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Abstract

Higher-order theory predictions are crucial for the precision LHC program, but the time-
consuming amplitude evaluation challenges the corresponding Monte-Carlo simulations.
Machine-learned amplitude surrogates can resolve this problem, if we can guarantee
their precision over the entire phase space. First, we show that our surrogates provide a
calibrated learned uncertainty, even for non-Gaussian systematics; second, we describe
how less accurate phase space regions can be identified; third, we demonstrate how the
precision in these regions can be improved reliably.
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1 Introduction

The rapidly increasing amount of LHC data allows analyses and measurements with unprece-
dented precision, provided the experimental precision is matched by the precision of the the-
oretical predictions [1]. This requires simulations including higher-order perturbative correc-
tions, both loop amplitudes and efficient schemes to treat unresolved real radiation. In this
regard, we have seen remarkable progress in both QCD and electroweak (EW) corrections. For
LHC loop amplitudes, the current frontier are 3-loop box amplitudes with up to two off-shell
legs and 2-loop pentagon amplitudes with several mass scales [2-6]. These kinds of precision
predictions have to be numerically available in public codes if we want to benefit from optimal
analysis methods, like simulation-based inference [7-14].

However, the availability of analytic or (semi-)numerical loop amplitudes does not guar-
antee that they can be used for large-scale simulations. Important limitations are the accuracy
and speed at which the higher-order amplitudes can be evaluated in practice. Here, we hope
that modern machine learning (ML) [15,16] will help with three distinct numerical challenges:
efficient phase space sampling [17-27], efficient subtraction schemes for real radiation [27],
and virtual multi-loop amplitudes [28-44].

For virtual loop amplitudes, the numerical complexity rises not only with the number of
loops, but also with the number of kinematic scales, related to the number of external legs
and their virtuality, and mass scales. At two loops and beyond, their direct evaluation inside
the simulation code is often not feasible. To construct a surrogate amplitude, the full higher-
order amplitude is first used to generate a reference training dataset. This data is then used
to construct or learn a surrogate. An interesting aspect of this surrogate is that for training
data without significant numerical noise, the network should interpolate rather than fit a func-
tion [16]. For 2 — 2 amplitudes, we can use two-dimensional interpolation grids [45-50]. For
2 — 3 amplitudes, even with fixed masses, five-dimensional grids are challenging in the re-
quired number of data points and in the interpolation techniques. Ultra-fast ML-surrogates
have been shown to be more accurate than traditional techniques [39]. A natural application
are two-loop amplitudes for ttH production, where partial results have been calculated in
Refs. [51-55].

For precision simulations, it is crucial that we control surrogate uncertainties. In addition to
globally defined numerical noise, a given phase space region might be poorly described, lead-
ing to a biased prediction of the observables in this region. A comparably expensive solution is
to use the surrogate amplitude just to increase the unweighting efficiency while still using the
true amplitude during event generation [26,35]. An alternative approach avoiding the evalu-
ation of the true amplitude during event generation — particularly useful for multi-loop am-
plitudes — is to equip the surrogate with a calibrated uncertainty estimate [34,38,43,44,56],
and then ensure that the largest uncertainties do not correspond to a localized failure mode
in phase space. Depending on the failure mode, a correctly learned uncertainty can then be
used to improve the training data and training procedure [34,44].
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The paper is structured as follows. In Sec. 2 we introduce a set of conceptual improve-
ments to probabilistic (amplitude) regression: in Sec. 2.1 we review the existing concepts and
introduce a Student’s t-likelihood approach for non-Gaussian problems; in Sec. 2.2 we show
how Gaussian systematics only appear for phase space dimensions beyond 2 — 2 scattering;
in Sec. 2.3 we introduce a way to analyze if low-accuracy amplitudes cluster in phase space;
and in Sec. 2.4 we propose an adaptive two-step sampling procedure to optimize the network
training locally. We demonstrate these new techniques for di-Higgs production at leading order
(LO) and next-to-leading order (NLO) in QCD in Sec. 3. We then illustrate the performance
gain for top-associated Higgs production at NLO as an example for a more challenging 2 — 3
process in Sec. 4. In Sec. 5 we conclude that this phase space-controlled training will allow us
to use ML-surrogate amplitudes for perturbative precision simulations.

2 Efficient amplitude surrogates

The ML-task to provide ultrafast loop amplitude surrogates is to learn an amplitude Ayy ap-
proximating the amplitude A, for every phase space point x,

ANN(X) NAtrue(x) . (1)

Here, A is calculated from first principles at a given order in perturbation theory. Ultra-
violet (UV) and infrared (IR) singularities need to be removed before an amplitude can be
used in a Monte Carlo simulation. We typically learn UV-renormalized and IR-subtracted am-
plitudes [45,55]. The finite amplitude is exact up to negligible numerical noise, originating
for example from the evaluation of special loop functions or from numerical integration over
Feynman parameters. Our goal is to replace the amplitudes in the Monte Carlo generator
entirely by the ML-surrogate.

2.1 Non-Gaussian probabilistic regression

A statistically sound surrogate describes the probability p(A|x). The target probability depends
implicitly on the training data Dy, = {(Atrain> Xirain)}- We can encode this probability in a set
of network parameters 6, generalizing beyond the training data, as

p(Alx)= J d6 p(A|x,0) p(0 | Dyain) ~ f do p(Alx,0)q(6), )

where we replaced the true but normally intractable posterior with an approximate distribution
q(0). Here, we omit the explicit conditioning of q on D,,,;, for notation simplicity. We compute
the mean and variance as

.

ANN(X):J dAAp(A|x)

= r‘d9 q(0) A(x, 0), with ;\(x,G):JdAAp(Alx,G),
J

O o) = f dA [A—Ax ()] p(A] x)

_ [ a6 qc0) [42(x, )~ A(x, ) + (A(x, ) — Axn(x))”]
J

= crszyst(x) +o2 (x). (3)
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In the last step, we split the variance into a systematic and a statistical contribution,

O hs(x) = f do q(0) [A%(x,0)—A(x, )],
Osztat(x) = J do q(9) [E(x, 0) _ANN(X)]2 > “4)

where E(x, 0) = fdAA2 p(A]x,0).

The systematic uncertainty encodes the data-intrinsic uncertainty as well as the uncertainty
induced by a lack of model expressivity. The data inherent uncertainty vanishes for noise-free
data —i.e. for p(A|x, 0) = 6(A(x)—Ay(x)) with A, being the noiseless value of the amplitude
— if the model is fully expressive and perfectly trained. It also captures the uncertainty induced
by a lack of model expressivity. The statistical uncertainty represents the uncertainty due to
the limited size of the training dataset and vanishes for an infinitely large training dataset and
perfect training, i.e. if ¢(6) — 6(0 — 6,). It is also referred to as reducible uncertainty.

The statistical uncertainty can be inferred using Bayesian neural networks (BNNs) [57-
60], repulsive ensembles [12, 38, 43, 56, 61, 62], or evidential regression [43, 63-66]. We
have benchmarked these methods for amplitude regression [38,43] and found the statistical
uncertainties to be small compared to the systematics. Consequently, we will focus on the
systematic uncertainties.

