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Abstract

Chiral media enable the control and manipulation of the different polarization states of
light. Maximally em-chiral objects, which are transparent to light of one helicity but
not to the other, can be used as non-directional polarizers or in the detection of chiral
molecules. Scattering by chiral spheres is well researched in literature. However, most of
these works are theoretical and focus on the general scattering behavior. Therein, very
large chirality parameters are assumed, for which media are hard to fabricate in the optical
regime. In this work we search for intrinsically chiral, isotropic, homogeneous spherical
particles, which are maximally em-chiral. We investigate the influence of geometry
and material parameters on this quantity. After discussing the theory to describe the
scattering by a chiral spherical particle and restricting the parameter space by means of
a microscopic model for the chiral scatterers, single chiral spheres and core-shell particles
are investigated by means of parameter studies. The chirality of the medium is found to
restrict the overall em-chirality of the scatterer, such that for weakly chiral spheres and
core-shell particles highly em-chiral configurations are exceptional cases. These exceptions
are found in regions where the media meet the refractive index matching condition with
the surrounding medium and thus show high em-chirality. High em-chirality is also found
for weakly chiral spheres with a thin dielectric coating for specific media and geometries
of the core-shell. These objects are appealing for a larger number of applications and
seem to be in reach experimentally.
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1 Introduction

Chiral media, which consist of chiral building blocks (e.g. molecules, artificial chiral
structures) are of great interest within the field of biology, chemistry, physics, and espe-
cially optics. Theoretical studies and the development of highly optically active materials
facilitate the control of the polarization states of light and their manipulation: chiral media
are used for the detection of enantiomers to enhance their scattered field or emission, for
optical traps using chiral nanoparticles, polarizability dependent negative refractive index
materials, and broadband, non-directional polarizers/filters.

Optical activity is an effect due to the chirality of the medium and describes the rotation
of the plane of polarization of linearly polarized light. Optical activity was first observed
by Arago |24] in quartz crystals and was later also found in non-crystalline media, such as
solutions of chiral molecules by Biot [18]|. The origin of optical rotation was discovered by
Pasteur [18] in 1848, who was the first to detect two enantiomers of a chiral substance and
connect their geometrical properties to optical activity. In 1904 Lord Kelvin defined “any
geometrical figure, or group of points, chiral, and say that it has chirality if its image in a
plane mirror, ideally realized, cannot be brought to coincide with itself” [25, p. 619]. The
easiest example of a chiral pair are our hands, which motivated the separation of chiral
objects/electromagnetic waves into one or the other ’handedness’. It was recognized early
that helical structures are one of the basic geometries which posses chirality. In 1898 Bose
found the rotation of the polarization plane for twisted jute with the intention of imitating
sugar solutions [7]. The possibility of scaling copper helices for the usage in the microwave
regime was proposed by Lindmann [32|. Fresnel discovered that linearly polarized light
can be described as a superposition of coherent left-handed and right-handed circularly
polarized light |1, Ch. 1|. Based on experimental findings and the definition of chirality he
proposed that the difference of phase velocity of light (polarization birefringence) within
the chiral arrangement causes optical activity. This birefringence is due to the coupling
of electric and magnetic fields within chiral media, which means that electric (magnetic)
fields result in magnetic (electric) polarization of the medium. This coupling is described
by the chirality parameter in an additional term — which relates the electric (magnetic) flux
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density to the magnetic (electric) field — in the macroscopic constitutive equations. Since
naturally occurring materials show only weak optical activity |34], artificial structures,
which possess higher cross-polarizations than natural ones, have become the focus of
research in the last decades. Metamaterials consist of periodically arranged — in this
context chiral — building blocks, which are typically much smaller than the wavelength.
Therefore, homogenization methods can be used to derive effective macroscopic material
parameters to describe these media. Examples for chiral components are helical structures
out of gold or other metals |20, |44]. These can be tuned in their material properties
and geometry such that their (plasmonic) resonances lie within the visible frequency
range, which results in strong optical activity and circular dichroism. Several review
papers about experimental and theoretical research of such metamaterials (MM) have
been published in recent years |10}, 35, |49]. Uniaxial chiral MM yield strong optical activity
over a broad frequency range |20, 27]. However, the directional dependency renders such
structures unsuitable for the control or tuning of the polarization in any direction. On
the other hand, 3D isotropic chiral metamaterials are still a mostly theoretical topic with
few exceptions: in [23] chiral split ring resonators are arranged on the surface of a cube.
A 3D bi-chiral (chiral effects due to the helical components and due to their arrangement
within the medium) photonic crystal was proposed by Thiel et al. in [44]. Due to its cubic
geometry, the MM is approximately isotropic and, theoretically, allows to fabricate chiral
media for any desired frequency. Another group of chiral media are self assembled media,
which basically consist of self-assembled, metallic nano-particles in a chiral structure by
means of templates, such as DNA, or cholesteric liquid crystals [38]. These also allow for
electromagnetic chirality in the visible spectrum.

Spheres out of isotropic homogeneous chiral media represent the ideal candidate for
non-directional manipulation of light. The scattering problem is analytically solvable by
the Mie theory and thus a popular object to explore scattering phenomena. Scattering by
chiral spheres [5 51] in achiral and chiral media [4] and chiral multi-shell particles [41] were
theoretically investigated via extensions of the classical Mie theory. These works focus on
the basic scattering behavior, chiral nihility and the influence of chiral particles on decay
rates of enantiomers [26]. The fabrication of chiral spheres made out of cholesteric liquid
crystals in the optical regime and their use as polarization dependent optical trap and for
optical manipulation is described in [9].

Kelvin classifies two groups of media: chiral or achiral ones. There are already several
quantitative measures of (geometrical) chirality. However, these do not allow for unam-



biguous ordering of the objects with respect to their electromagnetic response. Therefore,
Fernandez-Corbaton et al. proposed a quantitative measure to order chiral structures and
media by means of their interaction with light [14]. This quantity is called electromagnetic
chirality and is a measure of the difference between the interaction of light of different
helicity with the object. Electromagnetic chirality of an object is bounded. Reciprocal
objects reaching the upper bound are transparent to light of one helicity.

Motivated by this preliminary work, we aim to find material and geometry combinations
for chiral spheres which posses maximal em-chirality and thus are transparent to one
helicity.

This work focuses on purely intrinsically chiral, isotropic and homogeneous spherical
particles. The geometry itself is achiral, so that there are no effects due to the particle’s
orientation with respect to the incident light (extrinsic chirality). A quasi-static antenna
model for the chiral inclusions allows for a very simple microscopic description of an
effectively isotropic metamaterial made of these randomly placed chiral particles. Ho-
mogenization yields effective material parameters and their interconnection. This model
facilitates a restriction of the parameter space for fixed host media and thus a more
realistic approximation of possible material parameter combinations.

The thesis is structured as follows. In chapter 2, the theory of electromagnetic waves
and a basis of transverse electromagnetic waves in chiral media is introduced. Thereby, the
helicity of the light is used to describe its polarization state. Subsequently, the microscopic
description of chiral media comprises a homogenization of the host medium containing
sub-wavelength single turn helices, which are described by means of a quasi-static antenna
model in chapter 3. Effective material parameters are derived and relations between the
inclusion polarizabilities due to the assumed antenna model result in relations between the
effective material parameters for chiral media. In chapter 4 an extension of the Mie theory
for spherical particles is used to derive the fields from scattering by a chiral (multi-layered)
sphere in a (chiral) medium. The theoretical part is completed with the introduction of
duality (and its breaking) and electromagnetic chirality in chapter 5. Media/Effective
material parameter constraints for dual and maximally electromagnetically chiral media
are derived from the surface boundary conditions of arbitrarily shaped particles.

The introduced methods are applied to the problem of a single spherical particle in
chapter 6. Electromagnetic chirality of a sphere as a function of the material parameters
and the radius is analyzed via parameter studies. The focus is on finding regions of very
high electormagnetic chirality, explaining special features and giving an overall impression
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of the influence of intrinsic chirality on electromagnetic chirality. In chapter 7, chiral
core-shell particles are investigated with the goal of improving electromagnetic chirality in
particular in weakly chiral media. The interesting case of thin purely dielectric coatings
on chiral spheres is also investigated. Finally, we introduce highly electromagnetically
chiral spheres as a possible detector for chiral molecules. The thesis is summarized in
chapter 9 and a short outlook is provided.



2 Theory of electromagnetic waves in chiral
media

In the following chapter the basic theory is summarized to describe light in chiral media.
First of all Maxwell’s equations in time and frequency domain are shortly revised. In
section different formulations of constitutive relations for chiral media are presented
and the usage of the Condon-Tellegen constitutive relations in this thesis is motivated.
Subsequently, the eigenstates and corresponding wavenumbers, which decouple Maxwell’s
equations in isotropic and homogeneous chiral media, are derived. It is furthermore shown
that these states have well-defined helicity (section . In section a general definition
of helicity and its eigenstates are given, as well as a basis of electromagnetic waves in chiral
media.

2.1 Maxwell’'s equations

The description of electromagnetic waves in a source free medium is given by Maxwell’s
equations |22, Eq. (I.1a)]:

0D(r,t .
VXH(TJ):%v V-D(rt)=0,

0B (.1 ) (2.1)
VXE(T’,t):—T’, VB(T',t):O

E(r,t) and H(r,t) are the electric and magnetic fields. D(r,t) and B(r,t) are the
electric flux density (or electric displacement) and the magnetic flux density (or magnetic
inductance), which include the electric/magnetic fields in the medium due to electric/
magentic polarization. Under the assumption of linear response only, Maxwell’s equations
can be transformed from a differential form with respect to time in Eq. into algebraic
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expressions in the frequency domain. This implicitly assumes that every field can be
written as a superposition of time harmonic fields as Fourier transformation [5, Ch. 2.3.1]:

1 [ .
F(r t) = —/ dwF(r,w)e ™"
2 J_
% (2.2)
F(r,w) :/ dtF(r,t)e™" .

The time derivative is transformed accordingly: % — —iw. Thus, Maxwell’s equations

in frequency domain are given by

V x H(r,w) = —iwD(r,w) (2.3)
V X E(r,w) =iwB(r,w) , |

2.2 Constitutive relations for bi-isotropic media

A macroscopic material is described by its constitutive relations that give a general
relationship between the magnetic and electric flux density and the applied fields:
D[E,B],H[E,B] [22]. For a biaxial, anisotropic, linear and non-local medium the
constitutive relations take the form

D(r,w) = /dr's(r — 7 w) E(rw),
(2.4)
H(r,w) = /dr’p(r — 7 w) - B(r',w) .

Bi-isotropic media are treated in the remainder of this work. These media are isotropic
but with an additional magneto-electric coupling [42]. Thus, the material parameters
in (2.4) — which are tensors of second rank in general — are scalar quantities below.
More specifically, the class of reciprocal chiral media is analyzed. Chiral media show
optical activity. For linearly polarized plane waves — these are fundamental solution of
Maxwell’s equations, with transverse electric and magnetic fields oc e*"=“% and k =
VEpw with the electric/magnetic field vectors in constant directions orthogonal to each
other [22] — the polarization plane of linearly polarized light is rotated when traveling
through the medium. This effect is due to the geometrical properties of the microscopic
building blocks (such as molecules or crystal lattices). Depending on the majority of
components being either right-handed (RH) or left-handed (LH), the direction of rotation



2.2 Constitutive relations for bi-isotropic media

of the polarization plane changes. A popular example for this effect are solutions of
sugar in water. Another phenomenon in chiral media is circular dichroism: light with
different polarization handedness is absorbed differently by the medium [32]. There are
several different approaches to describe the electromagnetic behavior of such materials.
The most common ones are introduced below.

The earliest description of chiral media was established by Fedorov, which was later
extended, known as Drude-Born-Fedorov equations [32],[42]

D=cp(E+ 5y xE),

(2.5)
B = pur(H+ v xH) .

The relations are Lorentz-invariant and were derived phenomenologically to describe the
effects of optical activity on the fields. Here, and in the following, homogeneity is assumed
and the arguments of the material parameters e(w), u(w), f(w) and fields are omitted.
(3 is the chirality parameter. Substituting Maxwell’s equations into yields
DI[E, B], H[E, B] corresponding to the Post notation |28],|37]

D =c¢pE+nB ,
re (2.6)
H = ppB+ 1k,
with
Ep = EF ,
pp = (1 = w’Beppr) /e | (2.7)
n = iwlerp .

Another way to describe bi-isotropic materials is expressing D and B as functionals of E
and H [32, Ch. 4],]29], called Condon-Tellegen representation:

D =cFE + (x + ik)\/eopo H ,

. 2.9
B = pH + (x — ik)\/Eolo E .

It is crucial that the material parameters ¢, 1 are not equivalent to the ones used in the
Drude-Born-Fedorov description as indicated by the subscripts. The material parameters
e and p express the electric and magnetic response of the material. In addition, there
is magneto-electric coupling y and k caused by electric(magnetic) polarization of the
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material by the applied magnetic(electric) field. Reciprocal media, which are examined
in this work, require y = 0 [32, Tab. 1.1]. For chiral media x # 0 holds due to chirality of
the inclusions. The real part of k gives rise to the optical activity of the medium, whereas
the imaginary part is a measure of circular dichroism [35|. « is a dimensionless quantity
normalized by ¢y (vacuum speed of light). The sign of x reflects the effective handedness
of the medium and can either be positive or negative depending on the average response
of the object or inclusions. It is important to note that depending on the notation of time
harmonic fields — oc e in Ref. [29] by Lakhtakia and o €' in Ref. [32] by Lindell,
Sihvola, Tretyakov and Viitanen — the sign of x is flipped. In this work, time harmonic
fields are o< e”™!. The imaginary number in (2.8)) is due to a phase difference of /2
between dielectric displacement /polarization and the electric current/applied fields. The

parameters
EF
E= 7,
1 — w?Beppr
S
T By (29)

wPeRiF
mVEoro = 1 — w?BPeppr

can be derived from the ones in the Drude-Born-Fedorov notation for w?f%epurp # 1.

There is no consensus in the field of bi-isotropic material research, which of the con-
stitutive relations are the most convenient. The material parameters have been shown
to be transformable into each other in frequency domain. In [17], material parameters
that are invariant under the different constitutive relations are found and suggested to
be used to avoid complications when comparing results derived with different approaches.
The Condon-Tellegen equations are employed in this work, as is also done in [32].
These expressions are more convenient to use for scattering problems. They relate the flux
densities D, B to the electric and magnetic fields E, H and avoid differential constitutive
relations. Thus, wave equations are easily obtained and changed into a basis of well
defined helicity. The corresponding wavenumber of states with well defined helicity take

an easy form compared to the eigenvalues derived with the relations of Drude, Born and
1

BVEFLF '

fields in chiral media are discussed in the next section.

Fedorov, which show a singularity for w = The eigenmodes and wavenumbers of



2.3 Light propagation in chiral media

2.3 Light propagation in chiral media

Electromagnetic fields at every position in space and time are obtained by solving
Maxwell’s equations or the wave equations. For a divergence free, homogeneous, isotropic
medium without electromagnetic-coupling the constitutive relations D = eE, B = uH
are applied, after taking the cross product of the curl Maxwell’s equations with
V X Vx = —V? The resulting wave equations with ¢ being the speed of light in the

medium, are

) 1 0?
\Y4 E(T’,t) + —ZmE(T‘,t) =0 s
‘ ag (2.10)
2 _— —=
VH(r’t)+028t2H(r’t) 0.

A more general expression for the wave equations, written in matrix form and transformed

2 E 2 E _
v [H] - K [H] =0. (2.11)

K is a 6 x 6 matrix of the form

into frequency domain, is

K — Kty Kol (2.12)
Koy Kyly

for isotropic media, which are investigated herein. I3 is the unit matrix in three di-
mensions, here corresponding to space dimension. For dielectrics K (K 2) is a diagonal
matrices and the entries are K7, = K2, = w?cp.

