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1 Introduction

An ever-increasing precision of experiments in high-energy particle physics requires significant
improvements of theoretical predictions. One aspect of such improvements involves non-
perturbative power-suppressed effects. The importance of these effects for a particular process
or observable is determined by the ratio ΛQCD/Q, with ΛQCD being the non-perturbative
energy scale of Quantum Chromodynamics (QCD) and Q a typical hard scale of the process.
Since at high-energy colliders Q≫ ΛQCD, these corrections can be relevant only when the
first power of this ratio appears in theoretical predictions, and only for observables known
with extraordinary precision. Well-known examples of such observables are the mass of
the W boson [1], the mass of the top quark determined from the production of top quark
pairs [2], and the strong coupling constant αs extracted either from event shapes in e+e−

annihilation [3–7] or from the transverse momentum distribution of Z bosons at the Large
Hadron Collider (LHC) [8, 9]. This list is expected to grow as more and more high-precision
measurements of various physical quantities will be performed at the high-luminosity LHC
and also at future colliders.

It is therefore interesting to understand how power corrections arise in the hard-scattering
collider processes underlying precision measurements. However, this task is difficult as the
conventional operator product expansion [10, 11] cannot be used to describe non-perturbative
effects in hard partonic collisions. In this situation, the best one can do is to rely on
models, either based on phenomenological descriptions of hadronization as implemented
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in parton-shower event generators [12–15], or on analytic methods such as renormalon-
based approaches [16–20]. The latter proceed by investigating the behavior of perturbative
corrections related to the running of the strong coupling constant. Technically, such sensitivity
can be studied by computing perturbative QCD corrections with massive gluons [21–25].
This framework assumes that the mass of the gluon is the smallest parameter in the problem;
then, by studying the dependence of the result on the gluon mass, it uses known formulas to
translate powers of the gluon mass to powers of ΛQCD (for a review, see ref. [26]).

Unfortunately, giving a mass to a gluon without further modifications of the theory can
only work in the Abelianized version of QCD at the lowest perturbative order. For collider
processes, this implies that only processes with no gluons at tree level can be studied. This
limitation was one of the factors that significantly slowed the application of such methods to
collider processes. In fact, after early studies [21, 23, 25, 27–40], the subject saw relatively little
development for almost two decades, apart from an investigation of linear power corrections to
jet observables [41]. Systematic attempts to extend such analyses to more complex processes

— serving as proxies for realistic reactions at hadron colliders — were only undertaken much
later [42–44]. Even now, computations reported in refs. [45, 46] in the context of renormalon
models deal with LHC processes without gluons in Born processes. If this is insufficient for
phenomenology, one adjusts the particle content of the process of interest (for example, by
changing gluons to photons), and then argues that the results derived in the simplified cases
are likely to hold also in the real ones (see e.g. refs. [45, 47]).

It is interesting to ask if one can do better than that. The question is especially
motivated by arguments suggesting that linear corrections must exhibit a much simpler
structure, including their complete cancellation in inclusive observables and rates [48]. This
reasoning can be viewed as a generalization of the Bloch-Nordsieck [49] and Kinoshita-Lee-
Nauenberg [50, 51] theorems beyond the logarithmic accuracy. While the cancellation of
linear power corrections has been explicitly demonstrated in the Abelianized version of QCD
for relatively simple processes [22, 23, 46, 52, 53], an unambiguous proof in the non-Abelian
case — as well as a framework to allow their calculation for realistic collider observables in
QCD — is still lacking (see, however, ref. [54]). This question is of direct phenomenological
relevance, since hard-scattering processes at colliders are often governed by QCD and, hence,
involve non-Abelian dynamics.

A useful hint on how to proceed comes again from the renormalon picture, where the
problem of non-perturbative sensitivity is effectively mapped onto the problem of under-
standing radiative corrections with a massive gluon. This suggests promoting the gluon
mass from a purely technical device to a parameter of a consistent quantum field theory,
where it quantifies the degree of infrared (IR) sensitivity. A natural realization of this idea
is provided by a non-Abelian gauge theory in which the gauge symmetry is spontaneously
broken via the Higgs mechanism. The gluon then acquires a small mass mg in a theoretically
consistent way, providing a framework in which the dependence of IR-safe observables on
this mass can be systematically analyzed. In particular, a linear dependence of an observable
on mg is a signal of linear IR sensitivity.

In this paper, we construct such a theory and discuss it in detail. Besides containing a
heavy quark and a gluon, it requires the usual ingredients of a properly-quantized non-Abelian
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gauge theory with spontaneous symmetry breaking, including gauge fixing, ghost fields and
the scalar degrees of freedom associated with the symmetry-breaking sector. This toy model
provides a useful laboratory for studying the IR sensitivity of collider processes, in particular
the production and decay of heavy quarks.

As a first step towards exploring such processes, we calculate two ingredients needed for
their study: the O(mg) contributions to the relations between the pole and the modified
minimal subtraction (MS) masses of a heavy quark and between the corresponding field
counterterms in the on-shell subtraction (OS) and MS schemes. Both relations are calculated
through two loops, as this is the first perturbative order in which genuinely non-Abelian
dynamics arises.

The relation between masses is a classic example of an observable with linear IR sen-
sitivity [27, 28, 55].1 It is instructive to derive it because the calculation is nontrivial, yet
sufficiently simple to be discussed in detail. We therefore analyze it carefully and show
that it contains a term linear in mg, reflecting the expected IR sensitivity. Our analysis
clarifies the origin of this linear correction and explains how analytic computations of terms
linear in mg can be performed.

We emphasize that developing a computational framework which can be applied to
compute O(mg) effects in collider observables is important, especially since their analysis
is technically more demanding than the mass relation considered here. We demonstrate
that the computational framework described below is flexible, as it also allows us to study
the relation between heavy-quark field counterterms, which exhibits both logarithmic and
linear sensitivities to the gluon mass.

Finally, we note that there is a direct connection between O(mg) contributions to the
relation between the MS and pole masses of a heavy quark, and the mass splittings in
supersymmetric multiplets induced by loops of electroweak gauge bosons. It is known that
such splittings at one loop are proportional to the first power of the W -boson mass [61, 62].2

A similar result was obtained numerically in a slightly more general context at the two-loop
level in ref. [63]. Our discussion elucidates the origin of these corrections and suggests a way
to compute them systematically in higher orders of perturbation theory.

The remainder of the paper is organized as follows. We start by describing the toy model
in Section 2. We devote Section 3 to the two-loop calculations of O(mg) contributions to
the relations between the pole and the MS mass of the heavy quark, and the relation between
the heavy-quark field counterterm in the OS and MS schemes. We present conclusions in
Section 4. Additional technical details can be found in appendices.

