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Singular value decomposition to describe bound states in the continuum in periodic metasurfaces
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Understanding how bound states in the continuum (BICs) emerge in periodic metasurfaces is essential for the
controlled design of high-Q resonances and their systematic manipulation. Here, we investigate the singular value
decomposition (SVD) of the effective transition matrix and the scattering matrix of periodic metasurfaces within
a parameter range where the metasurface sustains a BIC. Our analysis yields general and practically applicable
conditions on the singular values and singular vectors that enable BIC formation. At the BIC eigenfrequency,
the inverse of the largest singular value of both matrices vanishes, and the corresponding left (right) singular
vector is orthogonal to outgoing (incoming) plane waves that propagate in the directions of open diffraction
orders. Our SVD-based approach predicts the spectral position of the BIC and provides detailed information
about its properties, including the expansion coefficients in the multipole and plane-wave bases, as well as its
behavior under perturbations that transform the BIC into a quasi-BIC. The approach is numerically validated
by considering both symmetry-protected and accidental BICs in arrays of scatterers supporting electromagnetic
or acoustic multipole resonances. The presented SVD framework offers a broadly applicable foundation for
engineering BICs and quasi-BICs in complex metasurfaces, potentially enabling new routes for wave-based

devices with tailored radiative properties.
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I. INTRODUCTION

Bound states in the continuum (BICs) are nonradiat-
ing eigenmodes of periodic structures that are embedded
within the radiation continuum yet remain completely decou-
pled from it. In this context, one can distinguish between
symmetry-protected BICs (S-BICs), whose symmetry is in-
compatible with that of the continuum modes, and accidental
BICs (A-BICs), which arise from destructive interference of
radiating channels [1]. In the literature, BICs are also com-
monly referred to as trapped modes [2—4] because their energy
is fully confined within the structure or its near field and can-
not escape due to an infinite radiative quality factor (Q factor).
Moreover, in the absence of material losses or absorption, a
BIC occurs at a purely real-valued eigenfrequency.

BICs have been experimentally and theoretically demon-
strated in nanophotonic [5] and acoustic [6] systems. A broad
and practically important class of systems supporting BICs
comprises periodic arrangements of resonant scatterers, com-
monly referred to as metasurfaces. Upon scattering of an
external wave by a metasurface, a BIC manifests itself as
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a dark mode [7]. In realistic finite-size arrays, translational
symmetry is broken, and a genuine BIC is transformed into
a quasi-BIC with a large but finite Q factor due to edge-
induced diffraction losses [8,9]. However, even in infinite
arrays, a genuine BIC can be converted into a quasi-BIC under
certain perturbations, enabling its excitation by an external
plane wave. Such a conversion can be achieved, for exam-
ple, by a slight variation of the angle of incidence [10,11].
Alternatively, only structural symmetry breaking [12,13] or
parameter tuning [11,14] can be employed for S-BICs and
A-BICs, respectively. The resulting quasi-BIC response has
been exploited in a wide range of applications [15], including
field enhancement [16], nonlinear generation [17], and lasing
[18].

Several theoretical approaches have been proposed to diag-
nose and analyze the formation of BICs. One such approach
relies on expanding the electromagnetic fields into quasi-
normal modes [19,20] or resonant states [21-23], which
are solutions to Maxwell’s equations with complex eigen-
frequencies for an open, non-Hermitian system, satisfying
the radiation boundary conditions at |[r| — 4-o00. Recently,
Laude and Wang adopted this method for describing the
elastodynamics of open phononic systems [24]. Neale and
Muljarov demonstrated that, in photonic-crystal slabs, BICs
can arise from the hybridization of two or more resonant
states [25]. This phenomenon is commonly described using
non-Hermitian effective Hamiltonians [26-28] or temporal
coupled-mode theory [29-31], which are equivalent to a cer-
tain extent [32,33] and, in general, do not provide an exact
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description of the dynamics of a resonant system [34]. Addi-
tional drawbacks of the resonant-state expansion include the
divergence of resonant states in the limit |r| — +o0 and the
need to compute resonant states, complex eigenfrequencies,
and coupling constants for all parameters of a system that can
be deterministically controlled.

One established technique for computing resonant states is
the pole expansion of the scattering matrix (S-matrix), which
relates incoming and outgoing scattering channels in stratified
systems [35-37]. Blanchard, Hugonin, and Sauvan showed
that a BIC corresponds to the coalescence of a pole and a
zero of the S-matrix at a real frequency [38]. Moreover, Liu
et al. demonstrated that S-BICs can act as chain points that
connect two nodal lines of the S-matrix at the I'-point in
three-dimensional frequency—momentum space [39]. In our
contribution here, we focus on another aspect of the S-matrix
behavior near a BIC resonance, namely, its singular value
decomposition (SVD) [40]. Singular values and singular vec-
tors of the S-matrix encode intrinsic scattering properties that
govern transmission and reflection [41,42], absorption and
emission [43,44], and other fundamental physical characteris-
tics [45]. In particular, Guo ef al. demonstrated how coherent
perfect absorption [46] and coherent perfect extinction mani-
fest in the topology of the singular values and vectors of the
S-matrix [47].

Beyond resonant-state expansions, the decomposition of
fields into spherical and cylindrical multipole waves, or sim-
ply multipoles, can also shed light on the origin of BICs
in metasurfaces. Sadrieva et al. showed that the multipole
content of an S-BIC with Bloch (in-plane) wave vector k}/'®
consists exclusively of multipoles that do not radiate along the
direction specified by kflc. In contrast, an A-BIC contains ra-
diating multipoles whose far-field contributions destructively
interfere, thereby suppressing radiation [48]. In the multipole
basis, the transition matrix (7-matrix) formalism, introduced
by Waterman, provides a rigorous description of the elec-
tromagnetic and acoustic response of a single resonator of
arbitrary shape [49-51], as well as of their arrays, including
those with periodic boundary conditions (lattices) [52,53]. In
the latter case, one commonly refers to the effective T-matrix
of a unit cell [54], which considers the mutual interaction
among infinitely many unit cells via analytically known lattice
sums [55]. While lattice interactions do not alter the definition
of multipoles or their radiation patterns, they can substantially
modify the expansion coefficients through linear relations in-
volving the effective T-matrix, analogous to single-particle
scattering. Consequently, the effective 7-matrix contains in-
formation about collective lattice resonances, including BICs
[56].

The eigenvalue decomposition (EVD) of the inverse ef-
fective T-matrix, also known as the interaction matrix, has
been used to extract the multipole content of BICs in pe-
riodic arrays of particles [57,58]. However, the EVD has a
few limitations: (1) It does not necessarily exist, and (2) the
interaction matrix is non-Hermitian (as well as the S-matrix);
therefore, its left and right eigenvectors do not form orthonor-
mal basis sets for incident and scattered waves. In contrast,
the SVD of a matrix, even complex valued, is always well
defined and free from these limitations, making it a more
robust descriptor of scattering processes [59] and lattice res-

(a) Effective T-matrix (b) S-matrix
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FIG. 1. Schematic illustration of the notation and approaches.
(a) The effective T-matrix describes the acoustic or optical response
of a unit cell |Wy,) to an incident plane wave | ) (depicted for
d =1), accounting for interactions among unit cells in a spherical
or cylindrical multipolar basis. (b) The S-matrix links outgoing and
incoming plane waves (diffraction orders), while the description is

valid for |z| > z./2, where z. is the thickness of the metasurface.

onances [60]. This motivates us to investigate the SVDs of
the effective T-matrix, expressed in a multipolar basis, and
of the S-matrix, expressed in a plane-wave (diffraction-order)
basis, as a unified framework for diagnosing and character-
izing BICs in metasurface-based systems. Although this work
focuses on applying this approach to describe electromagnetic
and acoustic BICs, it is not restricted to these cases and can
be extended to other wave domains, such as elastic-wave BICs
[61,62].

