
J
H
E
P
0
6
(
2
0
2
6
)
1
9
5

Published for SISSA by Springer

Received: March 18, 2026
Accepted: April 23, 2026
Published: June 18, 2026

Polarization structure and spin covariance of massive
vector-boson amplitudes in QCD

Giuseppe De Laurentis ,a Kirill Melnikov b and Matteo Tresoldi b

aHiggs Centre for Theoretical Physics, University of Edinburgh,
Edinburgh, EH9 3FD, U.K.

bInstitute for Theoretical Particle Physics, KIT,
Wolfgang-Gaede-Straße 1, 76131, Karlsruhe, Germany

E-mail: giuseppe.delaurentis@ed.ac.uk, kirill.melnikov@kit.edu,
matteo.tresoldi@partner.kit.edu

Abstract: Nearly thirty years ago, Bern, Dixon and Kosower computed all helicity ampli-
tudes for the annihilation of an electron-positron pair into four QCD partons through an
electroweak vector boson. More recently, the leading-color two-loop amplitudes for the same
process were obtained. When such amplitudes are expressed in the massless spinor-helicity
formalism, they effectively correspond to the decay of a transversely polarized vector boson.
However, for several reasons, it is highly desirable to extend these calculations to the case
where the polarization of the vector boson is longitudinal. Due to the complexity of such com-
putations, repeating them to obtain the result for the “missing” polarization of the electroweak
boson is a significant undertaking even at one loop. Besides, when attempting new higher-loop
computations, it is beneficial to identify the minimal set of quantities (e.g. form factors) that
must be determined to obtain the full amount of physically-relevant information. In this
paper, we show that amplitudes involving vector-boson decays to massless leptons—although
they appear to project onto the transverse polarization—still encode the full information
about all polarization states of the vector boson, including the longitudinal one. This follows
from the little-group (spin) covariance of the amplitude, which allows us—largely through
simple replacement rules—to rewrite the helicity amplitudes as a matrix with open SU(2)
spin indices in the massive spinor-helicity (or spin-spinor) formalism. Therefore, knowledge of
an amplitude for any polarization component suffices to reconstruct the full covariant matrix.

Keywords: Higher-Order Perturbative Calculations, Specific QCD Phenomenology

ArXiv ePrint: 2603.10269

Open Access, © The Authors.
Article funded by SCOAP3. https://doi.org/10.1007/JHEP06(2026)195

https://orcid.org/0000-0001-5252-455X
https://orcid.org/0000-0003-2067-3889
https://orcid.org/0009-0008-9677-3222
mailto:giuseppe.delaurentis@ed.ac.uk
mailto:kirill.melnikov@kit.edu
mailto:matteo.tresoldi@partner.kit.edu
https://doi.org/10.48550/arXiv.2603.10269
https://doi.org/10.1007/JHEP06(2026)195


J
H
E
P
0
6
(
2
0
2
6
)
1
9
5

Contents

1 Introduction 1

2 Vector-boson amplitudes and polarization states 3
2.1 Little-group covariance in the massive spinor-helicity formalism 4
2.2 A trick to recover the longitudinal polarization 6

3 One-loop amplitudes for V → 3j 7

4 One-loop amplitudes for V → 4j 9

5 Two-loop remainders for V → 4j 12

6 Conclusions 13

A Reference point for numerical evaluation 15

1 Introduction

Loop amplitudes for transitions of electroweak vector bosons to QCD partons play an
important role in particle physics. They are used to describe processes that involve production
and decays of massive electroweak gauge bosons and (off-shell) photons at lepton and hadron
colliders. They are also used for computing cross sections of more complex processes, such
as the associated production of the Higgs boson and a vector boson at the LHC, and the
process of the Higgs boson production in weak boson fusion.

Many such amplitudes were computed at different orders in QCD perturbation theory in
the past. A special place in this effort is occupied by ref. [1] where the analytic computation
of the one-loop amplitudes for e+e− → 4 jets was performed. The analytic results reported
in this paper are very compact and, as discussed in ref. [1], achieving such a degree of
simplicity and compactness of the final result required significant effort that in many ways
anticipated later developments in the field of scattering amplitudes. Only recently, the
two-loop leading-color amplitudes were obtained in ref. [2] in terms of three form factors and
later expressed in spinor-helicity variables in ref. [3], providing compact analytic expressions
in a form analogous to the one-loop results of ref. [1].

In fact, even today, nearly thirty years later, repeating the calculation of ref. [1] is a
challenging enterprise. Indeed, if standard computational tools focused on rewriting the
contributing Feynman diagrams in terms of independent scalar (master) integrals are used,
intermediate results grow very rapidly and become increasingly difficult to manage, despite
all the progress with the one-loop computations in the past thirty years [4–36].

One-loop amplitudes of the type computed in ref. [1] are needed to calculate NNLO
QCD corrections to various physical processes. For example, they are required for studies
of the associated production of the Higgs boson and a vector boson together with a jet
pp → HV + j, or for studies of the production of the Higgs boson in weak boson fusion
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in association with an extra jet pp → H + 3j, or to describe the production of a vector
boson in association with jets, followed by the decay of the vector boson into heavy fermions,
e.g. pp → 2j + (V → τ+τ−). Furthermore, they are important ingredients for studying
polarization effects in vector boson production at the LHC.

However, for all these cases, the results obtained in refs. [1] appear to be insufficient. This
is related to the fact that the matrix element of the vector current with respect to massless
electron and positron spinors [6|γµ|5⟩ was used in refs. [1, 3] as a proxy for the polarization
vector of the decaying (off-shell) electroweak vector boson. While this procedure correctly
captures amplitudes for the process e+e− → 4j, for more complex processes additional
amplitudes are required. Indeed, considering for definiteness the case of the Higgs boson
production in weak boson fusion, it is easy to realize that the polarization of the t-channel
off-shell vector boson cannot be described in the same way. One may say, colloquially, that
the longitudinal polarization of the intermediate vector boson is not manifestly captured by
the amplitudes provided in ref. [1], but is needed for the applications described above. In
fact, up to now, whenever the need for such “missing” amplitudes arose [37–41], they were
obtained numerically using capabilities of one-loop providers [4, 12].

A recalculation of the helicity amplitudes for the transition of a longitudinally-polarized
electroweak vector boson to four partons and, especially, the simplification of the final results
needed to achieve the degree of compactness as in ref. [1] is a daunting task. However,
as we show in this paper, this is not necessary because all amplitudes for the “missing”
polarization of the vector boson can be derived directly from the analytic amplitudes in
refs. [1, 3] through a simple observation. Since the calculations of refs. [1, 3] were performed
for arbitrary lepton momenta, subject only to the constraint that their sum equals the vector-
boson momentum, the resulting amplitudes retain the full information about all polarization
states of the off-shell vector boson. The procedure described in this paper shows how this
information can be uncovered.

