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Abstract
In changing environments, the mammalian hearing perception so far outperforms technical speech
processing. This is enabled by the nonlinear dynamics of the cochlea. Inside of it, the processing is
based on a frequency decomposition and a sophisticated feedback loop, so that the amplification of
spectrum of an external signal can vary from linear to compressive. This behavior can be mimicked
by implementing a controllable Andronov–Hopf bifurcation into neuromorphic oscillators, which
enables a compressive and frequency-selective response. However, the frequency decomposition
with these neuromorphic oscillators has not been investigated yet. Here, we show that any
oscillator, which exhibits an Andronov–Hopf bifurcation, has a unique response to external
stimuli, if its bifurcation parameter is in a neighborhood of the critical point. In addition, we
propose three different algorithms to enable the frequency decomposition by implementing the
Fourier transform in an acoustic sensor. We found that this Fourier transform can be done by
applying amplitude demodulation to the output of any oscillator exhibiting at least one
Andronov–Hopf bifurcation and investigated the convergence time of the different algorithms.
Our results demonstrate that the Fourier transform can be utilized for either a single oscillator,
which is simple to implement, or an array of oscillators, which has a fast convergence time.
Thereby, it is shown that the neuromorphic acoustic sensor consisting of these oscillators can both
mimic the processing of the cochlea and be implemented into the technical unit. Finally, a potential
experimental implementation using micro-electromechanical system sensors is proposed.

1. Introduction

Traditionally, speech processing is structured in a feedforward architecture, which involves three stages [1].
First, the acoustic stimuli is measured by a microphone, which has a linear transfer function [2]. Second, in
the pre-processing step the measured signal is transformed into the frequency domain and undergoes
nonlinear filtering. Third, the pre-processed signal is classified (and thus recognized) by artificial neural
networks [1, 3]. In particular, the nonlinearities for pre-processing and recognition enabled the rapid
progression in speech processing in recent years. For instance, it has been demonstrated in [3] that the word
success rate, i.e. the number of successfully recognized words divided by the total number of words, can be
substantially increased by choosing a compressive nonlinearity in the pre-processing stage. This nonlinearity
is characterized by its response to the signal amplitude. If the amplitude is small, it is amplified. Contrary, the
amplification is attenuated, if the amplitude is large. Technological implementations of this nonlinearity are
motivated by the mammalian hearing perception and are, e.g. the cochleagram [1, 4, 5], the Gammatone
filter [6–8], the Mel-frequency cepstral coefficient [1, 3, 9], and in-materia computing units such as the
combination of dopant network processing units and an in-memory computing chip consisting of
memristive devices [10].
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Figure 1. Sketch of the uncoiled cochlea. It consists of three tubes—the scala vestibuli, scala media and the scala tympani. These
tubes are separated by Reissner’s membrane and the basilar membrane. The basilar membrane is in-homogeneous over the space,
so that the frequency components of an acoustic stimuli are separated over space.

Figure 2. Sketch of the cross-section of the cochlea. The acoustic stimuli is transduced into an electrical signal by the inner hair
cells. Their response can be controlled by an feedback loop from the nervous system to the outer hair cells and the tectorial
membrane.

Similar to technological solutions, the mammalian hearing perception shows a compressive nonlinearity.
However, the overall structure is fundamentally different since pre-processing and sensing is done
simultaneously. This is enabled by a feedback loop in the cochlea, which can be actively adapted to varying
stimuli [11, 12]. Hence, the dynamical range of the mammalian hearing perception is significantly larger
than (technological) speech processing, i.e. faint sound can be detected in weakly distorted environments,
while heavily distorted signal can also be reconstructed. The latter is called the cocktail party effect [13, 14].
Additionally, by exploiting the feedback loop its efficiency in terms of time and energy consumption is
tremendously increased in comparison to technological speech processing. Subsequently, the anatomy and
physiology of the cochlea are summarized. For further details, the reader is referred to [15, 16].

The sensing and pre-processing is done inside the cochlea, which is a snail shell structure within the inner
ear. Once uncoiled and laid out straight, the cochlea consists of three tubes: the scala vestibuli, the scala
media, and the scala tympani (see figure 1). At the base of the cochlea, there are the oval and round window
and the scala vestibuli and the scala tympani are connected over the helicotrema at its apex. In contrast to
this, the scala media is separated from the other tubes by Reissner’s membrane and the basilar membrane.
On these membranes, there are ion pumps, which transport potassium ion K+ into the scala media, so that
there is potential difference between the scala media and the other tubes.

Moreover, hair cells are scattered on the basilar membrane inside the scala media (see figure 2). These
cells are negatively charged, they have hair-like outgrowths, which are called stereocilla. These cells are also
connected to the nervous system and they can be distinguished into the outer hair cells and the inner hair
cells. On the one hand, the outer hair cells are grouped into a V-shape, the tip of their stereocilla is connected
to an additional membrane, the so-called tectorial membrane, and there are motor neurons within these hair
cells. On the other hand, the stereocilla of the inner hair cells are arranged in a staircase and they have a free
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Figure 3. Close-up of the stereocilla of an inner hair cell. (a) The stereocilla are not bent towards their larger neighbor. Hence, the
mechanically gated K+ channel is not opened by the tip link and the charge of the inner hair cell remains constant (and negative).
(b) The stereocilla are bent towards its larger neighbor. Thus, the tip link opens the mechanically gated K+ channel and the inner
hair cell is depolarized, so that a neuron in the cochlea is excited.

Figure 4. Visualization of (a) the spatial frequency decomposition in the cochlea and (b) the frequency decomposition over time
done by an (frequency tunable) oscillator.

tip. Additionally, there is a mechanically gated K+ channel on the top of these cells, which is connected by the
tip link to its larger neighbor (see figure 3).

An acoustic stimuli is processed in the cochlea as follows: after the stimuli has been transferred from the
middle ear into the inner ear by the ossicles, it travels through the scala vestibuli. As the basilar membrane
has a varying width and stiffness, low frequencies cross the basilar membrane close to the helicotrema, while
high frequencies pass the basilar membrane close its base (see figure 4(a)). This can be interpreted as a
Fourier transform over space. The frequency components excite the hair cells, so that the stereocilla are
oscillating. The mechanically gated K+ channel are then closed, if the stereocilla are bent towards their
smaller neighbors (see figure 3(a)). In contrast, if the stereocilla are bent towards their larger neighbors, the
tip link opens the mechanically gated K+ channel and the hair cell is depolarized resulting in an electrical
signal (see figure 3(b)). To control the inner hair cells, the motor neurons of the outer hair cells are exploited.

To model the interplay the physiology, two different methods can be applied. First, a black box model can
be followed, where the transfer function of the cochlea is based on the inverse correlation of the response of
the neurons to an external stimuli [6]. This approach leads to the Gammatone filter and the cochleagramm.
These models can be easily utilized in the pre-processing stage of speech processing, since they can be
implemented by a digital filter [1, 3, 17]. Secondly, the complete dynamics of this system can be modeled by
oscillators exhibiting Andronov–Hopf bifurcations [18–21]. To determine a bifurcation, a bifurcation
parameter has to be identified. With this parameter, the dynamics of the system can be changed, when the
parameter surpasses a certain threshold, the so-called critical point. For an Andronov–Hopf bifurcation, a
system can exhibit two different regimes: First, the equilibrium of the system is (locally) asymptotically
stable, if the bifurcation parameter has not surpassed the critical point. In this case the system is in the
sub-critical regime. Second, if the bifurcation surpasses the critical point, a (potentially unstable) limit cycle
emerges in the system. This regime is called super-critical [22–24]. To show that this bifurcation emerges, the
system is usually compared with the so-called normal form of the Andronov–Hopf bifurcation by employing
the Normal Form Theorem (or theorems based on it) [22–24]. It is worth noting that the properties of a
system below its critical point of an Andronov–Hopf bifurcation are similar to the properties of the response
of the cochlea. Therefore, a neuromorphic acoustic sensor mimicking the functionality of the cochlea can be
realized by exploiting oscillators, which exhibit an Andronov–Hopf bifurcation. For instance, potential
candidates showing such behavior are and thermally actuated micro-electromechanical systems (MEMSs),
see, e.g. [25–28].
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The scope of this work is to propose an application for a neuromorphic acoustic sensor, which mimics
the functionality of the cochlea. For this, the frequency decomposition done by the basilar membrane is
imitated by oscillators, which exhibit at least one Andronov–Hopf bifurcation, so that an in-sensor Fourier
transform is enabled. In contrast to the frequency decomposition of the basilar membrane, this is a
frequency decomposition over time and it is motivated by the frequency selectivity, i.e. the oscillator only
reacts to a small frequency band in the frequency domain (see figure 4(b)). Hence, the frequency response
satisfies approximately the sampling property4 of the Dirac impulse and this concept is thus called sampling
of the frequency domain.

