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A FINITE ELEMENT EXPONENTIAL INTEGRATOR FOR ROUGH
SOLUTIONS OF SEMILINEAR WAVE EQUATIONS. PART I: DIRICHLET
BOUNDARY CONDITIONS

JIACHUAN CAO, BENJAMIN DORICH, MARLIS HOCHBRUCK, AND BUYANG LI

ABsTrAaCT. We study a fully discrete scheme for semilinear wave equations on general
bounded polygonal /polyhedral domains, combining an exponential Euler time integrator
with a finite element spatial discretization, with initial data (u®,v?) € HY(Q)x HY~1(Q)
for 0 < v < 1. In contrast to existing low-regularity error analyses, which are mostly
based on Fourier spectral discretizations, our approach applies to general bounded do-
mains and finite element spatial discretizations. We prove rigorous error estimates for
low-regularity solutions. The analysis is based on a frequency decomposition of the
underlying elliptic operator, used solely as an analytical regularization device and not
in the actual implementation, which allows low-regularity techniques to be extended
beyond the Fourier spectral framework. The results also indicate that higher-order fi-
nite element methods remain advantageous in spatial approximation even for solutions
of limited Sobolev regularity. Numerical experiments on different domains and with
different polynomial degrees confirm the predicted convergence behavior.

1. Introduction

Semilinear wave equations of the form
Opu — Au = f(u), in Q x (0,77,
u =0, on 90 x (0,71, (1.1)
uli—o = u?,  Bpuli—o =0, inQ,

arise in a broad range of applications involving nonlinear wave propagation, including continuum
mechanics, nonlinear optics, and materials science. Their accurate numerical approximation is
therefore of considerable practical and theoretical interest.

For sufficiently smooth solutions, a wide variety of time discretization methods are available
for semilinear wave equations, including trigonometric and exponential integrators, splitting
methods, symplectic schemes, and classical finite difference or Runge-Kutta type methods;
see, for example, [, 13, 22 23], 38]. Under appropriate regularity assumptions, these methods
often achieve their expected convergence orders and exhibit good long-time behavior. However,
in many situations of practical and mathematical interest, the solution possesses only limited
Sobolev regularity. This may be caused by rough initial data, nonsmooth geometries, singular
forcing, or boundary effects. In such regimes, standard error analyses are no longer applicable,
and classical high-order schemes may suffer substantial order reduction or require assumptions
incompatible with the actual solution regularity. Related regularity-dependent convergence
results for time discretizations of nonsmooth problems have also been obtained in more abstract
settings; see, for example, [8, O, 31 39].

In recent years, substantial progress has been made in low-regularity integrators for determin-
istic dispersive equations. Important advances have been reported for the Korteweg—de Vries
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(KdV) equation [25]29] and the nonlinear Schrédinger equation [19,[32) 33], and other important
dispersive equations [26] [34] 37]. For semilinear wave equations, second-order convergence in the
H' x L? norm has been proved under additional regularity assumptions [34]. Exponential-type
low-regularity integrators based on integration-by-parts formulations have also shown efficient
time stepping for finite-energy solutions [I1]. Later, Cao, Li, Lin, and Yao [12] developed high-
frequency-recovered exponential integrators based on a frequency-decomposition technique, and
established convergence rates of 2y and 1.5 in one and two spatial dimensions, respectively, for
initial data (u®,v%) € HY x HY~! with 0 < v < 1. More recently, Ruff and Schnaubelt [35, [36]
established convergence results for Lie- and Strang-splitting methods for semilinear wave equa-
tions with finite-energy solutions in three spatial dimensions. However, these analyses rely
strongly on Fourier techniques, spectral discretizations, or periodic boundary conditions.

This reliance substantially limits the range of geometries and boundary conditions that can
be treated. In particular, Fourier-based approaches are not directly suited to general bounded
domains, variable coefficients, or nontrivial boundary conditions. From the perspective of prac-
tical computation, finite element methods are the natural framework in such situations. They
offer geometric flexibility, compatibility with variational formulations, and a well-developed ap-
proximation theory on nonsmooth domains. Despite these advantages, a rigorous low-regularity
error analysis for fully discrete finite element approximations of semilinear wave equations re-
mains largely open.

In this paper, we study the semilinear wave equation on a bounded polygonal /polyhedral
domain Q C RY, d = 2,3, with low-regularity initial data

(W, ") e H(Q) x HYQ), 0<y<L (1.2)

We develop and analyze a fully discrete finite element method with an exponential Euler time
discretization for this low-regularity regime. Our objective is to transfer low-regularity tech-
niques, previously developed mainly in Fourier-based settings, to a finite element framework on
more general domains.

To overcome the challenges posed by the low regularity of the solution, we combine an
exponential-type time discretization with a frequency-localized analytical framework adapted
to finite element spaces. A central ingredient is a frequency projection operator that decomposes
the exact solution into low- and high-frequency parts. This device plays the role of an analytical
smoothing mechanism, analogous in spirit to ideas used in Fourier-based low-regularity analysis,
but it is employed here only as a tool in the proof. The numerical method itself remains a
standard finite element discretization coupled with exponential time stepping and does not
require the computation of eigenfunctions or the implementation of spectral truncations.

The main contributions of this paper can be summarized as follows.

e We develop a new analytical framework for deriving error estimates in the weak norm
L2(Q)x H~1(Q) for the fully discrete exponential Euler finite element scheme on bounded
polygonal /polyhedral domains with initial data satisfying . In abstract form, the
scheme reads

Upth = e™ U + 701 (7Ly) P F (UR).

A key step is a comparison estimate between e'“II, and e!f»P,II,, which links the
frequency-localized auxiliary problem to the finite element discretization. Together with
low-regularity consistency and stability estimates, this comparison yields a fully dis-
crete convergence result under the low-regularity assumption . To the best of our
knowledge, this provides the first fully discrete finite element convergence analysis for
semilinear wave equations at this level of regularity.

e The resulting weak-norm estimate exhibits a degree-dependent spatial convergence rate.
More precisely, for finite element spaces of polynomial degree k, the fully discrete error
satisfies

a0 | ke
sup ||U(tn) — Uyl L2 x 1) S Th%* +hittr
0<n<T/T



where

{k 11, k=1,

by, =

k+2, k>2.

