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Abstract—As distribution system (DS) flexibility becomes cru-
cial for transmission system operator (TSO) network manage-
ment, data privacy concerns hinder effective interoperability.
The notion of feasible operating region (FOR) has emerged
as a promising privacy-preserving concept. However, effectively
leveraging FOR in TSO operations remains challenging due
to three key factors: its accurate determination in large-scale,
meshed DS networks; its tractable analytical representation;
and its economic valuation. The present paper proposes an
AC optimal power flow (OPF)-based method to construct a
three-dimensional PQV-FOR that explicitly accounts for voltage
variability and diverse flexibility-providing unit (FPU) charac-
teristics. The construction process employs a two-stage sampling
strategy that combines bounding box projection and Fibonacci
direction sampling to capture the FOR. Then, an implicit poly-
nomial fitting approach is introduced to analytically represent
the FOR. Furthermore, a quadratic cost function is derived over
the PQV domain to monetize the FOR. The resulting framework
enables single-round TSO-DSO communication without iterative
exchanges. Case studies on meshed DS with up to 533 buses, in-
tegrated into TSs, demonstrate the method’s efficiency compared
to standard AC-OPF. On average, the proposed approach yields
negligible cost deviations of at most 0.058% across test cases,
while reducing online computation times by up to 58.11%.

Index Terms—aggregated flexibility, analytical representation,
feasible operating region, monetization, TSO-DSO coordination.

I. INTRODUCTION

The rapid integration of distributed generators (DGs) has
significantly increased the flexibility in distribution systems
(DSs). This flexibility, delivered by flexibility-providing units
(FPUs), offers substantial potential for overall network man-
agement. Therefore, effective coordination between Transmis-
sion System Operators (TSOs) and Distribution System Oper-
ators (DSOs) has become essential for reliable grid operation
[1]. However, such coordination is often constrained by data
privacy concerns among stakeholders [2], [3], motivating the
development of privacy-preserving coordination frameworks.

In this context, the Feasible Operating Region (FOR), based
on the PQ (active and reactive power) chart, has been proposed

This work was conducted within the framework of the Helmholtz Program
Energy System Design (ESD).
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to represent aggregated DS flexibility. The FOR captures all
feasible combinations of active and reactive power at the point
of common coupling (PCC) while respecting DS technical
constraints. By sharing this compact representation instead
of sensitive DSO data (e.g., network topology or customer
information), DSOs enable TSOs to directly incorporate DS
flexibility into their operational planning [4].

A. Related Work

Literature classifies FOR computation into geometric, ran-
dom sampling (RS), and optimization-based approaches, par-
ticularly those relying on optimal power flow (OPF). Geomet-
ric methods aggregate FPU flexibilities to form the FOR [5],
[6]. However, they may not explicitly account for network
constraints, as noted in [7]. RS approaches generate a large
number of operating points and verify feasibility through
power flow analysis [8]. While grid-aware, these methods are
computationally intensive [9]. As a result, OPF-based methods
have gained prominence as a more efficient alternative [10].

Among OPF-based approaches, linearized models are com-
monly used [11], [12], offering computational efficiency but
sacrificing accuracy due to linearization of power flow equa-
tions [10]. Another category involves sampling strategies
[13], typically classified as angle-based and set-point-based
approaches, in which OPF is solved for varying objective
function coefficients in the PQ domain [14], [15]. These
methods are effective in identifying the FOR boundary [7],
but most existing studies are limited to radial networks, small-
scale systems, and fixed PCC voltage assumptions [4], [16].
In practice, DSs are increasingly operated as meshed networks
and this should be considered. Moreover, to fully exploit DS
flexibility, the PCC voltage should not be assumed constant;
instead, analyses should be conducted in the three-dimensional
PQV (active power, reactive power, and voltage) domain [17].
These factors highlight the need for more advanced approaches
to accurately determine the FOR under realistic conditions.

Once the FOR is determined, a critical question arises: how
can the FORs computed by DSOs be effectively utilized by
TSOs in their operational planning? Iterative coordination
schemes have been proposed, in which the DSO computes
the FOR and the TSO proposes an operating point that is
subsequently validated by the DSO [18]–[20]. However, such
approaches often require multiple iterations, leading to high
communication overhead. To avoid this, it is desirable to
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TABLE I
OVERVIEW OF THE RELATED WORK.

Work Uses Full
AC-Power Flow Model

Meshed
Distribution System

Considered
Variables at PCC Analytical FOR Analytical

Cost
TSO-DSO

Coordination Scheme

[18] ✗ ✗ P, Q ✓(Polygon) ✗ Iterative
[19] ✓ ✓ P, Q ✗ ✗ Iterative
[20] ✗ ✗ P, Q ✓(Polygon) ✗ Iterative
[21] ✗ ✗ P, Q ✓(Polygon) ✗ Iterative
[22] ✓ Not Specified P, Q ✓(PQ Box) ✗ Single Round
[23] ✗ Not Specified P, Q ✓(PQ Box) ✗ Iterative
[24] ✗ ✗ P, Q, V ✓(Polyhedron) ✓ Not Specified
[25] ✓ ✗ P, Q ✗ ✗ Not Specified
[26] ✓ ✓ P, Q ✗ ✗ Not Specified
[27] ✓ ✗ P or Q ✗ ✓ Not Specified
[28] ✓ Not Specified Q ✓(1D Q-Range) ✓ Single Round

This Work ✓ ✓ P, Q, V ✓(Implicit Polynomial) ✓ Single Round

represent the FOR analytically so that it can be directly em-
bedded into the TSO’s OPF formulation. Due to the potentially
non-convex nature of the FOR, this remains challenging, and
simplifying assumptions are often employed in the literature.

For instance, [21] approximates the FOR as a polygon and
integrates it into a linear OPF through linear inequalities.
Similarly, [22] and [23] model the FOR using a rectangular PQ
box. While computationally convenient, these simplifications
neglect the complex geometry of the true FOR. The work
presented in [24] employs the LinDistFlow model to compute
a conservative approximation of the FOR, ensuring that the
resulting bounds remain within the actual FOR, thus avoiding
the risk of selecting infeasible setpoints, which is a common
issue in convex hull-based approaches. As a result, existing
methods often lead to over-conservative or inaccurate repre-
sentations, highlighting the need for analytical FOR models
that balance computational tractability and accuracy.

While the FOR characterizes feasibility, its integration into
the TSO’s OPF also requires an analytical representation of
flexibility cost in the PQV domain. One of the earliest efforts
is presented in [25], where monetization is approached through
aggregation and disaggregation, and the cost is computed
individually for each FOR operating point. Similarly, [26] fol-
lows a comparable approach. However, these methods lack an
analytical cost representation, require repeated evaluations for
new points, and therefore remain computationally intensive.

An analytical cost representation is proposed in [27], where
piecewise linear functions are derived for active and reactive
power, but the approach is validated only on a 34-bus radial
system and not integrated into OPF. In [28], a quadratic cost is
used for reactive power under fixed active power and voltage
assumptions. Meanwhile, [24] emphasizes that the variables at
the PCC, including P, Q, and V, must be considered holistically
when defining the cost function; however, the cost is fitted
using a quadratic function based on the simplified LinDistFlow
model and is validated only on a small 15-bus radial test
system. These studies highlight that, to fully leverage DS
flexibility within TSO operations, the cost of the FOR must
be represented in a form that is both analytically tractable
and compatible with OPF formulations. Furthermore, these
approaches must be extended to more realistic conditions,
including meshed network topologies, large-scale systems, and
AC-OPF. An overview of the related work is given in Table I.

B. Contributions

In the present paper, we address a key limitation of most
existing flexibility models, which are defined in the PQ
domain and assume a fixed PCC voltage. Since voltage is
a controllable variable in practice, this assumption underes-
timates the available flexibility. Therefore, we construct the
FOR in the three-dimensional PQV space, thereby capturing
the broader DS flexibility. To efficiently capture the FOR
boundary, we use bounding box projection and Fibonacci
direction sampling techniques, enabling accurate estimation
with a relatively small number of samples. Additionally, we
incorporate diverse PQ characteristics, moving beyond the
conventional assumption of rectangular PQ capability profiles.

