Dynamic Meta-Kernelization®

Christian Bertram
University of Copenhagen
Copenhagen, Denmark
chbe@di.ku.dk

Mads Vestergaard Jensen
University of Copenhagen
Copenhagen, Denmark

mvje@di.ku.dk
Abstract

Kernelization studies polynomial-time preprocessing algorithms.
Over the last 20 years, the most celebrated positive results of the
field have been linear kernels for classical NP-hard graph problems
on sparse graph classes. In this paper, we lift these results to the
dynamic setting.

As the canonical example, Alber, Fellows, and Niedermeier [].
ACM 2004] gave a linear kernel for dominating set on planar graphs.
We provide the following dynamic version of their kernel: Our data
structure is initialized with an n-vertex planar graph G in O (nlog n)
amortized time, and, at initialization, outputs a planar graph K with
OPT(K) = OPT(G) and |K| = O(OPT(G)), where OPT(-) denotes
the size of a minimum dominating set. The graph G can be updated
by insertions and deletions of edges and isolated vertices in O(log n)
amortized time per update, under the promise that it remains planar.
After each update to G, the data structure outputs O(1) updates
to K, maintaining OPT(K) = OPT(G), |K| = O(OPT(G)), and
planarity of K.

Furthermore, we obtain similar dynamic kernelization algorithms
for all problems satisfying certain conditions on (topological-)minor-
free graph classes. Besides kernelization, this directly implies new
dynamic constant-approximation algorithms and improvements to
dynamic FPT algorithms for such problems.

Our main technical contribution is a dynamic data structure for
maintaining an approximately optimal protrusion decomposition
of a dynamic topological-minor-free graph. Protrusion decomposi-
tions were introduced by Bodlaender, Fomin, Lokshtanov, Penninkx,
Saurabh, and Thilikos [J. ACM 2016], and have since developed
into a part of the core toolbox in kernelization and parameterized
algorithms.
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1 Introduction

The field of kernelization studies polynomial-time preprocessing
algorithms for NP-hard problems. In order to achieve worst-case
performance guarantees in this setting, one must consider param-
eterized problems where the hardness of an instance is captured
by a parameter. A kernelization algorithm, also called simply a ker-
nel, for a parameterized problem takes an input (I, k), runs in time
poly(|I], k), and outputs an instance (K, k") of the problem so that
(1) (K, k') is a yes-instance if and only if (I, k) is a yes-instance,
and (2) |K| +k” < f(k) for a computable function f [25].

It is a classic observation that a problem has a kernel if and only
if it is fixed-parameter tractable [17]. This motivates the notions of a
polynomial kernel and a linear kernel, which restrict the function f in
the definition above to be a polynomial (resp. linear) function. Lower
bounds for kernels are known under the assumption that coNP ¢
NP/poly, showing that some natural problems, such as LONGEST
PATH parameterized by the length, do not (likely) have polynomial
kernels despite being fixed-parameter tractable [11, 36]. Similarly,
FEEDBACK VERTEX SET has a kernel with O(k?) edges [65], but not
with O(k?7¢) edges for any & > 0, unless coNP € NP/poly [23].
We refer the reader to [34] for a recent textbook on kernelization.

In this paper, we design dynamic linear kernels for graph prob-
lems on sparse graph classes. This means designing data structures
that support updating the input graph while simultaneously effi-
ciently maintaining a kernel. To be concrete about our contribution
before diving deeper into the literature, let us start by stating a
representative example of a result that we obtain. It provides a
dynamic linear kernel for DOMINATING SET (parameterized by the
solution size) on planar graphs.
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THEOREM 1.1. There is a data structure that is initialized with a
planar graph G in O(|G|log |G|)! amortized time, supports updating
G via insertions and deletions of edges and isolated vertices in amor-
tized O(log |G|) time per update under the promise that G remains
planar, and throughout maintains a graph K so that

(1) K is planar,

(2) OPT(K) = OPT(G), where OPT(-) denotes the size of a mini-

mum dominating set, and

(3) IK| < O(OPT(G)).

The data structure outputs K at the initialization, and after each up-
date it outputs at most O (1) updates to K, which consist of insertions
and deletions of edges and isolated vertices.

Theorem 1.1 follows from our meta-theorem Theorem 1.3, which
provides similar results for any pair of a problem and a graph class
that satisfy certain conditions.

The reader may notice that the kernel of Theorem 1.1 does not
quite match the definition we provided a couple of paragraphs ear-
lier, but is in fact slightly stronger, working for all values k of the
parameter simultaneously. We also highlight the fact that the graph
K is updated by (worst-case) O (1) updates per update to G, which
is a non-trivial result under any polynomial running time. It enables
efficient chaining of Theorem 1.1 with other dynamic data struc-
tures. Another observation is that the data structure of Theorem 1.1
also maintains a constant approximation to the minimum dominat-
ing set size due to the inequalities OPT(G) < |K| < O(OPT(G)).

Let us then discuss the literature of linear kernels on sparse
graph classes before stating our results in the full generality.

Linear kernels on sparse graph classes. Among the most influen-
tial results in kernelization are linear kernels for NP-hard graph
problems parameterized by solution size on sparse graph classes.
The first such result was by Alber, Fellows, and Niedermeier [1],
who gave a linear kernel for DOMINATING SET on planar graphs
with running time O(n®). We note that even the existence of any
kernel for DOMINATING SET on planar graphs is non-trivial and
perhaps surprising, as on general graphs DOMINATING SET is W[2]-
complete [24] and thus has no kernel under the standard assumption
FPT = W[2].