To implement the in-sensor Fourier transform, two major problems have to be resolved. First, it has to be
shown that the steady state of the excited oscillators is unique as the nonlinearities in systems can induce
multiple (attractive) steady states, which leads to chaotic motion [22]. Hence, uniqueness of the steady state
implies that the frequency response of the external stimuli can be uniquely reconstructed by the response of
the oscillators, which are excited by this external stimuli. Second, the convergence time5 of a neuromorphic
acoustic sensor has to be investigated. If the convergence time is small enough, the external stimuli can be
treated as a stationary signal, so that the oscillators lock onto the frequency components of the signal.
However, the convergence time is increased by moving the bifurcation parameter closer to the critical point
of the system, as this will move a pair of complex-conjugated eigenvalues of the linearized system closer to
the imaginary axis [22, 23]. Hence, if the bifurcation parameter is in a small neighborhood of the critical
point, the convergences time can be deduced by this pair of eigenvalues and it can be too slow for some
acoustic sensing applications such as speech recognition. In particular, the convergence time for
pre-processing are constrained by the vowel time, which can be as fast as 10ms. Thus, the time frames of
automatic speech recognition is usually around 20–30ms [30].

In this paper, these two problems are resolved. This is done by analyzing the steady state of the
Andronov–Hopf oscillator under an external stimuli. This oscillator is described by the (super-critical)
normal form of the Andronov–Hopf bifurcation. Hence, any system exhibiting at least a super-critical
Andronov–Hopf bifurcation converges to a sub-manifold6, which can be transformed by an isomorphism
into the normal form of the Andronov–Hopf bifurcation, if its bifurcation parameter is in a neighborhood of
the critical point [22–24]. Therefore, the Andronov–Hopf oscillator can be viewed as a benchmark model for
neuromorphic acoustic sensors. In addition, the convergence time of two different designs of neuromorphic
acoustic sensors is analyzed. The in-sensor Fourier transform can be implemented by either an array of
oscillators with constant frequency or a frequency tunable oscillator, i.e. the characteristic frequency of this
oscillator can be adapted by a controllable input [32, 33]. In the latter approach, the frequency tunable
oscillator covers a frequency range by changing the characteristic frequency. By assuming that the
convergence time of the oscillator is faster than the variation of the external stimuli, different sampling
algorithms can be designed, since the system can then treat the external stimuli as stationary signal. Hence,
the oscillator can sample multiple frequencies and the sequence of sampled frequencies can be assigned
arbitrary. With this, a benchmark for sampling the frequency domain can be defined and different
algorithms for the in-sensor Fourier transform can be investigated. In particular, the premise of
reinforcement learning is enables an efficient implementation.

The paper is structured as follows: the notations are briefly introduced in section 2. In section 3, the
principles of a neuromorphic acoustic sensor are summarized by introducing the benchmark oscillator
model and an approach to design of a neuromorphic acoustic sensor. In particular, the benchmark oscillator
model is the Andronov–Hopf oscillator. This is followed by formally defining the concept of sampling in the
frequency domain in section 4 and it is shown that by sampling the Fourier coefficients with the
Andronov–Hopf oscillator, the frequency response can be reconstructed uniquely. Then algorithms are
proposed to sample the frequency domain in section 5. The first algorithm is based on an array of oscillators.
While, the other algorithms are based sequential sampling or sampling based on reinforcement learning with
one frequency tunable oscillator. A numerical study of these algorithms is done in section 6 and the
consequences of these algorithms and some remarks conclude the paper.

4 The sampling property of the Dirac impulse refers to measuring one specific value of a function. In the frequency domain, it is given by
f(ω)δ0(ω− a) = f(a)δ0(ω) with a function f(ω) ∈ C and the Dirac impulse δ0(ω) [29].
5 Convergence time is the time until the system is converged to a (small) neighborhood of an equilibrium.
6 For the purpose of the paper, a sub-manifold N is a subset of an n ∈ N dimensional Euclidean vector space, which can be described
locally by a (different) Euclidean vector space [31]. A simple example for a sub-manifold is the surface of a two-dimensional sphere with
radius r= 1 embedded in a three-dimensional Euclidean space, i.e. S2 = {x ∈ R3 |∥x∥2 = 1} ⊂ R3.
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2. Notation

The sets N, Z, R, and C stand for the sets of natural numbers, integers, real numbers, and complex numbers,
respectively. Other sets are denoted by capital, calligraphic lettersA. We use small letters a ∈ R for variables.
Vectors and matrices are denoted by bold, small letters b ∈ Rn and capital letters C ∈ Rn×n, respectively.
Given functions f : R→ R we use f(t) ∈ R to denote the function value at given t. For functions g : Z→ R
defined over the integers we g[k] ∈ R to refer to their value. Finally, the mixed notation h[k](t) is used for
scalar fields given by h : Z×R→ R.

3. Brief summary on neuromorphic acoustic sensing

To mimic the cochlea, a neuromorphic acoustic sensor is subsequently assumed to consists of an array of
oscillators. This comes form the fact that the dynamics of the cochlea can be modeled by such a system [21].
These oscillators are assumed to exhibit at least one Andronov–Hopf bifurcation, so that this acoustic sensor
mimics the functionality of the cochlea and it has the same properties as to the mathematical model of its
physiology. Subsequently, a benchmark oscillator model for this setup, the functionality of the neuromorphic
acoustic sensor, and two different approaches to implement it are discussed.

3.1. A benchmark oscillator model for neuromorphic acoustic sensing
To describe a neuromorphic acoustic sensor, it is assumed that the oscillators inside a neuromorphic acoustic
sensor can be modeled by the normal form of the Andronov–Hopf bifurcation. This can be done since the
cochlea can be modeled by oscillators, which exhibit this bifurcation [18–21], and any system exhibiting an
Andronov–Hopf bifurcation converges to a sub-manifold that can be transformed by an isomorphism into
the normal form of the Andronov–Hopf bifurcation, if the bifurcation parameter is in a neighborhood of the
critical point [22–24]. Classically, this normal form is described in real-valued coordinates

ẋ=

[
µ −ω
ω µ

]
x− η∥x∥22x+βv, t> 0, x(0) = x0 (1)

with the state vector x(t) ∈ R2, the 2-norm ∥x∥2 =
√
x21 + x2, and an (unknown) input v(t) ∈ R2. The

parameters are given by the damping µ ∈ R, the characteristic (angular) frequency ω ⩾ 0, the cubic damping
η ∈ R, the input constant β ∈ R, and the initial conditions x0 ∈ R2. To simplify the derivations, (1) is
transformed into complex coordinates. This transformation is done by denoting the complex-valued state
and the complex-valued input by z= x1 + ix2 ∈ C and u= v1 + iv2 ∈ C. Taking the derivative of the state z
and sorting terms, yields the normal form of the Andronov–Hopf bifurcation in complex coordinates, which
is given by

ż= (µ+ iω)z− η|z|2z+βu, t> 0, z(0) = z0. (2)

Note that the dynamics of the unexcited system (2), i.e. u≡ 0, fundamentally changes by varying the
damping µ. Subsequently, the emerging dynamics from an Andronov–Hopf bifurcation is recalled. If µ⩽ 0,
(2) is in the sub-critical regime and it has an asymptotically stable equilibrium zeq = 0, i.e. the system (2)
converges to zeq. If µ> 0, the system is in the super-critical regime and a (potentially unstable) limit cycle
emerges, i.e. the system (2) starts to oscillate, if the cubic damping satisfies η > 0. This change in dynamics is
called bifurcation and the damping µ, which induces the change in the qualitative behavior of the solutions
of (2), is denoted as bifurcation parameter. In addition, the point, where the dynamics change from
asymptotically stable to oscillatory, is called critical point. For (2) the critical point is given by µc = 0 1

s and
the sub-critical and super-critical regimes are illustrated in figure 5, respectively. It should be noted that any
system exhibiting an Andronov–Hopf bifurcation will converge to a sub-manifold, which can be transformed
by some isomorphism, so that this system can be described by (2), if the bifurcation parameter is in a
neighborhood of the critical point [22–24]. As a consequence the subsequent results can be generalized to
any system exhibiting an Andronov–Hopf bifurcation, if the system can be transformed into the normal
form. Hence, (2) can be seen as a benchmark oscillator model for neuromorphic acoustic sensing.