Furthermore, while several studies provide geometric an-
alytical FOR approximations, these are typically limited to
simple shapes. In contrast, we represent the FOR using an
implicit polynomial, which allows complex non-convex ge-
ometries to be expressed as a single constraint in the AC-
OPF. Importantly, the polynomial is constructed conservatively
to avoid including infeasible regions while still preserving as
much usable flexibility as possible, thereby promoting feasible
OPF solutions without significant loss of available flexibility.

Finally, a quadratic cost function is fitted over the PQV
domain to complement the FOR representation and enable
economic optimization of flexibility within the same OPF
framework, unlike existing approaches. Comprehensive case
studies are then conducted to demonstrate the effectiveness of
the proposed method.

The key contributions of the present paper are as follows:

‚ A realistic characterization of DS flexibility is proposed
by moving beyond conventional PQ-only models and
explicitly defining flexibility in the three-dimensional
PQV domain, capturing the impact of voltage variability.

‚ An analytical representation of DS flexibility is for-
mulated to enable its direct integration into the TSO’s
AC-OPF, comprising two components: (i) an implicit
polynomial to represent the non-convex FOR boundary,
and (ii) an analytical quadratic cost function to monetize
operating points, completing the analytical interface.

‚ A data-driven methodology is developed to construct
analytical models through effective sampling strategies.
A complementary approach, combining bounding box
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projection and Fibonacci directions, efficiently captures
the FOR boundary, while Latin hypercube sampling gen-
erates a homogeneous dataset for the cost function.

‚ The proposed analytical representations facilitate the re-
alization of a single-round TSO-DSO communication
scheme, without iterative coordination or computation-
ally intensive disaggregation. The resulting interface is
inherently privacy-preserving, as only analytical func-
tions defined over non-sensitive coupling variables are
exchanged, without requiring disclosure of sensitive data
such as network topology and load profiles.

The rest of the paper is organized as follows: Section II
outlines the proposed methodology and introduces the FOR-
based AC-OPF. Building upon this formulation, Section III
describes the sampling strategies used to extract representative
boundary and interior points of the FOR. These samples form
the basis of Section IV, where analytical models of the FOR
and its associated cost function are constructed using implicit
polynomials. Subsequently, Section V validates the proposed
framework through case studies, including performance eval-
uation, sensitivity analyses, and comparisons with benchmark
methods. Finally, Section VI concludes the paper.

II. OVERVIEW OF THE PROPOSED METHODOLOGY

Throughout this paper, we adopt the notation and symbol
conventions summarized in Table II.

A. Standard AC-OPF for Integrated Transmission-
Distribution System

For an integrated transmission-distribution system with nb

total buses, including ng conventional generator and nb,ts

buses in TS, and comprising nds DSs, where the j-th DS
contains ndg,j DGs1, the standard AC-OPF problem, without
any modifications to the constraints or objective function, can
be formulated as follows:

min
pv,pθ,

qpg,qqg,
pdg,j ,
qdg,j

ng
ÿ

i“1

Cipqppiq
g q `

nds
ÿ

j“1

ndg,j
ÿ

k“1

Cjkpp
pkq

dg,jq (1a)

s.t. GPppv, pθ; pY q ` ppd ´ K qpg ´

nds
ÿ

j“1

Hjpdg,j “ 0, (1b)

GQppv, pθ; pY q ` pqd ´ K qqg ´

nds
ÿ

j“1

Hjqdg,j “ 0, (1c)

Glineppv, pθ; pY q ĺ plline,max, (1d)
Gdg,jppdg,j , qdg,jq ĺ 0, @j P t1, .., ndsu, (1e)

pvmin ĺ pv ĺ pvmax, pθmin ĺ pθ ĺ pθmax, (1f)
qpg,min ĺ qpg ĺ qpg,max, qqg,min ĺ qqg ĺ qqg,max, (1g)

pdg,j,min ĺ pdg,j ĺ pdg,j,max, @j P t1, ., ndsu, (1h)

qdg,j,min ĺ qdg,j ĺ qdg,j,max, @j P t1, .., ndsu, (1i)

1The presented framework is applicable to any type of FPUs. For ease of
exposition, we refer to these units simply as DGs throughout the remainder
of the paper.

TABLE II
NOTATION AND SYMBOL CONVENTIONS

Symbol Description

a,A Parameters
a,A Variables
a Scalar and (column) vector
A Matrix
A Set
Ap¨q Function
apnq n-th element of vector a
Apn,:q n-th row of matrix A
Api,jq Element in row i, column j of A
ĺ,ľ Element-wise comparison
ď,ě Scalar comparison
pa Integrated TS-DS variable
qa TS-only variable
a DS-only variable

where pv, pθ, ppd, pqd P Rnb denote the bus voltage magnitudes,
voltage angles, and active and reactive power demand vectors,
respectively. The bus admittance matrix is represented by pY P

Rnbˆnb . Active and reactive power generation vectors for the
TS are qpg, qqg P Rnb,ts , with the corresponding connection
matrix K P Rnbˆnb,ts , where Kpt,vq “ 1 if this element is
in the TS, and zero otherwise. For the j-th DS, pdg,j , qdg,j P

Rndg,j denote the active and reactive power generation vectors
of DGs. Their connection to the network is captured by matrix
Hj P Rnbˆndg,j with H

pm,nq

j “ 1 if the n-th DG of DS j
connects at bus m, and zero otherwise.

The OPF objective in (1a) minimizes the total generation
cost, including that of DGs. Let Cip¨q and Cjkp¨q be the
generation cost functions for TS generators at bus i, and the
k-th DG in DS j, respectively. Both functions are modeled as
standard quadratic cost functions as Clppq “ alp

2 ` blp ` cl,
without loss of generality. For notational simplicity, the first
ng buses are correspond to conventional generators in the
integrated system. Equations (1b)-(1c) enforce active and
reactive power balance through functions GP p¨q and GQp¨q.
The line flow limits are enforced in (1d) via Glinep¨q, bounded
by line flow limit vector plline,max. Additionally, the function
Gdg,jp¨q in (1e) characterizes the operating limits of DGs that
do not exhibit conventional rectangular PQ capability curves.
Constraints on voltages and generations are imposed in (1f)-
(1i).

B. FOR-Based AC-OPF for Privacy-Preserving DS Flexibility
Utilization

A key observation from (1) is that utilizing DS flexibility
within an OPF framework typically necessitates access to
sensitive system information. For instance, the admittance
matrix pY encodes detailed grid topology, while the vectors ppd
and pqd contain detailed load profiles. As the OPF problem is
typically coordinated by the TSO, DSOs are often reluctant to
disclose such data due to privacy concerns. To overcome this
limitation, we propose a FOR-based AC-OPF formulation that
enables the integration of DS flexibility without requiring the
exchange of sensitive information between TSOs and DSOs.

In the proposed framework, each DS is represented via
two analytical functions: one representing its FOR and the
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other modeling the associated cost of FOR. These functions
are defined over non-sensitive coupling variables that are
already exchanged between TSOs and DSOs. Specifically, we
consider nds DSs, where the j-th DS comprises ndg,j DGs,
and is connected to a designated transmission buses tbj , which
serve as points of common coupling (PCCs). These PCCs
are assumed to be empty buses, meaning they do not host
any directly connected generation or load units. Each DS j is
therefore characterized by functions defined over the coupling
variables in the PQV domain, pj , qj ,vj P R, namely active
and reactive power flow at the PCC-directed from DS towards
TS-and voltage magnitude at the corresponding PCC. For
notational convenience, we define a concatenated vector of
coupling variables as xj “

“

pj qj vj

‰J
P R3. With this,

the FOR-based AC-OPF problem can be expressed as follows:

min
qv,qθ,

qpg,qqg,
xj

,

ng
ÿ

i“1

Cipqppiq
g q `

nds
ÿ

j“1

Cjpxjq (2a)

s.t. GPpqv, qθ; qY q ` qpd ´ qpg “ 0, (2b)

GQpqv, qθ; qY q ` qqd ´ qqg “ 0, (2c)

Glinepqv, qθ; qY q ĺ qlline,max, (2d)

qvmin ĺ qv ĺ qvmax, qθmin ĺ qθ ĺ qθmax, (2e)
qpg,min ĺ qpg ĺ qpg,max, qqg,min ĺ qqg ĺ qqg,max, (2f)

FORjpxjq ď 0, @j P t1, .., ndsu, (2g)

qpptbjq
g “ pj , qqptbjq

g “ qj , qvptbjq
“ vj , (2h)

xj,min ĺ xj ĺ xj,max, @j P t1, .., ndsu, (2i)

xj “
“

pj qj vj

‰J
,@j P t1, .., ndsu. (2j)

Examining (2b) - (2f), it is evident that only TS-related
variables are explicitly included, while DS-related variables
are encapsulated within the functions FORjpxjq, as defined
in (2g). FORjpxjq characterize the FOR of the DSs, ensuring
compliance with internal technical constraints such as voltage
and line flow limits. Specifically, FORjpxjq ď 0 holds if
and only if xj lies within the FOR. Otherwise, it indicates a
violation of DS constraints. Additionally, the function Cjpxjq

represent the cost associated with the FOR. Furthermore, (2h)
enforces the physical coupling between TS and DS by ensuring
that the coupling variables match at the PCCs. Lastly, (2i)
defines the bounds on the coupling variables.

