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Abstract

For autonomous vehicles, understanding the operational environment is cru-
cial. However, due to limitations of current sensor technologies, perception re-
mains challenging - individual sensors cannot fully compensate for occlusions,
adverse weather conditions, or limited sensing range. High Definition (HD)
maps expand the range of sensor perception, improving safety and efficiency
in navigation and decision-making.

Conventional Simultaneous Localization and Mapping (SLAM) systems typi-
cally rely on the fusion of measurements through a pose graph trajectory rep-
resentation, which is inherently complex due to temporal discontinuities. To
mitigate this issue, a continuous-time trajectory representation is necessary.
Furthermore, to enhance the informativeness of semantic HD maps and reduce
map storage demands, long-term stable and driving-relevant features must be
parametrically modeled and mapped.

This thesis introduces a continuous-time trajectory SLAM based on uniform
B-splines, which integrates measurements with varying timestamps and fre-
quencies. High-frequency motion can be accurately represented, and velocity
and acceleration at any given timestamp can be evaluated. Semantic primitive
features are parametrically modeled and, during mapping, detected, associated,
and optimized in a robust and reliable manner.

The proposed approach is evaluated using a real-world dataset recorded in ur-
ban environments. The results demonstrate that continuous-time SLAM, uti-
lizing LiDAR and camera data, outperforms state-of-the-art pose graph SLAM
in terms of accuracy, robustness, and efficiency. Additionally, the generated
semantic HD maps exhibit high mapping accuracy and consistency with sensor



Abstract

data. The automatic mapping framework significantly reduces mapping costs
and facilitates scalable map-building processes.

Use of Large Language Models: Large language models (LLMs), including
ChatGPT and GitHub Copilot, were used to support the linguistic and grammat-
ical refinements of the text in this thesis. They were used to improve wording
and textual structure but not to create new scientific content. All revised text
was manually reviewed and further edited by the author.
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Kurzfassung

Fiir automatisierte Fahrzeuge ist eine verldssliche Umgebungswahrnehmung
entscheidend. Aufgrund der Begrenzungen aktueller Sensortechnologien
bleibt sie jedoch herausfordernd - einzelne Sensoren konnen Sichtverdeckun-
gen, schlechte Wetterbedingungen oder eingeschrinkte Reichweiten nicht
vollstindig kompensieren. High Definition (HD)-Karten erweitern die Sen-
sorwahrnehmung und erhdhen Sicherheit und Effizienz bei Navigation und
Verhaltensgenerierung.

Aktuelle Simultaneous Localization and Mapping (SLAM)-Systeme fusionie-
ren Messungen iiber einen Posengraphen, der aufgrund zeitlicher Diskontinui-
tdten inhdrent komplex ist. Eine zeitlich kontinuierliche Trajektoriendarstel-
lung adressiert dieses Problem. Zugleich sollten langfristig stabile, fahrrele-
vante Merkmale parametrisch modelliert und kartiert werden, um semantische
HD-Karten informativer zu gestalten und auch den Speicherbedarf zu senken.

Diese Dissertation stellt ein zeitlich kontinuierliches Trajektorien-SLAM auf
Basis uniformer B-Splines vor, das Messungen mit unterschiedlichen Zeitstem-
peln und Frequenzen integriert. Damit lassen sich hochfrequente Bewegungen
prézise abbilden, sowie Pose, Geschwindigkeit und Beschleunigung zu beliebi-
gen Zeitpunkten bestimmen. Darauf aufbauend werden semantische Primitive
parametrisch modelliert und wihrend der Kartierung zuverlassig detektiert, as-
soziiert und robust optimiert.

Die Evaluierung auf einem realen stidtischen Datensatz zeigt, dass zeitlich kon-
tinuierliches SLAM mit LiDAR- und Kameradaten in Genauigkeit, Robustheit
und Effizienz Graph-SLAM {ibertrifft. Die erzeugten semantischen HD-Karten

il



Kurzfassung

sind geometrisch und semantisch konsistent mit den Sensordaten. Das automa-
tische Kartierungssystem senkt die Kartierungskosten deutlich und ermoglicht
skalierbaren Kartenaufbau.
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Notation

This chapter introduces the notation and symbols which are used in this thesis.
In cases where a symbol has more than one meaning, the context (or a specific

statement) resolves the ambiguity.

Mathematical Foundations

RZXZ
R3X3

SE(3)
SO(3)
s0(3)

lgm!
[=N

D M Q

Positive real numbers

2D real space

3D real space

nD real space

2x2 real matrices

3x3 real matrices

Special Euclidean group in 3D
Special Orthogonal group in 3D
Lie algebra of SO(3)

Identity matrix

Ominus operator

Gaussian mean

Gaussian covariance

Information matrix

X1
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Spatial Representations and Transformations

Coordinate system A

Rotation matrix

Translation vector

Isometric transformation / pose
Pose from coordinate system %, to ¥y
Quaternion

Axis-angle vector

Axis-angle unit rotation axis
Axis-angle rotation angle
Bézier curve

(Uniform) B-spline

Translation uniform B-spline
Rotation uniform B-spline

Bernstein polynomial

Vehicle Dynamics and Motion

&8 B <« o9

Xii

Azimuth angle
Elevation/ Polar angle
Velocity

Acceleration

Angular velocity

Angular acceleration
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Sensing and Reconstruction

Image

Pixel point
Homogeneous pixel point
Principal point

Focal length

Camera forward model
Camera backward model

Camera intrinsic matrix

N AR E R

Camera projection function
View ray

Ps View ray support point

Ad View ray direction

M g Distance transform map

p Point in 2D/ 3D space

Pa Point in coordinate system F,
n Normal vector
v Voxel

1 Landmark

< Set of landmarks
z Feature point

F Set of feature points

xiii
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Optimization and Estimation

r Residual vector

X Parameter vector

X Optimal parameter vector
X Measured parameter vector
J Jacobian matrix

X1V



1 Introduction

Simultaneous Localization and Mapping (SLAM) is a fundamental technology
that enables autonomous systems to simultaneously construct a map of their
environment and estimate their position within it. It plays a crucial role in var-
ious domains, including robotics, autonomous vehicles, and Augmented Real-
ity (AR). For autonomous driving, SLAM facilitates the construction of envi-
ronmental maps, enabling robust navigation. The decision-making process of
autonomous vehicles relies on environmental perception, which is inherently
constrained by the physical properties of sensors. To enhance the reliability
of perception, SLAM techniques aggregate sensor measurements over time to
build a consistent environmental map, compensating for the limited instanta-
neous sensing range.

The most commonly used sensors in SLAM approaches for autonomous vehi-
cles include cameras, LiDAR, Inertial Measurement Unit (IMU), and Global
Navigation Satellite System (GNSS). Cameras are relatively cost-effective and
provide color, texture, and shape information about the environment. LiDAR
generates precise and dense 3D point clouds without requiring an external light
source. While cameras and LiDAR have functional limitations, an IMU of-
fers valuable motion information. For global localization, GNSS can be used.
To effectively integrate measurements from these diverse sensors, robust and
accurate fusion algorithms are essential.

An High Definition (HD) map, along with precise localization within it, is
essential for autonomous driving. By incorporating HD maps, perception
capabilities can be extended, mitigating occlusions and enhancing driving
performance. To improve the robustness and reliability of HD maps against
changes while enriching their informativeness, long-term stable features should
be mapped with semantic labels. Given storage constraints, these features must
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be represented in a compact manner. Thus, a semantic mapping framework
is necessary to build HD maps with long-term stable and driving-relevant
semantic features.

1.1 Problem Statement

Building HD maps for autonomous vehicles requires an accurate and robust
SLAM system. To achieve optimal SLAM performance, fusing measurements
from multiple sensors, including cameras, LiDAR, IMU, and GNSS, is a logi-
cal approach, as they provide complementary information due to their distinct
physical properties. However, integrating these diverse measurements is chal-
lenging since they represent different physical quantities and typically operate
on different scales. Bundle adjustment algorithms with pose graph backends
are commonly employed to unify these measurements.

However, a pose graph is a discrete representation of continuous-time motion,
consisting of a sequence of poses sampled at a rate constrained by computa-
tional cost. Accurately estimating motion between two discrete poses is diffi-
cult, even though IMU provides high-frequency measurements. To incorporate
IMU data, integration is required, which introduces accumulated errors. Addi-
tionally, pose graphs require time-synchronized measurements, which are not
always feasible. Sensor measurements often arrive with different timestamps
and at varying frequencies. Although interpolation between poses can be used
to address this issue, it also introduces errors. Therefore, a continuous-time mo-
tion representation should be incorporated into bundle adjustment algorithms to
accommodate measurements with different timestamps and frequencies while
accurately representing high-frequency motion.

A 3D feature-point map is a key output of SLAM systems and is used for au-
tonomous vehicle localization. However, these point features are low-level,
lack semantic information, and are not stable over the long term. Furthermore,
feature-point maps require substantial storage, complicating map management.
To overcome these limitations, semantic HD maps incorporating long-term
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stable features are needed. Such semantic HD maps typically consist of vec-
torized semantic features that are manually annotated, a process that is time-
consuming, error-prone, and costly. Therefore, an automated, scalable seman-
tic mapping framework with vectorized features is required for autonomous
vehicles.

1.2 Contributions

The first major contribution of this thesis is the development of a continuous-
time trajectory representation for bundle adjustment algorithms using uniform
B-splines, offering a compact parametric representation of poses:

e The continuous-time trajectory representation enables the fusion of sen-
sor measurements (cameras, LIDAR, IMU, GNSS) with varying times-
tamps and frequencies, allowing for accurate high-frequency motion rep-
resentation.

e The computational complexity of bundle adjustment algorithms is not
significantly affected by the number of estimated motion poses.

e A compact axis-angle representation is selected for 3D rotation param-
eterization, and measurement models for different sensor modalities are
formulated for bundle adjustment algorithms.

e Once the continuous-time trajectory is estimated, pose, velocity, and ac-
celeration can be efficiently evaluated at any given timestamp.

The second major contribution is the development of an optimization-based,
automatic semantic parametric mapping framework incorporating long-term
stable semantic primitive features:

e Semantic primitive features—including elevated objects (poles, traffic
lights, traffic signs) and road markings (dashed lines, solid lines, arrows,
curbs)—are automatically and accurately mapped using LiDAR point
clouds and camera semantic images.
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e These semantic primitives are represented with parametric models. Traf-
fic signs of various shapes are modeled with precision, while road mark-
ings are represented using 3D polygons and lines.

e Semantic primitive features are tracked over time, and their model pa-
rameters are optimized using semantic masks from multiple frames, en-
hancing robustness and reliability.

1.3 Outline

Chapter 2 provides an overview of existing research in the field of SLAM tech-
nology and semantic primitive mapping for autonomous driving.

Chapter 3 presents the required theoretical foundations. It begins with a de-
scription of pinhole and spherical camera models, including forward and back-
ward projection functions. Additionally, 3D rigid-body transformations, uni-
form B-splines, and optimization techniques are introduced.

Chapter 4 details the continuous-time trajectory representation for bundle ad-
justment algorithms. Various 3D rotation parameterization methods are dis-
cussed, and the compact axis-angle representation is selected. Time derivatives
for continuous-time trajectories using the axis-angle representation for 3D rota-
tion are demonstrated. Furthermore, measurement models for different sensor
modalities are developed and integrated into bundle adjustment algorithms.

In Chapter 5, the optimization-based semantic parametric mapping approach is
introduced. Semantic primitive features are categorized into elevated objects
(poles, traffic lights, traffic signs) and road markings (dashed lines, arrows,
solid lines, curbs). These features are represented with geometric, parametric
models. They are detected, tracked, and optimized using LiDAR and camera
measurements.

Chapter 6 presents the evaluation of the proposed continuous-time trajectory
SLAM and semantic primitive parametric mapping framework. The evaluation
is conducted using a real-world dataset collected in urban environments with an
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experimental vehicle. SLAM performance is analyzed under different config-
urations, comparing results with and without LiDAR measurements and using
either a continuous-time trajectory or a discrete pose graph backend. Results
are assessed both quantitatively and qualitatively.

Finally, Chapter 7 concludes this thesis by summarizing key findings and pro-
viding an outlook on future research directions.






2  Related Work

In this section, state-of-the-art SLAM techniques are first discussed. Based on
the primary sensor used, SLAM methods can be broadly categorized into three
types: visual SLAM, LiDAR SLAM, and visual-LiDAR SLAM. Subsequently,
advancements in semantic mapping are reviewed to provide a comprehensive
understanding of the current research landscape.

2.1 Visual SLAM

Visual SLAM primarily utilizes cameras as the main sensing modality. It can
be broadly classified into two categories based on the types of features utilized:
feature-based visual SLAM and direct visual SLAM. Feature-based approaches
rely on point features, whereas direct methods utilize raw pixel intensities.

2.1.1 Feature-based Visual SLAM

The most widely adopted feature-based visual SLAM algorithms include
PTAM, introduced by Klein et al. [Kle07], and the ORB-SLAM family de-
veloped by Mur-Artal et al. [Murl5], Mur-Artal et al. [Murl7], and Campos
et al. [Cam21]. PTAM was one of the first systems to demonstrate real-time
feature-based SLAM. By parallelizing tracking and mapping, it significantly
improved computational efficiency and robustness.

The ORB-SLAM family consists of three variants: ORB-SLAM Mur-Artal
et al. [Murl5], ORB-SLAM2 Mur-Artal et al. [Murl7], and ORB-SLAM3
Campos et al. [Cam21]. ORB-SLAM employed ORB features for robust real-
time tracking, mapping, and loop closure detection in large-scale monocular
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environments. ORB-SLAM?2 extended this to stereo and Red Green Blue -
Depth (RGB-D) cameras with parallel bundle adjustment for enhanced accu-
racy. ORB-SLAM3 introduced multi-map management for switching between
maps in large-scale and dynamic environments.

Similarly, the approaches introduced by Lategahn [Lat13] and Sons [Son21] uti-
lized camera-based point features for motion estimation and mapping. These
methods relied on viewpoint, scale, and rotation-invariant feature points to en-
hance robustness in motion estimation and loop closure detection. The system
introduced by Sons [Son21] extended visual SLAM to multi-session mapping,
allowing new trajectories to be aligned with previous maps. Additionally, it
incorporated a surround-view camera system, which facilitated the extraction
of a larger number of informative feature points.

Recent advancements integrated deep learning techniques for feature extraction,
matching, and direct pose estimation. For instance, DeTone et al. [DeT17] in-
troduced the SuperPoint network for simultaneous feature extraction and de-
scription, while Sarlin et al. [Sar20] developed SuperGlue for feature-point
matching. Similarly, D2-Net developed by Dusmanu et al. [Dus19] and the
approach introduced by Hu et al. [Hu21] employed deep learning techniques
for feature extraction and description. PoseNet [Kenl5] and ViPNet [Hu20]
further explored deep learning for direct pose estimation.

Generally, feature-based visual SLAM methods predominantly rely on distinct
visual features, such as corners, edges, and textures, to establish corre-
spondences between frames and estimate camera motion. However, these
approaches face significant challenges in environments that are textureless,
homogeneous, or poorly illuminated, where reliable feature detection and
matching become increasingly difficult. The inability to extract and associate
robust features in such conditions often leads to substantial localization and
mapping errors, ultimately compromising the overall stability and accuracy of
the system or even causing complete failure.



2.2 LiDAR SLAM

2.1.2 Direct Visual SLAM

Direct visual SLAM eliminates the reliance on explicit feature extraction and
matching by utilizing raw pixel intensities for localization and mapping. These
methods optimize camera poses by directly minimizing the photometric error
between observed and projected image intensities.

Prominent direct visual SLAM approaches include LSD-SLAM [Eng14], DSO
[Engl18], and Stereo DSO [Wan17]. LSD-SLAM, introduced by Engel et al.
[Engl4], demonstrated the feasibility of direct SLAM for large-scale applica-
tions. It maintained a semi-dense depth map and aligned frames using direct
image alignment. DSO [Engl8] further improved performance by selecting
sparse pixels with high-intensity gradients, optimizing camera poses via pho-
tometric error minimization within bundle adjustment frameworks. This signif-
icantly enhanced computational efficiency and accuracy, making DSO suitable
for real-time applications. Stereo DSO [Wan17] extended DSO to stereo cam-
eras, improving depth estimation and robustness.

Compared to feature-based methods, direct visual SLAM is more robust in tex-
tureless or low-feature environments, as it does not rely on discrete feature ex-
traction. However, it is computationally expensive due to direct optimization of
pixel intensities. Additionally, it is sensitive to lighting variations, a common
issue in outdoor environments.

In conclusion, both feature-based and direct visual SLAM approaches present
distinct trade-offs. Given the structured nature of urban driving environments,
where rich and distinctive visual point features are consistently present, feature-
based methods provide a favorable balance between computational efficiency
and robustness. For this reason, this thesis adopts a feature-based visual SLAM
approach as the visual front-end.

2.2 LiDAR SLAM

As discussed in Section 2.1, visual SLAM is highly dependent on lighting con-
ditions and can fail in low-light or nighttime environments. To overcome this
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limitation, LiDAR sensors can be utilized as primary sensors for SLAM. Li-
DAR operates independently of external illumination and provides precise dis-
tance measurements to surrounding objects. Based on the type of features used
for motion estimation, the most widely adopted LIDAR SLAM approaches can
be categorized into three main types: point-based Iterative Closest Point (ICP),
Normal Distributions Transform (NDT), and voxel-based methods.

2.2.1 Point-based ICP

ICP is a deterministic, geometry-based algorithm that iteratively refines align-
ment between a source and a target point cloud. It operates by establishing
point-to-point or point-to-plane correspondences based on a coarse transforma-
tion guess and by minimizing distances between matched points.

The classical ICP algorithm, introduced by Besl et al. [Bes92], provided a ro-
bust method for aligning 3D shapes using point-to-point matching and distance
minimization. GICP, developed by Segal et al. [Seg09], improved upon this by
combining point-to-point and point-to-plane ICP, leading to a more adaptive
framework that better captures local geometric structure and enhances accu-
racy. GICP minimized point-to-plane distance for planar surfaces and point-to-
point distance for non-planar regions.

Beyond standard ICP, feature-based ICP variants have been proposed, which
use subsets of distinctive feature points extracted from original point clouds
instead of processing full datasets. By leveraging highly informative feature
points, computational efficiency is improved, and robustness is enhanced. A
well-known example is the LOAM family. LOAM [Zhal4] extracted edge and
planar features from LiDAR point clouds to facilitate robust scan matching. In
its odometry module, LOAM minimized point-to-edge and point-to-plane dis-
tances to estimate relative pose. The mapping module then updated a global
map using estimated poses and extracted features. LeGO-LOAM [Shal8] fur-
ther optimized LOAM for large-scale environments, achieving a balance be-
tween computational efficiency and mapping accuracy. It introduced a two-
stage scan matching process: ground-plane alignment for roll and pitch estima-
tion, followed by full scan matching for translation and yaw computation.

10
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Although ICP methods achieve high accuracy, their performance is highly de-
pendent on the quality of the initial guess. Poor initialization can lead to conver-
gence toward local minima, resulting in inaccurate alignments. Furthermore,
standard ICP algorithms are computationally intensive, as they involve itera-
tive closest-point searches and transformation refinements, often requiring op-
timized implementations for real-time applications.