L

In particular, the spatial contribution is of order hﬁw. Thus the convergence expo-
nent improves from 2v/3 for linear elements to 4v/5 and 5v/6 for quadratic and cubic
elements, respectively. This improvement is obtained under the same low-regularity as-
sumption , without requiring any additional Sobolev regularity as the polynomial
degree is increased. Thus polynomial enrichment improves the asymptotic spatial con-
vergence rate itself, rather than merely the error constant, even for rough solutions of
semilinear wave equations.

e Numerical experiments on different domains and for polynomial degrees kK = 1,2,3
confirm the predicted degree-dependent rates. They also show a clear improvement in
the error versus degrees-of-freedom comparison for higher-order finite elements in the
low-regularity regime.

The remainder of this paper is organized as follows. In Section[2] we introduce the frequency-

localized analytical framework for the abstract formulation of the semilinear wave equation and
present the time semidiscrete problem, which serves as a bridge for the analysis of the fully
discrete scheme. At the end of this section, we state the main convergence results. Section
collects several auxiliary results that support the proofs of the main theorems, including error
estimates between the continuous and discrete solution operator semigroups. In Section [4, we
combine these ingredients to establish the main theoretical results. Finally, Section [5| reports a
series of numerical experiments for semilinear wave equations on different domains and under
various regularity assumptions. These experiments verify the accuracy of the proposed method
and confirm the theoretical findings.
Notations. For the sake of notational simplicity, we write A < B (or equivalently B 2 A) to
denote that A < CB for some constant C' > 0. The constant C' may vary from line to line, but
it is always independent of the time step 7, the mesh size h, the frequency cut-off constant r
and the bounds of the numerical solution. Similarly, we use A ~ B to denote the equivalence
C~!'B < A < CB for some constant C' > 0. In other words, A ~ B is equivalent to A < B < A.
We also use the notation C(-) to denote a positive constant whose value may change from line
to line but depends only on the quantities specified in the parentheses.

2. Mathematical setting and the main result

In this section, we introduce the abstract functional framework used for the analysis and
numerical approximation of semilinear wave equations on polygonal /polyhedral domains. To
handle solutions with low regularity or strong singularities, we combine an exponential Euler
integrator in time with a finite element discretization in space. Within this framework, we state
the main convergence result under minimal regularity assumptions on the exact solution and
introduce a frequency-localized auxiliary scheme that serves as a key analytical bridge in the
error analysis.

2.1. Abstract formulation and functional framework
We begin with the weak formulation of a general semilinear wave equation, expressed as
<utt)U>H —f-CL(’U,,’U) = <f(u),U>H, (21)

where (-, -) g denotes a bilinear form defined on a Hilbert space H, and a(-, -) is another bilinear
operator on a Hilbert space V', with V' densely embedded in H.

Remark 2.1. Throughout this work, we restrict our attention to problems with homogeneous
Dirichlet boundary conditions. Within this setting, we have H = L?(f)), endowed with the
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standard inner product
(u,v) g :/uvdac.
Q

Moreover, V = H{ (), the associated bilinear form is given by

a(u,v) = / Vu - Voudz.
Q

Using the Riesz representation theorem for linear operators on Hilbert spaces, we reformulate
the semilinear wave equation into an operator form involving an unbounded operator A:

A:D(A)— H, (Av,w)g =a(v,w) forallve D(A), weV,
with

D(A)={v eV |3C =C(v) > 0such that Vw € V : |a(v,w)| < C|lw| g} .

The original semilinear wave equation is then reduced to the abstract form:
ugy + Au = f(u).

We pose the following assumption on the operator A:

Assumption 2.2.

(a) The operator A is self-adjoint and strictly positive, satisfying the coercivity condition
(Av,v)g > Ca(v,v) g, where Cx > 0 for all v € D(A).
(b) A has a dense domain D(A) in H and a purely point spectrum.

We denote by {Aq, Wa taer the eigenpairs of the operator A = VA, where I is a countable in-
dex set. The associated orthonormal eigenvectors e, = wy/||wq || g form a complete orthonormal
basis of H.

We introduce a continuous scale of Hilbert spaces

YE=D(AYH, >0, (2.2)
with Y = H = L?(Q2). From the definition of A, it is straightforward to verify that Y1 = HZ(Q).
For negative indices ¢, the spaces are defined by duality, V¢ = (y—ﬂ)*. For ¢ > 0, the inner
product on Y is given by

<U1,’U,2>g = <’LL1,U2>H + <AKU1,AKUQ>H. (23)
Accordingly, each u € Y* < H admits the expansion
u=> Tata, (2.4)
ael

and its norm in )* satisfies

[ullye = v {u,w)e ~ (Z(lJrAie)\@a!z) : (2.5)

ael
By standard interpolation and duality arguments, one obtains
HYQ), 0<t<i,
V=P Q), (=1, (2.6)
H{Q), i<e<a,
with equivalence of norms. Consequently,
Vs HYQ) and HY(Q) =Y 0<i<1 (2.7)



2.2. Fully discrete scheme and main results

To derive a numerical approximation for the second-order semilinear wave equation, we first
reformulate it as a first-order system:

QU — LU = F(U) for t € (0, T,
U|t:0 - U07

U= (jj) . U= (gﬁ) . F(U) = <f(0u)> . L= <_0A (1)) . (2.9)

For each U = (u,v) ", we define

(2.8)

where

1
1UNle := U llypexye-r = (lull3e + 1ol 3e-1) 2 -
As A is self-adjoint, the associated operator L is skew-adjoint, ensuring that all eigenvalues of

L are purely imaginary. Consequently, the semigroup e*” forms a C%-semigroup on H, satisfying
the key stability property

||€tLHL(y£xy€—1) S L (2.10)

For the spatial discretization, let (X ,’f)h be a family of conforming Lagrange finite element
spaces of degree k > 1, defined on a family of simplicial meshes (73)p, where h > 0 denotes the
mesh size. We assume that the finite element spaces X ,]f satisfy the following approximation
property for functions in Y*.