For chiral media, the off-diagonal elements of K (K?) are non-zero, which leads to
coupled equations for the EZ and H. Therefore, E and H are no eigenstates. To determine
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the eigenstates and corresponding wave numbers for chiral media Maxwell’s curl equations
(2.3) and the constitutive equations (2.8 are written in matrix form:

v « [E [ oo iw13] [D] | (213

H —iwl3 0 B
D- o [ 8.[3 i51/€0M0I3 E (2 14)
B B —’i/i,/€0/LOI3 /LIg H ' '

Inserting equation (2.14)) into (2.13)) yields

o[-+l

with

—iels K/Eoftod 3

Another application of the curl operator to the above equations under the additional

K:w[“V€°”013 inds ] . (2.16)

assumption of a homogeneous material yields the wave equation (2.11]), where

K2 (@f + K%eop0) I3 2iM/<6\/2€0M0I3 ' (2.17)
—Z2€Ii,/€0,l,b()[3 (5,& + K 60,[10)[3

Wavenumbers corresponding to the eigenstates of electromagnetic fields result from the
eigenvalue problem ([2.15))

det(K — Mg) =0

, (2.18)
= A, = w(EVep + ko) = ks, j=2,y,2.

Thus, the wavenumbers are

ks = w(y/E7 + ry/Zoi0) (2.19)

10



2.3 Light propagation in chiral media

and the eigenproblem is solved by

KV, =%xkVi,

2.20
K'V,.=+kV,.. . (2.20)

The columns of a linear transformation A, which diagonalizes K, comprise either the left
eigenvectors Vi 1 or the right ones V', ;. The left eigenstates V| 1 have to fulfill

(K —Ighy) Vi =0
:FIg Z\/gIg

The eigenvectors for each of the triple eigenvalues are given with a conveniently chosen

(2.21)

-~ Vl,i:O with K}#O

pre-factor and impedance Z = \/g of the medium:

1[I
VH—: 3]a

NG i1
-7 (2.22)
1 1
Vie=—| 7 |.
2 _—213
Thus, the linear transformation
1 |1 1
U=—|. 3 i3 (2.23)
V2| 2I; —21s

results. Maxwell’s equations can now be decoupled by applying the linear transformation
U to equation (2.15]), which yields

E] E
UL v uu-t| Y| v kUU?
(V) [H [H]
- (2.24)
G+ k+I3 0 G+
eV x _ .

11



2 Theory of electromagnetic waves in chiral media

The eigenstates are a superpositions of the electric and magnetic field, which turn out to
be states of defined helicity in the Riemann-Silberstein representation in section [2.4.1}

A

The modes G4+ are not coupled and thus propagate independently. Equivalent calcula-

E+iZH

, (2.25)
E—iZH

tions were done by Bohren |5, Ch. 8.3] for the Drude-Born-Fedorov representation of
constitutive relations. Since £ = ‘;—5 the eigenmodes G4 g have the same form with
Z +— Zp and the corresponding wavenumbers are

Wy/EFUF
ki p

Y 1 FwBErE

The singularity at wf,/epur = +1 corresponds to k,/eoj9g = ++/Eu. In this case one
of the eigenvalues ki becomes zero, such that one eigenmode has infinite phase velocity.

(2.26)

Such near-zero refractive index materials result in effects like “decoupling of spatial and
temporal field variations” [31] and generally in effects independent of geometry. In [§]
it is argued, that due to the singularity in the resonance case, the Drude-Born-Fedorov
equations can only describe off-resonant systems.

2.4 Polarization and helicity

Eigenstates of electromagnetic waves were derived in the previous section using the
Condon-Tellegen relations. In this section, the definition of helicity is given and it is
shown that states of well-defined helicity are eigenstates of Maxwell’s equations in chiral
media. Within subsection such states are used to built a basis of the Hilbert-space
of transverse electromagnetic waves. Finally, polarization and helicity are set into context

(section [2.4.3)).

12



2.4 Polarization and helicity

2.4.1 Definition of helicity

Helicity is defined as the projection of the total angular momentum operator J on the
momentum operator P divided by the norm | P| [12],[48]

J-P _S,-P

A - )
| P| | P|

(2.27)

applying J- P = (L+S,)- P = (rxP+S,,)- P =S,,- P (L is the angular momentum
operator and Sy, []the spin operator). For transversal modes, the spin of a photon can be
either parallel (+1) or anti-parallel (-1) to P. These states of well-defined helicity |®.)
fulfill

AlDy) = +1]D.) . (2.28)

To illustrate the states of well defined helicity, the eigenproblem is written in the position
space representation. With [11]

1
P=-V, (2.29)

i
(Sepk)ij = —i€ijk (2.30)

in position space
1 0 V X

A= iih— & = —— . 2.31
P 250, ™~ TP (231)

Here and in the remainder of this work i = 1. For monochromatic plane waves |P| = k
holds and the helicity operator becomes [12]

A== (2.32)

The wavenumber k in this definition refers to the wavenumber in the current medium of

the state on which the operator is applied k = kyn (in a chiral medium n has different

Lthe subscript is due to S denoting the scattering operator in this work

13



2 Theory of electromagnetic waves in chiral media

values for light with different helicity). From (2.24) it is known that G are eigenstates
of the curl operator

V X G:t = ik’iGi . (233)
Dividing this eigenvalue equation by k4 yields the helicity operator
AGL =+G. (2.34)

with the eigenstates in Riemannn-Silberstein notation

G, — %(E L iZH) . (2.35)
Eigenstates in chiral media are of well-defined helicity, that is, they are eigenstates of
the helicity operator. Every possible solution of Maxwell’s equations is formed by a
superposition of these orthogonal eigenstates, which can form a basis. These basis states
are defined by their helicity, instead of the polarization defined by the direction of E (next
to three more identification numbers, as explained below). A more general way to set a

basis for electromagnetic waves is shown in the following subsection.

2.4.2 Helicity basis

In general, the method to find solutions for Maxwell’s equations and the vector wave
equations [5, Ch. 4.1] for homogeneous, isotropic source free media is to assume time

harmonic waves and a scalar function W satisfying the scalar Helmholtz equation |22, Eq.
(9.79)]

V2U(r) — k*U(r) =0 . (2.36)

The basis vectors are chosen from the common set of eigenstates of commuting operators
[48]. The eigenvalues of the independent commuting operators are the three numbers
defining the scalar wave solution. Depending on the coordinate system, the set of commut-
ing operators is different. For symmetries in x-, y-, z-direction the Cartesian coordinate

14



2.4 Polarization and helicity

system is chosen. The basis vectors for plane waves are defined by the components of

momentum p., py, P,

() = [pepyp:) - (2.37)

For systems with rotational symmetry the problem is approached using spherical coor-
dinates and the set of commuting operators { H, J?, J.} with corresponding eigenvalues
w,l,m and m = —[,—l + 1,...,l. The common set of eigenstates are multi-poles with [
being the order of the multipole (I = 1 dipoles, [ = 2 quadrupole, and so on). m gives the
spatial orientation of the multipoles. In spherical coordinates the basis vectors are

U =|wlm) . (2.38)

We can construct a vector solution to Maxwell’s equations from the scalar wave solution

using

VxM

M=V xel, N=-—"

(2.39)
¢ is a fixed unit vector. The fourth quantum number reflects the vectorial character of the
fields, i.e. the polarization of the fields. M and IN are orthogonal vector wave solutions,
which form a suitable basis to expand electromagnetic waves in achiral media. In a
reference system, using spherical coordinates the two orthogonal basis vectors are referred
to as either magnetic (or TE) M or electric (or TM) multipoles N [43, Sec. 1.11 a. 7.2].
However, the basis vectors are coupled while propagating in a chiral media. In the previous
sections it was shown that the eigenstates of the helicity operator decouple Maxwell’s
equations. Basis vectors are transformed by the helicity operator under the assumption
that they both fulfill the wave equation , as

N =AM , (2.40)

Orthonormal eigenmodes of well defined helicity are found as a a superposition of M, N:
1

|(I)j:> = QL/R = \/5

(M+N) . (2.42)
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2 Theory of electromagnetic waves in chiral media

Qg form a basis, which is called helicity basis in the frame of this work.

2.4.3 Handedness

In the previous sections it was shown that a basis of electromagnetic fields consists of
states of well defined helicity. Now the relation between helicity and polarization of an
electromagnetic wave is discussed. For this reason, the basis states are assumed to be
plane waves {M, N} o ¢/*"=Y)  The wavevector is chosen in z-direction k = k2, and
M = ez’(k'r—wt):i7

N B Apg = eitereng (2.43)

Thereby, the basis vectors are written as

Re{W(r,t).} = (2.44)

Fsin(kz — wt)

cos(kz — wt) ]

These are circularly polarized waves: for +1 helicity the wave is LH circularly polarized
and for —1 the light is RH circularly polarized. For plane waves the eigenstates of helicity
correspond to the polarization handedness of the light. Thus, in general helicity describes
the state of polarization handedness in momentum space [14]. Light of well-defined helicity
shows the same circular polarization for every plane wave of its expansion, depicted in
Fig. 2.1a If not all the modes are of the same handedness, the light possesses no defined
helicity and the helicity A # +1, see Fig.
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2.4 Polarization and helicity

[x “'i (¥ »i
VE(DO P %E(pﬂ P

(a) A =+1 (b) A # £1

Figure 2.1: Electromagnetic wave represented in momentum space as a superposition of
plane waves p, with electric field amplitudes E(p,;,w). The arrows exemplary
stand for all modes. In (a), the field vector is left-handed circular and thus
the helicity of light is +1. In (b), the handedness is different for each mode.
The light possesses no defined helicity.
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3 Characterization and modeling of chiral
media

This chapter addresses the modeling of chiral media consisting of a homogeneous host
medium and chiral inclusions and the restrictions resulting from it. The mixing theory in
section is a quasi-static approach to calculate the average polarization of the medium,
yielding effectively isotropic material parameters as functions of the host medium and the
dipole moments of the inclusions. These dipole moments are derived in section An
antenna model is used to calculate the dipole moments of simple single turn helices and
their interconnection. The model assumptions give rise to relations between the effective
material constants, examined in the last section (3.3).

3.1 Mixing theory

In the macroscopic constitutive relations in section chiral media are assumed to be
isotropic and homogeneous. The theory summarized here is valid to describe the effective
material response of a dilute solution of chiral particles. It is assumed that these chiral
inclusions are placed in a homogeneous isotropic host medium with material parameters
Eas ha- The host medium is achiral and lossless. The inclusions are small enough to assume
a homogeneous field across the structure. Thus, a quasi-static approach where the chiral
particles can be approximated as electromagnetic dipole scatterers is used, following the
approach of [32, Ch. 6] and [47, Ch. 5|. The dipole moments of an inclusion caused by

HE = o)

where o, is the electric, o, the magnetic polarizability and ey, auye are cross-coupling

the applied field are

terms. The polarizabilities become scalar quantities which are equal for every direction in
space in the case of an effectively isotropic behavior. This effective isotropy is shown
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3 Characterization and modeling of chiral media

below. The fields Ey, Hy, so called Lorentz-fields, are the effective local fields at
the electromagnetic dipole; including the applied field but also taking into account the
additional electromagnetic field by the particles themselves

R R [ -
H; H 3 0 I;| < Py >

A derivation of the interaction term in a quasi-static setting is given in [47, Ch. 5| by
Tretyakov et al.. For a material built out of cells with one point scatterer each, the main
contribution to the local field — besides the external field — is given by the particle in the
cell. The contributions of surrounding particles are neglected, since the distances between
the center particle and the surrounding particles are assumed to be large. Therefore,
the particle-density is required to be low in the material. The material is finite and the

particles are randomly distributed. The average field of an electric dipole inside a spherical
cell is

E..=FE—-F,

B 3ea%e11p (33)

3e,

In general, this proportionality between the average field and the average polarisability
P, is not true. For arbitrary cell shapes the inclusion density has to be low, which is
already implied by the model assumptions, though.

The average flux densities < D >, < B > are composed of the flux density in the host
medium and the averaged polarizability of all single dipole scatterers

<D > e s 0 FE < P, >
= + : (3.4)
< B> 0 pds| |[H pa < Py >
The effective material parameters relate the average flux density and the applied fields
<D > - €effI3 i/ieffIg E (3 5)
< B > B —i/ieffIg MeffI3 H| '
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3.1 Mixing theory

Using (3.1), (3.2) and < P/, >= np/m, the average polarizabilities are

< P, > E
R

with the dyadic @Q depending on the number density n of the dipoles and the effective
material parameters.

The expression for the average polarization (3.6]) is substituted in and compared
to (3.5). This yields the generalized Lorenz-Lorentz formulas, which relate the inclusion
properties ag, to effective material properties of the medium

n?A
eff = Ca ee T 2 D7
Eeff = Ea + (na 3 )/

2A
Heff = Ha + (n@mm,ua - “ a) /D ) (37)

2¢e,
N&em

D, /eajta

KReff — —1

with
Nl NOmm 120,
D=1~ - 3.8
3€, 3 + Yealla (3.8)
and
Aoz = Qlee®mm — Amellem - (39)

It is important to note that the generalized Lorenz-Lorentz formulas (or generalized
Maxwell-Garnett formulas if the inclusions are spheres) are obtained under the follow-
ing assumptions: firstly, only small inclusions compared to the wavelength are allowed.
Secondly, the model holds for dilute mixtures wherein inclusions are so far apart that
their interaction can be neglected [33]. Thus, this model cannot describe very dense
arrangements of chiral inclusions.

There is a theoretical approach to extend the Maxwell-Garnett formulas to higher
inclusion concentrations, discussed in Ref. [33] by Michel, Lakhtakia et al.. The ho-
mogenization is done stepwise, initialized with a homogeneous material. Subsequently,
dilute inclusions are added in N homogenization steps. This is a basis to iteratively
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3 Characterization and modeling of chiral media

calculate the effective material parameters from the inclusion properties. However, with
this approach it is not possible to analytically calculate the polarizabilities from effective
material parameters. Therefore, this approach is not used in the present thesis, even
though it gives a more realistic model of the medium.

3.2 Analytical modeling of chiral inclusions

One of the simplest analytical descriptions of a chiral inclusion is a helix represented
by a split ring connected to two straight wires orthogonal to the loop, depicted in Fig.
B.Tal Since the mixing theory forces the inclusions to be small particles compared to the
wavelength, a lumped circuit model can be used to describe the scatterers, where the
currents across the inclusion do not vary. This model has been discussed, for example,
by Tretyakov et al. in [45]. The main findings are summarized below for very small
inclusions. Furthermore, the effective material parameters resulting from these model
assumptions and their interrelation are presented in subsection and examined on
their physicality (section [3.2.2)).

The goal of this section is to derive the polarizability dyadic as a function of
the surrounding medium and geometrical properties of the inclusions. These are the

2 and the effective

impedances of the loop Z; and the wire Z,, the loop area S = ma
length l.g ~ /2 for small antennas. In contrast to the circuit model in |45, Fig. 2|, the
antenna is described as a series RLC-circuit, neglecting higher order terms of the loop
current due to the small object size. The model is shown in Fig. [3.1b] Using Kirchhoft’s

voltage law 3] on the wire and loop part, the impedances read

1
w — . 9 3-10
wC ( )
Zl = Rrad + wl . (311)

The material itself from which the helix is made of is assumed to be lossless to simplify
the problem. The resulting effective material parameters can still be complex quantities
due to scattering losses of the inclusions indicated by R,.q.
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3.2 Analytical modeling of chiral inclusions

y 2, | [ YN
| R
X ! |
|
I V: :
[ D> | |
! |
:.____._____I I:{rad
Wire ool
loop

(a) Heli del (b) Series circuit
a elix mode

Figure 3.1: Simplified models of a chiral inclusion: (a) shows the helix consisting of two
parallel wire parts of equal length and a loop in the plane orthogonal to the
wires (b) depicts the corresponding lumped element circuit for a small, lossless
helix.

Furthermore, it is assumed that the antenna is excited by a time harmonic electric
field along the wire axis, which is w.l.o.g. chosen to be the z-axis, F = FE,z. This field

produces a homogeneous current

Ez leﬁ

Ig(r,t) =1(t) = —— = Tle ™" 3.12
B(rit) = 1) = 5= = Ie (5.12)
which generates an electric dipole moment
m:@/am)
__ e g (3.13)
iw(Zl + Zw) ?
=a L, .