To this end, in Sec. II, we introduce the relevant ma-
trix formulations and derive general SVD-based criteria for
BIC formation, including the vanishing of the inverse of the
largest singular values and the orthogonality of the associ-
ated singular vectors to propagating plane waves (typically
corresponding to the zeroth diffraction order). In Sec. III,
we validate these theoretical predictions through numerical
simulations of BICs in various systems and compare the
different approaches. The numerical results are reproducible
using publicly available codes [63]. Section IV discusses how
to distinguish between genuine BICs and quasi-BICs in nu-
merical schemes based on the proposed SVD criteria. Finally,
Sec. V concludes the work.

II. THEORY

As a primary system of interest, we consider a metasurface
composed of electromagnetic or acoustic scatterers arranged
in a biperiodic lattice lying in the z = 0 plane and embed-
ded in a homogeneous isotropic medium (see Fig. 1). The
medium is characterized by a given speed of light or sound
v, respectively. The formalisms of the effective T-matrix and
the S-matrix apply to both acoustic and electromagnetic wave
scattering. Therefore, this section is formulated in a unified
manner that applies to both cases, while explicitly indicating
the relevant differences.

The eigenmodes of a periodic metasurface are classified by
the Bloch wave vector ky = (ky, k,) within the first Brillouin
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zone and the frequency w(kj). The set of open scattering
(diffraction) channels is then defined by the wave vectors
(kj + Gy, ) that satisfy |[k; + Gy, | < /v, where G, ,,
denotes a reciprocal lattice vector for a biperiodic lattice,
where n,, n, € Z. Electromagnetic and acoustic metasurfaces
have been shown to support electromagnetic and acoustic
BICs, respectively, at specific Bloch wave vectors where no
radiation occurs into any open scattering channels. In the vast
majority of cases, BICs occur in systems with only a single
open scattering channel corresponding to G = 0, i.e., the
zeroth diffraction order. In this case, for the square lattice
with a lattice constant L, the frequency must satisfy k| <
o/v < |k + Gy, | forall |Gy, , | =27 /L,ie.,n, = £1 and
ny = x1.

A. Notation

In the following, we assume that the incident field is a
plane wave. For electromagnetic waves, the incident field
is uniquely characterized by three parameters (ky,d, p),
whereas for acoustic waves, only two parameters (k, d) are
required. Here, k; is the projection of the wave vector onto
the xy plane, d =1 (+) or | (—) denotes the propagation di-
rection along the z axis, and p specifies the TM (p = 1) or TE
(p = 0) polarization of electromagnetic waves (while acoustic
waves are purely longitudinal). The remaining wave-vector
component is given by k, = d(*/v* — k{)!/?. For z > z./2,
plane waves with d =] and d =1 are referred to as incoming
and outgoing, respectively, with the convention reversed for
7 < —z./2 [cf. Fig. 1(b)]. Here, z. denotes the thickness of
the metasurface.

Within the T-matrix formalism, we select one of the in-
coming modes as the incident field and denote the vector of
its expansion coefficients in a multipolar basis by |W¢ ). The
corresponding scattered field is described by the coefficient
vector |W.,) [see Fig. 1(a)]. The bra—ket notation is employed
to clearly distinguish between column and row vectors and to
define the scalar product as (a|b) = ), a’b;.

In contrast, within the S-matrix formalism, we simultane-
ously consider incoming and outgoing waves in the upper and
lower half-spaces. Specifically, we define the vectors of out-
going waves as |Wqy) = (|\IJT ), |\IJ¢ )T and incoming waves

out out

as |Wine) = (|\I—'§lc), |‘-IJ$C))T [see Fig. 1(b)]. These waves are
expanded in a plane-wave basis consisting of a countable set
of diffraction orders defined by the in-plane wave vectors
Ky + Gy, ) IF Ky + Gy, | €xceeds w/v, the corresponding

plane wave becomes evanescent in the surrounding medium.

B. Effective transition matrix

The effective T-matrix provides a full-wave solution to the
problem of plane-wave scattering by a metasurface [64]. To
this end, we expand both the incident and scattered fields of
a unit cell into multipolar waves [see Fig. 1(a)], which may
be spherical or cylindrical depending on the geometry of the
problem (see Appendix A). The effective T-matrix (electro-
magnetic or acoustic) relates the expansion coefficients of the
scattered field generated by a unit cell to those of the incident
plane wave through the following relation [54,56]:

Wica) = Ter (K, @) Wi)- M

mnc

The effective T-matrix accounts for mutual interactions
among unit cells, which effectively “renormalize” the T7-
matrix of an isolated unit cell through lattice sums of
analytically known translation coefficients of vector multipole
waves for electromagnetic scatterers [64] or scalar multipole
waves for acoustic scatterers [53].

Lattice eigenmodes can be sustained by the metasurface
in the absence of external excitation, |lIJffIC) = (), and are ob-
tained from Eq. (1) with an additional constraint ensuring the
existence of a nontrivial solution [65]:

T (K, )| W) =0 = det T (kj,0) =0.  (2)

Eigenmodes of a periodic structure are characterized by a
dispersion relation w(k)), corresponding to those arguments
of Te for which Eq. (2) has a nontrivial solution. In this
framework, a bound state in the continuum (BIC) of a nonab-
sorptive metasurface is defined as an eigenmode with a purely
real eigenfrequency wgic € R at a specific Bloch wave vector
k) = khﬂc.

If the scatterers are dissipative and therefore described by
complex-valued material parameters, the eigenfrequency ac-
quires a finite imaginary part y;,, = C tan § due to absorption,
where C is the confinement factor of the mode and tan § is the
loss tangent [66], while radiative losses remain zero, y; = 0.
Please note that nonradiative losses y;,, can induce radiative
losses y; in the case of A-BICs, which are sensitive to break-
ing time-reversal symmetry [4,67]. For example, Fabry—Perot
BICs, a type of A-BICs that occur in double-layer metasur-
faces (see Sec. III F), exhibit the following absorption-induced
radiative losses y; oc .2 [68].

To find all possible BICs and their corresponding eigen-
frequencies for a given Bloch wave vector k|, we employ the
singular value decomposition (SVD) of the effective T-matrix
[40]:

Teir(ky, 0) = UZV', 3)

where ¥ is a diagonal matrix containing real valued,
non-negative singular values o) > o3 = --- 2> oy, = 0 (the
dimension Ny is discussed in Appendix A), and the columns
of U and V are the left and right singular vectors |u;) and |v;),
respectively. Since T (K|, w) depends on both k; and w, its
singular values and singular vectors inherit this dependence.
It will also be useful to rewrite Eq. (3) as

Nr
Teir(ky, @) = Y oiu) (vil. “)
i=1

The SVD of the inverse effective T-matrix is then given by
T, (kj, @) = VE~'U'. Consequently, the smallest singular
value of Te_ff1 (ky, ) equals o !, Using the relation between
the determinant and the singular values, |det Te’ﬂ! Kk, o) =
]_[?Zl ai_' [40], Eq. (2) can be reformulated for a BIC as

o '[Terr (K], wpic)] = 0 |, )

where o picks the first and largest singular value of
Tetr (K, w) for real arguments.