The result of Alber et al. led to a flurry of linear kernels on
planar graphs, for example, for FEEDBACK VERTEX SET [15], CYCLE
PACKING [16], INDUCED MATCHING [48, 60], FULL-DEGREE SPANNING
TREE [44], and CONNECTED DOMINATING SET [56] (see also [20]).
Guo and Niedermeier [43] gave a framework capturing some of
the techniques for kernels on planar graphs, obtaining linear ker-
nels also for CONNECTED VERTEX COVER, EDGE DOMINATING SET,
TRIANGLE PACKING, and EFFICIENT DOMINATING SET. Fomin and
Thilikos generalized the planar DOMINATING SET kernel to graphs
of bounded Euler genus [35].

In 2009, all of the aforementioned results were subsumed by a
general meta-theorem of Bodlaender, Fomin, Lokshtanov, Penninkx,
Saurabh, and Thilikos [12, 13]. The theorem states that all problems
on graphs of bounded Euler genus that (1) are “quasi-coverable”,
and (2) have “finite integer index” (FII) have a linear kernel. The
appendix of [13] mentions 31 such problems.

'We denote by |G| = |V(G)| + |E(G)]| the total number of vertices and edges of a
graph G.
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The condition (1) is a technical statement that uses distances
on a surface. Its modern equivalent [33] formulation would be
that all instances G of the problem admit a treewidth-n-modulator
X C V(G) of size |X| < O(OPT(G)) for a constant 7, i.e., a set X
such that tw(G \ X) < 7.2 The condition (2), i.e. FII, means roughly
speaking that the problem has a dynamic programming algorithm
on graphs of bounded treewidth, such that the integer values on
the dynamic programming table are well-behaved.

The main technique introduced by [13] is protrusion replacement.
A c-protrusion in a graph G is a set P C V(G) so that tw(G[P]) < ¢
and |9P| < ¢, where oP denotes the vertices in P that have a neigh-
bor outside of P. The parameter ¢ should be seen as a constant that
depends on the problem and the graph class. Protrusion replace-
ment means the operation of replacing a protrusion P by a small
gadget, while maintaining that the optimum value of the problem
stays the same, up to a shifting constant that can be computed while
replacing the protrusion. Having FII implies that protrusions can
be replaced by constant-size gadgets [13].

The algorithm of [13] works by replacing protrusions by constant-
size gadgets until the graph has no more large enough protrusions
to make progress. To argue that this results in a kernel, they use
protrusion decompositions. A (k, c)-protrusion decomposition of a
graph G is a pair (T, bag), where T is a tree rooted at a node r and
bag: V(T) — 2V(G) is a function that satisfies

(1) for all uv € E(G) thereis t € V(T) with u,v € bag(t),

(2) for all v € V(G), the set {t € V(T) | v € bag(t)} is non-
empty and connected in T,

(3) |bag(r)| < k and the degree of r is < k, and

(4) |bag(t)| < cforallt e V(T)\ {r}.

In other words, a (k, ¢)-protrusion decomposition is a tree decom-
position (T, bag), where the root-bag has size and degree < k and
other bags size < c. The subtrees rooted at the children of the root
form c-protrusions, and thus, a graph that has a (k, ¢)-protrusion
decomposition, but whose c-protrusions have size O(1), has size
O(k). Bodlaender et al. showed that the condition (1) on graphs
of bounded genus implies the existence of an (O(OPT(G)), O(1))-
protrusion decomposition, implying that replacing protrusions re-
sults in a linear kernel.

The machinery of protrusion replacement and protrusion decom-
positions was later used for even more general kernelization meta-
theorems [33, 49], for other applications in kernelization [22, 28—
32, 37, 38, 41, 46, 51, 57], and for applications in parameterized and
approximation algorithms outside of kernelization [6, 18, 30, 42, 47,
49, 50].

The meta-theorem of Fomin, Lokshtanov, Saurabh, and Thi-
likos [33] states that (1) all problems that are “CMSO;-definable”,
“linear-separable”, and “minor-bidimensional” admit linear kernels
on minor-free graphs, and (2) all problems that are “CMSO2-defi-
nable”, “linear-separable”, and “contraction-bidimensional” admit
linear kernels on apex-minor-free graphs. The problems for which
(1) applies include for example CycLE PACKING and FEEDBACK VER-
TEX SET. The problems for which (2) applies include additionally
(r-)DoMINATING SET, CONNECTED VERTEX COVER, and r-SCATTERED

2We denote the treewidth of a graph G by tw(G). For the definition of treewidth
we refer the reader to Section 3.2 of the full version [7], and for a comprehensive
introduction, see [34, Chapter 14].
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SET. The meta-theorem of Kim, Langer, Paul, Reidl, Rossmanith, Sau,
and Sikdar [49] states that all problems that are “linearly treewidth-
bounding” and have FII have linear kernels on topological-minor-
free graphs. These include for example FEEDBACK VERTEX SET,
CHORDAL VERTEX DELETION, and EDGE DOMINATING SET.

The algorithms of both [33] and [49] follow the same idea as
the algorithm of [13]: They use FII and employ protrusion re-
placement, and then argue via treewidth modulators that each
G has an (O(OPT(G)), O(1))-protrusion decomposition, certifying
that protrusion replacement results in a linear kernel. These al-
gorithms, as well as other purely protrusion-replacement based
kernels, can be implemented in linear time by the linear-time
protrusion-replacement routine of Fomin, Lokshtanov, Misra, Ra-
manujan, and Saurabh [29] (see also [30, 34]).