Gaussian systematics

To train our surrogate we minimize the negative log-likelihood over the training dataset,
L=—logp(A|x,0). (5)

To capture the systematic uncertainty reflected in the variability of the training data, the sim-
plest ansatz is a Gaussian likelihood,

pAlx,0)=N(A|A(x,0), 0%(x,0)), (6)

where A(x, 0) and o?(x, ) are learned and N (u,c?) denotes a Gaussian with mean p and
variance o2. The Gaussian ansatz works well for amplitude regression [38,43] and can be
validated via pull distributions. The Gaussian likelihood leads us to the heteroskedastic loss

_ [Z(X; 9) _Atrue(x)]2

het =
e 203(x,0)

+log ogye(x,0). (7

For each phase space point, the training minimizes the numerator by learning the true am-
plitude. The second logarithmic contribution encourages the network to adjusts o (x) ac-
cording to the observed deviation. Consequently, large values of o (x) are predicted if the
network struggles to learn the amplitude accurately.

Non-Gaussian systematics

If the simple Gaussian likelihood does not describe the variability of the training data, it can
be replaced by a Gaussian mixture model (GMM) [43,56],

Pawnt (A1 x,0) =D wy(x, 0) N(A]| Alx, 0), 02(x,0)), with > wi(x,0)=1. (8)
k k
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The mean and standard deviation become

Aqum(x,0) =) i (x, 0) A (x,6),
k

02, 0) =D i (x,0) [02(x,0) + A, (x,0) |~ Agyp(x, 0). ©)
k

The GMM loss does not have a simple analytic form and has to be computed numerically,

(10)

L =1 wk(x)e) [ [Zk(x’e)_Atrue(x)]z]
GMM — — 108 exp| —

Zk: ,/27‘50%()(,9) 20%(x,0)

If the task is to just describe non-Gaussian tails, the GMM can be simplified by identifying the
means, B B
Ap(x,0) =A(x,0). (11)

This significantly simplifies the calculation of confidence intervals.
An alternative approach to non-Gaussian likelihoods is a Student’s t-distribution

psic(Alx,0)=St(A|A(x,6),0%(x,0), »(x,6))

v+1 v;—l
:F( 2 ) 1 [Z(Xze)_Atrue(x)]Z

1+ , 12
F(Z) Jvo(x,0) vo2(x,0) (12)
2
where T is the Gamma function. Two limits of the Student’s t-distribution are
o 1
_ —_——, y—1,

psi(A]A 0% v)={ T(A=AP+0? (13)

N(A|;\,02), y — 00,

where the Breit-Wigner or Cauchy distribution allows the corresponding likelihood to describe
much larger tails. For v > 2, the variance of the Student’s t-distribution is

v(x,0)

2
Y0x.0)—2 o°(x,0), (14)

oz(x,0)=

and the corresponding negative log-likelihood loss reads

1 ,9 Z(XJG)_A rue(x) 2
L = #1% 1+ [ e Q)UZt(x 9)] +logo(x,0)
+ %log(rcv(x,9))+10g1"(v(xz’9))—logr(W) ) (15)

Compared to a Gaussian likelihood, only one additional quantity, ¥(x, 8), needs to be learned.

Architecture and preprocessing

For the surrogate architecture we use a simple MLP consisting of 5 hidden layers with 512
hidden channels and GELU activation. The surrogates learns the logarithm of the amplitude,
scaled to zero mean and unit standard deviation [43]. The inputs are the 4-momenta p; of the
external particles, complemented by the Lorentz invariants

Zij :log(Pi 'Pj) . (16)

5
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All network inputs are standardized, and the hyperparameters are summarized in App. A.
For this preprocessing we need to guarantee that all p; - p; are positive. We use the con-
vention that the sum of the initial-state 4-momenta is equal to the sum of the final-state 4-
momenta, »,.p; = Zf pj- The energy components of all physical 4-vectors are positive, as
well as E; > |p;|, with the equality fulfilled for massless particles. This gives us

pi-pj =E;E;—I|p;llpjlcos6;; = 0. (17)

We also learn the systematic uncertainty using the heteroskedastic loss of Eq.(7) or its GMM
variant as log o, to cover large variations. For the same reason, we learn log v when using
the Student’s t-likelihood ansatz.

Advanced architectures like equivariant transformers have advantages for processes with a
substantial number of identical final state and/or initial state particles, since they allow to im-
plement permutation invariance into the NN architecture [37,41]. For the processes studied in
this paper, permutation invariance does not yield a substantial performance improvement [39].

2.2 Systematic uncertainty shape

For precision physics applications it is important that we understand the shape of the systematic
uncertainties and then check the calibration of the learned uncertainties. This ensures that
amplitude values with low accuracy are indeed those with large learned uncertainties, an
aspect we will need below.

Accuracy and calibration

To measure the accuracy of the amplitude surrogates, we define

A(X) — ANN(X) _Atrue(x) ) (18)

Atrue(x)
To test the calibration of the uncertainties, we define the systematic pull

Ann(x) —Ape(x
tsyst(x) — NN( ) true( ) ) (19)
Osyst(x )
If the shape of this pull distribution is not Gaussian, the Gaussian assumption used for deriving
the heteroskedastic loss might not be justified.

When a non-Gaussian likelihood is appropriate, we cannot rely on the pull distribution
to test the uncertainty calibration. Instead, we evaluate the empirical coverage. For a test
dataset we evaluate for what fraction of the true amplitude the surrogate lies within a given
v confidence region. This defines the empirical coverage

¢ = (1 (PoausAme (M (x), 02, (N> 1=7)) (20)

test

which is here written down for the Gaussian case. The indicator function 1 is one if the
associated condition is met and zero otherwise. pg,uss i the p-value for the true amplitude
given the learned phase space dependent Gaussian probability distribution,

pGauss(Atrue(XNANN(x)) 0'3 st(x)) =2 [1 —® ( |Atrue(x) ANN(X)l )] ) (21)
4 Gsyst(x )
where & is the cumulative Gaussian distribution function. If the empirical coverage is larger
than the nominal confidence level, the learned uncertainty is conservative or underconfident.
If it is smaller, the learned uncertainty is overconfident.
If instead of the Gaussian likelihood we use a GMM or a Student’s t-distribution, the p-
value and cumulative distribution functions in Eq. (20) and (21) have to be replaced by their
respective equivalents for the GMM or Student’s t-distribution.

6
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Figure 1: Left: systematic pull of toy models. Right: empirical coverages, comparing
Gaussian and Student’s t-likelihoods.

Central limit theorem

Above, we have seen that statistical regression is greatly simplified when the variability of the
training data is captured by a Gaussian likelihood. If needed, we can capture non-Gaussian
behavior using a GMM or a Student’s t-likelihood. To study the impact of the dimensional-
ity, we start with a simple n-dimensional toy model where we regress the sum of the input
coordinates drawn from the n-dimensional hypercube

flx)= in , with x; ~U(0,1). (22)
i=1

The one-dimensional output of the surrogate fy will effectively approximate the contribution
of each dimension with a given uncertainty,

n

fNN(X)=Z(Xi+€i(X)) s (23)

i=1
where we assume independent €;. In that case, the deviation or residual r(x) is

n

r(x) = () — £ (x) = D e(x), 24)

i=1

and the central limit theorem applies. The distribution of the residuals r(x) converges towards
a Gaussian,
r(x) ~j\/’((r),af) , for n— oco. (25)

We confirm this behavior by training simple MLP surrogates with a heteroskedastic loss to
reproduce f(x) for n < 5 using 10° training events. We list the used NN and training setting
in App. A. We show the systematic pulls in the left panel of Fig. 1. Although the systematic
uncertainty is overestimated for small n, the calibration of the learned Gaussian uncertainty
improves for higher dimensions, just leaving the tails being too large.