We note that the possibility to exploit the arbitrariness of the lepton momenta to construct
the “missing” helicity amplitude from amplitudes contracted with the lepton current was
pointed out earlier [2, 38]. Indeed, given contracted amplitudes as in refs. [1, 3], one evaluates
them for three independent sets of two lepton momenta, and then uses these results to
reconstruct the missing helicity amplitude using simple algebraic operations.1 Although this
approach is certainly viable, in this paper we propose an expedient alternative that allows us
to deduce the “missing” helicity amplitude directly from the contracted, simplified ones.

The remainder of the paper is organized as follows. In section 2 we make the discussion
of the polarization vectors of the off-shell vector boson precise, and explain how to compute
amplitudes for an arbitrary polarization of a vector boson using amplitudes calculated in
refs. [1, 3] as a starting point. In section 3 we work out the simple case of the transition of
an electroweak vector boson to three jets, and demonstrate the relation between amplitudes
for the transversal and the longitudinal polarizations of the vector boson. In section 4 we
discuss the V → 4j one-loop amplitudes and explain how the “missing” helicity amplitudes
were checked in this case. In section 5 we present a unified analytic representation for all
polarizations of the V → 4j one- and two-loop leading-color finite remainders. We conclude in

1We are grateful to Ben Page for emphasizing this possibility to us.
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section 6. All one-loop amplitudes for V → 3j and V → 4j transitions, together with the one-
and two-loop leading-color finite remainders for pp → V jj, are available in computer-readable
form in the ancillary files accompanying this paper.

2 Vector-boson amplitudes and polarization states

A prototypical loop amplitude with QCD corrections, needed to study processes such as
Higgs production in weak boson fusion in association with jets or associated Higgs and vector
boson production with additional jets, is shown in figure 1. It can be written as

A = Aµ
V →4j(q)DV (q) ρµν(q) Jν(q) , (2.1)

where q denotes the four-momentum of an off-shell vector boson, Aµ
V →4j describes its transi-

tion to four partons, and Jµ(q) encodes the remaining process-dependent structures. The
propagator of the intermediate vector boson is

DV (q) =
i

q2 − M2
V + iΓV MV

, (2.2)

and the polarization density matrix of the off-shell vector boson reads

ρµν(q) = −gµν + qµqν

q2
. (2.3)

A common approach to describe five-point one-mass amplitudes, which allows to exploit
massless spinor-helicity techniques, is to express them in terms of six-point massless amplitudes.
This corresponds to selecting a specific current Jµ(q) representing the transition V → ℓ̄ℓ

(which crucially may not be the one of interest). In this notation, two arbitrary light-like
outgoing four-momenta p5 and p6 that add up to q are introduced

p25 = p26 = 0 , q = p5 + p6 . (2.4)

In terms of p5 and p6, we can explicitly relate the polarization density matrix ρµν to
three polarization vectors that, for a specific choice of p5,6, will correspond to the physical
polarization vectors of the massive vector boson.

Specifically, it is easy to check that the density matrix in eq. (2.3) satisfies the following
equation

ρµν =
∑

λ=±,L

ε(λ),µq ε(−λ),ν
q , (2.5)

where the polarization vectors can be chosen as we describe below. The two “transverse”
polarizations read

ε(+),µ
q = ⟨6|γµ|5]√

2 ⟨65⟩
, ε(−),µ

q = − [6|γµ|5⟩√
2 [65]

. (2.6)

They match the usual positive and negative helicity polarization states for a massless particle
with momentum p5 and reference momentum p6. The “longitudinal” polarization vector can
be deduced from eq. (2.5) using the polarization vectors ε

(±)
q . One finds

ε(L),µ
q = pµ

5 − pµ
6

⟨56⟩ , ε(−L),µ
q = pµ

6 − pµ
5

[56] , (2.7)
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Aµ
V →4j DV (q) ρµν Jν(q)

Figure 1. The embedment of a loop amplitude Aµ
V →4j within an amplitude of a more general process.

See the text for details.

or, equivalently, in spinor-helicity notation

ε(L),µ
q = [5|γµ|5⟩ − [6|γµ|6⟩

2 ⟨56⟩ , ε(−L),µ
q = [6|γµ|6⟩ − [5|γµ|5⟩

2 [56] . (2.8)

Gauge invariance implies that the amplitude satisfies the Ward identity

Aµ
V →4j(q) qµ = 0 , (2.9)

while the polarization vectors are constructed to be ortho-normal and satisfy the following
relations

ε(λ),µq ε(−λ′)
q,µ = −δ(λ,λ′) , ε(λ),µq qµ = 0 . (2.10)

Amplitudes shown in eq. (2.1) with the current Jµ(q) replaced with polarization vectors
ε
(±)
q in eq. (2.6) were calculated at one loop in ref. [1], while the two-loop amplitudes in the

leading-color approximation were first obtained in ref. [2] and then simplified in ref. [3]. We
note that in ref. [2] the helicity amplitude A was obtained by first calculating three form
factors corresponding to the three physical degrees of freedom of the massive vector boson
and then contracted with the polarization vectors ε

(±)
q .

The goal of this paper is to point out that, when interpreted appropriately, the six-point
computations retain the full information about the three physical polarization states of
the massive vector boson or, equivalently, that a single form factor for any of the three
polarization states for the massive vector bosons suffices to fully determine the amplitude.
This is best understood in terms of the spin-covariance of the amplitude.