The current (3.12)) which flows through the loop creates a magnetic moment in z-direction

B12) Sleg

m. = Fra’1(t) A (3.14)

o 2z
=TFo L, .
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3 Characterization and modeling of chiral media

Depending on the handedness of the helix, the current can either flow clockwise or counter-
clockwise expressed by either plus or minus sign. A time harmonic magnetic field H =
H.z along the wire axis induces a current in the loop in the x-y plane

ajl(k&) Z] HZ .
Ay D+ Zy

Iy = -2 (3.15)

Fa

function of the first kind. For small loops, it holds Ji(ka) ~ ka/2. Using (3.14), the
magnetic polarizability of the helix caused by the applied magnetic field is

Ay = ﬂ’i if higher order terms of the current are neglected and J;(ka) is a Bessel-

iwS?
PP = g . 3.16
Cm = a7 (3.16)

The current (3.15) through the wire also creates an electric dipole moment

-+ ,U/aSleff Hz
7+ Zy (3.17)
=+aZ H

em-"% °

The derived entries of the polarizability tensors (3.13)),(3.16) and (3.17):

2z __ Clsz

“ 1 —w2LC 4 iwCRyg
v paw?CS?
] — W2LC 4 iwC Ryaa
- 1pwC Sleg

Qem = 1 200 1 iwCRyy | Ha%me

2

«

(3.18)

«

fulfill the relation

g o = —(alh)?/ Ha - (3.19)

Unlike in Ref. [45], the current is assumed to be uniform meaning that all higher order
Fourier expansion coefficients are neglected. Only moments which are parallel to the
axis of the helix caused by fields parallel to the polarization are considered. The average
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3.2 Analytical modeling of chiral inclusions

polarizabilities of the medium which consists of randomly orientated helices result in
effective isotropic behavior [45)]

zZ

o — Qe
ee — )
3
o??
mm
Ompm = 3 (320)
2z
Qe
Qe = 3

3.2.1 Effective material parameters

Applying relation (3.19) A, = 0 in (3.9) and with (3.20) the effective material parameters
become |32, Ch. 6.6]

c e+ NQee
<SP reT3p
- Nemm
Heff = Ha + 3D Ha (321)

with

NQlge NA&ym

3¢, 3

D=1-

(3.22)

We substitute these expressions into (3.19)) to obtain an interrelation between the effective

material parameters:

(Eeff - 5a)3D (,U'eff - ﬂa)gD _ ((3"ieﬁD\/€0M0>2

n n n (3.23)

& (Coft — €a) (et — Ha) = KgE0Ho -

Hence, there is no effective chirality if the chiral inclusions do not show both electric
and magnetic polarization. Isotropic, chiral, reciprocal media have to be magnetic peg #
to.- Furthermore, the chirality is dictated by the electric and magnetic response of the
inclusions. For very high values of kg, the difference between the effective parameters
and the host medium is maximal when both electric and magnetic response are very large
(see (3.19))).
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3 Characterization and modeling of chiral media

3.2.2 Onsager’s reciprocal theorem and energy preservation

To conclude this subsection about the analytical antenna model, it is shown that the
derived polarizabilities fulfill necessary conditions to be physical. The model fulfills
Onsager’s reciprocal theorem (even for higher order current effects, see Ref. [45]):

0% = a0, (3.24)
Furthermore, the antenna model has to preserve energy. This means that for a loss-

less medium the extinction equals the scattered power. These considerations lead to a
restriction on the polarizability dyadic [40]

a:[ Cee O‘em] , (3.25)

_aem/ﬂa Omm

which reads |2

1 k3 1/ea O
—(a—al)=——a 2 2
2i(a a') P [ 0 Ma] o (3.26)

There are four equations relating the polarizabilities of which the two cross equations are
identical due to reciprocity:

1 « K * * 2
Z(O‘ee —a,) = _67T6a (O‘eeaee + O‘emO‘em/Za> )
1 . LA . 2
Z(amm -k, )= o (i Cmm + O Qe L) (3.27)
k‘3

?(aem +ag,) = (QeQem = O QmmEa) -

1 b6me,

'In general, a is a 6 x 6 matrix with ag, are 3 x 3 matrices, but with the antenna model agw =
0 V(ij) # (22). Thus, the equation also holds for a** and the super-index is omitted.
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3.3 Constraints on material parameters

Za = y/Et* is the impedance of the host medium, c, is the speed of light in the host

medium and * denotes the complex conjugate of a quantity. If the polarizabilities (3.18))
are substituted, the energy is preserved for

1

R =
e 67eCa

(Pek® + S?kY) . (3.28)

The first summand is due to the radiation resistance of the wire with Ryaqw = 2]—1; 122,
0

Ch. 9.2]. P is the radiated power of the electric dipole and Ij is the current over the helix.

The second summand corresponds to the radiation losses of the loop.

3.3 Constraints on material parameters

Knowledge of the polarizabilities of the single scatterer yields the effective behavior of
the material. For simulation purposes it is important to know how the single material
parameters are connected to each other while meeting energy preservation constraints. In
this section, general relations between the polarizabilities are derived for which energy is
preserved using the Sipe-Kranendonk conditions. It is shown, that

QeeOmm = _agm/,ua (329)
and therefore,
(et — €a) (Heft — f1a) = KogEolto (3.30)

are not sufficient conditions to preserve energy, although the polarizabilities (3.18)), by
themselves, preserve energy as shown in the previous section. The first two conditions in

(3.27) are transformed into

Oézmaem/Zg Im<al<;e3)67r5a — :e ee
3.31
* 2 Im(amm)@ﬂ- * Z2 ( )
Cem XemCy k3 - CYmmOémm/
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3 Characterization and modeling of chiral media

Multiplying both equations yields

A Im(ee )67E, . Im(aupm )67 .
?(aem)zagm = (T - OéeeOéee> <T - Oémmamm)

Im(tee) Im (v ) (67) %,
16

< (%m)*azm/ﬂi = (aee&mm>*(aee@mm) +

Im(aee)6me, Im(am )67,
- k3 Apym O¥mm — kg Qeeee -

The left hand side and the first term on the right hand side in the previous equation are
identified as condition (3.29) multiplied with its complex conjugate. Thus, these terms
vanish if the condition is fulfilled. The polarizabilities then have to meet additionally

* *
g O QLellee  bme,

Im(amm) ca Im (e k3

(3.32)

From the third constraint in , the same conditions can be derived, so they comprise
no additional information. Due to the non-linear dependence of the effective material
parameters on the polarizabilities, this additional constraint on the imaginary and real
parts yields no explicit analytic relation between the permeability, permittivity and the
chirality parameter.

To solve the problem, by means of geneneral relations between the polarizabilities
are derived, which read

Qee = jj’AO{em )
(3.33)
Om = A’%;laee with A e R .

A= Lf;ﬁ is a function of the geometrical parameters S and l.g, the host medium and
the frequency. It can be seen that is a necessary but not sufficient condition for
. These are not new relations. While Tretyakov et al. used the relations between
the polarizabilities (3.33), cf. [46, Eq. (24)], to propose a dispersion relation for the
polarizabilities, we derive relations between the effective material parameters from them in

this thesis. Thereby, energy preservation is ensured when alternating material parameters
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3.3 Constraints on material parameters

during simulations. Thus, for fixed .. and imaginary part Im(caey,) (which relates to the
real part of the chiral parameter) relations (3.33)) can be used to derive auum:

Qe = Re{ e} + i Im (o)
I 2
Omm = m<aem)
Re(ee)? fa

o = 1)

(Re(tee) + 7 Im(tee)) (3.34)

o)

The ag, related by equation fulfill the generalized Sipe-Kranendonk relations
and thus preserve energy. Now, (3.34) is used to derive relations between the effective
material parameters defined in equation (3.2I). Given the effective permittivity ceq
and the real part of the chiral parameter s, the magnetic material properties and the
imaginary part of the chirality parameter are derived

ot = Re(e) +ilIm(e) ,

Re(k)%eo o ,
Lot = Ha + (}:{e((gg——giy (Re(e) + Zlm(g) - Ea) ) (3.35)
Im(e)

Kot = Re(k) + 1 Re(/f)m :

Relation (3.35]) is used to calculate ay,y, or peg for fixed electric response and coupling in
simulations. For very small object sizes S < k™%, l.g < k™2, the material parameters are
nearly lossless and sufficiently described by equations (3.30)):

K2gE
Heff = fla T eH—OMO . (336)
Eeff — Eq

The subscripts indicating that the parameters are effective ones are omitted from here on.
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4 Scattering theory

In this chapter we deal with scattering by isotropic chiral spherical particles. The chapter
aims at finding expressions for the field inside and outside the sphere at every position
in space and time. Electromagnetic waves in achiral and chiral media were found as
solutions of Maxwell’s equations in section The only region where the behavior of
the field is not yet defined is at the boundary of the scatterer. The boundary problem
has to be solved. Therefore, boundary conditions for arbitrary interfaces are set up and
expressed in the helicity basis, as introduced in section [£.1] The solution of the boundary
problem in case of scatterers with spherical symmetry is found by using the theory of Mie
in section which is then extended to chiral media in section At the end of this
chapter, quantities such as the scattering matrix and cross section, which are needed in
the remainder of this work to describe scattering, are introduced.

4.1 Boundary conditions for arbitrary chiral
scatterers

It is well known that electromagnetic fields at an interface with the surface normal vector
7 have to meet the boundary conditions (see Fig. [22, Ch. 1.5]

Vre A. (4.1)

The bold 0 in the tangential field equations has a vectorial character. These conditions are
valid for all divergence free media and arbitrarily shaped boundaries A. The subscripts
stand for the fields inside (subscript 1) and outside (subscript 2) of the object. The field
in the outer region is composed of the incident field E;, H; and the scattered field Eg, Hg.
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4 Scattering theory

Figure 4.1: Arbitrarily shaped object with local coordinate system (ik, t, n), where n is
always the surface normal at this point on the boundary A and the ¢; lie in

the tangential plane.

The spatial and frequency dependency of the fields and material constants are omitted to

simplify the representation. The local coordinate system is formed by the surface normal
vector n and the tangential vectors #;, ;. The constitutive relations (2.8) and boundary
conditions are written in matrix form (where ¢ = t;/t; are the tangential and n are the

normal components of the fields)
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4.1 Boundary conditions for arbitrary chiral scatterers

Substituting (4.4) into (4.3), yields a relation between the normal components of the E-
and H-field inside and outside of the object

_En_ En_
Anl An2 )
T \H, I H,
- ol -2
E, _ E, E,
= A 1A, = A, : (4.5)
H, ’ H, H,
L d1 L 2 2
where
A — 1 Eofi1 — K1k2/C i(p1ka/co — pak1/co)
e —— i (4.6)
E1 i1 lil/CO Z(e’:‘g/il/CO — 61%2/00) 1 — Kllig/CO

A, 1> are singular matrices for e /o/11 /2 = fff/Q/c%. In this case, one of the wavenumbers
ki = 0. The resulting effects are mentioned in section[2.3] Although the Condon-Tellegen
constitutive relations allow for the resonance case — as opposed to the Drude-Born-Fedorov
equations — it is excluded from further analysis. Combining and yields

E E
HRRiR “

with
1o o 00 o0 |
01 0 00 0
A |00 (Adu 00 (A
00 0 10 0
00 0 01 0
00 (A)z 0 0 (Ay)x)]

With regard to chapter 5, the constitutive relations are written in the basis of helicity
eigenstates in the Riemann-Silberstein representation introduced in (2.35)). Equivalently,
the electric and magnetic flux densities are transformed into helicity preserving states

F.=——(ZD+iB). (4.8)

Sl
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4 Scattering theory

_ 4.9
V2 |1, —izI,| (4.9)

cf. (2.23), transforms the fields into the basis of helicity eigenstates:

EEHE (410

Applying the above transformations to the boundary conditions (4.7) results in

E |Gy |E| .| Gy
[H]1:U1 [G_]1_A[H]2_AU1 [G_IQ' 1

Thus, the boundary conditions in the Riemann-Silberstein representation are written in

1 [Ig iz,

the form of a transfer matrix, relating the field inside to the field outside the scatter:

G_ G_
. (4.12)
_ M. M, ||G:
M_, M__| |G|

The full expressions for the diagonal matrices M .3 are given in appendix [A]

4.2 Scattering by a sphere: Mie theory

The theory describing the scattering by a small isotropic homogeneous sphere is called
Mie theory [6, Ch. 14.5]. This theory was extended by Bohren, among others, to the
treatment of absorbing and chiral spheres. The basic approach for solving the scattering
problem is summarized following Bohren and Huffmann’s description in [5, Ch. 4| by
means of an achiral sphere. Firstly, the fields are expanded in vector spherical harmonics
(VSH) in section and then used to solve the boundary problem yielding the Mie
coefficients in section [£.2.2]
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4.2 Scattering by a sphere: Mie theory

4.2.1 Field expansion

Expressions for the fields inside and outside of the sphere are derived by expanding the
fields in VSH. The basis of Maxwell’s equations for achiral media was derived in section

2.4.2] For rotational symmetry ¢ = in (2.39) and

M=V xXrV¥,
V XM (4.13)
N:T'

The explicit solution of the scalar wave equation in spherical coordinates [5, Eq. (4.2)]

18 [ ,00 1 9 /., 0V 1 v,
ﬁa(rEJ*?%&@%@Gm@E@)*ﬁ@ﬁiaﬁ+kw—0

is given by a product ansatz
U = A(©)B(¢)C(r) , (4.14)

for r € Ry, © € [0,7] and ¢ € [0,27). Hence, the scalar solutions in position space

representation are
Ui (r,©,0) = Yim(0, d)z(kr) . (4.15)

The harmonic time dependency is not explicitly written in the following for the sake of
clarity. z; stands for one of the spherical Bessel function: spherical Bessel functions of the
first kind j,, of the second kind y; (Neumann functions) or of the third kind hl1/2 = j iy
(Hankel functions). The spherical harmonics [22, Eq. (3.53)]

204+ 1 (1 — ! )
xm@w=¢4;@+gﬁMm@W¢ (4.16)

have a harmonic dependence on ¢ and the © dependency is expressed by associated
Legendre functions of the first kind

(2 —1)". (4.17)
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4 Scattering theory

Bohren’s representation of the spherical harmonics in [5] deviates from (4.16): two real

m® and

linearly independent solutions cos(m¢) and sin(mg) instead of a complex one e’
in contrast to m = —[, ..., [ the m is defined as positive, real number. Bohren shows that
due to orthogonality of the vector spherical harmonics the expansion consists only of one
of the two functions for each polarization. Eventually, the resulting expansions of the
fields are identical in both vector bases. The fields inside and outside of the scatterer
are expanded in VSHs. The surrounding field is composed of the incident field and the

scattered field

E2 = Ei -+ ES y (418)
H,=H,+Hs . (4.19)

The incident field is finite at the origin, which is why expansion terms o y; are neglected
(Neumann functions are infinite at the origin). Hence,

E; = EOZZA . ky) + B, MY (r k) (4.20)

=1 m=—1

and using Maxwell’s equations and relations (2.39)) between the basis vectors

E Z Z Alm lm )—I—Blm]\r(1 ( kz) .

Muz I=1 m=—1

The superscripts at M, N stand for the kind (first — (1), second — (2), third — (3)/(4)) of
Bessel functions, which are used. The expansion coefficients of the incident field A} . B}
are known. For the scattered field both spherical Bessel functions are valid and their

lm>

superposition in form of the Hankel functions appropriate. The Hankel functions are
shown to represent outward and inward traveling waves in the asymptotic limit kr > [?
[5, Eq. (4.42) and (4.43)]:

h(l) ( )lezk'r

kT (4.21)
B2 e
! ikr
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4.2 Scattering by a sphere: Mie theory

The scattered field is outward going and thus expanded in (). The corresponding VSH
is labeled with superscript (3) and the scattered fields read

EOZ Z A N (r ky) + BS MP (. k) |

=tm=d (4.22)
kQ - 3) 3
ZWQE > Z AS MO (r ky) + BS NP (r k) .
=1 m=—1

The fields inside of the sphere are treated equivalently and again Bessel functions of the
first kind are chosen to avoid singularities at the origin,

EOZ Z AL N k) + BE MDY (v ky) |

=1 m=-1

uz EyY Z Al r ki) + BLNY (r k)

W I=1 m——1

(4.23)

The arguments are omitted from here on.

