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Abstract

Phosphorylation reactions are fundamental in biological systems. Although rarer than phosphoryla-
tion of oxygen atoms, nitrogen phosphorylations play important biological roles, including histidine
autophosphorylation in signal transduction, and reversible phosphorylation of creatine to phospho-
creatine, a rapidly mobilisable energy reserve. Despite their relevance, the detailed understanding
of the molecular mechanisms of kinase-catalysed N-phosphorylation reactions remains incomplete.

Hybrid QM/MM methods enable the description of enzymatic processes at atomic resolution by
employing quantum mechanical (QM) methods for the active site while treating the surrounding
protein environment classically. However, biological processes often occur on micro- to millisecond
timescales, whereas QM simulations are typically restricted to the nanosecond regime. Enhanced-
sampling techniques are therefore employed to improve the exploration of the free-energy landscape.
While semi-empirical methods like density-functional tight-binding (DFTB) provide the necessary
computational efficiency, they do not always offer the accuracy needed.

To improve the accuracy of the QM description, a Δ-machine learning (ΔML) correction based on
high-dimensional neural network potentials (HDNNPs) is applied to DFTB, improving its accuracy
towards density functional theory (DFT) while retaining the computational efficiency of DFTB. The
ΔML model is trained and evaluated in vacuum for a diverse set of N-phosphorylation model reac-
tions. The resulting models substantially improve the accuracy of DFTB energies and forces. Ap-
plications to QM/MM metadynamics simulations reveal transferability challenges between vacuum
and condensed environments, particularly for electrostatic interactions and Mg2+ coordination.

Building on these observations, the approach was applied to enzymatic systems. For histidine
kinase, improved transferability was achieved by including the complete Mg2+ coordination sphere
in theΔML model and by mitigating overpolarisation at the QM/MM interface. Enhanced sampling
simulations provided both methodological and mechanistic insight into the autophosphorylation re-
action, particularly regarding the influence of Mg2+ coordination and artificial restraints.

In addition, QM/MM metadynamics simulations were performed for mitochondrial creatine kinase
to investigate conformational loop dynamics and the catalytic steps of proton and phosphoryl trans-
fer. The simulations emphasise the importance of selecting flexible collective variables and high-
light the influence of the electrostatic environment on the reaction pathway and product stability.
Although the calculated barriers remain higher than experimental estimates, the simulations provide
qualitative mechanistic insight into the catalytic cycle and identify important factors that influence
the reaction energetics.

Overall, this work demonstrates how multiscale simulations combining QM/MM methods, en-
hanced sampling, and ΔML corrections can provide mechanistic insight into kinase-catalysed N-
phosphorylation reactions. Furthermore, the presented framework establishes a foundation for future
ΔML applications to large and biologically relevant enzymatic systems.
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Zusammenfassung

Phosphorylierungsreaktionen sind zentrale Prozesse in biologischen Systemen. Obwohl seltener
als Phosphorylierungen an Sauerstoffatomen, spielen Phosphorylierungen an Stickstoffzentren eine
wichtige biologische Rolle. Beispiele hierfür sind die Autophosphorylierung von Histidin in Sig-
naltransduktionskaskaden sowie die reversible Phosphorylierung von Kreatin zu Phosphokreatin,
welches als kurzfristig verfügbare Energiereserve dient. Trotz ihrer biologischen Bedeutung sind
die molekularen Mechanismen kinasekatalysierter N-Phosphorylierungen bislang nicht vollständig
aufgeklärt.

Hybride QM/MM-Methoden erlauben die Beschreibung enzymatischer Reaktionen mit atomarer
Auflösung. Hierzu wird das aktive Zentrum quantenmechanisch (QM) behandelt, während das
umgebende Protein klassisch beschrieben wird. Viele biologische Prozesse finden jedoch auf Zeit-
skalen von Mikro- bis Millisekunden statt, während QM-Simulationen in der Regel auf Nanosekun-
den beschränkt sind. Daher werden Enhanced-Sampling-Methoden eingesetzt, um die Erkundung
der freien Energielandschaft zu verbessern. Semiempirische Methoden wie die Density-Functional-
Tight-Binding-Methode (DFTB) bieten zwar die erforderliche Recheneffizienz, liefern jedoch nicht
immer die notwendige Genauigkeit.

Zur Verbesserung der Genauigkeit wird eine Δ-Machine-Learning (ΔML) Korrektur auf Basis
hochdimensionaler neuronaler Netzwerkpotenziale (HDNNPs) auf DFTB angewendet. Dadurch
kann die Genauigkeit von DFTB in Richtung der Dichtefunktionaltheorie (DFT) erhöht werden,
ohne dass die hohe rechnerische Effizienz beeinträchtigt wird. Das ΔML-Modell wird zunächst im
Vakuum mit einem umfangreichen Datensatz von N-Phosphorylierungs-Modellreaktionen trainiert
und getestet. Die resultierenden Modelle verbessern die mittels DFTB berechneten Energien und
Kräfte signifikant. Anwendungen in QM/MM-Metadynamik-Simulationen zeigen jedoch Heraus-
forderungen bei der Übertragbarkeit zwischen Vakuum und kondensierten Umgebungen, insbeson-
dere im Zusammenhang mit elektrostatischen Wechselwirkungen und der Koordination von Mag-
nesium.

Aufbauend auf diesen Ergebnissen wurde der Ansatz auf enzymatische Systeme übertragen. Für
Histidinkinasen konnte die Übertragbarkeit verbessert werden, indem die vollständige Mg2+-Ko-
ordinationssphäre in das ΔML-Modell aufgenommen und die Überpolarisierung an der QM/MM-
Grenzfläche reduziert wurde. Enhanced-Sampling-Simulationen lieferten sowohl methodische als
auch mechanistische Einblicke in die Autophosphorylierungsreaktion, insbesondere hinsichtlich des
Einflusses der Mg2+-Koordination und kritischer Simulationsparameter.

Darüber hinaus wurden QM/MM-Metadynamik-Simulationen an einer mitochondrialen Kreatink-
inase durchgeführt, um sowohl Konformationsänderungen als auch die katalytischen Schritte des
Protonen- und Phosphoryltransfers zu untersuchen. Die Simulationen zeigen die Bedeutung flexi-
bel gewählter kollektiver Variablen und verdeutlichen den Einfluss der elektrostatischen Umgebung
auf Reaktionspfad und Produktstabilität. Obwohl die berechneten Barrieren über experimentellen
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Abschätzungen liegen, liefern die Simulationen qualitative mechanistische Einblicke in den katalyt-
ischen Zyklus und identifizieren wichtige Faktoren, die die Reaktionsenergetik beeinflussen.

Insgesamt zeigt diese Arbeit, dass Multiskalen-Simulationen, welche QM/MM-Methoden, En-
hanced Sampling und ΔML-Korrekturen kombinieren, wertvolle mechanistische Einblicke in ki-
nasekatalysierte N-Phosphorylierungsreaktionen ermöglichen. Gleichzeitig schafft der entwickelte
Ansatz eine Grundlage für zukünftige ΔML-Anwendungen auf große und biologisch relevante en-
zymatische Systeme.
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1. Introduction

Phosphorylation reactions are among the most fundamental chemical processes in biological sys-
tems and play a central role in cellular energy metabolism, signal transduction, and metabolic
regulation.1 In particular, kinases catalyse the transfer of phosphoryl groups from ATP to a wide
range of biomolecular substrates, thereby enabling the reversible regulation of protein activity and
metabolic pathways.2 While most phosphorylation reactions occur on oxygen atoms, phosphory-
lation at nitrogen centres also plays an important role in biological systems.3 Examples include
histidine phosphorylation catalysed by histidine kinases in bacterial two-component signalling sys-
tems, and the reversible phosphorylation of creatine by creatine kinases, forming phosphocreatine as
a rapidly mobilisable energy reserve (refer to Figure 1.1).4,5 Despite their biological importance, the
detailed molecular mechanisms underlying kinase-catalysed N-phosphorylation reactions remain
incompletely understood.6

Figure 1.1.: Structures of histidine kinase and creatine kinase with enlarged active site and reaction equation. Histidine
kinases (left, studied in chapter 10) are part of signalling systems in bacteria and archaea, and catalyse
the autophosphorylation of a histidine residue. Creatine kinases (right, studied in chapter 11) catalyse the
phosphorylation of creatine. The resulting phosphocreatine serves both as a rapid energy buffer and as a
transport form of high-energy phosphate.
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1 Introduction

Experimental approaches have provided extensive structural and kinetic information for many kinase
systems.7,8 High-resolution crystal structures reveal the organisation of active sites and the position-
ing of substrates, metal ions, and catalytic residues,9–12 while kinetic measurements provide inform-
ation on catalytic rates.13,14 However, experimental techniques typically cannot directly resolve the
atomic-scale details of the chemical reaction itself, such as the structure of the transition state or the
precise sequence of proton- and phosphoryl-transfer events. Molecular simulations therefore play
a crucial role in complementing experimental studies by providing atomistic insight into enzymatic
reaction mechanisms.

The computational investigation of enzymatic phosphoryl transfer reactions presents several meth-
odological challenges. The reaction involves the formation and breaking of bonds, which require a
quantum mechanical (QM) description, while the surrounding protein environment and solvent can
be represented on a classical level. Hybrid quantum-mechanical/molecular-mechanical (QM/MM)
methods provide a suitable framework for this multiscale description. However, the accessible sim-
ulation times in QM/MM simulations are typically limited to a nanosecond timescale. At the same
time, enzymatic catalysis often involves conformational rearrangements and rare events that occur
on timescales of microseconds to milliseconds. Enhanced-sampling techniques, such as metady-
namics, can address this challenge by accelerating the exploration of the free energy landscape, yet
the computational cost of accurate quantum mechanical calculations remains a major limiting factor.

Semi-empirical electronic structure methods provide an attractive compromise between accuracy
and computational efficiency for such simulations. In particular, the density-functional tight-binding
(DFTB) method enables quantum mechanical simulations at a substantially reduced computational
cost compared, e.g. to density functional theory (DFT). This efficiency makes it possible to per-
form extended QM/MM simulations in combination with enhanced-sampling methods for complex
biomolecular systems. Nevertheless, semi-empirical methods typically exhibit systematic errors for
certain classes of reactions, including phosphoryl transfer processes, which limits their predictive
accuracy. This motivates the application of machine learning (ML) to bridge this gap.

The aim of this thesis is to advance the mechanistic understanding of kinase-catalysed N-phosphory-
lation reactions using multiscale molecular simulations. For histidine kinases, QM/MM simulations
have already provided detailed insight into the autophosphorylation mechanism, revealing a penta-
coordinated transition state and barrier in accordance with experiments.15,16 Building on these stud-
ies, the present work introduces aΔML correction to improve the accuracy of DFTB-based QM/MM
simulations towards DFT-level accuracy while retaining their computational efficiency. To this end,
a high-dimensional neural network potential (HDNNP) is employed. In chapter 8, the generation of
the training data and the vacuum training procedure are described. In chapters 9 and 10, the vacuum-
trained models are applied to simulations in aqueous solution and in histidine kinase, respectively,
addressing challenges in transferability and demonstrating how structural and electrostatic aspects
influence the protein simulations.

For creatine kinase, previous computational studies have investigated the catalytic mechanism, but
relied on potential energies of only a limited number of structures and therefore did not explicitly
account for the influence of protein dynamics on the reaction mechanism.13 To address these limit-
ations, chapter 11 focuses on QM/MM simulations with DFTB3 as the QM method combined with
metadynamics as an enhanced-sampling technique. This enables the exploration of the free energy
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landscape of the catalytic cycle, providing insights into the influence of the electrostatic environment
and the mechanistic steps of the catalytic mechanism.

This thesis highlights the importance of multiscale simulations for achieving a deeper mechanistic
understanding of the fundamental chemical processes underlying kinase-catalysed N-phosphoryla-
tions.

5





Part II.

Theoretical Background

7





2. Computational Chemistry

Note on Prior Work Small parts of the Theoretical Background are based on the theory chapter of
my Master’s thesis17. The material has been substantially revised, expanded and adapted to fit the
broader scope and context of the present dissertation.

Understanding the mechanism of enzymatic catalysis at an atomic level is central to fully charac-
terising an enzyme’s function. Experimental techniques offer a variety of approaches, including
studying the structure of an enzyme with protein crystallography or nuclear magnetic resonance
(NMR), investigating the influence of individual amino acids with site-directed mutagenesis, and
conducting biochemical assays to measure the kinetics of catalysed reactions. However, these ex-
perimental studies are extremely complex and time-consuming, particularly for large enzymes.18,19

Computational simulations enable atomic-level insights that would be difficult or impossible to ob-
tain through experimentation alone. They allow the measurement of a wider range of observables
with comparable time effort and act as a bridge between theory and experiment, permitting theories
to be tested in silico first and confirmed with experimental results later. For example, an efficient
computational evaluation of a wide variety of mutations can reduce the number of promising can-
didates that need to be investigated experimentally.19

Depending on the research question, different computational methods are employed (refer to Fig-
ure 2.1) to obtain information such as geometric arrangements, energies, or molecular interactions.

Figure 2.1.: Overview of different computational methods, adapted from Reference [20]. The multiscale quantum mech-
anical/molecular mechanical (QM/MM) method bridges different levels of theory by treating the chemically
active region with more accurate methods and describing the surroundings with faster molecular mechanics.

9
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Overall, the increasing use of computational methods has greatly expanded our knowledge of chem-
ical and biological processes and led to numerous discoveries. In the field of materials and en-
gineering, simulations of lithium ion batteries did not only help explain existing phenomena by
revealing structural and electrochemical properties,21 but also assisted in the discovery of new ma-
terials that improve stability and extend battery life.22,23 In molecular biology, simulations provide
essential insights into the functions of biomolecules by revealing their dynamics. They also help
to refine experimentally determined structures, answer questions about the structure and energet-
ics of enzyme reactions, and reveal how biomolecular systems respond to ligand binding or amino
acid mutations.24,25 Based on computer-aided and structure-based drug design, structural and dy-
namical properties of ligand binding can be extracted, which are essential for the development of
novel pharmacological therapeutics.26 In neuroscience, simulations help to uncover mechanisms of
protein aggregation associated with neurodegenerative diseases27,28 and to develop drugs targeting
the nervous system.24,29–31 Similarly, in enzymology, simulations have become indispensable for
understanding reaction mechanisms, intermediate states, and conformational changes that underlie
catalysis.32,33

The following sections of this chapter present a more detailed overview of the computational meth-
ods used in this work. Molecular dynamics (MD) simulations enable investigating the dynamics
of large systems, such as enzymes in aqueous solution, by using Newtonian mechanics (refer to
chapter 3). To study a chemical reaction inside an enzyme, hybrid quantum mechanical/molecular
mechanical (QM/MM) methods (refer to chapter 4) are required since bond formation and breaking
cannot be described with classical force fields, and treating the whole system quantum mechanic-
ally would be too expensive. In this approach, the active site is treated using quantum mechanics
(QM) for an accurate description of a chemical reaction, while the remainder of the system can be
modelled with faster molecular mechanics. Precise QM methods (refer to chapter 5) allow for the
simulation and study of the formation and breaking of bonds, as well as their associated reaction
energetics. However, these methods are computationally expensive, limiting their application to sys-
tems of up to about 100 atoms. Two methods are of particular focus: the ab initio method density
functional theory (DFT, refer to Section 5.1.4), and the semi-empirical density-functional tight-
binding (DFTB) method (refer to Section 5.2.1), which is two to three orders of magnitude faster
while still keeping reasonable accuracy. To overcome the timescale limitations of conventional MD
simulations, where rare but important events are difficult to observe due to high computational cost,
enhanced sampling methods can be employed (refer to chapter 6) to accelerate the exploration of the
free energy surface. Finally, to combine the computational efficiency of DFTB with the accuracy of
DFT, machine learning (refer to chapter 7) can be used to predict the energy difference between the
two methods and correct DFTB energies to DFT-level accuracy on the fly.
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3. Molecular Dynamics Simulations

Molecular dynamics (MD) simulations enable the detailed study of the structure and dynamics of
multi-million-atom complexes.34 In order to keep the computational effort low, approximations and
simplifications are applied, which, however, are accompanied by a loss of accuracy. This opens up
the possibility to carry out simulations of large biomolecules in the microsecond range or longer. In
2008, for instance, Shaw et al. presented a specialised supercomputer, extending the limits of the
then-accessible nanosecond regime to the biologically relevant millisecond timescale.35

An essential approximation is the classical view of the atoms as charged spheres, in which their
quantum mechanical properties are neglected. Their dynamics are described by Newton’s second
law as a function of time, and the chemical bond is assumed to be a harmonic oscillator with force
constant k and the equilibrium distance r0. For a diatomic molecule, this can be represented as

F = ma = m
d2r
dt2 =−k(r− r0). (3.1)

To reduce the computational effort, not every single bond is subjected to an individual parametrisa-
tion of the variables k and r0. Instead, the bonds are classified by types described by combinations
of k and r0, which depend on the chemical environment of the atoms. Thus, the parameters can be
different for atoms of the same element, e.g. for aliphatic, carbonyl or aromatic carbon atoms.36,37

3.1. Force Field

Molecular dynamics (MD) simulations determine how a system evolves over time by integrating
Newton’s equations of motion according to the forces acting on each atom. These forces are ob-
tained from force field methods, also known as molecular mechanics (MM) methods, which describe
the potential energy of a system as a function of its atomic coordinates.

The term ‘force field’ may appear counter-intuitive, as it is defined in terms of potential energy
rather than forces. However, this concept has become standard for conceptual and mathematical
simplicity, since energy is a scalar quantity, whereas forces are vectors that can be calculated from
it. The forces acting on the atoms are therefore derived from this potential energy. In the simplest
one-dimensional case, the force F is related to the potential energy E by

F =−dE
dr

. (3.2)
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3 Molecular Dynamics Simulations

The classical force field potential consists of bonding and non-bonding interactions and its general
form can be expressed as

EFF = Ecov +Enb = Estr +Ebend +Etors︸ ︷︷ ︸
bonding

+EvdW +Eel +Ecross︸ ︷︷ ︸
non−bonding

. (3.3)

The bonding energies are composed of covalent contributions (Ecov), i.e. the energies required to
stretch a bond (Estr), to modify a bond angle (Ebend) or for rotations around a bond (Etors). The
non-bonding term includes van der Waals (EvdW) and electrostatic interactions (Eel). Cross terms
(Ecross) may also appear, representing couplings between covalent degrees of freedom.38

The potential curve of a diatomic molecule is often described by the Morse potential

EMorse(r) = De
(
1− exp

(
−α

(
r− r0)))2

. (3.4)

This potential depends on the internuclear distance r and captures both the attractive and repulsive
interactions between the nuclei. Here, De is the dissociation energy and α is dependent on the force
constant k by α =

√
k

2De
. A Taylor expansion of the Morse potential around the equilibrium distance

r0 up to the second order yields the harmonic potential

Eharmonic(r) =
1
2

k
(
r− r0)2

. (3.5)

This is often a good approximation for the energy to stretch a bond Estr, as illustrated in Figure 3.1,
since bonds rarely deviate far from their equilibrium distance during an MD simulation.36 However,
the harmonic potential diverges for large bond extensions and therefore cannot describe bond disso-
ciation. Furthermore, force fields are parametrised for fixed bond types, which are no longer valid if
a bond is broken. Consequently, bond breaking and formation, together with the associated changes
in the electronic structure, cannot be described within a force-field framework.

Figure 3.1.: Comparison of Morse and harmonic potentials, adapted from Reference [39]. The dissociation energy De
is indicated. While the harmonic potential approximates the Morse potential near the equilibrium bond
distance r0, it lacks the ability to describe bond dissociation at larger distances.
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3.1. Force Field

The harmonic potential described above represents the bond-stretching contribution Estr of the clas-
sical force field. Together with the remaining terms for angle bending, torsional rotation, and non-
bonded interactions, the total force field potential can be expressed as

EFF =
1
2

Nbonds

∑
i

ki(ri − r0
i )

2

︸ ︷︷ ︸
Estr

+
1
2

Nangles

∑
j

kϑ
j (ϑ j −ϑ

0
j )

2

︸ ︷︷ ︸
Ebend

+
1
2

Ndihedrals

∑
l

Nperiodicities

∑
n

Vln [1+ cos(nωl − γln)]︸ ︷︷ ︸
Etors

+
Natoms

∑
i

Natoms

∑
j>i

4εi j

((
σi j

ri j

)12

−
(

σi j

ri j

)6
)

︸ ︷︷ ︸
EvdW

+
1

4πε0

qiq j

ri j︸ ︷︷ ︸
Eel

 .
(3.6)

A schematic representation of these contributions is given in Figure 3.2.

Analogously to the bond-stretching term, the angular-bending term (Ebend, Equation (3.6), Fig-
ure 3.2B) is also described via the harmonic approximation. Here, ϑ j and ϑ 0

j represent the angle
and equilibrium angle, and kϑ

j indicates the force constant.

The torsional contribution (Etors, Equation (3.6), Figure 3.2C), associated with rotation about a bond,
is expressed as a sum of periodic cosine terms. Here, ωl denotes the dihedral angle of the l-th
dihedral, Vln the relative rotational barrier height (amplitude), γln the minimum of the rotation angle
as a phase factor, and n the periodicity, i.e. the number of minima encountered during a full 360◦

rotation. Adding a constant of one to the cosine term is common practice to set the potential’s
minimum to zero.

The best known form of van der Waals interactions (EvdW, Equation (3.6), Figure 3.2D) is the
Lennard–Jones potential, which is composed of an attractive (r−6) and a repulsive term (r−12) and
has two empirical parameters σ and ε . The first one represents the distance at which the energy is
zero, the second one represents the depth of the energy minimum.

Electrostatic interactions (Eel, Equation (3.6), Figure 3.2E) between differently charged atoms or
molecules are represented by Coulomb’s law. The distance is given by ri j and their charges by qi

and q j, ε0 is the electric field constant.37,38,40

Figure 3.2.: Schematic representation of force field contributions, adapted from Reference [41]. A) Bond stretching,
B) angle bending, C) dihedral rotation, D) van der Waals interaction, E) electrostatic interaction.
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3 Molecular Dynamics Simulations

The force field can be used to determine the potential energy of molecular structures and predict
their most stable and energetically favourable structures through energy minimisation (refer to Sec-
tion 3.2). Furthermore, it forms the basis for molecular dynamics simulations, in which the time
evolution of the system is obtained by integrating Newton’s equations of motion (refer to Sec-
tion 3.3).

3.2. Energy Minimisation

In order to simulate a protein, initial structures are typically obtained from the Protein Data Bank
(PDB)42,43. These structures are commonly determined by X-ray crystallography or cryogenic
electron microscopy (cryo-EM), where hydrogen atoms are often not resolved. The computational
addition of hydrogen atoms using tools such as the H++ server44–47 or PROPKA48,49 can introduce
steric clashes or unrealistic geometries. Therefore, to obtain a physically meaningful starting struc-
ture for an MD simulation, an energy minimisation (also called geometry optimisation) must be
performed first.38,50

To find the optimal geometry of a molecule, its potential energy must be minimised, as this corres-
ponds to the geometry where the net force on each atom is zero. In mathematical terms, a minimum
is defined as a point where the first derivative of the energy with respect to the atomic positions is
zero, while the second derivative is positive. Using the example of a diatomic molecule with the
energy

E(r) =
1
2

k (r− r0)
2 , (3.7)

the first derivative is given by

−F(r) = g(r) =
∂E(r)

∂ r
= k(r− r0), (3.8)

where g is the first derivative of the energy with respect to the coordinates, generally called the
gradient. The second derivative is obtained as the force constant

k =
∂ 2E(r)

∂ r2 . (3.9)

In the case of a diatomic molecule, r represents a single interatomic distance. For larger systems,
however, the potential energy depends on the three Cartesian coordinates x, y, and z of each of
the N atoms. The complete set of atomic positions can therefore be written as a 3N-dimensional
coordinate vector r = (x1,y1,z1,x2, ...,zN). Consequently, the gradient is no longer one-dimensional
but a 3N-dimensional vector

g = ∇E(r) =
(

∂E
∂x1

,
∂E
∂y1

,
∂E
∂ z1

,
∂E
∂x2

, ...,
∂E
∂ zN

)
. (3.10)

One common method to locate a minimum on the potential energy surface is the Steepest Descent
algorithm. As one of the simplest optimisation methods, it determines the minimum iteratively by
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3.3. Integration Method

taking steps in the direction opposite to the gradient, i.e. in the direction of the steepest energy de-
crease. Each step therefore lowers the energy within the local energy landscape, guiding the system
towards a local minimum.36

3.3. Integration Method

MD simulations describe the time-dependent motion of atoms. For this purpose, the temporal evol-
ution of positions and momenta must be taken into account, which is also referred to as trajectory. It
is calculated within the 6N-dimensional phase space, which results from each of the three position
and momentum coordinates of the N atoms. The respective acceleration

a(t) =
F(t)
m

=− 1
m

∇E(r(t)). (3.11)

results from Newton’s second law (refer to Equation (3.1)) or from the derivative of the energy with
respect to the spatial coordinate.

Due to the complexity of a system containing more than two atoms, an analytical solution of the
equations of motion is not possible, so a numerical integration over a finite number of small time
steps must be applied. There are various integration methods, such as the Verlet51, Velocity Verlet52,
or leap-frog53 integrators, which are all based on Taylor series expansions of the velocities

v
(

t +
1
2

∆t
)
= v

(
t − 1

2
∆t
)
+a(t)∆t (3.12)

and atomic positions

r(t +∆t) = r(t)+v
(

t +
1
2

∆t
)

∆t (3.13)

up to the second order. Although mathematically equivalent, the latter two are mainly used nowadays,
as they are numerically more accurate.52

An important parameter in any integration method is the time step ∆t. Since the Taylor series ex-
pansion is carried out up to the second order, the error scales with ∆t3. It should therefore be kept as
small as possible, which is achieved by using very small time steps. However, it must be noted that
this results in a significantly longer simulation time – with a time step half as large, the computa-
tional cost doubles. An orientation is therefore provided by chemical aspects: ∆t should be an order
of magnitude smaller than the fastest motion of the system, which is often given by the oscillation
period of the hydrogen atoms of about 10 fs. Therefore, 1 or 2 fs are usually chosen as time step in
MD simulations.36
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3 Molecular Dynamics Simulations

3.4. Ensemble

In a simulation with the properties described so far, the system is isolated and neither exchanges
energy nor matter with its surroundings. According to Newtonian mechanics, energy can be conver-
ted between kinetic and potential forms, but the total energy of the system remains constant. The
number of particles stays fixed, as none enter or leave the system. The volume has not yet been ex-
plicitly addressed, but in the simplest case, it is assumed to be constant. Consequently, such a system
corresponds to a microcanonical ensemble (NV E ensemble), where the number of particles N, the
volume V , and the energy E are constant, while temperature T and pressure P fluctuate according to
the system’s dynamics.

Under experimental conditions, however, the temperature and the pressure are constant. Therefore,
these two quantities must be adjustable in simulations to ensure the comparability of a simulation
with experimentally obtained data. Temperature is controlled via a thermostat and pressure via a
barostat.

3.5. Thermostat

A canonical ensemble (NV T ensemble) represents a closed system, where energy can be exchanged
with the environment in the form of heat, while the temperature T remains constant.

The relation between temperature and the total kinetic energy of the system is given by

⟨Ekin⟩=

〈
∑

i

1
2

miv2
i

〉
=

〈
∑

i

1
2

miv2
x,i +

1
2

miv2
y,i +

1
2

miv2
z,i

〉
=

3
2

NkT, (3.14)

which can be transformed into

T =
2
3
⟨Ekin⟩

Nk
, (3.15)

derived from the equipartition theorem and the fact that each atom has three degrees of freedom. A
change in temperature is therefore always related to a change in velocity.

A canonical ensemble can be generated with the help of a thermostat that couples the system to a
‘heat bath’, which acts as a reference during the simulation and has the desired temperature Tref.
The Berendsen thermostat54, for example, achieves temperature control by coupling the system to
an external ‘heat bath’ and adjusting the temperature according to

Tnew = T +∆T = T +
∆t
τ
(Tref −T ). (3.16)

The temperature change ∆T occurs between two time steps ∆t and results from scaling the velocit-
ies. With a typical length of 0.1 to 10 ps, the relaxation time τ is about 100 to 10,000 times larger
than the time step ∆t, which reduces the temperature change by this factor. This allows a slower and
more stable approach to the desired temperature.
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3.6. Barostat

As the Berendsen thermostat does not correctly reproduce the kinetic energy fluctuations expec-
ted for a canonical ensemble, it can lead to errors that prevent a correct canonical ensemble. For
example, different parts of the system may exhibit different local temperatures even if the over-
all temperature matches the desired reference temperature. The velocity rescaling thermostat from
Bussi et al.55 therefore introduces a stochastic correction term to ensure proper sampling of the
canonical temperature distribution, which is achieved by modifying the temperature according to

∆T =
∆t
τ
(Tref −T )+

∆W√
τ
·2
√

TrefT
NDoF︸ ︷︷ ︸

correction

, (3.17)

where NDoF is the number of degrees of freedom and ∆W represents a Wiener process (Brownian
motion). This stochastic term introduces random fluctuations into the kinetic energy, ensuring
proper temperature fluctuations and preventing artefacts such as the ‘flying ice cube’ problem56

observed with the Berendsen thermostat.

Another algorithm to obtain a canonical ensemble is the Nosé–Hoover thermostat57,58, which, un-
like the thermostats described so far, does not use an external ‘heat bath’ but one integrated in the
system. It is therefore also integrated in the equations of motion and thus an inseparable part of the
integration algorithm.36

3.6. Barostat

Since experiments are often carried out at constant atmospheric pressure, the pressure must also be
controllable during a simulation. For this purpose, the number of particles N, the pressure P, and
the temperature T are kept constant (isothermal–isobaric ensemble, NPT ensemble). Similar to the
thermostat, where the velocities and thus the kinetic energy are adjusted to keep the temperature
constant, a barostat scales the atomic coordinates r and box length L (and thus its volume V = L3)
to equalise the pressure.

Analogous to the Berendsen thermostat, there is also a Berendsen barostat54, in which the system is
coupled to an external ‘pressure bath’. The pressure is adjusted according to

Pnew = P+∆P = P+
∆t
τ
(Pref −P), (3.18)

where ∆t is the time step and τ the pressure relaxation time. The corresponding scaling factor is
given by

λ =
3

√
1−κ

∆t
τ
(P−Pref), (3.19)

where κ is the isothermal compressibility of the system. The atomic coordinates and box length are
then rescaled according to

ri,new = λri, Lnew = λL, (3.20)
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3 Molecular Dynamics Simulations

with i = 1,2, . . . ,N.36,59

The Parrinello–Rahman barostat60, similar to the Nosé–Hoover thermostat, introduces an additional
parameter to the Hamiltonian and also modifies the equations of motion accordingly.61
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4. QM/MM Simulations

When investigating electronic processes such as chemical reactions, a purely classical description
of molecules is insufficient, as this approach cannot describe the formation or breaking of covalent
bonds. Quantum mechanical (QM) methods (refer to chapter 5) address such processes, but the
computational effort required increases significantly with system size. This means they cannot be
applied to very large molecules, such as proteins.

The quantum mechanical/molecular mechanical (QM/MM) approach is therefore used to simulate
biomolecules, combining the strengths of both techniques in a hybrid approach. The significance
of the hybrid QM/MM method was recognised with the 2013 Nobel Prize in Chemistry, awarded
to Martin Karplus, Michael Levitt and Arieh Warshel for the development of multiscale models for
complex chemical systems.62–64

Figure 4.1.: Schematic representation of the QM/MM concept, adapted from Reference [65]. The QM region includes
the part of the molecule where the chemical reaction occurs, such as the active site of an enzyme. The
surrounding environment is part of the MM region.

As illustrated in Figure 4.1, the QM/MM approach involves the investigation of the reaction of
interest (i.e. the active site in the case of an enzyme) using QM methods, while the surrounding
components are treated at the MM level. Although the two regions are calculated separately, non-
covalent interactions between them must be taken into account when calculating the total energy
Etotal. In the additive coupling scheme, the total energy is obtained as

Etotal = EQM +EMM +EQM−MM. (4.1)

The energy of both the QM region EQM and the MM region EMM is calculated using the methods
described in chapter 5 and 3, respectively. However, there exist conceptually different schemes to
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4 QM/MM Simulations

describe the coupling term EQM−MM between the QM and MM region. They differ in whether the
interactions between the QM and MM regions are treated or neglected. To be distinguished are the
mechanical, electronic, and polarised embedding schemes.

In the mechanical embedding scheme, the QM region is treated as if in vacuum, meaning that the
MM point charges do not affect the QM Hamiltonian. As a result, the QM electron density does not
respond to the electrostatic field of the surrounding MM environment. Interactions between the QM
and MM regions are computed at the force field level. The QM-MM coupling term is then obtained
from Coulomb’s law and the Lennard–Jones potential as

EQM−MM =

QM
atoms

∑
i

MM
atoms

∑
m

(
qiqm

rim
+4εim

(
σ12

im

r12
im

− σ6
im

r6
im

))
, (4.2)

where qi and qm represent the partial atomic charges of the QM and MM atoms, respectively.

A drawback of this simplified procedure is that the two regions do not influence each other. For
instance, the electronic structure of an enzyme’s active site is unaffected by the electrostatic field of
the charged amino acids in its vicinity. Consequently, the absence of mutual polarisation between
the QM and MM regions can lead to noticeable discrepancies compared with experimental data.