Assumption 2.3. Let T, be a simplicial partition of the domain 2, and let X}’f (k> 1) be
a family of finite-dimensional subspaces satisfying dim(X;f) = O(h™%). Assume that for any
0</¢<k and any w € Y1, the following approzimation properties hold:

inf |lw— whl 2 < CR T wllyes, (2.11)
whEX,]f

inf [w—wy g < CRw|yes, (2.12)
'LU]—LGX;f

where C' is a constant independent of h, but possibly dependent on the domain €.

Remark 2.4. Typical situations in which Assumption [2.3]is satisfied are as follows.

o If Q = [0,1]¢ with d = 2,3, then by the definition of the space Y’ in , we have
Yt HYQ) for all £ > 0. Therefore, Assumption holds for all £ > 1 on quasi-
uniform, shape-regular simplicial partitions, by the standard approximation theory for
finite element spaces.

e If O C R? is a polygonal domain, then the eigenfunctions of A = v/A generally exhibit
corner singularities and are not smooth near the vertices. A detailed singularity analysis,
based on Kondrat’ev theory, yields

Ve o Hl(Q), g =1+ % -
for arbitrarily small € > 0, where 6 = max;—1,.,,0; is the largest interior angle of €2;
see [7, Theorem 9.8 and Remark 9.12]. Consequently, Assumption holds for quasi-
uniform, shape-regular simplicial partitions 7, provided that the polynomial degree
satisfies 1 < k < g — 1.

e More generally, if 2 is a polygonal domain, then Kondrat’ev theory shows that the
eigenfunctions of A = v/A belong to appropriate weighted Sobolev (Kondrat’ev) spaces
that capture the corner singularities [15, 27]. In this setting, one can construct suit-
ably graded simplicial meshes 7;, such that Assumption [2.3] continues to hold; see, for
example, [1, 28] 30] for graded-mesh constructions for functions in Kondrat’ev spaces.

g, (2.13)

We define the projection operator P, : H — X ],f by
(Phu,vh)H = (u,vh>H for all vy, € X]’.f (2.14)



Furthermore, let Ay : X ,’f — X }]j denote the finite element discretization of A, and define the
Ritz projection Ry, : V — X,’f through

a(up,v) = (Apup,vn)g  and  a(Rpu,vy) = a(u,vy), (2.15a)
It follows that for all u € D(A),
(Ah (Rhu), Uh>H = (Au, vh)H. (2.15b)

For a time step size 7 > 0, let ¢t,, = n7. By the variation-of-constants formula applied to (2.8),
the exact solution satisfies

Ultnir) = €U (t,) + /0 ’ eTOILE(U(t, + ) do. (2.16)

Applying the spatial discretization operators P, and Ay, we obtain the spatially semidiscrete
system

Up(tns1) = e™En UL (t) + / TP F (U (t,, + 0)) do, (2.17)
0

where, for notational simplicity, we use the same symbol Py, for its diagonal extension diag(Pp, Pr),
acting componentwise on vector-valued functions. The initial data are given by Up,(0) = P,rU(0),
and the discrete operator Ly is defined by

Ly = (?4h é) . (2.18)

To construct a fully discrete scheme, we next discretize the integral term on the right-hand
side of ([2.17)). Approximating the nonlinear term by

PuF (Un(tn + 0)) = PoF (U(tn))

we arrive at the fully discrete exponential Euler scheme:

UM = ¢TI UR 4+ 7o) (L)) PRF(UY),  with @y (2) = ezz— L (2.19)
where U = P,U(0).
Throughout this article, we impose the following assumptions:
Assumption 2.5.
(a) The projection operator Py, is stable in Y for £ = —1,0,1, i.e.,
[Puallye < Crllullye, (2.20)

for some constant Cp > 0.
(b) The linear operator Lyj, generates a Cy-semigroup, and the following bound holds for
£=0,1:
€U | e et < eCEHU || yesye-t, (2.21)

for some constant C, > 0 and for all U € YEx yi-t,
(¢) For d = 2,3 and v € (0,1], the nonlinear function f is differentiable and satisfies the
following growth conditions

@) < O+ ), /@] < Cr(1+ [u))& (2.29)
with
00, ford=2, v=1,
&y 5 (2.23)
1+m, ford=2 0<~y<1, or d=3, 0<y<1.

Assumption (a), in particular the boundedness in V' = H}(Q), is not restrictive, as it
holds for quasi-uniform triangulations and certain adaptively refined meshes; see [4, [16]. By
a standard duality argument, this immediately yields the corresponding boundedness on Y.
Assumption (b) is standard for spatial discretizations for which Ay, is symmetric and positive



7

definite. The growth condition in Assumption (c) is imposed in order to derive the stability
estimates for the numerical scheme in the subsequent analysis.

Remark 2.6. By interpolation, Assumptions a) and (b) imply that Py, is uniformly bounded
on )? for all § € [—1,1], and that et*» is uniformly bounded on Y7 x Y7~ for all v € [0, 1].

Moreover, the nonlinear mapping F' is locally Lipschitz continuous on Y x YY1 for all
v € (0,1], under Assumptions [2.5(c). Indeed, for any U; = (u;,v;)T € Y7 x Y771 i = 1,2,
Lemma, in particular (3.10]), yields

[1E(U1) = F(U2)lly = [[f(u1) = flu2)llyr—2 S CUIUL, [U2)) UL = Uzlly.

Therefore, by the boundedness of e/’ and a standard fixed-point argument, problem (2.8)) is
locally well posed in C([0,T]; Y? x Y7~ 1) for some T > 0.

We summarize the main convergence result as follows:

Theorem 2.7 (Main result). Under Assumptions suppose that the exact solution of
[2.8) satisfies U € C([0,T); Y7 x Y771) for some v € (0,1]. Then there exist hg € (0,1) such

L _(q—
that, for all 0 < h < hg and T > 0 satisfying the step-size condition T < BT ) for an
arbitrarily small but fized pn > 0, the fully discrete scheme (2.19) satisfies

L 4
sup  |[U(tn) — UPflo < C(rhBt 7Y 4 pactay, (2.24)
0<n<T/T
where
kE+1, k=1
D : (2.25)
k+2, k>2

with k > 1 denoting the polynomial degree of the finite element space. The constant C > 0
depends only on T, supycpo ) |U ()|, and the constants in Assumptions but is inde-
pendent of h and T.

