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We study planar Josephson junctions formed on the surface of a three-dimensional topological insulator

(Fu-Kane proposal). We examine the experimentally relevant parameter regimes in which the frequently used
effective description in terms of two counter-propagating one-dimensional Majorana modes with hybridization
dependent on the Josephson phase difference reaches its validity limit. This happens when the effective velocity
of the emergent one-dimensional Majorana modes approaches zero. As parameters like the chemical potential or
the width of the junction are tuned, instances of vanishing effective velocity mark the emergence of additional
“Dirac cones” at zero energy and finite momentum. If the junction is subjected to an external magnetic field,
Josephson vortices may then bind a number of zero modes in addition to the topological Majorana mode. The
additional zero modes are “symmetry-protected” and can be lifted by a broken mirror symmetry (which is to

be expected in realistic scenarios) as well as by an in-plane magnetization (or Zeeman field). We note that the
ensuing presence of additional low-energy Andreev states can significantly contribute to measured quantities
like the Josephson current or microwave absorption spectra.

DOI: 10.1103/ftbs-jvfc

I. INTRODUCTION

Hybrid structures built from topological insulators and su-
perconductors [1,2] (Fu-Kane proposal) have emerged as a
prominent platform in the ongoing search for Majorana zero
modes [3—6]. When superconducting order is induced in the
spin-momentum-locked surface states of a three-dimensional
(3D) strong topological insulator, the resulting system is ex-
pected to host effective topological superconductivity and
localized Majorana states at boundaries and in vortices. This
prospect has driven sustained theoretical [7-19] and exper-
imental efforts [20-29], establishing these heterostructures
as a focal point in the broader exploration of non-Abelian
anyonic quasiparticles and their potential role in fault-tolerant
quantum information processing [30].

Within the general proposal of emergent two-dimensional
topological superconductivity, extended planar Josephson
junctions on the surface of topological insulators have first
been proposed and analyzed in a seminal paper by Fu and
Kane [1]. They have derived an effective low-energy theory
in terms of one-dimensional (1D) Majorana modes counter-
propagating along the junction. This “k - p” approximation,
which is what we will, in the following, sometimes refer to
as “Fu-Kane theory,” has proven extremely insightful and
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formed the basis for numerous theoretical predictions and
interpretations of experimental data [11,13,14,16-18,26]. If
such a system is placed in an external magnetic field, one
of the basic expectations is the presence of a spectrum of
bound states (a.k.a., Caroli-de Gennes—Matricon (CdGM)
states [31]) localized in the Josephson vortices with ener-
gies +E, o« y/n,n =0, 1,2, ..., including a single Majorana
bound state at zero energy [11,32].

In this work, we adopt the Fu-Kane two-dimensional
(2D) continuum model of the surface states, which is valid
for single-particle energies £ (counted from the appropriate
chemical potential) well within the bulk band gap E, of the
3D topological insulator |§| < E,, and demonstrate that the
1D Fu-Kane effective description of the topological Josephson
junction, derived for energies within the induced supercon-
ducting gap Ay, ie., [§] < Ag K E,, loses its validity as
the effective velocity of the one-dimensional Majorana edge
modes tends to zero. The existence of such a regime is, of
course, not surprising, as any effective theory based on a low-
energy/momentum expansion has a limited domain of validity.
Concretely, the “k - p” method misses additional low-energy
localized states, which manifest themselves as zero modes in
an ideal situation and near-zero modes in experimentally re-
alistic scenarios. We argue that these additional CdGM states
might play an important role in the interpretation of recently
conducted and proposed experiments.

II. TOPOLOGICAL JOSEPHSON JUNCTION
IN A TRANSVERSE MAGNETIC FIELD

We consider a Josephson junction formed between two
s-wave superconductors on the surface of three-dimensional

Published by the American Physical Society
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FIG. 1. Sketch of the superconductor-ferromagnet-
superconductor (SMS) junction on the surface a three-dimensional
topological insulator (TI) with width W and length L. The external
magnetic field B = Bé, leads to a running phase difference
o(y) =2my/lg + ¢o (sketched below) between the superconductors
with magnetic length Iz o« 1/B. The dotted green lines indicate the
positions of Josephson vortices, separated by a distance of /.

strong topologlcal insulator (TI) in an external magnetic field
B=VxA perpendicular to the surface (Fig. 1). We assume
the superconducting gaps to be of the same magnitude Ag
on both sides of the junction, but differing by a relative
phase ¢(y). The position dependence of the phase difference
is a result of the magnetic flux [33]. Additionally, we take
into account the effect of a ferromagnetic insulator deposited
between the superconductors. Its magnetization causes an ef-
fective exchange field M = (M,, My, M) in the underlying
surface of the TI, which couples to the electrons’ spin. Though
ferromagnet-superconductor interfaces on the surface of TIs
have, to the best of our knowledge, not yet been experimen-
tally realized, we include these terms out of academic interest,
in accordance with some of the authors’ earlier theoretical
works [16,34,35], in order to understand their effect on the
phenomena we study below. For comparison with current
experiments one should assume M = 0.

