2r+d+lfk:)

® Ri(Er; + Eoryar1-1,2r+d+1-k) (k,l=1,...,1m, k#1),
9o = P R(Errsi — Erpiorrari)
I=1,..d
D @ Ri(Ek,r—H + Er+l,2r+d+1—k’) (kj = 17 ,T‘),
I=1,..d
Ocite, = R(Egorvar1—1 — Eiorvari—k)
® Ri(Eg2r+d+1-1 + Er2rd1-k) (k,l=1,...,r, k<),
O—e, = @ R<Er+l,k - E2r+d+1fk,r+l>
1=1,..d
S5 @ Ri(Er+l,k + E27‘+d+1—kﬂ"+l) (k - 17 e 7T)7
1=1,..d

9-cp—e, = R(Eortar1-k1 — Exrgarioin)

® Ri(Egysat1-k1 + Eortrar1—1k) (k,l=1,...,r, k>1),
diag(al,...,ar) X2 X3 al,...,aTE(C,
q= 0 Xs - X, J, X =—J.XsJ,,
0 0 —diag(a,,...,a1)/) | Xi=—-X;

The Real Orthogonal Lie Algebras: We have

g=o(r+d,r)=so(r+d,r)
={X egl2r+d,R) | X' B,q+ B,aX =0}

X1 X, X Xy = —J.X3J,,
X4 X5 —XQTJT X; = —X5, 9
Xe — X, —1.X[J )| X] =—J.XeJ,

{ X1 X2 X3 Xl—r - _Xla

e={(-XJ X5 —XJJ || XS =—JX5,, p,
-XJ LXy LXoJ )| XS =—X;
X, X X
_ X}l— 02 _X'?IZJ XlT :Xla
P : 2 XS = =X d, [
X —1.Xy —J.XiJ, 3 s
a = {diag(as,...,a,,0,...,0,—a,,...,—ai)},

0O 0 O
m=<10 X5 0| XJ =—-X;5,
0O 0 0

B* ={e1,...,e.}, where

sk(diag(al, s 7a7’707 s a07 —Qpy .y _al)) = A,
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1.3. Root Space Decompositions of Classical Lie Algebras

A=A{ex—e|k# T U{ex |k=1,....;r}U{ex+e& |k <1}
U{-erlk=1....r}U{-er—a |k =1}
At ={ep—eg|k<l}U{e |k=1,...;r}U{er +¢& | k <},

II= {51 &2y Er—1 — 5ra£r}>
Oep—e, = R<Ek,l - E2r+d+lfl,2r+d+lfk> (/fJ =1,...,1, k# l)7
Jer, = @ R(Ek,r+z - Er+l,2r+d+17k) (k =1,... 77’)7
1=1,....d
Yer+e = R(Ek,2r+d+14 - El,2r+d+1fk> (kJ =1,...,r, k< l)7
e, = @ R(Er+l,k - E2r+d+lfk,r+l) (k = 17 cee 7T)7
1=1,...,d
gfskfsl = R<E2r+d+1fk,l - E2r+d+1fl,k) (k7l = 17 e T k 2 l)7
diag(al,...,ar) X2 X3 T
q = 0 X; _X] J, ?’T = _igx?"]“
0 0 —diag(a,...,a1) 5 7 48

The Real Symplectic Lie Algebras: We have

g =sp(2r,R)
={X egl(2r,R) | X'C, + C,X =0}

o Xl X2 X;— - JTX2J7'7

C\\Xs LX) | X =X
E o X1 X2 Xl—l— - —Xl,

“\\XT x| XS =0 X, [

(X Xy X7 = X,
P2UV\XT —0x00 ) | X) = 0 Xod, [

a = {diag(a,...,a,, —a,,...,—ay)},
m= {O}’

B* ={ey,...,&.}, where

8k(diag(a17 ey Qpy =Apy vy _al)) = Qg,

A:{Sk—El’k#l}U{e’fk—FEl’kSZ}U{—€k—€l|k21},
A+:{€k—€l|]€<Z}U{5k+€l|k‘§l},
M={e;—e9,...,60.1 —&p,26,},

gek—al - R(Ek,l - E2T+1—l727"+1—k‘) (k7l = 17 N k 7£ l)a
gekJrEl = R(Ek,2r+lfl + El,27“+1fk) <k7l = 17 <, Ty k < l>7
O—cr— = R(E2r+1—kz,l + E2r+l—l,k) (kJ =1,...,m, k>1),

q = {X € g upper triangular}.
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1. The Classical Groups

1.4. Sporadic Isogenies

In low rank some of the (restricted) root systems of semisimple classical Lie algebras
coincide. Such coincidences yield isomorphisms between the respective classical Lie al-
gebras, which yield local isomorphisms between the respective classical groups. These
local isomorphisms can be chosen to yield global two-to-one maps or even global isomor-
phisms; in this section we list all such coincidences on the (global) group level.

By [58] and [98] there exist surjective morphisms

SU(2) x SL(2,R) — SO*(4),
SU(3,1) — SO*(6)

with kernels isomorphic to Z/2Z. These maps are known as sporadic isogenies. Together
with the equalities and isomorphisms

all special isomorphisms of semisimple Lie algebras induced by coincidences of (re-
stricted) root systems are exhausted (see |75, Ch. X, §6, 4]). We point out that SO(3,1)
is the only “seemingly non-complex” connected simple classical group which admits the
structure of a complex Lie group.
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2. Bounded Cohomology and
Related Cohomology T heories

2.1. Some Cohomology Theories

The goal of this section is to define and discuss some of the cohomology theories that will
be used in the sequel. We emphasize the geometric viewpoint of continuous cohomology
via differential forms and its connection to Dupont’s Question 2.1.14 in Subsection 2.1.3,
and give a concrete description of the low-degree continuous cohomology of connected
simple Lie groups with finite center in terms of geometric structures in Subsection 2.1.4.

2.1.1. Group Cohomology

Group cohomology was first defined by Eilenberg—Mac Lane [52|, following earlier work
by Hurewicz [80] and Hopf [77]; see [96] for comments on the historical development.
A basic reference in this subject is the book by Brown [9].

Let G be a group, let X be a G-set, and let A be a G-module'. Then Map(X™, A)
becomes a G-module for all n € N by setting

(9f) (@1, x) = gf (g (21, ... 20)) (g € G, feMap(X" A)). (2.1.1)

Recall that the simplicial resolution or the homogeneous resolution of G ~ X with
coefficients in A is defined as (C"(G ~ X; A),d")nen, where we define the Z-module
C"(G ~ X; A) of n-cochains by setting

C"(G X5 A) = Map(X”H,A)G,
and the Z-linear coboundary map d": C"(G ~ X; A) — C"(G ~ X; A) by setting

n+1

d"(f)(zo,. .., Tny1) = Z(—l)jf(xo, ey Ty D), (2.1.2)

7=0
where, as usual, = over an argument means that the argument should be omitted. The
Z-modules ker(d") and im(d"~1) are called n-cocycles and n-coboundaries, respectively.
We have d"od"~! = 0 (where we interpret ! as the zero map), and we call the Z-module
HY (G ~ X; A) = H”(O S OG A X A) D ONG A X A) D )
= ker(d") /im(d"")

Talso known as a ZG-module
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2. Bounded Cohomology and Related Cohomology Theories

the n-th action cohomology of G ~ X with coefficients in A. Equipping G with the left
multiplication action on itself, we write C"(G; A) .= C"(G ~ G; A) and obtain the n-th
cohomology

H"(G; A) = H"(G ~ G; A)

of G with coefficients in A.

Action cohomology is functorial in all three variables. Indeed, let ¢: H — G be a
group homomorphism; setting hx == ¢(h)z and ha := p(h)aforallh € H,x € X, a € A
turns X into an H-set and A into an H-module. Now let Y be an H-set, ¢: Y — X
an H-map, B an H-module, and ¢: A — B an H-linear map. Then we obtain a chain
map

0: C"(G~X;A) - C"(HA~Y;B),
0 (o, - yn) = V([ (Do), - -, (yn))), (2.1.3)
which yields the Z-linear map H"(¢ ~ ¢;¢): H*(G ~ X;A) — H"(H ~ Y;B). We

also write H"(p;¢) = H"(p ~ ;1) and H"(p) == H"(p;id).
Let x € X. Then the chain map

ly: C"(G ~ X;A) = C(G; A), te(f)(gos---59n) = f(gox, ..., gnT) (2.1.4)

induces the Z-linear evaluation map ev,: H"(G ~ X; A) — H"(G; A).
Since it is hard to locate the proof of the following well-known lemma in the literature,
we explicate it here.

Lemma 2.1.1. The map ev,: H*(G ~ X;A) — H"(G; A) is independent of the base
point x chosen.

Proof. Let ¢ be a homogeneous n-cocycle on X with coefficients in A and consider the
prism operator

[y

n—

p: X2n — A: (.’13'0, <5 Tn—1, Yo, - - - 7yn71) = (_1)ic(x07 s iy Yiy - - 7ynfl)-

i

I
o

Let z,y € X. We define

5: G" — A> <907 s 7gn71) = P(QO% <oy Gn—1T, goy, - - - >gn71y)'
Then

n

dn(/B)(QOa S 7gn) = Z(_l)jB(QOa s 79\77 s >gn)

J=0

= Z(_l)]p(gofa79/;177a9n%90ya7@779n?/)

=0
n j—1
= Z Z(—l)zﬂc(gox, s GiTy GiYs s G5y e GnY)
j=0 i=0
n—1
+ Z Z(_UH]C(QO% S 7g/j?c7 ey 31T, Gi 1Y, - - 7gny)
=0 =
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2.1. Some Cohomology Theories

Let us write Q, = (9o, ..., GrT, Gy, - - -, gny) € X" 2, k = 0,...,n. We see that the
summand (goz, ..., 6%, §;Y,--.,GiY,---,gny) in the first part of the sum is equal to
0y,4(€%), and that the summand (goz,..., g%, ..., Gis17, Git1Y, - - - gny) in the second
part of the sum is equal to Jy,,(€241). Sorting both of these parts by the correspond-
ing Q, we can use the cocycle identity d(c)(€2) = 0 to reduce d"(8)(go,...,gn) to
a k-indexed sum of two summands, yielding a telescoping sum with boundary terms

te(€)(90, -+ s gn) = c(goz, ..., gnx) and v,(c)(go, .-, gn) = c(goy, - .-, gny), which yields
the claim. O

Hence we will write ev :=ev,: H*(G ~ X; A) — H"(G; A).

The bar resolution or the inhomogeneous resolution of G with coefficients in A is
defined as (Map(G™, A), " )nen, where we define the coboundary 0™: Map(G™, A) —
Map(G™*1, A) by setting

n

571(](-)(90’ s 7gn) = f(gh s 7971) - Z(_l)j+1f(90a <3 9595415 - - - agn)

=0

+ (=" (g0, - gn1)- (2.1.5)

Clearly,

w: C"(G; A) = Map(G™, A), o(f)(g1,--59n) = f(€,91,9192, - G1 - Gn),
: Map(G™, A) — C"(G; A), ¥(f)(g0,---,9n) = f(go_lgb o ,g,:ilgn) (2.1.6)

define mutually inverse chain isomorphisms. In particular, the homogeneous and the
inhomogeneous resolution of GG define the same cohomology, i.e.

H"(G; A) = H" (o 5 Map(G°, A) &5 Map(G*, A) 25 .. )

Let us equip R with the trivial G-module structure. We define the alternation map
Alt,: C"(G ~ X;R) — C"(G ~ X;R) by setting

Alt, (f)(zo, ..., zn) = CE Z sgn(a)f(xa(o),...,a:a(n)), (2.1.7)

oESym,, 4,

and define the alternating cochains C?, (G ~ X;R) := im(Alt,,) and the non-alternating
cochains C7__.(G ~ X;R) = ker(Alt,). Since Alt,, is idempotent, we have

n—alt
C"(G~X;R)=CLIGA X;R)B CF 1 (G~ X R).

One can check that Alt, commutes with the coboundary map (2.1.2). Denoting the
resulting cohomologies by H?, (G ~ X;R) and H?__.(G ~ X;R), we obtain the decom-
position

H"(G ~ X;R) = H', (G ~ X:R)®H"_,, (G ~ X:R).

n—alt
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2. Bounded Cohomology and Related Cohomology Theories

2.1.2. Continuous and Measurable Cohomology

Continuous group cohomology was first defined by Hu [78] and van Est [122], following
earlier work by Cartan [30] (see also [108, §6]) and Chevalley-Eilenberg [35|. Basic
references in this subject are the books by Guichardet [66] and Borel-Wallach [8].

Let G be a locally compact, second countable group, equipped with its Haar o-
algebra. Let us denote the R-vector space of continuous maps from G™ to R by C(G™).
Note that the coboundary map (2.1.5) restricts to a linear map §": C(G") — C(G™).
Hence we can define the n-th continuous cohomology H2(G) = ker(67)/im(571) of G
(with trivial real coefficients).

Let us denote the R-vector space of equivalence classes of Haar-a.e. measurable maps
from G™ to R by L°(G™). Note that the coboundary map (2.1.5) induces a linear
map 0% : L°(G") — L°(G™*'). Hence we can define the n-th measurable cohomology
H2 (G) = ker(07)/im (67571) of G (with trivial real coefficients).

We have a natural chain inclusion C'(G™) — L°(G™), which yields the natural linear
comparison map cy,, - HY(G) — Hp (G).

Theorem 2.1.2 (Austin-Moore |2, Theorem Al]). Let G be a locally compact, second
countable group. Then ¢, : HY(G) — H} (G) is a linear isomorphism for all n € N.

Let ¢: H — G be a continuous group homomorphism between locally compact, sec-
ond countable groups. Then Equation (2.1.3) restricts to a map C(G"™1)¢ — C(H™1)H,
which induces a continuous linear map H?(p): H?(G) — H(H).

Let H be a closed subgroup of G. Then the action (2.1.1) induces G-actions on
C((G/H)") and L°((G/H)"), and the coboundary map (2.1.2) induces linear maps

CG/H)™) = C(G/H)™)",  L((G/H)"™™) — L((G/H)"*)“.
We define the n-th continuous action cohomology
H' (G~ G/H) =H"(0 » C(G/H)Y — C((G/H)*)¢ — ...)
of G ~ G/H (with trivial real coefficients) and the n-th measurable action cohomology
H (G ~ G/H) =H"(0 —» L°(G/H)® — L°((G/H)*>)Y — ...)

of G ~ G/H (with trivial real coeflicients).
The isomorphisms in (2.1.6) induce a chain isomorphism between C(G"*1)¢ and
C(G™), and between L°(G"*1)Y and L°(G™), respectively, implying

H'(G) 2 H' (G~ G), HY(G)=H"(GAG).

Looking at the proof of Lemma 2.1.1, the map (2.1.4) induces the natural linear map
eve: HI(G ~ G/H) — HZ(G), called the continuous evaluation map, and the natural
linear map evy,: H. (G ~ G/H) — HZ (G), called the measurable evaluation map.

Proposition 2.1.3. Let K be a compact subgroup of G. Then the evaluation map
eve: HY(G ~ G/K) — H(G) is an isomorphism.
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2.1. Some Cohomology Theories

Proof. By [66, Ch. III, Proposition 2.3|, we have H?(G ~ G/K) = H*(G). Since ev,
extends the identity, [76, §2| yields the claim. ]

Now let G be a connected semisimple Lie group with finite center and let K be a
maximal compact subgroup of G. Then G/K, equipped with a G-invariant Riemannian
metric, is a symmetric space of non-compact type. Recall that the Furstenberg boundary
of G/K is (up to conjugacy) defined as G/ P, where P is a minimal parabolic subgroup
of G.

Theorem 2.1.4 (Monod [104, Theorem B|). Let G be a connected semisimple Lie group
with finite center, let P be a minimal parabolic subgroup of G, let A < P be a mazximal
split torus, and let wo be a representative of the longest element of the Weyl group
corresponding to A. Then evy,: H' (G ~ G/P) — HI(G) is surjective for all n € N
and we have a short exact sequence

0 — H22(A)“ — ker(evy,) — HZH(A)" — 0
for alln > 2.

Recall that A = R" for r = rkg(G); the measurable cohomology of R” is determined
explicitly in Example 2.1.10. If wy acts as —1 on the Lie algebra of A, then we have
H2F(A)wo = H2F(A) and H2*1(A)*“ = 0. Hence we obtain a clear understanding of the
difference between H? (G ~ G/P) and HI (G) in this case.

One can refine the above theorem by considering alternating and non-alternating
cochains separately. Indeed, the alternation map (2.1.7) induces decompositions

LO(G/P)™ )% = Loy ((G/P)")C @ Ly_a, ((G/P)")€,
H&(GNG/P) malt(GmG/P>€BHmn alt(GmG/P)'

Theorem 2.1.5 (Bucher-Savini [17, Theorems 2-3|). Using the notation of Theo-
rem 2.1.4, we have

HL (G~ G/P) = HL(G), n<l,
Hp (G~ G/P) =HL(G)oHTH(A)™,  n>2
HILH (G~ G/P) =0, n<2,
Hy o ai(G ~ G/P) = Hp 2 (A)", n > 3.

Remark 2.1.6. Theorem 2.1.4 can also be generalized by considering evy,: H? (G ~
G/L) — HI(Q) for a closed subgroup L < P such that the stabilizer of almost every
pair of points in G/L is compact; this works for example in the case of L being the

unipotent radical of P or one of the commutator subgroups of the former, as well as in
the case L = A, see [19].

Of course, the alternation map (2.1.7) also induces decompositions

C((G/P)"™) = Car((G/P)") @ Cucare((G/P)" ),
HZ(GAG/P) calt(GmG/P)@ch alt(GmG/P)'
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2. Bounded Cohomology and Related Cohomology Theories

Clearly, the natural chain inclusion Cyy,((G/P)"™)% — L% ((G/P)"*1)¢ induces a nat-
ural linear map ¢, .0 HZ (G ~ G/P) — Hp, (G ~ G/P), and, in analogy to
Theorem 2.1.2, one may ask whether this comparison map is an isomorphism. The

injectivity is unknown, while the surjectivity has recently been proved:

Theorem 2.1.7 (Bucher—Savini [18, Theorem 1|). The map ¢
H}, 1o (G ~ G/ P) is surjective for all n € N.

H (G~ G/P) =

cmalt

2.1.3. The van Est Isomorphism

Let us now discuss how to explicitly compute the continuous cohomology of a Lie group.
Surveys of the theory surrounding this section’s theorems include [118], [69], [70, Sec-
tion 2.1], and [40, Appendix A].

We denote the R-vector space of differential n-forms on a smooth manifold M by
Q"(M). Let G be a Lie group with finitely many connected components and let K be a
maximal compact subgroup of G.

Proposition 2.1.8 (see [8, Ch. IX, Proposition 5.5]). We have an isomorphism
H(G) 2 H"(0 = Q(G/K) = Q(G/K)“ — ...).

Let g be an R-Lie algebra and let € be a subalgebra of g. Let us write

C"(g,t) = {f c (A"(g/8)"

le,.. ],Xn):f(Xl,,Xn)VXEE}

and consider the linear coboundary map d": C"(g,€) — C"*1(g,€) defined by

n

()Xo, .., Xp) = Z(—l)jf(Xo, X ,Xn>

+Z Z+-7f(Xi7Xj]7XO7'"7Xi7"'7Xj7"'7XTl>‘

1<J

We have d™ o d"~! = 0, and we call the R-vector space H"(g, £) := ker(d")/im(d" ') the
n-th Lie algebra cohomology of g relative to £ (with trivial real coefficients).

Now let g be the Lie algebra of G and let £ be the Lie algebra of K. We write
C"(g,K) = C"(g,8)%/%o where K acts via the adjoint representation. This yields a
subcomplex of C*(g, ), whose cohomology we denote by H*(g, K). If K is connected,
then we clearly have C"(g, K) = C"(g,¢) for all n € N.

One can show that G-invariant extension yields a chain isomorphism C®(g, K) =
Q*(G/K)Y, which implies H*(G) = H"(g, K) for all n € N. This isomorphism is known
as the van Est isomorphism, see [123, Theorem 2| or [8, Ch. IX, Corollary 5.6].

Remark 2.1.9. (i) We see that H?(G) is finite-dimensional for all n € N and vanishes
for n > dim(g/¥).

(ii) If K is connected, then H?(G) = H"(g, £).
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2.1. Some Cohomology Theories

(iii) Lie algebra cohomology can be shown to obey the following Kinneth rule (see |8,
Ch. I, 1.3]):

H"(g1 X g2, &1 X &) = @ HP (g1, €1) ® H(go, £2)

pt+q=n

Example 2.1.10. Let G = R*. Then K = {0} and g = R*, ¢ = {0}. From the
definition it easily follows that H?(R*) = H"(R*, {0}) = (A"(R¥))* for all n € N.

From now on let G be a connected semisimple Lie group with finite center and let
K be a maximal compact subgroup of G. By a lemma of Cartan, every invariant
differential form on a symmetric space is closed; in particular, we have an isomorphism
H?(G) = Q"(G/K). Our next goal will be to understand this isomorphism on the level
of cochains. Let o € G/K be a base point. Forall (g1,...,g,) € G™ we define the geodesic
coning n-simplex A(gy,...,g,) C G/K inductively by setting A(g;) = {g1.0} and by
letting A(gi, ..., gn) be the geodesic cone with apex g,,.0 and base A(gy, ..., gn_1)-

Proposition 2.1.11 (Dupont [47, Proposition 5.1]; see also [76, Theorem 6.1], and [116,
Proposition 3.5]). The map I: Q"(G/K)Y — C(G"™)% defined by

-----

induces a natural isomorphism T: Q"(G/K)¢ = H™(G), which is independent of the
choice of base point o.

Proof. The map I clearly extends the identity, and Stokes’ theorem implies that [ is a
chain map. |76, §2| now yields the claim. O

Remark 2.1.12. Analogously, one can see that the map J: Q"(G/K)¢ — C((G/K)"t)¢
defined by

J@) Gk, .. guK) = / w
A(go

yields a natural isomorphism J: Q*(G/K)¢ = HM(G ~ G/K).

Example 2.1.13. Let G = SO((2,1). Then Q*(G/K)Y is generated by the volume
form. Hence [ is given by integration over geodesic triangles in the hyperbolic plane
G/K = H? (see Figure 1). Clearly, ||I(w)]|o is bounded for all w € Q*(G/K)°.

Figure 1.: A geodesic triangle in the Poincaré disk model of the hyperbolic plane.
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Question 2.1.14 (Dupont [48, Remark 3]). Let n > 2. Is ||I(w)||cc bounded for all
w € Q(G/K)C?

Remark 2.1.15. The above question has been answered affirmatively in the cases
(i) n =2 (see [48, Theorem 4.1]);

(ii) any n, where G is a product of real rank one groups (the proof is an extension of
Example 2.1.13, see |65, Section 0.4] and [81, Theorem 1]).

In some of these cases even the exact number ||I(w)]|o is known for all w € Q*(G/K)¢.
Indeed,

(i) for n = 2 and G of Hermitian type we have ||I(k)|l = rkr(G) - m, where
k € Q?(G/K)Y denotes the Kihler form on G/K and the minimal holomorphic
sectional curvature of G/K is normalized to be —1 (see [46] and [37]; for applica-
tions of this boundedness result to rigidity theory see [23], [24]);

(ii) for n = 3 and G = SOy(3,1) we have [[I(volgs)|loo = 2370, 2=sin(25E) (see
[121, Theorem 7.2.1]; see also [68], where it is shown that ||/(volgn )|/ behaves

asymptotically like ‘é—?e; precise values for ||I(volgn )|« are known for n < 6);

(i) for n =4 and G = SO0g(2,1)? we have ||I(volpzyp2)||so = 372 (see [14]);

The author is not aware of other cases of this question having been decided; nonethe-
less, the following conjecture has been solved in many more cases (see Subsection 2.5.2).