2.1 Little-group covariance in the massive spinor-helicity formalism

The amplitude involving an off-shell vector boson can be conveniently described using the
massive spinor-helicity (spin-spinor) formalism [42–46]. In this approach the momentum
of the massive particle is written as

|qI⟩[qI | = |q1⟩[q1|+ |q2⟩[q2| = |5⟩[5|+ |6⟩[6|. (2.11)

The above equation elucidates the relation between the five-point one-mass (“bold”) notation
and the six-point massless notation.
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The index I = 1, 2 labels the SU(2) little group of a massive particle. In the massive
spinor-helicity formalism the spinors transform as

|qI⟩ → U I
J |qJ⟩, [qI | → [qJ | (U−1)J

I , U ∈ SU(2), (2.12)

while the momentum qαα̇ = |qI⟩[qI | remains invariant. Scattering amplitudes therefore
transform covariantly under the massive little group and naturally carry SU(2) (spin) indices.
For a spin-1 particle the amplitude transforms as

AIJ → U I
K UJ

L AKL . (2.13)

In the bold notation, the polarization tensor takes the form [47–49]

εµ,IJ
q = 1√

2m
[qI | γµ | qJ⟩ , (2.14)

with only three independent combinations corresponding to physical polarizations. These
combinations are naturally identified through the spin-one Clebsch–Gordan decomposition,∣∣1,+1

〉
=
∣∣1
2 ,+1

2
〉
⊗
∣∣1
2 ,+1

2
〉

, (2.15)

∣∣1, 0
〉
= 1√

2

(∣∣1
2 ,+1

2
〉
⊗
∣∣1
2 ,−1

2
〉
+
∣∣1
2 ,−1

2
〉
⊗
∣∣1
2 ,+1

2
〉)

, (2.16)

∣∣1,−1
〉
=
∣∣1
2 ,−1

2
〉
⊗
∣∣1
2 ,−1

2
〉

. (2.17)

In terms of eq. (2.14), the corresponding polarization vectors are given by

ε(+),µ
q = −εµ,22

q , (2.18)

ε(L),µ
q = 1√

2

(
εµ,12

q + εµ,21
q

)
, (2.19)

ε(−),µ
q = εµ,11

q . (2.20)

This shows that the A(+), A(−) and A(L) amplitudes are not independent but rather correspond
to particular choices of spin indices I, J for the spin-covariant amplitude AIJ . Amplitudes
contracted with the decay current [5|γµ|6⟩ can then be identified with the (εµ) 2

1 component.
The equivalence of the definitions in eqs. (2.19) and (2.8) can be shown explicitly. To

this end, we first expand the definition in eq. (2.19),

ε(L),µ
q = 1

2m

(
[q1 | γµ | q2⟩+ [q2 | γµ | q1⟩

)
. (2.21)

Then, lowering the index with the help of the SU(2) spin metric, i.e. the Levi-Civita tensor,

[qI | = ϵIJ [qJ | ⇒ [q1| = ϵ12[q2| = [q2| and [q2| = ϵ21[q1| = −[q1| , (2.22)

we arrive at eq. (2.8).
The mass m in eq. (2.21) can be analytically continued to complex kinematics by using

the holomorphic and anti-holomorphic masses

⟨qI |qJ⟩ = 𝔪 ϵJI , (2.23)

[qI |qJ ] = 𝔪̄ ϵIJ , (2.24)
which gives 𝔪𝔪̄ = m2 but avoids introducing square roots. This feature may be important
in various circumstances, for example when working over finite fields. In this notation, ε

(+)
q

and ε
(L)
q have a factor of 𝔪, and ε

(−)
q and ε

(−L)
q a factor of 𝔪̄.

– 5 –
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2.2 A trick to recover the longitudinal polarization

Following the discussion in the previous section, here we show how to extract the amplitudes
for the “longitudinally-polarized” vector boson from amplitudes for a “transversely-polarized”
vector boson, e.g. the ones computed in ref. [1] for e+e− → 4j at one loop. For definiteness,
we consider the polarization vector ε

(+)
q . Then, available amplitudes read

Aµ
V →4j ε(+)

q,µ = [5|O|6⟩√
2 [56]

, (2.25)

where O indicates an operator composed of various spinors, etc.2 Each independent amplitude
is characterized by its own operator O, but they all have one feature in common, namely,
they do not depend on the momenta p5,6 or the corresponding spinors. The only dependence
of O on p5,6 that is admissible is the dependence on q = p5 + p6.

Although the amplitudes presented in refs. [1, 3] appear to have a more complex de-
pendences on |5] and |6⟩ than what is shown in eq. (2.25), one can rewrite them as in that
equation. This follows from the fact that in the calculation of refs. [1, 3] momenta p5,6 were
kept arbitrary, except for being light-like vectors that satisfy the momentum conservation
relation q = p5 + p6. Thus, except for the constraint ε

(+),µ
q qµ = 0, one cannot introduce

hidden dependences on p5,6 in the amplitudes computed in refs. [1, 3] through simplifications.
This implies that one can always rewrite amplitudes presented in refs. [1, 3] in the form
shown in eq. (2.25). Once this is done, we can read off the operator O from an expression
for a particular helicity amplitude.

Given the similarity of the polarization vectors for the ± and L states, and the fact that
p5,6 were kept generic in refs. [1, 3], the amplitude for a longitudinally-polarized vector boson is
obtained by contracting the operator O of eq. (2.25) with the longitudinal polarization vector,

Aµ
V →4j ε(L)

q,µ = [5|O|5⟩ − [6|O|6⟩
2 ⟨56⟩ . (2.26)

Obviously, it is crucial that the operator O in the above equation and in eq. (2.25) is
determined for fixed helicities of all QCD partons, and that ε

(L),µ
q qµ = 0 is satisfied, to

respect simplifications introduced by the constraint ε
(+),µ
q qµ = 0 in the computation of

amplitudes for the transverse polarization.
We note that the very fact that terms proportional to qµ in Aµ

V →4j are projected away,
when it is contracted with the physical polarizations, leads to difficulties when trying to
verify the Ward identity for the operator O,

[5|O|5⟩+ [6|O|6⟩ = 0 . (2.27)

We have found that this equation holds true in the simplest cases, for example for tree
amplitudes, but not in more complicated ones. The reason is that the operator O can be
reconstructed only up to terms that vanish when contracted with physical polarizations, and
these terms are essential for the fulfilment of the Ward identity.

