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ABSTRACT

Given a graph G, its 2-color Turan number ex?(n, G) is the maximum number of edges in an n-vertex graph, such
that the edges can be colored with two colors avoiding a monochromatic copy of G. Let 7P(G) = lim,_
ex®@(n, G)/ (;’) be the 2-color Turdn density of G. What real numbers in the interval (0, 1) are realized as the
2-color Turan density of some graph? It is known that 7®(G) = 1 — (R, (G) — 1)}, where R, (G) is the chromatic
Ramsey number of G. Burr, Erd6s, and Lovasz showed that (k — 1)> + 1 <R,(G) <R(k), for any k-chromatic
graph G, where R (k) is the classical Ramsey number. However, it is an open problem to determine how many
distinct values between (k — 1)> + 1 and R (k) can be realized as R, (G) of some k-chromatic graph G for general k.
In this paper, among others, we prove that there are Q(k) different values of R, (G) among k-chromatic graphs G.
This sheds more light on the possible 2-color Turan densities of graphs.

1 | Introduction

Let G be a graph containing at least one edge. The chromatic Ramsey number R, (G) is defined as the smallest integer N,
such that for some graph F with y (F) = N, any 2-coloring of the edges of F results in a monochromatic copy of G. This
notion was introduced by Burr, Erdds, and Lovasz [1], who further showed that if y (G) = k, then

(k = 1)* + 1 <R, (G) <R(k), ey
where R (k) is the classical Ramsey number. It is not difficult to see that the upper bound above can be attained by a
clique on k vertices. The lower bound is also attained by a graph given by Zhu [2].
The chromatic Ramsey number is closely related to the 2-color Turdan density of G, defined as

7@(G) = lim ex®(n, G)/(Z),

n—oo

This is an open access article under the terms of the Creative Commons Attribution License, which permits use, distribution and reproduction in any
medium, provided the original work is properly cited.

© 2026 The Author(s). Journal of Graph Theory published by Wiley Periodicals LLC.

Journal of Graph Theory, 2026; 1-14 1
https://doi.org/10.1002/jgt.70086


https://doi.org/10.1002/jgt.70086
https://orcid.org/0000-0002-8843-9557
https://orcid.org/0009-0008-4664-9434
https://orcid.org/0009-0008-5439-5390
mailto:liu@mathe.berlin
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1002/jgt.70086
http://crossmark.crossref.org/dialog/?doi=10.1002%2Fjgt.70086&domain=pdf&date_stamp=2026-06-21

where ex®(n, G) is the maximum number of edges in an n-vertex graph, such that the edges can be colored with two
colors avoiding a monochromatic copy of G. As the ordinary Turdn density of G is expressible in terms of its chromatic
number ) (G), the function 7 (G) is determined by the chromatic Ramsey number of G. The correspondence between
7@(G) and R, (G) was established for cliques by Bialostocki, Caro, and Roditty [3] and for general graphs by Hancock,
Staden, and Treglown [4], who observed that

7D(G) =1 - (R,(G) — 1)

This implies that determining 2-color Turdn densities boils down to understanding chromatic Ramsey numbers.
Nevertheless, current knowledge of chromatic Ramsey numbers remains rather limited. It is even unclear how many
distinct values between (k — 1)> + 1 and R(k) can be realized as R, (G) of some k-chromatic graph G for general k.
Here, we make the first attempt in this direction by providing the following lower bound on the number of such values.

Theorem 1.1. [{R,(G): x(G) = k}I = Q(k).

We also study {R,(G) : x(G) = k} for small values of k. It is immediate from (1) that R,(G) = 2 when x(G) = 2 and
R,(G) € {5, 6} when x (G) = 3. When x (G) = 4, we have that 10 <R, (G) <18. However, it is unknown whether every
integer between 10 and 18 is realizable as R, (G) for some 4-chromatic graph G. Paul and Tardif [5] showed that the odd
wheels are 4-chromatic graphs with chromatic Ramsey number 14. Later, more 4-chromatic graphs G with R, (G) = 14
were found by Tardif [6]. Using a computer-assisted proof, we find a new value realizable as the chromatic Ramsey
numbers of 4-chromatic graphs.

Theorem 1.2. There is a graph G with x(G) = 4 and R,(G) = 11.

Theorem 1.2 and the aforementioned results establish that
{10,11,14,18} C {R,(G) : x(G) = 4} C {10, 11, ..., 18}.

Recall that the upper bound in (1) can be attained by G = Kj. One might expect that every k-chromatic graph
G with R,(G) = R(k) contains a dense k-chromatic subgraph. However, our next result shows that there are
k-chromatic graphs with arbitrarily large girth and chromatic Ramsey number R (k). This establishes an analog of
the classical result by Erdds [7] on graphs with high chromatic number and high girth. As an n-vertex graph of
girth g contains at most n!*?/@-D edges (see, e.g., Fiiredi and Simonovits [8, Theorems 4.1 and 4.4]),
Theorem 1.3 shows that there are k-chromatic graphs with chromatic Ramsey number R(k), which are sparse
everywhere.

Theorem 1.3. Foranyk, g € N, there exists a graph G with x (G) = k and girth at least g, such that R, (G) = R(k).

Our main Theorem 1.1 is an immediate consequence of the following a more precise result on the distribution of values
of R,(G) in the interval {(k — 1)? + 1, ..., R(k)}. Throughout this paper, all logarithms are taken base 2.