2 The model

The toy model employed for the computations presented in this paper is a renormalizable
non-Abelian gauge theory where the gauge group SU(2) is spontaneously broken by the Higgs
mechanism. Inspired by QCD, we refer to the gauge fields as gluons and to the massive

1These papers triggered many studies of mass-related linear sensitivity to non-perturbative physics in
various physical systems and, among other things, led to definitions of the so-called short-distance low-scale
masses [56–60].

2We thank X. Tata for pointing this out to us.
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fermion as top quark. To make the model QCD-like, we also include nf flavours of massless
quarks. Since our goal is to perform perturbative computations in this model through
two loops, we will have to discuss its renormalization. As usual, we assume dimensional
regularization with d = 4 − 2ϵ dimensions and a renormalization scale µ.

In the remainder of this section, we describe the Lagrangian and the particle content of
the theory. We then continue with a brief discussion of the renormalization.

2.1 The Lagrangian of the model and its particle content

The Lagrangian of the model reads

L = −1
4G

a
µνG

a,µν + ψt(i /D −mt)ψt +
nf∑
k=1

ψki /Dψk

+ (DµΦ)†(DµΦ) + µ2Φ†Φ− λ(Φ†Φ)2 + LGF + LGhost .

(2.1)

Here, µ2 > 0 and λ > 0 are real parameters, Φ is the Higgs doublet, ψt and mt are the
top-quark field and mass, respectively, and ψk=1,...,nf represent fields of nf massless quarks.
Furthermore, LGF and LGhost are the gauge-fixing and ghost terms, respectively. The
quantities Dµ and Gaµν are the covariant derivative and the field-strength tensor. They are
defined in the standard way as

Dµ = ∂µ + igT̂ aGaµ, Gaµν = ∂µG
a
ν − ∂νG

a
µ − gfabcGbµG

c
ν , (2.2)

where Gaµ is the gluon field, g is the strong coupling constant, and T̂ a and fabc denote
generators and structure constants of the gauge group. For the SU(2) case, one has fabc = ϵabc

and T̂ a = σa/2, where σa are the Pauli matrices. We will employ generic Casimir operators
CA, CF and TR in what follows, to distinguish the origin of different terms in the results.

Since µ2 > 0, the Higgs field acquires a non-vanishing expectation value, breaking the
gauge symmetry spontaneously. To make this explicit, we parametrize the Higgs doublet as

Φ(x) = 1√
2

(
−φ2(x)− iφ1(x)
v +H(x) + iφ3(x)

)
, (2.3)

where φ1,2,3 are the would-be Goldstone bosons, H is the physical Higgs field and v is the
vacuum expectation value. The gluon and the Higgs boson acquire masses mg and mH,
proportional to the vacuum expectation value; they are given by

mg = gv

2 , mH =
√
2λ v , with v =

√
µ2

λ
. (2.4)

Finally, the gauge-fixing term LGF and the ghost Lagrangian LGhost read

LGF = − 1
2ξFaFa , Fa = ∂µGaµ + ξmgφa, a = 1, 2, 3 ,

LGhost = −c̄a(∂µ∂µ + ξm2
g)ca − gϵabcc̄a

[
(∂µcb)Gµc + cb(∂µGµc )

]
(2.5)

− gξmg
2 c̄acaH − gξmg

2 ϵabcc̄acbφc ,
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where ξ is the gauge parameter, and ca and c̄a are the ghost and the anti-ghost field.
The particle content of the theory follows from the above Lagrangian in a standard

manner. After the symmetry breaking, the spectrum consists of the top quark of mass mt,
nf massless quarks, three massive gluons of mass mg, and a single Higgs boson of mass
mH.3 When working in a non-unitary gauge, the would-be Goldstone bosons also appear
in the spectrum of the theory. Finally, as it is common to all non-Abelian gauge theories,
unphysical ghost and anti-ghost fields are also present.

2.2 Renormalization

We use Eq. (2.4) to select mH,mg,mt and g as independent physical quantities. When
these parameters appear in the original Lagrangian, they should be considered as bare and
should be written in terms of the renormalized ones,

m2
H(0) = Zm2

H
m2

H , m2
g(0) = Zm2

g
m2

g , mt(0) = Zmtmt , g(0) =
[
Sϵµ

2ϵ] 1
2Zg g , (2.6)

where Sϵ = (4π)−ϵeϵγE . Here, bare quantities are denoted with the subscript (0) and the
renormalized ones without it, and the Z factors are the renormalization constants. In a
similar way, we also renormalize the fields,4

ψt(0) = Z
1/2
ψt
ψt , ψk(0) = Z

1/2
ψk
ψk , H(0) = Z

1/2
H H , Gaµ(0) = Z

1/2
G Gaµ . (2.7)

While the Z factors for both parameters and fields are a priori unknown, they are fixed
through renormalization conditions discussed below. For a generic parameter or field X, we
define the counterterm δZX such that ZX = 1+ δZX . Furthermore, we write δZX =

∑
i δZ

(i)
X ,

with δZ
(i)
X denoting the i-th loop contributions to δZX .

We note that, for the purpose of renormalization, the vacuum expectation value is
treated as a dependent bare parameter. This ensures that all mass counterterms are gauge
independent. On the other hand, Higgs tadpole diagrams must be included in all possible
Green’s functions to which they can contribute. A detailed discussion of these topics can
be found in ref. [67].

We now briefly discuss our renormalization scheme choices. All ultraviolet (UV) countert-
erms listed above, with the exception of δZg, are computed in the OS scheme [68]. Explicit
conditions that define this scheme, as well as calculations that enable the determination of
the corresponding counterterms, are discussed e.g. in refs. [67, 69]. To find δZg, we first
determine its divergent part. This can be done by considering the amplitude for G → tt̄

and requiring it to be UV-finite. The counterterm vertex for this process depends on δZg,
as well as the field counterterms δZG and δZt. Since δZG and δZt are known from the OS
conditions, computing the UV-divergent part of the one-loop G → tt̄ amplitude allows us
to obtain the UV-divergent part of δZg.

3The top quark mass is an original parameter of this theory. In fact, at variance with the SU(2) gauge
sector of the Glashow-Weinberg-Salam model [64–66], the present theory is not chiral. Therefore, a Dirac
mass term for the top quark is included from the outset. Interestingly, the interaction between the Higgs
boson and the top quark is loop induced in this setup.