2An explicit example of an operator O for one helicity amplitude can be found in section 3.
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To illustrate this further, we consider a simple example where the massless six-point
expression reads

⟨i6⟩⟨j6⟩
⟨56⟩ = ⟨i6⟩⟨j6⟩[65]

⟨56⟩[65] . (2.28)

Removing the propagator and focussing on the numerator we find

⟨i6⟩⟨j6⟩[65] = [5|5 + 6|i⟩⟨j6⟩ = [5|5 + 6|j⟩⟨i6⟩ . (2.29)

It follows that O can be taken to be either |5 + 6|i⟩⟨j| or |5 + 6|j⟩⟨i|, or more generally
any linear combination

O = a |5 + 6|i⟩⟨j|+ (1− a) |5 + 6|j⟩⟨i| . (2.30)

Crucially, any such choice leads to the same result in the asymmetric combination of eq. (2.26).
The ambiguity corresponds precisely to terms proportional to q = p5 + p6

3

|5 + 6|i⟩⟨j| − |5 + 6|j⟩⟨i| = qα̇β

(
λβ

i λjα − λβ
j λiα

)
= ⟨j i⟩ qα̇α . (2.31)

However, if we require O to satisfy the Ward identity (2.27), we must choose the symmetric
combination

O = 1
2
(
|5 + 6|i⟩⟨j|+ |5 + 6|j⟩⟨i|

)
, (2.32)

since
qαα̇ qα̇β

(
λβ

i λjα + λβ
j λiα

)
= q2

(
⟨i j⟩+ ⟨j i⟩

)
= 0 . (2.33)

In terms of the spin-spinor formalism, the ambiguity in O translates into an ambiguity
in spin-covariant amplitude

Aµ εIJ
µ = AIJ = rIJ

i Ii , (2.34)

where rIJ
i are rational functions carrying spin indices and Ii are Feynman integrals. Each

rIJ
i is recovered only up to a transpose. Irrespectively of the choice, we obtain the correct

longitudinal amplitude A(L) = (A12 + A21)/
√
2, but only after symmetrization of each rIJ

i

we reproduce 0 = (A12 − A21).

3 One-loop amplitudes for V → 3j

We will illustrate the procedure described in the previous section by considering the case of
a vector boson decaying to three QCD partons. The relevant amplitudes are presented in
appendix IV of ref. [1]. They are computed in dimensional regularization where the dimension
of space-time d is parametrized in the standard way, d = 4 − 2ϵ.

For definiteness, we consider the leading-color amplitude A5(1+q , 2+, 3−q̄ ; 5−ē , 6+e ); see eqs.
(IV.1–IV.5) of ref. [1]. It reads

A5(1+q , 2+, 3−q̄ , 5−ē , 6+e ) = cΓ
[
A5

tree Vdiv + iFfin
]

, (3.1)

3Trees work out automatically because i = j.
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where
cΓ = Γ(1 + ϵ) Γ2(1− ϵ)

(4π)2−ϵ Γ(1− 2ϵ) , (3.2)

and

A5
tree =− i ⟨35⟩2

⟨12⟩⟨23⟩⟨56⟩ , (3.3)

Vdiv =− 1
ϵ2

[(
µ2

−s12

)ϵ

+
(

µ2

−s23

)ϵ]
− 3

2ϵ

(
µ2

−s23

)ϵ

− 3 , (3.4)

Ffin = ⟨35⟩2

⟨12⟩⟨23⟩⟨56⟩ Ls−1

(−s12
−s56

,
−s23
−s56

)
− ⟨35⟩⟨3|16|5⟩

⟨12⟩⟨23⟩⟨56⟩
L0
(
−s23
−s56

)
s56

(3.5)

+ 1
2

⟨3|16|5⟩2

⟨12⟩⟨23⟩⟨56⟩
L1
(
−s23
−s56

)
s256

.

In these terms, the momenta are all outgoing and functions Ls−1,L0 and L1 are combinations
of logarithms and polylogarithms; they are defined in appendix II of ref. [1].

Our goal is to turn this amplitude into an amplitude for the longitudinally-polarized
vector boson, as defined in section 2. The first step is to write the amplitude A5 in the form
A5 ∼ [6|O|5⟩ where the operator O does not depend on p5 and p6 separately, but only on
their sum. Since functions Ls−1, etc. depend on s56 = (p5 + p6)2, we only need to manipulate
the various spinor chains in the amplitude A5.

We will start with the tree amplitude A5
tree. To bring it to the desired form, we multiply

it with 1 = [65]/[65], and use ⟨56⟩[65] = s56 in the denominator. We find

−i ⟨35⟩2

⟨12⟩⟨23⟩⟨56⟩ = i [65]⟨53⟩⟨35⟩
⟨12⟩⟨23⟩ s56

= −i [6|1 + 2|3⟩⟨35⟩
⟨12⟩⟨23⟩ s56

, (3.6)

where in the last step we have used momentum conservation and the Dirac equation to write

[65]⟨53⟩ = [6|5|3⟩ = [6|6 + 5 + 3|3⟩ = −[6|1 + 2|3⟩ . (3.7)

Thus, in this case we identify the operator O with

−i |1 + 2|3⟩⟨3|
⟨12⟩⟨23⟩ s56

, (3.8)

and it is now straightforward to take matrix elements of this operator with respect to [5| , |5⟩
and [6| , |6⟩ spinors, constructing the term contributing to the amplitude of the longitudinally-
polarized vector boson decay to three QCD partons.

Spinors in the second term in Ffin are re-written as follows

⟨35⟩⟨3|16|5⟩
⟨12⟩⟨23⟩⟨56⟩ = − [6|1|3⟩⟨35⟩

⟨12⟩⟨23⟩ . (3.9)

This is the matrix element of the operator

− |1|3⟩⟨3|
⟨12⟩⟨23⟩ , (3.10)

evaluated between spinors [6| and |5⟩.

– 8 –
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Finally, the spinor part of the last term in the expression for Ffin is written as

⟨3|16|5⟩2

⟨12⟩⟨23⟩⟨56⟩ = − [6|1|3⟩⟨3|16|5⟩
⟨12⟩⟨23⟩ = − [6|1|3⟩⟨3|1|5 + 6|5⟩

⟨12⟩⟨23⟩ . (3.11)

We recognize the matrix element of the following operator

−|1|3⟩⟨3|1|5 + 6|
⟨12⟩⟨23⟩ , (3.12)

computed between spinors [6| and |5⟩.
Combining the different contributions, we obtain

A5(1+q , 2+, 3−q̄ , 5−ē , 6+e ) = cΓ [6|O(1+q , 2+, 3−q̄ )|5⟩ , (3.13)

where

O(1+q , 2+, 3−q̄ ) = −i |1 + 2|3⟩⟨3|
⟨12⟩⟨23⟩ s56

[
Vdiv − Ls−1

(−s12
−s56

,
−s23
−s56

)]

+ i |1|3⟩⟨3|
⟨12⟩⟨23⟩

L0
(
−s23
−s56

)
s56

− i 12
|1|3⟩⟨3|1|5 + 6|

⟨12⟩⟨23⟩
L1
(
−s23
−s56

)
s256

.

(3.14)

The amplitude for the longitudinally-polarized vector boson is then obtained by computing
[5|O|5⟩ and [6|O|6⟩, and taking their difference, as explained in the previous section. We
note that in the calculation of ref. [1], the propagator 1/s56 is included in the definition
of the amplitudes.