A more accurate method is the electronic embedding, also known as electrostatic embedding, in
which the MM region remains non-polarised, but the QM region is polarisable and thus influenced
by the MM region. In the mechanical embedding, the QM point charges qi in Equation (4.2) are
classically fixed. In contrast, in the electronic embedding, the QM point charges qi, which are de-
termined by QM methods, also include the effect of the MM electronic potential. This leads to a
polarisation of the QM subsystem by the MM environment and thus a more realistic description of
electrostatic interactions. Although the computational effort increases only slightly compared to the
mechanical embedding scheme, the electronic embedding scheme produces more reliable results
with reasonable accuracy.38,65

The most accurate results are obtained with the polarised embedding scheme, in which the QM and
MM regions mutually polarise each other. Within the MM force field, each atom i is assigned a
polarisability α , which, together with the electric field EMM generated by the MM region, and the
average charge density of the QM region ⟨EQM⟩ results in an induced dipole moment

µ
ind
i = αi (Ei,MM + ⟨Ei,QM⟩) , (4.3)

that interacts with the surrounding point charges. The MM polarisation must be updated at every
step of the self-consistent field (SCF) optimisation of the QM wave function. At the same time, the
induced dipoles are determined self-consistently with the QM electron density, making the overall
QM/MM calculation much more computationally demanding. Consequently, since the accuracy
of the polarised embedding scheme comes at the expense of a very high computational cost, the
electronic embedding scheme is usually employed.65,66
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4 QM/MM Simulations

The methods described so far deal exclusively with non-covalent interactions between the two re-
gions. However, when a covalent bond crosses the QM-MM interface, each region contains one of
the bonded atoms and thus effectively only half of the bond. This is particularly problematic for
the QM region, which would be left with an unpaired electron. To avoid this, so-called link atoms
are introduced (refer to Figure 4.2). These atoms are part of the QM region but are invisible to the
MM calculation. When selecting a covalent bond to cross the QM-MM boundary, a bond that is
as non-polar as possible is preferred, for instance one between two sp3-hybridised carbon atoms.
Hydrogen atoms are commonly used as link atoms because their electronegativity is similar to that
of carbon atoms. The link atoms are positioned along the covalent QM-MM bond at a typical C–H
distance.25,65

Figure 4.2.: Link atoms in the QM/MM concept, adapted from Reference [65]. To avoid unpaired electrons when cutting
a covalent bond at the QM-MM interface, link atoms – often in the form of hydrogen atoms – are placed
along the covalent QM-MM bond at a typical C–H distance.
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5. Quantum Chemistry Methods

If a chemical reaction is to be investigated, conventional force-field MD simulations are not feasible,
as they are typically parametrised for equilibrium configurations and provide limited insight when
the system deviates significantly from these configurations.67 Therefore, they do not allow for the
breaking or formation of chemical bonds.

Quantum chemistry methods overcome these limitations by applying the laws of quantum mechan-
ics (QM) to chemical systems.68 QM methods are indispensable for describing chemical reactions
and other electronic processes, for example, during catalysis in the active site of an enzyme, includ-
ing electron transfer processes and excited-state isomerisation.67 However, QM methods remain
computationally demanding and are typically restricted to systems containing no more than a few
hundred atoms.25

QM methods can broadly be divided into two classes. Ab initio (Latin for ‘from the beginning’) or
first-principles methods (refer to Section 5.1) aim to solve the Schrödinger equation without relying
on empirical parameters. Examples include Hartree–Fock (HF) and density functional theory (DFT).
Semi-empirical methods (refer to Section 5.2), on the other hand, are derived from HF or DFT by
neglecting or approximating certain electronic integrals and introducing parameters obtained from
reference calculations or experiments. These approximations reduce the computational cost by two
to three orders of magnitude while maintaining reasonable accuracy, making semi-empirical meth-
ods suitable for a larger number of QM atoms and for longer simulation timescales.69

The following section introduces the fundamental QM principles underlying these methods.

5.1. Ab Initio Methods

In order to obtain QM information on stationary states, such as the total energy of a molecule, the
time-independent, non-relativistic Schrödinger equation

Ĥ(r)Ψ(r) = E(r)Ψ(r) with Ĥ(r) = T̂ (r)+V̂ (r) (5.1)
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5 Quantum Chemistry Methods

must be solved. The wave function Ψ(r) is an eigenfunction of the Hamiltonian Ĥ(r) with the
corresponding energy eigenvalue(s) E(r). For a system of N nuclei and n electrons, the molecular
Hamiltonian Ĥ consists of five contributions

Ĥ =−
N

∑
A

h̄2

2MA
∇

2
A︸ ︷︷ ︸

T̂N

−
n

∑
i

h̄2

2me
∇

2
i︸ ︷︷ ︸

T̂e

+
N

∑
A

N

∑
B>A

ZAZBe2

4πε0rAB︸ ︷︷ ︸
V̂NN

−
N

∑
A

n

∑
i

ZAe2

4πε0riA︸ ︷︷ ︸
V̂Ne

+
n

∑
i

n

∑
j>i

e2

4πε0ri j︸ ︷︷ ︸
V̂ee

,

(5.2)

where T̂N is the nuclear kinetic energy, T̂e the electronic kinetic energy, V̂NN the repulsive nucleus–
nucleus interactions, V̂Ne the attractive nucleus–electron interactions and V̂ee the repulsive electron–
electron interactions.

Using atomic units, where the reduced Planck constant h̄, the electron mass me, the elementary
charge e and the term 4πε0 are all defined to be equal to 1, Equation (5.2) simplifies to

Ĥ =−
N

∑
A

1
2MA

∇
2
A︸ ︷︷ ︸

T̂N

−
n

∑
i

1
2

∇
2
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T̂e

+
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∑
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∑
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ZAZB
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−
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i
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+
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∑
i

n

∑
j>i

1
ri j︸ ︷︷ ︸

V̂ee

.

(5.3)

Atomic units will be used throughout the remainder of this chapter.

5.1.1. Born–Oppenheimer Approximation

The Born–Oppenheimer approximation70 can be used to simplify Equation (5.2). It is based on
the fact that protons have a mass about 2000 times greater than electrons. Owing to this large mass
difference, nuclei move much more slowly, and the strong Coulomb attractions cause the electrons to
adjust almost instantaneously to any change in nuclear positions. As a result, nuclear and electronic
motion can be treated as decoupled, and the n electrons can be considered to move in the field of the
N fixed nuclei. The electronic structure is thus obtained for fixed nuclear positions by solving the
electronic Schrödinger equation

ĤelecΨelec = EelecΨelec (5.4)

with the electronic Hamiltonian
Ĥelec = T̂e +V̂Ne +V̂ee. (5.5)

With the electronic Hamiltonian defined, the central objective of QM methods is to find the best ap-
proximation for the wave function in order to approach the energy of a system as closely as possible.
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5.1. Ab Initio Methods

5.1.2. Variational Principle

While the electronic Schrödinger equation can still be solved analytically for one-electron systems,
such as H+

2 , this is no longer possible for many-electron systems. In this case, the variational
principle is used to obtain approximate wave functions: A trial wave function Ψtrial is chosen and
varied until the expectation value of the energy

⟨Etrial⟩=
〈
Ψtrial|Ĥ|Ψtrial

〉
⟨Ψtrial|Ψtrial⟩

≥ E0 (5.6)

reaches its minimum. As the energy expectation value ⟨Etrial⟩ is always above the lowest eigenvalue
E0, it provides an upper bound to the exact energy of the system.

Two widely used QM methods based on the Born–Oppenheimer approximation and the variational
principle are the Hartree–Fock method and density functional theory.71–73

5.1.3. Hartree–Fock Theory

For many-electron systems, the electronic interactions make it impossible to solve the Schrödinger
equation exactly, and approximations are therefore required. One such approximation, central to
the Hartree–Fock (HF) theory74–76, is to express the total wave function Ψ in terms of one-electron
wave functions φq, also called orbitals.77

Because electrons are fermions, the Pauli exclusion principle78 must be respected, stating that no
two electrons may possess the same set of quantum numbers at the same time. Therefore, each
spatial orbital φq(ri), characterised by a set of spatial quantum numbers q, is combined with one of
the two spin functions

φq(ri)α(i) and φq(ri)β (i), (5.7)

where spin-up α and spin-down β correspond to ms =+1
2 and ms =−1

2 , respectively. Multiplying
the spatial orbital with the corresponding spin function yields a one-electron wave function, or spin
orbital,

Φk(i) = φq(ri)sm(i) with k = 1, . . . ,n (5.8)

where the index m denotes the spin (±1
2 ), and k combines the quantum numbers q and m as

k = (q,m).79

The HF theory uses a determinant to represent the total wave function Ψ with its one-electron wave
functions Φ. This determinant, called the Slater determinant80, inherently satisfies the required
properties of a wave function. It reflects the indistinguishability of electrons, as interchanging two
electrons by switching their coordinates corresponds to exchanging two rows of the determinant,
which changes only its sign, fulfilling the antisymmetry requirement. Furthermore, the Pauli ex-
clusion principle is obeyed since placing two electrons in the same spin orbital would generate two
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identical columns, causing the determinant to vanish, meaning that such a configuration does not
represent a physically allowed state. The Slater determinant can be written as

Ψ =
1√
n!

∣∣∣∣∣∣∣∣∣∣∣

Φ1(1) Φ2(1) . . . Φn(1)

Φ1(2) Φ2(2) . . . Φn(2)
...

...
. . .

...

Φ1(n) Φ2(n) . . . Φn(n)

∣∣∣∣∣∣∣∣∣∣∣
, (5.9)

where n is the number of electrons and 1√
n!

serves as a normalisation factor. Each row represents a
different electron, while each column represents a different spin orbital.81

With the one-electron wave functions defined, the next step is to express the Hamiltonian in a one-
electron form as well. Under the Born–Oppenheimer approximation (refer to Section 5.1.1), the
electronic Hamiltonian (refer to Equation (5.5)) consists of the kinetic energy of the electrons T̂e,
the attractive nucleus–electron interactions V̂Ne, and the repulsive electron–electron interactions V̂ee.
The first two terms can easily be broken down into one-electron contributions, resulting in the one-
electron Hamiltonian for the i-th electron as

ĥi =−1
2

∇
2
i −

N

∑
A

ZA

riA
. (5.10)

Since the remaining electron–electron repulsion term V̂ee is formed as the sum of the repulsion
between all electron pairs, it cannot be divided into one-electron terms. Instead, the electronic
Hamiltonian is formed as

Ĥelec =
n

∑
i

ĥi +
n

∑
j>i

1
ri j

. (5.11)

The one-electron Hamiltonian ĥ forms the basis of the Fock operator

f̂i = ĥi + vHF
i , (5.12)

where vHF
i is the HF mean-field potential, i.e. the average potential experienced by the i-th electron

in the presence of the other electrons. Replacing the electron–electron repulsion with an average
term reduces the complexity of a many-electron system to a one-electron equation, which is the key
principle of the HF method.81,82

To clarify the role of the HF potential vHF
i further, Equation (5.12) can be expressed as

f̂i = ĥi +
n

∑
k

(
Ĵk − K̂k

)
, (5.13)

with the Coulomb operator Ĵk, which represents the classical repulsion potential between two elec-
trons in the k-th orbital, and the exchange-energy operator K̂k, which has no classical analogy and
results from the antisymmetry of the electronic wave function.
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By minimising the energy with the variational principle described in Equation (5.6), the HF equa-
tions

f̂ Φk = εkΦk (5.14)

can be derived. The HF equations have to be solved iteratively since Ĵ and K̂ depend on the chosen
spin orbitals Φk, i.e. the interaction experienced by each electron depends on the mean field of
all the other electrons. Therefore, the HF method follows a self-consistent field (SCF) procedure,
where first the spin orbitals Φk are guessed and iteratively improved until a convergence criterion is
reached.

By approximating the electronic wave function with a single Slater determinant, the HF method is
insufficient even for simple chemical reactions. This energy difference between the exact energy
Eexact and the HF energy EHF is called electron correlation83,84

Ecorr = Eexact −EHF. (5.15)

The neglect of the electron correlation arises because the HF theory treats the motion of opposite-
spin electrons as independent, while in reality, electrons move in a correlated manner. Consequently,
the resulting HF energies tend to be too high. This can be addressed using so-called post-HF meth-
ods such as the coupled cluster theory or the Møller–Plesset perturbation theory, which employ the
HF solution as a starting point.36,38,82,84–86

5.1.4. Density Functional Theory (DFT)

QM methods that use wave functions to describe a molecule as a function of 4N variables – three
spatial coordinates and one spin coordinate for each of the N electrons – quickly become compu-
tationally challenging for larger systems. The density functional theory (DFT) offers an alternative
approach. It is based on the theorems of Hohenberg and Kohn87 and relies on the electron density
ρ(r), which depends on only three spatial coordinates, independent of the system size.

The first Hohenberg–Kohn theorem states that the external potential Vext(r), caused by the nuclei,
can be determined by the ground-state electron density alone. The integral of the electron density∫

ρ(r)dr = N (5.16)

defines the number of electrons N. Since the Hamiltonian is dependent on the number of electrons N
and the external potential Vext(r), it follows from the Schrödinger equation (refer to Equation (5.1))
that the ground-state energy of the system

E = E[ρ(r)] (5.17)

and all other ground-state electronic properties are also functionals of the electron density ρ(r).
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The second theorem proves that the variational principle (refer to Equation (5.6))

E[ρ(r)]≥ E[ρ0(r)] (5.18)

is valid for any electron density. Consequently, the trial density provides an upper bound to the exact
ground-state energy E[ρ0(r)].36,84,88

The energies shown in the equations above are expressed as functionals, recognisable by the square
brackets. Unlike a function (e.g. f (x) = x2), which assigns a value to another value, a functional
(e.g. E[ρ0(r)]) takes a function (e.g. the electron density ρ(r)) as input and returns a single value
(e.g. the energy E).36,89

Within the Born–Oppenheimer approximation (refer to Section 5.1.1), the electronic energy of a
molecule

E[ρ(r)] = T [ρ(r)]+ENe[ρ(r)]+Eee[ρ(r)] (5.19)

is composed of the kinetic energy of the electrons T [ρ(r)], the nucleus–electron attraction ENe[ρ(r)]
and the electron–electron repulsion Eee[ρ(r)]. The latter can be divided into Coulomb and exchange-
correlation contributions, J[ρ(r)] and Exc[ρ(r)], respectively.

In the original DFT formulation by Hohenberg and Kohn, orbitals were not considered. How-
ever, since such a calculation usually lacks accuracy in the calculation of the kinetic energy, the
Kohn–Sham theory90 is typically applied, which (re-)introduces orbitals φi by modelling a fictitious
system of non-interacting electrons designed to reproduce the exact ground-state electron density
ρ(r).36,88,91,92

From this, the total DFT energy in the Kohn–Sham theory results as

EDFT[ρ(r)] = TS[ρ(r)]+ENe[ρ(r)]+ J[ρ(r)]+Exc[ρ(r)], (5.20)

with the Kohn–Sham kinetic energy

TS[ρ(r)] = ∑
i

ni

〈
φi
∣∣− 1

2
∇

2∣∣φi

〉
, (5.21)

calculated from a Slater determinant as a sum over the electrons i, and with the occupation number
ni of the i-th Kohn–Sham orbital, the classical nucleus–electron attraction

ENe[ρ(r)] =−
Nnuclei

∑
A

∫ ZAρ(r)∣∣rA − r
∣∣dr, (5.22)

given as a sum over all nuclei A, and the energy of the classical Coulomb interaction of the electrons

J[ρ(r)] =
1
2

∫ ∫
ρ(r)ρ(r′)∣∣r− r′

∣∣ drdr′, (5.23)

where r and r′ denote the coordinates of two independent electrons.
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The exchange-correlation energy Exc[ρ(r)] contains the difference between the exact kinetic energy
and TS, the non-classical part of the electron–electron repulsion energy Eee[ρ(r)] and the correction
for the self-interaction error inherent in J[ρ(r)].36,88

In Equation (5.20), the only unknown term is the exchange-correlation functional Exc[ρ(r)], which
is a relatively small fraction of the total energy.36,93 It can be represented as

Exc[ρ(r)] = Ex[ρ(r)]+Ec[ρ(r)], (5.24)

with an exchange functional Ex[ρ(r)] and a correlation functional Ec[ρ(r)]. To approximate the
exchange-correlation functional Exc[ρ(r)], hundreds of non-empirical and semi-empirical function-
als have been developed.93 The different approximation approaches of Exc[ρ(r)] can be ordered by
complexity and accuracy on ‘Jacob’s ladder’ (refer to Figure 5.1).

Figure 5.1.: Schematic representation of Jacob’s ladder of DFT, adapted from Reference [94]. Accuracy and computa-
tional cost increase from HF theory at the bottom to chemical accuracy (errors below 0.01 eV) at the top.

The local density approximation (LDA) assumes that the exchange-correlation energy Exc[ρ(r)]
can obtained solely from the local density ρ(r) at the position r.38 However, since in reality there
is no spatially homogeneous electron distribution, this method has clear limitations. Therefore,
the generalised gradient approximation (GGA) additionally includes the density gradient to better
capture the inhomogeneity of the charge distribution.36 The first GGA functional was introduced by
Perdew and Yang in 1986, introducing the second rung of Jacob’s ladder of DFT.95 Further examples
are PBE96, LYP97 and BLYP97,98. The third rung consists of meta-GGA functionals, which rely on
the kinetic energy density in order to detect electron delocalisation in molecules.

All of the exchange-correlation functionals on the first three rungs rely on local approximations,
which makes them intrinsically limited in their ability to address self-interaction errors, long-range
dynamic correlation (i.e. dispersion), and strong correlation. Hybrid GGA functionals on the fourth
rung overcome these limitations by replacing the local exchange contribution with the exact HF
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exchange functional, while retaining a local correlation functional that yields exactly zero correl-
ation energy for any one-electron system (e.g. LYP). Most global hybrid GGA density functionals
incorporate between 20% and 25% exact exchange. This range also includes B3LYP97–99, one of
the most frequently used functionals, which employs 20% exact exchange.93,100

The fifth and highest rung on Jacob’s ladder comprises the double hybrid functionals, which de-
scribe electron correlation with wave-function-based expressions. These functionals are the most
computationally demanding but also among the most accurate. Their usage of higher fractions of
exact exchange reduces the self-interaction error and improves the description of thermochemistry
and reaction barriers. One of the most promising high-accuracy functionals is the ωB97M-V101

functional.93 It is a combinatorially optimised (i.e. developed through data-driven parameter optim-
isation), range-separated hybrid (i.e. different treatments of short-ranged and long-ranged Coulomb
interactions), meta-GGA functional with a VV10 non-local correlation (i.e. explicitly accounting of
the dispersion interactions).101

In addition to the exchange-correlation functional Exc[ρ(r)], so-called basis sets must be chosen in
order to perform a DFT calculation. Basis sets consist of a set of functions (called basis functions),
which represent the electronic wave function and approximate molecular orbitals. A molecular
orbital can be expressed as a linear combination of atomic orbitals (LCAO) as

φ =
M

∑
i=1

ciχi, (5.25)

where χi denotes the atomic orbitals or basis functions and ci are the coefficients determined by the
minimisation of the total energy, which indicate how much each atomic orbital χi contributes to the
molecular orbital φ . The computational cost can be reduced by combining several functions into one
contracted function. Because such contractions are applied mainly to core orbitals, the calculation
is only slightly less accurate. For this, mostly Slater or Gaussian functions are used, although the
latter ones are preferred due to their higher computational efficiency.40

Commonly used basis set families are the Pople family with Gaussian type basis sets (e.g. STO-
3G102,103 or 6-31G*104–106) or the Karlsruhe def2 basis set family107, also known as the Ahlrichs
basis sets, with HF optimised polarisation functions (e.g. def2-SVP or def2-TZVP).108

Basis sets can be extended by adding diffuse functions to selected elements to create a minimally
augmented basis set (abbreviated as ‘ma’, e.g. ma-def2-SVP109 or ma-def2-TZVP109). Their use
is recommended for calculations involving barrier heights, electron affinities, or for systems that
are large or anionic. In the latter case, the inclusion of diffuse functions is often more important
for achieving reliable results than increasing the underlying def2 basis set from def2-SVP to def2-
TZVP.109

The fundamental role of DFT in the field of computational chemistry was acknowledged when
Walter Kohn and John A. Pople jointly received the 1998 Nobel Prize in Chemistry.110,111 Kohn’s
formulation of DFT provided the theoretical basis for describing electronic structures in terms of
electron density, while Pople’s development of efficient computational implementations, such as the
Gaussian programme, made complex QM calculations accessible to a wider scientific community.
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In their 2005 ‘Handbook of Materials Modeling: Methods’112, Roberto Car et al. highlight that the
good accuracy of DFT for ground-state properties, together with its reasonable scaling with system
size, has made it the method of choice for many applications. Typical DFT implementations scale
approximately as M3, whereas HF scales as M4 and post-HF methods such as MP2 or CCSD(T)
scale as M5 or M7, respectively (with M as the basis set size).38,40 Over two decades later, the use of
DFT calculations still continues to grow (refer to Figure 5.2).

Figure 5.2.: Number of DFT publications per year (1990–2025), adapted from Ref. [73]. Publication data for the final
publication year were obtained from Clarivate Web of Science Core Collection using the search terms ‘density
functional theory’ or ‘DFT’ (accessed 2026-01-29). Copyright Clarivate 2025. All rights reserved.113

5.2. Semi-Empirical Methods

Ab initio methods provide accurate results, but their high computational cost makes them unfeasible
for large systems. Their steep increase in computational effort largely originates from the number
of two-electron integrals. Reducing the number of these integrals is therefore essential to lowering
the overall complexity. This concept forms the basis of semi-empirical methods, which are derived
from HF or DFT but avoid the explicit evaluation of many integrals by introducing approximations
and empirical parameters.40,69

A common strategy is to treat only the valence electrons explicitly while incorporating the effect of
the core electrons implicitly, for example, by reducing the effective nuclear charge or introducing
additional functions that mimic the combined repulsion of nuclei and core electrons. Restricting
the treatment to valence electrons significantly reduces the number of electrons and required basis
functions. As a result, semi-empirical methods can use minimal basis sets and thus achieve a sub-
stantially lower computational cost, making them two to three orders of magnitude faster than the HF
and DFT methods from which they are derived. Despite this considerable speed-up, semi-empirical
methods remain about three orders of magnitude slower than classical MD simulations. This makes
them well-suited for bridging the gap between the ab initio and classical worlds.40,69 Even with
medium-sized basis sets, DFT calculations are generally limited to the sub-nanosecond timescales,
with an accuracy comparable to – or even lower than – that of semi-empirical methods.69
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An example of a semi-empirical method based on Kohn–Sham DFT is density-functional tight-
binding (DFTB)114–117, which can reach a level of accuracy comparable to DFT with GGA func-
tionals and medium-sized basis sets, and is suitable for the application of large molecules like
biomolecules118,119 use in biomolecular QM/MM simulations25,120. Nevertheless, DFTB is an ap-
proximation of DFT and must be benchmarked for the specific system of interest.69

5.2.1. Density-Functional Tight-Binding (DFTB)

The DFTB method is derived from a Taylor series expansion of the Kohn–Sham DFT total energy
around a reference density ρ0 with respect to charge density fluctuations δρ . The reference density
ρ0 is obtained from a superposition of neutral atomic charge densities previously determined with
DFT calculations. The Taylor expansion of the DFT total energy then results as

E(0−3)
Taylor [ρ

0 +δρ] =
1
2 ∑

AB

ZAZB

RAB
− 1

2

∫∫
ρ0(r)ρ0(r′)

|r− r′|
drdr′−

∫
Vxc[ρ

0]ρ0(r)dr+Exc[ρ
0]︸ ︷︷ ︸

E(0)[ρ0]

+∑
i

ni⟨φi|Ĥ[ρ0]|φi⟩︸ ︷︷ ︸
E(1)[ρ0,δρ]

+
1
2

∫∫ ( 1
|r− r′|

+
δ 2Exc[ρ]

δρ(r)δρ(r′)

∣∣∣∣
ρ0

)
δρ(r)δρ(r′)drdr′︸ ︷︷ ︸

E(2)[ρ0,(δρ)2]

+
1
6

∫∫∫
δ 3Exc[ρ]

δρ(r)δρ(r′)δρ(r′′)

∣∣∣∣
ρ0

δρ(r)δρ(r′)δρ(r′′)drdr′ dr′′︸ ︷︷ ︸
E(3)[ρ0,(δρ)3]

,

(5.26)

where, depending on which terms are included, different DFTB approaches result.119

5.2.1.1. DFTB1

If only the zero- and first-order terms are considered, the standard (non-self-consistent) DFTB
method (DFTB1114,115) is obtained. The zeroth-order term E(0)[ρ0] (refer to Equation (5.26)) in-
cludes the nuclear–nuclear repulsion between the atoms A and B, the Coulomb interaction of the
electrons at the positions r and r′, and the exchange-correlation potential and energy, Vxc and Exc,
respectively. All of these depend solely on the reference density ρ0 and can be summarised as a
repulsive energy term, which is approximated as a sum of pairwise potentials

E(0)[ρ0]≈ Erep =
1
2 ∑

AB
V rep

AB (5.27)

between the atoms A and B.119 It can be obtained either from DFT calculations115 or by extrapolating
from empirical data121.

The first-order term E(1)[ρ0,δρ] (refer to Equation (5.26)) is formed by an electronic Hamiltonian
dependent on the reference density ρ0 and the molecular orbitals φi which result from an LCAO
ansatz of Kohn–Sham orbitals. The diagonal elements can be approximated as H0

µµ = εµ to provide
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the energy εµ of a neutral atom in vacuum, while the off-diagonal elements are calculated in a two-
centre approximation. This results in the so-called band-structure energy or Hamiltonian energy

E(1)[ρ0,δρ]≈ EH0 = ∑
iAB

ni ∑
µ∈A

∑
ν∈B

ci
µci

νH0
µν = ∑

i
niεi, (5.28)

where ni is the occupation number of the i-th Kohn–Sham orbital, and µ and ν are the valence
atomic orbitals of the atoms A and B, respectively. The coefficients ci

µ and ci
ν together with the

Hamiltonian matrix elements H0
µν give the energy εi of the i-th orbital. The matrix elements are

predetermined for specific interatomic distances and listed in tabular format to be accessed during a
DFTB calculation, in order to reduce computational cost.117–119,122

Together, the DFTB1 total energy is given as

EDFTB1 =
1
2 ∑

AB
V rep

AB︸ ︷︷ ︸
Erep

+∑
iAB

ni ∑
µ∈A

∑
ν∈B

ci
µci

νH0
µν︸ ︷︷ ︸

EH0

. (5.29)

5.2.1.2. DFTB2

Including also the second-order term E(2)[ρ0,(δρ)2] (refer to Equation (5.26)) leads to the self-
consistent charge (SCC) DFTB method (DFTB2116). The second-order term comprises the charge
fluctuation energy, and by approximating it as an exponentially decaying charge density, it can be
expressed as

E(2)[ρ0,(δρ)2]≈ Eγ =
1
2 ∑

AB
∆qA∆qBγAB, (5.30)

where ∆qA = qA−q0
A is the net charge on atom A. The γ function incorporates the electron–electron

interaction so that at large atomic distances, long-range electrostatics are described as the Coulomb
interaction of the net charge ∆qA and ∆qB. For the on-site term, Equation (5.30) describes the
electron–electron interaction within one atom (A = B). In this case, it becomes

Eγ =
1
2 ∑

A
∆q2

AγAA, (5.31)

where the γAA function can be connected to the Hubbard parameter

UA = γAA, (5.32)

which equals twice the chemical hardness of an atom, and can be obtained from DFT calculation of
a neutral atom.116,117,119

Adding Eγ to Equation (5.29), the DFTB2 total energy results as

EDFTB2 =
1
2 ∑

AB
V rep

AB︸ ︷︷ ︸
Erep

+∑
iAB

ni ∑
µ∈A

∑
ν∈B

ci
µci

νH0
µν︸ ︷︷ ︸

EH0

+
1
2 ∑

AB
∆qA∆qBγAB︸ ︷︷ ︸

Eγ

. (5.33)
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5.2.1.3. DFTB3

For the third-order term E(3)[ρ0,(δρ)3] (refer to Equation (5.26)), the same approximations as for
the second-order term are applied. It describes the change of the chemical hardness of an atom
depending on its charge state and can be approximated as

E(3)[ρ0,(δρ)3]≈ EΓ =
1
3 ∑

AB
∆q2

A ∆qB ΓAB, (5.34)

with the function ΓAB =
∂γAB

∂q
as the derivative of the γ function introduced in Equation (5.30).119

Adding this new energy term to Equation (5.33) leads to the DFTB3117 formalism in which the total
energy is given as

EDFTB3 =
1
2 ∑

AB
V rep

AB︸ ︷︷ ︸
Erep

+∑
iAB

ni ∑
µ∈A

∑
ν∈B

ci
µci

νH0
µν︸ ︷︷ ︸

EH0

+
1
2 ∑

AB
∆qA∆qBγAB︸ ︷︷ ︸

Eγ

+
1
3 ∑

AB
∆q2

A ∆qB ΓAB︸ ︷︷ ︸
EΓ

. (5.35)

In DFTB2, a constant Hubbard parameter UA is used, and thus no distinction is made between the
chemical hardness of anions and cations, or of the neutral atom. This can lead to significant issues
in highly charged systems. Furthermore, the shape of the atoms is fixed, as it is defined by the initial
reference density. In DFTB3, these limitations are overcome by introducing EΓ, as the ΓAB function
in this energy contribution contains the derivative of the Hubbard parameter (chemical hardness).
This makes it possible to achieve the expected behaviour also for charged systems, e.g. correct
scaling of the energy with charge, making DFTB3 especially well-suited to describe biomolecular
systems.117,119

In summary, DFTB is based on a Taylor expansion of the Kohn–Sham DFT energy around a ref-
erence charge density. Treating only the valence electrons enables the use of a minimal basis set.
Together with predetermined values for the repulsive energy Erep and Hamiltonian energy EH0, this
results in a significant reduction in computational cost of about two to three orders of magnitude
compared to DFT, while still retaining reasonable accuracy. This makes the semi-empirical DFTB
method attractive for investigating biomolecules and applications in QM/MM systems, as it provides
access to long timescales and larger QM regions.

However, it should be noted that the approximations used reduce the accuracy for systems for which
the method has not been benchmarked. For example, the element pair-wise parameterisation limits
transferability to different systems or bonds, creating the necessity for specific reaction parameters
(SRP).16,117,119,120,122,123

Furthermore, even though the decrease in computational cost is impressive, other methods must be
relied on if a high free-energy barrier has to be overcome during a chemical reaction, such as the
enhanced sampling methods discussed in the next chapter.
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Ergodicity is the fundamental concept that makes MD simulations meaningful.124 While experi-
ments yield the ensemble average, MD simulations obtain the time average over a single trajectory.
The ergodic hypothesis states that the average over a large number of molecules (ensemble) is the
same as the average over all states of a single molecule over a long period of time. This can be
expressed as

⟨A⟩time = ⟨A⟩ensemble

with ⟨A⟩time =
1
t

∫ t

0
A(x, p, t ′)dt ′

and ⟨A⟩ensemble =
∫ ∫

ρ(x, p)A(x, p)dxdp,

(6.1)

where t is the time, x and p denote the position and momentum variables that together span the
6N-dimensional phase space of an N-particle system, and ρ(x, p) is the phase-space probability
density.36,125 However, ergodicity can only be achieved if the simulation is carried out over a suffi-
ciently long period of time to visit every point in phase space. As this is rarely the case, even for
simple systems, quasi-ergodicity is used in practice instead of the ergodic theorem. It states that,
while the system does not reach every point, it does come sufficiently close.125,126

Figure 6.1.: Schematic representation of a free energy surface with two local minima A and B. If a high free-energy
barrier ∆G‡ separates the two minima, the barrier is unlikely to be overcome within the timescale accessible
to conventional MD simulations. Consequently, sampling remains confined to configurations close to the
system’s initial state (represented by the purple circle). The purple arrows indicate the extent of phase-space
fluctuations around the initial state.

Therefore, to achieve quasi-ergodicity, the phase space must be sampled properly. This becomes
problematic when transitions between metastable states are separated by high free-energy barriers
∆G‡ as highlighted by the transition state theory (TST)

k =
kBT

h
exp
(
−∆G‡

RT

)
, (6.2)
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with the reaction rate k, the Boltzmann constant kB, the temperature T , the Planck constant h, and
the ideal gas constant R.125 Equation (6.2) can also be expressed as the probability

P(A → B) ∝ exp
(
−∆G‡

RT

)
, (6.3)

to go from one state A to another state B by crossing a barrier ∆G‡. Consequently, high free-energy
barriers ∆G‡ lead to low transition rates k and low crossing probabilities P(A → B). For typical
biomolecular barriers of several to tens of kilocalories per mol, simulation times required to observe
a single transition can extend into the microsecond range or beyond. In contrast, the typical length
of MD simulations is only up to 1 µs, with QM/MM simulations reducing the accessible timescale to
the nanosecond regime. As a result, simulations are confined to conformations that are energetically
close to the initial structure, whereas high-energy regions and regions separated by high free-energy
barriers are sampled very poorly or not at all, as illustrated in Figure 6.1.

This challenge becomes even more pronounced when not only barrier crossing events are of interest,
but the free energy of the process has to be computed (e.g. barrier height or free-energy difference
between two states). The Helmholtz free energy F is given as

F =−kBT lnQ, (6.4)

with the Boltzmann constant kB, the temperature T and the canonical partition function

Q = ∑exp
(
−E(x, p)

kBT

)
. (6.5)

When Equation (6.4) is expressed as

F = kBT ln
〈

exp
(

E(x, p)
kBT

)〉
− lnc, (6.6)

with a constant c, the sampling problem becomes apparent. Since the energy enters an exponential
term, high-energy regions contribute significantly to the free energy. If such regions are insuffi-
ciently sampled, the resulting free-energy estimates can be imprecise.127

While the Helmholtz free energy F is computed in canonical NV T ensembles, the Gibbs free energy
G is computed in isothermal–isobaric NPT ensembles and can be obtained from Equation (6.4) as

G = F +PV, (6.7)

with the pressure P and the volume V . In the condensed phase, for example, biomolecules in
aqueous solution, changes in the PV term are so small that they can be neglected, leading to G ≈ F .
Therefore, the term ‘free energy’ is often used without further specification.128

To overcome these problems, a number of enhanced sampling methods have been developed in
recent years, which can be classified as either collective variable-based or collective variable-free
methods. The collective variable (CV), or reaction coordinate, is defined by a selected number of
degrees of freedom that enable the reaction of interest to be described. The choice of CV depends on
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the system and reaction being investigated. For example, in the case of a proton transfer between two
molecules, it can be the distances between the atoms involved, while for visualising the conform-
ational change in the secondary structure of a peptide, the backbone dihedral angles ψ and φ can
be a good choice. Recently, machine learning-based methods have also emerged to identify suitable
CVs.129–135 The free energy surface along a CV is called the potential of mean force (PMF).40

Examples of CV-free and CV-based enhanced sampling methods are provided in Figure 6.2. CV-
free methods aim to enhance sampling without explicitly defining CVs. They often focus on em-
ploying multiple replicas, modifying the thermodynamic ensemble, or introducing biasing poten-
tials to decrease barriers on a potential energy surface (PES).136 A prominent example of replica-
based approaches is replica exchange molecular dynamics (REMD)137, where multiple replicas of
the same system are simulated in parallel at different temperatures. At predefined intervals, ex-
changes of configurations between neighbouring replicas are attempted according to a Metropolis
criterion (stochastic criterion). This allows low-temperature simulations to overcome energy barriers
by exchanging with high-temperature replicas.138 Another CV-free method, accelerated molecular
dynamics (aMD)139, on the other hand, raises the PES in low-energy regions by adding biasing
potentials, while high-energy regions are unaffected. Thereby, the energy barriers are effectively
decreased.140

Figure 6.2.: Schematic representation of different enhanced sampling methods, adapted from References [141–144]. En-
hanced sampling can be divided into CV-free (left) and CV-based approaches (right). In replica exchange
(REMD) simulations, several replicas are simulated at different temperatures and periodically attempt config-
uration exchanges. Accelerated molecular dynamics (aMD) lowers free-energy barriers by adding a biasing
potential below a chosen energy threshold E, scaled by an acceleration factor α . In umbrella sampling, a
CV is defined a priori and sampled in overlapping windows, from which the free energy surface (FES) can
be reconstructed. In metadynamics, the CV is likewise defined a priori, but a history-dependent biasing
potential enables the system to explore multiple reaction pathways.