4.2.2 Mie coefficients
B} | Al

. Bl are determined by the boundary conditions

The unknown coefficients A3 |

at r = a. The equations for the tangential field components (4.2)) orthogonal to 7, yield

four equations for the four unknown quantities:

(Ei+Es—E,)-é0=0, (Ei+Es —E)-e;=0, (4.24)
(Hi+ Hs — H))-é6 =0, (Hi+Hs—H,)-e,=0, |
at r = a. Solving the equations for the unknown parameters yields the expansion

coefficients of the scattered field as functions of the expansion coefficients of the incident
field

A = qAl

lm »

B =B . (4.26)
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4 Scattering theory

The Mie coefficients a;, b; are the ratios between the scattered and incident field coefficients
for each polarization. Due to the rotational symmetry of the object they are independent
of the angle, i.e. of m, and thus only depend on the radius and the defining number /.

4.3 Scattering by and in chiral media

In this section the Mie theory is extended to chiral multi-layered spheres in chiral media.
Therefore, several changes of the model have to be made. First, chirality of the sphere is
taken into account by using the Condon-Tellegen constitutive relations. This extension
was already proposed by Bohren in [5, Ch. 8.3.] (a different notation is used in this
reference) and by Wu et al. in [51]. The formalism to expand the fields is maintained.
However, since the basis vectors are no eigenstates in chiral media the basis vectors for
chiral Maxwell’s equations are used. The helicity basis was introduced in section [2.4.2]
and reads

1
V2

These states of well defined helicity are not mixed while propagating in the medium,

Qur = —=(M+N). (4.27)

but at the interface there is the possibility of helicity change. This mixing is also seen
in the non-diagonal form of the boundary conditions in the Riemann-Silberstein
representation.

In the case of a chiral sphere in an achiral host medium, the fields are expanded in a
linear combination of VSH

E, = EOZ Z Li @) (7 L) + R, QR (7 Kr)

=1 m=—1

k‘ o0
1 EOZ Z Lip, le kL)+leQle( kr)

M'ul I=1 m=—1

(4.28)

such that the boundary conditions for the E- and H-fields can be used again. Solving the
boundary problem leads to the well-known Mie coefficients and additional cross-coupling
coefficients. These off-diagonal elements ¢;, d; express the amount of incoming light of
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4.3 Scattering by and in chiral media

one polarization which is scattered into light of the opposite one and vice versa. The
expansion coefficients are hence related by

Alsm — ar G A}m (4 29)
B}, d, b||Bi, '

It is important to note that the coefficients correspond to the M, IN.

Scattering by a chiral sphere inside a chiral host medium was treated by Hinders and
Rhodes in [21]. An equivalent expansion as in is also used for the surrounding
fields and substituted into the boundary conditions for the tangential fields. This yields
relations between the scattering coefficients for light of well defined helicity as functions
of the incident field. The subsequent relation is, therefore, written in the helicity basis

Liw| _ 0 || i (4.30)
Lo I R R

in which the L/R are expansion coefficients of the helicity basis vectors Q, /r- The Mie-
coefficients result from a transformation with the unitary transformation matrix following

dp b| 2|1 —1||rF oR|[1 —1]° '

After presenting the basic approach to the treatment of scattering in chiral media, a

from relation ([2.42]):

multi-layered chiral sphere in a chiral host medium is examined in more detail. Scattering
by a multi-layered chiral sphere is described by Shang, Wu et al. in [41]. A recursive
algorithm is used to iteratively calculate the relations between the field coefficients be-
tween adjacant layers from inside to outside. This yields a recursive formulation for the
expansion coefficients for the surrounding field that depends on the material and radius
of each layer and on the incident field. In the paper by Wu et al. [41] only the application
to multi-layered chiral spheres in an achiral host medium is shown. It is shown below
that the approach is applicable to chiral host media as well. A sphere with ¢ layers, where
the first layer is the core of the sphere, is depicted in Fig. [£.2] The different material
parameters ¢;, (1, k; have subscript j = 1,...,t corresponding to each layer. The host
medium is indicated by subscript ¢t + 1. a; is the radius of the j-th layer. For a single
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4 Scattering theory

Figure 4.2: Multi-layered chiral sphere with t layers and radius a; of the j-th layer. The

incident field is depicted in red and is expanded in QS/)R with Bessel functions
of the first kind. The scattered field is expanded with Hankel functions of the
first kind Q(Lg/)R. In each layer the incoming and outgoing waves are expanded
with Bessel functions of the first and second kind.

layer there are four equations to solve for the four unknown parameters. Thus, for the
t-layered sphere, 4t equations have to be solved for the 4t unknown scattering coefficients.
To avoid this potentially large set of linear equations, the paper suggests a recursive
approach. At the end, the scattered field shall be described depending on the incident
field coefficients. Therefore, the field at layer t has to be known. Since there is another
boundary between layer ¢ and ¢ — 1 the field is also scattered at this boundary, and so on.
Hence, fields in every layer are composed of incoming and scattered fields and expanded
in vector spherical harmonics in the helicity basis, see [41, Eq. 1-4]

- EO Z Z L QL lm ) + Rngg,)lm(r7 k%{)
=1 m=—I
LEn QL (s L) + Bif Qi (1)
Hj = _EO Z Z L QL lm ) + Rngg,)lm(r7 k{’-{)

=1 m=-—1
L7.QY) (r k) + R2.QW) (v, kD) .

(4.32)
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4.3 Scattering by and in chiral media

with the superscripts (1) and (2) corresponding to the kind of Bessel function used in the
VSHs. kp g are identical to the wavenumbers of the helicity eigenstates in (2.19). Both
kinds of Bessel functions are allowed except for the first layer, where the fields have to be
finite in the origin and thus

Ly =R} =0. (4.33)

The field expansion in the host medium is done as is for simple spheres

Bi= B Z LELQY, (r KFY) + REIQW), (r K

=1 m=—1

+ LEQY) (r Y + R QW) (r kY (4.34)

H,, Eo@mz Z L QL (r k) + R QL (r k)

=1 m=—1

+ LEIQE) (r K + REQY), (r K5

Instead of Bessel functions of first and second kind, Bessel functions of first and third
kind are used representing the incident and scattered field. The fields from layer j and
j + 1 have to satisfy the boundary conditions, which is equal to the boundary problem of
a sphere in a host medium

(B — Ej) X
(Hj — Hj) X

ﬁ>
I

0,
0. r=a;,j=1,..t. (4.35)

ﬁ>
I

The expressions for the fields (4.32) are substituted into (4.35)). An explicit form is
given in [41, Eq. (6-9)]. Since the media are chiral, the same Bessel functions have

different arguments for the light of different helicity, kiaj or kﬁaj, as is apparent in (4.32)).

7R L
lv]lm]

U are introduced.

For simpler expressions of equations, four new variables r,7 77
These variables relate the expansion coefficients of VSHs of different kind in the following

way:

Ly =170 + YmIR]

m fm 2 (4.36)
Ry, =7 ’J/mjL] + 1 JRgm )
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4 Scattering theory

with m? = Z—g (n{/r = /Erjl,; £ Kj). Comparison with (4.30) shows that the primed

J
T

coefficients for j = t 4+ 1 are equivalent to the scattering coefficients for the surrounding
field and the unprimed ones correspond to the incident field. From this it is already clear
that calculating the 1, [**1 results in the scattering coefficients in the case of a chiral
host medium in the helicity basis, except for a prefactor in the cross coupling terms

LY =TYmd (4.37)
|
7o) =:rﬁﬂ;ﬁg. (4.38)

The introduction of the new variables, therefore, corresponds to a basis change into the
helicity basis. Using transformation (4.31]) yields the Mie coefficients

t+1,L | _t+1LR t+1,R t+1,L
APl 1T+ + mHT 4 1/ mt
1L 1 1 1L
B lf“ L _ rf+ R mt+1l§+ R 1/mt+1rt+ : ( |
4.39
t+1,L 41 t+1, t 1L i
ll+ ) Tl+ R t+1l + R+ 1/ t+1,. + A}
t+1L |  t+1LR t+1 R t+1,L i
ll +r T t+1ll _ 1/ t+1 T Bll
For an achiral host medium, the fraction m!™ = 1 and the expressions for the Mie

coefficients equal the ones derived for an isotropic achiral medium in [41, Eq. (33-+34)].

Equations (4.36)) are substituted into the boundary conditions and after many simple

but extensive transformations, relations between the coefficients r®, I, 7%, [® in adjacent

layers 7, 7 + 1 read

falr
1,L
ri* fs(r

]+1 R R ]’L .77L J’R
l f4<7“ 9 l 9 T‘l 9 ll

Y

j+l L
L ,

(4.40)

R L gL iR

9

)
',R’ l[j,L) T{,L’ l;,R)
)
)

J
!
J
l
J
!
J
!

Since the explicit expressions are lengthy and provide little additional value, we refer to
[41, Eq. 16-19, B1-B4|, where the explicit functional dependencies are represented. The

initial values in (4.33) imply

=t == =0 (4.41)
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4.4 T-matrix and total scattering cross section

for the core. Taking that as starting point, the coefficients for every following layer can
be calculated recursively.

4.4 T-matrix and total scattering cross section

One method to describe the scattering by an arbitrary particle is to calculate the transfer
matrix or T-matrix, first introduced by Waterman [50]. The T-matrix relates the scattered
field coefficients of a multipole expansion to the ones of the incident field:

AS

s (4.42)

From (4.29)) the entries of the T-matrix for a spherical particle are identified as the Mie
coefficients. T possess the form of a block matrix

T.. T
T=| c ~m (4.43)
Tme Tmm

in which the columns represent the scattering of either electric (subscript e) or magnetic
(subscript m) multipoles into light of either electric or magnetic character. T,z are
diagonal matrices. The first three diagonal elements correspond to [ = 1 with the three
possible m values. Due to the rotational symmetry of the problem, the diagonal elements
are equal. The next 2-2+ 1 diagonal elements are due to scattering of quadrupoles | = 2
and so on, which yields

CL1I3
T = axls (4.44)

and equivalently T, me With ¢ /d; and T, with b. The scattering matrix S (or
scattering operator) provides another complete description of the scatterer, which relates
the incoming to the outgoing waves, or rather their expansion coefficients

Ain
Bin

Aout
Bout

(4.45)
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4 Scattering theory

The S- and T-matrices are related by [15, Eq. (32)], [50]
S=I+2T. (4.46)

A derivation for chiral media is given below. Inward and outward going waves are
described by the Hankel functions in the asymptotic limit, shown in (4.21). The scattered
field, as described in (4.22)), only comprises outgoing spherical waves. However, the
incident field is a superposition of incoming and outgoing waves with respect to the origin
of the scatterer. This fact is inherent in the defintion of the spherical Bessel functions [15]

jiw) = % (nP @) + hP(@)) - (4.47)

Thereby, the incident field is decomposed into incoming (o< (M /N)®(r, k)) and outgoing
fields (oc (M/N)®) (7, k)), yielding

Bi
BY. Y A N k) + D)

=1 m=—1
00 l . .

out — OZ Z 9 + lm lm(r’k)+ T+Blm Mlm(rvk)
=1 m=—

and the H-fields accordingly. The expansion coefficients of the outgoing field are

Apel [1oo][4s] [ o] Al
= + '
B 0 1]|Bp, 0 3||Bim
|l A (A (4.48)
d; b||Bi B
_o|@ @ AR, A,
- ld | |Bi® Bi»
and thus,
S=1I+2T.
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4.4 T-matrix and total scattering cross section

So far, the reciprocity of the object is not explicitly considered in the Mie coefficients.
However, with the assumption of reciprocal media in the constitutive relations, calculating
the Mie coefficients results in [51, Eq. (18)][5, Ch. 8.3]

dl =C, (449)
or in the helicity basis
= (4.50)

Now that the scatterer is fully described by its T-matrix (or S-matrix), expressions for
the total scattering cross section as a function of the T-matrix are derived. The total
scattering cross section is a measure for the total power which is scattered by the object
in every direction and for every polarization normalized to the intensity of the incident
field

Coen = — . (4.51)

The scattered power is given by the integral over a surface A of a sphere surrounding the
scatterer of the time-averaged Poynting-vector for the scattered field Sg = % Re(Esx HY)
[5, p. 3.19]

W = / dA S - # (4.52)
A

and I; = S;- 7 is the incident irradiance. The cross section has the unit of area. An exact
derivation using the expansion of the fields in VSH in (4.20), is given in [5, Ch.
4.4.1]. These calculations result in an expression for the total scattering cross section of
an achiral sphere as a function of its Mie coefficients

2m
Csca - ﬁ Z(Ql + 1) (|al|2 + |bl|2) : (453)

=1
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4 Scattering theory

The 27+ 1 is due to the summation over m from m = —[ to m = [. For chiral media there
are additional cross-coupling coefficients in the scattering cross section |5, Ch. 8.3.1]

21

Csca = ﬁ

> @+ 1) (laf + bl + 2lal?) - (4.54)

=1

This expression of the scattering cross section is composed of the total scattering cross
section for incident light of +1 and —1 helicity

C'scau = C(scaL,L + Csca,R ) (455)

with [5, Eq. (8.17)]

2T
Csca,L = ﬁ Z(zl + 1) (|alm‘2 + |blm|2 + 2|Clm|2
=1
—2Tm{(aym + bim)Cin}) (4.56)
2T |
Coene = 73 D (2 +1) (Jatm* + [bim|* + 2l

=1
+2 Im{ (apm + bim)cr }) -

When discussing duality and electromagnetic chirality in the course of the next chapter,
another quantity characterizing the scatterer is introduced, namely the total interaction
cross section defined as [39, Eq. (5)]

Cine = Tr (T'T) | (4.57)

which is independent of the illumination. For an isotropic spherical particle described by
its T-matrix, (4.44]) the total interaction cross section is equal to the normalized total
scattering cross section [39]

2T

Cint = ﬁCsca . (458)
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5 Duality and electromagnetic chirality

In the previous chapter, scattering of electromagnetic waves by a chiral object was de-
scribed. In this chapter, dual objects, which preserve helicity, and scatterers that are
transparent to light of well defined helicity are examined. Therefore, the scattering
operator, which defines the object, is used to establish quantitative measures of duality
breaking and electromagnetic chirality. This classification and ordering of chiral objects
allows for setting guidelines used in the optimization with regard to helicity preservation
and transparency. Duality is introduced in section and it is shown that objects
possessing this symmetry preserve helicity. After proposing a quantitative measure of
duality in [5.1.1] helicity preserving media (section and geometries (section
are examined. In section electromagnetic chirality is introduced as an optical property
of chiral scatterers. Electromagnetic chirality describes the difference in scattering of
light with +1 and —1 helicity by the object. Again, a quantitative measure is presented
in section and material properties are found, for which the medium and thus, any
scattering object consisting of this medium, is transparent to light of one helicity (section
5.2.2| and [5.2.3).

5.1 Duality and its quantitative measure

In the helicity basis, the solutions of the wave equations in special media, like vacuum,
are decoupled and waves with different helicity do not mix upon propagation. Media
which do preserve helicity are called dual and show a specific symmetry. Symmetry is a
property of a system that is invariant under a linear unitary transformation [48]. From
group theory is known that continuous symmetry transformations are determined by a
generator G [48, Theorem 6.3]

T(b) = e ¢ . (5.1)

Some physically relevant symmetries and their generators are listed in table 5.1 Every
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5 Duality and electromagnetic chirality

Symmetry Tranformation e~*¢  Generator Representation
Time translation energy H i%
Spacial translation momentum P 1V
Rotation angular momentum J iV X r — icg,
Duality helicity A vx

Table 5.1: Symmetry transformations and their generators, which are the preserved
quantities of the invariant system |12, Tab. 2.3]. The operators are given in time
and position space representation. ey, is the Levi-Civita-Symbol, see .
The expression for helicity only holds for monochromatic fields, as discussed in

section .

invariance of the system under a transformation results in a conservation law (known
as Noether’s theorem in classical mechanics) [19, Ch. 17]. A symmetry transformation
commutes with the Hamilton operator for invariant systems [I—I , e‘ibG} = 0 which results

in [%, e‘“’G} = 0, using Schrodinger’s equation. For the commutator to be zero, G has
to commute with the time derivative: [%, G} = 0. Hence, G has to be time independent

and is thus a preserved quantity. With that in mind, an object being invariant under the
duality transformation

D(0) = ¢4 (5.2)

is helicity preserving. © is an angle with values between 0 and 27. The helicity operator
is now expressed in the basis of E- and H-field. Using equations (2.25]) and (2.34]) yields

AFE =iZH |,
7 (5.3)
AH =——F
Z
and hence,
Z1
A = ? ! 3 (54)
—513 0
With A% = I the exponential functional is rewritten:
e 9N = I cos(©) — iA sin(O) (5.5)
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5.1 Duality and its quantitative measure

AN Ve —%»%P
L S

(a) Non-dual chiral scatterer (b) Dual and maximally em-chiral scatterer

Figure 5.1: Scattering of light with well defined helicity (blue corresponds to +1 and red
to —1 helicity). (a) shows an arbitrary chiral scatterer with £ > 0, which does
not preserve helicity. The scatterer in (b) is dual since light of 41 helicity is
preserved and additionally maximally em-chiral because light of A = —1 is
not scattered.