Conjecture 2.1.16 (see e.g. [10, Conjecture 7]). Every element in H?(G) admits a
bounded representative in the homogeneous resolution.

Let g be the Lie algebra of G and let £ be the Lie algebra of K. Let G, denote the
(up to isomorphism) unique 1-connected compact semisimple Lie group with Lie algebra
g, where K is the (up to conjugacy) unique connected subgroup of G, with Lie algebra
€. We consider the de Rham cohomology

H"(G,/K) =H"(0 = Q°(G./K) = Q' (G./K) — ...)

of the compact dual G,,/K of G/K. This cohomology is well-known by work of H. Car-
tan [32] and Borel [6]; see [99, Ch. III, §6] for a textbook account.
A standard averaging argument yields the following classical theorem.

Theorem 2.1.17 (Chevalley—Eilenberg [35, Theorem 12.1]). The inclusion of G,-invari-
ant differential forms Q"(G,/K)% — Q*(G,/K) induces the isomorphisms

H"(G,/K) 2 H"(0 = Q%(G,/K)% = QNG,/K)% — ...) 2 Q*(G,/K)".

Remark 2.1.18. Let g = € ® p be a Cartan decomposition of g. Notice that [p,p] C ¢
implies that every differential d": C"(g,€) — C""1(g,€) vanishes. Restriction to the
base point e/ yields an isomorphism

(G K% S (A"ip))<.
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Combining this with the flip isomorphism
L: ((/\nlp)*)K i ((/\np)*)K’ L(f)(Xla s 7X7l) = f(lea s ,an> (X17 s aXn € p)?
we conclude that H*(G) = Q"(G/K)¢ = H"(g, K) is isomorphic to H*(G,/K).

Example 2.1.19. Let G = SOqy(k,1). Then G/K = HF* is hyperbolic k-space and
G./K = S* is the k-sphere. By Poincaré duality we have

HY(G) = H"(SY) = Hi—n (SY),
which is one-dimensional for n € {0, k} and trivial otherwise.

Remark 2.1.20. One can show that H?(G) is isomorphic to the tensor product of a
truncated polynomial algebra of even-degree generators and an exterior algebra of odd-
degree generators [50, Theorem 5.2].

2.1.4. The Continuous Cohomology of Simple Groups

Let us now discuss the low-degree continuous cohomology of a connected simple Lie
group G with finite center. In degree zero, we have H2(G) = R. In degree one, we have
H!(G) = 0 (see e.g. [40, Section 1.5.1]).

The next three theorems describe the degree-two, degree-three, and degree-four con-
tinuous cohomology of G, respectively; they follow from the classification of simple Lie
groups (see |75, Ch. X]), together with the knowledge of the de Rham cohomology of
the compact duals of their associated symmetric spaces (see [99, Ch. III, §6]). The first
of these theorems follows more directly, without referring to the classification of simple
Lie groups, from [67], where an explicit bounded cocycle is given without using Propo-
sition 2.1.11 (but see also [49], where it is shown that the two constructions yield the
same cohomology classes).

Recall that a connected simple Lie group is of Hermitian type if and only if it is
locally isomorphic to one of the groups

SU(r +d,r), SOg(n,2) (n#2), Sp(2r,R), SO*(4r +2d), Eg—14), Er_25),

which is the case if and only if the center of its maximal compact subgroup is isomorphic
to the circle group, see |75, Ch. X, §6, 3|. In this case, there exists a Kdhler form on the
associated symmetric space.

Theorem 2.1.21. The following statements are equivalent:
(i) G is of Hermitian type.
(i1) HZ(G) # 0.

(iii) dim(H*(@)) = 1.

If one of these statements holds, then H2(G) = Q%(G/K)% is generated by the corre-
sponding Kdhler form.
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Recall that a connected simple Lie group admits the structure of a complex Lie group
if and only if it is locally isomorphic to one of the groups

SL(r + 1,C), SO(n,C) (n#4), Sp(2r,C), EF (r=6,7,8), FY, GY,

which is the case if and only if its Lie algebra admits a complex structure. In this case,
there exists an invariant differential 3-form on the associated symmetric space, which is
known as the Borel form.

The next theorem can also be obtained without referring to the classification of simple
Lie groups (see [41, Theorem 1|).

Theorem 2.1.22. The following statements are equivalent:

(i) G admits the structure of a complex Lie group.
(i) Hi(G) # 0.
(iii) dim(H3(G)) = 1.

If one of these statements holds, then H}(G) = Q3(G/K)Y is generated by the corre-
sponding Borel form.

Recall that a connected simple Lie group is of quaternion-Kéhler type if and only if
it is locally isomorphic to one of the groups

SU<k72)7 SOO<n74) (n#Q)J Sp(1+d71)7 E6(2)7 E7(—5)7 ES(—24)7 F4(4)7 G2(2)7

which is the case if and only if its maximal compact subgroup contains a factor locally
isomorphic to SU(2), see |74, Table 1|. In this case, there exist at most k linearly
independent invariant differential 4-forms on the associated symmetric space, which
are known as quaternion-Kdhler forms, where k is the number of factors of a maximal
compact subgroup locally isomorphic to SU(2).

Theorem 2.1.23. The following statements are equivalent:

(i) G is of Hermitian type or of quaternion-Kdhler type, and G is not locally isomor-
phic to SOy(2,1).

(it) He(G) # 0.
(iii) dim(H(@)) € {1,2,3}.
If one of these statements holds, then HX(G) = Q*(G/K)Y is generated by the corre-

sponding cup product of the Kdhler form with itself (if G is of Hermitian type), together
with the quaternion-Kdahler forms (if G is of quaternion-Kdhler type).

Note that the theorem above excludes SOg(2, 1) because of the low-dimensionality of
its associated symmetric space—indeed, the cup product of the corresponding Kahler
form with itself vanishes.

There is no such clear geometric description of H?(G) for n > 5.

We conclude this section with vanishing results concerning the continuous cohomology
of certain totally disconnected groups.
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Theorem 2.1.24 (Casselman-Wigner |33, Corollary 1|). Let G be a 1-connected,
isotropic, simple algebraic Q,-group and equip G(Q,) with its Hausdorff topology. Then
we have H'(G(Q,)) = 0 for alln > 1.

Theorem 2.1.25 (see [8, Ch. X, Lemma 1.12]). Let G act properly and strongly transi-
tively by automorphisms on a locally finite Fuclidean building. Then we have HX(G) =0
for alln > 1.

2.2. Bounded Cohomology

The most complete account of the theory of bounded cohomology is Monod’s book [100].
Other accounts, mainly focusing on discrete groups, include [95], [55], and [28]. The book
|22 deals with the categorical and algebraic foundations of the theory.

After defining the necessary technical tools (Lebesgue G-spaces, Banach G-modules,
and coefficient G-modules), we define bounded cohomology in Subsection 2.2.3, where
we discuss the most important resolutions.

2.2.1. Lebesgue G-Spaces

Let G be a locally compact, second countable group. A Lebesgue space is a standard
Borel space equipped with the measure class of a o-finite Borel measure; if the measure
class is non-zero, then there exists a Borel probability measure representing this class.
A morphism of Lebesgue spaces is an equivalence class (up to null sets) of measure class
preserving Borel maps. A Lebesgue G-space is a Lebesgue space equipped with a Borel
G-action such that the measure class is G-invariant.2 A morphism of Lebesgue G-spaces
is a G-equivariant morphism of Lebesgue spaces.

Example 2.2.1. A smooth n-manifold M, equipped with its Borel structure, admits a

canonical o-finite Borel measure class defined by taking the Lebesgue measure class on

R™ for each chart in a collection of charts covering M. This measure class is called the

Lebesgue measure class of M it is independent of the charts chosen (see [92, Lemma 6.6]).
If G acts on M by diffeomorphisms, then M becomes a Lebesgue G-space.

Let us now discuss quotients of Lebesgue G-spaces. Recall that a Borel space X is
said to be countably separated if there exists a countable set A of Borel subsets of X such
that for all x,y € X, x # y, there exists £ € A such that x € E ¥ y. Standard Borel
spaces are clearly countably separated. If X is countably separated, then we say that a
Borel G-action G ~ X is smooth if the quotient Borel structure on G\ X is countably
separated.

Theorem 2.2.2 (Glimm-Effros [60], [51]). Let X be a Polish space, equipped with its
standard Borel structure, and let G ~ X be a continuous action. Then the following
statements are equivalent:

2Monod (|100, Definition 2.1.1]) defines the analogous notion of regular G-space using an additional
continuity requirement. In our setting of locally compact, second countable groups it turns out to be
superfluous, see [22, Appendix D, Remark 1.2.4]; hence our Lebesgue G-spaces are regular G-spaces
in the sense of Monod.
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(i) G ~ X is smooth.
(ii) Every orbit of G ~ X is locally closed in X.
(11i) The map G/Stabg(z) — Gz, gStabg(z) — gz is a homeomorphism for all v € X .

(iv) G\X is standard Borel.

If m: X — G\X denotes the canonical projection, if one of the above statements holds,
and if additionally [u] is a measure class on X turning (X, [u]) into a Lebesgue G-space,
then setting [((E) = p(r~1(F)) turns (G\X, []) into a Lebesgue space.

Definition 2.2.3. In the setting above, (G\X, [1z]) is called the quotient Lebesgue space
of the smooth action G ~ X.

The following theorem provides the main source of examples of quotient Lebesgue
spaces.

Theorem 2.2.4 (Borel-Serre [7]). Let k be a local field of characteristic 0, let G be
an algebraic k-group acting k-algebraically on a k-variety V, and equip V (k) with its
Hausdorff topology. Then G(k) ~ V (k) is smooth.

Example 2.2.5. Let (V,.,w) be a classical space with automorphism group G,. We equip
VF with its Lebesgue measure class [u]. Since G, ~ V¥ is R-algebraic, (G, \V, [1]) is a
Lebesgue space.

Lemma 2.2.6 (see [54, 214L]). (i) The category of Lebesgue G-spaces admits finite
coproducts.

(ii) Let (X, [u]) be a Lebesgue G-space with a decomposition X = |J._, X; into G-
invariant Borel subsets and equip every X; with its subspace measure class [u
Then we have (X, [u]) = |, (X, [

Xi]'
x,]) as Lebesgue G-spaces. If some [u|x,] is
Xz]) as

.....

Lebesgque G-spaces.

If X is a Lebesgue G-space, then we define the Lebesgue G-space X“* inductively by
setting X! := X and X" .= X1 X,

2.2.2. Banach G-Modules and Coefficient G-Modules

Let G be a locally compact, second countable group. A Banach G-module is a Banach
space equipped with a G-action by linear isometries.®> A G-morphism is a G-equivariant,
continuous (not necessarily isometric) linear map between Banach G-modules. A Banach
G-module F is continuous if the G-action on F is continuous. If E'is a Banach G-module,
then we denote by E* its topological dual, equipped with the weak-* topology and the
G-action (gf)(x) = f(¢7'x), g€ G, f € E*, x € E.

3Note that according to our conventions, we consider real Banach spaces, while Monod [100] exclusively
considers complex Banach spaces. All of Monod’s theorems that we use in this thesis work, mutatis
mutandis, also in our setting of real Banach spaces (see e.g. [22]).
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A coefficient G-module is a pair (E, E*), where E is a separable, continuous Banach
G-module. A morphism of coefficient G-modules (E,E*) — (F, F*) is a pair (®, ®F),
where ®: E — F is a continuous linear map with G-equivariant dual map ®*: F* — E¥.

If (E°, E) is a coefficient G-module, then the only role of E” is to define a weak-*
topology on E. Hence we will usually omit E” from our notation and refer to E as
a coefficient G-module. In this way a morphism between coefficient GG-modules is a G-
equivariant linear map F — [ which is continuous with respect to the weak-* topologies
induced by the omitted pre-duals of £ and F.

Example 2.2.7. Let (X, [u]) be a Lebesgue G-space and consider the G-action on
L' (X, p) defined by

(9f) (@) =pu(g " 2)f(g7 )  (9€G, feL'(X,p),

where p,(g,x) == d(g.«p)/dp(z) denotes the Radon-Nikodym derivative. Then the pair
(LY(X, 1), L>=(X, [u])) is a coefficient G-module (see [22, Appendix D, Corollary 1.2.3]),
which, up to isomorphism, is independent of the representative of [u].

Let (X, [u]) be a Lebesgue G-space and let E be a coefficient G-module. Let us
denote the Banach space of equivalence classes of a.e. measurable, essentially bounded
maps from X to E, equipped with the essential supremum norm, by L*((X, [u]), F) or
L>*(X, E). Then the action (2.1.1) induces a G-action on L>*°(X, E), turning the latter
into a Banach G-module. Actually, L>°(X, E) is even a coefficient G-module, being the
dual of the Bochner space L'(X, u, E”), where E° denotes the pre-dual of E, see [100,
Proposition 2.3.1].

Remark 2.2.8. Let E be a coefficient G-module and let ¢: Y — X be a morphism of
Lebesgue G-spaces. Then the map

L>®(p,E): L®(X,E) = L™(Y,E), f— foyp
is a morphism of coefficient G-modules with pre-dual operator
LY, B): L'(Y,v, B") = LN(X, 00, ), L'(0, E")(f)(2) := d(pu(f - ) /d(pu).

Clearly, L>(—, F) yields a contravariant functor from the category of Lebesgue G-spaces
to the category of coefficient G-modules. One can check that this functor maps finite
coproducts to products, i.e. for all Lebesgue G-spaces X; and X, we have

LOO(Xl |_|X2,E) = LOO<X1,E) X LOO(XQ,E)

as coefficient G-modules.
Furthermore, if F is a trivial coefficient G-module and X is a Polish space equipped
with a smooth and continuous G-action, then we have a canonical isomorphism

L¥((G\X, @), B) = L=((X, [u)), E)“

of trivial coeflicient G-modules.

45



2. Bounded Cohomology and Related Cohomology Theories

2.2.3. Continuous Bounded and Measurable Bounded
Cohomology

Let G be a locally compact, second countable group, let X be a G-space, and let E
be a Banach G-module. Let us denote the Banach G-module of continuous bounded
maps from X" to E, equipped with the supremum norm and the restriction of the
action (2.1.1), by Cp(X", E). Note that the coboundary map (2.1.2) restricts to a
continuous linear map d% : Cp(X"™, E)Y — Cp(X"2, E)Y. Hence we can define the
n-th continuous bounded action cohomology H2 (G ~ X; E) := ker(dy,)/im(d% ") of
G ~ X with coefficients in E, which, equipped with the quotient seminorm, becomes
a seminormed vector space. Equipping G with the left multiplication action on itself,
we obtain the n-th continuous bounded cohomology H} (G; E) = HL (G ~ G; E) of
G with coefficients in E. Looking at the proof of Lemma 2.1.1, we also obtain the
natural continuous linear map eve,: HY (G ~ X E) — HE (G E), called the continuous
bounded evaluation map, and write HY (G ~ X) = HL (G ~ X;R) and H} (G) =
H” (G;R). For a (not necessarily countable) discrete group I' we can similarly define
the n-th bounded cohomology Hy(T'; E) == H% (I'; E) of I with coefficients in E.

Theorem 2.2.9 (Monod [100]). Let X be a locally compact, second countable, proper
G-space and let E be a Banach G-module. Then the evaluation map eve,: HY (G~
X; E) — H: (G; E) is an isomorphism.

Proof. By |100, Theorem 7.4.5] we have H? (G ~ X; E) = HZ, (G; E). Since ev, extends
the identity, the proof of [100, Corollary 7.2.7| yields the claim. ]

Example 2.2.10. Let GG be a connected semisimple Lie group with finite center and let
K be a maximal compact subgroup of G. Then evy,: HY (G ~ G/K; E) — H (G, E)
is an isomorphism for all n € N.

Now let X be a Lebesgue G-space and let E be a coefficient G-module. Then
the coboundary map (2.1.2) induces a continuous linear map d,: L=®(X"*! E)¢ —
L®(X"2 E)Y. Hence we can define the n-th measurable bounded action cohomolo-
gy HE (G~ X5 E) = ker(d?,)/im(diy') of G ~ X with coefficients in E, which,
equipped with the quotient seminorm, becomes a seminormed vector space. Equip-
ping GG with the left multiplication action on itself, we obtain the n-th measurable
bounded cohomology H?, (G; E) = H (G ~ G; E) of G with coeflicients in E. Look-
ing at the proof of Lemma 2.1.1, we also obtain the natural continuous linear map
evmp: HP (G ~ X5 E) — HP (G E), called the measurable bounded evaluation map,
and write H? (G ~ X)) = H?, (G ~ X;R) and H? (G) = H?, (G;R).

We also have a natural isometric chain embedding Cy,(G™, E)Y — L*(G", E)¢, which
yields the natural continuous linear comparison map cy, ., Hy (G5 E) — Hy, (G5 E).

Theorem 2.2.11 (Monod [100, Proposition 7.5.1|). Let G be a locally compact, se-
cond countable group and let E be a coefficient G-module. Then the comparison map
Cob.mp* Hip (G5 E) — HY (G5 E) s an isometric isomorphism for all n € N.

Remark 2.2.12. One reason why one might prefer working in the measurable setting
is the exponential law for L*°-spaces, which says that for all Lebesgue G-spaces X1, X»
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and every coefficient G-module E there exists a canonical isometric coefficient G-module
isomorphism

LOO(Xl X X27 E) = Loo(Xl, LOO(XQ,E)),

see [100, Corollary 2.3.3]. The corresponding statement for continuous bounded func-
tions fails, as for some G-spaces X; and X5 and some Banach G-module E the inclusion

Cb(Xl,Cb(XQ,E)) C Cb(X1 X XQ,E)

is in general strict.

A useful application of the exponential law is given by the next lemma.

Lemma 2.2.13. Let E be a coefficient G-module and assume that H (G; E) = 0. Then
for any Lebesque G-space X on which G acts trivially we have HY (G5 L (X, E)) = 0.

Proof. Writing out the respective homogeneous resolutions, this result follows directly
from an application of Fubini’s theorem. n

Our next goal is to describe how we obtain an isometric isomorphism H?, (G; E) =
H (G ~ S; E) for every amenable G-space S. Thus, let us recall the definition of an
amenable G-space.*

Let S be a Lebesgue G-space. A conditional expectation m: L>®(G x S) — L>(S5) is
an isometric linear map such that

(i) m(lgxs) = 1s,
(ii) for all f € L*™(G x S) and every measurable subset A of S we have m(f - 1gxa) =
m(f) - 1a.

We call S an amenable G-space if there exists a G-equivariant conditional expectation
L>*(G x S) — L>(S).

Example 2.2.14. Let H be a closed subgroup of G.

(i) The left multiplication action of G turns G/H into an amenable G-space if and
only if H is an amenable group. In particular, G is an amenable G-space.

(ii) If G is a connected semisimple Lie group and P is a minimal parabolic subgroup
of G, then P is amenable; hence the Furstenberg boundary G/P is an amenable
G-space.

(iii) If S is an amenable G-space, then restriction turns S into an amenable H-space.
In particular, G is an amenable H-space.

Let S be an amenable G-space with G-invariant conditional expectation m. Then we
have a map

L®(G) — L®(G x S) & L™=(S),

which extends to a contracting chain map m”: L®(G", E)¢ — L>®(S", E)Y (see [100,
Lemma 7.5.6]). This yields the map ¢ : H?, (G; E) — H" (G ~ S; E).

*We exclusively consider amenable G-spaces in the sense of Zimmer [131].
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Theorem 2.2.15 (Monod [100, Theorem 7.5.3|). Let G be a locally compact, second
countable group, S an amenable G-space with G-invariant conditional expectation m,
and E a coefficient G-module. Then the map c: H! (G, E) — H2 (G ~ S; E) is an
isometric isomorphism with inverse evy,: HY (G ~ S; E) — H! (G; E) for all n € N.
In particular, c, is independent of m.

Proof. By [100, Lemma 7.5.6], m" extends the identity, and ¢}, is an isomorphism by
[100, Theorem 7.5.3]. Since evy,, also extends the identity, the proof of [100, Corollary
7.2.7| yields the claim. O

Example 2.2.16. Let GG be a connected semisimple Lie group with finite center and let
P be a minimal parabolic subgroup of G. Then evy,,: H2, (G ~ G/P; E) — H!, (G; E)
is an isomorphism for all n € N.

Let p be a probability measure on G such that some convolution power of p is abso-
lutely continuous with respect to the (left) Haar measure on G and such that the support
of p generates G as a semigroup. Let us consider the space of p-harmonic measurable
bounded functions

H>®(G") = {f: G™ — R measurable, bounded ‘ flg) = f(gg")dp®™(g') Vg € G”}.
Gn

One can show that H*°(G™) naturally embeds into C'(G™). There exists a Borel measure
7 on G/ P, which belongs to the Lebesgue measure class, such that the Poisson transform

PL LGP ) 5 WG, PUN) = [ Hge)dar®n(e)
(G/P)m
is a G-equivariant isometric isomorphism. Consequently, we also have an isometric
isomorphism
H! (G) 2 HY (G~ G/P) 2 H"(0 = H®(G)Y = HZ (G — ...)

for all n € N. In [56] Furstenberg proved the existence of a G-equivariant isometric

isomorphism L ((G/P)") = H>®((G/K)"), where K denotes a maximal compact sub-
group of GG, which implies

HY (G) 2 H* (0 = H®(G/K)Y = H®((G/K))Y — ...).
See the Introduction for more discussion of this statement.

Let A be a Banach G-module and let ¢o: H — G be a continuous group homomor-
phism; setting ha := p(h)a for all h € H, a € A turns A into a Banach H-module. Now
let B be a Banach H-module and let »: A — B be a morphism of Banach H-modules.
Then Equation (2.1.3) restricts to a map

0: Co(G"1, A)C — Cy(H™, B)T,

which yields the continuous linear map H?, (p;): HZ (G; A) — HE (H; B) of seminorm
at most ||¢||. We also write H, (¢) == HZ (¢;id).
The following corollary follows directly from Theorem 2.2.15.
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Corollary 2.2.17. Let G be a locally compact, second countable group, let N be an
amenable normal subgroup of G, and let E be a coefficient G-module. Then the canon-
ical projection G — G/N and the canonical inclusion EN — E induce an isometric

isomorphism HY (G/N; EV) 5 H: (G5 E) for alln € N.
Let us now apply the corollary above to the classical groups.

Corollary 2.2.18. We have isometric isomorphisms

HE, (GL(E, C)) = H?b(SL( C)),
H7 (GL(2k + 1,R)) = HY, (SL(2k + 1, R)),
He (GL(k,H)) = H?b(SL( H)),
HE (U(r+d,r)) = HLSU(r+d,r)) (d e N)
H, (O(2r +1,C)) = HL(SO(2r +1,C)),
H (O(r+d,r)) = HL(SO(r+d,r)) (d odd)
for all n € N.
Proof. This follows from the isomorphisms in Lemma 1.2.1. O]

Corollary 2.2.19. Every special isogeny (see Section 1.4) induces an isomorphism in
bounded cohomology.

Proposition 2.2.20 (Monod [100, Proposition 8.6.2]). Let H be a closed subgroup of G
and let E be a continuous Banach G-module. If G/H admits a finite invariant measure,
then the restriction

res: Hyy (G E) — Hl (H; E)
is isometrically injective for all n € N.
The finite index inclusions in Lemma 1.2.1 now yield the following corollary.

Corollary 2.2.21. We have isometrically injective maps

H? (GL(2k,R)) — HZ (SL(2k,R)),

Hg(0(2r,C)) = HE,(SO(2r,C)),

HL (O(r +d, 1)) — H?b(SO(r +d,r)) (d even),
Hg, (O07(2k)) HE, (SO™(2k))

for all n € N.