Theorem 1.4. There is an absolute constant C > 0 such that the following holds. For every integer k > 2 and any y
satisfying (k — 1)?> + 1 <y <R(k), there is a graph G with x (G) = k, such that

logy log}/)2
Cy - ma; , < R,(G) <.
4 X{klogk ( k 0 (G) <7

Note that when y is exponential in k, the upper and lower bounds in Theorem 1.4 are off by a multiplicative constant.
Hence, Theorem 1.1 simply follows from the lower bound R (k) > 2¥/2 by Erdés [9].

The organization of this paper is as follows: In Section 2, we present necessary definitions and state the basic properties
of graph homomorphisms, chromatic Ramsey numbers, and fractional chromatic numbers. In Section 3, we study the
change of the Ramsey chromatic number when deleting a vertex, which could be of independent interest. Section 4 is
devoted to proving Theorem 1.4 and Theorem 1.1. In Sections 5 and 6, we establish Theorem 1.2 and Theorem 1.3,
respectively. Section 7 presents some remarks and open problems.
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2 | Definitions and Preliminary Results
21 | General Definitions, and Homomorphisms

All graphs considered in this paper are simple and finite. Given a graph G, we denote its vertex set and edge set by V (G)
and E (G), respectively. Let IGl denote the number of vertices of G and IIGll denote the number of edges. The girth of
a graph G, denoted by g(G), is the shortest length of a cycle in G. Note that g(G) = oo if G contains no cycle. The
chromatic number x (G) of a graph G is the smallest integer k, such that one can color the vertices of G with k colors so
that every two adjacent vertices obtain different colors. For convenience, we say that G is k-chromatic if y (G) = k. We
also abbreviate a coloring with k colors as a k-coloring.

V(ZG))\E (G). We say that a graph is a

copy of G if it can be obtained by relabeling the vertices of G. A clique is a graph, in which every two distinct vertices are
adjacent. The clique number w(G) is the number of vertices of a largest clique contained in G. For any n € N, we let K,
denote the clique on the vertex set [n] := {1, ..., n}. The classical Ramsey number R (k) is the smallest integer N such that
any 2-coloring of the edges of Ky results in a monochromatic copy of K.

The complement G of G is the graph on the vertex set V (G), whose edge set is (

The tensor product G @ H of two graphs G and H is defined as a graph on the vertex set V (G) X V (H), where two
vertices (u, v), (u',v') € V(G ® H) are adjacent if and only if uu’ € E(G) and w’ € E(H).

The join G V H of two graphs G and H is a graph obtained by taking vertex-disjoint copies of G and H and adding an edge
between every vertex of the copy of G and every vertex of the copy of H. It is easy to see that y (G V H) = y(G) + x (H).

A homomorphism from a graph G to a graph H is a mapping f: V(G) — V (H), such that f (u)f (v) € E (H) whenever
uv € E(G). We say in this case that H is a homomorphic image of G. The homomorphic class Hom(G) is defined as the
family of all homomorphic images of G. For other graph theoretic notions, we refer to the book by Diestel [10].

We list some useful properties of graph homomorphisms and tensor products. All the properties here are basic and can
be easily derived from their definitions. Let G and H be graphs; then,

(Pl) K){(G) S Hom(G);

(P2) if H € Hom(G’') and G’ € Hom(G), then H € Hom(G);
(P3) {G,H} € Hom(G ® H); and

(P4) x(G ® H) <minfy(G), x (H)}.

22 | R,(G) and R(Hom(G))

Let F be a family of graphs and define R(F) as the smallest integer N, such that any 2-coloring of E (Ky) results in a
monochromatic copy of a graph from F. Burr, Erdds, and Lovész [1] proved that for any graph G, the values of R, (G)
and R(Hom(G)) actually coincide. Recall that Hom(G) is the homomorphic class of G.

Proposition 2.1 (Burr-Erd6s-Lovész [1]). R,(G) = R(Hom(G)) for all graphs G.

2.3 | Fractional Chromatic Numbers

There are several equivalent definitions of the fractional chromatic number; here, we follow the one by Godsil and
Royle [11]. We say that a set I C V (G) is independent if I contains no two adjacent vertices. The independence number
a(G) is defined as the largest size of an independent set in G. Let Z(G) denote the family of all independent sets in G.
For v € V(G), let Z,(G) denote the family of all independent sets in G containing v. A fractional coloring of G is a
mapping ¢; from Z(G) to Ry, such that for every v € V (G), we have 2re1,6)<f (I) > 1. The fractional chromatic number
X (G) of a graph G is defined as the minimum value of },;_7 ¢ (I) among all fractional colorings ¢ of G.

The following property of fractional chromatic numbers has been extensively mentioned in the literature; see, e.g., [11].

Lemma 2.2. Let G be a graph. Then,

|Gl
a(G)

<x (G) <x(G).
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In particular, Lemma 2.2 yields that X (K,) =nforalln € N,

A long-standing conjecture of Hedetniemi [12] claimed that y (G ® H) = min{y (G), y (H)} for any graphs G and H.
This conjecture was recently disproved by Shitov [13]. Nevertheless, Zhu [2] showed that the fractional version of
Hedetniemi's conjecture is true.

Proposition 2.3 (Zhu [2]). Let G and H be graphs. Then,
X (G @ H) = min{y; (G), x; (H)}.

