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Abstract
Reduced order models (ROMs) have been regarded as an efficient alternative to conventional high-fidelity methods for 
accelerating the design and optimization processes in engineering applications. Many industrial facilities feature repeating 
geometrical patterns or contain subregions governed by distinct physical phenomena, making them well-suited to Domain 
Decomposition (DD) techniques. The integration of a ROM and DD is promising to further reduce computational costs 
by constructing local ROMs and assembling them into global solutions. Due to the complexity and necessity of coupling 
ROMs, many approaches have been proposed in recent years. This review provides a concise overview of existing meth-
odologies combining ROMs and DD. We categorize existing methods into intrusive (projection-based) and non-intrusive 
(data-driven) frameworks. Various strategies for generating local reduced bases and coupling them across subdomains are 
illustrated. Particular emphasis is placed on intrusive techniques, including equations, numerical algorithms, and practical 
implementations. The non-intrusive framework is also discussed, highlighting its general procedures, basic formulations, 
and underlying principles. Finally, we summarize the state of the literature, identify open challenges, and present perspec-
tives on future implementations from an engineering viewpoint.
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many numerical schemes have been developed, such as the 
finite element, finite volume, spectral element, and lattice 
Boltzmann methods [4–7], to fulfill specific demands of 
analysis in various fields.

Nevertheless, even with the fast development of hard-
ware, multi-query and multi-scale simulation of large-scale 
systems is still challenging. Therefore, even today, a large 
range of parametric studies, uncertainty, and sensitivity 
analyses are limited by computational resources. In spite 
of this, the demand for fast modeling and real-time control 
is increasing in almost every industry. To overcome this 
limitation, ROMs have been proposed. They can accelerate 
simulations by several orders of magnitude. Thus, they have 
been regarded as efficient techniques to obtain high-resolu-
tion approximations for complex physics [8–11]. Note that 
in the context of the ROM, the corresponding high-fidelity 
model is called the Full Order Model (FOM).

The fundamental philosophy of ROMs is that high-
dimensional solutions over a range of parameters can be 
well approximated using a few sampled solutions. The 
implementation of ROMs consists of two steps: (i) a set of 
expensive offline calculations is carried out for optimally 
selected conditions; (ii) real-time online calculations are 
then performed for numerous cases [12].

  1  Introduction and Background

Numerical analysis, and especially high-fidelity three-
dimensional simulations, have recently become practical 
tools for the design and optimization of various industrial 
applications, such as power engineering [1], [2], and energy 
storage systems [3]. In comparison with experiments, which 
are expensive and time-consuming for large-scale facilities, 
simulations are economically efficient. They are practical 
for improving efficiency and estimating the safety thresh-
old in many applications. Over the past several decades, 
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During the offline phase, we collect FOM solutions (called 
snapshots) for the sampled parameters. These snapshots are 
assembled column-by-column into a snapshot matrix. Since 
the FOM usually has a large number of Degrees of Free-
dom (DoFs), the matrix becomes high-dimensional (numer-
ous rows). Therefore, dimensionality reduction is applied 
to retain only a few dominant features while preserving 
the essential dynamics of the flow. The reduction of datas-
ets can be achieved utilizing various techniques, including 
traditional methods like Proper Orthogonal Decomposition 
(POD) and the iterative greedy algorithm [12–14], as well as 
more recent neural network-based techniques [15].

Once the reduced representations are available, ROMs 
are constructed based on them. Over the past several 
decades, many ROM construction techniques have been 
developed, generally classified as (i) intrusive and (ii) non-
intrusive methods [9, 16, 17]. The former manipulate the 
governing Partial Differential Equations (PDEs) using 
(Petrov-)Galerkin projection1 to derive a reduced system. In 
this case, the dominant physical features are known as basis 
functions because they can span a Reduced Basis (RB) of 
high-fidelity solutions. The latter are purely data-driven and 
adopt a set of sampled data to train a surrogate model (i.e., a 
ROM) to predict solutions for unknown parameters. In both 
frameworks, the resulting ROMs are validated against an 
unseen dataset to evaluate their predictive capability.

Traditionally, “ROM” often denotes intrusive methods, 
while purely data-driven approaches are commonly called 
“surrogate models”. In this paper, we adopt the convention 
that “ROM” refers to intrusive projection-based methods, 
while for data-driven techniques, we use the term “surro-
gate model” and “ROM” interchangeably, depending on the 
context. When necessary, we explicitly refer to data-driven 
methods as “non-intrusive ROMs” to maintain clarity.

Now, we turn our attention to the treatment of the geom-
etries in ROMs, a fundamental topic of this review. Classic 
ROMs approximate the entire computational domain, which 
is known as Global ROMs. However, this direct method has 
certain drawbacks, as indicated in [18, 19]:

	● The RB is optimized to capture the most necessary flow 
dynamics across the entire model. However, represent-
ing numerous local phenomena requires a large number 
of modes, which weakens the advantage of ROMs.2

	● High computational costs may arise in the offline 
stage due to the need for generating solutions in huge 

1  There are several variations of the Galerkin projection, including the 
standard Galerkin and Petrov-Galerkin methods. See the explanation 
in Sect. 4.1.

2  This issue is called a slow decay of the Kolmogorov n-width for a 
ROM [12].

computational domains and performing dimensional re-
duction on extensive datasets.

	● Increasing POD modes can improve the theoretical ap-
proximation accuracy, but stability is not guaranteed 
without appropriate stabilization techniques, as indi-
cated in [20, 21].

These shortcomings have led the research community to 
integrate DD techniques into ROMs. To reduce compu-
tational complexity, this approach divides the physical 
domain into subdomains. First, reduced spaces are com-
puted locally. Then, the local fields are glued together to 
construct an accurate global approximation. Compared to 
the global ROM, the local approach (referred to as a local 
ROM or a DD-ROM hereafter) offers several advantages 
[22–25]:

	● Low-dimensional representations are computed at the 
local level, leading to a better representation of domi-
nant variations in each subdomain.

	● Different parameterizations can be applied locally, en-
hancing the flexibility.

	● Computational costs decrease in high-fidelity simula-
tions, dimensionality reduction of large snapshot data-
sets, and the training stage of ROMs.

	● Different numbers of modes or distinct reduced sub-
spaces can be assigned to each subdomain, reducing 
overall computational costs in the prediction stage while 
enhancing robustness and stability.

We emphasize that the local ROM is well-suited for vari-
ous realistic applications. Firstly, geometries consisting of 
repeating patterns are widely employed in many practical 
applications. Examples include fission [26–28] and fusion 
[29] nuclear reactors, heat exchangers [30], fuel cells [31], 
thermal storage systems [32], and biological models [33], 
among others. Due to symmetry and periodicity, physical 
phenomena within these repeating structures often exhibit 
similar behavior. Thus, domain decomposition is applicable 
to the treatment of such geometries.

Moreover, for large-scale simulations, different regions 
may require varying levels of accuracy. FOMs frequently 
utilize domain decomposition with varying mesh resolu-
tions across partitions, necessitating corresponding adjust-
ments in ROMs to handle non-conformal mesh interfaces. 
Consequently, domain decomposition is often applied at 
both the FOM and ROM levels [34]. Additionally, coupling 
FOMs with ROMs also relies on spatial partitioning [35, 
36].

This technique is particularly advantageous in multi-
physics simulations, where different regions are governed by 
distinct PDEs. A key example is Fluid-Structure Interaction 
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(FSI) [37–39], where localized solution methodologies nat-
urally align with partitioned domains.

Given its relevance to our experience, we emphasize 
that spatial partitioning is widely adopted in energy-related 
applications, such as the subchannel approach and the coarse 
grid computational fluid dynamics method. The subchan-
nel analysis [40, 41], commonly used in nuclear engineer-
ing, divides the computational domain into macro control 
volumes, where interactions and small-scale effects are 
incorporated through empirically derived correlations. This 
partitioning strategy can be combined with local ROM tech-
niques for improved nuclear engineering simulations [27]. 
The coarse grid method [42], on the other hand, employs a 
highly coarse discretization of the spatial domain, captur-
ing sub-grid effects through source terms. These terms are 
estimated via interpolated data from high-resolution simula-
tions, making the approach effective for modeling flow in 
tube bundles [43] and wind farms [42].

Although subchannel analysis and the coarse grid 
method are effective for specific applications, they often 
rely on empirical correlations and may not capture all the 
local dynamics of the system. Additionally, their solutions 
are typically low-resolution, which can limit their predictive 
capabilities. In contrast, ROMs achieve high-fidelity solu-
tions with significantly reduced computational cost, making 
them a compelling alternative for large-scale simulations 
that require both accuracy and efficiency.

The development of ROMs for domain decomposition 
problems began around the early 2000s and gained signifi-
cant traction in the past decade. They have gathered sig-
nificant research interest and show promising potential for 
scientific and engineering applications. They have been 
used to model various PDEs, including the Laplace equation 
[44], the time-dependent heat equation [45], convection-
diffusion [46], solid mechanics [47], fluid dynamics, par-
ticularly the Navier-Stokes equations [48], and multiphysics 
problems [49].

Two comprehensive reviews for this topic have been 
published. Buhr et al. [50] published a thorough review 
of intrusive localized ROM approaches in 2019. Another 
review regarding non-intrusive procedures was published in 
2021 by Heinlein et al. [51], which discusses a combination 
of machine learning techniques and domain decomposition.

However, various studies have appeared in recent years. 
Advanced techniques based on neural networks have been 
intensively applied to the topic. We observe that a recent 
in-depth review of the field is lacking. Therefore, this paper 
provides a structured overview of existing work on local 
ROMs from an engineering and practical perspective.

Our goal is to categorize both classical and advanced 
techniques developed over the past decades and pres-
ent fundamental aspects of their implementation. We first 

identify three common aspects that apply to all methods: 
domain decomposition, parameterization, and dimensional-
ity reduction. As these three items are not unique, they are 
classified and discussed separately. Then, we review both 
intrusive and non-intrusive frameworks, with each category 
further subdivided according to the mathematical formula-
tion and/or numerical algorithm. This hierarchical classifi-
cation is well-suited for a structured comparison of various 
approaches, highlighting their unique characteristics and 
applications.

The review is organized as follows. Section 2 presents 
the overall outline, which classifies existing techniques with 
regard to domain decomposition, parameterization, snap-
shot reduction, and coupling algorithms. Section 3.1 pres-
ents strategies for domain decomposition. Treatments for 
parameter space are briefly addressed in Sect. 3.2. Various 
procedures for generating snapshots and computing local 
RBs are illustrated in Sect. 3.3. Section 4 introduces pro-
jection-based coupling methods, including monolithic and 
iterative algorithms. The explanation and overview consid-
ering pure data-driven approaches are presented in Sect. 5. 
Finally, Sect. 6 summarizes the review and presents conclu-
sions on the state of the art and challenges in ROM tech-
niques for domain decomposition problems.

2  Classification and Hierarchy

In summary, four general aspects arise and must be con-
sidered prior to constructing a local ROM: (i) partition 
strategies, (ii) parameterization techniques, (iii) local 
dimensionality reduction procedures, and (iv) acceleration 
techniques for the offline and online stages. Additionally, 
various algorithms have been proposed to reconstruct global 
fields by coupling local approximations. Therefore, to better 
organize the review, the categorization and hierarchy for the 
observed references are presented as follows.

2.1  Domain Decomposition Strategies

The domain can be decomposed into overlapping or non-
overlapping parts, which mainly depends on the coupling 
techniques (see Sect. 3.1.1). Also, the high-resolution mesh 
can be conforming or non-conforming at partition interfaces 
(shown in Sect. 3.1.2). Complex structures can be decom-
posed into many subdomains of different shapes. However, 
for geometries with repeating patterns, one can adopt sev-
eral types of generic (or archetype) blocks to assemble the 
whole region. A geometric transformation will map the ref-
erence subdomains into their final position and shape. More 
specific explanations are presented in Sect. 3.1.3.
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2.2  Parameterization

ROMs are built based on a set of high-fidelity simulations. 
Each solution is carried out considering some conditions, 
which we interpret as parameters, sampled from a specific 
space. More precisely, one should consider how to select 
values within the specified range. Since this selection is cru-
cial for the quality and performance of both global and local 
ROMs, Sect. 3.2.1 presents a brief overview of sampling 
strategies. Note that, for the domain decomposition con-
figuration, each subdomain can be parametrized separately, 
which enhances flexibility for complex domains.

Identifying the parameters is also important. Physi-
cal properties and boundary conditions can be interpreted 
directly, as they are already involved in the governing PDEs. 
Additionally, the shape of the computational domain can be 
considered a parameter, which is necessary when exploiting 
ROMs for tasks such as shape optimization. Nevertheless, 
generating geometrical samples is not as straightforward as 
the physical ones. Thus, Sect. 3.2.2 illustrates two widely 
used techniques for achieving the task, namely, interpo-
lation-based methods and a more general approach called 
Free Form Deformation (FFD). We note that the geometric 
parameterization can be utilized globally and locally for a 
computational domain. If a model is decomposed into sub-
domains, it is also possible to deform each one individually.

The dimension of the parameter space is another aspect 
in this context. For simple conditions, sampling can be per-
formed along every coordinate. However, for a complex 
scenario with numerous parameters, too many samples 
result in prohibitively high costs. Hence, Sect. 3.2.3 pro-
vides two approaches for dimensionality reduction of the 
parameter space: active subspaces and generative models 
based on Artificial Intelligence (AI).

Moreover, for a wide range of the parameter space, a sin-
gle RB may not be feasible to capture the dominant behav-
iors across the entire range. Therefore, the parameter space 
or the offline snapshot dataset can be partitioned into several 
clusters. Then, a local RB is computed for each cluster, as 
described in Sect. 3.2.4.

2.3  Dimensionality Reduction

After decomposition and sampling, we can begin simula-
tions, collect datasets, and extract dominant features. We 
note that the snapshots can be collected either globally or 
locally, which in turn affects the dimensionality reduction. 
Be aware that the RB is adopted for the following descrip-
tion. However, the illustration also applies to data-driven 
frameworks.

In the case of the global snapshots, the RBs can be com-
puted in three ways: (i) the global RB is computed and then 

divided into many local parts following the domain decom-
position (as presented in Sect. 3.3.1); (ii) the global snap-
shot matrix is split into several submatrices corresponding 
to the partition. The local modes are extracted from each 
sub-snapshot. Discussion and notation are shown in Sect. 
3.3; (iii) the entire model is assembled by a few (or a single) 
generic parts. The global solutions of each archetype are 
stacked into separate datasets, and the RBs are constructed 
with regard to each reference shape.

The so-called localized training strategy is utilized for 
generating subdomain-level FOM solutions, in which inde-
pendent simulations are carried out in a small system. The 
computational domain consists of several generic blocks, 
which are much smaller than the original model. Thus, the 
cost of the offline stage is significantly reduced. We high-
light that the technique assumes local features still accu-
rately represent the total dynamics. Subdomain-specific 
solutions are collected as snapshots. A RB is computed 
for each archetype block and then is transformed into the 
instantiations, as explained in Sect. 3.3.

2.4  Acceleration Techniques

The offline stage of ROMs can be computationally expen-
sive, especially for large-scale problems with wide param-
eter ranges. The online stage can likewise be costly for 
nonlinear problems. Consequently, various acceleration 
techniques have been developed for both stages. Offline 
acceleration often uses hybrid strategies that combine the 
accuracy of FOMs with the efficiency of ROMs (see Sect. 
3.4.1). Online acceleration uses hyper-reduction methods to 
lower the cost of evaluating nonlinear terms in the reduced 
system, as shown in Sect. 3.4.2. These techniques are appli-
cable to projection-based and data-driven frameworks, and 
to both global and local approaches.

2.5  Coupling Techniques

Once the local RBs are available, the next step is to glue 
them to approximate global solutions. This coupling has 
gained attention from the research community in recent 
years. Therefore, various methods have been developed to 
achieve it. We highlight that the fundamental philosophy 
of the algorithms is to minimize discontinuities at the adja-
cent interfaces while satisfying the governing equations and 
boundary (and initial) conditions.

Similar to standard ROMs, local ROM approaches can 
be constructed employing projection-based (Sect. 4) or 
data-driven (Sect. 5) methodologies.

Regarding how reduced systems are constructed and 
solved, projection-based approaches can be classified 
into two groups: (i) monolithic schemes (Sect. 4.2) and 
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(ii) iterative algorithms (Sect. 4.3). The two groups are 
described in Sect. 4.

Data-driven techniques are becoming popular due to the 
rapid development of AI. Moreover, it is a non-intrusive 
methodology that reduces the complexity of handling PDEs, 
enhancing the framework’s adaptability to different govern-
ing equations. Recently, various interpolation/regression 
algorithms, as well as Neural Networks, have been inten-
sively employed for constructing local ROMs (see Sect. 5).

Given the diversity of projection-based and data-driven 
coupling methods, two flowcharts regarding their classifi-
cations are presented in Sections 4 and 5, respectively. We 
also note that separate descriptions for multiphysics prob-
lems are involved, due to their specific characteristics in 
coupling.

In short, the procedure and classification for constructing 
local ROMs are illustrated in Fig. 1. The three preliminar-
ies are carried out first, and then either projection-based or 

data-driven coupling techniques are applied to reconstruct 
global fields.

3  Preliminaries

Now, we will explain the four preliminaries: (i) decompo-
sition, (ii) parameterization, (iii) snapshot collection and 
dimensionality reduction at the local level, and (iv) accel-
eration techniques for the offline and online stages. Before 
discussing these four preliminaries, we first clarify the nota-
tion used in this review. The rules are listed in Table 1.

3.1  Domain Decomposition

Domain decomposition has been widely used in high-fidelity 
simulations for parallel computing and multi-physics prob-
lems. In a well-known book, Quarteroni et al. [52] discussed 

Fig. 1  Four preliminaries for constructing ROMs and the categoriza-
tion of intrusive and non-intrusive coupling techniques. Abbreviation: 
RBF (radial basis function), IDW (inverse distance weighting), EIM 
(empirical interpolation method), DEIM (discrete empirical interpola-

tion method), RBHM (reduced basis hybrid method), RDF (reduced 
basis, domain decomposition, and finite element method), SCRBEM 
(static condensation reduced basis element method), and DGRBEM 
(discontinuous Galerkin reduced basis element method)
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the fundamental topics of the theory, numerical analysis, 
and implementation of domain decomposition approaches.

In the following paragraphs, we focus on the implemen-
tation of domain decomposition procedures corresponding 
to the local ROM, and the three classification aspects are 
presented with descriptions and sketches.

3.1.1  Decomposition With/Without Overlaps

There are two main types of partitions: with or without 
overlaps. The decomposition strategy primarily depends on 
the chosen coupling algorithms, which are discussed in later 
sections. Here, we briefly illustrate these two partition types.

The overlapping and non-overlapping decompositions 
are schematized in Fig. 2. We assume a domain Ω and its 
boundary ∂Ω. Ω is divided into pieces Ω1 and Ω2. For the 
overlapping condition, this division results in two inter-
faces Γ1 and Γ2. The non-overlapping procedure creates a 

shared face Γ[12] = ∂Ω1 ∩ ∂Ω2
3. For clarity, we note Ω as a 

n-dimensional domain, where n = 2, 3. The closure of the 
domain is denoted by Ω = Ω ∪ ∂Ω.

When the geometry is split into multiple partitions, 
two adjacent subdomains Ωm and Ωn with overlaps 
have interfaces denoted by Γ[mn] = ∂Ωm ∩ Ωn and 
Γ[nm] = ∂Ωn ∩ Ωm. Nevertheless, for non-overlap-
ping scenarios, a single common internal face is noted 
Γ[mn] = ∂Ωm ∩ ∂Ωn.

We claim that both methodologies have distinct advan-
tages and limitations. Increasing the shared regions enhances 
the stability and convergence of coupling techniques [53]. 
However, overlaps introduce challenges in partitioning. Fig. 
3 (left) illustrates a 2 × 2 domain decomposition, where 
the overlapping relationships become increasingly com-
plex [54]. In particular, the central subregion represents the 
interaction of all four neighboring subdomains, significantly 
complicating the construction of a ROM.

3  The subscript [12] is a combined index to designate a single face.

Table 1  Notation rules used throughout this paper
Rule Description Examples
Scalars and vectors Scalars, scalar and general fields and are denoted by plain italic symbols, 

whereas vectors and vector fields are denoted by bold symbols.
Scalar field u(x; µ), vector field 
u(x; µ), spatial coordinate x, and 
parameter vector µ.

Operators Continuous, mapping, and surrogate operators are underlined. PDE operator Q, geometric transfor-
mation T , and surrogate operator Z .

Algebraic terms Vectors and matrices in the algebraic system are double-underlined. Their entries 
are not underlined; for example, Mij  denotes the (i, j)-th entry of M .

Snapshot matrix S, and algebraic 
matrix M .

Fig. 3  Domain decomposition 
into 2 × 2 subdomains. Left: 
overlapping partition, redrawn 
based on [54]. Right: non-over-
lapping partition, redrawn based 
on [37]

 

Fig. 2  Schematic of domain 
decomposition: (a) overlapping; 
(b) non-overlapping. The global 
domain Ω is divided into Ω1 and 
Ω2 parts with boundary ∂Ω. For 
overlapping, two interfaces exist, 
Γ1 and Γ2; for non-overlapping, 
a common interface Γ[12] exists
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In contrast, the non-overlapping approach offers greater 
flexibility and adaptability, simplifying the subdomain gen-
eration process. As depicted in Fig. 3 (right), interfaces 
exist only between adjacent subdomains, reducing geomet-
ric complexity. This approach also allows more flexibility 
for mesh discretization, where adjacent subdomains can 
employ either conforming or non-conforming meshes [23].

Furthermore, a shared region implies that the same 
physical phenomena probably occur in the adjoining sub-
domains [25]. However, non-overlapping techniques enable 
the coupling of subdomains with different governing PDEs. 
Despite this advantage, the simplicity of the non-overlap-
ping approach does not come for free. The approaches are 
currently limited by the complexity of developing robust 
algorithms for coupling subdomains at the connected inter-
faces [55].

3.1.2  Conforming and Non-Conforming Meshes

The conforming and non-conforming high-resolution 
meshes along an interface are displayed in Fig. 4. This char-
acteristic significantly affects the algorithms for coupling 
subdomains. In some cases, additional mutual interpola-
tion procedures are required for the reconstruction of global 
solutions [39].

3.1.3  Individual and Generic Decomposition

As indicated in Sect. 1, a global model can be decomposed 
into many independent subdomains or assembled by a few 
types of generic components (archetypes). The use of these 
approaches depends on the geometric characteristics and the 
coupling algorithms. We will clarify the two strategies here.

3.1.3.1  Individual Decomposition  Individual decomposi-
tion denotes a domain Ω composed of a finite number of 
open and bounded partitions, 

Ω =
NΩ∪

m=1
Ωm,

where Ωm is the mth subdomain, and NΩ is the total number 
of partitions. The interfaces between adjacent subdomains 
are denoted by Γr, where r = 1, . . . , NΓ. The global bound-
ary of Ω is assigned as ∂Ω, and it holds that ∂Ω ∩ Γ = ∅. 
The local boundary of Ωm is similarly noted as ∂Ωm, and 
we have ∂Ω ∩ Γ ̸= ∅.

Indeed, the interfaces coincide with the specific boundar-
ies of the partitions. Generally, a partition Ωm connects to 
several interfaces Γr. Thus, we define the set of interfaces 
connected to Ωm as 

Im = {Γr| Γr ⊂ ∂Ωm}.

The number of interfaces connected to Ωm is given by 
Nm = |Im|. The ith item in Im is noted as Γm,i. Note 
that we also use the notation Γ[mn] to denote the interface 
between two adjacent subdomains Ωm and Ωn. In this case, 
Γ[mn] is an element of both Im and In. The two notations 
Γ[mn] and Γm,i are used to identify the interfaces, but the 
former is more convenient for describing the interaction 
between two adjacent subdomains, while the latter is more 
suitable for describing the relationship between a partition 
and its connected interfaces.

For domains without symmetry and periodicity, the split-
ting results in subdomains Ωm of various shapes. Fig. 5 dis-
plays two examples, i.e., laminar flow around a cylinder [56] 
and pollutant transport within a city [57]. Furthermore, if the 
model contains subregions governed by different PDEs, the 
entire geometry is divided considering the physical boundar-
ies. The FSI problems are typical instances consisting of both 
fluid and solid partitions. Two FSI studies are presented in Fig. 
6, which illustrate the interactions of a linear elastic structure 
and a fluid flow governed either by Stokes or incompressible 
Navier-Stokes equations.

3.1.3.2  Generic Decomposition  The second strategy is 
called generic decomposition. It is named to contrast with 
the previous individual strategy. Assume we have N̂Ω ref-
erence subdomains, and the kth of them is denoted by Ω̂k. 
We use the hat symbol □̂ to characterize reference domains. 
Each archetype Ω̂k has Nk instantiations, indexed by 

Fig. 4  (a) Conforming and (b) 
non-conforming meshes for 
adjacent subdomains
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m = 1, . . . , Nk, namely Ωk
m. These instances are obtained 

through a parameterized geometrical transformation 
T k(ξk

m)4, namely, 

Ωk
m := T k(ξk

m) ◦ Ω̂k,� (1)

where ξk
m is the geometric transformation parameter for Ωk

m

. We use vector notation to represent ξk
m, as they can be 

multi-dimensional.
We also note the total number of partitions with NΩ, and 

obviously, it holds that NΩ =
∑N̂Ω

k=1 Nk. Consequently, the 
entire computational domain is expressed as 

4  We use the underline symbol □ to characterize operators, and T k 
denotes the transformation operator.

Ω =
N̂Ω∪
k=1

Nk∪
m=1

Ωk
m,

and we define the set of interfaces connected to Ωk
m as Ik

m.
Many realistic industrial facilities are designed to be 

periodic and symmetric, as these characteristics enhance 
process consistency, efficiency, and cost-effectiveness. Such 
structural regularity can be exploited to simplify simula-
tions and significantly reduce computational costs at both 
FOM and ROM levels. The thermal fin pattern displayed 
in Fig. 7 is a typical design for heat exchangers [60]. In 
[59], the authors analyzed the heat transfer in a multiple-
level thermal fin, in which each block is transformed from a 
generic part. A similar concept appears in biological model-
ing, as presented in [33], where the blood vessel structure is 
composed of four reference blocks. The applications dem-
onstrate that a few archetypes can assemble even complex 
flow networks.

Fig. 7  Several generic parts can be used to assemble entire models. 
The real blocks are obtained by geometric transformation from ref-
erence parts. (a) a multi-level thermal fin. Both interfaces and sub-
domains are mapped back to the archetypes, e.g., Ω1 ◦ T −1

1 = Ω̂ 

and Γ[12] ◦ T −1
[12] = Γ̂B . Redrawn based on [59]. (b) a blood vessel 

formed from blocks, e.g., Ω1 = Ω̂ ◦ T 1 and Ω2 = Ω̂ ◦ T 2, taken with 
permission from [33], copyright owned by Elsevier

 

Fig. 6  Decomposition for fluid-structure interaction problems. (a) Left:: fluid; right: solid. Redrawn based on [37]. (b) Solid is denoted by Ω̂s and 
Ωf

t  is fluid. Γ0
I  and Γt

I  denote the initial and time-dependent interfaces positions, respectively. Redrawn based on [58]

 

Fig. 5  Examples of domain divisions for problems without repeating 
geometric parts. (a) Kármán vortex street for flow around a cylinder. 
A different number of POD modes can be used in each subdomain to 
capture the flow features, e.g., 3 modes for the upstream region, 12 

modes for the vortex region, and 6 for the rest. Figure is redrawn based 
on [56]. (b) Pollutant transport in an urban environment, taken with 
permission from [57], copyright owned by IOS Press
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3.2  Parameterization Techniques

ROMs are constructed from high-resolution datasets within 
a specific parameter range. Hence, the choice of parameters 
is crucial for the performance of the ROM. Below, we dis-
cuss four aspects of parameterization, which are sampling 
strategies, geometrical parameterization, parameter space 
reduction, and local reduced bases in the parameter (or solu-
tion) space. The first two concern the selection of physical 
and geometrical parameters, while the last two address very 
high-dimensional parameter spaces.

3.2.1  Sampling Strategies

Sampling consists of selecting a subset of the observed 
data, which can be used to estimate the features of the entire 
dataset [61]. It is important for applications like design 
optimization and uncertainty quantification. The theory of 
general sampling is extensive and beyond the scope of this 
work (see [61, 62] for details). Thus, we only outline studies 
relevant to ROMs for the sake of completeness. Interested 
readers can also turn to [12, 63, 64] for a relatively concise 
summary of the topic.

The choice of sampling strategies depends mostly on the 
dimension, NP , of the parameter space P  [63]. Grid-based 
approaches are the standard option for problems with low 
dimensions (typically NP ≤ 3) [12, 65]. For example, three 

grid-based techniques for P = [−1, 1]2 are plotted in the 
first row of Fig. 8. Non-uniform selections, such as Clen-
shaw-Curtis points [66], are an alternative. By employing 
these strategies, one can choose the same or different num-
bers of values in each dimension.

When more parameters are considered, the number of 
grid points grows exponentially. Statistical algorithms like 
random (e.g., Monte Carlo) and latin hypercube sampling 
[67], as well as Smolyak sparse grid, are well-suited for 
these conditions [12, 65] (see second row of Fig. 8). One 
can also employ a probabilistic sample method based on 
centroidal Voronoi tessellations [68].

The situation becomes more challenging when the 
dimension NP > 10. The common sampling techniques 
mentioned above are not feasible in these conditions. 
Namely, it is impossible to balance numerical cost with a 
good representation of P . Therefore, more sophisticated 
problem-specific adaptive algorithms should be utilized, as 
indicated in [63–65].

The greedy algorithm is a widely used adaptive sampling 
strategy for ROMs. It iteratively selects the parameter in the 
candidate set that maximizes the error of the current ROM, 
and then enriches the reduced basis with the solution cor-
responding to this parameter. This process continues until a 
desired accuracy is achieved. This strategy can optimize the 
number of high-fidelity simulations, which is the bottleneck 
of the offline stage.