Lemma 2.2.22 (De la Cruz Mengual-Hartnick [43, Lemma 5.3|). Let n < 2r. Then
the restriction
res: HY (SO(r 4+ d,r)) — H (SOg(r + d, 1))

s an isomorphism.
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Corollary 2.2.23. We have isometric isomorphisms

H2,(O(r + d, 7)) = H3, (SO0 (r + d, 1)) (r>2),
H2,(O(r +d, 7)) =2 H2, (SOy(r +d, 7)) (r >2),
H (O(r +d,r)) =2 H2 (SOo(r +d, 1)) (r >3)

for all odd d € N.

Let us now discuss how to induce the bounded cohomology of a “small” group with
coefficients in a “small” module to the bounded cohomology of a “big” group with coef-
ficients in a “big” module. This is known as the Eckmann—Shapiro-lemma or Fckmann—
Shapiro-induction (see [72] for a recent extension to the setting of transverse measured
groupoids).

Let G be a locally compact, second countable group, H a closed subgroup, X an
amenable G-space, and E a coefficient G-module. We define

i L(X" BT — L¥(X" L(G/H,E))°, i (f)(2)(gH) = gf (g™ x).

Proposition 2.2.24 (Monod [100, Proposition 10.1.3|). The maps iy induce an iso-
morphism
H(H; E) = Hy, (G L% (G/H, E)),

which 1s natural and independent of X.

2.3. (Co-)Homological Stability

The concept of cohomological stability will be our method of choice to obtain further
evidence for the isomorphism conjecture, which will be introduced in Section 2.4 below.
(Co-)Homological stability has first been used by Quillen [110], [111].

Let ¢,.: G, — G,11 be group homomorphisms, r € N. The sequence (G, ¢;)ren 18
called homologically stable if there exists a function p: N — N such that

Hy (@p(q)JrS) - Hy (Gp(q)+8) — Hy (Gp(q)+8+1)

is an isomorphism for all s € N.

A useful criterion to prove homological stability is Quillen’s stability criterion [110]
(see also [3], [112], [117]), which can be stated in the following way: Let X(r) be a A-
complex, equipped with a simplicial G,-action, and let v(r) and 7(r) be natural numbers
such that

(Q1) X(r) is v(r)-acyclic, i.e. the reduced homology H,(X(r)) vanishes up to degree
(r);
(Q2) X(r) is 7(r)-transitive, i.e. there is only one G,-orbit of [-simplices for all | €

{0,...,7(r)};
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(Q3) the complexes are 7(r)-compatible, i.e. the stabilizer of an [-simplex in X (r) is
isomorphic to G,_;_; for every [ < 7(r) and these isomorphisms are, in a cer-
tain sense, compatible with the inclusions of stabilizers (see [3, §2] for a precise
statement).

Then (G, ) en is homologically stable if v(r) — oo and 7(r) — oo for r — cc.

Let us now discuss the results known for bounded cohomology. The following theo-

rems are proved using a bounded-cohomological analogue of Quillen’s stability criterion
(see [44]).

Theorem 2.3.1 (Monod [101]; see also [44, Example 1.4, Example 1.6]). Let K €
{R,C,H} and q > 3. Then the left corner inclusions GL(n,K) — GL(n + 1,K) induce
isomorphisms/injections

o)

5 HY (GL(2g — 1,K)) = HY, (GL(2g — 2,K))
— HY, (GL(2¢ — 3,K)) — Hf, (GL(2¢ — 4,K))

and the left corner inclusions SL(n,K) < SL(n + 1,K) induce isomorphisms/injections

o

... = H% (SL(2¢,K)) = H%, (SL(2¢ — 1,K))
= HY (SL(2¢ — 2,K)) < HY (GL(2g — 3,K)).

Theorem 2.3.2 (De la Cruz Mengual-Hartnick [43, Theorem A|). Let (G,, ), be a
famaly of automorphism groups of classical spaces with block inclusions v, G, — G11.
Then for all n € N there exists r € N such that HY (1s): HY (Gsy1) — HE(Gs) is an
isomorphism for all s > r.

Remark 2.3.3. De la Cruz Mengual and Hartnick even provide an explicit stability range
for all families above. Kastenholz and Sroka have even improved this stability range to a
linear one for the families O(2r, C), O(r,r), and Sp(2r,K), K € {R, C} (see [85]). Unfor-
tunately, these ranges are not low enough to (directly) yield evidence for the isomorphism
conjecture.

Let us now discuss the conceptual utility of (co-)homological stability. To compute
the (co-)homology of a family (G, ¢,),en one can follow the following steps:

(i) Prove (co-)homological stability of (G,, ¢, )ren-
(ii) Compute the (co-)homology of the colimit group colim, G-
(iii) Use (i) and (ii) to determine the (co-)homology of G, for large enough r € N.
By the universal property of (co-)limits, there exist natural maps

H, <colim Gr> — colim H,(G,),

T—00 r—00

H" (colim GT> — lim H"(G,),
7—00 r—00
which are isomorphisms because (co-)homology commutes with filtered (co-)limits.
Hence, for ordinary group (co-)homology, (iii) is immediate once (i) and (ii) are com-
pleted.
The above situation is more complicated for bounded cohomology, however.
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Theorem 2.3.4 (Campagnolo—Fournier-Facio-Lodha-Moraschini [29, Corollary 1.9]).

Let R be a ring with identity. Then we have Hﬁ(colim Gr> = 0 for (Gy)ren €
r—00

{(GL(r, R))ren, (SL(r, R))ren, (Sp(2r, R))ren} and all n > 1.

Corollary 2.3.5 (see also [84, Section 3| and [40, Corollary 8.16|). The natural map

Hi (colim G7) = Jim H(G)
is not surjective for n = 2 and G, = Sp(2r,Z), or n = 3 and G, = SL(r,Z[i]) or

Nevertheless, one may ask whether the image of the map

o (cohm GT) = lim HY(G,)
r—00 T—00
is the space of classes whose norm is uniformly bounded on all G,, r € N (see [85,
Question 1.4]).
For some results on the related question of when HP(G,) = 0 for all » € N implies

H} (colim GT) = 0 see [53, Section 4.4].

r—00

2.4. The Isomorphism Conjecture

2.4.1. Equivalent Formulations

We have a natural isometric chain embedding Cy,(G", E)¢ — C(G", E)“, which yields
the natural continuous linear comparison map cfy, .: Hy (G; E) — HZ(G; E). We can
equivalently restate Conjecture 2.1.16 as follows.

Conjecture 2.4.1. Let G be a connected semisimple Lie group with finite center. Then
the comparison map cf, .: Hy (G) — HZ(G) is surjective.

One can also ask whether this comparison map is injective, which is equivalent to every
continuous bounded cocycle with continuous primitive admitting a continuous bounded
primitive. Indeed, this question has been raised by Monod in his ICM address in 2006
and has since become known in the field of bounded cohomology as the isomorphism
conjecture; it is the main problem of this thesis.

Isomorphism Conjecture 2.4.2 (Monod [102, Problem AJ; see also |34, Conjec-
ture 16.1]). Let G be a connected semisimple Lie group with finite center. Then the
comparison map ¢, .: Hj, (G) — HZ(G) is an isomorphism.

Proving this conjecture is challenging because, even though it is computed by many
resolutions, the continuous bounded cohomology of a group is usually very hard to
determine explicitly.

Let G be a connected semisimple Lie group with finite center. We have a natural
continuous chain inclusion L*(G™)¢ — LY(G™)“, which yields the natural continuous
linear comparison map c H (G) — HI (G).

mb,m *
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Remark 2.4.3. By |104, Remark 1.3], the following diagram commutes:

n

A (G) —2%5 HY(G)

(¢

n n
c(tb,mbi lcc,m

H3, (G) —— HL(G)

Cmb,m

Thus, to prove the Isomorphism Conjecture 2.4.2, one could equivalently prove that
Cimb.m 18 an isomorphism.

Remark 2.4.4. Let G be a connected semisimple Lie group with finite center, let K be
a maximal compact subgroup of GG, and let P be a minimal parabolic subgroup of G.

Then we have the diagram

O (G/K)C

7 \
L

Le((G/Pymh)© C((G/K)h)e

| |

Loo(Gn-l—l)G C(Gn-‘,—l)G

~ 7

LO(GnJrl)G

where J is the Dupont map from Remark 2.1.12 and the vertical maps are evaluations
at a base point. In cohomology we obtain the following diagram:

O(G/K)C

L x
e

1, (G ~ G/P) H'(G ~ G/K)

eVmbi levc

Hn(G) HI(G)

n n
cmb,x Ccom

HLL(G)

We say that a cocycle @ € L®((G/P)"™1)Y extends a differential form w € Q"(G/K)¢
or a cocycle a = J(w) € C((G/K)"1)% if the classes of the images of @ and « coincide
in H? (G). Thus, Conjecture 2.4.1 asks whether every continuous cocycle on G/K can be
extended to a measurable bounded cocycle on G/P; the Isomorphism Conjecture 2.4.2
additionally asks whether such an extension is unique (up to coboundaries), or, equiva-
lently, whether every measurable bounded extension to G/P of a continuous cocycle on
G/K admitting a continuous primitive admits a measurable bounded primitive.
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2. Bounded Cohomology and Related Cohomology Theories

Example 2.4.5. Let G = SOy(2,1); then G/K = H? is the hyperbolic plane. In
Example 2.1.13 we have seen that I(w) is bounded for all w € Q*(G/K)%, which implies
that H? (G) — H2(G) is surjective.

We denote the geodesic compactification of H? by H2. Then G/ P can be considered
to be the visual boundary of H2. For all go, 91,92 € G let us denote the ideal triangle
with end points goP, g1 P, 2P € G/P by A(go, g1,92) C H2 We consider the map
I: 02(G/K)C — Map((G/P)3,R) defined by

T(W)(QOP, g P, g, P) = / w.
A(QO,QLQQ)
Let dvolgz denote the volume form on G/K and let us write a = J(dvolg2) €

C((G/K)*)Y. Note that @ := I(dvolg2) only takes the values {—m,0,7}; critically, @ is
bounded because of the negative curvature of H2. Note also that @ is not continuous,
although it is continuous on an open conull subset of (G/P)3, c.f. Theorem 2.4.7. Using
arguments similar to the proof of Lemma 2.1.1, one can show that @ is an extension of
« in the sense of Remark 2.4.4 (see Figure 2).

g2 K g2 P
n K

go KK
go PP

Figure 2.: Extending a geodesic 2-simplex to an ideal triangle in the geodesic compacti-
fication of the hyperbolic plane.

Let P be a minimal parabolic subgroup of G. We have a natural continuous chain
inclusion L*((G/P)")¢ — L°((G/P)™")Y, which yields the natural continuous linear
comparison map cpy, o p: Hyp (G~ G/P) — HR (G~ G/ P).

Remark 2.4.6. Let us consider the following commutative diagram:

Hyp (G~ G/ P) = Hy,,(G)

c&b,m,Pl lcynlnb,m
Hy (G~ G/P) —4— HL(G)

n
mb,m

is injective and ker(evy,) Nim (¢, p) = 0 (cf. Theorem 2.1.4 and Theorem 2.5.2).

Note that ¢”

mb.m 1S surjective if ¢, | p is surjective, and that ¢

is injective if ¢y, |, p

Again, the alternation map (2.1.7) induces decompositions
Gy((G/P)™)S = Coan((G/P)"™) @ Conean((G/P)"™ ),
Hi (G~ G/P) = H?b,alt(G ~G/P) @ Hgb,nfalt<G ~ G/P),
L¥((G/P)"™) = LE(G/P)™) @ L2 ((G/P)" )€,

Hy (G~ G/P) = Hyy (G~ G/P) @ Hj, (G ~G/P),

mb,n—alt
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2.4. The Isomorphism Conjecture

and the inclusions Cpa((G/P)""™)¢ — Co((G/P)")E and Cpa((G/P)")E —
L. ((G/P)"1)% induce natural continuous linear comparison maps ¢, . i Hy .. (G~
G/P) — H (G ~ G/P) and Cebmbalt - H?b@lt(G ~ G/P) — H;ln.b,alt(G ~ G/P).

c,alt

Theorem 2.4.7 (Bucher-Savini [18, Theorem 2|). The map ¢, ot Hop (G
G/P) — Hpy, (G ~ G/P) is an isomorphism for all n € N,

Remark 2.4.8. Let us use the notation of Theorem 2.1.4. The proofs of Theorem 2.1.7
and Theorem 2.4.7 use spectral sequences and imply the existence of a commutative
diagram

Hy(G) ——— H, (G ~ G/ P)

n n
ch,cl lccb,c,alt

H(G) He (G~ G/ P)

He (G~ G/ P)HEH(A)™

. . B o :
from which we see that the comparison map cf, . is injective if and only if ¢y . 18

injective and Hp ' (A)*0 Nim(cf, ) = 0 (see |18, Proposition 3). The latter condition
is fulfilled if n > rkg(G), or if n is even and wy acts as —1 on the Lie algebra of A.

2.4.2. Beyond Connected Semisimple Lie Groups

Let us now discuss what the Isomorphism Conjecture 2.4.2 would mean for a general
connected locally compact, second countable group G.

Theorem 2.4.9 (Gleason—Yamabe [59], [128]; see also [119, Ch. 6]). Let H be a locally

compact group. There exists an open subgroup H' of H such that for every open neigh-
borhood U of the identity of H' there exists a compact normal subgroup K C U of H'
such that H'/ K is isomorphic to a Lie group.

Recall that if N is an amenable normal subgroup of GG, then we have an isomorphism
HL,(G) = Hy (G ~ G/N) = H,,(G/N).

Theorem 2.4.9 implies the existence of a compact normal subgroup K of G such that
G/K is isomorphic to a Lie group. Since compact groups are amenable, we obtain

H' (G) = HZ, (G/K). Recall that the universal covering 57[/( of G/K is a central
extension of the latter (see [87, Proposition 1.101]). Hence H”,(G/K) = H" <G/K>.

By Levi’s theorem (see [124, Theorem 3.18.13]) we have an isomorphism of Lie groups

é_ﬁ(gRN(S]_XSQ),

—_~—

where R denotes the solvable radical of G/K, S; is a connected compact semisimple Lie
group and Sy is a connected semisimple Lie group without compact factors. We obtain

Hr. (57?() = H", (S2/Z(S2)) and conclude that G has the same bounded cohomology
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2. Bounded Cohomology and Related Cohomology Theories

as the centerless semisimple Lie group without compact factors S5/Z(S2). Hence the
Isomorphism Conjecture 2.4.2 and the computability of continuous cohomology would
imply that, in principle, the bounded cohomology of every connected locally compact,
second countable group was known.

Remark 2.4.10. To prove the Isomorphism Conjecture 2.4.2 it clearly suffices to prove
that the comparison map is an isomorphism for all centerless connected semisimple Lie
groups without compact factors. We point out that no Kiinneth formula is known for
bounded cohomology; hence it does not suffice to restrict oneself to simple groups. We
also point out that the Isomorphism Conjecture 2.4.2 is false in the extended setting of
infinite center groups. Indeed, letting G' denote the universal covering of SL(2,R), the
comparison map ¢, .: H2 (G) — HZ(G) is not injective, while ¢}, .- H3 (G) — HZ(G) is

not surjective, see [100, Example 9.3.11|. The conjecture also fails for different coefficient
modules, even for complex irreducible Hilbert modules, see [27].

We conclude this subsection with vanishing results concerning the bounded cohomolo-
gy of certain totally disconnected groups (cf. Theorem 2.1.24 and Theorem 2.1.25).

Theorem 2.4.11 (Monod [105, Theorem A|). Let G be an algebraic k-group, where k
is a non-Archimedean local field, and equip G(k) with its Hausdorff topology. Then we
have HY (G(k)) =0 for all n > 1.

Theorem 2.4.12 (Monod [105, Theorem B|; see also Bucher-Monod [16, Theorem 1]).
Let G act properly and strongly transitively by automorphisms on a locally finite Eu-
clidean building. Then we have H (G) =0 for all n > 1.

Zhao [130] extended one case of the theorem above by determining H? (Aut(7'); H)
for every regular tree T" and every complex irreducible Hilbert Aut(7")-module H.

2.5. Evidence for the Isomorphism Conjecture

In this section we list evidence for the Isomorphism Conjecture 2.4.2. To establish sur-
jectivity, injectivity in rank one, and injectivity in higher rank, diverse and interrelated
methods have been used; the goal of the present thesis is to establish further evidence
for injectivity in the higher rank case.

Let G be a connected semisimple Lie group with finite center. It is easy to see that
HY,(G) = R and HY (G) = 0, and that ¢, .: HY (G) — HY(G) is an isomorphism, which
implies the validity of the Isomorphism Conjecture 2.4.2 in degrees 0 and 1.

2.5.1. Injectivity Results

Theorem 2.5.1 (Burger-Monod [25, Lemma 6.1]). Let G be a connected semisimple
Lie group with finite center. Then the comparison map H% (G) — H2(QG) is injective. In
particular, the Isomorphism Conjecture 2.4.2 holds in degrees < 2.

For higher degrees the proofs of injectivity of the comparison map distinguish between
rank one and higher rank. Let us start with what is known in rank one. Using the
notation of Theorem 2.1.4, we denote by (G/P)® the subspace of triples of distinct
points in G/P.
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2.5. Evidence for the Isomorphism Conjecture

Theorem 2.5.2 (Bucher—Savini [21, Theorem 10[; see also [107, Corollary 1.2|). Let G
be a product of groups of type POqy(n, 1) (with possibly differing n). Then the comparison
map ¢, H3 (GQ) = H3(Q) is injective. In particular,

mb,m *
Hy,(SOp(n,1)) =0 (n#3),
H2,(SOu(3,1)) =R,

and the Isomorphism Conjecture 2.4.2 holds in degree 3 for G = SO¢(n, 1), n > 2.

Sketch of Proof. We use the proof strategy described in Remark 2.4.6; the injectivity
of ¢ . p easily follows from the fact that the orbit space G\((G/P)®) is finite, while
the statement im(c},, . p) Nker(evy,) = 0 follows from a hard computation showing that
some explicit measurable 3-cocycle on G/P is unbounded (see |21, Proposition 24]).
This yields the claimed injectivity.

Since SOg(n, 1) admits the structure of a complex Lie group if and only if n =
we conclude H3, (SOg(n, 1)) = 0 for n # 3. Since ¢, . is surjective for PSL(2,C)

mb,m

POy(3,1) (see Subsection 2.5.2, (viii)), we obtain H3, (SO¢(3,1)) = R.

0O IR &

Remark 2.5.3. This result was previously known in the cases n = 2 (see [27]) and n = 3
(see [5]) by different methods.

Theorem 2.5.4 (Bucher—Savini [18, Corollary 7]). The Isomorphism Conjecture 2.4.2
holds in degree 3 for G = SU(n, 1), n > 1. In particular, H (SU(n,1)) =0, n > 1.

Sketch of Proof. We use the proof strategy described in Remark 2.4.8; the injectivity of
3, c.ar €asily follows from the fact that the orbit space G\((G/P)®) is compact (see
[18, Proposition 6]), while the other statement is implied by H2(A) = H2(R) = 0. Since
G does not admit the structure of a complex Lie group, we obtain the result. O

Theorem 2.5.5 (Bucher—Savini [18, Theorem 5|). The Isomorphism Conjecture 2.4.2
holds in degree 4 for G = SOy(n, 1), n > 2. In particular,

HA(SO0(n 1)) =0 (n+#4),
HY,(SO00(4,1)) = R.

Sketch of Proof. We use the proof strategy described in Remark 2.4.8; the injectivity
of 3 ¢ a1 follows from a clever estimation involving the 5-term functional equation cor-
responding to (G/P)® (see [18, Theorem 4]), while the other statement is implied by
H2(A) = H%(R) = 0. Since Conjecture 2.4.1 holds for G (see Subsection 2.5.2, (vii)),
|99, Ch. III, §6] yields the result. O

Remark 2.5.6. The case n = 2 of the above theorem has first been proved by Hartnick—
Ott [71] by completely different methods, namely by constructing explicit primitives
using partial differential equations. See [106] for some further developments.

Remark 2.5.7. The proofs of the three theorems above rely heavily on the structure
of G\((G/P)®). Let P = MAN be a Langlands decomposition of P (see Proposi-
tion 3.1.1). Then (G/P)® is diffeomorphic to an open dense subspace N, of N, and
the G-action on (G//P)® corresponds to the action of M A on Ny, by conjugation (see
[20, Section 2]). Consequently, we have a homeomorphism G\ ((G/P)®)) 22 (M A)\ Nopp,
where the latter orbit space is usually easier to handle.
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2. Bounded Cohomology and Related Cohomology Theories

Remark 2.5.8. As evidenced by the three theorems above, the methods of Remark 2.4.6
and Remark 2.4.8 work very well in rank 1. In higher rank, the only result known
thus far, using one of these methods, is in degree 3 for SL(3,K), K € {R,C} (see |21,
Theorem 11]), which has previously also been established using bounded-cohomological
stabilization; (M A)\Nypp is non-compact for these two groups. Indeed, (MA)\Nopp
seems to be compact if and only if GG is a product of rank 1 groups. A simple heuristic
for this claim is the fact that, when increasing the rank in a family of classical groups, the
dimension of N grows quadratically, while the dimension of M A only grows linearly (see
Section 1.3); since N is topologically Euclidean, M A may be “too low-dimensional” to
make Ny, compact. Indeed, (M A)\Npp is non-compact for G = Sp(4,K), K € {R,C}.

Let us now discuss the known results in higher rank, where the main tool is bounded-
cohomological stabilization.

Corollary 2.5.9. The Isomorphism Conjecture 2.4.2 holds in degree 3 for G = SL(r +
1,R) and G = SL(r + 1,H), r > 1; for these groups we have H3 (G) = 0.

Proof. We have H3, (GL(2,K)) — H?, (SL(2,K)) for K € {R,H}. Now

HZ,(SL(n, R)) — H,(SL(2,R)) = HE,(S00(2,1)) = 0,
H, (SL(n, H)) — HZ,(SL(2, H)) = H,(SO0(5, 1)) =0,
which hold by Theorem 2.3.1, Section 1.4, and Theorem 2.5.2, yield the claim. O

For the case G = SL(r 4 1,C) more work is needed, see Subsection 2.5.2, (viii).
Theorem 2.5.10 (De la Cruz Mengual [42]). The induced maps

.. — H2,(SO(7,C)) — H?,(SO(5,C)) — H?,(SO(3,C)),

are 1somorphisms. In particular, the Isomorphism Congjecture 2.4.2 holds in degree 3 for
these groups, whose third continuous bounded cohomology is one-dimensional.

See Subsection 2.5.2, (ix) for some further information on this result.

Remark 2.5.11. The proof of the theorem above works by using secondary bounded-
cohomological stabilization (c.f. Remark 6.2.1). The main goal of the present thesis is to
adapt this proof strategy in order to prove the Isomorphism Conjecture 2.4.2 in degree 3
for G = Sp(2r,R), r > 1.

Remark 2.5.12. In [42, Theorem 3|, it is claimed that the restriction H? (SL(2n,C)) —
H2, (SO(2n,C)) was a linear isomorphism for all n > 3, which would imply the Isomor-
phism Conjecture 2.4.2 in degree 3 for SO(2n, C). This claim relies on [42, Lemma 6.13],
which is false. Indeed, in the proof of this lemma, one can not argue for the left face of
the cube as for the bottom face or the back face. Indeed, one only obtains the results
listed in Proposition 2.5.13 below.