3 | Chromatic Ramsey Numbers Upon Vertex Deletion

Let G be a graph containing at least one edge and F be a graph obtained by deleting a vertex from G. An open problem
in Ramsey theory is to understand how the Ramsey number of F changes relative to the Ramsey number of G. In terms
of classical Ramsey numbers, Conlon, Fox, and Sudakov [14] showed that R(F) > Q(d/log(1/d))R(G), where

d =d(G) = IIGIl/ ('f‘) denotes the density of G. This in particular implies that for any sufficiently dense G, the value of

R(F) is at least a constant fraction of R(G). Furthermore, Wigderson [15] recently obtained that
R(F) > Q(1/4/IGllogIGI)R(G), which is a better bound when G is sparse. In this section, we prove analogous results
regarding chromatic Ramsey numbers.

Proposition 3.1. There is an absolute constant C; > 0 such that the following holds. Let G be a graph containing at
least one edge and F be a graph obtained by deleting a vertex from G. For any & > 2 with

I 4(6))
logé ~ logR,(G)’

we have

R (G)

To prove Proposition 3.1, we make use of a result of Erdds and Szemerédi [16]. Let € € (0, 1/2] and G be a graph. We
say that a coloring of E (G) is € -balanced if the number of edges of each color is at least €llGlI.

Lemma 3.2 (ErdGs—-Szemerédi [16]). There is an absolute constant A > 0 such that the following holds for any
€ € (0, 1/2] and every integer N > 1/¢. If a 2-coloring of E (Ky) is not e-balanced, then there exists a monochromatic copy

. AlogN
of K, with n > o /9)"

Note that Lemma 3.2 was stated in the original paper without quantifiers on N and ¢, but as the anonymous referee
pointed out (see also [17]), it is sufficient to assume that N > 1/e.

Proof of Proposition 3.1. Let A > 0 be the absolute constant given in Lemma 3.2. Let C; > 64 be a sufficiently large
constant such that A,/C; /8 > 1. We do not attempt to optimize the constants in this proof. Suppose for the purpose of
contradiction that R,(G) > C;6R, (F).

Let N = R,(G) — 1 and color E (Ky) with red and blue, such that there is no monochromatic copy of any graph from
Hom(G). For v, w € V (Ky), we say that w is a red neighbor of v if the edge vw is colored red; otherwise, w is called a
blue neighbor of v. Take an arbitrary vertex v € V (Ky); without loss of generality, assume that v has at least (N — 1)/2
red neighbors. Let Q be the clique induced by all the red neighbors of v. As R,(G) > C16R, (F) > 128, we have that

IQI >(N — 1)/2 > R,(G)/3. 2)

Let € = 4/(C16) < 1/2. Now we look at the coloring of E (Q).
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Case 1. The coloring of E (Q) is e-balanced.

As the number of blue edges is at least €llQll, there must exist a vertex w € V (Q) with at least

2¢N1Ql
1QI

C16R, (F)
4

=e(lQl—1)>¢- =R, (F)

blue neighbors. Here, we used (2) and the assumption that R, (G) > C;3R, (F) to derive the above inequality. Denote Q’
as the clique induced by all the blue neighbors of w in Q. As1Q’l > R, (F), there exists a monochromatic copy of some
F' € Hom(F) in Q'. Together with v or w, we obtain a monochromatic copy of K; V F’ € Hom(G), a contradiction.

Case 2. The coloring of E(Q) is not e-balanced.

Recall that e = 4/(C;6) and IQl > R, (G)/3 > (C16)/3 > 1/e. Then, by Lemma 3.2, there exists a monochromatic copy of
K, in Q with n > A loglQl/(elog(1/€)). Thus,

, AloglQl _ AlogR,(G) _ AlogR,(G) _ AlogR/(G) _ (AJCi/8)logR,(G)

“elog(1/e) ~ 2elog(l/e) —  8lgGd) 8logd logo
g(1/¢) g(1/¢) £ o z

>x(G).

Here, in the second inequality, we used that IQl >R, (G)/3 > ,/R,(G), in the fourth inequality, we used that
log(C19) < \/a logé holds for all C; > 64 and § > 2, and in the last inequality, we used that 6/logé > x (G)/logR, (G)
and A\/C; /8 > 1. Asn >y (G), there is a monochromatic copy of K, () in Q, which, by (P1), is a homomorphic image
of G, a contradiction. O

From Proposition 3.1, we can derive the following corollary, which shall be used in our proof of Theorem 1.4.

Corollary 3.3. There is an absolute constant C, > 0 such that the following holds. Let F be a graph containing at least
one vertex and G = K; V F. Then,

R (F)+1<R,(G)<C,- - mi
() +1 <R (G) < mm{ logR,(G) " |logR,(G)

x(G)logx(G)( x(G) )Z}R(F)

Proof of Corollary 3.3. Let

El

5. min {X(G)logx(G)
log,()

2
x(G)
logR,(G)) |
From (1) and the upper bound on R (k) by Erdés and Szekeres [18], we have R, (G) <R(x (G)) <4%©@, which implies
8 > 2O _ poids. If

2
both £ (@)logr (@) , logx (G) >1/4 and ( x(C) ) >1/4. Namely, § > 2. Now, we show that

logR,(G) — 2 logR,(G) logd — logR,(G)
6§=8- %, then, we have 6 <8y (G), as x(G) <R, (G). Therefore,
X

5 . (©@ogx(©G) _  x(©
logd ~ logR,(G)log (8¢ (G)) ~ logR,(G)’

2
_ x(G)
f5=8- (logRX(G)) . then,

Y-S 4 C
logd logR, (G)
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where we used that logd < V& holds for all § > 1. Then, by Proposition 3.1, there exists an absolute constant C; > 0
such that R, (G) < C16R, (F). The second inequality in Corollary 3.3, that is,

2
RX(G)SCz-min{X(G)logX(G),[ 74C) ]}-RX(F),

log R, (G) logR,(G)

follows by letting C, = 8C;.