For sensor applications, an emerging limit cycle is a distortion and it will jam the external stimuli u.
Therefore, system (2) should stay in the sub-critical regime for sensor applications. In this regime, (2) reacts
in two different ways: On the one hand, (2) reacts linearly with respect to amplitude and phase, if the
bifurcation parameter µ has a large distance to the critical point µc, i.e. µ≪ µc. On the other hand, (2) reacts
frequency-selective and compressive, if the bifurcation parameter µ is sufficiently close to the bifurcation
point µc, i.e. µ fulfills µ⪅ µc. We recall a compressive system amplifies small amplitudes and attenuates
strong amplitudes, while frequency selectivity implies that the oscillator reacts to a (narrow) frequency band.
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Figure 5. Phase plane (Re(z) , Im(z)) of the normal form of the Andronov–Hopf bifurcation given by (2) in the sub-critical and
super-critical regime for different initial conditions. The characteristic frequency and the cubic damping are given by ω = 10 1

s

and η = 1 1
s
. (a) Trajectories (Re(z) , Im(z)) of oscillator (2) in the sub-critical regime for µ=−1 1

s
. (b) Trajectories

(Re(z) , Im(z)) of oscillator (2) in super-critical regime for µ= 1 1
s
.

Figure 6. Linear and nonlinear response of system (2) as a function of the characteristic frequency ω and the external amplitude ρ
with the cubic damping η = 1 1

s
and the input constant β = 1 1

s
. (a) Linear response of system (2). Here, the damping is given by

µ=−5 1
s
. (b) Nonlinear compressive, frequency-selective response of system (2). For this, the damping reads µ= 0 1

s
.

These regions in the sub-critical regime can be illustrated by analyzing the influence of a harmonic
stimuli u= ρei(νt+ϕ) that excites the system (2). The parameters of the harmonic stimuli are given by the
amplitude ρ > 0, the phase ϕ ∈ [0,2π), and the external frequency ν > 0. By assuming that (2) is 1:1
frequency-locked7 on this stimuli, its solution is given by z= rei(νt+φ) with the amplitude r> 0 and the
phase φ ∈ [0,2π). Inserting this assumption into (2) and dividing by the harmonic eiνt, yields

0=[µ+ i(ω− ν)] reiφ − ηr3eiφ +βρeiϕ. (3)

Equation (3) can be further simplified by subtracting ρeiϕ and taking the absolute value squared of the result.
This results in

0=η2r6 − 2µηr4 +
[
µ2 +(ω− ν)

2
]
r2 −βρ2, (4)

which can be easily solved for r numerically. This is subsequently done by assuming that the amplitude r is a
function of the characteristic frequency ω ∈ [5,15] 1s

8. To visualize the properties of the linear and nonlinear
regimes, the numerical parameters are given by the damping µ ∈ {−5,0} 1

s , the amplitude
ρ ∈ {100,10−1,10−2,10−3} 1

s , the phase φ= 0, and the frequency ν = 10 1
s of the external stimuli. The linear

response and frequency-selective, compressive response of (2) are illustrated in figure 6, respectively.
System (2) is frequency-selective, if the bifurcation parameter µ is in a neighborhood of the critical point µc

9,
so that it will only react to excitation with its characteristic frequency. By exploiting this property, (2) fulfills

7 A detailed discussing on this assumption in given in appendix A.
8 The response of (2) is invariant to the frequencies ω and ν since (ω− ν)2 = (ν−ω)2 holds.
9 Here, equation (2) with µ= 0 1

s
is only close to the critical point µc, if the amplitude ρ is small enough. This comes from the fact that

the critical point µc is moved by the amplitude of the external excitation. Indeed, this effect is one of the underlying mechanisms for the
compressive behavior of an Andronov–Hopf bifurcation.
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the sampling property in the frequency domain, i.e. the amplitude is approximately a Dirac impulse, which
reads

δ0 (ω− ν) =

{
∞, if ω = ν

0, else
. (5)

In addition, it should be noted that amplification of harmonic inputs with small amplitude is large at the
characteristic frequency of (2), e.g. the amplitude of (2) is given by r= 10−1 for an amplitude ρ= 10−3 1

s .
While, amplification of harmonic inputs with large amplitude is small at the characteristic frequency of (2),
e.g. the amplitude of (2) is given by r= 1 for an amplitude ρ= 100 1

s . This is called compression and it has to
be stressed that combining both properties can improve the performance and efficiency for speech
recognition [3, 34].

3.2. Functionality and design of neuromorphic acoustic sensors
By exploiting the frequency selectivity, an array of oscillators can be used to sample the frequency domain.
With this, an in-sensor Fourier transform is enabled and the functionality of the cochlea is mimicked by
using the compressive nonlinearity. In addition to the inherent properties of an Andronov–Hopf bifurcation,
it is useful to introduce the notion of frequency tunability. Here, an oscillator is called frequency tunable, if
its characteristic frequency can be adjusted by a controllable input [33, 35]. For instance, tunability is
induced by controlling a delay feedback [35, 36], exploiting the asymmetry between coupled oscillators
[33, 37], or using a nonlinearity to change the local dynamics [32]. Based on these preliminaries, there are
two different implementations for a neuromorphic acoustic sensor.

First, the neuromorphic acoustic sensor is an array consisting of a large number of untunable oscillators,
which have different, constant characteristic frequencies and exhibit at least one Andronov–Hopf
bifurcation. This approach will have a fast convergence time. However, the number of these systems might be
limited physically by space. Second, by asserting that the oscillators are frequency tunable, the number of
oscillators decreases, as each of these oscillators can be used to sample a frequency interval. However, the
convergence time increases, since these oscillators have to react to multiple frequencies. Thus, quickly
varying inputs might not be measurable.

To implement a neuromorphic acoustic sensor in hardware, an array consisting of thermally actuated,
cantilevered MEMSs sensors can be used. This approach is sketch in figure 7. In principle, these sensors are a
mechanical structure composed of a silicon layer as a fundament, a siliconoxid layer for isolation, and 1µm
thick aluminum wires for electric actuation. In addition, there is a piezoelectric strain gauge at the base of the
MEMS sensor, so that the deflection can be deduced from the measured strain [26, 38, 39]. The deflection is
then filtered by a high pass and further processed by a field-programmable gate array (FPGA). Controllable
Andronov–Hopf bifurcations can then be induced in this setup, e.g. by using proportional feedback [26, 28,
32, 40], by coupling the MEMS sensors [33, 41], or exploiting a controllable delayed feedback [36]. As these
MEMS sensors are cantilevers, their characteristic frequency is constant for the proportional feedback [28,
33, 42]. Hence, to enable frequency tunability either the geometry of the MEMS sensor has to be changed
[32, 43] or different feedback mechanisms can be used [33, 36, 41].

4. Sampling using an Andronov–Hopf bifurcation

In the following, sampling of the frequency domain is formulated mathematically. We aim to show that the
frequency response of (2) to an unknown external stimuli u can be uniquely reconstructed by evaluating the
steady state of (2). For this, system (2) is rewritten as a (time dependent) Fourier series and it is assumed that
the unknown stimuli u can be treated as a stationary signal.

To analyze the temporal evolution of the Fourier series of an ODE, the so-called envelope model has to be
employed [44–46]. This is done by rewriting the state z and the external stimuli u by a truncated Fourier
series

z=
n∑

k=0

qke
ikν∆t (6a)

u=
n∑

k=0

Fke
ikν∆t (6b)

with the Fourier coefficients qk(t) ∈ C, Fk(t) ∈ C, the fundamental frequency ν∆ and the number of Fourier
coefficients n ∈ N for all k= 0,1, . . . ,n. The time evolution of the Fourier coefficients qk follows by

7
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Figure 7. Sketch of an oscillator-based neuromorphic acoustic sensor. It consists of MEMS sensors, which exhibit Andronov–Hopf
bifurcations. Indicated by the increasing size of the MEMS sensor, each MEMS sensor has a different characteristic frequency. To
control these bifurcations, feedback mechanisms are implemented in a field-programmable gate array (FPGA). The MEMS sensor
has been designed by partners from Ilmenau and Kiel University. For further details, the reader is referred to [26, 39, 43].

substitution of (6) into (2) and sorting terms in eikν∆t for all k= 0,1, . . . ,n. This yields

q̇= Aq− ηf(q)+βF (7)

with the vector of the Fourier coefficients q= [q0,q1, · · · ,qn]T ∈ Cn+1, F= [F0,F1, . . . ,Fn]T ∈ Cn+1, and the
vector-valued nonlinearity f(q) ∈ Cn+1 for all k ∈ {0,1 . . . ,n}. Herein, the system matrix reads

A=


µ+ iω 0 · · · 0

0 µ+ i(ω− ν∆) · · · 0
...