When Eq. (5) is satisfied, the expansion coefficients of
the BIC field in a spherical-wave basis are given by the first
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left singular vector |u;) of Tef(k, @). Its decomposition into
outgoing (singular) spherical waves reads as follows:

|ll]> = Z ue m, pw m, P) (6)

£,m,p

Here, |¢,m, p) denotes a singular vector spherical wave,
where £ € [1, £yax] is the degree, |m| < £ is the order, and
pisthe TM (p = 1) or TE (p = 0) polarization for electro-
magnetic waves only. Moreover, from the coefficients ”e

in Eq. (6), the Cartesian multipole moments can be obtained
using the unitary transformation given in Eq. (E1) in Ref. [56].
For acoustic waves, |, m, p) must be replaced by a scalar
spherical wave |, m) (see Appendix A). An analogous ex-
pansion can be written in terms of vector or scalar cylindrical
waves (see Appendix A).

Because it may be numerically challenging to determine
whether o, ! vanishes exactly (up to machine precision) on
a finite parameter mesh, it becomes important to supplement
Eq. (5) with an additional constraint on the singular vectors
lu;) and |v;). Specifically, a BIC at k"' must be orthogonal to
all outgoing plane waves with the same in-plane wave vector,
which implies

(Wdiu)=0vVdet, || ©)

Here, W4 ) represents an outgoing plane wave [see Fig. 1(b)].
Equation (7) can be satisfied in two distinct scenarios: expan-
sion (6) either contains only multipoles that do not radiate
along the direction kBIC (S-BIC), or includes radiating mul-
tipoles whose superposnion suppresses radiation through
destructive interference (A-BIC) [48].

A constraint analogous to Eq. (7) can typically be formu-
lated for the right singular vector |v;). Indeed, the set of right
singular vectors of Te (K, @) forms an orthonormal basis for
incident fields [59], allowing an external plane wave to be
expanded as

Nr

v = ,\Ilmc i), 8
(Wit )= (vil Wi, ) vi) (8)

i=1 Wi

i

where W¢ is referred to as the quasimode coupling strength
[16]. Notably, the coupling strengths in Eq. (8) quantify the
overlap of incident plane waves with the right singular vectors
of the effective T-matrix Tes (K, @), rather than with the left
eigenvectors of the interaction matrix Te’ﬁl(k”, w), as consid-
ered in Ref. [16]. Substituting Eq. (4) into Eq. (1) and using
Eq. (8) yields

ZG,W uy)., )

which expresses the scattered field of a unit cell under plane-
wave excitation. For a BIC, o; diverges as a consequence of
Eq. (5), and to avoid an unphysical gain of energy upon the
scattering, the following condition must be satisfied:

Wi =(v|wl)=0, Vdert || (10)

mc)

Equations (7) and (10) are equivalent for P77 -symmetric sys-
tems, reflecting the fact that a nonradiating BIC cannot be

excited from the far field by a plane wave and therefore does
not contribute to the scattered field in Eq. (9). This decoupling
from the radiation continuum is the defining physical property
of a BIC. Breaking P77 symmetry, for instance by introduc-
ing gain and absorption in the scatterers, generally violates
Eq. (10), while Eq. (7) remains valid [69].

Finally, we consider the case of degenerate BICs. Suppose
that M < Ny distinct BICs share the same elgenfrequenc
wpic. Equation (5) then implies o, = 02 =- UM =
0, while Egs. (7) and (10) require (\Ilout|u,) (v,|‘~Ill’flc) =0
foralli € {1, ..., M} and both propagation directions d. Any
linear combination of these vectors |u;) therefore also rep-
resents a BIC, implying that these vectors span an M-fold
subspace of BICs. In Sec. III E, we explicitly consider the case

M =2.

C. Scattering matrix

Next, we consider the S-matrix-based description of scat-
tering by a metasurface. In contrast with the effective
T-matrix, which describes the response of an individual unit
cell in the spherical- or cylindrical-wave basis, the S-matrix
enables the calculation of the fields scattered by the entire
metasurface (i.e., all unit cells collectively) in the plane-wave
basis, without an additional summation over the unit cells
[see Fig. 1(b)]. Formally, the scattering of electromagnetic or
acoustic waves can be assumed to occur in the plane z = 0,
allowing the periodic metasurface to be effectively replaced
by a planar interface. This interface is then characterized by
an S-matrix that relates outgoing and incoming plane waves
according to

[Wour) = S(Ky, @) Winc). (1)

The subsequent analysis of BICs follows from the singu-
lar value decomposition (SVD) of the S-matrix and closely
parallels the approach outlined for the effective 7-matrix. Lat-
tice eigenmodes can be formally obtained in the absence of
incoming waves [70] from

S (ky, )| Wou) =0 = det S~ (kj,w)=0.  (12)

At first glance, this condition appears to be incompatible with
energy conservation in a lossless scattering system, because
the determinants must satisfy det S = det S~! = 1 required
by unitarity SST = STS =1, where I is an identity matrix
of the corresponding dimension. However, the S-matrix is
strictly unitary only when the basis is restricted to propagating
diffraction orders. Including evanescent diffraction orders can
break unitarity [71]. Because a BIC is intrinsically an evanes-
cent mode, its accurate representation in the plane-wave basis
requires the inclusion of evanescent diffraction orders.

Since BICs typically arise in periodic systems with a single
open diffraction channel at G o = 0, we additionally include
the nearest evanescent diffraction channels with G, ,, # 0.
For the square lattice, this corresponds to including at least the
Zeroth diffraction order k; and four additional orders (kj +

Gy,.n,) with n, = £1 or ny = *1, so that |G, | = 27 /L. As
aresult, the dimension of the S-matrix (and of its SVD) for the
square lattice is at least Ny = 20 in the case of electromagnetic
waves and Ng = 10 in the case of acoustic waves.
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We now perform the SVD of the S-matrix
S =HEF', 13)

where H and F contain the left and right singular vectors of
S, respectively, and Z is a diagonal matrix of singular values.
Two cases can be distinguished:

(1) If S is unitary, all singular values satisfy & = &, =
=&y = 1.

(2) If S is nonunitary (due to the inclusion of evanescent
modes), the singular values satisfy & > & > --- > &y, > 0.

In the latter case, it may be possible to find a real frequency
wsic for a nonabsorptive metasurface such that the inverse of
the largest singular value vanishes,

ET' ISP, wpic)] = 0| (14)

indicating the occurrence of a BIC with Bloch wave vector
kBIC.

“ By arguments analogous to those used for the singular
vectors of Terr(K, ), the corresponding left and right sin-
gular vectors of S must be orthogonal to all propagating plane
waves with k; = k}/', arbitrary propagation direction d and
polarization p. This implies (h;|Wi,.) = (£;|Winc) = 0, which
leads to the following BIC criterion:

1 1
hyge 4 p = fipe q, =0, Vd.p| (15)

This condition reflects the well-known property that the zeroth
Fourier coefficient of a BIC field vanishes [1]. Consequently,
the singular vectors |h;) and |f;) have nonzero components
only in evanescent diffraction orders.

Using Eq. (13), the S-matrix can be expanded as S =
> &lh;)(f;]. Substituting this expansion into Eq. (11) yields
the outgoing field under the BIC conditions in Egs. (14) and
(15):

Ns
Wou) = &Cilhy) + Y &Clhy), (16)
T =

where C; = (f;|Wi,.) denotes the quasimode coupling
strength. Thus, in the S-matrix framework, the contribution
associated with the singular vector corresponding to the BIC
vanishes (C; = 0), and only nonresonant singular modes
contribute to reflection and transmission. As in the effective
T-matrix formalism, the S-matrix naturally accommodates
degenerate BICs: if a periodic system supports M-fold
degenerate BICs, the first M singular values of S are
equal, and the corresponding singular vectors span an
M-dimensional BIC subspace (see also Sec. IIIE).