2.2.2 NDT

NDT is a widely used LiDAR scan registration technique that models point
clouds as probabilistic distributions instead of discrete points. LiDAR data is
segmented into a voxel grid, with each voxel representing a local Gaussian dis-
tribution estimated from point statistics. Registration is performed by maximiz-
ing the likelihood between the distributions of source and target point clouds.

NDT, introduced by Biber et al. [Bib03], demonstrated the feasibility of using
normal distributions for point cloud registration, exhibiting robustness in noisy
and sparse data conditions. D2D-NDT, developed by Stoyanov et al. [Sto12],
extended NDT by replacing point-to-distribution matching with distribution-to-
distribution matching, further improving robustness in dynamic and cluttered
environments.

In general, NDT-based methods provide a robust and computationally efficient
alternative to traditional point-based registration techniques. By leveraging
probabilistic representation and grid-based processing, they offer enhanced re-
silience to noise and sparse measurements, making them well-suited for real-
time applications in complex environments.

2.2.3 Voxel-based Methods

As noted in Section 2.2.1, ICP methods suffer from high computational costs
due to large numbers of points and iterative search for closest points. Voxel-
based methods mitigate this problem by employing a voxel grid to downsample
input data and efficiently register LIDAR scans. Like NDT, voxel-based ap-
proaches divide 3D space into discrete voxels and process points within each

11
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voxel to improve computational efficiency and robustness. Similar to ICP-
based techniques, voxel-based methods often focus on extracting specific fea-
tures that are critical for accurate registration.

A notable voxel-based method is VGICP Koide et al. [Koi21], which extended
GICP by incorporating voxelization to eliminate costly nearest-neighbor
searches while preserving accuracy. Unlike NDT, VGICP derives voxel dis-
tributions by aggregating individual point distributions within each voxel.
Building upon this, BALM Liu et al. [Liu21] introduced bundle adjustment to
refine local LiDAR voxel features, further improving accuracy and robustness.

By leveraging voxel-based processing, these methods achieve substantial com-
putational efficiency while maintaining robustness. The incorporation of bun-
dle adjustment techniques into voxel-based registration further reduces drift,
enhancing long-term mapping accuracy.

Among the reviewed LiDAR SLAM approaches, BALM Liu et al. [Liu21] of-
fers a favorable combination of accuracy, efficiency, and robustness through
its voxel-based point cloud feature representation and bundle adjustment opti-
mization. For this reason, this thesis adopts a BALM-based LiDAR front-end,
utilizing voxel point cloud features for scan registration within the continuous-
time SLAM framework.

2.3 Visual-LiDAR SLAM

As outlined in Section 2.1 and Section 2.2, both visual and LiDAR SLAM ap-
proaches have inherent advantages and limitations. Camera images provide
rich texture information, which is highly beneficial for feature extraction and
matching. However, cameras are sensitive to illumination conditions and can
fail in low-light environments. Conversely, LIDAR provides accurate distance
measurements and is robust to lighting variations, but lacks detailed texture
information. Visual-LiDAR SLAM combines both sensing modalities to lever-
age their complementary strengths.

12



2.3 Visual-LiDAR SLAM

LiMO, introduced by Graeter et al. [Gral8], integrated LiDAR depth with vi-
sual feature tracking to improve pose estimation accuracy. V-LOAM, devel-
oped by Zhang et al. [Zhal5], further enhanced visual-LiDAR SLAM by utiliz-
ing depth maps for odometry estimation and mapping. V-LOAM was extended
to DV-LOAM by Wang et al. [Wan21] and SDV-LOAM by Yuan et al. [Yua23].
Both methods integrated monocular direct visual odometry with LiDAR depth
maps for spatial scale estimation and incorporated LiDAR scan-to-map opti-
mization to improve robustness and accuracy in pose estimation.

Visual-LiDAR SLAM represents a significant advancement by effectively mit-
igating the limitations of single-sensor approaches. The fusion of visual and
LiDAR data enhances robustness against noise and outliers, as inconsistencies
in one sensor can be compensated by the other. By leveraging these comple-
mentary strengths, visual-LiDAR SLAM improves accuracy, reliability, and
scalability in complex environments. Given these advantages, this thesis em-
ploys a visual-LiDAR SLAM framework. Instead of relying on a monocular
camera, a multi-surround-view camera system is utilized to provide additional
depth information and enhance perception capabilities.

The aforementioned SLAM approaches share a common limitation in their op-
timization backend: they rely on a discrete-time pose graph, where sensor mea-
surements are associated with a finite set of keyframe poses. This discrete repre-
sentation introduces temporal discontinuities, making it difficult to accurately
model high-frequency motions and to fuse sensors operating at different fre-
quencies without resorting to interpolation heuristics. Furthermore, continu-
ous quantities such as velocity and acceleration cannot be directly queried at
arbitrary time instants within such a framework. To address these shortcom-
ings, this thesis proposes a continuous-time trajectory representation based on
uniform B-Splines as the optimization backend. This formulation defines the
vehicle trajectory as a smooth, time-continuous function, enabling the direct in-
tegration of measurements with heterogeneous timestamps and sampling rates.
As a result, pose, velocity, and acceleration can be evaluated at any desired
time instant, allowing for more accurate motion modeling and tighter multi-
sensor fusion.
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2.4 Semantic Primitive Mapping

The motivation for semantic primitive mapping is that semantic primitives are
crucial for autonomous driving, as they are driving-relevant, temporally sta-
ble, and enhance the robustness and reliability of maps against environmental
changes. Depending on their nature, semantic primitives can be categorized
into two types: elevated primitives and road-marking primitives. Elevated
primitives exist above the ground surface and include poles, traffic lights, and
traffic signs. Road-marking primitives are located on the ground surface and
comprise dashed lines, solid lines, arrows, and curbs.

2.4.1 Elevated Primitive Mapping

Elevated primitives, such as poles, traffic lights, and traffic signs, are crucial for
autonomous driving due to their long-term stability, static nature, and vertical
structure, making them less prone to occlusion.

The work presented by Sefati et al. [Sef17] extracted pole-like landmarks from
LiDAR point clouds and stereo camera images. These extracted landmarks
were subsequently used to improve vehicle localization. Similarly, the approach
proposed by Kiimmerle et al. [Kiim19b] identified basic geometric primitives,
such as cylindrical objects and facades, from LiDAR point clouds for vehicle
self-localization. The extraction of pole-like primitives followed a method sim-
ilar to that of Sefati et al. [Sef17], while building facades were approximated
using planar surfaces. Both works relied solely on geometric characteristics
without incorporating semantic information.

A more advanced approach, introduced by Pauls et al. [Pau21], parametrically
modeled and mapped poles, traffic lights, and traffic signs. Poles and traffic
lights were represented as cylinders, whereas traffic signs were approximated
as rectangular planes. To estimate model parameters, depth information from
LiDAR point clouds was combined with image instance bounding boxes gen-
erated by SeamSeg [Por19]. Model parameters were estimated on a per-frame
basis and tracked over time. However, this approach assumed that traffic signs
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could be naively approximated using rectangular shapes, which might limit its
generalization in complex urban environments.

2.4.2 Road Marking Primitive Mapping

Road marking primitives, such as dashed lines, solid lines, arrows, and curbs,
are valuable features for autonomous driving, as they provide critical informa-
tion about road structure and driving rules.

One of the earliest studies utilizing road markings for vehicle localization was
presented by Pink et al. [Pin09]. A localization map consisting of road-marking
pixels was generated from aerial imagery. Given an initial guess, the system
tracked vehicle position using only image data. Similarly, LaneLoc, introduced
by Schreiber et al. [Sch13], was a lane marking-based localization system. Its
map was manually labeled using LiDAR point clouds projected into the Bird’s
Eye View (BEV) domain. During localization, a stereo camera system detected
lane markings, which were matched with pre-labeled map features. A comple-
mentary approach by Schreiber et al. [Sch14] extended lane marking detection
to include symbols such as arrows, stop signs, and speed limits. These sym-
bols were identified and mapped using an Optical Character Recognition (OCR)
technique applied to stereo camera point clouds projected in the BEV domain.
The approaches discussed above detected road markings directly from fused
point clouds without any tracking mechanisms.

Lanelet2, introduced by Poggenhans et al. [Pogl8], is an open-source frame-
work designed for HD-map representation. It provided a semantic map format
that encodes road networks, including lanes, junctions, traffic signs, and other
critical elements. By incorporating semantic information, the Lanelet2 frame-
work facilitates localization, decision-making, and trajectory planning.

A more automated approach for road-marking detection and modeling from
point clouds was proposed by Mi et al. [Mi21]. This approach employed
YOLOvV3 [Red18] to predict road-marking bounding boxes with semantic
labels. Subsequently, a shape matching technique was applied to refine precise
locations, orientations, and scales of road markings within these candidate
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regions. Similarly, Yao et al. [Yao21] proposed a method for extracting, classi-
fying, and vectorizing road markings. In this approach, semantic images were
utilized to extract road-marking pixels, and corresponding 3D point clouds
were retrieved. After classification into categories such as boundary lines and
rectangular road markings, detected features were vectorized by aligning point
cloud with matched model. However, these template-based approaches relied
on predefined road-marking shapes, making them less generalizable to diverse
road-marking conventions and variations.

Several works aim to develop more generalized road-marking modeling and
mapping techniques. For instance, Prochazka et al. [Pro19] proposed a novel
method for extracting and vectorizing lane markings. It detected road mark-
ings based on LiDAR reflectance values and represented them using a spanning
tree structure. The vectorization process involved encapsulating each detected
marking within a polygon envelope, offering a precise and detailed representa-
tion. However, while this method effectively captured the approximate spatial
extent of road markings, it did not fully preserve exact contour shapes. An-
other method, introduced by Liu et al. [Liu20], extracted 3D vectors of road
markings from point clouds using a hybrid approach that combined templates
and topology. Landmarks were vectorized using optimized ICP and incremen-
tal convex hull construction. However, template-matching approaches, such as
those used for complex shapes like arrows, were often limited in generalization
due to variability in road-marking conventions.

In summary, existing semantic primitive mapping approaches share several
common limitations across both elevated and road-marking primitives. Many
methods rely on purely geometric characteristics without incorporating seman-
tic information, while others depend on predefined templates or shape models
that restrict generalizability across diverse real-world conditions. Parameter
estimation is frequently performed on a per-frame basis without robust cross-
frame tracking mechanisms, making the resulting maps susceptible to noise and
temporal inconsistencies. Furthermore, few approaches tightly couple multi-
modal sensor fusion with probabilistic parametric modeling to produce com-
pact yet accurate map representations. In contrast, the semantic parametric

16



2.4 Semantic Primitive Mapping

mapping system proposed in this thesis addresses these limitations in a uni-
fied framework for both elevated primitives, including poles, traffic lights, and
traffic signs, and road-marking primitives, such as dashed lines, solid lines,
arrows, and curbs. It combines instance segmentation masks from camera im-
ages with LiDAR point clouds to enable category-aware detection without re-
liance on rigid templates. A dedicated data association module tracks detected
instances across frames, and their parametric representations are jointly opti-
mized in a probabilistic framework, yielding improved robustness, generaliza-
tion, and map compactness for all primitive types.
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3 Fundamentals

3.1 Camera Models

A camera model establishes a mapping between 3D world space and the 2D
image plane. A camera model mathematically defines this transformation, with
the forward model, %; : R3 - R?, projecting 3D world points onto the 2D im-
age plane. Conversely, the backward model, % : R? > R, maps 2D image
points back to 3D space. Unlike the forward model, the backward model does
not provide a unique solution, as depth information is lost during projection.
Instead, it maps 2D image points to viewing rays in 3D space along which the
original 3D points lie. The choice of a camera model depends on application-
specific requirements, such as field of view, distortion handling, mapping pre-
cision, and computational efficiency. Single View Point (SVP) camera models
are a class of camera models that assume a single viewpoint for the entire image,
meaning all light rays entering the camera converge at a single point. In this
thesis, two commonly used SVP camera models are considered: the pinhole
camera model and the spherical camera model.

3.1.1 Pinhole Camera Model

The pinhole camera model is the simplest and most widely adopted camera
model. It is based on the principle that light travels in straight lines, project-
ing 3D world points onto a flat image plane. The camera coordinate system is
defined by an orthogonal X-Y-Z frame, where the camera center is positioned
at the origin. The optical axis aligns with the Z-axis, also referred to as the
principal axis. The image plane is parallel to the X-Y plane, and the princi-
pal point u, = (u,, UC)T is the intersection of the optical axis with the image
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plane. The focal length is denoted as f. A 3D point p = (x, y, z)* in 3D world
is projected onto a 2D image point with coordinates u = (u, v)", represented
in homogeneous coordinates as i = (i, v,1)T. By applying basic geometric
principles, the following relationship is obtained:

y

x
z=f =f , (3.1
u—ug v -,
which can be rewritten in matrix form as the forward camera model:
u | 0 u\(x |
Fex,y,zy=u=|v|=-10 f v.|ly|=-Kp. (3.2)
1) %o o 1)z} *

Here, p represents the 3D point in the world, and K is the camera intrinsic ma-
trix. To obtain the 3D viewing ray from a given 2D image point in homogeneous
coordinates 1, the backward camera model is formulated as:

X u
Fw,v)=p=|y|=zK"|v|=zK"u. (3.3)
z 1

Since the depth z remains unknown, the backward model does not provide a
unique 3D point. Instead, it defines a 3D viewing ray p characterized by a
support point p, and a direction vector pg = K~ lit. The most common choice
for the support point p, is the origin of the camera coordinate system.

3.1.2 Spherical Camera Model

The spherical camera model is employed for cameras with wide fields of view,
such as fisheye cameras. It overcomes the limitations of the pinhole camera
model, which struggles with accurate image projections as the field of view ap-
proaches 180 degrees. The model maps 3D Cartesian coordinates to a 2D spher-
ical coordinate system, effectively handling large distortions while providing a
more accurate representation of image projections in wide-angle scenarios.
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3.2 3D Isometric Transformation

A 3D point p in the world is represented in spherical coordinates using the
azimuth angle ¢ and the elevation angle 8, which define the corresponding 2D
image point s = (¢, )" on the spherical surface. The transformation from
Cartesian to spherical coordinates is given by:

b arctan 2(y, x)
s = <0> = . 3.4
arctan 2 <\/x2 +)2, z)

To obtain final image coordinates, the projection follows the equidistance pro-
jection model. The forward camera model is thus defined as:

u f(=¢)+u,
Fxy.zy=u=|v|=|r(0-3)+v. (3.5)
1 1

By rearranging the forward camera model (3.5), the backward camera model
can be formulated as:

X sin(@) cos(¢)
Fgw,v) =pA) =|y|=1sin(0)sin(¢) | 4, 3.6)
z cos(8)

which maps the 2D image point u to a viewing ray in 3D world space. 4 € R*
denotes the Euclidean distance from the camera coordinate system origin to the
3D point p along the viewing ray.

3.2 3D Isometric Transformation

The 3D isometric transformation characterizes the rigid-body transformation
between two 3D coordinate frames, a concept extensively applied in robotics
and autonomous driving. A 3D isometric transformation:

T® € SEQ3), (3.7)
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describes transformation from coordinate system %, to coordinate system Fg.
Here, SE(3) represents the Special Euclidean group in 3D space, which models
the motion of a rigid body within 3D space. A 3D isometric transformation
can be decomposed into two components: the translation vector tﬁ € R? and
the rotation matrix RE € SO(3). Here, SO(3) denotes the Special Orthogonal
group in 3D space, representing all possible rotations in 3D. Composition of
two 3D isometric transformations is expressed as:

TS = TSTE, (3.8)
To transform a 3D point p, € R from coordinate frame %, A to corresponding
point pg € R3 in coordinate frame g, the following equation is used:

ps = Thp,. 3.9)

3.3 Uniform B-spline

A B-spline is an extension of the Bézier curve. In order to understand B-splines,
it is essential to first comprehend Bézier curves. A Bézier curve is defined
as a weighted linear combination of n + 1 control points, p(c), p?, ..., P§, with
Bernstein polynomials as respective weights:

n

X(f) = Z <’Z> (I=0""pf,0<t <1, (3.10)

i=0

where (n, )T denotes the binomial coefficient and 7 is the independent parame-
ter, which uniquely defines the function once control points are fixed. A Bézier
curve of order n + 1 is defined by n + 1 control points and is a polynomial
of degree n.

In a B-spline, each control point is associated with a corresponding basis func-
tion. In contrast to the Bézier curve shown in Equation (3.10), a B-spline can
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be represented by the following expression:

n
S() =Y Bix(OPS tin <1 <ty (3.11)
i=0

where B \(7) denotes the basis function/Bernstein polynomial of order k + 1,
and ¢ is the range parameter. The non-decreasing sequence of real numbers
(tg, 115 ---»1m), t; < 4, is referred to as the knot vector. Fork = 0,1, ...,n,
k+1-th order B-spline basis functions B; ; (¢) are recursively defined as follows:

I, t;<t<ty,

B. (1) =
i0(®) 0, otherwise

(3.12)

(t—1)B; 1 (1) N (tizx = DBy 1510

B (1) =
' Livk—1 = § Livk = liv1

(3.13)

Bézier curves provide global control, meaning that all control points directly
influence the shape of the curve. In contrast, B-splines offer more localized
control, as each control point affects only a specific subset of the curve, fa-
cilitating the modification of a small section without altering the entire curve.
Additionally, a Bézier curve must pass through its first and last control points,
while a B-spline does not have this restriction.

A B-spline is called a uniform B-spline if knots are equally spaced, which sig-
nificantly improves computational efficiency, as basis functions can be precom-
puted. Uniform B-spline basis functions retain most properties of general B-
spline basis functions, such as non-negativity, local support, partition of unity,
continuity order, linear independence, and symmetry.
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3.4 Nonlinear Optimization

Many problems in robotics and autonomous driving require estimating un-
known parameters, such as sensor poses or map features, from noisy mea-
surements. In general, the number of measurements exceeds the number of
unknowns, and the relationship between them is nonlinear. The goal is to find
the parameter values that best explain the observed measurements, which is
formulated as a nonlinear least-squares problem.

Let x € R" denote the n-dimensional parameter vector to be estimated, and let
rx) = {r,..., rm(x)}T represent the m-dimensional residual vector, where
each residual r;(x) measures the discrepancy between a predicted and an ob-
served measurement. The optimization problem seeks the parameter vector x
that minimizes the sum of squared residuals:

argmin% lr®))>, L<x<U, (3.14)
X

where L and U represent optional lower and upper bounds on X, respectively.
Since r(x) is generally nonlinear in X, this problem cannot be solved in closed
form and is instead solved iteratively.

Tterative linearization. At each iteration, the residual function is linearized
around the current parameter estimate X using a first-order Taylor expansion:

r(x + AX) ~ r(x) + J(x) Ax, (3.15)

where J(x) € R™" is the Jacobian matrix containing the partial derivatives of
each residual with respect to each parameter. Substituting this approximation
into Equation (3.14) yields the linearized subproblem:
argIrAlin% Ir®) + JOAX|?, L<x+Ax<U, (3.16)
X

which is a linear least-squares problem in Ax and can be solved efficiently.
Setting the gradient of Equation (3.16) with respect to Ax to zero yields the
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normal equations:

JT(x) J(x) Ax = —JT(%) r(x). (3.17)
—

~Hessian H

The product H = JTJ approximates the Hessian of the cost function and cap-
tures the curvature of the objective in parameter space. The right-hand side
—JTr(x) is the negative gradient of the cost, pointing in the direction of steep-
est descent. Update of the parameter vector X < X + Ax leads to various op-
timization methods. The most commonly used methods are the Gauss-Newton
method and the Levenberg-Marquardt (LM) method. For a comprehensive
treatment of nonlinear optimization theory, refer to Nocedal et al. [Noc06]. In
this thesis, the Ceres Solver Agarwal et al. [Aga23] is employed to solve non-
linear optimization problems, as it provides efficient implementations of both
LM and robust loss functions.