The corresponding Bogoliubov—de
Hamiltonian reads

Gennes (BdG)

ev
hix,y) = |:—ivp8xax + (—ivp 0y + TFAy(x)rz)ay — u(x)] 7,

+M(x) - & + Ag(x)(cos p(x, Y)T, + sin o(x, y)7y),
(1

where Ag(x) = Ag O(Ix| — W/2), (x, y) = 9(y) 6 (x), M (x) =
MOW/2 — |x]), px) = pun O0W/2 — |x|) + us 0(|x| —
W/2). 7; and o; are Pauli matrices in Nambu space and spin
space, respectively. W is the width of the junction and vy the
surface-state Fermi velocity.

To account for a possible shift (pinning) of the chemical
potential © due to proximity to the metallic superconductors,

we allow it to exhibit a steplike profile in x direction. The
experimentally relevant case, from which we will draw the
examples below, corresponds to wg constituting the largest
energy scale in the model (“Andreev limit”). The chemical po-
tential py in the nonsuperconducting region can, in principle,
be controlled by a gate voltage and will therefore be chosen
as a tuning parameter.

The orbital effects of the applied magnetic field are ac-
counted for by the vector potential A = (0,A,(x),0)” in
Landau gauge, which, under the assumption of London
screening with London penetration depth 1., is given by

AL et x < —W/2,
—A() —lx+ + X)), x| < W/2,
W+ (2- e_(x_ﬂ)/“)) x> W/2.
2

The 1D magnetic length Ig = m:b#w is inversely propor-
tional to the strength of the applied magnetic field. Under the
assumption /p < Ay, where A; is the Josephson penetration
depth of the junction, the phase difference then grows linearly,

2
() = e + 9o, 3
with some phase offset ¢y. Majorana zero modes as well
as low-energy Andreev states are localized at points y,, at
which ¢(y,,) = 2m + 1), m € Z in the center of Josephson
vortices [11,32], which are thus separated by a distance /5.

III. THE FU-KANE EFFECTIVE THEORY
AND ITS RANGE OF VALIDITY

A. Low-energy approximation and its applications

The effective low-energy theory based on the groundbreak-
ing insights by Fu and Kane [1,2], in which the topological
insulator Josephson junction is described by means of a 2x2
Hamiltonian in one spatial dimension, has in the past been
utilized in a variety of works, e.g., examining experimental
signatures of Majorana modes in the form of the (anomalous)
Josephson current [11,16], lifting of zeros in the Fraunhofer
diffraction pattern [14,19,26], as well as braiding operations
[13,14].

The main idea can be sketched as follows (where we begin
under the assumption M, = M, = 0 and defer the discussion
of the effects of an in-plane magnetization to Sec. IIIC).
Starting from a 4x4 BdG Hamiltonian of the form Eq. (1),
describing two-dimensional TI surface states, a projection
onto the 2x2 subspace of linearly dispersing one-dimensional
Majorana modes which are bound to the junction is carried
out, yielding a Hamiltonian of the form

hefr = —ivdypy +e(V)p;, “

with an effective velocity v, provided that the effective mass
term &(y) only varies slowly with the coordinate y along the
junction. p; are here Pauli matrices acting in the low-energy
subspace. The effective velocity arises as a correction from
the —id, contribution to the original Hamiltonian, in which all
parameters are initially treated as effectively y independent.
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In our example, the physical quantity responsible for the
mass term &(y) is the phase difference ¢(y) between the su-
perconductors [1]. Specifically, it holds (y)/ Ay ~ m — ¢(y).
Points where ¢(y) changes sign then correspond to Josephson
vortices [33], which ensue the existence of zero-dimensional
bound states in their center. Particularly, a topologically pro-
tected zero-energy solution, i.e., a Majorana bound state, is
guaranteed. Depending on the details, a number of additional
localized Andreev bound states with finite energies may be
present as well [11,32].

Recently, the treatment has been generalized to more
carefully take into account the y dependence of the model
parameters [17,18] and thereby arrive at a Hamiltonian of the
form

hett = —%{v(y), 8,05 + £)pz, ©)

involving an effective velocity v — v(y), which depends on
the position along the junction as well. The constant effective
velocity from above corresponds to taking v(y) at a point yg
where e(yg) = 0, i.e., in our model at ¢ = 7. In Ref. [18],
it has been proposed that this spatial dependence of v in
combination with irregularities of the fabricated junctions can
explain the anomalous Josephson currents experimentally ob-
served in Refs. [27,28].

Note that the effective velocity is an oscillating quantity
as a function of some system parameters like the chemical
potential p and the width of the junction W. E.g., for u =
un = s and u > Ag, Fu and Kane [1] found for the S-TI-S
junction v o cos(uW/vr). In a similar calculation for ballistic
graphene in the regime ug > Ag, Uy, Titov and Beenakker
[36] obtained v o sin(uyW/vp). In Ref. [18], a general for-
mula which contains both of these special cases has been
derived. Realistic systems thus might feature points at which
the effective velocity vanishes, v — 0.

B. Singularities near zero-velocity points

In the vicinity of such a zero-velocity point, take v(y) ~ ay
with some slope a, and e(y) >~ g to be approximately con-
stant in the effective Hamiltonian (5). One finds

hy = —a*y*d; — 2a%ydy + (5 — a’ /4). (6)

The general solution to A2y = E*y (which can, e.g., be
found by means of the Frobenius method [37]) reads

Y0) = ey VEE oy iV )

A solution which is normalizable thus only exists as long as
E? < &}, with the wave function diverging at y = 0 if E? <
8(2) — a®/4 is not met.