L
Moreover, choosing T = O(h%*1), which balances the two terms on the right-hand side of

(2.24) and is independent of v, yields the total error estimate

sup [|U(tn) = Upllo < C77, (2.26)
0<n<T/T

for solutions U € C([0,T); Y7 x Y771).

Remark 2.8. The first term on the right-hand side of represents the temporal dis-
cretization error, while the second term is the spatial discretization error. Owing to the limited
regularity of the exact solution, the exponential integrator does not attain first-order conver-
gence in time under the present assumptions. This loss is reflected in the additional factor

Lk
h[k“(v 2 appearing in the temporal error term. In the borderline case v = 1, this factor
reduces to 1, and the optimal first-order temporal convergence is recovered.

by 1—
The step-size condition 7 < h‘k“( LAl is imposed to guarantee the smallness requirement

in the bootstrap argument of Lemma in particular, to ensure that (4.31)) holds. Moreover,
under this condition, the error bound (2.24) implies

4
sup  ||U(tn) — Upllo < C(R* + hﬁfy) — 0 as h,7 — 0.
0<n<T/r

Lk
Finally, the choice 7 = O(h%*!) balances the temporal and spatial contributions in ([2.24)),
automatically satisfies the above step-size restriction, and yields the overall error estimate O(77).

Remark 2.9. We emphasize that the spatial convergence rates differ between the cases k = 1
and k > 2. This distinction is intrinsic to our weak-norm error analysis. More precisely, in the
Y~ ! norm the Ritz projection admits a higher-order estimate for k > 2; see in Lemma
and also [0}, Section 5.8]. By contrast, for K = 1 no analogous estimate is available in this form.
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Consequently, the cases k = 1 and k£ > 2 must be treated separately in the error analysis; see
Lemma 3.4

Owing to the refined weak-norm estimate established in Lemma the spatial convergence
rate appearing on the right-hand side of , although somewhat involved in form, appears

L
to be sharp. It is also worth noting that this rate is only of order hﬁv’ due to the limited
regularity of the exact solution, so that the optimal rate for k-th order finite elements cannot
in general be expected. Nevertheless, our estimate shows that higher-order methods still yield
a clear improvement in spatial convergence over lower-order ones, even in this low-regularity
regime. These observations are confirmed by the numerical experiments in Section

2.3. Frequency-localized auxiliary scheme

Since the classical error analysis of the fully discrete scheme requires higher regularity
of the exact solution, it is not directly applicable in our low-regularity setting. To overcome these
difficulties, we introduce a frequency-localized auxiliary scheme, which serves as an analytical
bridge in the error analysis.

For t,, = n7, the variation-of-constants formula gives

Ultni1) = eU(t,) + /T eTILE (LU (1)) ds + Ri(tn), (2.27)
0
where
Ri(ty) = / e(T=9)L (F(U(tn +5)) - F(eSLU(tn))) ds. (2.28)
0

The remainder term Rj(t,) can be controlled by combining the semigroup property of ' in
with the variation-of-constants formula; see Lemma below.

We next consider the approximation of the remaining integral term in . A standard
first-order approximation would replace F(e*‘U(t,,)) by F(U(t,)), as in the classical exponential
integrator. However,

°d

F(e*tU(ty)) — F(U(ty)) :/0 EF(e"LU(tn)) do, (2.29)

and the derivative on the right-hand side involves spatial derivatives of U(t,). This presents
a difficulty under the low-regularity assumption (u,v) € Y7 x Y71 with v € (0, 1], since the
term L F(e?LU(t,)) requires one additional order of spatial differentiability beyond what is
available.

Inspired by [12], we introduce a frequency decomposition operator II,., defined as the spectral
projection of functions onto the low-frequency subspace H, — H, which is spanned by the basis
functions

B ={ea € H|ael, |\ <7}.
The projection operator II, satisfies
IL,uw € H,, (ILyu, vy = (u,v)g, Yo e H,. (2.30)

In our subsequent error analysis, we make essential use of the improved regularity of the low-
frequency projected component to establish rigorous error bounds.
Thus we approximate the integral term on the right-hand side of (2.27) by

/ TP (LU (1)) = / TR (ML U (1) ) ds + Ro(tn)
0 0

=7¢1(TL)F (I U(tn)) + Ra(tn) + Rs(tn)
= 1p1(tL)ILF(IL.U(t,)) + Ra(tn) + Rs(tn) + Ra(ty), (2.31)
where @1 is given by (2.19)). The residual terms Ra(t,), R3(tn), and R4(t,) are defined by:

Ry(tn) = /0 " elr=oL (F(e*FU(tn)) — F(e* LU (t,))) ds, (2.32a)



T S d
Ry(ty) = / (3L / 4 P, U1, )dods, (2.32)
0 0 do
Ry(tn) =to1(rL) (F(ILU (tn)) — ILF(ILU(t))) - (2.32c)
The approximation (2.31)) together with (2.27)) implies
4
Ultns1) = €U (tn) + 701 (r D)L F(ILU (1)) + Y Ri(tn)- (2.33)
i=1
And thus we arrive at the auxiliary scheme
Ut = P U™ + 7o (1 DILF(ILU™), n > 0. (2.34)

Remark 2.10. The scheme differs from the classical exponential integrator in that the
frequency projection I, is applied both to the numerical solution and to the nonlinearity. This
provides the additional regularity needed for the consistency analysis under low-regularity initial
data. We emphasize, however, that is introduced only as an analytical tool: in general,
the spectral projector I, is not computationally practical on general domains, and our fully
discrete method is therefore not obtained by directly discretizing .

3. Preliminary results

In this section, we present the key lemmas that will be used to prove the convergence result.
These include the Bernstein estimates for the operator II, defined in and the projection
error estimates for the operator P, defined in . Finally, we compare the semigroup et”
of the continuous problem with the semigroup e'** obtained after finite element spatial dis-
cretization. This comparison plays a crucial role in establishing the error estimates for the fully
discrete scheme of the exponential integrator based on finite element discretization.

Lemma 3.1 (Bernstein-type inequality). Let u € V¢ for £ € R, then there holds
ITwl|yperm S r™|lullye  and  ||Hspullype—m S 7" |lul|ye, (3.1)
for allm > 0.

