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S U M M A R Y 

We simulate an instantaneous time mirror (ITM), that is, a rapid short-duration change in 

elastic material properties, using numerical experiments in time-varying isotropic elastic 
media. Our implementation in the seismic wave propagation software SeisSol is based on 

high-order discontinuous Galerkin discretization with ADER time stepping. We develop 

an eigenvector-based analytical solution for time interfaces for general linear hyperbolic 
wave systems and apply it to analyse the energy balance at time boundaries and ITMs. 
The energy increases for all intermittent medium changes for all impedance scaling fac- 
tors. Our numerical implementation is validated against these analytical solutions and 

achieves high-order convergence. Its accuracy is further corroborated by estimates of re- 
flection and transmission coefficients and observed frequency shifts across time bound- 
aries, and by acoustic wave speed estimates obtained from focal spots associated with ITM- 
generated converging P waves that are consistent with theoretical predictions and ground 

truth values, respectively. We use the ITM implementation to simulate the partitioning 

of seismic body waves excited by a point source in a spatially homogeneous elastic full 
space. The response to an intermittent short change in the elastic parameters yields a di- 
verging and converging P and S wavefield. A systematic scaling of the elastic parameters 
is then used to steer independent ITM reflections of either P or S waves. Numerical ITM 

solutions as developed here can be used to synthesize converging wavefields in seismic 
imaging applications, and more generally to analyse the behaviour and manipulation of 
seismic wavefields in space-time varying media. 

Key words: Numerical modelling; Numerical solutions; Body waves; Computational 
seismology; Theoretical Seismology; Wave Propagation. 
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 INTRODUCTION  

pace and time play equally important roles in wave propa-
ation. Thus, understanding the effects of space-varying and
ime-varying material properties on the wavefield is essential
or many applications (K. Wapenaar et al. 2024 ; K. Wapenaar
025 ). For seismic waves propagating in Earth, the impedance
ontrasts associated with layer boundaries and material changes
Fig. 1 a) lead to well-studied phenomena that are important for
ur understanding of Earth structure. The space–time analogy
Fig. 1 b) implies that reflections can also be caused by an in-
erface or a disruption of material properties in time (K. Wape-
aar et al. 2024 ; K. Wapenaar 2025 ). Intermittent, short-duration
hanges of the impedance-governing medium properties can
ead to an instantaneous time mirror (ITM) (V. Bacot et al. 2016 ;
C© The Author(s) 2026. Published by Oxford University Press on behalf of The R
article distributed under the terms of the Creative Commons Attribution Licens
which permits unrestricted reuse, distribution, and reproduction in any mediu
. Fink & E. Fort 2017 ), which creates time–boundary reflec-
ions by activating ‘sources’ everywhere in space (Fig. 1 c). 

Understanding the complex effects of space–time wavefield
ariations is essential for the manipulation of wavefields. ITM
ources localized in time excite divergent and convergent waves
ust as material contrasts in space act as localized sources for
ransmitted and reflected waves (Fig. 1 ). Convergent waves ex-
ited by the ITM and by a classic time-reversal mirror (M. Fink
997 ) demonstrate the time-reversal invariance property of the
ave equation. However, in contrast to the functioning of a time-

eversal mirror (M. Fink & E. Fort 2017 ) that records, stores,
ime-reverses and re-transmits a wave signal, the ITM does not
nvolve an antenna of receiver–transmitter elements. 

V. Bacot et al. ( 2016 ) developed a framework for explain-
ng ITM effects that are based on the wave speed dependent
oyal Astronomical Society. This is an Open Access
e (https://creativecommons.org/licenses/by/4.0/),
m, provided the original work is properly cited. 1
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Figure 1. Space–time representations of 3-D simulated acoustic wavefields. All panels show the normal stress or pressure along the x-axis in response 
to a pressure impulse moment tensor point source. In each panel, the source and receiver configuration is adapted to demonstrate the responses. The 
dashed lines indicate the space and time interfaces. (a) Reflection and transmission at an impedance contrast or interface in space at x = 15 km. (b) 
Reflection and transmission at a single impedance contrast or interface in time at t = 5 s. (c) Reflection and transmission at an instantaneous time 
mirror (ITM) at t = 5 s. The ITM consists of two time interfaces separated by a very short interval τ . 
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coupling of the wavefield amplitude to its time derivative. A 

temporal wave speed disruption decouples the amplitude and its 
derivative and forms a new set of initial conditions that are con- 
trolled by the wavefield state in the entire medium at the instant 
of the mirror activation. This leads to a superposition of two de- 
composed states corresponding to the forward-propagating and 

backward-propagating waves. This manipulation retains a first- 
in-last-out symmetry (Fig. 1 c) and thus differs from the reflec- 
tions at boundaries in space (Fig. 1 a) and at a time-reversal mir- 
ror with their first-in-first-out sequence. V. Bacot et al. ( 2016 ) 
first demonstrated the wave speed dependent ITM principle 
experimentally by disrupting the propagation of gravity water 
waves through an instantaneous acceleration, which intermit- 
tently changes the wave propagation speed in the medium due 
to its dependence on gravitational acceleration. Since then, time- 
dependent properties of various materials in different spectral 
bands have been manipulated to focus, shape and control the 
propagation of electromagnetic (V. Pacheco-Peña & N. Engheta 
2020 ; C.T. Wu et al. 2022 ; E. Galiffi et al. 2023 ; R. Tirole et al. 
2023 ), acoustic (B. Gérardin et al. 2019 ) and elastic waves (K. In- 
nanen 2018 ). 

The seismic wavefield anatomy can be controlled by manipu- 
lating active source properties, and specific source–receiver con- 
figurations can enhance target signals. In contrast, seismic meta- 
materials (A. Colombi et al. 2016 ; D. Mu et al. 2020 ) can passively 
influence the properties of an incident wavefield. A regular spa- 
tial configuration of resonators, including buildings (P. Guéguen 

et al. 2002 ), pile walls (A. Dijckmans et al. 2016 ), trenches (X. 
Pu & Z. Shi 2020 ), inclusions (A. Castanheira-Pinto et al. 2018 ), 
wind turbines (M. Pilz et al. 2024 ) and trees (P. Roux et al. 2018 ) 
can control the local wavefield, which has important implica- 
tions for structural engineering, urban planning, seismic safety 
and hazard mitigation. Simulated time-reversed seismic wave- 
fields are used for earthquake source characterization (A. Riet- 
brock & F. Scherbaum 1994 ; C. Larmat et al. 2006 ), and simula- 
tions are an essential element in adjoint imaging techniques for 
solving tomographic inverse problems (J. Tromp et al. 2005 ). The 
analogy between time-reversal and cross-correlation (A. Derode 
et al. 2003 ) explains the reconstruction of converging and diverg- 
ing waves (N.M. Shapiro et al. 2005 ; F.-C. Lin et al. 2009 ; T. Gal- 
lot et al. 2011 ) and of spatial autocorrelation fields (G. Ekström 

et al. 2009 ; G. Hillers et al. 2016 ) from correlations of continuous 
seismic dense array records for passive surface wave imaging. 

Reflectors in space and mirrors in time have been studied for 
wavefields in a range of materials (S. Catheline et al. 2008 ). The 
water wave experiment by V. Bacot et al. ( 2016 ) demonstrated 

that modifying the parameters that control the wave speed pro- 
duces a time slab, or ITM. The properties of the propagation 

media in the solid Earth and its envelopes, including the hy- 
drosphere, cryosphere and atmosphere, can experience sudden 

changes associated with natural and anthropogenic phenomena 
such as earthquakes, eruptions, collapses, explosions and injec- 
tions. However, except for the numerical study of propagation 

in a 2-D elastic medium by K. Innanen ( 2018 ), the ITM response 
of a 3-D elastic or seismic wavefield is not analysed comprehen- 
sively. 

In this work, we extend the numerical wave propagation code 
SeisSol (M. Dumbser & M. Käser 2006 ; M. Käser & M. Dumb- 
ser 2006 ; M. Dumbser et al. 2007a ; M. Käser et al. 2010 ; L. Krenz 
et al. 2023 ; A.-A. Gabriel et al. 2025 ) with an implementation of 
ITM physics in elastic media to study the effects of space–time 
transformation on seismic wavefields. SeisSol has demonstrated 

its utility and performance in modelling earthquake scenarios 
with several billion degrees of freedom while achieving a sig- 
nificant fraction of the theoretical peak performance (A. Hei- 
necke et al. 2014 ; C. Uphoff et al. 2017 ; L. Krenz et al. 2021 ). 
Our ITM implementation extends SeisSol’s versatility to analyse 
a broader range of acoustic and elastic wave propagation phe- 
nomena (Fig. 1 ). We use SeisSol to manipulate the propagation 

of P waves and S waves simultaneously or separately, providing a 
tool and a basis for further investigations of seismic ITM effects. 

In Section 2 , we discuss the general wave equation and plane 
wave solutions using eigenvectors, introduce an analytical solu- 
tion for the ITM disruption of an acoustic wave and discuss ITM 

physics for the elastic wave equation. We demonstrate the ITM 

implementation for the elastic case in SeisSol and perform a nu- 
merical convergence test in Section 3 . In Section 4 we report the 
results from point source simulations for the acoustic case and 

the elastic case, before we discuss the implications for applica- 
tions in Section 5 . 