The Hamiltonian (5) can in fact be mapped to a Dirac
Hamiltonian in a 1 4 1-dimensional curved space-time with
a spatially varying mass m(y) ~ (y)/v(y) and metric ds*> =
v2(y)dt? — dy*. The points at which the effective velocity
vanishes v(y) = O then correspond to the event horizons of
Schwarzschild black holes, effectively slicing the system into
two “universes” between which no information can be passed
[38]. This singularity ensues the observed divergences of the
wave functions.

These peculiar results indicate that the zero-velocity points
mark the edge of the validity of the employed approximations
since they can be attributed to strictly limiting the theory to
the low-energy subspace. In Appendix A, we show that taking
into account higher-order corrections to the low-energy ap-
proximation, corresponding to virtual processes involving the
quasiparticle continuum, the singular behavior is regularized
as a contribution ~8y2,oZ to hegr is generated (among other
additional terms).

It should be noted that alternative numerical [19] and an-
alytical [12] approaches within the Fu-Kane proposal, which,
in principle, are capable of going beyond the low-energy
“k - p” approximation, have been introduced. We notice also a
closely related 2D tight-binding model studied in Ref. [39].

C. Emergence of additional low-energy degrees of freedom
in the translationally invariant case

In the case of no external magnetic field and thus trans-
lational symmetry in y direction, the momentum p, =k is
conserved and the problem can be solved for each value
of k separately. Instead of taking k = 0 and subsequently
including small values of k perturbatively, as has been the
strategy in Ref. [1], let us here thus find the low-energy eigen-
modes of

hi(x) = [—ivpd,0, + vpkoy — (O]t + M(x) - &
+ Ag(x)(cos p(x)Tx + sin @(x)Ty), ®)

directly for each value of k, with u(x), M (x), Ag(x), and ¢ (x)
as given below Eq. (1).

The Hamiltonian (8) possesses particle-hole symmetry
UchU;' = —h* with Ue = 1,0,.

As long as M, =0, there is, furthermore, a quasi-
time-reversal symmetry Uri Uy ' = h*, with Uy = Le™/?,
where I, denotes x inversion I, f(x) = f(—x). Note that Uc
and Uy are also symmetries of the full Hamiltonian (1) in a
magnetic field, though Uy — Uy (y) becomes a local operator
due to the y dependence of ¢.

Since (UcK)? = (UrK)?> = 1, where K denotes complex
conjugation, the effective one-dimensional system belongs
to the symmetry class BDI in the tenfold classification [40]
and is characterized by a Z-valued topological invariant. If
Ur does not hold due to a broken mirror symmetry [e.g.,
ns(x > 0) # us(x < 0)] or M, # 0, the system instead falls
into the symmetry class D and only a Z, invariant remains.
In Ref. [41] the situation is very similar, though the disper-
sion there is quadratic with Rashba spin-orbit coupling. We
plot in Fig. 2 the dispersion for the low-energy solutions of
Eq. (8), i.e., the energies |E (k)| < Ag at which an eigenmode
can be found, for experimentally relevant values of the sys-
tem parameters. In Fig. 2 panel (a) for uy = 0 and a phase
difference of ¢ = 7, two linearly dispersing modes crossing
at E(k = 0) = 0 are visible. These correspond to the familiar
one-dimensional counter-propagating Majorana states. The
slope is equal to the effective velocity dE /dk|i—o = v(p =
) = v. Away from ¢ = 7, a gap opens, which allows Majo-
rana zero modes to be bound to the Josephson vortices.

As py is increased in panel (b), the slope v diminishes and
we approach the point M;\l,)l at which the effective velocity first
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FIG. 2. Dispersion of the one-dimensional bound states following from the Hamiltonian (8) for ¢ = 7 (blue) and ¢ = 1.057 (orange in
the insets) with W = 0.1 vg/Ag, s = 100Ay and (a) uy =0, (b) uy =314, = M,(\(,).)l, (c)—(f) un = 50A¢. Additionally in panel (d) an
asymmetry has been introduced to the junction us(x > W/2) = 12us(x < —W/2). In the panels (a)—(d) it holds M= 0, whereas for
(e) (My = Ap) and (f) (M, = 0.8A), an in-plane magnetization has been added. In (b) at py ~ uf\(,{),, where the effective velocity (i.e., the
slope at k = 0) becomes zero, the nonlinear corrections to the previously linear dispersion [shown in (a), where the naive effective theory is still
an adequate description] become apparent. Increasing uy further to what is shown in (c), two additional Dirac cones, i.e., linearly dispersing
low-energy modes, at finite momenta appear. For ¢ # m a gap opens in each case. The asymmetry in panel (d) results in gaps at the two
additional Dirac points (but not at k = 0) even for ¢ = 7. A finite value of M, “tilts” the picture as shown in (e), such that the Dirac cones at
finite k are no longer centered at E = 0. It is here interesting to note that, due to this tilting, sufficiently large values of M, may change the
nature of the low-k modes from counter- to copropagating [42]. A finite value of M, on the other hand, shown in (f), only acts like an additional
phase difference and results in the gap closings being shifted to a value ¢ # 7.

vanishes. There, the nonlinear nature of the dispersion near
k = 0 becomes apparent, corresponding to the higher-order
corrections derived in Appendix A. Increasing puy beyond
/‘5\(7),)1 in (c), two additional low-energy Dirac cones appear
at finite momenta k = £K. These are gapless only at ¢ = 7
as well. For growing wuy, more such Dirac cones periodi-
cally appear (see Fig. 3), where the branching points ;Lf\(,)’)j
all correspond to instances of vanishing effective velocity. In
other words, after the jth instance of the effective velocity at
k = 0 vanishing ,u,g\(,)jj < un < MI(\?)j+1, there are 2j + 1 Dirac
cones at zero energy present. Note that the full spectrum
of eigenstates was already obtained in a very similar anal-
ysis carried out for a graphene-based Josephson junction in
Ref. [36], though the emergence of the extra Dirac cones was
not noticed there. We also point out that the presence of only
odd numbers of Dirac cones resembles the behavior of the
Z topological invariant introduced in Ref. [43] for a one-
dimensional BDI system under the constraint of a fixed Z,
invariant.