4Field counterterms for the would-be Goldstone bosons and the ghosts do not need to be specified since we
do not consider Green’s functions that involve those fields.
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The above procedure is sufficient to determine the coupling constant in the MS scheme.
Although the MS scheme can be used to describe the O(mg) contributions to the renormaliza-
tion constants, it is more useful to define a coupling constant that absorbs certain finite parts
of loop diagrams, in analogy with the renormalization of the fine-structure constant in QED.
To this end, we additionally require that the coupling constant counterterm, δZg, absorbs
the finite contribution from top quark and Higgs boson contributions to the gluon-field
counterterm δZG. This definition is appropriate for renormalization scales below the top
quark mass and the mass of the Higgs boson. We note that the running of the strong coupling
constant αs = g2/(4π) defined in this way is controlled by the equation

µ
dαs
dµ = −β0

2πα
2
s , β0 = 29

8 CA − 4
3TRnf . (2.8)

Similarly to QCD, as long as the number of massless fermion species is not too high, the
theory is asymptotically free. Finally, we note that Feynman rules for the renormalized
interactions and relevant counterterms can be found in appendix A.

3 Calculation

We now turn to the relation between the pole mass and the MS mass of the top quark,
and the relation between the top-quark field counterterms in the OS and MS schemes. Our
goal is to compute the O(mg) contributions to these relations through two loops. Both
relations can be obtained following the method of ref. [70], which is formulated without
explicit Feynman rules for the counterterms. That method can also be described in the
framework of renormalized perturbation theory, which we use in the calculation described
below. Details on the adaptation of the method of ref. [70] to that framework are given
in appendix B. We note that we have performed the calculation using both formulations,
providing a useful cross-check of the results.

The calculations are described in sections 3.1 and 3.2, and the results can be found in
sections 3.3 and 3.4. We assume the hierarchy of masses mg ≪ mt ∼ mH and focus on terms
linear in mg. In agreement with the conventions of section 2, mt (without superscripts)
denotes the pole mass.

3.1 Preliminaries

Using eqs. (2.6) and (2.7), as well as the fact that the top quark pole mass is the mass defined
in the OS scheme, we write two equalities for the bare quantities,

mt(0) = ZOS
mt mt = ZMS

mt (µ)m
MS
t (µ) , ψt(0) =

√
ZOS
ψt
ψOS

t =
√
ZMS
ψt
ψMS

t (µ) , (3.1)

and use them to derive the two relations that are of interest to us,

mMS
t (µ)
mt

=
ZOS
mt

ZMS
mt (µ)

,
ψMS

t (µ)
ψOS

t
=

√√√√ZOS
ψt

ZMS
ψt

. (3.2)

The renormalization constants are computed in perturbation theory. The two nontrivial
quantities to be determined are the two-loop mass and field counterterms in the OS scheme,
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2L =

1L

(A)
+

(B)
+

(C)
+

(D)

Figure 1. Two-loop Feynman diagrams for the top-quark self-energy.

δZ
OS(2)
mt and δZ

OS(2)
ψt

. They are obtained from the two-loop top-quark self-energy (cf. ap-
pendix B). The genuine two-loop Feynman diagrams are shown in figure 1.5 To compute
δZ

OS(2)
mt , it is sufficient to consider the top quark on shell and, hence, to evaluate the two-

loop self-energy diagrams at an external momentum p that satisfies p2 = m2
t . For δZOS(2)

ψt
,

derivatives of the self-energy with respect to p2 need to be computed before the on-shell
limit p2 = m2

t can be taken.
The diagrams in figure 1 depend on several mass scales, including mg, mt and mH. The

presence of multiple scales makes exact evaluation of these diagrams difficult. However, since
we are only interested in contributions that are linear in mg, we can expand the integrands
of the relevant Feynman diagrams in powers of mg before performing the loop integrations.
This is achieved by using the method known as “strategy of regions” [71–73].6

To explain how the expansion of the integrands is constructed, we consider a one-loop
scalar integral contributing to the one-loop on-shell self-energy,

I =
∫ ddk

(2π)d
µ2ϵ

(k2 −m2
g)(k2 + 2p · k) , p2 = m2

t . (3.3)

We start by calculating the integral exactly using standard methods. This is straightforward
and, upon expanding the exact result in powers of mg/mt, we find

I = iΓ(1 + ϵ)
(4π)d/2

{[1
ϵ
+ 2 log µ

mt
+ 2

]
− π

mg
mt

+O
(
m2

g

)}
. (3.4)

We note that a term linear in the gluon mass mg is present in the above expression.
The strategy of regions allows us to obtain Eq. (3.4) by expanding the integrand in

Eq. (3.3) in small quantities. These quantities depend on the loop-momentum region. If the
loop momentum is hard, k ∼ mt, the gluon mass mg is the only small parameter, so that
one expands the gluon propagator in m2

g/k
2. If, on the other hand, the loop momentum is

soft, k ∼ mg, one expands the quark propagator in k2/(2k · p). Performing the corresponding
expansions to linear order in mg, and denoting the expressions calculated in the hard and

5Details on the gluon one-loop vacuum polarization included in diagram (A) will be discussed below. For
now, it is sufficient to mention that it contains contributions from the top quark, the Higgs boson and gluons.

6It is worth noting that the expansion of one of the two-loop two-point integrals required here, in the limit
of small gluon mass, was already discussed in ref. [74], providing an early example of such unconventional
asymptotic expansions of Feynman diagrams.

– 7 –



J
H
E
P
0
6
(
2
0
2
6
)
1
9
9

CT =
(a)

+
(b)

+
(c)

+
(d)

Figure 2. Feynman diagrams for the top-quark self-energy with one-loop counterterm insertions.

soft regions with superscripts (h) and (s), respectively, we find

I(h) =
∫ ddk

(2π)d
µ2ϵ

k2 (k2 − 2p · k) +O
(
m2

g

)
= iΓ(1 + ϵ)

(4π)d/2

[1
ϵ
+ 2 log µ

mt
+ 2

]
+O

(
m2

g

)
,

I(s) =
∫ ddk

(2π)d
µ2ϵ(

k2 −m2
g

)
(−2p · k)

+O
(
m2

g

)
= iΓ(1 + ϵ)

(4π)d/2

(
−πmg

mt

)
+O

(
m2

g

)
.

(3.5)

As expected, the result for the integral I in Eq. (3.4) agrees with the sum of I(h) and
I(s) inEq. (3.5).

