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ABSTRACT: Searches for a Heavy Sterile Neutrino N profit from precise predictions of
inclusive decay rates, which enter predictions for branching fractions and lifetime. Once the
decay channels into semi-hadronic final states are open, a reliable calculation of inclusive
decay rates is only possible if N is heavy enough to permit a perturbative calculation, in
analogy to the well-known case of semi-hadronic 7 lepton decays. We adopt the popular
scenario in which N only interacts with the SM particles through N-1, mixing, where
¢ = e, u, 7. Using literature results for W boson correlators calculated to fourth order in the
strong coupling ag, we study the quality of the perturbation series for N — ¢ + hadrons to
determine the mass ranges for which inclusive decay widths can be predicted in a robust
way. We present novel analytic results for the decay rate of N — 7 + hadrons in terms
of m;/mpy. Our expressions equally apply to 7 — N + hadrons, the width of which is
found to be perturbatively calculable for my < 600MeV. Applying our result to the 7
lifetime, we determine the allowed parameter space for the N-v, mixing angle § and my.
We find |sin | < 0.2 for my = 600 MeV and weaker bounds for a lighter N. In the mass
region my > m, we find constraints from the dependence of 7 decay rates on cos6, with
|sin @] < 0.12 inferred from the 7 lifetime. Combining 7 — 7~ v, and 7 — K~ v, data gives
|sinf| = (9.1f§:§) 1072 at 1o while N-v; mixing does not improve the agreement between
theory and data for 7 — fvyv;. We find current data for the decay rate I'(7 — ¢ + nothing)
about 1o above the SM prediction for I'(t — ¢yv;), which leads to useful constraints on
[(7 = (X gark) or T'(7 = £Xqark Xdark) with dark-sector particles Xgarc and might stimulate
additional experimental effort on 7 — ¢ + nothing.
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1 Introduction

Heavy Sterile Neutrinos (HSNs) (a.k.a. Heavy Neutral Leptons) are a widely-studied extension
to the Standard Model (SM), postulated in theories of Dark Matter [1, 2], leptogenesis [3, 4],
or neutrino masses [5-9] (see ref. [10] for an overview). In standard scenarios it is assumed
that HSNs interact with SM particles only through mixing with the active neutrinos v,
v, and v;, so that different observables are highly correlated. In particular, W-mediated
weak decays involving an HSN N and a charged lepton ¢ in the initial or final state all
involve the same element Vj, of the matrix describing the mixing of N with the active
neutrinos. In the most simple case one assumes that a given HSN N only mixes with one
active neutrino vy, so that Vi, reduces to Vi, = sin 6 with a neutrino mixing angle 6. It is
therefore desirable to study as many different decays as possible to first discover HSNs and
subsequently corroborate or falsify the active-sterile mixing concept. In the former case one
will aim at the precise determination of Vi, for £ = e, u, 7. In the latter case one will find
apparent different values for Vi, in different decays and turn the attention to less minimal



models featuring new interactions between N and SM fermions, possibly mediated by new
Higgs bosons or leptoquarks [11, 12].

The search for HSNs produced at colliders and the interpretation of experimental limits
requires accurate predictions of branching fractions. In addition, it is important to know
the IV lifetime to understand whether N decays outside or within the detector. Especially
interesting is the parameter space for which N decays with a displaced decay vertex, which
corresponds to an ideal, background-free signal. To predict branching fractions or lifetimes one
must calculate the total decay width T’y (V). In this paper we consider semi-hadronic decays
of N and present precise predictions for I'(N — ¢ + hadrons) for the case that the HSN mass
my is large enough that accurate perturbative QCD predictions are possible. To this end we
exploit literature results on the correlator of two charged quark currents to five-loop order of
QCD [13] and add the appropriate phase-space integration to predict I'(N — ¢ + hadrons).
The main purpose of this analysis is the determination of the range for my for which the
perturbative calculation is applicable, by requiring that with higher orders in «; the size of
the perturbative correction and the dependence on the unphysical renormalization scale
decrease. Specifically, if the invariant mass of the hadronic system governed by my — my is
too small, perturbation theory breaks down, and the same is true for certain larger values
of my which are closely above the masses of the D or B mesons. For ¢ = e or p we can
simply use the formulae for 7 — v 4+ hadrons decays from the literature [13, 14], but for
I'(N — 7 + hadrons) we perform a new calculation to account for m, # 0 and find closed
results in terms of m, /my with polylogarithms (up to o) or a series representation (at order
o). With this result we can further predict I'(1 — N + hadrons) for the case that my is
too large to be neglected and analyse the impact of N—v, mixing on 7 lifetime and branching
fractions. While our calculations are complete for I'(7 — N + hadrons) and the impact
of these rates on the 7 lifetime, the calculated N — ¢ + hadrons decay rates do not fully
account for the IV lifetime, which receives further important contributions from Z-mediated
N — vy + hadrons decay modes. These calculations are relegated to a future publication.

Our paper is organised as follows: in section 2 we recapitulate the known results entering
the calculation of the inclusive hadronic HSN decay width, in section 3 we show the details
of the actual calculation followed by a discussion of the phenomenology of our results in
section 4. We conclude in section 5.

2 Preliminaries

2.1 Sterile neutrino decays at tree level

Several decays of HSN or of leptons and hadrons into HSN have been calculated at tree
level [15-20]. Here we briefly collect the tree-level results relevant to our study and introduce
our notation.

An HSN N can decay via a W boson into a charged lepton and a quark-antiquark pair
(', d ). Here, we only consider cases in which N is heavy enough to permit N — fud and
N — {us decays, but for large enough values of my also final states with v/ = c or d' = b
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Figure 1. Tree diagrams for an HSN decay. For a = 8 both diagrams interfere. Diagrams were
drawn with the help of TikZ-Feynman [21].

can be accessible. The decay width reads
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here G is the Fermi constant, my is the mass of the sterile neutrino, Vi, parametrises the
mixing between N and vy, V4 is the relevant CKM matrix element, N, = 3 is the number
of colours, z; = m;/my, and A(a,b,c) = (a — b — ¢)? — 4bc is the Kéllén function.

Decay rates of an HSN into leptons N — El[juj are found from eq. (2.1) by setting
N, =1 and Vg = 1:
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where z, = my, /my. This relation only holds for « # . We dub the lepton directly
attached to the HSN the tagging lepton (see figure 1). For a = f there are additional
contributions to the leptonic width due to interference with the neutral current decay. The
decay width becomes

F(N — Vozgaza) (23)
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Figure 2. Decay width of an HSN into leptons. Here the notation N — ¢ means the plotted line is
the sum of all partial widths associated with the tagging lepton i.e. T'(N — e) = >, I'(N — elvy).
For all three channels the mixing angle is chosen as Vi, = 1073,

here g4 = —1/2, g = —1/2 + 252 with s,, = sinf,, and the Weinberg angle 6,,. Our results
agree with those of Bodarenko et al. in ref. [10]. In figure 2 we show the decay widths as a
function of my. The widths for e or u as tagging leptons are almost indistinguishable.