Both FORjp¨q and Cjp¨q must be represented in ana-
lytical form to ensure their tractability within the AC-OPF
framework. Crucially, these functions are constructed solely
using non-sensitive coupling variables, thereby preserving data
privacy between TSOs and DSOs. A schematic overview of the
proposed framework is illustrated in Fig. 1. In this architecture,
each DSO computes its respective FORjp¨q and Cjp¨q and
communicates them to the TSO. The TSO subsequently in-
corporates these functions into the FOR-based AC-OPF in (2).
Once an optimal solution within the feasible region is obtained,
each DSO independently solves its local AC-OPF to determine
the internal dispatch of its DGs. This process eliminates the
need for computationally intensive disaggregation or itera-

TSO

DSO
1) Calculation of

analytical functions 

2) Calculation of FOR-based AC-OPF 
V

P

Q

3) AC-OPF

for disaggregation

V

P

Q

V

P

Q

G

G

V

P

Q

DG

DG

DG

DG
DS 
side

TS 
side

DS 
side

TS 
side

DS 
side

TS 
side

Fig. 1. Schematic representation of the proposed method. For clarity, only a
single DS is illustrated; however, the framework supports multiple DSs. The
results obtained at each step are highlighted in red.

tive coordination. As a result, the proposed method enables
cost-effective integration of DS flexibility into system-level
decision-making, while maintaining data confidentiality and
complying with the technical constraints of both TSs and DSs.
However, the practical implementation of this framework relies
on the availability of high-quality data that characterize the
FOR. Consequently, before these analytical functions can be
constructed, a systematic data generation process is required,
as detailed in the following section.

III. SAMPLING STRATEGIES FOR FLEXIBILITY MODELING

Based on the architectural requirements established in Sec-
tion II, constructing the analytical functions FORjp¨q and
Cjp¨q requires two distinct datasets because they serve funda-
mentally different modeling purposes. The FOR representation
aims to accurately capture the boundary of the feasible region,
which requires dense sampling on the surface of the region. In
contrast, the cost functions Cjp¨q aims to approximate the cost
distribution within the interior of the feasible region, which
requires a homogeneous sampling of interior points. Therefore,
we employ efficient and computationally tractable strategies to
generate both datasets with minimal overhead, as detailed in
the following subsections.

It is important to note that the sampling is not performed
by independently prescribing active power, reactive power, and
voltage at the PCC. Instead, all PQV samples are obtained as
feasible solutions of AC-OPF problems, in which the physical
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Feasible spaceBounding box

Center of the bounding box Sample on the facets of the FOR

Sample from the facets of the bounding box

V

P

Q

V

P

Q

Sample on the edges of the FOR

a) b) c) V

P

Q

Feasible sample inside the FOR with LHS

Fig. 2. Illustration of the sampling procedure. a) BBPS: Firstly, a tight bounding box is established to enclose the FOR. Initial samples (green) are then
taken from its facets and projected onto the FOR boundary (amber) by solving (3). This strategy effectively concentrates samples along the edges of the FOR
(see Algorithm 1). b) FDS: An origin point (xc,j ) is defined at the center of the bounding box, from which virtual arrows are cast toward the boundary
along systematically chosen directions using a Fibonacci lattice. By solving (4), boundary samples (red) are obtained across the facets of the FOR, ensuring
comprehensive and uniform surface coverage (see Algorithm 2). c) LHS: Candidate points are generated inside the bounding box using LHS. By solving (5),
only the feasible samples (magenta) are retained within the FOR. This ensures a homogeneous dataset that accurately represents the interior region, providing
a reliable basis for approximating the cost distribution (see Algorithm 3). For clarity in the illustration, arrows are shown for only one side.

interdependence among these variables is fully enforced by
the AC power flow equations and operational constraints.
Accordingly, the constructed PQV datasets represent physi-
cally achievable PCC operating points rather than arbitrary
combinations of P, Q, and V.

A. Boundary Sampling for the PQV-FOR

As highlighted in the literature (see Section I-A), AC-
OPF-based methods are particularly effective for identifying
the FOR boundary. However, capturing the FOR’s complete
geometry, which includes both the edges and facets, requires
a comprehensive strategy. To this end, we develop an approach
for generating FOR boundary data that combines two comple-
mentary methods: Bounding Box Projection Sampling (BBPS)
to effectively capture the edges, and Fibonacci Direction
Sampling (FDS) to ensure full coverage of the facets. The
combination of these methods, which are detailed in the fol-
lowing subsections, yields a well-distributed and representative
dataset that accurately characterizes the FOR’s complex shape.

1) Bounding Box Projection Sampling (BBPS): The BBPS
method, detailed in Algorithm 1, is the first of two comple-
mentary strategies. The process is executed in two phases.

In the first phase, we establish a tight bounding box that
encloses the FOR. This is achieved by solving six AC-OPF
problems to find the minimum and maximum feasible values
for each of the three coupling variables (pj , qj ,vj) at the PCC,
resulting in the limit vectors xj,min, xj,max P R3. This targeted
approach avoids inefficient sampling of the inherently large
infeasible space and focuses the data generation effort on the
most relevant region.

In the second phase, we generate the boundary dataset itself.
A set of nbbps,j points, denoted individually as xlhsf,j P R3, is
sampled on the facets of the previously determined bounding

Algorithm 1 The BBPS-based Algorithm for Generating FOR
Boundary Data

Input: Power system data for DS j
Output: xj,min, xj,max, Dbbps,j

1: Phase 1: Determine Bounding Box
2: for idx Ð 1 to 3 do
3: x

pidxq

j,min Ð Solve minx
pidxq

j s.t. AC-OPF constraints
4: x

pidxq

j,max Ð Solve maxx
pidxq

j s.t. AC-OPF constraints
5: end for
6: Phase 2: Project Samples onto FOR Boundary
7: Dbbps,j Ð r s;
8: for k Ð 1 to nbbps,j do
9: xlhsf,j Ð sample a vector from the facets of the

bounding box defined by xj,min and xj,max using LHS
10: Define optimization problem:

min
xj

}xlhsf,j ´ xj}
2
2 (3a)

s.t. Standard AC-OPF constraints for DS j

11: Solve (3) and obtain optimal point x˚
j

12: Dbbps,j Ð rDbbps,j ;x
˚
j

J
s;

13: end for

box using Latin Hypercube Sampling (LHS) [29]. Each exter-
nal point xlhsf,j is then projected onto the FOR boundary by
solving the optimization problem defined in (3). This problem
finds the closest feasible point x˚

j P R3 on the FOR by
minimizing the Euclidean (L2) distance, an approach similar
to the one introduced in our previous work [30].

The resulting optimal points x˚
j are collected to form the

dataset Dbbps,j P Rnbbps,jˆ3. The points generated via BBPS
tend to concentrate along the sharp edges of the FOR (see Fig.
2a), effectively capturing these critical features.
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2) Fibonacci Direction Sampling (FDS): While the BBPS
method effectively captures the edges of the FOR, a comple-
mentary approach is needed to sample its facets. To this end,
we introduce the FDS method, detailed in Algorithm 2, which
ensures comprehensive coverage of the FOR’s entire surface
(see Fig. 2b).