The O(mg) term is fully determined by the soft region, and it is certainly not surprising
that the hard region cannot produce O(mg) terms. Indeed, since the gluon propagator
depends on m2

g, and since the hard region corresponds to a Taylor expansion in mg, it
can only generate even powers of mg. By contrast, in the soft region k ∼ mg, and this
power-counting immediately implies

I(s) ∼
∫ ddk

(2π)d
1

k2(k · p)
k∼mg∼ mg . (3.6)

The approach described in this one-loop example extends to the two-loop case in a natural
way. For a particular choice of the loop momenta k1,2, four regions have to be considered:

hard-hard: k1 ∼ mt, k2 ∼ mt , hard-soft: k1 ∼ mt, k2 ∼ mg ,

soft-hard: k1 ∼ mg, k2 ∼ mt , soft-soft: k1 ∼ mg, k2 ∼ mg .
(3.7)

Similarly to the one-loop case, only hard-soft, soft-hard and soft-soft regions can produce
O(mg) terms.

The calculation of the two nontrivial quantities of interest follows a standard workflow.
First, we generate the total set of Feynman diagrams; besides those of figure 1, this includes
the counterterm diagrams shown in figure 2. We then use the method of appendix B to
project all diagrams onto scalar integrals relevant for the computation of δZOS(2)

mt and δZOS(2)
ψt

.
Each scalar integral is expanded with the method of regions keeping only terms linear in
mg. The resulting integrals from the different regions are collected and reduced to a small
set of master integrals using integration-by-parts identities [75, 76]. We have performed
two independent implementations of the entire procedure, from diagram generation and
renormalization to integrand expansion and reduction to master integrals. Several publicly
available software packages were employed in this process, including FeynMaster [77–79],
FeynRules [80, 81], Qgraf [82], FeynCalc [83–87], FeynHelpers [87, 88], Package-X [89, 90],
LiteRed [91, 92] and FIRE [93].
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3.2 Master integrals

We now turn to the discussion of the master integrals. The master integrals for the hard-soft
and soft-hard regions defined in Eq. (3.7) are simple, since the contributions of hard and soft
loops factorize. Therefore, such integrals are written as products of one-loop on-shell integrals
with mg = 0 and the one-loop soft integral. We also find that only four double-soft integrals
are needed to compute O(mg) contributions to δZOS(2)

mt and δZ
OS(2)
ψt

terms. They are

IA =
∫ ddk1

(2π)d
ddk2
(2π)d

1
(k2

1 −m2
g)

1
(k2

2 −m2
g)

1
(2k2 · p)

, (3.8)

IB =
∫ ddk1

(2π)d
ddk2
(2π)d

1
(k2

1 −m2
g)

1
[(k1 − k2)2 −m2

g]
1

[2k2 · p]
, (3.9)

IC =
∫ ddk1

(2π)d
ddk2
(2π)d

1
(k2

1 −m2
g)

1
[(k1 − k2)2 −m2

g]
1

(k2
2 −m2

g)
1

(2k2 · p)
, (3.10)

ID =
∫ ddk1

(2π)d
ddk2
(2π)d

1
k2

1

1
(k1 − k2)2

1
(k2

2 −m2
g)

1
(2k2 · p)

, (3.11)

where p2 = m2
t , and the standard +i0 prescription for each propagator is understood.

The integral IA is elementary, since integrations over loop momenta k1,2 factorize. For
further reference, we write the one-loop integral explicitly,∫ ddk2

(2π)d
1

(k2
2 −m2

g)
1

(2k2 · p)
=
m1−2ϵ

g
mt

i
2(4π)d/2Γ(1/2)Γ(−1/2 + ϵ) . (3.12)

Using the known result for the massive tadpole, we find

IA = −
m3−4ϵ

g
mt

1
(4π)d

Γ(1/2)Γ(1 + ϵ)Γ(−1/2 + ϵ)
2ϵ(1− ϵ) . (3.13)

The calculation of the three remaining integrals, IB,C,D, is slightly more involved. In
principle, they can be evaluated using standard methods. A more elegant approach, however,
exploits the fact that each of these integrals contains a closed subloop of massive gluons.
This subloop admits the following dispersion representation

∫ ddk1
(2π)d

1
(k2

1 −m2
g)

1
[(k1 + k2)2 −m2

g]
= i

(4π)d/2
Γ(1− ϵ)
Γ(2− 2ϵ)

∞∫
4m2

g

ds
s−ϵ(1− 4m2

g/s)
1
2−ϵ

s− k2
2 − i0

, (3.14)

which is very helpful for computing the three remaining integrals. Indeed, the denominator
on the right-hand side of the above equation resembles the propagator of a particle with mass
s, which means that the integration over k2 in IB,C,D can be easily performed.

We start with the integral IB. Replacing the integral over k1 in Eq. (3.9) with the
dispersion representation in Eq. (3.14), we obtain

IB = −i
(4π)d/2

Γ(1− ϵ)
Γ(2− 2ϵ)

∞∫
4m2

g

ds s−ϵ(1− 4m2
g/s)

1
2−ϵ

∫ ddk2
(2π)d

1
(k2

2 − s)
1

(2k2 · p)
. (3.15)
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The integral over k2 can be extracted from Eq. (3.12) after the replacement mg →
√
s. We find

IB = 1
(4π)d

Γ(1/2)Γ(1− ϵ)Γ(−1/2 + ϵ)
2mtΓ(2− 2ϵ)

∞∫
4m2

g

ds s
1
2−2ϵ(1− 4m2

g/s)
1
2−ϵ . (3.16)

The integration over s is straightforward. Indeed, after changing the integration variable to
s → 4m2

g/x, IB can be easily evaluated in terms of Gamma functions. We obtain

IB =
m3−4ϵ

g
mt

2d−5

(4π)d−1
Γ(−1/2 + ϵ)Γ(−3/2 + 2ϵ)

Γ(ϵ) . (3.17)

Turning now to the integral IC, we employ the dispersion relation in Eq. (3.14) and find
an expression analogous to Eq. (3.15), where now the integration over the loop momentum
k2 reads ∫ ddk2

(2π)d
1

(k2
2 −m2

g)
1

(k2
2 − s)

1
(2k2 · p)

. (3.18)

The integration over k2 becomes straightforward once we perform the partial fractioning

1
(k2

2 −m2
g)

1
(k2

2 − s)
= 1
s−m2

g

( 1
k2

2 − s
− 1
k2

2 −m2
g

)
, (3.19)

leading to

IC = 1
(4π)d

Γ(1/2)Γ(1− ϵ)Γ(−1/2 + ϵ)
2mtΓ(2− 2ϵ)

∞∫
4m2

g

ds s
−ϵ(1− 4mg/s)

1
2−ϵ

s−m2
g

(
s

1
2−ϵ −m1−2ϵ

g
)
. (3.20)

In the remaining integral over s, we again change the integration variable as s → 4m2
g/x,

and write the integral as a difference of two hypergeometric functions. They can be easily
expanded in ϵ using the package HypExp [94, 95]. We find