Now, we prove that R,(F) + 1 <R,(G). From Proposition 2.1, we have R, (G) = R(Hom(G)). It suffices to find a
2-coloring of E(Ky) that contains no monochromatic copy of any graph from Hom(G), where N = R, (F). Fix an
arbitrary vertex v € V (Ky). Due to the value of N, there exists a 2-coloring of E (Ky — v) containing no monochromatic
copy of any graph from Hom(F). We extend this 2-coloring to E (Ky) by coloring the edges incident to the vertex v
arbitrarily. Let G’ C Ky be a copy of some graph from Hom(G). It suffices to show that G’ is not monochromatic.
Observe that G’ must be the join of a single vertex w € V (Ky) and some graph F' € Hom(F). If v ¢ V(G") orw = v,
then, F' C Ky — v. According to our coloring, such F’ is not monochromatic; thus, G’ is not monochromatic. If
veV(G)andw # v, thenv € V(F') and G’ — v = {w} V (F' — v). Note that G’ — v is a subgraph of Ky — v. As w is
adjacent to all vertices in F’' — v, it follows that G’ — v contains a copy of F’ as a subgraph. However, there is no
monochromatic copy of F’ in Ky — v, namely, G’ is not monochromatic. O

4 | Chromatic Ramsey Numbers of k-Chromatic Graphs

Recall that we have the bounds (k — 1)? + 1 <R, (G) <R(k) for every k-chromatic graph G. In order to prove The-
orem 1.4, for any given y € N with (k — 1) + 1 <y <R(k), we want to construct a k-chromatic graph G, such that
R, (G) is close to y. Our idea of construction is rather natural, that is, we take the join of two graphs that achieve the
upper bound and the lower bound. To this end, we shall first generalize a construction of Zhu [2].

4.1 | Generalized Zhu's Graph Z,,

Solving a well-known conjecture of Burr, Erdés, and Lovasz [1], for any positive integer €, Zhu [2] constructed a
graph with chromatic number ¢, whose chromatic Ramsey number achieves the lower bound (¢ — 1)? + 1. Here, we
generalize Zhu's construction and present the following definition.

Definition 4.1. Let¢, n € N with ¢ <n. Let F(¢, n) denote the family of all graphs G satisfying x; (G) > ¢ — 1 and
V(G) C [n]. The generalized Zhu's graph Z,, is defined as

Zg,n = ® G
GeF(¢,n)

The original construction of Zhu uses only those graphs G in the product whose number of vertices is exactly
(¢ — 1)* + 1. Recalling (P3), it is not hard to see that the original Zhu's graph is a homomorphic image of any Z, , with
n > (¢ — 1)? + 1. By slightly modifying the proof from [2], we shall see that Z,, with n > (£ — 1)®> + 1 is still an ¢-
chromatic graph whose chromatic Ramsey number attains the lower bound. Note that (P3) yields that
F(¢,n) C Hom(Z,,) and Proposition 2.3 implies that X (Zoy) > € — 1.

Lemma 4.2. Let¢,n € Nwithn >(¢ — 1)> + 1. Then, we have x(Z,,) = ¢ and

R, (Zpy)=(¢ -1+ 1.

Proof of Lemma 4.2.  We first prove x (Z;,) = ¢. Note that we have K, € F(¢, n) because x; (K,) = ¢ > ¢ — 1 and

V (K,) =[¢] C [n]. Then, (P4) yields that y (Z,,) <x(K,) = ¢. On the other hand, by Lemma 2.2 and Proposition 2.3,
we have

XZen) 22 (Zon) = minfy, (G) - G € F(&,m)}> ¢ — 1,

implying that x (Z,) = ¢. Now, we prove that R,(Z,,) = (¢ — 1)* + 1. As x(Z,,) = ¢, from (1), we know already
R,(Z;,) > (¢ — 1) + 1. It remains to show R,(Z;,) <(¢ — 1)> + 1. Let N = (¢ — 1) + 1 and consider an arbitrary
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coloring of E (Ky) with red and blue. We shall argue that there is a monochromatic copy of a graph from Hom(Z, ,). If
there exists a red copy of K,, then we are done. If not, then the graph Q obtained from Ky by removing all red edges has
independence number at most € — 1. Note that Q is a blue graph and, by Lemma 2.2, it follows that

X Q) z—a'(%) > elj T>0- 1L
AsV(Q) =[(¢ — 1)* + 1] C [n], we have Q € F(¢, n) C Hom(Z,,,). O

The main advantage of generalized Zhu's graphs is that we can easily control their homomorphic classes.