Algorithm 2 The FDS-based Algorithm for Generating FOR
Boundary Data

Input: Power system data for DS j, xj,min, xj,max

Output: Dfds,j

1: Define an optimization problem for a given direction dk:

max
tk

tk (4a)

s.t. xj “ xc,j ` dktk (4b)
Standard AC-OPF constraints for DS j

2: Dfds,j Ð r s;
3: xc,j Ð 0.5 ˆ pxj,max ` xj,minq

4: ϕ Ð πp3 ´
?
5q Ź Golden angle for Fibonacci lattice

5: for k Ð 0 to nfds,j ´ 1 do
6: dk Ð

“

r cospθq r sinpθq z
‰J

,
where z “ 1 ´ 2k`1

nfds,j
, θ “ ϕ ¨ k, r “

?
1 ´ z2

7: Solve (4) to obtain the optimal step size t˚
k

8: Calculate the boundary point: x˚
j Ð xc,j ` dkt

˚
k

9: Dfds,j Ð rDfds,j ;x
˚
j

J
s;

10: end for

The core idea is to cast virtual arrows from the FOR’s
interior to its boundary along systematically chosen directions.
The process begins by defining an origin point, xc,j P R3, at
the center of the bounding box. From this origin, a set of nfds,j

direction vectors, dk P R3, is generated using the Fibonacci
lattice method, which ensures uniform angular coverage in
three-dimensional space. For each direction dk, we solve the
optimization problem in (4) to find the maximum feasible step
size, tk P R, along that direction. The resulting intersection
point with the FOR boundary, x˚

j P R3, is then recorded. This
procedure is repeated for all directions, yielding the dataset
Dfds,j P Rnfds,jˆ3.

Finally, to create a complete representation of the FOR’s
geometry, the datasets from both sampling methods are com-
bined into a single dataset: DFOR,j “ rDbbps,j ;Dfds,js,
where, DFOR,j P RnFOR,jˆ3. For this, nFOR,j is defined
as nFOR,j “ nbbps,j ` nfds,j . This final dataset captures
both the sharp edges and the smooth facets of the FOR with
high fidelity, serving as the foundation for the data-driven
construction of the analytical model FORpxq.

B. Interior Sampling for the Cost of the FOR

To create the cost function, a dataset of feasible operating
points from the interior of the FOR is required. Unlike the
boundary-focused methods, this step necessitates a homoge-
neous sampling of the entire FOR. We achieve this using the
LHS method, as illustrated in Fig. 2c and detailed in Alg. 3.

The process begins by generating a candidate operating
point, xlhsc,j P R3, from within the bounding box using LHS.

Algorithm 3 The LHS-based Algorithm for Generating Cost
Data

Input: Power system data for DS j, xj,min, xj,max

Output: Dcost,j , ycost,j
1: Define an optimization problem for a candidate point

xlhsc,j :

min Cj “

ndg,j
ÿ

k“1

Cjkpp
pkq

dg,jq (5a)

s.t. xj “ xlhsc,j (5b)
Standard AC-OPF constraints for DS j

2: Dcost,j Ð r s;
3: ycost,j Ð r s;
4: idx Ð 1;
5: while idx ď ncost,j do
6: xlhsc,j Ð sample a vector from the bounding box

using LHS
7: if (5) with xlhsc,j is feasible then
8: Obtain the optimal total cost C˚

j

9: Dcost,j Ð rDcost,j ;xlhsc,j
Js;

10: ycost,j Ð rycost,j ;C
˚
j s;

11: idx Ð idx ` 1;
12: end if
13: end while

This point is then tested for feasibility by solving the AC-
OPF problem defined in (5), where the PCC variables are
fixed to the candidate’s values. If feasible, the candidate point
is valid, and the point itself is stored in the feature dataset
Dcost,j P Rncost,jˆ3, and the corresponding optimal total cost,
C˚

j , is stored in the target vector ycost,j P R. This procedure
is repeated until the desired number of samples, ncost,j , is
collected, resulting in a dataset that homogeneously covers
the cost characteristics of the FOR interior. These generated
datasets provide the essential numerical foundation for the
analytical modeling process. By capturing both the boundary
and the interior cost distribution, these discrete samples enable
the transition from raw data to the continuous functional
representation described in the following section.

IV. CONSTRUCTION OF THE ANALYTICAL FUNCTIONS

Based on the boundary and interior datasets DFOR,j and
Dcost,j generated in Section III, we now detail the procedure
for constructing the analytical functions FORjp¨q and Cjp¨q.

We utilize polynomial representations for several practical
and theoretical reasons. First, fitting polynomial functions re-
quires short training times and minimal hyperparameter tuning,
making it computationally attractive for large-scale power
system applications. Second, once fitted, the function is fully
characterized by a set of numerical coefficients. This enables
a privacy-preserving exchange of flexibility information while
ensuring communication is trivial in size and highly data-
efficient. Third, polynomials are smooth and differentiable,
which makes them well-suited for gradient-based optimization
solvers used in AC-OPF. This ensures numerical stability and
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seamless integration into the OPF formulation while maintain-
ing computational efficiency. Finally, as detailed in the theoret-
ical insights provided in Section IV-C, the use of polynomials
is mathematically substantiated by their strong approximation
capabilities over bounded domains. This provides a theoretical
foundation for the proposed analytical representations, which
are capable of capturing complex, non-convex flexibility char-
acteristics across different network configurations.

A. Implicit Polynomial Representation of the PQV-FOR

For notational brevity, the DS subscript j is omitted in the
remainder of this section.

The objective of this subsection is to approximate the
boundary of the three-dimensional FOR using a single implicit
polynomial function. For this, an implicit polynomial of degree
dFOR is used. A point x “ pp, q, vq is considered to be on
the boundary of the FOR if it satisfies FORpxq “ 0. The
polynomial is of the form:

FORpxq “
ÿ

α`β`θďdFOR

aαβθp
αqβvθ. (6)

The coefficients aαβθ are the unknown parameters we seek.
To facilitate a linear algebraic solution, we establish an explicit
ordering for the monomial terms. We define a bijective map-
ping σ : tpα, β, θq P N3

0 | α ` β ` θ ď dFORu Ñ t1, . . . ,Ku

that uniquely maps each exponent triplet pα, β, θq to an index
s, where, K “

`

dFOR`3
3

˘

is the total number of monomial
terms. This mapping allows the coefficients to be arranged into
a single column vector a P RK , where the s-th element, apsq,
corresponds to the coefficient aαβθ such that σpα, β, θq “ s.

1) Volumetric Constraint Generation: To ensure that the
polynomial defines a true volume, yielding negative values
inside the FOR, positive values outside, and values (near)
zero on the boundary, we augment the original boundary data
with additional interior and exterior points. This volumetric
constraint strategy, inspired by the 3L algorithm for fitting
implicit surfaces [31], enforces a clear separation between the
inside and outside of the region, which cannot be achieved
using boundary points alone.

Let the original data matrix be denoted Dbnd ” DFOR.
We generate additional constraint sets by scaling the boundary
points relative to their centroid, c, defined as:

c “
1

nFOR

nFOR
ÿ

l“1

xl (7)

where xl is the l-th row (sample point) of Dbnd. From each
point xbnd in the rows of Dbnd, we generate new points by
applying a scaling factor γ. An inner point xin is generated
using a shrink factor γin ă 1, and one or more sets of outer
points txout,mu are generated using growth factors γout,m ą

1. The transformation is given by:

xnew “ c ` γpxbnd ´ cq. (8)

This procedure yields an inner data matrix Din and a set of
S outer data matrices tDout,muSm“1, each of size n ˆ 3.

2) Linear System Formulation and Solution: The problem
of finding the coefficient vector a is framed as solving an
overdetermined system of linear equations. For each con-
straint data matrix, we construct a corresponding monomial
matrix. Let D1 be a generic data matrix. The monomial
matrix MpD1q P R|D1

|ˆK is constructed such that each row
corresponds to a point xl (the l-th row of D1) and each column
s corresponds to a unique monomial basis term, ordered
according to the mapping σ. The entry for the l-th row and the
s-th column is given by the evaluation of the s-th monomial
at point xl as MpD1qpl,sq “ pαl q

β
l v

θ
l , where s “ σpα, β, θq.