Fig. 8  Sampling strategies in the space P = [−1, 1]2. Grid-based 
(first row, from left to right): 4 × 4 uniform, 3 × 5 uniform, and 3 × 5 
Clenshaw-Curtis. Statistical (second row, from left to right): random 

(15 points), latin hypercube (15 points), and smolyak sparse grid with 
Clenshaw-Curtis points. Figures redrawn based on [12]
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Greedy algorithms are generally used in intrusive ROMs. 
Several early-stage developments include the studies of 
Patera and Maday et al. [69–72] and Haasdonk et al. [73]. 
Amsallem et al. [74] developed an adaptive POD-Greedy 
approach, which uses a surrogate model to identify a set 
of poorly represented parameters first, and then performs 
reduced simulations to select the new parameter to be 
enriched. Some recent studies can be found in [75, 76]. 
Additionally, the usage of the greedy algorithm in non-
intrusive ROMs can be found in [77, 78].

Note that the error in the iterative process of the greedy 
algorithm is estimated by an error estimator, which is 
derived for different types of PDEs, such as elliptic [79, 80], 
parabolic [81], Stokes [82], and Navier-Stokes equations 
[83].

There are also several alternative adaptive approaches, 
such as local sensitivity analysis [84], the trust region algo-
rithm [85], a gradient-based method [86], and isomap-based 
approaches [87–89]. The performance of different adaptive 
algorithms for the application of the ROM is compared in 
[64, 90].

Recently, active learning has gained popularity for param-
eter sampling and applications in ROMs. Active learning is 
a general machine learning framework that actively selects 
samples to maintain the performance of the current model 
[91]. The selection can be achieved through various opti-
mization strategies. The aforementioned greedy algorithm 
can be integrated into the active learning framework [91]. In 
[92], the authors used a neural network to predict the error 
of the current ROM, and then, identify samples with the 
highest predicted errors. Zhang et al. used the probability 

density function of ROM errors as a criterion to adaptively 
advance the sampling process [93].

Moreover, we emphasize that Bayesian optimization is 
widely incorporated with active learning for sampling [94]. 
Bayesian optimization is a probabilistic technique that aims 
to find the global optimum of functions that are expensive 
to compute. This makes it well-suited to the active learn-
ing framework for estimating the performance of the cur-
rent ROM and selecting new samples to improve accuracy. 
Applications of the algorithm for building ROMs can be 
found in [94–98]

3.2.2  Geometrical Parameterization

Geometrical parameterization is important in industrial 
practice for design and optimization. See descriptions and 
examples in [12, 99, 100]. In terms of implementation, it is 
worth mentioning the Python package PyGem [101], which 
employs various techniques for generating geometrical 
samples. For the numerical analysis of propeller blades in 
particular, the geometrical parameterization and bottom-up 
construction can be performed using BladeX (Python Blade 
Morphing) [102].

Mostly, geometrical parameterization aims to achieve 
two goals: (i) shape optimization; (ii) efficient simulation 
of multiple shapes. The former is studied for many appli-
cations, including aircraft wings [103], marine propellers 
[104], and ship hulls [105].

In the other condition, solutions for numerous deformed 
geometries are required. For instance, in cardiovascular and 
blood system simulations, the shape of the computational 
domain is patient-specific [? [33].

The procedure for geometrical parameterization is not 
unique. Different methods have been developed to meet spe-
cific requirements. For discussion, we identified two subcat-
egories: interpolation technique and free form deformation.

3.2.2.1  Interpolation Technique  The general procedure for 
generating samples via interpolation can be summarized in 
three consecutive steps: (i) selecting parameters; (ii) deform-
ing a reference geometry with regard to different param-
eters to generate a series of shapes; (iii) obtaining meshes 
from the reference one by interpolating the deformation of 
shapes. To clarify, we will provide three examples.

Firstly, we regard the simple thermal fin problem dis-
played in Fig. 7a, in which the fins differ only in their length 
[59, 106].

Secondly, we consider the complex model of Fig. 9 that 
shows the parametric geometry of the human carotid artery 
bifurcation [107–109]. To characterize the domains, the Fig. 9  Parameters for a carotid artery bifurcation [107–109]. The shape 

depends on channel diameters D, di, ds, dr, de and bifurcation angles 
αi, αe. Figures redrawn based on [110]
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authors defined several specific quantities, i.e., flow channel 
diameters, branch curvatures, and bifurcation angles.

Lastly, a similar strategy is proposed by Ivagnes et al. 
[104] for the optimization of marine propellers. The param-
eters are assigned at the level of a blade section, and thus, 
they determine the entire propeller.

Once we obtain shape samples, we can compute the 
meshes via interpolation. Radial Basis Function (RBF) 
interpolation is a widely used technique. Let us briefly 
describe it. Assume that input variables xi and results yi, 
with i = 1, . . . , N  are known. Our objective is to approxi-
mate the function f , achieving yi = f(xi). In this tech-
nique, the interpolation can be written as 

yi =
N∑

j=1
wjϕ(∥xi − xj∥) with j = 1, . . . , N,

where ϕ denotes a RBF that is weighted by coefficients wj , 
j = 1, . . . , N , and the unknowns wj  are computed by solv-
ing the equation with N  pairs of xi and yi.

Once the RBF interpolation model is trained, it can be 
applied to estimate y corresponding to the numerous new x
. The definition of ϕ is not unique. More details are shown 
in [111, 112].

Note that the cases illustrated above employ problem-
specific configurations, which are confined to individual 
applications. Now, we introduce a general strategy. This 
generates the geometrical shapes by the position of certain 
control points [110, 113]. The ideology is plotted in Fig. 11. 
The set of control points is defined either surrounding or on 
the surfaces/edges of the model. The translations of points 
are regarded as parameters. The deformed outer face and 
mesh can be interpolated using RBF.

Note that the geometric interpolation techniques can 
also be incorporated to approximate the mesh motion in 
FSI problems. For example, the usage of RBF is presented 
in [114]. Inverse Distance Weighting (IDW) is an alterna-
tive to RBF. The results in [115, 116] demonstrated that 
IDW is comparable in accuracy to RBF and accelerate the 
high-fidelity simulations. The combination of a ROM and 
IDW is presented in [114, 117]. However, the interpolation 
approaches become costly for numerous points. Thus, an 
adaptive selective RBF method is presented in [114], and 
the Selective IDW (SIDW) algorithm is proposed in [117, 
118]. The fundamental idea of the two variants is the same, 
in which only a subset of points is optimally identified for 
performing interpolation. See more details about these 
investigations in Section 4.2.7.

3.2.2.2  Free Form Deformation  We will introduce another 
general and simple method that is well-suited for the geo-
metrical transformation of two-dimensional (2D) and three-
dimensional (3D) objects, namely the FFD. Note that the 
FFD also involves the movement of control points. We will 
now outline the procedure and indicate the differences com-
pared to previous interpolation techniques.

The procedure of FFD is sketched in Fig. 12. The FFD 
transformation T (·, µ) consists of three operations 

T (·, µ) = Ψ−1 ◦ T̂ (·, µ) ◦ Ψ,

where Ψ is the mapping from the physical domain to a 
unit cube, Ψ−1 is the inverse mapping, and T̂ (·, µ) is the 
deformation of the unit cube. The three steps are detailed 
as follows.

Fig. 11  Generation of geometric samples by the displacements of control points. (a) An aircraft wing, redrawn based on [113] and (b) a bypass 
problem with the initial point location Xi, and the deformed point coordinate Y(µi) = Xi + µi, redrawn based on [110]

 

Fig. 10  Definition of the param-
eters of a marine propeller’s 
blade. The blade is characterized 
by a series of sections at different 
radius values (right), and each 
piece can be deformed (left). 
Figures taken with permission 
from [104], copyright owned by 
John Wiley & Sons, Inc
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Firstly, as shown in Fig. 12, a reference bypass structure, 
Ω, is embedded in a rectangle, D. By applying transforma-
tion Ψ, D is mapped into a unit cube D̂ ≡ [0, 1]2. We con-
sider L and M  control points inside D̂. L and M  are defined 
on the abscissa and ordinate axes, respectively. Each grid 
point is defined by its two coordinates and indexed by 

Pl,m = [l/L, m/M ],

where l and m are the indices of the control point, with 
l = 0, . . . , L and m = 1, . . . , M .

Secondly, the transformation T̂ (·, µ) is defined. Assume 
the displacement of each point is µl,m, so the deformed con-
trol point is given by Po

l,m = Pl,m + µl,m. D̂ is deformed 
to D̂o by interpolating the new control point positions. For 
any coordinate x̂ ∈ D̂, the new position is calculated with 
the following transformation: 

T̂ (x̂, µ) =
L∑

l=0

M∑
m=1

bL,M
l,m (x̂)Po

l,m,

where bL,M
l,m (x̂) denotes tensor product of the 1D Bernstein 

basis polynomials (see more in [120]).

Thirdly, the inverse mapping is applied, namely, 
Do = Ψ−1 ◦ D̂o, and thus, the deformed shape Ωo is 
obtained.

FFD has become popular due to several valuable charac-
teristics [120]: (i) It is suitable for surfaces of any formula-
tion or degree; (ii) Its implementation is independent of the 
domain and mesh; (iii) It can be applied locally or globally 

and preserves smoothness when incorporating deform only 
for subregions.

There are many relevant studies about the combina-
tion of a ROM and FFD discussing different phenomena: 
shape parameterized heat conduction problem [121]; the 
immersed bodies in Stokes flows [122]; PDE-constrained 
optimization problems in haemodynamics [123]; unsteady 
Navier-Stokes flow inside the Coronary artery bypass [124]; 
linear/nonlinear constrained design optimization of ship 
hull (governed by Navier-Stokes equations) [125]. Another 
highlighted investigation is addressed by Forti [114], in 
which he adopted RBF, IDW, and FFD for FSI scenarios.

The FFD can also be applied locally. Fig. 13 shows a sim-
ulation of Navier-Stokes flow in a shrinking cardiovascular 
structure [126]. Another study for the aerodynamic shape 
optimization of a car’s front end is presented in [103]. Forti 
et al. successfully integrated the domain decomposition 
approach with FFD for the simulation of a fluid-structure 
interaction problem [114]. The deformation is performed 
in each subdomain, and thus, local control point refinement 
can be achieved in specific regions.

3.2.3  Parameter Space Reduction

The aforementioned techniques cover the general strategy 
for generating samples, including physical and geometrical. 
However, parameterization may become problematic when 
associated with a high-dimensional space, which results 
in difficulties in design optimization, sensitivity analysis, 
uncertainty quantification, etc.

Fig. 12  Two-dimensional FFD 
implementation for a bypass 
structure. FFD deforms a lattice 
(red) via moving the grid control 
points (blue). The new shape 
is obtained using mapping and 
interpolation. Figure redrawn 
based on [119]
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Some examples may be provided to clarify this issue. 
Suppose that shape optimization is performed employing 
FFD with a large amount of control points. The displace-
ments of every point should be sampled, which is not prac-
tical for the design workflow of realistic applications. To 
deal with these difficulties, the parameter space reduction 
technique arose. In summary, it involves moving points in 
a correlated manner, specifically by adjusting a few syn-
thetic parameters, and then obtaining samples based on this 
reduction.

Several studies have shown the key benefits of paramet-
ric reduction. Clearly, fewer inputs reduced the cost of the 
online stage, which can accelerate the analyses of sensitiv-
ity and uncertainty [127] with ROMs. Additionally, it was 
shown that low-dimensional inputs also improve the accu-
racy of ROMs [125, 128–130].

For completeness of the section, we will illustrate two 
popular techniques regarding parametric reduction in 
ROMs: Active subspaces and the AI-based generative 
model.

3.2.3.1  Active Subspaces  The Active Subspaces (AS) 
method has recently been used for linear reduction in input 
spaces [130]. It is a dimensionality reduction technique for 
high-dimensional spaces that identifies the most influential 
subspace of the inputs with respect to an output of interest. 
By employing AS, one can use linear combinations of the 
original parameters as new composite variables, instead of 
the original individual parameters. This allows for a more 
efficient process of sampling and optimization. The steps 
and mathematical details of the method are presented in 
Appendix B.1.

The incorporation of ROMs and AS has been tested in 
various scenarios. Demo et al. [128] revealed that their 
non-intrusive ROM involving AS outperforms the one 
disregarding this technique. The framework has also been 
utilized intensively for shape design and optimization. The 

applications include airfoil [129], ship hull [125], and ship 
propeller blade [131] optimizations.

We remark on a recent publication [130], a slight varia-
tion of the method. There, the authors managed to parti-
tion the parameter space with clustering algorithms. Their 
method, the so-called local active subspace procedure, 
results in a more efficient and accurate dimension reduction 
than the standard one.

3.2.3.2  Generative Model  AI-based methods have been 
employed to generate 3D objects in computer vision. This 
success suggests the feasibility of utilizing them to create 
geometrical samples. Given their relevance, we start intro-
ducing data-driven generative models for parameter space 
reduction [132].

As mentioned before, FFD is a flexible and general tech-
nique for the generation of geometries. However, when con-
sidering linear/multi-linear constraints, its numerical cost 
can not be ignored.

Thus, Padula et al. [132] proposed a strategy based on 
neural networks to generate efficiently constrained samples. 
It is composed of two parts: an Encoder E : RN → Rn and 
a decoder D : Rn → RN , in which n ≪ N . It achieves the 
approximation that µ ≈ D ◦ E(µ). The vector E(µ) ∈ Rn 
is the latent representation of µ, and Rn is the latent space.

The implementation of the generative model consists of 
three steps: (i) a few samples generated by constrained FFD 
are applied to train the network; (ii) instead of µ, the vec-
tor E(µ) is adopted; (iii) new samples are produced utiliz-
ing decoder D ◦ E(µ). The procedure can utilize a simple 
Autoencoder (see Sect. 5.1.2) or more complex frameworks, 
which were described and compared in [132].

This model has been validated utilizing several bench-
mark cases, demonstrating its effectiveness across different 
applications. These include the Poisson problem in Stanford 
Bunny geometry and Reynolds Averaged Navier-Stokes 
equations for the shape optimization of a naval hull. These 
tests have revealed that the method can represent constraints 

Fig. 13  FFD for local deforma-
tion of a cardiovascular structure. 
e.g., a blood vessel. Figure taken 
with permission from [126]
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efficiently and result in a more accurate ROM [132]. Nota-
bly, both the active subspace method and the generative 
model confirm the significant benefits of exploiting param-
eter space reduction techniques.

3.2.4  Local Reduced Basis for Clustered Datasets

Here, we will introduce the concept of the local RB for clus-
tered datasets. The idea is to partition the parameter space 
or solution space into several subgroups and compute a 
local RB for each subgroup. This approach can improve the 
accuracy of the ROM when the parameter space is large and 
complex. The approach is proposed to tackle the issue of the 
performance deterioration of the ROM when using a single 
RB for a wide range of parameters. Note that these RBs are 
localized in the parameter/solution space, which is different 
from the local RBs defined spatially in the subdomain-level 
(discussed in Sect. 3.3).

The clustering treatment can be regarded as a linear-
ization operation, and each local RB is expected to better 
approximate the solutions for the corresponding subgroup. 
The following paragraphs will briefly describe several typi-
cal approaches for clustering the datasets and computing 
separate RBs.

The most widely used approach to cluster the pre-
selected parameters or pre-computed snapshots is k-means 
algorithm. It is a widely used method for partitioning a 
dataset into k distinct clusters based on the similarity, e.g., 
distance, of data points. It consists of the following major 
steps. Firstly, k initial data points are randomly selected 
from the set. Then, the distance between each data point and 
all centroids is calculated, and each data point is assigned 
to the nearest centroid, forming k clusters. After that, the 
centroids are updated by calculating the mean of the data 
points in each cluster. The assignment and update steps are 
repeated iteratively until all data points are assigned.

An early implementation of the method for ROM is 
presented in [74, 133]. In this study, the snapshots are pre-
computed for the entire parameter set, and then, the criterion 
for clustering is the distance between the high-fidelity solu-
tions. If we have a centroid of ith cluster, named uc,i, the 
distance between uc,i and a snapshot uj  is calculated as 

di,j = ∥uc,i − uj∥2 ,

where we use u to denote the general field, ∥·∥2 is the L2 
norm between the fields. Note that L2 norm is applied in 
[74], but other metrics can also be used.

Washabaugh et al. [134] also used the k-means algorithm 
and L2 norm between snapshots for clustering. The nov-
elty of their work is that an overlap approach is applied to 
share the boundary snapshots between neighboring clusters, 

which can improve the accuracy of the ROM for the bound-
ary parameters.

Pagani et al. [135] have compared the performance of 
clustering considering time-based, solution-based, and 
parameter-based criteria. They tried different clustering 
methods, one is the standard k-means, and the other is using 
the projection error5 of the snapshots onto the local RB as 
the criterion for clustering.

We also recommend two recent publications about 
the usage of local RB [136, 137]. A significant difference 
between these two studies and the previous ones is that the 
clustering is performed in the parameter space instead of 
the solution space, indeed the distance (i.e., the L2 norm) 
between parameters is calculated for clustering. It should be 
highlighted that, Chasapi et al. [136] adopted the k-means 
variance, 

K =
Nc∑

k=1

∑
µ∈Pk

∥µ − µk∥2
2 ,

as the criterion to choose the optimal number of clusters, 
where Nc is the number of clusters, Pk is the set of param-
eters in the kth cluster, and µk is the centroid of the kth 
cluster.

Regarding the k-means method, it is worth mentioning 
the work of Cai [138], in which they proposed an itera-
tive procedure integrating k-means to optimize the cluster-
ing. The algorithm aims to maximize the distance between 
different clusters while minimizing the distance within 
the same cluster, and meanwhile, samples adjacent in the 
original space remain adjacent in the projected subspace. 
Although the method is not applied to ROM, we believe it 
is promising for the clustering of parameters or snapshots in 
ROM, and thus, it is worth further investigation.

Besides the k-means method, other techniques can also 
be applied to compute local RBs. Haasdonk el al. [139] pro-
posed a grid based clustering method, in which the parame-
ter space is partitioned into uniform partitions. They used an 
error estimator to test the accuracy of the local RB for each 
partition, and if the error is larger than a predefined thresh-
old, the partition is further divided uniformly into smaller 
ones. Zou et al. [140] used a Voronoi tessellation to partition 
the parameter space. A Voronoi tessellation can be regarded 
as a simplified version of the k-means method, in which the 
centroids are fixed, and other data points are assigned to the 
nearest fixed point.

5  Assume a set of orthonormal basis functions are stacked column-
wise as Φ and a high-fidelity solution is stored as a vector u, the 
projection error is defined as 

∥∥u − ΦΦT u
∥∥

2
.
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3.3  Snapshots and Local Reduced Basis

Once the domain is properly partitioned and parameters are 
determined, the next step is to compute the local RB. The 
following paragraphs will briefly discuss three procedures 
for generating subdomain-level RBs.

Note that the concept of RB is defined for intrusive 
methodologies, whereas for non-intrusive methods, the 
low-dimensional representation is a standard expression. 
Nevertheless, to preserve the generality of the term, RB is 
still used as a common concept for both intrusive and non-
intrusive frameworks.

3.3.1  Localized Global RB

In the first approach, parametric numerical solutions for the 
entire geometry are collected as a snapshot matrix, which is 
defined as 

S
Nh×Nµ

=
[
u1, u2, . . . , uNµ

]
,

where Nµ is the total amount of parameters and Nh denotes 
the dimension of the high fidelity snapshot uj . We use uj  to 
denote the general field for the jth parameter, even though 
each column of S is a vector of size Nh. The solution can 
be a scalar or vector field, and in this paper, we will use u 
to denote scalar fields or any general field, and u for vector 
fields.

uj  is defined as 

uj := uj(x; µj)for j = 1, . . . , Nµ,

and µj  are either geometrical or physical parameters and x 
is the spatial coordinate.

Then, a reduction technique, e.g., POD, is adopted to 
compute dominant modes, which leads to the approximation: 

uj(x; µj) ≈
NRB∑
i=1

ai(µj)vi(x), vi ∈ V,

where NRB is the number of modes, ai are the coefficients, 
vi are the basis functions defined in the entire domain Ω, V  
is the global reduced space.

Finally, the ith localized function in subdomain Ωm is 
defined as the restriction: 

vm,i = vi|Ωm
.

Be aware that the localized functions {vm,i}Nm,RB
i=1  obtained 

by the restriction do not necessarily form a basis. For this rea-
son, they are referred to as localized global basis functions 

rather than local basis functions. A comparison between the 
localized global RB and the local RB mentioned below is 
presented in [141].

3.3.2  Global Solutions and Local RB

The second technique also requires global FOM results that 
are decomposed before any further treatment. The subdo-
main-level reduced subspaces are computed using the local 
values. There are two procedures for computing the RBs.

	● For the individually partition strategy (Sect. 3.1.3), we 
know Ω = ∪NΩ

m=1Ωm, so the local snapshots of Ωm are 
obtained by the restriction 

um,j := u(x; µj)|Ωm
for j = 1, . . . , Nµ,

	 where x is the spatial coordinate and u(x; µj) is the 
global solution for the jth parameter, µj .

	 Then, all parametric local fields of Ωm are collected in a 
snapshot matrix 

S
m

=
[
um,1, um,2, · · · , um,Nµ

]
.

	 POD6 can be applied to compute basis functions. Conse-
quently, for Ωm, the approximation with regard to µj  is 

um,j(x; µj) ≈
NRB,m∑

i=1
am,i(µj)vm,i(x), , vm,i ∈ Vm.

	 An example of this strategy is shown in Fig. 14, in which 
a backward-facing step is decomposed into Ω1 and Ω2 
[48]. Two different RBs are computed, namely, V1 and 
V2 for the two subdomains, respectively. The two RBs 
are glued for visualization, as presented in Fig. 14.

	● In the generic decomposition approach, the domain is 
assembled by instantiating a few archetypes, which is 
expressed as Ω = ∪N̂Ω

k=1 ∪Nk
m=1 Ωk

m, where N̂Ω is the 
number of archetypes, Nk is the number of instantia-
tions for archetype Ω̂k, and Ωk

m is the mth instantiation 
of Ω̂k (See the details in Section 3.1.3).

	 Similar to the previous strategy, the global solution 
u(x; µj) is required (µj  denotes the jth parameter for 
the entire problem). The local solution is obtained by 
restriction 

uk
m,j := u

(
x; µj

)∣∣
Ωk

m

for j = 1, . . . , Nµ.

	 Then, it is mapped to the reference block Ω̂k as 

6  POD is used here as an example, but other reduction techniques can 
also be applied.
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ûk
m,j = T k(ξk

m) ◦ uk
m,j ,

	 where T k is the transformation that maps Ω̂k to Ωk
m, and 

ξk
m is the set of geometrical parameters for Ωk

m. Note 
that the transformation is applied to the spatial coordi-
nate, so the solution is mapped to the reference block.

	 At this stage, the snapshot matrix for Ω̂k becomes 

Ŝk =
[
Ŝk

1 , · · · , Ŝk
Nk

]
, and Ŝk

m =
[
ûk

m,1, · · · , ûk
m,Nµ

]
.

	 POD or other techniques are applied to each Ŝk and ob-
tain RBs. The basis vectors for Ω̂k are noted as 

v̂k
i , with i = 1, . . . , Nk

RB,m.

	 The local basis functions in Ωk
m is obtained via the inverse 

transformation, vk
m,i = T k−1(ξk

m) ◦ v̂k
i , which can span 

a local reduced space Vk
m = span{vk

m,1, . . . , vk
m,Nk

RB,m

}. 

Thus, for Ωk
m, the local solutions are approximated as 

uk
m,j(x; µj) ≈

Nk
RB,m∑
i=1

ak
m,i(µj)vk

m,i(x).� (2)

	 Figure 15 shows the decomposition of a thermo-hydro-
mechanical system for radioactive waste disposal [25, 
142]. One archetype components, Ωa

int, is defined. Then, 
a set of instantiated Ωa

int and one Ωa
ext are assembled to 

build the model.

We also want to mention another scenario that uses solu-
tions in partitions to compute the global RB. For FOM 
simulations running in parallel, the snapshots are stored in 
a distributed manner. Beattie et al. and Wang et al. [143, 
144] proposed a method to compute the global RB without 
gathering the snapshots in the master process. The strategy 
is not relevant to the local RB, but it is worth mentioning for 
the sake of completeness in this review.

3.3.3  Localized Training and Oversampling

The third method is called localized training, which sup-
ports geometries assembled by reference parts. Instead 
of expensive high-fidelity modeling in the original large 
geometry, a set of parametric computations is carried out 
in several archetype components or much smaller systems 
containing archetype blocks. In this frame, it is assumed that 
the dynamics that occur in small-scale networks can repre-
sent the physical behavior of the original large-scale sys-
tems due to the existence of periodicity and self-similarity 
in the geometry and physics. The approach can significantly 
accelerate the most expensive part for building a ROM, i.e., 
the offline stage, which has the potential to make ROMs fea-
sible for real-world applications.

The main difference between this strategy and the previ-
ous one is the way to parameterize the problem and col-
lect snapshots. Figure 16 illustrates this approach applied 
to blood vessel flow [33]. The model is built from four 
archetypes, one branch and three straight pipes (Fig. 16b). 
High resolution simulations are performed on a small-scale 
geometry that contains all archetypes (Fig. 16a left). Param-
eterization is achieved locally to the small geometry and to 

Fig. 15  Domain decomposition 
of a thermo-hydro-mechanical 
system, consisting of many Ωa

int 
and a single Ωa

ext. Taken with 
permission from [25], copyright 
owned by the author

 

Fig. 14  Individual domain 
decomposition for a backward-
facing step, Ω = Ω1 ∪ Ω2, and 
local RBs for a backward-facing 
step problem. The local velocity 
modes are glued together for 
visualization. Taken with permis-
sion from [58], copyright owned 
by the author
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each archetype (Fig. 16a middle). Subdomain-level snap-
shots are then collected to compute local reduced bases (see 
Fig. 16b). At the online stage, archetype blocks are assem-
bled into the full geometry (Fig. 16b right), and the local 
reduced bases are mapped to each instantiated partition to 
compute the global solution.

Let us clarify the notation for the strategy. Assume the kth 
archetype Ω̂k is parameterized by 

{
µ̂k

j , j = 1, . . . , N̂k
µ

}
, 

where N̂k
µ  is the number of parameters for Ω̂k. The corre-

sponding local solutions are defined as 

ûk(x̂; µ̂k
j )for j = 1, . . . , N̂k

µ ,

where x̂ is the spatial coordinate in the reference block Ω̂k.
The archetype-level snapshot matrix is defined as 

Ŝk =
[
ûk

1 , · · · , ûk
N̂k

µ

]
,

where ûk
j := ûk(x̂; µ̂k

j ). Then, a reduction technique is 
applied to compute the basis functions 

v̂k
i , with i = 1, . . . , Nk

RB,m.

At the online stage, the computational domain is assembled 
by instantiating the archetypes. So the basis functions are 

mapped to the instantiated blocks via the geometrical trans-
formation, which is expressed as vk

m,i = T k−1(ξk
m) ◦ v̂k

i . 
The local solution in Ωk

m is approximated as 

uk
m,j(x; µj) ≈

Nk
RB,m∑
i=1

ak
m,i(µj)vk

m,i(x),

where µj  denotes the jth parameter for the entire problem.
In order to compute modes that are representative of the 

physical phenomena appearing in the global solution, an 
oversampling strategy has been proposed [145]. The FOM 
simulations are performed in geometries that are slightly 
larger and comprise several archetypes. To the extended 
domains, some parameterized boundary conditions are 
applied, as shown in Fig. 17. The solutions within the ref-
erence subdomains are extracted by restriction to compute 
corresponding RBs. The oversampling approaches can iden-
tify low-dimensional structures and have been suggested 
and used extensively [50, 146–148]. Besides, the increasing 
computation cost for FOM simulations remains acceptable.

3.3.4  Reduced Basis for Interior, Interface, and Boundary.

We finalize this section by discussing the practical formation 
of the snapshot’s matrix regarding the interior Ω, interfaces 

Fig. 17  A sketch of the oversam-
pling strategy for three archetype 
components, i.e., Ω̂int, Ω̂co and 
Ω̂ed. Three small-scale models 
are constructed to generate high-
fidelity solutions of each generic 
subdomain. Redrawn based on 
[146]

 

Fig. 16  The illustration of the localized training strategy for a blood 
vessel. (a) The high-fidelity computational domain (left), geometri-
cal parameterized samples (middle), and an assembled large domain 

(right). (b) Subdomain-level velocity and pressure modes for each 
archetype. Figures taken with permission from [33], copyright owned 
by Elsevier
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Γ (or the local boundary ∂Ωm), and global boundary ∂Ω. 
Recall that the matrix will be treated with a reduction algo-
rithm to obtain the RBs.

Fig. 18 illustrates the three strategies to process offline 
solutions: (i) solutions of the three zones -interior, inter-
faces, and boundaries- are gathered, and a single compact 
reduced space is constructed; (ii) processing the interior and 
the interface together and the boundary separately; or (iii) 
each zone is post-processed separately.

The procedure to follow depends on the partition strate-
gies described above and the coupling algorithm introduced 
in the following sections.

3.4  Acceleration Techniques for the Offline and 
Online Stages

As we mentioned before, the local ROM aims to reduce the 
computational cost of high-fidelity simulations to enhance 
the feasibility of ROMs for real-world applications. Addi-
tionally, we will briefly introduce two approaches that can 
further accelerate the offline and online stages of ROMs, 
namely incremental ROM and the hyper-reduction. The 
two strategies are integrated into ROMs in the process of 
generating snapshots and computing the RBs, and are thus 
described here. Be aware that they can be applied to both 
intrusive and non-intrusive ROMs, and also to both global 
and local ROMs. Due to the flexibility, they are employed 
together in many studies. Their application for local ROMs 
will be indicated in Sections 4 and 5.

3.4.1  Incremental Reduced Order Model

In Sect. 3.2.1, we have described the adaptive sampling 
strategy to optimally select parameters for the offline stage. 
The same principle can be applied to the online stage as 
well, which is called online basis enrichment. ROMs cre-
ated in this manner are also known as incremental ROMs.

Similar to adaptive sampling, an error indicator is used 
to evaluate the accuracy of the ROM with respect to the 
current parameter or time step. If the estimated error dur-
ing the online stage is larger than a predefined threshold, a 
high-fidelity simulation is performed to enrich the reduced 
basis. Consequently, the incremental ROM can be regarded 

as a mixture of offline and online stages. ROM is applied 
for approximation, and meanwhile, the FOM simulation is 
performed to enrich the reduced basis when necessary.

Due to the variety of error indicators and enrichment 
strategies, it is difficult to give a comprehensive review of 
the incremental ROMs. Thus, we will only roughly list the 
observed publications and classify them into intrusive and 
non-intrusive groups.