In CV-based methods, enhanced sampling is achieved by adding a biasing potential along one or
more predefined CVs in order to facilitate barrier crossing.145 In umbrella sampling146–148, a series
of overlapping biasing potentials are added along a chosen CV, often in the form of harmonic po-
tentials due to their simplicity. These restraints confine the system to specific regions of CV space,
ensuring efficient sampling along the whole CV. The individually sampled windows can afterwards
be combined to reconstruct the full FES of the process.148 Another example, metadynamics149,
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uses an opposite approach and does not restrain the system to fixed values of a CV. Instead, history-
dependent bias potentials are deposited to discourage the system from revisiting regions of CV space
that have already been explored. Metadynamics will be discussed in more detail in Section 6.1.

In summary, enhanced sampling methods help to overcome one of the main limitations of simula-
tions: the timescale problem. This limitation arises from the need to choose a sufficiently small time
step to ensure numerical stability, which in turn restricts simulations to relatively short timescales.
Furthermore, CV-based methods can provide insight into the analysis and interpretation of the res-
ulting high-dimensional trajectory by offering a projection onto the low-dimensional CV-space.126

6.1. Metadynamics

One of the most popular CV-based approaches for investigating complex free energy surfaces is
metadynamics.145 It was first introduced by Laio and Parrinello in 2002149 and is based on a history-
dependent repulsive biasing potential, which is added to the potential energy in order to discourage
the system from revisiting already sampled regions of the CV space (refer to Figure 6.3). The biasing
potential VG(S, t) is constructed as a sum of Gaussian functions and can be written as

VG(S, t) = ∑
kτ<t

W (kτ)exp

(
−

NCV

∑
i=1

(Si −Si(kτ))2

2σ2
i

)
, (6.8)

where W and σi denote the height and width of the Gaussian potentials, respectively. These Gaussi-
ans are placed in a deposition stride τ along the i-th CV Si. NCV is the total number of biased CVs.
In practice, metadynamics simulations are usually biased along one to three CVs.150

Metadynamics simulations accelerate the sampling of rare events, such as the crossing of high free-
energy barriers, by filling the initial minimum with biasing potentials. This effectively lowers the
free-energy barrier and enables the system to reach other metastable states. In addition, metadynam-
ics simulations enable the discovery of new reaction pathways as the system leaves this initial, local
minimum across the saddle point with the lowest free energy. Once the simulation is complete, the
sum of all biasing potentials

VG(S, t → ∞) =−F(S)+ const (6.9)

gives the negative of the underlying free energy surface (FES) as a function of the chosen CVs.124

This highlights a key advantage of metadynamics: metastable states and reaction pathways can be
discovered without requiring prior knowledge of the FES.124

Choice of CVs and Parameters
The purpose of collective variables (CVs) is not only to accelerate transitions between metastable
states, but also to provide a low-dimensional representation of a high-dimensional process. In prac-
tice, three prerequisites are important for selecting the CV(s). (1) The chosen CV(s) must be able to
distinguish between the reactant, product and any relevant intermediate or transition states in order
to accurately represent the process of interest. (2) The CV(s) must capture all slow modes of the
system for the FES to converge within the simulation time. (3) The number of CVs should be lim-
ited, since a large number of CVs undermines the concept of a low-dimensional representation of
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the process of interest. Furthermore, high dimensionality increases the simulation time and creates
a more complex FES that is difficult to interpret.124

Figure 6.3.: Schematic representation of the metadynamics method, adapted from Reference [144]. History-dependent
biasing potentials in the form of Gaussian functions are deposited along one or more predefined CVs. As
the initial minimum is progressively filled, the effective free-energy barrier is reduced, enabling the system
to escape the initial minimum and explore other metastable states. In the end, the system can explore the
complete CV space freely. This enables not only barriers to be overcome, but also reaction pathways to be
explored and the free energy surface (FES) to be obtained. The FES results from the negative sum of the
Gaussian potentials.

For the deposition of Gaussian bias potentials along a CV, three parameters must be chosen: the
height W , the width σ , and the deposition stride τ . For each parameter, a balance must be found
between biasing the system too much, which would hide subtle changes in the FES (i.e. poor res-
olution and increased error), and biasing the system too little, which would lead to slow sampling
and long convergence times. To determine an appropriate Gaussian width σ , it is recommended to
perform an initial unbiased simulation and to choose a value of approximately one-half to one-third
of the standard deviation of fluctuations along the CV. The height W and deposition stride τ can be
combined into a single variable, the deposition rate ω =W/τ . In practice, the height W is typically
chosen as a fraction of the thermal energy kBT , and the deposition stride τ is adjusted to adapt the
deposition rate ω .151

6.1.1. Well-Tempered Metadynamics

A drawback of standard metadynamics is that deciding when to stop the simulation is often non-
trivial, as the FES does not converge in a single run. Instead, it oscillates around the exact free-
energy profile, resulting in an average error that is proportional to the square root of the deposition
rate. Furthermore, if a metadynamics simulation is continued for too long, the continuously growing
bias may force the system into unphysical conformations.152
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Figure 6.4.: Schematic representation of standard metadynamics versus well-tempered metadynamics. In standard meta-
dynamics (left), Gaussian potentials of constant height are deposited along the chosen CV(s). While this fills
the free-energy minima quickly, it can result in poor convergence and fluctuations when estimating the un-
derlying FES. In well-tempered metadynamics (right), the height of the deposited Gaussian biases is reduced
by a bias factor. This produces a smoother FES, avoids overfilling, and improves convergence.

Well-tempered metadynamics152 overcomes the aforementioned limitations by decreasing the bias
heights as the simulation progresses, rather than using constant-height Gaussian functions (refer to
Figure 6.4). The bias height W is reduced according to

W (kτ) =W0τ exp
(
−VG(S, t)

∆T

)
, (6.10)

with the initial Gaussian height W0 and the deposition stride τ . The parameter ∆T has the dimension
of temperature and represents the factor by which the Gaussian height is reduced. This way, the FES
converges to

VG(S, t → ∞) =− ∆T
T +∆T

F(S)+ const, (6.11)

which allows the exact value to be obtained as the bias converges more smoothly. For ∆T = 0,
the bias is zero, resulting in an unbiased MD simulation. In contrast, when ∆T → ∞, Gaussians of
constant height are deposited, thus yielding a standard metadynamics simulation. Between these
two limits, the sample rate of the different conformations can be regulated by adjusting ∆T .124

In practice, instead of specifying ∆T explicitly, a bias factor γ is commonly used, which is given as

γ =
T +∆T

T
. (6.12)

T is the system temperature, while T +∆T can be interpreted as the effective sampling temperature
of the CVs. The bias factor γ controls how fast the bias heights decrease and must be chosen care-
fully. If it is too small, the bias decreases too quickly, causing the system to be trapped in the initial
minimum. Conversely, an excessively large γ leads to slow bias decay, leading to problems similar
to standard metadynamics, such as slow convergence and sampling of unphysical structures.153

Multiple-Walker Metadynamics
One way to reduce wall-clock time is to parallelise several (well-tempered) metadynamics simula-
tions, so-called walkers, to reconstruct the same FES. In this approach, known as multiple-walker
metadynamics154, the different walkers sample the CV space independently, but share a common
biasing potential VG, which is given by the sum of the Gaussians of all walkers. The accuracy of the
metadynamics algorithm remains preserved.154
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In recent years, machine learning (ML) methods have emerged as powerful tools in many areas
of science. They enable the analysis of large datasets and the construction of predictive models
for complex systems. This development was recognised by Nobel Prizes in 2024, both in Physics
for fundamental contributions to machine learning using artificial neural networks,155 as well as in
Chemistry for advances in computational protein design and protein structure prediction.156 Several
ML approaches have been proposed in the context of atomistic simulations. In this work, the focus
is on Δ-learning and high-dimensional neural network potentials (HDNNPs), specifically second-
generation HDNNPs, which are therefore the focus in this chapter.

The accurate description of potential or free energy surfaces is essential for modelling chemical re-
actions, yet high-level QM methods often remain too computationally expensive for large systems
or extensive sampling, motivating the development of ML based approaches. A prominent example
is the ΔML approach introduced by Ramakrishnan et al.157, which aims to correct the errors of a
faster and more approximate method (baseline method) by learning the difference to a more accur-
ate reference method (target method), therefore combining the advantages of computational speed
and accuracy. This strategy is effective because approximate methods already capture most of the
underlying physics of the system. The remaining discrepancy, responsible for much of the compu-
tational cost of high-level quantum mechanical methods, can instead be learned using ML at a much
lower cost.157 This advantage has been explored by several groups to correct low-level methods,
often semi-empirical approaches, towards high-level reference methods,158–163 but also to correct
between two semi-empirical methods that differ in their underlying approximations.164

To model the ΔML correction for atomistic systems, HDNNPs have become a widely used ap-
proach. The first generation was restricted to smaller systems due to technical challenges such as
poor scaling with system size, a fixed number of atoms and descriptors that did not satisfy trans-
lational, rotational and permutational invariance.165 The second generation of HDNNPs, originally
introduced by Behler and Parrinello166, addresses these limitations by representing atomic inter-
actions through local chemical environments, employing suitable atomic descriptors, and enabling
efficient training-set generation through active learning.

Accordingly, the total energy of a system can be described as a sum of atomic energy contributions
E i

j, each determined by a neural network (NN) that depends on the local chemical environment of
the atom. The short-range energy is given by

Eshort =
Nelem

∑
i=1

Ni
atom

∑
j=1

E i
j, (7.1)

with the number of chemical element Nelem, and Natom as the number of atoms belonging to an
element i. The short-range energy included all interaction within a cut-off radius Rc, capturing
covalent interactions, as well as electrostatics and dispersion contributions.
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In this framework, the atomic environments are described by atom-centred symmetry functions
(ACSFs)166,167, a type of descriptor that provides a representation of the local structure that is in-
variant with respect to translation, rotation, and permutation of identical atoms. When combined
with the locality approximation, these descriptors enable the use of element-specific feed-forward
NNs that predict atomic energy contributions E i

j from the local chemical environment of each atom.
The Cartesian coordinates Ri

j are transformed into symmetry function values Gi
j, which describe the

local environment of the atom within the cut-off radius Rc. These symmetry function values serve as
input to the NNs, while atoms of the same element share identical network parameters to ensure that
chemically equivalent atoms are treated consistently. The sum of all atomic energy contributions
yields the short-range energy Eshort of the system (refer to Figure 7.1). In the case of Δ-learning,
the energy difference ∆E is obtained. After training the network parameters, second-generation
HDNNPs can be applied to systems with variable numbers of atoms, because the atomic NNs are
evaluated independently for each atom and their energy contributions are summed to yield the total
energy.

Figure 7.1.: Structure of a second-generation HDNNP as introduced by Behler and Parrinello166, adapted from Reference
[165]. The Cartesian coordinates Rµ

i of each atom of the µ chemical elements a, b, and c, are transformed
into symmetry function values Gµ

i , which describe the local atomic environment within a cut-off radius.
They serve as input to element-specific NNs that predict atomic energy contributions Eµ

i . The sum of all
atomic energies yields the short-range energy Eshort of the system.

A central challenge in designing descriptors for atomistic ML potentials is ensuring invariance of
the potential energy with respect to translation, rotation, and permutation of chemically equivalent
atoms. ACSFs address this by providing a descriptor of the local atomic environment that is invari-
ant by construction. Combined with the locality approximation, which restricts the description to
neighbouring atoms within a cut-off radius Rc, this reduces the dimensionality of the representa-
tion and enables the atomic energy decomposition in Equation (7.1). Various functional forms can
be used for the cut-off function fc(Ri j), such as cosine,166 hyperbolic tangent,167 or exponential
functions,168 and these can be further refined by introducing an inner cut-off Rci < Rc to focus the
descriptor on chemically meaningful interatomic distances.

Radial and angular ACSFs provide a descriptor of the local atomic environment within the cut-off
sphere of a central atom. The descriptors are constructed to decay smoothly at the cut-off radius,
distinguish different local structures, and maintain fixed number of descriptor values independent
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of the number of neighbouring atoms. In practice, a sum of Gaussian and cut-off functions is most
commonly employed, which can be expressed as

Grad
i,µ =

Natom

∑
j ̸=i

exp
(
−η(Ri j −Rs)

2) fc(Ri j), (7.2)

with j as the number of atoms within the cut-off radius Rc. The parameter of η controls the spatial
extent of the radial function, while the optional shift parameter Rs allows the Gaussian to be centred
at different distances from the central atom, thereby focusing on neighbours within a specific dis-
tance interval (refer to Figure 7.2). Summing the contributions of all neighbouring atoms yields a
single value that is independent of the number of atoms within Rc and can thus be interpreted as
a continuous coordination number. As the radial symmetry function depends only on Ri j, separate
sets of functions are defined for each element type, usually consisting of four to eight functions.

Figure 7.2.: Visualisation of radial symmetry functions Grad, adapted from Reference [165]. Left: different η parameters
illustrate the effect of the width parameter for a cut-off radius of Rc = 10Å with Rs = 0 Å. The values from
light to dark purple are η = 0.03,0.08,0.16,0.3,0.5 Å−2. Right: η = 1 Å−2 is used while varying the shift
parameter Rs with values Rs = 0.0,1.5,2.0,2.5,3.0,3.5,4.0 Å.

Radial functions alone cannot distinguish different coordination geometries, such as tetrahedral and
square-planar arrangements, if the neighbour distances are identical. Therefore, angular ACSFs are
employed, typically defined as

Gang
i,µ = 21−ζ

∑
j,k ̸=i

(1+λ cosθi jk)
ζ exp

(
−η(R2

i j +R2
ik +R2

jk)
)

fc(Ri j) fc(Rik) fc(R jk), (7.3)

with the angle θi jk between the atoms i, j, and k. The parameter ζ controls the discrimination of
different angular geometries, while λ = ±1 shifts the maximum of the cosine term to 0◦ or 180◦

(refer to Figure 7.3), and the prefactor 21−ζ serves as a normalisation factor. Different values of
η allow different radial regions to be captured. The cut-off functions fc(Ri j), fc(Rik), and fc(R jk)

ensure that only atom triplets within the cut-off radius are included.

An alternative to ACSFs are pair symmetry functions (PSFs), which describe the environment using
pairs of atoms.169,170 While they can achieve a similar accuracy to ACSFs, their computational
efficiency is lower because the number of atom pairs exceeds the number of atoms.165
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Figure 7.3.: Visualisation of angular symmetry functions Gang, adapted from Reference [165]. The angular prefactor
21−ζ (1+λ cosθi jk)

ζ used in the angular ACSFs Gang is shown in light to dark blue for λ = 1, and in light
to dark orange for λ = −1. The employed exponents are ζ = 1,2,4,8,16, with colours from light to dark
corresponding to increasing ζ .

Despite the success of ACSFs, several challenges remain. For one, the parameters defining the
spatial shape of the ACSFs must be chosen carefully. In practice, a typical set of starting paramet-
ers can often be chosen initially (e.g. as suggested in [165]) and can then be refined empirically,
through fitting procedures,171 or by using optimisation approaches such as genetic algorithms.172 In
addition, the number of symmetry functions scales unfavourably with the number of chemical ele-
ments, since all relevant element combinations must be represented explicitly. Atomic environments
can also become highly dimensional, as e.g. 90 atoms within a cut-off radius of 6 Å already yield
270-dimensional atomic environments. To keep the descriptor size manageable, the cut-off radius is
sometimes reduced, although this may reduce accuracy. One approach to address this issue is to use
weighted ACSFs, which incorporate element information directly and reduce the number of required
symmetry functions.172 Overall, ACSFs employ relatively few symmetry functions and therefore al-
low efficient HDNNP calculations, although achieving high accuracy often requires comparatively
large training sets.173

While the output of a second-generation HDNNP is energy, the atomic forces required for applica-
tions such as MD simulations can be obtained as the negative derivatives of the energy Eshort with
respect to the coordinate Rµα as

Fshort
µα =−∂Eshort

∂Rµα

=−
Nelem

∑
i=1

Ni
atom

∑
j=1

∂E i
j

∂Rµα

=−
Nelem

∑
i=1

Ni
atom

∑
j=1

Ni
sym

∑
k=1

∂E i
j

∂Gi
jk

∂Gi
jk

∂Rµα

. (7.4)

This gives the force Fshort
µα µ in direction α ∈ (x,y,z). The ACSFs are included through the chain

rule. While atomic energies depend only on neighbours within the cut-off radius Rc, the forces can
depend on atoms up to 2Rc, since neighbouring atoms themselves interact with atoms in their own
environments.165
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8. ∆ML Model for N-Phosphoryl Transfer
Reactions in Gas Phase

Author Contributions The work in this chapter was carried out in collaboration with Christian
Schmidt.174 Christian Schmidt set up the neural network, coded the descriptors, training and in-
ference workflows and end-to-end, versioned data pipeline. Lukas Petersen contributed to design
choices, implementation details, and practical troubleshooting. Training data were generated jointly
by Christian Schmidt and Lena Eichinger, covering metadynamics simulations, structure extraction,
and single-point QM calculations. The division is as follows: datasets 1–3 (Schmidt and Eichinger),
4–8 (Eichinger), HK (Eichinger, metadynamics simulation created during her Master’s thesis17). An
initial training of the network as well as the cross-validations were performed jointly by Lena Eich-
inger and Christian Schmidt. This chapter displays the results retrained by Lena Eichinger using an
improved training set. Lena Eichinger performed the DFTB-ΔML single-point calculations.

8.1. Introduction

Phosphates played a key role in the early evolution of life,1 and phosphate-containing molecules
are ubiquitous in all living cells today (refer to Figure 8.1).176 In RNA and DNA, phosphate groups
ensure the stable ligation of genetic information, while in phospholipids they constitute an essential
component of cellular membranes.1,177 Additionally, phosphorylation is one of the most common
and important types of post-translational protein modification (PTM). Reversible phosphorylation of
amino acids can modify protein surfaces, allowing them to be recognised by phosphospecific binding
domains in other proteins and thereby acting as an on–off switch for protein–protein interaction.2,176

It has been shown that approximately 30% of mammalian cell proteins are phosphorylated at any

Figure 8.1.: Schematic representation of roles of phosphorus in biochemistry, adapted from [175]. Phosphorus is part of
phospholipids, which are essential components of cellular membranes, and links nucleotides in the backbone
of RNA and DNA. It is part of ATP, the biochemical energy currency, and is one of the most abundant PTMs.
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given time, and that changes in the levels of protein phosphorylation coincide with diseases such as
cancer, diabetes and rheumatoid arthritis.178

Interestingly, phosphate esters are among the most inert compounds known, with half-lives for the
breaking of phosphorus–oxygen bonds in the order of millions of years.179 Nature turned this into
a major advantage by using them as key components of adenosine triphosphate (ATP, refer to Fig-
ure 8.2), the biochemical energy currency. ATP is highly stable in aqueous solution at physiological
pH, yet can be easily hydrolysed by the correct enzymes, creating an effective regulation.176,180,181

Through this, the energy-rich phosphoanhydride bonds in ATP can be used to drive energetically
unfavourable metabolic reactions,1,180 making phosphates central to cellular energy metabolism and
ATP the universal energy currency of all living organisms.

Figure 8.2.: Chemical structures of inorganic phosphate and organic adenosine triphosphate (ATP). In biological systems,
phosphorus predominantly occurs in the form of inorganic phosphate. ATP is the universal energy currency
of living systems and consists of a nitrogenous base (adenine), a sugar (ribose) and a triphosphate. Hydrolysis
of the terminal γ-phosphate yields adenosine diphosphate (ADP), releasing free energy that can drive energy-
intensive cellular processes.

In his 1987 review entitled ‘Why nature chose phosphates’180, Westheimer identifies several reasons
for the central role of phosphates in biochemistry. Besides the effective enzymatic regulation of
phosphorylation reactions, phosphate groups are divalent and therefore well suited to act as linkers,
for example in the backbone of DNA and RNA. Their negative charge furthermore helps to retain
them within biological membranes.

Over 25 years later, Kamerlin et al. add in their review on ‘Why nature really chose phosphate’182,
that electrostatic effects constitute the central factor in phosphate enzyme catalysis. To drastically
reduce the exceptionally high barrier of phosphate hydrolysis, enzymes rely on charge redistribution
upon passing from the reactant to the transition state. Electrostatic repulsion between negatively
charged phosphate groups serves as a source of biological energy. This ionic character is also crucial
for regulatory processes: by altering the magnitude and distribution of negative charge through
phosphate hydrolysis (e.g. ATP to ADP), cells can exert precise allosteric control over proteins and
drive complex signal transduction networks.182

The topic of phosphorylation has been relevant for decades, as exemplified by the 1992 Nobel Prize
in Physiology or Medicine, which was awarded to Edmond H. Fischer183 and Edwin G. Krebs184

for their research on reversible protein phosphorylation as a biological regulatory mechanism. Five
years later, one half of the Nobel Prize in Chemistry was awarded to Paul D. Boyer185 and John
E. Walker186 for their work on understanding the enzymatic mechanism underlying ATP synthesis.
In 2013, Kamerlin et al.182 pointed out that the variety of reaction pathways that makes phosphate
esters so versatile in catalysis also makes them exceptionally challenging to study. They call for the
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need of computational investigations to achieve a detailed molecular understanding of phosphate
biochemistry182, showing the significance of this topic to this day.

8.1.1. Kinases Catalyse Phosphorylation Reactions

Kinases and phosphatases are the enzymes that catalyse phosphorylation and dephosphorylation
reactions, respectively. Kinases transfer a phosphoryl group from a high-energy species (usually
ATP) to a specific substrate, while phosphatases remove phosphoryl groups through hydrolysis.
Dysregulation of cellular signalling kinases through hyperactivity, malfunction, or overexpression
is associated with numerous diseases, most notably cancer. This emphasises the importance of
gaining a detailed mechanistic understanding of phosphorylation and kinase function, in order to
develop more effective cancer therapies.2

During post-translational protein modifications (PTMs), usually the amino acids serine, threonine
and tyrosine are phosphorylated (O-phosphorylation, whereby the phosphoryl group is attached
to an oxygen atom to form acid-stable phosphomonoesters, refer to Figure 8.3). However, basic
nitrogen-containing amino acids such as histidine, arginine and lysine can also be phosphorylated.
This results in N-phosphorylation, where P–N bonds and acid-labile phosphoramidates are formed
(refer to Figure 8.3). While most phosphorylation research has been focused on O-phosphorylation,
it has become increasingly clear in the last years that N-phosphorylation PTMs play an important
role in signal transduction and other regulatory processes.3

Figure 8.3.: Chemical structures of phosphomonoesters and phosphoramidates with examples. Phosphomonoesters are
created through O-phosphorylation of amino acids such as serine, threonine and tyrosine. Phosphoramidates
are formed through N-phosphorylation of a nitrogen-containing amino acid (such as histidine, lysine or
arginine) or a phosphagen (such as creatine).

Prominent examples of kinases catalysing N-phosphorylation include histidine kinases (discussed
in more detail in chapter 10), which play an important role in cellular signal transduction, and phos-
phagen kinases, which are involved in rapid buffering and redistribution of energy. The most well-
known histidine kinases are part of two-component systems in bacteria, fungi and plants.4 These
histidine kinases are located in the membrane and can detect environmental stimuli upon which a
conformational change is induced. This, in turn, causes autophosphorylation, whereby a histidine
residue on the kinase itself is phosphorylated. In a next step, this phosphoryl group is transferred
to the second component, which can then regulate gene expression to adapt to the environmental
signal.187 Phosphagen kinases, on the other hand, catalyse the transfer of a phosphoryl group from
ATP to guanidino compounds, thereby transforming biochemical energy from ATP into high-energy
storage molecules known as phosphagens. This ensures temporal energy buffering and regulates
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inorganic phosphate levels as well as intracellular energy transport.5 One of the most widely stud-
ied phosphagen kinases is creatine kinase (discussed in more detail in chapter 11), which catalyses
the phosphorylation of creatine. Although it is also present in some invertebrate species, it is the
sole phosphagen kinase found in vertebrates. It plays a key role in regenerating ATP in tissues with
high and fluctuating energy demands, such as the brain and skeletal muscle.5,188 In contrast, argin-
ine kinase catalyses the phosphorylation of arginine, and is the most widely distributed phosphagen
kinase, occurring in all invertebrates and even several unicellular organisms, including bacteria.188

8.1.2. Quantum Chemical Description of Phosphorylation

A quantitative understanding of phosphorylation reactions at the molecular level requires quantum
chemical approaches to describe the changes in electronic structure that occur during the forma-
tion and breaking of bonds. Several computational studies have investigated the mechanisms of
phosphoryl transfer, using different quantum mechanical (QM) and hybrid quantum mechanical/-
molecular mechanical (QM/MM) approaches to characterise reaction pathways, transition states
and activation energetics. For example, QM/MM simulations at the density functional theory (DFT)
level have been used to investigate GTP hydrolysis in the Ras–GAP complex189, phosphoryl trans-
fer in cyclin-dependent kinases190, and phosphofructokinase from Escherichia coli191. Still, high-
accuracy methods such as DFT remain computationally expensive, motivating the use of more effi-
cient semi-empirical approaches such as density-functional tight-binding (DFTB). DFTB has been
reparameterised to describe phosphoryl transfer reactions more accurately,16,192 and DFTB/MM
simulations employing these parameters have successfully been applied to investigate the autophos-
phorylation reaction in a histidine kinase.15

Nevertheless, further refinements are required to achieve quantitative accuracy with DFTB. One ap-
proach isΔ-machine learning (ΔML), which aims to combine the accuracy of DFT with the compu-
tational efficiency of DFTB by systematically correcting DFTB errors while retaining computational
speed. This approach has already been shown to be effective, for example by Gómez-Flores et al.
in the accurate correction of DFTB3 free energies to a B3LYP level of theory for thiol–disulphide
exchange reactions.160

8.1.3. Motivation and Aim of the Project

Motivated by these recent advances, this work aims to train and assess a ΔML model for N-
phosphorylation reactions. The goal is to improve the accuracy of DFTB simulations towards a
DFT-level of accuracy on the fly, while retaining the computational efficiency of DFTB.

This approach relies on training a high-dimensional neural network potential (HDNNP), specifically
a second-generation HDNNP166, to predict energy differences (Δ-energies) between DFTB and
DFT reference calculations based on chemical structures. By constructing training datasets that
include multiple, chemically related systems, the transferability of the model can be assessed via
leave-one-system-out cross-validation. Ultimately, the trained network should be able to predict
Δ-energies, allowing it to correct DFTB energies even for systems not encountered during training.
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To generate the required training data, metadynamics simulations are carried out in aqueous solu-
tion to sample relevant reaction pathways. Structures along these pathways are subsequently ex-
tracted and subjected to single-point energy calculations in vacuum, using DFT (ωB97M-V/ma-
def2-TZVP) and DFTB3. The resulting Δ-energies serve as input for training the neural network,
enabling accurate and efficient corrections of DFTB energies.

The workflow of this project comprises three main steps: generation of the training data, training and
cross-validation of the ΔML model in vacuum, and the evaluation of its transferability to aqueous
and protein environments.

This chapter focuses on the generation of training data, as well as the training and cross-validation
of theΔML model in the gas phase, while chapters 9 and 10 address the transferability of the trained
model to aqueous and protein environments.

8.2. Methods

The chemical structures of the model systems were built using Avogadro 1.2.0193,194. The systems
were divided into a quantum mechanical (QM) region, where the chemical reaction takes place,
and a molecular mechanics (MM) region, which accounts for the surrounding environment. The
QM region was modelled using DFTB with the 3OB parameter set192,195,196. Two specific reac-
tion parameterisations (SRPs) were employed to describe the N-phosphorylation more accurately:
OPhyd192, to be able to describe pentavalent phosphorus atoms, and PNmod16, to accurately rep-
resent biochemical phosphorylation and hydrolysis reactions involving P–N bonds. The QM region
contained the model system consisting of a nitrogen and a phosphorus species and in some cases
a magnesium cation (refer to Section 8.2.2). The MM region consisted of TIP3P water197 and was
described using the AMBER99SB-ILDN force field198,199.

Energy minimisation, equilibration and production runs of the system were carried out using our
local implementation of QM/MM in GROMACS 2020.2200–204 and DFTB+205,206, which is avail-
able from a public repository207,208. The energy minimisation was performed with the steepest
descent algorithm. The subsequent equilibration was performed for 100 ps with a time step of
0.5 fs using the velocity rescaling thermostat55 and Leap Frog integrator53. Electrostatic interactions
between the QM and MM regions were treated using the electronic embedding scheme. Periodic
boundary conditions were applied within a simulation box of 3 nm and the electrostatic interactions
were treated using the particle mesh Ewald method209. As a next step, an unbiased QM/MM sim-
ulation was performed for 100 ps with a time step of 0.5 fs to obtain the standard deviation of the
two collective variables (CVs) in order to choose a suitable width for the bias potentials of the sub-
sequent metadynamics simulation. For a more detailed discussion on the selection of the Gaussian
width, refer to Section 8.2.1.

To enhance the sampling of the reaction pathway, two-dimensional well-tempered metadynamics
simulations were performed, using the open-source, community-developed PLUMED library210,
version 2.5.1211. The distance between the atoms of the P–O and P–N bonds formed and broken
in the reaction were used as CVs (refer to Figure 8.4). Bias potentials were introduced in the form
of Gaussian functions with a height of 1.2 kJmol−1, a width of 0.004 nm, a deposition interval of
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0.5 ps and a bias factor of 50, ensuring controlled exploration of the free energy surface. The time
step was increased to 1 fs and each of the 16 walkers ran for 5–7.5 ns.

Figure 8.4.: Schematic representation of the collective variables (CVs) used for the well-tempered metadynamics sim-
ulations. The distances between the atoms of the P–O and P–N bonds are formed and broken during the
phosphorylation reaction.

After the metadynamics simulations were completed, geometries were randomly extracted in a
uniform distribution along the reaction pathways for subsequent quantum chemical single-point
calculations. These single-point calculations were performed in vacuum using DFTB3/3OB with
SRPs OPhyd and PNmod, as well as DFT with the ωB97M-V functional101 and the ma-def2-
TZVP basis set107,109. For better convergence in vacuum, Fermi temperatures of 300 K were
chosen for the DFTB calculations, such that the resulting energies correspond to Mermin free
energies rather than zero-temperature total energies. All DFT calculations were performed with
ORCA212, version 5.0.5213, while DFTB calculations were carried out using DFTB+205,206 in our
local implementation208. For both DFT and DFTB energies, the atomisation energies

Eatomisation = Etotal −∑
i

Eatomic
i , (8.1)

were obtained by subtracting atomic energies (refer to Table A.1) from the total single-point en-
ergies. Atomic energies were initially obtained from B3LYP/aug-cc-pVTZ calculations and were
updated in this work to ωB97M-V/ma-def2-TZVP in order to generate a more consistent dataset.
Atomisation energies allow for a better comparison between different systems. The resulting Δ-
energies, computed from the DFT and DFTB atomisation energies as

∆E = EDFT −EDFTB, (8.2)

were used as training data for a second-generation HDNNP.

In addition to energies, forces were also calculated during the single-point calculations. Although
the HDNNP was trained exclusively onΔ-energies, the quality of the correction can be assessed by
analysing the corresponding forces, as they enter the equations of motion and ultimately determine
the system’s dynamics.

Neural Network Specifications
A second-generation HDNNP, as introduced by Behler and Parrinello166, was employed within aΔ-
learning framework to correct DFTB energies towards DFT reference values. Atomic environments
were represented using Behler–Parrinello symmetry functions, incorporating both radial and angular
contributions. The radial symmetry functions used a cut-off radius of 10 Å with 7 Rs values (Rs ∈
{0.0,1.5,2.0,2.5,3.0,3.5,4.0} Å) and 5 η values (η ∈ {0.03,0.08,0.16,0.3,0.5} Å−2), yielding 35
radial features per atom. The angular symmetry functions used a cut-off radius of 6 Å with λ ∈
{−1,1}, ζ ∈ {1,2,4,8,16}, and the same 5 η values, resulting in 50 angular features per atom.
The dataset was randomly split into training, validation, and test sets in an 80:10:10 ratio. The
validation set was used to monitor convergence and apply early stopping. Each network consists of
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two hidden layers with 35 neurons each, with tanh activation functions. The output layer employed
a linear activation function. The neural network was implemented in Python using the TensorFlow
(version 2.15)214–216 and Keras217 libraries and compiled using a mean-squared-error loss function.
Training was carried out for up to 500 epochs using the Adam optimiser with a learning rate of
5 ·10−5 and a batch size of 8, with early stopping applied if the validation loss did not improve for
100 consecutive epochs.