Our contribution. The main technical contribution of this pa-
per is to provide a dynamic version of the protrusion replacement
technique, resulting in dynamic versions of protrusion-based ker-
nels. While there are some previous works on dynamic kerneliza-
tion [2, 3, 5, 21, 45], there are no previous dynamic algorithms based
on protrusions nor dynamic versions of the above discussed linear
kernels for sparse graph classes.

We provide a dynamic algorithm that maintains a protrusion
decomposition of a topological-minor-free graph, so that the first
parameter of the decomposition is linear in the minimum size of
a treewidth modulator. We use Op(-) to denote the O-notation
that ignores factors that depend on a tuple of parameters p and
are computable given p. We denote by tw-mody (G) the size of a
smallest set X C V(G) so that tw(G \ X) < 5. We state here a
version of our main theorem omitting certain technical details. The
full statement appears as Theorem 7.5 in the full version [7].

THEOREM 1.2. There is a data structure that is initialized with
a graph H, integer n, and an H-topological-minor-free graph G. It
supports updating G via insertions and deletions of edges and isolated
vertices, under the promise that G remains H-topological-minor-free.
It maintains an (Op,; (tw-mod; (G)), O, (1))-protrusion decom-
position T of G. The amortized running time of the initialization is
On,5(|Gllog |G|), and the amortized update time is Oy, (log |G|).

Furthermore, the data structure provides infrastructure for main-
taining dynamic programming procedures on the subtrees of T~ rooted
at the children of the root. Each update to G causes updates to only
O, (1) such subtrees, and changes the root-bag only by at most
OH’,] (1).

The second paragraph of the statement of Theorem 1.2 is an
informal explanation of the technical details that are needed for
the application to dynamic kernelization.

The parameters of the protrusion decomposition of Theorem 1.2
are optimal by Oy, (1)-factors, since having a (k, n)-protrusion de-
composition implies that tw-mod, (G) < k. Moreover, topological-
minor-free graph classes are the most general subgraph-closed
graph classes where a linear relation between treewidth modula-
tors and protrusion decompositions holds (see Proposition 9.1 in
the full version [7]), so the restriction to topological-minor-free
graphs is justified.
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To the best of our knowledge, the initialization algorithm3 of
Theorem 1.2 is the first algorithm to explicitly compute a pro-
trusion decomposition with approximately optimal parameters in
near-linear time, without a given treewidth-modulator. Previously,
an OH,q(|G|2) time algorithm was given by Kim, Serna, and Thi-
likos [51] (in the same setting of H-topological-minor-free graphs
and Op y (1)-approximation). However, most of the previous ker-
nels based on protrusion replacement do not use the decomposition
explicitly, but instead employ iterative protrusion replacement,
which can be implemented in linear time [29].

The data structure of Theorem 1.2 can be seen as a generalization
of the recent dynamic treewidth data structure of Korhonen [52].
Applying it to graphs of treewidth < 7 (which exclude K42 as
a topological-minor and have tw-mod; (G) = 0) recovers the re-
sult of [52], but with a significantly higher dependency on 5 in
both the running time and the width. This implies that the factor
log |G| in the amortized update time is optimal, as it is required
(unconditionally) even for maintaining dynamic forests [62].

Dynamic meta-kernelization. We then present our kernelization
meta-theorem, which provides dynamic kernelization algorithms
similar to Theorem 1.1 for a large class of problems. For that, we
need a couple of definitions.

By CMSO; we mean the Counting Monadic Second-Order logic
on graphs (see e.g. [34, Section 14.5]). We say that a graph class G
is CMSO;-definable if there is a CMSO;-sentence ® so that G
® if and only if G € G. Most of the natural graph classes are
CMSO;-definable. A graph class G excludes a topological minor
if there exists a graph H so that no graph in G contains H as a
topological minor. Classes excluding a topological minor include
classes excluding a minor, such as the planar graphs, but also the
graphs of bounded degree.

We consider parameterized graph problems II that are either
minimization or maximization problems, and denote by OPTr(G)
the smallest (resp. largest) value k so that (G, k) is a yes-instance.*
A problem II is linearly treewidth-bounding on a graph class G if
there is a constant 7 so that for all G € G we have tw-mod, (G) <
O(OPTy(G)). For example, for DOMINATING SET on planar graphs
we can take = 2 [34]. The statement of Theorem 1.3 also uses the
definition of FII, which we have already introduced informally and
which is defined in Section 3.3 of the full version [7].

THEOREM 1.3. Let G be a CMSO;-definable graph class that ex-
cludes a topological minor, and II a parameterized graph problem
that is linearly treewidth-bounding on G and has FIL

There is a data structure that is initialized with a graph G € G in
O(|G|log |G|) time, supports updating G via insertions and deletions
of edges and isolated vertices in amortized O (log |G|) time per update
under the promise that G remains in G, and throughout maintains a
graph K and a non-negative integer A so that

(1)Keg,

(2) OPT(K) + A = OPTy1(G), and

(3) IK| < O(OPTr(G)).

3The initialization algorithm simply inserts vertices and edges one-by-one into the
data structure.

“For the purpose of stating Theorem 1.3, let us assume that such k exists. A more
precise form of Theorem 1.3 is given as the pair of Lemmas 8.16 and 8.17 in the full
version [7].
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The data structure outputs (K, A) at the initialization, and after each
update it outputs at most O(1) updates to (K, A), which consist of
insertions and deletions of edges and isolated vertices to/from K, and
(unbounded) changes of A.