Although the SVD-based description of BICs using the
S-matrix may appear redundant given its similarities to the
effective T-matrix formulation, it offers a distinct practical
advantage. Specifically, the S-matrix formalism is readily ap-
plicable to periodic systems on a substrate, as S-matrices can
be efficiently stacked using the Redheffer star product [72]. In
contrast, the effective 7-matrix approach is typically restricted
to metasurfaces embedded in homogeneous environments, as
extending it to substrate-supported systems can be techni-
cally cumbersome. It is nevertheless important to emphasize
that, for periodic lattices of particles or molecules, the S-

matrix can be calculated directly from the effective T-matrix
[64]. Additionally, due to the linear relationship between the
spherical-wave and Cartesian-multipole basis [56], the BIC
criteria in Sec. II B, derived from the SVD of the effective
T-matrix, can be reformulated in terms of the SVD of the
effective multipole polarizabilities [14].

III. NUMERICAL VALIDATION

Next, we validate the criteria for BIC formation—namely,
Egs. (5), (7), (10), (14), and (15)-by numerically model-
ing BICs in electromagnetic and acoustic metasurfaces. To
this end, we employ the in-house software packages treams
(v. 0.4.5) [64] and acoustotreams (v. 0.2.13) [73], which
provide full-wave solutions to multiple-scattering problems
for electromagnetic and acoustic metasurfaces, respectively.
These Python packages enable efficient computation of effec-
tive T-matrices and S-matrices using the Ewald summation
technique [74]. The singular value decompositions of these
matrices are computed using the numpy.linalg. svd routine
in Python 3.

Before presenting the simulation results, we need to re-
mark on the multipole content of BICs in metasurfaces. In
practice, however, only a few leading terms are sufficient
to accurately describe the eigenmode. For instance, periodic
two-dimensional arrays of spheres have been shown to sup-
port electromagnetic symmetry-protected BICs (S-BICs) with
either TM or TE polarization that can be well described
within the dipole approximation. In this case, the metasur-
face behaves as a lattice of normally oriented electric (p;) or
magnetic (m,) dipoles with identical amplitudes and phases
[75]. Such modes occur at the I" point, kflc = (. Moreover,
by analyzing the poles of the effective dipole polarizability,
Evlyukhin et al. have identified that this BIC can emerge at
the wavelength of a dipole resonance (electric or magnetic)
of an isolated sphere Ag if the lattice constant is L/Agr =
0.7112.. ., offering a practical rule for realizing a BIC at
normal incidence for metasurfaces of dipolar scatterers [75].
Please note that if the desired wavelength A differs from Ag,
the ratio L/ required for BIC formation changes accordingly,
and also note that taking higher-order multipoles into account
may slightly shift the wavelength or lattice constant where the
BIC resonance occurs. Nevertheless, in all our computations,
a sufficiently large multipole degree was retained, so that this
effect is nearly negligible.

Since the dipole contribution alone is sufficient to describe
this S-BIC, we compute the SVD in Secs. I[II A-IITE using a
basis of vector spherical waves with £;,,x = 1. In Sec. III'F,
we consider Fabry—Perot accidental BICs (A-BICs) in arrays
of dielectric rods, using a basis of vector cylindrical waves
with k, = 0 and my,, = 2 (please note the permutation of
coordinate axes for cylindrical waves, see Appendix A). In
Sec. III G, we study acoustic A-BICs in arrays of spherical
particles using a basis of scalar spherical waves with £;,,x = 2.
We emphasize that the results remain essentially unchanged
upon increasing £p,x OF My, at the expense of increased
computational cost (see Appendix B). For the SVD of the
S-matrix, we include diffraction orders with |Gg | =0 and
|Gy, ., | = 27 /L, except in Sec. III D, where diffraction orders
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TABLE I. Summary of periodic systems for modeling BICs and
quasi-BICs. Columns indicate whether the SVD of the effective
T-matrix or the S-matrix can be applied using the treams and acous-
totreams packages for the calculation of these matrices.

System Effective T-matrix S-matrix
Single- and multilayer Yes Yes
metasurfaces in free space

Metasurface on a substrate No Yes
Finite-size arrays Yes No
up to |Gy, ,, | = 87 /L are included to ensure convergence in

the presence of a substrate.

Table I summarizes the classes of systems that can be mod-
eled using the SVD of the effective T-matrix and the S-matrix
and that are considered as examples in this work.

A. Infinite array in free space

We begin with a dipole BIC supported by a single array of
spherical particles in free space. The particles have a radius of
200 nm and a relative dielectric permittivity of 12.25, corre-
sponding to lossless crystalline silicon at room temperature
in the near-infrared spectral range [76]. Using Mie theory
[77], one finds that an isolated particle exhibits a magnetic-
dipole resonance at wavelength Ag = 1459.16 nm. According

(a) Reflectance (b)
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to Ref. [75], a periodic metasurface with a square lattice
supports a TE-polarized S-BIC, which emerges in the dipole
approximation when the lattice constant is L = 1037.779 nm.
Please note that accounting for higher-order multipoles in
our case introduces only a minor deviation of |§L|/L ~ 107>
from this value (see Appendix C). Therefore, the results can
be considered converged already for a maximum multipole
degree of £ = 1.

To confirm this prediction, we plot the reflectance of the
metasurface in Fig. 2(a) for an excitation by a TE-polarized
plane wave |\I-fifm> = |k, |, 0) incident at an angle 6 with
respect to the surface normal (the z axis). In this configuration,
the in-plane wave vector is k; = (ksin6, 0), where k = w/c
[see the inset in Fig. 2(a)], and the incident wave carries a
magnetic-field component H, o sin 6, which can excite the
out-of-plane magnetic-dipole moment m,. Owing to the mir-
ror symmetry z — —z, the response of the system to |\I/iIm)
is identical. As shown in Fig. 2(a), the reflectance spectrum
exhibits a Fano-type resonance for each nonzero angle of in-
cidence, which disappears at normal incidence when A = Ag.
This behavior signifies the formation of an S-BIC, which is
decoupled from a normally incident plane wave. In contrast,
the resonances observed at oblique incidence correspond to
the quasi-BIC regime.

We now apply the criteria derived in Sec. II to analyze this
BIC. Figures 2(b) and 2(c) show the inverse largest singular
values of the effective T-matrix, o, I and of the S-matrix,

S-matrix & !
max 10'3
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b L/(2m) 10°
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107
10°

2.5 5.0 -5.0 -2.5 0.0 25 5.0
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FIG. 2. Electromagnetic S-BIC in a single metasurface of spherical particles in free space. (a) Reflectance of the metasurface [for £,,,x = 4]

as a function of the angle of incidence of a TE-polarized plane wave and the wavelength detuning AA = A — Ar, where Ag = 1459.16 nm is
the BIC wavelength. The lattice constant is L = 1037.779 nm. The inset in panel (a) depicts the metasurface and the illumination conditions.
The inverse of the largest singular values of (b) the effective 7-matrix [€,,x = 1] and (c) the S-matrix [bm,L/(2r) = 1], where b,y sets the
upper bound on the magnitude of the reciprocal-lattice vectors G, ,,. The inset in panel (b) shows the magnitudes of the electric and magnetic
fields of the BIC. The inset in panel (c) shows &, ! as a function of b,;me/ (27). (d) Absolute values of scalar products of the singular vectors of
Teir (K, @) and plane waves: |(\Iljm|u1 )| (blue solid) and |(v; |\Ilifw)| (orange dashed), corresponding to minima in panel (b). (e) Absolute values

of components of vector |u;) in the spherical-wave basis labeled by three indices (¢, m, p). (f) Absolute values of zeroth-order components of
the left and right singular vectors of S, |h|‘(”_l,0| and |fklu,¢,0|’ corresponding to minima in panel (c).

235418-6



SINGULAR VALUE DECOMPOSITION TO DESCRIBE ...