The convergence towards a Gaussian likelihood is also visible for the empirical coverage in
the right panel of Fig. 1. For few dimensions the uncertainties are clearly overestimated, while
for larger dimensionality the empirical coverage shifts towards the diagonal. We also show the
results for a Student’s t-likelihood, given in Eq.(15). Within numerical uncertainties, relaxing
the Gaussian assumption can lead to an improved uncertainty calibration in particular for low
dimensions.
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Figure 2: Left: systematic pulls. Right: coverage of Z + n,g surrogates. The un-
certainty bars for the Zggg surrogates indicate the mean and standard deviation
obtained by averaging over five independent runs.

A similar argument can be made for general target functions. First, if the true function is a
product of input components we look at log fyn(x) —log f (x), so the differences or residuals
follow a log-normal distribution. For small residuals, it approaches a normal distribution.
More generally, the central limit theorem applies when the residuals can be represented as a
sum of an increasing number of independent errors. This is true for a wide range of regression
problems, for a strict mathematical discussion for linear regression we refer to Ref. [67].

Amplitudes for Z plus gluons

Next, we test the applicability of the central limit theorem for amplitudes for the production
of a Z-boson in association with gluons [37,41],

qq > Z+1{1,...,4}g. (26)

Cuts are applied such that all final-state objects have a transverse momentum of at least 20 GeV
and such that the angular separation AR is larger than 0.4 for all pairs of final-state objects.

We use 70k training points for each multiplicity. The phase space dimensionalities for
n, final-state gluons are 3(n, + 1) —4. As usual, the relative accuracies degrade for an in-
creasing number of gluons. The corresponding pull distributions in the left panel of Fig. 2
become increasingly Gaussian for an increasing number of gluons and hence phase space
dimensions. Like for the toy model, the remaining challenge consists in increased tails for
higher-dimensional regression. Finally, we show the empirical coverage. The uncertainty is
overestimated for a small number of gluons, again as previously observed in the toy model.
For n, > 1 only a slight underestimate of the uncertainties remains. We do not observe any
benefit from using a Student’s t-likelihood. The error bars for the Zggg surrogate indicate
that the empirical coverage curves are stable.

2.3 Low-accuracy regions

If low accuracy or large uncertainties of the surrogate amplitude represent distinct failure
modes, the main question is if this failure is of statistical or systematic origin. In the latter
case, the network typically fails to learn a feature and the points with low accuracy and large
uncertainties cluster in phase space. Identifying such clusters will allow us to improve the
network training, for instance by adding more training data, see Sec. 2.4.
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Phase space metrics

To define low-accuracy clusters or regions, we need a distance metric on our phase space.
We define two different distance metrics, one based directly on the 4-vectors of the external
particles and one based on the kinematic degrees of freedom.

* The first metric between two phase space points with Ny final-state particles is defined

as

Ny

2

->(1 ->(2
Z Pi( ) Pi( )‘
i=1
iy = N i (27)

1 ), =2

2N, Z(El tE )
1=

The initial-state particles are excluded from the sum because they are always aligned
with the beam axis. We divide by the sum of the energies because otherwise high-
energy events would always be more separated from each other than low-energy ones.
The advantage of this metric is that it can be defined straightforwardly. An obvious dis-
advantage is that it is not Lorentz-invariant, even though the underlying amplitude is.
Moreover, since this metric does not account for the symmetries of the system, it can
distinguish physically equivalent configurations, leading to redundant clusters. There-
fore dy;, was only considered as a first exploratory approach and is not used in the final
study.

* The second metric is defined in terms of given kinematic directions x;,

1/2
d, = [Z (xl(l) — xl@)z] . (28)

i

We define these directions explicitly for the qq — ttH and gg — ttH processes in Sec. 4.
The number of x; directions does not have to correspond to the phase space dimension,
as some directions add more numerical noise than benefit. If we choose the kinematic
directions as Lorentz invariants, so is the metric.

For our study, d,, provides more stable and physically meaningful results, so we use it through-
out Sec. 4.

Clustering algorithm

To identify where amplitude results with low accuracy or large uncertainties are clustered, we
use the HDBSCAN algorithm [68, 69]. It is a density-based clustering method that does not
require a pre-defined number of clusters and that can identify outliers rather than forcing all
points into clusters.

As weights for the edges of a graph made of phase space points, the algorithm uses the
reachability distance

dmreach-k(a: b) = max [Corek(a): corek(b), d(a: b)] 5 (29)

where corey(a) is the distance of a to its kth nearest neighbor. Dense points with low core
distances keep their original distance d(a, b). For sparse points the reachability distance is
at least the maximum core distance. This way, the algorithm is robust against single points
forming bridges between separate clusters:
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1. First, HDBSCAN constructs the minimum spanning tree (MST) as a unique graph repre-
sentation of a set of phase space points. It involves the minimal number of edges, such
that dropping any further edge disconnects the graph. Moreover, it ensures that there is
no edge with a lower reachability distance that could provide an alternative connection
of the phase space points.

2. We then convert the MST into an ordered list of connected clusters. For this, we sort
the MST edges by their reachability distance. We then go through the distance values in
decreasing order and cut all connections above this distance. Each edge removal splits
the MST into two clusters. If one of the resulting new clusters has fewer phase space
points than a predefined minimum size, it is labeled an outlier and removed from the
tree. If both new clusters have more events than the minimum size, they are kept as a
valid cluster split.

3. The actual clusters are selected from the above cluster candidates as those that survive
the longest during this edge-removal procedure. The notion of time is the inverse dis-

. . birth . o1 . .
tance 1/dyeach-k- If @ cluster is created at inverse d ' " | ., its stability is defined as

- 1 1
stability = Z y © — o , (30)
e€cluster mreach-k mreach-k

where the sum runs over all points e in the cluster. Based on this stability, we select the
most stable clusters.

4. The one additional constraint we apply is that a stable cluster cannot be a descendant
of an already selected cluster. This uniquely defines a set of clusters and outlier events.

2.4 Adaptive sampling of training data

Even though the training data distribution is a key ingredient to precision regression, we usu-
ally just use some kind of unweighted phase space points. Known modifications are boosted
training [34] and uniform sampling [39]. In both cases, the full training dataset is still gen-
erated before we begin with the network training. Whereas boosted training reweights an ex-
isting training dataset to optimize the surrogate accuracy, expensive loop amplitudes require
a maximally efficient training. Therefore, we split the generation of the training data into two
sets and only start with the usual unweighted events. We then identify phase space regions
where the surrogate lacks precision, using an independent test dataset or based on the learned
uncertainty. For these regions, we generate additional training data from the amplitudes.

The advantage of this adaptive procedure can be understood by considering for example
a flat distribution with a dip. A flat sample will have the same density of points in the flat
region as in the dip region. However, the surrogate will likely need far fewer points in the flat
region to describe it to the same accuracy as the dip region. Only generating training data in
the critical dip region will therefore increase the overall accuracy more than placing some of
the additional points in the flat region.

Adaptive phase space sampling with kernel density estimation (KDE)

When we generate the dataset for this second step, we need to take into account the accuracy of
the surrogate in different phase space regions. The second sample should favor low-accuracy
regions through an appropriate probability density function (PDF). We construct it using a
weighted kernel density estimation, with weights assigned according the surrogate’s accuracy.

10
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A general multivariate kernel estimator reads [70]

1 _
f(X)=mZWiK(H Yx—x,)). (31)

The x; are the n points of the original sample, K a kernel function, and H the bandwidth
matrix. We assign a different weight w; to each point. The kernel function and bandwidth
matrix can be chosen freely, and the resulting PDF can significantly depend on their choice.
However, as long as the PDF favors the correct phase space regions, we are not interested in
its precise shape. This allows us to work with a simple d-dimensional Gaussian [71],

K(x)= (32)

1 ( 1,4 )
—————exp|—=x'V x|,
Vv(2m)ddetV 2
where V is the covariance matrix of the initial sample. With the data covariance being included
in the kernel, we use a scalar bandwidth following Scott’s rule,

2
o 1/d+4) (Zl Wi)

h= with ngg=-"FS——
2 B
W

- eff > (33)
the effective dataset size.