2.2 QCD correlators

The QCD dynamics of decays of HSNs into hadrons is governed by the decays of virtual
electroweak gauge bosons into hadrons. The decays of W and Z bosons into hadrons have been
calculated up to O(a?) [13, 22]. Here we use these results to calculate the charged-current
contribution to the decay of an HSN.

The optical theorem relates any inclusive decay width to the imaginary part of the
self-energy of the decaying particle. The non-trivial part of the W or Z boson self-energy
is the correlator of two charged quark currents, namely the time ordered product of the
vector and axial vector currents of the quarks j;//;;‘
as follows [23, 24]

= ¢i7u(75)g;. It may be parametrized

A . iax ~c.V/A V/A
0L (gmism o) = i [ dae® QI (5,70 @5 00
1 2
= g/WHz[‘]g V/A(q2) + quVHEj! V/A(q2)

1 0
= (_guuq2 + qqu>Hz(‘jy)V/A(q2) + qquHZ('j,)v/A<q2)~ (2.4)

Here m; ; are quark masses and ¢ is the momentum of the gauge boson. In our case of the
hadronic charged current ¢; and ¢; are up-type and down-type quarks, respectively. In the
last line above the correlators have been decomposed into their transverse and longitudinal

components
(1) it vya(@®) 0) 2] ) vya@®)
IL; V/A(q2) =——= 2z I V/A(qz) =1L V/A(q2) + ]77(12 . (2.5)



(a) Sample non-singlet diagram to O(a%).

(b) One possible cut of the loop diagram in figure 3(a). This corresponds to the
decay amplitude W — qq at O(a?) interfering with the tree-level amplitude.

Figure 3. W boson self-energy diagram contributing to the correlator.

In studies of 7 decays one commonly adopts the definition [23]

HE;,—%)A(CF) = HE;,)V/A(qz) + Hl(;)v/A(qQ)- (2.6)

The correlators IIlY and T are related to each other via a Ward identity [25, 26]

v V/A 0 S/P _ _
7"q H,uz{,ij = q4Hz('j,)V/A = (m; F mi)2Hij/ + (mj Fmi) (01g;4; F ¢:4:|0) - (2.7)

This identity connects the longitudinal part of the V' or A correlator to the scalar or pseudo-
scalar correlators Hf;/ P, respectively, where

s/P , ; =~ .S/P, \ .S/P S/P
1 (q) =i [ decw QPG @5 Moy 0T = atse, @9
and the last term in eq. (2.7) is the quark condensate. Thus in the chiral limit

i

ijvja =0 (2.9)

For the W boson there are only contributions to the correlator by so-called non-singlet
diagrams as seen in figure 3(a). Non-singlet diagrams only have cuts through at least two
fermion lines. Cuts indicate individual contributions to the imaginary part of a loop diagram
with the particles on the cut line being on-shell (see figure 3(b)). From now on we adopt the

2
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chiral limit with zero quark masses. The applicability of perturbative QCD requires ¢> > m
which is certainly fulfilled for the three lightest quarks for my 2 a few times Aqcp, which
must be fulfilled in any perturbative QCD calculation. If one of the final state quarks is



c or b, there is a range of ¢ for which the ¢ or b quark mass is non-negligible and can be
included in an expansion in terms of mib /q*. These mass corrections are beyond the scope
of this paper, i.e. for heavy hadrons our formulae are only valid for HSN decays with ¢ large
enough that m. or m; can be set to zero i.e. m% > q? > m?or ¢ > mg.

The correlators may be expressed as a series in

a, = : (2.10)

where the coefficients are functions of the logarithm In(—s/u?) with s = ¢? the invariant
mass of the hadronic state and the logarithm evaluated below the branch cut according to
the Feynman prescription s — s + id, so that Im In(—s/u? — id) = In(s/u?) — im. Since the
longitudinal part of the correlator is proportional to the square of the quark mass it will
not contribute in the chiral limit (see eq. (2.7)). The sum of the longitudinal and transverse
part of the correlator is given by [14]

oo n+1

HS}O/)A(S) = - 12;2 E_: ap > cppn® (;j) (2.11)
n=0 k=1
and the coefficients ¢, 1 are given by [13, 27-32]
co,1 =c11 =1, (2.12)
c2,1 = _G; - §C3>nf + % — 11¢, (2.13)
c31 = GZ; - ;*3 3)7730 - (7281467 - ?CI& + 295C5)nf + % - %Cﬁ% + 2?(5, (2.14)
e (s S 0 (0 5 2w, o,
n (1212205 Co— 55((3)2 n 232;5€5 n %C? _ 1310043460807) ;
7 72;5 o+ 622;15 G + 54845 C% - 5622;195 G+ 144213i§46199 (2.15)

Here ny denotes the number of active flavours and ¢, = ((n) are values of the Riemann
¢-function. To reconstruct the remaining coefficients ¢,  we can use the renormalization
group (RG) equation. To this end, one considers the Adler function [33]

d
DU (s) = —s T (s), (2.16)

which is a physical object and p-independent. Employing

d
2 (1+0) _
p —dlﬂDij’ v/als) =0, (2.17)



one finds [14]

Bo
C22 = —5CL1 (2.18)
_ B B
€33 = 301,1, €32 = *?Cl,l - 5002,1 (2-19)
_ B 5 )
€14 = = CLt, €43 = 6ﬁ15001,1 + Byea, (2.20)

1
Ca2 = —5(5261,1 + 28121 + 3Bocs ),
where ¢, = 0 if £ > n and n # 0 and the coefficients 3; of the QCD beta function are
listed in appendix A.
3 QCD corrections to charged current HSN decays

Using the correlator in eq. (2.11) the differential inclusive decay rate of a HSN via a charged
current reads

dT'(N — (X GZ2m> | Vae? 12
ds 19273 ms may myy

da} (1+0) 0)(4

K_m?v N

integrating over s, or the dimensionless variable r = s/m%;, leads to [23]

(1—)?
2 5 2
T(N — (X) = NCW x 127 / dz (1+ 22 — 2)\/ A1, 2, 22) (3.2)
s
0
4:1:?

X [(1 + 22 + 27 — )ImH(I'H)) (m%z) — 22zImI©® (m%\,:p)],

1—|—x§—m

with &y = my/mpy and where we used

1) = Vo (B + 117, ) + Vi (B 41100, ) . (33

= 2(‘Vud‘2 + |Vu8|2 + .. ')ng)7

since the vector and axial vector contribution are equal in magnitude. Here the dots indicate

to the inclusion of heavier mesons i.e. D or B mesons. Since I1(0) ~ mg

we neglect it.
The integration region with small x involves hadronic resonances while the integrand in
eq. (3.2) is smooth. Eq. (3.2) nevertheless reproduces the correct result as can be derived

from analyticity properties of 1) see appendix B for details.