PHYSICAL REVIEW B 113, 235418 (2026)

& !, respectively. For each angle of incidence, both quantities
exhibit a pronounced minimum at the values of 6 and A cor-
responding to the quasi-BIC resonance observed in Fig. 2(a).
The minima do not reach zero, reflecting the fact that quasi-
BICs are not genuine eigenmodes of the metasurface at real
frequencies [one should consider complex-valued frequencies
(w —1y;)]. However, as (6, A) — (0, Ar), the inverses of both
singular values significantly decrease, scaling as k| with o ~
1.8, thereby validating the BIC criteria in Eqgs. (5) and (14).
Since these quantities should vanish in the ideal case, we also
examine the convergence of & !"as the number of diffraction
orders in the basis increases. This number is controlled by
the parameter bp,x, which defines the radius of a circle in
reciprocal space, i.e., the basis only contains diffraction or-
ders satisfying |Gy, ,| < bmax. The inset of Fig. 2(c) clearly
shows that & ! decreases with increasing bp,x, demonstrating
convergence. Moreover, a slight variation of the lattice con-
stant also reveals the convergence of o, ! with respect to the
maximum multipole degree €,,x (see Appendix C).

Additionally, we plot the electric and magnetic field distri-
butions in the xz plane for the considered BIC, corresponding
to a magnetic dipole oriented along the z axis [see the inset in
Fig. 2(b)]. At each point, the electric field contribution from
a single unit cell is given by E(r) = (r|u;), where |u;) is
expanded into singular spherical waves as in Eq. (6), and their
coordinate dependence (r|¢, m, p) is provided in Appendix A.
The total field is obtained by superposing the contributions
from all unit cells, which can be efficiently evaluated using
the Ewald summation [cf. Eq. (3.15) in Ref. [65]].

Next, we examine the orthogonality of the singular vectors
to plane waves when Eqs. (5) and (14) are satisfied. Fig-
ure 2(d) shows the scalar products with the first left and right
singular vectors of the effective T-matrix, namely, |(\Ilim|u] )
and |(V1|‘-I-fifm)|, evaluated along the quasi-BIC resonance.
These quantities are identical because |v;) = el?'|u;) in this
case, and they are equal to zero (numerically to ~10~%) at
6 = 0, thereby confirming the BIC criteria in Egs. (7) and
(10). Physically, at normal incidence (6 = 0), the singular
vectors |u;) and |v;) contain only the out-of-plane magnetic
dipole component m, “%,0,0’ which cannot be excited by
a normally incident plane wave (therefore, this BIC is re-
ferred to as an S-BIC). For 6 # 0, the scalar products become
nonzero because the singular vectors acquire contributions
from in-plane electric dipoles p,, which are present in the
incident field [specifically, p, o (uj _; | +uj ), as shown
in Fig. 2(e)].

Moreover, the absolute values of the scalar products
exhibit a linear dependence on the angle of incidence
as 0 — 0. This behavior can be understood by explic-
itly writing the scalar product while retaining only the
dominant dipole contributions: (\Iij|u1) =b} _ Uy +
bT,o,o”%,o,o +b’1"1’1u{,1’1. As shown in Fig. 2(e), the coeffi-
cients uf ., vary linearly with 6, whereas u; , is nearly
independent of 8. At the same time, the plane-wave expansion
coefficients satisfy b}il‘l = const and bi,o,o o sinf ~ 6 for

0 — 0[56]. Consequently, all terms in (\Iliul|u1) scale linearly
with 6, and so does the scalar product itself. Using a classical
analog of Fermi’s golden rule, the radiative losses of the

quasi-BIC can be expressed as y; |(‘~Il(fut lu;)|?, which yields
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FIG. 3. Electromagnetic S-BIC in a single metasurface of spher-
ical particles with absorption [the loss tangent is ~4.1 x 1073].
(a) Absorptance of the metasurface [for £.,,x = 4]. (b) The inverse
of the largest singular values of the effective T-matrix [£,,,, = 1].
The inset shows the absolute values of scalar products of the singular
vectors of Ter(k), @) and plane waves: |(\ll(fm|u1)| (blue solid) and

[{v; |‘~I/itc)| (orange dashed), corresponding to minima in panel (b).

Y1 ~ 6% ~ sin® 6 ~ k7 in the vicinity of the I" point. Notably,
this scaling law coincides with the analytical result reported
in Ref. [78].

Finally, Fig. 2(f) shows the corresponding scalar prod-
ucts involving the first left and right singular vectors of
the S-matrix. These quantities also exhibit a linear depen-
dence as 6 — 0 and satisfy the condition in Eq. (15) at
normal incidence. Owing to the mirror symmetry z — —z, the
scalar products obey (\Il(fut|u1) = <\11§m|u1> and (v1|\IJiﬁC) =

(vi|® ), and the zeroth-order components of the singular

: | — (S|
vectors satisfy iy | o =hy 4 oand fy | o= fy 1.0

B. Infinite array with absorption

We now consider the BIC under more realistic conditions
by introducing absorption in the particles through a nonzero
imaginary part of the dielectric permittivity, ¢ = 12.25 +
i1073, corresponding to a loss tangent of ~4.1 x 107>, In
dissipative systems, a quasi-BIC manifests as a resonance
in the absorptance [79]. Accordingly, we compute the ab-
sorptance of the metasurface as (1 — 7 — R), where T and
R denote the transmittance and reflectance, respectively, and
present the results in Fig. 3(a), which highlights the relatively
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high absorptance achievable in the quasi-BIC regime. Impor-
tantly, the BIC criteria in Egs. (5) and (14) can be satisfied
for real-valued frequencies only in nonabsorptive systems.
Nevertheless, our approach remains applicable for identifying
the BIC resonance position at real-valued frequencies [see
Fig. 3(b)]. Notably, the presence of absorption does not hinder
the formation of a BIC with an infinite radiative lifetime
and causes only a negligible spectral shift compared with the
lossless case. Therefore, to verify the existence of a BIC in an
absorptive system, one may set Im & = 0 and check whether
the criteria in Egs. (5) and (14) are fulfilled at a real frequency.
Furthermore, the orthogonality conditions in Egs. (7), (10),
and (15) remain satisfied even in the presence of absorption,
as shown in the inset of Fig. 3(b), confirming the nonradiating
nature of the BIC. Finally, please note that Fig. 3 shows only
the SVD of the effective T-matrix. Although the SVD of the
S-matrix is also applicable, it is omitted here for brevity.

C. Finite-size arrays in free space

In contrast with infinite arrays, finite-size N x N arrays
lack translational symmetry. Such a lack of translational sym-
metry has two important consequences: (1) BICs inevitably
transform into quasi-BICs due to diffraction from the array
edges into the surrounding medium, and (2) Finite-size arrays
cannot be described by an S-matrix formulated in the plane-
wave basis. By contrast, the SVD of the effective T-matrix
in the multipolar basis remains applicable to the analysis of
quasi-BICs in finite arrays and enables the study of their
evolution toward genuine BICs in the limit N — co. Consid-
ering the same S-BIC as before, Fig. 4(a) shows the inverse
of the largest singular value of the effective T-matrix for an
N x N array as a function of N and wavelength. For each
value of N, o ! exhibits a minimum that shifts toward the
BIC wavelength of the infinite array as N increases. At the
same time, the minimum value min; (o 1) decreases with N
following a power law N~ with o & 3 [see Fig. 4(b)].

It is also well known that quasi-BICs in finite arrays man-
ifest themselves as standing waves [80]. Importantly, this
behavior is naturally captured by the SVD. In Fig. 4(c), we
plot the nonzero components of the first left singular vector
[u;) of the effective T-matrix for N = 23, corresponding to
the minimum of o ! in Fig. 4(b). The only nonzero compo-
nents are u; | , » which determine the out-of-plane magnetic
dipole moments (m,) of the particles labeled by the index
i. As shown in Fig. 4(c), their spatial distribution forms a
two-dimensional standing wave with a quantized Bloch wave
vector k| = 7%= (1, 1).