2  P L A N E  WAVE  SOLUTIONS  I N  RESPONSE  TO  

T I M E  I N T E R FAC E S  

2.1 Plane wave solution for the general wave 
equation with a time interface 

In this work, a time interface activated at tint is a step-function 

change in the material properties with respect to the previous 
state. The intermittently activated instantaneous time mirror 

art/ggag031_f1.eps
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iscussed in Sections 2.2 to 4 is a short sequence of two oppo-
ite step-function changes. This excludes more general time vari-
tions such as continuous, periodic or other transient compo-
ents. We consider a general linear hyperbolic wave equation ex-
ressed in the first-order form 

∂q 

∂t 
+ A

∂q 

∂x 
+ B

∂q 

∂y 
+ C

∂q 

∂z 
= 0 , (1) 

here the state vector q depends on time t and spatial directions
, y, z. The flux matrices in x, y, z are given by A , B , C . Solutions
o this system of constant-coefficient linear partial differential
quations (PDEs) can be expressed as a linear summation of pla-
ar waves, similar to a Fourier basis decomposition (section 4.2.1

n L.C. Evans 2010 ). Using complex numbers, a plane wave with
ngular frequency ω and wavenumber k propagating in direc-
ion n can be written as 

( x, t ) = r ei (ωt−kn ·x) , (2) 

here x = (x, y, z) and n = ( n1 , n2 , n3 ) is the unit vector that de-
otes the direction of propagation. Inserting eq. ( 2 ) into eq. ( 1 ),
e obtain that the state vector q ( x, t ) solves eq. ( 1 ) if 

( A n1 + B n2 + C n3 ) ︸ ︷︷ ︸ 
ˆ A 

r = ω 

k 
r . (3) 

hus, r needs to be an eigenvector of the plane wave operator
ˆ 
 , where the wave speed c = ω/k is the corresponding eigen-

alue. To formulate general solutions of the PDE system in
q. ( 1 ), we express the initial condition q ( x, 0) as a linear sum
f eigenvectors with space-dependent functions, setting t = 0
n eq. ( 2 ) 

q ( x, 0) = 

∑ 

j 

r j f j ( n · x) =
∑ 

j 

r j ei (−k j n ·x) , (4) 

f j ( n · x) := ei (−k j n ·x) , 

here r j is the jth eigenvector and f j is the component of the jth
igenvector in the linear split (R.J. LeVeque 2002 , section 18.5).
he plane wave solution of the PDE system in eq. ( 1 ) is then 

( x, t ) =
∑ 

j 

r j f j 
(
n · x − c j t

) =
∑ 

j 

r j ei (ω j t−k j n ·x) , (5) 

here c j is the jth eigenvalue, corresponding to the wave veloc-
ty. 

The following discussion examines the plane wave solution
ith a single time interface. We distinguish two cases associated
ith constant and with changing eigenvectors, respectively. This

an be related to the acoustic scenarios discussed in sections 9.7
nd 9.8 in R.J. LeVeque ( 2002 ), where an invariant or a changing
mpedance between two domains with different wave speed and
ensity are associated with a constant or varying eigenvector in-
erface, respectively. The first invariant impedance interface is a
uned case where the wave speeds and densities differ but their
roduct does not. 

.1.1 Eigenvectors do not change at the time interface 

f the eigenvectors do not change at the time interface tint , the
ew set of initial conditions is 

( x, tint ) =
∑ 

j 

r j f j 
(
n · x − c j tint 

) =
∑ 

j 

r j ei (ω j tint −k j n ·x) , (6) 
hich evolves in time according to 

( x, t ) = 

∑ 

j 

r j f j 
(
n · x − c j tint − ˆ c j (t − tint )

)
= 

∑ 

j 

r j ei ( ˆ ω j ( t−tint ) + ω j tint −kn ·x) . (7) 

ere, r j is the jth eigenvector, f j is the component of the jth
igenvector in the linear split and c j is the jth eigenvalue. Cor-
espondingly, ˆ c j and ˆ ω j = k j ̂  c j are the jth eigenvalue and the
jth angular frequency after the material change, respectively.
n this scenario, the wave components associated with different
igenvectors propagate without creating new components. How-
ver, if the eigenvalues vary, the velocities of the forward-moving
aves change, which results in a phase shift. Consequently, the
aves continue to travel faster or slower than the incident wave

fter the time interface. 

.1.2 Eigenvectors change at the time interface 

f, on the other hand, the eigenvectors change in response to the
aterial change at the time interface tint , we split the new initial

onditions 

( x, tint ) =
∑ 

j 

r j f j 
(
n · x − c j tint 

) =
∑ 

i 

ˆ r j ˆ f j ( n · x) , (8) 

hich evolves in time as 

( x, t ) =
∑ 

j 

ˆ r j ˆ f j 
(
n · x − ˆ c j (t − tint )

)
, (9) 

here ̂  r j denotes the jth eigenvector after the material change,
ˆ f j denotes the space-dependent component of the jth eigenvec-
or and ˆ c j denotes the jth eigenvalue. 

This shows that there can be components of different eigen-
ectors and eigenvalue pairs associated with the time interface.
f, after the time interface, the decomposition of the new initial
onditions creates eigenvectors that have paired negative and
ositive eigenvalues, it results in a reflected component in time.
his is the case for the set of elastic wave equations analysed in
ection 2.3 . 
If we consider a system with eigenvalues c and −c and eigen-

ectors r1 and r2 , the solution after the time interface, that is, the
orward component, even if we begin with only one component,
s 

( x, tint ) = r1 f1 ( n · x − ctint ) = ˆ r1 ˆ f1 ( n · x) + ˆ r2 ˆ f2 ( n · x) , (10) 

hich evolves in time as 

( x, t ) = ˆ r1 ˆ f1 
(
n · x − ˆ c ( t − tint ) 

) + ˆ r2 ˆ f2 
(
n · x + ˆ c ( t − tint ) 

)
, (11) 

that is, a single component creates its reflection. Here ˆ ri 
s the eigenvector after the time interface, ˆ fi is the compo-
ent of the eigenvector ˆ ri and ˆ c is the eigenvalue of the so-

ution after the time interface. In a scenario where the eigen-
ectors can be manipulated to affect only one component of 
he solution without modifying the other, only one compo-
ent of the wavefield is reflected. This scenario is explored

n Section 3.2 by manipulating elastic P waves and S waves
ndependently. 

If the initial eigenvalues are c1 and c2 with the corresponding
igenvalues ˆ c1 and ˆ c2 after the time interface, we obtain a solu-
ion that is similar to the result associated with a single initial
igenvector 
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n > 1 . 
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q ( x, tint ) = r1 f1 ( n · x − c1 tint ) = ˆ r1 ˆ fi ( n · x) + ˆ r2 ˆ f2 ( n · x) , (12) 

q ( x, t ) = ˆ r1 ˆ fi 
(
n · x − ˆ c1 ( t − tint ) 

) + ˆ r2 ˆ f2 
(
n · x − ˆ c2 ( t − tint ) 

)
. 

(13) 

This result demonstrates that this combination of eigenvalues 
does not necessarily create a reflected component. In our analy- 
sis, we focus on scenarios where the eigenvectors change, which 

are associated with the conditions that control reflections at time 
boundaries. 

2.2 Analytical solution for an acoustic plane wave in 

response to time interfaces and the energy balance 

We discuss the analytical solution for an acoustic planar wave- 
field in response to a single time interface and an instantaneous 
time mirror. This analytical solution is used in Section 3.3 to cor- 
roborate the numerical implementation of the ITM in SeisSol. 
V. Bacot et al. ( 2016 ) defines an ITM as a sequence of time in- 
terfaces where the wave properties are changed intermittently 
for a very short duration τ . A corresponding analytical develop- 
ment for the elastic case is beyond the scope of this paper. As in 

Section 2.1 , we work with a sinusoidal plane wave model. The 
set of acoustic wave equations in first-order hyperbolic form are 
defined as 

∂ p 
∂t 

+ λ
∂vi 

∂xi 
= 0 

ρ
∂vi 

∂t 
+ ∂ p 

∂xi 
= 0 , 

(14) 

where p is the pressure fluctuation, vi are the particle velocities 
in the three directions, λ is the bulk modulus and ρ is the density. 
The sound wave speed in the acoustic medium is c = √ 

λ/ρ. We 
next describe ITM-generated converging wavefield components 
in an acoustic 1-D system. We formulate eq. ( 14 ) in 1-D and anal- 
ogous to eq. ( 1 ) as 

∂q 

∂t 
+ A

∂q 

∂x 
= 0 or 

∂ 

∂t 

(
p 
v 

)
+

(
0 λ
1 
ρ

0 

)
∂ 

∂x 

(
p 
u 

)
= 0 . (15) 

The eigenvalues for this system c = ±√ 

λ/ρ exist in pairs and 

the eigenmatrix 

R =
(−√ 

ρλ
√ 

ρλ

1 1 

)
(16) 

depends only on the material parameters λ and ρ. In the follow- 
ing discussion, subscripts I, II and III denote the three phases of 
the ITM system. Phase I denotes the time before the first time 
interface, phase II refers to the interval between the first and the 
second time interface and phase III indicates the state after the 
second time interface. 