Using this definition, we construct a monomial matrix
for each of our constraint sets: Min “ MpDinq, Mbnd “

MpDbndq, and Mout,m “ MpDout,mq for m “ 1, . . . , S.
These matrices are vertically concatenated to form a single
composite system matrix MFOR. Correspondingly, we define
a constraint vector bFOR by concatenating vectors of target
values for each region. These target vectors consist of small
constants chosen to enforce the desired sign of the polynomial:
cin ă 0, cbnd « 0, and cout,m ą 0. The complete linear system
is thus formulated as MFORa “ bFOR, where

MFOR “

»

—

—

—

—

—

–

Min

Mbnd

Mout,1

...
Mout,S

fi

ffi

ffi

ffi

ffi

ffi

fl

, bFOR “

»

—

—

—

—

—

–

cin ¨ 1
cbnd ¨ 1
cout,1 ¨ 1

...
cout,S ¨ 1

fi

ffi

ffi

ffi

ffi

ffi

fl

. (9)

Thereby, 1 is a column vector of ones of appropriate dimen-
sion. Since this system is overdetermined, an exact solution
generally does not exist. We therefore seek the coefficient
vector a˚ that minimizes the squared Euclidean norm of the
residual, }Ma´b}2. This least-squares solution is found using
the Moore-Penrose pseudoinverse, denoted by M :

FOR:

a˚ “ M :

FORbFOR. (10)

The resulting vector a˚ contains the coefficients of the
implicit polynomial FORpxq in (6), providing an analytical
representation of the FOR.

B. Quadratic Representation of the Cost of the FOR

To monetize the FOR, we model the cost function Cpxq as
a trivariate quadratic polynomial. This is a special case of the
polynomial fitting described in the preceding section, with the
degree fixed to dcost “ 2. The cost function takes the general
form:

Cpxq “
ÿ

α`β`θď2

wαβθp
αqβvθ. (11)

The fitting procedure seeks the coefficients wαβθ that best
match the data generated by Algorithm 3. It follows the
same linear least-squares formulation previously described.
The monomial matrix Mcost P RncostˆK is constructed from
the feature dataset Dcost, where K “ 10 for a second-degree
trivariate polynomial. The vector ycost serves directly as the
target for the regression. The coefficient vector w˚ P R10,
which contains the ordered coefficients wαβθ, is then found
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by solving the overdetermined system Mcostw “ ycost using
the Moore-Penrose pseudoinverse:

w˚ “ M :
costycost. (12)

The resulting vector w˚ provides the coefficients for the
analytical cost function Cpxq in (11).

C. Theoretical Justification for the Analytical Representations

Recall that the FOR is defined over the coupling variables
x, which are bounded as in (2i), and therefore lie in a
compact domain. Let FOR‹pxq denote an exact, but generally
unknown, scalar function such that

FOR‹pxq ď 0 ðñ x is feasible. (13)

Assume that FOR‹p¨q is continuous over this domain.
Then, by the Stone-Weierstrass theorem [32], for any ε ą 0,
there exists a multivariate polynomial FORpxq such that

sup
x

ˇ

ˇFOR‹pxq ´ FORpxq
ˇ

ˇ ă ε. (14)

This implies that the feasible region can be approximated
arbitrarily well, up to an arbitrarily small boundary error,
by polynomial sublevel sets of the form FORpxq ď 0.
Therefore, implicit polynomial representations, as adopted in
(6), provide a theoretically justified and expressive framework
for approximating the FOR.

A similar argument holds for the analytical representation
of the flexibility cost. Given that the underlying generation
costs are continuous and the operating domain is compact,
the Stone-Weierstrass theorem ensures that the aggregated cost
function can be approximated arbitrarily well by a polynomial
proxy Cpxq. This provides a theoretical justification for using
a polynomial cost model, while the choice of a trivariate
quadratic form reflects a trade-off between approximation
accuracy and computational tractability.

D. Remarks and Discussion

In the following, we provide several remarks to clarify
key modeling assumptions and discuss practical considerations
related to the construction of the analytical functions.

1) Dependence of PQV Variables: The FOR is represented
in the PQV domain using the coupling variables x “ pp, q,vq.
These variables are not treated as independent. As described in
Section III, all PQV samples are obtained as feasible solutions
of AC-OPF problems, ensuring that the physical interdepen-
dence among active power, reactive power, and voltage is fully
preserved. Consequently, the constructed function FORpxq

represents a projection of the underlying AC-OPF feasible
manifold onto the PQV space, rather than an approximation
over arbitrary combinations of pp, q,vq.

2) Interpretation of Voltage in the PQV Domain: Within
the proposed formulation, voltage is treated as a controllable
variable subject to operational limits, as defined in (2i). This is
consistent with its role in AC-OPF, where voltage is regulated
within a safe operating range (e.g., 0.95-1.05 p.u.). The focus
of this work is on feasibility and flexibility. Therefore, po-
tential long-term effects associated with operating at extreme
voltage levels are not explicitly modeled. If desired, such pref-
erences or penalties can be incorporated into the analytical cost
function Cpxq. While the case studies in this work primarily
evaluate the accuracy of the FOR and its cost representation,
the proposed analytical structure allows such quality-of-service
considerations to be incorporated in a straightforward manner.

3) Choice of Polynomial Order: As discussed in Section
IV-C, polynomial functions possess strong approximation ca-
pabilities over bounded domains. The accuracy of the implicit
polynomial representation in (6) depends on the selected
degree dFOR. In this sense, the polynomial degree can be
interpreted as a hyperparameter. Standard hyperparameter tun-
ing procedures, such as cross-validation or validation-based
selection, can be employed to identify an appropriate degree
for a given system. The impact of the polynomial degree is
further examined empirically in Section V-D.

4) Re-computation of the Analytical functions under System
Variations: The FOR depends on system operating condi-
tions, including load levels, renewable generation, network
topology, and operational constraints. Changes in these factors
may alter the shape of the FOR. Typical examples include
significant load variations (e.g., peak vs off-peak demand),
fluctuations in renewable generation (e.g., PV intermittency
or wind variability), network reconfiguration due to switching
actions, and topology changes/equipment outages caused by
faults or maintenance activities. Such events directly affect
the feasible operating region defined by the underlying AC-
OPF constraints. These changes necessitate recomputation of
the FOR, including both the boundary dataset DFOR and the
corresponding model fitting FORpxq.

In addition, changes in the feasible region also impact the
associated flexibility cost. Since the cost dataset is generated
from feasible operating points within the FOR, as described
in Section III-B, any modification to the FOR requires recom-
putation of the interior dataset Dcost, followed by re-fitting of
Cpxq. Variations in DG cost coefficients may further require
generation of a new dataset and recomputation of the cost
function.

Despite this, the proposed sampling and fitting procedures
are computationally efficient. As demonstrated in Section V-C,
the total data generation time, including both boundary and
interior sampling, remains within typical operational time
frames and can be further accelerated via parallelization. This
allows the analytical representations to be computed offline
(e.g., day-ahead or intra-day) and updated periodically as
system conditions evolve.

Consequently, both the FOR and the associated cost function
can be interpreted as parametric objects that adapt to changing
system conditions. Future work may explore adaptive or
parametric representations to further improve robustness under
uncertainty and reduce the need for full re-computation.
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Fig. 3. Single line diagrams of the DSs and characteristics of the DGs.

TABLE III
PARAMETERS FOR THE DESIGN OF THE FUNCTIONS

DS nbbps nfds ncost dFOR dcost γin γout,1 γout,2 cin cbnd cout,1 cout,2

Case 33bw 103 104 103 8 2 0.999 1.005 1.07 -0.15 0 0.1 0. 2
Case 136 103 104 103 8 2 0.999 1.02 1.03 -0.05 0 0.1 0. 2
Case 533 103 104 103 8 2 0.999 1.005 1.07 -0.08 0 0.15 0. 6

The analytical formulations presented in this section com-
plete the theoretical modeling of the FOR and its cost function.
In the following section, the accuracy of these models are
validated through comprehensive case studies.