3.5 Pose Graph Optimization

Pose Graph Optimization (PGO) is a widely used backend framework in SLAM
for globally consistent trajectory and map estimation. The core idea is to rep-
resent the estimation problem as a graph, where the unknown poses are nodes
and sensor-derived constraints between them are edges. By optimizing over
all nodes simultaneously, accumulated drift from sequential odometry can be
corrected, yielding a globally consistent estimate.

Graph structure. In a PGO problem, a pose graph is constructed that com-
prises vertices and edges. Vertices represent poses Ti € SE(3) to be estimated,
typically associated with keyframes at discrete time steps. Edges encode con-
straints between poses, derived from various sensor sources:

e GNSS: provides absolute position measurements in a global coordinate
system, anchoring the trajectory to a known reference frame.

e Odometry: provides relative motion estimates between consecutive
poses, derived from sources such as IMU preintegration, wheel encoders,
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or visual or LiDAR scan matching. These constitute the dominant source
of edges in most SLAM systems.

e Loop closure: provides relative constraints between non-adjacent poses
that correspond to the same physical location, visited at different times.
Loop closures are critical for correcting long-term drift.

Constraint residuals. Each edge encodes a constraint as a residual between the
measured and the estimated relative or absolute transformation. Two primary
types of constraints are distinguished: absolute and relative. For an absolute
constraint, such as a GNSS measurement Ti for pose ’i‘i, the residual is:

r,=T,0T, (3.18)

where © denotes the pose difference operator on SE(3), returning the Lie alge-
bra element (i.e., a 6-dimensional error vector) corresponding to the difference
between the two poses. For a relative constraint between poses Ti and Tj, the

residual compares the measured relative transformation TJI against the relative
transformation inferred from the estimated poses:

r=Te (Tj—l T) (3.19)

where ’i‘j'l Ti is the relative transformation from pose j to pose i as implied
by the current estimates. A non-zero residual indicates a discrepancy between
the measurement and the current pose estimates that the optimizer will seek
to reduce.

Role of loop closure. Without loop closure, small per-step odometric errors
accumulate over time, causing the trajectory to drift and resulting in globally
inconsistent maps. Loop closure detection identifies previously visited loca-
tions and introduces constraints between non-adjacent poses. These constraints
allow the optimizer to distribute accumulated drift across the entire trajectory,
yielding a globally consistent estimate.
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As discussed in Section 2.1, Section 2.2, and Section 2.3, the most commonly
used Simultaneous Localization and Mapping (SLAM) optimization backend
method is the pose graph optimization (PGO) algorithm. However, a pose
graph is constructed using time-discrete poses, and poses are estimated by opti-
mizing the pose graph. This time discretization presents challenges in utilizing
time-asynchronous measurements and measurements with varying acquisition
rates. Moreover, it becomes difficult to estimate velocities and accelerations in
a smooth and continuous manner from time-discrete poses. Another disadvan-
tage of the PGO algorithm is that the number of parameters to be optimized is
proportional to the number of poses, which increases both the complexity and
computational cost of the optimization problem.

To address these shortcomings, this thesis employs a continuous-time trajectory
representation as an optimization backend in the SLAM system. This represen-
tation possesses the following key properties:

e Time Continuity and Differentiability: It ensures time continuity to
model motion, along with first- and second-order differentiability to im-
plicitly model velocities and accelerations.

e Reasonable Parameterization: A reasonable parameterization is em-
ployed to ensure usability in the optimization process while minimizing
the complexity of parameterization.

e Local Support: Measurements should only influence motion estimation
within a local range where they have physical relevance.

In this chapter, a continuous-time SLAM approach is presented, which uti-
lizes a continuous-time trajectory representation as an optimization backend
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method. Based on existing literature, B-spline curves are identified as an ap-
propriate method for this purpose. To manage complexity, uniform B-splines
are used to model continuous-time trajectory. Given that translation and rota-
tion components of a 3D isometric transformation are physically independent
and can be parameterized separately, two uniform B-splines are employed to
model continuous-time trajectory: one for translation t(f) = S(¢) and one for
rotation R(#) = Sgp(®).

This uniform B-spline-parameterized trajectory allows for smooth and continu-
ous estimation of motion poses, as well as linear and angular velocities and ac-
celerations. Conversely, this representation also enables the construction of ac-
curate and effective measurement models to estimate the trajectory from pose,
velocity, and acceleration measurements.

The structure of this chapter is as follows: Spatial rotation parameterization
methods are discussed in Section 4.1.1. A uniform B-spline-based continuous-
time trajectory, as an optimization backend method for SLAM, is introduced
in Section 4.1.2. Time derivatives of uniform B-splines, which are intro-
duced in Section 4.1.3, are used to estimate linear and angular velocities and
accelerations from the continuous-time trajectory. The axis-angle represen-
tation, selected as the rotation parameterization method, and the conversion
between axis-angle representation and rotation matrix are discussed in Sec-
tion 4.1.4. The time derivative of the axis-angle representation is discussed in
Section 4.1.4 as one of the main contributions of this thesis. Different sensor
measurement types, including GNSS, IMU, camera, and LiDAR, are intro-
duced in Section 4.2, and measurement models for these sensors are discussed.
A LiDAR point cloud-based loop-closure method, presented in Section 4.3, is
used to close loops and correct for drift in the continuous-time trajectory from
bundle adjustment motion estimation. Based on continuous-time trajectory
theory and measurement models for various sensors, the continuous-time
bundle adjustment algorithm is presented in Section 4.4.
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4.1 Continuous-Time Trajectory

4.1.1 3D Isometric Transformation Parameterization

As outlined in Section 3.2, a 3D isometric transformation T/]i consists of two
components: the translation ti and the rotation R/li. The translation ti repre-
sents the displacement of the origin of the coordinate system and can be easily
parameterized as a 3D vector in Euclidean space:

t/]_3\ =(x,y, z)T. 4.1

A 3D point p4 in coordinate system &, can be translated to point pg in coor-
dinate system g using the equation:

Ps =Ppa +1h. 4.2)

In contrast to translation, rotation is more complex and can be parameterized in
various forms, such as rotation matrices, Euler angles, quaternions, and axis-
angle representations. Each of these methods has its advantages and disadvan-
tages, which are discussed in the following subsections.

Rotation Matrix

A rotation matrix Ri is a 3 X 3 matrix that transforms a vector from coor-
dinate system &%, to coordinate system Fg. In a geometric interpretation, it
describes the orientation of coordinate system &, relative to 5. Using the
rotation matrix, a 3D point p, in coordinate system &, can be rotated to point
Pg in coordinate system Fp according to the equation:

ps = R3p,. (4.3)
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The rotation matrix is a special orthogonal matrix, and the set of all 33 rotation
matrices forms the Special Orthogonal group SO(3):

SO@3) = {R € R¥3 | RTR = I, det(R) = 1}. (4.4)

A rotation matrix is straightforward to interpret, and point transformation is
simple to compute. However, since a 3 X 3 matrix with 9 parameters is used
to describe a rotation with three Degrees of Freedom (DoF), it is redundant.
Moreover, the matrix must satisfy the constraints of the Special Orthogonal
group SO(3), which increases the complexity of optimization problems.

Euler Angles

Euler angles define rotations about three axes X, Y, and Z of a fixed coordinate
system. However, the order in which rotations are applied is not unique, leading
to different conventions. For instance, in aerospace applications, the roll-pitch-
yaw convention is commonly used, where roll corresponds to rotation about the
X -axis, pitch about the Y-axis, and yaw about the Z-axis. The corresponding
rotation matrix is then calculated as:

R =R ()R, (AR, (o), (4.5)

where R, (7), R,(f), and R, (a) represent rotation matrices around the Z-, Y-
, and X-axes, respectively. Euler angles are relatively easy to understand and
interpret, requiring three parameters to describe a rotation with three DoF with-
out redundancy. However, they suffer from issues such as non-uniqueness in
axis rotation order and the gimbal-lock problem, which occurs when two axes
become aligned, leading to loss of one DoF. As a result, Euler angles are pri-
marily used in specific applications where the rotation convention is fixed and
the gimbal-lock issue can be avoided. For general 3D rotations, Euler angles
are less suited for optimization tasks.
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Quaternion

Quaternions provide a more compact representation of 3D rotation than rota-
tion matrices and are free from singularities, unlike Euler angles. The main
drawback is the lack of intuitive interpretation. A quaternion q consists of a
real part g, and an imaginary part q, = (qy. g, qZ)T:

q=4q,+qi+q,j+qk (4.6)

where i, j, and k are the imaginary units. For a 3D point p and quaternion q,
the rotated point p’ is computed as:

P =qpq". (4.7)

A quaternion uses four parameters to describe a rotation with three DoF, result-
ing in redundancy. The four parameters must satisfy the unit-norm constraint:
q'q = 1, which adds complexity to the optimization process. To address this,
an additional local parameterization of the quaternion is introduced during op-
timization to ensure that the unit-norm constraint is maintained.

Axis-Angle

Axis-angle representation is a compact and singularity-free method for describ-
ing rotations. The axis-angle representation ¢ = ye consists of two parts: the
unit vector e representing the rotation axis and the angle y representing the
rotation about e. To convert from axis-angle to rotation matrix, Rodrigues’
rotation formula is used:

R = I + sin(y)A + (1 — cos(y))AZ, (4.8)

where A is the skew-symmetric matrix of the unit vector e = (e, ey, e):

0 =—e, e
A=le, 0 —e]. (4.9)
—e, e, 0
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Axis-angle representation requires three parameters to describe a rotation with
three DoF, with no redundancy. Unlike rotation matrix and quaternion repre-
sentations, it does not impose any implicit constraints. These attributes make
the axis-angle representation particularly well-suited for optimization tasks,
such as bundle adjustment and PGO problems.

4.1.2 Continuous-Time Trajectory Representation

Based on the advantages and disadvantages of the various 3D rotation parame-
terization methods discussed in Section 4.1.1, axis-angle is chosen as the rota-
tion parameterization for modeling the continuous-time trajectory.

Each axis-angle coordinate ¢ represents a unique rotational movement, with
every rotation having a corresponding distinct axis-angle representation. This
property makes the axis-angle method highly suitable for continuous-time tra-
jectory modeling. Moreover, continuous rotational movement is also contin-
uous in axis-angle space, enabling an excellent approximation of real-world
motion when combined with continuous uniform B-splines.

Additionally, using Rodrigues’ formula Equation (4.10), rotational movements
can be easily determined from axis-angle vectors. Through the time derivatives
of uniform B-splines in the axis-angle representation, both angular velocity and
acceleration can be estimated. Rodrigues’ formula provides an efficient algo-
rithm to compute the exponential map from the Lie algebra so(3) to the rotation
group SO(3):

R = I + siny/[el, + (1 — cosy)[e]2, (4.10)
where
0 —@3 @
lely :=| @3 0 —@;| e Skew; “4.11)
—¢2 P 0

is the skew-symmetric matrix of vector e, such that [e],b = e X b for all vectors
e = (9,0, (Pg)T and b € R3. The matrix I, represents the identity matrix.
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The axis-angle representation ¢ := we is a compact and natural representation
of rotation described in terms of its geometric components. Rodrigues’ formula,
Equation (4.10), is a closed-form expression of the exponential map:

(o4 o0 k
R =exp([oly) := Z %[(p]’; = %[e]’;. (4.12)
k=0 " k=0 °

4.1.3 Derivatives of Uniform B-Splines

Uniform B-splines are utilized as an optimization backend in SLAM to incorpo-
rate pose, velocity, and acceleration measurements, requiring first and second
derivatives of uniform B-splines. To derive uniform B-splines S(¢), it suffices
to compute the derivatives of the basis functions B; (#), as the control points are
constants. Based on the definition of the basis functions in Equation (3.13), the
computation of first- and second-order time derivatives of the basis functions
can be summarized by the following two equations:

dBix(®)  Bix1(®) Biyix-1(0)

- _ 4.13)
dt (gx—1 — 1) (i — tig1)

By () dBy (1) _ 4Biyi g1 ()
d?t (tigoy =)t (g — ti)dE

(4.14)

where i is the index of control points, k is the order of the uniform B-spline, ¢
is the time variable, and ¢, is the i-th time knot.

The order of the uniform B-splines must be selected appropriately. To make use
of all measurements, including accelerations, in the SLAM system, uniform B-
splines should be second-order time-differentiable. To satisfy this condition,
uniform cubic B-splines are chosen, implying that the parameter k£ in Equa-
tion (4.13) and Equation (4.14) should be set to 3.
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4 Continuous Time SLAM

4.1.4 Time Derivatives of a 3D Rotation

As described in Section 4.1.2, to estimate velocities and accelerations from a
uniform B-spline-modeled continuous-time trajectory, not only the time deriva-
tives of the uniform B-spline but also the time derivatives of the rotation repre-
sentation are required. For the translation component, linear velocities can be

2
estimated as: v = g—: and linear accelerations as: a = % from the translation

coordinate vector t = (x, y, z)T.

In contrast to the straightforward estimation of linear velocity v and acceleration
a, the estimation of angular velocity w and angular acceleration @ with respect
to the axis-angle ¢ is more complex and computationally intensive. Although
formulas exist to express the derivative of the exponential map in general Lie
groups [Hel62, Hal10], this thesis uses the analytical formula from Gallego et
al. [Gall5], which computes the time derivatives of the rotation matrix R(¢)
with respect to the axis-angle @ in a relatively simple manner. The derivative
of R(p) = exp([@ly), as described in Equation (4.12), with respect to its axis-
angle coordinates @ = (¢, @,, @3)" can be formulated as:

OR _ ¢ilolx + o X g — R)b;],
0p; el

R, (4.15)

where b; denotes the i-th vector of the standard basis in R?, and I is the 3 x 3
identity matrix. As ¢ — 0, Equation (4.15) cannot be used directly, requiring

approximations. Following Gallego et al. [Gall5], by making use of the facts
thatlim,,_,g R = Iy and lim,_,o ﬁ = —[e],, the derivative at the identity can
be derived by computing the limit as ¢ — 0:

i JR . (@i[e]x + [e X (I; — R)b;] >

im — = lim R

=0 0p; 90 lloll?
= (pi[e]x - [e X ([e]xbi)]x (416)
= [pie — [elxb;]y
= [bi]X'
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4.1 Continuous-Time Trajectory

Using the axis-angle @ and uniform B-splines in Equation (3.11), the first- and
second-order time derivatives (il—‘f and ‘:]27‘2" can be calculated from the rotation
uniform B-spline Sg. These derivatives, combined with Equation (4.13) and
Equation (4.14), enable the estimation of angular velocity and acceleration. The

angular velocity @ can be computed as:

w = dS—R = i —dBi’k(t) N

4.17
&t A a P “4.17)
i=0
The angular acceleration @ is given by:
_dSp ¢ PBO
0= =) Tt (4.18)

i=0
where piC are control points of the uniform B-spline.

Additionally, the relationship between the first-order derivative of the rotation
matrix R and the skew-symmetric matrix of the angular velocity w can be ex-
pressed as:

dRpi _ dR

o < RT, (4.19)

(o], =
which allows the angular velocity w to be easily computed from the rotation
matrix R and its first-order time derivative %. The angular acceleration @ can

be calculated from the rotation matrix R, its first-order time derivative %, and

o

its second-order time derivative iz using the following equation:

2
[l = IR+ S (

dR\T
- o ) . (4.20)

dr

By combining Equation (4.15) with Equation (4.19), the angular velocity
can be calculated from the following equation:
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[w]

_dRpr_ [aR IR aR] dogr. 4.21)

T odr 09, 09, 03| dr
Now, the angular velocity w is derived as a function of the rotation matrix R and
axis-angle coordinates ¢, which can be easily estimated from the uniform B-
spline Sg. As the main contribution, Equation (4.21) serves as a measurement
model for angular velocity measurements from IMU sensors. Since no sensors
are used in this thesis to measure angular acceleration, Equation (4.20) is not
utilized to create a corresponding measurement model.

4.2 Measurements

After introducing the uniform B-spline-based continuous-time trajectory
SLAM optimization backend, the following sensor measurements, which are
used in the SLAM algorithm for this thesis, are presented:

e GNSS: Global positioning information.
e IMU: Linear acceleration and angular velocity.
e Camera: 2D image feature-point matches.

e LiDAR: 3D point cloud voxel feature matches.

4.2.1 Global Navigation Satellite System

GNSS is a satellite-based system that provides global positioning data. The ba-
sic principle behind GNSS systems is to calculate the distance between satellites
and receivers by measuring the time difference between when signals are sent
by satellites and when they are received by receivers. Using distance informa-
tion from at least four satellites, receivers can determine their position.

GNSS sensors are typically affordable and robust, making them suitable for use
in various weather and lighting conditions. Due to their ability to provide global
position, GNSS sensors are integrated into SLAM systems to geo-reference
mapped local areas to the global coordinate system. However, their accuracy
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4.2 Measurements

is limited, particularly in urban or forested areas where buildings or trees can
obstruct signals. In extreme cases, such as in tunnels, GNSS signals may be
completely unavailable. Because of their limited accuracy, GNSS measure-
ments are not used as primary inputs but rather as reference measurements for
globally adjusting mapped areas in SLAM systems.

4.2.2 Inertial Measurement Unit

IMU sensors typically consist of three accelerometers and three gyroscopes,
enabling them to measure motion in 3D space. Unlike GNSS sensors, IMU
sensors do not rely on external signals, which makes them valuable in envi-
ronments where GNSS signals are unavailable, such as tunnels. IMU sensors
work by measuring the linear acceleration and angular velocity of objects using
their inertia. The measurements provided by IMU sensors are linear acceler-
ation a = (ay, ay, a,)" and angular velocity @ = (w,, ®y, ®,)', both of which
are expressed in the sensor-fixed local coordinate system.

IMU sensors are known for their robustness, making them suitable for use in
demanding environments. Additionally, the high measurement frequency of
IMU sensors allows for real-time applications, such as in drones, robots, or
autonomous vehicles. However, to incorporate IMU measurements into SLAM
systems, they need to be integrated into translation and rotation measurements.
During this integration process, errors accumulate, which can lead to a gradual
decrease in measurement accuracy over time.

In this thesis, IMU measurements are directly used, leveraging the uniform B-
spline-based continuous-time trajectory optimization backend. The high mea-
surement frequency contributes to creating smooth and optimal trajectories in
continuous time, enhancing the overall performance of SLAM systems.

4.2.3 Camera Feature Points

Camera sensors are among the most essential sensors in computer vision and
SLAM systems. Like GNSS and IMU sensors, cameras are passive sensors,
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4 Continuous Time SLAM

meaning they do not emit any signals to the external environment. The map-
ping process from 3D world to 2D images is discussed in Section 3.1. However,
unlike GNSS and IMU sensors, cameras capture significantly more information
about the environment through 2D image pixels. By applying specific detec-
tors and descriptors, distinctive 2D image points can be identified and matched
across different images, which can then be used to estimate both camera poses
and 3D point coordinates simultaneously. These image points are referred to as
feature points or keypoints, and methods for detecting and describing them are
known as feature point detectors and feature point descriptors, respectively.