∞∫
4m2

g

ds
s−ϵ(1− 4m2

g/s)
1
2−ϵ

s−m2
g

(
s

1
2−ϵ −m1−2ϵ

g
)
= −m1−4ϵ

g

[1
ϵ
+ 2π√

3
+O(ϵ)

]
. (3.21)

Combining the above pieces, we obtain

IC =
m1−4ϵ

g
mt

πΓ2(1 + ϵ)
(4π)d

[1
ϵ
− 2 log 2 + 2π√

3
+ 4 +O

(
ϵ2
)]

. (3.22)

Finally, the integral ID in Eq. (3.11) can also be computed using the dispersion represen-
tation in Eq. (3.14). The only difference is that, in this case, the one-loop bubble involves
massless partons; therefore, the gluon mass mg in Eq. (3.14) should be set to zero in both
sides of the equation. Following the steps described for IC, we obtain

ID = 1
(4π)d

Γ(1/2)Γ(1− ϵ)Γ(−1/2 + ϵ)
2mtΓ(2− 2ϵ)

∞∫
0

ds s−ϵ

s−m2
g

(
s

1
2−ϵ −m1−2ϵ

g
)
. (3.23)
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It is straightforward to compute the integral in the above equation as a series in ϵ. We find7

∞∫
0

ds s−ϵ

s−m2
g

(
s

1
2−ϵ −m1−2ϵ

g
)
= −m1−4ϵ

g

[
1
ϵ
+ 5π2

3 ϵ+O(ϵ)
]
. (3.24)

Replacing this expression in Eq. (3.23), we obtain the final result for ID,

ID =
m1−4ϵ

g
mt

πΓ2(1 + ϵ)
(4π)d

[1
ϵ
+ 4− 2 log 2 +O(ϵ)

]
. (3.25)

3.3 Relation between the pole and the MS top-quark masses

We are now in a position to discuss the relation between the pole mass and the MS mass
of the top quark. Expanding the ratio of two Z factors in the first relation in Eq. (3.2)
through O(α2

s ), we find

mMS
t (µ)
mt

∣∣∣∣
O(α2

s )
=

ZOS
mt

ZMS
mt (µ)

∣∣∣∣
O(α2

s )
=
(
δZMS(1)

mt

)2
− δZMS(2)

mt − δZMS(1)
mt δZOS(1)

mt + δZOS(2)
mt . (3.26)

Recall that we are only interested in computing terms that are linear in the gluon mass.
Since ZMS

mt is designed to remove only the UV divergences from the bare mass, it cannot
contain any terms linear in mg. This immediately implies that the first two terms on the
right-hand side of Eq. (3.26) do not contribute at O(mg), so that

mMS
t (µ)
mt

∣∣∣∣
O(α2

s ,mg)
=

ZOS
mt

ZMS
mt (µ)

∣∣∣∣
O(α2

s ,mg)
= −

(
δZMS(1)

mt δZOS(1)
mt

)∣∣∣
O(mg)

+ δZOS(2)
mt

∣∣
O(mg) . (3.27)

Since δZMS(1)
mt itself contains no O(mg) terms, the O(mg) contribution in the first term on

the right-hand side of Eq. (3.27) must arise from the O(mg) term of δZOS(1)
mt . In any case,

this term involves only one-loop counterterms and is therefore straightforward to compute.
The second term, by contrast, is nontrivial; some technical details of its calculation have been
already discussed in sections 3.1 and 3.2. A few additional remarks are in order.

First, we note that various contributions to δZOS(2)
mt exhibit patterns that help to organize

the calculation and clarify the structure of the result. In essence, they concern cancellations
of various contributions in Eq. (3.27), which happen because we are only interested in
O(mg) terms. Indeed, although the different contributions to Eq. (3.27) have a cumbersome
structure if the full dependence on mg is kept, our focus on O(mg) terms leads to the
appearance of simplifying patterns among them. These patterns are specific to leading-power
soft contributions and, since the hard-hard region is irrelevant at O(mg), they are inherited
by the final result at O(mg).

One class of diagrams which exhibit such simplifications involves the one-loop vacuum
polarization, which contributes not only to diagram (A) of figure 1, but also to the counterterms
and the diagrams that involve them, see figure 2. To better understand how this happens,
we show the diagrams contributing to the vacuum polarization in figure 3, separated into
four classes: (i) diagrams with a closed quark loop, (ii) 1-particle irreducible (1PI) diagrams

7We note that this integral is known exactly. See, for instance, ref. [96], section 3.231, eq. (5).
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1L = q

(i)

+ H

(ii)

+ R

(iii)

+

tad

(iv)

Figure 3. One-loop vacuum polarization.

q =

ψt

+

ψk

H =

H

+

H

+

H

φa

R = +

φa

+ +

φa

φb

+

ca

cb

tad

= +

H

+

φa

+

ca

Figure 4. Details of the subsets of diagrams appearing in the vacuum polarization, cf. figure 3.

involving the Higgs boson, (iii) the remaining 1PI diagrams, (iv) diagrams containing a
one-loop Higgs tadpole. The specific Feynman diagrams contributing to each class are shown
in figure 4. This separation into four classes is relevant because the contribution of a certain
class to diagram (A) is intimately connected with the contribution of the same class to the
counterterm diagrams. More specifically, we verified that the mg/ϵ terms originating from
the contribution of a certain class to diagram (A) cancel precisely against the mg/ϵ terms
coming from the contribution of the same class to δZ

(1)
g and δZ

(1)
m2

g
. We should add that

there are cancellations even beyond the poles. In fact, for classes (ii), (iv) and the top-quark
contribution to class (i), finite O(mg) contributions to diagram (A) cancel against similar
contributions to the counterterm diagrams.

Another useful organizing principle for the calculation is provided by the structure of
color factors. Since different diagrams contribute with different Casimir operators, keeping
track of these structures offers a helpful guide and provides nontrivial cross-checks. For
example, only a few terms contribute with the color factor C2

F: diagrams (C) and (D) in
figure 1 (the former also contains a CACF contribution), diagram (d) in figure 2, and the first
term on the right-hand side of Eq. (3.27). We verified that the C2

Fmg/ϵ terms from these
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contributions cancel among themselves. A similar pattern appears for the CACF terms that
are not part of the vacuum polarization discussed in the previous paragraph. These include
terms arising from diagram (C) and diagram (B) of figure 1 as well as contributions from the
counterterm δZg. We again verified the cancellation of the CACFmg/ϵ terms that originate
from there. Finally, we note the peculiar fact that diagram (B), involving the three-gluon
vertex, does not provide a double-soft contribution to the relation between the pole and MS
masses, but it does contribute to the relation between field renormalization constants.