Thus, in addition to the naive low-energy approximation
missing the nonlinear corrections to the dispersion, which be-
come the leading-order terms at v = 0 points, we furthermore
find an increased number of low-energy modes to periodically
emerge with each zero crossing of the effective velocity. Since
these are also gapless at ¢ = m, one may expect them to lead
to additional Andreev states bound to Josephson vortices in a

magnetic field, and thus to significantly alter the low-energy
physics of the system. We conclude that in this parameter
regime, the 1D Fu-Kane effective theory is not applicable. To

601 — E(k)=0
301
<)
= 0
<3
2
—301
760_
0 20 40 60 80

N/ Ao

FIG. 3. Centers of one-dimensional Dirac cones, determined by
the values of k for which E(k) =0, as a function of uy follow-
ing from Eq. (8) for W = 0.1 vg /Ao, M =0, s = 100Aq. As uy
grows, new Dirac cones emerge periodically, corresponding to in-
stances where the effective velocity at k = 0 vanishes.
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FIG. 4. SMS junction on the surface of a 3D TI in an external
magnetic field, as depicted in Fig. 1, closed into a Corbino-ring
geometry such that y and y + L correspond to the same point along
the junction. The gauge is chosen for the phase of the inner super-
conductor to be 0 while the phase of the outer superconducting ring
is given by ¢(y) = ¢(y + L)(mod 27r). The magnetic flux & = nd,
is quantized such that L = nlg, n € N.

confirm our suspicions regarding additional low-energy bound
states, we introduce in the next section a different approach to
finding the eigenmodes of Eq. (1) which does not rely on a
limitation to the low-energy subspace.

In panels (d) and (e) of Fig. 2, it becomes apparent that
the additional zero-energy Dirac degrees of freedom are not
robust with respect to perturbations which break the Ur
symmetry. In real systems it is therefore to be expected
that this mechanism results in additional near-zero energy
Andreev states, rather than zero modes, even without taking
into consideration hybridization between them (which will
be discussed in the next section). In contrast, in panel (f)
it can be seen that M, only acts like an additional phase
difference, shifting the position at which the gap closes
(see also Ref. [34]).

IV. EMERGENCE OF ADDITIONAL ZERO MODES
BOUND TO JOSEPHSON VORTICES

A. Spectral matrix

Consider closing the Josephson junction into a Corbino-
ring geometry such that the system becomes periodic in y
(see Fig. 4). Consequently, the magnetic flux & through the
junction can only take on values corresponding to integer
multiples of the flux quantum, ® = n®, withn € N, such that
the length of the system L is a multiple of the magnetic length
lg, L = nlp, which ensures the single valuedness of ¢ (mod
2m) at each point y. n then also corresponds to the number
of Josephson vortices (separated by one magnetic length from
each other). For the sake of simplicity, we are going to assume
a perfectly screened magnetic field and set the London pene-
tration depth to zero, A, = 0. We expect the presented results
to qualitatively hold true for small but nonzero Aj, as well.

Taking advantage of the fact that the unitary transformation
U(p) := e %% satisfies

U(p)t.U ' (p) = cos¢ 7, + sing 7y, )

in a complete basis of momentum eigenfunctions in y direc-
tion (ylk;) = ﬁe’km L the Hamiltonian (1) reads

heor:= (ke|hlke)

=00 { [—quaxax + (UF—k‘Z + ﬂA (x)rz) /L(x)j| T,
+M(x) G +6(—x — W/Z)Aotx}

+O0x—W/2)A Y Upr U, (10)
p

and the energy eigenvalue equation can be written as
Yo hee ()Y (x) = EYre(x). To enforce antiperiodic bound-
ary conditions corresponding to the Corbino geometry, it is
chosen ky = (2¢ + 1), € € Z. The antiperiodicity results
from a Berry phase 7 that is picked up as one rotates to a
local Cartesian coordinate basis along the ring. For simplicity,
we only consider M, = 0 in the following.