Numerous feature point detectors are available, such as the Harris corner de-
tector, the FAST corner detector, the SIFT detector, the SURF detector, and
the ORB detector. In this thesis, images are discretely convolved with blob
and corner detection masks to detect feature points. Once feature points are
detected, a descriptor is applied to characterize each point, and these descrip-
tors are used to match feature points between different images. Many feature
descriptors exist, including SIFT, SURF, ORB, and BRIEF descriptors. For
this thesis, DIRD is employed as the feature descriptor. The DIRD descriptor
is a learned combination of multiple descriptors, providing robust and reliable
representation of feature points.

The process of matching feature points across images, also known as the associ-
ation process, involves finding corresponding feature points in different frames.
This matching is typically performed by comparing the feature descriptors of
detected points. Several distance metrics can be used for comparison, such as
Euclidean distance, Mahalanobis distance, Hamming distance, or cosine simi-
larity. To correctly identify corresponding feature points, the distance between
feature descriptors should be minimized. Based on the feature-point matching
results, feature-point tracklets can be constructed. A feature-point tracklet is
a set of associated feature points, each detected in different images but corre-
sponding to the same 3D point in the real world. Using the estimated feature-
point tracklets, a residual cost function can be constructed to jointly estimate
the camera poses and 3D point coordinates.
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4.2 Measurements

Feature-point-based methods are chosen over direct methods in this thesis for
several reasons. Feature points provide a compact scene representation, reduc-
ing optimization complexity compared to dense pixel-based methods. Feature
descriptors are robust to photometric and viewpoint changes, and the reprojec-
tion error yields a geometrically well-defined cost that enables efficient sparse
optimization. In contrast, direct methods rely on photometric consistency, an
assumption frequently violated in outdoor driving due to changing illumination
and fisheye camera vignetting.

Residual Construction and Pose Optimization

As described in Section 3.4, the estimation of camera poses and 3D point co-
ordinates is formulated as a nonlinear optimization problem. The residual cost
function used in this thesis is the reprojection error, which involves the camera
models. To solve this nonlinear optimization problem, the LM method, out-
lined in Section 3.4, is applied:

5 1 2
X = argmin 3 lr)llg » (4.22)

where X is the optimized parameter vector, including both the camera poses
and 3D point coordinates, r(x) is the reprojection error residual, and € is the
information matrix, which weights the residuals.

A commonly used approach to estimate camera poses and 3D point coordinates
from associated feature-point tracklets is bundle adjustment. A landmark I; in
3D space corresponds to a set of image feature points, Z; = {z, ..., %, ..., Z,}.
The image point z; originates from the image I, which was captured by the
camera with intrinsic matrix K;. The camera pose at the time the image I; was
taken is denoted as T;. Thus, the reprojection error for each feature point in the
image can be expressed as:

r, =z — m(K T '), 4.23)
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where I; represents the 3D feature-point coordinates, and x; is the projection
function derived from the camera model. The reprojection error r,, is the dif-
ference between the detected feature point z; and the projected feature point,
(KT,

The objective of the bundle adjustment algorithm is to minimize the repro-
jection error r, for all feature points z;. Combining the reprojection error
from Equation (4.23) with the nonlinear optimization cost function in Equa-
tion (4.22), the bundle adjustment problem can be expressed as:

|Z|

I,% =arg mm (4.24)

j 1z,€Z.

Here, 9 represents the optimized set of camera poses, and & is the set of
optimized feature point coordinates. The goal is to minimize the reprojection
error r, for all corresponding feature point sets Z;. Each reprojection error r,,
is associated with a weighting matrix €, € R>%2,

4.2.4 LiDAR Point Cloud

The LiDAR sensor is an active sensor that uses laser beams to measure the dis-
tance between the sensor and objects, making it suitable for use in low-light
conditions, including at night. Unlike camera-based systems, which require at
least two cameras with a known baseline to estimate the 3D position of feature
points, the LIDAR sensor can directly provide depth information from a single
scan. LiDAR sensors generate 3D point clouds that are highly accurate in terms
of depth. To achieve results similar to image feature point detection, descrip-
tion, and matching, we introduce the process of point cloud voxelization and
feature extraction in the following sections.
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Voxelization

Voxelization is a process that discretizes 3D point clouds into 3D voxels, re-
ducing their dimensionality and noise, thus making feature extraction more ef-
ficient and robust. In addition, the 3D world often contains regular structures
such as edges and planes, which are typically represented by multiple points
rather than a single point. This characteristic makes voxelization particularly
effective for detecting such structures. To optimize the voxelization process, a
tree data structure, such as an octree, is commonly used. With an octree, voxel
sizes can be multi-scale and adaptively adjusted based on the distribution of
points within each voxel, improving both efficiency and accuracy.

Feature Extraction and Association

Before feature extraction can take place, ground points must be identified and
separated from the rest of the point cloud, as they form a structurally distinct
surface category that would otherwise interfere with edge and plane feature fit-
ting. From the remaining non-ground points, two main types of features are
then extracted: edge features and plane features. Following the LOAM frame-
work [Zhal4], points are classified solely by local surface curvature — high-
curvature points form edge features, while low-curvature points form plane
features — as these two categories are geometrically stable, widely present in
structured environments, and together sufficient to constrain all six degrees of
freedom of the sensor pose.

To extract ground points, we use the ground surface estimation method pro-
posed by Wirges et al. [Wir21]. Initially, a simple pass-through filter is ap-
plied to remove points that lie within a certain height range relative to the cal-
ibrated ground plane. Next, the surface estimation method is applied to refine
the ground surface model, using the filtered points near the ground plane as
input. The ground surface is represented by a continuous 2D uniform B-spline
surface, providing a smooth and accurate representation of the ground. Points
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that lie within a specified threshold distance from the estimated ground sur-
face are defined as ground points, while the remaining points are considered
non-ground points. In this thesis, the distance threshold is set to 0.2 m.

Once the ground point cloud has been separated, edge and plane features are
extracted from the remaining non-ground points. The non-ground points are di-
vided into two separate point clouds: the edge point cloud and the plane point
cloud. Subsequently, voxel maps for both the edge and plane features are gen-
erated from the respective point clouds.

To separate edge and plane points, the LIDAR sensor model is used to transform
the 3D point cloud into a range image: a 2D representation where the x-axis
denotes the azimuth angle and the y-axis corresponds to the elevation angle.
Examples of the mapped range images are shown in Figure 4.1 for two LiDAR
sensors: the Velodyne LiDAR (64 layers) used in the KITTI dataset and the
Velodyne Alpha Prime LiDAR (128 layers). Once the range image is generated,
the curvature of the points can be computed based on the neighboring points
within the image. Using the calculated curvature and heuristic thresholds, edge
and plane point clouds are distinguished. This separation technique, introduced
by Zhang et al. [Zhal4], relies on the principle that if a point’s curvature exceeds
a predefined threshold, it is classified as an edge point; otherwise, it is classified

(b) Velodyne 128-channel LiDAR sensor.

Figure 4.1: Range image examples using two LiDAR sensors. The upper gray image shows the
reflected intensities, while the lower color image is provided for better visualization.
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as a plane point. An example of the accumulated edge, plane, and ground point
clouds is illustrated in Figure 4.2.

After the edge and plane points are separated, they are mapped into 3D voxels
individually. For each voxel, a Gaussian distribution is fitted, and the mean and
covariance of the points within that voxel are computed:

ﬂi=% ij

PiE7;

1
i = — Z ®; — 1) — )",
" PiE7;

(4.25)

[\l
Il

where m represents the number of points in the 3D voxel 7;. The mean y;
and covariance X; are used to classify the type of feature for each 3D voxel.
Figure 4.3 demonstrates an example of the LiDAR feature extraction, where the
3D voxels are color-coded to represent edge (yellow) and plane (blue) features.

To accumulate the non-ground point clouds, the Normal Distributions Trans-
form (NDT) method is employed to estimate ego-motion. The voxelization

(a) Accumulated edge point cloud.

(¢) Accumulated ground point cloud.

Figure 4.2: Example of accumulated edge, plane, and ground feature point clouds.
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process is applied to the accumulated non-ground point clouds, and separate
feature maps for edge and plane points are generated. Since the original Li-
DAR point cloud frame information is preserved, edge and plane feature voxels
can be associated across different LiDAR point cloud frames.

Residual Construction and Pose Optimization

Once the voxelization and association processes are complete, edge and plane
voxel features are generated, which can then be utilized to construct the bundle
adjustment residual functions that are crucial for estimating the LiDAR sensor
poses. There are two primary approaches to building these residual functions:
the point-to-primitive residual function and the primitive-to-primitive residual
function. The following sections discuss the construction of residual functions
for a single feature voxel 7;.

Regardless of the type of residual function used, the basic idea is to first select
a master frame for the voxel 7}, from which edge or plane features can be fitted
using the Gaussian distribution parameters of the LiDAR points. The distance
calculation differs depending on whether a point-to-primitive or primitive-to-
primitive residual function is applied.

Figure 4.3: LiDAR feature extraction using 3D voxels: the yellow voxel represents an edge feature,
while the blue voxel represents a plane feature.
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In the point-to-primitive residual function, the distance is computed between
LiDAR points from non-master LiDAR point cloud frames and the edge or
plane fitted from the master frame. For edge voxel features, the mathematical
formulation of the point-to-primitive residual function is expressed as:

rpoint,edge = Q(nman)(Tanpnm - pm,c)’ (426)

where r represents the residual vector, p,,, is a LIDAR point from a non-master
LiDAR point cloud frame, and Q is the weighting matrix. Ty, is the transfor-
mation from the non-master to the master LIDAR point cloud frame, which can
be computed by the poses using the following equation:

™ =TT, . (4.27)

P and ny, are the center and orientation of the fitted edge in the master frame,
respectively. The vector (T, — P o) represents the displacement from the
edge center to the LiDAR point, while (n,n,,") is the covariance matrix of
the edge orientation. For plane voxel features, the point-to-primitive residual
is formulated as:

rPOint,plane = Q(Id - nman)(T;nmpnm - pm,c)7 (4.28)

where 1 is the 3 X 3 identity matrix.

For the primitive-to-primitive residual error function, an edge or plane is first
fitted to LiDAR points from other associated LiDAR point cloud frames, in
addition to the master frame. The residual function is then constructed based
on the distance between the fitted edge or plane from the master frame and the
fitted edge or plane from other associated frames. For edge voxel features, the
primitive-to-primitive residual function includes both distance and orientation
residuals, which can be formulated as:

— T m
rprimitiw:,edgf:,dist - ‘Qdist(nmnm )(Tnmpnm,c - pm,c) (4 29)

_ m
rprimitivc,edge,orie - Qorie(annnm - nm)’
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where p,,, . and n,,,, are the center and orientation of the fitted non-master edge,
respectively. R]}, is the rotation from the non-master to the master frame, and
Qgise and ;. are weighting matrices for distance and orientation residuals.

For plane voxel features, the primitive-to-primitive residual function is analo-
gous to that of the edge voxel feature, and it can be expressed as:

— T m
rprimitive,plane,dist - Qdist(Id — Ny, )(Tnmpnm,c - pm,c) (4 30)
— m ’
- Qorie(annm‘n - nm)’

rprimitive,plane,orie
Each method has its advantages and trade-offs. The point-to-primitive resid-
ual function generally offers higher accuracy because it utilizes all individual
LiDAR points. However, this comes at the cost of higher computational com-
plexity due to the large number of residuals. On the other hand, the primitive-
to-primitive residual function has lower computational cost since it operates
on fewer residuals. However, their accuracy is compromised because the fit-
ted edge or plane from the non-master LiDAR point cloud frame may not be
as precise as that from the master frame due to a smaller number of LiDAR
points, and it only considers the distance between fitted primitives. In this the-
sis, during the offline SLAM process, the point-to-primitive residual function
is preferred to achieve better motion estimation accuracy.

4.3 Loop Closure

Loop closure detection plays a critical role in SLAM systems to mitigate pose
drift by identifying previously visited locations. This work employs the ISC
method [Wan20], which projects LIDAR points onto a 2D polar grid map where
the number of points and their aggregated intensities within each grid cell form
representative context descriptors. Two examples of ISC mapping are presented
in Figure 4.4. Loop closure candidates are detected when the similarity between
ISC maps (computed using normalized cross-correlation or cosine similarity)
exceeds a predefined threshold. To enhance robustness, only candidates tracked
across a specified number of consecutive frames are considered valid.
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(b) Velodyne 128-channel LiDAR sensor.

Figure 4.4: ISC mapping examples of LiDAR point clouds. The intensity map is presented on the
left, while the color visualization is displayed on the right.
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4.4 Continuous-Time Trajectory Bundle
Adjustment

As motivated in Section 2.3, discrete-time PGO struggles with asynchronous,
heterogeneous sensor streams and cannot express velocities or accelerations
as continuous quantities. Bundle adjustment over a continuous-time B-spline
trajectory addresses these shortcomings: it jointly optimizes all sensor mea-
surements in a unified cost function, incorporates GNSS, IMU, camera, and
LiDAR data at their native timestamps without explicit synchronization, and
models IMU measurements directly as trajectory derivatives, suppressing inte-
gration drift. For these reasons, continuous-time trajectory bundle adjustment
is adopted as the core optimization backend of the proposed SLAM system.

In Section 4.1, the continuous-time trajectory is introduced, where position
tt) = {x,y,z}T and axis-angle representation @(t) = {@;, @,, (p3}T are uti-
lized for modeling. For a more compact representation, position and axis-angle
are combined into a 6D state vector, denoted as X(¢) = {x, y, z, @1, 3, @3 3T
The symbol S is employed to denote the continuous-time trajectory, which con-
sists of two uniform B-splines: S = {S;, Sg}, where S; represents the transla-
tional part and Sy represents the rotational part.

In Section 4.1.3 and Section 4.1.4, the time derivatives of the uniform B-spline
and axis-angle are derived. Using these time derivatives, from the continuous-
time trajectory, translation t(¢), rotation R(?), linear velocity v(t), linear acceler-
ation a(r), angular velocity w(), and angular acceleration @(f) can be efficiently
computed from the trajectory S(z). As part of the estimation process, sensor
measurements are also utilized to adjust the trajectory S(#). This adjustment
process is referred to as continuous-time trajectory bundle adjustment.

Sensor measurement models for pose difference measurements, IMU measure-
ments, camera feature-point measurements, LiDAR voxel feature measure-
ments, loop closure measurements, and GNSS measurements are introduced.
Based on these models, a cost function incorporating all types of measurements
can be constructed, which, when minimized, yields optimal adjustment of the
continuous-time trajectory to best satisfy the measured constraints.
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4.4.1 Pose Measurement Model
Pose Measurement

Pose T(¢r) = {t(r), R(#)} at a given time ¢ can be estimated as follows:
T(@®) = {t(1),R(0)} = {S¢(1), exp(Sr())}, 4.31)

where the rotation R(?) is derived from the axis-angle representation ¢(¢) using
the exponential map as described in Equation (4.12). To construct the resid-
ual function for the pose measurement model, the pose difference between the
estimated pose ’i‘(t) and the measured pose TG is computed as:

ry = QT@) 6 T()). (4.32)
Here, Q is the weighting matrix, and © denotes the pose difference operator.
Pose Difference Measurement

To incorporate pose difference measurements from initial odometry or loop
closure results, the residual function is formulated as follows:

rar = QT2 0 T2). (4.33)

In this case, TE represents the pose difference from timestamp ¢, to #, as es-

timated from the continuous-time trajectory, and Tt? represents the measured
pose difference from timestamp #; to ?,.

GNSS Global Position Measurement

As a specific case of the pose measurement model, the GNSS measurement
model represents the translation component of the pose, where the GNSS global
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position measurement £(¢) can be used to define the residual function:
r, = Q@) — t()). (4.34)

Here, t(¢) refers to the estimated translation at time ¢ from the continuous-time
trajectory S(f) to be optimized.

Camera Feature Point Measurement

As a result of the image feature matching process outlined in Section 4.2.3,
a feature point tracklet Z = {z,...,%;,...,Z,} is generated, which can be
used to formulate the residual function. The image pixel reprojection error,
which was discussed in Section 4.2.3 for camera pose estimation, is employed
in the camera feature point measurement model to derive the residual function.
By combining the reprojection error presented in Equation (4.23) with pose
estimation from the continuous-time trajectory S(f) as given in Equation (4.31),
the residual function is expressed as:

ro = Qz — m (K {Sy(1), Sg()}]'1)). (4.35)

In this equation, z; represents the image coordinate of the i-th camera feature
point, and =; is the reprojection function based on the camera model. Ki_1
denotes the inverse of the camera intrinsic matrix corresponding to feature
point z;, while I; represents the 3D point in the camera coordinate system. The
term {S(?), SR(t)}_l indicates the inverse pose at timestamp ¢ derived from the
continuous-time trajectory S(¢), which is subject to optimization.

LiDAR Feature Voxel Measurement

Analogous to the image pixel reprojection error function, LiDAR voxel fea-
ture distances, as introduced in Section 4.2.4, are utilized to define the Li-
DAR measurement residual function. By combining pose estimation from the
continuous-time trajectory S(¢), as described in Equation (4.31), with LiDAR

50



4.4 Continuous-Time Trajectory Bundle Adjustment

voxel feature distances from Section 4.2.4, the residual function can be for-
mulated. The LiDAR voxel feature distance comprises two types: edge voxel
feature distance, as presented in Equation (4.26) or Equation (4.29), and LiDAR
plane voxel feature distance, as shown in Equation (4.28) or Equation (4.30).
For compactness, r; is used to symbolize the LiDAR voxel feature residual
function:

S(t,,) and S(t,,,) represent the estimated poses from the continuous-time tra-
jectory at timestamp ¢, corresponding to the pose of the master LIDAR point
cloud frame, and timestamp 7, corresponding to the pose of the non-master
LiDAR point cloud frame, respectively. The function (T, T,) is employed to
compute the LIDAR voxel feature residual between poses T and T,.

4.4.2 Velocity and Acceleration Measurement Model

In Section 4.1.3, the first and second-order time derivatives of the uniform B-
spline basis function are presented in Equation (4.13) and Equation (4.14). The
state vector for the translation part of the continuous-time trajectory, S(f), con-
sists of 3D Cartesian coordinates t(f) = {x, y, z}T, and linear velocity v(t) and
linear acceleration a(¢) can be readily estimated from the continuous-time tra-
jectory S(¢) using the following estimator:

_dt@) dS¢(1)
v = dr  dr
d Yo Bix(O)pS
= T, 4.37)

! dBl k(t)

=2

where p¢ represents the 3D translation control point of the uniform B-spline

S¢(®), and % denotes the first-order time derivative of the uniform B-spline
basis function, which can be calculated using Equation (4.13). Similarly, linear
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acceleration a(f) can be estimated using:

Pty 4’8,

a(r) = =
® dr? dr?
B YL, B; (P! .
dr? ' '
~ Z B lka)
B (@) . . .. . . .
where —5— is the second-order time derivative of the uniform B-spline basis

function, which can be calculated using Equation (4.14).