Intrusive incremental ROMs are studied more exten-
sively, and they have been applied to various problems, 
such as steady-state and time-dependent heat equation [149, 
150], elastodynamics and poroelasticity [150], Burgers’ 
equation [151–153], Euler equations [154, 155], advection-
diffusion-reaction phenomena [156], transport-dominated 
problems [157], Navier-Stokes equations [158], structural 
mechanics [154, 159], and FitzHugh-Nagumo equations 
[156, 160]. The integration of incremental ROMs in non-
intrusive frameworks is also gaining attention, see more in 
[161, 162], especially the integration of active learning in 
[91, 163].

Note that when snapshots are generated adaptively, it is 
not necessary to recompute the RB from the full snapshot 
matrix whenever new data become available. Instead, the 
RB can be updated incrementally by means of incremental 
POD or incremental Singular Value Decomposition (SVD) 
[149, 150, 164, 165], in which only the new snapshots are 
incorporated into the update. This strategy can substantially 
reduce both memory requirements and computational cost 
for enriching the RB.

Moreover, for large-scale CFD problems, data should 
be stored in a spatially distributed manner due to domain 
decomposition and MPI-parallel solvers. Kühl et al. and 
Costanzo et al. [166, 167] have proposed a parallel incre-
mental SVD algorithm, which can update the RB directly 
for large-scale spatially parallel & distributed but tempo-
rally serial data. The methods were demonstrated for several 
fluid-dynamics applications, including laminar flow around 
a circular cylinder, a submerged hydrofoil in turbulent two-
phase flow, a Kriso container ship hull in harmonic head 
waves [166], and mesh-free smooth particle hydrodynamics 
simulations such as sloshing, an impinging jet, and a Pelton 
turbine runner [167]. We believe the incremental SVD-based 
approaches is particularly valuable for the implementation 

Fig. 18  Snapshots structures. (a) 
a domain and three regions: inte-
rior, Ω; interface, Γ; and global 
boundary, ∂Ω. (b) a compact 
subdomain snapshot. (c) Subdo-
main and boundary snapshots. (d) 
Separated snapshots
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of ROMs for unsteady and large-scale simulations in indus-
trial applications, and it is an ongoing research focus in the 
ROM community.

3.4.2  Hyper-Reduction Technique

Hyper-reduction is employed to accelerate the online stage 
of ROMs containing nonlinear terms, which is also known 
as non-affine operators. We will briefly explain why the 
evaluation of nonlinear terms is expensive and how hyper-
reduction can help to accelerate the online stage.

Assume we have a nonlinear term N (u; µ) in the gov-
erning equations parameterized by µ, and the solution is 
approximated as u ≈

∑NRB
i=1 ai(µ)vi, where vi are the basis 

functions and ai is the corresponding coefficients. The pro-
jected nonlinear term is expressed as 

Nr = V T N,

where Nr is the reduced nonlinear matrix, V  is the matrix of 
basis functions, and N  is the high-fidelity nonlinear matrix, 
whose elements are computed by N

(∑NRB
i=1 ai(µ)vi

)
.

Be aware that the evaluation of N
(∑NRB

i=1 ai(µ)vi

)
 

requires the computational cost proportional to the dimen-
sion of the high-fidelity model. Moreover, since N  is a 
nonlinear operator, it should be recomputed for each new 
approximation u ≈

∑NRB
i=1 ai(µ)vi. Although the basis 

functions vi are pre-computed in the offline stage, the coef-
ficients ai depending on the parameter µ are estimated 
during the online stage. Consequently, the nonlinear term 
N

(∑NRB
i=1 ai(µ)vi

)
 and the projected matrix Nr have to 

be calculated at each time step or for each parameter during 
the online stage, which is very expensive.

We may conclude that the cost for evaluating 
N

(∑NRB
i=1 ai(µ)vi

)
 is due to the high dimension of the 

FOM. Hyper-reduction aims to evaluate the nonlinear term 
over a small subset of discretization points (or elements), 
instead of the entire domain, and hence, the computational 
cost is significantly reduced.

The selection of the subset of points and the approxi-
mation of the nonlinear term are the two main steps for 
hyper-reduction. The simplest way to determine the sub-
set of points is to randomly choose a few points from the 
entire domain, which is known as the collocation method. 
However, the collocation method is not optimal and can 
lead to large errors. Consequently, four more sophisticated 
hyper-reduction techniques have been proposed in the past 
decades. These are Empirical Interpolation Method (EIM) 
[168], Discrete Empirical Interpolation Method (DEIM) 

[169], Gappy POD [170], and Gauss-Newton with Approxi-
mated Tensors (GNAT) [171].

The four methods differ mainly in the way to select the 
sampling points and approximate the nonlinear term. EIM is 
the first hyper-reduction approach proposed in the literature, 
and DEIM is a discrete variant of EIM, which is more prac-
tical for numerical implementation with discretized compu-
tation domains and governing equations. Gappy POD is a 
method that optimally selects the sampling points for evalu-
ating the nonlinear term by solving a least-squares problem. 
GNAT is a more recent method that is initially designed for 
structural mechanics and fluid dynamics, respectively.

The collocation method is adopted in [19, 54, 172]. EIM 
and DEIM are the most widely used techniques; for more 
details see [34, 136, 173, 174]. Details on Gappy POD 
appear in [54, 172], and GNAT is described in [171]. We 
also recommend the study by Hoang et al. [175], which 
compares several hyper-reduction techniques for a domain 
decomposition problem. Moreover, other methods that 
can be regarded as hyper-reduction techniques include the 
empirical quadrature procedure [176] and the empirical 
cubature method [177].

It is worth mentioning a series of recent publications by 
Bai et al. [178–181], in which intrusive incremental ROM 
and hyper-reduction (DEIM and Gappy POD) are com-
bined to model the heat equation and nonlinear diffusion-
reaction systems. Their results indicate that hyper-reduction 
can reduce the computational cost of the online stage by 
approximately 50%.

Research into both incremental ROM and hyper-reduc-
tion is very active, and various improvements have been 
proposed to enhance accuracy, stability, and efficiency. 
They are widely used to build global ROMs, and we believe 
they are also promising for local ROMs due to their flexibil-
ity and efficiency. However, the application of these tech-
niques for local ROMs is still limited, and more research is 
needed to explore their potential for local ROMs. A more 
detailed discussion of these topics and their mathematics is 
beyond the scope of this review. We recommend the review 
[182] for hyper-reduction techniques, while for incremental 
ROMs, see the papers cited above, especially those by Bai 
et al.

4  Projection-Based Coupling Algorithms

Galerkin projection is the fundamental procedure utilized to 
derive the weak formulation of PDEs. It is widely adopted 
to formulate and solve high-fidelity problems in the frame of 
many discretization algorithms, such as the spectral method 
[183] and Finite Element Method (FEM) [5].



1 3

S. Ruan et al.

The technique is also commonly employed to derive 
intrusive reduced systems. Notably, it is utilized in our 
domain of interest: ROMs with domain decomposition. 
However, the usage of this approach is challenging. For 
intrusive local ROMs, the original PDEs have to be manip-
ulated. In addition, the contributions of the interfaces and 
interactions between subdomains should also be included in 
the final formulations. In summary, intrusive ROMs assem-
bling multiple partitions are effective but complex in terms 
of numerics and programming. Therefore, in this section, 
we provide a brief introduction to the various formulations 
of projection-based coupling algorithms, including both 
monolithic and iterative procedures. Fig. 19 displays the 
categories of the two groups.

The differences and advantages of the two frameworks 
can be briefly summarized below. The monolithic meth-
odology is more intrusive than the latter. It aims to create 
a large ROM involving all subdomains. Due to the com-
pact reduced system, it is more favorable in terms of sta-
bility, convergence, and precision compared to iterative 
approaches [19]. However, the higher level of intrusiveness 
also results in extensive numerical and programming com-
plexities. As shown in Fig. 19, the monolithic category is 
more diverse.

In contrast, the iterative procedure aims to create mul-
tiple separate sub-problems corresponding to all partitions. 
The local ROMs are solved iteratively with updated bound-
ary conditions from neighbors. The interface jump or error 
decreases iteratively, and the solver stops when it satisfies 
the predefined convergence criterion.

In the following sections, we will first give the basic 
formulation, namely, the strong and weak forms for PDEs. 
Then, the coupling techniques are explained. Note that a 
priori and a posteriori error analyses are usually included 
in the investigations, which are not illustrated in the review 
for brevity.

4.1  Strong and Weak Form

We first present the general formulation, which will serve 
as the foundation for the methods discussed in the follow-
ing sections. The derivations of weak formulations from the 
strong form of a PDE have been extensively documented in 
the literature [5, 53, 183]. In this work, we will consider the 
strong form of a generic parametric PDE for the unknown 
field u

(
x, t; µj

)
, 

u̇
(
x, t; µj

)
+ Q

(
u

(
x, t; µj

)
; µj

)
= f

(
x, t; µj

)
, in Ω × [0, t] ,� (3)

where u̇ is the time derivative of u, Q is a generic opera-
tor, which can be linear or nonlinear. f  is a source term. µj  
is the jth parameter for the entire problem, which can be 
geometrical, physical, or other types of parameters. x and t 
denote spatial and temporal coordinates, respectively. Here 
u can be regarded as a general field. We will use u to denote 
a vector of solution variables if necessary.

The boundary conditions can be expressed as 

u(x, t; µj) = gD

(
x, t; µj

)
, in ΓD × [0, t] ,

∇u(x, t; µj) · n = gN

(
x, t; µj

)
, in ΓN × [0, t] ,

where n is the normal vector on the boundary. gD and gN  
are the assigned values for Dirichlet and Neumann condi-
tions, respectively.

The initial condition is given by 

u(x, 0; µj) = u0(x; µj), in Ω,

where u0 is the initial value of the solution.
To simplify the notation, hereafter, we omit the depen-

dent variables (x, t), e.g., u̇(µ), and Q
(
u; µj

)
. The weak 

formulation is derived by means of the inner product with 
test functions w ∈ W . The equations are required to hold 
only with respect to a certain test space W , whose exact 
definition will vary among the formulations and will be per-
tinently detailed. Applying the integral-by-parts formula, 

Fig. 19  The categorization of 
intrusive techniques
 



1 3

A Structured Review of Reduced Order Modeling for Domain Decomposition Problems: State of the Art and…

volumetric integrals are divided into volumetric and surface 
parts, 

Q(u; µj) = QΩ(u; µj) + QΓ(u; µj),

where QΩ and QΓ denote the volumetric and surface contri-
butions, respectively.

Then, by applying inner product with test function w, we 
rewrite Eq. 3 as the weak form, 
(
u̇, w; µj

)
+ Q

(
u, w; µj

)
= F(w; µj), in Ω × [0, t] ,

or 
(
u̇, w; µj

)
+ QΩ

(
u, w; µj

)
+ QΓ

(
u, w; µj

)
= F(w; µj), in Ω × [0, t] ,

where (·, ·) denotes the inner product opera-
tion. The parameterized forms are defined as 
operators acting on the spaces of test and trial func-
tions, such that QΩ(u, w; µj) =

(
QΩ(u; µj), w

)
, 

QΓ(u, w; µj) =
(
QΓ(u; µj), w

)
, F(w; µj) =(

f(µj), w
)∣∣

Ω. Remark that the global boundary con-
tributions at ΓD and ΓN  are involved in F(w; µj) for 
simplification.

We may approximate u as a function of trial functions 
vj ∈ V , with V  a generic trial functional space. We get 

u(x, t; µj) ≈
n∑

j=1
aj(t; µj)vj(x),

where n is the dimension of both V  and W  and aj(t; µj) 
are the weighted coefficients of the basis vectors. To obtain 
a system containing n equations we use inner product with 
test functions, wi ∈ W, i = 1, 2, · · · , n, 



n∑
j=1

ȧjvj , wi; µj


 + QΩ




n∑
j=1

ajvj , wi; µj




+ QΓ




n∑
j=1

ajvj , wi; µj


 = F(wi; µj) vj ∈ V, wi ∈ W.

� (4)

The unknowns of the system are the coefficients aj  and their 
time derivatives are ȧj . The DoFs of the system depend on 
the dimension of the test and trial spaces, indicated as n. 
Note that the DoFs of the original high-fidelity system are 
related to the number of cells/elements, denoted by Nh. The 
reduction is achieved by choosing n ≪ Nh. The choice of 
the test and trial spaces is crucial for the accuracy and stabil-
ity of the reduced system.

The algebraic form of the ROM 4 is 

M ȧ + Ca + Da = F,� (5)

where a = [a1, a2, . . . , an]T  is a vector containing coeffi-
cients of modes. ȧ is the corresponding time derivative. The 
element of the matrices are addressed as 

Mij = (vj , wi; µj), Cij = QΩ(vj , wi; µj), Dij

= QΓ(vj , wi; µj), Fi = F(wi; µj),

where i and j are the indices for rows and columns, 
respectively.

In case the test and trial spaces are the same, the projec-
tion is called Bubnov-Galerkin [184], which is also referred 
to as standard Galerkin. When the two sets of basis func-
tions are different, it leads to the Petrov-Galerkin or non-
standard Galerkin [5]. We kindly refer the reader to the 
books [12, 14] for detailed instructions about the Galerkin 
projection-based ROM.

We will now start reviewing different intrusive methods 
available for the coupling task.

4.2  Monolithic

We begin our review from the first category of methods, 
known as monolithic techniques. These approaches rely 
on a set of local RBs, either a generic basis or subdomain-
specific ones, to construct the global solutions. Interface 
contributions from adjacent partitions are incorporated 
into the original formulation either as additional terms or 
through a new set of equations enforcing the constraints. A 
noticeable advantage of these methods over Global ROMs 
is that each subdomain is governed by a smaller number of 
parameters, whether geometrical or physical, allowing for 
greater flexibility in parameterization. Moreover, for local-
ized sensitivity and uncertainty analysis, the offline training 
effort is significantly reduced. Note that coupled systems for 
multiphysics are generally different from a single-physics 
problem, so they are described in a separate section.

4.2.1  Reduced Basis Element Method

Reduced Basis Element Method (RBEM) was created by 
Maday and Rønquist [44] in 2002, based on the mortar 
element method [185, 186] that was already available and 
widely utilized for the decomposition of domains in high-
resolution problems. As one of its main characteristics, the 
algorithm employs Lagrange multipliers to enforce con-
tinuity across partition interfaces. As a result, the reduced 
system comprises (i) the original PDEs containing only 
volumetric terms, source, and Boundary Conditions (BCs); 
(ii) additional interface-integral terms corresponding to 
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Lagrange multipliers; (iii) a new set of equations to con-
strain the jumps between adjacent subdomains [44].

The decomposition into archetypes (see Sect. 3.1.3) is 
utilized by RBEM to generate subdomains. We recall that, 
for an instantiated component Ωk

m, the local data uk
m(µ) 

can be represented as a linear combination of local basis 
functions vk

m. At this stage, and for simplicity, we combine 
the indices of the archetype k and the instantiation m into a 
single one, namely Ω = ∪NΩ

m=1Ωm. This notation results in 
the local value 

um(µ) ≈
NRB,m∑

i=1
am,i(µ)vm,i,� (6)

where NRB,m is the number of RBs for Ωm, and am,i(µ) 
is the coefficient of the ith RB for Ωm. The basis functions 
are generated by the localized training strategy, which has 
already been detailed in Sect. 3.3.3.

Now, we turn to a multiple-partition system and 
select one subdomain Ωm as an example to explain the 
construction of a ROM based on RBEM. The inter-
face connected to Ωm and its neighbor Ωn is denoted by 
Γ[mn] := ∂Ωm ∩ ∂Ωn

7. As Ωm might have several adjacent 
partitions, the indices of all neighbors are included in a set 
NΓ(m) = {n|∂Ωm ∩ ∂Ωn ̸= ∅}.

Before illustrating the governing equations, we introduce 
notations for clarification. We start with the Hilbert space in 
Ω, H1(Ω)8. The test space belongs to H1(Ω) and its trace 
is equal to gD on ΓD is WgD

⊂ H1
gD,ΓD

(Ω). Thus, for Ωm

, Wm,0 ⊂ H1
0,ΓD

(Ωm) denotes functions in the test space 
that are homogeneous on the local ΓD ∈ ∂Ωm. The trial 
space is Vm ⊂ H1(Ωm).

In Γ[mn], we also define the functional basis space L[mn]
9 and the basis vectors ζ[mn],i ∈ L[mn]. A possible choice of 
L[mn] is as the space generated by a set of orthogonal poly-
nomials on the interface Γ[mn], e.g., the Chebyshev polyno-
mials. We refer interested readers to the references [22, 33] 
for details. The Lagrange multiplier defined on Γ[mn] can be 
expressed in terms of the basis in the interface as 

λ[mn] ≈
Nλ,[mn]∑

i=1
q[mn],iζ[mn],i,

with q[mn],i ∈ Rand ζ[mn],i ∈ L[mn],

7  The subscript [mn] is a combined index to designate a single face.
8  Note that Ω = Ω ∪ ∂Ω.
9  L[mn] ⊂ H

−1/2
00 (Γ[mn]) is a type of Hilbert space defined on the 

interface Γ[mn], see [53] for further details.

where q[mn],i is the coefficient of the ith basis vector in 
L[mn], and Nλ,[mn] is the number of basis vectors adopted 
for the approximation.

The generic RBEM governing equation for Ωm and its 
interfaces is written as 

(u̇, wm,i) + QΩ (u, wm,i)

+
∑

n∈NΓ(m)

ˆ

Γ[mn]

λ[mn]wm,i = F(wm,i), wm,i ∈ Wm,0, � (7)

where parameters µj  are omitted for brevity, the global 
boundary terms are involved in F(wm,i), and not explicitly 
shown in the equation for simplification. Besides, since the 
test functions wm,i are homogeneous on Γ[mn], QΓ is elimi-
nated from the equation.

For every interface, λ[mn] = −λ[nm], and the jump 
between adjacent subdomains is constrained by the follow-
ing equation, 
ˆ

Γ[mn]

ζ[mn],i (um − un) = 0 ∀ζ[mn],i ∈ L[mn].� (8)

Note that the global Dirichlet boundary conditions are 
weakly imposed by the Lagrange multipliers in Eq. 8.

The RBEM system is finally built based on Eqs. 7 and 
8 for all subdomains and interfaces. The unknowns of the 
system are the coefficients of the RBs for all subdomains 
and the coefficients of the Lagrange multipliers for all inter-
faces. We recommend readers to refer to Appendix A.1 for 
a detailed derivation of the RBEM formulation, where we 
show the construction of the local reduced systems and the 
assembly of the global system.

To the best of our knowledge, the RBEM was the first 
technique developed to combine domain decomposition and 
ROMs. Maday and Rønquist proposed this approach in [44], 
applying it to the Laplacian equation for a geometrically 
parameterized thermal fin problem (Fig. 7a) [106]. Subse-
quent work with Lovgren extended RBEM to handle the 
steady Stokes and Navier-Stokes equations in a 2D blood 
vessel geometry [22, 187].

Further developments of RBEM have since emerged. 
Chen et al. [188] adapted the technique for the time-har-
monic Maxwell’s equation. A recent contribution utilizing 
RBEM to the unsteady Navier-Stokes flow in a 3D blood 
vessel can be found in [33]. We present their model in Sect. 
3.3.3 as an example for generic spatial decomposition (see 
Fig. 7b) and RBs for subdomains (see Fig. 16).

Besides its incorporation in RBEM, the Lagrange mul-
tipliers can glue different interfaces. Thus, the aforemen-
tioned formulation can be used to assemble several arbitrary 
geometries without algorithmic modifications. Farhat et al. 
followed this ideology to analyze the Helmholtz problems 
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with plane waves in multiple subdomains [189]. Recent 
studies by Tezaur et al. [190, 191] have further demon-
strated the method’s capability. They managed to achieve 
FOM-ROM and ROM-ROM systems of an advection-diffu-
sion equation. Note that a FOM-ROM system contains two 
subdomains, and they are simulated by a high-fidelity FOM 
and a ROM, respectively. Additionally, the ideology can be 
extended to a coupling of multiple FOMs and ROMs.

4.2.1.1  Reduced Basis Hybrid Method  Based on RBEM, 
Iapichino et al. [192] proposed a modification, the so-called 
Reduced Basis Hybrid Method (RBHM). They intended to 
parametrize a steady Stokes problem for a blood vessel. The 
approach is almost the same as the RBEM except for the 
construction of RBs. To ensure continuity and consistency 
of the normal stress during the online stage, they used hybrid 
RBs to approximate velocity fields, which contain three 
components: (i) high-fidelity solutions collected from train-
ing models, ûk(µj)10; (ii) coarse mesh solutions uH(µp) 
of the whole problem considering parameters µp that need 
to be predicted with the ROM, and (iii) velocity supremizer 
basis vectors sH

m(µp). The last one entitles the basis to fulfill 
the inf-sup condition [12], enhancing the numerical stability 
(details on supremizer enrichment technique are provided 
by references [14, 193, 194]). Consequently, in each subdo-
main Ωm, the velocity is expressed as 

um(µp) ≈ T k(ξk
m) ◦




Nµ∑
i=1

am,iûk(µi) +
Nµ∑
i=1

cm,iŝk(µi)


 + buH

m(µp) + dsH
m(µp)

=
Nµ∑
i=1

am,ivm,i + buH
m(µp) +

Nµ∑
i=1

cm,ism,i + dsH
m(µp),

where T k is the transformation from the reference shape to 
the instantiated one (see 1), and am,i, b, cm,i, and d are the 
coefficients of the basis vectors. Then, the RBHM formula-
tion is derived by substituting the above expression into the 
RBEM formulation.

4.2.2  Reduced Basis, Domain Decomposition, and Finite 
Element Method

The Reduced basis, Domain decomposition, and Finite ele-
ment method (RDF) procedure is named from the combi-
nation of the three approaches. It is designed for problems 
considering a generic decomposition with non-overlapping 
subdomains [59, 195].

The main difference with respect to RBEM and RBHM 
is that RDF does not need Lagrange multipliers that impose 
interface equality. Instead, extra interface basis functions 

10  As velocity fields are discussed here, we use u instead of u.

are enriched to the solution space and ensure the continuity 
across interfaces. The construction of RBs is explained as 
follows.

The internal RDF RBs are computed similarly to RBEM, 
using solutions of sub-problems defined in reference shapes. 
The sub-models are parameterized with random combina-
tions Fourier series or Lagrange polynomials as Dirichlet 
BCs. Lifting functions are applied to obtain basis vectors 
vanishing on Dirichlet boundaries. The lifted results are 
employed as RBs, which satisfy 

Vm,0 = Wm,0 ⊂ H1
0,ΓD

(Ωm).� (9)

The authors demonstrated that the additional local boundary 
parameterization allows RDF to represent complex inter-
face profiles better and thus capture variations of the final 
global solution more accurately.

The second type of RBs are the interface ones. They are 
constructed by using the FEM shape functions ϕ defined on 
the interfaces. Assume a reference internal interface Γ̂ with 
N̂h

Γ  nodes, the basis space defined on Γ̂ is 

ΦΓ̂ := span
{

ϕΓ̂
l ∈ Vh

∣∣
Γ̂ , l = 1, · · · , Nh

Γ̂

}
,

where ϕΓ̂
l  are Lagrange basis functions for the finite ele-

ment nodes and Vh is the high dimensional finite element 
Lagrange basis space.

Then, we will discuss how the computational domain 
is decomposed. The decomposition of the RDF method is 
similar to RBEM, using the generic approach. For the sub-
domains, archetypes Ω̂k, k = 1, · · · , N̂Ω are defined, and 
kth archetype is instantiated Nk

m times. The instantiation of 
the kth archetype is denoted as Ωk

m, where m is the index 
of the subdomain. Thus, the total number of subdomains is 
NΩ =

∑N̂Ω
k=1 Nk

m.
Moreover, since extra interface basis functions are added 

to the solution space, the interfaces are also treated as com-
ponents of the system. Interface archetypes are defined as 
Γ̂e, e = 1, · · · , N̂Γ. Then, Γ̂e is transformed to an instan-
tiation Γe

r, where r is the index of the instantiation. If we 
assume Γ̂e is instantiated Ne

r  times, the total number of 
interfaces is NΓ =

∑N̂Γ
e=1 Ne

r .
Once the archetype components are defined, the global 

system can be assembled by instantiating the archetype 
subdomains and interfaces. To simplify the notation in our 
explanation, we condense the archetype and realization 
index into a single one. We assume Ω = ∪NΩ

m=1Ωm and 
Γ = ∪NΓ

r=1Γr.
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Then, basis functions defined on the archetype subdo-
mains and interfaces are also instantiated correspondingly. 
That is, 

Vm,0 =
{

vm,i = T k(ξk
m) ◦ vk

i , vk
i ∈ Vk

0 , k = 1, · · · , N̂Ω, m = 1, · · · , Nk
m

}
,

Φr =
{

ϕr,l = T e(ξe
r) ◦ ϕe

l , ϕe
l ∈ ΦΓ̂e

, e = 1, · · · , N̂Γ, r = 1, · · · , Ne
r

}
.

Therefore, the composed basis space for RDF systems is 

U :=
NΩ∪

m=1
Vm,0 ⊕

NΓ∪
r=1

Φr,� (10)

where Vm,0 are defined on Ωm with vanishing values on 
local boundaries, and Φr are defined on Γr.

The interface set of Ωm is Im. Therefore, the local solu-
tion um(µ) can be represented by 

um(µ) ≈
NRB,m∑

i=1
am,i(µ)vm,i +

∑
Γr∈Im

Nr∑
i=1

br,i(µ)ϕr,i,� (11)

where am,i and br,i are the coefficients of the internal and 
interface RBs, respectively. vm,iwith i = 1, . . . , NRB,m 
are basis vectors defined in Ωm that vanish on local Dirich-
let boundaries, and ϕr,i are basis vector instantiated on Γr 
that has in total Nr nodes. Thus, the system consists of two 
set of unknown coefficients, am,i and br,i.

Then, the weak formulation of the problem is projected 
onto the cell-based and face-based basis functions, vm,i 
and ϕr,i, respectively. We highlight that vm,i takes values 
in both Ωm and ∂Ωm, while ϕr,i only takes values on the 
interface Γr.

For Ωm, we can project Eq. 4 onto Vm,0 and obtain 

(u̇m, vm,i) + QΩ(um, vm,i) + QΓ(um, vm,i) =
Fm(vm,i), vm,i ∈ Vm,0,

� (12)

where 

QΓ(um, vm,i) =
∑

Γr∈Im

Nr∑
j=1

br,jQΓ(ϕr,j , vm,i).

Note that, although ϕr,i is defined on Γr, it has values 
in the element adjacent to Γr

11. Thus, even though vm,i 
vanishes on local boundaries, the interface contribution, 
QΓ(um, vm,i), remains in the equation.

11  This is a common practice in finite element methods, where basis 
functions defined on a node are extended to adjacent elements.

Then, we consider test space Φr at an interface 
Γr = Ωm ∩ Ωn, Eq. 4 is reformulated as 

(u̇m, ϕr,l)|Γr
+ (u̇n, ϕr,l)|Γr

+ QΓ(um, ϕr,l) + QΓ(un, ϕr,l) =
Fm(ϕr,l) + Fn(ϕr,l) ϕl ∈ Φr.

� (13)

Be aware that ΦΓ is only defined on Γ, so the volumetric 
terms are eliminated.

The algebraic form of RDF is formed by stacking Eqs. 
12 and 13 for all subdomains and interfaces, as shown in 
Appendix A.2. The unknowns of the system are the coef-
ficients of the internal and interface RBs, am,i and br,i, 
respectively.

The RDF provides a general framework to achieve global 
approximations with local RBs. Iapichino et al. applied it 
for geometrical parameterization of an elliptic problem, the 
steady heat equation in the thermal fin [59, 195].

Martini et al. [196] derived a RDF-type reduced system 
while using a distinct strategy to construct reduced sub-
spaces. The RBs are computed in two stages. The first step 
is to conduct a few global FOM simulations. Then, the inter-
face modes are computed by extracting values at the internal 
interface ϕr,l(µj) of snapshots. Secondly, the interior RB 
is computed from a series of local problems with interface 
modes assigned as lifting functions at boundaries. Thus, the 
steady Eq. 12 defined in a subdomain is written by, 

QΩ(u, wi) = F(wi) − QΓ(ϕr,l, wi), wi ∈ W0 and ϕr,l ∈ Φ.

Note that the last term in the right-hand side is formed 
from the standard lifting procedure and is thus known.12 
The internal and boundary RBs, as well as the velocity 
supremizer basis, are gathered and orthonormalized by 
the Gram-Schmidt process to produce the compact RBs. 
Finally, the coupled ROMs are solved in the frame of the 
RDF approach. The authors managed to model a steady-
state problem (Stokes and Darcy equations) in a non-over-
lapping two-subdomain system, which considers geometric 
parameters.

4.2.3  Static Condensation Reduced Basis Element Method

Static Condensation Reduced Basis Element Method 
(SCRBEM) was proposed for domains assembled by non-
overlapping archetype components. Similar to the RBEM, 
generic decomposition (Sect. 3.1.3) and localized training 
(Sect. 3.3.3) were employed in the methodology. As usual, 
the domain is decomposed Ω = ∪NΩ

m=1Ωm with internal 
faces Γ = ∪NΓ

r=1Γr.

12  This is equivalent to considering the second term in the left-hand 
side of Eq. 11 as known.



1 3

A Structured Review of Reduced Order Modeling for Domain Decomposition Problems: State of the Art and…

This approach is conceptually similar to the RDF method 
illustrated in the previous section. However, there are subtle 
differences, particularly in the definition and generation 
of the basis spaces, which will be explicitly highlighted 
later. The framework incorporates two key techniques: port 
reduction and static condensation. In the following sections, 
we will briefly discuss their fundamental principles and 
implementation.

4.2.3.1  Port Reduction RBEM  The space is generated 
using a port reduction [197, 198] technique, which aims to 
separate the reduced basis into two parts: one for the surface 
and one for the inner zone. Those take the names of port and 
bubble space, respectively.

The port space Φr is defined only for interfaces Γr, 
and Φr ⊂ H

1
2 (Γr). The bubble space is the range of basis 

vectors that vanish on all boundaries of the local domain 
Vm,0 := span{v ∈ H1(Ωm) | v|∂Ωm

= 0}. Note that the 
definition of the basis Vm,0 differs from Eq. 9, now the 
vectors are homogeneous on the whole ∂Ωm. With these 
changes, like in Eq. 10, the global test space is written as 

W :=
NΩ∪

m=1
Vm,0 ⊕

NΓ∪
r=1

Φr.� (14)

We now present strategies to span Φr and Vm,0. The reduced 
port and bubble subspaces can be generated from two differ-
ent problems, as presented in [199].