...
. . .

...
0 0 · · · µ+ i(ω− nν∆)

 ∈ R(n+1)·(n+1). (8)

Equation (7) is the so-called envelope model of (2) and its Fourier coefficients q are coupled by the
nonlinearity f 10. Therefore, the nonlinearity f has to be determined to analyze the response of the system (2)
to an external input u. This is done by comparing the frequency components eikν∆t of

|z|2z=

(
n∑

k=0

qke
ikν∆t

)(
n∑

k=0

qke
ikν∆t

)(
n∑

k=0

q∗k e
−ikν∆t

)
, (9)

where q∗k denotes the complex conjugate of the Fourier coefficients qk for all k= 0,1 . . . ,n. Equation (9) is
simplified, if (2) is frequency-selective, since frequency selectivity implies that the coupling between the
Fourier coefficients vanishes, i.e. qiqjq∗k ≈ 0 for all i, j,k ∈ {0,1, . . .n} and (i ̸= j)∨ (i ̸= k)∨ (j ̸= k). Hence,
by asserting µ⪅ µc, the nonlinearity (9) can be approximated by

|z|2z≈
n∑

k=0

(
|qk|2qkeikν∆

)
. (10)

Therefore, if the bifurcation parameter µ is in a neighborhood of the critical point µc, the Fourier coefficients
qk can be analyzed individually and (7) reads

q̇k = [µ+ i(ω− ν∆)]qk − η|qk|2qk +βFk (11)

10 It follows from this that equilibrium of Fourier coefficients of a linear system will unique, since linearity implies that the nonlinearity
vanishes, i.e. f≡ 0. Hence, a linear, frequency-selective system can be used to sample the frequency domain.
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for all k= 0,1, . . . ,n. With this, the Fourier coefficients F of the external signal u can be determined the
steady state of (11), i.e. q̇k = 0. This results in

0=[µ+ i(ω− ν∆)]qeq,k − η|qeq,k|2qeq,k +βFeq,k (12)

for all k= 0,1, . . . ,n. Equation (12) might have multiple solutions in terms of the Fourier coefficients qeq,k.
Hence, the number of solutions of (12) is subsequently investigated. Transforming (12) into polar
coordinates qeq,k = req,keiφeq,k and Fk = ρex,keiϕex,k with amplitudes req,k,ρex,k ≥ 0 and phases
φeq,k,ϕex,k ∈ [0,2π) for all k= 0,1, . . . ,n, yields

0=
(
[µ+ i(ω− ν∆)]− ηr3eq,k

)
eiφeq,k +βρex,ke

iϕex,k . (13)

Equation (13) is analyzed by separating the amplitude req,k and the phase φeq,k of the Fourier coefficient qk.
On the one hand, the phase φeq,k can be directly determined by solving (13) for it. On the other hand, the
equilibrium conditions for the amplitude req,k are derived by subtracting (13) with ρex,keiϕex,k and taking the
absolute value squared from the result. This results in

φeq = arctan

[ √
µ2+ω2

∆ sin(φ)

r2eq−
√

µ2+ω2
∆ cos(φ)

]
+ϕex, (14a)

0=η2r6eq,k − 2µηr4eq,k +
[
µ2 +ω2

∆

]
r2eq,k −βρ2ex,k (14b)

with the phase φ = arctan(ω∆/µ) and the difference frequency ω∆ = ω− kν∆. Thus, the number of
different solutions of (12) is given by number of positive, real-valued solutions of (14b). It can be shown that
there is only one real-valued solution, e.g. by substituting x= r2eq,k and applying Descartes’ rule of signs, see,
e.g. [47]. If µη < 0, ω∆ ∈ R, and ρex,k ∈ R hold, it turns out that there is only one change of signs. Hence,
(12) has two unique, positive, real-valued zero and the claim is shown. This result implies that the
equilibrium of the Fourier coefficients qeq,k are unique, if (2) is frequency-selective.

The results are verified numerically by comparing the equilibria of the original envelope model (7) and
the simplified envelope model (11). This is done by exciting these models with a two-tone signal and varying
one amplitude of this two-tone signal, so that (2) is either satisfying or violating frequency selectivity. In
particular, the change of frequency selectivity comes from the fact that the critical point is also dependent on
the external excitation11. Here, the two-tone signal is given by

u= ρ1e
iν∆t + ρke

i2ν∆t (15)

with the amplitudes ρ1,ρk > 0 and the fundamental frequency ν∆ > 0. With this, the (original) envelope
model (7) reads

0=(µ+ iω)q1 − η|q1|2q1 − 2η|q2|2q1 +βF1, (16a)

0=[µ+ i(ω+ ν∆)]q2 − 2η|q0|2q2 − η|q2|2q2. (16b)

For the simulations, the numerical parameters are given by the fundamental frequency ν∆ = 10 1
s and the

amplitudes ρ1 ∈ {100,10−1,10−2} 1
s and ρ2 ∈ {100,10−1} 1

s . The results are visualized in figure 8. Frequency
selectivity is satisfied in figures 8(a) and (b), since the amplitude ρ2 is small enough. Here, it is showcased that
the measured frequency response of the original envelope model (7) and the simplified envelope model (11)
is approximately the same. In contrast to this, frequency selectivity is violated in figures 8(c) and (d), since
the amplitude ρ2 is to large. In this case, it turns out that the measured frequency response is not sufficiently
approximated by the simplified envelope model (11), if the amplitude ρ1 is too small.

In summary, it is shown that the frequency domain can be reconstructed by a neuromorphic acoustic
sensor based on oscillators, which exhibit at least a controllable Andronov–Hopf bifurcation, if the
bifurcation parameter is in a neighborhood of the critical point. In this case, the response of these oscillators
is frequency-selective and their trajectories will converge to the sub-manifold, which is isomorphic to an
invariant manifold of (2) [22–24]. Therefore, following the results in this section, the steady state of the
excited oscillators is unique, which implies the claim.

11 This comes from the fact that the critical point of an Andronov–Hopf bifurcation is determined by analyzing the linearization of a
system. As (2) is nonlinear and the equilibrium of (2) is shifted by the external excitation, the linearization changes. Hence, the critical
point can be adjusted by the external excitation.
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Figure 8. Comparison between the amplitude responses rΣ = r1 + r2 of (7) and (11) as a function of the characteristic frequency
ω and different harmonic signals with various external amplitudes ρ1 and ρ2 at the critical point, i.e. µ= 0 1

s
. Additional

parameters are given by the cubic damping η = 1 1
s
and and the input constant β = 1 1

s
. (a),(b) Small excitation amplitude

ρ2 = 10−1. (c),(d) Large excitation amplitude ρ2 = 100. (a),(c) Amplitude response of the original envelope model (7). (b),(d)
Amplitude response of the simplified envelope model (11).

5. Algorithms to sample the frequency domain

Subsequently, three different algorithms are introduced to sample the frequency domain. To access the
Fourier coefficients q for an external input in (6), demodulation has to be employed. Here, amplitude
demodulation is used, since the most important information of the external input is encoded on the
envelope of the oscillator. For (2), amplitude demodulation can be done by taking the absolute value squared
of its output, so that information of the phase is lost. With this demodulation scheme, the relevant features of
the acoustic signal, e.g. the energy and the periodicity, can be determined [30]. Thus, the sampled spectrum
can be in principle used for automatic speech recognition. In contrast, other demodulation schemes can also
extract the phase of the (modulated) signal. By exploiting the frequency selectivity of (2), the amplitude
demodulation is approximated by

|z|2 =

(
n∑

k=0

qke
ikν∆t

)(
n∑

k=0

q∗k e
−ikν∆t

)
≈

n∑
k=0

(
|qk|2

)
≈

{
|qk|2, if ω ≈ kν∆

0, else
. (17)

Thus, the state z is a function in time t and the characteristic frequency ω and the Fourier coefficients q can
be sampled by varying the characteristic frequency ω. From practical viewpoint, z is assumed to be
discretized in time t and frequency ω. On the one hand, the frequency domain has to be discretized, since the
continuous frequency domain has infinitely many frequencies to sample. Thus, a constrained frequency
domain F = [ωmin,ωmax] with the minimal frequency and the maximum frequency 0< ωmin < ωmax is
discretized into nω + 1 subintervals defined by [ωk,ωk+1] for all k= 0,1, . . . ,nω . Herein, the limits are
assumed to be equidistant and they are given by ωk = ωmin + kωs with the frequency spacing ωs =

ωmax−ωmin
nω+1 .

