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1. Introduction

We consider maps U : R1*¢ — N where R'*¢ is the (1 + d)-dimensional Minkowski
space and N a Riemannian manifold, specifically, a d-dimensional, rotationally symmetric
warped product manifold, see [9], [29], [35] for the general definition. Such a map U is
called wave map, if it is a critical point of the following Lagrangian

1
LIU] := 3 / |VIU(t,x)|i — |8tU(t,x)|i dt dz,

R1+d

where h is a metric on N. The Euler-Lagrange equations associated to this functional,
which are in this case called the wave maps equation, are given in local coordinates by'

oU*+TL(U)o*U0,U° =0, a=1,...,d (1.1)

and they constitute a system of semilinear wave equations. Here, 0 = —0? + A, is the
linear wave operator on R4 and we raise indices with respect to the Minkowski metric
m* =m,, = diag(—1,1,...,1). Furthermore, I'f, are the Christoffel symbols associated
to the metric h on N. Eq. (1.1) is invariant under the scaling transformation

Ux(t,z) = Ut/ A, x/A), A>0,

and by inspection of the scaling of the associated energy

E[U](t) := % /\&U(t,x)li + |VIU(t,x)|i dx
Rd

one finds
E[UA(t) = X2 E[U](t/)).

This implies that the wave maps equation is energy critical in dimension two and energy
supercritical for d > 3. In the following, we restrict ourselves to the latter case.

It is well-known that in the energy supercritical case and for large classes of warped
product target manifolds Eq. (1.1) admits finite-time blowup via self-similar solutions
[35,7,15]. However, besides their existence little is known about the role of these solutions
in the generic time evolution. Most results are available for N = S?, where existence [34],
[38], [5] and stability of self-similar blowup have been proven in the past years in various
settings [13,18,11,8,10,3,24,19,20,16], see also Section 1.2. The main goal of this paper is
to prove stable self-similar blowup in all supercritical dimensions for more general targets
which can be viewed as small perturbations of the sphere.

L As usual Greek indices are running from 0 to d, Latin ones from 1 to d and the Einstein summation
convention is in force.
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1.1. The main result

To state our main results we introduce the following families of warped product man-
ifolds.

Definition 1.1. Let o« € C*°(R) be a non-trivial real-valued 27-periodic function, which
is even, and satisfies (0) = a(m) = 0. Set €y := (2max,ep,»|a(u)])™* > 0. Then we
define for € € R, |¢| < €9, the warped product manifold (S¢, h) by

S = (0,7) Xy, ST (1.2)

€

equipped with the warping function w. : R — R,
we(u) :=sin(u)(1 + e a(u)). (1.3)
In coordinates (u,) € (0,7) x St the metric on S¢ is given by
h = du® + we(u)?dQ?,
with d©2? denoting the standard round metric on S~ — R<.

The conditions in Definition 1.1 ensure that w. is a smooth, odd and 2w-periodic
function which is strictly positive in the open interval (0,7). In addition, w.(0) = 1
as well as w/(7) = —1. This implies that S¢ is a smooth, d-dimensional Riemannian
manifold, see e.g. [1]. For e = 0, we have wo(u) = sin(u) and in this case S can be
identified with S\ {M, &}, where M and & denote the north and south pole of the
sphere. For small |¢] > 0 the warping function w. can be viewed as a small perturbation
of the warping function of the d-sphere S¢ so that we will call S¢ a perturbed sphere in
that case.

It is convenient to consider on S? so-called normal coordinates U = (U*,... U9,
where

Uli=uQ?, for j=1,...,d, (1.4)

see, e.g. [35]. In this way, S¢ can be identified (when including the north pole corre-
sponding to the limiting value u = 0) with the ball BZ(0) C R?. Hence, we consider the
initial value problem

QU +TL(U)"Ub 9, U =0, ac{l,...,d}

(1.5)
U(07 ) = Uy, atU(Ov ) =U;

on I x R% where I C R is an interval containing zero and data Uy, U; : RY — R%. We
restrict our attention to co-rotational maps U(t,-) : R? — R¢ which are by definition of
the form
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T

U(t,x) = ult, |x|)|x‘, (1.6)
for a radial profile u : I x [0,00) — R which has to satisfy the equation
d—1 d—1
(8? — 02— T@,.) u(t,r) + r—2w€(u(t,7‘)) wi(u(t,r)) =0 (1.7)

together with the boundary condition u(t,0) = 0 for all t € I. As co-rotational symmetry
is conserved by the flow it suffices to study the evolution of u governed by Eq. (1.7).

It is well-known that in the case e = 0, Eq. (1.7) admits self-similar solutions in all
space dimensions d > 3. The so-called ground state self-similar solution is known in
closed form, see [38], [5], and given by

uOT(t,r)zfo( ) for fo(p):2arctan< p ) T>0. (L8)

T-—1 vd—2

In the past years, the stability of ul has been studied intensively. In this paper, we
address the problem of stable self-similar blowup for wave maps into S¢ for € # 0.

For the remainder of the paper we fix a function « satisfying the conditions of Defini-
tion 1.1 and obtain a corresponding family of warped product manifolds (Sg)|€|§60. Our
first Theorem states that for any space dimension d > 3, if we restrict to |¢| < e* for €*

sufficiently small, there exist globally smooth (in space) self-similar blowup profiles for
Eq. (1.7).

Theorem 1.2. Let d > 3. There exists an € > 0 such that for every e € R with |e| < €*,
Eq. (1.7) admits a self-similar solution ul € C>(]0,T) x [0,00)) N L*([0,T] x [0,00))
of the form

r
T-—1

u?(t,r)fe( ) T >0,

such that its gradient blows up in r =0, i.e.,

lim |0,ul (t,0)] = +o0.

t—T

The profile f. can be written as

fe:f0+¢e

with fo defined in Eq. (1.8) and a perturbation ¢. € L™([0,00)) N C*([0,00)). The
function ¢. depends Lipschitz continuously on the parameter € in the sense that

1716 = ) a0y S e = ] (1.9)
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for all |e|, k| < € and ¢o = 0. Furthermore, f. satisfies fc(0) = 0 and the limit
lim, oo fe(p) exists. Finally, for every k € N there is a Cy, > 0 such that

£ (0 < Ci (o)1
for all p € [0,00).

Theorem 1.2 is obtained by functional analytic methods using a perturbative construc-
tion which exploits the invertibility of the linearization around f; in suitable function
spaces. This approach allows us to prove rigorous results on the stability of these solu-
tions under small co-rotational perturbations. We phrase the result in normal coordinates
and consider without loss of generality small perturbations around the blowup solution
with blowup time T = 1.

Theorem 1.3. Let d > 3 and choose €* > 0 as in Theorem 1.2. For e € R, |e| < €* define

. lz| \ =
e n () &

Consider co-rotational initial data of the form

Uo =UN0,) +w, Ui=aUl0, )+mn,
where for i € {0,1}, v; : RY — R, v;(x) = 2v;(|z|) and v; : [0,00) — R are such that
vi(|-]) € S(RY). Let (s,k) € R x N satisfy

d d
—<s§§+ k>d+2. (1.10)

2 2d 42’

Then there exists an€ € R, 0 < € < €* such that for every e € R with |e| < € the following
holds: There are 6, My > 0 such that for (vo,v1) as above satisfying

4]
Il(vo, Vl)||HsmHk(Rd’]Rd)XHs—lmHk—l(Rd’]Rd) < ﬁo’ (1.11)

there exists a T = T, € [1 — §,1 + 6] and a unique co-rotational map U € C*([0,T) x

R? R%) that satisfies Eq. (1.5) for all (t,x) € [0,T) x R%. The gradient of U blows up at
the origin as t — T~ and we have the decomposition

x
tx)=Ul(t t,——
U(7x) UE(’x)+V(7T_t>7
for a function v : [0,T) x R? — RY which satisfies

(s M e gy + (T = 8)0% + Mvt, ) e (a gy = 0 (1.12)
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ast— T~ for all r € [s, k] where A is defined as the operator A = - V. In addition,

U(t, (T - t)z) — mw%

pointwise and uniformly on compact subsets of R ast — T .

Theorem 1.2 and Theorem 1.3 guarantee for the considered class of target manifolds
the existence of stable blowup via co-rotational self-similar solutions in all space dimen-
sions d > 3. In low space dimensions, this is the first result of this kind for targets other
than the sphere, see Section 1.2. The assumptions on the initial data and the underlying
topology arise naturally by reformulating the problem as a classical stability problem
using similarity coordinates, see Section 1.3. Some further remarks are in order.

Remark 1.4. (Spectral problem) In the proof of Theorem 1.3 spectral analysis presents
the key difficulty. The ODE problem that arises in the investigation of the stability of self-
similar blowup in nonlinear wave equations is notoriously hard and current techniques
require explicit knowledge of the profile, see e.g. [14] for a recent exposition. In this
paper, we exploit the perturbative nature of our profile construction which enables us to
extract the necessary information on the spectral structure of the linearization around
fe even though the profile is not known in closed form.

Remark 1.5. (Function spaces) We have chosen to investigate the stability problem in a
strip [0,7) x R? using the framework of homogenous intersection Sobolev spaces based
on recent work by Glogi¢ [24]. However, an analogous stability result could equally be
established in backward light cones (at least at a regularity level strictly above scaling)
using known results for € = 0, see below.

We note that the approach developed in this paper is not limited to the wave maps
equation. In fact, our results suggest not only the existence of self-similar blowup solu-
tions in nonlinear wave equations but also that their dynamical stability properties are
stable under suitable small (scale invariant) perturbations of the nonlinearity.

1.2. Blowup in energy supercritical wave maps - known results

As the literature on wave maps is vast, we restrict the discussion to works which are
relevant in the context of our main results. In particular, we only discuss the energy
supercritical case d > 3.

Concerning the existence of self-similar blowup for wave maps into the sphere, the
first result was obtained by Shatah [34] for maps from R3*! into S®. Later, Turok and
Spergel [38] found in the same setting an explicit example of a self-similar solution (which
is expected to be the one from Shatah). Bizon and Biernat [5] provided the analogous
closed form expression in all space dimensions d > 4, which is given in Eq. (1.8). For



R. Donninger et al. / Journal of Functional Analysis 291 (2026) 111601 7

3 <d <6, fy can indeed be considered as the “ground state” of a family of self-similar
blowup profiles whose existence has been proven by Bizoni [4] and Biernat, Bizoni and
Maliborski [2].

Numerical investigations by Bizori, Chmaj and Tabor [6], see also [5], indicate that
blowup via fy is generic (at least within the class of co-rotational initial data). The first
rigorous proof of the stability of fp under small co-rotational perturbations (in d = 3
and restricted to a backward light cone) has been established in the series of works by
the first author [13], jointly with Aichelburg and the second author [18] and with Costin
and Xia [11], respectively. Generalizations to higher dimensions were obtained in [§],
[10], where the latter work by Costin, the first author and Glogi¢ provides an important
simplification of the ODE analysis underlying the spectral problem. Recent works by
the first author and Wallauch [19,20] establish stability in backward light cones at the
optimal regularity level in d = 3, 4.

In another line of research the stability is studied in so-called hyperboloidal similarity
coordinates, which allow to follow the evolution past the blowup time, at least outside
the singularity. This has been initiated by the first two authors together with Biernat
in [3] and generalized by the first author and Ostermann in [16]. As already mentioned
above, the stability analysis on a strip [0,7) x R? has been implemented recently by
Glogié [24] in all space dimensions d > 3.

Finally, non-self-similar blowup occurs at least in dimensions d > 7, as has been
demonstrated by Ghoul, Ibrahim and Nguyen [22].

The existence of finite-time blowup for wave maps from R%+! into general warped
product manifolds N™ = (0,a) X, S™ !, m € N, m > 2, a > 0, has been addressed
by Shatah and Tahvildar-Zadeh [35] and Cazenave, Shatah and Tahvildar-Zadeh [7]: In
odd space dimensions d > 3, by using variational methods and ODE tools, the authors
construct k-equivariant self-similar profiles (k = 1 corresponds to the co-rotational case)
locally in a backward light cone which lead to finite time blowup via finite speed of prop-
agation. The admissible values of & and m depend on the properties of the corresponding
warping function w. By lifting these solutions to one space dimension higher, finite time
blowup is established in even space dimensions d > 4. The stability properties of the
solutions constructed in [35] and [7] are unknown, except for N = S?. Finally, for d > 8,
the first author and Glogi¢ [15] provided examples of negatively curved targets which
admit an explicit self-similar blowup solution and proved its stability in backward light
cones in the case d = 9.