2.2.1 Phase I: before the first time interface 

The expression of the forward propagating wave 

pI ( x, t ) = ρc cos 
(
k ( x − ct ) 

)
, 

vI ( x, t ) = cos 
(
k ( x − ct ) 

)
, 

(17) 

solves the 1-D acoustic wave equation (eq. 15 ), where pI and 

vI denote the pressure and velocity evolution before the first 
time interface. Again, k is the wavenumber of the propagating 
wave, the sound speed is c = √ 

λ/ρ and the wave propagates in a 
medium with an initial impedance ZI = ρc . Following D.A. Ko- 
priva et al. ( 2021 ), the energy of the system in a periodic domain 

is defined as 

E =
∫ π

k 

− π
k 

(
1 

2 λ
p2 + 1 

2 
ρv2 

)
d x. (18) 

E is conserved for a system of conserved hyperbolic equations, 
if no external energy or force acts on it. For our analysis, E is 
constant until the system properties change at a time interface, 
and is also constant between time interfaces. 

For Phase I, we obtain 

EI = πρ

k 
(19) 

as the energy of the system before the activation of the time in- 
terface. 

2.2.2 Phase II: between the time interfaces 

An impedance contrast or interface in space causes a reflection 

of a wave (section 9.2 in R.J. LeVeque 2002 ) (Fig. 1 a). To create 
a time interface, we scale the wave impedance by the factor n 

when the ITM is activated. At t = t−
ITM 

, the Lamé parameter is 
changed to λII = n2 λI , which changes the impedance to ZII = 

nZI . The solution to the correspondingly updated eq. ( 15 ) is (R.J. 
LeVeque 2002 , section 2.8) 

2 pII ( x, t ) 
cρ

= − ( n − 1) cos 
(
kx + cknt − ( ckn + ck) t−

ITM 

)
+ ( n + 1) cos 

(
kx − cknt + ( ckn − ck) t−

ITM 

)
, 

2 vII ( x, t ) = ( n − 1) cos 
(
kx + cknt − ( ckn + ck) t−

ITM 

)
+ ( n + 1) cos 

(
kx − cknt + ( ckn − ck) t−

ITM 

)
, 

(20) 

where pII and vII are the pressure and velocity for t > t−
ITM 

. In 

each of the two pressure and velocity components, the first 
and second terms correspond to a converging and diverging 
part of the solution, respectively. For this choice of material 
change, the forward and backward propagating waves travel 
with a speed of nc , which is the coefficient of the time com- 
ponent in the cosine function, that is, the wave speed is mul- 
tiplied by n . These solutions also indicate a phase shift of 
( ckn ∓ ck) t−

ITM 

for a wave propagating forward and backward 

in response to the time interface, respectively, which is consis- 
tent with the observations and conclusions of V. Bacot et al. 
( 2016 ). Using eq. ( 18 ), we can evaluate the system energy at 
t > t−

ITM 

as 

EII = 1 
2 

(
1 + n2 )πρ

kn2 . (21) 

Fig. 2 (a) evaluates the energy ratio EII /EI for different values of 
the time impedance factor n . Compared to the EI reference state, 
the relative energy in the jolted system EII decreases from large 
values at small n < 1 towards the asymptotic value of 0.5 for 
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Figure 2. Energy ratios associated with time interfaces. The subscript I refers to the original state before the activation of a time interface, and states II 
and III are associated with the first and second time interface, respectively. The corresponding equations for EI , EII and EIII are eqs ( 19 ), ( 21 ) and ( 23 ), 
respectively, and n is the wave impedance factor. (a) The ratio EII /EI . The dashed line indicates the asymptotic value of 0.5. (b) The ratio EIII /EI . The 
star indicates the neutral state associated with n = 1 . 
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.2.3 Phase III: after the ITM 

t t = t+ 
ITM 

, we change the material properties back to their ini-
ial state and solve eq. ( 15 ) again, which yields 
−4 npIII ( x, t ) 

cρ
= (−n2 + 1

)
cos 

(
kx + ckt − 2 ckt−

ITM 

− ( ckn + ck) τ
)

+ (
n2 − 1

)
cos 

(
kx + ckt − 2 ckt−

ITM 

+ ( ckn − ck) τ
)

+ (
n2 − 2 n + 1

)
cos ( kx − ckt + ( ckn + ck) τ ) 

+ (−n2 − 2 n − 1
)

cos ( kx − ckt − ( ckn − ck) τ ) , 
−4 nvIII ( x, t ) = (

n2 − 1
)

cos 
(
kx + ckt − 2 ckt−

ITM 

− ( ckn + ck) τ
)

+ (−n2 + 1
)

cos 
(
kx + ckt − 2 ckt−

ITM 

+ ( ckn − ck) τ
)

+ (
n2 − 2 n + 1

)
cos ( kx − ckt + ( ckn + ck) τ ) 

+ (−n2 − 2 n − 1
)

cos ( kx − ckt − ( ckn − ck) τ ) , 

(22) 

here τ = t+ 
ITM 

− t−
ITM 

, and pIII and vIII are pressure and velocity
or t > t+ 

ITM 

, respectively. Eq. ( 22 ) consists of four components,
wo components each travelling in the forward and reverse di-
ections. This shows that an impedance discontinuity in time or
n ITM generates a time-reversed wave component. The wave
omponents exhibit a phase shift that depends on the ITM pa-
ameters. The final energy EIII depends on the parameters k, n
nd τ and is constrained by 

πρ

k 
≤ EIII ≤ πρ

2 k 

(
n2 + 1 

n2 

)
. (23) 

his demonstrates that the application of an ITM leads to a
hange in the system energy. We can compare the maximum en-
rgy increase after the ITM to the initial state. We take the upper
imit expression and plot the ratio EIII /EI as a function of n . The

inimum neutral value EIII /EI = 1 is obtained at n = 1 , and the
ystem behaviour is therefore consistent with the observation by
. Bacot et al. ( 2016 ) that ‘a temporal discontinuity in a homoge-
eous medium conserves momentum but not energy’. 

.3 The isotropic elastic wave equation 

n Section 2.1 , we have established the association between
aired positive and negative eigenvalues and a time-reflected
ropagating plane wave in the presence of time interfaces us-

ng a general solution of a first-order wave equation. Next, we
emonstrate this principle for an isotropic elastic medium to
rovide a basis for evaluating our numerical results, which in-
olves the manipulation of P waves and S waves. To model the
-D seismic wavefield, we use the velocity–stress formulation of 
he isotropic elastic wave equation. Using Einstein notation to
ndicate summation over repeated indices, these equations are 

∂σi j 

∂t 
− λδi j 

∂vk 

∂xk 
− μ

(
∂vi 

∂x j 
+ ∂v j 

∂xi 

)
= 0 , 

∂vi 

∂t 
− ∂σi j 

∂x j 
= 0 , (24) 

here σ is the stress tensor, and consistent with eq. ( 14 ) the v1 ,
2 and v3 are again the particle velocities in the x, y and z di-
ections, respectively, λ and μ are the material dependent Lamé
arameters, and ρ is density. The acoustic wave equation (eq. 14 )
merges as a special case of eq. ( 24 ) for μ = 0 . In this case, all
hear stresses σi j = 0 vanish, and all normal stresses are equal
nd equivalent to the pressure fluctuation p = −σii . Eq. ( 24 )
atches the general linear PDE system eq. ( 1 ) 

∂q 

∂t 
+ A

∂q 

∂x 
+ B

∂q 

∂y 
+ C

∂q 

∂z 
= 0 

or the state vector 

 = ( σ11 , σ22 , σ33 , σ12 , σ23 , σ31 , v1 , v2 , v3 ) T . (25) 

he flux matrices A , B and C are 9×9 matrices, for example, 

A =

⎛ 

⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 

0 0 0 0 0 0 − ( λ + 2 μ) 0 0 
0 0 0 0 0 0 −λ 0 0 
0 0 0 0 0 0 −λ 0 0 
0 0 0 0 0 0 0 −μ 0 
0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 −μ

− 1 
ρ

0 0 0 0 0 0 0 0 
0 0 0 − 1 

ρ
0 0 0 0 0 

0 0 0 0 0 − 1 
ρ

0 0 0 

⎞ 

⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ 

. (26) 

e refer to M. Dumbser & M. Käser ( 2006 ) for the organiza-
ion of these elements in the flux matrices, and for B and C . The
igenvalues of this system ( −cp , −cs , −cs , 0 , 0 , 0 , cs , cs , cp ) deter-
ine the propagation velocities of P waves and S waves, cp =

art/ggag031_f2.eps
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√ 

(λ + 2 μ) /ρ and cs =
√ 

μ/ρ, respectively. The corresponding 
eigenvector matrix is (M. Dumbser & M. Käser 2006 ) 

R =

⎛ 

⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 

ρcp 0 0 0 0 0 0 0 ρcp 
λ

cp 
0 0 0 1 0 0 0 λ

cp 
λ

cp 
0 0 0 0 1 0 0 λ

cp 

0 ρcs 0 0 0 0 0 ρcs 0 
0 0 0 1 0 0 0 0 0 
0 0 ρcs 0 0 0 ρcs 0 0 
1 0 0 0 0 0 0 0 −1 
0 1 0 0 0 0 0 −1 0 
0 0 1 0 0 0 −1 0 0 

⎞ 

⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ 

. (27) 

The eigenvector matrix depends only on the elastic material pa- 
rameters ρ, λ and μ. This means that a material change at a time 
interface can create a situation in which the new eigenvectors 
differ compared to the eigenvectors before the time interface. 
Following the discussion in Section 2.1.2 , we infer that the eigen- 
values occur in pairs ±cp , ±cs , ±cs , and the zero eigenvalues do 
not contribute to propagating waves. Hence, a material interface 
that leads to a change in the eigenvectors leads to a correspond- 
ing reflected wavefield component. 