Lemma 4.3. Let ¢,n € N with £ < n. Then, we have

Hom(Z€+1,n) C Hom (ZE,n)-

Proof of Lemma 4.3. As ¢ < n, the families F(¢, n) and F(¢ + 1, n) are non-empty. Moreover, from the definition,
it follows that F(¢ + 1, n) is a subfamily of F(¢, n). Hence, we can write Z, , as

GeF(¢,n) GeEF(¢+1,n) GeF(¢,n)\F(¢+1,n)

® GZ[ ® G)@[ ® G)ZZe+1,n®[ G),
GeF(¢,n)\F(€+1,n)

which, by (P3), implies that Z,,, , € Hom(Z, ,). Then, by (P2), we know that every homomorphic image of Z,,, , is
also a homomorphic image of Z, ,, namely, Hom(Z,,,,) € Hom(Z,,). O

4.2 | Proof of Theorem 1.4

Proof of Theorem 1.4. Let C, > 0 be the constant given by Corollary 3.3. We may assume without loss of generality
that C, > 4. Let C = 1/C, < 1/4. Fix an integer k > 2 and any y satisfying (k — 1)2 + 1 <y <R(k). We need to show
that there exists a graph G with x (G) = k, such that

logy logy)2
Cy - N — <R, (G) <y.
% max{klogk [ p y (G) <y

2
Note that Cy-max{loi (logy)} is indeed strictly smaller than y, because y <R(k) <4 and thus

logy logy 2
max{klogk’( k ) }54'
Let n = k2. For i € [k], we define the graph G;:= K;_; V Z;,; in particular, we have Gy = Z;,. It follows from

Lemma 4.2 that y(G;) = y (Kk—;) + x (Z;n) =k — i + i =k for all i € [k]. Furthermore, we take ¢ € [k] to be the
smallest value of i € [k] satisfying R, (G;) <y. Such ¢ exists because we have R, (Gx) = R,(Z,) = (k — 1)* + 1 <y.

2
Now, we show that R, (G,) is between Cy - max{%, (105;/) } and y. Due to the way we choose ¢, we already have

. 1 1 2
that R, (G,) <y. It remains to prove R,(G,) > Cy - max{k(ffgyk, (%) }

Casel. ¢=1.

Then, G, = Kx_1 V Z;,, contains a copy of Kj; hence,

logy (logy 2
R.(G,) >R, (Kx) =R(k) >y > Cy - s .
y (Ge) > Ry (Ky) (k) >y > Cy max{klogk (

Case 2. ¢ >2.
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Then, due to the minimality of £, we have

Yy < R){ (Gg_l). (3)

As F:=Ky_p V Z;_1 , has chromatic number k — 1 >1 and G,_; can be obtained by joining a vertex to F, applying
Corollary 3.3, we have

2
Rx(Ge—DSCz'min{X(Ge_l)logX(Ge_l),[ 2 (Cr1) J}-RX@

log RX (G€—1) log RX (Gg_l)

2
SCZ.min{klogk,( k ]}.RX(F).
logy \logy

By Lemma 4.3, it holds that Hom(Z, ,) € Hom(Z,_ ,). Accordingly, we have Hom(Ky_, V Z, ;) C Hom(Ky—, V Zy_1.,),
which in turn implies that

(C))

R)((F) = R)((Kk—€ \% Z€—1,n) SR){(Kk—€ \ Zé’,n) = R)((Gé)- (5)

Combining (3), (4), and (5), we obtain

2
y<C,- min{klogk (L) } Ry (Gp).

logy "\logy
1 1 2
Recall that C = 1/C;, so we have R, (G,) > Cy - max{k‘l’fg’/k, ( 0lij) } -

4.3 | Proof of Theorem 1.1

Proof of Theorem 1.1. Assume that k is sufficiently large. Let 0 < C < 1 be the constant from Theorem 1.4 and
m = | logg,,-2¥%] = Q(k). We set y, = 2¥/8 and y, = (64/C)'y, for each i € [m]. As k is sufficiently large and R (k) > 2/2
[9], it holds that

(k=1?+1<yp<p < <y, <Rk).

By Theorem 1.4, we know that for every i € [m], there is a k-chromatic graph G with

logyi)2 S [S73%

%-ZR;((G)>CK"[ K o4 Z¥-1

Namely, {R,(G) : x(G) =k} n (¥;_,, l# @ for all i € [m], from which our lower bound follows. O

5 | Chromatic Ramsey Numbers of 4-chromatic Graphs

As mentioned above, the set {R,(G) : x(G) = k} is fully characterized when k € [3]. Now, we turn our attention to the
case of k =4 and present an idea on how to determine the chromatic Ramsey number of a given 4-chromatic
graph using computer assistance.

5.1 | The Algorithm

For n, s, t € N, a Ramse)(s, t, n)-graph F is an n-vertex graph with w(F) < s and o (F) < t. Note that the existence of a
Ramsey(s, t, n)-graph implies that there is a coloring of E (K,,) with red and blue that contains neither a red copy of Kj
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nor a blue copy of K,. Moreover, a Ramsey(s, t)-graph is a Ramsey(s, t, n)-graph for some n € N. The fundamental
Ramsey's theorem [19] implies that the number of all Ramsey(s, t)-graphs (up to vertex relabeling) is finite. Our
method here for finding chromatic Ramsey numbers of 4-chromatic graphs makes use of the fact that not only the
Ramsey number R (4) is known [20] but also all Ramsey(4, 4)-graphs have been determined and listed by McKay [21].

First, we want to explain the idea behind the algorithm. Let G be a graph with ¥ (G) = 4. From (1), we have
10=(4 -1+ 1<R/(G) <R(4) =18. (6)
Let Hom'(G) denote the family of minimal homomorphic images of G, namely,
Hom'(G) := {H € Hom(G) : H' ¢ Hom(G) for all proper subgraphs H' of H}.