1.3. Reformulation of the problem and outline of the proof

It is common to write co-rotational maps as U(t,x) = zv(t, |x|) since v then satisfies
a radial nonlinear wave equation with a smooth nonlinearity, see e.g. [35].

To realize this, we change variables and define (¢, 7) := r~1u(¢,r) which transforms
Eq. (1.7) into a (d + 2)-dimensional radial semilinear wave equation with a now smooth
nonlinearity
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r3

(8? — 0% — djlaT) u(t,r) — d—1 (ro(t,r) —we(ro(t,r)wl(rot,r)) =0. (1.13)

In the investigation of Eq. (1.13) it is convenient to define n := d + 2 and v(¢,x) :=
v(t,|z|) for x € R™ and then formulate the equation as a wave equation on R",

-3

(02 — Ay )v(t,z) = _n| |3 (|z|v(t, z) — we(|z|v(t, x))wl(|zv(t,z))), = eR™ (1.14)
T

We then introduce similarity coordinates

T T
T_IOg<T—t>’ =73

for T'> 0 and (¢,z) € [0,T) x R™ and rewrite Eq. (1.14) as a first order system of the
form

8,0 (r) = LU(7) + N, (¥(r)), (1.15)

where L generates the free wave evolution and N, denotes the nonlinearity which depends
on € via the warping function w,, see Section 2 for the details. We study the problem in
intersection Sobolev spaces of radial functions

Mt = (H3(R") 0 HER™) x (17 (R") 05 (R™))
for suitable exponents § —1 <s <5 <k, k€ N.

1.8.1. Euxistence of self-similar blowup profiles
For ¢ = 0, the blowup solution (1.8) transforms into a static solution ¥q of (1.15),
ie.,

In order to find for € # 0 a solution to
LY.+ N (P.)=0 (1.17)

we insert the ansatz ¥, = ¥y + ®, into (1.17) and write the resulting equation for the
perturbation ®. as

—Lo®. = V (¥0)®, + N (D) + R (¥) (1.18)

where Ly := L + V(®() denotes the linearization around ¥q for e = 0, V(Py) is a
potential term depending on ¢ via the warping function, R.(®() denotes the remainder
and N, the nonlinearity, which is quadratically small in its argument. The spectral
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analysis of [24] implies that Ly, defined as an unbounded operator on a suitable domain
D(Lo) C HEF — H* | is invertible.

In order to control the right-hand side of (1.18) we prove a parameter-dependent
version of Schauder-type estimates originally stated in [24]. For this we assume

D t<s< 14— k>n, (1.19)
2 2

see Appendix A. Using this, we show that the first two terms on the right hand side of
Eq. (1.18) define maps H5* — H**! which are Lipschitz-continuous with respect to
the parameter ¢ and with respect to the argument. Moreover, the remainder is in 5+ 1
and depends Lipschitz-continuously on ¢, see Lemma 3.2 - 3.4.

With these prerequisites, we solve Eq. (1.18) for suitably small ¢ > 0 by applying
Banach’s fixed point theorem. The smoothness of the constructed ®, can be shown induc-
tively using the mapping properties of the involved operators together with Sobolev em-
bedding. The claimed decay properties of the resulting smooth solution ¥, = (¢ 1, %c,2)
to Eq. (1.17) do not follow from this perturbative approach (although some decay can
be obtained from Strauss type inequalities). Instead, we use ODE analysis similar to
the classical work of Kavian and Weissler [27] to show that . ; = O(]¢|77) at infinity.
This property will be crucial in the analysis. Finally, translating the result back to the
original coordinates and variables yields Theorem 1.2.

1.8.2. Stability of self-similar blowup
We now consider the time-dependent problem (1.15) and linearize around ¥, by
making the ansatz U(7) = ¥, 4+ &.(7) to obtain

{8T(I)E(T) = L& (7) + L. (1) + N (®(7)), (1.20)

q)e(()) = UE,T;

where L is again the free wave operator, Liu = (0, V. (¢c1)u1) for u = (u1,uz) € HF
includes the potential term, NE denotes the nonlinear remainder and U, 7 suitably chosen
initial data depending on T'. It is known that under our assumptions on the exponents
(s,k), L generates a strongly continuous one-parameter semigroup (S(7)),>o on H*,
which decays exponentially to zero as 7 — oo, see [24], [14]. The decay properties of
11 at infinity allow us to show compactness of the perturbation L[. This implies in
particular that the full linear operator L, := L 4+ L. generates a semigroup (S¢(7))r>0-
In order to obtain suitable growth bounds for the linearized evolution, we investigate the
spectrum of the generator. From time-translation invariance we expect A = 1 to be an
eigenvalue. We make this rigorous in Lemma 4.3 and show that

o 1pe,l + Awe,l
8 21/)6,1 + 3A1/}e,1 + A21/15,1
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is the unique eigenfunction corresponding to A = 1. The decay of 1 ; is crucial in order
to show that g. € D(L.). For ¢ = 0, the spectral properties of Ly are well-known. More
precisely, we know from [24] that there exists an & > 0 such that

o(Lp) C{AeC:ReX < —0}U{1}.
By a perturbation argument, using the fact that 1 € o(L¢), we infer that
oL c{reC:ReX < —wp} U{1}

for some 0 < wy < @ and sufficiently small € € R. The spectral structure in combination
with resolvent bounds proven uniformly in the parameter imply

[Se(r)@X=Poull, , S e [(T-Poul,,

s,k ~
and P, S (1) = €™ P, for P, denoting the spectral projection onto the eigenspace spanned
by g., see [30], Theorem A.1. For the nonlinearity ﬁe, we establish Lipschitz bounds by
imposing again the above assumptions (1.19) on the Sobolev exponents and apply the
estimates of Appendix A. With these results at hand we construct in Section 4.2 global,
exponentially decaying strong H2*-solutions of Eq. (1.20). For this, we use the standard
approach and first suppress the exponential growth induced by the symmetry eigenvalue
A =1 by a correction with values in ran P.. In a second step we account for this using
the T-dependence of the initial condition to determine the suitable blowup time T..
In Proposition 4.10 we upgrade the constructed strong solutions to classical ones. By
defining

(e = gt (g ) 0O = I e (1.21)

for x € R™ and t € [0,T") we get the following result.

Theorem 1.6. Let n > 5 and choose €* > 0 as in Theorem 1.2. For € € R, |e| < €*, let
vl be defined as in Eq. (1.21) and let (s,k) € R x N satisfy

n n
——1 <—-—=14+-— . 1.22
5 <S_2 +2n—2’ kE>n (1.22)
Then there exist w > 0 and 0 < € < €* such that for every e € R, |e| <€ there are 6 >0
and M > 1 such that the following holds: For any pair of radial, real-valued functions

0, 01 € S(R™) satisfying

0
[ (0, ¢1) ”HsmHk(R")xHS*lnkal(]R”) < M (1.23)
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there exists T =T, € [1 — 4,1+ ] and a unique radial solution v € C*([0,T) x R™) to
Eq. (1.14) with

U(Oa') = vel(oa) + o, 3257)(07') :at’Uel(O,') + 1.

Moreover, v blows up at (T,0) and can be decomposed as

o(t,x) = vl (t,z) + %gﬁ (log <TT—t) , Tx—t>
for all (t,x) € [0,T) xR™, where p € C*°([0,T) xR™) is radially symmetric and satisfies
llo(—1og(T' = t) +1log T, )|l jyr(wny S O(T = £)* (1.24)
for all r € [s, k|. Furthermore,
(G0 + A+ o~ 10g(T = ) + g T ) ey SOT 1% (125)

Finally, we rephrase the results of Theorem 1.6 in terms of normal coordinates using
the equivalence of norms of corotational maps and their radial profiles, see [23], to obtain
Theorem 1.3.

1.4. Notation

For two real numbers A, B € R we write A < B if there exists an absolute constant
C > 0 such that A < CB holds. For a constant w € R we denote by H,, := {z € C :
Re (z) > w} the open right half-plane of w.

Furthermore, if H is a Hilbert space and (L, D(L)) a closed linear operator on H we
denote by Rp(\) := (A\— L)™' the resolvent operator for A lying in the resolvent set
p(L).

For n € N, we denote by

CR"™) :={f € C°[R") : f is radial}

the set of smooth radially symmetric functions and by C25.(R™) the subset of those,
which have compact support. By

C°[0,00) := {f € C>([0,00)) : f*7F1(0) =0 for j € No},

we define set of smooth “even” functions and note that there is a one-to-one correspon-
dence between C2°(R™) and C2°[0,00). As usual, S(R™) and S,(R™) denote the set of
Schwartz functions and radial Schwartz functions, respectively.
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We define the Fourier transform Fu of u € C°(R™) by

1

wé) = —— [ u(x)e % dz.
Ful) = oy [ w7

R~

For u,v € C(R™) and s > 0 we define as usual the inner product
<U7U>HS(R") =("Fu,|- |S]:U>L2(]R")7

and the corresponding norm ||uH§-IS(Rn) = (u,u) s (gn)- If k& € No is a nonnegative
integer

l[wll ey = Z HaﬂuHLQ(R”)
|B|=k

for all u € C°(R™). Finally, for s > 0 the homogeneous radial Sobolev space H?(R™)
denotes the space which is obtained by completion of radial test functions C¢°.(R™) with
respect to the above defined norm.
2. Similarity variables and functional analytic setup

For d > 3 and a fixed function «, see Definition 1.1, let S¢, for € € R with |¢| < ¢,

denote the corresponding family of perturbed spheres. For the warping function w, as
defined in Eq. (1.3) we consider for x € R, n := d + 2 the equation

0fu(t,x) — Agu(t,z) = n|x—_|33 (lzfo(t, 2) = we(|2[o(t, z))we(|z[o(t, 2))) - (2.1)

2.1. Reformulation of the problem in similarity coordinates

Restricting to ¢ € [0,T) for T > 0 and « € R™ we rewrite Eq. (2.1) in similarity
coordinates

T T
T:—log<T_t> g:ZT—t'

Note that this transformation maps the strip St := [0,7) x R™ into the upper half-space
H. :=[0,00) x R™. Additionally, we define a new rescaled dependent variable via

Y, &) :=Te Tv(T —Te ", Te "¢).

Consequently, the evolution of v inside St corresponds to the evolution of 1 inside H .
Furthermore, the differential operators with respect to ¢ and x are given in the new
variables by
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e’ e’
8t = T(afr + A), and (’9% = 70&,

fori € {1,...,n}, where the operator A is again defined via Af(&) :=¢-Vf(€). Eq.

then transforms into
(02 4 307 + 20, A — Ag + A% + 3A + 2)3(7,€)

_ ”6—‘|3 (€[(r, €) — wel|€lb(r, €)) wl (€[ (T, €))) -

By defining
P1(7,8) :=P(1,8),  a(7,§) := (0r + A+ 1)3(7,§)
and W(7) := (41 (7, ), Ya(7,-)) We get an evolution equation for ¥ of the form
0,0 (7) = LU(7) + N (¥(7)),
where
L= <_AA_ 1 —Al— 2>

is the wave operator in similarity coordinates and the nonlinearity is given by

New) = (o)) Ve = el )

for u = (u,u2) where
1e(y) ==y — we(y)wi(y).
2.2. Time-independent solutions

For € = 0 a static, smooth solution to Eq. (2.3) is given by

o= (401 with v () = I~ alll) and vz = o + Ao,
where the profile fj is defined in Eq. (1.8). More precisely,

0 = LW, + Ny(¥).

13

(2.1)

(2.2)

(2.3)

(2.4)

(2.5)

(2.7)

(2.8)

In order to prove the existence of a static solution for small € # 0, i.e., a smooth

function ¥, which satisfies
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0=L¥, + N (¥,), (2.9)
we make the following perturbative ansatz
v, =V, + ®..