This interaction of waves with material interfaces is a funda- 
mental and well-studied aspect of wave propagation in general 
and seismic responses in particular (e.g. R.J. LeVeque 2002 , sec- 
tion 9.2). These findings can be generalized to understand the 
wavefield response to time interfaces, which also exhibits split- 
ting the propagation into time-reflected and transmitted compo- 
nents (Fig. 1 b). As said, extending the single time interface to a 
time slab or instantaneous time mirror involves the restoration 

to the original medium parameters, that is, the phase I and phase 
III medium properties are the same (Section 2.2 ), which leads to 
the same wave speeds before and after the ITM as in the water 
tank experiment by V. Bacot et al. ( 2016 ). The extension of the 
1-D solutions developed in this section to 3-D analytical ITM so- 
lutions for elastic waves excited by point or seismic sources can 

yield further observational targets and updated reference solu- 
tions for verification. 

For anisotropic elastic materials, the structure of the associ- 
ated eigenvector matrix R (e.g. J. de la Puente et al. 2007 ) governs 
the coupling of quasi- P waves and quasi- S waves. As a result, 
the P waves and S waves cannot be separately manipulated by 
scaling the respective impedances at a time interface, as shown 

for the isotropic medium. This suggests, as for other wave prop- 
agation phenomena, a more complex anisotropic medium re- 
sponse. Our well-resolved isotropic time interface models mo- 
tivate an extended analysis of the response to an ITM in 3- 
D anisotropic elastic media using SeisSol (S. Wolf et al. 2020 ), 
which can also include simulations of refocusing Rayleigh sur- 
face wave behaviour in media with direction-dependent wave 
velocities (G. Hillers et al. 2016 ). 

3  WAV E F I E L D  S I M U L AT I O N S  AND  I T M  

I M P L E M E N TAT I O N  I N  SEISSOL  

In this section, we first summarize the implementation of wave- 
field simulations in SeisSol (Section 3.1 ) and highlight the mod- 
ifications necessary to incorporate the physics of time interfaces 
and ITMs. The code used in this study is publicly available, with 

details and reproducibility information provided in the Data 

Availability section. Readers primarily interested in the details 
of ITM-based wavefield manipulation may proceed directly to 
Section 3.2 . 

3.1 Overview of ADER-DG in SeisSol 

SeisSol implements the ADER-DG method for elastic (M. 
Dumbser & M. Käser 2006 ), viscoelastic (M. Dumbser et al. 
2007b ; C. Uphoff & Bader 2016 ), anisotropic (J. de la Puente et al. 
2007 ; S. Wolf et al. 2020 ) and poroelastic (J. de la Puente et al. 
2008 ; S. Wolf et al. 2022 ) materials. In addition, it supports the 
coupling of acoustic and elastic domains (L. Krenz et al. 2023 ) 
along with a gravity boundary condition to model tsunamis (L. 
Krenz et al. 2021 ). SeisSol achieves high accuracy and utilizes 
local time-stepping, which allows for the computationally effi- 
cient exploration of complex wave propagation problems. 

SeisSol solves the elastic wave equations written in first-order 
form as a linear hyperbolic PDE system, as given by eq. ( 1 ) 

∂q 

∂t 
+ A

∂q 

∂x 
+ B

∂q 

∂y 
+ C

∂q 

∂z 
= S . (28) 

An additional source term is indicated by S . The PDE system is 
solved using a high-order Discontinuous Galerkin (DG) method, 
which discretizes the domain into unstructured tetrahedral ele- 
ments. In each element, the numerical solution is represented by 
space-dependent, orthogonal polynomial basis functions. The 
Arbitrary high-order DERivatives (ADER) method (V.A. Titarev 
& E.F. Toro 2002 ; M. Dumbser et al. 2008 ) is used for time in- 
tegration. The resulting ADER-DG scheme combines a high- 
order element-local predictor with a corrector step that consid- 
ers how the local solution depends on neighbour elements by 
solving Riemann problems. We refer to M. Dumbser & M. Käser 
( 2006 ) and M. Dumbser et al. ( 2007b ) for details of the ADER-DG 

method, and to C. Uphoff et al. ( 2017 ) and C. Uphoff & M. Bader 
( 2020 ) for details of the ADER-DG implementation in SeisSol. 

In each element k, the numerical solution for the n th time 
step is stored as a matrix Qn 

k of polynomial coefficients, with the 
quantities and polynomial basis functions as row and column 

dimensions of the matrix. The DG discretization in space turns 
eq. ( 28 ) into this equation for each element of the grid 

D1 = M−1 
((

Kξ
)T Qn A∗ + (

Kη
)T Qn B∗ + (

Kζ
)T Qn C∗

)
, (29) 

where the mass matrix M and the stiffness matrices Kξ , Kη and 

Kζ result from the choice of the element-local basis functions. 
As we use orthogonal basis functions, M becomes diagonal. The 
matrices A∗, B∗ and C∗ are linear combinations of the matrices 
A , B , and C from eq. ( 28 ), depending on the orientation of the 
element. 

The first step in the ADER-DG scheme is a Taylor series ex- 
pansion of the element-local space-time solution I , for which 

we iterate over eq. ( 29 ) to compute the δth derivatives Dδ for 
0 ≤ δ ≤ O , with O the discretization order 

D0 := Q , Dδ+1 := M−1 
((

Kξ
)T 

DδA∗ +
(

Kη
)T 

DδB∗ +
(

Kζ
)T 

DδC∗
)
(30) 

and then compute the space-time predictor as 

I =
O ∑ 

δ=0 


tδ+1 

( δ + 1) ! 
Dδ, (31) 

which is referred to as the Cauchy-Kovalevskaya procedure (M. 
Dumbser & M. Käser 2006 ). From these space–time predictions 
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 , an explicit update scheme for a time step can be derived 

Qn +1 , ∗ = Qn + Ivol ( I) − Ilocal 
surf ( I) − Isurf 

neigh 
(
I( i) 

) + Isrc , (32) 

here the terms Ivol correspond to the volume discretization, the
erms Ilocal 

surf and Iglobal 
surf to the numerical fluxes on the element sur-

aces, and Isrc to the discretization of source terms. The volume
erm is computed as 

vol ( I) = M−1 (Kξ IA∗ + KηIB∗ + Kζ IC∗) , (33) 

ith all terms known from eq. ( 29 ). The surface contributions
local 
surf and Ineigh 

surf are computed from contributions from all four
aces of the tetrahedral cell 

Ilocal 
surf ( I) = 

1 
| J| M

−1 

( 4 ∑ 

i =1 

| Si | F−,i I ˆ A+ 
) 

, 

Ineigh 
surf 

(
I( i) 

) = 

1 
| J| M

−1 

( 4 ∑ 

i =1 

| Si | F+ ,i, j,h I( i) ̂  A−
( i) 

) 

, 

(34) 

here | J| is the volume of the element and | Si | is the sur-
ace area of the i th face. The flux matrices F−,i and F+ ,i, jk ,hk 

or each element k and for each face i depend on the choice
f the basis functions and the relative position of the element
ith the respective neighbour (M. Dumbser & M. Käser 2006 ).

ˆ + 
k and 

ˆ A−
k( i) are defined as ˆ A+ 

k = 1 
2 

( ˆ Ak +
∣∣ ˆ Ak 

∣∣) and 

ˆ A−
k( i) =

1 
2 

( ˆ Ak( i) −
∣∣ ˆ Ak( i) 

∣∣), where the notation of the absolute value of 
he flux matrix has the meaning of applying the absolute value
perator to the given eigenvalues (M. Dumbser & M. Käser
006 ). 
We can write the source term Isrc associated with a single point

ource 

src = | J| 
⎛ 

⎝ 

O ∑ 

j=1 

ω j sps 
(
τ j 

)⎞ 

⎠ � ( ξs ) , (35) 

here ω j are integration weights, sps is the time-dependent
omponent of the source term inside a mesh element, �k are
pace-dependent basis functions on the reference element and
s is the location of the point source in the reference coordi-
ate system. In this work we consider only point source simu-

ations, but our SeisSol ITM can be generally applied to wave-
elds excited by extended finite sources. As none of the com-
onents required for the calculation of Isrc depend on mate-
ial properties, these do not need to be revised for the ITM
mplementation. 