The port training problem is sketched in Fig. 20a. It 
solves a two-subdomain problem13 with parameterized 
Dirichlet BCs on Γ̂in and Γ̂out. Finally, the solution at the 
interface Γ̂12 is extracted to form a snapshot matrix. This 
will be post-processed with a dimensional reduction tech-
nique to obtain the basis Φr.

The bubble RB is obtained by solving the single domain 
problem of Fig. 20b, in which the port basis functions are 

13  The authors [199] performed high-fidelity computations at the 
model.

randomly weighted as boundary conditions Γ̂in, Γ̂out. Then, 
lifting functions14 are utilized to homogenize Dirichlet BCs, 
and POD is utilized to compute the reduced bubble space. 
More descriptive training steps are presented in [199].

The trial space U  is not equal to the test space W . As 
the homogenization of the bubble space is achieved by lift-
ing functions, the lifting functions should be involved to 
approximate the solution in Ωm. Consequently, the trial 
space is defined as 

U :=
NΩ∪

m=1
Vm,0 ⊕

NΓ∪
r=1

Φr ⊕
NΓ∪
r=1

Ψr,� (15)

where Ψr ⊂ H1(Ωm) are the lifting spaces used to homog-
enize the bubble space and defined for each interface Γr. 
Note that, as

Now, the local approximation is expressed by 

um(µ) ≈
NRB,m∑

i=1
am,i(µ)vm,i +

∑
Γr∈Im

Nr∑
i=1

br,i(µ) (ϕr,i + ψr,i) ,

where the coefficients am,i and br,i are the unknowns of the 
system, vm,i and ϕr,i are the basis vectors of Vm,0 and Φr, 
respectively. ψr,i ∈ Ψr is the lifting function. Since the lift-
ing functions are computed with port modes as boundary 
conditions, the coefficients of the lifting functions are the 
same as the ones of the port modes.

By applying Galerkin projection of Eq. 4 to bubble Vm,0 
and port Φr spaces for Ωm, we aim to find um that satisfy 

(u̇m, vi) + QΩ(um, vm,i) = Fm(v1,i) vm,i ∈ Vm,0,

(u̇m, ϕr,l) |Γr
+ (u̇n, ϕr,l) |Γr

+ QΓ(um, ϕr,l)
+ QΓ(un, ϕr,l) = Fm(ϕr,l) + Fn(ϕr,l)

ϕr,l ∈ Φr,
� (16)

where, parameter µ is omitted for brevity, and Ωm and 
Ωn are connected by Γr. This system, which looks exactly 

14  The authors [199] adopt solutions of Stokes equations as lifting 
functions for Navier-Stokes problems.

Fig. 20  Port and bubble training. Redraw based on [199]. (a) The port 
training model for a generic Γ̂12 connects two reference partitions Ω̂1 
and Ω̂2. Parametric Dirichlet BCs are assigned for Γin and Γout. The 

results of interface Γmn are collected as reduced port space. (b) The 
bubble training for Ω̂k with parameterized BCs Γ̂in and Γ̂out. The BCs 
are random linear combinations of the port modes
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equal to Eqs. 12 and 13 represents a different reality, hidden 
in its test-trial spaces.

Benaceur et al. applied the aforementioned procedure 
to model steady-state Navier-Stokes flow (including heat 
transport) for 2D rivers, considering two physical param-
eters are considered, i.e., Reynolds number and Prandtl 
number [199]. Ebrahimi et al. [176] proposed a so-called 
hyper-reduced RBEM, which is similar to port-reduction 
RBEM. The novelty of their work is the implementation of 
the hyper reduction technique (i.e., empirical quadrature 
procedure) to further reduce the computational cost of the 
online stage. They applied the method to analyze a nonlin-
ear heat transfer problem in a thermal fin.

4.2.3.2  Static Condensation  We now illustrate the proce-
dure of the so-called static condensation. The basic idea 
of this method is to divide a domain into inner and bound-
ary components and then make the DoFs in the interior 
enslaved by the boundary DoFs. For example, let us con-
sider the matrix system of Eqs. A41 for steady-state con-
ditions. The internal DoFs can be eliminated considering 
a = C−1(F Ω − Db), to get the condensed system, 

(G − Q C−1D)b = F Γ − Q C−1F Ω,

where only DoFs b in the boundary remain, and the internal 
DoFs are expressed in terms of the boundary ones. Note that 
for time-dependent problems, e.g., Eq. 16, the implementa-
tion of static condensation is similar to the steady-state case 
after discretization in temporal domain.

Patera et al. [200, 200] integrated the static condensation 
technique into the port reduction RBEM, which leads to the 
so-called SCRBEM. Since the internal DoFs are enslaved 
by the boundary ones, the online stage only needs to solve 
for the boundary DoFs, which significantly reduces the 
computational cost. We have illustrated the implementation 
procedure of the technique for a steady-state case in Appen-
dix A.4, including computation of RBs and the constructing 
of the condensed reduced system.

Patera et al. have applied the static condensation RBEM 
to a variety of problems. For instance, they applied the 
framework to simulate large-scale acoustic devices gov-
erned by the Helmholtz equation [200]. Henceforth, a pos-
teriori error estimation was studied in [198]. Their research 
also includes numerical results for the heat transfer [201] 
and a linear elasticity problem [47]. In collaboration with 
Vallaghee [202], the technique is utilized for analysis of 
a conjugate heat exchanger model containing one dimen-
sional (1D) bulk fluid and solid heat conduction.

We also found contributions from other researchers. For 
example, Kerfriden et al. used it for the analyses of nonlin-
ear fracture mechanics [203]. A more recent publication by 
Mu et al. employed it for linear steady-state convection-dif-
fusion equations with random diffusivity and velocity [46].

4.2.4  Discontinuous Galerkin-Based Local ROM Methods

4.2.4.1  Basic Formulation of Discontinuous Galerkin  The 
Discontinuous Galerkin (DG) method was originally pro-
posed as a numerical technique for enforcing the Dirichlet 
condition in elliptic equations (i.e., Nitsche method [204]) 
and for the numerical solution of neutron transport [205, 
206]. Then, Cockburn, Shu, Riviere, and et. al. [207–210] 
have further developed it into a general framework for solv-
ing PDEs, which combines features of the FE and f inite 
volume methods. Demkowicz et al. [211–215] have con-
tributed to the development of the discontinuous Petrov-
Galerkin method, which uses optimal test functions15 to 
achieve stability and accuracy. Note that DG is becoming 
increasingly popular as a high-order method for solving 
PDEs. Interested readers can refer to the aforementioned 
references, the books [216–218], and the references therein 
for more details.

The standard Galerkin method (also known as continu-
ous Galerkin) used in FE employs continuous basis func-
tions across element interfaces. Unlike it, DG utilizes 
discontinuous basis functions, as illustrated in Fig. 21. To 
minimize variable jumps across interfaces, continuity and 

15  As a Petrov-Galerkin method, the trial functions are not equal to the 
test functions, and the test space is designed to optimize the stability 
and accuracy of the numerical solution.

Fig. 21  Schematic description of 
the basis functions employed for 
continuous Galerkin (left) and 
discontinuous Galerkin (right). 
The high fidelity element Th 
and basis function vh{x, y}. 
Redrawn based on [219]
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smoothness constraints are incorporated into the governing 
equations as penalization terms. The high-fidelity formula-
tion also includes numerical flux terms defined on the inter-
faces. These also remain in the projection-based ROMs. 
Therefore, non-overlapping partitions can be glued together 
directly in the online stage without Lagrange multipliers.

The formulation depends on the exact equation to be 
approximated. Here, we use a Laplacian equation. Its weak 
formulation reads 

−
ˆ

Ω
∇u · ∇w +

ˆ

∂Ω
∇uw · n = 0,

where u is the solution and w is the test function. To 
ensure sufficient regularity for the DG formulation 
such that traces on the boundaries are well-defined, we 
assume u ∈ H1

0 (Ω) ∩ H2(Ω). Setting the test functions 
to be discontinuous across element interfaces, we take 
w ∈ H1(Th) = {w ∈ L2(Ω) : w|K ∈ H1(K) ∀K ∈ Th} , 
which is a broken Sobolev space defined on the mesh parti-
tion. To derive the DG formulation, we define on an inter-
face Γr, which has two sides, denoted by − and +, and the 
jump operator16, 

[w]|Γr
= w− − w+,

and average operator, 

{w}|Γr
= 1

2
(
w− + w+)

,

where the two subscripts − and + denote the values at the 
two sides of Γr, indeed, from the two adjacent subdomains 
of Γr.

As usual, we assume the entire domain is decomposed 
into NΩ subdomains Ω = ∪NΩ

m=1Ωm, and the interface is 
collected into a set Γ. The integral over the whole model 
results in 

−
∑

Ωm∈Ω

ˆ

Ωm

∇u · ∇w +
∑

Γr∈Γ

ˆ

Γr

[∇uw] = F(w),

where ∇uw is a vector, and the jump operator is defined 
as [∇uw] = ∇u−w− · n− + ∇u+w+ · n+. The global 
boundary conditions are involved in the right-hand side, 
i.e., F(w).

16  For a vector w, the jump operator is defined as [w] = w− · n−

+w+ · n+, where n− and n+ are the outward normal vectors of the 
two adjacent subdomains of Γr .

Remark that the term defined on the interface, e.g., 
∑

Γr∈Γ
´

Γr
[∇uw], is called numerical flux in the DG 

framework. Various schemes for the numerical flux have 
been discussed, and interested readers can turn to the refer-
ences [209, 220, 221] for more solid explanations. Here, we 
illustrate a typical strategy for dealing with it.

By using the relationship [uw] = [u]{w} + {u}[w], we 
have 

−
∑

Ωm∈Ω

ˆ

Ωm

∇u · ∇w +
∑

Γr∈Γ

ˆ

Γr

([∇u]{w} + {∇u}[w]) = F(w).

Because we assumed the exact solution has higher regular-
ity u ∈ H1

0 (Ω) ∩ H2(Ω), both u and its exact normal flux, 
[∇u] = ∇u− · n− + ∇u+ · n+ = 0, are continuous across 
the interfaces. Consequently, the jump terms evaluate to 
zero for the exact solution, i.e., 

[u] = 0 and [∇u] = 0,

which implies that the additional contribution ∑
Γr∈Γ

´
Γr

[∇u]{w} sums to zero. Thus, we get 

−
∑

Ωm∈Ω

ˆ

Ωm

∇u · ∇w

+
∑

Γr∈Γ

ˆ

Γr

{∇u}[w] = F(w).
� (17)

Two terms are added to the left hand side of Eq. 17 to improve 
its numerical features: (i) γ

h

´
Γ[u][w] to penalize the jump of 

u, with γ a factor and h = max {|x − y| , ∀x, y ∈ τ} the 
largest diameter of the element in the mesh; (ii) A symmet-
ric term ε

´
Γ{∇w}[u] where the constant ε ∈ {−1, 0, 1}, to 

create a formulation which is symmetric or not depending 
on the value of ε. The total results in 

−
∑

Ωm∈Ω

ˆ

Ωm

∇u · ∇w+

∑
Γr∈Γ

ˆ

Γr

(
{∇u}[w] + ε{∇w}[u] + γ

h

ˆ

Γr

[u][w]
)

= F(w).
� (18)

The above derivation can be extended to more complex 
problems, such as parabolic, Stokes, and Navier-Stokes 
equations. The major concern of the implementation is deal-
ing with different terms, e.g., convection terms, and refor-
mulating them as numerical flux regarding the jump and 
average conditions on interfaces. The detailed procedures 
and discussions are presented in [209, 221].

Moreover, we want to highlight that the DG method orig-
inates from the Nitsche method. The three terms γ

h

´
Γ[u][w], 
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´
Γ{∇u}[w], and ε

´
Γ{∇w}[u], penalty, consistency, and 

symmetry terms, respectively, were initially proposed by 
Nitsche [204] to weakly enforce the Dirichlet condition 
when solving the Poisson problem with FEM.

Thus, we may consider that the DG discretization of the 
PDEs is constructed by applying the Nitsche formulation to 
each element, and the continuity of the solution across the 
element interfaces is enforced by adding penalty terms to 
the weak formulation. The consistency and symmetry terms 
are also added to ensure the accuracy and stability of the 
method. See [222] for a comprehensive description about 
utilizing Nitsche method for variation problems.

Due to the characteristics of the Nitsche formulation for 
treating boundary conditions, it has been widely used to 
solve problems considering interfaces, e.g., elliptic interface 
problem [223–225], fluid-structure interaction [226–229], 
and isogeometric analysis [230–232]. For brevity, we won’t 
go into more detail here. Interested readers can refer to the 
above references for more information.

4.2.4.2  Discontinuous Galerkin Reduced Basis Element 
Method  The DG approach integrating local RBs was pro-
posed by Antonietti et al. [23] as a generalization and an 
improvement of both RBHM and RDF, called Discontinu-
ous Galerkin Reduced Basis Element Method (DGRBEM). 
It follows the philosophy of RBEM in domain decomposi-
tion, adopting non-overlapping subdomains and a generic 
decomposition strategy (See Section 3.1.3). The offline 
high-resolution DG simulations are performed in a generic 
partition, which is referred to as a local training strategy 
(discussed in Sect. 3.3.3).

As RB functions are computed for each archetype, they 
are not matched on the interfaces satisfying the basic con-
figuration of DG. Indeed, the local RBs, containing both 
internal and surface features, e.g., V ∈ H1(Ω), can be 
directly adopted for Eq. 18. Hence, every local solution can 
be approximated as a linear combination of local modes. We 
believe the derivation of a DGRBEM system and its matrix 
form is not complicated. Therefore, we don’t clarify the 
details in this review.

Antonietti et al. verified their algorithm with ellip-
tic problems for multiple-division models, in which both 
physical properties and geometrical shapes are parameter-
ized [23]. Pacciarini et al. [233] extended the DGRBEM for 
parametrized Stokes problems, in which high-fidelity snap-
shots were collected by utilizing spectral element methods. 
A recent research from Chung et al. [234] demonstrates the 
same methodology on three linear PDEs: the Poisson equa-
tion, the Stokes flow equation, and the advection-diffusion 
equation.

We highly suggest that readers refer to an up-to-date 
investigation regarding Friedrichs’ systems17 released by 
Romor et al. [235]. The general technique is tested and 
validated by a series of PDEs, i.e., Maxwell equations, 
compressible linear elasticity, advection diffusion reaction, 
and incompressible Navier-Stokes equations. Note that the 
authors involved graph neural networks to efficiently infer 
the vanishing viscosity solution that is challenging for pro-
jection-based approaches.

Since the snapshots are collected from high-fidelity 
simulations at the subdomain level, the boundary condi-
tions of local problems should be parameterized to approxi-
mate the global problems. Different types of boundaries 
can be imposed: non-homogeneous Neumann is adopted by 
Antonietti et al. [23] and Pacciarini et al. [233], while non-
homogeneous Dirichlet is employed by Chung et al. [234].

4.2.4.3  Local POD Discontinuous Galerkin ROM  Note 
that the strategy for computing RBs in frames of DG is not 
unique. Ferrero et al. [236] developed a local POD-DG algo-
rithm, whose formulations are the same as the DGRBEM 
except for domain decomposition and local RBs generation 
[237, 238]. The approach considers individual decomposi-
tion of the whole problem and builds local POD RBs for 
each partition utilizing global solutions (as addressed in 
Sect. 3.3.2). Indeed, it can be regarded as a simplification 
of DGRBEM. As illustrated by Ferrero [236], the method 
results in good accuracy and significant acceleration for the 
2D Euler and Reynolds averaged Navier-Stokes equations 
with the Spalart-Allmaras turbulence closure.

We highlight that the DG-based systems for FOMs and 
ROMs are consistent except for basis functions. This enti-
tles DG to support the coupling of hybrid systems involv-
ing FOMs and ROMs, as presented by Riffaud et al. [24, 
239]. They applied the method to model the isentropic 
vortex governed by 2D unsteady Euler equations, in which 
the computational domain is decomposed into non-overlap-
ping individual subdomains. They also managed to couple 
ROMs and FOMs for unsteady transonic flows in a converg-
ing-diverging nozzle and over a NACA0012 airfoil in the 
presence of shocks [24, 239]. They use a high-fidelity model 
to represent regions of complex nonlinear physical phenom-
ena and a ROM to approximate elsewhere efficiently, with 
which the computational complexity is significantly reduced 
and the accuracy is comparable to high-resolution solvers.

A series of articles by Ohlberger, Kaulmann et al. pro-
posed and investigated their localized reduced basis mul-
tiscale method. Although the algorithm is implemented 

17  The Friedrichs’ systems are regarded as a unified framework for 
various PDEs [235, 365]: first and second order uniformly hyperbolic, 
elliptic and parabolic PDEs.
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for different equations and applications, the methodology 
and procedures are almost the same as Ferrero’s method. 
The high-resolution DG is utilized to generate snapshots, 
and individual RBs are computed for each partition. It was 
originally introduced for general parametrized elliptic prob-
lems [240]. Then, it is improved to solve a two-phase flow 
in porous media [241, 242] and scalar parabolic evolution 
equations [45]. The posteriori error estimations are detailed 
for elliptic problems in [243] and parabolic equations in 
[45]. The online enrichment technique18 is also included in 
their framework, and the details are discussed in [243, 244].

4.2.5  Partition of Unity Method and ROM

The Generalized Finite Element Method (GFEM) is an 
extension of the classic FEM [245], which adopts a stan-
dard functional basis19 to approximate the common region 
of a problem and an enriched basis to capture specific local 
phenomena. The coupling is achieved following the Parti-
tion of Unity Method (PUM) [246, 247], which glues local 
bases defined in different regions to construct a global basis.

The methodologies of GFEM and PUM can be incor-
porated within the framework of the local ROM. They are 
utilized for problems consisting of overlapping divisions. 
The local RBs are computed using either local or global 
solutions. Obviously, they should not be continuous along 
interfaces. PUM is employed to weigh the local RBs and 
produce a continuous global space. Once the global RB is 
available, the reduced system 5 can be easily constructed 
and solved.

Let us suppose we have a series of local RBs, spanned 
by the components {vm,i}NΩ

m=1. The ith vector of the PUM 
space can be defined as 

vPUM
i := span

{
NΩ∪

m=1
ψ

m
vm,i

}
,

where ψ
m

 is a PoU function defined for Ωm. Consequently, 
we can form a global reduced space 

VPUM :=

{
NRB∑
i=1

vPUM
i

}
⊂ H1

0 (Ω).

18  This technique dynamically updates the reduced basis during the 
online phase. This improves capturing new parametric solutions that 
are deficiently represented by the current RB generated in the offline 
stage. Instead of relying solely on a precomputed reduced space, the 
ROM can identify regions where additional basis functions are needed 
and incorporate them adaptively. This helps achieve accuracy whilst 
remaining efficient.
19  It is typically a polynomial basis.

To finalize this method, we just need to define the ψ
m

. We 
highlight that the formulation of the Partition of Unity (PoU) 
functions is not unique. Various examples are illustrated in 
[246, 247], as well as in the book [248]. We will now give 
a basic description of the definition and construction of the 
PoU functions. Firstly, they satisfy 

0 ≤ ψ
m

∣∣∣
Ωm

≤ 1, ψ
m

∣∣∣
Ω\Ωm

= 0,

NΩ∑
m=1

ψ
m

(x) = 1, and
∥∥∥∇ψ

m

∥∥∥
L∞(Ω)

≤ Cm,

where Cm is a constant. Moreover, readers can refer to 
Appendix B.2 for an example for the construction of the 
PoU functions for 1D problems.

The methodology of GFEM and its applications for 
constructing ROMs are presented in the references below. 
Babuška et al. [249] proposed the method to solve second-
order elliptic PDEs. They also discussed the procedure to 
identify optimal local approximation spaces. Additionally, 
they integrated into the method the oversampling strategy 
to generate local solutions [50, 148] and tested the approach 
for elliptic PDEs with random boundary conditions. Baiges 
et al. adopted the strategy to couple bases for the construc-
tion of local ROMs and/or FOM-ROM systems to model 
incompressible Navier-Stokes flow around cylinders 
[141].20 They compared the performance of two spaces, 
i.e., localized global RBs (Sect. 3.3.1) and subdomain-level 
RBs (Sect. 3.3.2). Schleuß et al. extended the procedure 
to analyze parabolic problems, proposing local space-time 
approximation spaces [250].

A recent contribution from Smetana et al. [146] employed 
it to deal with nonlinear elliptic problems, considering 
generic decomposition (Section 3.1.3) with overlaps and 
oversampling training (Sect. 3.3.3). The work also involved 
an adaptive basis enrichment algorithm when seeking global 
approximations in the online phase. They adopted an alter-
native formulation for the construction of the PoU functions 

ψ
m,i

(x) = vm,i(x)∑NΩ
n=1 vn,i(x)

, x ∈ Ω, m = 1, · · · , NΩ,

where vm,i is a RB vector defined in Ωm and x denotes 
the global coordinate. Be aware that the subdomains are 
overlapping, thus 

∑NΩ
n=1 vn,i(x) ̸= vm,i(x) in the shared 

regions.

4.2.5.1  Multiscale Finite Element Method  A technique 
similar to the ideology of the previous approach is the so-
called Multiscale Finite Element Method (MsFEM). The 
MsFEM employs a local basis to represent especially small-

20  The authors combined several local bases to build a global basis, 
and the methodology is similar to PUM, although they didn’t explicitly 
mention the PUM in the text.
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scale features inside of a large-scale solution [145]. As 
clarified in [251], MsFEM can be divided into two steps: 
(i) construct a subdomain-level basis that embeds essential 
multiscale information and (ii) couple the local bases to 
form a global formulation.

From this description, one may conclude that MsFEM 
and GFEM have similarities. Thus, it often happens that 
MsFEM and GFEM are discussed together in the litera-
ture [50, 148, 249]. Resemblance appears in the following 
aspects: (i) the two are based on FEM and can be regarded 
as an extension of the method to enhance computational 
efficiency; (ii) the local basis is capable of capturing spe-
cific variations in subregions; (iii) the basis functions are 
continuous across the interfaces. Thus, one can resort to the 
general weak formulation to solve the system.

In the early stage of MsFEM, researchers using this 
approach did not regard this technique as a ROM method 
[145]. However, it was later recognized as a form of local 
ROM [252, 253]. We believe that the reason is that: (i) the 
entire domain is decomposed into subdomains; (ii) the local 
RBs are generated by solving local problems, which is a 
common strategy for computing RBs; (iii) the global solu-
tion is approximated by a linear combination of the local 
RBs. It is obvious that the MsFEM follows the general 
procedure of a local ROM method. Therefore, it is reason-
able to consider it as a local ROM method. The following 
paragraph will give a brief introduction to the strategy for 
constructing the continuous basis.

Here, we adopt a linear elliptic equation for explanation 
and refer the readers for other examples, insight, and further 
discussion to [251]. The problem adopted is 

∇ · (k(x)∇u) = f, in Ω,

where k(x) is the conductivity varying over multiple scales.
The domain is now spatially discretized into two scales, 

high-fidelity elements e and subdomains Ωm.21 The aim is 
to compute basis functions in Ωm and represent global solu-
tions via the RB of Ωm instead of the basis of e. The stan-
dard FEM basis vectors are denoted by ϕe

i , e.g., Lagrange 
polynomials. As usual, ϕm,i, i = 1, . . . , NRB

m  denote basis 
functions in Ωm. We compute each ϕm,i as the solutions of 

∇ · (k(x)∇ϕm,i) = 0, in Ωm,

subjected to BCs 

ϕm,i = ϕe
i , on ∂Ωm,

21  The elements and blocks are not overlapping. They are called 
fine/micro elements e and coarse/macro blocks Ωm in the frame of 
MsFEM.

where ϕe
i  is the ith standard FEM basis function defined on 

the fine elements. The BCs are crucial for the construction 
of the RB, as they ensure the continuity of the basis func-
tions across interfaces when assembling the entire domain. 
Note that the basis spanned by ϕm,i is also referred to as a 
multi-scale basis [251].

The solution in each block is approximated with NRB
m  

vectors as um =
∑NRB

m
i=1 am,iϕm,i. Also, Vm ≡ Wm

≡ span{ϕm,i}. We recall that the BCs of ϕm,i are ϕe
i . Since 

the ϕe
i  are continuous as required by standard FEM, ϕm,i 

are conforming on the interfaces when assembling the entire 
domain. More precisely, the global ϕi = ∪mϕi,m are con-
tinuous in every interface. Indeed, V ∈ H1

0 (Ω)
The MsFEM is to find u ∈ Vm such that 

∑
m

ˆ

Ωm

k(x)∇u · ∇ϕm,i =
ˆ

Ω
fϕm,i, ∀ϕi ∈ Wm.

The MsFEM was developed by Hou et al., along with con-
tributions from Yalchin Efendiev. It was applied to several 
problems, e.g., to linear and nonlinear elliptic problems 
[251, 254, 255]. There are alternative procedures to con-
struct the RB. The oversampling technique (see Sect. 3.3.3) 
was initially utilized for solving local problems. Then, 
the framework was extended to develop the generalized 
MsFEM for elliptic PDEs [252, 253, 256]. This reduces the 
cost of constructing the RB when considering a complex 
input space. Henning et al. proposed an alternative method 
to generate the multiscale space Vm, namely the localized 
orthogonal decomposition [257, 258]. Their approach was 
applied to elliptic PDEs with inhomogeneous Dirichlet and 
Neumann boundary conditions. The RB functions can be 
constructed adaptivity using error indicators to obtain larger 
accuracy for nonlinear problems [259].

4.2.6  Optimization-Based Algorithms

We now address the method based on a functional optimiza-
tion strategy. Contrary to Sect. 4.2.1, here we do not utilize 
the Lagrange multipliers procedure to deduce additional 
equations to add to the system. In the methods discussed 
below, an optimization problem is properly resolved.

4.2.6.1  Optimization-Based Standard Galerkin  The 
optimization-based domain decomposition technique is 
accomplished by equalizing variables on both sides of the 
interfaces. At the same time, the governing equations and 
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boundary conditions are satisfied. This methodology is 
intended for non-overlapping domains.

We follow the standard procedure to obtain Ω = ∪NΩ
m=1Ωm, 

Γ = ∪NΓ
r=1Γr, and the interfaces between Ωm and Ωn is 

noted as Γ[mn] = {Γr| Γr = ∂Ωm ∩ ∂Ωn, Γr ⊂ ∂Ωm}. 
For this methodology, we do not establish special restric-
tions on the local basis of the trial and test spaces. We refer 
the readers to any of the procedures described above for the 
derivations of the RBs spanning those spaces.

We define a general target function J  on Γ[mn], which is 
minimized to obtain a global solution, 

J (um, un; g) := 1
2

ˆ

Γ[mn]

|um − un|2 + γ

2

ˆ

Γ[mn]

|g|2 .� (19)

Here, the first term denotes a jump of u across the inter-
face. The second term is known as the regularization term. 
It arises as a way to impose the homogeneity of a second-
ary property in the interface and to ensure well-posedness. 
Clearly, the parameter γ > 0 controls the relative impor-
tance of the terms of Eq. 19. We will give more details 
regarding g below.

The optimization-based approach aims to find a solution 
that minimizes the target function. It should also satisfy 
the local governing PDEs Eq. 4 and pertinent BCs. Conse-
quently, the problem is reformulated as finding u such that 

min J (um, un; g) s.t.




NΩ∑
m=1

Rm(u, w) = 0, ∀(um, wm) ∈ (V, W) ,

u = gD in ΓD, and ∂u/∂n = gN in ΓN ,

� (20)

where 
Rm(um, wm) := (u̇m, wm) + Q (um, wm)
− F(wm), (um, wm) ∈ (Vm, Wm)

 is the 

residual of the governing equations in Ωm. The first term of 
Rm is only for time-dependent problems, and Q (um, wm) 
denotes the spatial operator. The second line of Eq. 20 indi-
cates that the solution should satisfy the global BCs.

Prusak et al. applied the methods for two incompressible 
Navier-Stokes benchmarks: the stationary backward-facing 
step and lid-driven cavity flow [48, 58]. The authors utilized 
Eq. 19 with a regularization term g that accounts for viscous 
stress tensor on the surface. Follow the ideas of Gunzburger 
[260], the term is defined as 

J (um, un; g) := 1
2

ˆ

Γ[mn]

|um − un|2 + γ

2

ˆ

Γ[mn]

|g|2 ,� (21)

where u is the velocity field, g =
(
ν ∂u

∂n − pn
)∣∣

Γ[mn]
 is the 

flux across the interface and meanwhile the regularization 
term, ν is the viscosity, nΓ[mn]  is the normal vector of Γ[mn]

, pm is the pressure, and γ is a user-defined regularization 
parameter.

In this study, global solutions were collected and then 
divided into non-overlapping subdomains to generate local 
RBs (see Sect. 3.3.2). Both FOM and ROM problems 
were solved by a gradient-based optimization algorithm. 
The exact optimality system is reformulated in terms of a 
Lagrangian functional, which is detailed in the aforemen-
tioned references, as well as in [260].

Taddei et al. followed a similar strategy to analyze flow 
dynamics (Navier-Stokes equations) in blood vessel shape 
systems that are assembled by two archetype components 
[261]. They suggested penalizing the discontinuity of both 
velocity u and pressure p fields. They utilized a modified 
regularization term. This results in the following optimiza-
tion function 

J
(
um, un, pm, pn; g, h, ∇Γ[mn]g

)
:= 1

2

ˆ

Γ[mn]

|um − un|2 + 1
2

ˆ

Γ[mn]

|pm − pn|2

+ γ

2

ˆ

Γ[mn]

(∣∣∇Γ[mn]g
∣∣2 + |g|2 + |h|2

)
,

where g is given in Eq. 21, h|Γ[mn]
= ∂p

∂n

∣∣∣
Γ[mn]

, and 

∇Γ[mn]g denotes the gradient of g in the tangential direc-
tion of Γ[mn].

To generate RBs for interface control, they proposed a 
pairwise-training approach. They performed high-fidelity 
simulations for systems containing two partitions. Since 
each archetype might have several inlets and outlets, they 
construct various small systems to represent all possible 
connections between the two archetypes. The two-subdo-
main systems were resolved considering random Dirichlet 
and Neumann BCs. Also, they were parameterized with a 
range of Reynolds numbers and shapes. The internal RBs 
are constructed considering localized training (See Sect. 
3.3.3). Adaptive enrichment procedure22 was also integrated 
into the framework.