Now, for example Theorem 1.1 follows by taking G to be the class
of planar graphs, IT the DOMINATING SET problem, and using the
known fact that DOMINATING SET is linearly treewidth-bounding
on planar graphs [33]. More generally, we could replace G by any
apex-minor-free CMSO;-definable graph class [33], for example,
the graphs of Euler genus at most 10.

For most of the natural problems such as DOMINATING SET, we
can get rid of the shifting-constant A by encoding it in K via gadgets.
In particular, from the fact that K changes by at most O(1) updates
per update to G, it follows that the value of A also changes by at
most O(1), so we can within the same bounds maintain a set of A
additional isolated vertices in K.

The algorithm of Theorem 1.3 applies to all problems to which
the meta-theorems of Fomin et al. [33, Theorem 1.1] and Kim et
al. [49, Theorem 1] apply. This also encompasses the results of
Bodlaender et al. about linear kernels [13, Theorem 1.3]. We give a
list of concrete problems to which Theorem 1.3 applies in Section 9
of the full version [7].

The amortized update time O(log |G|) in Theorem 1.3 is optimal
for some problems captured by it. In particular, the result of Patrascu
and Demaine [62] implies that the problem of maintaining whether
a planar graph is a forest or contains a cycle requires O(log |G|)
(amortized and randomized) update time, unconditionally. This
implies that O(log |G|) update time is required for any problem IT
on planar graphs whose optimum value is a constant c if and only
if G is a forest, for example, CYCLE PACKING or FEEDBACK VERTEX
SET.

The statement of Theorem 1.3 is non-constructive, in particular,
it is not clear how the problem IT would even be described. The proof
is also inherently non-constructive because of the non-constructive
nature of the definition of FIl and the related protrusion-replacement
machinery. However, it can be made constructive for large classes of
concrete problems by using the techniques introduced by Garnero,
Paul, Sau, and Thilikos [39, 40].

Applications outside of kernelization. Theorem 1.3 has some di-
rect applications outside of kernelization. As the first example, we
observe that it improves the update times of many dynamic pa-

rameterized algorithms from 20(Vk) logn to 200%0) 4 O(logn).
In particular, Korhonen [52] observed that his dynamic treewidth
data structure gives a dynamic algorithm for maintaining whether
an n-vertex planar graph contains a dominating set of size < k in

200%k) log n amortized update time. Plugging in Theorem 1.3 (in
fact, Theorem 1.1), directly improves this to an amortized update

time of 20(VK) 4 O(log n). Similar effect happens to a large class of
parameterized problems on (topological-)minor-free graph classes.

Another direct application is to dynamic approximation algo-
rithms. We observe that if a problem II satisfies that OPT;(G) <
O(|G]) for all G, then the data structure of Theorem 1.3 directly
maintains a constant-factor approximation of OPTr;(G), because
of the inequalities OPT(G) < O(|K|) + A < O(OPT(G)). To the
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best of our knowledge, this is the first dynamic constant-factor ap-
proximation algorithm for many problems captured by Theorem 1.3,
for example, for FEEDBACK VERTEX SET on planar graphs.

Previously, Korhonen, Nadara, Pilipczuk, and Sokotowski [55]
gave dynamic (1 + ¢)-approximation algorithms for WEIGHTED
INDEPENDENT SET on apex-minor-free graphs and WEIGHTED Dom-
INATING SET on bounded-degree minor-free graphs. They achieve
f(e) - n°(Y) amortized update time by implementing a dynamic
version of the Baker’s scheme [4]. Dynamic approximation algo-
rithms are well-studied for MATCHING and VERTEX COVER, see
eg [8,9, 64].

Our techniques. Our main technical contribution is Theorem 1.2,
which implies Theorem 1.3 via a dynamic implementation of the
known protrusion replacement machinery. The basic blueprint be-
hind the data structure of Theorem 1.2 is inspired by the dynamic
treewidth data structure of Korhonen [52]. In particular, the sub-
trees of bounded treewidth are maintained by the same routine
as in [52], and the whole protrusion decomposition satisfies the
same key invariant of “downwards well-linkedness” as the tree
decomposition maintained by [52]. The difference is that now the
root-bag of the decomposition can have large size, and in particular,
its size should be maintained to be approximately the same as the
minimum treewidth-7-modulator.

It is easy to incorporate edge insertions/deletions to this structure
so that they increase the size of the root-bag by a constant in each
operation. Therefore, the main challenges are to:

(1) show that if the root-bag grows too large compared to the
optimum treewidth-n-modulator, then it can be reduced by
chopping off a small part to the bounded-treewidth subtrees,
and

(2) implement this chopping within O (log n) amortized update
time and O(1) changes to the root per update.

Both of the parts (1) and (2) are non-trivial. The part (1) yields an
essentially new type of an algorithm for constructing a protrusion
decomposition, which constructs a protrusion decomposition by
iteratively making the root-bag smaller, unlike the previous algo-
rithms, which proceed by starting with a treewidth-n-modulator
and then making the root-bag a superset of it. The proof of (1) uses
graph-theoretical techniques, requiring topological-minor-freeness
and heavily relying on the “downwards well-linkedness” of the
decomposition. The part (2) requires a careful dynamic implemen-
tation of a local search procedure for finding large sets of vertices
with small neighborhoods.

Related work on dynamic kernelization. So far we omitted the
discussion on previous dynamic kernelization algorithms, so let us
review them here. Let us focus only on dynamic polynomial kernels,
and omit the larger body of work on dynamic FPT algorithms (see
e.g. [2, 10, 19, 26, 27, 52, 54, 58, 59, 61]).