.2 ITM wavefield manipulations in SeisSol 

e implement an ITM for isotropic elastic waves by modifying
he material properties to ˆ λ, ˆ μ and ˆ ρ for t−

ITM 

≤ t ≤ t+ 
ITM 

. Body
aves in isotropic elastic media propagate as a P wave or S wave,
ence it is possible to reverse both waves together by changing

he impedance or just one of the wave types without affecting
he other. Here we analyse P wave and S wave scenarios, extend-
ng the previous work on ITM effects on elastic waves (K. Inna-
en 2018 ; K. Wapenaar et al. 2024 ). To change the impedance
ontrast, we can modify the density and keep the Lamé pa-
ameters constant or scale them in different proportions. In
he following eqs ( 36 ) to ( 38 ), n denotes the impedance scaling

actor. m  
.2.1 Manipulating P waves and S waves 

o reflect both waves, we modify the material parameters for the
uration of the ITM from t−

ITM 

to t+ 
ITM 

as 

ˆ λ = n2 λ, 

ˆ μ = n2 μ, 

ˆ ρ = ρ. 

(36) 

his yields ̂  cp = ncp , ̂  cs = ncs , ˆ Zp = nZp and 

ˆ Zs = nZs . The same
 -scaling means that the ITM time steps are scaled by 1 /n to
aintain the stability condition discussed below (Section 3.2.4 ).

.2.2 Manipulating P waves only 

o reflect only P waves, we modify the material parameters such
hat only the P wave impedance changes without affecting the

wave impedance. We change the Lamé parameter λ and keep
constant, 

ˆ λ = n2 λ, 

ˆ μ = μ, 

ˆ ρ = ρ. 

(37) 

e obtain 

ˆ Zp =
√ 

ρ(n2 λ + 2 μ) � = Zp and 

ˆ Zs = Zs , that is, only
he P -wave impedance varies as intended. In this case, the P -
 ave velocity cp =

√ 

(n2 λ + 2 μ) /ρ is limited by ncp whereas
ˆ s = cs , and we can use the same time stepping as in the previous
ase. 

.2.3 Manipulating S waves only 

orrespondingly, to reflect only S waves, we modify the mate-
ial parameters such that only the S-wave impedance is changed
ithout affecting the impedance of P waves. This is achieved by

hanging the density and the Lamé parameters, 

ˆ λ = λ + 2 μ
n 

− 2 nμ, 

ˆ μ = nμ, 

ˆ ρ = nρ. 

(38) 

his yields ˆ cp = cp /n , ˆ cs = cs , ˆ Zp = Zp and 

ˆ Zs = nZs during the
TM activation, hence only the S-wave propagation is affected.
or the elastic simulations discussed in Section 4.2 we use n > 1

or the cases that involve P -wave manipulation and n < 1 for the
ast case where only the S wave is manipulated, with the corre-
ponding effects on the time stepping. 

.2.4 ITM implementation 

he ADER-DG update scheme, as summarized in Section 3.1 , is
ormulated as a sequence of element-local matrix operations. As
ll matrices—with the exception of the quantities Q —normally
emain constant throughout a simulation, SeisSol pre-computes
nd stores all involved matrices during its setup phase. While
ξ , Kη, Kζ and M , as well as the flux matrices F−,i and F+ ,i, jk ,hk 

epend on the discretization and on the geometry of the mesh
lements, the matrices A∗, B∗, C∗ depend directly on A , B , C ,
hich are again sensitive to the material parameters. Similarly,

ˆ + and 

ˆ A−
( i) contribute to the Riemann solution, which also de-

ends on the local material parameters. Therefore, when the
edium parameters change at a time interface, we recompute
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Figure 3. Convergence of the numerical SeisSol response to an instan- 
taneous time mirror and the corresponding analytical plane wave solu- 
tion for an acoustic medium (eq. 17 ). The grid size dependent L2 norm 

of the differences in the v1 velocity shows a positive dependence on the 
polynomial order p. The dashed lines show the theoretical convergence 
of p + 1 for polynomial order p. 

Table 1. Convergence order versus polynomial order obtained from the 
convergence study of a propagating planar acoustic wave with ITM. 

Polynomial order 1 2 3 4 5 

Convergence order 2.13 3.15 4.00 5.03 5.77 
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all matrices A∗, B∗ and C∗, as well as ˆ A+ and 

ˆ A−
( i) , for all DG 

elements. 
As an explicit scheme, ADER time stepping must obey 

a Courant–Friedrichs–Lewy (CFL) condition (H. Lewy et al. 
1928 ). For the elastic wave equation, the allowed time step size 
is inversely proportional to the largest wave speed cp and propor- 
tional to the element size. SeisSol employs clustered local time 
stepping (LTS) (M. Dumbser & M. Käser 2006 ; A. Breuer et al. 
2016 ), which groups elements with similar allowed time step 

sizes into clusters. These clusters are advanced with a uniform 

time step size, where the ratio between the time step sizes of 
two clusters is fixed, typically to powers of 2. Temporally chang- 
ing material parameters for ITM requires that we also update 
the time step sizes to match the changed wave speeds. As men- 
tioned in Sections 3.2.1 to 3.2.3 , for the cases of reflecting both 

P wave and S wave, and for the case of reflecting only the P wave, 
it is sufficient to scale the time steps by the inverse impedance 
scaling factor 1 /n . For the case of manipulating only the S-wave 
propagation, we need to scale the time steps by 1 /n if n < 1 , but 
keep them constant for n > 1 . Since ITM scaling does not change 
the ratios between time step sizes of elements and clusters, the 
LTS clusters can stay unchanged, and only the time steps for 
each LTS cluster need to be updated. ITM is thus compatible 
with the use of LTS. 

To implement an ITM using an alternative numerical method, 
it suffices to modify the material properties and the relevant pa- 
rameters for the time-step control. It is required to update the 
time-step sizes in response to the impedance scaling factor to 
ensure the CFL condition remains satisfied. 

3.3 Numerical convergence test 

We perform numerical convergence analysis to verify our im- 
plementation. We compare SeisSol synthetics of instantaneous 
time-mirrored acoustic waves to the analytical solution of a 
propagating planar acoustic wave discussed in Section 2.2 . To 
quantify convergence, we compute the L2 norm of the error of 
the v1 velocity component of our numerical solution in response 
to a sinusoidal plane wave excitation with eq. ( 22 ) in Section 2.2 . 
For this experiment we use τ = 0 . 01 s and n = 2 . We use a series
of meshes consisting of uniformly sized tetrahedral elements in 

an 8 m 

3 cubic domain. We increase the number of elements in 

each direction as 4 , 8 , 16 , 32 , 64 , 128 and examine the error for
polynomial orders p ∈ { 1 , 2 , 3 , 4 , 5} . We expect a convergence 
order of p+ 1 for a polynomial order p used in the DG scheme 
(M. Käser & M. Dumbser 2006 ). The results are summarized in 

the decimal log–log plot in Fig. 3 . The slope of the obtained rela- 
tionships increases as expected with the polynomial order. For 
order p = 5 , we observe an increase in error for the smallest 
grid size with 128 elements, which is due to reaching the limit 
of floating-point accuracy. We perform a linear fit of the error 
decimal logarithm and the grid size decimal logarithm to esti- 
mate the approximate convergence order obtained with our im- 
plementation. From the results in Table 1 we can conclude that 
our numerical discretization of the ITM converges with the ex- 
pected order. 

4  R E S U LT S  FROM  P O I N T  S O U RC E  

S I M U L AT I O N S  

We simulate the response of propagating wavefields that are ex- 
cited by an impulse point source to time boundaries, first for 
an acoustic medium (Section 4.1 ) and then for an elastic case 
(Section 4.2 ). We use the half-space material parameters of the 
SISMOWINE WP2_LOH1 code validation benchmark (P. Moczo 
et al. 2006 ) that has been used to evaluate and compare the ac- 
curacy and performance of different wave propagation solvers. 
This benchmark scenario provides a reference for validating 
free-surface and internal interface wavefield responses. For the 
acoustic material we set μ = 0 and adapt λ to yield the same P - 
w ave speed as in the elastic case. We apply a standard seismic 
source time function at the centre of the domain. The source 
time function Ṡ is a Brune source time function (Fig. 4 ) that ap- 
proximates an impulse force 

Ṡ = 1 
T 2 te− t 

T , (39) 

where t denotes time and T controls the width of the pulse ap- 
proximating the duration of the source. This function is scaled 

by a seismic moment tensor that parametrizes a pressure source 
and a double couple source, or by a point force applied in the 
vertical direction. We use a conservatively large computational 
domain to avoid spurious reflections from non-perfectly absorb- 
ing boundaries. All 2-D wavefield images (Figs 5 to 10 ) are gen- 
erated using the higher order output feature of SeisSol and are 
post-processed using an in-house visualization tool. 