Proof. The result follows directly from the definition of the norms in Y and the spectral local-
ization properties of 1L, and II-,. O

Next, we use a duality argument to derive an estimate for the L?-projection in J) 1.

Lemma 3.2 (Projection error estimate). Let Py, be the projection operator defined in ([2.14]).
Then, for every £ € [0,1],

(G = Pr)ullyo S A flullye, ued, (32)

1(id = Pp)vfly-1 S hYv]lyper, ve YL (3.3)

Proof. We first prove (3.2)). Since Y° = L?(Q) and Y = H}(Q), it follows from the standard
approximation property of the L2-projection and Assumption that

1(Gd = Pr)ullyo = [[(id = Pr)ull2() S bllullgy @) = hlluly
for all u € Y'. On the other hand, Py, is bounded on Y° = L?((2), and hence ||(id — Pp)ul[yo <
|ullyo for all u € YO. Interpolating between the above two estimates, we obtain (3.2) for all
ue Y elo1].
Next we prove (3.3). By duality, for all v € )V,
|(id = Pp)v|ly-1 = sup ((id — Pp)v,w)g = sup (v,(id — Py)w)n
llwlly1=1 wlly1 =1

< vllyo sup |[(id = Pr)wllyo < hllvllyo,
folly2=1
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where we used (3.2]) with £ = 1 in the last step. Moreover, by Assumption (a), Pp, is bounded
on Y7, and hence [|(id — Pp)v||y-1 < [[v]|y-1 for all v € Y71, Interpolating between these two
estimates, we obtain ([3.3)) for all v € Y1, £ € [0,1]. O

Furthermore, under Assumption by combining the duality argument with the Aubin—
Nitsche technique, we obtain the following high-order approximation estimates for the projection
operators Py, and Ry,.

Lemma 3.3 (Error estimates of projection operators P, and Ry). Under Assumption let
Pr and Ry, be the projection operators onto the finite element space X}]f, defined by (2.14) and
@.15). Then for any u € Y*+1, the following estimates hold for k > 1:
lu = Prullyo + [lu = Ryullyo S A uflyrsr, (3.4)

and

= Pradly-r S B4 full i (3.5)
Moreover, if k > 2, there holds

lu = Ruully-1 S h¥ 2 uflyrsr. (3.6)
Proof. Since Y° = L2?(), the estimate (3.4) follows directly from the approximation property in
Assumption the best approximation property of P in L?(£2), and the best approximation

property of Ry, in H}(€2) together with the standard Aubin—Nitsche argument.
The estimate (3.5)) is easily verified by duality and by using the error estimate (3.4):

|lu —Prully-1 = sup (u—Ppu,w)yg = sup (u—Pru,w—Prw)g
l[wllyr1=1 [[wlly1=1

< sup lu— Prullyollw — Prwllyo S W2 ullpeer.

wllyr=1

For (3.6)), let ¢ = A~'w. Then
|lu — Rpully-1 = sup (u—Rpu,w)g = sup (u— Rypu, Ad)n

[wlly1=1 wlly1=1
= sup a(u — Rupu, d)) = sup a(u — Rpu, d — th)), (3.7)
le‘ylzl ||wHy1:1

where we have used the orthogonality
a(u — Ryu, Rhgi)) = 0.
By using the elliptic estimate ||¢|ys < ||w||y1, and the best approximation property of Ry for
u € Y**1 and ¢ € Y3 in the V' norm, together with Assumption we have
a(u—Ryu, ¢ — Rpd) < [l = Ruullyr|¢ — Rigllyr S BF(lullyreih?[[@llys S HF2(full e [[w][y1.

By combining this with (3.7]) we conclude (3.6)). O

We are now in a position to estimate the difference between the two semigroups.

Lemma 3.4. Let V(0) € Y7 x Y71 and let the operators L and Ly, be as defined in (2.9)
and (2.18), respectively. Then, if r < h™', under Assumptions and the following

estimate holds:
h2r3=7 for k=1
tL tL ! !
I — e hPLII < .
[T,V (0) — e “r PR ILV (0) |, S { W21 L for k> 2, (3.8)
where k is the polynomial degree of the finite element basis functions of X,’f.

Proof (sketch). This result is equivalent to estimating the error of the finite element semidis-
cretization for the linear wave equation with initial data IT,V/(0) in the weak norm )° x YL
Owing to the presence of the frequency localization operator I, the initial data are effectively
regularized. In particular, by the Bernstein-type inequality in Lemma [3.1] arbitrary powers
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of the differential operator A acting on the low-frequency part remain bounded, with bounds
depending only on suitable positive powers of r.

This observation allows us to combine the regularizing property of IL,. with the approximation
estimates in Lemma We note, however, that the proof differs essentially between the cases
k> 2and k = 1. For k > 2, it relies on the sharp Y~ !-error estimate for the Ritz projection.
For k = 1, since such an estimate is unavailable, we instead use the sharp )} -error estimate for
the Ritz projection and a different energy-based argument.

The detailed proof is deferred to Appendix [A] O

We next collect several estimates for the nonlinear term in (1.1):

Lemma 3.5. Suppose that the nonlinear function f satisfies the growth conditions (2.22)).
Then, the following estimates hold:

I (u ||yw<0(\|u||yw) (3.9)
1£0) = F @y < C(llullym, [olly) e = vy, (3.10)
1£@)lly-r < C(llullyn) (1 + lully0), (3.11)

1£ () = F@)lly-1 < € (lullyms lelly ) llu = vllyo, (3.12)
1/ (@lly-1 < C(lullys) lollyo, (3.13)

17 () = @)y < Cllullyns [ollym ) e = vlSo, (3.14)

where C(||ully~) and C(|Jully~,||v]ly~) denote constants that depend on ||uly+ and both ||ul|y~
and ||v||y~, respectively. Specifically, o € (0,1] can be chosen as

%, for d=2, ~=1,
mm{l dﬁ(% 57)}, ford=2,0<~y<1, ord=3, 0<~<1. (8:15)

Proof (sketch). We note that, for 0 < ¢ < 1, the embeddings Y* < H*(Q) and H*(Q) — Y~*
hold. Moreover, since 0 < v < 1, the estimates follow from the growth assumption , the
mean-value theorem, Holder’s inequality, and Sobolev embeddings. As the argument is standard
but somewhat technical, we defer the proof to Appendix O

4. Proof of the convergence result

In this section, we prove the main convergence theorem. We begin by estimating the local er-
ror of the frequency-localized auxiliary scheme . Using the semigroup difference estimates
from Lemma and the nonlinear estimates from Lemma we then derive error bounds
for the fully discrete scheme in the Y x Y~ norm. We also establish uniform bounds
for the numerical solution in MY x Y¥~!, which allow us to control the nonlinear contributions.
Combining these ingredients, we close the induction argument and obtain the desired error
estimate.