D. Infinite array on a substrate

We now return to infinite arrays and consider an opposite
scenario, in which the SVD of the effective T-matrix is less
practical for predicting the spectral position of a BIC than the
SVD of the S-matrix. The inset of Fig. 5(b) depicts the same
metasurface placed on a substrate with refractive index ng,, =
1.4 (close to SiOy). It is known that S-BICs at the I" point
remain robust even when the reflection symmetry z - —z
is broken [1]. However, the simple relationship between the
lattice constant and the wavelength of a single-particle dipole
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FIG. 4. Development of the electromagnetic S-BIC in finite-size
arrays of N x N spheres. (a) Inverse of the largest singular value
of the effective T-matrix [£,.x = 1]. The red line indicates the BIC
wavelength in the infinite array (Agr). (b) Wavelength minimum value
of 01‘1 in panel (a) as a function of V. (¢) Normalized absolute values
of components |u} | , |/ max |u], ool of the left singular vector |u;)

for N =23 and Ag = 1459.465 nm. u} , ,, is proportional to the z
component of the magnetic-dipole moment () of the ith particle.

resonance, L ~ (.71)g, is valid only for metasurfaces in free
space.

The presence of a substrate modifies lattice interactions
relative to a homogeneous environment, requiring the eval-
uation of integrals involving Fresnel reflection coefficients
[81]. In this situation, it is more convenient to apply the S-
matrix-based approach and use Eq. (14) to determine the BIC
spectral position. In Eq. (14), we use the total S-matrix of the
structure, shown in the inset of Fig. 5(b), which is obtained as
the Redheffer star product of three S-matrices describing the
substrate-air interface, propagation in free space along the z
axis, and the metasurface. Owing to the substrate, we include
a larger number of diffraction orders—specifically those with
|Gy,.n,| < 87 /L~to ensure convergence.

Numerical simulations of &, ! reveal that its zero shifts
from Agr = 1459.16 nm to A = 1482.70 nm in the presence
of the substrate [Fig. 5(a)]. Moreover, the components of the
left and right singular vectors corresponding to the zeroth
diffraction order vanish at this wavelength and 6 = 0 [see the
inset of Fig. 5(a)], satisfying both BIC criteria in Egs. (14) and
(15). As a result, pronounced BIC and quasi-BIC resonances
appear in the reflectance spectrum shown in Fig. 5(b).

Figures 5(a) and 5(b) also clearly demonstrate that the
effect is destroyed by diffraction into the substrate when
the wavelength exceeds the diffraction threshold A(6) =
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FIG. 5. Electromagnetic S-BIC in a single metasurface on a sub-
strate. (a) Inverse of the largest singular value of the total S-matrix
[bmaxL/(27) = 4]. Inset shows absolute values of zeroth-order com-
ponents of the singular vectors |h11(”, 1.0l (blue solid), | kaH, 1.0l (orange
dashed), |h|l«”.¢,o| (green dashed-dotted), and | fk1”,¢,o| (red dotted).
(b) Reflectance for a TE-polarized plane wave. Inset shows a
Si-particle metasurface on a SiO, semi-infinite substrate and the
geometry of incidence. The black and white dashed lines in panels
(a) and (b), respectively, indicate the diffraction threshold in the
substrate A(0) = L(ng, + | sin6]), where ng, = 1.4.

L(ngp + | sin@]). The same phenomenon occurs for the
metasurface in the homogeneous environment (ngy, = 1) if
Fig. 2(a) is extended to a wider parameter range.

Furthermore, it is also well known that nanostructures
on dielectric substrates scatter asymmetrically into the upper
(+z) and lower (—z) half-spaces due to dielectric contrast
between the half-spaces [82]. Importantly, the SVD of the
S-matrix captures this asymmetry: the zero-order compo-
nents |hll(”’ ¢,0| and | fkln,m0| of the quasi-BIC are several
orders of magnitude larger for the lower-half-space than those
Iy, 1.0l and 1fy{, | ol for the upper half-space [see the inset of
Fig. 5(a)]. Here, |h;) and |f;) denote the left and right sin-
gular vectors corresponding to outgoing and incident modes,
respectively.

E. Degenerate BICs

TE- and TM-polarized S-BICs can become degenerate
in highly symmetric metasurfaces through various mecha-
nisms [18,75,83,84]. Such degeneracy enables polarization-
independent behavior [85] and yields pairs of high-Q modes
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FIG. 6. Doubly degenerate BICs in a single metasurface of par-
ticles with ¢ = p. The resonance wavelength is 1280.72 nm, and the
lattice constant is 910.90 nm. Panels (a) and (b) show the inverse
of the largest singular values of the effective T-matrix [£y, = 1]
and the S-matrix [bmaxL/(27) = 1], respectively. The insets in pan-
els (a) and (b) show nonzero components of the first and second
right singular vectors as degenerate BICs with pure TE and TM
polarizations, obtained from the SVD of the effective T-matrix and
the S-matrix, respectively. Please note for the inset in panel (b) that
Ry = (k4,17 + |hg | )2, where i = 0, 1.

that can be exploited in nonlinear optical processes, including
spontaneous parametric down-conversion [86] and four-wave
mixing [87]. As discussed in Sec. II, the SVD framework
naturally captures degenerate BICs.

To illustrate this, we consider spherical particles with ¢ =
© = 3.5, which results in an electromagnetically dual system
[88]. In such systems, electric and magnetic Mie scattering
coefficients are identical for all multipole degrees ¢ [89].
Consequently, electric and magnetic dipole resonances coin-
cide at Ag = 1280.72 nm, and TE- and TM-polarized dipole
BICs emerge at the same wavelength when the lattice constant
satisfies L/Ag = 0.7112.. .,i.e.,, L = 910.9 nm.

Figures 6(a) and 6(b) show o ! and & ! for this meta-
surface, revealing zeros at & = 0 that correspond to doubly
degenerate BICs. Due to the equality of matrix elements
in both the effective 7T-matrix and the S-matrix, all sin-
gular values are doubly degenerate, including oy = o, and
&1 = &. Accordingly, the dipole BICs can be represented in
the spherical-wave basis by singular vectors |u;) = |1, 0, 0)
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FIG. 7. Fabry—Perot BICs in a double-layer metasurface of di-
electric rods in free space, depicted in the inset in panel (a). The black
dashed line outlines a complex unit cell with two rods. Panels (a) and
(b) show the inverse of the largest singular values of (a) the S-matrix
[bmaxL/(27) = 1] and (b) the effective T-matrix in the cylindrical-
wave basis [|mu.x| = 2] as a function of the distance between the
layers and the wavelength. Inset in panel (b) shows the absolute val-
ues of scalar products |(\Iljm|u1)| (blue solid) and | (v, |\l/ifm)| (orange
dashed) for the parameters indicated by the white arrows in panel
(b). The red dashed line indicates the wavelength Ao = 3.161 cm of
a zero-transmittance resonance of a single lattice. (¢) H, (left) and
E, (right) components of the total electric and magnetic fields of the
Fabry—Perot BIC emerging at D = 9.41 cm.

and |up) =|1,0,1) [see the inset in Fig. 6(a)], as well
as by any two mutually orthogonal superpositions thereof.
An analogous description applies to |h;) and |hy) in the
diffraction-order basis, as illustrated in the inset of Fig. 6(b).