A final remark concerns the one-loop counterterms. We checked that δZ(1)
G and δZ

(1)
ψt

do not contribute to the final result for the OS mass counterterm. Also worth noting is the
dependence of the one-loop counterterms on mg. Interestingly, while we focus on the O(mg)
terms of the two-loop mass and field renormalization constants of the top quark, this requires
the computation of δZ(1)

m2
g
, which starts at O

(
m−2

g

)
, up to O(mg) and δZ

(1)
mt,ψt

up to O(mg).

For δZ(1)
g — and therefore δZ(1)

G , which contributes to it — we only need O
(
m0

g

)
terms.

Having discussed these aspects, we can finally present the relation between the pole mass
and the MS mass of the top quark in the toy theory defined in section 2. We write it as

mMS
t (µ) = mtf1

(
αs(µ), µ,mt,mH

)
+ αs(µ)mg

CF
2

{
1 + αs(µ)

2π

[
CF

(
1 + 3 logmt

µ

)
(3.28)

+ CA

(21√3π
32 − 19

48 − 29
8 logmg

µ

)
− 4

9nfTR

(
1− 3 log mg

µ

)]}
+O(m2

g) .

The function f1 is independent of the gluon mass and therefore is of no interest to us.
The second, O(mg), term on the right-hand side of Eq. (3.28) is the main result of this

paper. It explicitly confirms the expectation that the relation between the MS and pole
masses of a heavy quark has a linear dependence on the gluon mass mg. The appearance
of such a term supports the assertion that the toy model of section 2 provides a consistent
framework to probe the IR sensitivity of observables through the parameter mg. The O(α2

smg)
term has a rich structure, depending on the combinations of various color factors, including
the CACF term that reveals the contribution of non-Abelian dynamics.

The dependence of the O(mg) term in Eq. (3.28) on the renormalization scale µ is
also quite instructive. We recall that the µ-dependence of the MS mass is dictated by the
renormalization group equation. Accordingly, the C2

F logmt/µ term is needed in eq. (3.28)
to ensure the correct renormalization group running of mMS

t (µ). At the same time, the
logarithms of mg/µ can be absorbed into the running of the coupling constant. All of this
suggests that Eq. (3.28) can be rewritten in a more elegant way by expressing the pole
mass in terms of the MS mass. To the accuracy we work with, we only need the one-loop
contribution to function f1; it reads

f1
(
αs(µ), µ,mt,mH

)
= 1 + αs(µ)

π
CF

(3
2 log mt

µ
− 1

)
+O(α2

s ) . (3.29)

Defining f̄1 as 1/f1 expanded in powers of αs, we readily find

mt = mMS
t (µ)f̄1

(
αs, µ,m

MS
t (µ),mH

)
− αs(mg)mg

CF
2

{
1 + αs(mg)

2π

[
3CF + CA

(21√3π
32 − 19

48

)
− 4

9nfTR

]}
.

(3.30)
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This result clearly shows that the O(mg) correction to top quark pole mass is entirely
determined by energy scales comparable to the mass of the gluon.8

As a final comment, we note that the pole mass, being a physical parameter, must be
gauge independent. To verify this, we calculated the expression for the pole mass in a general
Rξ gauge. We checked that the dependence on the ξ parameter cancels, which provides
a powerful check of our result.9

3.4 Relation between the top-quark field counterterms in the on-shell
subtraction and MS schemes

We now briefly discuss the relation between field counterterms in the MS and OS schemes,
through two loops. This discussion will be concise, since our main focus in this work is the
relation between the pole and MS masses. As explained in Section 1, the field counterterm is
needed for studying the IR sensitivity of observables in collider processes with heavy quarks.

Two aspects are worth mentioning. First, as discussed in Section 1, this relation contains
not only a linear, but also a logarithmic dependence on mg. Second, the OS field counterterm
is known to be gauge dependent. We computed the relation between the field counterterms
in a general Rξ gauge and explicitly verified this property. For simplicity, we present the
result in Feynman gauge. It reads

√
ZOS
ψt

=
√
ZMS
ψt

(µ0)
{
f ′ (αs, µ,mt,mH, logmg) +

3
8CF αs(mg)

mg
mt

× (3.31)

×
[
1 + αs(mg)

2π

(
CF − CA

(
17
16 − 31π

32
√
3
− log mt

mg

)
− 4

9nfTR

)]}
,

where √
ZMS
ψt

(µ0) =
√
ZMS
ψt

(µ)
[
1− αs(µ)CF

4π log µ

µ0

]
, µ0 = m3

t
m2

g
. (3.32)

We note that the scale µ0, which involves a peculiar combination of the top quark mass
and the gluon mass, reflects the fact that the OS renormalization constant ZOS

ψt
exhibits

logarithmic sensitivity to both UV and IR physics. Similarly to the function f , the function
f ′ has no linear dependence on mg and is therefore of no interest to us. One can observe
that the O(mg) term in Eq. (3.31) is explicitly µ independent. Notably, due to the logmg
term contained in f ′, the O(α2

smg) term contains a logarithm of the ratio mt/mg as well.
We conclude this section noting that, for the investigation of the O(mg) contributions

to heavy quark observables in collider processes, it is convenient to present the explicit
expression for ZOS

mt and
√
ZOS
ψt

, including poles and O(αsm
0
g) contributions. We provide

such expressions in appendix C.

8We note that the gluon mass mg should be chosen sufficiently large to make perturbative computations
sensible.

9Interestingly, working in a general Rξ gauge leads to significantly more complicated soft master integrals,
since the Goldstone bosons acquire the mass

√
ξmg. However, all nontrivial master integrals cancel in the

final expression for δZ
OS(2)
mt

∣∣
O(mg) and therefore do not need to be evaluated explicitly.
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4 Conclusions

The steadily increasing precision of measurements in high-energy particle physics makes it
essential to better understand the role of non-perturbative effects in processes with large
momentum transfer. Since no reliable theoretical framework for this purpose exists, one can
try to understand the magnitude of such effects by assessing the sensitivity of perturbative
calculations to IR physics. From this perspective, the cancellation of logarithmic sensitivity
to long-distance effects in IR-safe observables — a direct consequence of the celebrated Bloch-
Nordsieck and Kinoshita-Lee-Nauenberg theorems — ensures that perturbative predictions
are valid with O(Λ0

QCD) accuracy, and that all non-perturbative corrections should be power-
suppressed. An interesting question is whether a similar result, perhaps in a weaker form,
can be also claimed for O(ΛQCD) terms.

A commonly used way to probe such sensitivity is provided by renormalon-based ap-
proaches. In this framework, the impact of long-distance physics is inferred from the behavior
of perturbative corrections associated with the running of the strong coupling constant. In
practical calculations, this sensitivity can be exposed by introducing a small gluon mass
and studying how observables depend on it. Although this method has proven to be very
useful, its scope is limited: introducing a gluon mass directly into QCD is only consistent
in an Abelianized approximation and therefore does not allow one to study processes with
external gluons.