Choosing p = my the imaginary part of the correlator reads

n+1

Im HS—H)) (m%x) = 127T2 Z U Z CnIm In® (—2) (3.4)
n=0

1

127r{1 + amy —|—amN(Cz 1+ 2c221n(x))

+ af’nN(c;:,J +2c321n(x) — (71'2 - 31112(:1:))0373)

+ af‘nN (04’1 + 264’2 ln(x) — (7T2 — 31I12($))C4,3
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and leads to integrals of the form

(1—my)?

I, = / dx ((1+SE% —x)(1+ 22 + x7) —4x§)«/)\(1,x,x§)lnk(w). (3.5)

0

Up to k = 2 the integrals are analytically calculable in terms of dilogarithm and trilogarithm

functions:
1
Iy = 3 <1 — 8x% + Sx? — :E? — 12%’2} hl(x%)), (3.6)
19 13 13 19
=2 192 1ok 4 6 o
1 24+3xg Coy — 3305—1—24
1
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- (1 — 877 + 8zf — m?) In(1 — z7) + 122 Lia(27), (3.7)
265 151 151 265
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+ (=1 + 827 — 828 + 2%) In(1 — 27) + 242} In*(1 — 27) — 12x§L12(m?)) In(z?)
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+ 247y Liz(x3) + 48x¢Liz(1 — x3). (3.8)

In appendix C we give approximations to these integrals for easier use.
We next derive a new analytical result holding as well for £ > 3, defined in terms of
a well converging sum. To do this we first use the following series representation of the



square root of the Kaéllén function,

d” L) 1 n
A N Laa?) =S~y ( _ ) 2 - (" (3.9)
da™ 2) . 2]
7=0 n—j
n—2;j j
()\’ (1,z, 2% ) (A”(l,x,x?))
2(n—j)—1 ’
(ALaah)
where (a), =a(a+1)(a+2)-... - (a+n—1) is the Pochhammer symbol, |j| is the floor
function (rounding a real number to the nearest smaller integer number) and
M1, z,27) = 22 — 20(1 4+ 27) + (1 — 27)?, (3.10)
dA(1,z, 23
N(1,z,22) = W =22 — 2(1 +22), (3.11)
A2\ (1, 2, 22)
N1 w,a7) = —— =2, 12
(1,,08) = S0 (3.12)
We write
xg, Z A l’g nk(x?,a) (3.13)
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d—q/ (1,x a;e
5] n | . .
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=0 J
and
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The integrals in this expression are given by
a) = / dr x" In" x
0
a™t! Z (n+ 1)~ nF g, (3.16)

which completes the calculation of Ij; in eq. (3.5).



Inserting eq. (3.4) into eq. (3.2) and using eq. (3.5) finally gives the full semi-hadronic
width for decays of sterile neutrinos lighter than the D+ meson

Gpmy Ve

I(N — (X) = N
(N = £X) = Ne——00 3

2(|Vual® + [Vas*) (3.17)

X | Io(x7, (1 = 20)*)con + amyer,ilo(27, (1 — z4)?)

+ag,, [eaido(af, (1= x0)%) + 2c20 11 (27, (1 — 20)?)]
+ay, [eslo(af, (1 — 20)?) + 2c3211 (27, (1 — m0)?)
— (*Io(x7, (1 — m¢)?) = 3Ia(a7, (1 — 2¢)%))cs,3]

+ g [eanto(af, (1= 20)?) + 2ca 201 (27, (1 — m0)?)
— (7% Io(a7, (1 = 20)?) = 3La(2f, (1 — x0)*))eas

— (4?27, (1 = 20)%) = 4I3(F, (1 = 20)*))eaa] |-

Logarithms involving the renormalization scale may be reconstructed by using the relation
in appendix A. Sterile neutrinos heavier than the DT meson also obey the relation above
once the corresponding CKM element as well as threshold effects are included.
Additionally we also calculated the integral in eq. (3.5) for an arbitrary upper limit of the
hadronic invariant mass, to permit the calculation of the integrated spectrum of the decay

Smax F
TN = £X) = / dsd(NdjEX), s € [O(1GEV), (ma — my)2],
0
TP AD(N - 0X)
_ 0/ ar T2 ) (3.18)

where we defined Tmax = Smax/M3- Leut(N — £X) obeys eq. (3.17) with Iy = Iy (27, Zrmax)-
Up to k = 2 we found a closed analytical form of the Ij (22, Tmax). The expressions are found
in appendix D, but the calculation from eq. (3.13) is easier even for k < 2.

4 Numerical analysis

4.1 Quality of the perturbation series

Perturbative QCD describes observables in an expansion of the strong coupling constant
accurately if the relevant energy scale p is large enough such that a, is small. Any observable
O,, at the scale y may be written as

Op =Y rnas(p)™ = ro + rias(p) + raos(1)® + O(as(w)?). (4.1)

However, at small scales (u ~ O(1 GeV)) the strong coupling constant becomes large and
an expansion in oy is no longer guaranteed to converge. For the 7 lepton with a mass of
m,; = 1.776 GeV it was only possible to correctly describe the inclusive hadronic decay width
through the inclusion of five-loop corrections. Only at the five-loop level does the perturbative

,10,



description become stable i.e. the O(a?) corrections lead to a significantly reduced dependence
on the renormalization scale [13]. In the case of a HSN with mass comparable to the 7 the
kinematics is, up to the mass of the lepton attached to the HSN, the same. Setting my, = 0
leads to the same numerical coefficients as in 7 decay

F(N —>€X) o G%m?\,\VNAQ

— N, 4.2
Vil + [Vaus |2 19273 (4.2)

X |1+ amy + 5.202a2,  + 26.366a3,  + 127.079az, |,

perfectly agreeing with ref. [13]. For a HSN mass around 3 GeV the inclusive semi-hadronic
decay with £ = 7 in the final state is kinematically accessible. The lepton mass ratio is
then sizable, x, = 0.592, and

LN —71X) o GEmy|Viel?
|Vud’2 + |VUS|2 ¢ 19273

(4.3)
x 0.071|1 4 am, + 8.376a2,  + 74.605a), . + 669.805a,, |,

largely reducing the decay rate and making the convergence of the perturbative series worse.