V. CASE STUDIES AND DISCUSSION

To provide a rigorous validation of the analytical methodol-
ogy developed in the preceding sections, we assess the perfor-
mance of the proposed framework through a comprehensive
set of case studies. First, DSs with diverse PQ character-
istics are considered, and their FORs and associated costs
are approximated using analytical functions. The accuracy,
computation time, and sensitivity of these approximations are
then evaluated, including the impact of sampling strategies,
polynomial degree, and PCC voltage variability. Finally, the
analytically represented DSs are integrated into specified TSs,
where the proposed FOR-based AC-OPF framework is applied
and benchmarked against both a centralized AC-OPF and an
iterative privacy-preserving coordination scheme. The overall
performance is evaluated in terms of feasibility, optimality,
computational efficiency, and communication requirements.

All simulations are conducted in the MATLAB environ-
ment, utilizing the MATPOWER toolbox [33] with the KNI-
TRO solver [34] for the AC-OPF problems. All case studies,
except for the analysis presented in Section V-C, are conducted
on a PC equipped with an Intel Core i7-10700K CPU @ 3.80
GHz and 32 GB RAM.

A. Distribution Systems Specifications

To rigorously evaluate the performance and scalability of the
proposed method, we conduct case studies on 33-, 136-, and

533-bus DSs (corresponding to j “ 1, 2, 3, respectively, where
nds “ 3). These DSs are augmented with 5, 10, and 20 DGs,
respectively. Notably, the voltage at all PCCs is allowed to vary
within a range of 0.95 to 1.05 p.u., rather than being fixed
to a nominal value as commonly assumed in the literature.
The configurations and key specifications of these systems are
illustrated in Fig. 3.

As depicted in Fig. 3, all normally open lines in the
selected DSs are closed, enabling meshed network topologies.
This allows the proposed method to be tested under more
complex meshed configurations, in contrast to many existing
studies that focus solely on radial networks. Moreover, instead
of assuming idealized rectangular PQ characteristics, each
DS is equipped with diverse non-ideal convex PQ charac-
teristics, in line with the modeling approach presented in
[35]. Specifically, five distinct types of DG characteristics are
incorporated to reflect the heterogeneity of PQ characteristic.
This results in complex, three-dimensional FORs varying with
voltage, allowing a comprehensive assessment of the proposed
methodology.

B. Derivation of Analytical FOR and Cost Functions for DSs

In this subsection, we construct analytical approximations
of the FOR and the corresponding cost functions for each DS.
These approximations are derived from the datasets Dbbps,j ,
Dfds,j , i.e., DFOR,j and Dcost,j , which are obtained through
the sampling strategies described earlier in Algorithms 1,
2, 3. The number of generated data points for each DS is
summarized in Table III. Note that, due to the inclusion
of voltage as an additional variable, constructing the three-
dimensional FOR requires relatively more data points com-
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Fig. 4. a) Dataset generated using BBPS b) Dataset generated using FDS c) Constructed FOR functions (with z-score normalization) d) Cost distribution
obtained via LHS. Active and reactive power are expressed in MW and MVAR, respectively, while voltage is expressed in p.u.

pared to its two-dimensional counterpart. Furthermore, the
datasets are visualized in the three-dimensional PQV domain
in Fig. 4a and 4b. As observed, the FOR and its associated
cost characteristics can be effectively captured. As expected,
the BBPS method tends to populate points along the edges of
the FOR, whereas the FDS method generates samples that lie
predominantly on its facets. Merging these datasets yields an
effective representation of the FOR. The visualizations also
reveal the emergence of complex FOR geometries, due to
meshed topologies and the presence of a large number of DGs.

For the cost modeling, samples are drawn homogeneously
from the interior of the FOR using the LHS method (see Fig.
4d). The cost function reflects only the generation costs of the
DGs; the cost of power imported through the PCC is excluded,
as it is already incorporated into the generation costs when
the DS model is integrated to the TS. Here, operating points
corresponding to higher power export from the DS to the TS,
represented by more negative active power values under the
adopted sign convention, require increased DG production and
therefore incur higher costs.

After generating the datasets, we proceed to construct the
analytical functions by representing them in polynomial form.
The hyperparameters used for this fitting process are sum-
marized in Table III. Specifically, one inner data matrix Din

and two outer data matrices Dout (i.e., S “ 2) are generated.
These hyperparameters are deliberately chosen to ensure that
the resulting polynomial defines a conservative feasible region.
Such conservatism is essential in power system operations:
while classifying a feasible operating point as infeasible results
in only a small cost penalty, misclassifying an infeasible
operating point as feasible can lead to severe operational and
reliability issues. The fitted polynomials, shown in Fig. 4c
together with the boundary data points, demonstrate that the
proposed approach achieves a highly accurate approximation

TABLE IV
PERFORMANCE METRICS OF THE FOR FUNCTIONS

Function Fitting time (s) Accuracy Recall Specificity

FOR1px1q 0.36 99.67% 99.16% 100%
FOR2px2q 0.37 99.68% 98.97% 100%
FOR3px3q 0.39 99.50% 98.14% 100%

of the FOR with minimal conservativeness, ensuring that the
approximation remains entirely within the true FOR. Addi-
tionally, to further improve interpretability, two-dimensional
slice plots for the Case 533 corresponding to Fig. 4c are
provided in Fig. 5, which illustrate both the sampled boundary
points and the fitted implicit surface more clearly. Due to space
limitations, these plots are shown only for Case 533.

To evaluate the performance of the functions FORjpxjq,
we generate random 105 samples within the bounding box.
These samples naturally contain specific amount of feasible
and infeasible samples. Using these samples, we estimate
the volume of the FOR that is captured by the polynomial
approximation. For this purpose, we adopt the classical con-
fusion matrix framework. The quality of the approximation
is then quantified using standard performance metrics derived
from the confusion matrix, and the corresponding results are
reported in Table IV.

The specificity metric evaluates the ability of the function to
correctly identify infeasible points. Since all functions achieve
100% specificity, no infeasible points are misclassified as
feasible, indicating that the approximation does not allow
any infeasible operating points. In contrast, the recall metric
measures performance on feasible samples. For example, for
FOR1px1q, the recall is 99.16%, meaning that 99.16% of
feasible points are correctly identified, while 0.84% of the
FOR volume is not captured. This illustrates the trade-off be-
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Fig. 5. Two-dimensional slice plots of the FOR for Case 533, illustrating the sampled boundary points and the surface of the fitted function. Slices are taken
at fixed (a) active power, (b) reactive power, and (c) voltage, respectively. All axis values correspond to z-score normalized quantities. Figure titles correspond
to the slice value in normalized and actual units.

TABLE V
PERFORMANCE METRICS OF THE COST FUNCTIONS

Function Fitting time (s) RMSE MAE

C1px1q 0.041 0.0021 0.0016
C2px2q 0.045 0.0055 0.0042
C3px3q 0.057 0.0341 0.0266

tween ensuring complete feasibility and fully representing the
volume of the FOR. Overall, when the results are examined,
the proposed approximation performs as intended: a small
portion of the FOR is sacrificed to reach 100% feasibility.
Note that, the impact of this slight volume loss on the overall
operational cost is analyzed in the following section.

Furthermore, the cost functions are constructed using the
hyperparameters specified in Table III, with their performance
metrics summarized in Table V. As shown, the cost functions
exhibit high accuracy, indicating that they can effectively
approximate the cost of the FOR. The corresponding cost
distribution is illustrated in Fig. 4d. Also, the fitting times of
both FORjpxjq and Cjpxjq are quite low, demonstrating the
computational efficiency of the proposed approach. Overall,
given that the DSs considered involve a large number of buses
and DGs with complex meshed structures, the analytical ap-
proximations are obtained with consistently high performance.

C. Analysis of the Sampling Efficiency of the Proposed Method

As shown in Table IV and V, once the sampling datasets
are generated, the fitting of the analytical FOR and cost
functions is completed in less than one second. Consequently,
the computation time of the proposed method is dominated
by the sampling stage, while the construction of the analytical

functions and their subsequent integration into the TSO’s AC-
OPF introduce negligible overhead (The computational impact
of integrating the analytical functions into the TSO’s OPF is
separately analyzed in Section V-E).