Finally, we summarize here a method that can be classi-
fied to this typology, but that is a combination of several of 
the methodologies described in this document. Sambataro et 
al. developed an innovative scheme named one-shot over-
lapping Schwarz method [25, 142]. They reformulated the 
standard iterative Schwarz procedure (see Sect. 4.3) to be an 
optimization strategy that minimizes the lump sum of inter-
face jumps.23 The subdomains are represented through port 

22  This approach continuously evaluates the error of the ROM and 
enriches the reduced basis when necessary. New FOM simulations are 
carried out for the worst predicted parametric data points, and new 
modes are added to improve approximation accuracy.
23  Although the authors use the name Schwarz that is regarded as an 
iterative approach, we categorize their method into the group after ana-
lyzing their methodology.
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and bubble spaces (see Sect. 4.2.3). Those are defined to 
represent interiors and internal boundaries. Then, the static 
condensation procedure is utilized to eliminate the interior 
DoF (see Section 4.2.3). Therefore, the global approxima-
tion is reconstructed by a reduced system involving only 
interface DoFs.

4.2.6.2  Least Squares Petrov-Galerkin  The second opti-
mization-based procedure we discuss is based on the least 
squares Galerkin method [12, 53, 262]. In this method, the 
residual of the governing equations is minimized in a least 
squares sense. Consequently, the ROM for a domain decom-
position problem can be formulated with extra constraints at 
the interfaces.

It must be emphasized, in the standard optimization-
based Galerkin, the optimization function enforce the 
interface continuity, while the governing equations are con-
straints. However, in the least squares Galerkin method, the 
equation residual is minimized, and the interface equality is 
a constraint. Therefore, the optimality system is written as 

min 1
2

NΩ∑
m=1

∥∥Rm

(
uΩ

m ∪ uΓ
m, wm

)∥∥2
2 ,� (22)

subject to the restrictions, 

∑
Γ∈∂Ωm∩∂Ωn

ˆ

Γ

∣∣uΓ
m − uΓ

n

∣∣ = 0,

where uΩ
m and uΓ

m denote interior and local surface values, 
respectively. Rm gives the residual of the governing equa-
tions in Ωm (see Eq. 20). The constraints are utilized to 
impose equality at interfaces (or overlapping regions if they 
exist) of two neighbouring subdomains Ωm and Ωn.

Hoang et al. have utilized the technique for parameter-
ized Laplacian and Burgers’ equations in a non-overlapping 
partitioned computational domain [175]. This study has also 
incorporated several topics thoroughly. Notably, it discusses 
the utilization of strong or weak equality constraints on the 
interfaces. The performance of different strategies to build 
RBs was also investigated. Specifically, the behavior of 
RBs constructed with separated interior/boundary or full-
subdomains, see Sect. 3.3.4. The benefits of hyper-reduction 
are also revealed in their analysis. The authors adopted two 
training procedures to generate snapshots, one that requires 
full-system solutions (Sect. 3.3.2) and a second that only 
demands data from a single subdomain (see Sect. 3.3.1).

Note that this methodology is prone to be integrated into 
a framework of Neural Networks to solve the reduced sys-
tem, as investigated in [54, 172].

4.2.7  Multiphysics Problems

Multiphysics models are typically governed by two or more 
PDEs, which might necessitate partitioning to account for 
several subregions. ROMs are extensively applied to sim-
ulate these phenomena. However, the coupling of several 
physics is different from a single continuum. Considering 
the distinct characteristics, a separate description of the 
topic is presented below.

4.2.7.1  Fluid-Structure Interaction  Among multiphysics, 
FSI is especially relevant in many practical applications. 
There are two widely used approaches for solving the high 
fidelity FSI: fully-coupled/monolithic methods and parti-
tioned/iterative methods [263]. More details can be seen 
from [9]. We will present the former here, and the latter will 
be described in Sect. 4.3.

According to the observed references, Arbitrary 
Lagrangian Eulerian (ALE) method is the most frequently 
applied for solving high-fidelity FSI problems [264]. The 
formulation incorporates the fluid mesh displacement as an 
additional variable, enabling the fluid domain to follow the 
deformation of structures. Subsequently, solutions from the 
two regions are collected as snapshots, including displace-
ment and velocity for both fields, as well as fluid pressure. 
Readers can refer to [9, 264] for more detailed descriptions 
regarding ROMs for FSI problems.

Before applying Galerkin projection to construct the 
intrusive ROM, a RB should be computed. Although the 
FSI problems consist of two physics, one can compute a 
global reduced basis for the entire model. For example, the 
displacement fields24 can be collected into a single snapshot 
matrix, 

Sd =
[
[df

1 , ds
1]T, . . . , [df

Nµ
, ds

Nµ
]T

]
,

where df  and ds are the fluid and solid displacements, 
respectively. Nµ is the number of snapshots. The RB can be 
computed by applying POD to Sd, and the resulting basis 
functions contain information from both fluid and solid.

The same strategy can be used for other variables. Thus, 
due to the continuity of high-fidelity solutions, the resulting 
basis functions ensure continuity across the interface. The 
RBs can construct a monolithic reduced system. Liberge 
et al. applied the method for a transient flow around an 
oscillating cylinder [265]. Ballarin and Rozza extended it 
for more general parameterization cases for a coupling of 
Navier-Stokes flow and linear elastic structures [266].

24  The displacements of the mesh corresponds to the spatial coordi-
nates, so they should be vectors.
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Note that the above investigations employing a global 
RB for two systems are not strictly regarded as local ROM 
approaches. We begin discussing studies that consider two 
separate local RBs for fluid and solid, respectively. An 
example is presented to clarify the coupling.

Given two sets of governing equations for a simplified 
FSI formulated by ALE as 
(
ẋf , wf

)
+ Qf

Ωf

(
xf , wf

)
+ Qf

Γ
(
xf , wf

)
= Ff (wf ),

(ẋs, ws) + Qs
Ωs (xs, ws) + Qs

Γ (xs, ws) = Fs(ws),
� (23)

where x is a collection of all field values (geometry displace-
ment d, velocity u, fluid pressure p), w is the test function, 
the superscripts s and f  denote solid and fluid, respectively.

Assume a constraint xf
∣∣
Γ = xs|Γ, and the interface 

terms in 23 can be replaced by Qf
Γ

(
xf , wf

)
= Qf

Γ
(
xs, wf

)
 

and Qs
Γ (xs, ws) = Qs

Γ
(
xf , ws

)
, and the coupled system is 

rewritten as 
(
ẋf , wf

)
+ Qf

Ωf

(
xf , wf

)
+ Qf

Γ
(
xs, wf

)
= Ff (wf ),

(ẋs, ws) + Qs
Ωs (xs, ws) + Qs

Γ
(
xf , ws

)
= Fs(ws),

� (24)

where the structural variable xs acts as a term in the fluid 
ROM, and vice versa for xf .

The fluid and solid ROMs are assembled into a coupled 
system. The same treatments can be applied to other con-
straints if necessary. Readers can turn to the articles for 
applications in aeroelasticity (i.e., Euler equations and lin-
ear/nonlinear elastic structure) [267, 268] and the Cardio-
vascular System (i.e., incompressible Navier-Stokes flow 
and linear elasticity) [268].

We highlight several recent contributions from Nonino 
et al. [264, 269] that focus on transport-dominated non-
linear FSI problems and ROMs. The authors successfully 
addressed a crucial issue in nonlinear reduced systems, 
namely, the slow decay of the Kolmogorov n-width. This 
issue was resolved by a method called transport maps. They 
solved FSI systems adopting an ALE formulation like 24. 
Moreover, interface constraints can be weakly enforced by 
Lagrange multipliers (similar to Eq. 8). Assume the geom-
etry displacements d are equal on an interface df = ds. 
Then the additional equations are expressed as, 
ˆ

Γ
ζi

(
df − ds

)
= 0 ∀ζi ∈ L,

where L is a functional space for the Lagrange multipliers 
ζi.

Be aware that bifurcating phenomena may occur in 
FSI problems, which indicate non-unique stable solutions 
as parameters are varied [270]. Khamlich et al. studied a 

special bifurcating behavior (known as the Coandă effect) in 
a FSI problem comprised of incompressible Navier-Stokes 
flow and a linear elastic solid [9, 271]. In their simulations, 
the FOM coupling is achieved through the ALE framework, 
and interface constraints are enforced using Lagrange mul-
tipliers (similar to those employed by Nonino et al.). More 
descriptions about model order reduction for bifurcation 
problems can be found in [272–275].

4.2.7.2  Mesh Motion in FSI Using Interpolation  The afore-
mentioned methods (i.e., the ALE formulations) require 
solving a subsystem of equations to estimate the motion of 
the fluid mesh in cases of unsteady FSI phenomena. Accord-
ing to the references observed, geometric reduction of mesh 
morphing can also be achieved using interpolation. Control 
points in the structural interfaces can be used as input to 
predict the fluid grids at each time step.

Forti and Rozza [276] adopted RBF to create the inter-
polants. As the cost of RBF interpolation increases signifi-
cantly with the number of control points, they proposed a 
greedy procedure to minimize the number of control points. 
The basic idea is to select surface points that can be used to 
accurately approximate the eigenmodes of the solid. They 
tested the adaptive approach in two cases: (i) modal analysis 
of a commercial aircraft; (ii) external viscous fluid flow past 
a deformable rectangular obstacle.

Apart from RBF, the IDW formulation can also be 
adopted. Witteveen et al. exploited IDW for high-fidelity 
FSI with a 2D airfoil and a 3D wing [115]. They demon-
strated that IDW is comparable in accuracy to RBF, while 
reducing computational costs by around 100 times [115].

D’Amario incorporated IDW and ROMs in his thesis 
to simulate typical FSI phenomena: the fluid flow around 
an aircraft wing and a ship hull [117]. However, the IDW 
approach is not practical for complex geometries consist-
ing of a large number of points. To overcome this limita-
tion, D’Amario and Ballarin et al. proposed the SIDW 
method, also called Reduced IDW [117, 118]. This algo-
rithm optimally extracts a subset of control points based on 
a geometric criterion, thereby reducing the cost of interpo-
lation. Furthermore, additional constraints can be enforced 
to enhance SIDW and exploited the enhanced framework 
to analyze three benchmark cases, including the structural 
deformation of a wing, and fluid mesh motion around a 
wing and a rotating hull.

Lastly, we highly recommend the comprehensive investi-
gation presented in Forti’s thesis [114], in which RBF, IDW, 
and FFD are employed to compute mesh motion when con-
structing ROMs for FSI. Additionally, the author proposed 
two novel strategies for improving RBF and FFD. The adap-
tive section of RBF points is integrated as a hyper-reduction. 
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Domain decomposition is incorporated with FFD to enable 
different control point refinement for different locations. The 
performance of these techniques is compared with respect to 
FSI phenomena governed by incompressible Navier-Stokes 
equations and linear elasticity: (i) an external laminar fluid 
flow past an elastic obstacle and (ii) an internal flow in a 
cylindrical deformable vessel. In conclusion, he emphasized 
the significant potential of RBF in terms of computational 
cost and accuracy.

4.2.7.3  Embedded Boundary Method for FSI  Geometric 
parameterization analysis typically involves applying trans-
formations to reference domains or remeshing. This section 
introduces a so-called Embedded Boundary Method (EBM) 
as an alternative approach. It incorporates the concept of 
domain decomposition to parameterize complex shapes 
and FSI problems. An important step of the framework is 
“extracting” embedded elements from a mesh, which can 
be considered a type of spatial partition and is therefore pre-
sented here.

The introduction consists of three parts: decomposition, 
FOM formulation, and snapshots and the ROM framework. 
See more in [277–280].

The decomposition and notation of the EBM can be 
summarized as follows (see also in Fig. 22.): (i) dis-
cretize a domain B that embeds the solid D; (ii) generate 
a background mesh Bh; (iii) “cut” the approximate surro-
gate geometry DT  according to the embedded mesh Th to 
approximate the true geometry. The elements intersecting 
the boundary ∂D denote the “cut” elements Gh. Note that 
the subdomain D can be deformed and relocated in cases of 
parameterization.

After decomposition, the EBM weak formulation of the 
concerned problem is imposed in DT  or Th as finding ud 
such that 

(u̇d, w) + Q (ud, w) = F(w) in DT (or Th),

where ud is the solution in DT , and w is the test function. Q 
is the EBM operator consisting of penalty terms. The exact 

expressions of Q and F  for the Poisson equation is shown 
in Appendix B.4.

Besides, to better capture the real boundary, the EBM 
also incorporates additional integral terms for the “cut” ele-
ments Gh. The details of the EBM formulation for ROMs 
can be found in [281, 282].

The values in the rest region, ubin B \ DT , can be 
obtained from two strategies, namely 

(1) ub = 0in B \ DT and (2)




−∆ub = 0, in B \ DT ,

ub = ud|∂DT
, on ∂DT ,

ub = 0, in ∂B,

� (25)

where (1) is called a natural smooth extension and (2) is a 
harmonic extension.

If the shape of D is parameterized, a set of FOM simu-
lations is performed for each sample. It is obvious that all 
calculations are performed in the same background mesh 
with different DT . Then, the solutions in B are collected 
as snapshots into the matrix S = [u1, . . . , uNµ

], in which 
each field is given by ui = [ud(µi) ub(µi)]T. The RB can 
be computed via POD for the entire computational domain. 
Consequently, Galerkin/least-squares projection formula-
tions can be applied to construct a ROM.

The high-fidelity EBM has been used for analyzing fluid 
dynamics and FSI [277]. An early work of the EBM-based 
ROM was carried out by Balajewicz and Farhat [283]. The 
authors formulated a ROM employing the least-squares 
projection and tested it with three FSI problems: (i) one-
dimensional FSI based on the viscous Burgers’ equation; (ii) 
a compressible viscous flow around a heaving rigid cylin-
drical body; (iii) a viscous flow inside a square cavity with a 
rotating ellipsoidal body.

Karatzas et al. have published a sequence of studies 
employing the shifted boundary method [282, 284, 285] 
and cut element FEM [281, 286], and the POD-Galerkin 
ROM. The shifted boundary method adopts additional terms 
to account for the distance between the real boundary and 
the embedded boundary. The latter approach involves addi-
tional integral treatment for cutting elements intersecting 
with the interface to better represent real boundaries (e.g., 
Gh in Fig. 22).

Fig. 22  Sketch and definition of the embedded boundary method. 
From left to right: the background geometry B, the background mesh 
Bh, the solid region D, the embedded mesh Th, the surrogate geom-

etry DT , and the “cut” elements Gh. The location and shape of D can 
be parameterized. Figures redrawn based on [281]
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The two techniques have been verified with various appli-
cations. The shifted boundary ROMs are used to analyze 
a heat conduction [278], a Stokes flow around an embed-
ded circular cylinder and more complex obstacles [282], a 
steady incompressible Navier-Stokes flow past an embed-
ded rectangular domain [284], a fourth-order nonlinear 
Cahn-Hilliard system [286], and shallow water hyperbolic 
equations [285]. The cut element FEM incorporating with 
a ROM for the Darcy flow pressure model and the Steady 
Stokes problem can be found in [281].

Another method that can be classified into the group is 
called unfitted finite element method [136, 137, 287, 288]. 
The method also incorporates the concept of embedded 
interfaces, and the interface conditions are weakly imposed 
using the Nitsche’s method (see Sect. 4.2.4 for a brief intro-
duction to Nitsche’s method). The high fidelity unfitted 
FEM for elliptic problems is presented in [287]. To resolve 
the instability problem due to “cutting” small elements, an 
improved version is proposed in [288].

Chasapi et al. applied the method to construct ROMs for a 
parameterized Poisson and linear elasticity problems [136]. 
The authors also integrated parameter clustering method 
to generate local RBs regarding the parameter space and 
hyper-reduction technique to reduce the computational cost 
of the resulting ROMs. A further extension of this frame-
work can be found in [137], where the authors applied the 
method to fluid dynamics problems, including incompress-
ible Stokes and incompressible Navier-Stokes equations. 
The results show that the method can achieve good accuracy 
and efficiency for both linear and nonlinear problems. In the 
study, the authors also compared the performance of several 
reduction techniques for computing local RBs in the param-
eter domain and the capability of the supremizer enrichment 
approach (see more in [194]) to enhance the stability of the 
resulting ROMs.

4.2.7.4  Complex Multiphysics  The coupled formulations 
24 can be extended to multiphysics problems. Manzoni et 
al. constructed ROMs for cardiac electrophysiology and 
mechanics [289, 290]. We recommend [12] for a general 
description and [99] for applications about coupled multi-
physics ROMs.

Lagrange multipliers are also applied to couple multiphys-
ics phenomena. Corigliano et al. employed the technique to 
analyze nonlinear elastic-plastic structural dynamics and the 
electro-mechanical system [291–293].

Note that the investigations mentioned above require a 
two-way exchange between the models. However, in some 
scenarios, the interaction is one-way. For example, given a 
two-equation problem, one has a fixed interface condition 
(maybe homogeneous), and the other subproblem needs 
interface quantities as inputs. Zappon et al. presented both 

steady and unsteady one-way coupling for second-order 
elliptic problems [39, 294]. The authors succeeded in cou-
pling non-conformal interfaces mesh at both the FOM and 
ROM stages, using a so-called INTERNODES method [295, 
296].

4.3  Iterative

We will now continue to address the second family of cou-
pling methodologies: iterative procedures. The methods 
have been widely used in high-fidelity numerical analysis. 
They can couple sub-problems based on any discretization 
techniques (e.g., finite differences, finite element, finite vol-
ume, and spectral element methods) [53]. The framework 
can also be adapted to an assembly of local ROMs regarding 
either overlapping or non-overlapping partitions.

The structure of the methods can be divided into two 
stages: (i) in each iteration, each sub-problem is solved inde-
pendently, imposing data transferred from adjacent parti-
tions as BCs or, alternatively, known global boundaries; (ii) 
iterations are performed considering the whole system until 
discontinuities or residuals satisfy a predefined threshold.

The implementations of the most widely used iterative algo-
rithms, the Schwarz method and its variations, are described 
in sequence. Besides, compared to a single continuum, the 
coupling of multiphysics phenomena is more complex and 
requires more interface constraints. A separate section on the 
topic is presented at the end.

4.3.1  Schwarz Method

The Schwarz method (also referred to as Schwarz alternating 
method) is a classic iterative domain decomposition method 
formulated by H. A. Schwarz around 1870. It can be applied to 
spatial partitions with overlaps. Denoting Ω = ∪NΩ

m=1Ωm, for 
two overlapping parts Ωm and Ωn, their interfaces are defined 
as Γ[mn] = ∂Ωm ∩ Ωn and Γ[nm] = ∂Ωn ∩ Ωm. The two 
adjoining sub-problems and their boundary and initial condi-
tions can be formulated as 




(
u̇(k)

m , wm

)
+ Q

(
u(k)

m , wm

)
= F(wm) in Ωm,

u(k)
m = u(k−1)

n on Γ[mn],

u(k)
m = gD on ∂Ωm ∩ ΓD,

∂u
(k)
m

∂n = gN on ∂Ωm ∩ ΓN ,




(
u̇(k)

n , wn

)
+ Q

(
u(k)

n , wn

)
= F(wn) in Ωn,

u(k)
n =

{
u(k−1)

m or

u(k)
m

on Γ[mn],

u(k)
n = gD on ∂Ωn ∩ ΓD,

∂u
(k)
n

∂n = gN on ∂Ωn ∩ ΓN ,

� (26)
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where the superscript (k) indicates iteration steps, ΓD 
and ΓN  are global boundaries. Depending on the iteration 
BCs in sub-problem 26, the method is called multiplicative 
Schwarz when choosing u(k)

m , or additive Schwarz when the 
selection is u(k−1)

m .
It has been proven that the Schwarz method always con-

verges for second-order elliptic equations, with a rate that 
increases as the measure of the overlapping region increases 
[53]. Additionally, relaxation can be utilized to improve the 
convergence, which modifies the interface condition to be 
u

(k)
m = βu

(k−1)
n + (1 − β) u

(k−1)
m , with β as the relaxation 

factor.

Each sub-problem is approximated separately. Thus, 
local ROMs can be directly constructed using Galerkin pro-
jection, resulting in a formulation expressed in terms of Eq. 
4.

The early stage of the iterative scheme is addressed as 
a hybrid technique to couple FOMs and ROMs. Buffoni 
et al. [297] applied the multiplicative Schwarz method to 
combine a ROM and a FOM for two non-linear problems, 
including a Laplace equation with non-linear boundary con-
ditions and compressible Euler equations. Cinquegrana et 
al. [35] analyzed the aerodynamic flow field around a 2D 
airfoil geometry governed by the Reynolds Average Navier-
Stokes equations with the multiplicative Schwarz procedure. 
The region surrounding the airfoil is resolved by a high-
fidelity model, and the rest is approximated with a ROM. 
Song and Rui [298] utilized it to analyze the convection-
dominated diffusion equation for a geometry divided with 
overlaps. Localized global RBs were computed to approxi-
mate sub-problems.

In general, the Schwarz algorithm is utilized for divi-
sions with overlaps. Nevertheless, a recent publication from 
Tezaur et al. [19] demonstrates the possibility of obtaining 
a stable and accurate coupled model for non-overlapping 
cases. Their approach is evaluated by three challenging 2D 
nonlinear hyperbolic problems: the shallow water equa-
tions, Burgers’ equation, and the compressible Euler equa-
tions. They employed a hyper-reduction technique, which 
samples a few elements on the interfaces to exchange local 
BCs. Thus, they also assessed the effect of the boundary 
sampling approach.

A novelty in the frame of Schwarz iteration can be seen 
from the study of Discacciati et al. [55]. They incorporate 
the overlapping multiplicative Schwarz method for simula-
tions of parametric elliptic problems via Proper General-
ized Decomposition (PGD). Instead of reduction by POD, 
the PGD is employed to approximate high-fidelity solutions.

The basic ideology of PGD is that the solution with 
respect to several parameters can be approximated by a sum 

of separable functions. For example, given a parametric 
problem, if the parameter vector µ has two subsets, namely, 
µ = [µ1 µ2]T, the solution u(x; µ) is then expanded by 
PGD as 

u(x; µ) = u(x; µ1, µ2) =
NPGD∑

i=1
Xi(x)Mi(µ1)Ki(µ2).

An example of the PGD expansion for Once the PGD expan-
sions are available, they can be integrated into the weak for-
mulation to solve local problems. And each local solution 
is iteratively updated employing the Schwarz approach. 
It is easy to check that, following the previous steps, the 

unknowns are condensed to the interfaces, i.e., ΛΓr
q (µBC). 

Thus, it can be regarded as a static condensation procedure.
The method is tested in three problems considering over-

lapping subdomains [55]: a two-domain parametric Pois-
son equation, a two-domain convection-diffusion equation, 
and a multi-domain thermal problem with discontinuous 
conductivity. Note that, for the multi-partition cases, the 
snapshots are collected through localized training (see Sect. 
3.3.3) with arbitrary Dirichlet boundary conditions at the 
interfaces.

4.3.2  Variations of the Schwarz Method

The classic Schwarz method accomplishes Dirichlet-
Dirichlet coupling between adjacent subdomains but can be 
extended to Neumann and Robin conditions in a non-over-
lapping framework. For Dirichlet-Neumann, the interface 
condition is formulated as, 

u(t)
m = u(t−1)

n

∂u
(t)
n

∂n = ∂u
(t)
m

∂n




on Γ[mn].� (27)

Similarly, the Robin-Robin iteration is written as 

∂u
(t)
m

∂n
+ γmu(t)

m = ∂u
(t−1)
n

∂n
+ γmu(t−1)

n

∂u
(t)
n

∂n + γnu(t)
n = ∂u

(t)
m

∂n + γnu(t)
m




on Γ[mn],� (28)

where γm and γn are non-negative parameters to control the 
importance of each term. The choice of these parameters 
will affect the convergence and should be determined from 
a sensitivity study [299]. As indicated in [37], the Robin 
parameter γ is prior fixed to ensure the well-posedness of 
the governing equation, which typically requires γ > 0.
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We start the discussion with studies that employ the 
Dirichlet-Neumann method. Maier and Haasdonk [300, 
301] implemented it for an elliptic PDE (i.e., static heat 
equation with homogeneous Dirichlet boundary condi-
tions). Separated RBs were computed for interfaces and 
inner regions. They managed to glue RBs belonging to two 
non-overlapping subdomains of distinct shapes. A posteriori 
error estimation concludes that the residuals of the ROM 
were comparable to the FOM.

The framework was then developed for incompress-
ible Navier-Stokes equations by Reyes [302]. The authors 
adopted a non-overlapping decomposition. Additionally, 
they revealed that the performances of the Dirichlet-Neu-
mann are comparable to the local DG ROM (see Sect. 
4.2.4.).

Tezaur et al. [36] further tested its possibility for coupling 
two FOMs (FOM-FOM), a FOM an ad ROM (FOM-ROM), 
and even two ROMs (ROM-ROM). In their study, snapshots 
were collected from a sequence of FOM-FOM simulations. 
Individual RBs were computed for each subdomain. The 
performance of different coupling systems (FOM-ROM, 
ROM-ROM, etc) was evaluated on a 1D nonlinear wave 
propagation problem. The authors also revealed that the 
performance of Dirichlet-Neumann and Dirichlet-Dirichlet 
is comparable [303]. We also recommend readers two pre-
sentations addressed by Tezaur et al. [303, 304], in which 
they intended to employ the Schwarz alternating scheme 
to achieve the coupling of multi-scale and multi-physics 
problems, e.g., FSI approximated by a FOMs-ROMs sys-
tem. Furthermore, they also discussed the possibility of cre-
ating a general framework to couple FOMs with intrusive 
and/or non-intrusive ROMs for more complex and realistic 
applications.

Several up-to-date publications [305, 306] have dem-
onstrated that the Dirichlet-Neumann iteration scheme 
is suitable for solid mechanics, e.g., contact problems in 
elastodynamics.

A recent innovation by Zappon et al. [34] is utilizing 
the Dirichlet-Neumann to couple problems discretized 
with non-conforming high-fidelity mesh for different sub-
domains. The interpolation between the non-conforming 
meshes at the interface is achieved by INTERNODES [295, 
296] method. Furthermore, hyper-reduction based on a dis-
crete empirical interpolation method [169] is applied, which 
allows interpolating the parametric Dirichlet-Neumann 
interface conditions with a small amount of magic points. 
Their approach has been tested in several second-order 
elliptic/parabolic problems that consider two partitions.

Except for Dirichlet-Neumann, Discacciati and Hes-
thaven integrated the Robin-Robin approach to analyze 

a series of parametrized nonlinear problems, including 
Advection-diffusion-reaction coupling, time-dependent dif-
fusion equation in multiple domains, etc [37]. The authors 
also proposed a localized training procedure (see Sect. 
3.3.3) by parametrizing Robin conditions. Snapshots and 
RBs are constrained in archetype components.

The Neumann-Neumann iterative algorithm differs 
slightly from the methods above. It requires solving addi-
tional correction problems. Due to the lack of applications 
for local ROMs coupling (to the best of our knowledge), it 
is not illustrated here. Its formulation is presented in [53].

4.3.3  Multiphysics Problems

For the studies mentioned above, a pair of conditions is 
exchanged among adjacent subdomains. However, for mul-
tiphysics problems, more constraints must be enforced at 
the interfaces.

Since FSI is the most typical multiphysics problem, we 
describe it first. For a problem combining incompressible 
Navier-Stokes flow and elasticity, three interface conditions 
are required to guarantee geometric consistency, velocity 
continuity, and the balance of normal forces [266]. They are 
defined on Γ as 

df − ds = 0,

uf − us = 0,

σf · nf − σs · ns = 0,

where superscripts f  and s indicate fluid and solid respec-
tively, d is the displacement of the geometry, u is the veloc-
ity (us = ∂ds

∂t ), n is the normal vector and σ · n is the 
normal force on the interfaces.

Note that although more variables are considered in 
multi-physics scenarios, iterative schemes still support the 
coupling. The stepping interface conditions are formulated 
as those in Eqs. 26, 27, and 28. This coupling procedure can 
be applied to both FOM and ROM levels. Some applica-
tions are presented in [307–309].

For other multiphysics problems, different interface 
constraints should be enforced, but the iterative algorithm 
remains the same. In this context, we found two studies par-
ticularly interesting regarding the implementation of multi-
physics: (i) linear thermo-poroelasticity [310]; (ii) nuclear 
reactor thermal-hydraulics (Navier-Stokes flow with energy 
balance) coupled with neutronics (scalar diffusion equation) 
[311].
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5  Data-Driven Techniques

The rapid development of machine learning techniques and 
computational power has recently encouraged the research 
community to incorporate pure data-driven methods to 
construct ROMs. These approaches are fundamentally 
non-intrusive, as they operate directly on the high-fidelity 
solutions without requiring any modification of the under-
lying governing equations. A review regarding the topic 
was published in 2021 [51]. However, various studies have 
emerged in the past five years, so we present an overview 
including the most recent advances in this area. Additionally, 
several relevant references reviewed in [51] are included for 
completeness.

In the following sections, we will provide the basic pre-
liminaries for constructing data-driven models. Then, the 
strategies for combining domain decomposition and ROMs 
will be explained with respect to each technique. In our 
opinion, the classification of the non-intrusive approaches is 
not as straightforward as the intrusive ones. This difficulty 
arises from the variety of machine learning frameworks and 
the flexibility of incorporating different techniques to cou-
ple the local ROMs. Thus, considering their fundamental 
principles, we have created four categories to roughly clas-
sify them. Those are: (i) Schwarz-based iteration; (ii) inter-
polation algorithm; (iii) optimization-based technique; (iv) 
Physics-Informed Neural Network (PINN) based methods.

The classification of the data-driven techniques is illus-
trated in Fig. 23.

It is worth noting that the domain decomposition and 
basis construction strategies illustrated in Sect. 3.1 also 
support the narrations hereafter. Additionally, the coupling 
strategies of the aforementioned intrusive procedures may 
be incorporated into the non-intrusive systems.

5.1  Preliminaries

The fundamental ideology of the data-driven strategy 
is building a surrogate model that correlates inputs and 
outputs. The model is trained and validated on sampled 
parameters and corresponding results. Once available, it 
can make predictions for unknown parameters with a cost 
several orders of magnitude lower than FOM calculations. 
The surrogate model can be built using various techniques, 

including conventional regression algorithms and neural 
networks, especially the more advanced PINNs. They will 
be briefly explained in the paragraphs that follow.