28



2.5. Evidence for the Isomorphism Conjecture

2.5.2. Surjectivity Results

Beyond trivial degrees, the following is known in the context of Conjecture 2.4.1:

(i)
(i)

(i)

(iv)

(viii)

(ix)

The conjecture clearly holds in all cases in which Question 2.1.14 is solved, i.e. in
the cases listed in Remark 2.1.15.

The conjecture holds in top degree, i.e. in degree dim(G/K). The proof works
by replacing the geodesic coning simplices of Proposition 2.1.11 by barycentrically
straightened simplices and determining a uniform bound for the Jacobians (see
[39], [89], [12]; note that the proof in [115] for the SL(n,R) case is incorrect, see
[11]; see also [13] for the connection to Gromov’s proportionality principle).

As an extension of (ii), if G has no factor locally isomorphic to SL(3,R) or SL(4, R),
then the conjecture holds in every degree higher than or equal to dim(G/K) —
rkr (G) + 2 (see [90]; see also [126] for the limits of this approach).

As an extension of (iii), if G also has no factor locally isomorphic to SL(2,R),
Sp(4,R), or G2y, then the conjecture holds in every degree higher than or equal
to stk(G) + 2, where srk(G) denotes the splitting rank of G, i.e. the maximal
dimension of a totally geodesic subspace of G/K which splits isometrically as a
non-trivial product (see [125], where a table of the values of srk(G) is given for
every case; note also that srk(G) < dim(G/K) — rkg(G), where we have equality
if and only if G is locally isomorphic to products of type SL(n,R)).

Goncharov [63] established surjectivity in degree 5 for the group SL(3,C) by con-
structing an explicit bounded cocycle representing the generator of H2(SL(3,C)),
which he defined using a globally bounded variant of the trilogarithm. The proof
that this construction actually satisfies the cocycle condition relies crucially on the
highly non-trivial functional equations of the trilogarithm.

Primary characteristic classes of real algebraic subgroups of GL(n,R) can be rep-

resented by cocycles having finite value sets on singular simplices (see [65, Section
1.3] and [10, Theorem 4]).

As an extension of (vi), it is shown in [70] that the primary characteristic classes
correspond precisely to the truncated polynomial algebra part of H2(G) in Re-
mark 2.1.20. Hence all even generators are bounded. This implies the conjecture
for all groups without exterior algebra part, which are all groups that have no fac-
tor locally isomorphic to a complex classical group, SL(n,R) for n > 3, SL(n, H)
for n > 2, SOy(p, q) for p - q odd, Eg(), or Eg(_26).

The Isomorphism Conjecture 2.4.2 holds in degree 3 for SL(n, C), where n > 2 [62],
[5], [101], [15]. Indeed, H? (SL(n,C)) is generated by the bounded Borel class (,,

which has Gromov norm @03, where v3 denotes the volume of a maximal ideal
tetrahedron in H? (c.f. Remark 2.1.15), and the left corner inclusion SL(n,C) <

SL(n + 1, C) induces a linear isomorphism H? (SL(n + 1,C)) — H3, (SL(n, C)).

The restrictions H2, (SL(2n + 1,C)) — H3, (SO(2n + 1,C)) and H2, (SL(2n,C)) —
H2,(Sp(2n, C)) are isometric isomorphisms [40], [42]. This implies that the re-
spective block inclusions induce linear isomorphisms in degree-three continuous
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bounded cohomology, further implying the Isomorphism Conjecture 2.4.2 in de-
gree 3 for SO(2n + 1,C) and Sp(2n,C), n > 1.

Proposition 2.5.13 (De la Cruz Mengual [41], [42]). The following is known about
H3,(S0(2n, ©)):
(i) The comparison map H2, (SO(2n,C)) — H2(SO(2n, C)) is surjective for all n > 3.

(ii) The restriction map res,: H3 (SL(2n,C)) — H3, (SO(2n,C)) is injective for all
n > 2, with resy having operator norm % and resy(B4) having Gromov norm 4uvs,
and ress being a linear isomorphism.

(1ii) The restriction map H2, (SO(8,C)) — H?, (SO(6,C)) is surjective and the restric-
tion map H3, (SO(6,C)) — H3, (SO(4,C)) s injective.

(iv) The restriction maps H, (O(2(n+1),C)) — H3, (O(2n,C)) and H3,(GL(2n,C)) —
H2,(0(2n,C)) are linear isomorphisms between one-dimensional R-vector spaces
for all n > 3; they are injective for n = 2.

(v) We have H3,(0O(4,C)) — H2, (SO(4,C)) = R%
Proof. (i) We consider the diagram

H? (SL(2n,C)) —— H3(SL(2n,C))

| |

12, (SO(2n, C)) —— H3(SO(2n, C))

and claim that the restriction H?(SL(2n,C)) — H2(SO(2n,C)) is an isomorphism for
all n > 3, which implies (i). To prove the claim, we argue as in Section 6.1: The
symmetric space of SO(2n,C) can be smoothly embedded into the symmetric space of
SL(2n,C). Since H3(SL(2n, C)) and H3(SO(2n, C)) are both one-dimensional, it suffices
to prove that the restriction of some differential 3-form generating H2(SL(2n, C)) to the
symmetric space of SO(2n,C) is non-zero. This follows from the fact that the Killing
form By of g € {sl(2n,C),s0(2n,C)} is proportional to the trace form of g (see |75,
Ch. I11, §8]), and [41, Formula (1.1)], which reads

w(X,Y, Z) = By(X,JY, Z]) (XY, Z¢€p),

where K is a maximal compact subgroup of G € {SL(2n, C), SO(2n, C)} with Lie algebra
£, g = D p is a Cartan decomposition of g, J is the complex structure of g, and w
is a generator of ((A%p)*)X = H3(G). Indeed, since the complex structure of s[(2n,C)
restricts to the complex structure of s0(2n, C), restricting this generator of H2(SL(2n, C))
vields a generator of H2(SO(2n,C)).

(ii) The argument above also implies injectivity of res, for all n > 2. By [42, Proposi-
tion 6.12], resy has operator norm 2 and resy(f8;) has Gromov norm 4vs. By Section 1.4
and Corollary 2.2.19 we have

H,(SO(6,C)) = H, (SL(4, C)) = HE, (SL(6,C)) = R,

which implies that ress is a linear isomorphism.
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2.5. Evidence for the Isomorphism Conjecture

(iii) The claim follows from the commutativity of the following diagram:

HE, (SL(8, €)) —— HE,(S0(8,C))

| |

H3,(SL(6,C)) —— H3,(SO(6, C))

| |

Hé,(SL(4,C)) —— HE,(S0(4,C))

(iv) By Corollary 2.2.21 the restriction H2, (O(2n,C)) — H3, (SO(2n,C)) is an iso-
metric injection. Considering the commutative diagram

H%,(GL(6, C)) —— H,(0(6,C))

| l

H&, (SL(6, €)) —=— H,(S0(6,C))

we first conclude that H2 (O(6,C)) — H3 (SO(6,C)) is a linear isomorphism, which
implies that H3 (GL(6,C)) — H2 (O(6,C)) is a linear isomorphism. Inductively, the
commutativity of the diagram

H2 (GL(2(n +1),C)) —— H3,(0(2(n+1),C))

| l

H (GL(2n,C)) ——— H3,(0(2n,C))

where the injectivity of H, (O(2(n+1),C)) — H3, (O(2n,C)) is due to [42, Key Lemma),
implies that H3, (GL(2n, C)) — H3, (O(2n,C)) and H3 (O(2(n+1),C)) — H3,(0O(2n,C))
are linear isomorphisms for all n > 3. Arguing as above, it is easy to see that the
restriction H3, (GL(4, C)) — H2,(0(4,C)) is injective.
(v) By Section 1.4, Theorem 2.5.2, Remark 2.1.9, and Remark 2.1.15 we have
H3,(0(4,C)) — Hg,(SO(4,C)) 2= HE, (SO0(3,1)%) 22 HZ(SO0(3,1)*) = Ha((S°)?) = R
O

Remark 2.5.14. We have seen that sporadic isogenies and the interplay between the
(semi-)simple families and the reductive families can be helpful to compute continuous

bounded cohomology. Indeed, using Section 1.4 and the results of this section, we also
obtain H? (G) = 0 for

G € {Sp(1,1),S0¢(2,2),500(3,3),S0*(4),S0*(6)},
and HX (G) = 0 for
G € {SL(2,R),SL(2,C), SL(2, H),SO(3,C),SO*(4)},

as well as H? (Sp(1,1)) = R% Some of these results could be used as the base case
of the induction when proving the Isomorphism Conjecture 2.4.2 for the corresponding
families.
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3. Stabilizers and Invariants

Our goal for the next two chapters is to understand the configuration spaces G,\P¥ for
every classical space (V,,w) of rank r > 1, where we use Notation 1.1.20 throughout.

Recall that in Corollary 1.1.19 we have seen that G,\P, and GT\REQ) are trivial.

3.1. Statement of Results

First, let us quickly recall the concept of a Langlands decomposition.

Proposition 3.1.1 (see |87, Proposition 7.83|). Let P be a parabolic subgroup of a
reductive Lie group G. Then there exists a reductive subgroup M, an abelian subgroup
A, and a nilpotent subgroup N such that P = MAN and M x A x N — P is a

diffeomorphism.

A decomposition P = M AN as above is called a Langlands decomposition.
Let (V,,w) be a classical space, where we use Notation 1.1.20. We will prove the
following three theorems.

Theorem 3.1.2. Let (z,y) € V, X V,. be a hyperbolic pair. Then
(i) P = Stabg, ([z]) is @ mazimal parabolic subgroup of G.;
(1) L = Stabg, (|[z,y]) is a Levi factor of P;
(11i) if P = MAN is a Langlands decomposition of P, then M = G,_; and A = K*;

(iv) N is at most two-step nilpotent, and N is abelian if and only if w is symmetric,
or w s alternating and r = 1.

In particular, P, = G, /P can be considered a generalized flag manifold, and L is reduc-
tive.

Corollary 3.1.3. There exist surjective morphisms P — G,_1, L — G,_1 with solvable
kernel.

Proof. This follows from N being a normal subgroup of P and from the Lie group
isomorphism L = M x A. O]

Definition 3.1.4. Let k£ > 3. We define the stability range r; and the weak stability
range 1, of G, ~ P¥ to be

5], G, =Sp(2r,K), k
ne=q [%5], G, =0(2r +4d,C), o [5l Go=sp(nK),
k 2 | r k Tk, GT # Sp(QT’ K)
k=1, Gp=O(r+dn),Ur+dr),
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3. Stabilizers and Invariants

In Section 3.4 we will introduce a generalized angular Cartan invariant, which is one
of the concepts needed for the following parametrizations.

Theorem 3.1.5. (i) G,\P* is a Lebesgue space for all k > 1;

(ii) the generalized angular Cartan invariant yields an isomorphism GT\P;{S} >~ CG) of
Lebesque spaces, where C®) is a compact manifold of dimension at most 1;

(iii) for every k > 3 and every r > 1 we have an isomorphism G,\P* = C®) x K™ as

k(k—3
Lebesque spaces, where my, = %;

(iv) for every r > 1y there exists ¢, < 272 and trivial Lebesque G,.-spaces Ci(k), 1=
1,...,ck, such that we have an isomorphism

Ck

LI((Gr/Hirg) x €)= P

i=1
of Lebesgue G-spaces, where the Hy_,,; are stabilizers of certain points in 777]?.

The stability range in Theorem 3.1.5, (iii) is optimal in the sense that G,\PF %
Gr+1\PE, | for every r < ry.

Theorem 3.1.5, (iii) is the main ingredient for the proof of our Secondary Stability
Theorem, which we now reformulate to make it precise.

Theorem 3.1.6. We have a linear isomorphism
Hy (G ~ Prp) 2 HE (G A P)
wn the following cases:
(i) in the case v > 1, o;
(11) in the case r =2 and k = 3 for G, = Sp(2r, K).

Theorem 3.1.2 is proved in Section 3.2; Theorem 3.1.5, (i) is proved in Section 3.3;
Theorem 3.1.5, (ii) proved in Section 3.4; the proof of Theorem 3.1.5, (iii) is spread over
Section 3.5 (for quadruples in the symplectic case) and Chapter 4 (for all other cases);
Theorem 3.1.5, (iv) and Theorem 3.1.6 are proved in Section 4.5.

3.2. The Stabilizer of an Isotropic Point

The purpose of this section is to prove Theorem 3.1.2. Let (V;,w) be a classical space,
where we use Notation 1.1.20, and let (x,y) € V,. x V,. be a hyperbolic pair. We will now
determine an explicit Langlands decomposition of Stabg, ([x]).

Definition 3.2.1. We define

U ={veV, |wxv)=0=uwyv)}
Gr¥ = Aut(UY, wlyzv gz ),

W ={weV, |wk,w) =0=qy+w)}.
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3.2. The Stabilizer of an Isotropic Point

Let v € GPY, A € K*, w € WY, For all v € U?Y we define

my () =, my(y) =y, my(v) = ¥(v),
ax(z) = Az, ax(y) = o (A ")y, a)(v) = v,
ne(z) = x, nw(y) =y +w, nyw(v) = v —w(v,w)x

We also define the subsets

M2 =A{my [¥ eGPV}, APV i=Aax [ A e K ) NP = {ny [ w € W}
of Stabg, ([x]).

The identities

MM MMy = Myptap, Ay ay) = Ay y, Ny Moy = Moy 4w —w (w,w’ ) (3.2.1)

imply that M*Y, A*Y and N®Y are subgroups of Stabg, ([z]), and that M*Y = G,
and A7Y = K*.

Proposition 3.2.2. Let (x,y) € V. x V, be a hyperbolic pair. Then the multiplication
maps
MY x A®Y x N®¥ — Stabg, ([z]),
M x N™¥ = Stabg, (),
MY x ATY — Stabg, ([z, y]),
M — Stabg, (z,y)

are diffeomorphisms, where the latter two maps are even Lie group isomorphisms.

Proof. We prove that for every ¢ € Stabg, ([x]) there exist unique ¢» € GFY, A € K*,
w € WY such that ¢ = myayn,. We write w = px + wy for some wy, € UFY. For all
v € UrY we have

Myany, () = Az,

Myparny(y) = e + a()\_l)y + ¥ (wo),
My, (V) = —Aw(v, w)z + Y(v).

Using these formulas, it is easy to see that a decomposition ¢ = myayn, as above is
unique. It remains to prove existence.

Let ¢ € Stabg, ([z]). There exists A € K* such that a) '¢(x) = . It is easy to see that
w = a, (y) —y € WY, so we have nta; 'p(y) = y. Since also nylay ¢(x) = =, there
exists ¢ € GPY such that ¢ = ayn,my. It now suffices to note that my,-1(w) € Wr¥
and axnymMy = Myanm,_, @w)- This implies that MY x A7V x N — Stabg, ([2]) is a
diffeomorphism; the other statements claimed follow similarly. O

Remark 3.2.3. The proof above shows that the decomposition
Stabe, ([2]) = ATYNZY MY

is more natural. We will, however, exclusively use the decomposition Stabg, ([z]) =
M>PYATYNZY; it leads to simpler formulas in the following sections.
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3. Stabilizers and Invariants

Lemma 3.2.4. N*V is a normal subgroup of Stabg, ([z]).

Proof. Let w € W*¥. We have my(w) € WY and mwnwmi1 = Ny, (w) for all Y € GTY.
Similarly, we have o(\)ay(w) € W2¥ and ayn,a,' = No(Nay (w) for all A € K*. O

Lemma 3.2.5. NY is a nilpotent group of nilpotence-degree at most two; it is abelian
if and only if w s symmetric, or w is alternating and r = 1.

Proof. Case 1: w is symmetric. Then by Equation (3.2.1), N*¥ is clearly abelian.
Case 2: w is alternating. Then by Equation (3.2.1), the center of N*¥ is given by
Z(N2Y) = {ny | w(w,w’) = 0 V' € WY} =2 Ko =2 K, and we have NV /Z(N¥Y) =
V,._1. Hence we have the central extension

1-K—=>N"Y—=V,_1—1,

so NPY = Z(NFY) x . NPY/Z(NPY) is a nilpotent group of nilpotence-degree at most 2,
where w': (N2Y/Z(N¥Y))? — Z(N#Y) is defined by

W (N Z(N2Y), n Z(NFY)) = —w(w, w')x.

Note that N*¥ is abelian if and only if Z(N®¥) = N®¥, which is the case if and only if
r=1

Case 3: (K,0) = (C,~) and w is Hermitian. Then by Equation (3.2.1), the center of NV
is given by Z(N*Y) = {n, | Im(w(w,w")) = 0 V' € W¥¥}, and N*Y/Z(N¥Y) is clearly
abelian. Hence N*¥ =2 Z(N%Y)x  N*Y /Z(N*Y) is a nilpotent group of nilpotence-degree
at most two, where, again, w’: (N®¥/Z(N*¥))* — Z(N*Y) is defined by

W (N Z(NZY), nw Z(NY)) = —w(w, w')z.
Note that Z(N¥) is a proper subgroup of N*¥; hence N*¥ is not abelian in this case. [

Notation 3.2.6. In the case (z,y) = (e, f.) we drop the upper indices of UHY WY ..
but, to avoid ambiguity, not of G¥¥. Thus, we have the decompositions

Stabg, ([er]) = M, A, Ny,
Stabg, (e,) = M, N,
tab (. 1) = M
Stabg, (e, fr) =

Note that we have canonical isomorphisms U, = V,_; and ij"ﬂ' =G

Lemma 3.2.7. Let (z,y) € V. x V,. be a hyperbolic pair. Then Stabg, ([x]) is a maz-
imal parabolic subgroup of the reductive Lie group G, with Langlands decomposition

Stabg, ([2]) = M#¥AZYN®Y,

Proof. By Lemma 1.1.18, (i), to prove that Stab¢, ([z]) is a maximal parabolic subgroup
of G,, it suffices to consider the case (z,y) = (e,, f.). We use the notation of Section 1.3.
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3.2. The Stabilizer of an Isotropic Point

In the case that G, is a complex Lie group, respectively a non-complex Lie group, a
standard calculation shows that Stabg, ([e,]) is the normalizer of

Jmax = h S @ gx,
el

respectively of
max = Mm@ a ® P gy,

Ael
in GG, where in both cases we have

F=ATU{BeA|pespan(ll\ {e, —ea})}.

Let us make this more explicit in the case G, = Sp(2r,R). Then we have I' = A\ {5 —
E1,-..,E — €1}, implying

a BT ¢
max =4 |0 D E| €sp2r,R)|a,c,feR, B,EcR®* 2 Dcgl, ,R)
0o 0 f

Representing Stabg, ([e,;]) = M, A, N, with respect to the standard Witt basis, we see
that mya\n,, corresponds to the matrix

A w(w,—) w(w, f)
O w w(wa _), )
0 0 A1

where we interpret ¢ as a matrix in Sp(2r — 2, R), and where

w(w, =) = (ww,er_1), ..., ww,e),w(w, f1),... ,ww, fry)) €RXE=2
w(w, =) = (wlw, fr_1), ..., ww, fi),wler,w), ..., wle,_1,w))" € RE=2xL,
Having established these matrix representations, it is not hard to see that Stabg, ([e,])
is the normalizer of g,y in G,.
Let us return to the general case. Using [87, Proposition 7.83 (b)], Stabg, ([e,]) is the
parabolic subgroup of G, corresponding to the maximal subset IT\ {e; — ey} of II, i.e. a

maximal parabolic subgroup of G,. The results of Section 3.2 imply that a Langlands
decomposition of Stabg, ([e,]) is given by Stabg, ([x]) = M*YAZY NV, O

Proof of Theorem 3.1.2. (i) follows from Lemma 3.2.7; (ii) then follows from the decom-
position Stabg, ([z,y]) = M»YA%Y in Proposition 3.2.2; (iii) now follows immediately;
(iv) is proved in Lemma 3.2.5. ]

Remark 3.2.8. If x € V, is anisotropic with respect to w, then

StabGT([x]) = Aut({x}L,w|{x}LX{x}l) X KX,
StabGr (ZL‘) = Aut({x}{ W|{I}Lx{x}i).

In this case, Stabg, () is isomorphic to a classical group. Consequently, Witt’s lemma
holds for Stabg, () acting on {z}~+.
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3. Stabilizers and Invariants

3.3. Ildentifying Lebesgue Spaces

The purpose of this section is to prove Theorem 3.1.5, (i) and to explain the strategy
that we will employ to prove the other parts of this theorem. Let (V,,w) be a classical
space, where we use Notation 1.1.20.

Proof of Theorem 8.1.5, (i). We have pointed out in Remark 1.1.3 that G, ~ V is
an R-algebraic action; consequently also G, ~ PF is R-algebraic. By Theorem 2.2.2,
equipping P* with its Lebesgue measure class [u] turns (G,\P¥, [fi]) into a Lebesgue

space. ]

Let us now discuss how to obtain an isomorphism of Lebesgue spaces. We will use
the following direct criterion to prove parts (ii) and (iv) of Theorem 3.1.5.

Lemma 3.3.1. Let G be a Lie group, let P and C be smooth manifolds, let G ~ P
be a smooth action by diffeomorphisms with canonical projection w: P — G\P, and let
f: P — C be a G-invariant smooth map. If f admits a smooth section h: C — P such
that moh: C — G\P is surjective, then wo h is an isomorphism of Lebesque spaces with
inverse the map G\'P — C induced by f.

Proof. Let ]7: G\P — C denote the map induced by f. Then we have

for all ¢ € C, so fo (m o h) =1ide. Since o h is surjective, for all p € P there exists
¢ € C such that Gp = Gh(c), which implies

7 (h(F(Gp))) = m(n(F(GR(e))) = 7(A(F(R(e))) = 7(h(e)) = Gh(c) = G,

i.e. (mroh)o fv: idg\p. Hence 7o h is an isomorphism of Borel spaces with inverse fv
It remains to show that these isomorphisms preserve null sets. Let N C C be a null

set. One can show that f is a smooth submersion. Recall that the preimage of a null

set under a smooth submersion is a null set. Hence 7r_1<fv_1(N)> = fY(N) C Pis

a null set, which, by the definition of the quotient measure class on G\P, implies that
F7UN) € G\P is a null set.

Conversely, let N C G\P be a null set. Then 7~ !(N) C P is a null set. By
smoothness of f and [92, Theorem 6.9 also f(7~'(N)) C C is a null set and one can
check that f(7=*(N)) = f(N).

Thus, 7o h and fvare even isomorphisms of Lebesgue spaces. O

In Chapter 4 we will use the following criterion to prove Theorem 3.1.5, (iii), which,
compared to the criterion above, sidesteps the required a priori knowledge of a G-
invariant smooth map f in the product case. Although its formulation is rather lengthy,
the reader should convince himself or herself that this criterion is very intuitive.
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Lemma 3.3.2. Let G be a Lie group, let Py, Ps,Cy1,Co be smooth manifolds, let G ~ Py
and G ~ Py be actions by diffeomorphisms such that G ~ Py and the diagonal action
G ~ Py X Py are smooth, and let 1 : Py — G\P1 and w: Py X Py — G\(Py X P2) denote
the canonical projections. Let hy: C; — Py be a smooth map such that miohy: C; — G\'Py
15 an isomorphism of Lebesque spaces, let hy: C1 X Co — Py be a smooth map, and define

h: Cl X CQ — Pl X Pg, (01,62) —> (hl(Cl),h2<Cl,C2)).

Assume that

(i) for all c; € Cy, py € Py there exists some g € G and a unique co € Cy such that
hi(c1) = gp1 for some py € Py and hs(cy,c2) € Stabg(hi(c1))gpe;

(11) the map f: Py X Py — C; X Cy defined by assigning to every (p1,p2) the unique
element (c1, co) such that (hy(c1), ha(c1,c)) € G(p1,p2) is smooth.
Then f is G-invariant with section h, and woh: C; xCy — G\ (P1 X Ps) is an isomorphism
of Lebesque spaces with inverse the map G\(Py X Pa) — C1 X Cy induced by f.