As discussed earlier, the proposed sampling strategy is
specifically designed to reduce computational complexity by
focusing on boundary-relevant points and by limiting the num-
ber of required AC-OPF solves. Moreover, the three datasets
Dbbps,j , Dfds,j , and Dcost,j are independent and can be gen-
erated in parallel. In addition, each dataset generation process
is fully parallelizable internally. To evaluate the computation
time of the sampling process, all simulations are performed
on a server equipped with two Intel Xeon Platinum 8176M
CPUs (2.10 GHz, 28 cores each).

Table VI shows the sample generation times under single-
core and 56-core execution. Among the datasets, for the largest
test system (Case 533), the total generation time is 200.2
s under 56-core execution. This generation time fits within
typical operational time frames; for instance, market-based
operations are commonly conducted in 15-minute intervals.
Furthermore, since the FOR construction can be performed
offline (e.g., day-ahead or ahead of market clearing), the
computational burden does not pose a practical limitation for
operational deployment in such cases.

The results also demonstrate near-linear scalability with
respect to parallelization. Specifically, speedups of 48.46,
48.63, and 45.06 are achieved for Cases 33, 136, and 533,
respectively, when comparing single-core and 56-core exe-
cution. Despite an approximately 16-fold increase in system
size from Case 33 to Case 533, the observed speedup scales
proportionally, indicating that the proposed method remains
computationally tractable for large-scale DSs.

Finally, it should be noted that recalculation of the analyt-
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TABLE VI
SAMPLE GENERATION TIME (S) FOR DIFFERENT DISTRIBUTION SYSTEMS

Single-Core 56-Core

DS Dbbps,j Dfds,j Dcost,j Total Dbbps,j Dfds,j Dcost,j Total

Case 33bw 95.91 1044.31 93.60 1233.82 2.53 20.46 2.47 25.46
Case 136 203.55 1997.67 196.39 2397.61 4.28 40.41 4.61 49.30
Case 533 789.01 7577.64 653.87 9020.52 18.81 155.54 25.85 200.20
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Fig. 6. Change of performance metrics according to polynomial degree.

ical functions is required when significant changes occur in
network topology, operational limits, or forecasted operating
conditions. As demonstrated by the computational results, such
recalculations can be completed within a relatively short time
and well within typical operational time windows. Therefore,
the proposed framework is suitable for practical deployment
in current power system operations.

D. Analysis of the Impact of Polynomial Degree

The most influential parameter affecting the performance of
the analytical FOR representation is the polynomial degree,
denoted by dFOR. This parameter directly affects the expres-
sive capability of the implicit polynomial and, consequently,
the accuracy and reliability of the resulting FOR. To system-
atically assess its impact, a sensitivity analysis is conducted
by varying dFOR while keeping all other parameters fixed.

Fig. 6 illustrates the evolution of key performance metrics
for different values of dFOR across all DSs. As discussed ear-
lier, the specificity metric is of critical importance, since values

below 100% indicate that infeasible operating points may be
incorrectly classified as feasible. Such misclassification would
compromise system security when the FOR is embedded into
the TSO-level AC-OPF. Therefore, only polynomial degrees
achieving 100% specificity are considered acceptable.

From Fig. 6, it can be observed that lower polynomial de-
grees are insufficient to fully capture the non-convex geometry
of the PQV-FOR, resulting in reduced recall and accuracy.
Furthermore, excessively high polynomial degrees lead to a
degradation in all metrics. Across all DSs, a polynomial degree
of dFOR “ 8 consistently achieves perfect specificity while si-
multaneously maximizing accuracy. Consequently, dFOR “ 8
is selected as the nominal value for constructing the analytical
FOR and is used throughout the subsequent integration of the
FOR into the TSO-level AC-OPF formulations.

E. Incorporation of Analytical DS Representations into TS and
Benchmark Against AC-OPF

In this section, the approximated DSs are integrated into the
TS as formulated in Equation (2). To this end, Case 33bw, Case
136, and Case 533 DSs are integrated with the corresponding
TS benchmark models from the PGLib-OPF library, namely
Case 30, Case 57, and Case 162, respectively [36]. In the Case
30, buses 11, 16, and 20 are designated as the PCCs; in the
Case 57, buses 7, 34, and 48 serve as the PCCs; and in the
Case 162, buses 75, 109, and 129 are selected as the PCCs.
In this way, three distinct TS-DS test systems are constructed,
each consisting of one TS interconnected with three DSs.

After that, we conduct simulations using 1,000 randomly
generated sets of cost coefficients. The results are compared
against the standard AC-OPF in terms of both total cost and
computational time. Fig. 7 presents histograms of the cost and
time differences, using the standard AC-OPF as the reference.
The feasibility ratio is consistently 100%, indicating that the
proposed method never produces infeasible solutions. The cost
difference remains negligible across all cases, with average de-
viations of 0.058%, 0.031%, and 0.002%, respectively, where
these values indicate that the proposed method results in higher
cost compared to the reference AC-OPF. Although the FOR
of the DSs is constructed in a relatively conservative manner,
its impact on the total cost is observed to be minimal. As the
size of the TS increases, the influence of the DSs diminishes,
leading to smaller cost deviations. In terms of computational
time, the proposed method outperforms the standard AC-OPF
in the majority of tests, demonstrating high computational
efficiency. The average time differences are -44.22%, -58.11%,
-47.62% (-0.23, -0.24, and -0.33 seconds), respectively. Note
that, negative values indicate that the proposed method is faster
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Fig. 7. Histogram of total cost and computational time differences, with AC-
OPF as the reference, for integrated TS-DS. Each TS is combined with three
analytically represented DSs (Case 33bw, Case 136, and Case 533). Positive
cost differences indicate that the proposed method yields higher cost values
than the reference, while negative time differences indicate instances where
the proposed method is faster.

than the standard AC-OPF. These efficiency gains are achieved
by representing the complex DSs with compact polynomial
approximations.

Note that, within the proposed method, the TSO determines
an operating point located on the FOR by considering the over-
all system cost. The corresponding cost value at this operating
point is already available to the DSO through the previously
constructed cost function. Consequently, disaggregation at the
DS level can be seamlessly carried out by solving a standard
AC-OPF that incorporates this operating point as an input.

The results demonstrate that the proposed analytical rep-
resentations enable the tractable integration of DS flexibility
into the TSO-level OPF without significant loss of optimality.
Although the FOR is constructed conservatively, its impact
on the total cost remains negligible, even as system size
increases. By replacing complex, high-dimensional DS models
with compact polynomials, the method achieves a consistent
computational speedup compared to a centralized AC-OPF,
while maintaining 100% feasibility and preserving DS-level
data privacy. While this section focuses on the efficiency of
the analytical modeling approach; the impact on coordination
and communication requirements is examined in Section V-G.

F. Analysis of the Impact of the Varying Voltage at the PCCs

Most existing FOR formulations characterize DS flexibility
solely in terms of active and reactive power, i.e., in the
PQ space, assuming a fixed voltage at the PCC. Under
this assumption, voltage-dependent network phenomena are
neglected. In practice, however, voltage deviations at the PCC
directly influence network losses, reactive power flows, and
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Fig. 8. Distribution of cost differences between the proposed PQV-FOR and
the PQ-FOR approach with fixed PCC voltage, where PQV-FOR is used as
the reference. Positive values indicate higher costs associated with the PQ-
FOR approach. Outliers are omitted from the plots.

operational constraints, thereby affecting both the shape and
size of the FOR (see Fig. 4c and Fig. 5c).

Allowing voltage to vary expands the FOR in the PQV
space, resulting in a larger flexibility volume. This expanded
region enables the TS to exploit DS flexibility more effectively,
which in turn can improve overall system operation and reduce
operational costs. Consequently, incorporating variable voltage
is essential for accurately capturing DS flexibility.