F. Fabry—Perot BICs in a double-layer metasurface

Up to this point, we have focused on symmetry-protected
BICs in single-layer metasurfaces. However, the SVD-based
approach is equally applicable to accidental BICs. Here, we
consider Fabry—Perot BICs [90], which arise in double-layer
metasurfaces composed of two-particle lattices separated by a
distance D. When each lattice exhibits a reflection resonance
at wavelength ), the system effectively forms a Fabry—Perot
cavity with resonant mirrors [see the inset of Fig. 7(a)]. Ne-
glecting near-field coupling between the layers and material
losses, the BIC formation condition at A = Ay and kf‘c =0is
D = sAo/2, where s € N [91].

We consider the structure studied in Ref. [68], which
supports TM-polarized Fabry—Perot BICs in the microwave
spectral range. The system consists of two one-dimensional
lattices of infinite dielectric rods with radius 0.5 cm, lattice
constant 3 cm, and permittivity ¢ = 2.1 in free space [see the
inset of Fig. 7(a)]. Each lattice exhibits a reflection resonance
at 9.483 GHz (Ao = 3.161 cm), which is accurately captured
by the cylindrical 7-matrix method with my,x = 2. For a one-
dimensional lattice of infinite rods, we choose the z axis along
the rods, the x axis along the lattice vector, and the stacking
direction along the y axis.

The SVD of the S-matrix for the double-layer metasurface
can be computed using the following two approaches:

(1) First, one may compute the S-matrix of a single lattice
from the effective T-matrix of a unit cell, and then obtain
the total S-matrix via the Redheffer star product of three S-
matrices that describe the lattice, free-space propagation over
distance D, and the lattice again.

(2) Alternatively, the total S-matrix can be computed di-
rectly from the effective 7T-matrix of a complex unit cell
containing two rods, as shown in the inset of Fig. 7(a),
with lattice interactions evaluated using the Ewald summation
technique for two sublattices [74].

We use the second approach, as it allows us to identify
Fabry—Perot BICs via the SVD of both the effective 7-matrix
and the S-matrix. Indeed, the formation of two Fabry—Perot
BICs is confirmed by the criteria in Egs. (14) and (5), as
shown in Figs. 7(a) and 7(b), respectively. Furthermore, the
inset of Fig. 7(b) demonstrates that one of these BICs be-
comes orthogonal to plane waves at an interlayer distance
D =9.41 cm, with the deviation from the predicted value
D = 3)p = 9.483 cm due to near-field coupling between the
layers. Moreover, the inset of Fig. 7(b) also shows that an
offset of the interlayer distance AD leads to an increase
in radiative losses y; o |(‘~Il(fut|u1)|2 ~ (AD)?, indicating a
second-order dependence on AD, in agreement with Ref. [68].
Similarly to Sec. IIT A, we calculate the z components of the
electric and magnetic field of this Fabry—Perot BIC in the
cylindrical-wave basis and plot them in Fig. 7(c). Please note
that in this case, the BIC field is the superposition of the fields
radiated by two lattices.

G. Acoustic BICs

Finally, we extend the SVD-based framework to acous-
tic systems by considering an infinite lattice of lossless
high-index acoustic particles (p = 360 kg/m?, v = 600 m/s)
embedded in water (p = 998 kg/m?, v = 1500 m/s). De-
spite being single-layer structures, such lattices can support
accidental BICs at k"' = 0 due to destructive interference
between radiating multipoles of different degrees ¢ but iden-
tical parity, which were discussed in Ref. [92]. Consequently,
at least £, = 2 and £,x = 3 are required to observe even-
and odd-parity BICs, respectively. Here, we focus on the even-
parity case.

Figures 8(a) and 8(b) show that the inverses of the largest
singular values, o, I and & ! vanish at L = 69.78 pm and
A = 105.6 um, confirming BIC formation according to the
criteria in Egs. (5) and (14). The scalar products in Egs. (7)
and (10) also vanish at these parameters [see Fig. 8(c)] and
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FIG. 8. Acoustic A-BIC in a single metasurface of spherical
high-index scatterers in water. Panels (a) and (b) show the inverse
of the largest singular values of (a) the effective T-matrix [£,,, = 2]
and (b) S-matrix [bn.L/(27r) = 1] as a function of lattice constant
and wavelength in water. (c) Absolute values of scalar products
|(Wdluy)| (blue solid) and |(v,|W," )| (orange dashed), for the pa-
rameters indicated with the white arrows in panel (a). The rod
dashed-dotted line indicates the absolute value of ratio ug,,/ (\/5”5,0)
of the components of vector [u;). (d) Absolute values of zeroth-order
components of the left and right singular vectors of S, |hf]’ .| and
| fol, 1|, for the same parameters.

are equal due to |v;) = e |u;). Although the singular vectors
have nonzero overlaps with the incident and outgoing plane
waves due to u(l)’m # 0 and ué,m # 0 for m = 0, their scalar
products vanish owing to the condition baou(l)y0 = _bﬁ,ouio
at the BIC [see Fig. 8(c)]. Here, byg = (id)¢A/2€ + 1 are the
expansion coefficients of a normally incident acoustic plane
wave, where d = +1 (1) or —1 (}).

As a function of the offset of the lattice constant AL, the
absolute value of scalar product |(\I/im|u1)| varies linearly
near the quasi-BIC resonance [see Fig. 8(c)], implying radia-
tive losses 1 o< |(W), [u;)|> ~ (AL)?%, in agreement with the
simulation results in Ref. [92]. Figure 8(d) further shows that
the zeroth diffraction-order components in Eq. (15) vanish at
the BIC, indicating a purely evanescent field.

These results demonstrate that the SVD-based framework
applies equally well to acoustic systems. In contrast with
Ref. [92], which analyzed the singular values of the acoustic

interaction matrix T;ff' (kj, @) within a two-multipole approxi-
mation, we consider the full effective T-matrix of size (£max +
1)? X (bnax + 1? (ie., 9 x 9) as well as the SVD of the S-
matrix. This highlights the generality of our approach, which
does not rely on prior knowledge of block-diagonal matrix
structures.

IV. DISCUSSION

The results presented demonstrate that the proposed
SVD-based approach can capture both genuine BICs and
quasi-BICs in periodic metasurfaces. At this stage, an impor-
tant question arises: How can one reliably distinguish between
genuine BICs and quasi-BICs? Although efficient minimiza-
tion algorithms can be employed to locate minima of o~ !and
& ! (which correspond to zeros for BICs in nonabsorptive
systems), our findings indicate that, in practical numerical
implementations with a finite spectral mesh, it might be
challenging to judge whether o ! and & ! truly vanish (as
required for genuine BICs) or merely attain extremely small
but finite values (indicative of high-Q quasi-BICs). Indeed,
Figs. 2(b) and 2(c) show that even at parameter values cor-
responding to genuine BICs, a]_l and &, ! remain on the
order of ~10~8 and ~107°, respectively, on the chosen mesh.
Therefore, the conditions o;' — 0 and &' — 0 alone are
insufficient to unambiguously identify the emergence of a
BIC.

In this context, two additional aspects should be taken into
account. First, it is necessary to verify the conditions given in
Egs. (7) and (15), which formally express the orthogonality
of BICs to radiative channels in the surrounding medium.
In contrast with o' and &', the associated scalar products
can vanish down to machine precision-approximately 10733
in the case considered in Sec. III A. Second, a genuine BIC
is associated with a single frequency (or wavelength) when
all other system parameters are fixed, whereas quasi-BIC re-
sponses extend over a finite spectral range around the BIC
position. As clearly demonstrated by our results, both o and
& ! decrease as the BIC spectral position is approached.