Thereby, the symmetry transformation takes matrix form

I;cos(©) ZI3sin(0O)

D(©) = _%Igsin(@) I5cos(0)

(5.6)

If the system is invariant under duality transformation, the object is called dual and
preserves helicity in all scattering directions, as is depicted in Fig. [5.1b] The scattered
field is composed solely of modes with the same helicity. The scatterer in Fig. flips
the helicity of the incident wave for some modes. Thereby, the scatterer does not preserve
helicity and is thus not dual.
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5 Duality and electromagnetic chirality

5.1.1 Quantitative measure of duality breaking

The helicity of light is not changed upon interactions with a dual object. For the scattering
matrix S = I + 2T, this means that the helicity flipping elements of have to be zero.
When T is written in the helicity basis, the helicity-flipping elements

) = (A T [nA) (5.7)

are in the off-diagonal with A\ # A. The duality breaking P — or equivalently the helicity
change — is measured by the intensity of light, which helicity is flipped in the course of
scattering. This corresponds to the sum of the modulus square of the scattering coefficients
over all different input 77 and output 1 modes for which the sign of the helicity is flipped.
The duality breaking is normalized to the total interaction cross section Ciy |13, Eq. (2)]:

—AA
Z'F]n Z)\il Tﬁ"? |2
Yoom 2o [T 12 + [T P

The duality breaking measure takes values between zero and one. Dual objects introduce
no helicity change and thus 2 = 0. When & = 1 the helicity of light is completely
converted into light of opposite helicity in the course of scattering by the object. Using T'
in the helicity basis together with , the duality breaking is expressed as a function
of the expansion coefficients:

Y= (5.8)

g SuH DR @ 2+ )2 — bl

Cint C(int (5 . 9)

For dual objects a; = b; which indicates that the electric and magnetic response of the
scatterer are equal.

5.1.2 Dual objects by means of material properties

It can be shown for specific media that Maxwell’s equations are invariant under duality
transformation. These media preserve helicity. To derive dual media, Maxwell’s equations

in the E-, H-basis, c.f. (2.15)) are transformed by D(O):

E

s (5.10)

D(©) {V X [g] } = D(O©)KD(0)'D(0)
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5.1 Duality and its quantitative measure

Hence, the system is dual if

DO©)KD(©O) = K

—isin(©) cos Oe(Z? — £)/Z iesin*(0)(Z? — &)
iesin®(©)(Z? — £)/Z*  isin(©)cos Oe(Z? — £)/Z

o (5.11)

Since Z = /£, the operators commute [D(©), K| = 0 and the electromagnetic field
equations are invariant under duality transformation. When dealing with scattering
problems, the fields at the boundary where the material parameters are not continuous
[16] have to be examined. Therefore, the boundary conditions are transformed by

D(@)[ ] :D(@)A[E] | (5.12)

It is sufficient to look at A, from (4.6) relating the normal components of the fields
transformed by the duality transformation

cos(©)  —Zsin(O)
D.(©) = , 5.13
(©) —+sin(©)  cos(O) (5.13)
since the tangential fields are continuous at the interface. For dual media
D,(©)A,D,(©) = A, (5.14)
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5 Duality and electromagnetic chirality

must hold. The field is normalized with respect to the outside medium, Z = Z5. The
matrix multiplications in ((5.14]) are executed and the resulting conditions are written
element-wise:

Eafby — 252 - Z,sm(@) os(©) </€1 (2152 - &> + K2 (ﬂ - Zl€1>)

0 Co Z A
R1k2 2
€1ktz — ~ 5 + cos*(0) (eap11 — pogr) (5.15a)
e
. (Kopt1 — Kipte) = _0_212 (K169 — Kaoe1) — Z1sin(©) cos(O) (eap41 — p2er)
0 0
cos?(O
+1 c< ) (51(21252 - Mz) + ffz(ﬂl - Z12€1)) ) (5-15b)
0
— (K162 — Kog1) = ———5 (Kapy — K1p2) — Z15in(O) cos(O)(eap1 — poe1)
Co C()Zl
cos?(©
+ Z% (1{1(21262 — ,ug) + K,Q([,Ll — 21261)) s (515C)
0
2 in(© C)
o o Z1 Z
K1K
Eofi — 22 2 cos?(0) (eapy — pogr) - (5.15d)

0

When solved for arbitrary O, all angle dependent terms have to vanish such that only
the underlined terms remain. As all angle dependent terms are o (Z; — Z), the object

Zi= B = Bz, (5.16)
&1 €9

These findings show that duality symmetry is simply achieved by choosing Z; = Z,

is dual if and only if

independent of the geometry of the scatterer. It becomes apparent that the conditions
are independent of the chirality parameters of the media owing to its reciprocity (the
electric fields couple to magnetic fields as the magnetic ones do to electric fields). In
the optical regime, most dielectrics have a very weak magnetic response compared to the
electric one and thus are approximately non-magnetic p; =~ 1 forcing ¢; = €5,. Hence, in
the case of achiral media a matching of impedances is only possible in the trivial case
where the media are identical.
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5.2 Electromagnetic chirality and its measure

5.1.3 Dual objects by means of geometry

In general, the geometry independent condition € = p is very hard to achieve with chiral
media at optical frequencies. Another degree of freedom is the geometry of the object
or in the context of this work the radius of the sphere. A sphere consisting out of a
non-dual medium is dual if the duality condition a; = b; is simultaneously met for all
multipoles, which is not possible by optimizing the radius for ordinary media. However,
for small dielectric spheres approximate duality is gained by adjusting the radius such that
dipole duality condition a; = by is met [52]. In [39], the possibility of also approximately
meeting the duality condition for the quadrupole and octupole moments ay = by, az ~ b3
was presented. Adding a shell to the particle results in additional degrees of freedom,
which are chosen to increase the duality breaking of the object compared to a core by
minimum one order of magnitude [39, Tab. 1|. These results imply that adding more
layers to the sphere will also improve the approximation.

5.2 Electromagnetic chirality and its measure

Chirality is a geometrical property of molecules or building blocks which results in optical
effects like circular dichroism and optical activity. There are already several quantitative
measures of chirality reviewed in [36]. These approaches are often not applicable to all
chiral objects but only to specific classes and do not allow for sorting of the objects in
an unambiguous way. Depending on the field of application, it is advantageous to offer a
quantitative measure of the optical response of different chiral structures, which makes it
possible to order them. This is especially important when it comes to the design of such
objects and the evaluation of their performance.

One way to characterize chiral objects is to define them in accordance to how differently
these treat light of different helicity. This property is then called electromagnetic chirality
(em-chirality)[14]. If all the informations using light of on helicity are obtained by
measurements with light of the opposite one, the object is achiral. A definition of
em-chirality is provided in section and it is shown that, if the treatment of different
helicities is maximally unequal, these objects are transparent for light of one helicity
and called maximally em-chiral. The subsequent section deals with maximally
em-chiral media and general constraints on the material. In section[5.2.3] effective material
parameters for which the medium itself becomes maximally em-chiral are derived by means
of the general constraints in section [5.2.2]
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5 Duality and electromagnetic chirality

5.2.1 Measure of electromagnetic chirality

The definition and derivation of em-chirality are taken from [14], where the quantity was
first introduced. Electromagnetic chirality is a measure for difference in the treatment of
light of differing helicity by the scatterer. This disparity is contained in the non-unit part
of the scattering operator S = I + 2T expressed in the helicity basis

r— | T Tl (5.17)
T, T__

T is the transfer matrix in the helicity basis. The matrices T'5y = (A| S |A) are composed
of the scattering coefficients (1| T'5, |n) for incident light of helicity A and scattered light
of helicity A for all the modes n, 7.

An em-achiral object is defined as one for which “[...] all the information which can
be obtained from experiments using only one input helicity can also be obtained from
experiments using the opposite helicity” [14]. This statement implies constraints on the
matrix elements

T |n)=@NT_—|n),

! ! (5.18)
MT_|n)=@"T—|n") .

It is important to note that the measuring basis can change for light of different helicity
and the different input/output states are connected by unitary transformations, which do
not effect the helicity of the modes [U;, A] = [V, A] =0,

m) =Viln') , ) =Valn') ,

! ! ! ! (5.19)
n) =U,|7) , n) =U,7) .

Thus, transforming the right hand side of (5.18) with the above transformations yields

T++ - U]_CT’__‘/:-I]L y

5.20
T . =UT_ .V, . (5:20)

Some examples to illustrate and validate the definition of em-chirality are given below. For
a homogeneous, isotropic, dielectric sphere the results are identical when measuring with
light of opposite helicity and the unitary matrices in this case are identity matrices. The
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5.2 Electromagnetic chirality and its measure

Figure 5.2: 3D achiral object. M is representing the mirror plane. The mirrored object
on the right hand side is brought into congruence with the original by rotation
around the z-axis (and a translation). The 2D geometry in the plane of
projection is a 2D chiral object.

object in Fig. has one symmetry plane parallel to the x-z plane (lying in the plane
of projection). Objects with at least one mirror plane are 3D achiral in a geometrical
sense, because the mirror image can be brought to congruence with the object by rotation
and translation. The object will scatter light of plus helicity differently than light of
negative helicity. However, if the mirrored object is measured with light of opposite
helicity the same measurement results as for the object in the original orientation are
obtained. It is possible to obtain from the measurements with one helicity the results
of the measurements with the opposite helicity. Thus the unitary transformations in
the defintion of em-chirality are rotations and it is shown (more generally in Ref. [14])
that achiral objects are a subset of em-achiral objects. The definition of em-chirality is
indeed more general by allowing any unitary transformations commuting with the helicity
operator between different input and output states. These include for example boosts,
which makes the measure relativistically invariant.

We now proceed with the derivation of a quantitative measure using the definition of
em-achiral objects. If an operator B can be transformed into operator A by unitary
transformations — as is the case in — the singular values of the operators have to be
equal |30, p. 193]

A=U;BV;' = o(A)=0(B). (5.21)
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5 Duality and electromagnetic chirality

The singular value decomposition of a matrix is given by
A=UXV', (5.22)

with the unitary matrices U,V and ¥ = diag(oy, ...,0,), 01 > 03 > ... > 0,. The singular
values are positive and real valued. For a hermitian square matrix the SVD corresponds
to an eigenvalue decomposition. From ((5.21)) together with (5.20)) results

(T—-) ,
5.23
(Ty-) - >:23)

g
o

The interaction of light with positive (negative) helicity is summarized in v, (v_).These
vectors contain the singular values for all states of light after scattering in descending
order:

v, = [U(TJ’*)] v = [O<T“)] . (5.24)

From (j5.23)) follows that for em-achiral objects v, = v_ holds. Objects possessing v, #
v_ are thus em-chiral. A measure of em-chirality y is given by the distance between v,
and v_:

X =d(vi,vo) . (5.25)

The Euclidean norm is chosen as a distance measure due to physical reasoning: the

measurement of intensity corresponds to the Euclidean norm (/absolute value) squared
of the fields. Also

Cou =D D AT pA) [P =) > (A T'T|pA)

m A\ nm A\

(5.26)
= Z Tr (T;\AT;\Q = v£v+ +vlv_ |
A
which motivates the choice of the Euclidean norm.
Thereby, a quantitative measure of em-chirality is given by
X=V(wy—v )T (vy —v ), (5.27)
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5.2 Electromagnetic chirality and its measure

x is found to take an upper bound given by the square root of the total interaction cross
section, because recalling that the singular values are real and non-negative

X (v _T”—)T(”; —v) g v (5.28)
Oint ’U+’U+ +viv_ C1int

To make use of the measure in scattering problems featuring spherical particles, x is

expressed as a function of the Mie coefficients. Since the diagonal matrix T',z is composed
of the Mie coefficients, the entries of vy are \/IF(I})* and /I (I}Y)* — each in descending

order — or \/r(ri)* and /I}(I})*.

Subsequently, the normalized em-chirality \/éir € [0,1] is used. Objects reaching the

upper bound are called maximally em-chiral. ‘These objects have to fulfill UJTFU, =0
according to (5.28)), which corresponds to

o(Ty ) o(T__)+o(Ty_ ) o(Ty_)=0. (5.29)

Given that all singular values are positive, real and sorted scalars, one of the following
four conditions has to hold:

T++ — T_+ — O y T__ — T+_ — O y (530)
T+_|_ - T+_ - O y T__ - T_+ - O . (531)

The first equations represent a medium which is transparent to one of the two
helicities. There is no scattering of the field for one helicity and the corresponding matrix
elements are zero. For reciprocal objects hold Ty, = T _,. The second set of solutions
is violating reciprocity for T, # O. Hence, all maximally em-chiral reciprocal objects
are transparent to one helicity and all transparent objects to one helicity are maximally
em-chiral. Reciprocity implies T, = T_, = O and thus 2 = 0 with definition (5.8).
Maximally em-chiral, reciprocal objects preserve helicity, i.e. they are dual. Note that
dual objects are not necessarily em-chiral. These relationships are summarized in diagram

5.3l

5.2.2 Maximally em-chiral objects by means of material properties

It is shown in section that a scatterer with impedance Z; is dual with respect to the

outside medium 7, if Z; = Z,. Below, material constraints on maximally em-chiral and
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Max. Em-chirality
| Xzzcint |

——

Duality
p=0 |
Zout - ZS

ﬁ% Transparency

Ny, —Ng Zout = ZS

Figure 5.3: Interrelation between em-chirality, transparency for one helicity and duality
symmetry for reciprocal objects. The associated material constraints, which
are derived in section [5.2.2} are also presented for each property.

reciprocal objects or equivalently for transparency to one helicity are proposed. Therefore,
it makes sense to look again at the boundary conditions written in the helicity basis, see

(4.12)):
G| _|My M, |Gy
G_ , M_, M__| |G- )

The boundary of a medium which is transparent to one helicity is effectively not existent
for light of this exact helicity (in terms of transfer matrices represented as unitary matrix),
i.e. the field of well defined helicity coming from medium 2 is equal to the field of well
defined helicity traveling in medium 1. Hence, transparency of a medium to light of one
helicity requires

GiJ - Gi72 (532)

and thus via (4.12)
M++:I3 and M7+:O (533)
orM__=I;and M, =0. (5.34)
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5.2 Electromagnetic chirality and its measure

The matrix elements of the first constraint (5.33)) for transparency to light of +1 helicity
read (see appendix |A)

[ Z14+22
2}2 0 0
M++ = 0 %222 0 = I3 )
0 0 n+,2 Z1+2o
L ny1 22z
- ’ - (5.35)
Zy—71
o 0 0
M_,=| 0 &4 0 =0
N2 Zo—74
| 0 0 T
nii/co = \Eili £ Ki/co , 1=1,2 (5.36)
are the refractive indeces for light of either A = +1 or A = —1 of chiral media. From
(5.35) transparency conditions are obtained for positive helicity:
7y =2y,
e (5.37)
Ny ="nN42 .
The same procedure for light of negative helicity yields
VAR A
e (5.38)

n_i1=mn—o.

) )

It is important to note that the above constraints are valid for reciprocal scatterers with
arbitrary shape and material both for the near and far field. These relations show, as well,
that transparency involves duality at the level of material parameters. As pointed out
in section impedance matching is not (easily) accomplished for optical frequencies
since most media are approximately non-magnetic there. Therefore, perfectly transparent

media are normally not achievable in this regime.