To quantify the impact of PCC voltage variability, a com-
parative analysis is conducted between the proposed PQV-
based FOR and a conventional PQ-based FOR. The analysis
is performed on the same TS-DS test systems used in the
previous section. For the PQ-based FOR, the PCC voltage
is fixed at 1.0 p.u., while all other parameters and modeling
assumptions are kept identical to isolate the effect of voltage
variability. For each test system, 1,000 randomly generated
sets of cost coefficients are used, following the same procedure
as in the previous analysis. The cost differences are evaluated
by taking the PQV-based FOR as the reference and are
summarized in Fig. 8.

The results indicate that the mean cost differences are
2.01%, 1.29%, and 2.65% for Cases 30, 57, and 162, re-
spectively, while the maximum observed differences reach
21.53%, 30.16%, and 11.11%. Here, positive values indicate
that the PQ-FOR with fixed PCC voltage results in higher
costs compared to the PQV-FOR reference. In all cases,
feasibility is 100%, confirming that both FOR representations
remain operationally valid. However, fixing the PCC voltage
consistently leads to higher system costs, demonstrating that
restricting voltage results in suboptimal utilization of DS
flexibility.

These results show that incorporating voltage variability at
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TABLE VII
COMPARISON OF STANDARD (CENTRALIZED), ADMM-BASED, AND PROPOSED TSO-DSO COORDINATION METHODS FOR THE CASE 162 TEST

SYSTEM WITH 3 DSS.

Offline phase Online phase Time Cost

Method Total offline
time (s)

Online
iterations

Avg. local comput.
time (s/iter)

Avg. coord.
time (s/iter)

Total online
time (s)

Total exec.
time (s)

Diff. vs standard
AC-OPF

Standard AC-OPF – 1 – – 1.06 1.06 –
ADMM – 130 1.48 0.88 319.95 319.95 0.36%
Proposed 200.59 1 – – 0.73 201.32 0.07%

the PCCs is crucial not only for accurately representing the
FOR geometry but also for improving the economic efficiency
of TSO-DSO coordination. The proposed PQV-FOR therefore
provides a more realistic and effective flexibility representation
than conventional PQ-based approaches.

G. Benchmark Against an Iterative Communication Scheme

While Section V-E evaluates the performance of the pro-
posed analytical representation against a centralized AC-OPF,
the following analysis focuses on the coordination perspective
by benchmarking the proposed framework against an iterative
communication scheme.

The proposed analytical representation framework facilitates
a single-round TSO-DSO communication scheme by shifting
the bulk of the execution time to offline and highly paral-
lelizable operations, such as sample generation and model
fitting by DSOs. The only online execution involves a single
operation where the TSO solves the FOR-based AC-OPF. This
approach offers structural advantages over iterative commu-
nication schemes that require online local computations and
continuous data exchange at every iteration, which imposes
strict requirements on communication reliability and latency.
To quantify these benefits, the proposed framework is bench-
marked against an iterative communication scheme based on
the alternating direction method of multipliers (ADMM). The
ADMM-based scheme is developed using DPLib, an open-
source MATLAB-based library for distributed power system
optimization [37].

In the ADMM-based scheme, the TSO and DSOs are
modeled as multiple regions coupled through tie lines. For
each interface, every incident region maintains local copies of
the boundary bus voltage magnitude and phase angle, together
with auxiliary variables representing neighboring regions. At
each iteration, all regions solve local AC-OPF problems in
parallel using the most recent interface variables and dual
multipliers. Afterward, interface voltage magnitudes and phase
angles are exchanged and aggregated, and the dual variables
are updated to enforce interregional consistency. This iterative
exchange continues until interface consistency convergence
criteria are satisfied. To reflect a best case situation for
ADMM, an oracle approach is adopted, where dispatch results
from 1,000 iterations are evaluated using a centralized AC-
OPF to identify the iteration that yields the lowest cost
while remaining feasible. The penalty parameter (ρ) is also
optimized by a trial-and-error approach. This oracle-based
evaluation avoids penalizing ADMM for suboptimal stopping
criteria and separates coordination and communication over-
head from convergence tuning effects. The ADMM benchmark

employs a standard implementation, while more advanced
variants with improved convergence properties exist in the
literature. The purpose of this comparison is not to optimize
ADMM performance, but to highlight differences in online
coordination and communication requirements.

The results on the TS-DS test system with Case 162 as
the TS are summarized in Table VII and include offline
computation time, online computation time, iteration counts,
and total execution time under an assumed one-way com-
munication delay of 50 ms. Compared to the ADMM-based
scheme, which requires 130 online iterations and incurs a total
execution time of 319.95 s, the proposed framework completes
online coordination in a single iteration and reduces the online
execution time from 319.95 s to 0.73 s, which corresponds to
a reduction of more than 99.7%. Despite an offline model
construction cost of 200.59 s, the proposed method reduces
the total execution time by 118.63 s, which corresponds to a
37.1% reduction, while achieving a smaller cost deviation of
0.07% compared to 0.36% for ADMM.

We remark that the communication payload per exchange
is negligible for both approaches. In ADMM, each online
iteration exchanges two interface variables, namely the PCC
voltage magnitude and angle, per DS in each direction, which
results in 4nDS double-precision scalars per iteration. In con-
trast, the proposed framework exchanges

``

dFOR`3
3

˘

`10
˘

nDS

scalars once in the offline phase to communicate the analytical
FOR and cost models, with no iterative online data exchange.
For an 8th-degree FOR polynomial, this equals 175nDS

scalars. These payloads are on the order of 10 to 1,000 double-
precision scalars and do not pose a bandwidth limitation. The
key difference lies in the frequency of data exchange required
during online coordination.

These results confirm that the proposed framework sub-
stantially lowers the online computation and communication
burden while preserving solution quality.

VI. CONCLUSION

In the present paper, we address key challenges in en-
abling effective coordination between transmission system
operators (TSOs) and distribution system operators (DSOs)
through a privacy-preserving representation of distribution
system (DS) flexibility. We propose a comprehensive frame-
work for constructing and utilizing a three-dimensional PQV
feasible operating region (FOR), that explicitly accounts for
voltage variability at the point of common coupling (PCC) and
heterogeneous flexibility-providing unit (FPU) characteristics.
Our method employs an AC optimal power flow (OPF)-
based sampling strategy, utilizing bounding box projection
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and Fibonacci direction sampling techniques, and introduces a
tractable polynomial representation constructed through an im-
plicit polynomial fitting approach. This enables a conservative
yet sufficiently accurate analytical approximation of the FOR
with a relatively small data set, ensuring system feasibility
without excessive conservatism.

Additionally, we construct an analytical cost function as-
sociated with the FOR, enabling the economic valuation
and seamless integration of DS flexibility into TSO-level
decision-making processes. To operationalize this integration,
we develop a FOR-based AC-OPF framework. Within this
scheme, the TSO determines the optimal operating point
at the PCC using the analytical models provided by DSs.
Subsequently, each DSO performs local FPU dispatch by
solving its own AC-OPF based on the TSO’s decision. This
single-round communication mechanism eliminates the need
for computationally intensive disaggregation or iterative infor-
mation exchange, thereby reducing online coordination and
communication requirements.

We evaluate the proposed framework through extensive case
studies involving large-scale, meshed DSs integrated into TSs.
The analyses assess the performance of the analytical FOR and
cost representations, the impact of PCC voltage variability on
flexibility and economic performance, the computation time of
the sampling and fitting procedures, the coordination efficiency
relative to iterative benchmark and the overall efficiency of
the proposed framework against the standard AC-OPF. Across
all test cases, the proposed method achieves average cost
deviations below 0.06% while delivering online computational
speedups of up to 58% relative to standard AC-OPF. These
results demonstrate that DS flexibility can be effectively inte-
grated into power system operation under realistic modeling
and privacy constraints.

Finally, it should be noted that while the results demonstrate
consistent performance across a wide range of operating con-
ditions, formal theoretical guarantees regarding the existence
or smoothness of the FOR are not provided. The feasible set
of the AC-OPF may exhibit non-smooth characteristics under
certain conditions, and a rigorous theoretical analysis of these
aspects, as well as of the sufficiency of the dataset construction
strategy, constitutes an important direction for future research.
The development of uncertainty-aware and topology-adaptive
update mechanisms for the analytical representations is an-
other promising direction for future work.
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