In each region, i.e., x < —W/2 (L), |x| < W/2 (M), x >
W/2 (R), we can explicitly find the linearly independent so-
lutions to the respective eigenvalue equation. Since we are
interested in Andreev bound states with |E| < Ay, in the left
and right region we choose only those two out of four that
are zero at minus and plus infinity, respectively. The general
solutions then are given by linear combinations of those:

(1)
J(E)
Ve E) = (¥, ) E), v) (x E)( )
Lyt ( ) (2)(E)
=V (x5 E)Cro(E), (11

i (E)
Vre(E) = ZUZ e (Ve @ E), Uiy (x E))< @) )
g (E)

= UpyWre (5 E)Cro(E), (12)
e/

where ¥ /g ¢ satisfy

vrke
<|:—IUF8 oy + Tay

X Y e ((GE) =0 (13)

MS]fz + Aoty — E)

with W)R ,(x = Fo0; E) — 0. Even though A, (x > W/2) #
Ay(x < —W/2), Y and Y ; are zero modes of the same
operator, since for x > W/2 there is an additional contribution
following from

Z o Uperky = 8.0 (ke — nes), (14)

which cancels the A, term. For the middle region it holds
accordingly

(1) (E)
Ve E) = (W, (G E), ... Yy (i E))
chy (E)

= Wy, (v E)Cy ((E) (15)
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FIG. 5. Bound-state spectrum as a function of uy for W = 0.1 vg /Ay, M=0, s = 100A¢, and L = Ip = 8 vp /Ao (P = D). Shown in
color is the absolute value of the lowest-lying eigenvalue A, (E) of the spectral matrix M (E') for the respective energy. Bright spots indicate
the presence of an eigenmode. At ux.)l ~ 55A, we observe that the first excited state merges with the zero-energy state, in accordance with
the arguments presented in Sec. III C, resulting in threefold degenerate zero modes. The inset shows the prediction as derived in Ref. [18]

according to the naive effective theory.

with
. vrke evr
—ivpdhoy + ( —— + ——AWT oy — v |7
c

+1\7[-6—E> e E) =0. (16)

In this form, we can write the matching conditions at the
boundaries as
Wi o(=W/2; E)CpLe(E) = Wy o (=W/2; E)Cpp,0(E),

D UroWry(W/2;E)Cr o (E)

v

= Wy e (W/2; E)Crp e (E), 17)
from which follows
o0
Cre(E)
> Myy(E) =0 (18)
= Cro(E)

with the 4 x4 matrices

w
Mgy =\UpeWpr e ?;E ,
v W—E v ! W'E V7 W—E )
M. L 27 M.l 2’ L.l 29 el -

19)

Thus, the spectrum of the system is determined by the ex-
istence of zero modes of the infinite spectral matrix M(E)
with entries M, (E), which can be found as presented in
Appendix B.

Practically, we need to cut off M(E) at some |£| = ¢,
and argue that high momenta k;.,, do not contribute to the
low-energy physics. Due to this cutoff and finite numerical
precision, we will not be able to find exact zero modes of
M(E). The eigenvalue Ay (E) with the smallest magnitude
will, in general, be nonzero. However, we observe that with
an appropriately chosen and sufficiently large cutoff, values of

the order of |Ay(E)| < 1074, separated from the next largest
eigenvalue by multiple orders of magnitude, can be achieved.
We take it that, within the employed approximations, these
can be interpreted as true zero modes of M (E).

We are able to confirm that in the appropriate regime
the results obtained via this method, presented below, are in
agreement with Ref. [18].

B. Spectral flow

Employing the approach presented above, in the follow-
ing we examine the energies of the CdGM states, tuning
the system parameters such that the effective velocity of the
Majorana modes goes through zero. We restrict ourselves to
the case of n = 1 flux quantum in the junction, i.e., n =1
Josephson vortex near which all bound states are localized.
The results can straightforwardly be generalized to n > 1,
with each vortex contributing the same bound-state spectrum
leading to a corresponding degeneracy, given the vortices are
sufficiently far apart for no hybridization to take place due to
overlap in position space.

In Fig. 5 we plot the bound-state spectrum as a function
of wy. In Ref. [18], the authors found all bound states in the
effective theory to condense around zero energy at the points
at which the effective velocity vanishes (see inset of Fig. 5).
While within the present approach an accumulation of bound
states at low energies is still present, it occurs at a shifted
value of uy compared to the effective theory. Furthermore,
instead of all states, it is only the first excited state that reaches
zero energy as uy is increased. The other ones remain at
finite energy. The condensation of all bound states at zero
energy within the effective theory can thus be attributed to
its previously discussed loss of validity in the case of low
effective velocities.

Notably, in accordance with the arguments in Sec. IIIC,
after merging with the zero-energy state at a value uy =
uﬁ\f’)l, what previously was the first excited state remains at
this energy and we obtain degenerate zero-energy states for
Uy > M;\f,)p Indeed, examining in Fig. 7 the shape of the three
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FIG. 6. Probability densities of the lowest-energy bound states along slices at x = O for the same parameters as in Fig. 5 at uy = 0 (red),
un = 50A (orange), and puy = 60A, (green), respectively. At uy = 0, the energies and shapes of the wave functions are in agreement with

(c)

the predictions from Ref. [18] (their formulas give E1(uy = 0) ~ 0.2549A, E>(uy = 0) ~ 0.3605A,). As uy grows close to uy |, the wave

functions exhibit an oscillatory behavior due to the mixing with higher-k modes. For uy = 60Ay > Mx'.)l’ the zero-energy subspace is threefold
degenerate. The corresponding probability densities in Fourier space are shown in Fig. 7. Furthermore, what previously was the second excited

state takes on the role of the first excited state.

degenerate zero modes in k space, they have support only near
three distinct values of k, symmetric around zero. However,
note that 55A¢ ~ u', > u\) ~ 31A, ie., the additional

CdGM states do not manifest at the value at which we ob-

0)[?

|y

0 {e=t A

“119 0 119

119 0 119 —119 0 119

/C[ / s
FIG. 7. Probability densities of the three degenerate zero-energy
states in Fourier space for a slice at x = 0 at uy = 604 for a cutoff
|ke. |/ = 119. The corresponding pictures in real space are shown

in Fig. 6. The subspace only has support near three distinct values of
k, symmetric around zero, as expected from Fig. 3.

served additional Dirac cones in Fig. 3, but only at larger
wy when there is already some separation between them in k
space. This can be understood as a consequence of hybridiza-
tion, which is suppressed as the overlap in k space decreases,
in analogy to the usual hybridization of Majorana zero modes
with overlapping wave functions in real space. This separation
in momentum space is thus what allows multiple zero modes
to be localized in the same vortex.