Iwata and Oka [45] gave dynamic kernels for VERTEX COVER
and CLUSTER VERTEX DELETION. The kernel for VERTEX COVER has
O(k?) update time and size O(k?), while the kernel for CLUSTER
VERTEX DELETION has O (k8 log n) update time and size O(k®).

Alman, Mnich, and Vassilevska Williams [2] improved the update
time of the dynamic vertex cover kernelization to O (k) worst-case
and O(1) amortized. They also gave dynamic polynomial kernels
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for d-HiTTING SET, EDGE DOMINATING SET, and PoINT LINE COVER.
The kernel for EDGE DOMINATING SET has update time O(1) and
size O (k?), while the kernels for d-HITTING SET and POINT LINE
CovER have update times and sizes poly (k).

An improved dynamic kernel for d-HITTING SET, along with a
dynamic kernel for SET PACKING, was given by Bannach, Heinrich,
Reischuk, and Tantau [5]. An, Cho, Jang, Jung, Lee, Oh, Shin, Shin,
and Song [3] designed dynamic kernels on unit disk graphs for
VERTEX COVER, TRIANGLE HITTING SET, FEEDBACK VERTEX SET,
and CYCLE PACKING.

Organization of the paper. Due to space limitations, we provide
only an overview of the proofs. The full version is available on
arXiv [7].

2 Overview

We first sketch a proof of Theorem 1.2, explaining how to maintain

an approximately optimal protrusion decomposition of a topological-
minor-free graph. Afterwards, we describe how this data structure

can be used for dynamic kernelization, sketching the proof of The-
orem 1.3.

2.1 Dynamic Protrusion Decomposition

We consider a dynamic H-topological-minor-free graph G and a pa-
rameter 1. Our goal is to maintain, under insertions and deletions
of edges and isolated vertices, a (Op,j, (tw-mod;(G)), Og,5(1))-
protrusion decomposition of G. This is a rooted tree decomposi-
tion (T, bag), where the root-bag r € V(T) has size and degree
Oy, (tw-mody (G)), and other bags have size Og,,(1).

We start by describing in Section 2.1.1 the definitions and ideas
that are based on those of [52] (many of which in turn originate
from [53], and further from [63]). The more novel parts of our
algorithm are described in Section 2.1.2.

2.1.1 The Framework and Basic Operations.

Downwards well-linked superbranch decompositions. The key idea
of the dynamic treewidth algorithm of [52] is to maintain a structure
called downwards well-linked superbranch decomposition. We do the
same in this paper, although naturally with different constraints
to reflect that the superbranch decomposition should correspond
to a protrusion decomposition instead of a tree decomposition of
bounded width.

A superbranch decomposition of a graph G is a pair 7 = (T, £),
where T is a rooted tree, in which every non-leaf node has at least
two children, and £ is a bijection that maps every leaf of T to
an edge of G. This is similar to the classic definition of a branch
decomposition [63], but allowing nodes of degree higher than three.
For anode t € V(T), we denote by L[t] C E(G) the set of edges of
G that are associated by £ with leaves in the subtree of T below ¢.

The boundary of an edge set A C E(G), denoted by bd(A) C
V(G), is the set of vertices that are incident to edges in both A and
E(G)\A. We denote the size of the boundary by A(A) = |bd(A)|. The
function A: 2E(G) — Z. is symmetric and submodular, meaning
that (1) A(4) = A(E(G)\A) and (2) A\(AUB)+A(ANB) < A(A)+A(B)
for all A, B C E(G) [63].

A set A C E(G) of edges is well-linked if for every bipartition
(A1,A2) of A it holds that A(A;) > A(A) or A(A2) > A(A) (this
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is called robust in [63]). The well-linked number wl(A) of a set
A C E(G) is the maximum of A(A”) over well-linked subsets A” C A.
A superbranch decomposition is downwards well-linked if for every
node t € V(T), the set L[t] is well-linked.

The intuitive reason why well-linkedness is a powerful notion
in our context is the following three properties [52, 53]:

(1) If A C E(G) is a well-linked set and B C E(G), then either
A(BUA) < A(B) or A(B\A) < A(B).In particular, well-linked
sets are perfectly “uncrossable”.

(2) Every set A C E(G) can be partitioned into at most 2M4)
well-linked subsets.

(3) For all A C E(G), it holds that wl(A) = ©(tw(G[A])).

There is also a fourth powerful property, called the “transitivity”
of well-linkedness in [52, 53], but which requires more complex
definitions to state, so we omit it for now.

From superbranch to protrusion decompositions. There is a nat-
ural way to relate superbranch decompositions to tree decom-
positions, for which we use the following definition of an ad-
hesion. For an edge tp € E(T) of a superbranch decomposition
between a node t and its parent p, the adhesion at tp is the set
adh(tp) = bd(L[t]). Now, if (T, £) is a superbranch decomposi-
tion of a graph G, we construct a function bag: V(T) — 2V(G) 50
that (T, bag) is a tree decomposition of G as follows. For a leaf-node
¢ with L(¢) = uv, we set bag(f) = {u,v}, and for a non-leaf-node ¢,
we set bag(t) = Usen(r) adh(st), where N(t) denotes the neigh-
bors of t. (This does not quite work if G contains isolated vertices,
but let us ignore that for now.) We observe that (T, bag) is an
(On,, (tw-mod, (G)), O,y (1))-protrusion decomposition of G if

a. every adhesion has size Og,; (1),
b. the root-node has degree Oy, (tw-mod,(G)), and
c. every non-root-node has degree Op,;(1).