4.1. Consistency error estimate for the auxiliary scheme

Recalling the definitions of the remainder terms in (2.28)) and (2.32)), we establish the following
result under the stated assumptions.

Lemma 4.1. Under the conditions of Theorem[2.7, the following estimates hold:
IR () o S 72 | Rat)llo + |Ra(ta)llo S 777, and  ||Rs(tn)llo S 7277 (4.1)
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Proof. Using the Taylor expansion, we have
F(U(tn +8)) — F(e*LU(t,)) = F'(0U (t, + 5) + (1 — 0)e*LU (1)) (Ut + 5) — LU ()

— FOU(ty + 5) + (1 — )P U (1)) / ILE (Ut + 0))do, (4.2)
0
where 0 € [0,1]. Therefore,

1R (ta)llo < 7% sup

0,s,0

F'(0U (ty + 5) + (1 — 0)e*LU (£,)) LR (U (1, + U)HO .

Let us denote Uy = (Ug1,Upa) " = 0U (¢, + 5) + (1 — 0)e*FU(t,), and

0 0
F'(Uy) = .
( 0) (f’(U9,1) 0>
Using the nonlinear estimate ((3.13]), we find
HF (OU (tn + 5) + (1 — O)e*LU (t) ) e =L (U (1, + U)HO

= Hf,(UG,l) <€(S_U)LF(U(tn + U)> yo

where (e(S_G)LF(U(tn +0))), denotes the first component, of the vector eCILEU(t, + 0)).
From the semigroup property ([2.10) and the estimate (3.11]), we further obtain

|(c- B Pt + a))lHyO S 1 ltn + )ys < C(Nult + )iy ) - (14 [t + 0)llyo).
Moreover, from the definition of Uy we have

1Us,1lly < Uslly S NUEn + $)lly + U (En)l5-
Combining the above estimates yields
IR (t)llo S 7€ (IUllogomaman—n ) S 7% (4.3)
provided U € C([0,T]; Y7 x Y77 1).
For Ry and Ry, using the semigroup property (2.10) we note that
|F(e* U (tn)) = F (e ILU () ||y = 1 f (@(tn + 5)) — FLaltn + ) lly-1 4
where (@(t, + 8), 0(t, +5)) T = e (u(ty), v(ta)) .
The boundedness of e(™=*)% and ¢;(7L), together with Bernstein-type inequalities and the

nonlinear estimates (3.12) and (3.11]), gives
[R2(tn)llo + [ Ra(tn)llo
S Tsup||f(altn +5)) — f(Ia(ty + s)lly-1 + 7sup || f(La(tn + ) — I f (It + 5))[ly-2

S CIUsally) - | (5= EF (Ut + o))

s |

S 7sup C([[atn + )y, Tt + )7 ) - (s + ) = Wit + ) yo
S
71 sup | f(Titn + ) yo
S
S 717 sup C ([t + )|y, Tt + )13 ).
S

For R3, we compute
d . B 0 0 0 1 Hrﬂ(tn + U)
$F(e LHTU(tn)) = <f/ (Hra(tn + O’)) 0> (—A O) <H7~’L~)(tn + O'))

- <f’ (I a(tn + o)) - Tty + g)) ’
where, as before, (i(t, + o), 0(t, + )" = e E(u(ty),v(t,)) .

(4.4)
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Applying (4.4), together with estimate (3.13]) and Bernstein’s inequality, we obtain

d
— F(e 1L, U (4,
do (e ul

< C(Ii(tn + 0)lly» ) I o(t)llyo S C (It + o)y ) - 777U () -
Substituting this estimate into (2.32b|) completes the proof of the bound for Rs3 in (4.1)).

) ‘O S (Wra(t, + o)) - ot + )|y,

O
4.2. Error estimate for the fully discrete scheme
Next, we employ the expansions of the exact and the numerical solution, and denote L =
2?21 R;(t,). By iteratively applying the consistency error formula , we conclude that
Utpir) = e+ LU(0 27_6 tnp1— tﬁl)Lcm(TL)H F(ILU(t Z (tnt1—=tj+1)L pj (4.5)
Jj=0 7=0
Similarly, for the fully discrete scheme (2.19)), we have
n
Uptt = et 0 43 " reltnnt Tt (£ Ly )P, F(UY). (4.6)
j=0
Subtracting (4.6)) from (4.5), we obtain
Utpsr) — UM = elnt1 Ly (0) — et Enp, U0
n
+ D7 (el oy (PLILF(ILU (L)) — ety (L) P F (U]))
n
+ Z e(tn+1_tj+1)L£j' (47)

j=0
In the next lemma, we estimate the three terms on the right-hand side of (4.7)).

Lemma 4.2. Under the conditions of Theorem and further assume that 1 < r < h™1,
there exist constants C,Cy > 0, such that

U (tns1) = U] g SCo(r™7 + Bispt +Zr C(HUJH )HU ~Uillo

n
1— - Ll +1— j —
+ 3 Cor - (1177 077 4 bl v>+zc(;|UgH7)T.T v, (4.8)
j=0 j=0
where Ly, is defined in (2.25). The constant Cy is independent of T, h, r, and the bound on the

numerical solution, whereas C' depends only on that bound.