Inspired by the renormalon approach, in this paper we promoted the gluon mass to a
parameter of a consistent non-Abelian quantum field theory where controllable perturbative
computations are possible beyond one loop. Specifically, we constructed a renormalizable toy
model based on an SU(2) gauge theory whose symmetry is spontaneously broken through the
Higgs mechanism. Within this setup, gluons acquire a small mass in a theoretically consistent
manner, and this mass can be used as a probe of the IR sensitivity of perturbative observables.
The resulting model provides a useful laboratory for investigating, in an unambiguous way,
whether IR-safe observables studied at colliders exhibit linear IR sensitivity.

As a first application, we analyzed the pole mass of a heavy quark, which is a classic
example of a quantity with linear IR sensitivity. Focusing on the terms linear in the gluon
mass, we computed the relation between the pole and the MS masses through the two-loop
order, where genuinely non-Abelian effects appear for the first time. We discussed a number
of subtleties that arise in the calculation, and derived the result for the linear contribution to
the pole mass. This result is both gauge independent and renormalization-group invariant,
providing a nontrivial check of the consistency of the framework. For completeness, we
also derived the relation between the MS and on-shell subtraction field counterterms of
the heavy quark.

The framework developed in this paper and the calculations presented here represent only
the first steps toward a broader analysis of IR sensitivity of collider observables. A natural
next step is the study of heavy-quark pair production within this framework, which will
provide a more direct connection to realistic processes relevant for precision measurements
at hadron colliders.
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A Feynman rules

In this appendix, we list the complete set of Feynman rules for the renormalized interactions
of the toy model discussed in section 2, for an arbitrary Rξ gauge (with the Feynman gauge
corresponding to ξ = 1). All momenta are taken to be incoming. At the end, we show a
selected set of Feynman rules for the one-loop counterterms, relevant for the calculations
discussed in the main text. The Feynman rules — both for the renormalized interactions and
the counterterms — were generated in an automated way by FeynMaster [77–79].

PROPAGATORS

Gaµ Gbν

p

= − iδab
p2 −m2

g

[
gµν − (1− ξ) pµpν

p2 − ξm2
g

]

ψi ψj

p

=
iδij(/p+mψ)
p2 −m2

ψ

, H H

p

= i
p2 −m2

H

φa φb

p

= iδab
p2 − ξm2

g
ca cb

p

= iδab
p2 − ξm2

g

GLUON SELF INTERACTIONS

Gaµ

Gbν

Gcρ = gϵabc
[
gµν(pb − pa)ρ + gνρ(pc − pb)µ + gρµ(pa − pc)ν

]
Gaµ

Gbν Gcρ

Gdσ = ig2[ϵabeϵcde(gµσgνρ − gµρgνσ) + ϵaceϵbde(gµσgνρ − gµνgρσ)
+ ϵadeϵbce(gµρgνσ − gµνgρσ)

]
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3-POINT INTERACTIONS
ψi

ψj

Gaµ = −ig γµT̂ aij
Gaµ

Gbν

H = igmgδab gµν

Gaµ

φb
H = g

2δab(pH − pb)µ
Gaµ

φb

φc = g

2ϵ
abc(pb − pc)µ

H

H

H = −3ig
2
m2

H
mg

φa

φb
H = − ig

2
m2

H
mg

δab

c̄a

cb

Gcµ = −g ϵabc(pb + pc)µ
c̄a

cb

H = − igξmg
2 δab

c̄a

cb

φc = − igξmg
2 ϵabc

4-POINT INTERACTIONS

Gaµ

Gbν H

H
= ig2

2 δab gµν

Gaµ

Gbν φc

φd

= ig2

2 δabδcd gµν

H

H H

H
= −3ig2

4
m2

H
m2

g

H

H φc

φd

= − ig2

4
m2

H
m2

g
δcd

φa

φb φc

φd

= − ig2

4
m2

H
m2

g
(δabδcd + δacδbd + δadδbc)

ONE-LOOP COUNTERTERMS

Gaµ Gbν

p

= iδab
[
m2

g gµν
(
δZ

(1)
m2

g
+ δZ

(1)
G

)
− δZ

(1)
G
(
p2gµν − pµpν

) ]

ψt,i ψt,j

p

= −iδij
[
mtδZ

(1)
mt − δZ

(1)
ψt

(/p−mt)
]

ψt,i

ψt,j

Gaµ = −ig
[
δZ

(1)
g + 1

2δZ
(1)
G + δZ

(1)
ψt

]
γµT̂

a
ij

B On-shell scheme conditions for 2-loop fermion mass and field
counterterms

Ref. [70] provides an efficient procedure to calculate counterterms in the OS scheme. In
this appendix, with the goal of determining the nontrivial counterterms δZOS(2)

mt and δZOS(2)
ψt
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contributing to the expanded version of Eq. (3.2), we rederive that procedure in the
framework of renormalized perturbation theory. Accordingly, all calculations are performed
with renormalized parameters, while counterterm contributions are included through the
corresponding Feynman rules. Since the counterterms in this appendix are all defined in
the OS scheme, we simplify the notation by omitting the superscript OS. Finally, we denote
renormalized loop functions with a hat and unrenormalized ones without it.

Before introducing the method of ref. [70], we cover some preliminary aspects of renor-
malized perturbation theory. We write the renormalized 2-point function for the top quark as

Γ̂(/p) = /p−mt + Σ̂(/p) , (B.1)

where mt represents the renormalized top-quark mass, and Σ̂(/p) the renormalized higher-order
contributions to the self-energy, which we parameterize as

Σ̂(/p) = mt Σ̂1(p2) + (/p−mt) Σ̂2(p2) . (B.2)

The renormalized loop functions Σ̂1 and Σ̂2 are expanded order by order in perturbation
theory as

Σ̂1,2(p2) = Σ̂(1)
1,2(p2) + Σ̂(2)

1,2(p2) + . . . . (B.3)

The first term on the right-hand side represents the next-to-leading order term, the second
one the next-to-next-to-leading order term, and the ellipses represent higher order terms,
which are not relevant for our purposes.