8.2.1. Pilot Simulation

To generate representative input structures for quantum chemical single-point calculations, geomet-
ries were extracted from the free energy surface (FES) generated by metadynamics simulations.
The extraction was performed based on the positions of the deposited Gaussian hills, which were
randomly selected to ensure a uniform sampling of the FES. The initial analysis of all Gaussians
deposited during the first metadynamics simulations revealed a non-uniform scatter distribution.
High-density regions were observed near the edges on all four sides, forming diffuse, band-like pat-
terns that extend towards the centre as alternating regions of higher and lower point density (refer to
Figure 8.5, bottom right). While these density accumulations are more pronounced near the bound-
aries, the interior patterns are less distinct. Notably, regions of lower density occur at the positions
corresponding to the reactant and product states, implying that these configurations are underrepres-
ented in the training data. This observation motivated a parameter study of the deposited Gaussians
with the aim of lessening the band-like pattern and improving the uniformity of the sampling.

Figure 8.5.: Influence of the Gaussian width σ on the FES (top) and the Gaussian deposition distribution (bottom).
Reducing the Gaussian width (right to left) suppresses the band-like pattern observed at bigger Gaussian
widths. Energy values are displayed up to 50 kcalmol−1, with areas exceeding this threshold and areas not
explored during the simulation indicated in white. For σ = 0.04 Å, the surrounding area of the FES appears
in yellow, as the FES could not be filled up to 50 kcalmol−1 within the same simulation time due to the
smaller Gaussian width.
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The parameters investigated were the Gaussian height and width. Varying the height affected the
overall point density in the scatter plots. However, neither decreasing nor increasing the height
eliminated the band-like pattern. Reducing the Gaussian width, on the other hand, progressively
suppresses the pattern (refer to Figure 8.5, bottom). At the smallest width tested (0.04 Å, bottom
left of Figure 8.5), no artefacts are visible, and the scatter distribution reproduces the shape of the
FES. Furthermore, high point density in the scatter plot coincides with low free energy in the FES,
and low density to high free energy regions, as expected for standard metadynamics simulations
with constant Gaussian heights.

Regarding the origin of the pattern, it should be noted that the characteristic spacing between the
bands aligns with the Gaussian width. Large-distance artefacts can be attributed to the artificial wall
that keeps the two molecules in close proximity, while short-distance artefacts are the result of to
the natural P–N/P–O repulsion. As a side note on units, PLUMED-standard units (nm, kJmol−1)
are used in the Methods section (refer to Section 8.2) for reproducibility, whereas Å and kcalmol−1

are used here for easier interpretation of the FES.

Figure 8.6.: Projection of the two-dimensional FESs onto the two CVs, simulated at different Gaussian widths σ . For
the four smallest widths, the projections are qualitatively similar, with comparable positions and relative
energies of the minima and maxima (corresponding to the transition states in the 2D FESs). In contrast,
for the largest width tested (σ = 0.20 Å), the left minimum is shifted towards smaller distances in both
projections. In addition, the energy of the maxima andΔG (energy difference between the two minima) are
increased, especially in the projection along the P–N distance. The most pronounced deviation is observed
for the right minimum: the energy is increased on the left side of the minimum, and for the P–N projection,
the minimum is noticeably steeper (∼5 kcalmol−1) compared to the other curves.

Analysing Figure 8.5 (top), it is evident that the FES is largely insensitive to the choice of Gaussian
width. This is also observed in simulations with hill widths of 0.08 and 0.16 Å (refer to Figure A.1).
Across all simulations, the free energy difference between reactant and product, ΔG, is approxim-
ately 28 kcalmol−1, while the barrier height is consistently observed to be around 38 kcalmol−1.
The only exception is the largest width tested here (0.20 Å), where the pronounced band pattern
in the scatter plot is also visible in the FES. Furthermore, an artificial stabilisation of the reactant
minimum is observed, which is caused by an accumulation of Gaussians near the upper wall placed
at large P–N and P–O distances. As a result, ΔG and the barrier height are increased by approx-
imately 2 kcalmol−1. This is also reflected in the projections of the FES onto the two CVs shown
in Figure 8.6. The four smallest widths tested show a qualitatively similar behaviour, whereas for
the largest width, the right minimum in the P–N projection (corresponding to the reactant state) is
artificially steepened.
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As demonstrated in the literature, this phenomenon arises in metadynamics simulations when Gaus-
sians of finite width are employed, resulting in systematic errors at the boundaries of the CV
space.218,219 These errors have been attributed to the inability of a sum of Gaussians to accurately
reproduce discontinuities in the underlying free-energy profile. Although these boundary errors
are initially small, they have been shown to increase progressively throughout the simulation. The
increase of the artefact over time was also observed during this work and is visualised in Figure 8.7.

Figure 8.7.: Development of the 1D projection of the FES with σ = 0.20 Å in the first 8 ns. The artificial steepening of
the right minimum (corresponding to the reactant state) increases over time.

In summary, the FES is largely unaffected by the Gaussian width, with artefacts only emerging at
comparatively large widths, substantially after appearing in the corresponding Gaussian deposition
scatter plots. Consequently, the Gaussian width is not a critical parameter for the qualitative descrip-
tion of the FES in general simulations. However, for the generation of training data, a small enough
Gaussian width is essential to ensure uniform representation of all structures. Therefore, the smallest
Gaussian width tested (0.04 Å) was chosen for data generation simulations. This choice is consistent
with literature recommendations, which suggest performing an initial unbiased simulation first and
subsequently choosing a Gaussian width of approximately one-half to one-third of the standard de-
viation of the CV fluctuations.151 In the present case, the standard deviation obtained from unbiased
simulations was 0.13 Å, corresponding to a recommended Gaussian width of 0.04–0.07 Å.

8.2.2. Investigated Systems

To generate the training set, several different model systems were selected, which vary both in the
nitrogen nucleophile and in the leaving group of the phosphorus species (refer to Figure 8.8). Sys-
tems 1–4 were previously used in our group by Mayukh Kansari for the reparametrisation of the
P–N repulsive potential for the SRP PNmod (system 4)16 and its benchmarking (systems 1–3)220. In
systems 1–4, (methyl) imidazoles react with varying phosphate esters, each carrying a different leav-
ing group to modulate electron-donating abilities. While these systems represent simplified model
reactions, systems 5–8 are based on biologically relevant molecules. All of these systems contain
methyl triphosphate coordinated by a magnesium cation to mimic the triphosphate moiety of ATP,
while studying different nitrogen species acting as the phosphoryl acceptor. System 5 models the
active site of a histidine kinase, in which a histidine residue is autophosphorylated by phosphoryl
transfer from ATP. The arginine side chain in system 6 and creatine in system 8 model the active
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sites of arginine and creatine kinases, respectively. While arginine serves as a phosphagen in in-
vertebrates, the structurally related creatine fulfils the same role in vertebrates. System 7 features
the side chain of δ-N-methyl-arginine, which, unlike arginine and creatine, is not a substrate for
any known kinase but was included in the dataset to bridge the chemical space between these two
systems. Similar to arginine, it lacks the carboxylate group present in creatine, while the additional
methyl group at the guanidino moiety resembles the local chemical environment in creatine.

Figure 8.8.: Reaction equations of the simulated phosphorylation reactions with nitrogen as nucleophile, grouped by
system charge. In systems 1–4, a (methyl) imidazole represents the nitrogen species while the phosphorus
species (phosphate ester) varies in its leaving group (refer to Figure 8.9). In systems 5–8, the phosphorus
species is represented by a methyl triphosphate (phosphoanhydride) and the nitrogen species is modelled to
represent a 5) histidine, 6) arginine, 7) methylated arginine and 8) creatine.

Figure 8.9.: Moieties for reaction equations abbreviated in Figure 8.8. R1 is part of the leaving group in systems 1–3,
varying their electron donating abilities. R in the phosphate species in systems 5–8 corresponds to a methyl
triphosphate to represent ATP. Depending on R2, either an arginine side chain (system 6) or δ-N-methyl-
arginine (system 7) fulfils the role of the nitrogen species.
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8.3. Results and Discussion

In this section, the generation of the training data (refer to Section 8.3.1) as well as the training of
the network and cross-validation (refer to Section 8.3.2) are discussed.

8.3.1. Simulation-Based Generation of Training Data

In this section, the simulation of phosphoryl transfer reactions and the generation of the correspond-
ing training data are described. Metadynamics simulations were performed to generate trajectories
from which representative structures could be extracted. The resulting free energy surfaces are
analysed from a chemical perspective in Section 8.3.1.1. Along the sampled reaction pathways,
structures were selected for subsequent single-point calculations in vacuum using DFT and DFTB.
These single-point calculations are discussed in Section 8.3.1.2 and the resulting energy differences
between DFT and DFTB are presented in Section 8.3.1.3. Forces were obtained as energy gradi-
ents during the single-point calculations, and the corresponding force differences between DFT and
DFTB are analysed in Section 8.3.1.4.

8.3.1.1. Analysing Free Energy Surfaces

First, the free energy surface (FES) analysis is performed exemplarily for system 5 (refer to Fig-
ure 8.10), and then trends for systems 1–4 and 5–8 are discussed.

Figure 8.10.: Free energy surface (FES), free energy difference between reactant and products (ΔG), and barrier height
for system 5 obtained from 2D well-tempered metadynamics. The collective variables (CVs) are defined by
the distances between the phosphorus and oxygen atom, as well as the phosphorus atom and the attacking
nitrogen atom (refer to Figure 8.4). Energy values are displayed up to 50 kcalmol−1, with areas exceeding
this threshold and areas not explored during the simulation indicated in white. The white arrow indicates
the minimum energy path and the moiety R corresponds to a methyl diphosphate (refer to Figure 8.9).

Figure 8.10 shows the FES of system 5, which models the active site of a histidine kinase with
a methyl imidazole (to represent the histidine residue) and methyl triphosphate (to represent the
ATP cofactor) coordinated by a magnesium cation. The position of the minima of the reactant and
product state (upper left and lower right corner, respectively) at approximately 4.3 Å, are the result
of artificial potentials introduced to keep the molecules in close proximity in the simulation box,
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which is otherwise filled with water. The difference in free energy between reactant and product
(ΔG) of −26.8 kcalmol−1 reveals the reaction to be strongly exergonic. The minimum energy path
(indicated by the white arrow) illustrates that the reaction follows an SN2-like mechanism, which is
indicated by the transition state being located at (1.88 | 2.11), corresponding to simultaneous short
P–N and P–O distances. With 9.3 kcalmol−1, the barrier height observed for system 5 is the lowest
of all the model systems.

Figure 8.11.: Free energy surfaces (FES), free energy differences between reactant and products (ΔG), and barrier
heights for systems 1–4 obtained from 2D well-tempered metadynamics. Energy values are displayed up to
50 kcalmol−1, with areas exceeding this threshold and areas not explored during the simulation indicated
in white.

Building on the detailed analysis of system 5, the FES of simplified model systems 1–4 are compared
to identify systematic trends across different leaving groups (refer to Figure 8.11). System 1 with a
phenoxide as leaving group exhibits the lowest energy barrier with 24.1 kcalmol−1 and its product is
identified as the most stable species in the context of these four reactions, with an energy difference
of only 15.1 kcalmol−1 between reactant and product state. Both the energies of the barrier and the
product are approximately half as high compared to the FES of systems 2–4. This is to be expected
as the phenoxide is resonance stabilised, and the negative charge is delocalised and stabilised by
the polar TIP3P solvent. tert-Butoxide (system 2) and methoxide (system 3) on the other hand lack
resonance stabilisation and are strong bases, making them poor leaving groups. This is visible in
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the FES of systems 2 and 3 (refer to Figure 8.11), with barrier heights of 41.5 and 39.4 kcalmol−1

and the product being 32.0 and 32.5 kcalmol−1 higher in energy than the reactant, respectively. In
system 4, the barrier is slightly lower at 37.3 kcalmol−1, and the product lies 5 kcalmol−1 lower in
energy compared to system 3 – the only difference being the missing methyl group at the imidazole
ring and the missing ethyl group at the phosphoryl group. A possible explanation is that the absence
of the ethyl group (a weak electron donor via the inductive effect (+I)) makes the phosphoryl group
more electron withdrawing, which could increase the leaving group ability. Similarly, the absence
of the methyl group on the imidazole ring could reduce the electronic repulsion, thereby subtly
influencing the reaction energetics.

It is particularly interesting to observe the thermodynamic contrast between system 4 and system 5,
with the former undergoing an endergonic reaction and the latter exhibiting an exergonic reac-
tion. System 4 involves an imidazole group and methyl monophosphate, while system 5 features
methyl imidazole and methyl triphosphate–Mg2+. The product of system 5 is more stable by over

Figure 8.12.: Free energy surfaces (FES), free energy differences between reactant and products (ΔG), and barrier
heights for systems 5–8 obtained from 2D well-tempered metadynamics. Energy values are displayed up to
50 kcalmol−1, with areas exceeding this threshold and areas not explored during the simulation indicated
in white. The moiety R is formed by a methyl diphosphate (refer to Figure 8.9).
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50 kcalmol−1 compared to the product of system 4, presumably because the diphosphate-Mg2+ in
system 5 is highly stable, making it a good leaving group and resulting in a more thermodynamically
favourable product. In contrast, the methoxide in system 4 is a poor leaving group, resulting in a
higher ΔG and an energetically less favourable product.

Figure 8.12 shows the FES of systems 5–8 in comparison. Since systems 6–8 consist of a methyl
triphosphate and a chemically similar nitrogen species (all guanidino-based), it is not surprising that
their FES are also similar. The free energy differences (ΔG) between these systems vary by only
1.5 kcalmol−1, and the barrier heights differ by 1.4 kcalmol−1. Focusing on the overall thermody-
namic nature, it is evident that the phosphorylation reactions in systems 5–8 are highly exergonic,
with ΔG values ranging from −18.9 to −26.8 kcalmol−1. As described in the comparison of sys-
tems 4 and 5, this can be attributed to the methyl-diphosphate-Mg2+-complex serving as an excellent
leaving group, making the triphosphate reactions favourable and the product more stable. In contrast,
the reaction in systems 1–4 are endergonic, with ΔG values ranging from 14.6 to 32.5 kcalmol−1.
Again, this difference can be explained by the poor leaving group abilities of these simplified model
systems and the fact that a phosphate ester bond (P–O–C) is broken and not the phosphoanhydride
bond (P–O–P) found in ATP.

Another interesting observation concerns the overall shape of the FES and its implications for the
reaction mechanism. Systems with monophosphate consistently strictly follow an SN2-like mech-
anism, characterised by a pentavalent phosphorus atom in the transition state. In contrast, systems
involving triphosphate–Mg2+ show the possibility of an SN1-like mechanism, with the formation of
a trivalent metaphosphate intermediate stabilised by coordination to the magnesium cation. While
the FES of system 5 shows a strong preference for an SN2-like mechanism, the FESs of systems 6–8
indicate a similar probability for the two mechanisms, with system 7 even exhibiting a preference for
the SN1-like path (refer to Figure 8.12). However, the SN1-like path is likely overstabilised due to
the use of the SRP OPhyd, which was was parametrised to reproduce the pentavalent transition state
and its barrier height correctly but exhibits an error of approximately 10 kcalmol−1 for the trivalent
case.192 Consequently, the SN1-like pathway is artificially stabilised, and the SN2-like mechanism
was accordingly considered as the minimum-energy path in this discussion. In addition, an SN1-
like mechanism would require the presence of a stabilised intermediate, which is not observed in
the corresponding FESs (refer to Figure 8.13). Furthermore, experimental studies support a concer-
ted reaction mechanism for phosphate monoesters.6 Nevertheless, the presence of the magnesium
cation provides a chemical basis for an SN1-like pathway, supporting it as a mechanistically relevant
alternative.

Figure 8.13.: Schematic representation of SN2- and SN1-like reaction mechanisms, illustrated for the phosphorylation of
a guanidino group. SN2-like reaction mechanisms are characterised by a concerted process with a penta-
valent transition state at short P–N and P–O distances, whereas an SN1-like pathway involves the formation
of a stable intermediate, here represented by a metaphosphate species.
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The detailed coordinates and relative free energies of the reactant, product, and transition state are
summarised in Table 8.1. The table shows that the aforementioned minimum, which is introduced
by artificial walls at a P–N distance of approximately 4.3 Å in the reactant state and a P–O distance
of approximately 4.3 Å in the product state, is observed across all systems. The reactant coordinates
indicate that the reactant state P–O bond length remains relatively consistent across all systems
(ranging from 1.64 to 1.71 Å), which is expected since the immediate environment of the phosphorus
atom is similar. In the product state of systems 1–5, which involve imidazole as the nitrogen species,
the P–N distance is around 1.8 Å, with only system 4 showing a distance of nearly 1.9 Å. In contrast,
systems 6–8, where the nitrogen species includes a guanidino group, show a slightly shorter P–N
distance of 1.76 to 1.77 Å, suggesting a stronger bond. This is likely due to a combination of
the guanidino group’s enhanced resonance stabilisation and stronger electrostatic attraction to the
phosphoryl group.

Table 8.1.: Coordinates and energies of reactant, product and transition state. The first coordinate is the P–O distance, the
second the P–N distance. The transition state energy is given relative to the reactant state energy. Coordinates
are given in Å, energies in kcalmol−1.

Reactant state Product state Transition state
Coordinates Energy Coordinates Energy Coordinates Energy

1⃝ 1.67 | 4.29 0.0 4.28 | 1.81 15.1 2.28 | 2.01 24.1
2⃝ 1.65 | 4.30 0.0 4.30 | 1.81 32.0 2.80 | 1.89 41.5
3⃝ 1.64 | 4.29 0.0 4.29 | 1.82 32.5 2.90 | 1.83 39.4
4⃝ 1.68 | 4.28 0.0 4.27 | 1.88 27.5 2.86 | 2.02 37.3
5⃝ 1.71 | 4.29 26.8 4.29 | 1.80 0.0 1.88 | 2.11 9.3
6⃝ 1.68 | 4.29 20.4 4.29 | 1.76 0.0 1.89 | 2.23 19.1
7⃝ 1.68 | 4.30 20.0 4.29 | 1.77 0.0 1.98 | 2.19 20.2
8⃝ 1.68 | 4.29 18.9 4.30 | 1.76 0.0 1.97 | 2.24 20.5

The barriers in systems 2–4 are the highest, as discussed previously, with system 1 having a bar-
rier approximately half as high, at 24.1 kcalmol−1. In systems 6–8, the barriers are consistent
and lower, ranging from 19.1 to 20.5 kcalmol−1, with system 5 showing the lowest barrier of
only 9.3 kcalmol−1. This trend aligns with expectations, especially given known values from pro-
tein systems, such as histidine kinase with 8 kcalmol−1 for the barrier of the chemical step15 and
16.3 kcalmol−1 for creatine kinase13. These values are only qualitatively comparable as the protein
environment can affect the barrier heights in biological systems. The fact that the simulated barriers
in water are in the same range as the ones in the protein might be due to the restraints applied during
the simulation to keep the molecules in close proximity and at an optimal angle, thereby mimicking
the role of an enzyme.

Looking at the coordinates of the transition state, it is evident that systems 2–4 exhibit longer P–O
bond distances compared to the other systems. This is consistent with expectations that transition
states with higher barriers (systems 2–4) show more significant distortion of the phosphorus atom
and its surrounding bonds. Higher barriers often correlate with a more strained transition state, as
the system requires more energy to overcome the transition state. However, this trend is not observed
for the P–N bond distances, which do not display exceptional values. In fact, some of the systems
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show even lower P–N bond distances in the transition state, suggesting that the P–N bond remains
relatively stable throughout the reaction.

8.3.1.2. Single-Point Calculations in Vacuum

The structures for the single-point calculations were chosen to guarantee uniform sampling along the
FES, giving equal representation to all regions rather than over-emphasising the minimum energy
areas. Only structures along possible minimum energy paths were considered. This is why the full
FES was sampled for systems 5–8, while for systems 1–4, the high-energy region in the upper right
corner of the FES was excluded. Single-point calculations were performed in vacuum using DFT
and DFTB.

DFT calculations generally converged well across all structures. In contrast, DFTB calculations
showed convergence issues depending on the leaving group, particularly in the product state after
dissociation. This is most pronounced in systems 1–4 since the leaving groups tert-butoxide, meth-
oxide, and phenoxide are poorly stabilised in vacuum, leading to small HOMO–LUMO gaps or
near-degenerate HOMO and LUMO energies. This, in turn, leads to self-consistent charge (SCC)
convergence problems, which originate from the self-interaction error of the generalised gradient
approximation (GGA)-based DFT on which DFTB is founded.93,221–224 Figure 8.14 (left) illustrates
this for system 2 (tert-butoxide leaving group). At a Fermi temperature of 0 K, 3294 out of 12000
single-point calculation do not converge. Increasing the Fermi temperature allows fractional orbital
occupations, which improves convergence in systems with small HOMO–LUMO gaps. It results in
a smoothing of the electron distribution across orbitals, allowing fractional occupations of orbitals
with similar energies. For system 2, increasing the Fermi temperature from 0 K to 300 K reduced
the number of non-converged single-point calculations to 561 (refer to Figure 8.14, middle).

A downside of fractional orbital occupations is the risk of introducing a small artificial error (refer to
Figure 8.14, right), as the resulting electron distribution does not reflect the true ground state. How-
ever, this error is minor, with deviations in single-point energies ranging from 0 to −0.8 kcalmol−1

across all systems. Since this is within the uncertainty for P–O bonds calculated with the SRP
OPhyd (∼2.5 kcalmol−1)192, the structures calculated at 300 K were included in the training set.

Figure 8.14.: Non-converged geometries of system 2 (tert-butoxide leaving group) at a Fermi temperature of 0 K (left)
and 300 K (middle) and the error introduced by increasing the Fermi temperature (right). Grey areas indicate
regions of the FES that were excluded from the single-point calculations as they are not part of the minimum
energy path. Regardless of the chosen Fermi temperature, most convergence issues occur in the product
state, where the leaving group is poorly stabilised. Increasing the Fermi temperature improves convergence
due to fractional orbital occupations but also introduces a small energy error, which remains within the
expected DFTB accuracy range.
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For better-stabilised leaving groups, such as methyl diphosphate coordinated with a magnesium
cation (systems 5–8), these convergence issues are less pronounced. For system 8 (creatine and
methyl triphosphate–Mg2+), most DFTB calculations succeed even at a Fermi temperature of 0 K.
An overview of single-point convergence and the error induced by increasing the Fermi temperature
for all model systems can be found in Figures A.2 and A.3.

8.3.1.3. ∆-Energies Along the FES and Across Systems

The DFTB SRP OPhyd introduces an artificial overbinding of approximately 10 kcalmol−1 per P–
O bond to lower the energy of the pentavalent SN2-like transition state relative to the tetravalent
reactant in order to improve the barrier height.192 In the original parameterisation, this correction
was optimised using DFT with the B3LYP functional. In our case, we estimate the overbinding
to be approximately 7 kcalmol−1 per P–O bond relative to ωB97M-V. Adding a magnesium cation
increases the DFTB overbinding by an additional 21 kcalmol−1 (∼7 kcalmol−1 per O–Mg2+ bond).
The tendency of DFTB to overbind results in overstabilised interactions, leading to more negative
and underestimated energies compared to DFT, and thus positive Δ-energy values.

This is visible in Figure 8.15 (left), where the pronounced difference between the box plots of sys-
tems 1–4 and 5–8 can be primarily attributed to the increase in the number of P–O bonds (eight
additional P–O bonds in triphosphate compared to monophosphate) and the inclusion of a mag-
nesium cation. Systems 4 and 8 exhibit the largestΔ-energies within their respective groups, which
may be attributed to the higher system charge (systems 1–3: charge −1, systems 4–7: charge −2,
system 8: charge −3). This stronger deviation suggests that DFTB describes highly charged systems
less accurately. The larger standard deviation for systems 5–8 (refer to Figure 8.15, right) is caused
by the inclusion of structures along the potential SN1-like pathway, which exhibit larger deviations
from the reference and increase the Δ-energy range (refer to Figure 8.16).

Figure 8.15.: Box plot representation of theΔ-energy distributions for the different model systems (left) and their stand-
ard deviations (right). The large separation between the box plots of systems 1–4 and 5–8 results from
the inherent overbinding of the additional P–O bonds in DFTB. The increased standard deviation for sys-
tems 5–8 can be attributed to the inclusion of high free energy regions along a potential SN1-like pathway,
which results in a broaderΔ-energy range.

Figure 8.16 shows an overview of Δ-energies across the FESs of the model systems. The largest
values can be observed in the upper right corner of the FESs, where the phosphoryl group is neither
bound to the leaving group nor the nitrogen nucleophile, but exists as a free metaphosphate. This
region corresponds to an SN1-like pathway with broken P–O bonds and not yet formed P–N bonds

63



8 ΔML Model for N-Phosphoryl Transfer Reactions in Gas Phase

(refer to Figure 8.13). The increased error in this area is presumably caused by DFTB using a
minimal basis set, which limits its ability to capture the diffuse charge distribution of the free meta-
phosphate intermediate. Furthermore, although the SRP OPhyd reduces the error of the penta-
valent transition state in the SN2-like pathway, a 10 kcalmol−1 error remains for the trivalent SN1-
intermediate.192

Figure 8.16.:Δ-Energies across the FESs of the model systems. The highestΔ-energy values are generally found in the
upper right region of the FESs, where the phosphoryl group is not bound to the leaving group or nitrogen
species but instead exists as a free metaphosphate. For systems 1–4, this region was excluded because only
structures along the minimum energy path were considered. For systems 5–8, however, it was included in
the training data because the respective FESs showed a potential SN1-alternative reaction pathway. Bins
are coloured according to the mean value of the includedΔ-energies.

For all systems, a slight increase inΔ-energy is observed in the area around (2.0 | 2.5). In systems 5–
8, this increase coincides with the position of the transition state, but in systems 1–4 the transition
state is located at a different region. Notably, the same deviation is also visible for system 4, despite
it being the same test system that was used during the PNmod reparametrisation. A related beha-
viour is already apparent in the original reparametrisation paper for the P–N repulsive potential.16

There, the DFTB FES is 10–20 kcalmol−1 lower than the B3LYP FES in the area around (2.0 | 2.5),
indicating a stronger stabilisation at the DFTB level. This discrepancy was accepted as a trade-off
when constructing the P–N repulsive potential in order to improve agreement at other relevant short
P–N distances and obtain the correct structures and energetics for the transition and product states.
As a result, an increased Δ-energy in this region is observed in all systems.

8.3.1.4. Force Differences Across Systems

While the ΔML model was trained exclusively on energies, atomic force differences were evalu-
ated to validate the quality of the correction (refer to Section 8.3.2.3). Hydrogen atoms consistently
exhibit the smallest deviations among all atom types, indicating good agreement between DFT and
DFTB for these atoms. While nitrogen atoms show slightly bigger deviations than oxygen and
carbon atoms, phosphorus atoms display the greatest discrepancy between the two methods. In-
terestingly, the magnesium cation shows a deviation range comparable to that of hydrogen atoms,
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but the entire distribution is shifted by approximately 170 kcalmol−1 Å−1, suggesting a systematic
offset in force predictions for this atom type (refer to Figure 8.17).

Figure 8.17.: Per-atom distribution of absolute force differences (|∆F|) for system 8. The deviations between DFT and
DFTB are largest for the phosphorus atoms (especially the reacting Pγ ). The force differences for mag-
nesium show small deviations but a larger systematic offset. For creatine, the largest deviations are ob-
served for the carboxylic carbon, the central guanidino carbon, and the reacting nitrogen.

For different systems, qualitatively similar trends can be observed, although the magnitude of the
deviations varies. For the phosphorus atoms, the upper extreme of the box plot is similar for sys-
tems 1–3 (about 400 kcalmol−1 Å−1), slightly lower for system 4 (about 350 kcalmol−1 Å−1), and
larger for systems 5–8, where deviations reach up to 500 kcalmol−1 Å−1 (refer to Figure A.4). These
larger deviations are particularly noticeable for the reacting phosphorus atom. In addition, in sys-
tems 6–8, the nitrogen atoms of the guanidino group also show higher deviations.

One potential biomolecular application is histidine kinase (HK). To generate input geometries from
a protein environment, the relevant atoms, i.e. the histidine side chain, the triphosphate moiety of
ATP, and the magnesium cation, were extracted from the QM region of QM/MM simulation of
the HK autophosphorylation (trans-HK CpxA from Escherichia coli (PDB ID: 5LFK)225). These
selected atoms are the same as in system 5, which was simulated in aqueous solution.

DFT and DFTB calculations of these geometries yielded a similar number of successfully converged
structures, regardless of whether the structures originated from water or protein environments. Like-
wise,Δ-forces (refer to Figure 8.18, left and middle) reveal consistent qualitative trends across both
systems: phosphorus atoms display the largest range of Δ-forces while those for the magnesium
cation are shifted compared to other elements. Interestingly, the magnesium Δ-force distribution
in the protein-derived structures is noticeably broader, suggesting that the protein environment may
exert a particularly strong influence on the coordination dynamics of the magnesium cation.

This observation is consistent with the HK trajectory from which the structures were extracted. In
this simulation, the active-site geometry did not permit full hexacoordination of the magnesium
cation. Instead, an average of 4.5 coordinating oxygen atoms was observed, with the α- and γ-
phosphoryl oxygens consistently involved in the coordination sphere. This behaviour is also re-
flected in the geometries used to generate input data for the network. The α-phosphoryl oxygen
remains stably coordinated at around 2 Å to the magnesium cation, while the γ-phosphoryl oxygen
is sometimes present at larger distances, particularly after phosphoryl transfer, when it is bound to
the histidine and no longer coordinates the magnesium. The β-phosphoryl oxygen, on the other
hand, is occasionally forced out of the coordination sphere and observed at distances of around 4 Å
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Figure 8.18.: Per-atom distribution of absolute force differences (|∆F|) for system 5 (left) and for the structures taken
from the HK (middle). The distances between the magnesium cation and the coordinating ATP oxygen
atoms from the HK structures are shown on the right.

from the magnesium cation (refer to Figure 8.18, right). In contrast, in aqueous solution, the mag-
nesium cation remained hexacoordinated throughout the simulation by three ATP oxygen atoms and
three water molecules. Unlike in the protein environment, where steric and geometric restrictions
can prevent complete hexacoordination, the aqueous solution allows for greater structural flexibility.

8.3.2. DFTB-∆ML – Training and Cross-Validations

In this section, the training of the network using the generated training data are discussed. To
extend the dataset beyond sampling in aqueous solution, a metadynamics simulation of a histidine
kinase (HK) was used to extract active-site geometries (histidine side chain, ATP triphosphate, and
Mg2+). Single-point calculations for this system were then carried out in vacuum, enabling a direct
comparison to system 5, which was generated in aqueous solution. The HK system is therefore
chemically identical to system 5, but differs in the environment in which it was simulated in (protein
versus water). Furthermore, the HK was not biased along the P–N and P–O distance individually, but
along their difference (P–O − P–N). This results in different structural distributions for the vacuum
single-point calculations.

Training and testing on the same system is presented in Section 8.3.2.1 and subsequently applied
to vacuum single-point calculations as a proof of concept, demonstrating that the network performs
as intended. Cross-validation, in which the network is trained on a subset of systems and validated
on an unknown system, is analysed in Section 8.3.2.2. The corresponding performance for vacuum
single-point energies and forces is discussed in Section 8.3.2.3.

8.3.2.1. Single-System Case

In the single-system case, the network was trained and tested on the same reaction to illustrate that
it performs as intended. The results are presented in Figure 8.19 (left), with the corresponding
parity plots shown in Figure A.5. Across all systems, the coefficient of determination (R2) shows
a minimum of 0.969, indicating overall good predictive performance. For systems 1–4, the root
mean square error (RMSE) does not exceed 0.699 kcalmol−1. In contrast, systems 5–8 exhibit
higher RMSE values of 0.851–1.039 kcalmol−1, which can be attributed to the larger Δ-energy
range and standard deviation in the corresponding training data (refer to Figure 8.15). This results
from including the high free-energy regions at large P–N and P–O distances, as well as the larger
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system size. Furthermore, since the second-generation HDNNP predicts the total Δ-energy as a
sum of atom-wise contributions (refer to chapter 7), the RMSE increases with system size, even
when the local per-atom accuracy is comparable. The correlation between RMSE and system size
is visualised in Figure 8.19 (right). For HK, the R2 value is comparable to that of system 5, while
the RMSE is lower, presumably because the enzyme yields more optimal, lower-energy structures.

System R2 RMSE

1 0.969 0.679
2 0.976 0.699
3 0.981 0.635
4 0.990 0.340
5 0.986 0.851
6 0.986 0.929
7 0.985 0.947
8 0.985 1.039

HK 0.990 0.715

Figure 8.19.: Left: Overview of R2 and RMSE values for single-system cases. RMSE values are given in kcalmol−1.
Right: R2 and RMSE relative to the system size, showing that the RMSE increases with system size. For
the respective parity plots, refer to Figure A.5.

As a proof of concept, Figure 8.20 exemplarily shows the effect of applying the single-system net-
work trained on system 5 to vacuum single-point calculations of system 5. This demonstrates that
the network is able to learn and reproduce Δ-energies for a given system. The mean Δ-energy is
shifted from 50.39 kcalmol−1 to −0.21 kcalmol−1, showing that DFTB-ΔML yields values that are
very close to the DFT reference values, indicating improved accuracy. Furthermore, the standard
deviation is reduced from 7.18 kcalmol−1 to 0.47 kcalmol−1, corresponding to a 93% reduction of
the DFTB error and reflecting the improved precision.

Figure 8.20.: Histogram ofΔ-energies (DFT as reference) comparing DFTB and DFTB-ΔML for the single-system case
applied to vacuum single-point calculations of system 5. For DFTB-ΔML, the mean Δ-energy is shifted
towards zero, indicating that the corrected values closely reproduce DFT energies. The standard deviation
is reduced by 93%. Together, this demonstrates improved accuracy and precision.
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8.3.2.2. Cross-Validations

Cross-validations were performed using a leave-one-system-out scheme to evaluate the ability of the
neural network to predict Δ-energies for systems that were not included in the training data. It was
initially assumed that cross-validation performance would improve when the network was trained
on systems with the same total charge as the validation system. Three different system charges were
considered (−1, −2, −3), and systems with charge −2 were further divided into cases with and
without Mg2+ (refer to Figure 8.8).

Systems with charge −1
For the three systems with a total charge of −1 (systems 1–3), parity plots are shown exemplarily
for system 3 in Figure 8.21, while the corresponding plots for systems 1 and 2 are provided in
Figure A.6. The comparison includes cross-validations trained either exclusively on the remaining
systems with charge −1 or with system 4 (charge −2 and no Mg2+) additionally included in the
training set. Systems 5–8 were excluded because the presence of a magnesium ion introduces an
additional chemical element, which would require an extended set of element-specific symmetry
functions and thus prevents a direct comparison with models trained on Mg2+-free systems.