5.1.1  Regression Algorithms

Regression processes within the field of machine learning 
are diverse. Least squares or linear regression can be uti-
lized for simple scenarios. For more complex conditions, 
several advanced methods are adopted, such as RBF inter-
polation [111] and gaussian process regression [312], as 
well as Artificial Neural Network (ANN) [313].

Suppose that {u(µj)}Nµ

j=1 is a set of general fields to be 
predicted, where µj  denotes the corresponding parameter 
vector. The construction of a regression model consists of 
training and testing stages. We denote the surrogate operator 
by Z , which maps from the parameter space to the solution 
space, Z : RNµ → RNu . Using the observed parameter-
solution pairs, the model is trained so that the predicted 
field matches the target field, u(µ) ≈ Z(µ). Then, for a 
new parameter µ′, the corresponding prediction is given by 
u(µ′) ≈ Z(µ′).

Moreover, dimensionality reduction techniques like 
POD (i.e., u ≈

∑NRB
i=1 αivi) can be involved in the pro-

cedure. Instead of regressing whole snapshots, the 
surrogate operator can also be used to predict POD coef-
ficients, namely, α′

i(µ) ≈ Zi(µ′). The reconstructed field 
u′(µ) ≈

∑NRB
i=1 α′

i(µ)vi [9, 17]. This approach is called 
POD interpolation (PODI).

The dimensionality reduction can also be accomplished 
by applying neural networks, like the autoencoder [15]. The 
technique can generate a vector to represent high-dimen-
sional data, which is referred to as latent variables (also 
known as a latent space). More details about the autoen-
coder can be found in Appendix B.5.

Note that, due to the variety of regression processes, their 
formulations cannot be explained in detail here. We suggest 
that readers consult the books [15, 111, 312, 314] for more 
detailed explanations.

Fig. 23  The classification of data-
driven techniques
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5.1.2  Neural Network

Recently, ANNs have been widely incorporated to construct 
regression frameworks for complex and nonlinear situations 
[17]. Considering its relevance to the following narration, 
we briefly discuss the basic idea of the ANN. Fig. 24 illus-
trates a simple example of a network architecture. Parame-
ters µ are regarded as inputs, namely the input layer. Target 
results are extracted from the output layer. The quantities 
pass through several hidden layers to build a surrogate for 
inputs and outputs.

The aim of a neural network in the training stage is to 
reduce the loss function, which is a measure of the discrep-
ancy between the network’s predictions and the actual target 
values. Assuming the target is a scalar field u(µ) and the 
model’s prediction is Z(µ), the Mean Squared Error (MSE) 
of the network is defined as 

E = 1
Nu

∥u(µ) − Z(µ)∥2
2,� (29)

where Nu denotes the dimension of u(µ).
The minimization is achieved through the propagation of 

values across the neurons. For each neuron, the input x and 
output y are related by 

y = σ(wx + b),� (30)

where σ is the activation function, and w and b denote the 
weight and bias, respectively. σ is a nonlinear function that 
introduces nonlinearity into the network, which should be 
chosen based on the specific problem and data characteris-
tics. w and b are tuned to minimize the loss, i.e., the training 
stage. More in-depth discussions regarding the implementa-
tions are not presented here, but can be found in [313].

The minimization is achieved through the propagation of 
values across the neurons. For each neuron, the input x and 
output y are related by 

y = σ(wx + b),� (31)

where σ is the activation function, and w and b denote the 
weight and bias, respectively.

There are various types of neural networks, such as recur-
rent neural networks and convolutional neural networks. 
Their architectures are different from the one shown in Fig. 
24. More details can be found in Appendix B.5.

5.1.3  Physics-Informed Neural Network

A PINN is a type of regression model that involves knowl-
edge of physical phenomena (i.e., PDEs) within the frame-
work of neural networks. It was proposed by Karniadakis 
et al. in 2017 [315, 316], and has recently been adapted for 
domain decomposition problems. The following paragraphs 
provide a brief introduction to the PINN. Its implementa-
tions for local ROMs will be presented in Sect. 5.5 and 5.2.

In contrast to the typical networks that aim to match 
input and output (see Eq. 29), the loss function of a PINN is 
intrinsically designed to integrate governing PDEs, bound-
ary, and initial conditions. Namely, the MSE of a PINN is 
given by 

E = wf Ef + wbEb,� (32)

where Ef  and Eb are the PDE loss using predicted solutions 
and the error results from the boundary and initial condi-
tions, respectively. The two are weighted by factors wf  and 
wb to comprise the total MSE. Remark that Ef  can be either 
residuals of the governing equations or an optimal formula-
tion of the model problem. Properties of the MSE loss (Eq. 
32) guarantee that the PINN’s predictions satisfy both the 
governing equations and physical constraints.

The architecture of a PINN is depicted in Fig. 25, which 
consists of a distinct structure compared to standard net-
works. The inputs are spatial coordinates x and temporal 
coordinate t, and the output is the solution u(x, t). Suppose 
a PDE defined in the computational domain Ω is given by 

DΩ
(
u(x, t)

)
= 0,

and the PINN prediction u′, the residual of the PDE, which 
is also known as the physics-informed loss, is given by 

Ef = 1
Nf

∥DΩ (u′(x, t))∥2
2,Ω,

Fig. 24  A sketch of neural network architecture. The inputs are the 
components of the parameter vector µ, namely µ1, µ2, and µ3, and 
the outputs are the target results, u1, u2, and u3. The quantities pass 
through several hidden layers to build a surrogate for inputs and 
outputs
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where x and t are collocation points in the computational 
domain for computing the PDE loss, and Nf  denotes the 
number of data points in the interior of the computational 
domain Ω.

The loss regarding the boundary and initial conditions is 
computed by 

Eb = 1
Nb

∥u(x, t) − u′(x, t)∥2
2,∂Ω + 1

Nf
∥u(x, 0) − u′(x, 0)∥2

2,Ω,

where ∂Ω denotes the boundary of Ω, Nb and Nf  are the 
number of data points on the boundary and in the interior, 
respectively, for computing the losses.

The inputs x and outputs u(x) of the PINN framework 
are confined in a set of pre-selected data points as shown in 
Fig. 26. The points are divided into groups for the computa-
tion of boundary/initial losses Eb and the residual loss Ef . 
The PINN is trained only using the points during the offline 
stage. Once converged, it can be utilized to predict solu-
tions at any location and time step within the computational 
domain. Thus, the selections of training points significantly 
affect the accuracy of a PINN. Details about those aspects 
can be seen in the specific review articles [319, 320].

Note that the inputs and outputs of a PINN are intercon-
nected through a series of neurons as defined in Eq. 31. This 
architecture enables the computation of derivatives using 
the chain rule, for example, ∂u(x, t)/∂x and ∂u(x, t)/∂t

, as well as higher-order derivatives. This capability forms 
the mathematical foundation for evaluating the residual loss 
term Ef . This approach is known as automatic differentia-
tion in the framework of computational algebra [321].

Unlike traditional ROMs, PINNs can solve PDEs even 
without requiring data. The approximations can be obtained 
purely by satisfying governing equations and constraints, as 
shown in Fig. 25. However, when FOM results are available 
at specific locations, the standard data MSE (Eq. 29) can 
be integrated into the total PINN loss (Eq. 32), resulting in 

E = wf Ef + wbEb + wdEd,

where Ed = 1
Nu

∥u(x, t) − Z(x, t)∥2
2 is the data MSE, and 

wd is the corresponding weight. The data loss term can 
enhance the accuracy of a PINN when FOM results are 
available, especially for complex problems.

The inputs and outputs of PINNs depend on the prob-
lem’s configuration. Recently, PINNs have been intensively 
employed to solve both forward and inverse problems 
[318, 322–324]. In forward problems, PINNs approximate 
solutions of PDEs with fully specified parameters, bound-
ary conditions, and initial conditions. The network inputs 
typically consist of spatial coordinates x, temporal coor-
dinates t, and parameters µ, while the output is the solu-
tion field u(x, t; µ) over the computational domain. In 
contrast, inverse systems aim to identify unknown param-
eters or conditions from observed data. Hence, a data loss 
term that enforces consistency with observed solutions is 
included. The inverse PINN uses the same inputs as the for-
ward PINN, but provides the solution field and additional 

Fig. 26  PINN training data points for a domain to compute loss func-
tions. Figure redrawn based on [318]

 

Fig. 25  Architecture of a PINN 
[317]. The inputs are coordinates 
x in the computational domain 
and time t. The governing 
equations are represented by 
DΩ (u(x, t)) = 0. The outputs 
are physical variables u′(x, t) 
over the spatial and temporal 
domains. The total loss E  consists 
of two parts: the PDEs loss Ef  
and the error with respect to the 
constraints (initial and bound-
ary conditions) Eb. They are 
weighted by factors wf  and wb

. The Deep neural Network 
is trained to minimize E . The 
algorithm ends when E  is smaller 
than a predefined threshold E0
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quantities of interest as outputs. More references for their 
implementations are presented in Sect. 5.5.

It is important to emphasize that while PINNs involve 
knowledge of the governing PDEs, their principle differs 
significantly from traditional intrusive methods. Recall 
that intrusive techniques numerically solve reduced alge-
braic systems derived from the PDEs. In contrast, the PINN 
framework replaces conventional solvers with neural net-
works that learn the solution operator. Since PINNs do not 
explicitly solve the PDE system through algebraic manipu-
lation, they are appropriately classified as non-intrusive 
ROMs.

5.2  Schwarz-Based Techniques

We now start reviewing the Schwarz-based techniques in 
the category of data-driven methods. We will give a gen-
eral description and then review the implementations in the 
references. Note that not only Dirichlet but also Neumann 
conditions are discussed in this subgroup.

The approaches that will be presented are almost the 
same as the Schwarz method and its variations. Instead of 
solving intrusive ROMs to update solutions in subdomains, 
non-intrusive surrogate models are built to solve each sub-
problem employing interface conditions and iteratively 
update local approximations until convergence is achieved.

5.2.1  Formulations

We adopt multiplicative Schwarz (Eq. 26) for the explana-
tion, but the algorithms are also suitable for other conditions 
presented in Sect. 4.3.

Assume two overlapping subdomains Ωm and Ωn, and 
their interfaces Γ[mn] = ∂Ωm ∩ Ωn and Γ[nm] = ∂Ωn ∩ Ωm

. The iterative process of the Schwarz method is achieved 
by two operators: the boundary value solver S and the 
restriction operator T . They are discussed in the following 
paragraphs.

Suppose the other boundaries of Ωm are fixed, the local 
solution um is obtained by solving the local problem with 
the boundary condition um|Γ[mn]

. We denote the boundary 
value solver for the local problem in Ωm as Sm, which is 
defined as um = Sm

(
um|Γ[mn]

)
.

As mentioned in Eq. 26, the local solution um at step t is 
updated by the boundary condition u(t)

m

∣∣∣
Γ[mn]

= u
(t−1)
n

∣∣∣
Γ[mn]

. Thus, by adopting Sm, the local solution um at step t is 
given by 

u(t)
m = Sm

(
u(t)

m

∣∣∣
Γ[mn]

)
= Sm

(
u(t−1)

n

∣∣∣
Γ[mn]

)
.� (33)

To further process the solution, we need to extract the 
interface values u

(t)
m

∣∣∣
Γ[nm]

 to update un at step t. This is 

achieved by the restriction operator T m, which is defined as 

T m

(
u(t)

m

)
:= u(t)

m

∣∣
Γ[nm]

.� (34)

Here T m maps the local solution space Vm to the appropriate 
trace space on the interface (e.g. T m : Vm → H1/2(Γ[nm])).

We combine Eqs. 33 and 34 to update the local solutions 
at step t as follows: 

T m

(
u(t)

m

)
= T m

(
Sm(u(t−1)

n

∣∣∣
Γ[mn]

)
)
, and T n

(
u(t)

n

)
= T n

(
Sn(u(t)

m

∣∣∣
Γ[nm]

)
)
.

To simplify the notation, we denote Zm = T m ◦ Sm and 
Zn = T n ◦ Sn. Then, the above formulation is rewritten as 

u(t)
m

∣∣∣
Γ[nm]

= Zm

(
u(t−1)

n

∣∣∣
Γ[mn]

)
, and u(t)

n

∣∣∣
Γ[mn]

= Zn

(
u(t)

m

∣∣∣
Γ[nm]

)
.

Moreover, the relaxation strategy can be adopted to improve 
the convergence of the Schwarz method [52]. Thus, the final 
coupling for um and un at step t is given by 

u(t)
m

∣∣∣
Γ[nm]

= Zm

(
ω u(t−1)

n

∣∣∣
Γ[mn]

+ (1 − ω) u(t−2)
n

∣∣∣
Γ[mn]

)
, and

u(t)
n

∣∣∣
Γ[mn]

= Zn

(
ũ(t)

m

∣∣∣
Γ[nm]

)
with ũ(t)

m

∣∣∣
Γ[nm]

= ω u(t)
m

∣∣∣
Γ[nm]

+ (1 − ω) u(t−1)
m

∣∣∣
Γ[nm]

,

where ω is the relaxation factor.
Remark that the dimensionality reduction techniques like 

POD and neural networks are generally employed before-
hand. The resulting low-dimensional variables are then used 
to construct a surrogate operator Z .

5.2.2  Applications

Now, the problems turn to creating a model to approximate 
the operator Z  for each subdomain. It is clear that the con-
struction of the surrogate model Z  is not unique. The fol-
lowing paragraphs will discuss the implementation of both 
regression algorithms and neural networks to construct local 
ROMs.

Cheng et al. used the method to study the 2D nonlinear 
elliptic equations [325]. They collected snapshots utiliz-
ing localized training and oversampling (see Sect. 3.3.3). 
The Z , indeed a ROM, is constructed by two-layer neural 
betworks. The authors also showed several relevant prepro-
cessing and postprocessing, and comparisons of different 
configurations.
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The technique can be extended to Dirichlet-Neumann 
conditions for non-overlapping divisions. In such a case, two 
surrogate models ZD and ZN  are constructed to exchange 
Dirichlet and Neumann conditions on a shared interface. The 
coupling has the form of u

(t)
m

∣∣∣
Γ[mn]

= ZD
n

∂u(t−1)
n

∂n

∣∣∣
Γ[mn]

 

and ∂u(t)
n

∂n

∣∣∣
Γ[mn]

= ZN
m u

(t)
m

∣∣∣
Γ[mn]

 for a two-subdomain sys-

tem with Ω = Ωm ∪ Ωn and Γ[mn] = ∂Ωm ∩ ∂Ωn.

Discacciati et al. adopted the Dirichlet-Neumann itera-
tion (named boundary-to-boundary mapping approach) to 
analyze a series of linear and nonlinear multi-physics sce-
narios [326], including steady and transient nonlinear heat 
equations, as well as a FSI problem. The localized train-
ing (see Sect. 3.3.3) is utilized to generate datasets. POD is 
adopted to reduce the dimensionality of snapshots. Regres-
sion-based ROMs are built using two techniques, ANN 
and Vectorial Kernel Orthogonal Greedy Algorithm. The 
technical aspects of the two models are beyond the scope 
of this review. They are described in the original document. 
The method is also applied to both conforming and non-
conforming high-fidelity meshes. Note that the authors also 
published an intrusive version of the framework, which is 
presented in Sect. 4.3.2 [37].

Ruan [327] used the Dirichlet-Neumann framework to 
couple local ROMs for a large-scale Reynolds-averaged 
Navier-Stokes problem. The local ROMs are constructed by 
the PODI technique. The modeled case is a realistic indus-
trial scenario, flow in a wire-wrapped rod bundle geometry, 
which is a typical configuration in nuclear reactors. The 
results show that local RBs can capture the dominant flow 
features, and the coupling strategy can effectively exchange 
information between subdomains.

5.2.3  Multiphysics Phenomena

The procedure can also be applied to multiphysics prob-
lems, especially FSI phenomena.

Xiao et al. [328] utilized POD and radial basis functions 
to create ROMs for several test cases: (i) flow past a cylin-
der; (ii) 2D free-falling square in water; (iii) vortex-induced 
vibrations of an elastic beam. The authors coupled Navier-
Stokes flow and linear elastic structural motion.

Gerdroodbary et al. [329] used POD and convolutional 
neural network to extract dominant features. Subsequently, 
they utilized long short-term memory neural network to 
build a surrogate model. They simulated an Abdominal 
Aortic Aneurysm governed by unsteady Reynolds average 
Navier-Stokes and elastodynamics equations. A significant 
conclusion can be drawn from this study: the POD-based 
ROM is more efficient, while the pure neural network model 
is more accurate.

Zhang et al. [330] incorporated an autoencoder for data 
reduction and a so-called sparse identification of the non-
linear dynamics algorithm to identify governing equations 
with respect to low-dimensional variables. The innovative 
framework was tested in a 2D case, flow past a cylinder.

Moreover, the coupling of a ROM and a FOM can also 
follow the procedure. Han et al. [331] proposed a method 
that couples a deep neural network-based fluid ROM and a 
high-fidelity structural dynamic solver.

For investigations for multiphysics applications, beyond 
FSI, we suggest two references: (i) [332] that uses deep 
learning-based approaches for micro-electro-mechanical-
systems; (ii) [311] that couples neutronics and thermal-
hydraulics in nuclear reactor cores.

5.3  Interpolation Algorithm

The second group is for methods that employ interpolations. 
We will present the general principles of the interpolation-
based approach, following studies that implement it in dif-
ferent ways.

The interpolation scheme employs iterations to couple 
local ROMs, and generally, the dimensionality reduction 
(e.g., POD) is applied to pre-process the high-fidelity data. 
The steps for constructing an interpolation-based ROM for 
domain decomposition problems are outlined in the follow-
ing paragraphs.

Suppose the POD is used to compute the reduced basis 
of each subdomain, um =

∑NRB,m
i αm,ivm,i. Recall 

that the indices of all neighbors of Ωm are included in a 
set NΓ(m) = {n|∂Ωm ∩ ∂Ωn ̸= ∅}. Then, an interpola-
tion model Zm for the POD coefficient αm of Ωm can be 
expressed as 

α(t)
m = Zm

(
α(t−1)

m , α(t−1)
n , µm

)
n ∈ NΓ(m),� (35)

where αm =
[
αm,1, . . . , αm,NRB,m

]T is a vector contain-
ing coefficients, Zm is the interpolation model, µm is a 
vector of local parameters for Ωm

25, and t is the step num-
ber of iterations. The equation indicates that the subdomain 
approximation at iteration step (t) depends on several inputs, 
including its previous results in (t − 1) and the neighbours’ 
results in (t − 1), as well as parameters µm.

To be clearer, an example is depicted in Fig. 27, 
in which the target division is Ω5 and its neigh-
bors are Ω2, Ω4, Ω6, and Ω8. Therefore, we have 
α

(t)
5 = Z5

(
α

(t−1)
5 , α

(t−1)
2 , α

(t−1)
4 , α

(t−1)
6 , α

(t−1)
8 , µ5

)
. 

Also, in case a subdomain is connected to the global 

25  Each subdomain Ωm can be parameterized separately. Therefore, 
we use µm to denote the parameters for Ωm.
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boundary, the boundary conditions can be involved in the 
interpolation.

Be aware that the above approach can incorporate other 
dimensionality reduction algorithms, and various techniques 
can be applied to build the regression model Z , e.g., those 
introduced in Sect. 5.1. Moreover, the ways of incorporat-
ing Z  to build ROMs are diverse. Hence, after reviewing 
the references, we identify three interpolation strategies. We 
will provide their ideologies and applications for different 
equations.

5.3.1  Standard Interpolation

The first method we presented comprises the two steps 
above, namely, dimensionality reduction and interpolation. 
The studies share the same procedure, while they differ in 
the techniques employed in the two stages.

Xiao et al. have published several investigations exploit-
ing the pure regression strategy [56, 334, 335]. They studied 
several large-scale problems governed by transient incom-
pressible Navier-Stokes equations: (i) 2D flow past a cylin-
der; (ii) 2D and 3D urban street canyon test case; and (iii) 
3D air flow around London South Bank University.

Although the three applications are distinct, their proce-
dures are nearly the same. The entire geometry is decom-
posed similarly into non-overlapping subdomains (as Fig. 
27). The global snapshots are computed and extracted for 
the partitions. POD is applied to calculate a set of sepa-
rated dominant modes for each of them (see Sect. 3.3.2). 
The ROM is constructed through PODI with RBF, and a 
different number of POD modes is adopted for different 
regions to approximate the global fields. The results of the 
non-intrusive domain decomposition ROM are comparable 
to the global ROM, and verified against FOM simulations. 
One advantage of the local approach is that different RBs 
can be used to approximate each subdomain. Fewer modes 
are required for “less important” areas, while more are used 
for dominant subdomain-level variances. This maintains the 
accuracy of ROMs and avoids stability issues that can arise 
from using too many POD modes.

Besides POD, Heaney et al. applied the Autoencoder 
(AE) to investigate two incompressible Navier-Stokes prob-
lems, a 2D single-phase flow past a cylinder and 3D two-
phase in-pipe flow [18]. In these cases, there are no overlaps 
among the divisions. Four dimensionality reduction meth-
ods are used and compared in their analysis, namely POD, 
a convolutional AE, an adversarial AE, and a hybrid singu-
lar value decomposition AE. A predictive neural network is 
constructed to achieve the interpolation.

The flow past a cylinder case is modeled considering 
global snapshots and local RB (see Sect. 3.3.2). For the mul-
tiphase case, the tube is split axially into partitions of the 
same shape. Then, a set of generic local POD modes or AE 
latent space is utilized to reconstruct the global solutions. 
This is the generic decomposition and local RB construction 
indicated in Sect. 3.3.2. Thus, the authors managed to extend 
a ROM built from ten subdomains to approximate a longer 
pipe that consists of 100 subdomains. They concluded that 
the AE-based reduced techniques outperform POD, and the 
best among the four techniques is the convolutional AE.

5.3.2  Linearized Interpolation

A modification of the above direct interpolation algorithm 
is proposed by Xiao et al. [333, 336, 337] to model a huge 
water reservoir (e.g., artificial lake), namely subdomain 
POD-trajectory-piecewise-linearization. Given the predic-
tion of the last step α(t−1)

m  and parameter µm, the surrogate 
model Zm can predict a new solution using a first-order 
expansion around the training data point: 

α(t)
m = α

(t)
tr + E(t)

m,αtr

(
α(t−1)

m − α
(t−1)
tr

)
+ G(t)

m,µtr
(µm − µtr) ,

with 

E(t)
m,αtr

= ∂Z(t)
m

∂α
(t−1)
tr

, G(t)
m,µtr

= ∂Z(t)
m

∂µtr

,

where (α(t)
tr , α

(t−1)
tr , µtr) belongs to the closest training set 

to α(t)
m . The selection algorithm for closeness is presented in 

[338]. Note that Zm is created based on RBF, so the expres-
sion of E(t)

m,αtr
 and G(t)

m,µtr
 can be obtained analytically 

after offline training.
The reservoir is partitioned into non-overlapped subdo-

mains, and local RBs are obtained for each subdomain via 
POD (as indicated in Sect. 3.3.2). The results of global POD 
and local POD are compared. It can be concluded that, com-
pared to global modes, fewer local modes are needed in each 
subdomain for the same level of reconstruction accuracy. 
Note that the local ROM results are discontinuous along the 

Fig. 27  A subdomain and its neighbours. Redraw based on [333]
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subdomain interface. Thus, the fields are smoothed by solv-
ing an additional minimization problem.

Furthermore, Xiao et al. aim to solve an inverse problem. 
They supposed that the governing equations and solutions 
in a few locations of the computational domain are known. 
Still, the parameters that exist in the PDEs over the domain 
are unknown. Therefore, they aimed to compute parameter 
fields exploiting known solutions. This computation can be 
achieved via an optimization formulation that minimizes the 
differences between observations and computations.

The details and formulations of the smoothing algorithm 
and the inverse problem are beyond the focus of this review, 
and they are well explained in [337].

5.3.3  Hybrid Technique

A hybrid interpolation technique for inverse problems with 
non-overlapped decomposition is proposed by Arcucci et al. 
[57, 339]. The authors simplify Eq. 35 and interpolate POD 
coefficients as 

α(t)
m = Zm

(
α(t−1)

m , µm

)
.

Then, the authors proposed a so-called DD reduced order 
data assimilation process to solve the inverse problem. The 
method results in an unconstrained least squares formulation 

um = arg min
um

{
∥um − u(t)

m ∥ + ∥d(t)
m − M

(
u(t)

m

)
∥
}

,

where u(t)
m  is the ROM prediction in time (t), d(t)

m  is the 
observed value of a finite number of locations in time (t), 
and M

(
u

(t)
m

)
 is an observation operator that extracts values 

at the observed locations from u(t)
m .

The method is applied to solve the air pollution problem 
of London South Bank University, modeled by 3D incom-
pressible Navier-Stokes equations. Known measurements 

in several locations, d(t)
m , are utilized to calibrate local pre-

dictions. The results reveal that the data assimilation model 
performs better than the standard local ROM. Note that no 
extra procedure is applied to smooth the local predictions, 
which results in discontinuities at interfaces for global fields.

5.4  Optimization-Based Technique

We turn now to the third category, the so-called optimiza-
tion-based methodologies. The technique aims to formulate 
an optimal system to smooth the discontinuities among the 
subdomain interfaces.

Two methods, based on the least squares Galerkin pro-
jection and Gappy POD, are included in the group. Due to 
their diversity, details can be observed from the explanation 
below rather than a general description here.

5.4.1  Least Squares Galerkin

Choi et al. adopted the least squares Galerkin method to 
construct the optimal systems of domain decomposition 
problems [54, 172]. The numerical setups are almost the 
same as those presented in their previous publication [175] 
in Section 4.2.6. Similar objective functions are constructed, 
while solutions are approximated using data-driven tech-
niques instead of Galerkin projection-based formulations.

In Eq. 22, the residuals are formulated via a Galerkin pro-
jection. In contrast, in the non-intrusive procedure shown in 
[54, 172], the authors use an autoencoder neural network 
(defined as A) to construct low-dimensional representa-
tions. Suppose a parameter set {µj}Nµ

j=1 and FOM solutions 
defined for interiors uΩ

m(µj) := u(µj)
∣∣
Ωm

 and interfaces 
uΓ

m(µj) := u(µj)
∣∣
Γ∈∂Ωm

. The autoencoders26 aim to mini-
mize the respective MSE losses 

EΩ
m = 1

Nµ

Nµ∑
j=1

∥∥∥uΩ
m(µj) − AΩ

m(µj)
∥∥∥

2

2
, EΓ

m = 1
Nµ

Nµ∑
j=1

∥∥∥uΓ
m(µj) − AΓ

m(µj)
∥∥∥

2

2

for internal uΩ
m and surface uΓ

m values of each subdomain 
m = 1, · · · , NΩ.

A general formulation for approximations of any new 
parameter µ′ can be expressed as 

u′Ω
m(µ′) ≈ A(µ′)|Ωm

= AΩ
m(µ′), and u′Γ

m(µ′) ≈ A(µ′)|Γ∈∂Ωm
= AΓ

m(µ′).

Similar to Eq. 22, a ROM for a geometry Ω =
∑NΩ

m=1 Ωm is 
now formulated as an optimality system: 

min 1
2

NΩ∑
m=1

∥∥∥Rm

(
AΩ

m(µ′) ∪ AΓ
m(µ′)

)∥∥∥
2

2
,� (36)

subject to the constraints: 

NΓ∑
Γ∈∂Ωm∩∂Ωn

ˆ

Γ

∣∣∣AΓ
m(µ′) − AΓ

n(µ′)
∣∣∣ = 0,

where Ωm and Ωn are two adjacent partitions. This nonlin-
ear constrained minimization problem is solved via Sequen-
tial Quadratic Programming, which is clarified in [54].

26  See more details about the neural network architecture in Appendix 
B.5.
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The method is tested on a 2D steady-state Burgers’ equa-
tion with overlapping subdomains [54, 172]. The authors 
compare the purely data-driven approach to their earlier 
least-squares ROM (see Section 4.2.6). Results show that 
the intrusive, projection-based framework is faster, espe-
cially when combined with hyper-reduction (via mesh-ele-
ment sampling), while the non-intrusive approach performs 
better in terms of accuracy.

5.4.2  Gappy POD Optimization

Iyengar et al. developed a different optimization framework 
using Gappy POD [340, 341]. This method reconstructs 
optimal global solutions by combining local and global 
POD modes. We will first outline Gappy POD [170], and 
then explain its implementation for approximating smooth 
fields in multiple subdomains.

Gappy POD is an approach to finding the optimal 
approximation in a domain when POD modes and values 
are available at a few locations. The process for achieving 
this is discussed as follows.

Assume a scalar field u(x) and its POD modes vi(x). We 
have u(x) ≈

∑NRB
i=1 αivi(x). Now, suppose that the values 

of u are only known at a few locations, and we aim to recon-
struct the solution in the whole domain. The Gappy POD 
method can be used to solve this problem.

The discretized solution in the whole domain is denoted 
by a vector u27, and u∗ represents a vector that contains 
the known values of u at a few locations and zeros else-
where. We use a mask vector m to indicate the known and 
unknown locations, where m contains 1 for known values 
and 0 for unknown values. The goal of Gappy POD is to 
find a set of coefficients α̃ that can optimally reconstruct the 
solution in the whole domain using the known values. This 
is expressed as ũ(x) ≈

∑NRB
i=1 α̃ivi(x).

The process of Gappy POD can be regard as an optimiza-
tion problem, which aims to 

min
α̃

∥∥∥∥∥u∗ − m ⊙

(
NRB∑
i=1

α̃ivi

)∥∥∥∥∥
2

.

The minimization problem can be solved by the least-
squares method. The optimal coefficients α̃ are obtained by 
solving the following linear system: 

Mα̃ = f ,

27  We use u(x) to denote the general (scalar) field, and u(x) for a 
vector field. But usually, x is omitted for simplicity. Here, u denotes a 
vector that contains all discretized values in the whole domain.

where Mij = (vi, vj) and fi = (vi, u∗) are the entries of 
M  and f = [f1, . . . , fNRB ]T, respectively.

Then, the global approximation u′ obtained via the 
Gappy POD, is expressed as 

u′
k =

{∑NRB
i=1 α̃ivi,k, mk = 0

u∗
k, mk = 1 , k = 1, . . . , Nu,

where Nu is the number of discretized points in the whole 
domain, and vi,k is the value of the i-th POD mode at the k
-th location.