4.1 The simulated response of an acoustic wavefield to 

time interfaces 

We focus on the acoustic solution in response to a permanent 
change associated with a single time interface and compare key 
characteristics to theoretical predictions collected by K. Wape- 
naar et al. ( 2024 ) to corroborate our results. Then we discuss the 
refocusing behaviour associated with an ITM and connect the 

art/ggag031_f3.eps
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Figure 4. The source time function (eq. 39 ) used for the velocity impulse 
point source. The inset shows the normalized spectral amplitude of the 
source time function. 
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Figure 6. (a) Cross-section through the wavefield in panel (b) along the 
time axis at the location x = 3 km. (b) Space–time representation of the 
time-reversal collapse on the source location for an acoustic pressure 
wavefield excited by a pressure impulse moment tensor in response to an 
instantaneous time mirror activated at t = 5 s. The spatial and temporal 
refocusing occurs at x = 3 km and t = 10 s. The colour range is clipped. 
(c) Cross-section through the wavefield in panel (b) along the space axis 
at the refocusing time t = 10 s. 
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esults to observations from established time-reversal applica-
ions. We first apply time interfaces to a P wave generated by a
ressure impulse point source in an acoustic material. The ini-
ial material properties are 

ρ = 2700 kg m−3 , 

μ = 0 Pa , 
λ = 9 . 72 × 1010 Pa , 

(40) 

hich lead to a P wave speed of cp = 6000 m s−1 . The mesh used
n this scenario resolves frequencies up to 10 Hz with these ma-
erial properties (M. Käser et al. 2008 ). In the scenario with only
ne time interface, we resolve a higher frequency range due to
he modified material parameters. The time interface parame-
ers are 

τ = 0 . 001 s , 
n = 10 , 

t−
ITM 

= 5 . 0 s , 
(41) 

here τ is the duration of the ITM, and n is the impedance scal-
ng factor from eq. ( 36 ). These parameters result in the clean re-
ponses shown in Figs 1 (b) and (c), 5 and 6 . 
igure 5. The response of an acoustic wavefield to an instantaneous time mirro
onverging wave, respectively. The panels show a 2-D section of the spherical 
oment tensor point source. The colour range is clipped. 
.1.1 Reflection and transmission coefficients and frequency shift 
t a single time boundary 

e first neglect phase III and the associated τ parameter in
q. ( 41 ) to compare features of our simulated single time inter-
ace responses to theoretical results. For a 1-D space boundary it
s well known that the wavenumber of a planar wave changes ac-
ording to kII = kI cI /cII and the frequency is invariant, ωII = ωI .
orrespondingly, for a time boundary, the wavenumber is invari-
nt, kII = kI , but the frequency changes, ωII = ωI cI /cII (K. Wape-
aar et al. 2024 ; K. Wapenaar 2025 ). This means that for our time

mpedance factor n = 10 , which yields a ten-fold increase in the
r activated at t = 0 . 0 s. The labels P+ and P− indicate the diverging and 
wavefield in the y - z plane through the location of the pressure impulse 
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Figure 7. Illustration of an elastic wavefield in response to a moment tensor point source. The amplitudes of the propagating P-wave and S-wave decay 
away from the seismic moment tensor source, in contrast to the comparatively large-amplitude static near-field component. The colour range is clipped. 

Figure 8. The response of an elastic wavefield to an instantaneous time mirror activated at t = 0 . 0 s. The intermittent change in the elastic parameters 
affects the P wave and the S wave. The superscripts + and − indicate the diverging and converging components, respectively. The panels show a 2-D 

section of the spherical wavefield in the x- y plane at z = 28 km in response to a vertical velocity impulse point force located at the origin. The colour 
range is clipped. 
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pressure wave speed, the frequencies of the reflected and trans- 
mitted waves are also expected to increase significantly. Similar 
to the established 1-D planar wave reflection and transmission 

coefficients Rx and Tx for a space boundary, K. Wapenaar et al. 
( 2024 ) and K. Wapenaar ( 2025 ) developed Rt and Tt expressions 
for a time boundary in 1-D and 2-D, respectively, 

Rt = 1 
2 

(
λI 

λII 
− cII 

cI 

)
, 

Tt = 1 
2 

(
λI 

λII 
+ cII 

cI 

)
, 

(42) 

where λ is the bulk modulus, c = cp , and the subscripts I and II 
refer again to the two phases before and after the time boundary, 
respectively, equivalent to the λ and 

ˆ λ notation in Section 3.2 . 
This behaviour is illustrated in Fig. 1 (b), where we can observe 
the incident 6 km s−1 wave speed up to t < 5 s (eq. 41 ), and then 

a ten-fold increase in the reflected and transmitted wave speeds 
for t > 5 s. 

To analyse the frequency content we compute the Fourier am- 
plitude spectra of 2 s long zero-padded waveforms of the inci- 
dent, reflected and transmitted waves. The spectrum of the com- 
paratively broad incident waveform (Fig. 1 b) shows energy in the 
0−10 Hz range and a peak around 1.5 −2 Hz. The spectra associ- 
ated with the significantly more narrow reflected and transmit- 
ted wavelets is correspondingly broader, with an observed peak 

around 15 Hz. This shift in the peak energy is thus in good agree- 
ment with the predicted shift of the central frequency by a factor 
of ωII /ωI ≈ cII /cI = 10 . This demonstrates that the wavenumber 
k = ω/c is preserved across a single time interface, which sug- 
gests that the time-boundary physics is sufficiently accurately 
resolved. 

The theoretical reflection and transmission coefficients 
(eq. 42 ) for our material values (eq. 40 ) and n = 10 are 
Rt = −4 . 995 and Tt = 5 . 005 , respectively. When we scale 
these values by the simulated incident amplitude of about 
−0.4, neglecting the order of magnitude of the considered 

normal stress values, we obtain estimates around + 2.0 and 

−2.0, which are in good agreement with the simulated reflected 

and transmitted amplitudes of + 1.9 and −1.8, respectively. 
These values are obtained for the broad-band signals but also 
for narrowband filtered waveforms using a Gaussian filter with 

1.5 and 15 Hz central frequency. Again, the shift to higher 
frequencies suggests that the wavenumber k is preserved and 

the good estimates of the Rt and Tt coefficients demonstrate that 
our simulations of the response to a single time boundary are 
consistent with analytical plane wave model results. Residuals 
between the coefficients can be attributed to differing model 
assumptions: the analytical formulae assume 1-D and 2-D 

planar wave propagation (K. Wapenaar et al. 2024 ; K. Wapenaar 
2025 ), whereas the numerical experiments employ fully 3-D 

numerical solutions for point sources. 

4.1.2 Acoustic ITM refocusing and focal spot properties 

The next step is the application of a second time boundary 
(Fig. 1 c) after τ s that completes a time slab or the ITM. We 
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Figure 9. The response of an elastic wavefield to an instantaneous time mirror activated at t = 0 . 0 s. The intermittent change in the elastic parameters 
affects only the P wave. The superscripts + and − indicate the diverging and converging components, respectively. The panels show a 2-D section of the 
spherical wavefield in the x- y plane at z = 28 km in response to a vertical velocity impulse point force located at the origin. The colour range is clipped. 

Figure 10. The response of an elastic wavefield to an instantaneous time mirror activated at t = 0 . 0 s. The intermittent change in the elastic parameters 
affects only the S wave. The superscripts + and − indicate the diverging and converging components, respectively. The panels show a 2-D section of the 
spherical wavefield in the x- y plane at z = 28 km in response to a vertical velocity impulse point force located at the origin. The colour range is clipped. 
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se a first example to demonstrate the effectiveness of our nu-
erical solution again by connecting the properties of the sim-

lated refocusing pattern or focal spot to results in the litera-
ure. The acoustic medium properties and time boundary val-
es (eqs 40 , 41 ) result in the 10 s long clean response obtained
ith the SeisSol ITM implementation illustrated in Fig. 5 , where

he visualization plane intersects the source location, and the in-
icated times are relative to t−

ITM 

. The top five panels show the
iverging P+ wave that interacts with the ITM at t = 0 s. The
 = 0 . 3 s panel shows the P+ wave together with the new con-
erging P− wave that refocuses at t = 5 s. Note that the red-blue
mplitude pattern of the P+ and P− waves illustrates the first-in-
ast-out symmetry associated with the ITM response (V. Bacot
t al. 2016 ). 
The spatiotemporal pressure field σxx is shown in an alterna-

ive illustration in Fig. 6 (b). In the left part of the main panel it
hows the converging wave that has been reflected by the ITM
t t = 5 s before it refocuses at t = 10 s around the source po-
ition at 3 km and then diverges again in the right part. The
lopes indicate the 6 km s−1 propagation speed. The correspond-
ng cross-sections show the normal stress amplitude distribu-
ions along x = 3 km (Fig. 6 a) and at t = 10 s (Fig. 6 c). The large
mplitude feature around the origin at the refocusing time is
eferred to as focal spot. The finite width of the focal spot is a
onsequence of the interacting converging and diverging parts
f the wavefield. For seismic surface waves the focal spot is the
ime domain equivalent of the well known spatial autocorrela-
ion (K. Aki 1957 ; G. Hillers et al. 2016 ; B. Giammarinaro et al.
022 ; C. Tsarsitalidou et al. 2024 ). For a monochromatic body
ave the focal spot shape is described by a sinc function, and its
alf-width or tip-curvature are a proxy for the local wavelength,
nd these relationships have been extensively utilized in acous-
ics and medical imaging applications (M. Fink 1997 , 2006 ; S.
atheline et al. 2008 ; T. Gallot et al. 2011 ). The half-width is the
idth of the spot measured at half the peak amplitude, and it is

n estimate of half a wavelength. In Fig. 6 , the indicated half-
idth at the refocusing time t = 10 s is approximately 625 m.
he ∼5 Hz central frequency of the wave after refocusing and
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the 6 km s−1 local wave speed yield a wavelength of 1200 m, 
which agrees with our half-wavelength estimate. These results 
from the acoustic case relate our ITM response analysis to es- 
tablished time-reversal observations and corroborate the effec- 
tiveness and accuracy of our SeisSol simulations. 