In figure 4 we show the full decay width. The widths for { = e and ¢ = u are in-
distinguishable. For my > m, + mp the decay channel into charmed mesons opens up.
For this reason we omit the region my € [m, + mp,3GeV] in figure 4 as here there are
resonances of charmed mesons. They are dominated by non-perturbative effects making
an accurate perturbative description in this region impossible. We show the ¢ = u rate
again beyond my > 3GeV. We have computed the error band by taking as uncertainty
the difference between the minimal and maximal width with respect to the renormalization
scale i.e. op = (max I'y(p) — min I'y(p))/2 for 0.8 GeV < p < 3.5GeV. Since we did not
include charm mass corrections we expect an additional error of O(m?%,/¢*) = O(40%) for
mpy = 3 GeV, which is not shown. In figure 5 we plot the effect of each order in ag on the
total decay width for ¢ = p. For small HSN masses, close to the kinematic threshold of
multi-hadron production, we see that including more corrections in a,; does not improve
the convergence. This is even more pronounced in figure 5(b) where the relative increase
compared to the leading order is large for HSN masses in a window below ~ 1 GeV. Beyond
1 GeV the perturbative behavior rapidly improves and higher order corrections become smaller
with higher orders in a; in relation to the leading order. We specifically analyzed the scale
dependence of the widths by expressing a,,, in terms of logarithms of the renormalization
scale p and the HSN mass as seen in appendix A. In figure 6 the scale dependence for different
HSN masses is shown. The scale dependence is very strong close to the kinematic threshold.
Increasing the mass of the HSN the scale dependence reduces. We see that HSN masses around
1.5 GeV, including the highest order corrections in «g available, lead to a flat scale dependence.

In the ¢ = 7 final state lepton case the discussion is qualitatively similar to the ¢ = e and
¢ = u case. Looking only at the decay width in figure 7(a) the effect of poor convergence
does not seem to be as pronounced, however, in absolute values it is comparable to the decay
into a muon as seen in figure 7(b). As in the muon case, the quality of the perturbative
series rapidly increases for larger HSN masses. In figure 8 the scale dependence for different

— 11 —
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Figure 4. Hadronic decay widths I'(N — ¢X) for the tagging leptons ¢ = u, 7 with a mixing angle of
Ve = 1073, The width for £ = e looks like the £ = p width. The numerics of the running coupling were
calculated with the help of RunDec [34, 35]. We do not show the region my € [m, +mp, 3 GeV] where
we expect large non-perturbative effects. The error band is taken as the difference between minimum
and maximum of the width with respect to the renormalization scale or = (max 'y () —min I'n(p))/2
for 0.8 GeV < u < 3.5GeV. We do not include the uncertainty from our omission of quark masses,
which can be sizable, O(m?2,/q?) = O(40%) for my = 3 GeV, beyond the charm production threshold.

HSN masses is shown. The scale dependence reduces for larger masses. At a HSN mass
of 3GeV the O(a?) corrections reduce the scale dependence significantly. For larger HSN
masses already lower order results show a satisfactory small scale dependence.

4.2 Branching ratios of HSN

Without the neutral current contributions mediated by the Z boson one cannot calculate the
total width, which is needed for branching ratio predictions. However ratios of branching
ratios for the charged decays can be calculated

p Br(N—/(P) T(N—IP)

" T Br(N 5 0X)  T(N = (X)’ (44)

here P =7, Kt , D", ... is some meson, ['(N — ¢P) is the width of a HSN into a meson

GEm Vel

(N = P) = =8
s

Va3 = 2B = (L4 ad) | MLaFah) (@5)
where fp is the meson decay constant, |V, 4| is the relevant CKM matrix element, and
x; = m;/mpy, and I'(N — £X) is the fully inclusive semi-hadronic decay rate as given in
eq. (3.17). For our predictions of k" we assume my > 1.5GeV for electron and muon tagging
and my > 3 GeV for tau tagging. In figure 9 the x-ratio for muon and tau tagging are shown.
In both cases pions dominate the decay and only a few CKM-suppressed decays to kaons are
predicted. For this reason we omit decays to D mesons as they are more suppressed than those
into kaons due to the smaller phase space. In addition we also show the impact of the inclusion
of Ds mesons. Dy mesons are produced copiously beyond the charm threshold as V.5 ~ 1. We
exclude the region my € [m, +mp,3 GeV] as here non-perturbative charm resonance effects
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Figure 5. Inclusive decay width I'y = I'(N — pX) as a function of my.

dominate the width. As long as the decay channels to charmed final states are absent, at
least 12% of the charged-current decays of HSN are N — {7 for all considered values of my.
4.3 Constraints on Oy, from the 7 lifetime

The current world average of the 7-lifetime

TP = (290.29 4 0.53) fs  [40] (4.6)

T

agrees with the SM theory prediction

M = (288.59 +2.31)fs  [39, 41]. (4.7)

T

Whenever a sterile neutrino interaction is present it comes with a factor of the mixing
angle Vi, = sinfy,. At the same time SM neutrino interactions receive a contribution
involving cos 0. Mixing is possible between one or more generations of SM neutrinos. If
there is mixing with v, or v, this has an impact on the Fermi constant. A complete analysis
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Figure 6. Scale dependence of the inclusive decay width I'y = T'(N — pX) for different HSN masses.

including also mixing with e or u requires a full electroweak fit (see ref. [42]) and is beyond
the scope of this work. Hence we only look at mixing with v,, and define 8 = 05,. Then a
sterile neutrino will modify the total width, implying the following constraint on 6:

exp. 1 - Bf‘
T. =
4 cos? 0 (1 — B)ISM 4 sin2 g TNV’

(4.8)

where B2 = 0.0292 [39] is the branching fraction of 7 decays into strange final states,
(1 — B3)I'SM is the SM width involving leptonic and non-strange hadronic decays, and TV
is the non-strange sterile neutrino contribution, i.e. the 7 — N X decay rate with X being
a non-strange hadronic final state. (1 — BS)/7*P is the experimentally determined total

M s calculated as

decay rate into non-strange particles; our approach follows ref. [39].
I'SM — 1/75M and TV follows from eq. (3.17) by replacing Vg — 1, Vs — 0, my — my,
and I (z7, (1 — x¢)?) — Ix(m3%,/m2, (1 — mx/m;)?). For the strong coupling constant we use
a?f:?’(mT) = 0.316 which we obtain by using the weighted average a?f:5(MZ) = 0.1182 of
all measurements listed in the PDG [39], except the one using 7 decay, and running as(Myz)
down to m,. In figure 10 we show the renormalization scale dependence of the 7 decay
width. At O(a?) the scale dependence remains sufficiently flat up to HSN masses around
mpy = 600 MeV. For larger HSN masses the perturbative description becomes poorer.
Sterile neutrinos solely produced through mixing with v, will always decrease the 7 width
and thus prolong the predicted lifetime, possibly bringing it into tension with the experimental
value. This is so, because the decay rate to v, is decreased by a factor of cos? 6y, while the
additional decay channel with IV, proportional to sin? fy, involves phase-space suppression.