Finally, we choose the absolute relative accuracy |A;| = |A(x;)| of Eq.(18) as weights. The
kernel density estimation PDF then reads

£(x) — o)V (x —xl-)] G

- >l e

hd 5 1A] /(2r)d detV : l 2h?
The second sample, drawn from this PDE, will cluster in regions with small surrogate accuracy
and neglect regions with large accuracy. Because the Gaussian kernel falls off exponentially, it

will not explore unknown regions, but only revisit regions already seen in the initial sample.
Therefore, this method can only be used when the initial sample is sufficiently large.

3 HH production

As a first instructive and phenomenologically relevant example, we apply our advanced am-
plitude learning to di-Higgs production via gluon fusion. As a 2 — 2 process, it only depends
on two independent kinematic invariants,

§=(p1+p2)°, and t =(p1—pa)*, (35)

where p, , are the 4-momenta of the incoming gluons and p,;, are the 4-momenta of the
outgoing Higgs bosons.
The differential cross-section is given by

do = 2 IMPd@dp,5,5), 36)

where § is the partonic center-of-mass energy, d® is the element of the Lorentz-invariant phase
space and dp, is the probability of finding partons a and b with total energy V3§ in the
colliding protons. The surrogate amplitude is defined in Eq.(1). Depending on the optimal
pre-processing it is derived from |M|? or from do, for our di-Higgs production setup it is

A(x) = IM(x)*. (37)
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We parameterize the (2 — 2)-phase space x in terms of the dimensionless quantities [45]

4m? t—1
By =\1—-—2 €[0,1], and cosO = “

a

(38)

$Py
where @t = (p; — pp)>.

A characteristic feature, stemming from the top-quark loop mediating this process at lead-
ing order, is the (virtual) top quark pair production threshold at § = 4mf. Due to the onset of
an imaginary part of the amplitude, the differential cross section as a function of § reaches a
maximum just above this threshold.

We work with four different datasets. The first three are generated at one-loop (LO) level
using GOSAM-3 [72]. We use my = 125GeV and a fixed value of ag = 0.1184. The Higgs
mass is measured to per-mille level, and its uncertainty translates into a negligible uncertainty
on the di-Higgs amplitude. For the first two (LO) datasets, we use 8 - 10* events for training
and 10° events for testing.

1. For the first dataset, we sample the center-of-mass energy uniformly in the range
se[(2my)? (10Tev)?], (39)
and fix the top-quark mass to m, = 173 GeV.

2. A second dataset allows us to study the effects of the phase space sampling. Instead of
sampling uniformly in §, we take into account the flux factor 1/(28), effectively sampling
from a reciprocal distribution.

3. Different renormalization schemes result in a range of top-quark mass values for which
one potentially wants to evaluate the amplitude. While the on-shell value is about
172.5GeV, the MS value depends on the renormalization scale, and the NLO ampli-
tude shows a variation of about 20% if the envelope between predictions in different
top mass renormalization schemes is taken as an uncertainty [73-76]. For our third
dataset, we learn the di-Higgs amplitude without fixing the top-quark mass value, i.e.
for uniformly sampled

m, € [130GeV, 190 GeV], (40)

corresponding roughly to MS mass values m,(u,) with u, € [250 GeV, 2 TeV].

4. The fourth dataset is generated at NLO in QCD including the full top-quark mass depen-
dence with m, = 173 GeV [77,78]. This dataset has previously been used as input for
the interpolation grid in the corresponding POWHEG-Box implementation [45, 47, 48].
It contains only 6320 events.

3.1 One-loop with fixed top mass

We first investigate the mean relative accuracy over the phase space, A(x), after training on the
first unweighted event sample in the upper left panel of Fig. 3. We observe no effect from the
scattering angle 6, but as f3;; approaches zero close to the Higgs pair production threshold, the
accuracy drops. This starts for values right above the top threshold at f8;; ~ 0.69. Below this
threshold, the amplitude drops significantly, the uniformly sampled training dataset becomes
more sparse, and the surrogate accuracy decreases. This reduced accuracy is captured correctly
by the learned uncertainty.
We can improve the training with an additional small dataset with uniform sampling in

se[(2my)?,2-(2m,)?]. (41)
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Figure 3: Upper: mean relative accuracy of the LO HH surrogate with fixed m,,
trained on an unweighted sample (left) and including an additional low-§ training
sample (right). The sub-panels show the density of the training dataset. Lower:
relative accuracy, we also show the amplitudes below the top threshold (left), and
corresponding pull distributions (right).

This low-§ dataset includes 10* events. In order to allow for a fair comparison, we moreover re-
duce the size of the normal training dataset to 7-10* events. The performance of the surrogate
trained on the low-§-enhanced dataset is shown in the upper right panel of Fig. 3. The accu-
racy in the low-energy region improves by almost two orders of magnitude. Indeed, a clever
choice of training data significantly boosts performance. The learned uncertainty normalized
by the amplitude is essentially flat across phase space, so we do not show it.

The effect of the additional training sample can also be seen in the accuracy distributions
in the lower left panel of Fig. 3, with a maximum around a relative accuracy of 107°. The
lower boundary around A ~ 107!! corresponds to the numerical precision of GoSAM. For
the unweighted training dataset the accuracy stretches to A ~ 102, where the tail includes
almost exclusively phase space points below the top threshold. This maximum of the accuracy
distribution is reduced by almost three orders of magnitude when we add the low-§ training
data.

For the calibration of the learned uncertainty, we look at the corresponding pull in the
lower right panel of Fig. 3. Both distributions, without and with the additional low-§ training
data, are approximately Gaussian, validating our Gaussian ansatz for the likelihood. However,
the width of the pull distribution is narrower than expected. This slightly underconfident
uncertainty estimate is not improved when using the Student’s t-likelihood.
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Figure 4: Upper: mean relative accuracy of the LO HH surrogate with fixed m,,
trained on a flux-reweighted sample (left), and including an additional KDE sample
for training (right). The dashed gray vertical lines indicate the top threshold. The
sub-panels show the density of the training dataset. Lower: relative accuracy, we
also show the amplitudes around the top threshold (left), and corresponding pull
distributions (right).

Sampling with flux factor

Instead of flat sampling in §, we can account for the flux factor. This changes the density of the
training dataset, in particular, at low energies. The results for this second training dataset are
shown in the upper left panel of Fig. 4. The density of the training data is much more evenly
distributed, leading to an accuracy A ~ 10~ for most of the phase space. Only close to the
di-top threshold, indicated by the vertical dashed line, the surrogate loses accuracy. This is a
consequence of the behavior of the amplitude close to the threshold, which we will study in
more detail below. Below the top threshold, the accuracy improves again but does not reach
the level above the threshold, due to the limited amount of training data in this region.

To improve accuracy, we generate 10* additional training data points using the KDE sam-
pling strategy outlined in Sec. 2.4. As always, we reduce the original training dataset, such
that the surrogates with and without additional KDE sample always use 8-10* training points.
In the upper right panel of Fig. 4 we see that the KDE sampling improves the accuracy at and
below the di-top threshold.