Including system 4 in the training set does not lead to significant changes in the overall perform-
ance. A slight improvement in accuracy is observed when cross-validating against systems 1 and 3,
whereas the accuracy decreases for system 2. However, the precision remains comparable across
all cases. All cross-validation runs yield RMSE values of at least 2 kcalmol−1, which is approxim-
ately three times larger than the errors observed in the single-system cases. Structurally, system 4 is
closely related to system 3, differing only by the absence of the methyl group at the imidazole ring
and the ethyl group at the phosphate, which results in an additional negative charge. Nevertheless,
this modification does not substantially affect the overall performance, although an additional dis-
tribution in the predicted energies becomes visible when system 4 is included (refer to Figure 8.21),
an effect that is also observed for system 2.

Figure 8.21.: Cross-validations for systems 3. For the training on charge −1, systems 1 and 2 were included, while in the
right plot, system 4 was included in the training set as well.

Systems with charge −2
System 4 is the only system with a charge of −2 and no magnesium cation, and can thus only be
cross-validated against the three systems with charge −1. The R2 value is slightly negative and the
RMSE is an order of magnitude larger compared to the single system case, which is also visible in
the broad distribution in the parity plot (refer to Figure A.7).
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Systems with charge −2 and Mg2+

Systems 5–7 and HK all contain a triphosphate, a magnesium cation and a neutral nitrogen species,
resulting in a net charge of −2. In this case, the results from training on three of these systems,
while cross-validating with the fourth system are compared to additionally including system 8 in
the training set. System 8 has a net charge of −3 due to the presence of a carboxylate group in the
nitrogen species. For systems 5, 6, and HK, no noticeable difference is observed between the two
cross-validation setups (refer to Figure A.8). For these systems, the cross-validations yield R2 values
of 0.781–0.896 and RMSE values of 2.316–3.742, which are only 2.7–4.2 times larger than in the
respective single system cases. The largest increases in RMSE values are mainly caused by system-
atic offsets in the Δ-energy predictions. These great cross-validation results can be explained with
the strong structural similarity between the systems: systems 5 and HK contain identical molecular
species extracted from simulations in different environments (water and protein), while systems 6
and 7 differ only in the presence of a methyl group at the central nitrogen atom Nε .

Notably, for system 7 (refer to Figure 8.22), the cross-validation trained on the other systems with
charge −2 (systems 5, 6 and HK) performs exceptionally well, despite the network never having
encountered an N–CH3 bond, with an R2 value of 0.993 and an RMSE of 2.051 kcalmol−1. How-
ever, when system 8 is included in the training set, which explicitly contains the N–CH3 bond, the
corresponding cross-validation shows a systematic energy offset: the Δ-energies are predicted ap-
proximately 10 kcalmol−1 too high, which is presumably caused by the additional negative charge
introduced by the carboxylate group in system 8.

Figure 8.22.: Cross-validations for systems 7. For the training on charge −2, systems 5, 6 and HK were considered,
while in the second plot, system 8 was included in the training set as well.

Systems with charge −3 and Mg2+

System 8 is the only system with a net charge of −3 and structurally closely related to system 7,
differing only in the carboxylate group. Nevertheless, the cross-validation trained on systems 5–7
and HK (all with net charge −2) exhibits an offset with Δ-energies systematically predicted ap-
proximately 10 kcalmol−1 too low (refer to Figure 8.23). This systematic deviation can be attrib-
uted to the difference inΔ-energies between systems 7 and 8 of approximately 10 kcalmol−1 (refer
to Figure 8.15), which is presumably caused by the additional negative charge introduced by the
carboxylate group in system 8. Since the network is solely trained on Δ-energies without informa-
tion on the system charge, it is unable to capture this energetic shift. Consequently, the similarity in
chemical structures results in a systematic offset in Δ-energy predictions.

69



8 ΔML Model for N-Phosphoryl Transfer Reactions in Gas Phase

Figure 8.23.: Cross-validation for systems 8. The network was trained on systems 5–7 and HK, and cross-validated on
system 8.

8.3.2.3. Overall Performances of DFTB-∆ML: Energies and Forces

This section focuses on the influence of the Δ-energy prediction on energies and forces of DFTB-
ΔML calculations. The main focus is on systems 5 and 8, which represent the active sites of histidine
and creatine kinase, respectively. For this, the single-point calculations of the training structures
were recalculated with DFTB-ΔML in vacuum.

Figure 8.24.: Influence of single-system training and cross-validation on DFTB-ΔML energies and forces of system 5.
In the single system case, the error in DFTB-ΔML forces is reduced by 75% compared to DFTB, in the
cross-validation case, the error in forces is reduced by 68%.
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Figure 8.24 shows theΔ-energies predicted by the network (left), as well as the energies and forces
obtained from DFTB-ΔML single-point calculations in vacuum (middle and right) for system 5. In
the single-system case, the energies show near-perfect agreement, with an R2 value of 0.999 and an
RMSE of only 0.519 kcalmol−1. In addition, the RMSE of the forces is reduced by 75% compared
to DFTB. This behaviour is to be expected, as the network was trained on these exact structures. The
cross-validation also shows very good performance. Although the Δ-energies exhibit a slight offset
and a broader distribution, the DFTB-ΔML energies deviate predominantly for a small number of
high-energy structures. The error in forces is reduced by 68%, indicating substantial improvement.
This result is also explicable, as the cross-validation training set includes the HK system, which
contains the same molecular species although extracted from a protein environment instead of an
aqueous solution as in system 5.

For system 8, theΔ-energy prediction shows a similar R2 value in the single system case as observed
for system 5 (refer to Figure 8.25) with near-perfect agreement between DFTB-ΔML and the refer-
ence DFT energies (R2 = 0.999) and a 72% reduction in force errors. Although the cross-validation
results exhibit a systematic offset in both the Δ-energy predictions and DFTB-ΔML energies, the
RMSE in forces is considerably reduced by 48% compared to the uncorrected DFTB calculation.
This demonstrates that the network can still substantially improve force predictions even when the
Δ-energy predictions exhibit a systematic offset. Correcting forces is particularly important when
focusing on free energy simulations, as they directly enter the equations of motion and ultimately
determine the system’s dynamics.

Figure 8.25.: Influence of single-system training and cross-validation on DFTB-ΔML energies and forces of system 8.
In the single system case, the error in DFTB-ΔML forces is reduced by 72% compared to DFTB. In the
cross-validation case, theΔ-energy predictions and DFTB-ΔML energies exhibit a systematic offset to the
reference. Nevertheless, the forces are considerably improved by 48% compared to uncorrected DFTB.
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8.3.2.4. Computational Cost

When discussing ML corrections, it is important to consider their impact on the computational cost.
Table 8.2 shows that the DFTB-ΔML calculations are approximately 1.9–3.6 times slower than
uncorrected DFTB, keeping them at a comparable cost and at least still three orders of magnitude
faster than the respective DFT calculations. The relative computational cost increases with system
size.

Table 8.2.: Mean CPU times per single-point calculation for the different model systems. The relative computational cost
is defined as the ratio of the CPU times of DFTB-ΔML to DFTB. Computation times are given in s. The
system size corresponds to the number of QM atoms in each system.

Computation times
System DFT DFTB DFTB-ΔML Rel. comp. cost System size

1 Phenoxide 4682.62 0.258 0.934 3.62 35
4 Methoxide

(no ethyl)
1307.58 0.291 0.556 1.91 18

5 Histidine 5469.51 0.329 0.867 2.63 30
6 Arginine 6270.79 0.321 1.000 3.12 36
8 Creatine 7149.78 0.329 1.009 3.07 35

8.4. Conclusions

Despite the central role of N-phosphorylation in many biological processes, its accurate simulation
remains challenging. While the semi-empirical DFTB method provides a reasonable qualitative de-
scription, it is not always accurate enough for quantitative descriptions. DFT calculations, on the
other hand, are too computationally demanding for extensive sampling. To overcome this gap, our
research focuses on a Δ-learning approach based on a second-generation HDNNP trained on va-
cuum single-point Δ-energies, thereby correcting semi-empirical DFTB calculations towards DFT
accuracy while retaining the computational efficiency of DFTB.

The training data were generated for a diverse set of chemical systems undergoing N-phosphorylation
using two-dimensional well-tempered metadynamics simulations in aqueous solution, ensuring ex-
tensive sampling of the relevant phosphoryl-transfer reaction pathways. The dataset comprises four
small test systems, including imidazole and monophosphate models with different leaving groups,
as well as four biologically motivated systems featuring triphosphate–Mg2+ complexes with dif-
ferent imidazole and guanidino nitrogen species. For the biologically relevant systems, the FESs
indicated the possible presence of an SN1-like reaction mechanism, which is considered to be over-
stabilised at the DFTB level, yet still represents a chemically plausible alternative. These structures
were therefore included in the training data.

From the metadynamics simulations, representative structures were extracted and subjected to
single-point energy calculations in vacuum at both the DFTB3 and DFT (ωB97M-V/ma-def2-
TZVP) levels of theory. In addition, structures extracted from the QM region of a histidine kinase
were included alongside the systems sampled in aqueous solution. The resultingΔ-energies exhibit
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the expected overbinding of approximately 10 kcalmol−1 associated with the OPhyd parameterisa-
tion. The largestΔ-energy differences are observed in regions corresponding to trivalent metaphos-
phate intermediates along an SN1-like pathway, consistent with the fact that the SRP OPhyd was
parametrised with a main focus to improve the description of pentavalent SN2 transition states.192

TheseΔ-energies serve as input for the second-generation HDNNP and were analysed in two scen-
arios: interpolation, where training and testing were performed on the same system, and extra-
polation, where the network was trained on a subset of systems and cross-validated on a system
not included in the training set. In the interpolation case, the models achieve minimum R2 values of
0.969 and RMSE values of 1 kcalmol−1 or lower, reaching chemical accuracy. The RMSE increases
with system size, reflecting the fact thatΔ-energies are predicted on a per-atom basis. When applied
to vacuum single-point calculations, the ΔML correction substantially improves both the accuracy
and precision of DFTB energies, reducing their RMSE by 93%.

To assess the transferability of the trained networks, cross-validations were performed. In general,
better cross-validation performance was observed for systems closer in chemical space, as this re-
quires less extrapolation by the network. Systems with an additional negative charge exhibited a
systematic offset inΔ-energies, indicating limitations in the underlying DFTB description of highly
charged species. For structurally similar systems, this offset is reflected in the cross-validation
results as a systematic offset in Δ-energy predictions. These observations highlight the import-
ance of charge-sensitive training strategies, as an explicit treatment of different charge states would
improve the transferability ofΔ-energy predictions. For force calculations, however, systematic en-
ergy offsets are less critical, since they are obtained as gradients of the energy. Accordingly, despite
systematic offsets in DFTB-ΔML energies, the DFTB-ΔML calculations reduce the initial DFTB
force RMSE by 48%. This improvement in forces is particularly relevant for free-energy simula-
tions based on metadynamics. Overall, the cross-validations demonstrate that the ΔML approach
can improve both energies and forces for systems not included in the training data. However, achiev-
ing good transferability would require a more accurate prediction of Δ-energies between different
systems.

The relative computational cost increases with system size. For the considered systems, the DFTB-
ΔML single-point calculations are approximately 1.9–3.6 times slower than uncorrected DFTB
calculations, still remaining at least three orders of magnitude faster than the corresponding DFT
calculations. In summary, DFTB–ΔML single-point calculations retain the computational efficiency
of DFTB while bringing the accuracy closer to the DFT level.

So far, the ΔML approach has been applied to single-point calculations in vacuum. As a next step,
the method is extended to QM/MM metadynamics simulations in aqueous solution, with a partic-
ular focus on biologically relevant systems (refer to chapter 9). In particular, systems 5 and 8 are
considered, as they represent reactions catalysed by two key N-phosphorylation enzymes, histidine
kinase and creatine kinase. After this initial validation of the transferability from vacuum to water,
the ultimate goal is to apply the vacuum-trained HDNNP to simulations in a protein environment,
which is discussed in chapter 10.
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9. Transferability of ∆ML Models from
Vacuum to Water

Author Contributions The work in this chapter was carried out in collaboration with Christian
Schmidt.174 Christian Schmidt set up the neural network, coded the descriptors, training and in-
ference workflows and end-to-end, versioned data pipeline. Lukas Petersen contributed to design
choices, implementation details, and practical troubleshooting. The coordinates and partial charges
of the atoms of the MM region are retrieved from QM/MM simulations based on a protocol from
Katharina Spies.226 Lena Eichinger performed the single-point calculations in vacuum and water,
as well as the metadynamics simulations and their analyses. The DFTB-ΔML calculations were
performed using the networks trained on the improved dataset from chapter 8.

9.1. Introduction

In chapter 8, a neural network was introduced that was trained and validated on single-point vacuum
calculations, with the ultimate aim of application to protein environments. As an intermediate step,
its transferability to aqueous solution is assessed in this chapter.

In recent years, several research groups have explored the combination of DFTB with ML techniques
in order to improve its accuracy while retaining its computational efficiency. After the introduction
of theΔML approach by Ramakrishnan et al.157 in 2015, which learns the energy difference between
two levels of quantum chemical calculations, the method has been applied in numerous subsequent
studies. In an early work of neural network accelerated QM/MM free-energy simulations, Shen et al.
developed a neural network extension of the HDNNP introduced by Behler and Parrinello166, which
enabled the prediction of high-level QM/MM potential energies along reaction paths determined
with low-level QM/MM simulations.158 This was followed by the work of Zhu et al.159, Gómez-
Flores et al.160 and Böselt et al.162 who all applied the ΔML approach with a Behler–Parrinello
HDNNP in order to correct DFTB towards DFT. In conventional DFTB, the pairwise repulsive
potential is fitted to reproduce DFT reference data, while remaining errors can be corrected using
Δ-learning. A different strategy was recently proposed by Sandonas et al.163, who replace the
standard repulsive term entirely with a ML-based many-body potential.

While the aforementioned papers focus mostly on neutral or slightly polar test systems, the group of
Darrin York concentrates on O-phosphorylation reactions. In their 2021 publication, they introduce a
ΔML model that corrects short-ranged QM/MM interactions to improve free energy profiles, includ-
ing both internal QM contributions and QM/MM interaction energies and forces. Other than in pre-
vious studies, where a low-level method is corrected towards a high-level reference, they applied the
Δ-learning approach between two semi-empirical methods, MNDO/d and DFTB2, which differ in
their underlying approximations. Phosphoryl-transfer reactions relevant to RNA-cleaving enzymes
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are employed as test systems. The reference system contains five oxygen atoms, while in five related
systems one or two oxygen atoms are substituted by sulphur, enabling transferability between the test
systems. While the CPU implementation results in a roughly fivefold increase in computational cost,
a GPU implementation makes the ML overhead almost negligible.164 A recent study by Giese et al.
extends this framework by incorporating the graph neural network MACE to reproduce density func-
tional theory reference data at the PBE0/6-31G* level for QM/MM simulations of transphosphoryla-
tion reactions in model systems designed to mimic RNA transphosphorylation.227 The objective was
to enhance the accuracy of semi-empirical AM1/d calculations while retaining their computational
efficiency. To this end,ΔML corrections based on MACE were trained to recover hybrid functional
QM/MM energies and forces. The resulting models successfully predict a stable pentacoordinated
phosphorus intermediate on the free-energy surface, despite the absence of such bonding patterns in
the training data. Free-energy surfaces are calculated using umbrella sampling with 200 ps of pro-
duction sampling per window. In terms of performance, MACE-corrected QM/MM simulations on
CPUs are approximately 30 times slower than standard AM1/d QM/MM, whereas GPU acceleration
reduces this factor to 1.28.

9.1.1. Motivation and Aim of the Project

In chapter 8, a vacuum-trained Δ-learning approach was present with the aim of correcting semi-
empirical DFTB towards DFT accuracy, with the ultimate aim of application in protein environ-
ments. As an intermediate step, its transferability to aqueous solution is assessed in this chapter.

First, single-point DFTB and DFTB-ΔML energies and forces are compared to the DFT reference
in vacuum and in an MM water electrostatic embedding, where the solvent is represented by point
charges to mimic a QM/MM-like environment. Although the ΔML model was trained only on Δ-
energies, forces are obtained as the gradient of these energies and must therefore also be validated,
since they directly govern the system’s dynamics.

Finally, QM/MM metadynamics simulations are performed in aqueous solution, using either DFTB
or DFTB-ΔML as the QM method, to evaluate the impact of the correction in a dynamical setting.

9.2. Methods

In this chapter, systems 5 and 8 are investigated in water (refer to Figure 9.1), representing the active
sites of histidine kinase and creatine kinase (refer to chapters 10 and 11), respectively.

Single-Point Calculations
The structures for the single-point calculations were extracted from metadynamics simulations from
chapter 8 using MDanalysis (version 2.6.1)228,229. The metadynamics parameters are provided in
Section 8.2. For each system, 700 structures were extracted randomly and uniformly across the free
energy surfaces (FESs) resulting from these metadynamics simulations.

Single-point calculations were performed using DFT (ωB97M-V/ma-def2-TZVP)101,107,109, DFTB
(DFTB3/3OB192,195,196 with OPhyd192 and PNmod16 SRPs), and the corresponding DFTB-ΔML
approach, in which the DFTB energies are corrected using the trainedΔML model. As in chapter 8,
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Figure 9.1.: Test systems considered for water simulations. Systems 5 and 8 were selected due to their biological relev-
ance and their importance for this work.

DFT calculations were performed using ORCA212, version 5.0.5213, while DFTB calculations were
carried out using DFTB+205,206 in our local implementation208. For both DFT and DFTB energies,
the atomisation energies (refer to Equation (8.1)) were calculated and used for comparison between
the methods. Atomic force differences ∆F were computed as

∆F = FDFT −FDFTB. (9.1)

In addition to vacuum calculations, a QM/MM electrostatic embedding was applied by placing point
charges at the positions of the water atoms in the extracted structures to mimic the electrostatic
environment of a QM/MM setup. For all calculations, energies and atomic forces were computed.

Metadynamics Simulations
The QM/MM metadynamics simulations were started from the equilibrated structures that were
also used as starting points for the metadynamics simulations from which the single point structures
were extracted. For the well-tempered metadynamics, the same parameters as in chapter 8 were
used. However, the hill width was increased by a factor of two to 0.008 nm (compared to 0.004 nm
used for data generation) for a computationally more efficient FES exploration.

9.3. Results and Discussion

In this section, the transferability of the vacuum-trained ΔML correction to aqueous solution is
assessed by comparing energies and forces relative to DFT reference data, as well as FESs. The
focus is on systems 5 and 8, which serve as model systems for histidine kinase and creatine kinase,
respectively.

9.3.1. Model System for Histidine Kinase

System 5 (refer to Figure 9.1) represents a model system for histidine kinase, including the reacting
molecules of the active site: the histidine side chain and triphosphate of ATP coordinated to a
magnesium cation.
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9 Transferability ofΔML Models from Vacuum to Water

Single-Point Energies
For the total energies, the vacuum and aqueous calculations show different distributions prior to
the application of the correction, as evident from the parity plots of DFTB against DFT (refer to
Figure 9.2, top). After applying the ΔML correction (refer to Figure 9.2, bottom), the vacuum
energies show excellent agreement with DFT, yielding an R2 value of 0.999 and an RMSE of
0.840 kcalmol−1. The aqueous energies, on the other hand, exhibit a slight sigmoid-shaped de-
viation. Nevertheless, the overall agreement with DFT is improved significantly. The R2 value
increases to 0.945, while the RMSE, although remaining comparatively large at 11.276 kcalmol−1,
is reduced by 94% relative to uncorrected DFTB. The observed sigmoidal behaviour in water can be
attributed to the different shapes of the vacuum and aqueous energy distributions prior to correction.
In general, a stronger similarity between the uncorrected vacuum and water energy distributions
facilitates more effective transferability of the correction.

Figure 9.2.: Parity plots illustrating the transferability of the vacuum-trainedΔML correction to water for the total ener-
gies of system 5. Depicted are total energies obtained with DFTB (top row) and DFTB-ΔML (bottom row)
compared against DFT reference energies in vacuum (left) and aqueous solution (right).

Single-Point Forces
Figure 9.3 shows how the network improves forces in vacuum and aqueous solution. In va-
cuum, the agreement between DFTB-ΔML and DFT is strong, with an R2 value of 0.993 and
an RMSE of 3.472 kcalmol−1 Å−1, corresponding to a reduction of 74% relative to uncorrected
DFTB. In aqueous solution, the agreement is weaker, yielding an R2 of 0.828 and an RMSE of
10.665 kcalmol−1 Å−1. Although the error remains comparatively large, it is still reduced by ap-
proximately 40% relative to the uncorrected calculations. The improvement in the forces is par-
ticularly important, as they enter the equations of motion and thus directly govern the molecular
dynamics simulations.
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Figure 9.3.: Parity plots illustrating the transferability of the vacuum-trained ΔML correction to water for the atomic
forces of system 5. Shown are atomic forces obtained with DFTB (top row) and DFTB-ΔML (bottom row)
compared against DFT reference forces in vacuum (left) and aqueous solution (right). In vacuum, theΔML
correction reduced the error by 74%, in water by 40%. The forces were not included in the training, but are
obtained as the gradient of the respective total energies.

Analysing the forces by element (refer to Table 9.1) reveals that for uncorrected DFTB, the smallest
RMSE values are obtained for hydrogen atoms, both in vacuum and in water. In vacuum, the largest
RMSE values are observed for nitrogen and magnesium atoms. In aqueous solution, hydrogen, car-
bon and nitrogen atoms remain largely unaffected due to their small partial charge and consequently
weak electrostatic interactions, such that the RMSE values in vacuum and water are similar. For
phosphorus atoms, the RMSE is increased. The strongest increase is observed for oxygen, with
a more than 10 kcalmol−1 Å−1 larger RMSE, making it the element with the largest force RMSE
in water. This behaviour can be explained by the negative partial charge of oxygen atoms, which
leads to strong interactions with the surrounding point charges and increased force fluctuations. In
contrast, magnesium exhibits a pronounced decrease in RMSE in water, reduced by almost a factor
of two. This can be attributed to a systematic offset in DFTB vacuum forces relative to the DFT
reference (refer to Figure B.1). In vacuum it is coordinated by the triphosphate, while in water it is
hexacoordinated, as it has three additional oxygen point charges around it (refer to Figure 9.4). The
incomplete coordination shell in the vacuum training data presumably causes the systematic offset
observed for the calculated forces for magnesium in water. Considering the standard deviation of
the Δ-forces, magnesium behaves similar in vacuum and in water (refer to Table B.1).

When applying the ΔML correction in vacuum, the RMSE values for all elements decrease by at
least 50%. The largest reductions are observed for oxygen and magnesium atoms, indicating that
magnesium–oxygen interactions are most strongly affected by the ΔML correction. In aqueous
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9 Transferability ofΔML Models from Vacuum to Water

Figure 9.4.: Magnesium coordination in vacuum and water. In vacuum (left), the magnesium cation is only coordinated
by the triphosphate. In water (right), water molecules coordinate as well, resulting in a hexacoordinated
magnesium cation.

solution, the ΔML correction also reduces the RMSE values of most atoms, although the improve-
ment is less pronounced. The only exception is the magnesium cation, for which the force RMSE
increases upon application of the ΔML correction. This behaviour can be attributed to aforemen-
tioned different number of oxygen atoms in the coordination shell of magnesium in vacuum and
in water. As a result, the ΔML correction, which is trained on vacuum structures with incomplete
magnesium coordination, overcorrects magnesium forces in aqueous solution and thereby increases
the magnesium force RMSE. For phosphorus atoms, theΔML correction has only a minimal impact
on the atomic force correction.

Table 9.1.: RMSE values of atomic forces by chemical element in vacuum and water for system 5. Shown are results for
DFTB and DFTB-ΔML relative to DFT reference forces. RMSE values are given in kcalmol−1 Å−1.

DFTB vs DFT DFTB-ΔML vs DFT Improvement
Element RMSEvac RMSEaq RMSEvac RMSEaq RMSEvac RMSEaq

H 3.694 3.046 1.768 2.402 52.1% 21.1%
C 14.692 12.711 4.535 5.974 69.1% 53.0%
N 20.516 17.661 5.884 8.029 71.3% 54.5%
O 15.486 26.214 2.542 14.237 83.6% 45.7%

Mg 18.913 8.424 3.300 11.557 82.6% −37.2%
P 12.111 18.393 5.353 17.248 55.8% 6.2%

Metadynamics Simulations in Water
Running the DFTB-ΔML/MM simulations in water shows a stable performance, with all 16 walk-
ers remaining active throughout the simulations. The resulting FES spans the same region of CV
space as the one obtained from DFTB/MM simulations (refer to Figure 9.5), indicating that the
training data generated in chapter 8 cover all relevant configurations. Focusing on the differences in
ΔG and the barrier height an increase of 10–12 kcalmol−1 is observed for both values compared to
DFTB/MM simulations. This indicates that the reactant state is stabilised and lowered by approx-
imately 10–12 kcalmol−1. While the position of the transition state remains comparable, the overall
shape of the FES is altered in the region around (4.0 | 2.7).

In order to identify the origin of these changes in the FES, the overcorrection of forces acting on
the magnesium cation and the ATP oxygen atoms are examined. While the three ATP oxygen
atoms that coordinate the magnesium cation at the beginning of the DFTB/MM simulation stay
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Figure 9.5.: Comparison of FESs generated with DFTB/MM (left) and DFTB-ΔML/MM (right) metadynamics simula-
tions in water for system 5. In the DFTB-ΔML/MM FES, an artefact can be observed around (4.0 | 2.7).

coordinated throughout, the coordination sphere changes in the DFTB-ΔML/MM. Specifically, two
β-phosphoryl oxygen atoms interchange their coordination behaviour for 5% of the total simulation
time. It is crucial to note that this newly coordinating β-phosphoryl oxygen is the one used to
define the P–O distance CV. Consequently, the phosphoryl back-transfer is suppressed, reducing the
population of the reactant state and thereby increasing its free energy.

More severely, the observed change in the FES around (4.0 | 2.7) cannot be attributed to the altered
magnesium coordination, but instead arises from a misguided phosphorylation event. Rather than
phosphorylating the Nε atom, the Cε atom forms a stable interaction with the γ-phosphoryl group in
2 out of 16 walkers, with a P–C distance of approximately 2.1 Å that persists for about 0.5 ns.
This interaction effectively leads to the formation of a transient, chemically implausible penta-
coordinated carbon centre.

9.3.2. Model System for Creatine Kinase

In system 8 (refer to Figure 9.1), the histidine side chain of system 5 is replaced by creatine. Together
with triphosphate–Mg2+-complex it serves as a model system for creatine kinase. The carboxylate
group in creatine increases the net charge of the model system compared to system 5, resulting in a
net charge of −3 instead of −2.

Single-Point Energies
Regarding the energies of system 8 (refer to Figure B.2), the DFTB-ΔML calculations in vacuum
yield an R2 value of 0.989 and an RMSE of 2.361 kcalmol−1, not quite achieving the performance
of system 5. This is mainly caused by disagreement in a few high-energy structures. In aqueous
solution, the improvement is also less pronounced compared to system 5, resulting in an R2 value
below 0.9 and an RMSE of 14.029 kcalmol−1.

Single-Point Forces
For the forces of system 8, the improvement in vacuum is again slightly smaller than for system 5
with an improvement of 68%, while the improvement for the water calculations is comparable with
40% (refer to Figure B.3). For element-wise RMSE values in the forces refer to Table 9.2, for
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element-wise box-plots and standard deviations refer to Figure B.4 and Table B.2, respectively.
Again, the largest element-wise RMSE improvements are detected for the magnesium cation and
oxygen atoms. While for phosphorus atoms in system 5, the RMSE and standard deviation were only
slightly reduced (6.2% and 1.7%), they are even slightly increased in system 8 (−0.9% and −5.3%).
While the improvement for hydrogen atoms in aqueous solution is larger than in system 5, the
RMSE for phosphorus slightly increases compared to uncorrected DFTB. For carbon and nitrogen,
the RMSE improvement is 16–19 percentage points smaller than in system 5, both in vacuum and in
water. Nevertheless, the resulting RMSE values for DFTB-ΔML are comparable between the two
systems, even though the initial DFTB RMSE values in system 5 were larger.

Table 9.2.: RMSE values of atomic forces by chemical element in vacuum and water for system 8. Shown are results for
DFTB and DFTB-ΔML relative to DFT reference forces. RMSE values are given in kcalmol−1 Å−1.

DFTB vs DFT DFTB-ΔML vs DFT Improvement
Element RMSEvac RMSEaq RMSEvac RMSEaq RMSEvac RMSEaq

H 4.431 4.030 2.252 2.704 49.2% 32.9%
C 10.832 16.307 5.338 10.298 50.7% 36.8%
N 13.011 16.166 5.815 10.338 55.3% 36.1%
O 16.344 27.030 3.423 14.130 79.1% 47.7%

Mg 18.379 8.130 3.575 11.243 80.5% −38.3%
P 10.284 17.739 4.935 17.895 52.0% −0.9%

Metadynamics Simulations in Water
As in the DFTB-ΔML/MM metadynamics simulation of system 5, all walkers remain stable. How-
ever, the resulting FES again exhibits an artefact, appearing as a minimum in the upper right corner
(refer to Figure 9.6). This minimum arises from phosphorylation of one of the carboxylate oxygen
atoms instead of the guanidino group in three of the walkers. In addition, the β-phosphoryl oxygen
used in the CV definition enters the magnesium coordination sphere for 76% of the total simulation
time, compared to only 5% in system 5. In one walker, this leads to a phosphoryl back-transfer to

Figure 9.6.: Comparison of FESs generated with DFTB/MM (left) and DFTB-ΔML/MM (right) metadynamics simu-
lations in water for system 8. In the DFTB-ΔML/MM FES, an artefact can be observed as an additional
minimum in the upper right corner.
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the wrong β-phosphoryl oxygen. As a result, although the γ-phosphoryl group remains bound to
the diphosphate and is therefore formally in the reactant state, it appears at an incorrect position on
the FES. This is a consequence of the chosen CV, which is defined as the distance between the γ-
phosphorus and a specific β-phosphoryl oxygen. In another walker, the β-phosphoryl oxygen leaves
the coordination sphere. Since the γ-phosphoryl remains coordinated to the magnesium cation, this
geometry becomes unsuitable for a back-transfer. In contrast to system 5, no penta-coordinated
carbon atom is observed. Consequently, while the artefacts observed in system 8 are undesirable,
they correspond to chemically plausible side reactions. Overall, the increased number of artefacts
in system 8 can likely be attributed to the increased RMSE in phosphorus atomic forces and to the
presence of additional carboxylate oxygen atoms, which introduce further possibilities for side re-
actions. Furthermore, with a CV that treats the oxygen atoms as indistinguishable, no back-transfer
to an incorrect oxygen atom could occur, as all oxygen atoms would be treated equivalently.

9.3.3. Computational Cost

Regarding the computational cost of the single-point calculations (refer to Table 9.3), it is evident
that the water calculations converge faster compared to those in vacuum, presumably due to the
stabilisation of the charges in aqueous solution. The relative increase in computational cost caused
by the ΔML correction is comparable in vacuum and water with factor of 2.39–3.83. For the meta-
dynamics simulations in water, the ΔML correction increases the runtime by a factor of 3.46–6.21
(refer to Table 9.4).

Table 9.3.: Mean CPU times per single-point calculation in vacuum and water. The relative computational cost is defined
as the ratio of the CPU times of DFTB-ΔML and DFTB. All times are given in s.

System single-point vacuum single-point water Rel. comp. cost
DFTB DFTB-ΔML DFTB DFTB-ΔML vacuum water

5 Histidine 0.258 0.616 0.143 0.499 2.39 3.49
8 Creatine 0.214 0.735 0.184 0.704 3.43 3.83

Table 9.4.: Mean computational cost of metadynamics simulations, averaged over all walkers, in days/ns. The relative
computational cost is defined as the ratio of DFTB-ΔML and DFTB.

System DFTB/MM DFTB-ΔML/MM Rel. comp. cost

5 Histidine 0.920 3.185 3.46
8 Creatine 0.665 4.132 6.21

To put these results into context, these values are compared to the work of Giese et al.227, who
presented a ΔML approach based on the graph neural network MACE, trained to correct O-
phosphorylation reaction model systems that mimic the RNA transphosphorylation mechanism.
Giese et al. demonstrate that theirΔML model only causes a small increase in computational cost of
a factor of 1.28 when implemented on GPUs. However, executing it on CPUs results in a significant
slowdown by a factor of 30, restricting its applicability for CPU-based production simulations. In
contrast, the here presentedΔML approach remains computationally feasible on CPU architectures.
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9.4. Conclusions

To validate the transferability of the vacuum-trainedΔML HDNNP presented in chapter 8 to water,
single-point calculations were performed in vacuum and in water, and DFTB-ΔML/MM metady-
namics simulations were carried out in aqueous solution.

The shape of the single-point energy distributions obtained in vacuum and aqueous solution differ
significantly from the DFT reference. For optimal transferability of a vacuum-trained ΔML model,
a closer correspondence between the uncorrected DFTB energies in both environments would be
desirable. The observed discrepancy could be caused by the highly charged character of the system,
which can lead to overpolarisation in DFTB, especially at the QM/MM interface. As a consequence,
scaling of the MM point charges could present a promising approach to reduce these artefacts.

The DFTB-ΔML single-point forces revealed an overcorrection for magnesium and oxygen atoms
in aqueous solution. This behaviour is likely attributable to differences in the coordination envir-
onment. In water, the magnesium cation is hexacoordinated by the triphosphate and three water
molecules. However, the training data were generated in vacuum and therefore did not include
water molecules, resulting in an incomplete coordination sphere where magnesium is coordinated
only by the triphosphate. Consequently, inclusion of all Mg2+-coordinating water molecules in the
training data generation is expected to improve the description of magnesium–oxygen interactions.

DFTB-ΔML/MM metadynamics simulations in aqueous solution exhibited artefacts and side re-
actions, likely arising from the issues discussed above. In the following chapter, both the scaling
of MM point charges and the inclusion of all Mg2+-coordinating molecules in the training data are
evaluated in the protein environment.