By plugging this into Eq. (2.9) we obtain an equation for the perturbation ®, which we
write in the following form

0=L& + N (¥, +®,)— Ny(¥)

=Lo®. + V()P + Rc(¥g) + N (&), (2.10)
where Eo = fl + Vo(‘Ilo),
Vo= () for o€ = el )
Ve (g, ) VO 0L ()€l (©),

0
Re(¥o) () := (q;ls' <m<|ewml(f))—no(mwo,l(g))))

and
~ 0
Ne(u) = (Ne(u1)>
for
Ne(ur)(€) = nlf_g?, (Me(1€](%0,1(€) +u1(§))) = ne(|€[¥0,1(€)) — me(1€]1P0,1(€))[€|ua (§)) -

We are going to formulate Eq. (2.10) as a fixed point problem in suitable function
spaces which we discuss in the following.

2.8. Intersection Sobolev spaces

For two exponents 0 < s; < sy we define an inner product on C2°(R"™) by

(u,v) ey NHs2 (Rn) *— <uav>Hsl(R”) + (U, V) fres (Rn)*

Moreover, for u = (uy,us),v = (v1,v2) € CP(R™) x C(R™) and 1 < 81 < s2 we set

<uav>81782 = <u1’U1>H510H52(R") + <u2av2>H51*1|’1H52*1(R”)'
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We define the Hilbert space of radial functions H;1*2 as the completion of C2°.(R™) x
CS.(R™) under the norm induced by (-, -)s, s,

||uH51732 = <u’ u>sl,52'

In the following, we gather some properties, which are used throughout the paper.
First, we note that for 0 < 7 < s1 < s9 < S3 there is the continuous embedding

HE(R™) 0 H2(R™) < HZ'(R) 0 H2 (R, (2.11)

see Lemma 4.4 in [24]. In particular, H51 %2 < H21»*2. Moreover, for m € Ng,0 < 51 <
5,82 > 5 +m,

HY(R™) N HE2(R™) — C™(R™). (2.12)
Hence,

HE 2 s C™(R™) x C™HR™), (2.13)
forn >3, m>1,1<s; < 3,83 > 5 + m, where the rightmost space is equipped with
the natural topology inherited from W™ (R™) x W™m~1(R"), see again Lemma 4.4
in [24].

The next Lemma shows that if a radial function has sufficient decay at infinity it
belongs to (intersection) radial homogeneous Sobolev spaces.
Lemma 2.1. Let n € N>g,k > 0 and f € C°(R™). If we have for all B € N§
—k—
07 ()] <l 77 (2.14)
for every x € R™ then f belongs to Hﬁ(R”) for every s > 0 with s > 5 — k.
In particular, if 1 < s1 < 83, s1 > 5 — 1 and £ = (f1, f2) € C2°(R™) x C*(R™)
satisfies for every multi-index 3 € N§
0% fu@) S lal ™7 and |07 fo(a)] £ J 72 (2.15)
for every x € R™ then it belongs to H 2.

The proof of this statement is given in Appendix B.

Corollary 2.2. We infer that for n > 5 the blowup solution Wy defined in Eq. (2.7) belongs
to Hy1%2 for all 5 —1 < 51 < 3.

Furthermore, we have the following Banach algebra property.
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Lemma 2.3. Let n > 5 and let 0 < 81 < 2 < so. Then H3(R™) N H52(R™) is closed

under multiplication, in particular,

£l gre NE#2 (Rn) S e nme- (R™) ||9||HsmH32(Rn) (2.16)
for all f,g € H?(R™) N Hz2(R™).

An elementary proof of this Lemma is given in [25], Appendix A.2.

Finally, the following version of a generalized Strauss-inequality has been proven for
functions in C25.(R™) in [24], Proposition B.1 (the general statement follows from a
density argument together with the embedding from (2.11)).

Lemma 2.4. Let n > 2,% <s< g and 0 < sy < g5 < sz. Then for every 8 € Ny with
18]+ 5 < sz and [B| + s > s1

IE0%| S Ml (2.17)

Loo(Rn)
for all uw € H* (R™) N H2(R™).
2.4. Known results for e =0

The following results, which we summarize for later reference, have been proven in
Propositions 4.1, 6.1 and 6.2 in [24].

Proposition 2.5. Let n > 5,5 —1 < s < 5 and k > § + 1,k € N. Then the opera-

tors L, Lo : C(R™) x CX.(R™) € He* — HEF are closable. For the closed operators
(L,D(L)) and (Lo, D(Lo)) we have D(Lg) = D(L) and the following properties hold:

i) (Free wave evolution) The operator L generates a strongly continuous semigroup
sk which satisfies

ro

(S(7))r>0 of bounded operators on H
[S(r)ull, < eF ], (2.18)

for allu € H3*F and T > 0.
ii) (Spectral gap property of Lo) There exists 0 < w < s+ 1 — 5 such that

{Aeo(Lyp):ReA > —w} ={1}.
The point A =1 is a simple eigenvalue with an explicit eigenfunction

1

0= (a0 Page) e 0O = 0a(©) + Ma (6 = ot
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Moreover, the map Po : HEF — H3E defined by

is a bounded projection with ran (Pg) = ker(I — Lg) = (go)-

iii) (Linearized evolution)The operator Lo generates a strongly continuous semigroup
(So(7))r>0 of bounded operators on He*. Furthermore, for any 0 < wy < & there is
a C > 1 such that

1So(7)(X = Po)ul, , < Ce™°7 |[(L-Po)ull, (2.19)
for allu e Hf.’k and all 7 > 0.

We remark that the exponent s in the above Proposition is chosen to be strictly
greater than § — 1 so that one has exponential decay of the free part L. The fact that 0
does not lie in the spectrum of L will be key for the subsequent analysis.

Now throughout the main parts of the proofs provided in Section 3 and Section 4, we
assume n > 5 and work in 5% (R") assuming that (s, k) € R x N satisfy

n n

- -1 <——14——, k>n. 2.20

R B L " (2.20)

This will allow us to prove a parameter dependent Schauder-type estimate akin to
[24], which we state in Proposition A.1, Appendix A.

3. Existence of blowup solutions into perturbed spheres

In the following, we construct for sufficiently small € a solution ®. to Eq. (2.10). By
Proposition 2.5, the operator Ly is bounded invertible and thus (2.10) can be phrased
as a fixed point problem.

First, we properly define the operators appearing on the right hand side of the
equation. To prove the required Lipschitz bounds, we will make extensive use of Proposi-
tion A.1 in Appendix A and assume that the exponents (s, k) € R x N satisfy Eq. (2.20).
We note that under this assumption, H3* < C2(R™)x C}(R"™) and thus the nonlinearity,
the potential and the remainder can be defined pointwise as in Eq. (2.10).

In the following we use the notation

Bs = {ucHF :|jullsr <6} CHEF

To proceed, we state an auxiliary lemma for the function 7, see Eq. (2.6). We assume
le| <1 to derive uniform bounds.
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Lemma 3.1. Let a,b,c € R and |¢| < 1. Then

111
:a3///:c2yné” azyz) dz dy dz, (3.1)
000
11
:a2//z " (azy) dy dz, (3.2)
00

and
Ne(a+¢) = ne(a+b) —nl(a)(c—b)

1 1 1
(c—b) 0/0/0/(b+x(c—b))(a+y(b+x(c—b)))n;”(z(a+y(b+x(c—b))))dzdydx.

(3.3)
Moreover, for every £ € Ng there exists a constant Cy such that
18 (@) = ()] < Ce(le = w] + [ = yl) (3.4)

holds for every xz,y € R and |¢|, k] < 1.

Proof. The first three equalities follow from the fact that n.(0) = n.(0) = 5/(0) = 0
together with the fundamental theorem of calculus. We only prove the first equality,
since the other two follow from similar ideas.

2 "

x yn (axyz) dz dy dx.

.
o — _
o _
o — _

(£+3)

For (3.4) one observes that e can be written for every ¢ € Ny as

ngprg) _ 77(()£+3) + EFl(l—i-3) + 6QFQ(Z-‘,-?,)

where n{’, F{" and F}’ are smooth 27-periodic functions. O

Lemma 3.2. Let n > 5 and (s, k) € R x N satisfy (2.20). Then, for any ¢ € R with
le| <1, Ne: HoF — HEFL and the estimate
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N ~ 2 2
ING() = Nt S (IRl + vl ) o=Vl + (Rl + IV ) fe = 5

(3.5)
holds for all |e|, |k| < 1 and all u,v € Bs C HZF for 0 < < 1.
Proof. We start by showing the Lipschitz bound
INC() = Ne) o S (I1ally i+ VI 1a = vl (3.6)

for all |e] <1 and all u,v € Bs, 0 < § < 1. With the help of (3.3) we write

N.(u1)(§) = Ne(v1)(€) =
2 (e 11001 (€)bua (€0)) e (€1 .1 ()1 (€))L (Il 1 (€)) €] (ua ()0 (€)) )

/1 / / )= 01() (v1(6) + 2w (€) — v1(£))

(¢0 1) + y(vi(8) + z(ur(§) —v1(€))))
n”" (21€|(v0,1(€) + y(v1 + x(uy — v1)))) dz dy d.

\§|3

Since F.(x) := n!(x) satisfies the assumptions of Proposition A.1 the estimate (3.6)
follows from the previous equation and (A.3). We now show that

INe(w) = No(@)ls 41 S 1wl le = # (3.7)

for every u € Bs with 0 < § < 1 and every |e|,|x| < 1. For this, we use again Eq. (3.3)
to obtain

1 1
= (n—3)u(€)?  (P0,1(€) + yrui (£))
[l

0

0
( m( |§\(¢0 1(&) +yzui (€ ))) ' (Z|f|(1/)0 1(& )+y:cu1(§))))dzdydx

and Eq. (3.7) follows from an application of Proposition A.1. By combining Eq. (3.6)
and Eq. (3.7) one obtains (3.5). The mapping properties of N, follow from Eq. (3.5) and
the fact that N.(0) =0. O

For the potential, we have the following result.

Lemma 3.3. Let n > 5 and (s,k) € R x N satisfy (2.20). For any € € R with |e| < 1,
V(®g) : HE* — HEFFL Furthermore,
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IVe(®o)u — Vi (Wo)ull, 1 S le—ll[ull
for all |e|, || <1 and all u € H3*.
Proof. By definition of V. (¥q) we have to prove the estimate

1(Ve(o,1) = Vie(Wo,0)) wall gro—s e mny S 1€ = Bl [ ll e ey -

In a similar way to the previous result one shows with (3.2) that

(Ve(®o,1) = Vie(to,1))ur) (&)

~ 10,1 (€)*u1 () x (0" (1€1Y0,1(&)zy) — n (1€]o,1(8)zy)) dy dx

o _
o — _

holds for every £ € R™. The claim then again follows by an application of Proposi-
tion A.1. O

Finally, we consider the remainder.

Lemma 3.4. Let n > 5 and (s,k) € R x N satisfy (2.20). For any € € R with |e| < 1,
Re(To) € HE*HL C HEE. Furthermore,

Re(Wo) = Ru(®o)lls g1 S l€ = 5l
for all ||, || < 1.

Proof. By the definition of R.(¥() we have to estimate { — Tg—_lg?’(neﬂfwo,l({)) —

N (1€%0,1(€))) in the H*='n H*-norm. To do so we write with the help of (3.1)

n—3

W (e (1€1%0,1(€)) — M ([]100,1(£)))

1 1 1
=(n — 3)tp,1(¢)* 2y (" (10,1 ()zyz) — 0l (|01 ()ayz)) dz dy da
]

and conclude the proof by again applying the Schauder estimate from Proposition A.1
to the function F.(z) :=n/(z). O

In order to prove gradient blowup as claimed in Theorem 1.2, we impose an a priori
smallness condition on the perturbation.
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Lemma 3.5. Let n > 5 and (s, k) € R x N satisfy (2.20). There is a §§ > 0 such that any
u = (uy,ug) € Bs; satisfies

2

lu1(0)] < N

= 10,1(0),

where

Yo1(§) = 2|f|_1 arctan (%) :
Proof. First, note that 10 1(0) > 0. By Sobolev embedding, there is a C' > 0 such that
[u1(0)] < [Jurl| Lo rn) < Cllullsr < Cdg
for all u € Bs; C Hi*. Now choose & sufficiently small. O

The next result crucially relies on the characterization of the spectrum of the linearized
operator for € = 0, see Proposition 2.5.