We confirm this pattern in the |A| distributions in the lower left panel of Fig. 4. The
additional KDE sampling visibly reduces the large-A tail, which is mainly caused by the top
threshold region. The systematic pull shown in the lower right panel of Fig. 4 show again that
the learned uncertainties significantly overestimate the actual deviations, a behavior that does
not improve when we switch to a Student’s t-likelihood.
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Figure 5: From upper left to lower right: kinematic distributions of the LO HH ampli-
tude and the learned surrogate with fixed m,; effect of the additional KDE sampling
on the relative accuracy and the relative systematic uncertainty; the same distribu-
tion, shown only around the top threshold; same as before, but with a linear y-axis.

Finally, we investigate the behavior of the surrogate close to the di-top threshold in Fig. 5.
The upper left panel shows the true and learned amplitudes as a function of 8 for fixed
cos® = 0. At this scale, we cannot see any deviation of the surrogate. For increasing
log(1 — By), the amplitude decreases, with the steepest descent below the top threshold at
PBr =~ 0.69. At the top threshold, the amplitude has a turning point before it plateaus for large
log(1— fBx).

The steep decline is generally hard to learn by a network with a fixed typical resolution.
The effect is shown in the upper right panel depicting the relative accuracy |A| and the rel-
ative estimated uncertainty o /A as a function of log(1 — ) comparing the surrogates
trained with and without the additional KDE sample.. |A| fluctuates at the level of < 107°
for log(1 — By) S —2. Above this point, the steep decline lowers the accuracy, and close to
the top threshold, the accuracy drops to ~ 3 - 10~%. This behavior is well captured by the
uncertainty estimate. In the lower two panels, we show the same curves as in the upper right
panel focusing on the top threshold region. The lower left panel uses a logarithmic scaling for
the y axis; the right one, a linear scaling. We can see how the additional KDE sampling does
not remove the accuracy drop at the top threshold, but alleviates it significantly.

3.2 One-loop with varying top-quark mass

Given the accuracy the surrogate reaches for the fixed top-quark mass, we can complicate the
regression task by varying the top-quark mass and build on the network interpolation over
phase space and over the (conditional) parameter input. The accuracy as a function of phase
space is shown in the upper left panel of Fig. 6. Compared to Fig. 3, we see a significantly
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lower accuracy in the low-energy region. An additional low-energy training sample enhances
the accuracy in the low-energy region, as visible in the upper right panel of Fig. 6. The ulti-
mate performance of the amplitude surrogate is comparable to the one based on the fixed-m,
dataset.

This is confirmed in the lower left panel of Fig. 6. Including the low-energy sample shifts
the end point of the accuracy distribution from around 10° to order-one, albeit not as low as
for the fixed-m, case. The peak of the relative accuracy remains around 107°, on par with the
fixed-m, case. For training without an extra low-energy sample, the tail of the distribution
is again almost exclusively constituted of below top-quark threshold events. We analyze the
calibration of the learned uncertainties in the lower right panel of Fig. 6. The pull distributions
for the more complex regression problem are clearly Gaussian and much better calibrated.

We investigate the dependence of the accuracy on the top-quark mass in Fig. 7. In the left
panel, showing the mean accuracy as a function of m,, we see how the low-energy training
sample improves the accuracy. It fluctuates strongly as a function of m,, reflecting the random
sampling. A more regular sampling strategy could help flatten the distribution. However, if an
additional low-energy training sample is included, the accuracy is never worse than ~ 5-107%.
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Figure 6: Upper: mean relative accuracy of the LO HH surrogate with variable m,,
trained on an unweighted sample (left) and including an additional low-§ sample
for training (right). The sub-panels show the density of the training dataset. Lower:
relative accuracy, we also show the amplitudes below the top threshold (left), and
corresponding pull distributions (right).
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Figure 7: Left: mean relative accuracy of the LO HH surrogate as a function of
m,, comparing the training datasets without and with an additional low-$ training
sample. Right: corresponding median relative accuracy.

Table 1: Mean and median test accuracies of the LO HH surrogate for fixed and
varying m,, including training with additional low-§ and KDE samples. The average
and standard deviations of five independent runs are shown.

varying m, flux samp. | low-§ sample KDE sample mean |A| median |A]

(1.3+£0.3)-1072 | (3.8+0.5)-1077
v (9.3+£1.1)-10°[(1.1+£0.1)-107°
v (0.9+1.0)-1072 | (4.7+0.3)- 1077

v (1.2£0.02)-107° | (2.5+£0.2)- 1077
v v (6.4+0.4)-107°[(1.1£0.1)-107°
v v (44+0.1)-107° | (4.2+0.2)-1077

Comparing the mean to the median accuracy, shown in the right panel of Fig. 7, indicates
that the upwards fluctuations in the mean accuracy are mainly caused by outliers. For the me-
dian, the surrogate trained using an additional low-energy sample has an almost flat accuracy,
indicating that for the bulk of the test data the amplitude is predicted at the relative 107° level.
Without the additional low-energy sample, the surrogate struggles to learn the m,-dependence
and the median relative accuracy decreases towards the edges of the considered m,-range.

Finally, we compare the mean and median relative accuracies of the different LO fixed-
m, and m,-dependent surrogates based in Tab. 1. All values are based on five independent
runs with the given uncertainty indicating the standard deviation across runs. All medians are
somewhat comparable, reflecting the surrogate accuracy and precision for the bulk of phase
space points. Additional sampling only has a minor effect on the performance. However,
including an additional low-energy training sample or a KDE sample does significantly boost
the mean accuracy, which is sensitive to outliers. This effect, which also shifts the upper
endpoints in the |A| distributions, is more pronounced for varying m, and brings the datasets
with fixed and varying m, to roughly comparable accuracy, without increasing the size of the
training dataset.

3.3 Two-loop virtual amplitude

Finally, we investigate a surrogate trained on the much smaller dataset for the two-loop virtual
amplitude, interfered with the Born amplitude, UV-renormalized and after subtracting the IR
singularities [45,77-80]. To fully exploit the limited training and validation datasets, we use
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K-fold cross-validation. The folds are obtained by holding out a fixed test set and randomly
partitioning the remaining training and validation events into five equally-sized, mutually ex-
clusive subsets (K = 5).

The accuracy is shown in the left panel of Fig. 8, compared to a grid interpolation [45]
based on convenient data pre-processing and the Clough-Tocher routine from SciPy [81].
We observe a very similar performance, with the NN surrogate performing slightly better, in
particular towards large relative deviations. The similar performance of the grid interpolation
and the NN surrogate reflects the low phase space dimensionality and the limited amount of
training data [39]. An investigation of the surrogate accuracy across phase space did not reveal

—— NN surrogate mmw 0.61 — NN surrogate
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interpolation =z B 051 — #(0,1)
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8 Im
g =
g
310!/
= 10 J H
10°4 ﬂ
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Figure 8: Left: comparison of the accuracy of the NN surrogate and a grid interpola-
tion. Right: pull distribution of the total uncertainty predicted by the surrogate.
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Figure 9: Non-Gaussian effect for the NLO HH surrogate. We employ a GMM (upper
panels) and a Student’s t-likelihood (lower left panel). The empirical coverage is
shown in the lower right panel.
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any significant patterns. This is due to the relatively flat distribution of the training data.

Unlike the grid interpolation, the NN surrogate also provides an uncertainty estimate, for
which we show the pull distribution in the right panel of Fig. 8. The shape resembles a Gaus-
sian, but with enhanced tails. As discussed in Sec. 2.2, the non-Gaussianity is a consequence
of the low dimensionality of the phase space.