Neglecting electroweak corrections in I'V we use eq. (4.8) to determine the parameter space
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Figure 7. Inclusive decay width I'y = I'(N — 7X).

for 0 and my in agreement with the measured 7 lifetime, see figure 11, which shows the
lo region of the allowed mixing angle and HSN mass, up to my < 600 MeV. We further
show the allowed region when the experimental value in eq. (4.6) is varied in the 30 range,
while we do not triple the theoretical uncertainty. For my > 600 MeV we continue our lo
and 3o lines for illustration, bearing in mind that the quality of the perturbative calculation
diminishes significantly for my = 600 MeV, while the perturbation series for the inclusive
hadronic 7 decay width converges well for my < 600 MeV.
Eq. (4.8) holds for any value of my, in particular, it also holds for my > m,. In this
case I'y = 0 and eq. (4.8) becomes
th.
sin?f =1 — % = 0.00586 £ 0.00816, (4.9)

T

which leads to

|sinf] <11.8-107% at lo. (4.10)

,15,



1.30

1.25f

1.20

Ty /TR
My TR

10 15 20 25 30 35 40 10 15 20 25 30 35 40
u[GeV] K [GeV]

1.25

] —a —a a2 as
my =4.0 GeV

—d — o2 a 1.18

S S
my = 3.5 GeV ]
120 ] 1.16

e

Ty /TR
o
\\
My TR
N

1.10

10 15 20 25 30 35 40 10 15 20 25 30 35 40
K [GeV] H[GeV]

Figure 8. Scale dependence of the inclusive decay width T'y = T'(N — 7X) for different HSN masses.

4.4 Contributions on 0y, for my > m, from 7 branching fractions

HSNs heavier than 7 affect 7; in eq. (4.8) indirectly through the cosine of the mixing angle.
To study this scenario we look at the decays 7= — 7 vy, 77 — K v,, and 7 — v4y, [20, 43].
This will allow us to bypass the theoretical uncertainty of the total hadronic width feeding
into 7 in eq. (4.7). The decay widths of interest read

I'(r — Pv,) = cos® AT s\ (7 — Puy) (4.11)
Gms cos® 2 2 mp ’ (P)
= Sl (1= TR ) (o,
G%m? cos® 0

I(7 — vpliyg) = cos® OTsu (T — velig) = 19273
s

(4.12)

o? (mr)
12

a(m;)

x (1 —8x7 + 829 — aff — 122} In(x3)) + Hy + H,|,

where z; = my/m,, P is either K~ or 7~, fp is the meson decay constant, and V,,, is the
CKM matrix element. We have added the cos # factor to account for the effect of HSN mixing.
Here the 6&@ are the radiative QED corrections governed by a(m;). We use the values

) = 0.0194 + 0.0061 and 54 = 0.0204 + 0.0062 presented in ref. [44] which are based on

,16,



0.25

+

0.20} K+
— D"‘ ]

Lg

0.10f

0.05¢

0.00 . . .
1.5 2.0 2.5 3.0 3.5

0.25

0.20}

0.15}

g

0.10f

0.05}

0.00 . . . .
3.0 3.1 3.2 3.3 3.4 3.5

my [GEV]
(b) K7

Figure 9. N — (P branching fractions (normalized to Br(N — ¢N)) for P = 7, KT, DT, see
eq. (4.4). We use fp = (212.0+0.7) MV, fp. = (249.9 £ 0.5) MeV [36-38], and |V,q| = 0.221 = 0.004,
and |V 5| = 0.975 £ 0.006 [39]. The error bands are the same as in figure 4.

refs. [45-48]. The H; are the radiative QED corrections for leptonic decay, reading [49-53]

25 2
H, = (8 — 7;) — (34 + 24Inzp)x? + 167223 + O(x}) (4.13)
156815 518 , 895 67 , 53 o
- _20 SR Ol 20y 4.14
TR L T R T (4.14)

)
— (0.042 4 0.002) — Z?TQ.’L"Z + O(22)
We use the measured 7 lifetime 7, = (290.29 £+ 0.53) fs [40], the branching ratios, decay

constants, and parameters listed in table 1. We have determined the pion decay constant
from the ratio fg+/fr+ and fr+.
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Figure 10. Scale dependence of the inclusive 7 decay width with a final state HSN for different HSN
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Figure 11. Allowed parameter space deduced from the measured 7 lifetime in eq. (4.6) via eq. (4.8)
at the 1o (purple) and 30 (purple and blue) levels. For my < 600 MeV we trust the perturbative
calculation. The dashed lines for my > 600 MeV indicate the perturbative result in a region where
the description is no longer reliable.
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Bro*P (1 — vrei,) 0.1785 4 0.0004 HFLAV [40]
Br®P (1 — v-ui,) | 0.17366 £ 0.00036 HFLAV [40]
Br*P (1 — mv;) 0.1082 4 0.0005 HFLAV [40]
Br*P (1 — Kv,) | (0.697 £0.010) - 10~2 HFLAV [40]
fr+/ frt 1.1934 +0.0019 FLAG [36-38, 54-56]
fr+ (155.7+0.3) MeV | FLAG [37, 38, 55-57]
j— (130.5 & 0.3) MeV

Ve 0.97367 4 0.00032 PDG [39]

Vs | 0.22431 4 0.00085 PDG [39]
1/a(m,) 133.50 4 0.02 58, 59

Table 1. Table of branching ratios, decay constants, and CKM elements used.

This leads to the following mixing angles allowed by the experimental bounds for the
leptonic decays

Brexp- — 1 1/2
( - (Z;_ vrebe) _ ) — cosf = 1.00201 + 0.00145 (4.15)
Tr Cspm(T — veere))
Brexp: U 1 1/2
( - (Te;;.y “) . ) = cos f = 1.00205 + 0.00139 (4.16)
Tr Csm(T = vrpiy,))

and for the semi-hadronic decays

Brexp: - 1 1/2
( - (pr—.> mvr) : ) =cosf = 0.99717 £ 0.00462 (4.17)
Tr Csm(T — vyr)
Br®® (1t — Kuv,) 1 1/2
. = 6=0. 1+0. 4 4.1
( 5P Ton(r = KI/T))> cos 0.99091 4= 0.0088 (4.18)

here we roughly estimated the errors by assuming they are all uncorrelated and distributed
Gaussian. The leptonic decays all prefer unphysical values with cosf > 1 at the 1o level,
the semi-hadronic decays, however, permit non-zero mixing angles at the 1o level. For the
decay 7 — wr, we find the mixing angle at 1o

T — Uy |sinf] <12.2-1072 at 1o (4.19)
and for 7 — Kv, the mixing angle
T Koo [sind] = (135554) 107 at 1o, (4.20)

In figure 12 we show the 1o band of the cosines of the mixing angle as a function of the 7
lifetime. Combining the semi-hadronic and leptonic decays yields cosf = 1.00168 £ 0.00098,
while combining only the two semi-hadronic decays leads to cosf = 0.99582 4+ 0.00410
corresponding to

T Py, P=mK combined: |sind]=(9.1%3])-107? at lo. (4.21)

Taking the weighted average of the leptonic decays leads to cos 6 = 1.00203 £ 0.00100. These
decays permit cosf > 0.99901 at the 3o level leading to:

T — vy = e, pu combined : |sinf] <4.4-107% at 30. (4.22)
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Figure 12. Cosine of the mixing angle vs. the 7 lifetime. The grey band is the 1o band of the world
average of the 7 lifetime. The solid lines are the central values and the dashed lines delimit the 1o
band. The bands from 7 — v,ev,. (blue) and 7 — v-uv, (red) overlap. the constraints from both
T — mv; (green) and 7 — Kv, (orange) fully comply with the measured 7 lifetime. The area under
the dot-dashed line at cos @ = 1 delimits the physically allowed region.