It is important to note here that there are experimen-
tally available topological insulators in which the underlying
Dirac nature of the surface states, which is of course itself
an effective low-energy theory, is valid even for energies
E =200 meV (see, e.g., Ref. [44]), such that the values for
ws/y and vrpk employed here are well within realistic limits,
assuming an induced superconducting gap Ao ~ 0.5 meV.
Note also, assuming the value for the Fermi velocity vy ~
4 eV A as determined in Ref. [44], that our choice for the
width W = 0.1 vp /Ao ~ 100 nm is compatible with recently
conducted experiments [28,29]. The substantial spatial fluc-
tuations of the chemical potential in TI thin films reported in
Ref. [45] furthermore suggest that tuning wy to be sufficiently
close to the Dirac point in the entire sample might not be
straightforward.
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FIG. 8. Spectral flow close to um for the same parameters as

in Fig. 5 but with introduced asymmetry pugs(x > W/2) = 1.2us(x <
—W/2). A nonzero value of My, which also breaks the quasi-time-
reversal symmetry Uy defined in Sec. III C, yields a similar picture.
For comparison, the white dotted line indicates the previous result
without asymmetry.

In Fig. 6, we additionally examine the shape of the corre-
sponding probability densities in real space for the first few
energy levels obtained from the spectral matrix approach. For
uy = 0, both the spectrum and the wave functions are in good
agreement with Ref. [18], where the Fu-Kane effective theory
has been employed. As uy grows, so does the discrepancy
between the two methods. Notably, close to the special point
,uﬁ\f)l, the probability densities obtain oscillatory components,
which can be explained by the mixing with the new low-
energy modes at higher values of k. After the zero-energy
subspace has become threefold degenerate for py > /,L;\f.)] ,one
observes that the “new” first excited state, which previously
was the second excited state, exhibits the same qualitative
shape as the first excited state at uy = 0.

Breaking the mirror symmetry of the junction in Fig. 8
finally reveals that the previously found newly emergent zero
modes in this case instead remain at a small but finite energy.
The additional bound states are thus in realistic systems no
true zero modes, but ordinary CdGM states close to zero
energy instead.

In Refs. [18,19], the contribution of low-energy CdGM
states to Josephson currents in such systems has been ex-
amined in response to some recently conducted experiments
[26-28], and microwave spectrocopy techniques have been
proposed as a means to characterize the low-energy spectrum.
Both these articles at least partly made use of the usually
employed Fu-Kane low-energy theory. Our findings show that
this approach does not necessarily yield reliable quantitative
results for the interpretation of such experiments, that are
sensitive to the fine details of the excitation spectrum, as it
only produces the correct spectra for a limited range of pa-
rameters. Alternative approaches via 2D tight-binding models
[19,39] might be able to resolve this problem, and it would be
interesting to see whether they are indeed able to capture the
additional zero crossings.

We would finally like to note that the qualitative behavior
described here can be observed for a variety of chosen system
parameters, including finite values of M,. In the interest of

brevity, we omit the corresponding plots and refer instead to
Ref. [46] for further examples.

V. CONCLUSIONS AND OUTLOOK

In this paper, we analyzed the low-energy excitation spec-
tra of extended Josephson junctions fabricated on the surface
of a 3D topological insulator. In particular, we examined a
parameter regime in which the frequently employed Fu-Kane
low-energy description, leading to a one-dimensional 2x2
Dirac-like equation, is insufficient. We showed that the points,
at which this effective theory loses validity, correspond to in-
stances of vanishing effective (light) velocity and pointed out
that such a scenario is experimentally realistic and achieved
by, e.g., tuning the chemical potential of the normal/magnetic
part of the junction.

Specifically, we revealed that the Fu-Kane effective theory
misses a crucial aspect of the low-energy physics: in the trans-
lationally invariant situation, additional Dirac cones at zero
energy, centered at nonzero momenta, emerge periodically
anytime the effective velocity vanishes. If the junction is sub-
jected to an external magnetic field, the number of zero modes
bound to a Josephson vortex is therefore expected to periodi-
cally increase. In order to explicitly see this effect without the
need for a low-energy “k - p” approximation, we derived an
alternative approach via an expansion in Fourier modes in a
Corbino geometry of the junction. By means of this method,
we were indeed able to see the growing discrepancy between
the two approaches as the effective velocity diminishes as well
as an increase of the number of zero modes bound to each
Josephson vortex.

Although these additional zero modes are not robust
against irregularities which break the inversion symmetry,
they can be expected to significantly contribute to the low-
energy physics and observables of real systems as low-lying
CdGM states.

Possible future research directions lie in further investi-
gations of the spectrum in the case of multiple Josephson
vortices in instances, in which the overlap between neigh-
boring CdGM states is significant, such that they form an
effective one-dimensional vortex lattice. It would also be in-
teresting to expand the methods employed here to take into
account disorder and irregularities in the junction. Finally,
establishing an explicit connection with the topological invari-
ants introduced in Ref. [43] would be worthwhile.