To estimate angular velocity w(¢) and angular acceleration @(¢) from the
continuous-time rotation trajectory Sg(#), the time derivative of the uniform B-
spline Sk (¢) must first be computed. However, unlike the intuitive calculation
of linear velocity v(¢) and linear acceleration a(f) from the translation vector
t(t), angular velocity w(?) and angular acceleration @(f) cannot be directly
computed from the axis-angle @(¢), but rather from the rotation matrix R(z).
The derivative of the 3D rotation matrix R(¢) with respect to the axis-angle
parameterization @(¢) is introduced in Equation (4.15) or Equation (4.16) when
@) — 0. By combining this with the calculation of angular velocity w(¢)
and angular acceleration @(f) from the rotation matrix R(?), as presented in
Equation (4.19) and Equation (4.20), an estimator for these quantities can be
constructed. Angular velocity w(f) can be estimated from the continuous-time
rotation trajectory Sg(?) using:

dR oR dR de(?)
(o)), = SRT = [ ] 2URT
0p) 0@y gy | dr
_ ﬁ IR OR | dSR(®)
" |99, 99, 095 dt (4.39)

dB. (1)
[aR R 0R] Z ik P ) RT
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4.4 Continuous-Time Trajectory Bundle Adjustment

From the skew-symmetric matrix [(?)]y, the angular velocity w() can be easily
derived. Similarly, to estimate angular acceleration @(t), Equation (4.20) can
be applied, yielding:
2 T
PRy, R (AR
dr? dr \ dr
IR IR OR | &*Sp()
a(pl ’ 0(,02 ’ 0(p3 dtz
. [ﬁ IR ﬁ] dSg(») ([E IR ﬂ] dSg(») )
0p) 09y dps| dt 0p) 09y 0ps|  dt

[d)(t)]x =

R' . (4.40)

d>Sg () dSg(t) . .
where —3—= and —®= can be computed using Equation (4.14) and Equa-
tion (4.13). The matrix [@w(f)]y is the skew-symmetric matrix of the angular

acceleration @(?), and the angular acceleration can be easily derived from it.

IMU Measurement

The measurement model for linear acceleration a(r) is derived in Equa-
tion (4.38), and the corresponding residual function can be formulated as:

r, = Q@) — A®D). (4.41)

where a(¢) represents the optimized linear acceleration at timestamp ¢ from the
rotation part of the continuous-time trajectory SR(t), and a(¢) denotes the linear
acceleration measured by the IMU sensor at the same timestamp ¢. Similarly,
the residual function for angular velocity w(#) can be formulated as:

r, = Q@) — o)), (4.42)

where @(t) denotes the optimized angular velocity at timestamp ¢ from the rota-
tion part of the continuous-time trajectory SR(t), and @(?) is the angular velocity
measured by the IMU sensor at timestamp ¢.
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S  Semantic Parametric Mapping

As discussed in Section 2.4, there is a growing body of research dedicated to se-
mantic mapping of 3D environments for autonomous driving. A highly accurate
and robust representation of 3D driving environments can extend the percep-
tion range while providing valuable contextual information for decision-making
and trajectory planning. Semantic primitives, such as poles, traffic lights, traffic
signs, and road markings, exhibit long-term stability, making them well-suited
for map representation. To optimize storage efficiency, these semantic primi-
tives should be encoded using parametric models, including attributes such as
position, orientation, and shape.

This chapter introduces the semantic parametric mapping system, which inte-
grates multi-modal sensor data, including camera images, LiDAR point clouds,
semantic/instance segmentation masks, and ego-motion, to generate a struc-
tured semantic parametric primitive map. Semantic primitives in the mapping
framework are categorized into two primary types:

o Elevated Primitives: poles, traffic lights, and traffic signs.

e Road-Marking Primitives: dashed lines, arrows, solid lines, and curbs.

The overall architecture of the semantic parametric mapping system is depicted
in Figure 5.1. Ground surface estimation and road image pixel reconstruction
are detailed in Section 5.1. The detection of elevated and road-marking prim-
itives is presented in Section 5.2. The methodology for associating detected
primitive instances is introduced in Section 5.3. Parametric modeling and opti-
mization for elevated and road-marking primitives are discussed in Section 5.4
and Section 5.5, respectively. Finally, the generated exemplary semantic prim-
itive maps are visualized in 3D space in Section 5.6.
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Ego Motion ¢~ Primitive Detection &

—

Primitive Association

Parametric Mapping 3D

Parametric Mapping Camera :

Figure 5.1: The architecture of the semantic parametric mapping system for elevated primitives,
including poles, traffic lights, and traffic signs, as well as road-marking primitives, such
as dashed lines, arrows, solid lines, and curbs.
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5.1 Ground Surface Estimation

5.1 Ground Surface Estimation

For the detection of road marking primitives, an accurate representation of
ground surfaces is essential. To achieve this, ground surfaces are modeled using
uniform B-spline surfaces. The parameters of the uniform B-spline surface are
optimized based on accumulated LiDAR ground point clouds over time, which
serve as measurements. The estimated uniform B-spline surface provides a
mapping function from the Cartesian coordinates (x, y) to the height z:

z=8,(x,y), 6D

where S, represents the uniform B-spline surface model of the ground surface.
An example of an estimated ground surface uniform B-spline model is illus-
trated in Figure 5.2 using a 3D mesh representation.

Figure 5.2: Example of an estimated ground surface. The mesh colors indicate height variation
(blue — low, red — high), while the small coordinate frames represent the motion
trajectory of the ego-vehicle during data recording, and the large coordinate frame
denotes the coordinate system origin of the ground surface.
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Figure 5.3: Examples of image pixel-based road surface reconstruction. Image pixels are projected
onto the ground surface, generating a corresponding 3D point cloud.
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5.1.1 Image Pixel Reconstruction

To project image pixels onto the estimated ground surface, the camera intrinsics
introduced in Section 3.1 are utilized to generate a 3D viewing ray p for each
image pixel (u,v):

u

p={pspa} =K'|0], (5.2)
1

where p represents the 3D viewing ray, consisting of the support point p¢ and the
3D direction vector p4. Here, K denotes the camera intrinsic matrix, while (u, v)
are the image pixel coordinates. Subsequently, the intersection point between
the 3D viewing ray and the estimated ground surface is computed. A 3D point
p(d) along the viewing ray p can be expressed as:

where d € R* represents the depth parameter along the viewing ray, measur-
ing the distance from the support point p, to the 3D point p(d). To determine
the intersection point between the 3D viewing ray and the ground surface, the
optimal depth parameter d is estimated iteratively by minimizing:

d = argmin |$,(x.) = (o, + dpo), |- (5.4)

Here, (-), extracts the z-component of a 3D point. For the iterative refine-
ment of the depth parameter d, an initial starting point d;, is selected based
on the assumption that the ground surface corresponds to a calibrated reference
plane positioned at a predefined distance beneath the camera sensor. The op-
timal depth parameter d is then iteratively refined through minimization of the
residual between the estimated 3D point’s z-component and the correspond-
ing ground surface height at the projected (x, y) coordinates. As a result of the
image pixel reconstruction process, dense image pixel-based 3D point clouds
are generated. Several examples of these reconstructed 3D point clouds from
various driving scenarios are visualized in Figure 5.3.
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5.2 Primitive Detection

During the primitive detection process, both elevated and road-marking prim-
itives are identified as distinct instances for each sensor data frame. For each
detected primitive instance, a corresponding instance point cloud and an in-
stance semantic mask are generated.

5.2.1 Elevated Primitives

To detect elevated primitives such as poles, traffic lights, and traffic signs with
various shapes, instance-segmented masks from camera images are utilized.
Detection is performed using the Seamless Segmentation approach proposed
by Porzi et al. [Por19]. As an outcome of Seamless Segmentation, 2D bound-
ing boxes and semantic masks are generated for each segmented instance across
the entire image. An example result is shown in Figure 5.4, where the combined
mask for all detected instances is visualized. To obtain depth information for
these instances, the non-ground LiDAR point cloud, generated using the ap-
proach outlined in Section 4.2.4, is employed.

The non-ground LiDAR point cloud is projected onto the camera image using
the LiDAR-to-camera calibration parameters and the camera model described
in Section 3.1. During this projection process, a camera projection map @y,
is generated, containing both depth and reflectivity information. To account for
the parallax effect caused by the different mounting positions of the LiDAR and

[
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Figure 5.4: Example result of Seamless Segmentation visualized with the combined mask.
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camera sensors, the approach introduced by Pauls [Pau25] is applied. Once the
camera projection map @, is constructed, the instance point cloud is extracted
by selecting points from the projection map ®,,, that fall within the instance
segmentation masks. An example visualization of the camera projection map

@, .., is provided in Figure 5.5.

map

Despite compensating for the parallax effect, detection results may still contain
inaccuracies, which could hinder the association of primitives and the estima-
tion of model parameters. To refine the detection results, the instance point
cloud undergoes further clustering using the Density-Based Spacial Cluster-
ing of Applications with Noise (DBSCAN) algorithm Ester et al. [Est96]. The
Euclidean distance between points is utilized as the clustering metric. To elim-
inate noise, a minimum cluster size of 4 points is enforced. Among the detected
clusters, the one closest to the camera sensor is selected as the refined instance
point cloud. An example of the detected elevated primitives from a single sen-
sor data frame is illustrated in Figure 5.6.

5.2.2 Road-Marking Primitives

Road marking primitives include dashed lines, arrows, solid lines, and curbs.
The detection of road marking primitives is based on semantic segmentation
results from camera images and the estimated ground surface. To obtain se-
mantic segmentation results, a custom-trained semantic segmentation network

Figure 5.5: Camera projection map ®,,, used for parallax correction in elevated primitive detec-
tion. The camera projection map @, stores the distance of objects to the camera
sensor. Color brightness represents intensity values.

61



5 Semantic Parametric Mapping

L

Figure 5.6: Example of elevated primitive detection for a single sensor data frame. From top to
bottom, the images illustrate: the camera image with the projected LiDAR point cloud
(red points), the instance mask (left) and instance point cloud (right) for poles, the
instance mask (left) and instance point cloud (right) for traffic lights, the instance mask
(left) and instance point cloud (right) for traffic signs, and the fused instance point cloud
of all detections, with different instances highlighted in distinct colors.

62



5.2 Primitive Detection

proposed by Bieder et al. [Bie23] is utilized. This network is trained on automat-
ically generated real-world data, which is derived from a manually annotated
3D HD semantic map and a high-precision 6D multi-session camera localiza-
tion approach presented by Sons [Son21]. Dynamic objects in the training data
are automatically masked using segmentation masks generated by the Nvidia
Semantic Segmentation network Tao et al. [Tao20]. The resulting semantic
masks classify the following categories: road, dashed line, solid line, other
line, walkway, terrain, dynamic object, and background. Examples of semantic
segmentation results are illustrated in Figure 5.7.

Since road marking primitives are located on the ground surface, and this sur-
face is typically confined to the lower portion of camera images, only a cropped

Figure 5.7: Examples of semantic segmentation results overlaid on a camera image. The seman-
tic mask includes the following classes: road (purple), dashed lines (blue), solid lines
(heavy blue), other lines (light blue), walkway (purple), terrain (green), dynamic ob-
jects (red), and background (no color). It is applied to the road-relevant region, which
is a cropped portion of the lower-middle section of the camera image.
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rectangular region of the original camera image is used for semantic segmen-
tation. Ground surfaces are estimated by processing LiDAR ground points ob-
tained through the approach described in Section 4.2.4 and the ground surface
estimation method introduced in Section 5.1.

As outlined in Section 5.1.1, the intersection point of a 3D viewing ray p gen-
erated from an image pixel (4, v) and the corresponding ground surface S, is
computed. Unlike the detection of elevated primitives, where non-ground Li-
DAR point clouds are projected onto the camera image plane, road marking
primitives are detected by projecting semantic mask pixels directly onto the es-
timated ground surface to generate instance point clouds. This method enables
the generation of denser instance point clouds for road marking primitives, as it
directly utilizes image pixels rather than relying on LiDAR point clouds. How-
ever, the projection accuracy is highly dependent on the distance between the
road marking primitives and the camera sensor. In this thesis, only road mark-
ing instances within a 15-meter range from the camera sensor are considered
for each sensor data frame. An example of the detected road marking primitives
for a single sensor data frame is visualized in Figure 5.8.

5.2.3 Instance Map

Following the detection of elevated and road marking primitives, a global in-
stance map is constructed by integrating detected instances from a sequence of
sensor data frames, leveraging the estimated ego-motion trajectory for spatial
alignment. Illustrative examples of instance maps generated in three different
driving scenarios are presented in Figure 5.9.
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Figure 5.8: Example of road marking primitive detection for a single sensor data frame. From
top to bottom, the images illustrate: the camera image with an overlaid semantic seg-
mentation mask, detected dashed lines, arrows, solid lines, and curbs, and the fused
instance point cloud, where different colors represent different instances.
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Figure 5.9: Exemplary instance maps from three driving scenarios, illustrating detected elevated
and road marking primitives over multiple sensor data frames. Different classes are
color-coded: poles (red), traffic lights (green), traffic signs (blue), dashed lines (yel-
low), arrows (white), solid lines (purple), and curbs (light blue).
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5.3 Primitive Association

As introduced in Section 5.2, elevated and road marking primitives are de-
tected as discrete instances. Each instance consists of a semantic mask and
a corresponding point cloud, referred to as the instance point cloud in subse-
quent discussions. To construct a coherent representation of the environment,
these detected primitive instances must be associated over time within a global
map frame using the estimated ego-motion trajectory. The association process
is performed incrementally, frame by frame, by employing a nearest neighbor
search followed by a geometric consistency validation.

Initially, a landmark list is initialized using the detected instances from the first
sensor data frame. Subsequent instances from later frames are then iteratively
associated with the existing landmarks through nearest neighbor search, sup-
plemented by a geometric consistency check, which will be detailed in the fol-
lowing sections. If an instance does not correspond to any existing landmark, a
new landmark is instantiated using the newly detected instance. This process is
repeated for all sensor data frames. The final output of the association process
is a list of landmarks, each consisting of an accumulated landmark point cloud
and a corresponding set of associated instances. This landmark information
serves as the foundation for subsequent primitive parameter optimization.

Since the quality of primitive detection is generally higher for instances that
appear at a closer distance to the camera sensor, and the accuracy of land-
mark initialization significantly affects the association process, association is
performed in reverse chronological order to mitigate the influence of poor de-
tections at larger distances. This approach ensures that instances detected with
higher accuracy at closer distances are associated first.

The association process is categorized into two distinct cases: continuous prim-
itives and isolated primitives. Continuous primitives, such as solid lines and
curbs, typically extend beyond the field of view of a single sensor frame and
are only partially observed in each frame. In contrast, isolated primitives, in-
cluding poles, traffic lights, traffic signs, dashed lines, and arrows, are generally
captured in their entirety within a single sensor frame.
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5.3.1 Continuous Primitives

The association of continuous primitive instances is performed using a
clustering-based approach. A detected continuous primitive instance is as-
signed to an existing landmark if the minimum Euclidean distance between
any point in the detected instance point cloud and any point in the landmark
point cloud falls below a predefined threshold, set to 1.5 m in this thesis. If no
existing landmark satisfies this condition, a new landmark is initialized using
the detected primitive instance. Figure 5.10 illustrates two example results of
continuous primitive associations.

5.3.2 Isolated Primitives

The association of isolated primitives is performed using a combination of near-
est neighbor search and geometric consistency validation. For nearest neighbor

Figure 5.10: Exemplary association results for continuous primitives: solid line (bottom) and curb
(top). For each landmark, the key-frame instance semantic masks are displayed on
the left, while the accumulated point cloud is shown on the right.
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Figure 5.11: Exemplary association results for isolated elevated primitives: pole (top) and traffic
light (bottom). For each landmark, the key-frame instance masks are displayed on
the left, and the accumulated landmark point cloud is shown on the right.
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search, kd-trees are constructed using the center points of existing landmarks,
grouped by primitive type. The center points of detected instances are then

Figure 5.12: Exemplary association results for isolated elevated primitives: traffic signs with dif-
ferent shapes, circle, triangle, rectangle, and other, from top to bottom. For each
landmark, the key-frame instance semantic masks are shown on the left, while the
accumulated landmark point cloud is shown on the right.
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queried in the corresponding kd-tree. If the Euclidean distance between a de-
tected instance and an existing landmark is below a predefined threshold, the
instance is initially assigned to the landmark. The threshold values used in this
thesis are 0.5 m for poles, traffic lights, dashed lines, and arrows, and 1.5 m for
traffic signs. A larger threshold is used for traffic signs because they vary in
size and the estimated center points may deviate due to partial detections.

To further improve association accuracy, a geometric consistency check is per-
formed. The landmark center is projected into the camera image using the ego-
motion estimate and camera model to verify whether the projected point falls
inside the corresponding semantic mask of the detected instance. The ratio of
points within the semantic mask relative to the total tracked instances for the
landmark is computed as the inside ratio. If this ratio exceeds a predefined

Figure 5.13: Exemplary association results for isolated road marking primitives: dashed line (top)
and arrow (bottom). For each landmark, the key-frame instance masks are displayed
on the left, and the accumulated landmark point cloud is shown on the right.
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threshold, the detected instance is associated with the landmark. Otherwise, a
new landmark is initialized. In this thesis, the inside ratio threshold is set to 0.2.

Figure 5.11 and Figure 5.12 illustrate six example association results for isolated
elevated primitives including poles, traffic lights, and traffic signs with different
shapes. Figure 5.13 presents two examples of association results for isolated
road marking primitives, including dashed lines and arrows.

5.3.3 Landmark Map

Upon completion of the association process, a set of primitive landmarks is
established. Each landmark comprises an accumulated landmark point cloud
and a set of associated primitive instance masks. Additionally, the poses of the
associated instances are retained for subsequent model parameter optimization.
Due to computational memory constraints, the association process is conducted
within localized sub-areas, each containing a limited sequence of sensor data
frames. The resulting maps within these sub-areas are referred to as submaps
in this thesis. Figure 5.14 presents examples of estimated landmark maps from
three distinct driving scenarios.
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\

Figure 5.14: Exemplary landmark maps visualizing associated primitive instances from three driv-

ing scenarios. Different landmarks are represented with distinct colors. Instances
with overlapping colors appear due to the merging of adjacent submaps.
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5.4 Parametric Mapping of Elevated Primitives

Following the primitive association process, the next step in processing ele-
vated primitives involves parametric modeling and model parameter optimiza-
tion. Appropriate geometric models are formulated for various types of ele-
vated primitives. The parameters of these models are initially estimated from
the accumulated landmark point cloud and subsequently refined using the cor-
responding instance point clouds and semantic masks.

To optimize the model parameters, multiple residual functions are formulated,
and a non-linear optimization problem is constructed. Upon completion of the
optimization process, landmarks are represented as parametric geometric mod-
els rather than raw point clouds and semantic masks. The advantages of em-
ploying parametric models over point clouds and semantic masks can be sum-
marized as follows:

o Compact representation: Significantly reduces storage requirements.

e Enhanced informativeness: Facilitates further processing and higher-
level reasoning.

o Improved accuracy and robustness: Aggregating instance detections
across multiple frames minimizes mapping errors.

5.4.1 Pole
Parametric Modeling

As demonstrated in the primitive association results in Figure 5.11, poles are
typically observed as vertical cylindrical structures in 3D space. Consequently,
they can be effectively modeled using vertical cylinders. However, real-world
poles are not always perfectly vertical to the ground surface and may exhibit
varying inclinations. Additionally, poles do not always maintain a uniform di-
ameter along their height; they often exhibit a tapering effect, with a larger
diameter at the base that gradually decreases towards the top. To better capture
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these variations, both a cylindrical and a conical model with a pitched center
line axis are introduced.