4.5 Detecting HSN for my < m., from spectra
HSNs light enough to be produced in 7 decays are difficult to detect in branching ratios, because

2
't = v;Y)+T(r = NY) =Tsm(r = ;YY) + (’)(T:g - sin? 0) (4.23)

for my < m; and where Y is any final state. To this end one better employs precise
measurements of the charged lepton energy spectrum

dU (1 — vlig)  GEmiV}?

iE, 5,3 F(zg,zex,), (4.24)

here v = v;, N is either a SM or a sterile neutrino, xp = Ey/m,, z; = m;/m,, V,, = cosf
for SM and V,, = sinf for sterile neutrinos, and

2 22
2% — 22(1 - 2zp + a7 — 22)

F(xg,xp,x,) = 4.25
( ) 6(1—2xE—|—$%)3 ( )

X [Sx% — 20%(5 + 5aj + 22)

+ 2p(3 4 1027 + 32} + 322(1 + 22)) — 223(1 4 27 + 222)|.

Since the experiment cannot distinguish between sterile and SM neutrino the measured
lepton energy is
dle,”  dD(1 — vy L dU(r = Ntw) (4.26)
dEy dEy dEy ’
_ Ghmive
273

F(xp,xp,2n)sin?0 + F(zg, x4,0) cos? 0.
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Figure 13. Here we show FY sin? 6 + F)cos?0 = F(E,/mqy,z,,xN) sin?0 + F(E, /m,,x,,0) cos® 0
for £ = p, the black line corresponds to the SM case my = 0, the mixing angle assumed here

corresponds to sin f = 0.32.

The hadronic spectrum is derived analogously,

dr(r = vX) _ o GEmdV2 - 2(|Vual + [Visl?)

ds 19273 S(mr-,mz)G(z,2,), (4.27)

where S(m,,mz) = 1.01907 [59, 60] accounts for electroweak corrections, x = s/m2, z,, =

my/m., and

G(z,x,) = Kl + 22— x) (1 + 2z + ;1:3) - 43:5] (4.28)

x \/A(L, 2, 22) - 12aTm T (m2a).

As for the leptonic decay the measured quantity is the sum of SM and sterile neutrino

contributions
dFlef;E‘ dl'(r - v, X) dI'(t - NX)
— 4.29
ds ds + ds ( )
GEMEV,2 - 2(|Vaal? + [Vas|?)
:Nc F''"'" Vv U us i
19273 Smz,mz)

x |G(z,zn)sin? 0 + G(z,0) cos? 0.

In figures 13 and 14 we show the spectrum for the leptonic decay with £ = p in the final state
and the hadronic spectrum, respectively, in both cases with sin § = 0.32. A HSN with a mass
of my = 300 MeV leads to a significantly modified spectrum. The perturbative calculation of
the hadronic spectrum can be compared to data for large s = 1 GeV. In addition, one can
compare integrated spectra from s = 0 to a chosen spax 2 1 GeV, exploiting quark-hadron

duality as described in appendix B.
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4.6 Comparisons

It is interesting to compare the allowed values of the mixing angle with other experimental
exclusions. Both ATLAS [61, 62] and CMS [63-65] have published upper and lower limits on
the mixing angle. ATLAS performed an analysis for the HSN exclusively mixing with the 7
neutrino and is less competitive than CMS. The CMS experiment specifically looked at v.-N
mixing and is sensitive to HSN masses 1 GeV < my < 2.2GeV and my > 3GeV.

Below my < 3GeV there are exclusion limits for N-v; mixing from DELPHI [66],
ArgoNeuT [67], BABAR [68], and Belle [69]. In the mass range 0.4 GeV < my < 1.3 GeV Ar-
goNeuT and BABAR provide the strongest bounds. Beyond my > 1.3 GeV DELPHI and CMS
provide the strongest bounds, with the DELPHI bound being strongest for my 2 1.9 GeV.
Furthermore, there are recasts of data from the CHARM [70] and WA66 experiments [71].
While originally these experiments were not understood to be sensitive to N-v,; mixing for HSN
with masses my =~ 1 GeV, the recasts provide the tightest constraints up to my = 1.6 GeV.
Only the DELPHI experiment is sensitive to masses in the range 2.2 GeV < my < 3 GeV.

For mn < m, we find the allowed range |Vn,| = |siné| < 0.2 from the 7 lifetime for
mpy ~ 600MeV. In this mass regime our bound from 7 decay is not competitive, the
strongest bound stems from the BABAR analysis, which finds |sin 0] < 2.49 - 1072 [68], and
the CHARM and WAG66 recasts, |sinf| < 1.73 - 1073 [70, 71], which, however, are more
model-dependent as explained below.

For mn > m, we find the mixing angle in eq. (4.10) from the 7 lifetime. The semi-
hadronic 7 decays exclude mixing angles for HSN masses my > m,; —mp where P = 7w, K and
lead to eq. (4.19) for 7 — 7v,, and eq. (4.20) for 7 — Kv,. In combination, the semi-hadronic
decays lead to eq. (4.21), valid for my > m,; — mp. Kobach and Dobbs (2015) [43] have
updated the bound of ref. [20]. They used leptonic 7 decays to constrain the mixing angle for
mpy > m, and derived the bound |sin 5P| < 7.07- 1072 at the ~ 20 level. This is weaker
than our bound obtained from leptonic 7 decays given in eq. (4.22) at the 30 level. While our
bounds obtained from semi-hadronic 7 decays (eq. (4.21)) and the 7 lifetime (eq. (4.10)) are
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weaker than the constraint from leptonic decays, they are less model-dependent as explained
below. It is interesting to note that § = 0 is ruled out by 1o in eq. (4.21). Bearing in mind
that our error estimates do not consider correlations, these numbers may well indicate that
better data may lead to evidence for 6 # 0 in the foreseeable future.