5.2.3 Effective material parameters for maximally em-chiral media

This section addresses the reasonable choice of chiral material parameters to be considered
in the simulations and proposes material parameters for which em-chirality of the medium
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5 Duality and electromagnetic chirality

takes its maximum value. The discussion is necessary, since an electric and a chiral
response requires also the consideration of a magnetic response of the medium. This aspect
is often overlooked but needs to be taken into account if reliable predictions shall be made.
Firstly, the dependency of the effective magnetic permeability on the permittivity and
chirality of the medium and the resulting refractive index and impedance are discussed.
Subsequently, the transparency conditions, which have been derived in section [5.2.2] are
used to determine effective material parameters of maximally em-chiral media. One has to
note the difference between highly em-chiral media and the maximally em-chiral scatterers
which we search for primarily. If the medium itself is transparent there is no need to form
a scatterer out of it. However, in the course of the parameter studies the following
examinations are crucial to understand the simulation results and especially regions of
very high em-chirality, which are independent of geometry. These are caused by the
sphere’s medium being highly em-chiral itself.

Effective material parameters

For simulation purposes, the choice of the investigated parameter space is crucial. Material
parameters for achiral media are easily at hand in every frequency range, whereas this
is not true for chiral media. Moreover, the different descriptions of chiral media compli-
cate the identification of suitable chirality parameters. In general, these parameters are
determined experimentally by means of transmission and reflection measurements from a
stack of a chiral medium or a solution of chiral molecules. For naturally available chiral
media, the chirality parameter in the visible frequency regime is usually very small, e. g.
k < 107° for sugar solutions [34]. In recent years, metamaterials have been suggested that
sustain much stronger chiral effects [10, 35, |49]. However, for most of these metamaterials
an explicit documentation of effective material parameters has rarely been done and, if
documented, has often been restricted to specific frequency ranges.

In the following we consider chiral inclusions characterized by their respective polariz-
abilities inside a host medium. By means of the analytical antenna model in section
a relationship exists between the electromagnetic cross-coupling terms and the electric
and magnetic polarizability of the inclusions. This is fully respected. Afterwards, the
inclusions are randomly placed within an achiral, lossless host medium characterized by
€, and p,. In combination, they render after homogenization an effective medium with
chiral isotropic properties €1, 1, k1. An illustration of the model and the labeling is given
in Fig. [5.4] These relations between the polarizabilities of the inclusions constraint the

60



5.2 Electromagnetic chirality and its measure

Eala b

— €1,M1, K1 %~

2R
g 7

€2,M2

Figure 5.4: Chiral sphere (1) surrounded by an achiral medium (2). The effective material
parameters of the chiral sphere €1, ;11 and k1 are derived by homogenization of
the medium consisting of helical inclusions (antennas) in an achiral, lossless
host medium ¢,, p,. The surrounding medium is assumed to be achiral and
material parameters have subscript 2.

effective material parameters of the chiral medium (cf. (3.35)). Moreover, the effective
material parameters are interdependent and have to obey the following equations:

g1 = Re(El) + ZIm(El) 5

Im(sl)

R1 = Re(m) +iRe(l€1)m .

Thus, it is possible to restrict the parameter space of p;, when the permittivity ; and
the chirality parameter x; are chosen for a given host medium with properties ¢,, .. The
following examination is restricted to real valued parameters (e; = Re(e1), 11 = Re(ur),
k1 = Re(k1) ), i.e. lossless media, for the sake of simplicity and with respect to the
restriction to non-absorbing media in the simulations.

The magnetic response as a function of the effective permittivity and chirality of the
medium is illustrated in Fig. [5.5al There are three physically different parameter regions
to distinguish. The singularity at ¢; = ¢, corresponds to an achiral medium with x; =0

and is not considered herein. The quadratic dependency of 11 on k; (in general on Re(ky))

1
£1—€aq

the positive magnetic response decreases with increasing electric permittivity. Thus, the

is observed in Fig. [5.5al describes the curvature of the function, i. e. for e; > ¢,

assumption of an approximately non-magnetic chiral medium is valid for a very small
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Figure 5.5: Magnetic response, refractive index, impedance depending on the effective
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electric response €7 and the chirality parameter x; for a host medium ¢, =
1.33%, o = 1. (a) Relative permeability ui/po for different permittivities
g1 < €, and €1 > ¢, as a function of k;. (b) and (d) Corresponding refractive
indices n4 for light of A = £1 as a function of k1. n, is always real valued. (c)
Resulting impedances Z; = /1 /e; of the chiral medium. The impedances

for 1 > ¢, are always real valued.



5.2 Electromagnetic chirality and its measure

intrinsic chirality and/or very strong electric response of the medium. The resulting
refractive indices for light of either helicity are shown in Fig. [5.5b]
In some analyses of lossless chiral media [26] 32|, a critical chirality parameter

Re1iv/EoMo = v/ E1M41 (540)

is introduced, above which the refractive index of light of negative helicity becomes smaller
than zero (k_ < 0). Thus, the properties of light propagating in such media change
fundamentally above this critical value. However, in [26, 32|, where is stated,
a dependency between the single material parameters is not considered and often the
permeability of the medium is set to a constant value bigger than or equal to one. By
means of the antenna model utilized in this work, we observe that the refractive index n_
is always bigger than one for e; > ¢,. Since El%a > 1, it holds Ve; > g,

£
Erafin > 1/51 _16 K2 > Ky | (5.41)

where k1 > 0 and the parameters with subscript r denote the dimensionless relative

permittivity and permeability. Additionally, n_ = 1 is achieved when

k1= (€1 + \/—6?,1&@ + 12, + 62 —er16ra) /Era — 1,
which is only real valued for €1 < €,. It follows that
n_>1 Ve >¢,. (5.42)

The equivalent holds for k1 < 0 and n,. If the permittivity changes from ¢; > ¢, to
g1 < &4, the medium changes from a paramagnetic to a diamagnetic state with u; < pyo.
In this case, p; decreases as a function of x; and assumes negative values above a critical
chirality

Re2 = |5r,1 - Er,a| . (543)

A negative, complex refractive index as depicted in Fig. is the result. In summary,
the antenna model results in chiral, paramagnetic media if £; > ¢, and thus ny > 1 is
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5 Duality and electromagnetic chirality

always given. If e, < g,, effective negative refractive index materials with damping arise
for light of A = —1 and media with high intrinsic chirality.
Transparency conditions

In this section, the transparency conditions are analyzed with regard to the effective

material parameters. The question whether the antenna model already implies a degree

of duality or refractive index matching is addressed. Subsequently, possible parameter

choices, which give rise to dual or maximally em-chiral media, are presented.
Transparency implies duality

Z2:Z1
5.44
o fE_ [ (5.44)
E9 €1

which is one necessary condition for maximally em-chiral media (section [5.2.2). In
addition, the refractive index of a chiral medium, which is transparent to light of one
helicity, shall match that of the surrounding medium

No+ =MN1+ - (545)

This equation is brought into a more convenient form after several transformations using

relation (3.23): (£ — €rai)(fei — fleas) = K7 with i = 1,2,

vV Er,2Mr2 + Ko = VEr,1r,1 + K1
= v Er,2Mr,2 =+ \/(5r,2 - 5r,a,2)(,ur,2 - Mr,a,2> = VEr1lr1 + \/(gr,l - é\1r,a,1>(l/qr,1 - ,ur,a,l) )

5r,a, T,a, 81&&7 T,a,
VEr2Hr 2 <1 =+ \/(1 — 5_2) (1 — u)) = /Er, 1l 1 (1 + \/(1 — —1) (1 — u))
I‘,2 /'l/r72 61‘,1 ﬂr,l

= ZQ€I»,Q<]. + 5(32) = Z1€r71(1 + ZIJ1) , (546)

where Z;e,; = \/Eriflr; and x; are abbreviations for the square roots within the brackets
of the penultimate line. Both conditions are only met if Z, = Z; and

5r,2(]— + ZEQ) = 5r,1(1 + .1]1> . (547)
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5.2 Electromagnetic chirality and its measure

So far, chiral media inside and outside of the scatterer are assumed. Now, an achiral
surrounding medium is assumed, which implies 2o = 0 and p, 9 = iy, = 1. Thus, the

<5r,2 Er cr,a,l 1 (1 1 )
Er1 €r1 Hr1

constraint above becomes

1 Er Cral 1 (1 1 )
,ur,l 51‘ 1 Mr,l
(5.48)
1 r ,a, 1 1
1-— 1-—
,ur 1 Z':r 1 ,ur,l
5ra 1
,ur 1 é\r 1
which is met — recalling that 7; = 7, & ﬁ = Z—f — by
Ea = €3 . (5.49)

Hence, a maximally em-chiral medium consists of a host medium that matches in its
permittivity that of the surrounding medium. Additionally, for the inclusion on its own
(if e, = &5) the following statements hold: not only are maximally em-chiral inclusions
described by the antenna model dual but also all dual inclusions are maximally em-chiral.
An illustration is given by using the polarizabilities of the inclusions. If the inclusions are
dual e = Qum/1a, the cross coupling is equal to the electric and magnetic polarizabilities
due to Qee®pm = aﬁm /e in the antenna model. The calculation of the moments induced
by light of well defined helicity (see Appendix C) shows that for dual helices of one
handedness only light of one helicity leads to the polarization of the material, whereas
the other does not contribute.

Transparency requires duality and an additional constraint, which can be formulated
as refractive index matching of material parameters. Although a perfectly transparent
medium is not achievable within this model, duality is achieved approximately by ad-
justing the geometry of the sphere. If the refractive index matching condition ([5.46) is
met, the duality constraint is violated on the level of material properties. In the case
of vacuum as surrounding medium, n, = 1, and assuming lossless media, shows
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5 Duality and electromagnetic chirality

that the refractive index of light of neither helicity is matching the refractive index of
the surrounding medium for €; > ¢,. For higher refractive index media surrounding the
sphere, the matching is generally possible. Refractive index matching in vacuum is only
achieved for chiral media with ; < g,. At the same time the impedance of the medium,
which is depicted in Fig. for £1 < &g, strongly deviates from one (vacuum impedance)
in the vicinity of the critical chirality parameter. For permittivities close to vacuum and

small chirality parameters, the impedance converges to one.
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6 Scattering by a single chiral sphere

To start the examination of scattering by chiral media, the most simple case — a single
chiral, lossless sphere in vacuum — is considered in this chapter. The influence of intrinsic
chirality, represented by ki, on em-chirality and duality of the sphere, as well as the
interplay with other material parameters and the radius, are investigated via numerical
calculations using the extended Mie theory. The chirality parameter of the sphere is
found to restrict the overall em-chirality. Small chiral spheres show regions of very low
em-chirality for specific combinations of the radius and permittivity of the sphere. With
the exception of chiral media which meet the refractive index matching condition, spheres
out of weakly chiral media do generally not exhibit high em-chirality. The effects of
geometry are only notable for spheres with high intrinsic chirality.

The medium from which the sphere is made consists of chiral inclusions (antennas)
inside a watery solution (e, , = 1.33?). All media are assumed to be lossless.
At first, the influence of the chirality parameter x; on the scattering behavior, especially
on the electromagnetic chirality x of the sphere, is examined via parameter studies for x1,
g1 and r. The permeability is adjusted according to effective material parameters
and their interrelation (3.36)), derived by the antenna model, 1,1 = Er’l’iﬂ + 1. Although
em-chirality is not a simple function of k1, the overall em-chirality is increased by higher
values of the chirality of the inclusions. This intuitive result is depicted in Fig.[6.1] for

Erl = 3.22. The co-domain of X/VCint is generally laying within the magnitude of k;

with maximum values up to eight times of x; (for this permittivity). Thus, it is not
possible to achieve high em-chirality (bigger than 50 percent of the total interaction cross
section) from weakly chiral inclusions and the adjustment of other material parameters
and geometry is of limited benefit.

A striking feature in Fig. is the strong reduction of em-chirality for a specific radius
r ~ 0.16A, which is only weakly depending on the chirality parameter. There are no
special features/resonances for spheres of this radius shown in the duality breaking (cf. Fig.
or interaction cross section of the sphere. The weak k;-dependency is indicating
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6 Scattering by a single chiral sphere
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Figure 6.1: Em-chirality y normalized to the total scattering cross section /Ci, as a
function of the radius r in units of wavelength A and the chirality parameter

k1 for e,; = 3.22. Em-chirality for high chirality parameters (right hand side)
is depicted in Fig. |6.2a) with a higher contrast.

that the effect is independent of the chirality of the medium and only depends on the
electric and magnetic response n; = Ve = %(n1,+ +ny ). The weak dependency on
the chirality parameter stems from the adjustment of the permeability with respect to the
antenna model in the simulation. To further investigate this effect and the dependency
on the permittivity and radius, the electromagnetic chirality is depicted as a function of
ny and the inverse of the radius r~! in Fig. r~! is shown to be a linear function in
ny, with the slope nir = % or (ny4 +ny_)r = 1 (corresponding to the white dotted line
in Fig. and an offset. In this parameter region, em-chirality vanishes in the dipole
approximation Yaipole = 4,1 — v—1 = |[}| — || = 0 (see section [5.2.1). For higher radii
of the sphere, the region of very low em-chirality fades because higher order multipoles
become increasingly relevant. Since meeting the condition for vanishing em-chirality for
all multipole expansion coefficient at once is not achievable, such strong reduction of
em-chirality is only seen in the case of small spheres compared to the wavelength. The
regions of zero em-chirality mark the transition of the particle from scattering mainly
light of positive helicity to scattering mainly light of negative as illustrated by Fig.
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(a) Em-chirality, e, = 3.22 (b) Corresponding duality breaking

x1078 10

: N

Cint+ < Cing,—Cing + > Cng,—

rL(ATh)

1.5 2 2 3 “ 1.5 2 2.5 3
N1 = \/Er1flr] = ek
. —C —10-3
(c) Em-chirality, x; = 1073 (d) Cint,+ — Cint,—, k1 =10

Figure 6.2: (a) Em-chirality and (b) duality breaking as a function of the radius r and the
chirality parameter x; of the sphere with the permittivity ¢, ;1 = 3.2%. (¢) Em-
chirality for k; = 1073 as a function of the inverse radius and the refractive
index ny = 3(n14+ + n1,_). The white dotted line satisfies 2n;7 = 1. (d) Plot
of the parameter regions, for which light of negative helicity is scattered more
than light of positive helicity Ciyt+ < Cint— (black) and vice versa (white).
The black dotted line corresponds to 2nr = 1.
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Figure 6.3: Em-chirality and duality breaking as functions of the radius r and the chirality
parameter k; for e, = 1.7%. The dotted black line highlights a radius for which
em-chirality is very high and for which low duality breaking results.

Figure compares duality breaking to em-chirality for ¢,; = 1.72. In accordance
with the findings in Fig. and the last paragraph, a chirality independent region of
very low duality breaking is not obtained for such a small electrical response. In general,
highly em-chiral regions imply very low duality breaking. For small x; and radii, the
duality breaking is very high and thus, as duality is a necessary condition, em-chirality
is also reduced. For very small x;, the medium’s properties change only slightly and
there is a direct correlation between em-chirality and duality: the regions of enhanced
em-chirality for specific radii in Fig. [6.1] are due to a decrease in duality breaking for
specific geometries. Maximum values of Ymax = 0.9265y/Cip; (r = 0.1575\ and x = 1 for
g1 = 1.7%) and Xy = 0.8878y/Ciy (r = 0.2148) and x = 0.6891 for &,; = 3.22) are
obtained.

Lastly, the case of ¢,; = 1.22 < €ra 15 examined. As is shown in section , the
medium changes from being paramagnetic to diamagnetic for k1 > ke with a complex
refractive index for A = —1 in the diamagnetic regime. This transition is observed in Fig.
. There is a singularity at k1 = £, /i —&p1 ~ £0.5735 due to p; = 0. Em-chirality

assumes maximum values of y = 0.9786+/Ciy; (k1 ~ 0.153, r = 0.5)) in the simulated
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Figure 6.4: Em-chirality as a function of the radius r and the chirality parameter «; for
gr1 = 1.22. On the right hand side of the singularity, k1 > k2, the medium is
diamagnetic p,; < 1. For smaller x; the medium is paramagnetic p,; > 1.

parameter range. This very high em-chirality appears for fixed chirality and for arbitrary
radii in Fig. and is due to x; fulfilling the refractive index matching condition ([5.45])

for chiral lossless media in vacuum

’I’Ll_:]_

)

K2
sylen [ ——+1) =«
€r,1 - gr,a

The reduction of em-chirality for smaller radii is due to an increased duality breaking.