Proof. Condition (i) implies that f is well-defined and G-invariant, and that h is a
smooth section of f such that 7o h is surjective. Condition (ii) and Lemma 3.3.1 now
yield the claim. O

3.4. The Generalized Angular Cartan Invariant

In this section we introduce the (generalized) angular Cartan invariant and use it to
prove Theorem 3.1.5, (ii).

The Classical Angular Cartan Invariant: Let (Vj,w) be a classical space of rank
r = 1 and dimension > 3, where we use Notation 1.1.20. One can prove that, if G| #
U(1+d, 1), then the configuration space Gl\Pi{?’} is trivial. In the case G; = U(1+4d, 1)
let us write

C® :={zeC:|z] =1, Re(z) <0}
and for all z € C® let us write

X, = (€1, f1,€1 + Zf1 =+ \/ —QRG(Z)h1:| € Pf

Note that =, € 771(3) for all z € C®, and that z, € Pi{S} if and only if Re(z) < 0.
w(v2,v0)
w(vg,vl)w((;q 0)

St c C, by z[vg, v1,vs]. A quick calculation yields z[vg, vy, vs] € C®); we call z[vg, v1, vo]
the angular Cartan invariant of [vg, vy, va).

For any [vg, vy, v5] € 731(3) let us denote the argument of as an element of

Proposition 3.4.1 (Cartan [31]). Let (Vi,w) be a classical space of rank r = 1, where
G1=U(1+4d,1) for some d> 1. Then the map

7)1(3) — C(S)’ [U07 U17 UQ] —> Z[U07 U].? UQ]
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3. Stabilizers and Invariants

18 smooth and G1-invariant, and admits the smooth section
c® — 73{3), 2 X,

inducing an isomorphism C® = U(1 4 d, 1)\731(3) of Lebesque spaces.

For more discussion of this invariant see [61, Section 7.1]. This invariant has also
been considered in the quaternion and octonion rank 1 cases, see [1|. For connections to
the Maslov triple index see [36].

The Angular Cartan Invariant in Higher Rank: Let » > 2 and let (V,,w) be a
classical space, where we use Notation 1.1.20. Our goal is to understand the Lebesgue
space G,\P3. To this end, we define the smooth manifold

c® = {1} if G, is a complex Lie group,
C® ={ze€K:|z| =1} ifG, is a non-complex Lie group,

and equip C® with its Lebesgue measure class. In this section we prove that there
exists an isomorphism G,\P? =2 C®) of Lebesgue spaces. Let us now write down the
maps which induce this isomorphism. Recall that the spaces U PW consist of
tuples of points having pairwise non-orthogonal representatives.

If G, is a non-complex Lie group and [vg, vy, v5] € 7353}, then we use the polar decom-

position and write

w(v2, vo) — il
w(va, v1)w(v1, Vo)
There exists a unique A = \(vg, v1, v2) € Ry such that \? = r; writing z[vg, vy, va] = ¥,
we have ( )
w\V2, Vg
A2 z[vg, vy, U] = .
[oo, v, v2] w(vg, v1)w(v1, vo)
If G, is a complex Lie group, then we just write z[vg,v1,vs] = 1 and choose a

measurable map (vg, v1,v2) — A(vg, v1,v2) € C* such that

W(U27U0)
(A)('UQ, Ul)W(Ul, UO)

)\(UO7 U1, ,02)2 -

for all [vg,v1,v9] € 73,1{3}; our result will turn out to be independent of this choice of
measurable map.

In both cases we call z[vg, v, v2] the generalized angular Cartan invariant of [vg, vy, v].
We will now show that this invariant classifies the G,-orbits of 73;{3}. For all z € C® let
us write

v, = e, froer +2fr e —2fra] € 73,{3}'

Proposition 3.4.2. Let r > 2 and let (V,,w) be a classical space. Then the map

7)7{3} — C(S)J [U(]?UMIUQ] = Z[UO,Ul,UQ]
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3.4. The Generalized Angular Cartan Invariant

s smooth and G.-invariant, and admits the smooth section
C(g) — 7353}’ = Xy, = [67», frv €r + Zfr + €r—1 — Zfr—l]a

inducing an isomorphism 6°: C3) — GT\P;B} of Lebesgue spaces.

Theorem 3.1.5, (ii) is clearly an immediate corollary of the proposition above. Our
proof of this proposition consists of three elementary but rather technical lemmas.

Notation 3.4.3. Let us now fix [vg,...,v,] € P{n+1}, and write zo = z[vg, v, v2] and
A = A(vg, v1,v2). Let ¢y € G, denote the morphlsm defined by vy — w(vg, v1)er, V1 > fi

Lemma 3.4.4. We have

w(vg, vo)

) = W(vg, v1)e, + v
QOO( If) ( k 1) W(Ul,’Uo)f k
for some v, € V,_1, k=0,...,n, and
w(vg, vp) = w(vk, v) — vk v (0, ) - W(Uk,vo)w(vl,vl)’ k,l=0,....n
w(vo, v1) w(v1,v0)

Proof. Let us write po(vx) = age, + o(B) fr + v, for some v, € V,._;. Then

w(vo,vk) = w(@o(vo)a SOO(Uk))
= w(w(vo, Ul)er; aRer + U(ﬁk)fr + U?c)
= w(vo, v1) Bk
implies
o(w(vo, vx))  ew(vg,vo)  w(vg, vo)

o) = = =

o(w(vg,v1))  ew(vy,vg)  w(vr,vg)

Furthermore, we have

w(vg, v1) = w(@o(vr), o(v1))
= W(Oéker + U(Bk)fr + Ullw fr)
= O,

W(UkaUO
w 1)1 vo

which implies po(vg) = w(vg, v1)e, + fr + v}, as claimed. Now

w (v, v1) = w(po(vi), po(vr))

. W(Uk,'l}o) / C(J('UI,UO) /
ko e+ SR e + SO
U( (Ul: O)) (UkaUO> o

= W(Vg,V +e olw(v, 1)) +wlvg, v

(g, 1) @(oro0)) T Sw(or, o) o(w(vr,v1)) + w(vg, )

w(vy, v Vg, U Vg, Vg )w(v1, v
_ w(vg, v)w(v z)+ w(vg, vo)w (V1 l)+w(2}§€,vf)

w(vg, v1) w(vy, o)
implies w(vf, vf) = w(vg, u) — “hpelom — eluoeinn) =
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3. Stabilizers and Invariants

Lemma 3.4.5. We have

D O P )U,].

arwolvr) € e, + 2 ”
900( ) |: Ow<vkﬂvl)w(v27vﬂ> w(vk,vl

Proof. By Lemma 3.4.4 we have

(Ukvvo) /
w<vl’ )fr+vk

A
[ A" 2w (g, vg) i A7t )v,;]

W

axgo(vr) = Aw(vg, vr)e, + A7

(
e, +
" w(vg,v)w(v,ve)” T w(vk, U1

Uk, U())w(/UZ; Ul) /\_1 /:|
r v
?]k,Ul)W('UQ,'UO) W(Uk,'Ul)

Lemma 3.4.6. There exists 1y € G,_1 such that

w(
er + 2o
w(

Myyaro(va) € [er + 20fr + €1 — 20 fr-1].
In particular, x,, € G,.[vg, vy, va].

Proof. We have

( R ,)
w (U (%
W(Uk,vl) F w(vhvl) !

)\72 / /
= Wl ool o)
_ ezow (v, v1)w(vy, V) (ol o)

("Uz, 0) (Uk,vl) (Ulwz)
5ZOW<U2;U1) (Ul,Uo) _W(Umvl)w(voavl) W(UMUO)W(%,U!)
)(W(Uk,vz) )

(U27U0) (Uk,Ul) (U17Ul B

w(vy, v1) w(v1, )
- <w(v2,v1)w(v1,vo)w(vk,vz)  w(vg, v1)w(vy, vo)w(vo, v) W(Uk,vo)w(vg,v1)>

W(UQ,UO)W('Uk,Ul)W(Ul,UZ) W(UQ,UO)W(UO,Ul)W(UI,Ul) w(UkaU1>w(v27UO)

In particular, we have

q<w<2;lv1>“5) = (““2?2?53 e 1)
= —ez0((W20) T (e0 (¥220)) +1)
+

1)

= —ezg(e0(20)
= —(0(z0) +€20)
=q(er—1 — 20 fr-1)-
By Witt’s lemma and Lemma 3.4.5, there exists ¢y € G,_1 such that
A1
Mo arpo(v2) € [er + 20.fr + o <—U§)]

w(ve, v1)
= [67« + ZOfr +ero1 — ZOfr—l]‘

We conclude that my,axpo[ve, v1, V2] = 25,.
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Proof of Proposition 3.4.2. Lemma 3.4.6 implies that the composition
GAPE —¢c® - G, \PB

is the identity, which means that C®®) — GT\P{{‘?’} is surjective. The calculation

W(er + Zfr +er_1 — Zf’r‘—la er) €z
= =z
wle, +zfr +er1— 2fo1, fr)w(frer)  1-¢
shows that C® — P is a smooth section. Lemma 3.3.1 now yields the claim. O]

3.5. Cross-Ratios and Parametrization of Quadruples
in the Symplectic Case

In this section we prove Theorem 3.1.5, (iii) in the easiest case, namely for quadruples in
the symplectic case, where we again use Lemma 3.3.1 to obtain the desired isomorphism;
all other cases of this part of the theorem, which are treated in Chapter 4, will be proved
using Lemma 3.3.2.

Let r > 2 and let (V,,w) be a classical space, where we use Notation 1.1.20. Our
next goal is to understand the space G, \P2. De la Cruz Mengual proved that if G, is a
complex Lie group, then there exists an isomorphism G, \P? = C? of Lebesgue spaces,

which is induced by certain cross-ratios cry, cry: P — C* (see [42, Proposition 3.8]).

Remark 3.5.1. These cross-ratios have previously been considered both in the rank 1
case (|88], see also [61, Section 7.2|), as well as in the higher rank case (|38]); for the
group Sp(2,C) = SL(2,C) the classical cross-ratio is recovered. One can even define a
more abstract notion of cross-ratio for quadruples in G/P, where G is any semisimple
Lie group and P is any parabolic subgroup of G, see |61, Section 7.2.3|. For other
generalizations of the classical cross-ratio see [73] and the references therein.

In our unified setting including non-complex Lie groups, the cross-ratios are the G-
invariant smooth maps crq, cry: PP 5 K* defined by setting

_ w(vs, vo)w(va, v1)
CI‘1 [U07 e 7U3] T CU(U37 ’UI)W(UQ; UO)’
crafv vs] = w(vs3, v2)w(v2, v1)w(v1, o)

We will prove the existence of an isomorphism
G\PW = c®W  where C¢®W =B x K2,

and where C® is equipped with the Lebesgue measure class corresponding to its smooth
manifold structure.

In the symplectic case we will prove that this isomorphism is induced by the G,-
invariant smooth map

77,1{4} — 6(4), [Vo, - ., v3] = (z[vo, v1, V2], cri[vy, . . ., v3], crafvy, . . ., v3]).
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3. Stabilizers and Invariants

The following lemma, which is proved by straightforward calculations, explains why
the angular Cartan invariants and cross-ratios of permuted triples or quadruples of points
are not needed for this parametrization.

Lemma 3.5.2. Let (V,,w) be a classical space. Then we have
cry [V, V1, Vg, V3] = cry[vn, vo, U3, V2],
= cry[vg, v1, vz, v2) T,
= o(cr[vs, va, v1, o)),
= crq[vo, V2, V1, V3] - era[vg, V1, V2, V3],
= z[vs, vy, Vo] - cravs, Vo, V1, V.
The first step of De la Cruz Mengual’s proof can be given uniformly for all classical

groups. Let us now use Notation 3.4.3. By Lemma 3.4.6, there exists g € G,_; such
that my,axeo[vo, v1, v2] = T,.

Lemma 3.5.3. We have
/ !/
Y = yiler g — @), 3.5.1
Yo(vi) = Yeler—1 — €0 (20) fr—1) + w<vhvz)f 1+ g (3.5.1)
for some v, € K and some v}, € V,_o such that
/ /
"oy ro _)\—1 W(U%Ul) w(vkuv2> _ 3.5.9
stofif) = wlog o) =3 (2 e ) SR ) oot o) (352
forallk,l=3,...,n
Proof. Let us write ¢y(v},) = Yre, + 0(B) fr + vi, for some v} € V,_5. Then
w(vy, vi) = w(to(v3), Yo(vy,))
= w(Aw(ve, v1)(€r—1 — 20 fr—1), Yrer—1 + 0(0k) fr—1 + v3)
= Aw(va,v1) (0 — €200 (V&))

T 4 ezgo (), Le. 0(8) = AT Ekes

Yo(vy,) = Yk(er_1 +e0(20) fro1) + X712 vk’%)frq + vy, as claimed. Now

w(v1,v2)

implies 0, = A + €0(20)Vk, which implies

w (v, vp)

= w(to(vy), Yo(vy))
= w (ﬂyker_l + (A_IM + 60(20)%) fro1 + v,

w(vy,vg)

w(vy, v
Vier—1 + (/\_IM + 80’(20)’71) fr—1+ v{')

w(vy, vg)

! ! / /
_ 1@ v) 1@ (vh ) o
%U( w(vy, v9) +eo(zo)n ) +e w(v1, Us) +eo(z0) )o(n) +w(vy, v))
w (v

(152

= A‘l( <( 2 %) +e0 ()

w(ve, v1) g) + Yo () (o (20) + €20) + w(vy, v))

imphesw(v;;,v;'>:ww;,v;)—A1(% Ewiﬂa(mwimi) 10 (1) (0(20) + £2). O
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3.5. Cross-Ratios and Parametrization of Quadruples in the Symplectic Case

Trying to extend De la Cruz Mengual’s proof strategy uniformly to all classical groups
becomes extremely challenging and notationally cumbersome at this stage. Thus, we
will only pursue this strategy in the symplectic case, i.e. for the families Sp(2r, C) and
Sp(2r,R); the remaining families O(n, C), U(r +d,r), O(r 4+ d,r) will be handled, using
explicit descriptions of stabilizers, in Chapter 4.

Parametrization of Quadruples in the Symplectic Case: From now on we assume
that w is alternating, i.e. that we have G, = Sp(2r, K). For all (z, A1, A2) € C*) we write

xz,/\1,)\2 = ['Tza 67‘ + ZAlf?“ + Z(AQ - Al + 1)f7”—1} E 73:"1

Clearly, x5, € PiY if and only if A, Ay # 0 and A # Ay + 1. Thus, we define the
open conull submanifold

CHW = {(2, A, X)) € CH | A, A #0, M\ # Mo + 1}
of CW.

Proposition 3.5.4. Let r > 2 and let (V,.,w) be a classical space, where w is alternating.
Then the map

P ¢ (v, ..., v5] = (2[ve, v1, va], cri[vo, . . ., v3], cralvo, - - ., v3])
is G.-tnvariant and smooth, and admaits the smooth section
CH — P (2, A, Aa) = Zax, s
inducing an isomorphism 6%: C1*h — GT\P{«H} of Lebesgue spaces.

First, note that in our alternating setting Equation (3.5.1) and Equation (3.5.2)
simplify to

/ !
Y — . . A71w<vk7v2) - "
Yo(vg) = Ye(er—1 + 20fr-1) + —w(vl, o) fro1 + v
. (g v wl(v,vh)
1 1 — / / _ )\71 Y _ 9
W(Uk,vl) u')(Uk’?vl) ’Yk(A)(’UQ,Ul) VIW(U17U2> )

respectively. Hence we can choose 1y such that 73 = 0 and v = 0, i.e. such that

N —1("“)(?)[/37@%)
Yo(vs) = A —w(vl’v2)fr—1~

Lemma 3.5.5. We have

My @rPo(V3) € [er + 2ocr[vo, - . ., Us] fr + zo(cre — cry + 1)[vo, . .., 3] fra].

In particular, T, ey cry € Gr.v0, ..., v3].
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3. Stabilizers and Invariants

Proof. We have w(ﬁg;;n%(vg) = L{*’Ué))ﬁ_l and

w(vz,v1)w(v1,v2
A 2w(vg, vh)
w(vs, v1)w(vy, v2)
zow(vg, v1 )w(v1, vg) w(vs, v1)w(ve, v2)  w(vz, vo)w(v1, Vo)
= w(vs, vg) — —
w(vs, v1)w(v1, va)w(ve, V)

w(vg, v1) w(v1,v0)

(W(Ug,UQ)UJ(’UQ,'Ul)W(Ul,U()) 1 W(Ug,Uo)UJ(’UQ,’Ul)>
w(vs, v1)w(vy, v2)w(ve, Vo) w(vs, v1)w(va, Vo)
= zo(crafvg, ..., v3] + 1 — cryfvg, . . ., v3])
= zo(crg — cry + 1)[vo, . . ., v3).
We conclude that my,axgo[vo, - . -, V3] = T2 ery cra- O

Proof of Proposition 3.5.4. Lemma 3.5.5 implies that the composition
GA\PW — c - g \PH

is well-defined and equal to the identity, which means that C{* — GT\P#} is surjective.

The calculations cry (7., ,) = A1 and cra(z.h,.,) = Ao show that Ct* — 4 s a

smooth section. Lemma 3.3.1 now yields the claim. [
Remark 3.5.6. Interestingly, Proposition 3.5.4 implies that for [vg, ..., vs] € P we have

[UO,...,U?,] 677,‘,{4} = Crl[Uo,...,’Ug] #Crg[vo,...,vg] +1

—> w(vs,v9)w(v1,vy) + w(vs, vo)w(va, v1) # w(vs, v1)w(ve, Vo).

Lemma 3.5.7. The unique map D? making the diagram

L(PY) s L (Pl

@) (ot

commute for all r > 2 is given by D?> =0 if K= C and

D*(f)(2, M1, A0) = f(=2-sgn(M2)) — f(—2 - sgn(Aida)) + f(2 - sgn(h1)) — f(2)
for almost every (z, M1, o) € CW if K =R.
Proof. For K = C the claim is trivial. For K = R the claim follows directly from

2[67“7 fra er + ZO)\lfT‘ + Z0<)\2 - )\1 =+ 1)][‘7"71] =20 Sgn<)\1)7
Z[Gr, €r + ZOfr + €r—1 — zOfr—la Er + ZO)\lfr + ZO()\Q - )\1 + ]-)fr—l] = —20" Sgn(/\1>\2)7
zlfrer + 20fr €1 — 20 fro1 er + 20M fr + 20(A2 — A+ 1) froa] = =20 -sgn(Ag). O
Remark 3.5.8. If K = C, then L*(C®) = R. If K = R, then ker(D?) consists precisely
of the constant functions on C®, which implies that im(D?) is one-dimensional; in this

case, the equation D?(f) = 0 can be considered a lower-degree analogue of the Spence—
Abel functional equation (see [129, Section 2]).
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4. Parametrizations Using
Stabilizers

Let (V,,w) be a classical space, where we use Notation 1.1.20 throughout. In Sec-
tions 4.1-4.4 we parametrize the configuration space G,\P¥ for k = 5,6 in the case
G, = Sp(2r,K), for k = 4,5,6 in the case G, = O(2r+d,C), d € {0,1}, and for k = 4,5
in the case G, = U(r+d,r),O(r+d,r), d € N. This yields a proof of Theorem 3.1.5, (iii)
for the cases considered. In Section 4.5 we extend the proof of Theorem 3.1.5, (iii) to
arbitrarily high k. In contrast to Section 3.4 and Section 3.5, we use Lemma 3.3.2 to
obtain our desired parametrizations. Also in Section 4.5, we prove Theorem 3.1.5, (iv)
using Lemma 3.3.1, and prove Theorem 3.1.6, completing the proof of the theorems
listed in Section 3.1.

Note that when using Lemma 3.3.2, we can restrict to GG,-invariant open conull sub-
manifolds. Concretely, to prove the existence of an isomorphism C* 5 G, \PF of
Lebesgue spaces, we will follow the steps

(S0) determine a smooth manifold C*~ and a map C*~V — PF1 ¢ s g, which
is smooth on an open conull submanifold of C*~Y and induces an isomorphism

ctk-1) = G, \P*¥=1 of Lebesgue spaces;

(S1) determine an explicit description of Stabg, (x.) for every ¢ in an open conull sub-
manifold of C*~1;

(S2) determine a smooth manifold D*) such that, setting C* := C*=1) x DK there
exists a smooth map
(c,d) = [2¢, Yed) € PF (%)

defined on an open conull submanifold of C*) such that for every [z.,v] in a G-
invariant open conull submanifold of PF there exists d € D® such that [y.q] €
Stabg, (x.).[v];

(S3) prove that [y.4] € Stabg, (.).[yea] implies d = d’ for every d,d’ in an open conull
submanifold of D®):

(S4) prove that the map defined on a G,-invariant open conull submanifold of P*
assigning to almost every [v] € PF the unique element (c,d) € C*) such that
[Z¢, Yea] € Gr.[v] is smooth.

Then, by Lemma 3.3.2, the map () induces an isomorphism C*) = G,\P* of Lebesgue
spaces.

In (S1) by an “explicit” description of the stabilizer we mean a description such that
it is possible to accomplish (S2) and (S3).
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4. Parametrizations Using Stabilizers

Note that (S0) has been accomplished for & = 4 in Proposition 3.4.2 for all classical
groups, and for £ = 5 in Proposition 3.5.4 for G, = Sp(2r,K). Since we will proceed
iteratively, step (S0) will always be obvious. Let us also point out that for each family
under consideration we will either use Witt’s lemma or rational functions in step (S2).
Using the strong version of Witt’s lemma (Theorem 1.1.6), step (S4) will also be obvious
(except in the case of sextuples for G, = Sp(2r, K), see Remark 4.1.4), which is why we
will only write out steps (S1)—(S3).

Notation. Let ¢ € GG,.. We define mff) € G,y inductively by setting mg) ‘= my and

)
w -— m(kfl).
»

4.1. Parametrization for the Symplectic Groups

Let r > 2 and G, = Sp(2r,K). We use the notation of Section 3.5.

4.1.1. Parametrization of Quintuples
Step (S1): Let (2,1, \2) € C*. Then we have

Stabe, (2.0,.0,) = {)\mff) ( Ae {+1), ¥ e GH}.

Step (S2): Forall (z,A1,...,\5) € C® == C1 x K? we write

Lz A1,..., 5 = [Iz,)\l,)\gy e+ /\5fr + >\4€r—1 + >\3f7'—1 + 67"—2] S 7)57

is an open conull submanifold of C®.

Proposition 4.1.1. The map
C® 5 PBY (2,1, ) = 2o,

induces a surjection 6 : C¥ — GT\P7{5}.

Proof. Let v = ae, + v1 + vy, where vy € spang(e,_1, fr_1, fr) and vy € V,_o, satisfy
(20100, V] € Pl By Witt’s lemma, there exists ¢ € G,_5 such that ¥(vy) = ae,_s.
Hence there exist A3, Ay, \s € K such that z, ), € Gp.[T20, 00,0 O

.....

Step (S3): This is obvious from the above.

Corollary 4.1.2. The map 62: C¥ — GT\PT{E)} 1 an isomorphism of Lebesque spaces
for all r > 2.
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4.1. Parametrization for the Symplectic Groups

4.1.2. Parametrization of Sextuples
Step (S1): Let r > 3 and let (z,/\l, ..., As) € C1}. Then we have

r—3, W& W’r—2}»

Step (S2): Let r > 3; let us write
C® = x K4,
cY =l x K2,

For all (z,A1,...,A9) € C'9 we write

For all (2, A1, ..., As) € C{¥ we write
Tonn s = [Tan.ns €2+ Asfa + Arer + Ag f1] € PS.