On the other hand, the equilibrium qeq of the envelope model is approximated by holding the characteristic
frequency ω constant for a sampling time Ts > 0, so that the oscillator locks onto the frequency of the
external stimuli and z(t,ω) converges to the equilibrium zeq(ω) of (2). This implies that the change of the
external stimuli F has to be much slower than the convergence time of system (2) and that the state z(t,ω)
has to be discretized in time, i.e. z(lTs,ω) for all l ∈ N.

With these preliminaries, different algorithms to sample the frequency domain can be discussed. This is
done by analyzing the convergence time of the design with frequency untunable and frequency tunable
oscillators12. In particular, sampling with a frequency tunable oscillator is not necessarily sequential as the

12 An oscillator is called frequency tunable, if its characteristic can be changed by a controllable input [33, 35].
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external stimuli is assumed to be stationary for system (2). Hence, different algorithms can be applied. To
this end, sequential sampling and a sampling approach based on reinforcement learning are introduced for a
frequency tunable oscillator. As these algorithms are applied iteratively, the lth iteration of the sampled
frequency response for sequential sampling and sampling based on reinforcement learning is denoted by

hseq [l,k] = [δ−1 (ω−ωmin − kω∆)− δ−1 (ω−ωmin − (k+ 1)ω∆)]qseq,k [l] (18a)

hRF [l,k] = [δ−1 (ω−ωmin − kω∆)− δ−1 (ω−ωmin − (k+ 1)ω∆)]qRF,k [l] (18b)

with the Heavyside function

δ−1 (ω) =

{
1, if ω > 0

0, else
, (19)

the sequentially sampled Fourier coefficients qseq,k[l] and the sampled Fourier coefficients qseq,k[l] based on
reinforcement learning for all k= 0,1, . . . ,nω and l ∈ N. Finally, the continuous frequency response of the
oscillators, i.e. k→∞, is denoted by heq[l](ω).

5.1. Algorithm 1: array of untunable oscillators
The design of a neuromorphic acoustic sensor can consist of an array of oscillators with constant and
different characteristic frequencies. This is, e.g. sketched in figure 7. Because the frequency domain is
determined by sampling the steady state of the envelope model, the convergence of the oscillators to their
steady state, i.e. the locking of the oscillators onto a frequency, has to be characterized. Following [48], this
can be approximated by linearizing the simplified envelope model (13) and assuming that their initial
conditions are zero13, which results in

pz = 1− eµCTs = 1− e−mconv (20)

with the real part µC < 0 of dominant eigenvalue of the system the sampling time Ts > 0, and the
convergence numbermconv = |µC|Ts. Here, the real part of the dominant eigenvalue for (13) is given by
µC = µ and the convergence numbermconv can be used to characterize pz independent from the oscillator.
The convergence numbermconv is a design parameter of algorithm 1 and relevant values of pz in terms of
mconv read [48]

pz =


95,0%, if |µC|Ts = 3

98,1%, if |µC|Ts = 4

99,3%, if |µC|Ts = 5

, (21)

so that the convergence time can be determined by

Ts =
mconv

|µC|
. (22)

The term eµCTs can be viewed as an additional noise source, such thatmconv has to be chosen in terms of the
signal-to-noise ratio. If the noise is too dominant, larger sampling times do not improve the overall result of
the sampling algorithm.

In addition to the tuning of the convergence time T, the real part µC of the dominant eigenvalue adjusts
the 3 dB bandwidth of the oscillator. The relationship between µC and the 3 dB bandwidth can be derived by
comparing the experimentally determined Q-factor [49]

Qexp =
fC
f3dB

. (23)

with the 2π-normalized characteristic frequency fC = ωC/(2π) and the 3 dB bandwidth f3dB > 0 and the
Q-factor of a damped oscillator [50]

Qth =

∣∣∣∣ωC

µC

∣∣∣∣ (24)

13 This assumption results in an overestimation of the convergence time as the amplitude demodulated signal is always positive.
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with the imaginary part ωC ∈ R of the dominant eigenvalue. As the dominant eigenvalue is considered, it
follows that Qth = Qexp and hence

f3dB =
|µC|
2π

. (25)

Finally, (25) is inserted into (22), which results in

Ts =
mconv

2π f3dB
. (26)

Therefore, the convergence time T and 3 dB bandwidth f3dB are anti-proportional, which implies the
sampling of the frequency domain is either fast or accurate.

5.2. Algorithm 2: sequential sampling
Regarding algorithm 2, the discretized frequency domain F is sampled by decreasing or increasing the
characteristic frequency ω of a single frequency tunable oscillator and the frequency response is recovered by
demodulating the output with (17). The procedure can be summarized as follows. First, the lower (or upper,
respectively) limit of the frequency domain F is chosen as the characteristic frequency of the oscillator and
this Fourier coefficient is sampled by the oscillator for a sampling time Ts > 0. Second, the characteristic
frequency is increased (or decreased, respectively) by the frequency spacing ωs and the next Fourier
coefficient is sampled by the oscillator. Third, this is repeated until the whole frequency range F is sampled.
The characteristic frequency is then set to its initial value. To compute the convergence time Tseq of this
algorithm, note that the sampling time Ts satisfies (20), so that the convergence time Tseq of one iteration
reads

Tseq = (nω + 1)Ts. (27)

Here, the sampling time Ts can be approximated with (21) and (22). Hence, the convergence time Tseq can be
computed for any system without any statistical analysis, so that algorithm 2 can be considered to be the
benchmark for an in-sensor Fourier transform with frequency tunable oscillators.

5.3. Algorithm 3: sampling based on reinforcement learning
Because the sampling time Ts of a system close to its critical point is rather slow, the sampler might miss
important information of the acoustic signal. Hence, the important information has to be measured in a very
restricted time interval. This issue can be resolved by assuming that information about the acoustic signals is
encoded by a fundamental frequency and its harmonics. For instance, this assumption holds for vowels in
speech [51]. In this case, only the most dominant Fourier coefficients have to be determined. Following the
demodulation (17), noting that these Fourier coefficients are the maximum of the frequency spectrum, and
discretizing z, an optimization problem arises, which reads

max
ω∈F

|z(t,ω) |= max
k∈{0,1,...,nω}

|z [l,k] |. (28)

It should be noted that gradient-based methods are not suitable to solve (28). This is caused by the nonlinear,
frequency-selective transfer function of (2). Thus, the gradient of the cost function |zeq| is large, if the
frequency ω is close to one maximizer, and it is small, if the frequency ω is far away from the maximizer (see
figure 6(b)).

To avoid gradient-based methods, the optimization problem is reformulated based on the discretization
of the frequency domain F . With this, (28) is similar to the multi-armed bandit, see, e.g. [52–54], since the
equilibrium value of the Fourier coefficient is only approximated. The Fourier coefficients can be interpreted
as the probabilities for winning and the optimization (28) can be, e.g. solved by reinforcement learning [53].