The implementation of Gappy POD for domain decom-
position problems proceeds as follows. First, full-domain 
simulations are performed to generate global solutions. The 
global POD modes vi are computed. Then, the domain is 
decomposed into non-overlapping subdomains, and solu-
tions in each subdomain are extracted as local snapshots. 
Local POD modes are calculated for each subdomain. PODI 
is used to construct ROMs for each partition. As illustrated 
in Fig. 28, u∗ is non-zero in the red areas of each division, 
while it is zero in the rest of the domain. Consequently, the 
global POD coefficients α̃ are obtained via Gappy POD. 
Finally, the complete solution is reconstructed as 28. Note 
that the local ROMs alone produce non-smooth predictions 
across subdomain interfaces. Thus, the authors employ 
Gappy POD and global POD modes to ensure solution 
smoothness throughout the entire domain.

The authors validated the method using three cases: (i) 
quasi 1D flow through a converging-diverging Nozzle; (ii) 
flow over a wedge with shocks; (iii) transonic flow over an 
airfoil (i.e., Reynolds-Averaged Navier-Stokes equations). 
The comparison with the pure global ROM reveals the ben-
efits of adopting the aforementioned local ROM technique.

5.5  Physics-Informed Neural Network

The fourth technique introduced within the data-driven cat-
egory is PINNs. The procedure of PINNs to solve PDEs in 

Fig. 28  Global reconstruction using Gappy POD. The entire domain 
is decomposed into non-overlapping subdomains (split by dashed 
lines). A local ROM is applied to predict results in partitions (the red 
region) that serve as u∗. The rest region (the white region) is masked 
as unknown and approximated using Gappy POD
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a single domain is already explained in Sect. 5.1.3. Note 
that the equation and boundary/initial condition losses also 
apply to domain decomposition problems. Additionally, the 
existence of interfaces among subdomains requires extra 
treatment at these interfaces to enforce the continuity of 
solutions over the global domain.

Since the partitions can be either overlapping or non-
overlapping, this also results in different strategies for 
dealing with the interfaces. Thus, we categorize the two 
groups based on the available references. If subdomains do 
not overlap, the interface continuity conditions denote the 
equality of the variable and its flux on both sides of the face 
[183]. If subdomains overlap, the Schwarz iteration with the 
exchange of Dirichlet conditions can be employed [52]. The 
two scenarios are presented separately as follows.

5.5.1  Interface Constraints

For two adjoining domains with a single interface, to ensure 
the assembly of local approximations equal to the global 
approximation, both the variables and their flux should be 
equal on both sides of an interface [183]. Consequently, 
within the PINN framework, two losses are defined to sat-
isfy the equality. Assume a subdomain Ωm and its interface 
set Im = {Γr|Γr ∈ ∂Ωm}, the two terms are written by 

EΓm,flux =
∑

Γr∈Im

1
NΓr

∥q(u)|Γ+
r

− q(u)|Γ−
r

∥2
2, and EΓm,u

=
∑

Γr∈Im

1
NΓr

∥u|Γ+
r

− {u}|Γr ∥2
2,

where q(u) denotes flux, the two sides of a interface are 
noted with + and −, NΓr  are training points assigned at Γr, 
and {u} = 1

2

(
u|Γ+

r
+ u|Γ−

r

)
 is the average operator. Thus, 

the local loss for Ωm can be formulated as 

Em = wf,mEf,m + wbEb

+ wΓm,fluxEΓm,flux

+ wΓm,uEΓm,u,
� (37)

where all terms are weighted by different factors and Eb 
appears only when Ωm connected to global boundaries.

Be aware that a common feature of the following studies 
is that interface constraints are included as additional loss 
terms. However, the strategy of including the constraints is 
not unique. Over the past five years, various PINN-based 
architectures have been proposed. One can construct a 
set of local PINNs for each subdomain or a single PINN 
whose loss function is the sum of all partition-level losses. 
Moreover, FOM solutions and POD can be incorporated to 
reduce the complexity of the PINN structure. These aspects 
are described below.

5.5.1.1  Network for Physical Fields  A conservative PINN 
(cPINN) is proposed by Jagtap et al. [318] to handle 
non-overlapping domain decomposition problems. The 
model uses local neural networks to approximate each 
subdomain, yielding local error formulation for Ωm as 
Em = wf,mEf,m + wb,mEb,m + wΓm

(EΓm,flux + EΓm,u).

The cPINN was used to solve both forward and inverse 
problems of various nonlinear PDEs, including Burgers’, 
Korteweg-De Vries, incompressible Navier-Stokes, and 
compressible Euler equations. The computational domain 
and the location of training points are displayed in Fig. 29. 
The whole geometry is decomposed into several subregions, 
and the two additional errors are computed at the interface 
points.

The authors tested and compared the effect of PINN 
structures, including the number of hidden layers, the num-
ber of neurons per layer, the activation functions, and the 
size of training points. Their numerical experiments for the 
1D Burgers’ equation demonstrate that increasing the num-
ber of hidden layers and neurons can improve accuracy. A 
key advantage of a cPINN is that different network archi-
tectures can be defined for each subdomain to better capture 
local physical phenomena, thereby balancing the training 
cost and accuracy.

Jagtap et al. further developed the cPINN and proposed 
the eXtended PINN (XPINN), which can be extended to 
any PDEs (both forward and inverse problems) with non-
overlapping partitions [342, 343]. The key modification of 
XPINNs is that a residual continuity loss is added at inter-
faces. For example, given a set of interfaces Im for a sub-
domain Ωm, the total residual continuity loss is defined as 

EΓm,f =
∑

Γr∈Im

1
NΓr

∥∥∥DΩm
(u′(x, t))

∣∣
Γ+

r
− DΩn

(u′(x, t))
∣∣
Γ−

r

∥∥∥
2

2
,

where Im is the set of interfaces for subdomain Ωm, DΩm
 

and DΩn
 are the governing PDEs defined in Ωm and Ωn, 

Fig. 29  Computational domain and cPINN training data points. Figure 
redrawn based on [318]
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respectively, Γr = ∂Ωm ∩ ∂Ωn, NΓr  training points is 
assigned at Γr, + and − denote the two sides of Γr.

The combined local MSE is now denoted by 
Em = wf,mEf,m + wb,mEb,m + wΓm

(EΓm,f + EΓm,u) . 
Note that the equality and residual continuity terms can suf-
ficiently enforce the XPINN approximation to satisfy the 
global governing PDE. Thus, the flux matching constraints 
EΓm,flux are not necessary and can be optionally imposed 
depending on the PDEs.

The cPINN and XPINN were compared in terms of par-
allel efficiency for 1D Burgers’ and 2D steady-state incom-
pressible Navier-Stokes equations [344]. The results show 
that cPINNs are more efficient for spatial decomposition 
problems. In contrast, XPINNs are more flexible for tempo-
ral domain decomposition and are additionally well-suited 
for arbitrarily shaped and complex subdomains.

Dwivedi et al. proposed a different framework for solv-
ing forward and inverse problems of several PDEs among 
non-overlapping subdomains [322], which is called a Dis-
tributed PINN (DPINN). Their method integrates temporal 
decomposition and trains separate networks for each time 
step. This approach requires an additional temporal continu-
ity loss Et to match two sequential time steps (t − 1) and (t)
, which is given by 

Et = 1
Nt

∥u(t) − u(t−1)∥2
2.

Additionally, the total loss function of a DPINN is dis-
tinct from previous architectures. The authors also define 
the individual network for each subdomain. However, the 
DPINN doesn’t define Em for each subdomain. Instead, the 
total loss is expressed as a summation of all Em, namely: 

E =
NΩ∑

m=1
wf,mEf,m + wbEb +

NΓ∑
r=1

(wΓr,uEΓr,u + wΓr,fluxEΓr,flux) +
Nt∑
t=1

wtEt,

where NΩ, NΓ, and Nt are the number of subdomains, 
interfaces, and time steps, respectively.

The DPINN is tested in several 2D benchmark problems, 
including steady heat conduction, Laplacian, Burgers’, 
advection, and steady Navier-Stokes equations.

The PINNs discussed above utilize the strong form for 
loss formulation. Given the prevalence of weak formula-
tions based on Galerkin methods in the intrusive frame-
work, Kharazmi et al. developed the hp-variational PINN 
(hp-VPINN) [323] for nonoverlapping divisions. In this 
approach, the trial space is represented globally by a single 
neural network across the computational domain. The piece-
wise polynomials (i.e., Legendre polynomials, as mentioned 
in the work) are applied separately as test functions for every 
partition. In this setting, the VPINN achieves h-refinement 
through increased spatial resolution and p-refinement via 
higher-order polynomial test functions. One can analogize 
this framework to FEM employing the Petrov-Galerkin pro-
jection. Each subdomain can be regarded as an element of 
FEM, and different test and trial spaces are adopted.

Instead of multiple local PINNs, a single PINN is built 
and trained to approximate the global solution. In such a 
case, the total loss function of the hp-PINN, Ehp, is a sum-
mation of all local losses Em as shown in Eq. 37. Thus, 

Ehp = (E , w), and E =
NΩ∑

m=1
wf,mEf,m + wbEb,

where (·, ·) denotes the inner product operation, w is the test 
function, and NΩ is the number of subdomains. Note that 
only a single PINN is employed to approximate the entire 
solution, and the polynomials test functions are continuous 
at interfaces. Thus, no interface constraints are required in 
Ehp.

An example of local test functions and the solution is 
illustrated in Fig. 30. The test functions are only defined 
inside the corresponding subdomains. All local solutions are 
glued together to form a global result.

The efficiency and accuracy of the hp-VPINN were vali-
dated and compared with a PINN in Poisson’s equation and 
the advection-diffusion equation. The results of 2D Poisson’s 

Fig. 30  Local test functions of a VPINN over each subdomain (first row). Results of each subdomain using the VPINN (second row). The dashed 
blue lines are the sub-domain boundaries. Figures redrawn based on [323]
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equation demonstrate that the hp-VPINN with domain 
decomposition performs better than the standard PINN, and 
the h-refinement (increasing the number of subdomains in 
specific regions) yields a better local approximation.

5.5.1.2  Network Employing POD Modes  Rather than 
directly approximating solutions, Xinyu Pan and Dun-
hui Xiao proposed a novel approach that employs neural 
networks to obtain POD coefficients, called the Domain 
Decomposition Physics-Data Combined Neural Network 
(DD-PDCNN) [345]. The DD-PDCNN loss function is sim-
ilar to the cPINN, that is 

E = wf Ef + wbEb + wIEI + wΓ,fluxEΓ,flux + wΓ,uEΓ,u,

where EI  and Eb represents the initial and boundary condi-
tion terms, respectively. These terms are similar to those of 
a cPINN, but they are formulated in terms of POD modes 
rather than solutions.

Note that the usage of POD modes u =
∑NRB

i=1 αivi 
yields substantial computational savings in computing loss 
functions for the PINN. For example, assume a residual 
Ef = ∆u, the error can be rewritten as ∆u =

∑NRB
i=1 αi∆vi

. Hence, ∆vi can be pre-computed and fixed for the train-
ing. The losses in each training step can be obtained by mul-
tiplying them by the POD coefficients.

The technique was applied to three cases: the Korteweg-
de Vries equation, Kovasznay flow, and the incompress-
ible Navier-Stokes equations. In comparison to the global 
PDCNN, the DD-PDCNN comprised fewer hidden layers 
and neurons, and it is far more accurate. This finding is con-
sistent with the aforementioned PINN-based architectures. 
A disadvantage of this approach is that it requires high-fidel-
ity solutions to compute POD modes.

5.5.2  Schwarz Iteration

The last sub-category of the data-driven techniques com-
bines the PINN and the Schwarz method. According to the 
literature, the combination is not unique. It can be applied 
to the training stage, in which the values at overlapping 
regions are exchanged between adjacent domains. Also, 
one can construct PINN-based ROMs and then couple them 
iteratively via the Schwarz algorithm. The details of the two 
procedures are presented as follows.

5.5.2.1  Schwarz for Training PINNs  The Schwarz proce-
dure is employed here to iteratively assign local boundary 

values of multiple subdomain-level PINNs. Consequently, 
for Ωm, the loss function is given by 

Em = wf,mEf,m + wb,mEb,m,

where Eb,m is error of local boundaries. Suppose 
Γ[mn] = Ωn ∩ ∂Ωm and the additive Schwarz method is 
employed, Eb,m is computed by 

Eb,m = 1
NΓ[mn]

∥∥∥∥u(t)
m

∣∣∣
Γ[nm]

− u(t−1)
n

∣∣∣
Γ[nm]

∥∥∥∥ ,

where (t) denotes the step of training, and NΓ[nm]  is the 
number of training points at Γ[nm].

Li et al. [346] applied this procedure to model two ellip-
tic equations - a classical Poisson equation and a steady-
state Schrödinger equation - considering an overlapping 
decomposition. They initiated separate PINNs for each sub-
domain. Then, in each iteration of the training, values of 
overlapping regions are shared with neighbours.

This approach is known as the deep domain decomposi-
tion method. It is worth noting that, in their study, the PDEs 
loss Ef  is formulated concerning an optimization system of 
the problem, instead of the residual presented in Sect. 5.1.3.

A nearly identical framework to the deep DD method 
was developed by Li et al. for elliptic problems [347] with 
overlaps. They investigated the influence of several factors 
on the performance of the solver. The accuracy of different 
PINN structures is compared, including the number of hid-
den layers, the number of neurons per layer, and the size of 
the training points. Different sizes of overlap and partitions 
are also compared. Within the range of their tests, more 
complex neural networks and data points, as well as more 
subdomains, yield more accurate ROM approximations. 
The accuracy increases with the overlapping region, which 
is already proven for intrusive methods [53].

Moseley et al. developed a so-called Finite Basis PINN 
(FBPINN) that enables higher flexibility for the training 
stage. [324]. The workflow of a FBPINN can be summa-
rized into three steps. Firstly, multiple small neural networks 
are instantiated for each subdomain. Each local solution is 
weighted by a so-called window function, which is smooth, 
differentiable, and vanishes outside the specific subregion. 
Since partitions overlap, as well as window functions, the 
solutions of neighbouring parts are incorporated into the 
MSE of each subproblem (i.e., Schwarz method). Then, 
all local PINNs are trained simultaneously. Finally, in the 
online stage, their predictions are weighted by the window 
functions to assemble a global solution.

An 1D example of the FBPINN solver is shown in 
Fig. 31. The entire model is decomposed into overlapping 
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subdomains. Separated window functions are defined for 
each partition. Local results are weighted by corresponding 
window functions and summed to form total solutions.

The authors also present a flexible training schedule, 
where only a subset of local FBPINNs is trained at each 
iteration, rather than all of them. This strategy allocates 
computational resources by focusing on complex locations 
while reducing efforts for simpler regions, thereby achiev-
ing an effective balance between accuracy and computa-
tional efficiency.

The FBPINN is applied to approximate the first- and sec-
ond-order differential functions, and then utilized to model 
Burgers’ and wave equations. A comparison with the stan-
dard PINN (see Sect. 5.1.3) reveals that the FBPINN con-
verges faster and results in lower final error. Additionally, 
each local FBPINN has fewer layers and neurons compared 
to the global PINN, which can significantly reduce training 
cost.

A multilevel FBPINN (MFBPINN) was proposed by 
Dolean et al. [348–350], combining the FBPINN frame-
work [324] with the Schwarz iteration. They weighted all 
local losses using window functions and united them as a 
global PINN loss. At each iteration, only a subset of sub-
domains is activated and trained. Then, the updated values 
on the overlapping regions are shared with neighbouring 

subdomains, as in the Schwarz method. The novelty of this 
approach is that more computational resources are allocated 
to train portions with higher losses. The strategy achieves a 
balance between cost and convergence, thereby improving 
overall computational efficiency.

An innovative aspect of this method compared to pre-
vious PINNs is that the geometry is divided into different 
numbers of subdomains. The authors utilized four decom-
position levels, as shown in Fig. 32.

The MSE of partitions at all levels is weighted by win-
dow functions and then summed as the global loss func-
tion. The authors indicated that employing the configuration 
can improve the numerical scalability and convergence 
properties.

The algorithm is applied for the simulation of several 
problems: 1D ordinary differential equations, Laplacian 
problems, and the Helmholtz Equation. The results demon-
strate that very small overlapping sizes affect the conver-
gence. A multilevel FBPINN with fewer hidden layers and 
neurons can achieve an error several orders of magnitude 
lower than the standard PINN.

For the PINN architectures mentioned above, both local 
and global boundary conditions are constrained via loss 
functions. Snyder et al. published an investigation that 
focuses on parameterizing the Dirichlet BCs [351].

Fig. 32  Hierarchy of the four-
level domain decomposition used 
in the multilevel FBPINN. Figure 
taken from [350], copyright 
owned by Elsevier

 

Fig. 31  One dimensional example of the FBPINN solver. (a) Domain decomposition and window functions for each subdomain. (b) Local solu-
tions. Figures taken from [324], copyright owned by Springer
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In this approach, the solution on a subdomain Ωm is rep-
resented as 

u′
m(x; µ) = γm(x)θm(x; µ) + ϱm(x)gD,m(x),

where θm(x; µ) is the neural network approximating the 
solution over Ωm, γm(x) is a smooth function (can be 
referred as a test function) that vanishes on ∂Ωm, gD,m(x) 
represents the solution at the overlapping regions trans-
ferred from neighboring subdomains and ϱm(x) serves as 
the weighting function defined at the overlaps. The authors 
indicated that this formulation can strongly enforce Dirich-
let BCs. In previous PINNs, Dirichlet BCs are added as pen-
alty terms in the loss function, which is regarded as a weak 
enforcement.

The authors compared three configurations: (i) weak 
imposition of both global BCs and interfaces; (ii) strongly 
constrained conditions for all Dirichlet boundaries; (iii) 
mixed approach combining strong enforcement of global 
BCs and weak imposition at interfaces. The results of a 1D 
advection-diffusion problem reveal that the mixed scheme 
(iii) converged faster and provided a more accurate solu-
tion compared to the other two strategies. Moreover, they 
successfully coupled a PINN-ROM and a FOM within the 
framework.

5.5.2.2  Schwarz for Coupling PINN ROMs  We remind 
you that the PINN with Schwarz architectures reviewed 
above can only predict solutions for the specific domain in 
which they are trained. To address this shortcoming, Feeney 
et al. [352] developed a framework that utilizes the Schwarz 
algorithm to couple multiple local PINNs in the online stage.

The approach is implemented as follows. In the offline 
stage, a PINN is constructed to solve boundary value prob-
lems in a small subdomain with arbitrary Dirichlet BCs. 
Then, in the online stage, local ROMs are iteratively assem-
bled into a global approximation using the Schwarz method. 

We remark that the procedure is similar to the boundary-to-
boundary mapping presented in Sect. 5.2.

The authors proposed two tools to achieve the two steps: 
(i) a PINN-based subdomain solver network to solve bound-
ary value problems; (ii) a so-called mosaic flow predictor to 
couple local solvers. The combined architecture is referred 
to as the distributed mosaic flow predictor, and the two 
stages are illustrated in Fig. 33. The oversampling strategy 
(see Sect. 3.3.3) is applied to generate parametric high-fidel-
ity solutions. Then, various local snapshots are collected 
and used for training. To achieve BC parameterization, the 
input layer of the subdomain solver network includes not 
only the spatial and temporal variables (x and t) but also 
BC parameters.

The mosaic flow predictor is referred to as the iterative 
scheme shown in Fig. 33b. Each iteration contains four 
sub-steps. The atomic subproblems are solved to obtain a 
global approximation. Then, the solutions of the so-called 
overlapping subdomains are computed to accelerate the 
propagation of global boundary information into the interior 
regions, i.e., speed up the iterative process. The two types 
of subdomains overlap with their neighbours, and their local 
BCs are exchanged following the Schwarz iteration.

The authors apply the method to analyze a 2D Laplace 
equation. Efforts are devoted to testing the accuracy and 
parallelization performance using different graphics cards. 
They have proven that it is capable of predicting a very large 
domain comprising up to 32 × 32 partitions.

It is worth noting that, in [353], a genomic flow network 
based on deep neural networks was created as an alterna-
tive to replace subdomain solver network. The coupling of 
ROMs was also achieved via Mosaic Flow Predictor.

The numerical experiments indicate that the ROM trained 
on a small piece can be applied to predict significantly larger 
domains. For Laplace and Navier-Stokes equations, the size 
of the total domain is 1200 times and 12 times that of a 
subdomain, respectively. The training of the genomic flow 
network is 1–3 orders of magnitude faster compared to the 

Fig. 33  A sketch of the distributed mosaic flow predictor. (a) FOM 
simulations are performed in a slightly larger model, and local snap-
shots are extracted from the solutions, which is similar to the overs-
ampling technique explained in Sect. 3.3.3. (b) mosaic flow predictor 

contains four sub-steps in each iteration. Both atomic and overlapping 
subdomains overlap with their neighbours, and the solutions are com-
municated with the Schwarz iteration. Figures redrawn based on [353]
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standard PINN. Moreover, its accuracy is significantly bet-
ter compared to the XPINN.

We highlight that applying the Schwarz algorithm for 
coupling many subdomains can reduce the cost of training 
PINNs. In contrast, using the Schwarz iteration for a PINN 
training does not avoid the computational expense over the 
global domain.

Lastly, we would like to note that PINNs have also 
become popular for solving multiphysics problems. How-
ever, in the papers we noticed, monolithic networks are con-
structed to predict flow and structural dynamics, which can 
not be completely considered as local ROMs. As a hint, we 
list some references for different applications: (i) FSI prob-
lems [354, 355]; (ii) multiphysics in chemical engineering, 
including Navier-Stokes, energy conservation, mass trans-
port and chemical kinematic equations [356, 357]; (iii) elec-
tro-thermal coupling (two Laplace equations) [358].

6  Summary and Conclusions

In this paper, we have tried to present an overview of the 
local ROM methodology: a challenging and rapidly devel-
oping field. We aim to provide an informative and brief 
description, avoiding the complexities of a strict mathemati-
cal derivation that can be found anyway in the original lit-
erature. This approach, which may be too shallow for some 
readers, has helped us create a narrative that makes this 
paper possible, considering the broad scope of the methods.

Considering the sources consulted, we realize that 
domain decomposition in frames of model order reduction 
techniques, is dominated by a fundamental ideology: mini-
mize the jumps across the subdomain interfaces, meanwhile 
satisfying the governing PDEs and the boundary conditions.

From our literature review, we may conclude that the 
available techniques are based on a few concepts. However, 
such a general overview may be shadowed by an exten-
sive amount of individually readapted techniques that are 
proposed and consequently modified to fulfill the authors’ 
necessities. In summary, we may deduce that the available 
methods can be adequately classified into two categories: (i) 
intrusive; (ii) non-intrusive. The former involves manipulat-
ing the original PDEs to derive reduced-dimensional sys-
tems. In contrast, the second group is constructed purely 
based on FOM solutions.

We note that the strategy for domain decomposition and 
the computation of local RBs are prerequisites of any tech-
nique. Thus, an overview of them is presented first. Then, 
considering the distinct principles between the two groups 
of coupling techniques, we will summarize their research 
status separately.

6.1  Common Aspects

We may summarize that the selection of overlapping or non-
overlapping of subdomains and the usage of conforming or 
non-conforming mesh is a choice incorporated in the specific 
coupling methodology. The choice depends on the follow-
ing three criteria: (i) overlapping decomposition has better 
numerical characteristics; (ii) non-overlapping subdomains 
appear to be more flexible for more complex and realistic 
problems. It also reduces the total amount of interfaces; (iii) 
non-conforming meshes are suitable for problems in which 
spatial resolution differences are more pronounced.

Regarding the procedure utilized for the decomposi-
tion, we may formulate a couple of conclusions. Individual 
decomposition is a very flexible technique, appealing to a 
wide range of scenarios. In spite of this, we believe that the 
other category, the so-called generic decomposition, will be 
more attractive to realistic applications in the next years. 
This is due to its capabilities to represent geometries with 
repeating divisions.

Before performing a series of high-fidelity simulations, 
the parameters should be determined. Sampling strategies 
are critical for minimizing the number of simulations while 
maximizing the information obtained from them. For this 
purpose, different algorithms have been proposed, depend-
ing on the dimension of the parameter space. Both physical 
and geometrical features can be considered as parameters. 
The former is more straightforward, while the latter is more 
complex and challenging. Thus, geometrical parameteriza-
tion strategies are discussed. Additionally, the parameter 
space can be very large when considering too many factors, 
which complicates the optimization process. Hence, param-
eter space reduction techniques are necessary to reduce the 
dimension of the parameter space. Another parameteriza-
tion issue is the wide parameter ranges, which can lead to 
a large variance in the solution manifold and consequently 
require too many basis vectors to capture the solution space. 
In this case, local RBs in the parameter/solution space can 
be computed with respect to several clusters of parameters, 
which can improve the overall accuracy of the RBs.

After parameterization, it turns to the stage of snapshots 
collection and local RB construction. We may conclude 
from the engineering point of view that: (i) localized global 
RB may not be attractive due to their expense in the offline 
stage; (ii) global solutions and local RB may be applied for 
some specific problems due to the ability of local basis vec-
tors to capture small-scale phenomena. Nevertheless, it will 
show limited growth due to the extensive cost of training. 
(iii) Localized training and oversampling technique is a 
very promising technique for large-scale facilities due to its 
inexpensive offline stage cost and capabilities to represent 
subdomain-level variance via the local RBs.
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Lastly, to further accelerate ROMs, incremental strate-
gies and hyper-reduction techniques have been proposed. 
Both approaches apply to intrusive and non-intrusive meth-
ods, and to global and local ROMs. For incremental ROMs, 
the crucial factors are the choice of the initial basis and the 
basis enrichment strategy. For hyper-reduction, the discrete 
empirical interpolation method is among the most widely 
used techniques.

6.2  Coupling Techniques

6.2.1  Projection-Based Methods

Now, we turn our attention to the intrusive coupling 
approaches. They denote reduced algebraic systems 
explicitly derived from the original PDEs, and then solved 
numerically. The available intrusive methods can be catego-
rized into two sub-groups (see Table 2): (i) monolithic; (ii) 
iterative.

In turn, these two are characterized by a few conceptions. 
Monolithic techniques are based on one of the following 
three ideas: (i) use specific interface basis – test and/or trial 
– to enforce continuity; (ii) create a scheme to minimize by 
penalty or constrain the discontinuity of local basis vectors; 
(iii) construct a continuous global basis using some strategy 
to impose a coherent superposition. Even simpler, iterative 
algorithms follow a single conception: create a set of local 
problems, resolve them iteratively by exchanging informa-
tion through interfaces, and continue until jump and error 
thresholds are satisfied.

From our literature review, we have observed that tech-
niques belonging to the monolithic group can be arranged 
into ten categories, according to their ideology. Iterative 
techniques can be further classified according to the type 
of interface condition. Table 2 summarizes the properties of 
each technique according to the classification addressed in 
Sect. 2. Readers can easily notice the variety of problems 
to which each of the methods has been applied. Most of 
the techniques have been utilized for elliptic and parabolic 
equations. This is probably because these basic problems 
are used to test and validate the methods.

Considering the monolithic techniques, we highlight that 
the method that inherits the concept of RBEM (i.e., RBEM, 
RDF, SCRBEM, DGRBEM) is more prospective for appli-
cation. They share two significant advantages: (i) A local-
ized training strategy is incorporated to reduce the offline 
cost; (ii) Entire models are assembled by instantiations 
transformed from archetype subdomains, and geometrical 
parameterization can be exploited during the transformation.

Moreover, we believe DGRBEM is the most promising 
for engineering problems. This is due to its advantages in 
the following four aspects: (i) It utilizes localized training, 

resulting in an efficient offline stage. (ii) Although DG is 
quite novel in the field of assembling local ROMs, we con-
sider that it is mature because it has been developed for 
many years as a high-order method. (iii) It incorporates 
a more compact RB, including interior and domain inter-
faces. The discontinuities of the basis vectors are involved 
in the DG framework. Thus, no extra procedures are needed 
to obtain separated interface spaces and ensure continuity. 
(iv) FOM and ROM formulations are consistent, differing 
only in their basis functions. DG-FOMs employ polynomial 
bases in the discretized finite elements, whereas DGRBEM 
uses reduced bases in each subdomain. This facilitates cou-
pling FOMs and ROMs in practice.

The three categories organized under the item of iterative 
algorithms are inherently and, in comparison, not so distinct. 
In spite of this, a preferred method can be decided upon 
based on the conditions at the boundary. Dirichlet-Dirichlet 
iterations generally require overlapping subdomains. This 
introduces additional difficulties for complex geometries. 
Therefore, we forecast a trend to avoid Dirichlet-Dirichlet 
coupling and choose Dirichlet-Neumann or Robin-Robin 
configurations for engineering applications. We believe that 
the most important challenge in the near future will be to 
propose efficient schemes for the communication between 
sub-problems for assembling numerous local FOMs and 
ROMs.

Regarding the comparison of monolithic and iterative 
techniques, we can forecast the following trends. Mono-
lithic methods are, in general, more complex and intrusive. 
This complexity arises when deriving reduced systems with 
better numerical features. Unfortunately, this also results 
in additional difficulties in its implementation. They must 
be extensively redeveloped in accordance with the spe-
cific demands of the problem. In contrast, iterative meth-
ods enjoy a more general formulation. They are also more 
prone to assembling numerous high-resolution systems and 
ROMs, as well as multi-physics scenarios. Therefore, this 
may allow us to foretell that the implementation of itera-
tive techniques may occur sooner in commercial codes and 
industrial applications. In contrast, monolithic may remain a 
long-term path for the simulation of engineering problems. 
A common trend of both approaches is that they should 
be further developed to be suitable for a large amount of 
subdomains.

6.2.2  Non-Intrusive Methods

Recently, pure data-driven methodologies have been 
increasingly utilized to construct ROMs, as well as for 
local ROMs. Based on our observations, we can conclude 
that the principle of non-intrusive ROMs aims to establish 
parameter-solution mappings. This framework considers 
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two essential aspects: (i) the algorithms employed for con-
structing surrogate models; (ii) input and output data. Apart 
from the parameters (e.g., physical properties and boundary 
conditions), the interface values between subdomains are 
also involved accordingly as inputs and/or outputs of the 
local ROMs.

Considering the procedure of coupling, the non-intrusive 
local ROMs can be categorized into four groups. A sum-
mary regarding their applications is listed in Table 3.