Proposition 3.6. Let n > 5 and (s,k) € R x N satisfy (2.20). There exist 0 < 0* <
min{1,65} and 0 < € <1 (depending on §*) such that for every e € R with |e| < €* the
map

K. : Bs- = Bs-, K (®):=(—Lo) H(V(¥)® + R (¥y) + N (D)) (3.8)

is a well-defined contraction. In particular, 5* and €* can be chosen such that
1
IK(®) — Ke()llp < 5 12— Tl (3.9)

holds for every |e| < €* and all ®, ¥ € By«.

Proof. Using the fact that Lo : D(Lg) C H** — H*F is bounded invertible together
with the embedding (2.11) there exists a constant C' > 0, such that

HKE((I))Hs,k <C (HVE(‘PO)(I)Hs,kJrl + HRG(‘I’O)Hs,kJrl + ||N6((I))Hs,k+1)

holds for every ® € Bs« and every |¢|] < €* assuming that 0 < §* < min{1,d§} and
0 < €* < 1. We then have by the previous results:

||Ve(‘1’0)q’||s,k+1 + ||Re(‘1’0)”s,k+1 + ||Ne(q))

ls.k+1 < (Cre" 4+ Ca€e" /6" + C367) 0”

for constants C; > 0, j € {1,2, 3} independent of ¢* and ¢*. Now choose ¢* < 1/(C5C)
and €* = €*(0*) sufficiently small to guarantee C(Cy €* + Cy€*/0* + C36*) < 1. Then
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[Ke(®)l] s < 6"

for all ® € Bs- so that K. is well-defined on Bs«. For the contraction property we take
Y, ¥ c Bs« and get

1K (@) — Ke(®)]],, < C (IVe(R0) (@ = )],y + [IN(@) = NL() 1 )
SCCe|@—W|, , +CCio" |2 —T,,,

for Cy > 0. Now choose §* > 0 possibly even smaller so that C Cy §* < 1/2 is satisfied.
Hence the claim follows by adjusting €* and requiring in addition that C C €*4+C Cy §* <
1/2. O

This result immediately implies the existence part in the following statement.

Proposition 3.7. Let n > 5 and (s, k) € R x N satisfy (2.20). Let 6* and €* be as in
Proposition 3.6. Then for every |e| < €* there is a unique ®. € Bs« N D(Lg) satisfying

Lo®. + Ve(W0)®. + Re(¥o) + Ne(®:) =0 (3.10)
in HEF. Furthermore, ®. depends Lipschitz continuously on € in the sense that
[®c — ®rllsk < le— 5l
holds for all |e|,|x| < €*. Finally, ®. € zQ HYR™) x HY(R") € C*(R"™) x C®(R")
>s

and P, solves the equation in a classical sense, i.e., Lo®. = f;()(I)e,

Proof. The existence of a unique ®, € Bs« N D(Ly) satisfying the Eq. (3.10) is a direct
consequence of Proposition 3.6 and the contraction mapping principle. For the Lipschitz
bound we take |e], || < €* and use (3.9) to obtain

”(I)e - (I)H”s,k = ||K€(<I>€) - Kﬂ((I)N)”s,k < H'I’e - (I'N”s,k + ||K6(<I)n) - Kn('l)n)Hs,k

DN | =

from which [|®c — @[, , < 2| Ke(®x) — Ki(Ps)|, , follows. Now, for every ® € Bs-

[Ke(®) = K (@[5 5 S [IRe(To) = R (To)ll5 1 + [(Ve(To) = Vi(T0)) @[,
+ ||1<T€(<I>) - Nn(q))Hs.,k S le— k|

due to Lemma 3.2 and Lemma 3.3.

For the regularity we use the Sobolev embedding from (2.13) and show that ®, € HS*
for every ¢ > k. Since ®, € H*, Lemma 3.2 and Lemma 3.3 yield V(W)@ +R.(¥o)+
N.(®,) € 5+, We now want to use Eq. (3.8) to deduce that ®, must belong to &+ +1.
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For this we will at this particular point not suppress the dependency of Ly on the
parameters s and k and will therefore denote by Lo s, s, the closure of L 4, 5, in H;"%2.
Eq. (3.8) then writes

&, = (~Loop)"" (VE(\IIO)<PE FRA(T) + Ne@e))

and all what is left to show is that if we restrict the resolvent of L¢ s (in 0) to the
subspace HS*+1 then this operator equals the resolvent (in 0) of the operator Los k+1-
But this follows from the fact that L s 111 is a restriction of Ly s 1, to the subspace ’H?k"’l
(see for example [12], p. 21, Lemma 3.5 or [24], p. 29, Lemma C.1.). Via repeating this
argument we conclude inductively that ®, belongs to H5* for every £ > k and is therefore
smooth by (2.13).

Finally, we show that Lg acts as a classical differential operator on ®.. Since P,
belongs to D(Lyg) there exists a sequence (u;);.y C C25.(R™) x CZ5.(R™) such that

u; - ®. and INJouj—>L0‘I>6 in Hi’k for j — oc.

Now, by the embedding of #5* into C?(R™) x C*(R™) we infer by the above convergence
of u; towards ®. that each term in Louj converges pointwise towards LO‘I> Again by
Sobolev embedding, the limit Lou] — Lo®. holds pointwise, which implies the claim.
This last part of the proof shows in fact that Lo acts as a classical differential operator
on any element in its domain, irrespective of higher regularity. O

Corollary 3.8. Let n > 5 and (s, k) € R x N satisfy (2.20). Let 6* and €* be as in
Proposition 3.7. For e € R with || < €* let ®. € Bs+ be the corresponding solution of
Eq. (3.10). Then

U= W+ @ € [ H(R") x H'(R") € CF°(R™) x C°(R")

L>s

solves Eq. (2.9) in a classical sense. Furthermore,

e — Wl < le— 5l (3.11)

s,k ~

for all |e|, |k| < e*.

Finally, we characterize the decay of the solution ¥, = (¢, 1, % 2) at infinity. Corol-
lary 3.8 and the generalized Strauss inequality (2.17) imply that |1 1(€)] < (€)2 % for
s > 5 — 1 and hence the decay rate is strictly less than 1. In the following, we provide a
more refined analysis based on ODE arguments to improve this. This is along the lines
of [27].
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Proposition 3.9. Let n > 5, 2 —1 < s < 251 and || < €*. Suppose that ¥ = (11,12) €

N HEYR™) x HEHR™) € C2(R™) x C2(R™) is a classical solution to Eq. (2.9). Then
L>s
its components satisfy for every B € N,

1071 (&) S (©)7PL and (0P pa(€)] Se (€)1 (3.12)

for all & € R™. Furthermore, the limits ‘gl‘im |€]11(€) and Elim 1€ (01 (€) + A1 (€))

exist.

Proof. Since 11 and 1), are smooth radial functions we know that there exist 12;1, QZQ €
C>°[0,00) such that 11 (€) = ¢1(|€]) and (&) = Po(|¢]) for all £ € R™. From (2.3) we
obtain (p) = {/)vl(p) + p{/)vi(p) for every p > 0 so that ; solves the following ordinary
differential equation:

n—3

nol —nlou(p) =0. (3.3

P

(1= () + ("%~ 40) o)~ 2u) +

We now argue as in [27], p. 1388, Theorem 3.1. With (3.1) the equation can be written
as

n—1
P

ﬂ—pﬁwhﬂ+( —@QUKM—2MM+UWME@u@»=O (3.14)

for an F, € C°(R) which is uniformly bounded in p and e <

€*. After substituting
r = log(p) in (3.14) we obtain the following equation for v(r) = u(e")

V(1) 4+ 30 (r) + 20(r) — P (r)F(e"v(r)) = e 2" (0" (r) 4+ (n — 2)v'(r)). (3.15)

We will now show that v behaves asymptotically like a solution to the linear autonomous
part from equation (3.15). For proving this it is essential to write (3.15) in the following
way

V(1) + b(r) v’ (r) + c(r)v(r) =0 (3.16)
with

3—(n—2)e %
1—e2r

2 —v3(r) Fe(e"v(r)) .

b(’l“) = 1— 6727“

and c¢(r) =

Now we want to investigate the asymptotic behavior of b and ¢ at infinity. It is immedi-
ately evident that one has

[b(r) = 3| S e
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The asymptotic behavior of ¢ now follows from the uniform boundedness of F, and the
fact that we can already extract some decay out of v due to the generalized Strauss
inequality (2.17). Indeed, by this inequality we know that 1)1 has a decaying rate of at
least v := § — 5. Since s satisfies (2.20) we note that ~ is strictly greater than 1/2.
Therefore, we obtain for large r due to the boundedness of F;
le(r) =2[ S e (3.17)
We now define
T ()
U(T) - (26—27‘ — e~ T 26—27' _ e—r) and V(T) - (U’(?")
and show that W(r) := U(—r)V(r) converges pointwise for r — oo. Using (3.16) it
follows that V' solves

we obtain

With that we obtain W’ (r) = A(r)W(r) for

A(r) = U(—r) (2 706(7#) ; Ob(r)> U(r).

From the differential equation that W (r) solves we obtain for all r > rq
W(r) =Wi(ro) + /A(t)W(t) dt (3.18)
and can therefore deduce with Gronwall’s inequality

W (r)|| < [[W(ro)l| exp /IIA(t)H dt (3.19)

"0

where we use ||-|| for an arbitrary matrix norm. We now obtain
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JA@)] < [0(=r) [ max{[o(r) — 3], le(r) — 20} [U@)] S 70"

so that A is integrable at infinity. In particular, we can then deduce the boundedness of
W from (3.19). Therefore, we obtain from (3.18) the convergence of W (r) as r goes to
infinity.

If we now denote this limit by (wq,ws) we get from the definition of U and V the
following two asymptotic behaviors

[20(r) +0'(r)] " = [v(r) + V' (r)] € — wy,
20(r) + 20'(r)] €7 — [20(r) + ' (r)] €” — w2.
Comparing these two lines gives us
[20(r) + v/ (r)] e" — 2wy + wo,
[U(T) + U/(T)] 62T — W1 + Wa.

In particular, [v(r) +v'(r)] e” — 0 and therefore v(r)e” — 2wy + wq as well as v'(r)e” —
—2w; — wa. Therefore, we have shown the following estimates for large 7:

w(r)| < Ce ™, P'(r)|<Ce™™, |o(r)+'(r)] <Ce™™

and that the limits lim v(r)e” and lim (v(r) +'(r))e?" exist. Transforming everything
T—00 r—00

back into the original variable gives us

[1(p)l < Cp~ [ (p)] < Cp2, Jihalp)] < Cp~2

for all large enough p > 0 and the limits

lim [€[¢1(€),  lim €% (¢1(6) + A (6))
€] —o00 |€[—o0
exist.

The decay of the higher derivatives of 1; can be shown inductively by using that
1 solves equation (3.14) and by the fact that all of the higher derivatives are initially
bounded via the generalized Strauss inequality.

The decay of the higher derivatives of the second component 12 can be shown as
follows:

First, we substitute p = 7" in (3.13) and get the following equation for {/;1

) () (B () e
~ 2 (Tr_t> + (n_?’)g_t)gne <TT—tu (Tr_t» .
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If we now differentiate this equation with respect to t we get

o= (- ) (75) - et (75)
(£ ) () ()
et (7)o (7 (7))
S (e () et
(7= (7))

Then we multiply with 7" — ¢ and write the equation again in the p variable

0=p (1—p*) 91" (p) — 20*¢/ (p) — (d;l + 40) W (p)

w0 (Y < a0) B60) ~ 200110)

(d-1)
PE

3(d—1) , ~

" (P10) + 2050 0 (0) = == 000 (0))

Using that {/;1 solves

(= )+ (5 = ap) o) = 2ut0) + () =0

we notice that {/Jvz = 1}1 + piZ’l solves the following linear second order ODE

n—1
p

=00} w'(p) — oulp) + il Tu) =0, 321

(1= o)+

As we will see later on, this is precisely the eigenvalue equation of the linearization
of (2.3) around ¥, to the eigenvalue A = 1 (i.e. one also obtains this equation by
differentiating (3.20) with respect to T'). But for now it is enough to notice that this is a
linear second order ODE with a regular singularity at infinity. Therefore, we can apply
the method of Frobenius, [37], p. 119, Theorem 4.5, to obtain a fundamental system of
this equation for large enough p > 0

wi(p) =p > h(p™?), walp) = p~ha(p™") + clog(p)p*ha(p™") (3.22)
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where hy and hy are analytic around zero with lim,_, hi(p_l) = 1. Since 1;2 can be
written as a linear combination of w; and ws for large p one immediately obtains the
desired decay. O

By now reversing the coordinate transformations we are ready to prove the first main
result of this paper.