The experiment most sensitive in the mass range 1.9 GeV < my < 3GeV is the DELPHI
experiment, determining sin? fPFLPHL < 6.1075 = | sin §PFLPHI| < 7.75.1073 for my =~ 2 GeV;
the bound becomes weaker for smaller HSN masses [66]. The DELPHI experiment studied Z
decays and was therefore sensitive to HSN and SM neutrinos of all flavors. However, they
searched for the HSN through charged-current and neutral-current decays of HSN and derived
the bound |sin #PPLPHI <1 55.1072 from the non-observation of HSN decays into 7 leptons.
The DELPHI bound is tighter than ours, but is also more model-dependent: while both our
and the DELPHI study assume that /N only interacts with SM particles through N-v, mixing,
we do not assume anything on other interactions of N. A heavy N could be a mediator to
a dark sector and possibly decay into lighter sterile neutrinos and/or dark bosons. In such
scenarios the branching ratios of the decay modes studied by DELPHI will decrease and the
bounds on |#| will become weaker and the same remark applies to the recasts of CHARM
and WAG66 data. For the same reason we also put less emphasis on the bounds on || in
eq. (4.22) found from leptonic decays. Unlike decays into final states with a single neutrino,
leptonic 7 decays can be contaminated by decays into final states containing one or more
massive dark bosons. Since the central values of the measured leptonic decay rates are higher
than the SM predictions, we study this scenario in the next subsection.

Recently it was pointed out that indeed the LHC might already be capable of probing
mixing angles for mixing of sterile neutrinos with 7 neutrinos far more efficiently [72]. A
reinterpretation of the existing LHC data would be highly interesting.

4.7 BSM scenarios with other light invisible particles

Leptonic 7 decays 7 — v;fiy are interesting as there are two neutrinos produced in the
final state: what is studied is 7 — ¢ + FEpiss and the squared missing mass is much larger
than zero, so that there can be contributions from I'(7 — ¢X4ax) or I'(7 — X gark Xdark)
with massive dark particles Xga.,;x. A natural candidate for an invisible boson emitted in
a 7 decay is a majoron coupling to v, [73-75].

We write I'yp for the dark contributions i.e. T'(1 — £ + Eyiss) = I'(7 — v-4vp) + Tnp.
This constrains the new physics contribution to

Br®® (1 — vrev,)
Br®® (1 — 7v;)
Br®® (1 = vrpuvy,)
Br®® (1 — 7v;)

I'np = Cspm(m — wvy) — Tsm(T — veeve) = (3.92 4+ 3.81) neV (4.30)

Tnp = Tsm(r — mvy) — Domi(T — vepin,) = (3.85 +3.69) peV,  (4.31)

where we set cosf = 1 because of the tight constraints on |sin #| found above.

5 Conclusions

In this paper, we have calculated the inclusive semi-hadronic charged-current decay width
of HSNs up to O(a?) in the strong coupling constant by using the known results of the
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electroweak gauge boson correlator which has been calculated up to the five-loop level.
Decay rates into massless leptons can be trivially obtained from SM 7 decay rates, while
N — 7+ hadrons decays involve new phase-space integrals. We derive analytic expressions
in terms polylogarithms (up to O(a?)) and a series representation (valid for all calculated
orders) for these rates. We then calculated the perturbative series and analyzed its stability
in order to determine the sterile neutrino mass range for which the perturbative calculation
is valid and robust theory predictions are possible. Reliable predictions for the semi-hadronic
width are found for my > 1.5GeV for ¢ = e, u in the final state. For the final state with
¢ = 7 we find stability for my > 3 GeV. Our result can also be used for 7 — N + hadrons
in the mass range my < 600 MeV. In 7 decays the perturbative series is only stable after
including the O(a?) corrections.

We have further studied the impact of an N-v; mixing angle § on the 7 lifetime. If N
is light enough to be produced in 7 decay, the SM decay amplitude is modified by a factor
of cosf and there is an additional 7 — N 4+ W* mode with amplitude proportional to sin 8.
We find the parameter space of my and 6 constrained by the 7 lifetime for HSN masses
my < 600 MeV. Furthermore, we present expressions for the lepton energy spectrum in
7 — fyyN and the hadron invariant mass spectrum in 7 — N + hadrons, which may be
used to detect HSN effects in the future.

HSNs heavier than the 7 lepton may still leave imprints on observables through the cosine
of the mixing angle. The lifetime analysis leads to |sin | < 11.8-1072 at 1o in this case. For
the four decays 7 — v-fy, with £ = e, p and 7 — Py, with P = 7, K~ we have compared the
measured widths with the theoretical predictions. Only the data on the semi-hadronic decays
permit a non-zero mixing angle and we derive the constraints |sin 8| < 12.2-1072 at 1o from
T — vy and |sin | = (13.5J_r‘;"ff3) 1072 at 1o from 7 — Kwv,, respectively. Combining both

semi-hadronic decays leads to |sin | = (9.1Jj%) -1072 at 1o. Our results are complementary
to those from CMS, which constrain 6 for HSN masses above 3 GeV, and less model dependent
than those of DELPHI below 3 GeV. In another application of our calculation we have derived
relative branching fractions between certain exclusive decays and the inclusive semi-hadronic
decay and determined the fraction of N — 77/~ decays of all N — ¢~ + hadrons decays.

Finally we have derived a bound on the 7 decay width into final states containing one or
more new invisible particles, for example majorons. These decays contaminate ™ — fDpv;,
whose decay rate is indeed a bit larger than the SM prediction. This finding calls for more
precise experimental studies of the leptonic 7 decays.
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A QCD pg-function

We use the p-function with the following normalization

d(liril!;ﬁ = B(ay) = *ai {50+51au+52ai+... , (A.1)
where a, = a(p) = as(p)/m and with the coefficients ; [76, 77]:
fo=1 (11 - gnf> , (A2)
b= 1—16 (102 - S;nf> , (A.3)
=i (5o et ) (A1)

Eq. (A.1) leads to
a(p) = a(po) — a(po)*Boluuy + alpo)? { = By, + 5§f3u0]

+ alpo)” { = Bl + gﬁoﬁlfiuo - BSEiMO} + O(a(po)”), (A-5)

where £,,, = In (Zi)

0

B Contour integration

In the framework of perturbative calculations it is possible to calculate scattering or decay
processes into quarks. However, in an experiment only hadrons are detectable and not
quarks. This poses a problem as hadrons at different masses would appear as resonances
in e.g. cross-sections. These resonances however are not accounted for by perturbative
calculations using quarks. This conundrum was resolved by Poggio, Quinn and Weinberg [78];
they showed that a perturbative calculation smeared over a suitable energy range correctly
averages over the resonances. This approach was then refined by showing that it is possible
to transform the integration over the suitable energy range into an integration around a
suitable complex contour [79, 80]. This was used for 7 decays [23, 81], the integral in eq. (3.2)
can be rewritten in terms of a contour integration around a keyhole contour (see figure 15).
Thus the decay width is proportional to the discontinuity over the branch cut along the
positive real axis. In this way the integral may be rewritten in the following way (setting
the lepton mass to zero for brevity)

2

mN 2
S S S
(N — X/) ~ 12 ds(1— - 142 )ImI0(5) — 2= TmI1® ]
(N = X0) W/s( m?\)[(%—m%)m (5) = 2, o 1 (s
2
S S S
= 6mi ds (1 — — 1+2—- )O0+9(s) —2—_11(¥ }
671 jli s( m%\[) K + m%) (s) m (s)],
S=myy

the integral only depends on s at the value of the mass of the decaying particle and so low
energy effects are already accounted for in the decay width. Indeed in this way the inclusive
decay width correctly averages over all possible resonances induced by the mesons.