One can easily check that

Cl = (2, A1,..., h9) €CO | . 5,
Ci% = {(z M, hs) €€ |y,

are open conull submanifolds of c!9 and C2 , respectively.
Proposition 4.1.3. (i) Let r > 3. Then the map
CO — PO (2 M, A0) = T
induces an essential surjection 0°: ¢l 5@ \73{6}.
(1i) The map
C{G} — 77{6}, (2, A1y A8) = Tany s
induces a surjection 05 : C{6} — Gy \73{6}.
Proof. Statement (ii) is obvious. For the proof of statement (i) let v = v;+ae,_ 2+6fT o+

.....

We set w = —%(ae,_o +vy) € W,_s. Then

B
mP(v) = v + Bfrs
Hence there exist Ag,..., A\g € K such that
[er + )\er + >\8€r—1 + )\7.}67"—1 + )\Gfr ] € StabG (xz Alyeesy )\5) [’U] O

Remark 4.1.4. We point out that the set of elements [vg,...,v5] € 7356} such that
[Toa.2, V] € Gr.lvg,...,v5] for some (z,A,...,A5) € c!™ and some v as in the
proof above, i.e. satisfying w(e,_»,v) # 0, is open and conull in PS. In step (S3) we
will see that this set is also G,-invariant, which we will show by proving that the set
of elements [v] € P, satistying w(e,_o,v) # 0 is Stabg, (2., )-invariant for every
(2, M1,...,A5) € CPL,

.....
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4. Parametrizations Using Stabilizers

Step (S3): For r = 2 this is obvious from the above. For r > 3 we assume that

mginw<ev’ + X fr 4+ Asero1 + Arfoon + A frm2) = vier + pofr + pser—1 + pir fr—1 + pe fr—2)

for some v, g, ..., g € K and some ¢ € G,_3, w € W,._5. The left hand side of this

equation is given by

er + Xofr + Asro1 + A frot + A6(froo + my(w)),

from which we can immediately deduce v = 1 and A\ = py for k£ = 7,8,9. From the

definition of W,_, we see that
(g () = w(my(e,2), my(w)) = wler,w) = 0,

which yields A\g = p.

Corollary 4.1.5. The map 65: el Gr\Piﬁ} 1 an isomorphism of Lebesque spaces

for all r > 2.

4.2. Parametrization for the Complex Orthogonal
Groups

Let r > 2and G, = G, = O(2r+d,C), d € {0,1}. We use the notation of Section 3.3.

4.2.1. Parametrization of Quadruples

Step (S1): We have

Stabg, (z1) = {Amy | A € {£1}, ¥ € Stabg,_, (e,—1 — fr—1) }-

Step (S2): Let us write
cW — 2.

For all (A, \y) € CY we write
Tae = (2160 + (A3 = M) fr + Aaler1 — fro1) + Mler—1 + fro1)] € P
One can easily check that
cW={(\,x) €CW |2y, , € P
is an open conull submanifold of C™.
Proposition 4.2.1. The map
cW — P (A, X)) = 2,

induces a surjection 0%: C19 — G\ P,
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4.2. Parametrization for the Complex Orthogonal Groups

Proof. Let v = v;+uvy, where vy € spanc(e,, fr,€,—1— fr—1) and vy € Cle,—1+ fr—1)BV,_a,
satisfy [z1,v] € P By Witt’s lemma there exist ¢ € Stabg, ,(e,—1— f,—1) and \; € C
such that

U(vo) = Arler—1 + fr-1)-
Hence there exists (A;, g, A3) € C? such that

ler + Asfr + Aa(er—1 — fro1) + M(er—1 + fr—1)] € Stabg, (21).[v].
The condition g(v) = 0 implies A3 = A3 — A\?. Hence there exists (A1, A\2) € C? such that

[er + ()\% - )\%)fr + )\g(er_l - fr—l) + )\1(6r_1 + fr_l)} € StabGT(xl).[v]. ]

Step (S3): It is sufficient to note that

|:€r + (Ag - )\%)fr + )\2(67"71 - frfl) + A1w<€r71 + fr?l)]
= [er + (M% - M%)fr + po(er—1 — fro1) + pa(er—1 + frfl)}

for some 1) € Stabg, _,(€,_1 — fr—1) implies A\? = p? and \y = ps.

Corollary 4.2.2. The map 0*: Ct — GT\P{«H} s an isomorphism of Lebesque spaces
for all r > 2.

4.2.2. Parametrization of Quintuples
Step (S1): Let r >3 and let (A, A2) € C1*}. Then we have

&w&@%m):{mﬁﬂAe{iu,¢eGP§.

Step (S2): Let r > 3; let us write

c®) =t x C?,
Cy) = < C?,
iy =l x C?

For all (A1,...,\5) € Cﬁ?d) we write

Trg,ns = [Taeser + (A2 = AT = A3) fr + As(er—1 — fro1)
+ Mi(er—1 + fro1) + As(ep—a — fr—?)} € 735-

For all (A1,...,A5) € 0551) we write
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4. Parametrizations Using Stabilizers

One can easily check that

¢ = {()\1, As) €CT Ly € 73,{5}},
ef) = { (s 2) € A | .0 € P,
el = { ) € e | on,n € P

are open conull submanifolds of Cf,ii), Céi), and Cé%, respectively.

Proposition 4.2.3. (i) Let r > 3. Then the map
CT{,Z} - 731?{5}; (Aso s As) = 2x s

induces a surjection 02 : Cf;l} — O(2r + d, C)\ P,
(it) The map
el = PP (O As) e
induces a surjection 03 : C2{,51} — O(5, C)\Pf’}.
(iii) The map
Cf’o} — 735{5}, (Ao M) = Ty
induces a surjection 03 : Cé{%} — O(4, C)\P2{5}.

Proof. Statements (ii) and (iii) are obvious. Statement (i) is analogous to the proof of
Proposition 4.2.1. ]

Step (S3): This is completely analogous to Step (S3) of Subsection 4.2.1.
Note that for r > 3 or (r,d) = (2,1) there exists an isomorphism Ci‘z’l} >~ COB) x C° of
Lebesgue spaces.

Corollary 4.2.4. The map 03: C;{z} — GT\PP} 18 an isomorphism of Lebesque spaces
for all r > 2.

4.2.3. Parametrization of Sextuples

Step (S1): Letr >3 andlet (Ay,...,\s) € CP®'. Then we have

Stabg, , (¥r,,.x) = {)\mff) A {£1), ¥ € Stabe, (6,5 — fr_Q)},

Ne{£1), pe Stabg,,_ﬁ(hl)}.

Stabgm (13)\1 ..... )\5) = {)\mi(;)
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4.3. Parametrization for the Unitary Groups

Step (S2): Let us write
¢ =cl <,
Cy) =i < ¢,

For all (A1,...,\g) € Cﬁil) we write

..........

+ Ar(ep—o — fro2) + Ae(€r—2 + fer)] € Pf-

For all (Ar,...,\s) € C) we write

..........

One can easily check that

% = {()\1, ) €CY [y € 7,;6}}7
65’61} = {(Al’ o As) € 6561) a2 € 732{6}}

are open conull submanifolds of Cyaﬁd) and Cgil), respectively.

Proposition 4.2.5. (i) Let r > 3. Then the map
Ci,?i} — 7);6}7 (A1y -3 Ag) = Tx o xg

induces a surjection 6°: Ciﬁl} — 0(2r 4+ d,C)\ P,

(i1) The map
Cz{g} —>P§6}, ()\17-”7/\8) = T, )8

induces a surjection 05 : Cé{i} — O(5, C)\P}{G}.

Proof. Statement (ii) is obvious. Statement (i) is analogous to the proof of Proposi-
tion 4.2.1. [l

Step (S3): This is completely analogous to Step (S3) of Subsection 4.2.1.
Note that for » > 3 there exists an isomorphism Cifi} =~ CB) x CY of Lebesgue spaces.

Corollary 4.2.6. The map 6°: Ciz} — GT\PEG} is an isomorphism of Lebesgue spaces
for all r > 3.

4.3. Parametrization for the Unitary Groups

Let r > 3 and G, = U(r + d,r). We use the notation of Section 3.3.
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4. Parametrizations Using Stabilizers

4.3.1. Parametrization of Quadruples

Step (S1): We consider the open conull submanifold C3} := C® \ {£i} of C®. Let
z € C13}, Then we have

Stabg, () {)\mw ‘ Aec®, ye Stabg,_,(e,—1 — zfr_l)}.

Step (S2): Let us write
BW =¥ x Ryp x C x R.
For all (2, A1, Ao, A3) € BY we write
0 aas = [mer - (Re(2) (Daf” = X7) + M) fy
+ Aaler—1 — 2fro1) + M(e—1 + Z2f,21)] € Py,
xf(j/)\h/\z,)\s = [xz,er (Re (|/\2|2 + )‘2) + )‘31) Ir
+ Mol — 2fr1) + M(epo — 2fr )] € P

One can easily check that

B — {(z AL Ao, Ag) € B

(4) L
Z)\l A2,A3 S 7){4}, 1 = ]. 2}

is an open conull submanifold of B®*

Proposition 4.3.1. The maps
B — PE (2 0 o Xs) 2l L, i= 1.2,

induce a surjection 0%: B4 U B4 — GT\P#}.

Proof. Let v = vy + vy, where vy € spang(e,., fr,e,—1 —2zf-—1) and vy € Cle,_1+Zf_1) D
V,_,, satisfy [z.,v] € P\,
Case 1: Re(z)q(vo) > 0. By Witt’s lemma there exists ¢ € Stabg,_,(e,—1 — 2 f,—1) such
that

q(vo)
2Re(z)

Hence there exists (A1, A2, \y) € R>o x C? such that

77D(UO) - (er—l +zfr—1)-

leq + A5 fr + Aa(er1 — 2fr1) + M(er—1 + Zf,-1)] € Stabg, (z.).[v].

The condition g(v) = 0 implies Re(N\;) = Re(z)(J]A\2]> — A}). Hence there exists
(A1, A2, A3) € R5g X C x R such that

[er + (Re(z) (|)\2|2 — )\%) + )\31) frtXoler—1 —2fro1) + A€y —l—Ef,_l)} € Stabg, (x,).[v].

Case 2: Re(z)q(vp) < 0. By Witt’s lemma there exists ¢ € Stabg,_,(e,_1 — 2 fr—1) such
that

. q(vo)
¢(Uo) = W(erﬂ - Zfrf2>~
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4.3. Parametrization for the Unitary Groups

Hence there exists (A1, A2, \;) € Rso x C? such that
ler + N5 fr + Aa(erm1 — 2fr-1) + M(er—2 — 2f,_2)] € Stabg, (z,).[v].

The condition g(v) = 0 implies Re(\;) = Re(z)(|A2|> + A?). Hence there exists
(A1, A2, A3) € Rsg x C x R such that

[er—l—(Re(z)(])\2]24-)\%)+)\31)fr—i-)\g(er,l—zf,,,l)—l—)\l(er,g—zfr,g)] € Stabg, (x,).[v]. O

Step (S3): [t is sufficient to note that
[er + (Re(2) (|X2]® = A]) + Asi) fr + Aalermn — 2fr1) + Mtb(e,o1 + Zfrm1)]

= ler + (Re(2) (Jpal® = 1) + psi) fr + paler—1 — 2fr1) + pa(er1 +Zfr1)]

or

ler 4+ (Re(2) (A2l + AT) + Asi) fr + Aalerm1 — 2frm1) + Mt(er—z — 2fro2)]
= [er + (Re(z) (|:u2|2 + VJ%) + ”31) fr + M2<6r—1 - Zfr—l) + (67’—2 - ZfT—Q)}
for some ¢ € Stabg,_,(e,—1 — zf.—1) implies (A1, A2, A\3) = (1, po, p3), while
[er + (Re(z) (|/\2|2 — )\i) + /\3i)fr + Xo(erm1 — 2fro1) + M(e, 1 + Efr—1ﬂ
= [e; + (Re(2) (|pol® + 13) + psi) fr + paler—1 — 2fro1) + paer—2 — 2 fr2)]

for some ¢ € Stabg, _,(e,—1 — zf,—1) implies A\; = 0 = py and Ay = po, A3 = 3.
Let us now set C1* = B4 | B{4 Note that there exists an isomorphism C4 =
C®) x C? of Lebesgue spaces.

Corollary 4.3.2. The map 0*: Ct — GT\PEZL} s an isomorphism of Lebesgue spaces
for all r > 3.

4.3.2. Parametrization of Quintuples

Step (S1): Let (2, A1, A2, A3) € B} Then we have

Staba, (2, pna) = {Am& | 2 €€, v e G},

Stabg, (xg/)\h)%)\s) = {/\mw | AeC®, e Stabg, ,(e,-1 — 2fr_1,€r_2 — Zfr_g)}.

Step (S2): Let us write

B®) = B x Ry x C? x R,
A® = {(=1, M\, ... A7) € B9}
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For all (z,A1,..., A7) € B®) we write

) e = (2Rt (Re(2) (Al = [Nl = A2) + Xei)

+ Xo(€r—1 — 2frc1) + As(erm1 +Zfr1) + Aaler—a +Zfr )-,
2 e = (ot + (Re(2) (Al = [+ A3) + Aol f;

+ Xe(er—1 — 2frm1) + Xs(erm1 + Zfr21) + Aaler—2 — Zf?“f2)_7
25 e = [T el + (Re(2) (Rl + [Asl” = A7) + Mol £,

+ Xo(ero1 = 2fro1) + Aslerz — 2fy—2) + Maler—s + Zfr2) |
%0 e = [# B e+ (Re(2) (N6l 4+ sl + 23) + M) £,

+ Xo(er—1 — 2fro1) + As(er—g — 2fir )+)\4(€r73—2fr73)—-

One can easily check that

B = {(z . a) €89 [ | e P i j=1.2],
ABY — AG) A B}

are open conull submanifolds of B®) and A®), respectively. We obtain smooth maps

9?’(i’j): 8{5} — Pj‘%}, (Z,)\l, .. .,)\ ) — .flfi /\1) 7 Z;j = 1727

-----

which restrict to smooth maps A®} — P
Proposition 4.3.3. (i) Let v > 4. Then the maps 077, i, j = 1,2, induce a surjec-
tion 07 (BI)™ = U(r + d,r)\P.
(ii) Let d > 1. Then the maps 62’(1 2 0 (13 0 D and the restriction of 92’(2’2) to
AP} induce a surjection 03: (8{5})u3 UABY 5 UGB +d,3)\P {5}_

(#ii) The maps 03,(1,1)7 (92’(1’2), Qg’@’l) induce a surjection 03 : (13{5})ud — U(3, 3)\73{5}.

Proof. The proof that the orbits of elements [xg\ Das? v} € 73{5} are parametrized by

9?’(1 Y and o2 ) is analogous to the proof of Proposition 4.3.1.
Let v = vy + vy, where vy € spang(e,, fr,e,-1 — 2fr_1,6,-90 — 2fr—2) and vy €

Span(c(er—l + zfr—h €r—2 + Efr—?) D V;—Sa SatiSfy [xi?,)\l,)\%)\ga :| € 7){5}
Case 1: Re(2)q(vo) > 0. The proof that the orbits of such elements [:ch/)\h)\w\g, ] e pi

are parametrized by 0?’(2’1) is analogous to the proof of Proposition 4.3.1.
Case 2: Re(2)q(v9) < 0. We distinguish between the three cases above.
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(i) Let r > 4. By Witt’s lemma there exists ¢ € Stabg, (6,1 — 2fr_1,€r—2 — 2fr_2)
such that

q(vo)
—2Re(z)

Hence there exists (A4, A5, A, \;) € Rsg x C? such that

¢(U0) = (67«—3 - Zfr—?))-

[67‘ + Al?fr + >\6(er—1 - Zfr—l) + )\5(6r—2 - Zfr—?) + )\4(67"—3 - Zf’I’—S)]
€ Stabg, <Ifg\1,/\2,)\3> [v].

The condition g(v) = 0 implies Re(\;) = Re(z)(|Xs]* + [X5]* + A\3). Hence there
exists (A, ..., \7) € R5g x C? X R such that

[GT + (Re(z)(|)\6|2 + |/\5|2 + )\i) + )\71)fr + )\6(67«_1 — Zf,,q_1>

+ As(ero — 2fr o) + M(epg — Zfr_g)} € Stabg, <:1cg/)\17/\27)\3) [v].

(ii) Let r =3, d > 1. Then z = —1. By Witt’s lemma there exists ¢) € Stabg,(es +

f2,e1 + f1) such that
¥(vo) = v/q(vo)ha.
Hence there exists (A4, A5, A, \;) € Rsg x C? such that

[63 + )\/7f3 + )\6(62 + f2) + )\5(61 + f1> + )\4hd] € StabG3 (.I'(_Qi)\l,)\g’)\?’) [?}]

The condition ¢(v) = 0 implies Re(X;) = — (| X¢|* +|As|? + 3AF). Hence there exists
()\4, RN )\7) S RZO x C? x R such that

1
[63 + (— (|/\6|2 + |)\5|2 + EAZ) + )\71) fs+ Xe(e2 + f2) + As(en + f1) + )\4hd:|

2
€ Stabg, (x(_im’)\z&) Jv].

(iii) It is easy to see that Re(z)q(vy) < 0 is impossible in the case r = 3, d = 0. O

Step (S3): This is completely analogous to Step (S3) of Subsection 4.3.1.

Let us now set C/ = (8{5})u4 for r > 4, C§5} = (8{5})u3 U AP for d > 1,
and C3{5} = (B{E’})ug for d = 0. Note that for » > 4 there exists an isomorphism
¢ = €O x C5 of Lebesgue spaces.

Corollary 4.3.4. The map 0°: ¢l - Gr\Pﬁ} s an isomorphism of Lebesgue spaces
for all r > 3.

4.4. Parametrization for the Real Orthogonal Groups

Let r > 3 and G, = O(r + d,r). We use the notation of Section 3.3.
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4. Parametrizations Using Stabilizers

4.4.1. Parametrization of Quadruples

Step (S1): Let z € C®®. Then we have
Stabg, (z.) = {Amy | A € C®), ¢ € Stabg, , (e,—1 — zf,_1) }.

Step (S2): Let us write
8(4) = C(d) X Rzo x R.

For all (z, A1, \2) € B® we write
xg/)\h)\z = [:Uz,er + z()\g — )\f)fr
+ )\2(67"—1 - ZfT—l) + )\l(er—l + Zfr—l)} S 7):}7
xf/)\h)\z = [mmer + z(/\g + )\%)fr
+ Xa(er—1 — 2frm1) + Ai(er—2 — Zfr—Q)] € P
One can easily check that

B = { (22, 00) € B9 |2\ e P, i 1,2}

is an open conull submanifold of B,
Proposition 4.4.1. The maps

B P (2 a Nl L i=1.2,
induce a surjection 0%: B LU B — G, \ P,

Proof. Let v = vy + vy, where vy € spang(e,, fr,e,—1—2f,—1) and vy € R(e,_1+2f,_1)®
V,_o, satisfy [z.,v] € Py,
Case 1: zq(vp) > 0. By Witt’s lemma there exists 1) € Stabg,_, (e,_1 — zf,_1) such that

Y(vg) = q(zvzo) (€re1+ 2fro1).

Hence there exists (A1, A2, A\3) € Rso x R? such that
ler + Asfr + Aa(er1 — 2fr1) + M€ + 2f-1)] € Stabg, (z.).[v].

The condition g(v) = 0 implies A3 = 2(A\3 — A\?). Hence there exists (A1, A\2) € Ry x R
such that

[er + z()\g — )\f)fr + Xo(ep1 — 2fr1) + Mi(er1 + Zfr_l)] € Stabg, (z,).[v].
Case 2: zq(vg) < 0. By Witt’s lemma there exists ) € Stabg,_,(e,_1 — zf._1) such that

_ q(vo)
Ylvo) =4[ =57

Hence there exists (A1, Ay, A3) € Rsg x R? such that

ler + Asfr + Aa(er—1 — 2fr1) + M(er—2 — 2fr_2)] € Stabg, (x.).[v].

The condition ¢(v) = 0 implies A3 = 2(A\2 + A\?). Hence there exists (A1, A2) € R5o x R
such that

[er + z()\g + )\%)fr + Xo(ero1 — zfr1) + Mi(ep_g — sz,g)] € Stabg, (x,).[v]. O

(er—Q - Zfr—2) .
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4.4. Parametrization for the Real Orthogonal Groups

Step (S3): [t is sufficient to note that
|:€r + Z()\g - )\%)fr + )\2<er—1 - zfr—l) + )\l(er—l + Zfr—l)]
= |:€r + Z(M% - N%)fr‘ + HZ(er—l - Zfr—l) + ,ul(er—l + Zfr—l)}
or
[er + z()\g + )\f)fr + Xolerq — 2fr1) + A€o — Zfr_Q)]
- [67« + Z(Mg + /ﬁ)fr + MZ(er—l - Zfr—l) + “1(67"—2 - Zfr—2)}
for some ¢ € Stabg, _,(e,—1 — zf,_1) implies (A1, A2) = (1, p2), while
[er + z()\g — )\f)fr + Aol — 2fr1) + Mi(epo1 + zfr_l)]
= [er + Z(Mg + :U“%)fr + IuZ(er—l - Zfr—l) + ﬂl(er—Q - Zfr—Z)}

for some ¢ € Stabg, ,(e,—1 — zf,—1) implies A\; =0 = py and Ay = po.
Let us now set C{*} := B4} 1y B{*}. Note that there exists an isomorphism C{* =
C® x R? of Lebesgue spaces.

Corollary 4.4.2. The map 0*: Ct* — GT\P#} s an isomorphism of Lebesgue spaces
for all r > 3.

4.4.2. Parametrization of Quintuples
Step (S1): Let (2,1, \o) € B, Then we have
Stabg, (20,1, ) = i | v ec®, v e},

Stabg, <ZL“S/)\17/\2> = {)\m¢ { AeC® e Stabg, (6,1 — 2fr_1,€r_2 — Zfr_g)}.

Step (S2): Let us write

B® = B x Ry x R?,

A® = {(=1, M\, .., 0) € B
For all (2, A1,...,As) € B®) we write

1,1 . 1
xi,/\l) A5 = xi,;\l)\27e"' + Z()\?) - )\421 - )\g)fr

-+ )‘5(61"71 — Zfrfl) + )\4(6771 + Zfrfl) + )\3(€er + Zfrfg) € PTE),

, — .o 2 2 2
T s = | Toags€r +2(A5 = A+ A3) £

+ Xs(erm1 — 2fro1) + Aaler—1 + 2fi1) + As(er—2 — 2fr2)| € PE,

, _ [
xz Alyeens A5 = xi,g\h)\Q?eT + Z()\g + )\421 - )\g)f"'

+ As(erm1 — 2fro1) + Mler—a — 2fro) + As(ep—a + 2fra)| € 7357

, [
xz,)q ..... A5 = x,(z,;q,)\Q’eT + Z(Ag + >\421 + )\g)-f"'

+ As(er1 — 2fro1) + Aaler—a — 2fr2) + As(ep—s — 2fr3) | € 775-
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4. Parametrizations Using Stabilizers

One can easily check that

8{5} = {(Z7A17...,)\5) 68(5) x‘(zl’il) ..... s EP{5}7 Z;j: 1a2}7
A — A6) A g1

are open conull submanifolds of B®) and A®), respectively. We obtain smooth maps

9?’(i’j): 8{5} — Pvl{5}’ (Z, )\1, N /\5) — ZL'(iVj) As? Z;j = 17 2a

ZyALyeeey

which restrict to smooth maps A — 7371{5} .