Proof. We begin by estimating the last term on the right-hand side of (4.7)). By the semigroup
property ([2.10) and the semidiscrete consistency estimate in Lemma we obtain

He(tnﬂ—tjﬂ)lzﬁjHo <P T < r (7‘_7 + 7'7‘1_7) . (4.9)
For the first term on the right-hand side of (4.7)), we decompose
etn+1LU(0) — elnt1Lln U,?
= (e+1LU(0) — e+ ML U (0)) + (e 1L U (0) — et P, I1L.U(0))

(I (1)
+ (etn+1LhPhHrU(O) _ et""'th’PhU(O)) . (410)

(I11)
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For term (I), by the definition of II, and (2.10)),
e+ U (0) — e F LU (0) |, < ll(id = ) U 0)lg < v 1T (0)]l5- (4.11)
For term (III), using assumption ({2 and the stability of P}, (Assumption (a)),
et £ Py ILU (0) — €t"“Lh7’hU(0)||o S PRILU(0) = PrU0) o
S 1Pr (Hru(0) = u(0)) [lyo + [[Pr (I0(0) = 0(0)) [y
S MLU0) = U)o S v U (0)l5- (4.12)
For term (II), by Lemma
[+ FILU(0) — e PR PLILU(0) ||y S (B + R 1) [U(0)),. (4.13)
Combining 7, and noting that » < h~!, gives
et U (0) — et B UR || S (777 + R U (0)]5 (4.14)
Similarly, for the nonlinear contribution in , we write
et =tie DL o) (P D)L F(ILU (1)) — eltntr—tis) Loy (71, )P, F(U7)

= (et (PL)ILF(ILU (1)) — ettt =50 gy (7 L) PyIL F(ILU (1)) )

(4)
* (e(tnﬂ_t”l)Lh@l(TLh)PhHrF(HrU(tj)) - e(t"“_tj“)Lh@l(TLh)PhF(HrU(tj)))

(i1)
i <e(tn+1—tj+1)Lh<p1(TLh)phF(HrU(tj)) _ e(tn+1—tj+1)th01(TLh)PhF(Ug)) . (4.15)

(i)
For term (ii), by assumption (2.21)), the Bernstein inequality (3.1]), and the stability of Py,
together with Lemma

|ttt B (2 L) PATTL F(ILU (1)) — ettt =0 B (2L )Py P (LU ()|

0
< [P LU @) - Pur@LUE)|
< | FnLU ) - FOLU@))|| = |0 (a(y) - fa)|
S Tl )y <7 ()l ). (4.16)
For term (iii),
|ty (r Ly PLP (LU (1)) — eltnss =) g (L) PR F(UF) |
s |[FPanu) - rap)|| = 1) - £y

S C (It llyss I ym ) ITLpu(ts) = o yo

< C(llult) Iy sl ) - (HH>Tu ) llyo -+ llu(ts) = whlyo )

< (It Iy I llys ) - (77 + 10 (25) = Ul ) (4.17)

For term (i), using the integral representation of ¢,
eltnt1=tin) L) (2 D)L F(ILU (t)) — et =t lng, (71, )Py IL, F(ILU (t5))
1 T
- / (e(t"H_tj_S)LHTF(HTU(tj)) _ e(tn+1—tj—S)Lh’]DhHTF(HTU(tj))) ds,
0

T
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and applying Lemma [3.4] with V(0) = F(IL,U(t;)), together with Lemma yields
\Mmrmﬂmvmmfmm@»fwwﬂwﬂhCﬂwﬁﬂFﬂU ),
S (W7 + B | PALU (L)
= (W7 + B | F(Tuty) o S 077+ RO O (fultyllys ), (48)

where, in the last inequality, we have used r < h~L.

Collecting (4.16))—(4.18]), we obtain

He(t"+1_tj+1)L<p1(TL)HTF(HTU(tj)) _ e(tn+1_t]'+l)Lh<pl (TLh)PhF(U;JZ') HO

< C (Il I ly= 10 25) = Uillo + € (llutt) sl 7 ) 7=
+ (17 + RSN (). (4.19)

Substituting (4.14)), (4.19), and the local consistency bound (4.9) into (4.7)), and using the
regularity U € C([0,T]; Y7 x Y7~ 1), we conclude that there exists a constant Cy > 0 such that

(4.8) holds. O

4.3. Estimate of the numerical solution in Y7 x Y71

At this point, a direct application of Gronwall’s inequality is not yet possible, since the
constant on the right-hand side of may depend on ||Uj]|,, so such an argument requires a
uniform bound for the numerical solution in )Y x Y7~1. Moreover, the estimate in J° x Y1
the (n+1)-th time step depends on the boundedness of the numerical solution at all previous time
steps, that is, on HU,?LHA, for j =0,...,n. We therefore estimate the error and the boundedness

of the numerical solution simultaneously by induction. To this end, we take the Y'Y x Y~ !-norm
on both sides of (2.19| -, which yields

||Un+1H'y<Hen+thU0H _|_Z H (tn+1—tj41)Lp, (TLh)PhF(U’Z)H—y

S HUSHWFZ(:)THF(UZ)HW, (4.20)

where we used the representation ¢i(rLp) = % fOT sl ds, together with the boundedness of
ettr and Py, from Assumption (a),(b) and Remark . For the second term on the right-
hand side of , we insert the term F(U(t;)). By applying the estimates and - in
Lemma [3.5 we have

[E@h, < 170t )lns + | £0utt) = 10|
< o (luttllys ) +C(Iutts)ly. |

with a > 0 given by (3.15).
Substituting this estimate into (4.20) and noting that U € C([0,T]; Y7 x Y7~ 1) we deduce

10+ < Go+ Ym0 (103 - [Jutts) = [,
j=0

Y-t

) e —

[0}

(4.21)

J
uy,

¥ o

(4.22)

where C denotes a constant independent of 7, h, r, and the numerical solution bound.

4.4. The proof of Theorem

In (4.8) and (£.22)), we have obtained estimates for | U (t,41) U™ ||o and || U} T||,. However,
these bounds rely on the corresponding boundedness assumptions at the previous time steps.
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To close the argument, we therefore employ a bootstrap procedure, for which we first state the
following technical lemma.

Lemma 4.3 (Discrete bootstrap lemma). Let (a™),>0 and (b"),>0 be nonnegative sequences
such that

a" <A+ T CW)(6 +d), (4.23)
=0

< B+ Y T CWM) (0 +d)”, (4.24)
j=0

<A W<B, (4.25)

forn >0, where A,B,6 >0, a >0, 7 >0, and C : [0,00) — [0,00) is nondecreasing. Given
T >0, set

C:= sup C(s).