On a positive note, notable differences in computational performance are observed when comparing
the ΔML approach reported by Giese et al.227. While their model increases the computational cost
by a factor of approximately 30 on CPUs, it is only 1.28 times slower when executed on GPUs.
In contrast, the ΔML HDNNP presented in this work shows a substantially smaller CPU-time in-
crease, corresponding to a runtime ratio of 3.46–6.21 relative to uncorrected DFTB, demonstrating
significantly faster performance on CPU-based architectures.

To summarise, although several challenges remain, this chapter demonstrated that the transfer of
the vacuum-trained Δ-ML model to aqueous solution does not produce force outliers and therefore
enables stable simulations. Furthermore, the transfer to water provided valuable insights into the
limitations of the current approach and identified promising strategies for its application in pro-
tein environments. Together with the method’s comparatively low computational cost, these res-
ults demonstrate the general feasibility of the ΔML approach. The challenges identified in this
chapter, namely the overpolarisation at the QM/MM interface and the incomplete description of the
magnesium coordination sphere, will be addressed in the next chapter for the transfer to a protein
environment.
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10. Autophosphorylation in a trans-Histidine
Kinase

Author Contributions The work in this chapter was carried out in collaboration with Christian
Schmidt.174 Christian Schmidt set up the neural network, coded the descriptors, training and in-
ference workflows and end-to-end, versioned data pipeline. Lukas Petersen contributed to design
choices, implementation details, and practical troubleshooting. The coordinates and partial charges
of the atoms of the MM region are retrieved from QM/MM simulations based on a protocol from
Katharina Spies.226 Mayukh Kansari prepared the histidine kinase structure and performed the MM
equilibration. Lena Eichinger performed the QM/MM setup and equilibration, as well as the initial
metadynamics simulations from which the structures for the single-point calculations were extrac-
ted during her Master’s thesis.17 The single-point calculations in vacuum and water, as well as the
metadynamics simulations and their analyses were performed by her in the course of this work.

10.1. Introduction

Whereas higher organisms can withstand environmental fluctuations due to their multicellular
nature, unicellular organisms such as bacteria and archaea must respond to environmental changes
immediately to ensure their survival.230 This rapid adaptation is mediated by two-component sys-
tems (TCSs), which are among the most important signal transduction systems in bacteria and
consist of a sensory histidine kinase (HK) and a response regulator (RR).231 The membrane-bound
HK performs an autophosphorylation upon detection of changes in environmental stimuli, such as
temperature, pH or nutrient concentration, and the RR initiates the corresponding cellular response
by controlling gene expression.232 In order to respond to different environmental signals, bacteria
on average encode 52 TCSs,230 while mammals, including humans, do not encode TCSs in their
genome, making TCSs promising targets for antimicrobial agents. As TCS inhibitors operate via a
different mechanism to conventional antibiotics, they are particularly useful in the context of antibi-
otic resistance.232 In addition, given that TCSs regulate the expression of many antibiotic resistance
determinants, combining conventional antibiotics with TCS-targeted drugs may provide an effective
approach to antimicrobial treatment.233

Upon detection of an environmental signal by a HK, the signal is transmitted to the interior of
the cell via conformational changes, ultimately inducing autophosphorylation within the catalytic
core. Structurally, HKs can be divided into five distinct domains (refer to Figure 10.1) with the
signal detection domains typically located at the N-terminus of the HK.231 The periplasmic sensor
domain is responsible for detecting changes in the cellular environment. One example is the HK
CitA from Klebsiella pneumoniae, which binds citrate within its ligand-binding pocket.234 However,
signal detection is not restricted to the extracellular or periplasmic space:231 The transmembrane

85



10 Autophosphorylation in a trans-Histidine Kinase

domain of the thermosensor HK DesK from Bacillus subtilis detects changes in temperature through
membrane fluidity,231,235 while the cytoplasmic sensor domain of the kinase NreB found in different
species can detect changes in oxygen concentration with an iron–sulphur cluster.231,236 As soon as
the signal reaches the catalytic core, a conformational transition is induced, bringing the HK from
an inactive to an active state. This moves one of the catalytic and ATP-binding (CA) domains closer
to a dimerisation and histidine phosphotransfer (DHp) domain, which brings the reacting molecules
ATP and histidine in close proximity and an autophosphorylation is initiated.231 The RR, the second
component of the TCS, can now be phosphorylated at an aspartate residue, which initiates a specific
cellular response to the signal detected by the HK, by altering DNA transcription through interaction
of the RR with promoter regions.230,232

Figure 10.1.: Schematic representation of a TCS consisting of a membrane-bound HK and a cytoplasmic, mobile RR, ad-
apted from References [231, 237]. The corresponding signal transduction cascade can be found on the right.
After an environmental signal is detected by the HK, a sequence of conformational changes transmits it to
the interior of the cell and to the catalytic core of the histidine kinase (HK), where an autophosphorylation
of a conserved histidine residue is performed. Subsequent transphosphorylation of a conserved aspartate
residue on the response regulator (RR) enables the RR to regulate gene expression and thereby initiate the
appropriate cellular response.

During autophosphorylation, the γ-phosphoryl group of ATP is transferred to the Nε of a conserved
histidine residue (refer to Figure 10.2). The resulting phosphorylated histidine, also known as phos-
phohistidine (pHis), is a common intermediate in various enzymatic reactions. Subsequent to auto-
phosphorylation, the pHis is deprotonated by a glutamate in the vicinity, resulting in a deprotonated
pHis product.15,238,239 HKs are homodimers with each monomer containing a DHp and a CA do-
main (refer to Figure 10.2 top). Depending on the TCS, one of two different autophosphorylation
mechanisms can occur: In cis-HKs, the ATP bound to one CA domain phosphorylates the histidine
in the DHp domain of the same monomer. In contrast, in trans-HKs, which are the focus of this
work, the histidine in the DHp domain of the opposing monomer is phosphorylated.7

Experimental studies have shown that cis- or trans-directionality depends on the loops at the base
of the four-helix bundle of the DHp domain, which position the CA domain closer to either the
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Figure 10.2.: Structure of the investigated trans-HK (PDB ID: 5LFK)225 with enlarged QM region and reaction scheme.
Top: The monomers of the homodimeric HK are coloured in orange and blue. The enlarged region shows all
active site molecules that are part of the QM region. While the histidine ATP-Mg2+-complex and glutamate
take part in the autophosphorylation and subsequent deprotonation, the water molecules and asparagine are
included as part of the coordination sphere. The arginine was included to stabilise the protonated pHis
intermediate. Bottom: Reaction equation showing the autophosphorylation of the histidine followed by the
deprotonation by a nearby glutamate.

histidine on the same chain (cis) or on the opposite chain (trans). This is supported by a study
showing that replacing the loop region of a cis-HK with that of a trans-HK switches the catalytic
mechanism, leading to trans-autophosphorylation and the formation of pHis.7 The mechanism of
the autophosphorylation on the other hand is independent of the cis- or trans-directionality.8 Al-
though pHis has been known for over six decades, its chemical instability makes it difficult to study
in vivo and in vitro.240 These limitations make computational approaches particularly valuable.
QM/MM-based simulations have enabled detailed investigation of the mechanism and energetics
of autophosphorylation in a cis-HK, allowing the determination of free-energy barriers of both the
autophosphorylation reaction and the preceding conformational transition. The autophosphoryla-
tion step proceeds via a penta-coordinated transition state with a barrier of 8 kcalmol−1, and the
combined barrier, including the conformational transition, is in agreement with the experimentally
determined rate.15 In the trans-HK CpxA from Escherichia coli, which is also investigated in this
work, the barrier was found to be 15 kcalmol−1. However, the authors note that the difference in
barrier height between these two HKs might be a result of the different collective variables (CVs)
that have been employed.16

10.1.1.Motivation and Aim of the Project

Kinase-catalysed phosphorylation reactions in proteins are challenging to describe computationally.
QM/MM methods combined with enhanced sampling allow simulations on the relevant timescales
when computationally efficient semi-empirical approaches such as DFTB are employed, but their
accuracy can be limited. Δ-machine learning corrections offer a strategy to improve the accuracy of
DFTB calculations while largely retaining their computational efficiency.
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In this context, the HDNNP introduced in chapter 8 is applied to QM/MM simulations of the auto-
phosphorylation reaction catalysed by the trans-HK CpxA from Escherichia coli. As demonstrated
by the DFTB-Δ/MM simulations in aqueous solution presented in chapter 9, it may be advantage-
ous to include the complete coordination sphere of the magnesium cation during training, as well
as to scale the MM point charges in order to reduce overbinding at the QM/MM boundary. Both
strategies are therefore investigated in the protein environment.

Including all QM water molecules together with the Mg-coordinating asparagine residue increases
the number of atoms in the training set by factor of 2.3. To keep the computational cost manage-
able, the number of symmetry functions, as well as the radial and angular cut-offs, are reduced
accordingly. To evaluate the impact of these adjustments, single-point DFTB and DFTB-Δ/MM
energy and force calculations are conducted and compared with the DFT reference, both in vacuum
and within an electrostatic embedding of the protein environment. In the latter case, the protein is
represented by fixed point charges to mimic a QM/MM-like setup.

Most importantly, QM/MM metadynamics simulations are performed for the protein system using
DFTB and DFTB-ΔML as the QM methods, in order to evaluate the impact of theΔML correction
on the dynamics and free-energy landscape of QM/MM simulations in the protein environment.

10.2. Methods

Structure Preparation and MM Equilibration
The crystal structure of a hemi-phosphorylated CpxA dimer (PDB ID: 5LFK)225, an HK from the
Escherichia coli signalling system, was used as starting structure. Missing loop segments were
rebuilt using UCSF Chimera241. The MM equilibration was carried out using GROMACS 5.1200–204,
employing the AMBER99SB-ILDN force field198,199 to describe the protein and TIP3P water197 for
solvent representation. The integration of the equations of motion was performed with the Leap Frog
algorithm53 using a time step of 1 fs. All bonds involving hydrogen atoms were constrained with the
LINCS algorithm242. Periodic boundary conditions were applied and the electrostatic interactions
were treated with the particle mesh Ewald method209. The cut-off for short-ranged electrostatic and
Van der Waals interactions was placed at 1 nm. The energy of the system was minimised using the
steepest descent algorithm, which was followed by an NVT equilibration for 10 ns at 300 K with the
velocity rescaling thermostat55.

Preparation of the QM/MM Simulation
The QM region was modelled to contain the side chains of Asn145, His248, Glu249 and Arg251,
the Mg2+ cation, the phosphoryl groups of the ATP and ten water molecules (refer to Figure 10.2).
Hydrogen link atoms were placed at the QM/MM interface and the QM–MM interactions were
treated with the electronic embedding scheme.243 The QM region was described with the semi-
empirical DFTB3 method117 and the 30B parameter set192,195,196 and specific reaction parameters
(SRPs) OPhyd192 and PNmod16. QM/MM equilibrations and simulations were performed using
our local implementation of QM/MM in GROMACS 2020.2200–204, which is available from a pub-
lic repository.207 Restraints were placed using the open-source, community-developed PLUMED
library210, version 2.5.1211. In a first step, the whole system was slowly heated from 10 to 300 K for
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25 ps with a time step of 0.5 fs, using simulated annealing. Afterwards, the QM equilibration was
performed at 300 K for 10 ns with a time step of 1 fs.

Metadynamics Simulation
The two-dimensional metadynamics simulation was calculated along two collective variables (CVs)
to describe the phosphoryl transfer and subsequent proton transfer, and are defined as

phosTrans = d(P–O)−d(P–N) (10.1)

protTrans = d(N–H)−d(O–H), (10.2)

with the respective atomic distances defined according to Figure 10.3. Gaussians with a width of
0.02 nm and a constant height of 0.8 kJ were deposited every 0.5 ps and exchanged between the
individual walkers every 1 ps. The simulation was performed in a multiple-walker approach with
24 walkers, each running for 1 ns.

Figure 10.3.: Schematic representation of the collective variables (CVs) used for the metadynamics simulations of HK.

Training and Single-Point Calculations in Vacuum and Protein Environment
From these metadynamics simulations, 500 structures for the single-point calculations were ex-
tracted randomly and uniformly from the relevant regions across the free energy surface (FES)
using MDAnalysis (version 2.6.1)228,229. Since only the phosphoryl transfer reaction is correc-
ted by the ΔML model, the structure extraction was restricted to configurations with a maximum
N–H distance of 1.1 Å. Single-point calculations were performed using DFT (ωB97M-V/ma-def2-
TZVP)101,107,109, DFTB (DFTB3/3OB192,195,196 with OPhyd192 and PNmod16 SRPs), and the cor-
responding DFTB-ΔML approach. As ΔML models, two different subsets of the HK active site
were employed. The first one is the HK system described in chapter 8, which includes only the his-
tidine side chain and the triphosphate–Mg2+ complex (‘small QM subset’). In addition, a separate

Figure 10.4.: Subsets of the HK QM region corrected during DFTB-ΔML calculations. Solid molecules are corrected by
the ΔML model, whereas transparent molecules are included in the QM region but are not corrected. The
protein is shown in grey. Left: The small QM subset corresponds to the HK system trained in chapter 8 and
aims to correct only the reacting species. Right: The big QM subset includes the QM water and asparagine
to represent the complete coordination sphere of the magnesium cation.
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model was trained in this chapter, that also includes the QM water molecules and the asparagine side
chain, thereby representing a larger subset of the QM region and the complete coordination sphere
of the magnesium cation (‘big QM subset’, refer to Figure 10.4).

While the network specifications described in Section 8.2 were used for the small QM subset, a
variant with a reduced number of symmetry functions was additionally applied for the big QM
subset to address the increased computational cost associated with the larger QM region. The
radial symmetry functions used 5 Rs values (Rs ∈ {0.0,1.0,2.0,3.0,4.0} Å) and 4 η values (η ∈
{0.08,0.16,0.3,0.5} Å−2), yielding 20 radial features per atom. The angular symmetry functions
used λ ∈ {−1,1}, ζ ∈ {1,4,16}, and the same 4 η values, resulting in 24 angular features per atom.

As in chapters 8 and 9, DFT calculations were performed using ORCA212, version 5.0.5213, while
DFTB calculations were carried out using DFTB+205,206 in our local implementation208. For both
DFT and DFTB energies, the atomisation energies (refer to Equation (8.1)) were calculated and
used for comparison between the methods. Atomic force differences ∆F were computed according
to Equation (9.1).

In addition to vacuum calculations, a QM/MM electrostatic embedding was applied by representing
the surrounding protein, solvent, and ions as fixed point charges, thereby mimicking the electrostatic
environment of a QM/MM setup. For all calculations, energies and atomic forces were computed.

Metadynamics Simulations with DFTB/MM and DFTB-ΔML/MM
To evaluate the effect of the ΔML model on the dynamics, two-dimensional metadynamics simula-
tions were performed. As CVs, the distance between the atoms of the P–O and P–N bonds formed
and broken during the phosphoryl transfer were used (d(P–O) and d(P–N) in Figure 10.3). Gaussi-
ans with a width of 0.01 nm and were deposited every 0.5 ps and exchanged between the individual
walkers every 1 ps. An initial height of 1.2 kJmol−1 and bias factor of 20 were chosen to ensure
a controlled exploration of the FES. The simulation was performed in a multiple-walker approach
with each of the 24 walkers running for 1 ns, resulting in a total simulation time of 24 ns.

The simulations were started from different starting structures: the equilibrated starting structure,
which was also used for the phosTrans/protTrans metadynamics simulation described above, and a
second structure extracted after 1 ns from that simulation. The two starting structures mainly differed
in the coordination of the magnesium cation, allowing its influence on the phosphoryl transfer to be
evaluated. As a second parameter, the effect of placing a flat-bottom restraint at 170 deg of the
N–P–O angle was assessed. This gives a lower bound to the angle and effectively restricts it to a
near-linear geometry. Combining the two starting structures with the presence or absence of the
angular restraint resulted in four different variants of the metadynamics simulations. Each variant
was performed as DFTB-ΔML/MM simulation as well as DFTB/MM simulation as a reference,
resulting in eight metadynamics simulations total. For the DFTB-ΔML/MM, the big QM subset
was corrected using the reduced set of symmetry functions, as described above.

Analysis
The visualisation software VMD (version 1.9.4)244 was used to perform trajectory analyses and to
generate figures for this work. Distance calculations were carried out with PLUMED210, version
2.5.1211. All data analysis and visualisation were performed in Python 3.11245 using NumPy (ver-
sion 1.26.0)246, pandas (version 2.1.3)247,248, and Matplotlib (version 3.8.2)249.
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10.3. Results and Discussion

In this section, the performance and applicability of theΔML model are discussed. First, the model
is validated using single-point energy and force calculations. In a second step, DFTB/MM and
DFTB-ΔML/MM metadynamics simulations are performed in order to evaluate the influence of the
ΔML model during simulation and on the resulting FESs.

10.3.1.Optimising ∆ML Corrections for Protein QM/MM Simulations

In chapter 9, several artefacts were detected when transferring the vacuum-trained ΔML model to
aqueous solution for system 5. System 5 represents a model of the HK active site and comprises
a histidine side chain and triphosphate–Mg2+ complex. In particular, the inclusion of only half
of the magnesium coordination sphere led to an overcorrection of the magnesium atomic forces. In
addition, the energy distributions obtained from DFTB calculations in vacuum and in water exhibited
different shapes, which reduced the transferability of the ΔML model. These observations led to
the hypothesis that the reduced transferability originates from an overpolarisation at the QM/MM
boundary.

In the HK simulation, the QM region is larger and includes, in addition to the histidine and
triphosphate–Mg2+ complex, the amino acids glutamate, arginine, asparagine and ten water mo-
lecules (refer to Figure 10.2). As this results in a QM region with 98 atoms, only a subset is
corrected by the network to ensure the computational cost remains manageable.

To this end, two different subsets of the QM region are tested (refer to Figure 10.4). In the first
subset, referred to as the ‘small QM subset’, only the reacting molecules are included in the training
and corrected in DFTB-ΔML calculations. The second model, referred to as the ‘big QM subset’,
also includes the QM water molecules and the asparagine side chain in order to capture the complete
coordination sphere of the magnesium cation.

Training and Correcting the Small QM Subset
The small QM subset corresponds to the QM region of system 5. Consequently, similar artefacts are
observed when transferring the ΔML model trained on system 5 to water (refer to Section 9.3.1),
and when transferring the ΔML model trained on the small QM subset to the protein environment.
For vacuum single-point calculations, all 98 atoms in the QM region are considered. However, as the
network was only trained on a small subset of the QM region, only this part is corrected by theΔML
model. Consequently, the model’s predictive quality is already lower in the vacuum calculations.

Consequently, the error in the vacuum forces is reduced by 50.6%, and by 38.0% when additionally
including protein point charges, with force errors evaluated exclusively for atoms subject to the
ΔML correction (refer to Table C.1). Of all the investigated atoms, the quality of the magnesium
atomic forces were the only ones to decrease, by −11.5% in vacuum and −14.0% in the protein
environment.

When the ΔML model trained on the small QM subset is applied to the big QM subset, the overall
error increases by 393.1% in the protein (refer to Table C.2). This is mainly caused by the mag-
nesium atomic forces, where the RMSE increases by 2010.8%, presumably due to the increased
number of QM oxygen atoms coordinated to the magnesium.
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Training and Correcting the Big QM Subset
The big QM subset, which includes water molecules and the asparagine side chain, comprises all
oxygen atoms coordinating the magnesium cation. When the network trained on these structures is
applied in DFTB-ΔML single point calculations, the RMSE in atomic forces is reduced by 57.1%
in vacuum and by 50.0% in the protein environment (refer to Table C.3). Notably, whereas mag-
nesium atomic force RMSE was increased for the small QM subset, they improve when trained and
correcting the big QM subset with RMSE reductions of 38.0% in vacuum and 34.8% in the protein.
This clearly demonstrates the importance of including the full coordination sphere of the magnesium
cation.

Reducing the Computational Time
Since the big QM subset contains 69 atoms compared to 30 atoms in the small subset, the compu-
tational cost is correspondingly expected to increase by approximately a factor of two. To address
this, several strategies were explored in order to accelerate the ΔML model, including a reduction
of the radial and angular cut-off radii and a reduction in the number of symmetry functions.

For the reduction of the cut-off radius, a factor of 0.5 was chosen, reducing the radial cut-off from 10
to 5 Å and the angular cut-off from 6 to 3 Å. While this limits the increase in computational cost to a
factor of 1.84 relative to uncorrected DFTB (compared to 2.56 for the full cut-off), the improvement
in atomic forces is also reduced: only a 28.4% reduction in RMSE is achieved, which is even lower
than for the small QM subset with full cut-off (refer to Table 10.1).

In a second attempt, the cut-off radius was unchanged (10 Å for radial, 6 Å for angular), but the
number of symmetry functions was reduced from 35 to 20 for the radial part and 50 to 24 for the
angular ones (refer to Section 10.2 for details). Surprisingly, this not only reduces the increase in
computational cost to a factor of 1.76 (corresponding to a speed-up of approximately 1.5 relative to
using all symmetry functions), but also improves the RMSE of the atomic forces by 51.0%, which is
even slightly better than the results from the ΔML model with the full symmetry function set. This
demonstrates the importance of optimising the symmetry functions.165,167

Table 10.1.: Mean CPU times per single-point calculation in the protein. The relative computational cost is defined as the
ratio of the CPU times of DFTB-ΔML and DFTB. All times are given in s. The improvement in the RMSE
of atomic forces is evaluated for the QM atoms corrected by theΔML model, relative to uncorrected DFTB.

QM subset CPU times single-point calc. in protein RMSE
DFTB DFTB-ΔML Rel. comp. cost Improvement

Small 1.261 1.628 1.29 38.0%
Big 1.269 3.243 2.56 50.0%

Big (smaller cut-off) 1.269 2.340 1.84 28.4%
Big (less sym. func.) 1.269 2.242 1.76 51.0%

Reducing Overpolarisation at the QM/MM Boundary
As observed for aqueous solution in Sections 9.3.1 and 9.3.2, the force corrections obtained from
vacuum calculations remain more effective compared to those in the protein environment. The initial
assumption was that the repulsive part of DFTB mainly contributes to the error. As it is unaffected
by the environment, training in vacuum and transferring to a different environment was considered
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appropriate. However, differences in the shape of the single-point energy distributions in vacuum
and water/protein indicate that the electronic contributions also play a role (refer to Figure C.1).

This behaviour was attributed to overpolarisation effects, as DFT can accommodate external elec-
trostatic fields through a continuous redistribution of the electron density, whereas polarisation in
DFTB is mediated by atom-centred SCC charges, resulting in an increased sensitivity to electrostatic
interactions at the QM/MM boundary. To address this issue, the electrostatic interactions between
the QM and MM region were scaled down by a factor of 0.75 in the DFTB and DFTB-ΔML cal-
culations by uniformly reducing the MM point charges, thereby compensating for the missing po-
larisation of the MM region. This scaling factor (approximately 1/

√
εel) incorporates the electronic

dielectric constant of the environment in order to reduce overpolarisation.250,251 Applying the charge
scaling factor to single-point calculations with the reduced symmetry function set further increases
the improvement of the atomic force RMSE to 54.8%. This is almost four percentage points more
than without the scaling, bringing it close to the vacuum improvement of 57.8%. This observation
supports the assumption that DFTB is more sensitive to strong MM point charges near the QM/MM
boundary than DFT.

Based on the single-point benchmark against DFT reference calculations, DFTB-ΔML/MM meta-
dynamics simulations were performed using the network trained on the big QM subset with the
reduced set of symmetry functions, while scaling the MM charges by a factor of 0.75.

10.3.2.DFTB-∆ML/MM Simulations for Mechanistic Modelling

Before discussing the results, a methodological detail of the metadynamics simulations must be
addressed. For the metadynamics simulations of the histidine model system in water (refer to
Section 9.3.1), a bias factor of 50 was employed. After 16 ns, the FES had been filled up to
57 kcalmol−1. In contrast, for the protein HK simulations in this chapter, a lower bias factor of
20 was deliberately chosen to avoid potential overfilling of the FES, which could results in un-
wanted side reactions and can occur when the bias factor is set too high. Based on the inverse
scaling of the effective barrier with the bias factor, the expected total filling height would be ap-
proximately 23 kcalmol−1. However, after the same simulation time of 16 ns, the FES in the HK
DFTB-ΔML/MM simulations was filled up to 44 kcalmol−1, even though identical CVs were em-
ployed and the barrier height is similar. Therefore, this difference cannot be attributed solely to the
choice of bias factor. Instead, it reflects the different configurational freedom of the two systems. In
aqueous solution, a larger region of CV space is accessible, whereas in the protein environment, the
surrounding residues restrict the reaction pathway, thereby limiting the accessible free-energy space.
Since the overfilled FES in the HK simulation introduced artefacts in the phosphorylation reaction,
possibly due to the crossing of an additional barrier, the analysis presented here focuses only on the
initial 10 ns (corresponding to approximately 0.42 ns per walker) rather than the full 24 ns planned.

Eight metadynamics simulations were performed. The simulations differ with respect to the QM
method used in the QM/MM calculations (DFTB or DFTB-ΔML), the presence or absence of a
restraint applied to the N–P–O angle, and the starting structure. The restraint was placed at 170◦,
effectively constraining the system towards the linear transition state expected for an SN2 mechan-
ism.
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The two starting structures mainly differ in the coordination environment of the magnesium cation.
In the first structure, the α- and γ-phosphoryl groups of ATP coordinate the magnesium cation,
together with the asparagine residue and two QM water molecules. In the second structure, the β-
phosphoryl group is additionally included in the coordination sphere, replacing one water molecule.
Accordingly, the structures are denoted 2PC and 3PC, referring to coordination by two or three
phosphoryl groups, respectively.

A two dimensional FES is exemplarily shown for the DFTB-ΔML/MM case (3PC, with angle
restraint) in Figure 10.5. Table 10.2 shows the coordinates and relative energies of the reactant,
product, and transition states obtained from all eight metadynamics simulations. The respective
1D FES projections onto the two CVs are shown in Figure C.2. The DFTB-ΔML/MM simulation
without an angle restraint and starting from the 2PC structure is excluded from further discussion,
as it had not yet converged after 10 ns of simulation time. The other seven simulations showed
near-convergence after 10 ns (refer to Figure C.3).

Figure 10.5.: FES of a HK phosphoryl transfer simulation, exemplarily shown for the DFTB-ΔML/MM simulation with
angle restrained, which was started from the 3PC structure. The position of the reactant, transition state and
product are indicated.

Influence of DFTB vs DFTB-ΔML as QM Method
For DFTB/MM simulations, activation barriers range from 11.1 to 22.9 kcalmol−1, whereas DFTB-
ΔML increases them substantially to 23.5–35.1 kcalmol−1 (refer to Table 10.2). This corresponds to
an increase of 12.4–18.4 kcalmol−1, approximately doubling the barrier height. The same trend can
be observed for the reaction free energies ΔG. DFTB predicts nearly the same energy for reactant
and product state (ΔG = −1.1–0.7 kcalmol−1), while DFTB-ΔML consistently yields strongly
endergonic profiles (ΔG = 18.7–24.1 kcalmol−1). In the histidine test system in water, the barrier
was increased by 10.7 kcalmol−1 and the ΔG was increased by 12.1 kcalmol−1, therefore showing
similar behaviour as observed in the protein.

Thus, the ΔML correction systematically shifts the reaction energetic upwards, destabilising both
the product and the transition state and thereby increasing both the kinetic barrier and the reaction
free energy. From another perspective, this can be interpreted as a relative stabilisation of the react-
ant state. Possible reasons could be a weakening of the formed P–N bond or a change in magnesium
coordination (as discussed on the next pages).
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Table 10.2.: Coordinates and energies of reactant, product, and transition state for different methods, starting structures
and angle restraints. In the ‘Angle’ column, ‘yes’ indicates that a restraint at 170◦ was applied to the N–
P–O angle. In the ‘Structure’ column, 2PC and 3PC specify whether the magnesium cation in the starting
structure is coordinated by two or three phosphoryl groups, respectively. The simulation shown in grey was
not converged after 10 ns of simulation time. The first coordinate is the P–O distance, the second the P–N
distance. The transition state energy is given relative to the reactant state energy. Coordinates are given in
Å, energies in kcalmol−1.

QM method Structure Angle Reactant state Product state Transition state
Coordinates Energy Coordinates Energy Coordinates Energy

DFTB 2PC yes 1.68 | 3.88 0.0 4.39 | 1.84 0.3 2.28 | 2.44 18.6
DFTB 2PC no 1.63 | 4.06 0.8 4.66 | 1.81 0.0 2.37 | 2.51 22.9
DFTB 3PC yes 1.70 | 3.46 1.1 4.13 | 1.84 0.0 2.23 | 2.40 11.1
DFTB 3PC no 1.72 | 3.83 0.0 4.39 | 1.86 0.7 2.24 | 2.35 12.7

DFTB-ΔML 2PC yes 1.63 | 4.20 0.0 4.41 | 1.77 21.1 2.47 | 2.23 35.1
DFTB-ΔML 2PC no 1.62 | 4.07 0.0 4.23 | 1.78 20.7 2.35 | 2.21 37.1
DFTB-ΔML 3PC yes 1.67 | 3.61 0.0 4.38 | 1.84 18.7 2.48 | 2.19 23.5
DFTB-ΔML 3PC no 1.63 | 4.00 0.0 4.30 | 1.81 24.1 2.55 | 2.27 31.1

Structurally, this energetic shift is accompanied by a systematic change in the transition state geo-
metry. While in plain DFTB the transition state is located at (2.23–2.37 | 2.35–2.51), the DFTB-
ΔML transition states are shifted to (2.47–2.55 | 2.19–2.27). This indicates that the transition state
becomes more product-like, with significantly increased P–O dissociation and more pronounced
P–N bond formation compared to plain DFTB.

Since DFTB-ΔML is designed to approach DFT-level accuracy, this observation indicates that plain
DFTB underestimates the activation barrier and overstabilises the product state relative to DFT.
Equivalently, this may be interpreted as an underestimation of reactant state stabilisation in the
DFTB calculation.

Structural Effect: Magnesium Cation Coordinated by two or three Phosphoryl Groups
Not only the method, but also the change in magnesium coordination exerts a pronounced influence
on the reaction energetics (refer to Table 10.2). For DFTB/MM simulations, the 3PC setup exhibits
substantially reduced barriers, approximately 40–45% lower than in the 2PC simulations, while
the free energy difference between reactant and product remains largely unaffected. In DFTB-
ΔML/MM simulations (excluding non-converged cases), the 3PC setup likewise lowers the barrier
by approximately 33% compared to 2PC, again with only minor changes in the product free energy.

Across all eight simulations, the average number of oxygen atoms coordinating the magnesium
cation ranges between 4.1 and 4.7 (refer to Table 10.3). Nevertheless, the specific identity of the
coordinating phosphoryl group appears to influence the reaction barrier. Interestingly, in the 2PC
simulations, the β-phosphoryl group transiently entered the coordination sphere in approximately
one quarter of the walkers, whereas in the 3PC simulations the β-phosphoryl group remained stably
coordinated throughout. This further supports the importance of full phosphoryl coordination.

These observations suggest that coordination by all ATP phosphoryl groups (3PC) preferentially
stabilises the transition state relative to the reactant state, likely by improving the relative orientation
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Table 10.3.: Average number of oxygen atoms (of ATP, asparagine, water) coordinating the magnesium cation for differ-
ent methods, starting structures, and with or without an angle restraint. An oxygen atom is considered as
coordinated if it is within 2.3 Å of the magnesium cation. In the ‘Angle’ column, ‘yes’ indicates that a re-
straint was applied to the N–P–O angle, restricting it to a minimum value of 170◦. In the ‘Structure’ column,
2PC and 3PC specify whether the magnesium cation in the starting structure is coordinated by two or three
phosphoryl groups, respectively. The simulation shown in grey was not converged after 10 ns of simulation
time.

Structure Angle restraint DFTB DFTB-ΔML

2PC yes 4.4±0.4 4.7±0.4
2PC no 4.3±0.4 4.7±0.4

3PC yes 4.1±0.4 4.9±0.4
3PC no 4.1±0.3 4.7±0.4

of the reactant species before the reaction takes place. Consequently, full phosphoryl coordination
of magnesium appears to enhance the catalytic activity of the histidine kinase.

Effect of the Angular Restraint
Initially, a restraint was placed at 170◦ on the N–P–O angle, following the approach of Kansari et
al.16, who investigated the same trans-HK structure and applied a restraint at 160◦. The intention
was to enforce a near-linear SN2-like transition state.

As shown in Table 10.2, across both methods and starting structures, removal of the N–P–O angle
restraint leads to higher activation barriers compared to simulations with the restraint, increasing
the barrier by a factor of 1.14–1.32. Inspection of Figure 10.6 reveals that, even without the angle
restraint, the transition state remains linear. However, the reactant and product states are located at
substantially smaller N–P–O angles. In addition, Table 10.2 shows that most reactant and product
state exhibits approximately 1.1-times larger P–O and P–N distances, respectively, when no angle
restraint is applied. This indicates that, without the angular restriction, the reactant and product
structures can relax more fully within the protein environment. Consistently, the reactant state is
shifted to higher values along the phosphoryl-transfer coordinate.

Moreover, in the region where the reactant and product states are found in the restrained simulations,
little to no sampling is observed in the simulations without the angle restraint, particularly for the
reactant state (refer to Figure 10.6). This suggests that the angular restraint artificially constrains the
reactant and product geometries, preventing full relaxation and thereby increasing their relative en-
ergies. As a consequence, the activation barrier appears lower in the restrained simulations because
the reactant state is destabilised and higher in energy.

In contrast, without the angular restriction, the protein environment can adapt more freely, allowing
the reactant state to relax and become energetically stabilised. Together with the observation that the
linear SN2 transition state is still accessible, this indicates that simulations without an angle restraint
provide a more realistic description of the reaction pathway.

Setting the Results into Context
Kansari et al.16 performed DFTB/MM metadynamics simulations starting from the same PDB struc-
ture and using the same CVs as in this work, and reported a barrier of 15 kcalmol−1, consistent with
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Figure 10.6.: Relation between phosphoryl transfer and N–P–O angle, shown for the DFTB/MM metadynamics started
from 3PC. Left: with angle restraint at 170◦, right: no angle restraint applied. The phosTrans coordinate is
defined as the difference between the distances d(P–O) − d(P–N).

the value obtained by Marsico et al.252. This barrier lies within the range of the DFTB/MM barriers
obtained in this chapter (refer to Table 10.2).