For this, a variation of the epsilon-greedy strategy is applied to determine nmax > 0 maxima of (28). With
this approach, either the frequency domain F is explored or (28) is optimized based on a value function
Q[l,k] with the iteration l ∈ N and the number k= 0,1, . . . ,nω of the kth subinterval of the frequency
domain F . The value function Q[l,k] represents the knowledge of the explored frequency domain and the
correct amplitude is determined and processed by the compressive nonlinearity in the optimization phase.
To explore the frequency domain, the policy π has to be defined and the set of possible actions is assumed to
be given byA= {0,1, . . . ,nω}. For frequency sampling, an action can be viewed as the choice of an
frequency and the policy chooses a frequency accordingly. In particular, if all actions are made in kth
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iteration, the value function Q[l,k] is equivalent to the sampled frequency response hRF[l,k], i.e.
Q[l,k] = hRF[l,k]. For the purpose of this paper, the value function is assumed to be given by

Q [l+ 1,k] =aQ [l,k] + bp [l] , l>0, Q [0,k] =Q0 [k] (29)

with the initial condition Q0[k] ∈ R. The parameters are given by the forgetting rate a ∈ [0,1) and the input
parameter b> 0 for all l ∈ N and k ∈ A. The forgetting rate a represents the speed in which the learned
information is forgotten. While, the input parameter can be used to change the equilibrium of (29).
Moreover, the reward p[l] follows (17) and (28), so that the reward reads p[l] = |z(lTs)|, and the policy of the
epsilon-greedy strategy is given by

π [Q [l,k]] =

{
random action fromA, if (i− 1)nRFs ≤ l< inRFex
exploiting nmaxmaxima of Q [l,k] , if inRFex ≤ l< inRFs

(30)

with the number of explorations nRFex ∈ N, the number of samples nRFs ∈ N for all i ∈ N. Particularly, the
policy chooses the Fourier coefficient, which is measured in the next time step. Thus, the optimizer is purely
greedy, if nRFex = 0, and purely exploratory, if nRFex = nRFs . To increase the accuracy of this approach, the policy
is separated into a exploration phase and a exploitation phase, since a larger sampling time improves the
accuracy of the discovered maxima in the exploitation phase. In addition, the random action in the
exploration phase is constructed to decrease the number of explorations nRFex as follows: a permutation P(A)
of the set of actionA is constructed. Then the actions are draw sequentially from P(A). After the set of
permutation P(A) is empty, a new permutation is generated based on the setA. With this, it is possible to
draw every action from random sequence. As the maximum of the frequency response will be estimated by
this approach, the sampling time Ts is decreased drastically, while increasing the accuracy of the sampled
maxima.

Moreover, the parameters a and b of (29) have to be chosen properly to ensure proper convergence. This
can be, e.g. done by determining analytic solution of (29), which reads

Q [l,k] =alQ [0,k] +
b

1− a
p [l] . (31)

From this, it follows that (29) will converge to the quantitative values of the frequency domain, if a ∈ [0,1)
and b= 1− a. Moreover, the distance between (29) and its steady state is given by

pQ = 1− al. (32)

Thus, it follows that the forgetting rate a has to be small, i.e. a≪ 1, since (29) has to converge after sampling
all frequencies.

To compare the performance between algorithms 2 and 3, the time until one iteration of the
reinforcement learning algorithm terminates has to be determined. Subsequently, the number of samples
nRF, which algorithm 3 takes, is fixed, so that the convergence time TRF can be approximated by

TRF =nRFTRF (33)

with the convergence time TRF =mRF
conv/|µ| and the convergence numbermRF

conv. As the algorithm is
motivated by the multi-armed bandit problem, the sampling time can be decreased substantially in
comparison to the convergence time of the system, i.e. TRF ≪ Ts andmRF

conv ≪mconv. However, more samples
have to be taken, which implies nRF > nω + 1.

6. Numerical evaluation

Subsequently, the frequency responses hseq[l,k] and hRF[l,k] of algorithms 1 and 2 and the (continuous)
frequency response heq[l](ω) = limnω→∞ hseq[l,k] are compared for different (harmonic) signals. For this, the
parameters of the oscillator (2) are given in table B1. In particular, the interval length ω∆ and the limits of
the frequency domain F imply that 13 frequencies are measured, i.e. nω = 12. As the convergence number is
given bymconv = 4, algorithms 1 and 2 require each iteration Ts = 5ms (for algorithm 1) and
Tseq(= 13 · 5) = 65ms for algorithm 2 to sample the frequency response. Hence, algorithm 2 is not fast
enough to sample the frequency domain F for automatic speech processing as around 20–30ms are allowed
[30]. In addition, the convergence numbermconv implies that each frequency is converged to 98.1%. To
evaluate the statistics of algorithm 3, it is simulated 1000 times and its average and its confidence interval,
which is assumed to be by three times its standard deviation, is analyzed. By choosing three times the
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Table 1. Comparison between the convergence time per iteration of the algorithms for the four different scenarios.

Convergence time Scenario 1 Scenario 2 Scenario 3 Scenario 4

Ts 5ms 5ms 5ms 5ms
Tseq 65ms 65ms 65ms 65ms
TRF,1 65ms 65ms 65ms 65ms

100% ·Tseq 100% ·Tseq 100% ·Tseq 100% ·Tseq

TRF,2 56.875ms 65ms 65ms 56.875ms
87.5% ·Tseq 100% ·Tseq 100% ·Tseq 87.5% ·Tseq

TRF,3 48.75ms 65ms 65ms 48.75ms
75% ·Tseq 100% ·Tseq 100% ·Tseq 75% ·Tseq

TRF,4 32.5ms 48.75ms 48.75ms 32.5ms
50% ·Tseq 75% ·Tseq 75% ·Tseq 50% ·Tseq

standard deviation, 99.8% of all solutions lie in the confidence interval. Moreover, it is assumed for
algorithm 3 that the complete frequency domain F is sampled in the exploration phase. The discovered
maxima are then maximized in the exploitation phase. Hence, if the convergence numbersmseq

conv andmRF
conv of

the algorithms 1 and 2 are equivalent, the convergence time TRF of algorithm 3 is bounded from above by the
convergence time Tseq of algorithm 2 and from below by the convergence time Ts of algorithm 1, i.e.
TRF ∈ [Ts,Tseq].

To compare the performance of the algorithms, the accuracy of the sampled frequency domain F is
analyzed with respect to the convergence numbermRF

conv, the convergence time TRF, and the number of
maxima nmax of algorithm 3. For this, (2) is excited by four different external stimuli, a time-varying signal
utv, a two-tone signal utt, a harmonic input with a harmonic distortion uhd, and a harmonic input with
additive white Gaussian noise. These excitation are given by

utv =ρ(t)ei[ν(t)t+ϕ(t)], (34a)

utt =ρ1,tte
i(ω1,ttt+φ1,tt) + ρ2,tte

i(ω2,ttt+φ2,tt), (34b)

uhd =ρ1,hde
i(ω1,hdt+φ1,hd) + ρ2,hde

i(ω2,hdt+φ2,hd), (34c)

uawgn =ρawgne
i(ωawgnt+φawgn) +N (34d)

with

ρ(t) =

{
ρ1,tv, if t< tth

ρ2,tv, if t≥ tth
, ν (t) =

{
ω1,tv, if t< tth

ω2,tv, if t≥ tth
, ϕ(t) =

{
φ1,tv, if t< tth

φ2,tv, if t≥ tth
, (35)

and the additive white Gaussian noise N(t) ∈N (0,σ2). The parameters are given by the amplitudes
ρi,tv,ρi,tt,ρi,hd,ρawgn > 0, the frequencies ωi,tv,ωi,tt,ωi,hd,ωawgn > 0, the phases φi,tv,φi,tt,φi,hd,φawgn

∈ [0,2π), the threshold tth > 0, and the standard deviation σ> 0 for all i= 1,2. In addition, these
scenarios are evaluated for four different cases. The numerical values for these cases are given in table B2, and
the threshold tth is assumed to be equivalent to the convergence time of algorithms 2 and 3, respectively. In
particular, the convergence of algorithm 3 is verified by the first parameter set as these imply a pure
exploration.

6.1. Scenario 1: time-varying signal
The results of scenario 1 are illustrated in figure 9 and the second column of table 1. It turns out that by
choosingmRF

conv =mconv, the results of algorithms 2 and 3 are identical. This is depicted in figure 9(a). In
comparison tomRF

conv,1, the convergence numbersmRF
conv,2,m

RF
conv,3, andmRF

conv,4 are decrease. With this, it is
possible to increase the number of samples in one iteration, so that the frequency response can be first
estimated and the equilibria of its maxima are then precisely measured. Thereby, the frequency domain F
can be sampled in a shorter time as shown in the second column of table 1, while preserving the same
accuracy of the maximum. This is visualized in figures 9(b)–(d) in particular, the convergence time can be
decreased by at least 50% in this scenario, while algorithm 3 can still extract the most important information
of the external stimuli. Thus, it is possible to enable speech processing by decreasing the convergence time
with different algorithms.