There are two subcategories that incorporate interpola-
tions to achieve global approximations. They follow a simi-
lar procedure. Independent ROMs are constructed for each 
partition, and their fields are updated iteratively with inputs 
from adjacent subdomains. The difference is the quanti-
ties exchanged between subproblems. For Schwarz-based 
approaches, interface values from neighbours are consid-
ered as inputs. In contrast, for interpolation-based methods, 
the solutions of adjacent subdomains are adopted to update 
each local ROM.

The optimization-based techniques seem more mono-
lithic. They intend to minimize interface discontinuities 
among all subdomains. The optimal systems are solved 
using data-driven approaches.

PINN-based ROMs demonstrate greater diversity. Those 
imposing extra interface constraints can be regarded as 
monolithic, in which networks are built to diminish residu-
als and interface jumps simultaneously. Alternatively, the 
Schwarz iteration can be incorporated to train PINNs, com-
puting local residuals along the interfaces. Additionally, 

PINNs can be used to create boundary value problem solvers 
(local ROMs) and then couple subdomain-level problems.

Regarding the techniques, we believe the Schwarz-based 
and iteration approaches are more practical for industrial 
practices. Our opinion is based on the following three points: 
(i) They are very flexible in employing different dimension-
ality reduction algorithms and surrogate models; (ii) They 
are less expensive than PINNs (still time-consuming nowa-
days) in the offline stage; (iii) According to the observed 
studies, they support both overlapping and non-overlapping 
decompositions.

Now, let us discuss the PINN framework. It is still not 
practical for large-scale applications due to the prohibi-
tively high computational cost for training neural networks. 
However, it contains physical knowledge and demonstrates 
its potential for solving inverse problems. As the computa-
tional hardware is growing recently, it might become popu-
lar in the near future.

6.2.3  Complex Systems

The coupling of multiple local ROMs is also well-suited for 
multiphysics problems, where each physics can be modeled 
with an individual ROM. Three types of complex systems 
are described in the review: (i) the fluid-structure interaction 
is one of the most common scenarios; (ii) multiphysics phe-
nomena comprising fluid dynamics, structural mechanics, 
electronics, neutronics, etc; (iii) bifurcations in fluid flows. 
Especially for FSI problems, two innovative techniques are 

Table 3  Non-intrusive local ROMs. Methods, classification of domain decomposition, RB construction (or dimensionality reduction) and applica-
tions. Abbreviations: PINN (Physical informed neural network)

Schwarz Interpolation Optimization PINN
Loss term Iterative

DD Adjacent Overlapping • • • • •
Non-overlapping • • • • •

Mesh Conforming • • •
Non-conforming •

Subdomain Individual • • • • •
Archetypes • • •

Parameters Physical • • • • •
Geometrical •

Snapshots & RB Global Diff. local RB • • • • •
Arche. local RB •

Local Arche. RB • •
Equations Elliptic • • • •

Parabolic • • • •
Hyperbolic

Fluid Burgers’ • • •
Euler •
Stokes
Navier stokes • • • • •

Coupling ROM-ROM • • • • •
FOM-ROM • •
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included: the reduction of mesh motion using interpolation 
algorithms and the embedded boundary method.

Both intrusive and non-intrusive frameworks have been 
employed for simulating those conditions. For multiphysics 
processes, the variables are generally confined only to spe-
cific subregions. Thus, the aspects of generic spatial decom-
position, localized training strategy, and RBs defined in 
reference domains do not always apply to them. Neverthe-
less, the same algorithms can still be utilised to assemble the 
ROMs, such as Lagrange multiplier and iterative schemes. 
Besides, in some situations, homogeneous conditions are 
defined at the interfaces, and then the subdomains can be 
coupled straightforwardly.

6.3  Conclusions

According to the literature review and aforementioned sum-
maries, we may conclude that:

	● Recent developments in local ROMs have indicated a 
shift from intrusive to non-intrusive methodologies. The 
former have been developed for around two decades. In 
contrast, most machine learning-based studies appeared 
within the last five years. However, due to their advan-
tages and flexibility, they are becoming popular, espe-
cially those utilizing neural networks.

	● Iterative algorithms are well-suited for coupling local 
ROMs, in both intrusive and non-intrusive frameworks. 
Since each subproblem can be constructed indepen-
dently, it is capable of coupling different sub-models, 
including different ROMs, FOMs with ROMs, and 
multiphysics.

	● Many large-scale engineering devices are assembled by 
numerous repeating subdomains. Thus, the generic do-
main decomposition and localized training procedures 
are very promising. They have the potential to reduce 
the computational cost during the offline stage and ac-
curately reconstruct global high-fidelity solutions.

	● Regarding parameterization, various strategies have 
been investigated for different situations. Geometrical 
parameterization and shape optimization have also been 
well studied in the past decades. RBF, IDW, and FFD 
are feasible tools for accomplishing this task. Recently, 
advanced parameter space reduction employing AI and 
neural networks is full of potential to improve the ac-
curacy and efficiency of ROMs.

	● The local ROM framework has been widely applied 
to single-physics problems for decades. It is also well-
suited to complex phenomena, such as fluid-structure 
interaction and bifurcations in fluid flow. Additionally, 
two innovative techniques, e.g., embedded method and 
interpolation algorithms, have been proposed for the 

geometric reduction of FSI problems. In the near future, 
the trend will be toward more challenging multiphysics 
phenomena involving fluid dynamics, structural me-
chanics, electronics, neutronics, etc.

	● Projection-based approaches contain more comprehen-
sive mathematical foundations, e.g., a priori and a poste-
riori error estimations, convergence, and well-posedness 
analyses. They are also more mature in applications, 
such as geometrical parameterization, FOMs-ROMs 
coupling, and multiphysics problems.

	● For non-intrusive methods, the procedure is similar for 
different scenarios, thus they can be easily adapted to 
solve various problems. Unlike intrusive techniques, 
which require manipulation of governing equations, 
they have to be redeveloped with respect to PDEs and 
boundary conditions.

Lastly, we consider it may be adequate to mention that the 
aforementioned opinions and prognoses are mainly based 
on an engineering point of view. This might tend to under-
estimate very important mathematical aspects, such as well-
posedness and error estimations. We hope for the indulgence 
of those readers regarding our conclusions as controversial.

7  Algebraic Forms of the Intrusive Methods

7.1  Reduced Basis Element Method (RBEM)

The algebraic form of RBEM for Ωm is obtained by substi-
tuting the approximated solution and Lagrange multipliers 
into Eqs. 7 and 8, which is 

Mm
.a

m
+ Cmam + Dmqm = FmQmam − Qnan = 0. � (38)

The unknown coefficients of the RBs and Lagrange multi-
pliers are collected in the vectors am and qm, respectively. 
an is the vector of coefficients for the neighboring subdo-
main Ωn. They are defined as 

am =
[
am,1, · · · , am,NRB,m

]T
, qm =

[
qm,1, · · · , qm,Nλ,[mn]

]T
,

an =
[
an,1, · · · , an,NRB,n

]T
.

We also define the matrices. Mm
28 and Cm represent the 

volumetric contributions, and their elements are computed 
as 

Mm,ij = (vm,j , wm,i), Cm,ij = QΩ(vm,j , wm,i),

28  We use the double underline to denote matrices and distinguish 
them from vectors.
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with dimensions of NRB,m × NRB,m, where NRB,m is the 
number of RBs for Ωm.

Fm is the source term with dimension NRB,m × 1, and 
its elements are 

Fm,i = F(wm,i) = (f, wm,i).

Dm and Qm correspond to the interface contributions. Con-
sequently, they comprise a set of sub-blocks respective to 
each interface of Ωm, i.e., 

Dm =
{

D[mn]

∣∣∣∣ n ∈ NΓ(m)
}

, Qm =
{

Q[mn]

∣∣∣∣ n ∈ NΓ(m)
}

.

Their elements are computed as 

D[mn],ij =
ˆ

Γ[mn]

ζ[mn],j wm,i, Q[mn],ij =
ˆ

Γ[mn]

vm,jζ[mn],i −
ˆ

Γ[mn]

vn,jζ[mn],i,

with dimensions of NRB,m × Nλ,[mn] and 
Nλ,[mn] × NRB,m, respectively.

Then, by assembling the equations of all subdomains, 
we can get the global system. The unknowns of the system 
are the coefficients of RBs and Lagrange multipliers for all 
subdomains and interfaces. The dimension of the system is 
the sum of the number of RBs for all subdomains and the 
number of Lagrange multipliers for all interfaces, which is 

NΩ∑
m=1

NRB,m +
NΩ∑

m=1

∑
n∈NΓ(m)

Nλ,[mn]

The global matrix can be expressed as 

M ȧ + Ca + Dq = F, Qa = 0,

where 

a =
[
aT

1 · · · aT
NΩ

]T
, am =

[
am,1, · · · , am,NRB,m

]T
,

and q =
[
qT

1 · · · qT
NΓ

]T
, qn =

[
q[mn],1, · · · , q[mn],Nλ,[mn]

]T

,

are the global vectors of coefficients of all local RBs and 
Lagrange multipliers, respectively. M , C, D, and Q are the 

global matrices corresponding to the volumetric contribu-
tions and interface contributions. F  is the global source 
term. The elements of these matrices are assembled from 
the local contributions.

M , C, and D are diagonal block matrices, namely, 

M = diag
(

M1, · · · , M
m

)
, C = diag

(
C1, · · · , C

m

)
,

D = diag
(

D1, · · · , D
m

)
,

Q represents the coupling between subdomains, and it is 
a sparse matrix with non-zero blocks corresponding to the 
interfaces. If we consider a row of Q corresponding to the 
interface Γ[mn], the non-zero blocks are Q[mn] and Q[nm], 

and the rest of the blocks in the row are zero. This denotes 

Q =




...
...

...
...

...
· · · Q[mn] · · · Q[nm] · · ·
...

...
...

...
...


 .

See more details about the structure of the global matrix in 
[33].

7.2  Reduced Basis, Domain Decomposition, and 
Finite Element Method (RDF)

The algebraic form of the RDF is obtained considering the 
test functions in the internal and interface spaces, respec-
tively. The algebraic form derived from Eq. 12 using the 
internal test functions vm,i is expressed as 

Mmȧm + Nmḃm + Cmam + Dmbm = Fm,� (39)

where am = [am,1, · · · , am,NRB,m ]T  and bm = [bm,1,

· · · , bm,Nr ]T  are the vectors of coefficients of the internal 
and interface RBs, respectively. The matrices are defined as 

Mm,ij = (vm,j , vm,i), Nm,il = (ϕr,l, vm,i), Cm,ij = QΩ(vm,j , vm,i)
+ QΓ(vm,j , vm,i), Dm,il = QΓ(ϕr,l, vm,i), Fm,i = Fm(vm,i).

The algebraic form of Eq. 13 adopting the interface finite 
element functions ϕr,l is expressed as 

Kmȧm + Hmḃm + Qmam + Gmbm + Knȧn

+ Hnḃn + Qnan + Gnbn = Fm + Fn,
� (40)

where the vectors and matrices are defined as 

am = [am,1, · · · , am,NRB,m ]T , bm = [br,1, · · · , br,Nr ]T ,

Km,lj = (vm,j , ϕr,l)|Γr
, Hm,lk = (ϕr,k, ϕr,l)|Γr

, Qm,lj = QΓ(vm,j , ϕr,l)
∣∣
Γr

,

Gm,lk = QΓ(ϕr,k, ϕr,l)
∣∣
Γr

, Fm,l = Fm(ϕr,l)|Γr
.

The vectors and matrices with subscript n are defined simi-
larly, but with the test function vn,j  defined on Ωn.
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Finally, the Eqs. A39 and A40 are assembled to obtain the 
global system, which is written as 

M ȧ + N ḃ + Ca + Db = F Ω,

Kȧ + Hḃ + Qa + Gb = F Γ.
� (41)

Let us clarify the structure of the global system. The 
unknowns of the system are the coefficients of the inter-
nal and interface RBs for all subdomains and interfaces, 
which are collected in the vectors a = [aT

1 · · · aT
NΩ

]T  
and b = [bT

1 · · · bT
NΓ

]T , respectively. The matrices M,

N , C, and D are block diagonal matrices consisting of 
the contributions inside each subdomain. For instance, 
M = diag (M1, · · · , Mm), and Mm,ij = (vm,j , vm,i). The 
other three matrices are expressed similarly as the inner 
product of vi and/or ϕl, but are not detailed here for brevity.

In contrast, K, H , Q and G are sparse matrices that 
represent the coupling between subdomains. For exam-
ple, K has non-zero blocks for partitions sharing the 
same interface. If we consider a row of K corresponding 
to the interface Γr = Ωm ∩ Ωn, the non-zero blocks are 
Km,lj = (vm,j , ϕr,l)|Γr

 and Kn,lj = (vn,j , ϕr,l)|Γr
, and 

the rest of the blocks in the row are zero. Thus, the structure 
of K is 

K =




...
...

...
...

...
· · · Km · · · Kn · · ·
...

...
...

...
...


 .

The other three matrices are stacked similarly, but with dif-
ferent definitions of the elements.

7.3  Port Reduction Reduced Basis Element Method

Similar to the above methods, the global system of the port 
reduction RBEM is obtained by composing the local sys-
tems of all subdomains and interfaces. The local formula-
tions, Eq. 16, is converted to algebraic form by substituting 
the approximated solution into the equations, which is 

M ȧ + Ca + Db = F Ω,

Hḃ + Gb = F Γ,
� (42)

where the unknowns are 

a = [aT
1 · · · aT

NΩ
]T with am = [am,1, · · · , am,NRB,m ]T , and

b = [bT
1 · · · bT

NΓ
]T with br = [br,1, · · · , br,Nr ]T .

The matrices M , C, D, H , and G are defined similarly as 
in the RDF method (Eq. A41) using bubble and port spaces 

defined in Eqs. 14 and 15, respectively. The main difference 
is that the trial space of SCRBEM includes the lifting func-
tions, while the one of RDF does not. This leads to the fact 
that the coupling between internal and interface DoFs is 
only present in the first equation of Eq. A42, while in RDF, 
the coupling is present in both equations of Eq. A41.

7.4  Static Condensation Reduced Basis Element 
Method (SCRBEM)

Let us now explain the implementation of SCRBEM pro-
posed by Huynh et al. in [198, 200]. They derived the 
method for the general steady state PDEs, 

QΩ(u, v; µj) + QΓ(u, v; µj) = F(v; µj), v ∈ W,� (A43)

to simplify the analysis, but readers should keep in mind 
that the procedure also holds for time-dependent scenarios.

The framework of static condensation involves bubble 
and port spaces. They are computed in archetypes, and then 
instantiated for the corresponding subdomains and inter-
faces. The following steps will illustrate how the localized 
training (see Sect. 3.3.3) is performed to compute the bub-
ble and port spaces in the archetype domains and interfaces, 
respectively.

(1)	 First, we define a space Ŵk
0 = span

{
w ∈ H1(Ω̂k) :

w|∂Ω̂k = 0
}

. The bubble space in the archetype Ω̂k is 
the solution of Eq. A43. That is, finding ûk

0(µ) ∈ Ŵk
0  

such that 

QΩ(ûk
0 , ŵk

i ; µ) = F(ŵk
i ; µ) ŵk

i ∈ Ŵk
0 .� (44)

	 As ŵk
0
∣∣
∂Ω̂k = 0, QΓ(ûk

0 , ŵk
i ; µ) = 0 is eliminated. 

If we have Nµ parameters, we will obtain the data-
set {ûk

0(µj)}Nµ

j=1. Then, the reduced bubble space 
V̂k

0 ⊂ H1
0 (Ω̂k) can be constructed by applying a dimen-

sionality reduction, e.g., POD.

(2)	 The next stage is to find port bases that account for 
local boundary contributions. Consider an archetype 
interface Γ̂e ∈ ∂Ω̂k, and the corresponding port modes 
are obtained by satisfying a boundary value problem. 
In [200], the Laplace equation is utilized, and the port 
functions ψ̂e

j  can be computed by solving 

ˆ

Ω̂k

∇ψ̂e
j · ∇ŵk

0 = 0, ŵk
0 ∈ Ŵk

0

	 with Dirichlet BCs defined as, 
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ψ̂e
j = χ̂e

j , on Γ̂e,

ψ̂e
j = 0, on ∂Ω̂k \ Γ̂e,

	 where χ̂e
j , j = 1, . . . , N̂e

Γ are the eigenfunctions of 
the Laplace operator29 defined on Γ̂e. The number 
of ψ̂e

j  and χ̂e
j  is equal, and both are N̂e

Γ. We define 

Ψ̂e = span{ψ̂e
j }N̂e

Γ
j=1 ⊂ H1(Ω̂k) as the port space for 

the archetype interface Γ̂e.

(3)	 Then, we solve a series of subproblems defined in Ω̂k 
with respect to the port functions ψ̂e

j . That is finding 
ϕ̂e

0,j ∈ V̂k
0 , 

QΩ(ϕ̂e
0,j , ŵk

0 ; µ) = −QΩ(ψ̂e
j , ŵk

0 ; µ) ŵk
0 ∈ Ŵk

0 .

	 Hence, for each parameter, we obtain N̂e
Γ solu-

tions ϕ̂e
0,j . Note that the right-hand side of the 

above equation is known since ψ̂e
j  is computed in 

the previous step. We define another port space 
Φ̂e = span{ϕ̂e

0,j}N̂e
Γ×Nµ

j=1 ⊂ H1(Ω̂k).

Through the above localized training approach, we obtain 
bubble space V̂k

0  and port spaces Θ̂e, which are written as 

V̂k
0 = span{ûk

0(µj)}Nµ

j=1, and Θ̂e = Φ̂e ⊕ Ψ̂e

= span{ϕ̂e
0,j}N̂e

Γ×Nµ

j=1 ⊕ span{ψ̂e
j }N̂e

Γ
j=1.

� (45)

Recall that V̂k
0  vanishes on the whole boundary of Ω̂k, while 

Θ̂e is defined in both the interior and the surface.

Next, we will demonstrate how archetype spaces are 
mapped to their respective subdomains and interfaces, as 
well as how static condensation is performed.

The computational domain Ω is decomposed into NΩ 
subdomains Ωm, and the internal faces are Γr. They are 
instantiated from the archetype Ω̂k and Γ̂e, respectively, 
by applying the corresponding geometric transformations. 
Thus, Ωm = T m

Ω ◦ Ω̂k and Γr = T r
Γ ◦ Γ̂e, where T m

Ω  and 
T r

Γ are the geometric transformations for Ωm and Γr, 
respectively.

Similarly, the bubble and port spaces in the archetype 
are instantiated for the corresponding subdomains and 
interfaces, which are denoted by Vm,0 = T m

Ω ◦ V̂k
0  and 

Θr = T r
Γ ◦ Θ̂e. Note that Vm,0 only defines the basis in the 

interior of Ωm, while Θr is defined in both the interior and 
the surface, which is different from Φr given in Eq. 14.

The local solution in Ωm can be approximated by 

29  (see more about eigenfunctions of the Laplace operator in [53]).

um(µ) ≈
Nm∑
i=1

am,i(µ)vm,i

+
∑

Γr∈Im

Nr∑
j=1

br,j(µ)θr,j ,

with vm,i ∈ Vm,0and θr,j ∈ Θr,

where am,i and br,j  are the unknown coefficients of the 
system, Im is the set of interfaces connected to Ωm, Nm 
and Nr are the dimensions of the bubble and port spaces, 
respectively.

Then, we project the steady system A43 onto the bubble 
and port spaces (Eq. A45), which yields 

QΩ(
NRB,m∑

i=1
am,ivm,i +

Np
r∑

i=1
br,iθr,i, vm,i)

= Fm(vm,i) vm,i ∈ Vm,0,

QΩ(
NRB,m∑

i=1
am,ivm,i +

Np
r∑

i=1
br,iθr,i, θr,i)

+ QΓ(
Np

r∑
i=1

br,iθr,i, θr,i) = Fm(θr,i) θr,i ∈ Θr.

Note that µ is omitted for brevity.
The algebraic form of the above system is written as 

Ca + Db = F Ω,

Qa + Gb = F Γ,

and the static condensation is performed by eliminating a, 
which leads to 

(G − Q C−1D)b = F Γ − Q C−1F Ω,

where the unknowns are b = [bT
1 · · · bT

NΓ
]T , with 

br = [br,1, · · · , br,Nr ]T . The matrices C, D, Q, and G are 
defined similarly as in the RDF method (Eq. A41) using trial 
and test spaces defined in Eqs. 45.

8  Mathematical Formulation for Preliminary 
Techniques

In this section, we will present the mathematical formu-
lation of some preliminary techniques, which are used in 
the main text. The techniques include the active subspace 
method, the Partition of Unity method, proper generalized 
decomposition, variational interpretation of the embedded 
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boundary method, and the illustration for several widely 
used neural network architectures.

8.1  Active Subspace

Here, we will only present the steps of AS technique, whilst 
for more theoretical and mathematical details, as well as 
applications, we refer readers to [127].

We consider a multi-dimensional parameter space 
P ⊂ RNP . We also regard the parametric function 

f(µ) : RNP → R. The uncertainty in the input parameters 
is accounted for with a probability density function ρ.

The gradient of f  with respect to µ is used, namely, 
∇µf(µ) ∈ RNP . We form its non-centered covariance 
matrix Σ, 

Σ = E
[
∇µf(µ)∇µf(µ)T]

=
ˆ (

∇µf(µ)
) (

∇µf(µ)
)T

ρ dµ,

where E is the expected value. Matrix Σ is symmetric and 
positive semidefinite. Therefore, it has a real eigenvalue 
decomposition, 

Σ = W Λ W T,

where W  is orthogonal and contains the eigenvectors in 
columns. Λ = diag{λ1, . . . , λNP } with the eigenvalues 
λ1 ≥ · · · λNP ≥ 0.

A key aspect of the method consists of realizing that 
eigenvalues and eigenvectors can be partitioned 

Λ =
[
Λ1

Λ2

]
, W =

[
W 1, W 2

]
.

Note that W 1 with a shape of NP × M  denotes the M

-dimension active subspace of W . W 1 captures the most 
of the variation of ∇µf(µ). Then, the low-dimensional 
active parameter can be defined as a linear combination of 
the original values, indeed, µM = W T

1 µ. With the active 
variables, we can approximate the function of interest f , 

f(·, µ) ≈ g(·, W T
1 µ) = g(·, µM ).

8.2  An Example of the Partition of Unity (PoU) 
Method

Here, we present a linear piecewise formulation for a 1D 
problem as an example. The PoU functions and the result-
ing global basis are sketched in Fig. 34. To satisfy the above 
requirements, the values of the PoU function in the local 
coordinate are given as 

ψ
m

(x) =




x

δ1
, 0 ≤ x ≤ δ1

1, δ1 < x < h − δ2,

− x

δ2
+ h

δ2
, h − δ2 ≤ x ≤ h,

where the local coordinate of a partition is assigned in the 
range of x ∈ [0, h], and 0 ≤ x ≤ δ1 and h − δ2 ≤ x ≤ h are 
overlapping regions. Note that the same ψ was defined here 
for all partitions Ωm. But this is not necessary, and different 
ψ

m
 can be defined for each Ωm. Even more, multiple ϕm,i 

can be defined in each Ωm and mode vm,i [248].

8.3  Proper Generalized Decomposition (PGD) for 
Parametric Problems

To better illustrate the PGD method, we will explain the 
procedure proposed by Discacciati et al. in [55], which is a 
PGD-based domain decomposition method for parametric 
problems. The authors divided the parameters into two sets, 
µBC and µ, which are corresponding to the interface condi-
tions and the rest of the problem, respectively. The former is 
used to parameterize the conditions of subdomains to gen-
erate local snapshots, while the latter is for the rest of the 
problem.

The implementation of PGD in [55] consists of several 
steps. First, the local solution is divided into two parts 

um(x; µ, µBC) = vm,0(x; µ) + ṽm(x; µ, µBC),

where vm,0(x, µ) denotes the local solution satisfying 
homogeneous interface conditions, global boundary condi-
tions, and source terms. ṽm(x; µ, µBC) only represents the 

Fig. 34  Sketch of PoU for a one-dimensional (1D) case showing two 
subdomains Ω1 and Ω2. Their first basis functions v1,1 and v2,1 are 
marked in blue and red, respectively. The pink lines are vectors for 
segments out of the picture. The PoU function ψ is displayed with a 
gray line in each subdomain. The vector resulting from the PUM pro-
cedure, vPUM

i , is shown in green
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interface contribution without any sources and boundary 
conditions. The solution is parameterized with µ and µBC
. The latter is the parameter vector for the interface condi-
tions, and the former is for the rest of the problem. µBC is 
used to parameterize the conditions of subdomains to gener-
ate local snapshots.

Then, ṽm(x; µ, µBC) is further split into two items, 
namely, 

ṽm(x; µ, µBC) = vm(x; µ, µBC) +
∑

Γr∈Im

NΓr∑
q=1

ΛΓr
q (µBC)ηΓr

q (x),

where Im is the set of interfaces associated with Ωm. ηΓr
q  

and ΛΓr
q  are suitable basis functions and corresponding 

coefficients that are capable of approximating interface 
quantities.

Thirdly, the PGD approach is applied to approximate the 
two parts vm,0 and vm, which yields 

vm,0(x; µ) =
NPGD

m,0∑
i=1

Xm,0,i(x)Mm,0,i(µ), and

vm(x; µ, µBC) =
NPGD

r∑
i=1

Xr,i(x)Mr,i(µ)Kr,i(µBC).

Finally, the complete approximation is written by 

um(x; µ, µBC) =
NPGD

m,0∑
i=1

Xm,0,i(x)Mm,0,i(µ)

+
NPGD

m∑
i=1

Xm,i(x)Mm,i(µ)Km,i(µBC)

+
∑

Γr∈Im

NΓr∑
q=1

ΛΓr
q (µBC)ηΓr

q (x).

Note that the algorithms for computing PGD modes and 
boundary basis functions fall outside the scope of this 
review. Readers may consult the original publications. We 
also recommend a book [359] for a comprehensive explana-
tion of PGD.

8.4  Variational Interpretation of the Embedded 
Boundary Method

To further clarify the embedded boundary method operator 
Q presented in the main text, we present the weak forms of 
a popular method for handling embedded boundaries: the 
shifted boundary method. The discussion is focused on a 

Poisson problem for simplicity, and interested readers can 
refer to the original publications for more details and other 
types of PDEs.

Consistent with the notation in the main text (as shown 
in Fig. 22), B denotes the background domain, D the physi-
cal subdomain, DT  the surrogate domain. The background 
mesh is Bh, embedded mesh is Th. The elements intersected 
by the boundary ∂D are called cut cells, noted as Gh.

The shifted boundary method [278–280] maps the bound-
ary conditions from the true boundary ∂D to a surrogate 
boundary ∂DT  (the faces of the background mesh closest 
to ∂D). The value at the true boundary ũd(x̃) is related to 
the value at the surrogate boundary ud(x) via a first-order 
Taylor expansion: 

ũd(x̃) ≈ ud(x) + ∇ud(x) · d

where x̃ = d + x is the distance vector. x̃ lies on ∂D and x 
lies on ∂DT . The weak form on the surrogate domain DT  
seeks ud such that: 

Q(ud, w)DT = F(w)

where the boundary operator Q incorporates the Nitsche 
penalty and the Taylor shift: 

Q = (∇ud, ∇w)DT − (∇ud · n, w + ∇w · d)∂DT

−
(

∇ud · d,
n · n
∥d∥

∇w · n
)

∂DT

+
(

ud + ∇ud · d,
α

h
(w + ∇w · d)

)
∂DT

,

where ñ is the normal vector of the surrogate boundary ∂DT
, and α is the penalty parameter. The left hand side term F  
is defined as 

F(w) = (f, w)DT − (gD, ∇w · n)∂DT
− ((∇gD · τ )τ · n, ∇w · d) +

(
gD,

α

h
(w + ∇w · d)

)
,

where gD is the Dirichlet data on the true boundary ∂D, 
τ  is the tangential vector of ∂D, α is the Nitsche penalty 
parameter, h is a characteristic length of the elements in the 
direction orthogonal to the boundary. See more details in 
[279, 280], and the incorporation of the embedded frame-
work with ROMs in [278].

The values in the rest region, B \ DT , are already given 
in Eq. 25, and no further discussion is needed here.

Be aware that the procedure can be easily extended to 
transient problems by considering the time stepping. The 
formulations for more complex phenomena, e.g., Stokes, 
linear advection-diffusion and incompressible Navier-
Stokes equations are illustrated in [279, 280].
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8.5  Neural Network Architectures

The neural network can be classified by considering the 
exchange between neurons. For the ANN plotted in Fig. 
24, the inputs are only transferred forward to reach the final 
outputs. However, for sequential data and transient phenom-
ena, it requires results at different temporal points. This can 
be achieved by the so-called recurrent neural networks, in 
which the output of nodes can feed back into the model [15, 
360]. It is also worth mentioning an advanced variant, long 
short-term memory, which can transfer information both 
forwards and backwards. The two are displayed in Fig. 35 
for clarification.

Another widely used architecture is called convolutional 
neural network, which consists of special additional layers 
to extract data in subregions. These denote the convolution 
and pooling process shown in Fig. 36.

Other frameworks, such as graph neural networks [235, 
362] and the neural operator [363, 364], are gaining popu-
larity nowadays. They are mentioned here for completeness 
and without further explanation.

A widely used dimensionality reduction technique, auto-
encoder, is explained as follows. Its architecture is sketched 
in Fig. 37. The inputs are snapshots u(µ), and the dimen-
sionality is reduced by the encoder into a low-dimensional 
latent space α(µ). By analogy with POD, α(µ) can be 
regarded as coefficients of a very low dimension. The recon-
structed fields u′(µ) are obtained via the decoder opera-
tion. The framework is built to minimize the difference 
between u(µ) and u′(µ), and the loss function is given by 
E = 1

Nu
∥u(µ) − u′(µ)∥2

2.

Fig. 36  Example of convolution and pooling layers in the convolutional neural network. Kernel is a window to weight the input data. Pooled map 
is used to reduce the dimensions. Figure taken with permission from [361], copyright owned by MDPI

 

Fig. 35  Architectures of recurrent neural networks for a sequential 
dataset. Left: standard recurrent network with initial input layer h0 
and middle hidden nodes h1, . . . , hn. Multiple inputs x1, . . . , xn 
and corresponding outputs y1, . . . , yn. Right: long short-term mem-
ory networks: time-dependent inputs, xt−1, xt, xt+1, and outputs 

yt−1, yt, yt+1. σ is the activation function. h⃗t is the hidden node 
at time t. An additional path of nodes for feedback from the next 
sequence. Figures are taken with permission from [360], copyright 
owned by MDPI
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