The parametric modeling approaches for cylindrical and conical pole represen-
tations are illustrated in Figure 5.15. The cylindrical pole model is characterized
by nine parameters: the center line axis n = (n,, ny, nZ)T, the central reference
point 0 = (x,, ¥, Z,)'» the bottom and top distances from the reference point

along the center line A ;, and h respectively, and a constant radius r. For

max?
any point p = (x,y,z)" on the surface of the cylindrical model, the following

relationship holds:

[(p —0)xm|| _

s 5.5
T ’ ©-=)

where X denotes the cross product and ||-|| represents the vector norm. This
equation ensures that every surface point p maintains a fixed radial distance r
from the center line axis n.

For the conical pole model, the parameters remain the same as those of the
cylindrical model, except for the radius r. Instead of being constant, the radius
r(h) varies as a linear function of the relative height 2 with respect to the center
point 0. This variation is governed by two parameters: the base radius at the
center height r, and the diameter variation rate s along the center line n. The
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Figure 5.15: Parametric modeling of poles in 3D space: the left model represents a cylinder, while
the right model represents a cone.
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radius as a function of height is defined as:
r(hy=ry,+s-h. (5.6)

Similar to the cylindrical model, the surface points of the conical model satisfy
the following relationship:

e —0) x| _ r(h). (5.7)
[In]|

This formulation enables a more accurate representation of real-world poles,
capturing both inclination and diameter variations along the pole’s height.

Parameter Optimization

Regardless of the chosen pole parametric model, optimization of model param-
eters follows a structured pipeline consisting of three main steps: initialization,
refinement, and robust estimation of the top and bottom points.

The initialization phase determines the center line axis n = (ny, ny, n,)T us-
ing Principal Component Analysis (PCA). Since classical PCA relies on the
empirical covariance matrix, it is highly sensitive to outliers. To enhance ro-
bustness against outliers, this thesis adopts the Minimum Covariance Deter-
minant (MCD) estimator, which provides robust covariance estimation partic-
ularly suitable for lower-dimensional 3D point cloud data. The FAST-MCD
algorithm [Rou99] is employed for computational efficiency. The robust PCA
result is obtained from the eigenvectors of the estimated robust covariance ma-
trix. Subsequently, the center point 0 = (x,, y,, zo)T and the radius r are ini-
tially optimized using the accumulated landmark point cloud. This preliminary
optimization minimizes the distance between a landmark point p and the pole
surface model, expressed by the residual function:

_ -0 xn| _

5.8
b I )
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Following initialization, optimization is performed using the accumulated land-
mark point cloud and the contours of the associated semantic instance masks.
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(b) 2D visualization of the pole model optimization.

Figure 5.16: Optimization of the pole model parameters. 3D viewing rays are projected onto the
pole model surface using the contours of the semantic mask.
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The contours are utilized to generate 3D viewing rays that extend from the cam-
era sensor to the pole surface, leveraging the camera model, as illustrated in Fig-
ure 5.16. For a given viewing ray p = {p,, pq4}, which is defined by a support
point p, and a direction vector pg, the residual function is formulated as:

. |(ps = 0) - (pg X )]
’ loa > nl|

—-r. (5.9)

By combining Equation (5.8) and Equation (5.9) within a nonlinear optimiza-
tion framework, the pole model parameters are refined. For the conical pole
model, the constant radius r in the residual functions is replaced by the height-
dependent radius function (/) from Equation (5.6), allowing for the optimiza-
tion of both the base diameter r, and the tapering slope s.

To determine the top and bottom limits of the pole, a reference plane is defined
such that it passes through the center line axis n and is perpendicular to the
vector from the camera sensor to the center point 0. The highest and lowest
pixels of the pole in the semantic masks are then projected onto this reference
plane, from which the maximum and minimum distances A,,,, and A, are
estimated. Since the bottom of a pole is often occluded in images, its position
is determined by computing the intersection between the estimated center line
axis n and the ground surface model. This ensures a more reliable estimation
of the pole’s true geometry, even in occlusion scenarios.

5.4.2 Traffic Light
Parametric Modelling

The geometric structure of traffic light primitives closely resembles that of pole
primitives, with the primary distinction being that traffic lights are typically
aligned perpendicular to the ground surface. In this thesis, it is assumed that the
traffic light’s center axis remains strictly vertical, simplifying its representation
as a vertical cylinder with a fixed diameter. Additionally, an extra parameter is
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introduced in the traffic light model compared to the pole model: the normal-
ized orientation vector v¢, which defines the facing direction of the traffic light.
Illustrations of traffic light models with four distinct orientations are shown
in Figure 5.17. The parameters presented in Figure 5.17 will be discussed in
detail in the following sections.
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Figure 5.17: Parametric modeling of traffic lights in 3D space, categorized by different orientations
in the camera sensor’s front-view. The typical orientations, from left to right, include
rear-left, front-left, rear-right, and front-right.
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The parameters governing the traffic light’s geometry, excluding the orientation
vector vy, are referred to as geometric parameters. These parameters are iden-
tical to those of the pole model and are estimated using the approach described
in Section 5.4.1. The estimation process relies solely on the accumulated land-
mark point cloud and the residual defined in Equation (5.8).

To determine the orientation vector v, the estimated geometric parameters are
leveraged to define two perpendicular rectangular planes in 3D space. As de-
picted in Figure 5.17, the dark blue rectangle corresponds to the display panel,
while the light blue rectangle represents the visor panel. In this thesis, it is
assumed that these two planar components are present in every traffic light in-
stance. Without this assumption, estimating the traffic light’s orientation using
the approach introduced below would not be feasible.

The edge where the visor panel and the display panel intersect forms the rear
boundary of the visor panel, with its upper and lower vertices denoted as tr and
br, respectively. Conversely, the front edge of the visor panel has two corner
vertices, labeled as tl and bl. Both the display and visor panels are assumed to
have a width of 2 - r, where r represents the diameter of the cylindrical traffic
light model. The center point o is determined from the cylinder model, and its
center axis is constrained to remain perpendicular to the ground surface.

Parameter Optimization

The process of estimating the traffic light direction v is illustrated in Figure 5.18
and Figure 5.19. First, the four corner points of the visor rectangle must be
located within the instance mask. As depicted in Figure 5.18, the corner points
tr and br correspond to the vertices of the intersection between the projected
visor panel and display panel rectangles in the instance mask. Conversely, the
rectangle of the traffic light instance mask can be partitioned into two regions
using corner points tr and br. These two partitions correspond to the visor
panel and display panel projections in the semantic mask.

As illustrated in Figure 5.19, the bottom edge pixels of the bounding rectangle
are traversed, and for each pixel, the ratio of pixels belonging to the instance
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mask along a vertical scan line within the bounding rectangle is computed.
Based on the computed ratio, the bounding rectangle is split into two subre-
gions, ABCD and BEFC, and the center line GH of the rectangle BEFC is de-
termined. The resulting segmentation corresponds to AGHD as the projected
visor panel and BEFC as the projected display panel in the instance mask. The
points A, G, H, and D correspond to the 3D points tl, tr, br, and bl, respectively.
To refine the traffic light direction vy, the optimization process minimizes the
distances between the estimated 3D corners tl, tr, br, bl and their correspond-
ing corners A, G, H, D within the instance mask images. The residual function
considering a corner point p is formulated as follows:

Ny = Zyyie X Vi

ﬂznz-(o—ol)
n2~n1
p=o0;+4-m (5.10)

Thorizontal — |(p -0)- Vf| =-r
Fyertical = (p—o0)-n|—h

_ T
r= (rhorizontal’ I.vertical) >

Figure 5.18: Optimization of the traffic light orientation.
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where 0, represents the camera coordinate system origin, n; is the normalized
unit vector from o, to the corner point p, and n is the traffic light pole model
center line unit vector. The variable o denotes the center of the visor rectangle,
and vy is the traffic light unit direction vector. The term n; represents also the
3D viewing ray direction from the camera sensor to the corner point p, which
is computed based on the camera model and the pixel coordinates of the corner
point in the image. The radius of the traffic light cylinder is denoted as r, while
h is the height difference from the corner point p to the visor rectangle center
o. Specifically, 4 = h,,, for the upper corner points tr and tl, while 7 = A,
for the lower corner points br and bl. The residual vector r consists of two
components: the horizontal residual ry;,nia @nd the vertical residual Iy -
The horizontal residual ry,.n quantifies the deviation of the corner point p
from the expected horizontal distance r along the traffic light facing direction
v;. The vertical residual r,.;.,; measures the deviation of the corner point p
from the expected vertical distance A along the traffic light center line n.

To parameterize the traffic light direction vy, a naive approach would be to use
a three-component 3D vector. However, given the assumption that traffic light
center lines are perpendicular to the ground surface, the direction v; lies parallel
to the xy-plane. Thus, a more compact representation is achieved by encoding
the direction using a single angle parameter y:

vi = (cos(y),sin(y), 0)T. (5.11)

Figure 5.19: Subdivision of the bounding rectangle for optimization.
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Since the angle y is constrained within the range [0, 2x) and lacks a robust
initialization method, a multi-start optimization strategy is employed to ensure
convergence to the global optimum. In this thesis, the angle y is initialized
with increments of z/12 across the interval [0, 2x), yielding 24 independent
optimization runs. The optimal traffic light orientation v; is selected as the
solution yielding the lowest residual error after optimization.

5.4.3 Traffic Sign

As depicted in Figure 5.20, traffic signs exhibit a variety of geometric shapes,
including circles, triangles, rectangles, and other irregular forms. To achieve
a parametric representation of traffic signs across different shapes, distinct ge-
ometric models are formulated. In general, traffic signs are modeled on a 2D
reference plane embedded in 3D space. This reference plane is characterized by
a normal vector Nyop = (Apep s Mrefy nrefgz)T and a reference center point 0, =
(Oref x> Oretys oref’Z)T. Each traffic sign is defined by a center point 0 = (x,, y,)*
on the reference plane. Furthermore, specific shape parameters are introduced
depending on the geometric category of the traffic sign, such as the radius r for
circular signs, the perpendicular distance of the side from the center d for tri-
angular signs, and the half-width w and half-height A for rectangular and other
non-standard signs. Additionally, traffic signs may undergo in-plane rotation
about their center point o, parameterized by a rotation angle y.

The initial estimation of traffic sign model parameters is conducted using the ac-
cumulated landmark point cloud from the primitive association process. These
parameter estimates are subsequently refined through an optimization frame-
work that leverages both the spatial information from the landmark point cloud
and the visual constraints from the associated instance semantic masks. The
overall procedure for traffic sign parametric modeling can be summarized as
follows: First, the parameters defining the reference plane, namely the normal
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vector n,.; and the reference center point o, are estimated using the accu-
mulated landmark point cloud via the robust PCA method introduced in Sec-
tion 5.4.1, ensuring reliable initialization even with outliers. Next, the accumu-
lated landmark LiDAR points are projected onto the reference plane, facilitat-
ing initialization of the traffic sign center point 0 and relevant shape parameters
for each traffic sign category. Following this initialization, the contour pixels
from the associated instance semantic masks are projected onto the reference
plane using the camera model parameters. These projected contour points are
employed within a nonlinear optimization framework to refine the traffic sign
model parameters, ensuring accurate geometric representation and improved
alignment with the visual data.

— I
(a) Circle. (b) Triangle. (¢) Rectangle. (d) Other shape.

Figure 5.20: Examples of traffic signs with different geometric shapes.
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Circular Traffic Signs

Figure 5.21a illustrates the parametric modeling of circular traffic signs. In
addition to the reference plane parameters, two shape parameters are required
to represent a circular traffic sign: the center point o on the reference plane and
the radius r. Every 2D point p = (x, y)" lying on the circular perimeter of the
traffic sign satisfies the following equation:

lp—ol =r. (5.12)

As shown in Figure 5.21b, the initial shape parameters of the circular traffic
sign are estimated by projecting the accumulated landmark point cloud onto the
reference plane. The center point o is initialized as the centroid of the projected
LiDAR points. Using this center point, the angular position of each projected
point is computed. Based on these angular values, the projected points are
partitioned into multiple angle-based groups. In this thesis, an angular interval
of z/18 is used, resulting in 36 distinct groups. For each group, the point with
the greatest distance from the center point o is selected as an edge point. These
edge points, which are used for the radius estimation, are depicted as thick blue

(a) Parametric modeling. (b) Model parameters estimation.

Figure 5.21: Parametric modeling and estimation for a circular traffic sign. In 5.21b: the blue
points represent the LiDAR contour points projected onto the reference plane, while
the yellow points correspond to the projected contour pixels from the instance seman-
tic mask. The blue circle indicates the initialized model, and the red circle represents
the optimized model projected onto the reference plane.
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points in Figure 5.21b. The initial radius r is determined as the mean of the
distances from the selected edge points to the center point 0. The resulting
initialized model is visualized as the blue circle in Figure 5.21b.

Next, contour pixels of the associated instance semantic masks are projected
onto the reference plane, as shown by the thin yellow points in Figure 5.21b. To
refine the model parameters, an optimization process is applied, minimizing the
deviation between the estimated radius r and the distances from the projected
mask contour points to the center point 0. The residual function for a single
projected mask contour point p is defined as:

r=|p-o|-r. (5.13)

Following the optimization, the refined model parameters yield the optimized
circular representation, which is depicted as the red circle in Figure 5.21b.

p1

(a) Parametric modeling. (b) Model parameters estimation.

Figure 5.22: Parametric modeling and estimation for a triangular traffic sign. In 5.22b: blue points
represent the LIDAR contour points projected onto the reference plane, while yellow
points denote the projected contour pixels from the tracked instance mask. The blue
triangle represents the initialized model, whereas the red triangle corresponds to the
optimized model projected onto the reference plane.
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Triangular Traffic Signs

A triangular traffic sign is defined by three primary parameters: the center point
o, the distance d from the center point o to the triangle’s side lines, and a rotation
angle y, which represents the triangle’s orientation on the reference plane. Fig-
ure 5.22a illustrates the parametric modeling of triangular traffic signs. Points
located on the three sides of the triangle satisfy the following relationships:

linel: d = ||(p—o0)- (cos(y).sin(x)" ||
line2: d =||(p—o0)- (cos(y + 3x/3),sin(y + 373)7| (5.14)
line3: d =||(p—o0)-(cos(y + 5x/3),sin(y + 523)7 .

which indicates that the distance d from the center point o to each triangle side
can be determined by projecting the vector from the center point o to any point
p on the side onto the direction perpendicular to that side.

To initialize the model parameters for a triangular traffic sign, a method sim-
ilar to the initialization of circular traffic signs is applied. The accumulated
landmark point cloud is used to estimate the triangle’s edges. As depicted in
Figure 5.22b, a Hough Transform-based line detection approach is utilized to
identify the three side lines of the triangular traffic sign. Once the side lines are
detected, their intersection points are computed. From these intersection points,
the center point o, the distance d, and the rotation angle y are estimated.

To refine the estimated model parameters, the contour pixels of the associated
instance semantic masks are projected onto the reference plane, as illustrated by
the yellow points in Figure 5.22b. The optimization process involves adjusting
the estimated triangle’s shape parameters so that the projected mask contour
points minimize their distances to the triangle’s three side lines. For a single
projected mask contour point p, the residual function is formulated as:

linel: r; =d—|[|(p-o0)-(cos(y),sin(x)]
line2: r, =d — ||(p—0) - (cos(y + 3x/3),sin(y + 37/3)7|

. . T (5.15)
line3: r3;=d —||(p—o0)- (cos(y + 5x/3),sin(y + 57/3))" ||

r = min(r, rp,r3).
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Following optimization, the refined triangular traffic sign model is shown as
the red triangle in Figure 5.22b.

Rectangular Traffic Signs

A rectangular traffic sign is characterized by five parameters: the center point
o, the half width w, the half height A, and a rotation angle y, which defines the
sign’s orientation on the reference plane. Figure 5.23a illustrates the parametric
modeling of rectangular traffic signs. A point p located on any of the four
rectangle sides satisfies the following relationship:

linel: w = ||(p — o) - (cos(y),sin(y) |
line2: h = ||(p — o) - (cos(y + z/2),sin(y + 7z/2))"|| (5.16)
line3: w = ||(p —0) - (cos(y + x),sin(x + 7))l '

lined: h = ||(p — o) - (cos(y + 37/2), sin(y + 37/2)T ||,

which indicates that the distances w and h from the center point o to the re-
spective rectangle edges are obtained by projecting the vector from o to a point
p on the side onto the direction perpendicular to that side.

To initialize the shape parameters of a rectangular traffic sign, a Hough
Transform-based line detection method is employed to detect the four edges

(a) Parametric modeling. (b) Model parameter estimation.

Figure 5.23: Parametric modeling and estimation for a rectangular traffic sign. In 5.23b: blue
points represent the LIDAR contour points projected onto the reference plane, while
yellow points denote the projected contour pixels from the tracked instance mask.
The blue rectangle corresponds to the initialized model, whereas the red rectangle
represents the optimized model projected onto the reference plane.
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of the rectangle. Once the four lines are identified, their intersections are
computed to determine the rectangle’s four corners. From these computed
rectangle corner points, the center point o, the half width w, the half height A,
and the rotation angle y can be easily estimated.

To refine the estimated parameters, the projected contour points from the asso-
ciated instance semantic masks are utilized, as depicted by the yellow points in
Figure 5.23b. The optimization process aims to minimize the distance between
the projected mask contour points and the four edges of the rectangle. For a
single projected mask contour point p, the residual function is formulated as:

linel: r; =w—||(p—o0)- (cos(y),sin()T||
line2: 1, =h—||(p—0)-(cos(y + x/2),sin(y + z/2))" ||
line3: 13 =w— [|(p—o0)-(cos(y + x),sin(y + )| (.17

line4: ry=h—|(p—o0)-(cos(y + 3x/2),sin(y + 322) 7|

r = min(r;,r,,r;3, ry).

The optimized model is depicted as the red rectangle in Figure 5.23b.

Other Traffic Signs

Traffic signs that do not conform to the three previously discussed geometric
shapes are categorized as other-shape traffic signs in this thesis. Due to their
complex shapes, these traffic signs are approximated as rectangles for simplifi-
cation. Thus, they are represented by the same parameters as rectangular traffic
signs: the center point o, the half-width w, the half-height A, and the rotation
angle y around the center point o.

Initialization and optimization of the model parameters follow the same ap-
proach as that used for rectangular traffic signs. The only distinction lies in the
irregular shape of the single instance mask corresponding to these traffic signs.
To address this, a minimum rotated rectangle detection algorithm, implemented
in OpenCV by Bradski [Bra00], is applied to approximate the complex traffic
sign shape as a rectangle. The detected minimum rotated rectangle is then uti-
lized as the semantic mask for subsequent optimization.
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In principle, a free-form estimation approach analogous to the road marking
method in Section 5.5 could be applied here as well, but is not pursued in this
thesis since the rectangular approximation is sufficient for the intended map us-
age. Extending other-shape traffic sign modeling to a free-form representation
is left as future work.

5.5 Parametric Mapping of Road Markings

5.5.1 Parametric Modelling

As illustrated in Figure 5.24, road marking primitives such as dashed lines,
arrows, solid lines, and curbs exhibit distinct geometric characteristics. To de-
velop a generalized parametric representation that accommodates these diverse
shapes, a novel parametric modeling strategy is introduced in this thesis. This
strategy must satisfy two essential requirements: first, it should enable the ini-
tialization and optimization of model parameters in a unified manner across
different road marking types. Second, it should facilitate a precise geometric
representation of road markings in a parametric form.

(a) Dashed line. (b) Arrow. (c) Solid line. (d) Curb.