It is easy to see that R(Hom(G)) = R(Hom'(G)), and thus Proposition 2.1 implies that R, (G) = R(Hom'(G)). Namely,
R, (G) is upper-bounded by a positive integer n if and only if for every n-vertex graph F, one can find a copy of a
graph from Hom'(G) in F or F. In fact, as K, € Hom'(G) by (P1), it suffices to consider Ramsey(4, 4, n)-graphs and
check them and their complements for a copy of a graph from Hom'(G)\{K,}. We make use of this observation and test
all Ramsey(4, 4, n)-graphs, starting from n = 17 and then n = 16, ..., 10. If the algorithm finds for the first time some
Ramsey(4, 4, n)-graph F, such that neither F nor F contains a copy of any graph from Hom'(G)\{K,}, then, we
immediately obtain

R,(G)=n+1.

If, on the other hand, every check is successful, then, by (6), we conclude that R,(G) = 10. The advantage of this
procedure stems from the fact that the number of Ramsey(4, 4, n)-graphs is much smaller than the number of all n-
vertex graphs. Although there are still over three million different Ramsey(4, 4, n)-graphs for n € {10, 11, ..., 17}, we
can use this algorithm to determine the exact chromatic Ramsey number of an input 4-chromatic graph in reasonable
time. Below, we present the pseudocode of our algorithm.

Algorithm 1
Input: a graph G with x(G) = 4
lists L(10), L(11), ..., L(17) of Ramsey(4, 4)-graphs on 10, 11, ..., 17 vertices
Output: R, (G) € {10, 11, ..., 18}
1: fori < 17 to 10 do
for each F € L(i) do

2
3 hit < false

4 for each H € Hom'(G)\{K4} do

5: if isSubgraph(H, F) or isSubgraph(H, F) then
6 hit—true

7 if not hit then

8 returni + 1

9: return 10

There are many possibilities to make our algorithm more efficient, e.g., by utilizing additional properties of the graph G
or by reducing the number of tests for subgraph containment (lines 4 to 6). For simplicity, however, we do not delve
into these details here.

The most important part of Algorithm 1 is the function isSubgraph(H, F), which determines whether F contains a
copy of H as subgraph. If yes, then isSubgraph(H, F) returns the Boolean value true; otherwise, it returns the
Boolean value false. In general, this is known as the subgraph isomorphism problem, which is NP-complete [22]. A
naive way to implement isSubgraph(H, F) is to traverse every injective mapping f: V(H) —» V (F) and check
whether f preserves the edges of H. Of course, this approach has an exponential running time and is not sensible for
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any practical use. Ullmann [23] introduced a more sophisticated algorithm for the subgraph isomorphism problem,
which decreases the running time immensely compared to the naive approach. Although the running time of Ull-
mann's algorithm could still be exponential in the worst case, it is good enough for our practice.

Another tricky part in Algorithm 1 is to determine Hom'(G), which is also an NP-complete problem in general [24].
However, we avoided this problem by running Algorithm 1 on certain small graphs, whose minimal homomorphic
images can be simply determined.

5.2 | Chromatic Ramsey Numbers of Two Small 4-Chromatic Graphs

We now use Algorithm 1 to determine the chromatic Ramsey numbers of two small 4-chromatic graphs. Given a finite
group (V, +) and a subset S C V, the Cayley graph I'(V, S) is a graph whose vertex set is V' and whose edge set is

ffvyiv+s}: veV,seShL

The first graph that we consider here is the Cayley graph I = I'(Zs, {1, 2}); see Figure 1. For the second graph, we
consider the Moser spindle M; see Figure 2. It has been proved by Paul [25] that 11 <R, (M) <13; thus, determining
R, (M) surely yields a new value for the chromatic Ramsey numbers of 4-chromatic graphs.

It is straightforward that y (I') = y (M) = 4. Moreover, as I and M are both small, it is not hard to obtain their minimal
homomorphic images. Indeed, to determine Hom'(M), one can first list all homomorphic images of M (up to vertex
relabeling) on at most 7 vertices by contracting the independent sets in M. As a (M) = 2, this yields a small collection of
graphs. Then, one can easily find the minimal homomorphic images in this collection. The procedure of determining
Hom'(T') is analogous. Eventually, we have that

Hom'(I') = {K4, T}and Hom'(M) = {K,4, W5, M},

where W is a graph obtained by joining a vertex to a cycle of length 5.

Running Algorithm 1 on these two graphs yields the following result.

FIGURE1 | I'(Zs,{1,2}).

FIGURE 2 | The Moser spindle M.
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Theorem 5.1. Let T = I'(Zs, {1,2}) and M be the Moser spindle. Then, we have

R,(T) =14 and R,(M)=11.

Theorem 5.1 finds a new 4-chromatic graph with chromatic Ramsey number 14; see also [5, 6] for more such graphs. In
addition, Theorem 5.1 reveals a new value 11 for the chromatic Ramsey numbers of 4-chromatic graphs and hence
implies Theorem 1.2.

6 | Sparse Graphs Attaining the Upper Bound

In this section, we prove Theorem 1.3 by constructing k-chromatic graphs with arbitrarily large girth and chromatic
Ramsey number R (k).

6.1 | An Iterative Construction

Our construction here is inspired by that of Tutte (alias Blanche Descartes) [26] and uses a result of Erdés and Hajnal
[27] on hypergraphs. For r € N, 1, an r-uniform hypergraph is an ordered pair H = (V, £), where V is a finite set and

EC (‘:) The elements of V' and £ are referred to as the vertices and the hyperedges of H, respectively. Similar to the
case of graphs, we denote I’H!| := |V1 and IIHIl := I&l.