Consequently, we investigate a potential improvement from a GMM, with three modes
having the same mean, and a Student’s t-likelihood. The mixtures weights are shown in the
upper left panel of Fig. 9. One mode dominates, but there exists a significant contribution from
one additional mode. We show the distributions of the associated learned widths in the upper
right panel. The second and third mode have significantly larger widths than the dominating
first mode. This shows that the second and to a lesser extent the third mode are covering the
low tail of the residual distribution.

We see a similar effect for the Student’s t-likelihood. In the lower left panel of Fig. 9, we
see the distribution of the learned degree of freedom v(x, ). Almost all values lie between
1 and 10, for which the Student’s t-likelihood has significantly enhanced tails, as compared
to a Gaussian likelihood. Finally, we show all empirical coverages in the lower right panel
of Fig. 9. The GMM slightly outperforms the poor Gaussian likelihood ansatz. However, the
Student’s t-likelihood provides almost perfect coverage, indicating an excellent calibration of
the learned uncertainty all over phase space.

4 ttH production

As a more challenging application, we target top-pair-associated Higgs production. In the
main body of the paper we show the gluon fusion results to LO and NLO, whereas the related
quark-antiquark scattering results are given in App. F. For this process it has been demonstrated
that NN-amplitude surrogates can outperform classic interpolation techniques [39]. Following
Refs. [39,55], we parametrize the 2 — 3 phase space in terms of five dimensionless order-one
variables x;, as required in Sec. 2.3. They are

* Distance from the production threshold s, = (2m, + my)?

2+ 1) 100 1
ﬁ2:1_57051—(mt—mH)2, where we use xlz—(ﬁ2——), (42)
§ (Pe + Pz +Pr) 86 10

corresponding to 2 € [0.1,0.96], or § € [480GeV,2.4TeV], which is similar to the
range accessible by experiment, see also Fig. 2 of Ref. [55].

* Energy fraction carried by the tt system

St —4mf
~ b
(V8 —my)? —4m?

Xy = with s,z = (p, + p;)?. (43)

* Polar angle of the Higgs boson relative to the beam axis

)
cos Oy = b3 = X3 =2, (44)
Eﬁ—m?{ n

* Polar angle of the top relative to the H-tt axis in the tt system

1
Vit (En—3ER—mZ +5.1) 6,

CcoS Qt = = X4=—". (45)
2\/st;—4m% \/Eé—mlzi n
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* Azimuthal angle of the top relative to the H-tt axis in the tt system

tanp, = Pr.2 = X =P
L Pr35in 6 + pyy 1 cos Oy Y

(46)

For the partonic sub-process
gg — ttH, (47)

we train the amplitude surrogate on two different gluon-fusion datasets, the tree-level am-
plitude f; = |M,|? and the finite part of the one-loop amplitude f, = 2Re(/\/lg/\/ll). All
amplitudes are evaluated using GOSAM. No additional preprocessing is applied to f;, while
the NLO amplitudes are normalized to the corresponding tree-level amplitude, so we actually
learn

fa

Ao =f3, and  Ayo= 173 . (48)

As for di-Higgs production, we use 8- 10* phase space points to train each amplitude and 10°
phase space points for testing. The training data corresponds to an unweighted event sample
generated with densities according to pseudo parton distribution functions [39]. They mimic
the behavior of proper parton distribution function sets in the suppression or enhancement
of certain phase space regions. This preprocessing allows the surrogate training to focus on
relevant phase space regions.

4.1 Singularity structure

The physical singularities of the ttH amplitudes provide a challenge to the network training,
which can be alleviated through an appropriate preprocessing. Even though ultraviolet and
infrared singularities are removed from our target amplitudes, there can still remain integrable
singularities, which manifest themselves by steep localized amplitude patterns.

Forward and backward regions

If one of the top quarks is parallel to the beam axis, the amplitude approaches a singularity
which is protected by the top quark mass. In the high-energy limit, the top quark mass becomes
negligible, mf < §, and the amplitude rises steeply. Using the above parametrization, the
transverse momentum of the top quark is

L 1 . . 2
pf’T = |:—|pt|sm 6, cos ¢, cos O — (EﬁB V/Si:+1plPe| cos Gt)sm OH}
+[|P¢|sin 0, Sin¢t]2 > (49)

where fg = Py il/ /S5, Y8 = 4/ 1+ B2, and py ;; is the Higgs 3-momentum in the ¢f rest
frame.

This forward or backward singularity is most severe in the high-energy limit, § > m%, and
if most of the energy is carried by the tt system, s,; ~ §. In this regime, 5 ~ 0 and y5 ~ 1,
and thereby;,

pf’T ~ |B,|? [(sin 6, cos ¢, cos By + cos B, sin B;;)* + (sin O, sin qbt)z] . (50)

The transverse momentum is minimized either for sin 8, ~ 0 or for sin ¢, ~ 0. In the first case,
also sin 6y ~ 0 has to fulfilled, implying that 6,, 85 ~ 0, 7. In the second case, ¢, ~ 0,
means that we need to solve either

sin 6, cos Oy + cos O, sin Oy =0, for ¢, >0, or

sin 0, cos 8 —cos 0, sinfy =0, for o, ~m. (51)
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This implies

0 — T— 0O, for ¢, ~0,
£ O, for ¢, ~m.

These two solutions also incorporate the first case, for which sin 8; =~ 0 to begin with. In terms
of the x;, the limits correspond to

X3 = X4, or X3=1—x4. (52)

In the first case, the top quark is moving in negative 2 direction; in the second case, in positive
Z direction. This derivation is valid analogously for the anti-top quark.

Coulomb singularities

A second key feature, starting at NLO, is a Coulomb-type singularity (Sommerfeld enhance-
ment [82]) in the limit x, — 0. By default, we subtract the Coulomb singularity from the NLO
amplitudes [39], based on the results of Ref. [83]. For the qg — ttH NLO amplitude, this
reads explicitly

7'[2
el

/‘-}tt

where T,; is the product of the t and t color operators and f3;; = 4/1—4m?/s.; [83]. In
analogy, the NLO amplitude for gg — ttH gives us

JRe [(MthEH|Mc%QtEH) + Mgt‘]tEHthflMthEH>:| i (53)

7'52
/3_&<

Due to the color structure the Coulomb singularity is more severe for gluon-induced production
than for quark-induced production. In particular, Ref. [83] finds the following contributions
to the partonic cross-section, singular in the limit §,; — 0,

8a 2m C 7 1
Ocoul = 2| =t xCoul ,  where ng =—=> (55)
3 2m, +my Py ou 6

2Re[(MggffH|M§g“H> + MggtmefwggffH)] . (54)

9

2 212 4

v 11[4mt—mH] —ﬁmH

CCOLI1:4_2 ) - ) ~0.25.
[4m7 —my;] +;mH

If not mentioned otherwise, the Coulomb singularity is subtracted from the NLO amplitudes,
and for pp — ttH production, this singularity is also suppressed by the phase space. However,
we will also consider learning amplitudes without Coulomb subtraction, to show that such
features can be learned reliably and independently of phase space factors.

4.2 Leading order gg — ttH

We show the relative accuracy for the gg — ttH amplitude in the upper left panel of Fig. 10,
where “a.u.” is used as an abbreviation for “arbitrary units”. The distribution peaks around
|A| ~ 107% and the upper tail stretches to |A| ~ 1. As described in Sec. 2.3, we search for
clusters in the upper 5% percentile of the |A| distribution. The clustering algorithm identi-
fies two clusters, which are most easily understood as diagonals in the (x5, x4) plane, shown
in the upper right panel of Fig. 10. These kinematic configurations correspond to the for-
ward/backward scattering pseudo-singular regions, where the top-quark moves into positive
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Figure 10: Upper: relative accuracy of the gg — ttH LO surrogate, highlighting the
contribution of the identified low-accuracy clusters (left) and clustering representing
the forward and backward singularities (right). Lower: relative accuracy (left) and
pull distributions (right) without and with additional KDE training.

or negative beam direction. Each cluster contains approximately 30% of the 10% of phase
space points with the highest |A|. The remaining 40% low-accuracy points are not clustered
in phase space.