Figure 5.24: Parametric modelling of road marking primitives with different geometric shapes.
The blue points represent the possible model points and the red lines indicate the
connectivity between the model points.
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Dashed lines, arrows, and solid lines are modeled as closed 3D polygons, while
curbs are represented as open 3D polylines. Exemplary parametric models are
depicted in Figure 5.24. The point allocations adopted are: four points for
dashed lines (corresponding to physical corner points), fifteen points for ar-
rows, and thirty points for solid lines and curbs. These allocations balance
model complexity and representation accuracy for efficient yet precise para-
metric description.

5.5.2 Vectorization

The vectorization process transforms the accumulated road marking landmark
point cloud into ordered 3D landmark edge points that define the primitive’s
shape. Similar to elevated primitive initialization, vectorization serves as an
initialization step where model points are determined using either a 3D polygon
or 3D polyline. For curbs (3D polylines), model points are sampled from the
landmark point cloud along the ego vehicle’s driving direction. For dashed
lines, arrows, and solid lines (3D polygons), vectorization consists of two key
steps: concave hull detection and polygon simplification.

Concave Hull Detection

For dashed lines, arrows, and solid lines, the concave hull is detected using
the K-Nearest Neighbors (KNN)-based approach introduced by Moreira et al.
[Mor07]. This algorithm constructs the concave hull by iteratively selecting
points from the accumulated landmark point cloud while ensuring geometric
consistency. The concave hull detection process follows five key steps:

o Initialization: The process begins with the selection of an initial point,
serving as the starting reference for constructing the hull.

o KNN Search: The algorithm identifies the KNN of the current point to
determine candidate points for hull expansion.
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o Next Point Selection: Among the KNN, the algorithm selects the point
that forms the largest right-hand angle with the preceding edge while
ensuring no intersection with existing edges.

e Edge Validation and Adjustment: To prevent self-intersections, each
newly formed edge is checked against previously generated edges. If an
intersection is detected, the current k value is deemed insufficient, requir-
ing an increase in k before restarting the process.

o Completion Check: The process iterates until the hull is closed, ensuring
all points belong to the hull or remain inside it.

Two exemplary results of concave hull detection are illustrated in Figure 5.25
for an arrow. A suboptimal choice of k results in a jagged contour, as shown in
Figure 5.25a, while increasing k smooths the contour, as shown in Figure 5.25b.
Progressively increasing k leads to a gradual reduction in the number of edge
points until it stabilizes at a constant value. To determine whether the number
of edge points has converged, a smoothness criterion is introduced based on the

(@ k=s.

(b) k=38.

Figure 5.25: Exemplary results of concave hull detection for an arrow with different hyper-
parameter settings. The gray points represent the accumulated landmark point cloud,
while the red lines depict the connections between the detected edge points.
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relative change in the number of edge points:

Nn+1)— N(n)

N(n) < Gsmooth> (5 1 8)

where N(n) and N(n + 1) denote the number of edge points obtained using k
values of n and n + 1, respectively, and g, 1S the smoothness threshold (set
to 0.08). Using this criterion, the optimal k value is determined iteratively until
convergence is achieved.

Polygon Simplification

The concave hull detection process results in an ordered set of 3D edge points
defining road marking primitives. However, the number of edge points is in-
consistent and depends on the hyper-parameter k, which cannot be directly con-
trolled. To ensure a fixed number of edge points, as defined in Section 5.5.1, a
polygon simplification step is required. The objective of polygon simplification
is to reduce the number of edge points while preserving the geometric structure
of the original polygon as accurately as possible.

Figure 5.26: The segment collapse algorithm for polygon simplification.
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For polygon simplification, this thesis applies the area-preserving segment col-
lapse algorithm introduced by Kronenfeld et al. [Kro20]. Any polygon with n
vertices can be represented by n segments consisting of four adjacent points,
where each segment can be approximated using three ordered points. As de-
picted in Figure 5.26, a segment defined by an ordered point sequence ABCD
can be simplified to a sequence AED. This transformation results in two en-
closed regions: region &/ (green) and region & (blue). The combined area of
these regions is referred to as the areal displacement.

Since the area-preserving segment collapse algorithm is sensitive to high-
frequency noise in polygon points, a smoothing step is necessary before
polygon simplification. In this thesis, the bilateral filter introduced by Paris
et al. [Par07] is applied to smooth the polygon before simplification. For each
point p in the polygon, the local normal vector n,,
boring points. The position of p is then updated by smoothing the Euclidean
distance and the projection distance along nj, relative to its neighboring points.

is computed using its neigh-

The original bilateral filter was designed for unstructured points and uses the
Euclidean distance for neighborhood searching. However, since polygon points
are ordered and have known topological relationships, incorporating these re-
lationships into the bilateral filter improves smoothing performance.

(a) Smoothed polygon.

(b) Simplified polygon.

Figure 5.27: Exemplary results of polygon simplification for an arrow. 5.27a shows the smoothed
polygon using bilateral filtering. 5.27b shows the final simplified polygon.
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During the simplification process, each collapse operation is performed on the
segment with the smallest areal displacement among all available segments.
After each collapse, the affected segments are updated, and the process con-
tinues until the predefined number of edge points is reached. The optimization
follows two key principles, illustrated in Figure 5.26:

o Area-preserving principle: The areas of regions &g and & should be
equal to prevent shape distortions. The new point E must lie on a line /
parallel to segment AD.

e Minimizing areal displacement principle: To minimize areal displace-
ment, following Kronenfeld et al. [Kro20], the optimal position of E is at
the intersection of line / with either line AB or line CD.

Applying polygon simplification to the smoothed polygon yields a consistent
and geometrically accurate polygon representation. An exemplary result of the
polygon simplification process for an arrow is shown in Figure 5.27.

5.5.3 Optimization

Figure 5.28 presents four examples of vectorized road-marking primitives with
initially estimated model points back-projected into camera images. These pro-
jections show that the initial model points remain suboptimal and do not fully
align with the corresponding road-marking shapes. To enhance parameter es-
timation accuracy, an optimization step refines these vectorized models using
the associated instance semantic masks.

The residual function for road-marking optimization follows the approach used
for traffic sign optimization in Section 5.4.3. Instance masks are projected onto
the ground surface, and the distance between projected points and modeled
shape line connections is minimized, similar to the optimization processes de-
tailed in Equation (5.15) and Equation (5.17).

An alternative method for constructing the residual function involves utilizing
a distance transform of the semantic segmentation image. The distance trans-
form computes a map in which pixel values represent the Euclidean distance
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to the nearest edge of the semantic mask. A distance transform example for a
semantic mask is depicted in Figure 5.29. The 3D model points are projected
into this distance transform map, and the corresponding pixel values are used
to formulate the residual function:

r = Mg (x(K™ ' T p)), (5.19)

where ./ 4 denotes the distance transform map lookup table, 7 represents the

cam
map

formation matrix from the map frame to the camera frame, and p is a 3D model
point. By minimizing the distance transform value, the optimized 3D model
points better align with the instance semantic mask, ensuring a more accurate
geometric representation of the road marking primitive.

camera projection function, K is the camera intrinsic matrix, T is the trans-

(a) Straight and right turn arrow. (b) Right turn arrow.

(¢) Dashed line. (d) Solid line.

Figure 5.28: Examples of back-projected vectorized model points for road marking primitives.
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While the model representation of road marking primitives consists of a set
of relatively sparse model points in Figure 5.24, optimizing only these sparse
points is suboptimal. Instead, the focus should be on optimizing the connec-
tions between model points, as they define the geometric shape of the primitive.
To achieve this, additional intermediate points are sampled along the connec-
tions between model points, and these sampled points are projected onto the
distance transform map. By incorporating these sampled points into the resid-
ual function, the entire shape of the road marking is optimized.

Another key aspect of the optimization process is ensuring that the cost function
remains differentiable when using the distance transform lookup table .Z 4. To
achieve this, bilinear interpolation is applied within the local region of each
projected point, ensuring a differentiable optimization process.

As depicted in Figure 5.24, road marking primitives exhibit certain geomet-
ric constraints, which can be used as regularization terms in the optimization.
For instance, dashed lines, which are modeled as 3D polygons, should have
intersection angles of approximately 90 degrees between adjacent segments.
Similarly, solid lines and curbs should maintain an intersection angle of ap-
proximately 180 degrees. For a single angular regularization constraint #,, the
residual function can be defined as:

r=n—n (5.20)

where 7, represents the expected regularization angle, and # is the computed
angle between adjacent line segments. By incorporating these geometric con-
straints, the optimized model not only fits the semantic mask but also maintains
the expected structural integrity of the road marking primitive.

i

(a) Semantic mask. (b) Contour. (c) Distance transform map.

Figure 5.29: Example of distance transform mapping from a semantic mask of an arrow.
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5.6 Mapping Example Results

The final outcome of the semantic parametric primitive mapping process for
both elevated and road marking primitives consists of optimized parametric
models represented in 3D space. Collectively, these parametric models form a
structured 3D semantic parametric map.

In Figure 5.30, the generated semantic parametric maps for three representative
driving scenarios are visualized. The elevated and road marking primitives are
accurately and robustly modeled using the proposed parametric representation,
ensuring consistency and precision in the mapped environment.
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Figure 5.30: Exemplary results of the parametric mapping of elevated and road marking primitives
for three typical driving scenarios. The parametric models are highlighted in distinct
colors. The coordinate system frames on the ground surface indicate the ego-motion
trajectory of the vehicle during data acquisition.
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6 Evaluation

In this chapter, the proposed multi-modal continuous-time trajectory SLAM
and semantic primitive parametric mapping framework are evaluated using a
real-world dataset, which was recorded by an experimental vehicle in urban en-
vironments. The evaluation begins with a comprehensive presentation of the
experimental vehicle’s sensor setup, including the configuration of cameras,
LiDAR, IMU, and GNSS. Details regarding sensor synchronization, triggering
mechanisms, calibration procedures, and the characteristics of the evaluation
dataset are provided. Two evaluation methods and their corresponding met-
rics are introduced: the accumulated LiDAR point cloud structure score for as-
sessing the continuous-time trajectory SLAM performance, and the primitive
mask Intersection over Union (IoU) for quantifying the accuracy of the seman-
tic primitive parametric mapping. Both qualitative and quantitative evaluation
results are presented and discussed in detail, demonstrating the effectiveness
and accuracy of the proposed approaches.

6.1 Sensor Setup and Dataset

The evaluation dataset was collected using the experimental vehicle Bertha One
Ziegler et al. [Ziel4], as shown in Figure 6.1. This vehicle is equipped with
the following sensors: a 360° rotated Velodyne Alpha Prime 128-layer LiDAR
mounted on the roof, three Blackfly S gray cameras (two positioned at the front
and one at the rear), a Blackfly S color camera at the front, a Xsens MTi-300
IMU located beneath the LiDAR, a Ublox NEO-M8T GNSS with an attached
antenna on the roof, and integrated vehicle wheel odometry.
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All sensors within the multi-modal setup are synchronized to the unified GNSS
time reference, ensuring consistent temporal coordination throughout the data
acquisition process. Synchronization and triggering signals are generated by
a dedicated trigger box hardware system and distributed to all sensors. The
acquisition rates of the sensor suite are configured through the trigger box: the
LiDAR system operates at 10 Hz, the gray and color cameras operate at 10 Hz,
the IMU operates at 100 Hz, the GNSS receiver operates at 5 Hz, and the wheel
odometry system operates at 100 Hz.

Cameras are calibrated both intrinsically and extrinsically using the approach
presented by Strauss [Str15]. Extrinsic calibration between the camera and Li-
DAR is performed using the method introduced by Kiihner et al. [Kiih19], Kiim-
merle [Kiim20b], and Kiimmerle et al. [Kiim20a]. Minimal online refinement
of the extrinsic parameters between the camera and LiDAR is conducted using
the approach presented by Hu et al. [Hu22]. The rear axle is extrinsically cal-
ibrated relative to the sensor setup using the method presented by Kiimmerle
et al. [Kiim19a]. The vehicle coordinate system is defined as the projection
of the rear axle coordinate system onto the calibrated ground plane. The IMU
is mounted directly beneath the LiDAR, and the extrinsic parameters between

Figure 6.1: Sensor setup of the experimental vehicle Bertha One Ziegler et al. [Ziel4].
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the two are slightly adjusted using the motion-based Hand-Eye Calibration ap-
proach proposed by Horaud et al. [Hor95]. The GNSS is assumed to have a
certain height offset relative to the vehicle coordinate system.

(b) 2 Sequences in Sindelfingen.

Figure 6.2: The evaluation dataset collected in Germany. Background imagery © Microsoft Cor-
poration and its data providers (Bing Maps).
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For data preprocessing, LiDAR point clouds are motion-compensated using
motion estimates from the continuous-time trajectory SLAM approach dis-
cussed in Chapter 4. The continuous-time representation enables accurate pose
estimation at arbitrary timestamps, facilitating precise motion compensation
for each individual LiDAR point, since each LiDAR point has its own times-
tamp during a full rotation of the LiDAR sensor. For elevated primitives such
as poles, traffic lights, and traffic signs, the seamless segmentation network
introduced by Porzi et al. [Por19] generates instance masks. For road marking
primitives including dashed lines, solid lines, arrows, and curbs, the semantic
segmentation network introduced by Bieder et al. [Bie23] is employed. In the
work presented by Bieder et al. [Bie23], the semantic segmentation networks
are trained using automatically generated real world data by reprojecting HD
map elements into the camera images using accurate vehicle poses.

The evaluation dataset was collected in the cities of Karlsruhe and Sindelfingen
in Germany, as illustrated in Figure 6.2 using the experimental vehicle Bertha
One. The recorded dataset mainly comprises urban driving scenarios, including
various road types such as highways (part of sequence B10) and urban streets.
These sequences are labeled as: Ostring (Ost), Adenauer (Ade), Moltke Small
(Mos), Moltke Big (Mob), B10 (B10), Mahdental Small (Mas), and Mahdental
Big (Mab). More detailed information is provided in Table 6.1.

Table 6.1: Evaluation dataset sequence information details including the pivot frame number, driv-
ing distance, driving hour, and sensor availability for each sequence. The dataset con-
sists of seven sequences in total, approximately 28.63 km driving distance, 1.2 effective
driving hours, about 43000 image and LiDAR sensor data frames. The wheel odometry,
camera, LIDAR, GNSS, and IMU sensors are used in the dataset. For the IMU sensor,
the data is not available for the sequences Mahdental Small and Mahdental Big.

Sequence Ade B10 Mob Mos Ost Mab Mas
Pivot Frame Number 5532 6661 10463 6462 7001 3689 3132
Driving Distance (km) 5.81 3.63 5.35 297 572 295 220
Driving Hour (seconds) 553 666 1046 646 700 369 313

Wheel Odometry v v v v v 4 4
Camera v v v v v v v
LiDAR v/ v v v v v v/
GNSS v/ v v v v v v
IMU v/ v v v v - -
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6.2 Evaluation Methods

6.2.1 Qualitative Evaluation

To qualitatively assess the estimated motion trajectory, the accumulated point
clouds are visually inspected. For the qualitative evaluation of semantic para-
metric mapping, the 3D maps are visualized and the mapped 3D primitives are
reprojected onto the corresponding camera images, allowing for a visual com-
parison between the reprojected primitives and the actual camera images.

6.2.2 Quantitative Evaluation
Point Cloud Structure Score

In real-world scenarios, the ground truth trajectory is typically unavailable.
To quantitatively evaluate the accuracy of motion estimation, a novel self-
supervised evaluation metric is introduced: the structure score, which enables
a relative assessment of the accumulated point cloud quality. For this evalua-
tion, it is assumed that the sensors are well calibrated and that the calibration
error is negligible compared to the trajectory estimation error. As outlined
in Section 4.2.4, point clouds are categorized into three classes based on the
geometric properties of the points within a voxel grid: edge points, surface

Figure 6.3: Covariance matrix eigenvalues for three representative grid voxels: edge, surface, and
ground. The structure score is computed as the ratio of the eigenvalues, sorted in
ascending order: A; (red) < 4, (green) < A5 (blue).
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points, and ground points. The structure score is computed using the eigen-
value ratio of the covariance matrix of the accumulated point cloud within
a voxel grid, as illustrated in Figure 6.3. For edge feature voxels, a linearity
score .57, is employed to quantify the degree to which the point cloud structure
within the voxel exhibits line-like characteristics. For surface and ground
feature voxels, a planarity score Sp is utilized to assess the extent to which
the structure demonstrates planar properties. To obtain a unified scalar metric
for comparative analysis, the structure score integrates the linearity score .S
and the planarity score Sp as follows:

Sy = '13;'12, if edge voxel

S. = 43 6.1
S Sp = ’12/1—'11, if surface/ ground voxel, ©D
3

where 4, 1,, and A5 are the eigenvalues of the covariance matrix, sorted in
ascending order. The structure score serves as a reliable indicator of the accu-
mulated point cloud quality and the accuracy of trajectory estimation. It ranges
from O to 1, where a higher score indicates a more structured and accurate point
cloud, which in turn reflects a more accurate trajectory estimation.

Primitive Mask mean IoU Score

Since labeling 3D primitives is inherently challenging, and human labeling ac-
curacy may be lower than the mapping accuracy, we employ the IoU score as a
quantitative evaluation metric for semantic parametric mapping. The IoU score
quantifies the overlap between the reprojected primitives and their associated
camera semantic masks, which is defined as follows:

Sou = o 6.2)

0ou .Q{u > .

where &/, represents the overlapping area, and &, denotes the union area. The
IoU score ranges from O to 1, where a higher score indicates better alignment
between the reprojected primitives and the camera semantic masks. Under the
mean IoU, the IoU score is averaged over all reprojected landmark primitives,
which can be further averaged across frames, classes, and sequences.
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6.3 Continuous-Time SLAM

In this section, the continuous-time trajectory SLAM is evaluated. In prior work
presented by Sons [Son21], visual graph SLAM was applied exclusively to cam-
era data. In this thesis, it is extended by incorporating both camera and LiDAR
data. By comparing the results of visual and visual-LiDAR graph SLAM, the
impact of incorporating LiDAR data on trajectory estimation is assessed. By
comparing graph-based and continuous-time SLAM results using camera, Li-
DAR, and IMU data, the influence of the continuous-time trajectory represen-
tation on trajectory estimation is evaluated. For the sequences Mahdental Big
and Mahdental Small, the evaluation is conducted only using visual SLAM and
visual-LiDAR graph SLAM, because the IMU data is not available. For other
sequences, the evaluation is conducted using the visual graph SLAM, visual-
LiDAR graph SLAM, and continuous-time SLAM.