6.2. Scenario 2: two-tone signal
The results of scenario 2 are shown in figure 10 and in the third column of table 1. In particular, it can be
observed that the accuracy of both algorithms is inhibited by the two-tone signal. Thus, algorithm 2 and the
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Figure 9. Comparison between the sampled frequency responses hseq[l,k] and hRF[l,k] of algorithms 2 and 3 and the (continuous)
frequency response heq[1] of oscillator (2) after two iterations, i.e. l= 1,2. The frequency domain is sampled from 2π · 1000 1

s
to

2π · 3160 1
s
and separated into 13 subintervals. A time varying signal is sampled for different convergence numbermRF

conv,i,
number of maxima nmax,i, and sampling time TRF,i for all i= 1,2,3,4. (a) Validation for the equivalence between algorithms 2
and 3 with the parameters given by convergence numbermRF

conv,1 = 4, number of maxima nmax,1 = 1, and sampling time

TRF,1 = Tseq. (b)–(d) Comparison between algorithms 2 and 3 with the convergence numbermRF
conv,2 = 3,mRF

conv,3 = 2, and

mRF
conv,4 = 1 and the number of maxima nmax,2 = nmax,3 = nmax,4 = 1. With these parameters, the sampling time of algorithm 3 is

decreased to TRF,2 = 87.5% ·Tseq (for (b)), TRF,3 = 75% ·Tseq (for (c)), and TRF,4 = 50% ·Tseq (for (d)).

purely exploratory algorithm 3 cannot converge to the equilibrium of the perfectly sampled frequency
response heq[k]. However, by decreasing the convergence numbermRF

conv and thus increasing the time of
exploitation of the maxima, either the accuracy can be improved or the convergence time can be decreased.
For instance, the maxima are robustly identified by decreasing the convergence number to 2 as depicted in
figures 10(b) and (c). By additionally decreasing the convergence time T tt

RF, the accuracy of the result
becomes similar to the sequential sampling as is illustrated in figure 10(d).

6.3. Scenario 3: harmonic disturbance
The results of scenario 3 are shown in figure 11 and in the forth column of table 1. In contrast to scenario 2,
the accuracy is not drastically inhibited by the harmonic disturbance, which is far away from a harmonic
input. In addition, it is showcased that by choosing the parameters accordingly the accuracy and the
convergence time can be improved by using algorithm 3. This is depicted in figures 11(b) and (d). Moreover,
it is illustrated in figure 11(c) that by search for an additional maximum the accuracy of the maximum is
similar to algorithm 2.

6.4. Scenario 4: additive white Gaussian noise
Finally, a harmonic excitation distorted by additive white Gaussian noise is considered. The results are
visualized in figure 12 and in the fifth column of Table 1, which demonstrate that the most important
features of the input signal can be reconstructed even though it is distorted by noise and that the convergence
time can be substantially improved by algorithm 3. However, this evaluation is done in an environment with
small noise as the signal-to-noise ratio reads

SNR= 20 log10

(ρawgn
σ

)
= 0dB. (36)

Thus, by sampling the frequency domain with an oscillator, which exhibits an Andronov–Hopf bifurcation,
noise on external stimuli can be suppressed. These observations can be generalized also for other noise
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Figure 10. Comparison between the sampled frequency responses hseq[1,k] and hRF[1,k] of algorithms 2 and 3 and the
(continuous) frequency response heq[1] of oscillator (2) after one iteration. The frequency domain is sampled from 2π · 1000 1

s
to

2π · 3160 1
s
and separated into 13 subintervals. A two-tone signal is sampled for different convergence numbermRF

conv,i, number of
maxima nmax,i, and sampling time TRF,i for all i= 1,2,3,4. (a) Validation for the equivalence between algorithms 2 and 3 with
the parameters given by convergence numbermRF

conv,1 = 4, number of maxima nmax,1 = 1, and sampling time TRF,1 = Tseq.

(b)–(d) Comparison between algorithms 2 and 3 with the convergence numbermRF
conv,2 = 3 andmRF

conv,3 = mRF
conv,4 = 2 and the

number of maxima nmax,2 = nmax,3 = nmax,4 = 2. With these parameters, the sampling time of algorithm 3 is given by
TRF,2 = TRF,3 = 100% ·Tseq (for (b) and (c)) and TRF,4 = 75% ·Tseq (for (d)).

models added to the external input. Then the power spectrum of the noise becomes a function of the
frequency ω. This, however, will not change the results tremendously as the dependency of the frequency ω
only implies that the distortion is changing for each sampled frequency.

7. Consequences for neuromorphic acoustic sensing

Subsequently, the consequences of sections 5 and 6 are briefly discussed for an neuromorphic acoustic sensor
consisting of thermally actuated MEMS sensor. For this, the MEMS sensor with a geometric nonlinearity is
considered [32, 43] and the setup to enable an in-sensor Fourier transform is illustrated in figure 13. This
setup consists of a MEMS sensor (with a geometric nonlinearity), a high pass filter, an envelope detection, an
algorithm to choose the characteristic frequency, and a controller to assign the desired frequency to the
MEMS sensor. This setup works as follows: First, the deflection of the MEMS sensor is high pass filtered and
the envelope of the signal is determined. With this, the amplitude of the Fourier coefficient for the
characteristic frequency is measured. This amplitude is used to determine the next sampled frequency with,
e.g. an algorithm based on reinforcement learning. Then the desired frequency is converted in to a
DC-voltage to tune the characteristic frequency of the MEMS sensor.

To determine the maximum number of sampled frequency, the convergence time of this setup has to be
analyzed. This is done by solely analyzing the dominant eigenvalue of the MEMS sensor. For this, it is
assumed that the MEMS sensor is described by the dominant mode model [32]. In contrast to this, the
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Figure 11. Comparison between the sampled frequency responses hseq[1,k] and hRF[1,k] of algorithms 2 and 3 and the
(continuous) frequency response heq[1] of oscillator (2) after one iteration. The frequency domain is sampled from 2π · 1000 1

s
to

2π · 3160 1
s
and separated into 13 subintervals. A harmonically disturbed input is sampled for different convergence number

mRF
conv,i, number of maxima nmax,i, and sampling time TRF,i for all i= 1,2,3,4. (a) Validation for the equivalence between

algorithms 2 and 3 with the parameters are given by convergence numbermRF
conv,1 = 4, number of maxima nmax,1 = 1, and

sampling time TRF,1 = Tseq. (b)–(d) Comparison between algorithms 2 and 3 with the convergence numbermRF
conv,2 = 3 and

mRF
conv,3 = mRF

conv,4 = 2 and the number of maxima nmax,2 = nmax,4 = 1 and nmax,3 = 2. With these parameters, the sampling time
of algorithm 3 is given by TRF,2 = TRF,3 = 100% ·Tseq (for (b) and (c)) and TRF,4 = 75% ·Tseq (for (d)).

filters, i.e. the high pass filter and the envelope detector, are asserted to be given by 1st order filters. Thus, the
setup is governed by

d

dt


x1
x2
x3
x4
x5

=

= f(x,u)︷ ︸︸ ︷
−x2

−c1x1 − c3x31 −µx2 +αx3 +
1
mFex

−βx3 + ζ (kx4 + v)2

− 1
T1
x4 +κ1x2

− 1
T2
x5 +κ2|x4|2

, t>0, x(0) =x0 (37)

with the input vector u(t) = [Fex(t),v(t)]T ∈ R2, the state vector x(t) = [x1(t),x2(t),x3(t),x4(t),x5(t)]T ∈ R5

and the initial conditions x0 ∈ R5. The state vector x is composed of the deflection x1(t) ∈ R, the velocity
x2(t) ∈ R, the ambient temperature x3(t) ∈ R, the voltage x4(t) ∈ R of the high pass filter, and the voltage
x5(t) ∈ R of the envelope detector, while the input vector consists of the thermal actuator v(t) ∈ R and the
external input Fex(t) ∈ R. Additional parameters are given by the spring constants c1 > 0, c3 > 0, damping
µ> 0, the transfer factors ζ = γ/R2 > 0, α,γ > 0, the time constants β,T1,T2 > 0, the massm> 0, the
resistance R> 0, the feedback strength k ∈ R, and the calibration factors κ1,κ2 > 0. It is showcased in [32]
that (37) has two Andronov–Hopf bifurcations in terms of the feedback strength and the frequency can be
tuned by exploiting the geometric nonlinearity. Hence, system (37) can be used to implement the in-sensor
Fourier transform. The effects of the geometric nonlinearity and the convergence rate are described by the
local dynamics of (37). This is given by the system matrix, which is determined by computing the Jacobian of
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Figure 12. Comparison between the sampled frequency responses hseq[1,k] and hRF[1,k] of algorithms 2 and 3 and the
(continuous) frequency response heq[1] of oscillator (2) after one iteration. The frequency domain is sampled from 2π · 1000 1

s
to

2π · 3160 1
s
and separated into 13 subintervals. A harmonic input with additive Gaussian noise is sampled for different

convergence numbermRF
conv,i, number of maxima nmax,i, and sampling time TRF,i for all i= 1,2,3,4. (a) Validation for the

equivalence between algorithms 2 and 3 with the parameters are given by convergence numbermRF
conv,1 = 4, number of maxima

nmax,1 = 1, and sampling time TRF,1 = Tseq. (b)–(d) Comparison between algorithms 2 and 3 with the convergence number
mRF

conv,2 = 3, andmRF
conv,3 = mRF

conv,4 = 2 and the number of maxima nmax,2 = nmax,3 = nmax,4 = 1. With these parameters, the
sampling time of algorithm 3 is decreased to TRF,2 = 87.5% ·Tseq (for (b)), TRF,3 = 75% ·Tseq (for (c)), and TRF,4 = 50% ·Tseq

(for (d)).