One- and two-loop helicity amplitudes for V → 3j transition for an arbitrary polarization
of the vector boson have been known for quite some time; see refs. [50, 51]. We used these
results to check amplitudes for the longitudinal polarization of the vector boson obtained
following the procedure described above.

We note that the amplitudes in ref. [1] are computed in the four-dimensional helicity
(FDH) scheme [52], whereas the results of refs. [50, 51] are quoted in the ’t Hooft-Veltman
(tHV) scheme [53]. This difference in the regularization schemes can be accounted for by
employing universal shifts proportional to tree amplitudes [54]. We provide all the spin-
covariant primitive amplitudes for V → 3j, computed in the FDH scheme and without the
propagator 1/s56, in the ancillary file Results_V3j.m.

4 One-loop amplitudes for V → 4j

To obtain helicity amplitudes for the V → 4j transition for the longitudinally-polarized
vector boson, we follow the procedure described in the previous sections. The calculation is
straightforward, albeit tedious. However, checking the obtained results is difficult because
no one-loop V → 4j amplitudes for arbitrary vector-boson polarization seem to be publicly
available. Hence, for the purpose of the checks, we had to compute these amplitudes
independently. We describe the main steps involved in their calculation in this section.

For definiteness, we consider two processes

0 → V (pV ) q(p1) q̄(p2) g(p3) g(p4) , (4.1)
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and
0 → V (pV ) q(p1) q̄(p2)Q(p3) Q̄(p4) , (4.2)

and assume that these transitions are facilitated by the vector current q̄γµq. All final-state
partons are massless, so that their momenta are light-like p2i = 0 for i = 1, 2, 3, 4 and
momentum conservation implies pV + p1 + p2 + p3 + p4 = 0.

In ref. [1] color-ordered tree and one-loop primitive amplitudes for the processes in
eqs. (4.1)–(4.2) are presented. If one starts from conventional Feynman diagrams and uses
conventional Feynman rules, it is possible to identify contributions of Feynman diagrams to
some of the primitive amplitudes through their dependences on the generators of the SU(3)
gauge group, while in other cases the correspondence between Feynman diagrams and linear
combinations of primitive amplitudes can be established. Be it as it may, we deal with color
degrees of freedom in the standard way and remove them in the early steps of the calculation.

Once the color degrees of freedom are removed, amplitudes are written as linear combi-
nations of independent Lorentz structures Ti with coefficients Fi that depend on the scalar
products between the four-momenta of all partons involved in the process

A ∼
N∑

i=1
Fi Ti . (4.3)

To build independent Lorentz-invariant structures, we invoke the discussion in ref. [55]
where simplifications owing to the four-dimensional nature of the momenta and polarization
vectors of external partons are described. In short, using linearly-independent four-momenta
pµ
1,2,3,4 as basis vectors and the fact that the helicity along any fermion line is conserved

in massless QCD, it is easy to see that for the process V → qq̄gg of eq. (4.1), there are 24
independent tensors structures. We choose them as follows

T ∼ ū(p1) /p3,4 u(p2) (ε3 · p1,2) (ε4 · p1,2) (εV · p1,2,3) . (4.4)

Here, εi=3,4 and εV are the polarization vectors of the gluons and the virtual vector boson,
respectively. We note that we assumed that all polarizations are physical

ε3 · p3 = ε4 · p4 = 0 , εV · pV = 0 , (4.5)

and employed the gauge-fixing conditions ε3 · p4 = ε4 · p3 = 0 to reduce the number of
independent Lorentz structures.

For the process V → qq̄QQ̄ of eq. (4.2) there are 12 independent tensor structures,
which we choose to be

T ∼ ū(p1) /p3,4 u(p2) ū(p3) /p1,2 u(p4) (εV · p1,2,3) . (4.6)

To calculate the form factors, we take the hermitian conjugate of each element of the
tensor basis Ti → T †

i , and write ∑
pols

T †
i A =

∑
j

Mij Fj , (4.7)
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where on the left-hand side the summation over polarizations of all partons and the vector
boson is performed, and on the right-hand side the matrix Mij is defined as follows

Mij =
∑
pols

T †
i Tj . (4.8)

Using the inverse matrix cij = M−1
ij , we find

Fi =
∑

j

cij

∑
pols

T †
j A . (4.9)

Therefore, the operator acting on the amplitude A on the right-hand side of the above equation
is the projection operator on the form factor Fi associated with the Lorentz structure Ti. We
provide two matrices cij for the processes in eqs. (4.1)–(4.2) in the ancillary files cijVqqbgg.m
and cijVqqbQQb.m. We note that they were computed with FiniteFlow [56].

Once projection operators are constructed, the calculation of the form factors proceeds in
the standard way. We use FeynArts [57] to generate Feynman diagrams, and FeynCalc [58–
61] to remove color degrees of freedom. Diagrams are further processed using FORM [62],
where the projection operators are applied. Subsequently, the output is written in terms
of scalar integrals in Mathematica [63], which are then reduced to master integrals using
Kira [64–66]. Finally, the one-mass pentagon integrals are calculated using dimensional
recursion relations [67, 68], and every master integral is checked numerically with AMFlow [69].

It is useful to note that the approach described above leads to huge algebraic expressions at
intermediate stages of the calculation. Since the primary goal of this brute-force computation
is to check the approach described in section 2, we do not need to put too much effort into the
simplification of the results. For this reason, we decided to perform only basic simplifications,
and also used semi-numerical computations for a collection of phase-space points. We stress
that for numerical checks, rational values of external momenta are chosen, so that the result
is written as a linear combination of master integrals with exact rational coefficients.

We can check this procedure by comparing its results with the helicity amplitudes reported
in ref. [1] from which we removed the photon propagator.4 In fact, our calculation allows
us to compare the coefficients of all independent polylogarithmic and logarithmic functions,
used in ref. [1] to present the amplitudes, with the results of our computation for a few
phase-space points. We stress that the form factors were computed in the tHV scheme, while
the FDH scheme was used in the calculation of ref. [1]. We account for this difference by
using universal shifts proportional to tree amplitudes; see eqs. (6.4–6.5) of ref. [1]. Since the
form factors are independent of the external polarizations, the above comparison provides a
very strong check on the validity of the calculation based on the projection operators.