Note added in proof. Recently, closely related results
for edge modes in quantum anomalous Hall insulator-
superconductor heterostructures have been independently
reported in the preprint Ref. [47], and dispersion relations
displaying additional Dirac cones of the type we discuss in
the present article have been presented for graphene-based
Josephson junctions in the preprint Ref. [48] based on the
results from Ref. [36].
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APPENDIX A: DERIVATION OF THE EFFECTIVE
LOW-ENERGY HAMILTONIAN AND HIGHER-ORDER
CORRECTIONS

In order to first give a sketch of the general approach with
which to obtain the (lowest-order) effective low-energy
theory (5) (for M, =M, =0), we separate the full
2D Hamiltonian (1) into two parts h = hy + h;, taking
h = —ivpT,0,0, + %Ay(x)ay. The “transverse” part
hy = —ivp0,0,T, — u(x)1, + M (x)o, +
Ao(x)(cos @(x, y)T, + sing(x, y)ry) then only depends
on y parametrically through ¢(y) and the corresponding
eigenvalue equation can be solved hy(x, p(¥))&,(x, (y)) =
en(@())&,(x, p(y)) for each value of ¢ with g,(¢)=

_g—n((/))'
We next make the ansatz

Y(x,y) = Z%(y)sn(x o) (A1)
for the solution to the full problem (ko + h)y¥ = Er. This
can be understood as “gluing” together of one-dimensional
slices at fixed y in a way dictated by £;. Since {£,(x, ¢(¥))}
form a complete basis for every y, this is an exact procedure.
The corresponding effective Hamiltonian acting on «,(y) fol-

lows to be
(m n)

eff (Y) - iUF (mlrzo—y|n)a' - iUF <m|rz0v|8'n)

+ _< |A ()C)O'yli’l> + En((p(y))(sm ns (AZ)
where (-|-|-) only entails integration over x and (x|n) =
En(x, ().

Rewriting

(m|t.0y|9yn) = 39, (m|T0y|n)

1
2%

+ %((m|tzay|8yn) — (dym|r.0y|n)), (A3)
it follows
R ) == (), 18y} = 3Bun(y)
+ (m|Ry(x) - T|n) + e,(Ro()Smn.  (A4)
where we defined
Vun(y) = VF (m|T,0,|n),
By (y) := ivp ((m|t;0y|0yn) — (dym|z.0y|n)). (AS)

For W « & the spectrum of hy for each value of y con-
sists only of two low-energy solutions |g,—+| < Ay. If then
E « Ay, it seems reasonable to assume that the full solution
is well approximated by

YY)~ D a3, o).

In|<N

(A6)

One thus obtains an effective 2 x2 Hamiltonian which is only
dependent on y given by

o) ———{v” (), iy} — =Bo.o/(y)

evr

+ T<U|Ay(x)QV|U/> + en((p(y))(sn,a“ (A7)

The diagonal components of the effective velocity vanish:

Vo0 = VUF <G|ngy|0) =0, (A8)

which follows from the quasi-time-reversal symmetry dis-
cussed in Sec. III C of the main text. One may thus express
the effective velocity as

Vo.or = V(@) p77 + V(@) p77 . (A9)

where p; are Pauli matrices. By performing the gauge trans-
formation

§o — g{reiax(y)/Z’ such that  (§,|7,0,1&,) € R, (A10)

we eliminate v} and can thus define the effective velocity as
Vet = V. Note that this gauge transformation generates no

additional contributions to B, 5 since
(o|r,0410y0") — (8yo|T.0y|0")

— e "2 ((0]7,0,|8,0") — (B0 |T.0y]0"))

+ 2[3,x] (0 + ) e X (o |rayla’) . (All)
2 N — ————
=0 if o#0’ =0 if o=0"
From particle-hole symmetry follows furthermore
(olt0y|0y0") = (3,(—0")|T.04(—0)), (A12)
which allows us to write
Boo (y) = B.(3)p7" . (A13)

Once again from particle-hole symmetry follows finally
that (o |oy| — o) = 0, such that, defining

evr

— loldy x)oyla’) = 77 A(y), (Al4)

we arrive at an effective Hamiltonian of the form

hett = =5 {verr (), 18y} o + (V) + B.() + A()p: (A15)

withe = e,.

In the main text we show that this approximation loses
validity if at some point ver = 0. Let us therefore go back to
the eigenvalue equation for the (exact) expression in Eq. (A2),
ignoring from now on the vector potential A, (x) for simplicity,

D =ivm ()3, — (E = £n(y)n (),
’ (A16)

an (}’)]Oln ()’) =

where we defined B,,, = ivr (m|t,0y|0yn). The logic of our
original two-level approximation works as follows: if the
left-hand side, i.e., the contributions from #,;, are zero, the
low-energy solutions read £ = & witho; = 1, 21 = 0, and
E=¢_=—¢&; witha_; =1, apz_; = 0. Then, we assume
the corrections induced by /; to be small, and therefore the
eigenstates to still have o+ ~ 0, such that in the sum on
the left-hand side we only have to take into account n = +£1.
In other words, rewriting Eq. (A16) as

[_lveff(y)a O‘ o(y)] —(T(y)
- [E - Ea(y) + Boo(y)]aa(y)

= - Z [_ivan(y)ay - Ban(y)]an(y)

n#+1

(A17)
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with 0 = %1, we neglected the right-hand side of the equa-
tion since we assumed o,«+1 ~ 0 for E ~ &,.