Proof of Theorem 1.2. Let d > 3. Set n := d + 2 and let (s,k) € R x N satisfy (2.20).

Take 6* and €*(6*) from Proposition 3.7. For € € R with |e] < ¢* let ¥, = (e 1,%e2) €
C(R™) x C2°(R™) be the function obtained in Corollary 3.8. Then . 1 solves

(A + A% +3A +2)¢pe1 = Ne(the1) (3.23)

and the radial representative 1’/;571 of 1 1 satisfies the nonlinear ODE (3.13). Now we
define

fe(p) = pihei(p) = ptho.1(p) + pde(p)

where %6,1 denotes the radial representative of the first component of ®.. By setting
¢e(p) = poe1 we have f. = fo + ¢. and f. solves

1=+ (= 20) £+ o)) = 0

for all p € (0, 00). Hence,

e =1 (7)

provides a solution to Eq. (1.7). For the derivative we obtain
|0ud (8,0)] = (T =)o 1(0)]
for 0 <t < T. In view of Lemma 3.5 and our previous assumptions we infer that

2
vn—4

|¢~55,1(0)| < = 120,1(0),

and thus Jg)l(O) # 0. In particular, the derivative of ul' blows up as ¢t — 7'~ Finally, the
Lipschitz estimates follow from Proposition 3.7 and Sobolev embedding and the decay
properties for f. are a consequence of Proposition 3.9 due to f! =1e2. O
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4. Stability analysis

The aim of this section is to analyze the stability properties of the blowup solution
ul € C>([0,T) x [0,0)) constructed in Theorem 1.2. Again, the starting point will be
Eq. (2.1) for which we now consider the Cauchy problem

v — Agv = "W (J2]o — we(|z[v)w!(|]v) (4.1)

where the initial data v(0,2) = vg (x) and 9;v(0,z) = v1 (z), x € R™ are given by

(UO,E’ ULE) = (Uel (Oa ')7 atvel (07 )) + (@Oa @1) (42)

and v} denotes the corresponding blowup solution v!" with blowup time T = 1,

)= e (7)o 9O =16 18D

By rewriting the problem as a first order system in similarity coordinates

T X
Tzlog(ﬁ)’ ST

for T to be chosen, Eq. (4.1) transforms into Eq. (2.3), see Section 2. By construction,

the blowup solution v corresponds to the static solution ¥, of Eq. (2.3),

‘I’e = (Zje’;) ) with %,1 = we and ¢5,2 = 1l)e,l + Awe,L (43)

Consequently, the initial value problem (4.1)-(4.2) can be rephrased as
0, U(7) = LU(r) + N(¥(1)), (1.4)
V(0) =w + o7, '

for OT = (Tt 1 (T), T*he2(T)) and T := (Tpo(T-), T?p1(T-)) the perturbation
of the original initial data. We remark that L is still the wave operator in similarity
coordinates as we introduced it in (2.4) and the nonlinearity N, is defined as in Eq.
(2.5).

Assuming that the solution to Eq. (4.4) will be a small perturbation of ¥, we insert
the ansatz ¥(7) = ¥, + ®.(7) and get an evolution equation for the (time-dependent)
perturbation .,

0, ®.(1) = LO (1) + N (¥, + & (7)) — N(¥,).
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A Taylor expansion of N. around ¥, now leads us to the central evolution equation of
this section

{37@6(7') = Lc®(7) + Ne(®c(7)), (4.5)

®.(0) =T+ 9T — W
The linear part L, := L + L. consists of the wave operator L and of the potential L.
which is given by
0 n—

/. o 3 /
U= (vpem) o V)© = TG ©). 40)

The remaining nonlinearity ﬁs is of the form

Ne(u) = (&?m)) : (4.7)
with
Ne(u) () = n|£|33 (Me(1€1(1he,1(€) + ua(€))) = Me(€18Pe,1(€)) — me(1€]e,1(€))I€lua (E)) -
(4.8)
Notice that the only trace o~f the parameter T is in the initial data and that the here
defined linearized operator L. coincides for ¢ = 0 with the one we introduced in Sec-

tion 2.4.
To now find a solution to Eq. (4.5) we take the semigroup approach.

4.1. Perturbations of the free evolution for small parameters

The free evolution generated by L is well understood, see the results summarized in
Section 2.4. For the linearized flow, the following properties of the perturbation L. are
crucial. For the rest of the paper let €* denote the constant determined by Proposition 3.6.

Proposition 4.1. Let n > 5 and (s,k) € R x N satisfy (2.20). For every e € R with
le| < €* the operator L. : H3* — HE* is compact. Furthermore, the family of operators
L. is Lipschitz continuous in €, i.e., the inequality

Lew =Tl ). S le— sl f[ull,
holds for all u € H* and all |e|, |k| < €.

Proof. Due to the decay of the blowup solution, see Proposition 3.9, V(1. 1) satisfies
the assumptions of Lemma 5.1 in [23] from which the compactness of L. follows. For the
Lipschitz estimates, we write Vi (t.,1) with (3.2) in the following way
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11
Vibe)€) = (0= 3)0a(©? [ 2 [0 (s (©y)dyda (49)
0 0
and conclude by applying the Schauder estimate from Proposition A.1 using the Lipschitz
continuity of ¢ ;. O

By the bounded perturbation theorem we therefore get the following statement, where
we first equip L, with the domain D(L.) = D(L), see Proposition 2.5.

Proposition 4.2. Letn > 5 and (s, k) € RxN satisfy (2.20). For every ¢ € R with |e| < €*
the operator L, is closable and its closure L, = L + L. with D(L,.) = D(L) = D(L)
generates a strongly continuous semigroup (Se(7))r>0 of bounded operators on HE®.
Furthermore,

||L€u - L"iu”s k ~ |6 - K" ||u||s k
holds for all u € H3* and all |e|, |k| < €*.

As in the case ¢ = 0 we do not expect decay of the semigroup due to an exponential
instability induced by the time translation symmetry of the original problem. More
precisely, we have the following result.

Lemma 4.3. Let n > 5, (s,k) € R x N satisfy (2.20) and |e| < €*. We then have

L. 8 = e (410)

where g, € C°(R™) x C(R™) N D(L) is defined as

— (Yer ) . Ve + Ae
87 \ g2 21 + B + A2y

Proof. We first show that g, lies in the domain of the operator L.. Since the domain of
L. coincides with the one of Ly we can apply Lemma 4.5 from [24]. Namely, we have to
show that the two components of g, satisfy for every multi-index 5 € N§ an estimate of
the form

10991 ()] S (€ 1FI7L and  |0%ge2(€)] S (&) E A2 (4.11)

Recalling Proposition 3.9 and its proof we infer that the radial representative of g1
satisfies ge,1 = 9.2 and this implies

1079c1(6)] S5 ()77
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for every g € Ni and £ € R™, which yields the first bound in Eq. (4.11) since s > % — 1.
For the second component we note that according to the proof of Proposition 3.9

Ge1(p) = a1 wi(p) + azwa(p)

for large p > 0 where a1,a2 € C and w; and wq are given by

wi(p) =phi(p™"),  walp) = p~*ha(p™) + clog(p)p~*h1(p™")

with functions h; and ho which are analytic around zero. Now, we use the fact that

Ge,2 = 295,1 + Age,l

and observe that the first term of wy (the one with the least decay) cancels so that we
obtain

~(¢ _3_
139 (p)| S log(p)p>~*

for every ¢ € Ny and every large enough p > 0. Since the logarithm grows slower than
any polynomial and from the fact that s is strictly larger than 5 — 1 we infer that the
second bound in (4.11) holds and we conclude g, € D(L,).

Now we show that g, is indeed an eigenfunction of L. to the eigenvalue A = 1. We
first note that by similar reasoning as in Proposition 3.9 we actually have L.g. = iege.
Eq. (4.10) yields

Age,l - A2.ge,1 - 5Age,1 - 696,1 + Vve(we,l)ge,l =0

so that its radial representative g.; has to solve (3.21). But this is true by definition,
since ge,1 = Ye2 = e + pyL ;. The claim then follows by the definition of gco. O

For € # 0, the potential is not available in closed form which is however crucial for a
direct investigation of the spectral problem and the exclusion of other unstable spectral
points. Hence, we resort to perturbative arguments in order to characterize the spectral
properties of Le.

Proposition 4.4. Let n > 5 and (s,k) € R x N satisfy (2.20). For every arbitrary but
fized 0 < wy < w where w is the constant from Proposition 2.5, there exists €* > 0 such
that for every e € R with |e] < e**

oL c{reC:ReX < —wp} U{1} (4.12)

holds, A\ = 1 is a simple eigenvalue of L. and its eigenspace is spanned by g.. Further-
more, for the Riesz projection
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p.— L / Ry, (\) dA (4.13)

we have ran (P.) = ker(I — P.) = (g.).
Proof. We first show
U(LE) N {)\ cC:Re) > —wo} C Bl/g(l),

where Bj/5(1) denotes the open ball in C of radius r = % centered at 1, and that there

exists a constant C,,, > 0 such that the resolvent satisfies
[RL, (M) < Cuy (4.14)

for all X € H_,, \B1/2(1) and all |¢| < €**. We argue similarly to [30], Proposition 3.2.

Let |e| < €*. To see that H_,, \Bj/2(1) belongs to the resolvent set of L, we notice
that due to Proposition 2.5 every A € H_,, \{1} belongs to the resolvent set of Ly.
Therefore, the identity

A= L = (I- (L — Lo)Re, (A) (A - Lo) (4.15)

holds and it follows that A — L. is bounded invertible if and only if this is true for
I— (L. — Lo)Ry, (). We will prove the invertibility of the latter one by showing that
the Neumann series of (L. — Lg)Ry,(\) converges. For this we split the resolvent in the
following way

RLO (/\)f = RLO ()‘)(I - PO)f + RLO(/\)POf (416)

where Py is the Riesz projection from Proposition 2.5. From the decay of the semigroup
(So(7)) ;e on the stable subspace ran (I-Py), see (2.19), we obtain for every 0 < w < @
the following bound

1So(7) (T=Po)ull,, S e [(T-Po)ull,,

Since the restriction of (So(7)),~, to ran (I—Pg) equals the semigroup of the restriction
of the operator Ly to ran (I — Py) we can apply [21], p. 55, Theorem 1.10 for every
0 < w < w to infer the existence of a constant M, > 1 such that

M.,

Ry, NI —-Py)|| < =———
R, V(I —Po)l < 22—

(4.17)

holds for every A € H_,,. Hence, (by choosing for example w = “’0; “ in Eq. (4.17)) there

exists a constant C,,, > 0 such that
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IR, (M) (I = Po)|| < Cu

holds for all A € H_,,,. For the second term in Eq. (4.16) we notice that ker(I — Lg) =
ran (Pg) = (go) so that there exists a unique fy € ran (Pg) with

Pof = (fo, f)s x 8o (4.18)
for every £ € H3*. Since g is an eigenvector of Ly to the eigenvalue A = 1 we obtain
Re, (VP = (A — 1) {fo, £), 1 go. (4.19)
From these equations we now infer from (4.16) the existence of a constant C,,, > 0 with
R, (M) < Cu
for every A € M\Bl/g(l). In sight of Proposition 4.2 we therefore get

[[(Le = Lo)Re, (M) < el
for every A € H_,, \B1/2(1) and every [e] < €*. We now choose ¢** < ¢* small enough
so that ||(L. — Lo)Ruy,(M)|| < 1. Hence, we conclude from (4.15) that A belongs to the
resolvent set of L.. Furthermore, we obtain from the same equation that the resolvent
has the following representation

R, (\) = Re,(A) (I— (Le — Lo)Re,(A) "

from which Eq. (4.14) follows.