The chromatic number y (H) of a hypergraph H is the smallest integer k, such that one can color the vertices of H with
k colors so that every hyperedge of H contains two vertices of distinct colors. A cycle of length s € N,; in H is an
alternating sequence

(V(), EO, V1, El’ vy Vo1, Es—l’ Vs = Vo)

of distinct vertices vy, ..., s—1 € V and distinct hyperedges E, ..., Es_1 € &, such that v;_1,v; € E;_; for all i € [s]. If we
allow repeated hyperedges, then, such an alternating sequence is called a hyper-cycle. It is a simple observation that
every hyper-cycle with at least two distinct hyperedges contains a subsequence that is a cycle. The girth g(H) is the
length of a shortest cycle in H. Note that if H contains no cycle, then g(H) = .

Proposition 6.1 (Erd6s-Hajnal [27]). For every k,g € N and r € N1, there exists an r-uniform hypergraph H with
x(H) >k and g(H) >g.

Let g, m € N. We iteratively construct the graph T, = T;(g, m) for i € N. To begin with, we let T; be an empty graph on
two vertices. For i > 1, by Proposition 6.1, there exists a IT;_;l-uniform hypergraph H; such that y (*;) >m and
g (H;) > g. Now, we construct T; as follows. First, we take an independent set U; of IH;l vertices and IIH;ll pairwise vertex-
disjoint copies of T;_;, each of which is also vertex-disjoint from U;. Then, we connect every copy of T;_; with a distinct
IT;_l-element subset of U; that corresponds to a hyperedge of H; via a perfect matching; see Figure 3.

We continue by pointing out some important properties of the graph T;.

Lemma 6.2. Letk,g,m € Nwithm >k and T, = T,(g, m) be defined as above with i € [k]. Then, we have y(T;) = i
and g(T;) > 3g.

Proof of Lemma 6.2. We prove this by induction on i € [k]. As T is an empty graph with two vertices, we have
x (1) =1 and g(T;) = oo. Namely, the assertion holds for i = 1.

[l ViVl /ﬁ}

7

FIGURE 3 | The constructed graph T;.
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For i > 1, assume that y(T,_;) =i — 1 and g(T_;) >3g. Let H; be the hypergraph that we use to construct T;, in
particular, y (H;) > m and g(H;) > g. Recall that T; consists of IIH;ll vertex-disjoint copies of 7,_; and an independent set
U; of IH;l vertices. As y (T;_1) = i — 1, we can properly color the vertices of these copies of T,_; with i — 1 colors and then
color U; with the ith color. This yields y (T;) <i. On the other hand, suppose one can properly color V (T;) with i — 1
colors. As y(H;) >m >k > i — 1, there exists a IT;_;l-element subset U’ C U; that corresponds to a hyperedge of H;,
such that all vertices in this subset obtain the same color. Let T’ be the copy of T,_, that is matched with U’ in T;. Then,
the vertices of T’ must be properly colored with at mosti — 2 colors, which implies that y (T,_;) <i — 2, a contradiction
to our induction hypothesis.

It remains to show that g(T;) > 3g. Fix an arbitrary cycle W in T,. Either the vertices of W are completely contained in
some copy of T;_;, or some of its vertices are in U;. In the former case, the length of W is at least g(T;_;) > 3g. In the
latter case, let X U Y be the vertex set of W, where X C U; and Y C V (T;))\U.. It is easy to see that IX| > 2, as the
neighborhood of any x € X is an independent set in T;. Relabel the elements of X as {x;, ..., x;x} and let x4 := x|y, so that
as the cycle W is traversed, the elements of X appear in the order X, ..., X|x. As X is an independent set in T;, for every
J € [IX1], xj—1, x; in W must be connected via the matching edges and the edges inside some copy of T;_;, implying that
there exists a IT;_;l-element subset of U; containing x;_1, X; that corresponds to a hyperedge of H;. Moreover, xg, x; and
X1, % in W must be connected via two different copies of T;_;. Therefore, X corresponds to the vertex set of a hyper-cycle
in H; with at least two distinct hyperedges. Recall that every hyper-cycle with at least two distinct hyperedges contains a
cycle. Namely, IX| > g (H;) > g. Note that every vertex x € X is followed in W by at least two vertices from Y. Hence, we
have Yl > 2IX| > 2g, completing the proof. O

Lemma 6.3. Letk,g,m € Nwithm >k and T, = T,(g, m) withi € [k]. Then, for any F € Hom(T;), either F contains
a copy of K; or F has at least m vertices.

Proof of Lemma 6.3. We apply induction on i € [k]. As T is a graph with two vertices, every F € Hom(T;) must
contain at least one vertex, that is, a copy of Kj. Thus, the assertion holds for i = 1.

For i > 1, assume that every homomorphic image of T;_; either contains a copy of K;_; or has at least m vertices. Now,
fix an arbitrary F € Hom(T;) and suppose IFl < m. We shall argue that such F must contain a copy of K;. Let H; and U
be the hypergraph and the corresponding independent set that we use to construct 7;. Let f: V(T) » V(F) be a
homomorphism from T; to F. As f maps any two adjacent vertices to distinct vertices of F, f naturally defines a proper
coloring of V (T;) with IFI < m colors. Recall that y (H;) > m, namely, there exists a |T;_jl-element subset U’ C U; that
corresponds to a hyperedge of H;, such that f maps U’ to a single vertex v € V (F). Let T’ be the copy of T,_; that is
matched with U’ in T,. Observe that f maps T’ to a subgraph F’ C F; moreover, F' € Hom(T;_;). Then, as
IF'l <IFl < m,F’ contains a copy of K;_; by our induction hypothesis. As T’ is connected with U’ via a perfect
matching, v is the common neighbor of all vertices of F’. Namely, F contains a copy of K;. O

6.2 | Proof of Theorem 1.3

Proof of Theorem 1.3. Given any k, g € N, we want to prove that there is a graph G with y(G) = k and g(G) > g,
such that R, (G) = R(k). To this end, we let m = R(k) and G := T; (g, m). Then, by Lemma 6.2, we have y (G) = k and
g(G) > 3g. It remains to show that R, (G) = R(k).