Having verified the form factors, we proceed with the comparison of the helicity amplitudes
for the V → 4j transition for the longitudinally-polarized vector boson. We construct these
amplitudes from the helicity amplitudes in ref. [1] using the method discussed in the previous
sections. We then use the set up based on the projection operators to thoroughly check them.
We emphasize one more time that the comparison is done for rational external momenta, so

4All relevant amplitudes can be found in a computer-readable form at https://s3df.slac.stanford.edu
/people/lance/Zqqgg_paper.html.
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that exact agreement between the two results can be claimed. We provide all the primitive
amplitudes in the FDH scheme for the V → 4j transition in the spin-covariant notation in
the ancillary file Results_V4j.m. Additional information on how to use them can be found
in the ancillary file README.txt. Numerical reference values for various helicity amplitudes
are provided in appendix A.

5 Two-loop remainders for V → 4j

In this section, we demonstrate that the physical understanding and the computational method
presented in the previous sections are independent of the loop order. To this end, we explicitly
show that the results of ref. [3], calculated for one out of three polarization components,
contain the same amount of information as the off-shell form factor computation of ref. [2].

We proceed as described in sections 3 and 4 for the one- and two-loop helicity remainders
of the processes

0 → q̄h1(p1) gh2(p2) gh3(p3) qh4(p4) ℓ̄+(p5) ℓ−(p6), (5.1)

and
0 → q̄h1(p1)Qh2(p2) Q̄h3(p3) qh4(p4) ℓ̄+(p5) ℓ−(p6) . (5.2)

More specifically, we consider the finite remainders defined in eq. (2.29) of ref. [3],

R(l)[j]
κ (1+, 2h2 , 3h3 , 4−) =

∑
i

r
(l)[j]h2h3
κ,i Gi , (5.3)

where κ = g or q labels the channel, 0 ≤ l ≤ 2 the loop order, and 0 ≤ j ≤ l the power
of Nf /Nc associated with a given remainder. The coefficients rκ,i are rational functions of
the external kinematics; therefore, their analytic continuation is trivial, for any choice of
momenta of external particles. The functions Gi are special transcendental functions — the
one-mass pentagon functions [70] — originally given in the channel with two massless QCD
partons in the initial state. Recently, their analytic continuation for a massive leg from the
final to the initial state was presented in ref. [71].

Although the helicity remainders do retain the full information about all three physical
polarization states, ε+, ε− and εL, recovering the εL remainder from the six point result is
not necessarily straightforward (while ε− component is easily obtained by reversing the decay
current via 5 ↔ 6). After multiplying through by s56, the following map holds

s56 R(l)[j]
κ (1, 2, 3, 4, 5, 6) → R(l)[j]

κ (1, 2, 3, 4, 5)IJ , (5.4)

where massless legs 5, 6 are interpreted as the I = 1, 2 components of 5 as per eq. (2.11).
Crucially, we need to make manifest that each RIJ

κ can be written with exactly one power
of [5|I and |5⟩J . We encounter two issues that need to be resolved before this can be made
explicit, enabling the recovery of the longitudinal component.

First, some of the spinor-helicity rational functions for the q̄ggqℓℓ̄ and q̄QQ̄qℓℓ̄ remainders
have accidental5 symmetries where a quark pair can be swapped with the lepton pair. Such

5We call these symmetries accidental because they are either broken by QCD corrections or are not even
symmetries of full tree amplitudes.
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symmetries were used in ref. [3], but now they prevent us from expressing the amplitude
with a manifest [5I | γµ |5J⟩ current. Therefore, we first need to re-express the coefficients
using a basis without such symmetries. For instance, one of the NMHV gluon rational
basis function reads

rg,i =
[
[13]⟨24⟩[25]⟨26⟩
⟨2|1 + 4|3]3

]
−
[ ]

123456→432165

−
[ ]

123456→523614

+
[ ]

123456→632541

− 3[13]⟨24⟩⟨26⟩[35](s124 − s134)
⟨2|1 + 4|3]4 ,

(5.5)

where the overline on the permutation denotes parity conjugation (swap of angle and square
brackets). This function must first be written as,

rg,i =
[
[13]⟨24⟩[25]⟨26⟩
⟨2|1 + 4|3]3 + [53]⟨26⟩[21]⟨24⟩

⟨2|1 + 4|3]3

]
−
[ ]

123456→432165

− 3[13]⟨24⟩⟨26⟩[35](s124 − s134)
⟨2|1 + 4|3]4 ,

(5.6)

and, once this is done, we can multiply it by s56 = s5, which is trivial in this case since no
⟨56⟩ or [56] pole is present, and then map [5| → [5|I and |6⟩ → |5⟩J .

Second, while it should be possible to extract the current [5I | γµ |5J⟩ from each of the
rational functions, the rg/q,i are given in a partial fraction decomposition and this property is
not always satisfied for each of the terms individually. For instance, some numerators contain
differences of Mandelstam variables of the form (s145−s146) = tr (1 + 4|5− 6), where we have
made explicit that this quantity depends on the difference of the momenta 5 and 6, while
only their sum is admissible if we want to uncover the spin covariance. To solve this issue,
we need to refit all rational functions with a manifestly covariant ansatz, imposing degree
bounds of 1 for the states [qI | and | qJ⟩, and causing a slight reshuffling of the numerator
monomials across the terms of the partial fraction decomposition where necessary. This
refitting effectively automates the procedure to build the operator O.

We provide massive-spinor helicity expressions for6

R(l)[j]
κ (1, 2, 3, 4, 5)IJ =

 R− RL/2
RL/2 R+

 , ∀κ = {g, q}, 0 ≤ l ≤ 2, 0 ≤ j ≤ l . (5.7)

Due to the ambiguity explained between eqs. (2.27) and (2.34), the off-diagonal entries are
not directly equal to RL/2, but they do sum to RL. The symmetrized choice is the one that
makes the fulfillment of the Ward identity manifest. Numerical reference values for various
finite remainders are provided in appendix A.

6 Conclusions

Scattering amplitudes with external electroweak vector bosons are often computed using
matrix elements of the vector current [6|γµ|5⟩ in place of the vector boson polarization vector.

6Following the map in eq. (5.4) we only remove the s5 propagator, i.e. an extra factor of 1/(
√

2m5) for
the transverse or 1/(2m5) for the longitudinal polarization is required to match the ortho-normal definitions
introduced in section 2.
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This is motivated by the fact that vector bosons are most readily observed through their
decays to (effectively massless) leptons. Indeed, if the four-momenta p5,6 in the current
are identified with the momenta of a light-like lepton and anti-lepton pair, subject to the
constraint q = p5 + p6, where q is the momentum of the vector boson, physically relevant
amplitudes are obtained immediately.