This follows from the fact that the size of bag(t) is bounded by
the product of the degree of t and the maximum adhesion size. In-
stead of maintaining the conditions of Items a to ¢ directly, our goal
is to maintain a superbranch decomposition 7~ = (T, £) satisfying
that

(1) 7 is downwards well-linked,

(2) for all non-root t € V(T), wl(L[t]) < Og,, (1),
(3) the root-node has degree O, (tw-mod; (G)),
(4) every non-root-node has degree Op,; (1), and
(5) T has depth Og; (log |G|).

By the definition of well-linked number and downwards well-
linkedness, Items 1 and 2 imply the condition of Item a Thus,
any protrusion decomposition satisfying Items 1 to 4 also satis-
fies Items a to c, and thus corresponds to a (Op,; (tw-mody (G)),
Opn,; (1))-protrusion decomposition. The logarithmic-depth require-
ment of Item 5 is for efficient dynamic maintenance of the super-
branch decomposition.

Basic maintenance of the superbranch decomposition. The idea
of our data structure is that we first implement the procedures
for inserting and deleting edges in an “easy” way that increases
the degree of the root by Og (1) per operation but maintains the
other invariants. Then, the hard part of our data structure is a
procedure that decreases the degree of the root whenever it is too
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large compared to tw-mody (G). This procedure will be run after
every update to keep the degree of the root controlled.

We postpone the hard part to Section 2.1.2, and start here with
the “easy” procedure for inserting and deleting edges. At this point,
we need to reveal the technical detail that the superbranch decom-
position is not actually a superbranch decomposition of G, but of
the hypergraph H(G) that has vertex set V(H(G)) = V(G), and
in addition to the normal edges {u, v} for all uv € E(G), contains
singleton edges {v} for all v € V(G). Our definitions extend natu-
rally to hypergraphs, and later we will also use hypergraphs with
edges of size more than 2.

We use the tree-rotation techniques from [52] for maintaining
the subtrees below the root. A key subroutine that we implement
with those techniques is a procedure that “rotates up” a specified
set of leaves of the decomposition. In particular, given a set A of
hyperedges with |A| = O(1), the procedure uses tree rotations to
transform (T, £) so that

(1) the leaves corresponding to A become children of the root,
(2) the degree of the root increases by Oy (1), and
(3) all other invariants are maintained.

This subroutine runs in Op ; (log |G|) amortized time.

Now;, to insert an edge between vertices u and v, we use the
subroutine with A = {{u}, {v}}, and observe that after {u} and
{0} are children of the root, inserting the hyperedge {u, v} while
maintaining the invariants (but increasing the root-degree by 1) is
trivial, by simply adding a leaf corresponding to it as another child
of the root. Similarly, to delete an edge uv, we use the procedure with
A = {{u, v}, {u}, {v}}, after which the deletion becomes similarly
straightforward. In both cases, the degree of the root increases by
On 5 (1) because of the rotating-up subroutine.

The reason why it is essential that also {u} and {v} are children
of the root while inserting/deleting {u, v} is that this ensures that
the boundaries bd(L[t]) stay unchanged in the decomposition.
Otherwise, the boundaries bd(L[¢]) could abruptly change globally
throughout the decomposition, potentially ruining downwards well-
linkedness.

2.1.2  Controlling the root degree. Let us then turn to the hard
part of our data structure, namely, the procedure for controlling
the degree of the root. We will decrease the degree of the root by
finding a set of at least 2 but at most Op,; (1) subtrees rooted at
children of the root, and combining them into one subtree rooted
at a new child of the root. This combination procedure will be done
in a straightforward manner, in particular, by simply adding a new
child and moving the subtrees to be rooted under that child instead
of the root.

Denote the children of the root corresponding to such subtrees
by C = {c1,c2, ..., cp}, and denote by L[C] = U,,ec L[ci] the set
of hyperedges corresponding to leaves below C. We need that

(1) IC| = 2 so that the degree of the root actually decreases,

(2) IC] < Op,y(1) so that the degree of the new node is bounded,

(3) L[C] is well-linked so that the decomposition stays down-
wards well-linked, and

(4) wi(L[C]) < Og,;(1) so that the well-linked number of the
subtrees stays bounded.
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Furthermore, the bounds hidden by Oy, (-) above should not
depend on the current parameters of the decomposition, but only
on the original parameters H and 7, in order to not make the param-
eters of the decomposition gradually worse throughout updates.
Decreasing the degree by combining such a set of children C main-
tains all other invariants of the decomposition except may increase
the depth by one because of the new subtree. However, the new
subtree can be balanced in amortized Oy ; (log |G|) time with the
techniques from [52].

It follows that now, the two main challenges are to show that

(1) whenever the degree of the root is too large compared to
tw-mod; (G), such a set of children C exists, and
(2) in that case, we can also find C efficiently.

For both of these two challenges, the key definition we need is
that of the torso hypergraph. Let t be a node of a superbranch decom-
position. The torso of ¢, denoted by torso(t), is the hypergraph with
the vertex set V(torso(t)) = Usen(r) adh(st), and having the hy-
peredge adh(st) for every s € N(t). Note that the same hyperedge
can occur multiple times if adh(s1t) = adh(szt) for s; # sz, and we
indeed treat torso(t) as a “multi”-hypergraph, thinking about the
hyperedge set of torso(t) as consisting of labels es for all s € N(#),
together with a mapping that maps each label es to the set adh(st).