V. CONCLUSION

We have theoretically and numerically analyzed the sin-
gular value decomposition of the effective 7-matrix and the
S-matrix in both the genuine-BIC and quasi-BIC regimes of
periodic metasurfaces. This analysis allowed us to formulate
general and practically applicable criteria for the formation of
electromagnetic and acoustic BICs, summarized by the boxed
equations in Sec. II. These criteria were validated through
numerical simulations using the Python packages treams and
acoustotreams for electromagnetic and acoustic metasurfaces,
respectively. In particular, the simulations demonstrate that
varying the angle of incidence (for S-BICs) or the system
parameters (for A-BICs) induces a transition from a genuine
BIC to a quasi-BIC, accompanied by deviations from the
ideal BIC conditions. In the quasi-BIC regime, the minimum
of the inverse largest singular value accurately identifies the
spectral position of the quasi-BIC, while the scalar product
between the first left singular vector and outgoing plane waves
quantitatively captures the scale of its radiative losses.
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The SVD-based descriptions of the effective T-matrix and
the S-matrix are not interchangeable but complementary. They
differ both in the classes of systems to which they can be
efficiently applied, and in the type of physical information
they provide about BICs and quasi-BICs, such as multipole
expansions in the 7-matrix formulation and Fourier (plane-
wave) expansions in the S-matrix formulation.

In conclusion, the singular value decomposition of the
effective 7T-matrix and the S-matrix provides a solid and
self-consistent framework for identifying and analyzing gen-
uine BICs in metasurface-based systems, as well as for
tracking their evolution in the quasi-BIC regime. We are
confident that this approach will facilitate the development
of efficient numerical strategies for simulating and optimiz-
ing electromagnetic and acoustic metastructures that support
high-Q modes enabled by the physics of bound states in the
continuum.
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APPENDIX A: BASIS SETS

In this section, we define scalar (respectively vector) spher-
ical, cylindrical, and plane waves that constitute basis sets of
solutions to the scalar (respectively vector) Helmholtz equa-
tion in spherical (r, 6, ¢), cylindrical (p, ¢, z), and Cartesian
(x, y, ) coordinate systems [93].

1. Plane waves
The coordinate dependence of scalar plane waves with in-
plane wave vector K| = (k,, k) is

(rlk, d) = e**, (A1)

wherek - r = k.x + kyy + d(a)z/v2 — kﬁ)l/zz, while the coor-
dinate dependence of vector plane waves is

N (kr),
My (kr),

p=1(TM)

(riky.d, p) = » =0 (TE).

(A2)

where M (kr) and Ny (kr) are defined in Eqs. (9a) and (9b) in
Ref. [64], respectively.

2. Spherical waves

The coordinate dependence of scalar spherical waves,
which are used to expand scattered (outgoing) acoustic fields,

is
(rle, my = bV (kr)Y, (0, 9), (A3)

where ¢ € Ny is the degree, m € {—€, -+ 1,...,¢—1,¢}
is the order, hél)(kr) is the spherical Hankel function of first
kind, and Yy ,, (0, ¢) is the spherical harmonic [see Eq. (B.1)
in Ref. [64]]. The total number of scalar spherical waves with
£ € [0, lmax] is Ny = (Lmax + 1)%. Waves describing incident
fields are obtained from Eq. (A3) by replacing hle)(kr) with
the spherical Bessel function of the first kind j, (k7).

Scalar waves (A3) generate vector spherical waves. The
transversely polarized vector spherical waves, which expand
scattered (outgoing) electromagnetic fields, are defined as

Ng) (kr),
M) (kr),

p=1(TM)

ﬂ, , —
it m.p) p=0(TE),

where the magnetic Mf,)n(kr) and electric Nf;l(kr) spheri-
cal waves are given by Egs. (11a) and (11b) in Ref. [64],
respectively. Since the vector fields in Eq. (A4) are solenoidal,
the degree must satisfy £ > 1, i.e., £ = O is absent. The total
number of vector spherical waves with £ € [1, £,.] and both
polarizations is Ny = 2£pax (Cmax + 2).

3. Cylindrical waves

To use cylindrical waves in the packages treams and acous-
totreams for scatterers that are infinite along one spatial
dimension, we first permute the Cartesian axes from (x, y, z)
to (x, z,y). This permutation aligns the elongated scatterers
with the z axis, while the y axis becomes the propagation di-
rection. Please note that within the S-matrix routines of treams
and acoustotreams, the inverse permutation is applied, so that
the propagation direction is again aligned with the z axis.

In the (x, z, y) system, the coordinate dependence of scalar
cylindrical waves, which expand scattered acoustic fields, is

(rlk;, m) = HP (k, p)e! ™52, (A5)

where k, = (k* — kzz)l/ Z and H,;”(kp,o) is the Hankel function
of the first kind [replaced by the Bessel function J,,(k,p)
for incident fields]. The total number of scalar cylindrical
waves is Ny = N (2mmax + 1), where N, is the number of
k, components.

The coordinate dependence of outgoing vector cylindrical
waves is

N (kr), p=1(TM)
kom. ) = -, A6
(rlk,, m, p) {Mg,)m(k")’ p =0 (TE), (A0

where M,(f )m(kr) and N,(f)m(kr) are given by Egs. (10a) and

(10b) in Ref. [64], respéétively. The total number of vector
cylindrical waves is Ny = 2N (2mpax + 1).

APPENDIX B: ANALYSIS OF THE COMPUTATION TIME

To estimate the computational complexity of our approach,
we use the time package to measure the elapsed time 7,
required to construct the electromagnetic 7-matrix of a sphere
up to a maximum multipole degree £,,x in treams, compute
the effective T-matrix, and perform its SVD for a single wave-
length, lattice constant, and angle of incidence. Figure 9 shows
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FIG. 9. Normalized time 7, /7| to compute the effective 7-
matrix and its SVD in treams (blue) and the polynomial fit of the
time (orange) as a function of maximum multipole degree £,,x.

74, Normalized by 7, as a function of £,,«. For our setup
(Intel(R) Xeon(R) CPU E5-2650 v4, 2.20 GHz, 48 cores; 504
GB RAM), 7, =1 = 8.54 ms. We also fit the data in Fig. 9
using the scaling relation 7, /71 ~ €5, , obtaining o ~ 4.59

for £max € [7, 13].

APPENDIX C: ANALYSIS OF THE CONVERGENCE

To analyze the convergence of the results presented in
Fig. 2 with respect to £;,x, we plot a]_l at the wavelength
AR = 1459.16 nm as a function of the lattice constant offset
6L in Fig. 10(a) for different values of £,,,x (with 8L = 0 for
Lmax = 1). A BIC resonance is observed for each value of
Limax; its position shifts to L < O for €,,x > 1 and converges
to 8L ~ —0.01 nm at €, = 5. Further increasing £;,,x only
reduces o, !, thereby confirming convergence.

We recall that the S-matrix of the metasurface is computed
from the effective T-matrix. Therefore, for a given £yax, §; 1
vanishes at the same lattice constant as o, !, independently
of the number of diffraction orders, which is controlled by

0.02 0.00 0.02
Lattice constant offset (nm)

FIG. 10. Inverse of the largest singular value of (a) the effec-
tive T-matrix and (b) the S-matrix of the metasurface considered
in Sec. Il A, for different values of the maximum multipole de-
gree ¢m,. The lattice constant offset is defined relative to the value
1037.779 nm obtained for £,,,x = 1. In panel (b), solid and dashed
lines for £,,,,x = 1, 3, and 5 correspond to the plane-wave basis with
bmaxL/(2) =1 and by L/(2m) = 2, respectively. For £, =7,
these lines become dashed-dotted and dotted, respectively.

bmax [see Fig. 10(b)]. However, increasing by,x reduces &, !
for each value of £,,,x [cf. the inset of Fig. 2(c)].
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