Next, we cover low-accuracy regions with an additional training sample using the KDE
algorithm described in Sec. 2.4. This additional dataset contains 1.5 - 10* events. To provide
a fair comparison, we reduce the normal unweighted training dataset to 6.5 - 10%, such that
the training dataset has the same size as without the KDE sample. The resulting accuracy
distributions are shown in the lower left panel of Fig. 10, with a visible improvement in the
large-A tail. We confirmed that the probability density constructed by the KDE also features
the cross-like structure in the (x3, x4)-plane, see App. E.

Subsequently, we test the calibration of the learned uncertainties. As visible in the lower
right panel of Fig. 10, the pull distributions of the surrogates with and without the additional
KDE sample are reasonably well compatible, and the approximately unit Gaussian distribution
pull confirms the Gaussian ansatz. We also checked that the Student’s t-likelihood does not
improve the empirical coverage.

4.3 Next-to-leading order gg — ttH

Now we move to the NLO gg — ttH surrogate with subtracted Coulomb singularity. In the
upper left panel of Fig. 11, we show the |A| distributions including the contribution from
the identified low-accuracy cluster. As for the LO amplitude, two clusters correspond to two
forward /backward scattering regions. As mentioned above, we do not directly learn the NLO
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Figure 11: Upper: relative accuracy of the gg — ttH NLO surrogate, highlighting the
contribution of the identified low-accuracy clusters (left) and clustering representing
the forward and backward singularities (right). Lower: relative accuracy (left) and
empirical coverage (right) without and with additional KDE training.

amplitude but the ratio between NLO and LO amplitudes. In this ratio, the forward/backward
beam singularity cancels almost completely. Even though the amplitude ratio is flatter than
the LO amplitude, a significant feature sill remains, see App. B. The remaining singularity
structure is still identified by the clustering algorithm, as shown in the upper right panel of
Fig. 11. The two clusters for top quarks along the beam pipe constitute around 88% of the
large-|A| points, with very little noise left in the (x3, x4)-plane.

Generating additional training data in the low-accuracy regions, using KDE sampling,
slightly improves the tail of the |A| distribution, as shown in the lower left panel of Fig. 8.
For the NLO case, we show the calibration of the learned uncertainties without a Gaussian
assumption and in terms of the empirical coverage in the lower right panel of Fig. 8. The
surrogates with the additional KDE sample improves the calibration of the uncertainties, lead-
ing to a reliable calibration when used together with a Student’s t-likelihood rather than the
standard Gaussian likelihood.

NLO with Coulomb singularity

As a final test of our phase space cluster finding, we investigate the gg — ttH NLO amplitude
without subtracting the Coulomb singularity. Indeed, the clustering algorithm now picks up
three clusters, including the Coulomb singularity, as shown in the upper right panel of Fig. 12.
The Coulomb cluster appears for small x, values, corresponding to a small energy of the tt
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Figure 12: Upper: relative accuracy of the gg — ttH NLO surrogate with Coulomb
singularity, highlighting the contribution of the identified low-accuracy clusters
(left) and clustering representing the forward, backward, and Coulomb singulari-
ties (right). Lower: pull distibution (left) and empirical coverage (right).

system. However, in the corresponding |A| distribution, we observe that the Coulomb singu-
larity cluster only contributes around 4% to the poor-accuracy tail, whereas the two collinear
clusters are responsible for 65% of this tail. This is because the radiation of the Higgs boson
from a top-quark protects the Coulomb singularity, as the top propagators only can go both
on-shell in the soft Higgs limit. As an additional test presented in App. D, we also performed
the clustering based on the learned uncertainty finding similar results.

The pull distribution in the lower left panel of Fig. 12 shows that, as for the subtracted NLO
amplitude, the learned uncertainty using a Gaussian likelihood is underconfident. Replacing
the Gaussian with a Student’s t-likelihood significantly improves the empirical coverage, as
shown in the lower right panel.

Accuracy

Finally, in Tab. 2, we compare the mean and median accuracies reached for the various ttH
datasets. For comparison, we also show the e metric introduced in Ref. [39], which is given
by

Zi |ANN () — Agrue (7))
€= ,
ZiAtrue(xi)
for an unweighted phase space sample and independent of the way the amplitude is actually
learned.

(56)
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Table 2: Comparison of mean and median accuracies of the various ttH surrogates.
For comparison, also values for the ¢ metric introduced in Ref. [39] are shown. The
metrics are averaged over five independent runs with the quoted uncertainty corre-
sponding to the standard deviation of the five runs.

dataset KDE mean |A| median |A| €
LO (5.5+0.4)-107%|(7.3£2.8)-10°| (5.5+0.4)-107*
LO v |(2.3£0.04)-107*|(3.2+0.1)-107° | (2.34 £ 0.04) - 10~*
_ NLO (2.1+£0.8)-107%((6.9+3.2)-10°| (1.3£0.1)-107°
gg >ttt i v/ | (1.5+£0.3)-1073((6.4+0.8)-107°| (9.6+0.7)-10~*
NLO with Coul. sing. (1.5+£0.1)-1072 | (5.6+1.6)-107°| (2.2£0.1)-107°
NLO with Coul. sing. v | (4.8+0.1)-107*|(1.8£0.6)-10™°| (1.6+£0.01)-1073
LO (9.6£0.7)-107°|(2.0£0.1)-107°| (9.6£0.7)-107°
LO v | (6.5£0.1)-107°((2.0+0.1)-10°| (5.5+0.1)-107°
_ _ NLO (1.1£0.2)-107% [ (4.9£1.0)-10°| (2.2%0.1)-107*
9= tH \io v/ | (80+1.4)-10|(45+04)-10°°| (1.8+0.1)-10~*
NLO with Coul. sing. (1.44£0.04)-107% | (3.3+£0.5)-10° | (2.84+0.2)-1073
NLO with Coul. sing. v |(3.1+£0.04)-107*|(3.9+£3.4)-10°| (1.8+0.2)-1073

For the gg — ttH amplitudes, the mean relative accuracy of the LO amplitude is roughly
an order of magnitude better than the one of the NLO amplitude. However, the median relative
accuracy is roughly the same for the LO and NLO amplitudes. This indicates that the loss of
mean accuracy at NLO is caused by a small number of low-accuracy phase space points. Includ-
ing an additional training dataset covering low-accuracy regions described by KDE clustering
improves, in particular, the mean accuracies by almost a factor of two. Training a surrogate
for the NLO amplitude without subtracting the Coulomb singularity does not lead to a visible
degradation and can, within uncertainties, even improve the performance.

For the NLO gluon-fusion dataset, the shown e value is slightly worse than the MLP value
found in Ref. [39] for the same size of the training dataset. This is due to the used L1 loss in
Ref. [39] which more directly optimizes the € metric.

Finally, we also show results for the g — ttH amplitude. The same kind of study as for the
gluon-fusion process is given in App. F. As a consequence of the missing t-channel diagram,
the forward /backward scattering singularities are weaker. As shown in Eq. (55) and in App. C,
also the Coulomb singularity is weaker. Consequently, the low-accuracy clusters are smaller
and the upper tail of the |A| distribution is dominated by noise.