Let r be the root node and A C E(torso(r)) a subset of hyper-
edges of its torso, which naturally corresponds to a set of children
Cy of the root. We denote by A>T = L[Caq] C E(H(G)) the set of
hyperedges corresponding to the leaves under C4. The “transitivity
of well-linkedness” from [52, 53] tells that A>T is well-linked in
H (G) if and only if A is well-linked in torso(r). Now, the task of
finding the required set of children C translates into finding a set
A C E(torso(r)) so that

(1) 2 < |A| £ O y(1),
(2) Ais well-linked in torso(r), and
(3) Wi(A»>T) < O y(1).

We can in fact simplify these three conditions even further. The
combination of Items 2 and 3 implies that A(A) should be bounded
by Op,,(1). By using the fact that any set A C E(torso(r)) can
be partitioned into at most 2AA) well-linked sets, we can relax
the condition that A is well-linked into a condition that A is large
enough compared to 24(4) _thena postprocessing routine can find
a well-linked subset of A. We end up with the conditions

(1) 22 < |A| < Op (1) and
(2) Wi(A>T) < Oy (1).

Existence of a mergeable subset. Let us then get to the proof that
such a set A C E(torso(r)) exists if the root degree is too large.
Note that the root degree equals |E(torso(r))|.

The first ingredient is a proof showing that |E(torso(r))| <
On,y(|V (torso(r))]). This uses the H-topological-minor-freeness
of G and the downwards well-linkedness, in particular, if torso(r)
would be too dense, we could realize this density as a topological
minor via downwards well-linkedness. Another case is that torso(r)
contains a lot of hyperedges with exactly the same vertex set, but in
that case the desired conclusion is easy to achieve by just selecting a
subset of them. Therefore, we can assume that V(torso(r)) is large
compared to tw-mod; (G).
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Now, we consider an imaginary “optimal” protrusion decomposi-
tion of G. By [49], G indeed has an (Op,, (tw-mody (G)), Og,;(1))-
protrusion decomposition 7* = (T*, bag"), rooted at a node r*.
If V(torso(r)) is of size larger than Qg ,(|bag"(r*)| + A(r*)) =
Qg (tw-mod, (G))?, then there exists a child ¢* of r*, so that
the subtree of 7 rooted at ¢* contains at least § vertices from
V(torso(r)), and has treewidth w, where 6 and w are parameters in
Op,(1) with o << 4. By choosing an appropriate subtree under
c*, we indeed obtain a set B C E(H (G)) so that

(1) 8 < |[V(B) NV (torso(r))] <3-6,°
(2) A(B) < w, and
(3) wl(B) < o,

where § is set to be roughly 20(@)

The set B would be perfect for us if it would be “uncrossed” with
the sets L[ c] for the children c of the root r of our superbranch
decomposition, that is, if either L[c] € B or L[c] N B = 0 would
hold for all c. This would allow us to construct the desired set
A C E(torso(r)) by taking e; € A whenever L[c] C B.

Now the natural idea is to use the downwards well-linkedness
to uncross the set B with the sets £ [c]. It implies that either A(B\
L[c]) < A(B) or A(BU L][c]) < A(B), so one can always either
include or exclude £[c] without increasing A(B). Furthermore, we
show that doing this for all children ¢ does not drastically affect
the quantity |V(B) N V(torso(r))|, as long as it is large enough
compared to A(B).

However, this uncrossing idea has one issue that makes the
proof much more complicated: The quantity wl(B) can increase if
we set B := BU L[c]. On the surface this seems to not be a big
issue since wl(L[c]) is anyway bounded by Og 5 (1), but here we
run into the issue that the “new parameters” of the decomposition
should not depend on the “old parameters” of the decomposition,
or otherwise they would stack up throughout many operations. In
particular, this uncrossing would work fine if we could assume that
wl(L[c]) is small enough compared to the other parameters of the
decomposition.

We fix this issue by ensuring that this type of uncrossing can
indeed only happen if wl(L[c]) is really small. In particular, we
observe that wl(L[c]) can be larger than O(n) only for at most
tw-mod; (G) many subtrees of our decomposition, as the mod-
ulator must hit all such subtrees. By tuning the existence proof
of protrusion decompositions from [49], we can ensure that the
set bd(L[c]) is contained in bag*(r*) for all such subtrees, and
therefore by choosing B according to this tuned decomposition
(T*, bag*), V(B) can intersect such bd(L[c]) only in bd(B). With
this, we can ensure that the uncrossing of type B := BU L[ c] never
happens for such children c.

Thus, skipping many tedious technical details here, the uncross-
ing idea works out in the end to prove the existence of the desired
set A C E(torso(r)).

Finding a mergeable subset. The next challenge is to find a set
A C E(torso(r)) with (1) 224 < |A| < Oy, (1) and (2) wl(A >
T) < Ogy(1) whenever such a set exists, in Og (log |G|) time.
We start by observing that the proof above gives us some slack

SWhere A(r*) denotes the degree of r*.
SWhere V(B) C V(G) denotes all vertices incident to B.
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for approximation, in particular, it is enough to be able to either
return such a set, or to conclude that there is no such set with (1)
replaced by (1) 224A) < 1Al < Opn,5(1) and (2) replaced by a
smaller bound on the well-linked number. In particular, instead of
bound the well-linked number of A > 7, we bound A(A) and the
internal treewidth of A > T, that is tw(G[V (A > 7))\ bd(A)]). This
is approximately equivalent to bounding the well-linked number.