As x(G) = k, it follows from (1) that R, (G) <R(k). On the other hand, let N = R(k) — 1. There exists a 2-coloring of
E (Ky) avoiding a monochromatic copy of K. By Lemma 6.3, every homomorphic image of G either contains a copy of
Kj or has at least m > N vertices. Accordingly, under this 2-coloring, Ky contains no monochromatic copy of any
F € Hom(G). Therefore, we have R, (G) > N =R(k) — 1. O

7 | Concluding Remarks and Open Problems

In Theorem 1.4, we showed that there are many graphs of the same chromatic number, whose chromatic Ramsey numbers
are distinct. An alternative way to phrase Theorem 1.4 is that there is an absolute constant C > 0, such that for any function
fiN - Ry with (k — 1) + 1 <f (k) <R(k), we can find a sequence (Gy)rer Of graphs with y (Gy) = k and

CF (k) - max {logf(k) (logf(k)

2
klogk "\ k ] } < Ry (Gi) <f (k). @)
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This parallels a result of Pavez-Signé, Piga, and Sanhueza-Matamala [28] regarding the classical Ramsey numbers. They
showed that for any non-decreasing function f: N — R, with k <f (k) <R(k), there is a sequence (Gy)ren of graphs
such that IG,l = k and Cf (k) < R(Gy) <f (k), where C > 0 is an absolute constant.

2
) } in (7) arises from Proposition 3.1. Let G be a non-empty graph and F be

This “redundant” term max {M (M

klogk ’ k
obtained by deleting a vertex from G. Intuitively, one would expect that R, (F) is at least a constant fraction of R, (G).
However, to the best of our knowledge, there are no other results in this direction. A conjecture of Conlon, Fox, and
Sudakov [14, Conjecture 5.1] asserted that R(F) > Q(R(G)). Although this conjecture was recently refuted by
Wigderson [15], it is not clear whether its analog for chromatic Ramsey numbers could be true.

We hereby raise the following two questions. First, from (1), we may deduce that the integers 3, 4, 7, 8, 9 cannot be
realized as chromatic Ramsey numbers. It is then natural to ask:

Question 1. Are there other positive integers not realizable as chromatic Ramsey numbers? Are there infinitely
many of them?

Theorem 1.1 states that there are at least Q(k) distinct values for chromatic Ramsey numbers of k-chromatic graphs.
However, there is a large gap between the obtained lower bound Q(k) and the trivial upper bound R (k) — (k — 1)%
This motivates our second question:

Question 2. What is the order of magnitude of {R,(G) : x(G) = k}I?

The extremal function ex®(n, G) that we consider could be naturally generalized to the multicolor case with several
forbidden monochromatic graphs. For r € N and fixed graphs Gy, ..., Gy, the function ex(n; Gy, ..., G,) is defined as the
largest number of edges in an n-vertex graph whose edges can be colored with r colors, such that there is no monochromatic

copy of G; with the i-th color for all i € [r]. Similarly, one can define 7("(Gj, ..., G,) := lim,_, , ex"(n; Gy, ..., Gr)/(;). As

demonstrated by Hancock, Staden, and Treglown [4, Section 5.3], 7(7(Gy, ..., G,) is expressible in terms of R, (Gy, ..., Gy),
which is the smallest integer N such that there is a graph F with y (F) = N, so that any r-coloring of E (F) results in a
monochromatic copy of G; with the i-th color for some i € [r]. Therefore, the study of 7(7(G,, ..., G,) again focuses on
understanding the multicolor chromatic Ramsey numbers.

It is worth mentioning that Keevash, Saks, Sudakov, and Verstraéte [29] introduced a different notion of multicolor
Turan numbers. They define the function ex,(n, G) to be the largest number of edges in an n-vertex multigraph whose
edges can be colored with r colors avoiding a rainbow copy of G, i.e., a copy of G whose edges all have distinct colors.
The authors of [29] showed that when r is sufficiently large, an optimal construction would be taking r copies of a fixed
extremal G-free graph. See also [30, 31] for various results.

Lastly, we note that Liu, Pikhurko, and Sharifzadeh [32] considered a similarly sounding function nim(n, G), which is the
largest number of edges in K}, not contained in any monochromatic copy of G over all 2-colorings of E (K,,). Nevertheless,
nim(n, G) and ex®(n, G) are really two different functions. Already in the case of cliques, Keevash and Sudakov [33]
extended an earlier result of Erdds [34] and Pyber [35], and proved that nim(n, Ki,,) = ex(n, Kx,1) = t(n, k) for
sufficiently large n, where t(n, k) denotes the number of edges in the Turadn graph T (n, k). On the other hand,
Bialostocki, Caro, and Roditty [3] showed that ex®(n, Kiy1) = (1 + 0(1))t(n, R(k + 1) — 1).
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