Proposition 4.4.3. (i) Let r > 4. Then the maps 9?’(i’j), i,7 = 1,2, induce a surjec-
tion 02 (8{5})u4 — O(r +d, 7")\737{5}.

1) Let d > 1. Then the maps 95’(1’1), «95’(1’2), 05’(2’1), and the restriction of 0% to
3 3 3 3
A induce a surjection 63: (B BLAB 506+ d,3 pit,
3 3

(iii) The maps 0350, 0702 623D induce a surjection 63 (8{5})u3 — 0(3,3)\ P,

Proof. The proof that the orbits of elements [1"2/)\1,&7”} e PP are parametrized by

020 and 6202 s analogous to the proof of Proposition 4.4.1.

Let v = v + vy, where vy € spang(e,, fr,e,01 — 2fr_1,6,_0 — 2fr_2) and vy €
spang(e,—1 + 2fr_1, €0 + 2fr—2) ® V,_3, satisfy [xfilm, v] e piot,
Case 1: zq(vg) > 0. The proof that the orbits of such elements [xf/)\h)\z, v} e P} are

parametrized by oY g analogous to the proof of Proposition 4.4.1.
Case 2: zq(vy) < 0. We distinguish between the three cases above.
(i) Let r > 4. By Witt’s lemma there exists ¢ € Stabg, ,(€,—1 — 2fr—1,€r—2 — 2f;_2)
such that
q(v
Y(vo) = _(202) (er—3 — 2fr—3).

Hence there exists ()3, ..., \s) € Rso X R? such that

[er + )\Gfr + /\5(61"—1 - Zfr—l) + )\4(67“—2 - Zfr—2) + )\3(67“—3 - Zfr—S)]
€ Stabg, (xgh)Q) [v].

The condition gq(v) = 0 implies A\¢ = 2z(A\2 + A7 + A2). Hence there exists
()\3, )\4, )\5) € RZO x R? such that

ler +2(A2 4+ A7+ A3) fr + As(erm1 — 2 i)
+ Mo — zfra) + As(ep_3 — zfr,g)] € Stabg, (xfjllm) Jv].

(ii) Let r =3, d > 1. Then z = —1. By Witt’s lemma there exists ¢) € Stabg,(es +

fa,e1 + f1) such that
w(v(]) =V Q(Ug)hd.

92
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Hence there exists (A3, ..., \s) € Rso X R? such that
les + Ao fs + As(ea + fo) + Aaler + f1) + Asha] € Stabg, (&{,AW) [v].

The condition g(v) = 0 implies Ag = — (A2 + A} + $A3). Hence there exists
()\3, )\47 /\5) c RZO x R? such that

1
{eg — (Ag + A3+ 5)@) f3+ As(ea + fo) + M(er + f1) + Aghd}

€ Stabg, (x(f}MQ) o).
(iii) It is easy to see that zq(vy) < 0 is impossible in the case r =3, d = 0. O

Step (S3): This is completely analogous to Step (S3) of Subsection 4.4.1.

Let us now set G = (8{5})u4 for r > 4, C§5} = (8{5})u3 U AP for d > 1,
and C§5} = (8{5})u3 for d = 0. Note that for » > 4 there exists an isomorphism
CP = ¢ x R of Lebesgue spaces.

Corollary 4.4.4. The map 0°: e GT\P{»{S} s an isomorphism of Lebesque spaces
for all r > 3.

4.5. Parametrization of Arbitrary Tuples

In this section we extend the parametrization results of the previous sections to
parametrizations of G,\P¥ for arbitrarily high k. Let us now explain the proofs of
parts (iii) and (iv) of Theorem 3.1.5.

For all k£ > 3 we set

k(k —
and for all k > 4 we set
Ck) =B x Km*,

From now on let k& > 3. Equipping C*) with its Lebesgue measure class and the trivial
G,-action turns the former into a Lebesgue G,-space.

The Case G, = Sp(2r,K): Inductively, we obtain an isomorphism

o)

0k ) = GAPE, (2,00, ..., Amy) > Tan,

of Lebesgue spaces for all r > L%J All stabilizers Hy_; of a point on a (G,-invariant

open conull submanifold of P* are identical. Indeed, we have

Hgk_l = {)\ml(f) ’ A€ {:l:]_}, ¢ S Gr—k};

Hoyp = {)\m(k) ‘ Ne{£1}, Y € Grpo1, wE Wr_k}.

My Ny
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Using Lemma 3.3.1, we obtain an isomorphism

o

(Gr/Hk—l) X C(k) — P7k7 (ng—h (Z7 A17 R )‘mk)) = g2z

of Lebesgue G,-spaces.

The Case G, = O(2r + d,C): Inductively, we obtain an isomorphism
08 CW S GAPE, (1, AL Amy) = T,

of Lebesgue spaces if dime(V;) > k, ie. for all » > 1(k — d). All stabilizers Hy_; of a
point on a G,-invariant open conull submanifold of P¥ are identical. Indeed, we have

HQk—l = {)\mff) ‘ AE {Zi:l}, w € Grfk},
Hop = {)\mff) ‘ AE {:l:l}, 1/1 € StabGT_k(eT_k — fr—k)}'

Using Lemma 3.3.1, we obtain an isomorphism

=3

(Gr/Hk—l) x CH) = Pfu (ng—h (L, A, ..o, >\mk>) = G- Tx,..  m

of Lebesgue G,-spaces.

The Case G, = O(r +d,r): Inductively, we obtain an isomorphism

g c® =5 G, \PF
of Lebesgue spaces for all » > k — 1. There exist ¢, < 2¥72 different stabilizers Hy_14,
i = 1,...,¢, of a point on a G,-invariant open conull submanifold of P*. Let us
decompose C*) = | |7*, CZ-(k> accordingly; using Lemma 3.3.1, we obtain an isomorphism

Ck

LI((Ge/Hir) <€) = P

=1

of Lebesgue G,-spaces.

The Case G, = U(r 4+ d,r): Inductively, we obtain an isomorphism
gk c® 5 @, \PF
of Lebesgue spaces for all r > k — 1.

Lemma 4.5.1. There ezist ¢, < 2872 conjugacy classes [Hy_1)i=1 of stabilizers of

----- c

a point on a G.-invariant open conull submanifold of P*. Decomposing C*) = LI, CZ-(k)
accordingly, we obtain an isomorphism

Ck

U((GT/Hk—l,i) X Cl-(k)) — PF

=1

of Lebesque G.-spaces.
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Proof. We spell out the proof in the case k = 3; the case k > 3 works analogously. We
write HY? = Stabg. (2.), = € C®. Note that HS? = H{ if and only if sgn(Re(z)) =
sgn(Re(z')). We write

¢” = ¢ nRe”((0,1))
cP =c® nRe ' ([~1,0)).

For z € Cf}’) we define ¢, € G, by setting

1
Soz(er—l - fr—l) - R—e<z)<€'r—1 - Zfr—l)u
1
(€1 + fro1) = R—e(z)(eril + 0 (2) fr-1),

(pZ’{er—lafrfl}J' = id.
Then we have goz_lHéz)gpz = HV. For z € C{¥ we define ¢, € G, by setting

1
(€1 + fro1) = Te(z)(er_l — zfro1),
1
:(erm1— fro1) = Te(z)(erfl +0(2) fr-1),

QOZ‘{erfl,frA}J— = id.
Then we have - HS? o, = H{™". Using Lemma 3.3.1, the smooth maps

(GT/H§1)> X CF’) — P2 <gH§1), z) = g, s,
(GT/H§_1)> x ) — P, (gHQ(_l),Z) = g9;

induce an isomorphism

((GT/H§1)> X cf’)) N ((GT/H§‘1)> x af”) = ps

of Lebesgue G,-spaces. O
This completes the proof of Theorem 3.1.5.

The General Case: Let us return to the general case of GG, being the automorphism
group of a classical space (V,,w). Our last goal for this chapter is the proof of Theo-
rem 3.1.6.

By part (iii) of Theorem 3.1.5, we have an isomorphism

ke =0F 0 (97]‘;’)71: GA\PF — G, \PF,,

of Lebesgue spaces for all » > ry. Let if: P¥ — PF | denote the inclusion induced by
the isometric embedding

Vi = Vi, e e, fi= figr, i = by
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Lemma 4.5.2. The diagram

&
k b k
F _— 7:
r r+1

} }

G,\PF — G\ Pryy

commutes for all r > ;.
Proof. Directly follows from the explicit description of 6%, O]
Now let G, = Sp(2r,K). Then the isometric embedding

‘/r — ‘/;"—1—17 (a’rv"'aalvﬂlv"'aﬁr) — (aT’a'"7a1aaT70a51a"'7B7")
induces an inclusion j¥: PF — Pk .
Lemma 4.5.3. Let G, = Sp(2r,K). Then the following diagram commutes:

2r+1
P2t r” , p2r+l
r r+1

} |

GA\PZH —— G \PZ7!

2r+1 r
R2TT

Proof. Directly follows from the explicit description of 62 *! see step (S2) of Subsec-
tion 4.1.1. ]

Corollary 4.5.4. The diagram
k

Le(PE) O S (R O s (Pl O

T T

()| [E30) |Gy

LN (PH s IXPEN T s 12(E)

commutes in the following cases:

(i) in the case v > 1) ,;
(ii) in the case r =2 and k = 3 for G, = Sp(2r,K).

Proof. Part (i) follows immediately from Lemma 4.5.2. For part (ii) we use Lemma 4.5.3
and

G?)'Zé[v()v s aUS] = G3~j§[U07 s aUS] <[U0’ s 7U3] S P§4}>7

which holds by Proposition 3.5.4, since i3[vg, ..., v3] and ji[v, ..., v3] have the same
angular Cartan invariant and cross-ratios. O
Proof of Theorem 3.1.6. Corollary 4.5.4 yields the relevant chain isomorphisms. O]

We have now proved all the theorems listed in Section 3.1.
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5. Spectral Sequences

5.1. Spectral Sequences Associated to Double
Complexes

Spectral sequences, introduced by Leray [93], [94], are powerful computational tools
in geometry, topology, and algebra. A basic reference in this subject is the book by
McCleary [97]|, whose notation we adopt in the following. Our goal is to prove an
extremely useful vanishing criterion for differentials on higher pages of spectral sequences
associated to double complexes (Lemma 5.1.6). We exclusively use the real numbers R
as a base field.

A (descending) filtration F = (F"A),en of a (real) vector space A consists of sub-
spaces

L.CF?ACF'AC F'A=A

A filtered differential graded module (F, A", d"),en consists of vector spaces A™, linear
maps d": A" — A" satisfying d” o d*~! = 0, and a filtration F' of A = @, .y A" such
that d" restricts to a map d": FPA"™ — FPA"™ for all p € N. Let (F, A", d"),en be
a filtered differential graded module. We write H"(A,d) = ker(d")/im(d"!), and say
that (F, A", d")nen is bounded if for all n € N there exists p € N such that FPA" = 0.

A (cohomological) spectral sequence (EP?, dP7), ., .cn consists of vector spaces E2¢ and
linear maps dP¢: EP4 — EPT4~"1 guch that

EV) = ker(d)?) /im (df‘“qﬂ“—l) _

Let (EP?,dP9), ,.en be a spectral sequence. The limit terms of (EP9,dP9),, en are

defined by
ERY = (ﬂ ker(d’r”q)> / (U im(d{,’_“q”_l)) :
reN reN

We say that (EP?,dP?), , .en converges to a graded vector space (H™),ey if there exists
a filtration F' of H = @, H" such that EPY = FPHPTI/FPTLHPYE where we set

FPH™ .= FPH N H™.

neN

Theorem 5.1.1 (see [97, Theorem 2.6]). Let (F, A", d"),en be a filtered differential
graded module. Then there exists a spectral sequence (ER9, dP9), , en such that

BP9 2 HPH(0 — FPAY/FPH A — FPAY FPHAY ).

If (F, A", d")pen is bounded, then (E9, dP9), , en converges to (H"(A,d))nen.
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Sketch of Proof. We define

7P = FP AP (dp+q)_1 (FerrAerqH),
Bf’q = FPAPTI N gptat (prrAerqfl),
BpO = 200/ (21 4 BYY).

Then dP™ restricts to a map ZP? — ZP4~ "1 and induces a map dP9: EP9 — EpTra—r+1
for all » € N. One can check that the composition

p,q .9 P,q
Zr+1 — Zr - Er

has image ker(d??) and that the surjective map ZP7; — ker(d2?)/im(d2="4*"~1) has
kernel 72141 4 BP9 Hence (EB?,dP9),,.en I8 a spectral sequence. The rest is a
standard verification. O

In the following we will keep using the notation of the sketch of proof above.
Lemma 5.1.2. Let (F, A", d"),en be a filtered differential graded module with asso-

ciated spfctml iegffence (Eff,df’i)waew Then the vanishing of d2? is equivalent to
D+7,q—T+ ptr+l,g—r p+r,q—T
Br /S + B

Proof. Let 1dP4 be the unique map such that the following diagram commutes.

. dr?

=

N E£+r,q—r+1

E

P
T
ker (d2%,) fim (A7) o ker (7707 fim (707

A direct verification shows that 'd?? vanishes if and only if Betma—m+1 ¢ zptr+he=r 4
Bp+7‘7q—7"+1 n
r—1 :

Definition 5.1.3. A double complex (AP, d33?, d?), 4en consists of vector spaces AP
and linear maps di?: AP4 — APTL9 and dif: AP7 — AP such that

17 9
di ™ o diy! = 0,
p,q+1 P9 __

1 1
d%tH- o d}{/#] + d}\7/+ 4 o dﬁq =0.

Let (AP, d5*, d57), 4en be a double complex. We write H{’,’qiker(d{’;q)/im(d{’;qfl)
and HE? = ker(dﬁq)/im@_l’q). Note that d5? induces a map d;": H>? — HZ™ and
that d%? induces a map d5?: HZ? — HEIH,

Setting A" = @, ,_, A", FPA" == @,., A" and di™|apa = dij? + di" turns
(F, A", d})nen into a filtered differential graded module.
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5.1. Spectral Sequences Associated to Double Complexes

Theorem 5.1.4 (see [97, Theorem 2.15]). Let (AP9,d5?, d?), 4en be a double complex
with associated filtered differential graded module (F, A", d})nen and associated spectral
sequence (EP? dP?), ., cn. Then we have the following commutative diagrams:

dP,q 1 dp,q 1
Equ 0 y Eg7q+ E]ljvq 1 y E?J’» 4
1
AP4 W Ap-atl H{)/,q T> Hz\z;r g
% dy

H
Furthermore, (EP?, dP9), , .en converges to (H"(A, dr))nen-

Remark 5.1.5. If (AP9,d¥?, dy), 4en is a double complex, then we can also apply The-
orem 5.1.4 to its transpose double complex (A??, d¥P dlP), en. This yields a spectral

sequence (TEZ,?"J, Tdf,?q)?q’p’q oy Such that the following diagrams commute:
T T8 Tropat T T et
Eg:q Eg7q E€7q Eﬁj q
AP s Aatlp HP Hq,p+1
d]({[’p H W H
\4

Note that (TEf,’q, Tdff,’q)rpqE

The following lemma is non-standard and extremely useful; it will be used in Chap-
ter 6 to prove the main theorems of this thesis. Its proof is, essentially, an extension of
[104, Proposition 6.3].

Lemma 5.1.6. Let (AP, dy? d3?), 4en be a double complex with associated filtered dif-
ferential graded module (F, A", d}.)nen and associated spectral sequence (EP? dP?), , cn.

Then a sufficient criterion for the wvanishing of d2?, r > 2, s that the class of
AT (@) wanidshes in HETITTT for all a € APtroLarHL

Proof. By Lemma 5.1.2, we have to show that Bptme—r+1 c zptrtlba=r 4 geina-ril
We will now drop the upper indices of dij? and dy?, and convene that the elements
Apq, bpg, - - - are automatically assumed to be in AP9. We have

BotraTrtl = {(du(aptr—1,g-r+1) + dv(@pirg—r)s - -
du(ap+q-1,1) + dv(apiq0), du(apiqo)) |
dap g, - Qpir—2g—r+2: dy(apg) =0,
du(apq) + dv(aprig—1) =0,...,

dH<ap+7‘72,q7T+2) + dV(ap+rfl,q7r+1) = 0}7

y also converges to (H™(A, dr))nen.

Bfi_?q_rﬂ = {(dH(bp—&-r—l,q—rH) + dV(bp-I—r,q—r)a SRR
dH<bp+q71,1> + dV(prLO)v dH(prLO)) ‘
bpi1g-1s- - bprragrizt dv(bpr14-1) =0,
du(bpt1,g-1) + dv(bprog—2) =0,.. .,
dH<bp+r72,qfr+2) + dv<bp+7“*179*7“+1) = 0}7
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5. Spectral Sequences

p+r+1l,q—r
Zr—2

- {(Cp+r+l,q77“> cee acp+q+1,0) ’ dV<Cp+r+1,qfr) - 07

du(Cpiritg—r) + dv(Cprrizg—r-1) =0, ...

du(Cpt2r—1,g-20+4) + dv(cpior—2.4-2r+3) = 0}.

This yields the system of r — 1 equations

du(aptar—3,g—2r+3) + dv(aptror—2,g-2r12)

= du(bpr2r—3,9—2043) + dv(bp2r—2,g—2042) + Cptar—2,g—2r+3;

du(apirg—r) + dv(apiritg—r1)

=¥

(a
= dH<bp+r,q77") + dV(prrrJrl,qfrfl) + Cptrtlg—rs
H(ap-i-r—l,q—r—irl) + dV(ap—H",q—T’)

(

= dH bp+r—1,q—r+1) + dV(bp+r,q—r)7

where for all a’s we have to find suitable b’s and ¢’s. We have

dv (du(apsr-1.4-r+1)) = —du(dv(aprr—1,4-r+1))
= du(du(apsr—2,4-r+2))

which implies dp(ap+r—1,4-r+1) € ker (d{”;mq_rﬂ). Assume there exists 0/
such that

dH(ap—s-T—l,q—T—l-l) =dy (b;,qu,r).

Then setting

bp-l—l,q—l = 07

bptr—1,4-r+1 =0,
— /
bprg—r = Qptrg—r + bpir g s,

bp+r+1,q—r—1 = 07

bp+2r—2,q—2r+2 = 07
— /
Cptrd1,q—r = dV<ap+r+1,q—r—1) - dH (bp.H»,q—r)a

Cptrt2,g-r—1 = Au(Apiri1,g-r—1) + dv(Qpirizg-r-2),

Cp+2r—2,q—2r+3 = dH(ap+2r—3,q—2r+3) + dV(ap+2r—2,q—27”+2)

yields a suitable solution to the equations above. Hence, to prove vanishing
dP? it suffices to show that the class of du(apir—14-r+1) vanishes in

—rg1y - — —1.g—
ker(d{’,”’q ” )/nn(d{’,”’q ") for every apq,_1q-ry1 € APTTTLOTHL
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5.2. The L*-Double Complex of a Classical Group

5.2. The L*°-Double Complex of a Classical Group

In this section we introduce the double complex that will be our main technical tool to
establish the main results of this thesis.

Let (V,,w) be a classical space, where we use Notation 1.1.20. Then Equation (2.1.1)
turns L™ (Gf“, LOO(P;I)) into a coefficient GG,-module for all p,q € N. We define

L= L2 (GEH L=(PD))
dit: LMY — [P
p+1

dﬁ#(f)(gOa s 7gp+1) = Z(_l)zf(g& s 7.@7 s agp-‘rl)a

=0
ATt L (PG — L (P

A7) ([vos - - -, vg)) = Z(—l)if([vo, ey Vi ey ),
s LT — [P f e (=1)9(d07 o f).
The following lemma is easily proved.
Lemma 5.2.1. (LP9,d5%, dU%), 4en s a double complex.
Note that Theorem 2.2.11 implies
HY, (Gys L (P2)) = ker(d) /im (dl ) = HE?.

Theorem 5.1.4 and Remark 5.1.5 yield spectral sequences E3® and "E*. By [40,
Lemma 5.15], E2* converges to 0, so ' E2* also converges to 0.

Actually, we only needed the spectral sequence E2® above to prove that TES*® con-
verges to zero. From now on, we forget about the former spectral sequence and denote
the latter by Eg®. We collect the results of our discussion in the following proposition.

Proposition 5.2.2 (De la Cruz Mengual [40, Proposition 5.16|). There ezists a spectral
sequence EY® that converges to zero with first page

BYY = HY(GAL™(PD), &= HY(Gidr ) B S BP0 (521)

Until the end of this thesis (E2*, d3®) denotes the spectral sequence (5.2.1). We will
now calculate some entries of the first two pages of E3®. Let us write Hy = Stabg, ([e,])
and H; = Stabg, ([e,, fr])-

Lemma 5.2.3. We have

E(l]yq = Hgb(GT)v
E%q = Hgb(GT—l)v
Er? 2 HY (o).
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5. Spectral Sequences

Proof. The first isomorphism is obvious. By Lemma 1.1.18, Proposition 2.2.24, Corol-
lary 3.1.3, and Corollary 2.2.17 we have

E%’q = H3, (G L7(Pr)) = He, (Gry L7(G,/ Ho)) = Hg (Ho) = HE, (Gro1),
EYY = HY, (Gys L% (P2)) 2 HY, (G L¥(G,/Hy)) = HY,(Hy) 2 HY (G,

Lemma 5.2.4. The following diagram commutes:

0,q9 1,q
dy dy

By » By > BT
He (Gy) Y HE (Gror) ——5— HE,(Groa)

Proof. Let ¢ € G, be defined by p(e,) = ef,, p(fr) = e, ¢|v,_, =id. We set w; = idg,,
wy = ¢~ 1. We obtain maps

Int(w;): Hy — Hy, h+— wihw; !, i=0,1,
see [44, Lemma 3.4]. By [44, Lemma 3.7|, the diagram

0,q e (G 51‘)
0 dy 1 b\ & 2
E17q N E17q < N E17q

% lg l%

HE, (Gr) e HE, (Ho) HE, (H1)

—_—
Hgb (Int(w;))

commutes, where ¢: Hy — G, denotes the inclusion. Let mg: Hy — G,_1 and m: H; —
G,_1 denote the canonical projections from Corollary 3.1.3. We claim that the following
diagram commutes:

H (Gy) —= ) | (Gy) —— s Y (G )

idl lebwo) lebm)

HY(G,) ————— HE (Ho) HE (H))

HY, (0) HY, (Int(w;))

Indeed, consider the continuous homomorphic sections oy: G,_1 — Hy, ¥ — my and
o1: Gr—1 — Hy, ¥ — my of my and 7y, respectively. Clearly, the following diagrams
commute:

H1 M HO H() — GT
S SR
Gr1 —a Gr1 Gr1 W G,
The claim now follows from the application of the functor HY, . O
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5.2. The L*-Double Complex of a Classical Group

Lemma 5.2.5. We have E?'' =0 for all p € N.