Let us start by discussing how to even check whether a given
set A satisfies these properties. In our data structure, we maintain
torso(r) explicitly, so (1) is easy enough to check in O 5 (1) time.
However, checking (2) is not easy, as the internal treewidth involves
information not captured by torso(r). At this point, we note that
thanks to the techniques from [52], we are able to maintain dynamic
programming procedures on the subtrees of 7~ below the root. In
particular, since such subtrees correspond to tree decompositions of
bounded width, we can use powerful bounded-treewidth machinery
to capture information about them. This is used for the application
of our data structure for kernelization, but we also use it here to
figure out the internal treewidth of A>7". In particular, we maintain
a modified version of the Bodlaender-Kloks dynamic programming
procedure for computing treewidth [14] on the subtrees, and when
given A, combine the information from the subtrees corresponding
to A to compute the internal treewidth of A»> 7.

Now we know how to efficiently check if a given set A is suit-
able, but still, there are too many candidates to be brute-forced.
Let us sketch an Oy, (|E(torso(r))|) time algorithm. A set B C
E(torso(r)) is internally connected if all vertices in V(B) can reach
each other by paths through hyperedges in B but not containing
vertices from bd(B) as internal vertices. Internally connected sets
are useful because for parameters k and s and a hyperedge e, there
are at most s internally connected sets B with |B| < s, A(B) < k,
and e € B, and they can be listed via a local-search procedure in
sO) time.

Now, a suitable set A can be uniquely partitioned into internally
connected sets Ay, ..., Ay, so that bd(A;) € bd(A). By possibly
shrinking |A| by a factor of 24(4) which is fine by the slack for
approximation, we can assume that bd(4;) = bd(A) for all A;. We
also observe that the internal treewidth of A > 7" is equal to the
maximum internal treewidth of A; » 7. Now, this type of A is easy
enough to find in Op; (|E(torso(r))|) time by first enumerating
all internally connected sets with specified size and boundary size,
checking their internal treewidth, and then grouping them by their
boundary. Furthermore, by using the fact that each hyperedge
participates in only Op,;, (1) such internally connected sets, we can
design a dynamic implementation of this algorithm, that works in
Opn,; (log |E(torso(r))|) time per update to torso(r).

2.2 Dynamic Kernelization

The application of our data structure to kernelization follows the
high-level idea of protrusion replacement, which was pioneered
by Bodlaender et al. [13], and afterwards used in dozens of ker-
nelization algorithms. However, our implementation of protrusion
replacement is non-standard in that we explicitly compute a pro-
trusion decomposition and replace each of its protrusions in one
shot. The typical protrusion replacement implementations work
by repeatedly replacing constant-size protrusions, without actually
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computing a protrusion decomposition. Nevertheless, this approach
of explicitly computing a protrusion decomposition has been used
before by Kim, Serna, and Thilikos [51], who needed it in the context
of kernelization for counting problems.

Let G be a CMSO3-definable graph class that excludes a topolog-
ical minor H, and IT a problem that has FII and is linearly treewidth-
bounding on G. For example, we can let G be the planar graphs and
IT the DOMINATING SET problem. Because II is linearly treewidth-
bounding in G, there exists 7 so that tw-mod; (G) < O(OPTr(G))
for all G € G. Now, it suffices to give a kernelization algorithm
parameterized by the parameter tw-mod; (G) instead of OPTr(G).
For this, we apply the data structure of Theorem 1.2, initialized
with the parameters H and ».

Let (T, £) be the superbranch decomposition maintained by the
data structure, corresponding to a (Og,j, (tw-mod; (G)), Oy ,(1))-
protrusion decomposition (T, bag). For kernelization, it is in fact
more instructive to think about (T, L) than about (T, bag). For
each child c of the root r of T, we consider the boundaried graph
G, having vertex set V(G;) = V(L[c]), i.e,, the union of the hy-
peredges in L[c], and edge set E(G.) being the edges of G in L[c],
and boundary bd(L[c]).

Now, the idea is to replace the boundaried graph G, by a represen-
tative of bounded size. In particular, we replace G, by a boundaried
graph R with the same boundary as G., but which has bounded
size (bounded by a function of the size of the boundary, the problem
I1, and the class G). If we denote by G’ the graph obtained after
this replacement, we want that OPT(G’) = OPTy(G) — A, for a
non-negative shifting constant A. that can be computed from G.
We also want that G’ € Gif G € G.

The known properties of FII and CMSO; imply that such a rep-
resentative R, indeed exists (see e.g. [13]), and can be computed by
dynamic programming on the tree decomposition of G, together
with the shifting constant A.. This dynamic programming can in-
deed be maintained on the bounded-treewidth subtrees of (T, £)
by the dynamic treewidth data structure, so with our data structure
we can maintain the representatives R, and shifting constants A,
for all children c of the root.

Now, the kernel is obtained simply as the union of the boundaried
graphs R. (which may overlap at the boundary vertices). As these
graphs have constant size, and there are at most Op (tw-mod, (G))
of them, the size of the kernel is Oy, (tw-mody(G)). The final
shifting constant A is obtained as the sum of the individual shifting
constants A.

This kernel can be maintained with logarithmic update time and
with a constant number of changes to it thanks to the properties
guaranteed by the data structure of Theorem 1.2. In particular, it
guarantees that one update to the graph causes updates only in
a constant number of the subtrees rooted at the children ¢ of the
root, so the representatives R, and shifting constants A, need to be
updated only for them. Both of them are re-computed in amortized
logarithmic update time thanks to the dynamic treewidth data
structure we maintain on the subtrees.
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