To fix the nontrivial counterterms discussed above, we first need to relate the renormalized
functions Σ̂(i)

1 (p2) and Σ̂(i)
2 (p2) to counterterms and unrenormalized functions. We start by

writing the unrenormalized function Σ(/p) in a form analogous to Eq. (B.2),

Σ(/p) = mtΣ1(p2) + (/p−mt)Σ2(p2) . (B.4)

We stress that the parameters involved in this equation are renormalized. The unrenormalized
loop functions Σ1(p2) and Σ2(p2) follow an expansion equivalent to Eq. (B.3),

Σ1,2(p2) = Σ(1)
1,2(p2) + Σ(2)

1,2(p2) + . . . . (B.5)

Now, we consider the terms in Eq. (2.1) involving exclusively the top quark. After taking
both the top-quark field and mass as bare, we relate them to their corresponding renormalized
quantities and Z factors through eqs. (2.6) and (2.7). Finally, by expanding the Z factors as
described after Eq. (2.7), and by using eqs. (B.1)–(B.5), we finally find

Σ̂(1)
1 (p2) = Σ(1)

1 (p2)− δZ(1)
mt , Σ̂(1)

2 (p2) = Σ(1)
2 (p2) + δZ

(1)
ψt
,

Σ̂(2)
1 (p2) = Σ(2)

1 (p2)− δZ(2)
mt − δZ(1)

mt δZ
(1)
ψt
, Σ̂(2)

2 (p2) = Σ(2)
2 (p2) + δZ

(2)
ψt
.

(B.6)

We can now fix the counterterms using OS conditions. We write the renormalized 2-point
function in formal Taylor series around p2 = m2

t ,

Γ̂(/p) ≈ mt Σ̂1(m2
t ) +mt (p2 −m2

t )
∂Σ̂1(p2)
∂p2

∣∣∣
p2=m2

t
+ (/p−mt)

[
1 + Σ̂2(m2

t )
]

≈ mt Σ̂1(m2
t ) + (/p−mt)

[
1 + 2m2

t
∂Σ̂1(p2)
∂p2

∣∣∣
p2=m2

t
+ Σ̂2(m2

t )
]
.

(B.7)
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From this expression, the well-known OS conditions relative to the pole and residue follow
in a trivial way; they are, respectively,

Σ̂1(m2
t ) = 0 , 2m2

t
∂Σ̂1(p2)
∂p2

∣∣∣
p2=m2

t
+ Σ̂2(m2

t ) = 0 , (B.8)

which, combined with eqs. (B.3) and (B.6), respectively fix the mass and field counterterms to

δZ(1)
m = Σ(1)

1 (m2
t ) , δZ(2)

m = Σ(2)
1 (m2

t )− δZ(1)
mt δZ

(1)
ψt
, (B.9)

δZ
(i)
ψt

= −
[
2m2

t
∂Σ(i)

1 (p2)
∂p2

∣∣∣
p2=m2

t
+Σ(i)

2 (m2
t )
]
, i = 1, 2 . (B.10)

Note that the functions Σ(2)
1,2, which are unrenormalized two-loop functions, receive contri-

butions not only from genuine two-loop diagrams (as in figure 1), but also from one-loop
diagrams with counterterm insertions (as in figure 2).

The quantities δZ(2)
m and δZ

(2)
ψt

in eqs. (B.9) and (B.10) are the nontrivial counterterms
to be determined. Their calculation is simplified in the method of ref. [70] by introducing a
4-vector Qµ such that Q2 = m2

t and pµ = Qµ(1 + t), where t is a small parameter. Then,

Σ(/p) = mt Σ1(p2) + (/Q−mt) Σ2(p2) + t /QΣ2(p2) . (B.11)

We now introduce the quantity T1, defined as

T1 = Tr
[
/Q+mt
4m2

t
Σ(/p)

]
= Σ1(p2) + tΣ2(p2) . (B.12)

Expanding in t up to corrections of O
(
t2
)
, we obtain

T1 = Σ1(m2
t ) + t

[
2m2

t
∂Σ1(p2)
∂p2

∣∣∣
p2=m2

t
+Σ2(m2

t )
]
+O(t2) . (B.13)

The quantity T1 thus expanded is particularly convenient: focusing on the two-loop case,
O
(
t0
)

term corresponds to the first term of δZ(2)
m , while the O(t) term yields −δZ(2)

ψt
.

C Expressions for the two-loop counterterms

For practical applications, it is convenient to write the expressions for ZOS
mt and

√
ZOS
ψt

with all
their 1/ϵ poles explicitly. Since those applications concern O(mg) contributions in two-loop
calculations, the O(αs) term of such expressions must be kept through O(ϵ) and O(mg),
whereas at O(α2

s ) it suffices to retain the term linear in mg through O(ϵ0). Hence, we write

ZOS
mt = 1 + CFαs(µ)

2π

[
c(1,0)
m + mg

mt
c(1,1)
m + αs(µ)

(
c(2,0)
m + mg

mt
c(2,1)
m

)
+O

(
α3

s ,m
2
g

)]
, (C.1)√

ZOS
ψt

= 1 + CFαs(µ)
2π

[
c

(1,0)
ψ + mg

mt
c

(1,1)
ψ + αs(µ)

(
c

(2,0)
ψ + mg

mt
c

(2,1)
ψ

)
+O

(
α3

s ,m
2
g

)]
, (C.2)
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where c(i,j)
X represents the coefficient of the term of O(αismj

g). They read, up to corrections
of O

(
ϵ2
)
,

c(1,0)
m = − 3

2ϵ + 3 ln mt
µ

− 2 + ϵ

(
−3 ln2 mt

µ
+ 4 ln mt

µ
− π2

8 − 4
)
, (C.3)

c(1,1)
m = π − 2πϵ

(
ln 2mg

µ
− 1

)
, (C.4)

c(2,1)
m = CF

2

(
− 3
2ϵ + 3 ln 2mg

µ
+ 3 ln mt

µ
− 2

)
+ 2

9nfTR

(
3 ln mg

µ
− 1

)
(C.5)

+ CA
192

(
−38 + 63

√
3π − 348 ln mg

µ

)
,

c
(1,0)
ψ = − 1

4ϵ − 1 + 1
2 log m3

t
m2

gµ
+ ϵ

[
− 3

2 log2 mt
µ

+ 2 log mt
µ

+ log2 mg
µ

− 2− π2

48

]
, (C.6)

c
(1,1)
ψ = 3π

4 + πϵ

[
1− 3

2 log 2mg
µ

]
, (C.7)

c
(2,1)
ψ = CF

(
− 3
32ϵ +

1
4 + 3

16 log 2m3
t

mgµ2

)
+ TRnf

(
−1
6 + 1

2 log mg
µ

)
(C.8)

+ CA

(
− 51

128 + 31
√
3π

256 − 111
64 log mg

µ
+ 3

8 log mt
µ

)
.

As usual, the coefficients c(2,0)
X are of no interest to us, as they do not lead to a linear

dependence on mg at the two-loop level.
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