5 Outlook

Accurate and fast higher-order predictions of kinematic distributions are at the heart of the
precision-LHC program. The challenges of the upcoming HL-LHC runs force us to accelerate
the corresponding simulation tools and to include even higher loop orders. For both chal-
lenges, NN-surrogates of transition amplitudes provide a promising direction, especially if we
can use these surrogates without further reweighting. Trustworthy amplitude surrogates have
to cover two aspects: they have to accurately reproduce the truth and they have to include a
reliable and calibrated uncertainty.

We have first established a way to learn uncertainties in a non-Gaussian regime, where
the standard pull benchmark to assess the uncertainties has to be replaced by a coverage test.
Just like for linear regression, surrogates with a larger phase space dimensionality behave
more Gaussian, thanks to the central limit theorem. To identify potential failure modes, we
have developed a novel method to search for localized patterns with low accuracy or large
uncertainties. Finally, we have proposed a way to alleviate such localized problems through
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an adaptive sampling of the training dataset.

We have established these novel techniques for the finite part of the virtual amplitudes for
di-Higgs production in gluon fusion up to two loops, and for Higgs production associated with
a top quark pair up to one loop. In both cases, challenging phase space regions, such as the
virtual top quark pair production threshold in the di-Higgs case or a Coulomb-type singularity
in the ttH case, are reproduced adequately by the adaptively trained surrogate.

Using simple network architectures, surrogate amplitudes can be evaluated at least as
fast as low-multiplicity leading-order amplitudes, i.e. faster than analytically available (multi-
scale) two-loop amplitudes and much faster than numerical calculations. An efficient way to
generate optimal training data is a critical step. Our new, adaptive training provides us with
accurate surrogates including a reliable and conservative uncertainty estimate, even for non-
Gaussian likelihoods and in the presence of challenging phase space features. Our methods
will be especially important for pushing the amplitude surrogates to higher loop orders where
the singularity structures are richer. Another complication at higher loop orders is given by
the smaller amount of available training data. As the performance of the NN-based methods
scales favorably with the number of phase space dimensions, surrogate amplitudes can pave
the way to fast Monte Carlo programs for multi-scale processes at NNLO and beyond, provided
that similar progress is made on the unresolved real radiation side.
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A Hyperparameters

We provide an overview of the hyperparameter settings used for the various processes in Tab. 3.
For the gg — ttH and qq — ttH surrogates, we used the same hyperparameters.

Table 3: Network and training parameters.

Parameter toy Z +gluons HHLO HH NLO ttH
Activation function GELU GELU GELU GELU GELU
Number of hidden layers 3 5 5 6 5
Hidden nodes 64 128 512 256 512
Batch size 256 256 256 1024 256
Scheduler Cosine Cosine Cosine  Cosine  Cosine
Max learning rate 2-10*% 2.10* 2-10* 10* 2-107*
Number of epochs 1000 4000 4000 4000 2000
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Figure 13: Left: One-dimensional slice of the gg — ttH amplitude for x; = 0.99,

x5 =0.95, x4 = 0.40, x5 = 0.01. Right: same as left, but each function is individually
normalized to [0, 1].

B Forward/backward regions: NLO to LO ratio

Fig. 13 shows a one-dimensional slice in x; of the gg — ttH amplitude for fixed values of
x; = 0.99, x, = 0.95, x4, = 0.40 and x5 = 0.01. The forward/backward region described
in section 4.1 is clearly visible at x3 ~ 0.87 in the LO and NLO amplitudes, whereas the
absolute value of the ratio is nearly flat compared to the amplitudes themselves. When each
function is individually normalized to [0, 1] however, the ratio also shows steep changes in
the forward/backward region. This results in a challenging region for the surrogate persisting
even when learning only the ratio.

C Accuracy close to Coulomb singularity

In Fig. 14, we show the median relative accuracy of the ttH NLO surrogates as a function of x,
with and without subtraction of the Coulomb singularity. For the gg — ttH surrogate shown
in the left panel, the loss in relative accuracy for x, — 0 without subtraction of the Coulomb
singularity is significantly larger than for the qg — ttH amplitude shown in the right panel.
This is in agreement with the theoretical expectation outlined in Sec. 4.1.

0.020 1 -»- NLO gg — ttH w/o Coul. sing. 0.0030+ -~ NLO qG — ttH w/o Coul. sing.
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Figure 14: Left: median accuracy of the gg — ttH NLO surrogate as a function of
X, with and without subtraction of the Coulomb singularity. Right: Same as left, but
the median accuracy of the qg — ttH NLO surrogate is shown.
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D Clustering based on estimated uncertainties

In Fig. 15, we show the result of the clustering algorithm for the NLO gg — ttH surrogate
without subtraction of the Coulomb singularity based on the estimated uncertainties. In par-
ticular, we use o /A instead of | A| as measure to selecting the least accurate phase-space points.
As before, the forward/backward regions and the Coulomb singularity are identified. In ad-
dition, the algorithm identifies an additional cluster, which we could not identify with any
specific features of the amplitude. We attribute this to the fact that the clustering is performed
based on the 5% points with the largest o /A and not the largest |A|. Since the uncertainty is
—0.80

not perfectly calibrated, a different set of points is selected.
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Figure 16: Density plot of the marginalized KDE-PDF for gg — ttH in the x3-x4
plane at LO (left) and at NLO (right).
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E Extracted KDE estimates

Fig. 16 shows the marginalized KDE-PDF for the gg — ttH channel in the x3-x4 plane at LO
and NLO. The KDE-PDF can clearly be observed to reproduce the diagonal structure formed by
the two clusters identified in the top right panel of Figs. 10 and 11, leading to a KDE sample
focused in the forward/backwards scattering regions.

F qq — ttH results

In this Appendix, we collect the results for the qg — ttH amplitude, which we investigated in
the same way as the gg — ttH amplitude.

Leading order

First, we discuss the results for the LO amplitude shown in Fig. 17. As for the gg — ttH
amplitude, the clustering algorithm identifies the forward/backward regions. But due to the
lack of a t-channel diagram, the forward/backward scattering singularities are significantly
weaker than for the gg — ttH amplitude and the tail of the |A| distribution is dominated by
noise. Including an additional KDE sampling significantly improves the performance. We find
the uncertainty estimate to be slightly underconfident.
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Figure 17: Upper left: Relative accuracy of qGg — ttH LO surrogates highlighting the
identified low-accuracy clusters. Upper right: identified clusters in the (x3, x4) plane.
Lower left: Relative accuracy comparing the surrogates trained with and without
additional KDE training samples. Lower right: Systematic pull distributions.
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Figure 18: Upper left: Relative accuracy of q§ — ttH NLO surrogates highlighting
the identified low-accuracy clusters. Upper right: identified clusters in the (x3,x4)
plane. Lower left: Relative accuracy comparing the surrogates trained with and with-
out additional KDE training samples. Lower right: Systematic pull distributions.

Next-to-leading order

The results for the NLO amplitude are shown in Fig. 18. The results are very similar to the
LO amplitude. The forward/backward regions again only slightly contribute to the upper |A|
tail, the KDE sampling significantly improves performance, and the uncertainty estimates are
slightly underconfident.

NLO qq — ttH with Coulomb singularity

Finally, we show in 19 the results for the NLO qq — ttH amplitude without subtraction of the
Coulomb singularity. The accuracy is comparable to the case with subtraction. The cluster-
ing algorithm picks up the Coulomb singularity but fails to identify the backward scattering
region due to the large amount of noise. We find the uncertainty estimate to be again slightly
underconfident.
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