It may appear that this approach has one drawback. Namely, that amplitudes computed
in this way cannot be directly used to describe processes where an intermediate vector
boson transitions into final states that are more complex than a pair of massless fermions,
since amplitudes for the longitudinally polarized massive (or off-shell) vector boson are also
required in such cases.

It has been pointed out earlier [2, 38] that the above problem can be overcome by
computing the contracted amplitudes for three suitably chosen values of p5,6 and then
reconstructing an open-index amplitude. In this paper, we have proposed an expedient
alternative to earlier approaches that allows us to extract the longitudinal amplitudes directly
from simplified transversal ones. In fact, when starting from suitably organized expressions,
the procedure is straightforward and amounts to simple replacement rules for the electron
and positron spinors. This demonstrates that it suffices to compute a single scalar quantity,
the helicity amplitude, rather than three independent form factors, to fully determine the
amplitude for all polarizations.

Following this procedure, we constructed the helicity amplitudes with a longitudinally
polarized vector boson for the processes V → 3j and V → 4j, as well as processes related
to those by crossing symmetry. We verified the correctness of the results by comparing the
one-loop amplitudes against an independent diagrammatic calculation, and by matching
the two-loop leading-color remainders against the three form factors derived in ref. [2]. The
results for the one-loop amplitudes in the FDH scheme, together with the one- and two-loop
finite remainders in the tHV scheme, with Catani operators used for infrared subtraction,
are provided in the ancillary files accompanying this work. To the best of our knowledge,
this provides the first example of two-loop five-point amplitudes written explicitly in the
massive spinor-helicity formalism.

The procedure to recover the longitudinal amplitude from the transverse one can be
understood in terms of the little-group covariance of the amplitude with respect to the massive
vector-boson momentum. In this formulation, the amplitude transforms as a tensor with
two open SU(2) little-group indices. The longitudinal and transverse amplitudes correspond
to different linear combinations of the entries of the resulting two-by-two amplitude matrix.
Knowledge of any single component is therefore sufficient to reconstruct the full covariant
amplitude. Finally, we stress that this result relies only on the analytic properties of helicity
amplitudes and is therefore independent of the loop order and of the details of the process
under consideration.
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A Reference point for numerical evaluation

For illustration purposes, in this appendix we present the numerical evaluation of the one-
and two-loop amplitudes for the reference phase-space point of eq. (C.1) in ref. [2],

p µ
i =



−1.54784335 0.17060632 1.24932185 −0.89772347
−2.02815803 0.20134469 1.47441384 1.37803815
1.71661712 −0.67006338 −1.23465572 −0.98661778
0.82499780 −0.23369413 −0.78062204 0.12898705
0.94057762 0.58200384 −0.62974324 0.38649871
0.09380884 −0.05019734 −0.07871470 −0.00918266


, (A.1)

where legs 1 and 2 are taken to be the incoming ones.
In tables 1–2 we report values of all primitive amplitudes obtained from ref. [1] for a

longitudinally-polarized vector boson for the above phase-space point.
On the other hand, in tables 3–7 we provide values for the (un-normalized) remainders

for all components of the amplitudes defined in eq. (5.7). The ratio of the loop components
to the corresponding tree, i.e. the (l, j) = (0, 0) entry, in the first column reproduces the
values in table 5 of ref. [2] and the leading-color amplitudes in tables 1–2. Target values are
generated using the ancillary files of ref. [2] and modifying the lepton current, as explained
above. These are then matched to the massive-spinor helicity expressions we construct.

Analytic results are available on GitHub and archived on Zenodo [72]. The repository
includes pytest scripts demonstrating how to evaluate and assemble the finite remainder,
reproducing the values reported in this work. These tests are automatically executed in
a continuous-integration workflow (CI). Human-readable expressions are available in the
online documentation.

As an illustration, after installing the package via pip install antares-results, the
analytic expressions can be imported and evaluated directly in Python.7 For example,

from antares_results.Vjj.momenta import oPsAllUp
from antares_results.Vjj.qggqV.nmhv import lTerms

lTerms(oPsAllUp)

This evaluates at the phase-space point of eq. (A.1) the rational coefficients entering the
finite remainders R

(l)[j]
g (q̄+1 , g±2 , g∓3 , q−4 , V5), returning them with the two SU(2) spin indices

in the upper position.

7To export to Mathematica (S@M format [73]), use the Terms.toSaM function.
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One-loop amplitudes for V → qq̄gg

Primitive Amplitude ϵ−2 ϵ−1 ϵ0

As
6(1+

q , 2+, 3+, 4−q̄ ) 0 0 −5.5476 + 4.6069 i

As
6(1+

q , 2+, 3−, 4−q̄ ) 0 0 0
As

6(1+
q , 2−, 3+, 4−q̄ ) 0 0 0

A6(1+
q , 2+, 3+, 4−q̄ ) −3.0000 −1.1562− 6.2832 i 0.9887− 0.7294 i

A6(1+
q , 2+, 3−, 4−q̄ ) −3.0000 −1.1562− 6.2832 i 7.5920− 8.3969 i

A6(1+
q , 2−, 3+, 4−q̄ ) −3.0000 −1.1562− 6.2832 i 8.6675− 3.2040 i

A6(1+
q , 2+, 3−q̄ , 4+) −2.0000 −0.9892− 3.1416 i 0.2755− 8.9182 i

A6(1+
q , 2+, 3−q̄ , 4−) −2.0000 −0.9892− 3.1416 i −5.7728− 22.8208 i

A6(1+
q , 2−q̄ , 3+, 4+) −1.0000 0.1094− 3.1416 i 0.7823− 6.9762 i

A6(1+
q , 2−q̄ , 3+, 4−) −1.0000 0.1094− 3.1416 i −3.8985− 15.7853 i

A6(1+
q , 2−q̄ , 3−, 4+) −1.0000 0.1094− 3.1416 i −0.9315− 9.2910 i

Av
6(1+

q , 2−q̄ , 3+, 4+) 0 0 0.0089 + 0.0146 i
Av

6(1+
q , 2−q̄ , 3+, 4−) 0 0 0.1269− 0.0247 i

Table 1. Ratios of one-loop to tree amplitudes for the “longitudinally-polarized” vector boson
decaying to qq̄gg evaluated at the phase-space point of eq. (A.1). We follow the same convention
for the definition of helicity amplitudes as in ref. [1], except of course for the polarization vector of
the vector boson which is taken to be ϵ

(L),µ
q , see eq. (2.8). We note that in the notation of ref. [1]

the functions A6(1q, 2, 3, 4q̄) , A6(1q, 2, 3q̄, 4) and A6(1q, 2q̄, 3, 4) correspond to different primitive
amplitudes and not to the same amplitude for different orderings of the QCD partons. Spinor products
were evaluated with the package S@M [73].