We will now conclude that the spectrum of L, is contained in a left half-plane except
for the unstable eigenvalue A\ = 1. From our previous considerations we know that
0By 2(1) belongs to the resolvent set of L. Therefore, the Riesz projection P, from
(4.13) is well-defined. We furthermore obtain from the resolvent identity, the Lipschitz
continuity of L, and the uniform bound for the resolvent for every A € B ,5(1),

IR, (A) = R, (M < [Re. (M [[Le = L[l [Re, (M| S le = &l

Hence Ry, is Lipschitz continuous with respect to the parameter e and therefore the
same holds true for the Riesz projection P.. Therefore, we know from [26], p. 34, Lemma
4.10 that there holds for every |e|] < **,

dimran (P.) = dimran (Pg) = 1.

But since we have the inclusion (g.) C ker(I — L.) C ran (P.) equality must hold due
to dimensional reasons and there can also not exist any other spectral points of L. in
B1/2 (1) O
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Now we are able to characterize the linearized evolution generated by L.

Proposition 4.5. Let n > 5 and (s,k) € R x N satisfy (2.20). Then, for every arbitrary
but fired 0 < wy < W, where W is the constant from Proposition 2.5, and every |e| < e**,
where €* is the constant from Proposition ./, the projection P. commutes with the
respective semigroup S.. In particular,

P.Sc(1) =S (r)P. =€" P, (4.20)

for all T > 0. We furthermore have

[Se(r)X—=Poull, , S e 7 [[T—-Po)ul, (4.21)
as well as
[Se(T)X=P¢) = Sp(T)I—Py)[| S e " 7|e — &l (4.22)

for allu € H3* 7 >0 and |e|, |k| < €**.

Proof. Since the semigroup S.(7) commutes with its generator L, it also commutes with
its corresponding resolvent Ry, and therefore also with the projection P.. Eq. (4.20)
follows from the fact that S.(7)P.f as well as e” P.f are solutions of the uniquely solvable
Cauchy problem

Eq. (4.21) follows from [30] Theorem A.1 provided that one can show the existence of a
constant M, > 0 with

||RL6 ()‘) (I - PE)H < Mwo (423)

for all A € H_,, and |e| < e**.
From Proposition 4.4 we already know that there exists a constant M,,, such that

IRL. (W) < My,

holds for every A € H_,, \Bi/2(1) and |e| < e**. Now we know that Ry, (A) (I - P,) is
an analytic map in H_,, and since the resolvent of the restriction of L. to the range
of I — P, coincides with Ry, (\) (I — P.) we obtain (4.23) also for every A lying in the
compact ball By /p(1).

To prove Eq. (4.22) we argue similarly to [17], Lemma 4.9. By taking u € D(L.) and
then observing
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0:S(r) I-P)u=LS.(r) I-PJ)u=L(I-P.)S.(7)(I—-P.)u
yields

Or [Se(T)(I=Po)u — Sy (7)(I - Py)u]
:Lé(I - Pe) [SE(T)(I - Pé)u - SH(T)(I - Pn)u]
+ [LE(I - PE) - LN(I - PH)] SH(T) (I - Pn>u'

Consequently, the function

Sc(T)I-PH)u—S,(1)I—Py)u

b (1) = P

satisfies the inhomogeneous equation

L(I-P)-L.I-P,)
e — K

87‘@6,/{(7) = LE(I - Pe)q)e,n(T) + S,{(T)(I — P,{)u (424)

with initial data @, ,(0) = %u. By Duhamel’s principle the integral equation

to (4.24) is given by

P, P,
e = #]

¢€,I€(T) = SG(T)(I - PE)

T

+/se(r —)I-P)

0

L(I-P)-L,I-P,)
e — K]

S.(T)(I—P,)udr'.
(4.25)

The Lipschitz continuity of L. and P, now implies

HLsa P)-L,(I-P,)

e = &l

‘,Sl, for all |e|, k] < €.

Therefore, we get from Duhamel’s formula (4.25) and the just proven decay of the semi-
group on the stable subspace (4.21)

wot&

[Pen(Tlgp S A7) 2 Tull, , S e™07 JJul,

s,k ~

for all u € D(L,). Due to the density of D(L.) in HS* this result now extends to all of
H5* so that we have proven (4.22) and therefore the Proposition. O
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4.2. The abstract nonlinear Cauchy problem

In the following, for (s, k) € R x N satisfying (2.20) we fix w := @/2, where @ is the
constant from Proposition 2.5 and denote by € := €**(w) the constant associated via
Proposition 4.4. First, we state Lipschitz estimates for the nonlinearity N, defined in
Eq. (4.7).

Lemma 4.6. Letn > 5 and (s, k) € Rx N satisfy (2.20). Then, for any e € R with |e| <,
N, : H3k — HS*+L and the estimate

< X 2 2
[New) =R (ol Iv1e) T = vl + (ol vI2 ) e = o
(4.26)

holds for all |e|, |k| <€ and allu,v € Bs C H3* for 0 <6 < 1.

Proof. The proof is analogous to the proof of Lemma 3.2 using the Schauder estimate
from Proposition A.1. O

We now focus on the existence and uniqueness of solutions to the Cauchy problem

{afcbe(r) = L(®(7)) + Ne(@.(7)), 7€ (0,00), (4.27)

®.(0) =u u e HS*,

for € € R, |e| < € by considering the corresponding integral equation

O (1) =S (T)u+ / S.(t — 7 )N (P (7)) dr" forall 7>0 and uc HEF. (4.28)
0

We introduce the Banach space
X = {2 € O([0,00), H}*) @]  := sup e[| (), 5 < o0},
as well as
X5 = {® € X1 @] <5} = (® € O([0,00) HY) : [8(7)], . < 57,7 > 0).

Following the standard approach, we introduce the correction term

C(®,en) =P, [u+t / e N(®(+)) dr’ (4.29)
0
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to suppress the exponential growth of the semigroup on the unstable subspace. Conse-
quently, we consider the fixed-point problem

O(7) = K(P,¢,u)(7), (4.30)
where K(®, ¢, u) is defined as
K(®,¢e,u)(7) :==Sc(7) [u— C(P,¢,u)] + / Se(m — T’)ﬁe(q)(T/)) dr'. (4.31)
0

This modification stabilizes the evolution as the following result shows:

Proposition 4.7. Let n > 5, (s, k) € R x N satisfy (2.20). There are constants 0 < §p < 1
and Co > 1 such that for all 0 < § < &y, C > Co, all € € R with |e| < € and all u € H*
with |lull, , < % there exists a unique function ®.(u) € Xs such that (4.30) holds for all
7 > 0. Furthermore, the solution map (u,e) — ®.(u) is Lipschitz continuous, i.e.

[@e(u) = (V)1 S lu =Vl +[€ = &l

for all u,v € H* with alls s [1v]

ok S L and all |e|, || < e

Proof. First, we show that the map K ) (®) := K(®, ¢, u) is a well-defined contraction

on X;s for all sufficiently large C' > 1, sufficiently small § > 0 and all u € H3* with

5
[all,, < &

For this we will take ® € X5 and 7 > 0 and notice that we can write Ky ) in the
following way

K(u,e)(q))(T)
=S.(r)I-PJu-— /eT—T’ P N (®(r)) dr’ + / Sc(r — )T = PN (®(7)) dr'.
T 0

(4.32)

From this we obtain with Proposition 4.5 and Lemma 4.6

J —wT 2 —2wT 2 —wT(,—wWT 1 —wT
HK(uaf)(q))(T)HS,k < 66 + 0°e +d°e (e +1)< ol + 4 | de
so that we have

K 0 (@), < G747

if we choose C' > Cy and 0 < § < §p with Cy sufficiently large and §p > 0 sufficiently
small.
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Since the continuity of the mapping 7+ Ky ) (®)(7) follows from the definition and
dominated convergence we conclude that K ¢) : s — X is well-defined.

To show that Ky is a contraction on X (for potentially even smaller § > 0) we
take ®, ¥ € X5 and calculate for every 7 > 0 by using again the representation of Ky )
from Eq. (4.32)

K (a0 (@)(7) = Koy (V)(7)]

(¥(7)

s,k dT’

N
\8
[Q)
N
5
z
C
~
|
2)

s,k dT’

+ / e T N(B() - N(¥(r))
0

< (077 40T (€T 1) |2 — ¥

If we now choose §y > 0 sufficiently small we get

1
K0 (@) = Koy (O)[ < 5 1@ = Tl

for all 0 < § < §p, C > Cp and all € € R with |¢] <€ The existence of a unique solution
in X5 now follows by application of the contraction mapping principle.

What is now left to show is the Lipschitz continuity of the solution map (u,¢) —
D, (u) € Xs.

For this we take (u,¢), (v, k) € B% X [—€, €] and obtain by the previous considerations
functions ®.(u), &, (v) € Xs solving

O (u)(1) = K(P(u)(7),e,u)(1) and P.(v)(7) =K(Pu(v)(7),k,Vv)(T) VT >0.
We now show that
[K(Pc(u),6,u) = K(Pu(v), 5, V)[4 S [Ju—vll 4 +le =5l

For this we take 7 > 0 and estimate the terms in (4.32) separately. For the first term we
simply get from (4.22)

[Se(T)(IT—Pe)u—Su(r)(I-P

VIS e Tle = Rl e u = v,

For the second term we apply Lemma 4.6 and the Lipschitz continuity of P, to get

oo

[ IR R ) ~ PR (@) () o’

T
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)
Sle—nl [ IR @) () s dr
T

+ / N (@ () (7)) — N (@ () (7)) [

Sle—k|67e™ 7 4877 [ Dc(u) — Dp (V)| 4

and for the last term we similarly get

(1 = )X = PON(De(u)(7') = Sp(r — 7)A = P )N (@4 (v) (1))

<le— ] / e~ =N (B (v) (7)) s A7
0

T

M / e T IN(@c(u)(7')) — Ny (@r (v) (7)) |5, d7’
0
Sle— k|02 4 le— K[5e7T [ Dc(u) — Du(V)|| 5 -

With that we obtain

[@c(u) = @ (V)] = [[K(Pe(u), €, 0) = K (@ (v), £, V)|
Sle—rl+llu=vl; +[|Pc(u) = 4 (V)] x -

For small enough ¢ > 0 we get [|®c(u) — @x(V)[|y < e — k| + [[u— V]|, , as desired. O

Now we will go back to considering the specific form of the initial data of the Cauchy
problem (4.5). For this, we define the following initial data operator

U (v,T)=vT+ 9T -0, := (1?;;12((?)) + (;‘f/jj;@)__ﬁ;) . (4.33)

Lemma 4.8. Let n > 5 and (s,k) € R x N satisfy (2.20). Let 0 < § < 1. For every e € R,
le| <€ the map

T Uv,T): [1—6,1+08] — H*

is continuous for v € H3*. Furthermore, for every T € [%, %] the initial data operator

can be written as

U (v,T) =vI + (T - 1)g. + R(T), (4.34)
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and there exists a constant M, > 0 such that
IR(T)|| < M|T — 1.

Proof. Eq. (4.34) follows from Taylor’s Theorem applied to the map [5, 3] — H3*, T —
U7 using the fact that

Or <7g%512(£)))

The components R, 1(T") and R, 2(T) of the remainder term R.(7T') satisfy

= &e-
T=1

||R6,i(T)HHsf(ifl)ﬁka(ifl)(]Rn)
2
S (T - 1)2 Z ||Ajw6,iHHS—(a‘,—l)mHk—(i—l)(Rn) for i=1,2.
=0

The norms on the right hand side are finite, due to the decay of v ; described in Propo-
sition 3.9. This determines the constant M, > 0. The continuity follows by a standard
argument, see for example [24], Lemma 8.2. O

Now, we are in the position to prove the central result of this section.