Accumulated Point Cloud

Exemplary accumulated point clouds obtained using the estimated trajectories
from visual graph SLAM without and with scale optimization, visual-LiDAR
graph SLAM, and continuous-time SLAM of the same driving scenario are
shown in Figure 6.4. It is apparent that the accumulated point cloud gener-
ated using visual-LiDAR graph SLAM exhibits a more structured and detailed
representation compared to that obtained using visual graph SLAM. The scale
optimization of the visual graph SLAM also improves the structure and detail
of the accumulated point cloud. Building facades, poles, traffic lights, traffic
signs, road markings, and other infrastructure elements are more clearly dis-
tinguishable. This qualitative assessment suggests that the trajectory estima-
tion is more accurate and robust when LiDAR point cloud data is incorporated
into the pose graph optimization process. The additional geometric informa-
tion provided by LiDAR contributes to enhanced structural fidelity and detail.
Furthermore, it is evident that the accumulated point clouds generated using the
trajectories from continuous-time SLAM exhibit structural similarity and com-
parable levels of detail to those obtained from visual-LiDAR graph SLAM.
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Figure 6.4: Exemplary accumulated point clouds using the estimated trajectory from visual graph
SLAM, visual graph SLAM with scale optimization, visual-LiDAR graph SLAM and
continuous-time SLAM (top to bottom). The blue boxes highlight regions, where dif-
ferences between approaches are most evident.
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Structure Score

To evaluate the SLAM approaches quantitatively, the structure scores of the ac-
cumulated LiDAR point clouds are computed using the trajectories estimated
from visual graph SLAM without scale optimization, visual graph SLAM with
scale optimization, visual-LiDAR graph SLAM, and continuous-time SLAM
for all seven evaluation sequences. For the structure score computation, a voxel
grid size of 0.5 m X 0.5 m X 0.5 m is used, and LiDAR point clouds are ac-
cumulated in batches of 40 frames, corresponding to approximately 4 seconds
of driving, and points beyond 50 m from the LiDAR sensor are excluded. The
LiDAR point clouds used are motion-compensated, and for the accumulation,
each point cloud is considered as a group with the same timestamp and the same
pose. The results are aggregated across accumulation batches for each sequence
and presented in Figure 6.5 as the box plot of the structure scores.

From the box plot in Figure 6.5, it is observed that the visual graph SLAM
without scale optimization (orange) exhibits the lowest structure scores, while
the visual graph SLAM with scale optimization (orange) shows significant im-
provement. The reason could be a scale drift in the visual graph SLAM re-
sulting from a calibration error of the stereo camera setup. By applying GNSS
measurements, a global scale parameter is estimated and the scale drift is cor-
rected. The structure scores corresponding to visual-LiDAR graph SLAM are
generally much higher compared to visual graph SLAM. This is primarily due
to the integration of LiDAR point cloud data within the pose graph optimiza-
tion process, which corrects the scale drift. To see the difference more clearly
with numbers, the summarized statistics of the structure scores are presented in

Table 6.2: Summary statistics of the structure scores across all seven evaluation sequences using
Quantile Q1(25%), Q2(50%), Q3(75%), and the mean value.
CO = Camera Only, COSO = Camera Only Scale Optimized, CL = Camera Lidar, CT
= continuous-time.

Q1(25%) Q2(50%) Q3(75%) (4]
CcO 0.478 0.624 0.765 0.614
COSO  0.533(+11.5%) 0.661(+5.9%) 0.784(+2.5%)  0.654(+6.5%)
CL 0.549(+14.9%) 0.685(+9.8%) 0.811(+6.0%)  0.675(+9.9%)
CT 0.551(+15.3%)  0.686(+9.9%) 0.812(+6.1%) 0.677(+10.3%)
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Table 6.2 as overall scores, which also shows that the structure scores of visual-
LiDAR graph SLAM are much higher than those of visual graph SLAM. The
structure scores of continuous-time SLAM are similar to those of visual-LiDAR
graph SLAM, which is also evident in Figure 6.5.

However, do these similar structure scores necessarily indicate equivalent tra-
jectory estimation accuracy between both approaches? During the structure
score computation for Figure 6.5, only the motion at the LiDAR point cloud
acquisition time is used, the estimation accuracy of the motion between those
timestamps is not evaluated properly. To overcome this problem and evaluate
the motion between timestamps, a new structure score computation is proposed,
using the raw LiDAR point clouds without motion compensation. During the
accumulation of LiDAR point clouds, the timestamp of each single LiDAR
point is used to determine the corresponding pose, and the points are consid-
ered separately. With the continuous-time trajectory representation, the motion
at any timestamp can be easily estimated and used directly, and with the pose
graph representation, the motion between poses needs to be interpolated. This
new structure score computation is done on the Ostring sequence without ap-
plying loop closure and the results are shown in Table 6.3. From the detailed
comparison of the structure scores, it is observed that the structure scores of
continuous-time SLAM are slightly higher than those of visual-LiDAR graph
SLAM across all percentiles and mean values. This is primarily due to the
continuous-time trajectory representation and the incorporation of IMU data.
All of these structure score results are also consistent with the qualitative as-
sessment of the accumulated point clouds presented in Section 6.3.

Table 6.3: The structure scores of the accumulated LiDAR point clouds using the estimated tra-
jectories from visual-LiDAR graph SLAM, and continuous-time SLAM on the Ostring
evaluation sequence by applying the raw not motion compensated LiDAR point clouds
and consider every single LiDAR point separately without loop closure. The Quantile
Q1(25%), Q2(50%), Q3(75%), and the mean value are reported.

CL = Camera Lidar, CT = continuous-time.

Q1(25%) Q2(50%) Q3(75%) (%)
CL 0.560 0.694 0.815 0.683
CT 0.575(+2.7%) 0.710(+2.3%) 0.829(+1.7%) 0.698(+2.2%)
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6.4 Semantic Parametric Mapping

In this section, the proposed semantic primitive parametric mapping framework
is evaluated through both qualitative and quantitative assessments. For quali-
tative evaluation, 3D map visualization and primitive camera reprojection are
employed, while the mean IoU score is used for quantitative evaluation. For
the qualitative evaluation, four exemplary driving scenarios from the sequence
Ostring are presented and more exemplary results are presented in A.

6.4.1 3D Map Visualization

Figure 6.6 presents exemplary visualizations of generated 3D semantic primi-
tive maps. From these visualizations, it is evident that both elevated and road
marking primitives are accurately modeled, mapped, and semantically catego-
rized, demonstrating effective preservation of semantic information.

6.4.2 3D Primitive Reprojection

Figure 6.7 illustrates exemplary camera reprojections of 3D primitive maps.
From these reprojections, it is observed that the estimated 3D primitives exhibit
strong spatial consistency with the corresponding camera images. Considering
the combined evaluation of 3D map visualizations and 3D primitive camera
reprojections, the results qualitatively confirm the accuracy and consistency of
the semantic primitive parametric mapping framework.

6.4.3 Primitive Mask mean IoU Score

To show the accuracy of the parametric modeling and mapping, the mean IoU
described in Section 6.2.2 is computed for all landmark primitives. As a result
of the association process, each landmark is associated with semantic masks and
vehicle poses. For each landmark, the mean IoU is computed between the se-
mantic masks and the reprojected landmark model using the camera model. The
mean IoUs across all landmark primitives, classes, and sequences, are shown
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in Table 6.4. For curbs, which are presented as polylines, a distance threshold
25 in pixels is used to determine the overlap between two polylines.

Figure 6.6: 3D primitive map examples. Poles are colorized in green, traffic lights in red with
direction in black, circular traffic signs in blue, triangular, rectangular, other-shape
signs, and curbs in purple, dashed lines in light blue, arrows and solid lines in yellow.
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A higher mean IoU does not directly indicate better modeling and mapping
accuracy, and a lower mean IoU also does not directly indicate worse modeling

Figure 6.7: Primitive reprojection examples. Poles are in green, traffic lights in red with direction
in black, circular traffic signs in blue, triangular signs and curbs in purple, rectangular
signs and dashed lines in light blue, other-shape signs, arrows and solid lines in yellow.
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and mapping accuracy. This is because the semantic masks are not perfect. The
objects can be occluded and result in a non-perfect mask in comparison to the
reprojected landmark primitive. Even though the landmark primitives are 100%
accurately mapped, the mean IoU will be lower than 100%. However, from a
statistical point of view, a higher mean IoU is a good indicator of the mapping
accuracy quality for most cases. The landmark-based mean IoU evaluation is
processed on all seven evaluation sequences, 27665 landmarks in total: 6987
poles, 1780 traffic lights, 3662 traffic signs, 12856 dashed lines, 511 pieces of
solid lines, 895 arrows, and 974 pieces of curbs. As shown in Table 6.4, the
mean IoUs are generally high, indicating that the semantic parametric mapping
outputs align well with the corresponding camera semantic masks in terms of
both pose and geometric accuracy with a mean IoU of 61.0% across all classes
and sequences. Due to imperfections in the semantic masks used for mean IoU
computation, the actual mapping accuracy is likely higher than indicated by the
reported mean IoU values.

Similar to the non-perfect semantic masks, there are also other factors that can
negatively affect the mean IoU computation. As presented in Section 5.4.1,
each pole has a foot and a top point, which are initially estimated by the lowest
and highest pixel points in the semantic masks projected onto the pole reference
plane. According to real-world scenarios, pole top points are usually visible,
but foot points are often occluded by other objects, for example, parked cars.

Table 6.4: Quantitative evaluation results using the mean IoU, reported in percentages and assessed
across all seven sequences of the evaluation dataset. The metric is presented for each
individual class, as a mean across classes, and as an average across all sequences.

PL = Pole, TL = traffic light, TS = traffic sign, DL = dashed line, SL = solid line, AR
= Arrow, CB = Curb.

Sequence PL TL TS DL SL. AR CB ()

Ade 569 750 785 59.0 399 729 700 646
B10 51.6 741 81.1 506 428 667 626 614
Mob 529 742 79.6 457 349 638 610 589
Mos 55.1 745 805 494 265 620 685 595
Ost 550 741 818 533 517 700 685 649
Mab 47.0 708 748 472 359 700 66.1 58.8
Mas 457 711 734 472 367 69.8 68.6 58.9
%] 520 734 785 503 383 679 665 61.0
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To estimate pole foot points as accurately as possible, the assumption is made
that a pole always starts from the ground surface, based on which the foot point
can be estimated by the intersection point of the pole center line and the ground
surface. It helps to estimate the pole foot points more accurately and robustly,
but it introduces a bias to the mean IoU computation because the estimated
foot points are intended to be lower than the poles’ semantic detection masks.
Another factor are traffic signs with other-shape signs, which are simplified as
rectangles. The real shape of these traffic signs is usually irregular and not a
rectangle, which introduces a modeling error and therefore results in the com-
puted mean IoU for the traffic sign class to be lower than the actual mapping ac-
curacy. To clarify the effect of these two factors, a new mean IoU computation
is proposed, where poles are estimated without the ground surface foot point
assumption, and traffic signs with other-shape signs are excluded. The results
in Table 6.5 show higher mean IoUs for both poles and traffic signs. However,
this does not indicate that the ground surface foot assumption is inadequate
but rather that the mean IoU computation is negatively affected by these mod-
eling choices. An alternative approach would be to model other-shape traffic
signs more accurately, similar to road marking polygons, which could further
improve the mean IoU for the traffic sign class.

To further evaluate the overall robustness and generalization capability of the
semantic parametric mapping framework, all mapped primitives within 150
m are reprojected onto every camera image and associated with their corre-
sponding semantic instance masks. The resulting mean IoUs are presented
in Table 6.6 for individual classes, the mean across classes, and the average

Table 6.5: Comparison of the mean IoUs for the landmark primitives, excluding the poles with the
ground surface foot point assumption and the traffic signs with other-shape signs. The
metric is presented for each individual class, as a mean across classes, and as an average
across all sequences.

PL = Pole, PL no Ground = Pole without ground surface foot point assumption, TS =
traffic sign, TS no Other = traffic sign without other-shape signs.

Type Ade B10 Mob Mos Ost Mab Mas (%]

PL 569 51.6 529 551 550 470 457 520
PL no Ground 59.6 555 560 575 57.6 50.1 483 549
TS 785 81.1 79.6 805 81.1 748 734 785

TS no Other 858 859 844 854 867 802 78.0 838
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across all seven evaluation sequences. Compared with Pauls [Pau25] results
for sequences Adenauer and Moltke Big (pole, traffic light, and traffic sign),
the proposed framework achieves consistently improved mean IoUs. This im-
provement is attributed to three key advancements: (1) continuous-time SLAM
framework enhancing trajectory accuracy through continuous motion represen-
tation and IMU integration, (2) multi-frame primitive association and optimiza-
tion utilizing more measurements in a tightly-coupled manner, and (3) more
accurate traffic sign modeling that explicitly accounts for different geometric
shapes (circular, triangular, rectangular).

Table 6.6: Quantitative evaluation results using the mean IoU, reported in percentages and assessed
across all seven evaluation sequences. The metric is presented for each class, as a mean
across classes, and as an average across sequences. The results are compared with the
partly available mean IoUs computed from the work introduced by Pauls [Pau25]. Col-
umn @ shows the mean IoU for the specified class and sequences Ade and Mob for
comparison with Pauls [Pau25], and column @&, shows the mean IoU for all sequences.
Row @, shows the mean IoU for the specified sequence and classes pole, traffic light,
and traffic sign for comparison with Pauls [Pau25], and row @p shows the mean IoU
for the specified sequence and all classes.

PL = Pole, TL = traffic light, TS = traffic sign, DL = dashed line, SL = solid line, AR
= Arrow, CB = Curb.

Sequence PL TL TS DL SL AR CB %) Da
B10 164 28.0 296 73 116 104 86 247 16.0
Ost 187 239 291 101 13.6 132 132 239 174
Mos 205 263 239 77 87 148 137 236 165
Mab 212 252 294 93 80 70 107 253 158
Mas 161 283 276 84 113 7.8 159 240 165
Ade ([Pau25]) 182 244 283 - - - - 23.6 -

Ade 195 247 311 115 119 154 140 251 183
Mob ([Pau25]) 189 252 284 - - - - 242 -

Mob 211 276 296 104 89 87 108 261 167
@ ([Pau25]) 18.6 248 284 - - - - 239 -

@ 203 262 304 11.0 104 121 124 256 175
D 19.1 263 286 92 106 11.0 124 247 16.7
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7  Conclusion and Outlook

In this thesis, a novel multi-modal continuous-time SLAM and a semantic para-
metric mapping framework are introduced. The continuous-time trajectory rep-
resents motion continuously, enabling the fusion of various sensor measure-
ments asynchronously. The semantic parametric mapping system semantically
models long-term stable primitives using parametric models and tracks these
primitives over time to estimate the model parameters.

7.1 Conclusion

The multi-modal continuous-time SLAM system is designed to incorporate var-
ious sensor measurements, including LiDAR, camera, IMU, and GNSS, into a
bundle adjustment framework. These measurements may be asynchronous and
possess different update rates, making traditional PGO methods unsuitable for
data fusion, particularly when computational resources are limited. A motion
trajectory is modeled using two uniform B-splines, allowing continuous-time
representation, which facilitates the evaluation of motion at any given times-
tamp and the creation of measurement models for various types of measure-
ments, including poses, velocities, and accelerations.

The semantic primitive parametric mapping system is developed to semanti-
cally and parametrically model and map long-term stable primitives using cam-
era semantic images and LiDAR point clouds. For autonomous driving, long-
term stable and drive-relevant primitives are crucial, such as elevated features
(e.g., poles, traffic lights, traffic signs) and road marking features (e.g., dashed
lines, solid lines, arrows, curbs). These features are modeled using parametric
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models, such as cylinders, planes with different shapes, and polygons or poly-
lines. It is demonstrated that the primitives are accurately and robustly modeled,
with the model parameters estimated effectively by utilizing tracked semantic
masks and multi-view geometry constraints.

To evaluate the proposed framework, extensive experiments were conducted
on a self-collected dataset from real-world urban environments, and the re-
sults were compared with those from prior works. By integrating LiDAR point
clouds into the bundle adjustment problem, trajectory estimation was signifi-
cantly improved in terms of accuracy and robustness. The use of a continuous-
time trajectory allows for high dynamic accuracy in motion estimation by di-
rectly fusing high-frequency IMU measurements with minimal additional com-
putational resource consumption. Trajectory estimation was qualitatively as-
sessed by computing the structure score of the accumulated point clouds. By
modeling primitives parametrically and estimating the model parameters us-
ing multi-view geometry constraints, mapping accuracy and robustness were
significantly enhanced. For the quantitative evaluation of the semantic para-
metric mapping, the mapped primitives were reprojected into camera images,
and the consistency of the projected models with the camera images was visu-
ally assessed. For quantitative assessment, the IoU metric was computed for
the semantic masks of the mapped primitives.

Besides achieving highly accurate evaluation results, the proposed framework
is used as basis for downstream research topics too. A cooperation research
XD-MAP presented in Bieder et al. [Bie26] is a fully self-supervised framework
that uses automatically generated HD maps as an intermediate representation to
transfer semantic knowledge between heterogeneous sensor modalities without
requiring overlapping fields of view. It achieves a high accuracy in cross-modal
semantic transfer, demonstrating the potential of the proposed framework to
serve as a foundation for further research in autonomous driving.
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7.2 Outlook

To further extend the proposed framework, two aspects can be considered for
future work. The range of primitives can be expanded to include additional
types, such as tree trunks and building facades. Furthermore, the mapped prim-
itives could be textured using camera images, especially for traffic signs and
building facades, enhancing the realism and utility of the maps for downstream
applications. Another avenue for future research is to explore mapping using
only camera images, particularly for scenarios where LiDAR point clouds are
unavailable. A well-developed camera-only semantic primitive mapping ap-
proach would enable mapping of environments using fleet data collected from
multiple vehicles, even without LIDAR. Additionally, the parametric modeling
of other-shape traffic signs could be extended from the current rectangular ap-
proximation to a free-form representation, following the concave hull and poly-
gon simplification approach already employed for road marking primitives, to
achieve a more accurate geometric description of irregularly shaped signs.
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A Appendix

This appendix presents comprehensive visualization results of the semantic
parametric mapping system across all 7 evaluation sequences in this thesis.
The purpose of this supplementary material is to provide detailed qualitative
assessment of the proposed mapping framework through visual inspection of
the generated semantic maps in both 3D world and 2D camera image space.

The visualization results are organized into two distinct categories: First, 3D
visualizations of exemplar semantic map segments are presented for representa-
tive driving scenarios from each evaluation sequence. These 3D visualizations,
shown in Figures A.1 to A.7, display the parametrically modeled semantic prim-
itives including poles, traffic lights, traffic signs, and road markings, overlaid
with reconstructed ground surface point clouds derived from the camera image
pixel ground surface reconstruction

Second, 2D visualizations are provided by reprojecting the 3D semantic map
elements back onto the camera image plane using the calibrated camera model
and the estimated camera poses from the continuous-time trajectory. These 2D
visualizations, presented in Figures A.8 to A.14, enable direct visual compari-
son between the parametric models and the original camera observations. The
reprojection consistency serves as a qualitative validation metric, illustrating
the alignment between the mapped semantic primitives and their correspond-
ing appearances in the camera imagery.

This visualization approach facilitates the assessment of mapping accuracy,
identification of potential modeling errors, and evaluation of the robustness of
the primitive association and parameter estimation processes across diverse ur-
ban driving environments.
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A Appendix

Figure A.8: 2D visualization of exemplar semantic map segment reprojected onto camera image
plane of the driving scenario in sequence Adenauer.
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Figure A.9: 2D visualization of exemplar semantic map segment reprojected onto camera image
plane of the driving scenario in sequence B10.
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A Appendix

Figure A.10: 2D visualization of exemplar semantic map segment reprojected onto camera image
plane of the driving scenario in sequence Moltke Big.
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Figure A.11: 2D visualization of exemplar semantic map segment reprojected onto camera image
plane of the driving scenario in sequence Moltke Small.
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Figure A.12: 2D visualization of exemplar semantic map segment reprojected onto camera image
plane of the driving scenario in sequence Ostring.
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2D visualization of exemplar semantic map segment reprojected onto camera image

plane of the driving scenario in sequence Mahdental Big.

Figure A.13:
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Figure A.14: 2D visualization of exemplar semantic map segment reprojected onto camera image
plane of the driving scenario in sequence Mahdental Small.
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