One-loop amplitudes for V → qq̄QQ̄

Primitive Amplitude ϵ−2 ϵ−1 ϵ0

Af
6(1+

q , 2+
Q̄

, 3−Q, 4+
q̄ ) 0 0.6667 1.8435

Af
6(1+

q , 2−
Q̄

, 3+
Q, 4+

q̄ ) 0 0.6667 1.8435

A6(1+
q , 2+

Q̄
, 3−Q, 4+

q̄ ) −2.0000 2.1091− 6.2832 i 15.9512− 4.2722 i
A6(1+

q , 2−
Q̄

, 3+
Q, 4+

q̄ ) −2.0000 2.1091− 6.2832 i 15.5544− 7.2669 i

Asl
6 (1+

q , 2−
Q̄

, 3+
Q, 4+

q̄ ) −2.0000 −1.5576− 6.2832 i 6.8870− 2.5255 i

Table 2. Ratios of one-loop to tree amplitudes for the “longitudinally-polarized” vector boson
decaying to qq̄QQ̄ evaluated at the phase-space point of eq. (A.1). We follow the same convention for
the definition of helicity amplitudes as in ref. [1], except of course for the polarization vector of the
vector boson which is taken to be ϵ

(L),µ
q , see eq. (2.8).
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R(l)[j]
g (q̄+

1 , g+
2 , g+

3 , q−
4 , V5)

(l, j) R+ R− RL

(0, 0) 0.0236 + 0.0045 i 1.4518 + 0.7864 i −0.3756− 0.1334 i
(1, 0) 2.5170 + 0.0688 i −7.9473 + 5.8586 i 3.6470− 0.9089 i
(1, 1) −1.9910 + 0.1432 i 7.3012− 0.7559 i −2.7909 + 1.4004 i
(2, 0) 66.8648− 13.0502 i −63.7138 + 142.0155 i 69.7945− 15.6408 i
(2, 1) −57.4965 + 16.2763 i 158.0937− 29.3544 i −76.7995 + 26.2648 i
(2, 2) 4.0727 + 1.7690 i −14.3374− 8.3390 i 6.8454 + 0.7164 i

Table 3. Finite remainders for the three V {+,−,L} polarization states for q̄+
1 , g+

2 , g+
3 , q−4 , V5.

R(l)[j]
g (q̄+

1 , g−
2 , g+

3 , q−
4 , V5)

(l, j) R+ R− RL

(0, 0) −8.8426 + 3.4839 i 13.7981− 5.5470 i −6.5913 + 7.4813 i
(1, 0) 34.8818 + 47.4393 i −63.3181− 15.2968 i 26.6477 + 6.8022 i
(1, 1) 4.7607 + 8.8217 i −7.5447− 13.7515 i 8.6636 + 5.9612 i
(2, 0) −84.6750 + 1060.7588 i −20.6528− 1489.2675 i 291.1200 + 643.6633 i
(2, 1) 42.5230− 288.7742 i 80.9694 + 358.5608 i −82.9875− 151.6379 i
(2, 2) 6.3927− 10.6071 i −9.8875 + 16.6661 i 0.8976− 12.9615 i

Table 4. Finite remainders for the three V {+,−,L} polarization states for q̄+
1 , g−

2 , g+
3 , q−4 , V5.

R(l)[j]
g (q̄+

1 , g+
2 , g−

3 , q−
4 , V5)

(l, j) R+ R− RL

(0, 0) 3.7229 + 1.7267 i −24.5982− 17.0571 i 6.9476 + 2.2245 i
(1, 0) 9.4393− 20.0244 i 57.2350 + 96.5030 i −7.3337 + 18.6134 i
(1, 1) 1.3398− 4.1159 i −14.7675 + 27.9051 i 1.4554− 7.5553 i
(2, 0) 464.4059− 252.9157 i −1920.6393 + 1177.2971 i 161.1832− 60.1954 i
(2, 1) −114.3829 + 48.6404 i 366.5085− 383.4010 i 14.4674 + 3.3703 i
(2, 2) −5.2201 + 1.1609 i 38.9628− 1.8247 i −8.9514 + 3.1990 i

Table 5. Finite remainders for the three V {+,−,L} polarization states for q̄+
1 , g+

2 , g−
3 , q−4 , V5.

R(l)[j]
q (q̄+

1 , Q−
2 , Q̄+

3 , q−
4 , V5)

(l, j) R+ R− RL

(0, 0) 6.3175 + 4.1683 i −13.4644− 10.9564 i 8.9602 + 1.8117 i
(1, 0) 53.7538− 29.5378 i −53.6393 + 28.8551 i 41.6072− 13.7234 i
(1, 1) −11.6464− 7.6843 i 24.8218 + 20.1983 i −16.5184− 3.3399 i
(2, 0) 1277.3178− 431.2926 i −2158.2100 + 463.4091 i 936.4298− 399.3205 i
(2, 1) −460.4530 + 70.8618 i 733.6914− 6.0067 i −385.0000 + 119.1601 i
(2, 2) 21.4703 + 14.1662 i −45.7595− 37.2360 i 30.4520 + 6.1572 i

Table 6. Finite remainders for the three V {+,−,L} polarization states for q̄+
1 , Q−

2 , Q̄+
3 , q−4 , V5.
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R(l)[j]
q (q̄+

1 , Q+
2 , Q̄−

3 , q−
4 , V5)

(l, j) R+ R− RL

(0, 0) 3.7637− 2.8566 i −22.1553 + 7.2210 i 6.0085− 5.8687 i
(1, 0) −2.9488− 43.2704 i 15.0449 + 63.3248 i 31.0476− 23.0314 i
(1, 1) −6.9384 + 5.2661 i 40.8437− 13.3120 i −11.0768 + 10.8191 i
(2, 0) 100.5951− 1013.7803 i −572.7447 + 2742.6868 i 413.4240− 606.2951 i
(2, 1) −72.4095 + 310.0332 i 444.4454− 822.4600 i −166.0346 + 266.8854 i
(2, 2) 12.7911− 9.7082 i −75.2962 + 24.5409 i 20.4202− 19.9451 i

Table 7. Finite remainders for the three V {+,−,L} polarization states for q̄+
1 , Q+

2 , Q̄−
3 , q−4 , V5.
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