For the reaction free energy, it is noteworthy that Kansari et al. reported two product minima. One
minimum was found at a P–O distance of approximately 3.4 Å and approximately 4 kcalmol−1

higher in energy than the reactant state, whereas a second minimum at approximately 5 Å was re-
ported to be approximately −5 kcalmol−1 relative to the reactant, which was attributed to a structural
rearrangement. In contrast, only a single product minimum is observed in all eight simulations re-
ported here, and the ΔG obtained from the DFTB/MM simulations falls between the two product
minima reported by Kansari et al.

Because DFTB-ΔML is fitted towards DFT reference data and has shown promising results in the
single-point calculations (refer to Section 10.3.1) and similar behaviour in water (refer to chapter 9),
the DFTB-ΔML/MM results are expected to be more reliable in terms of underlying energetics.
However, the DFTB-ΔML/MM simulations predict a comparatively high-energy product state,
which suggests limited product stability on the sampled time scale. In order to compare the ob-
tained barriers to experimental rates, the transition state theory (TST) is used, which is given as

k =
kBT

h
exp
(
−∆G‡

RT

)
, (10.3)

with the rate constant k, the Boltzmann constant kB, the temperature T , the Planck constant h,
the barrier height ∆G‡, and the universal gas constant R. This indicates that the DFTB-ΔML/MM
barriers of 23.5–35.1 kcalmol−1 correspond to time scales ranging from hours to thousands of years.
This is in vast contrast to experimentally determined time scales on the order of seconds,253 which
correspond to an effective barrier of approximately 17 kcalmol−1.

Several factors in protein QM/MM simulations can influence the energetics of phosphoryl transfer
reactions. Conformational rearrangements preceding the chemical step and subsequent proton trans-
fer events may contribute to the overall kinetics, although it appears unlikely that these effects alone
account for a discrepancy of this magnitude. Importantly, the present simulations also show that
subtle structural differences can substantially affect the energetics, for example through the identity
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of the oxygen atoms coordinating the magnesium cation, even when the average coordination num-
ber is similar. In the DFTB-ΔML/MM simulations, the average magnesium coordination increases
by approximately 0.3–0.6 oxygen atoms relative to the DFTB/MM simulations, raising the ques-
tion of whether the magnesium coordination environment in the trans-HK active site is accurately
represented and whether additional sampling or alternative starting structures are required.

Lassila et al.6 point out that enzymatic phosphoryl transfer does not substantially alter the nature
of the transition state when going from water to the protein environment, but instead mainly sta-
bilises the transition state, thereby lowering the barrier and facilitating catalysis. Accordingly, the
hexacoordinated state of magnesium in solution suggests that a similar coordination geometry may
be expected in the protein active site, as supported by structural and computational studies of his-
tidine kinases.15,254,255 While magnesium can adopt a tetracoordinated geometry, it shows a strong
preference for octahedral hexacoordination.256,257 Against this background, the DFTB-ΔML/MM
simulations indeed show an improvement towards a more complete coordination of the magnesium
cation. However, only five rather than six oxygen atoms coordinate the magnesium cation. This
may indicate limitations of the current structural model, which could contribute to the instability of
the transition state and product by not fully satisfying the geometric requirements for hexacoordin-
ation. Furthermore, the ΔML model was trained primarily on near-tetracoordinated magnesium
environments, which may limit its ability to accurately describe fully hexacoordinated geometries.
Future work should therefore aim to extend the training data to better capture fully hexacoordinated
magnesium environments.

In addition, removing the N–P–O angle restraint was found to have a strong impact on the loc-
ation of the reactant and product minima, suggesting that further slow structural rearrangements
may be required to access a more stable product configuration. This interpretation is consistent
with the two product minima reported by Kansari et al., where the second minimum was almost
10 kcalmol−1 lower than the first. It is therefore possible that the structural rearrangement leading
to a lower-energy product was not accessible within the 10 ns time scale considered here. For exten-
ded simulations, it may be necessary to adjust sampling parameters (e.g., using a lower bias factor)
to enable longer simulations and to better capture slow relaxation processes.

Overall, the strong sensitivity to the protein environment implies that small differences in local struc-
ture can lead to substantial changes in the free energy surface, which can also hinder convergence.
Consequently, the focus of the present comparison is placed primarily on qualitative trends across
methods and setups, rather than on absolute quantitative agreement with experiment.

10.3.3.Computational Cost

In Table 10.1, it was shown that DFTB-ΔML/MM single-point calculations reduce the atomic force
RMSE by more than 50%, while increasing the computational time by only a factor of 1.76. For
the metadynamics simulations, Table 10.4 demonstrates that the computational time increases only
slightly more than twofold (by a factor of 2.22). Notably, this corresponds to a smaller relative
overhead than observed for simulations in water (refer to Section 9.3.3), even though more than
twice as many QM atoms are corrected in the enzyme system (30 atoms in the histidine test sys-
tem in water compared to 69 atoms in the protein). This can be explained by the fact that, in the
enzyme simulations, both the QM and MM regions are substantially larger. As a consequence, the
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ΔML correction constitutes a smaller fraction of the total computational workload, and the relative
increase in wall-clock time is therefore reduced.

Table 10.4.: Mean computational cost of metadynamics simulations, averaged over all walkers, in days/ns. The relative
computational cost is defined as the ratio of DFTB-ΔML/MM and DFTB/MM.

DFTB/MM DFTB-ΔML/MM Rel. comp. cost

5.89 13.06 2.22

In comparison to the work of Giese et al.227, who applied a ΔML correction based on the graph
neural network MACE to O-phosphorylation model systems mimicking RNA transphosphorylation,
the computational overhead observed in this work remains modest. Giese et al. reported that their
approach is approximately 1.28 times slower than DFTB on GPUs; however, when executed on
CPUs, the slowdown is increased to a factor of 30.

In the present work, theΔML correction increases the computational cost by only a factor of 2.22 re-
lative to DFTB on CPUs, showing that accurateΔML/MM simulations remain feasible on standard
CPU hardware, without requiring specialised GPU acceleration.

Furthermore, while Giese et al. demonstrated extrapolation abilities by learning predominantly in the
minima and accurately predicting intermediate regions of the free energy surface, their results were
obtained for non-enzymatic model reactions in aqueous solution. In contrast, the present work ad-
dresses a substantially more complex enzymatic environment, including explicit QM/MM coupling
and magnesium coordination, which proved to be the most challenging component of the system.

10.4. Conclusions

In chapter 8, a vacuum-trained ΔML HDNNP was developed, and in chapter 9, its transferability
to aqueous solution was assessed. In this chapter, the ΔML approach was extended to a protein
environment, specifically a trans-histidine kinase (trans-HK), addressing whether a vacuum-trained
model can be reliably transferred to a complex enzymatic QM/MM setting.

Single-Point Calculations
Chapter 9 showed that an accurate description of the Mg2+ coordination sphere is crucial for transfer
from vacuum to solvated systems, requiring inclusion of all oxygen atoms in the first coordination
shell. The protein results in this chapter confirm this finding. Including the complete first coordin-
ation shell substantially reduced the atomic force RMSE, particularly for magnesium, highlighting
the decisive role of its local electrostatic environment for transferability. Although this increases
the size of the corrected QM subset and thus the computational cost, efficiency can be recovered by
adjusting the symmetry-function setup. Whereas reducing the cut-off radius increased the RMSE,
reducing the number of symmetry functions maintained accuracy while accelerating the calculations
by a factor of approximately 1.5. This offers a practical compromise between computational cost
and predictive performance for biomolecular QM/MM applications.

A further key factor limiting transferability was QM/MM overpolarisation. DFTB is particularly
sensitive to the electrostatic embedding, and unscaled MM charges led to systematic overpolar-
isation that impaired transfer from vacuum to water. Uniform scaling of all MM point charges
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by a factor of 0.75 further reduced the atomic force RMSE, yielding an overall improvement of
54.8% compared to DFTB/MM. This highlights the decisive role of the electrostatic treatment at
the QM/MM boundary. However, uniform scaling is a coarse approximation, as primarily charges
close to the QM/MM interface contribute to overpolarisation. A more physically motivated altern-
ative would be a distance-dependent scheme, such as a Klopman–Ohno formulation258, which may
improve transferability without weakening long-range electrostatics unnecessarily.

QM/MM Metadynamics in the Protein Environment
Building on these insights, the DFTB-ΔML/MM approach was applied to enzymatic phosphoryl
transfer simulations. The corrected potential remained stable in well-tempered metadynamics sim-
ulations exceeding 10 ns, demonstrating successful transfer to a complex protein environment. The
computational cost increased only by a factor of 2.2 compared to standard DFTB/MM, allowing
extended sampling at moderate cost.

In addition to the influence of the Δ-learning correction, structural factors were investigated sys-
tematically by comparing two starting structures that differed in the magnesium coordination motif.
Although both featured approximately the same total number of coordinating oxygen atoms, the
identity of the coordinating phosphoryl groups proved important. A configuration in which all three
ATP phosphoryl groups coordinated the magnesium cation resulted in free-energy barriers approx-
imately 40–45% lower than a setup with only two of the triphosphate coordinating. This indicates
that complete coordination of the triphosphate moiety to magnesium plays an important role in
facilitating catalysis in histidine kinases.

Interestingly, the DFTB-ΔML/MM simulations increased the average magnesium coordination
number to approximately 4.7, indicating a strengthening of Mg2+–O interactions relative to DFT-
B/MM. Although this shifts the system closer to the expected hexacoordinated state of magnesium,
a predominantly pentacoordinated environment is unlikely to correspond to the most stable coordin-
ation geometry. The absence of full hexacoordination may arise from structural constraints within
the protein environment and requires further investigation.

The application of a flat-bottom restraint on the N–P–O angle was found not to be essential for en-
forcing an SN2-like transition state. Even without angular restraints, the transition state remained
nearly linear. Instead, the restraint primarily destabilised the reactant state through geometric con-
straint, thereby artificially decreasing the relative barrier height. This highlights the importance
of ensuring that any introduced restraints are physically reasonable and that their influence on the
free-energy landscape is carefully assessed.

In comparison to the work from the group of Darrin York, who demonstrated improved accuracy
for phosphoryl-transfer model reactions in aqueous solution using Δ-learning with MACE,227 the
Δ-learning strategy presented here is applied to an explicit enzymatic environment, including full
QM/MM coupling and magnesium coordination in a histidine kinase, and employs a comparatively
high-level DFT reference (ωB97M-V/ma-def2-TZVP). Nevertheless, the computational overhead
introduced by the correction remains moderate, enabling nanosecond-scale metadynamics simula-
tions in the protein. At the same time, the remaining deviations in absolute barrier heights emphasise
that achieving quantitative agreement in enzymatic systems remains challenging and depends not
only on the electronic-structure description but also on adequate sampling and a balanced treatment
of electrostatics.
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Quantitative Limitations and Outlook
Despite the substantial reduction of atomic force errors by 50% compared to DFTB/MM, the calcu-
lated free-energy barriers remain higher than experimental estimates. This indicates that improve-
ments in local forces alone do not guarantee quantitatively accurate reaction energetics in complex
enzymatic systems. Accordingly, the present results are interpreted primarily in terms of qualitative
mechanistic trends.

Several factors may contribute to the overestimation of the barrier and the product free energy. The
accessible simulation time may still be insufficient to capture slow structural rearrangements, as
conformational relaxation has been shown to stabilise product states by up to 10 kcalmol−1.16 In
addition, magnesium coordination exerts a strong influence on the barrier height. Although the Δ-
learning correction increases the average coordination number, incomplete hexacoordination may
lead to an artificial destabilisation of certain states. Future work should therefore focus on refin-
ing the electrostatic embedding, for instance through distance-dependent charge scaling schemes
rather than uniform scaling, and on further structural investigations of the magnesium coordination
environment.
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11. Understanding the Catalytic Mechanism
of Creatine Kinase

11.1. Introduction

Creatine kinases (CKs) are essential enzymes in vertebrate energy metabolism as they catalyse the
reversible transfer of the γ-phosphoryl group from ATP to creatine to form phosphocreatine (pCr,
refer to Figure 11.1).259 This reaction plays a central role in buffering and rapidly regenerating ATP
levels, particularly in tissues with high and fluctuating energy demands, such as skeletal muscle, car-
diac muscle, and brain.260,261 Maintaining a constantly high intracellular ATP concentration would
interfere with ATP-dependent metabolic processes. Therefore, in such tissues, cells do not rely
solely on ATP, but also store energy in the form of the phosphagen phosphocreatine. In inverteb-
rates, arginine phosphate, which is formed by arginine kinase (AK), plays a similar role. As with
other kinases in the guanidino kinase family, AK and CK show strong homology in sequence and
structure, suggesting a shared evolutionary origin.259,262

Figure 11.1.: Reaction equation of the phosphoryl transfer catalysed by CKs.

Because its phosphoryl-group transfer potential is higher than that of ATP, pCr enables the rapid
phosphorylation of ADP to ATP.263 This allows cells to address rapid changes in energy demand with
greater efficiency compared to slower ATP-generating pathways, such as oxidative phosphorylation.
The CK/pCr system functions as a short-term energy buffer, thereby maintaining cellular energy
homeostasis and supporting sustained activity in ATP-dependent processes.260

CKs exist in tissue-specific isoforms grouped into cytosolic and mitochondrial types. Cytosolic
CKs include muscle-type (M-CK) and brain-type (B-CK) isoforms, which form active homo- or
heterodimers (MM-CK, BB-CK, MB-CK). Mitochondrial CKs (MtCK or Mi-CK) comprise of two
subtypes: uMtCK (ubiquitous/acidic, also known as Mia-CK) and sMtCK (sarcomeric/basic, also
known as Mib-CK), which usually assemble into functional octamers formed from dimeric subunits,
and are located in the intermembrane space of mitochondria.264,265

MtCKs catalyse creatine phosphorylation at ATP production sites in the mitochondria, producing
pCr that diffuses to areas of high energy demand. There, cytosolic CK regenerates ATP from pCr.
This spatial separation together with the faster diffusion of pCr compared to ATP, forms the basis
of the phosphocreatine shuttle (refer to Figure 11.2), which maintains local ATP levels and sup-
ports cellular energy homeostasis. This micro-compartmentation of creatine kinase isoforms offers
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several advantages. In the vicinity of ATP-consuming ATPases, it enables a high ATP-to-ADP con-
centration ratio to be maintained. In contrast, within mitochondria, a low ATP-to-ADP ratio ensures
the availability of ADP required for efficient oxidative phosphorylation.265

Figure 11.2.: Schematic representation of the phosphocreatine shuttle, adapted from References [265, 266]. In the mito-
chondrial intermembrane space, MtCK catalyses the formation of pCr using ATP generated during oxidative
phosphorylation as a substrate. From there, the created pCr then diffuses to areas of the cell with high en-
ergy demand, where cytosolic CK isoforms regenerate ATP by transferring the phosphate group from pCr
to ADP. The phosphocreatine shuttle thus facilitates the efficient distribution of energy across cellular com-
partments, thereby ensuring that local ATP concentrations remain sufficient at key functional sites.

Given their key role in energy metabolism and high abundance in muscle, brain, and heart, CKs
are also widely used as a clinical biomarker.265 Tissue damage in these organs leads to elevated CK
levels in the blood, aiding the diagnosis of conditions such as myocardial infarction (heart attack),267

muscle damage,268 and neuromuscular disorders.269 uMtCK is known to be overexpressed in various
types of cancer cells.265 In Hodgkin lymphoma cells, inhibition of uMtCK by the creatine analogue
cyclocreatine has an anti-proliferative effect without inducing apoptosis. This highlights the po-
tential therapeutic relevance of targeting CK-dependent energy metabolism in apoptosis-resistant
tumour cells.270 A similar metabolic effect is observed in breast cancer, where uMtCK is also
overexpressed,271,272 and the tumour cells’ reliance on uMtCK activity again makes cell growth vul-
nerable to cyclocreatine inhibition.14,271 These observations motivate a detailed mechanistic under-
standing of CK-dependent energy metabolism, particularly in the context of therapeutic strategies.

In CKs, conformational changes of two flexible loops near the active site play a critical role in
substrate recognition and catalysis. Crystallographic and small-angle X-ray scattering studies have
shown that these loops close over the active site, with the closed conformation being stabilised by a
histidine and aspartate forming a ‘latch’. This conformational transition is initiated upon substrate
binding, reducing solvent access while aligning key residues as well as ATP and creatine for phos-
phoryl transfer.9–12 This transition is accompanied by a measurable decrease in the protein’s radius
of gyration in the presence of Mg2+–ATP or a transition state analogue, supporting the idea that loop
closure is essential for catalysis.10

Figure 11.3 (left) shows a uMtCK dimer with an enlarged view of the active site, containing the
ligand Mg2+–ATP and creatine. The depicted Glu227 residue acts as the catalytic base in the proton
transfer reaction.13,14,273 During the chemical reaction, a nearby base deprotonates creatine in a first

104



11.1. Introduction

step.13 As a result, the guanidino nitrogen becomes nucleophilic, thereby enabling direct phospho-
rylation via formation of a P–N bond, accompanied by cleavage of the P–O bond to ADP (refer to
Figure 11.3, right).

Figure 11.3.: Creatine kinase dimer from the octameric uMtCK, with enlarged active site consisting of the triphosphate
of ATP, creatine, and a magnesium cation (left) and the chemical equation of the catalysed reaction (right).

In addition to the residues directly involved in proton and phosphoryl transfer, a conserved cysteine
residue in the active site (Cys278 in uMtCK) has been proposed to influence catalysis.274 While early
modification and mutagenesis studies classified this residue as essential,275–277 later site-directed
mutagenesis studies demonstrated that it is neither directly involved in the chemical step nor essen-
tial for catalysis. Nevertheless, Cys278 contributes to substrate binding and its mutation leads to
reduced catalytic activity.274,278 Structural evidence from X-ray crystallography shows that the cor-
responding cysteine (Cys283 in other CK isoforms) interacts with the non-nucleophilic η-nitrogen
of creatine and has been suggested to contribute to stabilising and orienting the substrate for optimal
catalysis.12,259

11.1.1.Motivation and Aim of the Project

Although structural studies provide a general understanding of the reaction mechanism, the ener-
getic landscape and the influence of surrounding amino acids remain unclear. Previous computa-
tional studies have aimed to shed light on the catalytic mechanism of creatine kinase.13 However, by
focusing on the potential energies of only a limited number of structures, these approaches neglect
the impact of protein dynamics. To address these limitations, this study employs quantum mech-
anics/molecular mechanics (QM/MM) simulations with DFTB3 as the QM method, combined with
metadynamics as an enhanced sampling technique to gain deeper insight into the catalytic mechan-
ism of uMtCK.

This work aims to simulate the opening and closing of the loops surrounding the active site, invest-
igate the phosphorylation and deprotonation of creatine and discuss potential pitfalls in selecting
collective variables (CVs) for metadynamics simulations. Furthermore, we investigate the influence
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of the protonation state of the active-site cysteine on the phosphoryl transfer to better understand
the reaction pathway of the phosphoryl transfer. Previous studies have reported conflicting mech-
anistic descriptions: while experimental studies suggest that the phosphoryl transfer proceeds via
an associative SN2-like transition state,273 computational studies propose a dissociative SN1-like
mechanism.13 Understanding how the protonation state of the active-site cysteine affects the reac-
tion pathway may help to address these discrepancies.

Finally, we aim to provide an estimate of the reaction free energy ΔG for the entire catalytic
cycle: from an enzyme with unbound ligands, through catalysis, to the post-catalysis state when
the products are released and the enzyme returns unaltered to its initial state.

11.2. Methods

Structure Preparation
The crystal structure of human ubiquitous mitochondrial CK (PDB ID: 1QK1)279 was used as a start-
ing structure. It provides the complete protein including all amino acids, but without bound ligands.
To obtain a structure with bound ligands, the structures of a CK from the Pacific electric ray Tor-
pedo californica (PDB ID: 1VRP)12 and from European rabbit muscle in the R134K mutant (PDB
ID: 1U6R)262 were selected, as these contain bound transition-state analogue complexes (TSACs)
consisting of ADP, NO3

2 – , Mg2+, and creatine, similar to the approach used by Li et al.13

The protein structure from chain B of 1VRP were aligned with chain A of 1QK1 using Swiss-
PdbViewer280, version 4.1.0. From this alignment, the positions of the ligands were taken from
1VRP, while the protein structure remained unchanged from 1QK1. Chain B from 1U6R was in-
cluded as a secondary verification for the ligand placement. Hydrogen atoms were then added to the
ligands using Avogadro 1.2.0193,194 at high pH, ensuring the correct protonation of creatine.

The protein was parametrised using the AMBER99SB-ILDN force field198,199, and TIP3P water197

was used for solvation. Creatine was parametrised with GAFF281, and ATP parameters were taken
from Meagher et al.282. Electrostatic interactions were treated with the Particle Mesh Ewald (PME)
method209, with a short-range cut-off of 1 nm. The Van der Waals interactions were also truncated
at 1 nm, and the LINCS algorithm was used to constrain bonds involving hydrogen atoms. All sim-
ulations were carried out using our local implementation of QM/MM in GROMACS 2020.2200–204

and DFTB+205,206, which is available from a public repository207,208.

Energy minimisation was performed using the steepest descent algorithm, with convergence set to
a maximum force of 1000.0 kJmol−1 nm−1. Following the minimisation, NVT equilibration was
performed using the leap-frog integrator53 with a time step of 1 fs, at a temperature of 300 K, for
a duration of 10 ns using the velocity rescaling thermostat55. NpT equilibration was performed for
an additional 10 ns using the Parrinello–Rahman barostat60, with a 1 fs time step. Since the starting
structure had no ligands bound, moving restraints were applied to close the active site around the
ligands, mimicking the closed state for the next simulation steps. Restraints were placed using the
open-source, community-developed PLUMED library210, version 2.5.1211.

MM Metadynamics Simulations to Simulate the Loop Opening/Closing Transition
The starting point for the loop opening/closing transition was the equilibrated ligand-bound uMtCK
structure, which reflects the closed conformation of the active site. 1D metadynamics simulations
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were performed to capture the dynamics of the loop opening and closing events. The distance
between the two inter-loop hydrogen bond forming atoms (Hε of His61 and the carboxylate oxygen
of Asp321) was employed as collective variable (CV) to facilitate the transition. The simulation
time step was set to 2 fs, and the simulations were run for 200 ns.

QM/MM Preparation for the Chemical Steps
For the QM/MM simulations of the chemical steps, the system was divided into a quantum mech-
anical (QM) region and a molecular mechanics (MM) region. The QM region, which contains
the active site with creatine, triphosphate of ATP, magnesium cation, the side chain of Glu227 as
proton acceptor, and eight water molecules, was simulated using DFTB3 with the 3OB parameter
set192,195,196 and the specific reaction parameterisations (SRPs) OPhyd192 and PNmod16. The MM
region was described using TIP3P water and the AMBER99SB-ILDN force field. Electrostatic in-
teractions between the QM and MM regions were treated using the electronic embedding scheme.
The system was equilibrated with an initial energy minimisation followed by a short equilibration
phase using the velocity rescaling thermostat to maintain stability.

QM/MM Metadynamics Simulations of the Chemical Steps
To investigate the chemical reaction in the QM/MM framework, multiple-walker well-tempered
metadynamics simulations were carried out.

Phosphoryl transfer. For the phosphoryl transfer, the P–N and P–O distances were selected as
CVs, with the respective atomic distances defined according to Figure 11.4. Gaussians with a width
of 0.02 nm were deposited and exchanged between the individual walkers every 0.5 ps. An initial
height of 1.2 kJmol−1 and bias factor of 50 were chosen to ensure a controlled exploration of the
FES. The simulation was performed with a time step of 1 fs and with each of the 24 walkers running
for 1 ns.

Figure 11.4.: Schematic representation of the collective variables (CVs) used for the metadynamics simulations of CK.

Direct proton transfer. For the direct proton transfer, the N–H and O–H distances were used as
CVs (refer to Figure 8.4).

Water-mediated proton transfer. For the initial water-mediated proton transfer, one water mo-
lecule was included in the CV definition. The two proton transfer CVs were defined as

protTrans1 = d(OH2O–HH2O)−d(OGlu227–HH2O) (11.1)

protTrans2 = d(NCre–HCre)−d(OH2O–HCre), (11.2)

with the respective atomic distances defined according to Figure 11.5.
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Figure 11.5.: Schematic representation of the CVs used for the water-mediated proton transfer.

Water-mediated proton transfer with mCEC as CV. In the final proton transfer simulation, an
alternative collective variable, the modified centre of excess charge (mCEC) coordinate introduced
by König et al.283, was employed. The mCEC coordinate ξ calculates the spatial location of the
excess proton being transferred, and is defined as

ξ =
NH

∑
i=1

rHi −
NX

∑
j=1

wX j rX j −
NH

∑
i=1

NX

∑
j=1

fsw
(
dHi,X j

)(
rHi − rX j

)
, (11.3)

with the number of hydrogen atoms NH and heavy atoms NX, and their respective coordinates rH j

and rX j . The switching function fsw is given as

fsw(dHi,X j) =

(
1+ exp

(
dHi,X j − rsw

dsw

))−1

, (11.4)

with the switching radius rsw and switching width dsw and the distance dHi,X j between a hydrogen
atom H and a heavy atom X. Here, the parameters were chosen as rsw = 0.125 and dsw = 0.006. For
a visualisation, refer to Figure D.1. The mCEC vector ξ can also be expressed as a scalar, which is
obtained as

ζ =
dξ ,D

dξ ,D +dξ ,A
. (11.5)

ζ was employed as mCEC CV in this work. As donor, the Nη of the creatine guanidinium group
was selected. For the acceptor, the carbon atom of the glutamate was chosen in order to capture a
protonation of either carboxylate oxygen atoms.

Analysis
The visualisation software VMD (version 1.9.4)244 was used to perform trajectory analyses and to
generate figures for this work. Distance calculations were carried out with PLUMED210, version
2.5.1211. All data analysis and visualisation were performed in Python 3.11245 using NumPy (ver-
sion 1.26.0)246, pandas (version 2.1.3)247,248, and Matplotlib (version 3.8.2)249.
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11.3. Results and Discussion

In this section, the conformational transition formed by the latching of two flexible loops, which
close the active site to retain the reacting molecules (refer to Section 11.3.1), as well as the sub-
sequent catalytic steps comprising phosphoryl and proton transfer (refer to Section 11.3.2), are dis-
cussed.

11.3.1.Conformational Transition

The conformational transition in CKs is formed by the motion of two flexible loops near the active
site, comprising of residues 60–65 and 316–326. The closed state is stabilised by a hydrogen bond
between the two loops, formed between the amino acids His61 and Asp321.9–12

The starting structure did not contain any bound ligands. Upon addition of ATP and creatine and
subsequent equilibration, the substrates remained near the active site only transiently. In unbiased
MD simulations, both ligands dissociated within a few nanoseconds, consistent with the idea that
a fully open loop conformation is not sufficient to retain the substrates. However, when loop clos-
ure was enforced using a moving restraint and stabilised by a hydrogen bond between His61 and
Asp321, the ligands remained bound throughout the simulation. This supports the proposed role
of loop closure in creating a catalytically competent environment and reinforces previous structural
and biophysical studies highlighting the functional relevance of these conformational changes.13,284

To further explore the energetics of this conformational transition, metadynamics simulations were
carried out. For this, the distance between the two interacting amino acids, His61 and Asp321 was
employed as CV. The simulated inter-loop connection positioned the reacting molecules in closer
proximity (refer to Figure 11.6, right). The resulting FES (refer to Figure 11.6, left) reveals a
barrier of approximately 3 kcalmol−1 separating the open and closed states, which is within typical
energetic range associated with breaking or forming a hydrogen bond.285 This moderate barrier
suggests that loop motion is not overly restricted, instead acting as a flexible gate enabling quick
transitions between the open and closed states during catalysis.

Figure 11.6.: The 1D FES of the loop-closing transition reveals a low barrier of 3 kcalmol−1 (left). Loops 61–65 and
316–326 can be connected by a hydrogen bond between His61 and Asp321, effectively forming a ‘latch’
over the active site (right). The open state is shown in white and the closed state in colour. In the closed
state, creatine and ATP move into closer proximity as needed for catalysis.
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Once the loops are closed, the active site adopts a conformation that enables the chemical reaction
to take place. Initially, as expected under physiological pH, creatine is present in its protonated
form with a guanidinium group. In its phosphorylated form, however, creatine is deprotonated. To
model the proton transfer, Glu227 was selected as proton acceptor, in line with previous literature
suggestions.13,14,273

11.3.2.Chemical Steps

The catalysed chemical reaction comprises two steps: a phosphoryl transfer and a proton transfer
reaction. The first mechanistic question to address was therefore which of these two events occurs
first.

To investigate this, the phosphoryl transfer was simulated with the P–N and P–O distances as CVs
(refer to Figure 11.4). Two scenarios were considered for the simulation of the phosphoryl trans-
fer. In the first scenario, the simulation was initiated from the pre-proton transfer state, in which
the proton remains bound to creatine, resulting in a positively charged guanidinium group. In the
second scenario, the starting structure represented the state following the initial proton transfer to
Glu227, leaving creatine in its neutral guanidino form. In the simulation starting from the protonated
guanidinium state, no product formation was observed (refer to Figure 11.7). This clearly indicates
that the proton transfer must precede the phosphoryl transfer. Chemically, this is reasonable, as the
guanidinium group already possesses a fully occupied valence shell and is therefore not suitable to
act as a nucleophile. Furthermore, this order of chemical steps is in accordance with previous com-
putational studies.13 A similar qualitative trend was also observed in simulations in aqueous solution
in chapter 8, where the creatine had to be deprotonated for a phosphoryl transfer to take place.

Figure 11.7.: FES of phosphoryl transfer to a protonated guanidinium. The absence of a minimum in the expected product
region around (4.0 | 1.8) indicates that no product is formed. This can be attributed to the fully occupied
valence shell of the guanidinium group.
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11.3.2.1.Proton Transfer

For the simulation of the proton transfer, Glu227 was selected as proton acceptor, as previous exper-
imental and computational investigations have identified this residue as the most plausible catalytic
base.13,14,273

Direct Proton Transfer
Therefore, the N–H and O–H distances corresponding to the bonds being broken and formed dur-
ing the reaction were initially selected as CVs (refer to Figure 11.4). Unfortunately, the resulting
free energy surface (FES) revealed an unusually high barrier for the proton transfer from creatine
to Glu227 of approximately 19 kcalmol−1, and a free energy difference (ΔG) of 20 kcalmol−1.
This results in a negligible back-transfer barrier of below 1 kcalmol−1 and a high-energy, unstable
product state. Investigation of the corresponding structures show a relatively long distance of 3–4 Å
between the creatine proton and the glutamate oxygen, a geometry that appears unfavourable for
direct proton transfer. This raises the question of whether the proton transfer may instead proceed
via a water-mediated mechanism.

Water-Mediated Proton Transfer
Consequently, in a subsequent metadynamics simulation, a water-mediated proton transfer was sim-
ulated (refer to Figure 11.8). For this, the reaction was biased along two different proton transfer
CVs (refer to Equations (11.1) and (11.2)). This simulation revealed that, in a first step, Glu227
deprotonates a nearby QM water molecule, generating a hydroxide ion, which subsequently depro-
tonates creatine in a second step. This hydroxide mediated mechanism is also known as ‘proton
hole’ transfer.286

Figure 11.8.: Comparison of a direct proton transfer pathway and a water-mediated mechanism, in which Glu227 first
deprotonates a water molecule, generating a hydroxide ion that subsequently deprotonates creatine.

A limitation of employing simple CVs defined solely by distances between two specific atoms is
that they implicitly assume that exactly this bond is formed or broken. In the present simulation,
however, it was observed that occasionally a different hydrogen atom of the water molecule was
transferred. Although the product is chemically identical, alternative proton transfer events cannot
be captured by the chosen CV, which results in misleading artefacts in the FES.
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Water-Mediated Proton Transfer with mCEC as CV
As an alternative CV, the modified centre of excess charge (mCEC) coordinate ζ introduced by
König et al.283 was employed. This coordinate has previously been applied successfully to de-
scribe proton transfer processes in different proteins.226,287 The incorporated switching function
(refer to Equation (11.4)) enables a continuous transition between ‘bound’ and ‘unbound’ states of a
hydrogen–heavy atom pair based on their interatomic distance, and serves as a weight for bond-like
configurations.

The obtained FES is shown in Figure 11.9. With the mCEC coordinate ζ as CV, values near zero
correspond to the reactant state before any proton transfer has taken place (state 1, as given in
Figure 11.8). The product state is found near ζ = 0.75 and corresponds to both proton transfer steps
being completed (state 3, as given in Figure 11.8). The maximum value remains below 1 since the
carboxylate carbon was selected as reference, allowing both oxygen atoms of the carboxylate group
to act equivalently as proton acceptors.

Figure 11.9.: FES of the CK proton transfer along the mCEC coordinate ζ . States 1 and 3 correspond to the states before
proton transfer and after completion of both proton-transfer steps, respectively (refer to Figure 11.8).

The FES reveals a free energy difference ΔG of approximately 10 kcalmol−1 and a barrier of
approximately 11 kcalmol−1. Again, the almost negligible back-transfer barrier suggests that the
product state is not stabilised. Further analysis is required to determine which destabilising factors
in the immediate environment contribute to this behaviour. Nevertheless, both the barrier and ΔG
are reduced by nearly 10 kcalmol−1 relative to the direct proton transfer. This supports the hypo-
thesis that the reaction proceeds via a water-mediated mechanism.

11.3.2.2.Phosphoryl Transfer

After the proton transfer, the phosphoryl transfer can take place. For the metadynamics simulations,
the P–N and P–O distances were employed as CV (refer to Figure 11.4). Whereas the transfer of
the phosphoryl group to the positively charged guanidinium group of creatine resulted in no product
formation (refer to Figure 11.7), the phosphoryl transfer to the neutral (deprotonated) guanidino
group proceeds successfully. In the latter case, the phosphoryl transfer becomes not only feasible
but also thermodynamically favourable, with a ΔG of approximately −9 kcalmol−1 (refer to Fig-
ure 11.10). The minimum energy path proceeds through a pentavalent SN2-like transition state with
a barrier height of approximately 18 kcalmol−1.
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Figure 11.10.: Influence of the protonation state of Cys278 on the phosphoryl transfer reaction. With Cys278 in its
thiol form, the phosphoryl transfer proceeds via an SN2-like mechanism. Left: Reaction equation with
pentavalent transition state. Top right: Position of Cys278 near the substrates in the active site of uMtCK.
Bottom right: FES obtained when Cys278 is modelled as a thiol, revealing an SN2-like mechanism with a
barrier of 18 kcalmol−1 and aΔG of −7 kcalmol−1.