4.2 The simulated ITM response in an elastic medium 

We extend the discussion from an acoustic to an isotropic elastic 
ITM response. We illustrate the general behaviour of 3-D waves 
in isotropic elastic media and discuss the three different possi- 
bilities of manipulating P waves and S waves, that is, we mirror 
the full body wavefield, and the P wave and the S wave sepa- 
rately. We first discuss the evanescent near-field component of 
the point source solution for moment tensor sources in elastic 
media. The non-propagating near-field term results from a mo- 
ment tensor rate with a non-zero integral over the source dura- 
tion (sections 4.2.3 and 2.6.2 in K. Aki & P.G. Richards 2002 ; H. 
Igel 2016 ). An example of this static near-field component is il- 
lustrated in the centre of the panels in Fig. 7 that show again 

the σxx component. In contrast to the propagating waves, this 
near-field component does not refocus in response to an ITM. 
In line with the energy increase observed in Section 2.2 , how- 
ever, the observed amplitudes of this static field also increase 
after an ITM. The near-field lobes as well as the amplitude dis- 
tribution of the propagating P wave and S wave are controlled 

by the radiation pattern of the shear dislocation point source. 
As in Fig. 5 the visualization plane in Fig. 7 intersects the source 
location. Hence, we cannot reconstruct clean focal spots at the 
source location from the mirrored, converging wavefield as in 

Fig. 6 for elastic materials if the near-field effects are not filtered 

out. Instead, Figs 8 to 10 show the v3 component of the simulated 

wavefields in the y - z plane at x = 2 km, which better illustrates 
the ITM response away from the source location at the origin 

and hence away from the large amplitudes in the near-field. 
We apply an ITM to waves excited by point sources. We use 

the half-space material parameters of the LOH1 benchmark sce- 
nario 
ρ = 2700 kg m−3 , 

μ = 3 . 24 × 1010 Pa , 
λ = 3 . 24 × 1010 Pa , 

(43) 

which lead to P wave and S wave speeds of 

cp = 6000 m s−1 , 

cs = 3464 m s−1 , 
(44) 

respectively. With these material parameters, the meshes we 
used can resolve up to 5 Hz in the domain of interest. The gen- 
eral ITM parameters are 

τ = 0 . 01 s , 
t−
ITM 

= 9 s . 
(45) 

For the two cases that involve P -wave manipulation we use the 
scaling factor n = 10 , and for reflecting only the S wave we use 
n = 0 . 1 . The respective ITM time steps are adjusted as explained 

in Section 3.2.4 . To manipulate the wavefield for the three cases, 
the value of the impedance scaling factor n is applied in the cor- 
responding eqs ( 36 ), ( 37 ) or ( 38 ). As before, these parameters 
yield the clean responses shown in Figs 8 to 10 . 

The panels in the top row in Fig. 8 show the diverging P+ 

and S+ waves in the visualization plane around t = −4 s and 
t = −0 . 7 s, respectively. At t = 0 . 3 s we can again discern the
first-in-last-out symmetry of the amplitude pattern of the con- 
verging P− and S− waves that are created by the ITM at t = 0 s. 
All four waves continue to propagate, and around t = 0 . 7 s and 

t = 4 s the S− wave and the P− wave are about to ‘exit’ the visu- 
alization plane, respectively. Fig. 9 exhibits the same features at 
the same times, except that only a converging P− wave emerges 
at t = 0 . 3 s in response to the ITM that leaves the S-wave propa- 
gation unaffected. 

The wavefields in the top row panels in Fig. 10 are again iden- 
tical to the solutions in Figs 8 and 9 , but now only the S− wave 
is generated and propagates back toward the centre, where it 
would refocus and diverge again. The S-wave manipulation is 
alternatively illustrated in the two wavefield representations in 

Fig. 11 . Results in Fig. 11 (a) show the space–time pattern along 
the x-axis at y = 12 km, z = 40 km, analogous to fig. 3(a) in 

V. Bacot et al. ( 2016 ). The profile extends radially away from 

the source at (12 , 12 , 68) km. The P wave propagates undis- 
turbed but the converging S− wave splits away from the diverg- 
ing S+ wave at the ITM activation. This highlights again the 
first-in-last-out symmetry, for example, at t = 0 . 2 s. The pattern 

also exhibits the ITM induced amplitude change of the trans- 
mitted S+ wave, and the change in frequency content. The re- 
sults in Fig. 11 (b) are from the same simulation using an alterna- 
tive time–space configuration for illustration, where the 20 km 

long profile ranges from (16 , 12 , 40) km to (36 , 12 , 40) km, that
is, from 4 to 24 km relative to the source. This profile does not 
point radially away from the source at (12 , 12 , 68) km, which 

explains the different P+ wave to S+ wave amplitude ratio for 
t < t−

ITM 

= 0 s, the curved wave fronts, and the amplitude decay 
with distance. The illustration shows the phase change of the 
ITM affected S waveform, for example, by comparing the shapes 
of the S+ wave and S− wave at x = 8 km. 

We observe a sensitivity in the simulated phase III amplitudes 
after t+ 

ITM 

(Section 2.2 ), that is, the amplitudes of the manipulated 

waves in the lower row panels in Figs 8 to 10 and in Fig. 11 , to 
our choice of the time impedance scaling factor n . Simulations 
with n values that are larger than n = 10 (eq. 45 ), or with values 
that are small compared to unity, lead to significantly larger am- 
plitudes. These observations are compatible with the asymptotic 
results in eq. ( 23 ) illustrated in Fig. 2 (b) that show an energy in- 
crease with n and 1 /n in response to the ITM. 

All results are obtained with empirically determined τ val- 
ues in the range between 0.001 and 0.01 s to provide clean 

ITM responses for our demonstrations. The associated testing 
results suggest a sensitivity of the amplitude to variations in τ . 
This cannot, however, be linked to the analytical results in Sec- 
tion 2.2 that exhibit a τ dependence only in the cosine function 

argument of the reflected and transmitted planar acoustic waves 
(eq. 22 ). Adopting the interpretation of an ITM as the creation of 
secondary sources (V. Bacot et al. 2016 ), it can be hypothesized 

that the relation between the duration τ and the wavelet period, 
and thus its frequency content, controls the effective bandwidth 

of the time slab, that is, the excitation is potentially depleted of 
higher frequencies. To-be obtained analytical results for the 3-D 

elastic response to point sources, together with systematic nu- 
merical tests, can contribute to a comprehensive exploration of 
τ dependent energy scaling. 

Our results convincingly illustrate the application of the ITM 

concept in an isotropic elastic medium. They exhibit the in- 
teresting phenomena to reverse either the full wavefield, or 
any one body wave component independently, by intermittently 
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Figure 11. The response of an elastic wavefield to an instantaneous time mirror activated at t = 0 . 0 s using complementary space–time sampling 
configurations. The intermittent change in the elastic parameters affects only the S wave. (a) The wavefield along a 58 km long profile along the x-axis 
at y = 12 km, z = 40 km. The source is located at (12 , 12 , 68) km. (b) 13 s long seismograms along a 20 km section along the x-axis. 
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hanging the medium parameters. The simulated responses
emonstrate the robust implementation of ITM physics in Seis-
ol, but also highlight the potential for analytical developments
or a more complete ITM energy partitioning theory. 

 DISCUSSION  

he space–time analogy in wave propagation (Fig. 1 ) has led
o growing interest in time-dependent manipulation of material
roperties, where instantaneous changes in elastic properties act
s temporal boundaries. Similarities and differences in the re-
ponses to space and time-dependent changes are governed by
he associated changes in boundary and initial conditions, re-
pectively (V. Bacot et al. 2016 ; M. Fink & E. Fort 2017 ; K. Wape-
aar et al. 2024 ; K. Wapenaar 2025 ). Our analytical and numeri-
al analyses of the response of a 3-D elastic wavefield to a single
ime interface and to a time slab or instantaneous time mirror
ITM) in a 3-D elastic wave propagation framework using the
pen source code SeisSol advances seismic wavefield manipula-
ions. 

In this work, we investigate body-wave propagation in re-
ponse to an intermittent change in the material properties of an
sotropic homogeneous elastic full space. We consider instanta-
eous changes of the elastic parameters, and thus in the wave
peeds and impedances, governed by a scaling factor n at a time
nterface, in contrast to periodic or other transient temporal vari-
tions. The numerical time step adaptation in response to this
caling enables an efficient implementation of alternative step-
unction protocols that involve consecutive jolts separated by pe-
iods that can be long compared to the short time-slab duration
(K. Wapenaar et al. 2024 ). 
An ITM of duration τ is constructed as a quick succession

f two time interfaces, briefly altering and then restoring the
riginal impedances. We establish analytical 1-D plane wave
odels of responses to time interfaces in acoustic media, pro-

iding insight into the system energy. We validate our simu-
ated 3-D solutions using these analytical models. Using the
roperties of eigenvalues associated with the matrix structure
f a general wave equation (Section 2 ) and of the 3-D elas-
ic wave equation (Section 2.3 ) we establish a forward and
ackward propagating plane wave solution in response to a time
nterface that leads to a permanent medium change. 