Now the dependency of em-chirality on the material parameters, £; and k1, is investi-
gated. Therefore, the radius of the sphere is set to r = 0.2\ (Fig. , and r = 0.5\
(Fig. [6.5b]). The singularity, where e; = ¢,, is shifted with the permittivity of the host
medium, demonstrated in Fig. With Era = 1.45% when compared to Era = 1.33% in the
other figures. Very high values of em-chirality are obtained for rather small permittivities
in the vicinity of ¢, for smaller chirality parameters. For these parameter combinations
it is possible to match the refractive index to the surrounding medium. These highly
em-chiral regions are also observed as bright vertical lines in Fig.[6.4 and Fig.[6.7a] or [6.8a]
For €, > €,, there are regions with y up to 0.9/Ciy for very high intrinsic chirality
r > 0.5. The fine lines of higher em-chirality visible in Fig. and more prominent in
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6 Scattering by a single chiral sphere
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Figure 6.5: Em-chirality as function of chirality parameter x; and permittivity e; for dif-
ferent host media and radii. (d) Total interaction cross section corresponding
to (b)
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6 Scattering by a single chiral sphere

Fig. are due to resonances of the multipoles illustrated by the total interaction cross
section in Fig.

So far, the surrounding medium was assumed to be vacuum. The result for glas with
no = 1.5 as the medium outside of the sphere is displayed in Fig. Refractive index
matching of the medium with the medium outside is possible for paramagnetic chiral
media (e; > €,). This results in broad parameter regions of em-chirality y > 0.9 Cy.
The refractive index matching of light with A = —1 gives rise to the enhanced regions
(independent of ). There are two possible parameter combinations to meet the condition
for higher x;, resulting in two regions, for which em-chirality is very high. For small
chirality parameters also the matching of n; ; = ny is possible.

The ;- and r-dependency of em-chirality is depicted for fixed chirality parameters in
Fig. [6.7 Starting with very low intrinsic chirality, the general behavior of the chirality
parameter, which limits the overall em-chirality, is found: for x; = 107, the maximum
em-chirality in the chosen parameter range is about y = 0.0014 (g7 = 4.5912, r = 1))
and for k; = 1072 y = 0.1207/Ciy; (61 = 2.6806, » = 0.9534)) in Fig. [6.7al and [6.7h|
Spheres with a permittivity near vacuum are an exception, because they appear to have

very high em-chirality > 0.9C},; even for small intrinsic chirality, which is shown in Fig.
Since py ~ po for small chirality parameters, the refractive index matching is

met for e,1 ~ (1 + k)2

close to the vacuum permittivity. For higher intrinsic chirality,
geometry independent effects — as already found in the previous figures — are prominent.
One singularity of em-chirality appears at €,; = &,, and another one in the case of
the permittivity corresponding to p; = 0. This permittivity obviously varies with the
chirality parameters of the sphere (cf. Fig. [6.8al [6.8b and [6.8d)). In between these
singularities, em-chirality is reduced and the duality breaking is enhanced (Fig. ,

which is due to very high permeabilities in this parameter range. Refractive index

matching gives rise to very high em-chirality for small permittivities in Fig. [6.8al This
effect is damped by the singularities in Fig. [6.8b] and [6.8d] which coincide for these
chirality parameters. Disregarding the case of refractive index matching, em-chirality
reaches values of x = 0.42/y/Ciy (r = 0.6559\, .1 = 4.2091 and £ = 0.1) and
X = 0.82 /v/Ciy (r =0.2037 A, &, = 2.4229 and x = 0.5).

The results in this chapter show that approximately maximally em-chiral media are
theoretically feasible. Weakly intrinsically chiral media only all do achieve high em-
chirality if they obey the refractive index matching with the surrounding. These regions
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to the height profile of the horizontal lines in (a) and (b).
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6 Scattering by a single chiral sphere
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of high em-chirality are narrow and very sensitive to small variations in the material
parameters. Refractive index matching for media with higher chirality in vacuum is only
possible for diamagnetic scatterers and sometimes not achievable at all due to the kind of
model used in this work to describe the chiral inclusions. Generally, high index materials
reach high values of em-chirality for small radii and very high chirality parameters x > 0.5.
The most promising approach appears to be the placement of the sphere inside a higher
index medium, which then allows for regions of high em-chirality even for paramagnetic
media. These regions are broadened for higher k.

However, the available materials are very limited in the optical regime. Naturally
occurring chiral solutions show only weak chirality and meeting the stated conditions
does not seem practical due to the high sensitivity with respect to the geometry and
material parameters. Chiral structures, such as metal helices show high em-chirality in
the microwave regime but are not easily scaled to optical frequencies. In general, the
production of 3D chiral metamaterials poses a challenge with respect to isotropy and
homogenization. So far, approaches using collesteric liquid crystals as templates to form
radially arranged helical structures within spheres appears to be most useful. These chiral
particles achieve k =~ 0.1 [9] and thus show high intrinsic chirality. Eventually, the actually
achievable parameter space is not clear and the simple model of an effectively isotropic,
homogeneous and chiral medium assumed in this work is not at all directly comparable
to the liquid crystal structure.
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7 Scattering by a chiral core-shell particle

This chapter is motived by the findings of Rahimzadegan et al. in [39]|, where the duality
of an achiral spherical particle has been increased by considering additionally a dielectric
shell with a specific radius and permittivity surrounding the sphere. Here, we aim to
identify possible core-shell-configurations which improve em-chirality. For that purpose
we also consider a chiral shell in section[7.1I} The core-shells are compared to homogeneous
spheres with arbitrary radius out of the shell or core material. Thereby, it becomes
apparent that adding a chiral shell to a chiral sphere mostly does not improve em-chirality
compared to a homogeneous sphere. Diamagnetic media are the exception. In section
[7.2] the case of a thin dielectric coating on a chiral sphere is examined in order to increase
the em-chirality especially for weakly chiral spheres. A strong increase in em-chirality is
found for thin shells on top of weakly chiral cores when a specific combination of geometry

and medium is met.

7.1 Spherical particle with a chiral shell

Firstly, chiral core-shell particles are examined with size and permittivity comparable
to to those considered in [39] to reproduce the results presented in there. The material
parameters and radius of the core are labeled with subscript '1’, such as the ones of a
homogeneous sphere. The surrounding medium is labeled by subscript 2" and the shell
by ’sh’, which is visualized in Fig. The host media are assumed to be water for
both core and shell. The chirality parameter is chosen equally for both core and shell and
sufficiently small, x; = kg, = 1073, such that the influence on the matching of the duality
condition in dipole approximation is negligible. In Fig. the duality breaking (Fig.
and em-chirality (Fig. are shown as a function of the shell radius and the shell
permittivity for a fixed core object, i.e. with a radius of r; = 0.105\ and a permittivity
of 1 = 4%¢;. The results are in good agreement with the findings of decreased duality
breaking in core-shell particles in Minimum values of duality breaking are 2 = 5-107°
for e,qn = 2.7%, 7an = 0.226X and P = 1.4- 104 for rg, = 0.119), cf. Fig. Regions
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7 Scattering by a chiral core-shell particle

€2,M2

@ "

Figure 7.1: Schematic representation of a chiral core-shell particle surrounded by an
achiral medium. Material parameters of the core €1, p;, k1 and the shell
E€shsy Msh, Ksh With thickness d = rg, — 1y

of very low duality breaking for different shell media are depicted in Fig. However,
since duality is not a sufficient condition for em-chirality, y in Fig. is not notably
enhanced [x/v/Cit] ~ [k1] compared to results from a homogeneous sphere with the
same chirality parameters, cf. Fig. [6.7 An exception are the regions of very low shell
permittivity, which are able to meet the refractive index matching condition with respect
to the surrounding medium. This effect dominates over the contributions from the core
when the shell becomes bigger. Mie resonances — the absolute values of the Mie coefficients
of 4th and 5th order show resonant behavior for bigger radii and are related to the peaks
of the total interaction cross section in Fig. — are observable for specific radii of the
shell. These result in narrow regions of both enhanced em-chirality and duality breaking.
While a low duality breaking not always correlates to a large em-chirality, the opposite
is true, i.e. a small em-chirality correlates well with high duality breaking. This clearly
emphasizes that duality is a necessary but not a sufficient condition for large em-chirality.

High em-chirality for weakly chiral media is also not expected. This is due to |I&| —|r}|
being maximally different for maximally em-chiral dipole scatterers. Therefore, one of
the scattering coefficients has to be zero while the other one reaches unity. This in turn
requires the cross coupling coefficient ¢; to be equal to the Mie coefficients ¢; = a1 =
by (also meeting the dipole duality condition), which is not possible for small chirality
parameters. This is illustrated in Fig. where the electromagnetic chirality and duality
breaking are displayed for a core-shell particle with x; = kg, = 0.5. Regions of low
duality breaking for strong chiral media are slightly shifted compared to media with a
lower chirality parameter, since the simulations adjust the permeability of the medium
with the chirality parameter and the permittivity. In contrast to the media with small k,

80



7.1 Spherical particle with a chiral shell
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Figure 7.2: (a) Duality breaking and (b) corresponding em-chirality for a core-shell
particle with water as the host medium ¢,, = 1.33? (both for core and shell
medium). The core has radius 7 = 0.105\, permittivity ,; = 4% and chirality
K1 = Kgn = 1073, (c) em-chirality, duality breaking and total interaction cross
section for g, g, = 2.72, corresponding to the white dotted lines in (a), (b).
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7 Scattering by a chiral core-shell particle
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equivalent to the core-shell in Fig. except for the increased chirality

K1 = Ken = 0.5.
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7.1 Spherical particle with a chiral shell

the chirality parameter together with the change of permittivity and radius allows for very
high electromagnetic coupling and thus for approximate matching of the dipole condition
for maximally em-chiral objects. Chirality parameters x > 0.8C},; are observed for high
refractive index media of the shell. In the case of £y, = 16¢y the core-shell merges into a
homogeneous sphere with the refractive index of the core. Except for a diamagnetic shell,
Fig. indicates that adding a layer with smaller permittivity to the core does not
improve em-chirality, when compared to a homogeneous sphere, since the highest values
of em-chirality for the core-shell particle are assumed when the shell medium equals the
core.

Furthermore, to evaluate the use of adding a shell to a sphere, the core-shell particle is
compared to a homogeneous sphere with the same outer radius and consisting fully out
of the shell medium. This is depicted in Fig. The homogeneous sphere shows
comparable high values of em-chirality. Indeed, for a shell/sphere out of a defined
paramagnetic medium, £y, > £,, one can always find a sphere with radius r;, which possess
higher em-chirality than the corresponding core-shell particle (though 7 is assumed of
arbitrary size. For a fixed outer radius of the sphere and core-shells there are parameters,
in which the core-shell exhibits higher em-chirality). Figure and present this
behavior for shells with g, < €¢ore. The figures also illustrate that for increasing shell radii
compared to the core radius (in this case r = 0.105)\) em-chirality of the core-shell particle
is increasingly determined by the shell medium. For a low index contrast between core
and shell, the scattering by the core-shell with respect to em-chirality is comparable to
the homogeneous sphere, see Fig. [7.4d] In the case of diamagnetic shell media, there are
regions of high em-chirality when the shell radius is small compared to the wavelength,
illustrated in Fig. [7.5a] These media are interesting because they do not exhibit low
duality breaking or resonances at points of high em-chirality. However, dipoles with
A = —1 are approximately not scattered, ™ ~ 0 for specific core-shell configurations
(Fig. [7.5b). The Mie coefficients satisfy |ai| + |b1] = 2|e1| , but not a; = by, which is
depicted in Fig. [7.5d There is still a mixing of light with different helicities at the
interface, which does not allow for perfect transparency, e.g. additional duality. However,
the coupling parameter is much smaller than the scattering coefficients for dipoles of +1
helicity (in the example in Fig[7.5¢ I} ~ 16%(}). The figures in appendix[C]show further
results of em-chirality of a core-shell particle with bigger core and different core material,
as well as for shell media with €5, > e; and the comparison to homogeneous spheres of
the corresponding medium. These results illustrate that for specific core-shell media, a
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7 Scattering by a chiral core-shell particle
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Figure 7.4: (a) Em-chirality for a homogeneous sphere x; = 0.5. (b)-(d) Comparison to
em-chirality for specific shell (core-shell with g; = 4%¢, ksn/1 = 0.5) or sphere
(homogeneous sphere) permittivities eqh1 = 1.16g0 in (b), egnn = 9, 74ep in
(c) and egy/1 = 15.25¢¢ in (d).
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7.2 Particle with thin dielectric coating

0.3

0.25 |8

0.15

Figure 7.5: (a) Em-chirality as a function of shell permittivity eg, and shell radius rg, for
k1 = 0.5. (b) Expansion coefficents in the helicity basis and (c¢) Mie coeffients
for eg, = 1.16¢ as a function of the shell radius. The dotted line represents
the normalized em-chirality.

homogeneous sphere of either shell or core medium with a specific radius possess higher
em-chirality than the core-shell particle.

A further examination of chirality parameters of core and shell is not shown in the
frame of this work, since we obtain similar results as before. Although a strongly chiral
shell on top of a weakly chiral core will enhance em-chirality, a homogeneous sphere out of
this shell material with comparable size will show a better result. An exception from this
general results is found for very thin (dielectric) shells. This is discussed in the following
section.

7.2 Particle with thin dielectric coating

A chiral sphere with a thin achiral coating is an interesting case from the perspective of a
possible realization of highly em-chiral scatterers with existing and weakly chiral media.
It is shown that a dielectric thin layer results in drastically increased em-chirality for
specific radius to wavenumber relations between core and shell. For a chiral core with
k1 = 0.01, &1 = 4.5¢¢ and r; = 0.3) there are shell parameters for which em-chirality is
very high, cf. Fig. [7.6a, The shell is a dielectric with refractive index ng, = /.
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7 Scattering by a chiral core-shell particle
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Figure 7.6: (a) Em-chirality as a function of the permittivity ey, and the thickness d =
r¢n—71 Of the dielectric shell with and a core with r = 0.3\, 61 = 4.5¢p and k1 =

0.01. (b) higher resolution of (a) for smaller permittivities. Partial interaction
cross sections for light of A = —1 (¢) and A = 41 (d), corresponding to (b).
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7.2 Particle with thin dielectric coating
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Figure 7.7: (a) Em-chirality — detail of Fig. — as a function of shell thickness and
permittivity. (b) Corresponding total interaction cross section.
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Figure 7.8: Comparison of em-chirality as a function of high permittivity and thickness d
of the shell for different cores. (a) Core with g, = 5.5e0, 71 = 0.3\, k; = 1072,
(b) Core with e, = 4.5eq, 1, = 0.3\, k; = 1073, (c¢) Core with g, = 4.5¢,
r1 = 0.4\ Kk = 1072,
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7 Scattering by a chiral core-shell particle

The parameter region where the refractive index of the shell is comparable to the core is
investigated at first. In Fig. a detail of em-chirality as a function of the permittivity
and radius of the shell for this parameter region is depicted. There are two regions of
very high em-chirality, corresponding to the case of either ng, = n; 4+ (upper white dotted
line) or ng, = n;— (lower line). Light of both helicities is scattered equally at the achiral
shell and does not couple electric and magnetic fields. If the refractive index of the shell
matches the one of the core for one specific helicity, the core will be approximately (if
the duality breaking is low) transparent to this helicity. For a specific thickness of the
shell in relation to the medium and radius of the chiral core, light is scattered at the
two interfaces such that destructive interference yields very low effective scattering by the
core-shell particle. The total interaction cross sections for light of A = +1 are depicted
in Fig. and High em-chirality implies a very small interaction cross section for
one of the two helicities.

Another parameter regime of very high em-chirality is the one for high index media
in detail in Fig. There are two resonances crossing each other, one for which the
refractive index of the dielectric changes linearly with the thickness of the shell, the other
one exhibits a higher order dependency. At the intersection point an anti-crossing is
observed in Fig. [7.7b] where the total scattering cross section is much smaller. The very
narrow parameter region, for which em-chirality is very high y > 0.991/Ciy, changes for
different core media and core radii as illustrated in Fig. [7.8 For smaller chirality of the
core em-chirality is reduced but still high compared to values achieved without the shell
(Fig. . If the core has a higher refractive index, also the refractive index nyg, of the
highly em-chiral core-shell particle is increased for a constant shell thickness d (Fig. .
An algebraic expression for the relation between the core and shell medium together with
geometry is not deduced in this work. The radius of the core significantly changes the
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7.3 Discussion

size parameter of the same, as well as the relative coating thickness d, which leads to a
shifting of the parameter region where em-chirality is very high, see Fig.