To investigate the potential influence of local redox conditions on catalysis, a cysteine residue
(Cys278), located in the creatine-binding pocket, was modelled in both its neutral thiol and depro-
tonated thiolate forms. When present in its deprotonated thiolate form, this cysteine introduces an
additional negative charge into the active site environment. The FES with the thiolate present (refer
to Figure 11.11) indicates that while the reaction barrier for phosphoryl transfer remains largely
unchanged compared to the FES of neutral Cys278, the overall thermodynamic stability of the pCr
product is reduced by approximately 4 kcalmol−1, yielding a ΔG of only −3 kcalmol−1. This ef-
fect is likely due to electrostatic repulsion between the negatively charged thiolate and the phosphate
group or subtle disruption of the local Mg2+ coordination environment. No major conformational
shifts in the loops or substrate orientation were observed, though subtle changes in the solvation
environment may also contribute.

Notably, the equivalent cysteine residue in human muscle CK (Cys283) has an unusually low pKa of
approximately 5.7,288 which is about three pH units lower the pKa of a regular cysteine residue with
9.1.289,290 This is attributed to hydrogen bonds within the conserved cysteine-proline-serine (CPS)
motif.288 MD simulations indicate that the ionised thiolate form is necessary to maintain substrate
alignment during catalysis.288 The low pKa of Cys283 in human muscle CK and its role in optimal
creatine binding have also been demonstrated by site-directed mutagenesis, with mutations resulting
in a reduced activity, although catalysis is not abolished.274

Previous studies indicate that the active-site cysteine in muscle CK predominantly exists as a de-
protonated thiolate during catalysis, facilitating substrate binding and proper alignment.274,288 Our
findings suggest that in uMtCK the thiolate form of Cys278 may introduce local electrostatic strain
that destabilises the pCr product. However, this product destabilisation may facilitate product re-
lease and turnover by lowering product affinity, thus minimising product inhibition and improving
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Figure 11.11.: Influence of the protonation state of Cys278 on the phosphoryl transfer reaction. With Cys278 in its
thiolate form, the phosphoryl transfer proceeds via an SN1-like mechanism. Left: Reaction equation with
metaphosphate intermediate. Top right: Position of Cys278 near the substrates in the active site of uMtCK.
Bottom right: FES obtained when Cys278 is modelled as a thiolate, revealing an SN1-like mechanism and
a slight destabilisation of the pCr product compared to the FES with the cysteine in its thiol form. The
barrier has a height of 19 kcalmol−1, theΔG is obtained as −3 kcalmol−1.

catalytic efficiency. Therefore, these catalytic advantages support the hypothesis that Cys278 pre-
dominantly exists in its deprotonated thiolate form during catalysis. Nevertheless, further investiga-
tion is required to identify the precise role of this cysteine residue during uMtCK catalysis.

Although the thiol and thiolate forms of Cys278 lead to slightly different electrostatic environments,
the calculated phosphoryl-transfer barriers remain comparatively high, with values of 18 kcalmol−1

and 19 kcalmol−1, respectively. While these barriers are slightly lower than the 20.5 kcalmol−1

obtained for the corresponding non-enzymatic reaction in water (refer to Table 8.1), they still appear
high for an enzymatic reaction. This may indicate that additional stabilising factors are not fully
captured in the present simulations, or that the initial structure and ligand placement do not fully
represent the catalytically optimal configuration of the active site.

11.3.3.Setting the Results into Context

The barriers obtained for the conformational transition and chemical steps are summarised in Fig-
ure 11.12. In order to release the products after successful catalysis, the loops must open again,
which is here considered as the reverse of the loop-closing process. The overall barrier that needs
to be overcome is mainly caused by the chemical steps. Due to the small back-transfer barrier of
the proton transfer, the two steps must be considered together, amounting to 29 kcalmol−1. This is
not only higher than the experimentally determined barrier of approximately 16.7 kcalmol−1,13 but
when the transition state theory (TST, refer to Equation (6.2)) is used to estimate the corresponding
rate constant, it corresponds to a time scale of seven years. Since the total barrier is composed of sev-
eral steps, potential sources of error can arise in each of them, contributing to the overall deviation
from experimental data. In general, the surrounding environment can have a substantial impact, as
observed for the histidine kinase (HK) in chapter 10 and for CK investigated here. Because the
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active sites in both kinases are highly charged, even small changes in surrounding residues may
alter the electrostatic environment, as observed in this chapter for Cys278. This could be caused,
for example, by an unfavourable placement of the ligands in the initial structure, necessary side-
chain movement that was not captured on the simulated timescale, or incorrect protonation states
of surrounding amino acids. While the effect of the protonation state of Cys278 was evaluated for
the phosphoryl transfer step, this has not yet been investigated for the proton transfer and should
therefore be considered in future simulations.

Figure 11.12.: Free energy profile combining conformational transitions and chemical steps. For the phosphoryl transfer,
the energies obtained with Cys278 in its thiolate form are used, as the negativeΔG may facilitate product
release and turnover.

However, not only the limitations of the chemical step but also those of the conformational transition
must be discussed. While imperfect substrate alignment can certainly affect the chemical steps, it
can also influence the movement of the loops into the active site. In this work, the interaction
between His61 and Asp321 (refer to Figure 11.6) was modelled as a hydrogen bond, which is also
supported by literature.13 However, other studies describe a salt bridge between the amino acids of
the two loops.14 Furthermore, since the loops play an important role in retaining the substrates in the
active site and aligning them for catalysis, a back-transfer barrier of only 2 kcalmol−1 suggests that
the full conformational process may not have been captured. For example, a final rearrangement step
may not have been sampled. Additionally, while in this work the loops were closed simultaneously,
Demir et al.14 report that one loop first closes over ATP, followed by the second loop closing over
creatine. Moreover, to obtain a more reliable estimate of the back-transfer barrier, simulations
should be performed with the products bound in the active site.

11.3.4.∆G Estimation of the Complete Process

In order to estimate the ΔG of the entire process, all steps must be considered from empty enzyme
and unbound ligands to after the catalysis is finished and the enzyme emerges unchanged from
the reaction. Three steps are missing at this point: the binding of the reactants, the release of the
products and the proton transfer from the glutamate to the environment, bringing the protein back
into its initial state. The ΔG of the last step can be estimated from the acidity constant pKa via

∆G =−RT ln(K) =−RT ∆pKa. (11.6)
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For the deprotonation of glutamate,ΔG ≈ 6 kcalmol−1 is obtained, under the assumption that water
functions as proton acceptor.

The energies of the product binding and reactant release on the other hand cannot be computed
via Equation (11.6). Instead, a thermodynamic cycle can be used (refer to Figure 11.13). Here,
advantage is taken of the fact that free energy is a state function and therefore the path from reactant
to product is irrelevant. The thermodynamic cycle enables to calculate ∆∆G as

∆Gprotein +∆Gproduct−release −∆Gwater −∆Greactant−release = 0kcalmol−1

∆∆G = ∆Gprotein −∆Gwater = ∆Greactant−release −∆Gproduct−release.
(11.7)

Figure 11.13.: Thermodynamic cycle relating the reaction free energies in the protein and in aqueous solution.

The phosphorylation of creatine was simulated in water and yielded a ΔG of −19 kcalmol−1 (refer
to Table 8.1). The free energy of the proton transfer from creatine to water can again be estim-
ated using Equation (11.6), yielding ΔG ≈ 17 kcalmol−1. Consequently, for water, this results in
∆Gwater ≈ −2 kcalmol−1.

In this chapter, ΔG values of the proton and phosphoryl transfer were obtained as 10 kcalmol−1

and −3 kcalmol−1, respectively. This is followed by a proton transfer from glutamate to wa-
ter of approximately 6 kcalmol−1. In total, for the enzyme-catalysed reaction, this sums up as
∆Gprotein ≈ 13 kcalmol−1.

Plugging these two values into Equation (11.7) results in

∆∆G = ∆Greactant−release −∆Gproduct−release

= 13kcalmol−1 − (−2kcalmol−1) = 15kcalmol−1,
(11.8)

indicating that the reactants bind more strongly to the protein than the products. This could provide
the necessary driving force for catalysis and also prevent product inhibition. Experimental studies
likewise report that the reactants bind more strongly to the protein than the products, but their ob-
tained binding energies correspond to lower ∆∆G values of approximately 3–6 kcalmol−1. These
values were obtained using ∆Gbinding =−RT lnKd, resulting in ∆Greactant−binding and ∆Gproduct−binding

values of approximately 14–15 kcalmol−1 and 9–12 kcalmol−1, respectively.14 They further report
that creatine binds more strongly when the transition-state analogue complex (TSAC), formed by
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ADP and NO3
– , is already bound. Differences between the values obtained from the thermody-

namic cycle and the experimental data likely originate from uncertainties associated with the indi-
vidual simulation steps described above.

11.4. Conclusions

In this work, QM/MM metadynamics simulations were employed to investigate key steps of the
catalytic cycle of uMtCK, including loop dynamics, phosphoryl transfer, and proton transfer reac-
tions. By combining the semi-empirical DFTB3 method with enhanced sampling techniques, the
aim was to obtain a dynamic and energetic insights of the catalytic mechanism beyond static struc-
tural models.

Conformational Transition. The calculated free-energy barrier for loop closing around the active
site is consistent with the energetic scale expected for hydrogen bond formation and breaking. How-
ever, the reverse barrier for loop opening is so low that it is unlikely that the loops remain closed
throughout the entire catalytic cycle, even though the closed conformation would be necessary to
properly align the substrates for efficient catalysis. This suggests that the chosen CV may not fully
capture the structural rearrangements associated with loop closure. Furthermore, it has been dis-
cussed in the literature whether the two amino acids actually form a hydrogen bond or rather a salt
bridge.14 Future work should therefore investigate alternative scenarios, such as simulations with a
protonated histidine to test salt-bridge formation, as well as a sequential loop-closing mechanism as
recently proposed.14

Proton Transfer The proton-transfer simulations highlight the methodological challenges associ-
ated with selecting suitable collective variables (CVs). When assuming a direct proton transfer,
the calculated barrier was unrealistically high. Switching to a water-mediated pathway reduced the
barrier substantially, indicating that proton transfer may proceed via a bridging water molecule.
However, the initial CVs were not able to capture a chemically reasonable proton exchange along
this pathway. While the final CV can account for this, the almost negligible back-transfer barrier
suggests that the deprotonated creatine is not stabilised in the present simulations. Further analysis
is therefore required to identify destabilising factors in the immediate environment that may influ-
ence the proton-transfer step. In particular, the protonation state of Cys278 should be investigated,
as it was only considered in its thiolate form in the proton-transfer simulations performed here.

Phosphoryl Transfer The phosphoryl transfer simulations further highlight the importance of the
protonation state of the active-site cysteine. Previous studies suggest that the catalytic cysteine in
muscle CK predominantly exists in its deprotonated thiolate form during catalysis, facilitating sub-
strate binding and proper alignment.274,288 In agreement with this hypothesis, our results indicate
that the thiolate form of Cys278 in uMtCK may introduce local electrostatic strain that destabil-
ises the phosphocreatine product, which could facilitate product release and turnover by lowering
product affinity and thereby reducing product inhibition. Nevertheless, the calculated phosphoryl-
transfer barrier of 19 kcalmol−1 for the thiolate form remains comparatively high. Although slightly
lower than the 20.5 kcalmol−1 obtained for the corresponding non-enzymatic reaction in water (refer
to Table 8.1), it may indicate that additional stabilising interactions or an optimal ligand arrangement
are not fully captured in the present simulations.
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Comparison to Experiment and Limitations. While the calculated phosphoryl-transfer barrier
alone is in good agreement with experimentally observed turnover rates corresponding to barriers
of approximately 17 kcalmol−1,13 the almost negligible back-transfer barrier of the proton-transfer
step provides little stabilisation of the deprotonated creatine. Consequently, both steps must be con-
sidered together. This results in a combined barrier of approximately 39 kcalmol−1 for the complete
chemical reaction, corresponding to a timescale of years. This timescale is incompatible with the
biological role of creatine kinase in rapid cellular energy distribution and with experimentally meas-
ured turnover rates occurring on the millisecond timescale.14 This discrepancy highlights the need
for further investigation of both chemical steps.

ΔG Estimation of the Complete Process. Finally, the overall reaction free energyΔG of the com-
plete catalytic cycle was estimated, considering all steps from the unbound enzyme and reactants,
through catalysis, to the release of the products and restoration of the enzyme to its initial state.
The analysis suggests that the reactants bind more strongly to the enzyme than the products, which
may facilitate catalysis by promoting product release and preventing product inhibition. Using a
thermodynamic cycle, a difference of approximately 15 kcalmol−1 between reactant and product
binding was obtained. While this qualitative trend agrees with experimental observations, the calcu-
lated value exceeds experimentally derived estimates of 3–6 kcalmol−1.14 These discrepancies likely
arise from uncertainties associated with the individual free-energy contributions entering the ther-
modynamic cycle, including the energies obtained through simulation, as well as the estimations
from pKa values. Nevertheless, the results support the general mechanistic picture that stronger
binding of the reactants relative to the products provides a thermodynamic driving force for efficient
enzyme turnover.

Overall, the present QM/MM metadynamics simulations provide insights into several key steps of
the catalytic cycle of uMtCK and highlight both mechanistic aspects and methodological challenges
associated with modelling enzymatic phosphoryl transfer. While the obtained results provide in-
sight into the reaction pathway, and allow for a qualitative interpretation of the catalytic energetics,
they also reveal limitations of the present modelling approach and point to directions for future
investigations. In particular, the interplay between proton transfer, phosphoryl transfer, and active-
site electrostatics appears to play a critical role in determining the reaction energetics. As also
discussed in chapter 10, simulations of enzymatic reactions are highly sensitive to the protein en-
vironment, where even small changes, such as the presence of a negatively charged cysteine, can
significantly influence the reaction barrier. Further investigations, including improved sampling, al-
ternative CVs, and refined descriptions of the active-site environment, will therefore be necessary
to obtain a more complete and quantitatively accurate description of the catalytic mechanism of
creatine kinase. Moreover, the simulations performed in this work could form a basis for future
Δ-learning corrections of semi-empirical QM/MM simulations.
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12. Summary and Outlook

The work presented in this thesis aims to advance the mechanistic understanding of kinase-catalysed
N-phosphorylation reactions using multiscale molecular simulations. Phosphoryl transfer reactions
play a central role in biological energy metabolism and signalling, yet their computational investiga-
tion remains challenging as the relevant processes span a wide range of time scales. While enzymatic
turnover may occur on microsecond to millisecond time scales, atomistic simulations typically ac-
cess only microseconds, and the use of QM/MM methods further restricts accessible sampling times.
To enable extensive sampling of phosphoryl transfer reactions in complex environments, the semi-
empirical density-functional tight-binding method (DFTB) was employed as an efficient quantum
mechanical description. However, although DFTB provides the required computational speed, its
accuracy for phosphoryl transfer reactions is limited compared to density functional theory (DFT).
To overcome this limitation, a Δ-machine learning (ΔML) approach based on high-dimensional
neural network potentials (HDNNP) was employed to correct DFTB energies towards DFT accur-
acy while retaining the computational efficiency of DFTB.

In chapter 8, the ΔML approach was first evaluated for N-phosphorylation reactions in vacuum.
Training data were generated for a diverse set of model systems undergoing phosphoryl transfer,
including small test systems with different leaving groups, as well as biologically relevant mo-
lecules. When trained and tested on small systems, the resulting models achieved high accuracy,
with minimum R2 values of 0.969 and RMSE values of 1 kcalmol−1 or lower, reaching chemical
accuracy. Application of the ΔML correction to vacuum single-point calculations substantially im-
proves the accuracy and precision of DFTB energies, reducing their RMSE by up to 93%. Although
the models were trained only on energies, the atomic forces obtained as energy gradients were also
significantly improved, with reductions in the force RMSE of more than 70%. Cross-validations
further demonstrated that the approach can improve both energies and forces for systems not in-
cluded in the training data, although the performance depends on chemical similarity and charge
consistency between training and target systems. These results establish the ΔML correction as a
promising strategy for improving the description of phosphoryl transfer reactions while retaining
the computational efficiency of DFTB.

In chapter 9, the application of the ΔML model is extended to QM/MM metadynamics simulations
of phosphoryl transfer in aqueous solution. While the DFTB-ΔML/MM simulations reveal artefacts
and side reactions, analysing these issues provides important insights for subsequent applications in
protein environments. In particular, differences between vacuum and aqueous single-point energy
distributions suggest an overpolarisation in DFTB, especially at the QM/MM interface. Further-
more, analysis of DFTB-ΔML single-point forces indicates an overcorrection for magnesium and
oxygen atoms in solution. This behaviour is attributed to the incomplete representation of the mag-
nesium coordination sphere in the vacuum training data, emphasising the need to include all coordin-
ating molecules when applying the model to systems with metal ions. These observations provide
valuable guidance for the subsequent application of theΔML approach in enzymatic environments.
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In chapter 10, building on the observations from the aqueous simulations, transferability was im-
proved by including the complete Mg2+ coordination sphere in the corrected QM region and by
scaling the MM charges by a factor of 0.75 to mitigate QM/MM overpolarisation. Together, these
adjustments reduced the atomic force RMSE by more than 50% compared to DFTB/MM, underlin-
ing the importance of accurately describing the local electrostatic environment of the metal centre.
Using this improved setup, stable DFTB-ΔML/MM well-tempered metadynamics simulations ex-
ceeding 10 ns were achieved with only moderate increase in computational cost by a factor of ap-
proximately 2.2 compared to standard DFTB/MM. The simulations further provided mechanistic
insight, showing that coordination of all three ATP phosphoryl groups to Mg2+ lowered the free-
energy barrier by approximately 40–45%, indicating that complete triphosphate coordination facil-
itates catalysis. In addition, the transition state remained SN2-like even without angular restraints
on the N–P–O angle, suggesting that such restraints are not required and even may distort the free-
energy landscape. Despite the substantial improvement in atomic forces, the calculated free-energy
barriers remained higher than experimental estimates, highlighting remaining challenges related to
sampling, electrostatics, and structural aspects such as the magnesium coordination environment.

In chapter 11, QM/MM metadynamics simulations were employed to investigate key steps of the
catalytic cycle of a mitochondrial creatine kinase, including loop opening and closing, proton trans-
fer, and phosphoryl transfer. The calculated free-energy barrier for loop closing was consistent with
the energetic scale expected for hydrogen bond formation, although the low barrier for loop opening
suggests that the chosen collective variable (CV) may not fully capture the structural rearrangements
associated with loop closure. Proton transfer simulations indicated that a direct proton transfer from
creatine to the active-site glutamate is unlikely, whereas a water-mediated pathway substantially
lowered the barrier, emphasising the importance of choosing flexible CVs for describing the proton
transfer step. The phosphoryl transfer simulations further emphasised the influence of active-site
electrostatics, particularly the protonation state of the active-site cysteine, whose thiolate form may
introduce local electrostatic strain that destabilises the phosphocreatine product and thereby facilit-
ate product release. Considering the proton- and phosphoryl transfer steps together yields an overall
barrier significantly higher than expected from experimental turnover rates, indicating limitations
of the present modelling approach, possibly due to insufficient sampling of slow conformational
rearrangements or an incomplete description of the electrostatic environment. In addition, estim-
ation of the overall reaction free energy using a thermodynamic cycle suggested stronger binding
of the reactants than the products, facilitating product release. Although the calculated difference
exceeds experimental estimates, the qualitative trend agrees with experiment. Overall, the simula-
tions provide qualitative mechanistic insight into the catalytic cycle of creatine kinase. Future work
should therefore focus on improved sampling, refined CVs, and a more accurate description of the
active-site environment to obtain a more quantitatively reliable description of the reaction mechan-
ism. Furthermore, the present work establishes a foundation for future ΔML applications to large,
biologically relevant systems.

Overall, the results presented in this thesis demonstrate how multiscale simulations can provide
detailed mechanistic insight into kinase-catalysed N-phosphorylation reactions. By combining en-
hanced sampling, QM/MM simulations, and Δ-machine learning corrections, this work contributes
to a deeper understanding of the fundamental chemical processes governing these enzymatic re-
actions and establishes a foundation for future studies of complex biological phosphorylation pro-
cesses.

122



Part V.

Appendix

123





A. ∆ML Model for N-Phosphoryl Transfer
Reactions in Gas Phase

Figure A.1.: Influence of the Gaussian width σ on the FES (top) and the Gaussian deposition distribution (bottom) for
all five tested widths. Reducing the Gaussian width (right to left) suppresses the band-like pattern observed
at bigger Gaussian widths. Energy values are displayed up to 50 kcalmol−1, with areas exceeding this
threshold and areas not explored during the simulation indicated in white. For σ = 0.04 Å, the surrounding
area of the FES appears in yellow, as the FES could not be filled up to 50 kcalmol−1 within the same
simulation time due to the smaller Gaussian width.

Table A.1.: Atomic energies used for the calculation of atomisation energies. DFT energies were calculated at the
ωB97M-V/ma-def2-TZVP level, and DFTB energies were obtained using DFTB3 with the 3OB parameter
set. All energies are given in Eh.

Element DFT DFTB

C −37.846619775 −1.44397274
N −54.593097185 −2.21694954
H −0.494116048 −0.27966183
O −75.078060060 −3.14196770
P −341.242118381 −1.69826234

Mg −200.059614340 −0.34535480
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Figure A.2.: Non-converged geometries of systems 1–4 at a Fermi temperature of 0 K (left) and 300 K (middle) and
the error introduced by increasing the Fermi temperature (right). Grey areas indicate regions of the FES
that were excluded from the single-point calculations as they are not part of the minimum energy path.
Regardless of the chosen Fermi temperature, most convergence issues occur in the product state, where the
leaving group is poorly stabilised. Increasing the Fermi temperature improves convergence due to fractional
orbital occupations but also introduces a small energy error, which remains within the expected DFTB
accuracy range. A total of 12,000 single-point calculations were performed for each method and system.
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Figure A.3.: Non-converged geometries of systems 5–8 at a Fermi temperature of 0 K (left) and 300 K (middle) and the
error introduced by increasing the Fermi temperature (right). Regardless of the chosen Fermi temperature,
most convergence issues occur in the product state, where the leaving group is poorly stabilised. Increasing
the Fermi temperature improves convergence due to fractional orbital occupations but also introduces a
small energy error, which remains within the expected DFTB accuracy range. A total of 12,000 single-point
calculations were performed for each method and system.
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Figure A.4.: Per-atom distribution of absolute force differences |∆F| for all model systems. The main deviations are
observed for the reacting phosphorus atom.
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Figure A.5.: Parity plots comparing predicted and referenceΔ-energies for single-system cases (trained and tested on the
same system). R2 values of 0.969 and above indicate good predictive performance.

129



A ΔML Model for N-Phosphoryl Transfer Reactions in Gas Phase

Figure A.6.: Cross-validations for systems with charge –1 (systems 1–3). In the first column, the training was performed
on two systems with charge –1 and cross-validated on the remaining system shown on the left. In the second
column, system 4 was additionally included in the training.

Figure A.7.: Cross-validations for systems with charge –2 and no Mg2+ (system 4). The training was performed on
system with charge –1 (systems 1–3) and cross-validated on system 4.
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Figure A.8.: Cross-validations for systems with charge –2 and with Mg2+ (systems 5–7 and HK). In the first column, the
training was performed on three systems with charge –2 and cross-validated on the remaining system shown
on the left. In the second column, system 8 was additionally included in the training.
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Figure A.9.: Cross-validations for systems with charge –3 (system 8). The training was performed on system with
charge –2 with Mg2+ (systems 5–7 and HK) and cross-validated on system 8.
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B. Transferability of ∆ML Models from
Vacuum to Water

Figure B.1.: Element-wise distribution of force differences ∆F in vacuum and water for system 5. The biggest difference
between vacuum and water is obtained for the magnesium cation. In vacuum, the magnesium cation is only
coordinated by the triphosphate, while in water, the surrounding oxygen point charges are also part of the
coordination sphere, leading to a full hexa-coordination.

Table B.1.: Standard deviation (SD) of atomic forces by chemical element in vacuum and water for system 5. Shown are
results for DFTB and DFTB-ΔML relative to DFT reference forces. Values are given in kcalmol−1 Å−1.

DFTB vs DFT DFTB-ΔML vs DFT Improvement
Element SDvac SDaq SDvac SDaq SDvac SDaq

H 4.367 3.463 2.219 2.961 49.2% 14.5%
C 15.219 13.705 5.255 6.725 65.5% 50.9%
N 23.274 19.458 6.786 9.350 70.8% 51.9%
O 21.076 25.216 3.184 15.252 84.9% 39.5%

Mg 3.286 3.605 3.212 7.285 2.3% −102.1%
P 14.660 17.045 6.536 16.752 55.4% 1.7%
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Figure B.2.: Parity plots illustrating the transferability of the vacuum-trained Δ-ML correction to water for the total
energies of system 8. Shown are total energies obtained with DFTB (top row) and DFTB-ΔML (bottom
row) compared against DFT reference energies in vacuum (left) and aqueous solution (right).

Figure B.3.: Parity plots illustrating the transferability of the vacuum-trained Δ-ML correction to water for the atomic
forces of system 8. Shown are atomic forces obtained with DFTB (top row) and DFTB-ΔML (bottom row)
compared against DFT reference forces in vacuum (left) and aqueous solution (right). In vacuum, theΔ-ML
correction reduced the error by 68%, in water by 40%. The forces were not included in the training, but are
obtained as the gradient of the respective total energies.
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Figure B.4.: Element-wise distribution of force differences ∆F in vacuum and water for system 8. The difference Δ-
force distributions between oxygen in vacuum and water in uncorrected DFTB could be attributed to the
negatively charged carboxylate group. While the negative charge of the triphosphate oxygens is stabilised
by the magnesium cation, the carboxylate has no counter charge in its proximity. The biggest difference
between vacuum and water is obtained for the magnesium cation. In vacuum, the magnesium cation is only
coordinated by the triphosphate, while in water, the surrounding oxygen point charges are also part of the
coordination sphere, leading to a full hexa-coordination.

Table B.2.: Standard deviation (SD) of atomic forces by chemical element in vacuum and water for system 8. Shown are
results for DFTB and DFTB-ΔML relative to DFT reference forces. Values are given in kcalmol−1 Å−1.

DFTB vs DFT DFTB-ΔML vs DFT Improvement
Element SDvac SDaq SDvac SDaq SDvac SDaq

H 4.938 4.620 2.695 3.185 45.4% 31.1%
C 11.519 15.874 5.750 10.805 50.1% 31.9%
N 16.512 16.379 6.959 10.210 57.9% 37.7%
O 21.142 26.417 4.271 15.216 79.8% 42.4%

Mg 3.528 3.661 3.233 6.975 8.4% −90.5%
P 11.039 15.890 4.884 16.738 55.8% −5.3%
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Table C.1.: RMSE values of atomic forces by chemical element of the QM region of the trans-HK in vacuum and protein,
trained and applied to the small QM subsystem. Shown are results for DFTB and DFTB-ΔML relative to
DFT reference forces. RMSE values are given in kcalmol−1 Å−1.

DFTB vs DFT DFTB-ΔML vs DFT Improvement
Element RMSEvac RMSEprot RMSEvac RMSEprot RMSEvac RMSEprot

H 4.858 4.806 2.169 2.974 55.4% 38.1%
C 12.297 11.942 4.401 5.011 64.2% 58.0%
N 16.498 16.601 7.014 6.908 57.5% 58.4%
O 13.303 15.066 4.786 7.837 64.0% 48.0%

Mg 8.591 8.426 9.583 9.604 −11.5% −14.0%
P 11.181 10.874 7.463 9.954 33.3% 8.5%

overall 9.958 10.634 4.918 6.594 50.6% 38.0%

Table C.2.: RMSE values of atomic forces by chemical element of the QM region of the trans-HK in vacuum and protein,
trained on the small and applied to the big QM subsystem. Shown are results for DFTB and DFTB-ΔML
relative to DFT reference forces. RMSE values are given in kcalmol−1 Å−1.

DFTB vs DFT DFTB-ΔML vs DFT Improvement
Element RMSEvac RMSEprot RMSEvac RMSEprot RMSEvac RMSEprot

H 4.858 4.806 16.689 16.706 −243.5% −247.6%
C 12.297 11.942 89.123 89.157 −624.8% −646.6%
N 16.498 16.601 54.301 54.236 −229.1% −226.7%
O 13.303 15.066 62.835 63.111 −372.3% −318.9%

Mg 8.591 8.426 177.849 177.848 −1970.2% −2010.8%
P 11.181 10.874 13.149 12.854 −17.6% −18.2%

overall 9.958 10.634 52.334 52.437 −425.5% −393.1%
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Table C.3.: RMSE values of atomic forces by chemical element of the QM region of the trans-HK in vacuum and protein,
trained and applied to the big QM subsystem. Shown are results for DFTB and DFTB-ΔML relative to DFT
reference forces. RMSE values are given in kcalmol−1 Å−1.

DFTB vs DFT DFTB-ΔML vs DFT Improvement
Element RMSEvac RMSEprot RMSEvac RMSEprot RMSEvac RMSEprot

H 4.858 4.806 2.866 3.173 41.0% 34.0%
C 12.297 11.942 5.501 6.269 55.3% 47.5%
N 16.498 16.601 7.030 7.377 57.4% 55.6%
O 13.303 15.066 4.147 6.159 68.8% 59.1%

Mg 8.591 8.426 5.329 5.494 38.0% 34.8%
P 11.181 10.874 8.740 10.680 21.8% 1.8%

overall 9.958 10.634 4.270 5.316 57.1% 50.0%

Figure C.1.: Parity plots illustrating the transferability between DFTB calculations in vacuum and DFTB/MM calcula-
tions in the protein. The shape difference of the distributions indicates limited transferability.

Figure C.2.: 1D projections of the eight HK metadynamics simulations with different methods, starting structures and
angle walls. 2PC and 3PC specify whether the magnesium cation in the starting structure is coordinated
by two or three phosphoryl groups, respectively. DFTB-ΔML | 2PC | noAngleRes was excluded from the
discussion, as it was not converged after 10 ns of simulation time.
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Figure C.3.: 1D projections of the FES onto the two CVs for different time steps. Top: DFTB-ΔML | 2PC | noAngleRes
was excluded from the discussion, as it was not converged after 10 ns of simulation time. Bottom: Near-
convergence shown exemplarily for DFTB-ΔML | 3PC | angleRes.
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D. Understanding the Catalytic Mechanism
of Creatine Kinase

Figure D.1.: Switching function used in the mCEC definition. The switching function fsw(dH,X) enables a continuous
transition between ‘bound’ and ‘unbound’ states of a hydrogen atom H and a heavy atom X based on their
distance dH,X. It therefore acts as a weight for bound-like configurations. The dashed line indicates the
switching distance rsw.
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Use of Generative AI Tools

In accordance with the guidelines of the Karlsruhe Institute of Technology (KIT), this section doc-
uments the use of generative artificial intelligence (AI) tools during the preparation of this thesis.

Several AI-based systems were employed to support the research and writing process. These in-
cluded OpenAI GPT models (e.g. GPT-5 Plus), DeepL Write/Translator, Perplexity, and GitHub
Copilot. The tools were employed for tasks such as software development support (e.g. debugging
assistance and code suggestions), language refinement and stylistic improvement of text passages,
conceptual exploration of ideas, and assistance in identifying relevant literature.

The use of these tools was strictly assistive. All generated outputs, including code and text, were
critically reviewed, verified, and revised by the author before being incorporated into the thesis.
Responsibility for the content, accuracy, interpretation of results, and compliance with scientific
standards remains solely with the author.

No AI system was used to generate research results, fabricate sources, or replace independent sci-
entific reasoning.

143





List of Figures

1.1. Structures of histidine kinase and creatine kinase with enlarged active
site and reaction equation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

2.1. Overview of different computational methods. . . . . . . . . . . . . . . . . . . . . . 9
3.1. Comparison of Morse and harmonic potentials. . . . . . . . . . . . . . . . . . . . . . 12
3.2. Schematic representation of force field contributions. . . . . . . . . . . . . . . . . . 13
4.1. Schematic representation of the QM/MM concept. . . . . . . . . . . . . . . . . . . . 19
4.2. Link atoms in the QM/MM concept. . . . . . . . . . . . . . . . . . . . . . . . . . . 21
5.1. Schematic representation of Jacob’s ladder of DFT. . . . . . . . . . . . . . . . . . . 29
5.2. Number of DFT publications per year (1990–2025). . . . . . . . . . . . . . . . . . . 31
6.1. Schematic representation of a free energy surface with two minima A

and B. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
6.2. Schematic representation of different enhanced sampling methods. . . . . . . . . . . 37
6.3. Schematic representation of the metadynamics method. . . . . . . . . . . . . . . . . 39
6.4. Schematic representation of standard metadynamics versus well-tempered

metadynamics. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
7.1. Structure of a second-generation HDNNP. . . . . . . . . . . . . . . . . . . . . . . . 42
7.2. Visualisation of radial symmetry functions. . . . . . . . . . . . . . . . . . . . . . . . 43
7.3. Visualisation of angular symmetry functions. . . . . . . . . . . . . . . . . . . . . . . 44
8.1. Schematic representation of roles of phosphorus in biochemistry. . . . . . . . . . . . 47
8.2. Chemical structures of inorganic phosphate and adenosine triphosphate (ATP). . . . . 48
8.3. Chemical structures of phosphomonoesters and phosphoramidates with examples. . . 49
8.4. Schematic representation of the collective variables (CVs) used for the

well-tempered metadynamics simulations. . . . . . . . . . . . . . . . . . . . . . . . 52
8.5. Influence of the Gaussian width σ on the FES and the Gaussian depos-

ition distribution. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53
8.6. Projection of the two-dimensional FESs onto the two CVs, simulated

at different Gaussian widths σ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
8.7. Development of the 1D projection of the FES with σ = 0.20 Å over time. . . . . . . . 55
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