In the following, we instead effectively integrate out the
higher-energy contributions to take into account their higher-
order effects on the low-energy subspace. To this end, one can
rearrange Eq. (A16)

1
E—¢,(y)+ Bmm(y)

X Y[V ()3 —
n#m

O5m(y) =

By (9]t (y) (A18)

and iteratively plug this into the right-hand side of Eq. (A17)
(cf. Brillouin-Wigner perturbation theory). Carrying this pro-
cedure out up to second order, one obtains an effective
Hamiltonian of the form

R = — 3, (AP + (£(y) + BO))ps
— H{idy, verr () + 0.3} pw

— 3{idy, 85,(M}py — 31idy, SToM}po.  (A19)
Most notably, disregarding the details of the individual param-
eters, in comparison to Eq. (Al5) a term ~8y2 is generated,
such that the Dirac nature of the Hamiltonian is lost, the dis-
persion becomes quadratic. Thus, if the leading contribution
Veff becomes comparable to the presumably small corrections,

the associated differential equation is governed by a higher-

J

order derivative. The singular behavior we obtained above is
thereby regularized. For further details not given here, see
Ref. [46].

APPENDIX B: ENTRIES OF THE SPECTRAL MATRIX

In the superconducting regions, the eigenvalue equation
(13) can be rearranged to

ke
VFO s = |:UFT07 +iusoy + Aotyo, + lE‘L'ZO’X] vs, (B1)

which is solved by ¥g(x) = £¢e*s*/VF with kg the eigenvalues
of the matrix in the square brackets and & the corresponding
eigenvectors. For the left/right region we choose Re(xs) 2 0,
respectively.

Then

WL (~W/2E) = (8 )(E)e LI EW, gD (E)e i W)

(B2)

and

\IJR[(W/Z E)= (E(])(E)EK,Q,;(E)W/Z’ SI(Q?[}(E)ngé(E)W/z)-

(B3)

Due to the x dependence of A, in the middle region, the
solutions are more involved. Since the Hamiltonian here is
diagonal in particle-hole space, we can consider t, = £1 sep-
arately. The eigenvalue equation (16) (for M, = 0) can then
be written as

FIT W W 1gW k
0y (D)o + (x4 o My £ oy Mo )Y = (E £ pn )Y ). (B4)
114 2 VETT
Defining the dimensionless coordinate
- T w lBW lBW ke 4
= —+—M, £ —— 0y = .| ——05 B5
e lBW< +2+UFJT T L) = IBW * ( )
and introducing in each case the harmonic oscillator ladder operators
W= ta), it = =@ —a) (B6)
Xr=—(@ 4+a), —idy, =—=(@ —a
+ «/Z Xt \/§
we find
[+i(a'o5 — aow) + Mo 1Y) (%) = ELyr i )(®) (B7)
with M, = ;—Y%MZ, E, = 21;’;‘:)2 (E £+ uy)and oy = %(UX *ioy).
The four linearly independent solutions read (up to normalization)
Vi ) = (igg, (R0)Ite) + (. — ENgyy ™ @) 110, (B8)
Va0 E) = (M + EDG1 ™ B0lts) — iy @)1, (BY)
Vi (s E) = (—igyy, " EOI1,) + O — EDt ™ (F)lo) 1), (B10)
Vi e E) = (M + ED¢ T E)16) gy, ROa)) o) (BI1)
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with |1, ;) denoting the eigenvectors of o, and 7, respectively. We defined here the generalized harmonic oscillator

eigenfunctions (see, e.g., Ref. [50])

¢f(,g(x) = 1F1<

with Ky = E3 — Mzz and | Fy(a, b, z) the confluent hypergeometric function of the first kind.

Finally, it is

L 1
Uy = %/ dy e T/2 y=ilke=ky)y/L _ e—iwor;/2/ dy eI (T 207
0 0

(!

1—K 1 .
¢6(x) =1 Fy <— E,xz)e"‘ 2, (B12)
3-K 3
: E,xz) xe 2 (B13)
n=20¢—1),
n=-20-1), (B14)

i, 10
_ g, (0 0)’

(=1 = 1)( 0

where we remember L = n - [p.

Note that for the case of even n, each Fourier mode is
pairwise coupled to only two others, since the nondiagonal
contributions are given by U; ; ~ 8, 2;,—y/(in contrast to odd n,
where the coupling between Fourier modes extends infinitely
far ~[2(£ — ¢') £ n]~"). When employing a hard cutoff, the
modes with £ = ££, thus only couple to one mode each.
This allows for unphysical nontrivial solutions (regardless of
the parameters) where the contributions from the subspace

Qe —0)y+n)! 0

Qe — ) — n)l)’ else,

(

{—£€., —€.+2,..., L.} vanish, although these kinds of eigen-
states cannot be present in the infinite matrix limit. To combat
this artifact of the cutoff procedure in the case of even n, one
can, e.g., artificially introduce an additional matrix element
between +¢, and —£., such that there exists no decoupled
subspace. With the cutoff being chosen large enough for
these modes not to significantly contribute to the low-energy
physics, one then obtains physically sensible results which are
independent of this fictitious coupling.
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