Proof. Observe that for p = 0,1,2 the claim follows from Lemma 5.2.3. We use the
notation of Section 4.5 and prove that E"' = HY, (G,; L°(P¥)) vanishes if r > 7. This
is the only case for which we will use this lemma in Chapter 6; the case r < r, can be
proved analogously but requires a more tedious description of the occurring stabilizers.
Recall that there exist finitely many conjugacy classes [Hy_1]i=1,. ., of stabilizers of
a point on a G,-invariant open conull submanifold of P*. Theorem 3.1.5, (iv) and
Proposition 2.2.24 yield

He, (Gri L (Pr)) = Hg, (Gr; L= <|i|((Gr/Hk—1,i) X ka))))

=1

= H::Lb (GT, ﬁ Loo((Gr/Hk_Li) X Cz(k)))
i=1

= ﬁ H, (GT; L= (GT/Hk—lvi7 L= (Ci(k)> ))
=1

— ﬁ HY, (Hk—l,i; L™ (dk))) :
i=1

Note that L (CZ»(k)) is a trivial coefficient Hj_;;-module. Hence L* (Ci(k)) is semi-
separable in the sense of [103], which by [103, Lemma 5.8] implies

HL, (Hk_lﬂ-; L (cf“)) —0,

yielding the claim. O]

We can conclude that the first page of EJ*® is conjugated to

Hﬁ (er—1)
3 G HY (er—1) 3 0 3 N R
cb( 7‘) E— ch(GT—l) E— ch(GT—l) , X , K
9 HZ, (br—1) 2 0 2 N
ch(GT‘) —> HCb(Grfl) —> ch(GT71> 7 * 7 *
0 > 0 > 0 > 0 > 0
id 0 G d; e
R > R > R > L°(P)or ———— L>(Pr)°r

Here, we applied the definitions to obtain the ¢ = 0 row, Lemma 5.2.5 to obtain the
q = 1 row, and Lemma 5.2.4 to obtain the p = 0, 1, 2 columns.
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5. Spectral Sequences

Remark 5.2.6. Using Theorem 2.2.11 it is easy to see that we have a linear isomorphism
EYY =12 NG, ~ P

The proof of the following proposition is adapted from [104, Proof of Proposition 4.1]
(see also [130] for several proofs in the same spirit).

Proposition 5.2.7. We have d3? = 0 for all ¢ € N.

Proof. By Lemma 5.1.6, it suffices to show that for all f € L*®(G%, L>°(P,))% the
class of a = dy(f) vanishes in H% '(G,; L(P?)). We follow o through the following
isomorphisms:

He (Gy; L=(P?)) == H*(0 — L>(G,, L=(P?))“ — ...)

o

1 (Gy: L2(Gy /Hy)) = H*(0 = L=(Gy, LG,/ HL ) — ..

o

~

He, (H,) H* (0 — L>(G,)" — ...)

o

~

Here the isomorphisms are induced on the cochain level by

Oy 1 Lo°(GY, L°(P2)) — L¥(GY, L®(G,/H,))C",
q)l(B)(g(]? o 7gq—1)(gH1> = ﬁ(g(]? s 7gq—1)(g'[67“7 fr])?

dy: L®(GY, L°(G,/Hy))C — L=(G9)H,
@2(7)(90, cee 79(1—1) = 7(907 o 7gq—1)(H1>7

and the inclusion L>®(G?)Mt — L>(G4)% -1, Thus, « is mapped to o/ € L®(G%)% -1,
given by

a/(QOa cee 7gq—1) = a(QOa cee 7gq—1)([6r7 fr])
= f(90, -+ 9a-1)(LFx]) = F (g0, -, gg—1)([er])-

Let w € G, be the element defined by w(e;) = f;, w(f;) = ee;, w(hg) = hy for all
1=1,...,r, k=1,...,d. By G,-invariance of f we have

o' (g0, 9g-1) = (f(w g0, .., w " gq1) = f(g0,- -, 9g-1)) ([e])-

By base point invariance of bounded cohomology, which can be established as in [66,
Ch. I, §7|, / is cohomologous to o defined by

a"(go, -, 9g-1) = (f(w ' gow, ..., w ™ ggm1w) — f(go, -, gg-1)) ([er]).
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5.2. The L*-Double Complex of a Classical Group

Note that we can write w = wywsy for wy € Zg, (t,—1(Gr—1)) defined by wi|ke,exf, =
Wlke, ek, Wilv,_, = id and wy = t,4 (w|V7_1). Thus, conjugation by w is trivial on
H?,(Gr—1). On the other hand, w™! = cw implies

= (f(g0,---194-1) — flewgow, ..., cwg,_1w))([e,])
= (f G0y -3 Gg—1) — f(w’lggw, . ,w’lgq,lw))([er])
= _O//(g()» s ;gq—l)'

(w‘a”)<go7 SR 7gq—1> = (f(g(]a s 7gq—1) - f(wgow_l, s 7wgq—1w_1)> ([67"])
(

Hence o is trivial in H% (G, ). O

Remark 5.2.8. We can conclude that the second page of E3*® is conjugated to

ker(H%, (1,-1))  coker(H (t,-1))  ker(d}?) * *
0
ker(H?, (1,—1))  coker(H2 (¢,_1)) = ker (d?’?’) * *
0
ker(H2 (1,1))  coker(HZ (t,—1)) ~ ker(d}?) * *
0 0 0 0 0
0 0 0 H2, (G, ~P,) H (G . ~P,)
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6.1. Degree-Two Stability of Classical Groups

In this section we will prove the following proposition.

Proposition 6.1.1. (i) Let t1: SO¢(2,1) — SO¢(3,2) denote the block inclusion.
Then H2(1y) is the zero map.

(ii) Let 1,: Sp(2r,R) < Sp(2(r + 1),R) denote the block inclusion. Then H2(1,) is an
wsomorphism for all r > 1.

Let (G, t)ren be a family of connected semisimple classical groups. We consider the
involutive automorphism 9: G, — G,, g +— (¢*) ! and write K, = GY. Let g, = & @ p,
be the Cartan decomposition of the Lie algebra g, of GG, with respect to § = diJ. Then
the inner product

(X,)Y) = tr(XY) (X,Y €p,. =2Ty(G,/K,))

can be extended to a G, -invariant Riemannian metric g, on the symmetric space X, =
G,/K,. It is easy to check that . '(K,;;) = K,, which implies that ¢, induces a
topological embedding ¢,.: X, < X,4;. By the equivariant rank theorem (see [92,
Theorem 7.25]), ¢, is a smooth embedding.

Lemma 6.1.2 (see [91, Section 8.2.1]). The induced map
0= 0% (1) s Q2( Xy )9t — Q%(X,)C"
s given by restriction.

Now assume that G, is of Hermitian type. By [75, Ch. VIII, Proposition 4.1], X,
admits a complex structure 7, such that (X,., 7., g,) is a Kdhler manifold. Explicitly, the
center Z(K,) of K, is isomorphic to the circle group, so we can find an element j € Z(K,)
such that Adg, (j?)|p, = —idp,. Then the corresponding Kéhler form w, € Q*(X,)¢" is
given by extending

p X p = R, (X,Y) = tr(Adg, () (X)Y),
see [75, Ch. VIII, Proposition 6.1]. Using the commutative diagram

O2(X,0) 9t — O2(X,)5

gl l%

H2(Gri1) —— HAGY)

H(2: (M')
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6. Secondary Stability of Classical Groups

to prove Proposition 6.1.1 it thus suffices to show that the restriction to p, x p, of
Pry1 X pry1 = R, (X’ Y) = tr(AdGrH (])(X)Y)

is non-zero if G, = Sp(2r,R), and zero if r = 1 and G; = SO((2,1). We now distinguish
between these two cases.

The Real Special Orthogonal Groups: Block matrix descriptions of g,, €., and p,
can be found in Subsection 1.3.2. We have

0 1 0 -1 0
0 1 0 -1 0 0 O 1
36)=R| -1 0 —-1], 3(8)=R|1 0 0 0 0 0 | CslqR),
0 1 0 1 0O 0 0 -1
0 -1 0 1 0
a; by a,  as 0
a, Qs 0 by b2T 0 —as
P = a 0 —as ; Py = as by 0 —=by —as C slyya(R).
0 —ag —aq as 0 —b;— —C1 —b1
0 —das —a; —bl —Qaq
Elements j; € Z(K;) and jo € Z(K>) of order 4 are given by
1 V2 -1 0 1 0
1 2
J1= 5 V2 0 —V2| =exp %_ -1 0 -1 ,
-1 V2 1 0 1 0
1 1 0 -1 1 0 1 0 -1 0
1 -1 1 0 1 1 . -1 0 0 O 1
Jo = 3 0 0 2I; O 0 | =exp 1 O O 0 0 o0
1 1 0 1 -1 1 0O 0 0 -1
1 -1 0 1 1 0 -1 0 1 0
A direct calculation shows that Adg, (ji)]y, = —idp, and Adg,(j3)|p, = —idy,. We
calculate
ap a 0 b1 be 0
tr AdG1 (]1) (05} 0 —as bg 0 —bQ = 2\/5(&2191 — Cllbg),
0 —ay —Qq 0 —b2 —bl
ar b a2T as 0 1Y x; T3 0
by ¢ b; 0 —as oz sz 0 —xI3
tr | Adg,(j2) as by 0 —by —ay T2 Yo 0 -y —x
as 0 _bQT —c1 —by T3 0 —sz —Z1 —WU
0 —as —a; -b; —ay 0 —z3 —x; -1 —T

= 2((b1 — ag):cl — (bl -+ a3)21 + (Cl + &1)%3 + (Cl — al)yl) —+ 4(6;1'2 — &;yg).
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6.1. Degree-Two Stability of Classical Groups

We consider the inclusion

0 0 0 0 0

aq a9 0 0 aq a9 0 0

7 p1 — Pa, as 0 —as | —= |0 as 0 —ay 0
0 —ay —Q 0 0 —ay —Q 0

0 0 0 0 0

Now

0 —Qa9 —aq

1
= <§a1b1 + CLng)

has trace zero, which yields the claim.

aq a9 0 b1 b2 0
AAdG2 (jg) 1 Q9 0 —as 1 (bg 0 —b2
0
0
0
0
0

S OO OO

The Real Symplectic Groups: Block matrix descriptions of g,., €., and p,. can be found
in Subsection 1.3.2; we use the matrices J, and C,., which were defined in Section 1.3.
We have

3(8) =RC,

and an element of order 8 in Z(K,) is given by

= (0 1) —ew(ie)

A direct calculation shows that Adg, (j2)|,, = —idy,. We calculate

, Xy Xo Vi Yy _
w(ratn (55 ) () 2w x

We consider the inclusion

0 0 0 0
. X% Y\ |0x X% o0
Pr= et \ X7 g X0, 0 X; —J.X.J, 0
0 0 0 0

Now the Adg, ,, (jr41)-invariance of p, yields the claim.
This concludes the proof of Proposition 6.1.1.

Remark 6.1.3. Using the same approach, it should be possible to prove that H?(¢,) is an
isomorphism for the other families of simple classical groups of Hermitian type—namely,
for the families SU(r + d, ) and SO*(4r + 2d). This is computationally challenging—at
least when using matrix representations corresponding to Witt bases.
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6.2. Secondary Stability of Classical Groups

The purpose of this section is to prove the results listed in the Introduction. Let (V. w)
be a classical space, where we use Notation 1.1.20.

Remark 6.2.1. The proofs of these statements work, essentially, by using the concept of
secondary cohomological stability, introduced by Galatius-Kupers-Randal-Williams [57]
in the discrete setting and subsequently employed in the context of the Isomorphism
Conjecture 2.4.2 by De la Cruz Mengual [40], [42]. The idea is to prove the stability
of the “stability-failure” of a family of groups (G, ¢,)., i.e. to prove that the sequences
(ker(HZ (¢r))), or (coker(HZ (¢,)))- are stable. Together with ordinary or “primary”
stability of (G, ¢, ), the stability of (ker(HZ (¢,))), can be used to reduce the injectivity
range of (G,,p,),, while the stability of (coker(HZ (¢,))), can be used to reduce the
surjectivity range of (G, o, ).

Using the results of Section 5.2, we can identify the relevant kernels and cokernels
with certain entries of our spectral sequence. The fact that the latter converges to
zero will make it possible to identify these entries with the action cohomology spaces
H?, (G, ~ P,), whose stability we proved in Theorem 3.1.6.

The justification for P, being the G,-space of choice is that we have

P, = G, /Stabg, ([x]),

where Stabg, ([z]) is a maximal parabolic subgroup of G, (see Lemma 3.2.7); using
a marximal parabolic subgroup gives the strongest transitivity properties compared to
other parabolic subgroups.

Remark 6.2.2. In Subsection 6.2.2 and Subsection 6.2.3 we determine certain entries of
our spectral sequence EJ* explicitly. Even though we have information on many more
entries, we replace every entry not directly relevant to our proofs by an asterisk.

6.2.1. Results in Degree Two

Lemma 6.2.3. We have linear isomorphisms

ker(sz<Lr)> = H?nb(Gr—&-l ~ Pry1),
coker (H2(¢,)) = H2 (G ~ Pryr)

for all r > 1.

Proof. Looking at the second page of E2* (Remark 5.2.8), we immediately see that d3?
is conjugated to an isomorphism ker(Hgb(LT)) — H2,(Gys1 ~ Pry1) and that dé’z is
conjugated to an isomorphism coker(Hgb(Lr)) — H3, (Gri1 ~ Pryq). O

Recall that we denote the weak stability range of G, ~ PF¥, as defined in Defini-
tion 3.1.4, by .

Proof of Proposition A. By Theorem 2.3.2, there exists some s > rj — 1 such that
ker(H?,(1s)) = 0. Let » >} — 1. By Lemma 6.2.3 and Theorem 3.1.6, we have

ker(HZ (1)) = H2, (Gr;l N 73,,51) = ker(H2, (1)) = 0,
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6.2. Secondary Stability of Classical Groups

so HZ (1,) is injective.
By Theorem 2.3.2, there also exists s > rf — 1 such that coker(H?2,(zs)) = 0. Now let
r > ri — 1. By Lemma 6.2.3 and Theorem 3.1.6, we have

coker(HZ, (1)) = H2 (G,r ~ P,y ) = coker(HZ (1)) = 0,

so H? (¢,) is surjective.

In the case G, = U(r + d, r) surjectivity of H (1) follows from its injectivity, since
H% (U(2+d,2)) and H? (U(3 + d,3)) are both one-dimensional.

In the case G, = O(r +d,r) we observe that Proposition 6.1.1, (i) yields vanishing in

the only case in which H% (¢,) is a map between two non-zero spaces. O

6.2.2. Results in Degree Three

Lemma 6.2.4. Let G, be a non-complex classical group. Then we have a linear isomor-
phism
ker (HZ, (1)) = Hy o (Grgr ~ Pria), r>rp—1.

Proof. By Proposition A the spectral sequence E® has first page conjugated to

H3, (G,) M H (G,_1) > x N
H2,(G,) 2 B2 (6 ) —S s () ———— +

* > > 0 > 0

* > % > % : LOO(P;?’)GT

Hence we have E;Q = 0. Note that by Proposition 5.2.7 we have dg’3 = 0. Hence the
second page of EJ® is conjugated to

ker(H2, (¢,—1)) * * * *
\
* 0 * * *
* * 0 0 *
* * * * 0 (G, ~P,)

. 0.3 - . . .
Since EJ® converges to zero, d,” is an isomorphism conjugated to

ker(HZ, (tr—1)) = H2W(Gr A Pr), 7>k O
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Proof of Theorem A. Using Lemma 6.2.4, this is analogous to the proof of Proposition A.
O

Lemma 6.2.5. Let G, = O(r +d,r), r > 5. Then we have H2 (G,; L>(P?)) = 0.
Proof. By the proof of Lemma 5.2.5 we have
W2, (G L (P2)) = 13, (1)) x 13, (H5),

where HS? = Stabg, (.), 2 € C®®. By step (S1) of Subsection 4.4.1, H{” has the same
bounded cohomology as an automorphism group of a classical space of Type BD T of

rank at least 3. In particular, H?, (HQ(z)) = 0, yielding the claim. O

Lemma 6.2.6. Let G, = O(r +d,r). Then we have a linear isomorphism
coker (H (¢,)) = Hpp (Grir ~ Prsa), r>4.

Proof. By Lemma 6.2.5, the spectral sequence EJ* has first page conjugated to

Hgb(brfl)
—

H3, (G,) H2 (G,_1) >k > % > %
0 > 0 > 0 > 0 S %
* S % s 0 > 0 S %

s Lo (P3O L Lo (1)

* > % > %
Its second page is conjugated to
* coker(H2, (1,—1)) * * * *
* * 0 0 * *
* * * 0 0 *
* * * * * H: (G, ~P,)

Since EJ* converges to zero, di’g is an isomorphism conjugated to
coker (HZ, (t,-1)) = Hpp (G ~ Py), r>5. O

Proof of Theorem B. Using Lemma 6.2.6, this is analogous to the proof of Proposition A.
O
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6.2.3. Results in Degree Four

Lemma 6.2.7. Let G, = O(r +d,r). Then we have a linear isomorphism
ker(Hg, (¢r)) 2 Hyp (Grn ™ Pri), r =>4

Proof. The spectral sequence EJ® has first page conjugated to

Hgb(brfl)
D

HA (G)) HA (Gr21) > > x > %

3 HE, (4r=1) 143
Hep(Gr) = Hep(Gra)

~
*
~
*
~
*

* S % s () > 0 > %
x - - y [P L Lo (ph

Note that by Proposition 5.2.7 we have dg’4 = (0. Hence for r > 5 the second page of
E2* is conjugated to

ker(H%, (¢,-1)) * * * * *
\
* 0 * * * *
* * 0 0 * *
* * * 0 0 *
* * * * * Hﬁlb(Gr ~ Pr)

Since EJ* converges to zero, dg’4 is an isomorphism conjugated to
ker (Hgy (tr-1)) = Hp (G A P,), r > 5. O

Proof of Theorem C. Using Lemma 6.2.7, this is analogous to the proof of Proposition A.
O

Lemma 6.2.8. Let G, be a complex classical group. Then we have a linear isomorphism

ker(Hﬁb(Lr)) > anb(GTH A Priq), r> 1.
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Proof. The spectral sequence EJ® has first page conjugated to

<+
*
<+
*
<+
*
<+
*

4 HE () 114
ch(GT+1) — ch<G7")

Hi (Lv')
Hgb(Gr+1) L» Hgb(Gr) % Hgb(GT)

S % S X S %
* > ok > 0 > 0 > ok > ok
* K S % > 0 > 0 S %
0 5 Gri1
* S % S % S % S % >L(73T+1)

Note that by Proposition 5.2.7 we have dg’4 = 0. Thus, its second page is conjugated to

ker(H%, (1)) * * * * *
\
* 0 * * * *
* * 0 0 * *
* * * 0 0 *
* * * * % H: (Gry1 ~ Pryy)

. 0.4 . . . .
Since Eg® converges to zero, d;” is an isomorphism conjugated to

ker (H, (1)) = HE (Grit ~ Pry). O

Proof of Theorem D. Using Lemma 6.2.8, this is analogous to the proof of Proposition A.
O

6.2.4. Proofs of Our Orthogonal Vanishing Theorem and Our
Corollaries

Proof of Our Orthogonal Vanishing Theorem. By Remark 2.5.14 we have H2_ (O(r,r)) =
0 for r = 1,2,3. Theorem A now yields H3 (O(r,r)) = 0 for all r > 1. O

Proof of Corollary A. Follows from Theorem A, Corollary 2.2.18, and Corollary 2.2.23.
0
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Remark 6.2.9. Note that H?, (SO(5,C)) = H” (Sp(4, C)). To establish the Isomorphism
Conjecture 2.4.2 in degree four for the families (SO(2r + 1,C)), and (Sp(2r,C)),, it
thus remains to show that one of the groups SO(5,C) or Sp(4, C) has vanishing fourth
continuous bounded cohomology.

Proof of Corollary B. Follows from Theorem A and the sporadic isogeny Sp(4,R) —
SO (3,2). ]

Proof of Corollary C. This follows from our Main Theorem and [103, Corollary 4.8]. [

Proof of Corollary D. This follows from Corollary C and Ivanov’s extension of Gromov’s
mapping theorem (|82, Ch. 6]). O

Proof of Corollary E. This follows from our Main Theorem and [72, Corollary 4. H

6.3. Outlook

Let us conclude this thesis with a discussion of possible directions for further research.

Questions 6.3.1. We start with questions concerning the recent work of Bucher and
Savini |17], |18], [20], [21].

(i) In rank 1, the Isomorphism Conjecture 2.4.2 is open in degree 3 for the groups
Sp(n, 1) and Fy_s0). In degree 4 this conjecture is additionally open for the groups
SU(n,1). Can the methods of Remark 2.4.6 and Remark 2.4.8 yield injectivity in
these cases?

(ii) For which groups G is G\((G/P)®) finite or compact (c.f. Remark 2.5.8)? We
conjecture that this space is compact if and only if G is a product of rank 1 groups.

(iii) Can the methods of Remark 2.4.6 and Remark 2.4.8 yield injectivity for higher
rank groups other than SL(3,K)?

(iv) Can the estimations in the proof of Theorem 2.5.5 be extended to other functional
equations, for example to [42, Equation (4.3)]?

Questions 6.3.2. We continue with questions concerning the work of De la Cruz Men-
gual, Hartnick, and Ott [42], [43], [44], [71].

(i) Is it possible to show bounded-cohomological stability for the quaternionic families
Sp(r +d,r) and O*(4r + 2d) as in [43]?

(i) Is it possible to salvage the proof of the Isomorphism Conjecture 2.4.2 in degree 3
for the family SO(2r,C) in [42]7

(iii) The methods of Bucher and Savini, together with the methods of the present thesis,
often leave a gap for medium-rank groups (see Remark 6.2.9). Can the methods
of [71] be used to fill these gaps?

Questions 6.3.3. We close with questions concerning the present thesis.
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(i)

(iv)
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If Question 6.3.2 (i) can be answered affirmatively, can the secondary stability
methods of [42] and the present thesis be applied to these quaternionic families? We
conjecture that this is the case; we further conjecture that the range obtained would
not be low enough to yield additional cases of the Isomorphism Conjecture 2.4.2.

Do the block inclusions of the families SU(r+d, r) and SO*(4r+2d) induce isomor-
phisms in second continuous cohomology? We conjecture that this can be proved
as in Section 6.1.

Can the range of Theorem 3.1.6 be improved? We conjecture that this range can be
reduced to r > [%J in the symplectic case, which could be proved by establishing
cross-ratio parametrizations of G,\P* for k > 5. Equivalently, we conjecture that
the diagram in Corollary 4.5.4 commutes for r > 7,9 for all families of classical
spaces.

Can the secondary stability methods of the present thesis be improved to further
decrease the range of the theorems in this chapter? One way to do this would be to
parametrize the orbit space G,\P* using cross-ratios and to determine functional
equations as in Lemma 3.5.7 to obtain the desired isomorphisms in cohomology
without establishing isomorphisms, as in Corollary 4.5.4, on the cochain level (this
seems rather difficult). Another possibility would be to replace P, by another
G,-space which has better bounded-cohomological stabilization properties.

Can the secondary stability methods of the present thesis be applied in higher
degree? The author knows of three possibilities as to how this could be done.
Firstly, one might be able to extend the idea of the proof of Proposition 5.2.7 to
other maps on higher pages of the spectral sequence. Secondly, as an extension
of [44, Lemma 3.7|, one can show that for G, = Sp(2r,K) the following diagram
commutes:

2,q 3.q
d; dy

E}Y > B , Bl
HZb(GT—l) T HZb(GT—Q; LOO(C(S))) Hgb(GT—2; LOO<C(4)))

HY, (tr—2;D") HY, (id; D?)

Here, D': R — L>(C®) is the inclusion of constants and D? is the map from
Lemma 3.5.7. We conjecture that the lower row is exact at H (G,_o; L®(C®))
and we expect that situation to be analogous both for other families of groups, as
well as for the maps d"? for p > 3. This more explicit description of the differential
could be used to prove vanishing of EE? for the relevant entries (p, ).

Both of these possibilities are limited by the lack of cross-ratio parametrizations of
G, \P* and the lacking understanding of the corresponding functional equations.

Thirdly, one could replace P, by another homogeneous G,-space which has better
transitivity properties.

Lastly, what are the concrete algebro-geometric implications of the results in Ex-
ample A? How does the bounded cohomology of these spaces behave when passing
to some compactification?
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