Theorem 4.9. Let n > 5 and (s,k) € R x N satisfy (2.20). For any € € R with |e| < E,
there are constants 0 < 6. < 1 and Ce > 1 such that for all 0 < § < . and all C > C.

the following statement holds: If v € H3* is real-valued with ”V”s,k < % then there

ezists a T. = T.(v) € [L — 2,1+ Z] and a unique ®. € C([0, 00); H*) satisfying
O (1) =S (1)U (v, T.) + / Sc(r — )N (@ (7)) dr’ for all T > 0. (4.35)
0

Furthermore,
[@c(T)||s,6 < 67, V7 >0.

Proof. Let 0 < § < §p and C' > Cy > 1 with dg and Cy as in Proposition 4.7. Let |e| <€
and v € He* with ||v|, , < %. Then we obtain from Lemma 4.8

O, D)l SV, + 17 = Hligells i + IRAT),

55 &
<__ _ -
Seztglbet oM



42 R. Donninger et al. / Journal of Functional Analysis 291 (2026) 111601

forevery T € [1— %, 1+%] where L., M, > 0 are some constants depending on e. If we now
choose ¢ sufficiently small and C sufficiently large we obtain for every T' € [1 — %, 1+ %]
from Proposition 4.7 the existence of a unique &, = ®.(v,T) € X5 which solves

D.(7) =Sc(7) [Ue(v,T) — C(P,¢, Uc(v,T))] + / Se(r — T/)NE(CI)E(T/)) dr’.  (4.36)
0

Since C takes values in ran P, = (g.) it is enough to show, given v, the existence of a T
such that

(C(P(v,T),6,Uc(v,T)),8c)s,k = O. (4.37)

Due to Lemma 4.8 and the definition of C this equation reads as

0 :<PevTa ge>s K+ (T - 1) ||g6||§7k + <P€R€(T)? ge>s,k

0/ (")) dr’ 8 s

which can be written as a fixed-point equation for T € [1 — %, 1+ %],
T =14 (P 8o+ (PRAT)E)er + (P [ € "N 07 Bl (139)
0

where we have set g. = g./ Hg6||§ - Now we obtain from the assumptions on v, the fact
that ®. belongs to X5 and Lemma 4.8 as well as Lemma 4.6 the following estimate

|<P5VTvge>s,k| + ‘<P6RE(T)7§6>S,]€| + |<Pe/3_7/ﬁe(¢e(7/)) dTlv/g\e>s,k|
0

) + ﬁM + 62N,

~NoRTe o
for again some constants L., M, and N, > 0. If we now choose C' > C, and 0 < ¢ < &
with C. > 1 sufficiently large and . < 1 sufficiently small we get that the right-hand
side of (4.38) is a continuous mapping from [1 — %, 1+ %] into itself so that we obtain
by the fixed-point theorem of Brouwer a T, € [1 — &,1+ Z] such that equation (4.37)
is fulfilled. We therefore conclude that the corresponding solution ®.(v,T;) is a solution
0 (4.35). The claimed uniqueness follows along the lines of the proof of Theorem 5.4 in
[25]. O

Now we will show the regularity of the just constructed solution.
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Proposition 4.10. Let v satisfy the assumptions of Theorem 4.9. If v.e S(R™) x S(R™)
then the solution ®. of Eq. (4.35) guaranteed by Theorem /.9 is smooth. More precisely,
D (7)(&) = (Pe,1(T,8), Pe 2(T,E)) with ¢e; € C([0,00) x R™). Furthermore, the compo-
nents satisfy

<a7'¢e71(7'7 5) > _
a‘r¢e,2(7—7 5)

$e2(7:6) = APe 1 (7,€) = Pea (T, €)
<A§¢e,1(77 f) - A¢e,2(7', 5) - 2¢e,2(7-, f) —+ Ne(¢e,1(7'7 ))(f)) (439)

for all ¢ € R and all 7 > 0, and

d)e"l(o’ ) — TEU (Te) + Tewe, (Te) - ’(/}e’
(@,2(0, ~>) (vai(m ST (T - ml) : (4.40)

Proof. Assume that all of the constants are chosen such that Theorem 4.9 is fulfilled.
Then there exists a solution &, = (v, T;) € X5 satisfying

D.(7) =Se(T)Uc . (v) + / Sc(r — 7)N(D.(7')) dr’ forall 7> 0.
0

We will now show via an inductive argument that ®.(7) belongs to H* for every £ > k
and every 7 > 0. We already know from Lemma 4.6 that ﬁe maps H> into HSH!
and that the initial data operator U, 1, (v) belongs to H** for every £ > k. Since the
restriction of the semigroups are equal to the restricted semigroups, see Lemma C.1 from
[24], we can already inductively conclude that ®(7) belongs to H** for every £ > k and
every 7 > 0. From the Sobolev embedding (2.13) we can therefore conclude that ®.(7)
belongs to C°(R™) x C*°(R™) for every 7 > 0.

Now we show that U(v,T) € D(L¢) for v € S(R") x S(R") and T € [, 3]. This is
not entirely obvious as the blowup solution is not explicit. Set wAl =TV (T) — Ve 1,
o 1= T%e o(T-) — the 2. We verify that for every 3 € NJ' we have

0791 (€)] S (€271 and  |9%4a(€)] S (€)*E 1A (4.41)

and apply Lemma 4.5 from [24] as in the proof of Lemma 4.3. Let &Em i € {1,2} denote
the radial representative of 1. ;. We start with the second component: As outlined in the
proof of Proposition 3.9 we have

TZJe,z = cowy + Cowa,
with w; given in Eq. (3.22) and ¢g, ¢ € C. Now, for large p > 0,
ez (p) = c2p*ha(p™") + Gap~2ha(p™ ) + Ep = log(p)h (p~ ") (4.42)

for some é € C with hy, he analytic around zero and h;(0) = 1, ¢ € {1,2}. By the scaling
behavior of the second term, we find that the bad behavior cancels and thus
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1 T%0e 2(Tp) — Ve 2(p)| S o> log(p),

which implies the bound for 1212 in the case 8 equal to zero since we assume s > 5 — 1.
For higher derivatives, the analogous bounds follow using the analyticity of h.

For the first component we set f.(p) = pth.1(p) and infer with Proposition 3.9 that
there are constants c¢i,¢; € R such that

lim f.(p) =c1, lim p*fl(p) = .
p—00 pP—r00

Thus, v(y) = fe(i) can be extended to a continuously differentiable function v. €
C1[0,1]. By Taylor’s theorem, v.(y) = ¢1 — é1y + o(y), for y > 0 close to zero and thus
fe(p) =c1 —ép~t +o(p~1). Consequently,

TP 1 (Tp) — e (p)| = p | fe(Tp) = felp)| S p~°

for large values of p, which implies the bound for 1&1 in the case S equal to zero.
For the case |8] = 1 we calculate for every j € {1,...,n} using the crucial fact

fel(p) = {/;6,2(p)

1099 91(6)] = |T20% e (TE) — 01 (€)] = %T?{E;,AT& IEEM(S)]
|'§3T|§|¢62<Ts|> €15 21€l) + £.(€D) — £.(TIED)

_ gl

- & D161 o (TleD) — leldea(leD + 115 ()] <o 161~

The last inequality follows from the decay of Jgg (here one does not need the cancellation
of the worst behaving term) and the above shown decay for ¢ in the case |3| = 1.

The decay for the hlgher derivatives can now be shown via the representation (4.42) of
1/15 > and via induction on 1/)1 so that we can conclude that U, (v, T') belongs to the domain
of L.. Hence, we invoke [[32], p. 189, Theorem 1.6] to infer that ®. € C1([0,00), HEF)
is a classical solution of the operator equation and the claimed regularity follows form
Sobolev embedding, the spatial regularity proved above and the Theorem of Schwarz
as formulated in [33], p. 235, Theorem 9.41. In particular, the components of satisfy
Eq. (4.39) by definition of the operators involved. O

Now we are finally able to prove our main stability results, Theorem 1.6 and Theo-
rem 1.3.

Proof of Theorem 1.6. Under the assumption stated in Theorem 1.6 choose w = /2
and 0 < €, depending on w, as at the beginning of Section 4.2
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For € € R with |¢] <€let § = §. and C' = C. denote the constants from Theorem 4.9.
Let (g0, p1) € S(R™) x S(R™) be radial, real-valued, functions satisfying

1)
1(20s L)l grem ik Ry s Fra-1AETE-1 (R7) < o2

Then, by Theorem 4.9 and Proposition 4.10 there is a T'= T, € [1 — %, 1+ %] and

unique radial functions (pe 1, pe2) € C([0,00) x R™) x C*°([0,00) x R™) solving the
initial value problem Eq. (4.39) - (4.40). Moreover,

(e (7, ), pea(T,)lls ke < 6677,

for all 7 > 0. We set,

1 T x

T
v(t,z) == v! (t,x) + T %l <1og (T— t) T t) .
By construction, v € C*°([0,T") x R™) satisfies Eq. (2.1) and
(U(O, ')7 5‘,51;(0, )) = (Uel (0, ')7 atvel (0, )) + (9003 Qol)'
Moreover for r € [s, k],
lpei(=10g(T =) +108 T, )| grr(mny S [ Pe(T)lls,p S O(T = 1)*
and

100 + A + )pe 1 (= log(T — ) +10g T, )|l grr-1 oy

= H‘Pe,Q(lOgT —log(T —t), ')HHT*I(Rn)
SI®e()lls e S O(T — 1)

by definition and Theorem 4.9. O

Proof of Theorem 1.3. By the assumptions of Theorem 1.3 the initial data are of the
form

Uo(z) = UL 0,2) + zvo(|z]), Uir(x) = 8,UN0,x) + zvy(|)
Consequently, vg,v1 € C°[0,00) and by setting

vi(y) = v;(lyl)
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for y € R9+2 we obtain radially symmetric, real-valued functions (g, ¢;) € S(R4+2) x
S(R4*+2). By Proposition A.5 and Remark A.6 of [23] there exists a constant C' > 0 such
that

||(()007 gol)HHSQHk(]Rd+2)XHs—lﬁH}c—l(RdJr?) <C ||(V0, Vl)||HsmHk(Rd,]Rd)XHs—lﬂH}c—l(RdJRd) .
(4.43)

If the Sobolev exponents (s, k) satisfy condition (1.10), then (1.22) holds for n := d + 2.
Let w,€,0,M > 0 be the constants from Theorem 1.6. By setting My := CM and
requiring

)
||(l/07 Vl)HH.@QH}«(Rd)Rd)XHs—lmHk—l(Rd)Rd) < ﬁoy

we find that (¢, 1) satisfy the assumption of Theorem 1.6. Hence, there is a T €
[1 — 6,1+ 8] and a unique radial solution v € C®([0,T) x R42) to (1.14). If we set
v(t,-) = 0(t, | - |) then © solves Eq. (1.13) for ¢t € [0,T) and can be written as

- _ 1 |- | L T |-
ot D= e (75) + g (8 (70 ) s
for ¢(t,-) € C°[0, 00) satisfying

16(—1og(T = t) +1log T, | - )l g+ ra-+2)
+ 100 + A+ 1)@(=log(T — t) + 1og T, | - )| grr—1 a2y S 6(T =)
(4.44)

for all r € [s, k]. We define for z € R, U(t,z) := zd(t, |z|) € C>=([0,T) x R4, R?) and
find that U can be written as

x
Ut,x) = UL (t t
() =0T ) +v (175 ).
where v is a co-rotational function defined via v(t, ) =  @(—log(T —t)+log T, |z|). The
inequality from (4.44) now implies (1.12) by applying Proposition A.5 and Remark A.6
from [23] and the pointwise as well as the local uniform convergence follows immediately
from Sobolev embedding. O

Appendix A. Schauder-type estimates for parameter depending nonlinear operators

Here we will show an adaptation of a Schauder-type estimate whose original form can
be found in [24], p. 26, Proposition A.1.
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Proposition A.1. Let n > 5 For |e| < 1 let F. € C*°(R) be a family of even functions
such that for all £ € Ny there exists a constant Cy > 0 such that

[E (@) = FY ()] < Co (Je = 5] + | —y) (A1)

holds for all x,y € R and all |¢|, |k| < 1. Then, for every s € R and k € N that satisfy

n n 1
——1 < ——14+— k A2
3 <s<g +2(n_1>, >n (A.2)
we have
vtz (Fo(] - o) = Full - [0)llirems e
3 k
0
< le = ol T all ety - 1015 (A.3)
i=1 =0
as well as

urugus (Fe(| - [v1) = Fe(| - [v2) || graspremny
3 (A4)

S H ||Ui||HsmHk(Rn) P(HUlHHsmHk(Rn) ) ||U2||HsmHk(Rn)) o1 — ”2HHsmHk(Rn)

=1

for all |e|, |k| <1 and all uy,u,us,v,v1,vs € HE(R™) N HF(R™) where v, v, and vy are

real-valued and P is a polynomial of degree < 2k + 1.