The plane wave approach is used for an acoustic 1-D case (Sec-
ion 2.2 ) to build the diverging and converging solutions in re-
ponse to an ITM, and these solutions yield expressions for the
ystem energy budget that depend on n . It shows that the energy
ncreases for all intermittent medium changes, for all n smaller
nd larger than unity (Fig. 2 ), which is compatible with non-
teady- state energy considerations based on alternative formu-
ations (K. Wapenaar et al. 2024 ) and thus corroborates the ob-
ervation that a temporal discontinuity changes the energy in
he system (V. Bacot et al. 2016 ). Importantly, the solutions for
he forward and backward propagating plane waves provide the
eference for validating the ITM responses. 

We use the analytical solutions of the 1-D acoustic plane wave
ropagation to demonstrate the good convergence properties of 
ur numerical implementation (Fig. 3 ) in the open-source soft-
are SeisSol that employs an ADER-DG scheme on unstruc-

ured tetrahedral meshes. For this demonstration we force a si-
usoidal propagating plane wave. The convergence test estab-

ishes the positive dependence of the L2 norm on the spatial dis-
retization and on the polynomial order. We emphasize that the
2 norm measures the agreement of both diverging and converg-

ng wave components in response to the ITM activation. This
orroborates the numerical ITM implementation for the ma-
ipulation of a 3-D elastic wavefield excited by a point source,

or which we do not derive a corresponding reference solution.
hese results also imply the accuracy of ITM manipulated wave-
elds excited by finite sources. 
A first key result from our 3-D acoustic point source simula-

ions involves refocusing in response to an ITM. The collapsing
coustic wavefield yields a large-amplitude feature at the source
ocation (Fig. 6 ). The properties of this focal spot are controlled
y the local medium properties, which supports a wide range of 

maging approaches that are complementary to tomography (S.
atheline et al. 2008 , 2013 ; T. Gallot et al. 2011 ; B. Giammari-
aro et al. 2022 ; C. Tsarsitalidou et al. 2024 ). Here the good
greement between our P wave speed estimates of cP =
 . 25 km s−1 based on the narrow-band filtered focal spot width
Fig. 6 ) and the controlled velocity cP = 6 . 00 km s−1 supports
gain the notion of an accurate wave physics implementation in
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SeisSol. The validity of the implementation is further supported 

by our estimates of the reflected and transmitted wave ampli- 
tudes across a single time interface that are in good agreement 
with the plane wave predictions by K. Wapenaar et al. ( 2024 ). 
This exercise also corroborates the scaling of the frequency con- 
tent of the reflected and transmitted signals with the impedance 
scaling factor n , which differs fundamentally from the constant 
frequency content across an interface in space. In agreement 
with the water tank results by V. Bacot et al. ( 2016 ) the 2-D slices 
of the ITM manipulated wavefield (Fig. 5 ) illustrate the first-in- 
last-out symmetry of the amplitude pattern that differs from the 
first-in-first-out reflections at a space interface and at a time- 
reversal mirror. For the elastic case the large-amplitude static 
near-field component (Fig. 7 ) prohibits the width measurements 
of P wave and S wave focal spots. This is inconvenient for nu- 
merical focal spot imaging studies (B. Giammarinaro et al. 2022 , 
2024 ), but it can be mitigated using appropriate filters. Another 
key result of our implementation is the independent control of 
P waves and S waves using a selective ITM impedance variation 

(Figs 9 and 10 ). The intriguing possibility of separating converg- 
ing P waves from S waves highlights the greater diversity of elas- 
tic wavefield phenomena compared to ITM responses for elec- 
tromagnetic or acoustic propagation. This can support the devel- 
opment of efficient numerical strategies for synthetic wavefield 

manipulations. 
Electromagnetic fields are comparatively easy to manipulate 

by changing the admittance, in contrast to time-dependent vari- 
ations of Earth materials. Seismic wavefields can be engineered 

using resonator arrays that can lead to effective seismic metama- 
terials with the potential to reduce seismic hazard (A. Colombi 
et al. 2016 ; D. Mu et al. 2020 ). Backward propagation plays an 

important role in adjoint tomography (J. Tromp et al. 2005 ) 
and in constraining seismic source locations (G.A. McMechan 

1982 ; A. Rietbrock & F. Scherbaum 1994 ; D. Gajewski & E. Tess- 
mer 2005 ; C. Larmat et al. 2006 ) and earthquake rupture pro- 
cesses (F. Krüger & M. Ohrnberger 2005 ; E. Kiser & G. M. Ishii 
2017 ). These backpropagation workflows can potentially bene- 
fit from the efficient ITM generation of converging wavefields 
presented in this study. Domain decomposition methods couple 
low-resolution results in a large background medium with high- 
resolution wave propagation in a target subvolume for computa- 
tional efficiency (P. Moczo et al. 1997 ; V. Monteiller et al. 2012 ). 
Time-reversal solutions have been used to inject or re-generate 
wavefields across the spatial boundary of the subvolume (Y. 
Masson et al. 2013 ). The analogy between space and time inter- 
faces, together with the connection between time-reversal ap- 
proaches and ITMs, suggests that the boundary sources can also 
be realized with ITM physics (V. Bacot et al. 2016 ). 

The software SeisSol supports simulations of dynamic rup- 
ture as well as seismic, acoustic and gravity wave propagation 

in complex geometries and heterogeneous geomaterial proper- 
ties (e.g. L. Krenz et al. 2023 ; T. Taufiqurrahman et al. 2023 ; 
K.H. Palgunadi et al. 2024 ). Community use of this open-source 
code is supported by frequent training workshops and tutorials 
(M.A. Denolle et al. 2025 ). Our ITM implementation extends 
the computational framework to simulate and explore the ef- 
fects of time-varying properties of Earth materials at different 
scales. SeisSol has demonstrated its utility in challenging Earth 

Science multiphysics simulations that involve rapid distributed 

material changes associated with large earthquakes (e.g. Z. Niu 

et al. 2025b ). Our solutions can be adapted to help constrain 
damage-related radiation associated with local failure processes 
(Y. Cheng et al. 2021 ; Z. Niu et al. 2025a ), by accounting for the 
rapid changes in the elastic moduli that can occur during brit- 
tle deformation episodes in an earthquake source region (e.g. Y. 
Ben-Zion & C.G. Sammis 2003 ; T. Mitchell & D. Faulkner 2009 ). 

Properties of the focal spot or the spatial autocorrelation field 

are indicators of the local wave speed. Numerical focal spot syn- 
theses based on analytical solutions (S. Catheline et al. 2008 ), 
time-reversal mirrors (B. Giammarinaro et al. 2022 ) or correla- 
tions of scattered or diffuse wavefields (S. Catheline et al. 2013 ; B. 
Giammarinaro et al. 2024 ) are essential for method development 
including robustness and sensitivity analyses. The noise corre- 
lation and Green’s function analogy (A. Derode et al. 2003 ) sup- 
ports seismic dense array-based Rayleigh wave focal spot imag- 
ing (G. Hillers et al. 2016 ; C. Tsarsitalidou et al. 2024 ) that has not 
been explored systematically for anisotropic media except for 
initial observations of azimuthally variable surface wave speeds 
(G. Hillers et al. 2016 ). Focal spot synthesis by time-reversal mir- 
roring of Rayleigh waves in an azimuthally anisotropic medium 

(G. Hillers et al. 2023 ) is challenging because of the accurate 
implementation of the boundary conditions. Together with the 
implementation of anisotropic elastic parameters in SeisSol (S. 
Wolf et al. 2020 ; G. Hillers et al. 2023 ) the ITM engine can be 
used to synthesize focal spots in media with direction-dependent 
properties, provided that the refocusing field is separated from 

the static near-field components. 
Additional physics and configurations leading to richer phe- 

nomena have been investigated in other domains and applica- 
tions. These include ITM in inelastic, heterogeneous and dis- 
sipating materials (J.G.M. Besten et al. 2021 ; C.T. Wu et al. 
2022 ), time reflection and refraction (J. Mendonça & P. Shukla 
2002 ), incidence angle dependence of reflection and transmis- 
sion (J.B. Pendry 2008 ) and wave conversions associated with 

oblique reflections (K. Innanen 2018 ). Future extensions of our 
work can explore these concepts and applications for seismic 
wavefields. 

6  CONCLUSIONS  

We analyse wavefield behaviour in time-varying media that are 
spatially uniform. Our eigenvector-based analytical solutions 
model acoustic waves at time interfaces. These models pro- 
vide a framework for energy balance estimates in jolted systems 
and are used as reference solutions for our numerical conver- 
gence tests. These tests illustrate the effectiveness of the em- 
ployed SeisSol ADER-DG solution for the numerical simula- 
tion of wavefield phenomena in media that are heterogeneous 
in space and time. Our simulated 3-D elastic wavefields in re- 
sponse to an instantaneous time mirror showcase the possi- 
bility to manipulate the complete wavefield but also to tune 
the propagation of the P waves and S waves independently, 
which emphasizes the richness in seismic wave propagation 

compared to ITM responses for electromagnetic or acoustic 
waves. 
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