,25,
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N

Re s

Figure 15. Contour integration permitting to replace the integral over the resonance region by the
integral over the large circle, which is far away from resonances. Thus, while the differential spectrum
is not perturbatively calculable in that region, the integrated spectrum is found correctly in this way.

C Easy-to-use formulae for phase-space integrals

For easier use we have expanded egs. (3.7), (3.8) as

2 1 2 43 34 15
Iapprox , T - “ 10 2.8 o=,.6 ( -9 2) 4 C.1
= 5357 Tgg% T g% g% T gt |y~ )% (C.1)
10 19
+ E:U? ~ 21 + (ﬂc;} - Sx? ) xy log( ¢) + O(x 16)
787 1 217
Iapprox.,T 14 12 10 - 2 5 8 2
2 ~Tio250™ * Ta00% + 1m0t g (27 —9) (C.2)
56 265
_ 6 _ 2) 4 99 o2 4V
+§(37 477)37@ 2( 12{(3)4—34—77)37@ 0% T Tz
(82§ + 35 + 2802 — 210027 + 16800) z log(z¢) 16

Additionally we have also fitted eq. (3.7), (3.8) to polynomials (see figure 16)

1P P — 1 9768329 — 1.110422% — 10.31422] 4 21.44212 — 9.0550327 (C.3)
— 6.19752x; + 1.5042xF + 3.2425627 + 0.00309017x¢ — 0.7917

13PPro P — 4 8387857 + 29.1877af — 53.4361x] + 34.613928 — 7.1330727 (C.4)
+ 6.6381627 — 0.720101z; — 6.14877x7 — 0.00323628z, + 1.84032

D Integrated spectrum

Here we present the analytical solutions of the integral

Tmax

I(22, Zmax) = / dz <(1 427 —2)(1 + 22 4 27) — 493%) VAL, z,23) Inf (2), (D.1)
0

for k < 3. In figure 17 the Ix(27, Tmax) — Ik(22, (1 — 2,)?) are shown.
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Figure 16. The absolute error |1 — I?ppmx"T/P/Ii| of the approximations in eqs. (C.1)—(C.4). The
solid red and blue curves correspond to the Taylor expansion and the dashed blue and red curves are
the polynomial fit. The dashed black line indicates the 1% level. For x, < 0.8 both approximations
have uncertainties |1 — Iiappmx"T/P/IA < 1%.
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Figure 17. Here I} — I}, is plotted for two different values of x, = 0.2 (closed line) and z, = 0.5
(dashed line). The vertically dashed line lies at the end of the spectrum of the dashed curves i.e.
(1—-0.5)2 = 0.25. At the end of the spectrum the ;X — I; = 0.

The Ik(x%,xmax) - Ik(:cﬁ, (1 — x)?), which we denote as I,g( — I, and use Tmax = T as
a shorthand notation, take the following form

1
zg<—10=2<—(@2+7)x§—(@+7)x;%+x? (D.2)

+ (& —1)*@ + 1)) (x — (z¢ + 1)2) X, — 24z} ArcTanh(X,)
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LY'—1 —12x3(AL12( 2@) ALIQ( 5 )+AL12< 5 )) (D.3)
1
— X, (2 - 1)2
+24 (:L‘ (g + ))
Y (—3@3“2(— (32 4+ T)a? — (2 + T)at + a8 + (& — 1)°(3 + 1)) In(2)

+5(2% + 1) + (2(58 + 4) + 85)x} + 5(2 + 17)zf — 192§ — 19)

+ ( 8x2 — 61} (41n( ) +2In (1 — X,?) —41In(2) + 2))
— 828 + 2% + 1>ArcTanh(Xr)

1
- (895(% + 24 In(zg) — 82 + af — 1) ArcTanh( — XTW)
— 2

L'~ =X, [((@2 + 7 — (& — 1) (2% + 3)a7 + (2 + 3)al + (& + 7)a) (D.4)

1 8
+ (7= 38)zF — (& — 1D)*@ + Day + 5@ 3@ +1) - %ﬂ — xz) In?(z)
1

ﬁ(
1
(382 — 85)x} + 6( #(5% + 4) — 85)x}

11 5
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2 6
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1928 192
12 6

1
In —(92* — 3243 + 2883 — 2
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113 23 1 .
+ (2 + 24)90[ + 72( &+ 41)z] + 5(943 — 4462) 27

1 1
—(2(23% 4 28) 4 943) 23 + = (2((9 — 162)& — 446) + 339)z7
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1 265z 265z
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X_xy X_
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Figure 18. Integrated spectrum I'X (Zmax). The width is plotted with a mixing angle of Vi, = 1073
and the lepton is a tau £ = 7. In the full curve the mass of the HSN is my = 4 GeV whereas in
the dashed curve it is my = 3 GeV; the dashed vertical line marks the endpoint of the integrated
spectrum for the dashed red curve.

+121In (1 — Xf) In(zp + 1) + 7r2>>

ap.- (X
a1 o) Lia (5 (o)

where the I; are given in eq. (3.6)-(3.8) and X, = /(2 — (1 — 2¢)2)/(& — (1 + x)?). We
defined the following abbreviations

XL = (1 — xz) + Xr(l -+ 1‘4), (DE))
Pabed=a+bln(l—X,) +cln(l + X,) +dIn?*(1 — X?) (D.6)
ALin(f(Xr)) = Lin(f(Xr)) - Lin(f(_Xr)) (D7)
p(xg) =1 — 827 + 828 — 28 (D.8)
(1 - X?
qu(zg) = 1 — 8a7 — 1207 — 829 + 28 — 242} In(#) + 242} In (x(XQ)> (D.9)
+
where f(X,) is an arbitrary function depending on X,.
Using eq. (D.1) we plot the integrated decay width I'cy defined as
2,5 2

Pt (N = £) = N, CEmN Vivel” (D.10)

19273
X 2(‘Vud|2 + |Vus|2) IOCO,l + amNcl,llo

+ aan (e2,110 4 2¢2214)
+ af’nN <C371[0 + 263,2[1 — (7['210 — 3[2)0373)

+ aan (6471182 + 2647211 — (71'2]0 — 3]2)6473 — (47‘(’2[1 — 4[3)0474)

where I, = I(22, Tmax), see figure 18.
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