Figure 13. Bio-inspired system design to enable sampling in the frequency domain F . Frequency tunability is implemented by
inducing geometric nonlinearities in a thermally actuated MEMS sensor, so that the strain-stress relation becomes nonlinear. The
deflection of the MEMS sensor is deduced by measuring the strain with a piezoelectric strain gauge and its characteristic
frequency can be tuned by changing the pre-deflection with a DC-voltage. To enable frequency sampling in this device, the
deflection is high pass filtered and its envelope is determined. Based on the magnitude of this envelope, the next sampled
frequency is chosen and the desired DC-voltage is computed from this frequency to properly tune the MEMS sensor. To
implement the algorithm and the relationship between frequency and voltage, a FPGA can be used [26].
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f(x,u) and inserting the equilibrium values xeq ∈ R5 of (37). This yields

A=
∂f

∂x

(
xeq,ueq

)
=



0 1 0 0 0

−Ω2 −µ α 0 0

0 0 −β 2ζuDCk 0

0 κ1 0 − 1
T1

0

0 0 0 κ2 − 1
T2

 (38)

with the frequency Ω2 = c1 + 3c3x21,eq. Note that (37) will also be frequency-selective with k= 0. This will
simplify the analysis of the convergence time, since (38) can be divided into 4 independent block matrices.
Then the eigenvalues of (38) read

λ1 =−β, λ2 =− 1

T1
, λ3 =− 1

T2
, λ4,5 =− µ

2
± iΩ(uDC) . (39)

Inserting the relevant, numerical parameters given in table B3, yields

λ1 =− 256
1

s
, λ2 =− 1000

1

s
, λ3 =− 1000

1

s
, λ4,5 ≈− 125± iΩ(uDC)

1

s
, (40)

so that the convergence time is given by

Ts =



7.9ms, if mconv = 1(or p= 63,1%)

15.7ms, if mconv = 2(or p= 86,5%)

23.6ms, if mconv = 3(or p= 95,0%)

31.5ms, if mconv = 4(or p= 98,1%)

39.4ms, if mconv = 5(or p= 99,3%)

. (41)

Asserting that the proposed setup should have an accuracy of p= 86,5%, it is able to sample at least two
frequencies in 31.4ms. This is (approximately) in the time frame from 20ms to 30ms of automatic speech
recognition [30]. Hence, the number of MEMS sensors in a neuromorphic acoustic sensor can be at least
halved with this approach.

8. Conclusion

Motivated by the frequency decomposition inside the cochlea, an in-sensor Fourier transform is proposed for
a neuromorphic acoustic sensor based on an array of oscillators, which exhibit Andronov–Hopf bifurcations.
It is demonstrated by analyzing the uniqueness of the response of the Andronov–Hopf bifurcation that these
oscillators have a unique response to external stimuli, if their bifurcation parameter is in the neighborhood
of the critical point of their respective Andronov–Hopf bifurcation. With this, the Fourier coefficients of an
external stimuli can be uniquely reconstructed, so that an in-sensor Fourier transform can be implemented
by employing amplitude demodulation on the output of the oscillator. Finally, algorithms have been
proposed to improve the convergence time of the in-sensor Fourier transform. Herein, two approaches have
been investigated in detail: on the one hand, an array of oscillators with untunable frequency is analyzed with
respect to its convergence time. It is demonstrated that the convergence time can be deduced from the
eigenvalues of its linearization and that the bandwidth of the oscillators and their convergence time are
anti-proportional. On the other hand, two algorithms for a single, frequency tunable oscillator are proposed.
Here, sequential sampling, which has been defined as a benchmark for the in-sensor Fourier transform, and
sampling based on reinforcement learning are compared. It is showcased that the convergence time of the
sequential sampling can be tremendously reduced by designing a algorithm based on reinforcement learning.
Hence, the latter approach paves the way to decrease the number of oscillators in an neuromorphic acoustic
sensor. For further research, the in-sensor Fourier transform can be implemented using an FPGA following
section 7 and different algorithms based on models of pitch perception, see, e.g. [55–57], can be developed.
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Appendix A. Convergence to 1:1 frequency-lock

Subsequently, the assumption on 1:1 frequency-lock of the harmonically excited system (2) is shown, i.e. the
input is given by u= ρei(νt+ϕ). This is done by analyzing the equilibria of the phase and their stability. Thus,
(2) has to be transformed into the polar coordinates, which can be done by denoting the amplitude and
phase by

r=|z|, (A.1a)

φ = tan

(
Im(z)

Re(z)

)
. (A.1b)

In particular, the amplitude and phase satisfy r> 0 and φ ∈ (−π,π]. Taking the derivative with respect to
t of (A.1) and inserting (2), yields the polar coordinates

ṙ=µr− ηr3 + ρcos(νt+ϕ−φ) , (A.2)

φ̇=ω− ρ

r
sin(φ− νt−ϕ) . (A.3)

For 1:1 frequency lock, one equilibrium of the phase difference∆φ = φ− νt−ϕ has to be asymptotically
stable. Here, the phase difference is governed by

∆φ̇=∆φ− ρ

r
sin(∆φ) (A.4)

with∆ω = ω− ν, so that its equilibria is given by

sin
(
∆φeq

)
=

req
ρ

(ω− ν) . (A.5)

It has to be stressed that (A.5) has two distinct solution on (−π,π] and one equilibrium is asymptotically
stable, which is shown graphically in figure A1. This can be done since the amplitude satisfies r> 0. In
particular, the slope around the equilibrium∆φs is negative, while the slope around the equilibrium∆φu is
positive. Combining this with the fact that the phase is defined only on (−π,π], asymptotic stability of∆φs

and thus 1:1 frequency lock directly follow.
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Figure A1. Sketch of (A.4) as a function of∆φ. Note that the slope around the equilibrium∆φs is negative, while the slope
around the equilibrium∆φu is positive. Hence, it follows that∆φs has to be stable.

Appendix B. Numerical parameters

Subsequently, the numerical parameters in section 6 are given in tables B1 and B2. In addition the numerical
parameters of a MEMS sensor are given in table B3. It has to be stressed that these parameters are
characterizing an actual MEMS sensor.

Table B1. Numerical parameters of the sampler of the frequency domain.

Parameters Value

Damping µ −800 1
s

Cubic damping η 3867 1
s

Input constant β 800000 1
s

Minimal frequency ωmin 2π · 1000 1
s

Maximal frequency ωmin 2π · 3160 1
s

Spacing ω∆ 2π · 180 1
s

Number of explorations nRFex 12 1
s

Forgetting rate a 0.01
Sequential sampling time Tseq 5ms

Table B2. Numerical parameters for the four different scenarios.

Parameters Scenario 1 Scenario 2 Scenario 3 Scenario 4

Amplitude ρ1 5 · 10−3 1 · 10−4 1 · 10−4 1 · 10−3

ρ2 1 · 10−3 1 · 10−4 1 · 10−4 —

Frequency ω1 2π · 1540 1
s 2π · 1540 1

s 2π · 1720 1
s 2π · 1720 1

s
ω2 2π · 2620 1

s 2π · 2620 1
s 2π · 3700 1

s —

Phase φ1 0 0 0 0
φ2

π
2

π
2

π
2 —

Convergence number mRF
conv,1 4 4 4 4

mRF
conv,2 3 3 3 3

mRF
conv,3 2 2 2 2

mRF
conv,4 1.5 2 2 2

Number of maxima nmax,1 1 2 1 1
nmax,2 1 2 1 1
nmax,3 1 2 2 1
nmax,4 1 2 1 1

Standard deviation σ — – — 1 · 10−3 1
s
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Table B3. Parameters of a MEMS sensor.

Parameter Value

Damping µ 254.7 1
s

β 256.4 1
s

Time constant T1 10−3 1
s

T2 10−3 1
s
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