Proof. We will start with the case where uy,us,us,v,v; and vo belong to C’g‘;(R"). By
repeated application of the fundamental theorem of calculus, see for example [31], there
exists for every e a function G, € C*°[0,00) with G.(2?) = F.(z). By the assumptions
on F. we obtain for every ¢ € Ny the existence of a constant (Nj’g > 0 such that

GO (%) = GO < Co (le — w] + | — y).

Now we choose s, k according to (A.2) and note that by Lemma 2.11 it is enough to bound
the HL*~1 N AH*-norm of the respective left-hand side of (A.3) and (A.4). Therefore, we
can reduce the analysis to estimating

8« (u1u2u3 (Ge(\~|2v2) - G5(|-|2v2))) (A.5)
and

0 (wruzus (Ge(|-Fo?) = Ge(|-23) ) ) (A.6)
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in L?(R") for |a| € {|s—1],k}. For the first term we find that after applying the Leibniz
rule and (A.1) it suffices to prove a suitable bound for

20
I(x) := 27 0™ uy 0“%ug 0% us H dPiv, (A.7)
j=1
where
3 20
D lal + Y1851+ 20 = vl =l (A.8)
i=1 j=1

with the condition that ¢ < |a| and |y| < 2¢. This corresponds exactly to the situation
considered in [24], Proposition A.1 and arguing along these lines we infer that

20
171l 2y S TT il ey TT 100 ire s ey (A.9)

3
i=1 j=1

for |a| € {|s — 1], k}. To handle the expression in (A.6) we prove the bound

3 20+1
HJHL2(Rn) S H Hui”HsmHk(Rn) H HUJ‘||HsmHk(Rn) (A.10)
i=1 j=1
for
2041
J(x) == 27 0% uy 0% ug 0% ug H dPiv; (A.11)
j=1
with functions wuy, uz, us, v1,...,v2011 € C25.(R™), and indices

{<lal, a1, a0,0a3,01,...,020+1,7 € NI with |y| < 2¢+ 1 satisfying

2041
lon| + |az| + [as| + D181 +20+1— |4 =|a].
j=1

We will start with the case |a| = [s] — 1. Here we define for i = 2,3 and j =1,...,20+1

20+1+45—|af

and b :=|B;] + 213

and get

3 20+1
J N 5 H ) |O¢1\—Saa1ul‘ . aiaoqu. . H . bjaﬁjU‘H
11 22 ey % |1 s L0 ey TL 0%,
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due to |y| = |a1] + a2 + as + Z%H bj —s. Since 0 < s — |a1| < % we can use Hardy’s

inequality ([28], p. 243, Theorem 9. 5) for the first term and for the rest of the terms
we use the generalized Strauss inequality (2.17) to obtain (A.10). We are allowed to use
these inequalities since we have 0 < a;,b; < "?_1 as well as

3

n n n
sgg—ai+|ai|<§ and sgg—bj+|6j|<§. (A.12)
Since we are in the case where |o is strictly smaller than s we immediately obtain
0 < a;,b;. For the upper bound on a; and b; one has
-5l _n s— 5]

1
PN S i 2 R I & £ R
20+ 3 2 2043 2 2

and the same holds true for b;. Since a; and b; are strictly larger than |a;| and |3;]
respectively the upper bound from (A.12) is immediate. The most restrictive inequality

2@&3
be reformulated as 2(£ + 2)s + 20 + 3 < ({ + 3)n + [2]. By making a case distinction
between odd and even n and using the fact that 0 < ¢ < |s| — 1 this inequality holds for
s<3 1455

The case |a| = k will be divided into two sub-cases. First, we assume that the highest

(for s) is s < 2 — a; + || This inequality is equivalent to s+ 1+ = 2l < % which can

derivative in (A.11) is of order at least § — 1. Without loss of generality we assume
that this derivative is a;. We now split the L?-norm of J into the unit ball and its
complement. For |z| <1 we get for a; := min{1,k — |ay]|}

20+1
()] S || 107 ua] [0°2us| 0% us| T 10% 0.

Jj=1

For the first term we use Hardy’s inequality and for the rest of the terms we want to use
Lemma 2.12 to estimate

0% il e ey S Nill preniperey  a0d 0% 05| o gy S 1051l o e e

for every i = 2,3 and j =1,...,2¢ + 1. To see this we consider first the case where |ay]

is strictly smaller than k — 5. Since « is by assumption the highest occurring derivative

we also have |a|,|3;] < k— % so that we can use the embedding. Is |y | greater or equal
n

than k& — & we use the fact that there can only fall at most k — || derivatives onto u;
and v; and also that we have chosen k£ > n so that we obtain
n

n
i, 18] < b — || < 5 <k-g5.

[\

Now for the complement of the unit ball we first of all define

1 1
a; =g +min{l, ||}, bj:= 3 +min{1, |3;[}
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2041
for every ¢ = 2,3 and j = 1,...,2¢ + 1. Since we now have |y| < as+as+ > bj —a;
j=1

2041
due to || <+ > min{l,|B;|} we can estimate

Jj=1
2041
[J(@)] S [~ 0™ | [2]"2|0°2 u| 2|03 ug] [ |2 0%y
j=1

for all |z| > 1. The L2-norm of the first term gets again estimated by Hardy’s inequality
and then by the H* N H*-norm of u; since we have s < a; + |ay] < k. We estimate the
other terms in the L>°-norm by (2.17). We can apply this Lemma due to the fact that we
again have 0 < a;,b; < % The H*NH*-estimate then follows from s < F—ai+|ag| <k
where the upper bound can be seen by making a case distinction for |ay| strictly greater
than k£ — an3 or smaller than that term. Over all we have finished the proof in the case
where one derivative is at least of order § — 1.

We now assume that all of the derivatives in (A.11) are of order strictly smaller than

% — 1, which implies |as|, |3;] < "53 foralli=1,2,3and j =1,...,2¢+ 1. On the unit

ball we can immediately estimate
n—1 20+1
[7(@)] S Jal 7 (07 ua| 102 us| [0 us| [T 10705

j=1

and obtain (A.10) with Hardy’s inequality and the embedding from Lemma 2.12.

For the complement of the unit ball we define @; := ||+ 2,b; := [3;|+2 and estimate
- i i 2041
[T (@) <l 77 0% ua |20 s 2] 0% us| T I1"]0% v
j=1
20+1 _
for all |z > 1 since we have |y| < |ai| — %57t + Gz +ds + Y, b;. The claim now follows
j=1
by again applying Hardy’s inequality and (2.17) due to the fact that we again have
0 < a;, Ej < ”T’l as well as s < % — % < k. We have therefore shown both inequalities in

the case where all the functions belong to Cg5.(R™).

The general case now follows via a density argument and the L°°-embedding of the
Sobolev spaces. We will only give the details for the first inequality, the second one
can be handled in a similar manner. Take u;, ug, us,v € HZ(R™) N H¥(R™). Then there
exist sequences (u1;);eN, (U2,j)jeN, (u3,j)jen and (v;)jen in C25.(R™) which converge
to w1, ug, uz and v in the H*(R™) N H*(R™)-norm, respectively. Eqns. (A.3) and (A.4)
imply that

(ur,juz,juz,j (Fe(| - [v5) = Fx(] - [05)))jen
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forms a Cauchy sequence in H*~'(R™) N H*(R™). Due to the L>®-embedding one can
easily show that this sequence converges pointwise to ujusus(Fe(|-|v)—Fs(|-|v) and there-
fore also in the H*~* N H*(R™)-norm. With this observation (A.3) follows for arbitrary
uy, up, uz, v € HS(R™) N HE(R™). O

Appendix B. Proof of Lemma 2.1

Proof. To prove this Lemma we will argue along the lines of [25], p. 12, Lemma 2.2. We
take a radial cut-off function x € C2°.(R™) with 0 < x <1 satisfying

17 |£U| S 1u
x(z) =
0, |z|>2.

Then we consider the sequence (f;)jen C Cgo.(R") for f;(z) := f(2)x(5) for z € R"
and j € N.

Now we take an arbitrary s > 0 with s > 4§ — k. We note that we have by the
homogeneous Sobolev embedding (see [36], p. 335)

[ellvireagny S llullvires@ny (B.1)

for every u € C2°(R™) whenever 1 < p < ¢ < oo and ¢,¢ > 0 obey the scaling condition
{— % =t %. Here, the space Ws’p(R") for s > 0and 1 < p < oo is given by the
completion of C°(R™) under the norm

lellvire oy = 17 I °Fulll Lo gy

and it coincides with the one we introduced in section 2.1 for p = 2 due to Plancherel.
Furthermore, if s € Ny is a non-negative integer we also have a representation via partial
derivatives in the sense that

e @y = D 107 1o gy (B.2)
|Bl=s

holds for every u € C°(R™).
If we now choose £ € Ng with s < £ < s+ § (note that we have n > 2) we obtain
from (B.1)

13l gy S M fillvires ey » (B.3)

where p is defined via 1—1) = % + Z;S and fulfills % <11 by the choice of £. We now

. p
show that (f;)jen is a Cauchy sequence in W/P(R™). Using the Leibniz rule it is enough
to show
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HB"’faB_"’ (x; — Xi)”Lv(B,-,ﬂ —0 as 4,7 — o0

for all multi-indices 8,7y € N{ satisfying |[8] = ¢ and v < g and B,; =

BQ max{i,j}\Bmin{i;j}'
For v = 8 we have

2 max{,j}

||aﬁf (Xj — Xi)HLp(Bi’j) < / ‘8ﬂf(x)|p dr < / p—PlIBl—pk+n—1 4.
Bi,]'

min{s,5}

and the last integral converges towards 0 as ¢ and j approach infinity due to the assump-
tions on p and .
For v # 3 we have |y| < |3] and get

7707 (x5 = X | Lo

- Hav]v (jlvlflﬁ\ P x(-/4) — iI=18l 5577)(('/2‘))‘

LP(By;)

Since both terms from above can be treated analogously we will only consider the first
one:

FI1=1Al H@“Yf 3ﬂ77X(’/j)||Lp(Bi,j) §J‘|7Hm ||87f||Lp(sz\Bl)

1

v 2 v
< =18l / 07 f(x)[Pda | < 1718 /,,fp\vlfpmnqdr
B2;\B1 1

For 2 # |v| + k& we obtain

8=

25
=18l /T—pw—pwn—ldr < jhi-l8l <j—pw—pk+n_1) < j3-1Bl-k

1

D=

and for % =y +k
1
2j P
=18l /fmppmnfldr _ 118l log(2)5.
1
Since both of these terms converge due to the assumptions on s and the fact that we are

in the case |y| < [B| to 0 as j goes to infinity we have shown that (f;),;en is a Cauchy
sequence in W5P(R™).
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By (B.3) we obtain that this sequence is also Cauchy in H7(R"). Therefore, we have
shown that (f;)jen is a Cauchy sequence in Hg(R™) for every s > 0 with s > 2 — k. For

every such s, we therefore infer the existence of a function g € H?'(R™) N H?*(R") with

s1 < s < s9 where s; is strictly smaller than % (here one needs that k is strictly greater

than 0) and sy is strictly greater than 4, so that (f;);jen converges to g in the Hs NH?®-
norm. By (2.12) we know that (f;);en must therefore also converge to g in L>(R"™) (in
particular pointwise) so that we conclude f = g € H*(R™) N H22(R™) C H?(R™) which
finishes the proof. 0O

Data availability
No data was used for the research described in the article.
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