7.3 Discussion

In this chapter, the basic effects of adding a chiral shell to a chiral sphere have been
examined in terms of (further) improvement of em-chirality, because especially weakly
chiral spheres are in need of enhancement. However, in most cases weakly chiral media
do not allow for strong increase of em-chirality via an additional chiral (!) shell. An
exception are diamagnetic shell media. These media imply very high em-chirality for
small core-shell particles and approximately meet the transparency condition in the dipole
approximation |a;|+ |b1| = 2|¢q| without being approximately dual |a;| # |b1|, as would be
expected. Only chiral media with high intrinsic chirality are found to give rise to very high
em-chirality. Since high intrinsically chiral media do already posses high em-chirality for
specific geometries and media in homogeneous spheres, the combination of two strongly
chiral media does not improve em-chirality in general.

In contrast to chiral shells, thin dielectric coatings on top of a chiral sphere exhibit very
high em-chirality for specific core-shell configurations, even for weakly chiral media. The
regions of very high em-chirality are quite narrow for high refractive index shells and the
effects of the enhancement of em-chirality is not further investigated in this work. For a
low index contrast between the core and shell medium, broader regions of high em-chirality
are observed, which results in high em-chiral core-shells out of weak intrinsically chiral
media.
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8 Highly em-chiral spheres in chiral media

Maximally em-chiral spheres scatter light of one helicity, whereas light of the other helicity
is not scattered at all. As discussed in chapter 6 and 7, em-chirality of spherical particles
depends on geometry and material parameters, but of course also on the surrounding
medium. In this last main chapter, the possibility to determine the chirality of the
surrounding medium from the change of scattering response of a chiral sphere is shortly
investigated. The chiral medium, for example, can be a solution of chiral molecules, whose
small chirality parameter is to be determined. This is a preliminary study, which gives
the basic idea of detection and points out difficulties, which have to be considered in
future work. In other words, we raise the question here to which extent we can use the
scattering signal chiral spheres as some sort of sensing device. A good sensor requires rapid
change of the scattering behavior for small variations of the chirality parameter of the
surrounding medium as well as a different scattering response when immersed in a medium
containing differently handed molecules. The magnitude of the interaction cross sections
shall be directly related to the chirality parameter — if all other parameters are known
the interaction cross section depends solely on the chirality parameter — and in the best
case its sign, as well. Thus, the goal is to design spheres that possess a high em-chirality
and at the same time a high sensitivity of their em-chirality to changes of the surrounding
medium’s chirality. Small intrinsically chiral spheres are shown to be very sensitive to a
specific parameter range of the surrounding chirality. However, approximations done for
the material parameters and the very small total interaction cross section are difficulties
of this approach.

High em-chirality of weakly chiral, homogeneous spheres is only achievable when embed-
ding them into a surrounding medium that meets the refractive index matching condition
(5-45). Em-chirality is high only in a narrow parameter space for the permittivity of
the medium (as was observed in section @ Thus, the optical response of the sphere
is very sensitive to changes of the surrounding medium. Here, we assume weakly chiral
spheres with chirality parameters x; = 107% and x; = 104, The refractive index of the
chiral sphere for light of negative helicity matches the one of the surrounding medium
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8 Highly em-chiral spheres in chiral media

(g9 = 1.33%) with g = 1.769¢¢(g; = 1.772¢¢) for k1 = 1075(k; = 10~*). The host medium
of the sphere with r = 1\ is set to be 1, = 1.5? (e.g. glas or benzene). When a small
amount of chiral scatterers is put into the surrounding medium, the medium outside
the sphere is described by means of the mixing theory as an effectively chiral medium
with the host medium being water. It is assumed that the solution is so dilute that the
effective electric and magnetic response are approximately equal to the medium without
the inclusions (i. e. the host medium) e, = 1.332, uy = 1 with xy < 1. Figure shows
the em-chirality as a function of the chirality parameter x5 of the surrounding medium
and for differently handed spheres, k; = £107% and x; = +10~%. Changing the sign of
k1 (changing the handedness of the sphere) has the same effect as changing the sign of ko
(changing the handedness of the chiral inclusions in the surrounding medium), because
only the relative handedness of both media is important. For a simplified representation
we assume a positive sign of ko, here, but admit a change in sign of ;. In the parameter
region where ko is of the same order of magnitude as x;, the system is very sensitive to
changes of the chirality parameter xy. Due to the breaking of the matching condition
for sufficiently high chirality of the surrounding medium, em-chirality is heavily reduced
for ko approaching ;. For chiral spheres, whose chirality parameter has the same sign
as the chiral inclusions in the surrounding medium, after passing a point of an achiral
behavior, the matching of the refractive indices for light of the opposite helicity becomes
possible and em-chirality increases. Without chiral molecules in the surrounding medium,
its refractive index matches that of light of negative helicity of the chiral sphere:

ny— =nyg . (81)

)

If weakly chiral molecules are placed outside the sphere, the refractive index for light of
negative helicity is changed to

Ng - = MNg — K2 # ny— =na, (82)
and for positive helicity to

Na 4+ = N2 + Ko and ny+ =mny— + 2/‘%1 =ng + 2/'431 . (83)
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Figure 8.1: (a) Em-chirality of a single sphere as a function of the chirality parameter
of the surrounding medium for different spheres with » = 1\, £y = 1.769¢,
(g1 = 1.772¢¢) and k; = £107% (k4 = 107*) and host medium ¢, = 1.500%¢,.
(b) Difference between the interaction cross sections of light of +1 and —1
helicity as a function of ko normalized to the total interaction cross section.

(c) Difference of scattering cross sections not normalized.

93



8 Highly em-chiral spheres in chiral media

Hence, for
Ko = 2%1 (84)

the refractive indices for light of positive helicity are matched and em-chirality is very high.
If k1 and ko have the opposite signs a distinct scattering behavior is observed. For spheres
with the opposite handedness the refractive index for positive helicity takes the value of
the former refractive index of negative helicity and n; = ny + 2Ky = ny — 2|k1| # no 4,
Vg >0 (cf. (8.3)). Thus, a matching of the refractive indices for positive helicity is not
possible.

In the regions, where em-chirality is changing fast with xo, the interaction cross sections
of the different helicities change, too. In Fig. the relative difference in relation to the
total scattering cross section between the interaction cross sections for the two helicities
(Cint,+,Cint,—) are depicted as a function of k. Within a restricted parameter region,
depending on the chirality of the sphere, k5 is detectable by means of the difference
between the interaction cross sections. Hence, to enable the detection of chirality of
molecules, the properties of the molecule have to be know to some extend. Then, a chiral
sphere which is suitable to detect the chirality in this parameter range can be used.

There are two major difficulties in this approach which would deserve some future
investigation. Firstly, the small total interaction cross section results in a very small
difference between Ciy + and Ciy,— for a single sphere. Figure shows the absolute
values of Cip + — Ciy—, which are not above 1077 for k; = 107° and not above 107 for
k1 = 10~* in the regions of interest. The total interaction cross section can be increased
by putting multiple, identical, sensitive spheres in the chiral solution. Since the very small
interaction cross section is related to the very small index contrast of the media, higher
index media with high em-chirality, e.g. high intrinsically chiral scatterers or weakly chiral
spheres with a thin dielectric coating, seem to be an option for improvement. However, in
most cases these media are not sensitive to very small changes in the chirality parameter
of the surrounding medium. The second restriction of the presented approach is the
assumption of a constant electric and magnetic response over the course of small changes
in the chirality parameter of the surrounding medium. To which extend these assumptions
are valid for real solutions is questionable: The chiral scatterer is very sensitive to changes
of kg, plus the product of electric and magnetic response are at least of the same order
of magnitude as ko (cf. (g2 — 1.33%)(up — 1) = Koy/Eoftg). Then, even small changes of
the permittivity /permeability of the chiral solution will affect the scattering behavior. To
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derive the actual relation between the change of ko and the other material parameters,
these have to be known or measured during the detection process.
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9 Conclusion

The ultimate aim of the present work is to find maximally em-chiral spherical scatterers.
In this context, the influence of material and geometry of a spherical scatterer on
em-chirality and their interplay are investigated.

A single spherical scatterer is modeled as a homogeneous sphere with or without an
additional shell, which is surrounded by a different homogeneous achiral medium. A
chiral medium is assumed to consist of a lossless, achiral, homogeneous host medium and
chiral inclusions, which are small compared to the wavelength. Interrelations between
the polarizabilities of the inclusions and thereby of the effective material parameters are
derived by means of a microscopic model. This model for the polarizabilities is used
to restrict the parameter space in the parameter studies. The scattering theory for a
chiral multi-shell particle in a chiral medium is provided by an extension of the classical
Mie theory, which enables the calculation of the T-matrix, the interaction cross section
and quantitative measures of electromagnetic duality and electromagnetic chirality. It
is shown that dual scatterers can be obtained just by means of material properties if
the impedance matches the one of the surrounding medium. This condition is completely
independent of the medium’s chirality, but hard to achieve in the optical regime. By means
of the boundary conditions in the helicity basis, constraints on the material parameters
for a transparent medium are derived. Transparency of a medium to one helicity requires
duality and refractive index matching, which is only possible if the host medium of the
chiral sphere is equal to the surrounding medium. Such media result in maximally em-
chiral scatterers independent of their geometry.

An examination of the simplest case, a homogeneous chiral sphere within vacuum, shows
that a high effective material chirality of the sphere implies an overall high em-chirality.
Highly em-chiral spheres are found for different radii and material combinations. However,
highly em-chiral spheres consisting of weakly chiral media are only achievable in few
parameter regions. Nearly maximal em-chirality is only achieved if the sphere’s medium
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9 Conclusion

matches the outside. High em-chirality by means of geometry is not found in homogeneous
spherical scatterers consisting of weakly intrinsically chiral media.

Generally, chiral core-shell particles are found to perform worse than those without
shell. In fact building a sphere with arbitrary radius out of the core or shell medium
is found to always possess better em-chirality for paramagnetic media. One notable
exception are small spheres in vacuum out of diamagnetic media. Thin dielectric coatings
with a specific thickness to core ratio constitute another notable exception. For these,
very high em-chirality is observed in two parameter regions of the dielectric shell even
for weakly chiral spheres. The dielectrics, which possess a comparable refractive index
to the chiral medium of the core, are nearly transparent over a broad parameter range.
A second very narrow region of high em-chirality is found for high index, thin dielectric
shells. This core-shell particles are particularly promising and interesting, as they seem
to offer a route to achieve scatterers with a very high em-chirality from a very weakly
intrinsically chiral medium. It only requires a thin dielectric shell in a very sensitive
parameter space.

This work does not consider and examine the frequency dependency of the scattering
behavior and is limited to isotropic, homogeneous and lossless single scatterers. We show
an interdependency of the material parameters and use this to restrict the parameter space
to media, which conserve energy, instead of assuming arbitrary parameter combinations.
Disregarding the regions where the medium itself is highly em-chiral, an interplay of
geometry and material parameters does not allow for very high em-chiral spherical
scatterers with low intrinsic chirality, which are experimentally more accessible. However,
adding a thin dielectric layer to a weakly chiral sphere yields very high em-chirality.
Thus, as far as we observed, thin dielectric coatings on top of chiral spheres are a new
way of achieving high em-chirality without the need of highly intrinsically chiral media.

Future work should address the validation or adaption of the applied effective material
model with respect to actually existing chiral media in the optical regime, Especially,
if they are not made of chiral molecules within a solution. This will give more insight
into which parameter ranges are achievable, as well as the interdependency between the
electric, magnetic and chiral response of the effective medium. Furthermore, investigating
and explaining the effects seen in the thin coated chiral spheres enables the application
as highly em-chiral scatterers. Proceeding from spherical, highly em-chiral objects, the
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arrangement of such scatterers and the interaction among each other or with different
chiral structures/molecules is to be exploited next.

99






A Boundary conditions in
Riemann-Silberstein notation

The boundary conditions for an arbitrarily shaped scatterer are given by

G, _ M., M, | |Gy
G_ . M_ . M__| |G- )
with
[ Z1+2>
2}2 0 0
M, = 0 —Z;ZFQZQ 0
|0 0 oy
E L
M, =| 0 Z2 0
|0 0 ko
B
_ Zs—71
M_y=| 0 = 0
0 0 k4
[ Z1+2
7 00
Moo= A
| 0 0 *__




A Boundary conditions in Riemann-Silberstein notation

/= =
Fro(e121 7 £ k1(Z1 + Zo) + 1) + e1peZy £ k1(e9 2175 + o) + api1 Zo
QZQ <€1[1,1 — I{12) ’

*p_ /=
ko(Fe121Zy + ki(Zy + Zo) £ pn) — €102y £ K1(e2 212 — 12) + €241 22
275 (e1p11 — K1?)
RoZo(Fny — K1) — po(£R1 + 1) + k1721 /(K2 £ ng) + 1 (EK2 + ng)
B 275 (€1M1 - /112) ’

where n; = /e;1;, © = 1,2 and the material parameters are all relative quantities. Using
the refractive indices for light of different helicity n; + = n; &£ ; yields

nling($/€2 — TLQ) + ng,iZl (:l:/‘il) + nq

*p—fmt =

2227117_’_711,_
_ niano (21 — Zs) (A1)
QZQTLL_;,_TLL_ )
_ No + AR
ni QZQ '
And with similar transformations
N9 4 Zl + ZQ
fo4 ) = —= . A2
++/ . 97 (A.2)
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B Transparency to one helicity for dual

inclusions

For a dual helix the relation between the polarizabilities (3.33]) becomes:

Omm :1/5aaee y

(B.1)
Qe = F iZaaee .
The dipole moments induced in the helix are
1 +iZ E
Pl o e | ea . (B.2)
m FiZaflta 1/ea | |H
This equation can be written in the basis of helicity eigenmodes by substituting
E 1 1 G
= | , + (B.3)
H —i/Za i/Za| |G_
in (B.2)) and the dipole moments are also transformed [12, Sec. 2.7.3]:
(o im/c) (B.4)
= — im/c,) . .
q+ \/5 p

In matrix notation this is

q+| _ 1 |1 ifea || P
BRI
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B Transparency to one helicity for dual inclusions

The moments g4 are a superposition of magnetic and electric dipole moments, which only
produce light of either one helicity. The equations are transformed in the basis of helicity

eigenstates and the dipole moments are written in the basis of g4:

11 e | [p] 11 e ae| 1 iz ] 1 1] |Gy
V2 1 —ifea| |m| V2|1 —ifea| V2 |FiZa/pta 1/ea | |—i/Z. i/Z,| |G—
- qr] e [1 ifca ] 141 1+1 | |Gy

q_| 2 |1 —ifc.| |—ica1£1) ic,AF1)| |G_
o o] [rer 0 ]l6s
q— 0 (1F1| |G-

The plus and minus signs stand for the handedness of the helices. For one specific

] =[5 4 &

holds, which implies transparency for light of A = —1.

handedness
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C Scattering by a chiral core-shell particle

The results shown in Fig. correspond to a core with r = 0.2\, ¢; = 1.7%¢, and
k1 = Kgn = 0.5. Em chirality is very high for very small shell thickness rg, —r < 0.1, for
some parameter regimes of higher refractive index shell media and in the case of small
diamagnetic shells. In the case of €5, < €,, the core-shell particle shows higher em chirality
than the single spheres of core or shell medium, cf. Fig. [C.1Ib] For paramagnetic media
gsh < €, — both for ey, smaller than the permittivity of the core (Fig and bigger
than the permittivity of the core (Fig. — there is a geometry of a single sphere
consisting out of the shell medium, which posses higher em chirality than the core-shell
out of this medium.
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C Scattering by a chiral core-shell particle
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Figure C.1: (a) Em chirality of a core shell as a function of the permittivity and radius of
the shell and a core with r; = 0.2}, &1 = 1.7%¢ and k; = kg, = 0.5. (b)-(d)
Em chirality for different permittivities of the shell as a function of the radius
compared to single sphere out of the corresponding (to shell/core) media
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