0<s<B+1
If
C‘T(& +(A+CT 5)eT5)a <1, (4.26)
then for all integers n with 0 <n < T/,
"< B+1, a"<(A+CT8)e" . (4.27)

Proof. We use induction on n. The claim is immediate for n = 0. Assume that
V<B+1, o <(A+CT8HIC,  0<j<n
Then C(V/) < C for 0 < j < n, and hence

<B4 CY r(0+d))" < B+5T<5+(zélJréT(S)eTé)cy <B+1,
j=0

by (4.26)). Moreover,

n n
A" <A+CY T(6+d) <A+ CTo+CY Tal.
§=0 §=0
By the discrete Gronwall inequality,
@L< (A4 CT §)elmDTe,
This closes the induction and proves (4.27)). O

Going back to the estimate (4.8)), to balance the high-frequency cut-off error and the finite
element approximation error, we choose r~7 = hfrt%+1=7 which leads to

Lk ’k
_ ok Y A N R R
r=~h %t sothat 77 =hkpeETITY = hhtl]

Set
a" = [|U(tn) = Uplly, and b" = [Uy[,.
Then, the error estimate (4.8) together with the bound (4.22) implies that

¢ ¢ n . e ,
"t < Co(rhi O L s 13 o) - (hffﬁ” + af) : (4.28)
=0

< Co+ Y T CW) - (), (4.29)
j=0
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Moreover, by the projection error estimate in Lemma and the boundedness of P, from
Assumption and Remark we have

a’ = |U(0) — PLU(0)[|, < Coh” and ° = ||P,U(0)], < Co. (4.30)

Here and below, Cy denotes a generic constant independent of 7, h, r, and the a priori bound
for the numerical solution. Thus a™ and b" satisfy the inequalities (4.23[)—(4.25) with

A= Co(rhT 0D L p a5 gy 6= ha,

Ck
where the initial condition (4.25) is satisfied because hY < h%+1" for h € (0,1). Using the
1)

k(e
step-size condition from Theorem namely, AT
fixed p > 0, we obtain

< h* for an arbitrarily small but

£
A < Co(h* + R,

v > 0, there exists hg > 0 such that

€+1

CT

hf”” + (Colf + h‘k*”) + cThfk*”) Té] <1 (4.31)

Zik(l—'y)—&-u .- .
Hence, for 0 < h < hg and 7 < h%+! , the smallness condition (4.26]) holds. By applying
Lemma and substituting the definitions of A and ¢, we conclude that

2E (-1 | oA | Ay T8
sup ||U(tn) — Ui|lo < <Co(7' hék+t + h% ) + CTh%*! > e

0<n<T/T

= CoeTC OV (€ 4 OT)eTO R,
This completes the proof of Theorem

5. Numerical experiments

In this section, we present two numerical experiments on two different domains, using quasi-
uniform, shape-regular simplicial partitions. First, we consider the unit cube, for which As-
sumption is satisfied for all £ € N, see Remark Second, we consider an equilateral
triangle. In this case, § = % in (2.13), and hence

Yo o g Q) with  lo=4—¢,

for an arbitrarily small e > 0. Therefore, Assumption [2.3]is fully justified for kK = 1,2, while for
k = 3 it fails only by an arbitrarily small margin on quasi-uniform meshes.

We perform numerical experiments for polynomial degrees kK = 1,2,3. In the triangular-
domain case, the convergence rate for cubic elements is therefore expected to be reduced by an
arbitrarily small amount compared with the ideal rate. Nevertheless, since this loss is negligible
at the theoretical level, we still expect to observe essentially the predicted convergence rates in
all experiments.

5.1. Implementation

We first discuss the implementation of the algorithm in Python. We first generate the meshes
in Gmsh [20] and use ADIOS4DOLFINx [I7] for writing and reading of the meshes and functions.
We then use the DOLFINx environment [6] to assemble the mass and stiffness matrices Mj, and
A}, defined by

(M) j :/Q(PiSOj dzx, (Ap)i; Z/QV%‘V%' dzx, (5.1)

and store them as objects in the PETSc for Python library [3, [14], which allows for many options
in the solution of the upcoming linear systems. We denote by (u},v}y) the coefficient vectors
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FIGURE 5.1. Left: Initial datum defined in (5.3). Right: Numerical approxima-
tion obtained from the reference solution u at end time T' = 0.25. Both plots
are obtained from the simulation with k = 3.

of (uj,v') =~ (u(tn), v (t,)), and note that the exponential integrator in ([2.19)) is equivalent to
the exact solution (uy, u;l) at time t,+1 =t, + 7 of

Muuj (t) = —Apup(t) + £, t € [tn,tn + 7], uy(ty) = uy, u)(t,) = vy, (5.2)
where ] denotes the load vector computed from Py, f(up(t,)), and the new approximations are
defined as uZH = uy(tp41) and VZ'H = u),(tn+1). The solution of (5.2)) is computed using a

rational Krylov approximation as suggested in [21] and [24]. The code corresponding to the
experiments in this section is made publicly available at

https://github.com/BenjaminDoerich/ExpoFem-LowRegWave.

5.2. Indicator function of a square in the unit square

In this subsection, we follow Section 7.2 in [12] and consider the semilinear wave equation
defined on Q = [0, 1]?, time interval [0,0.25], and f(u) = 4sin(u) for the initial states v = 0
and

2
uo(a:) _ 0.5, T € [0.375,0.625] , (5.3)
0, else.

We provide a plot of the initial state u® in Figure Here, we have u? € H/2—¢ (Q) for any
€ > 0, and we are in the case of Theorem with v < % For the experiments, we choose the
scaling for ¢; defined in ([2.25))

1 £,+1

h ~ 7 Cscal™ ‘k (5.4)

with some factor Cy., to balance out the error contributions, cf. and Remark and to
remain in a regime of a moderate number of degrees of freedom This factor is the same for the
numerical approximations as well as the reference solution, computed with some smaller time
step size Tyof and finer mesh parameter A, see Table for the precise data. The error E(T)
is always computed in the L?(Q) x H~1(Q)-norm at the final time 7" = 0.25 and scaled by the
L?(Q) x H1(£2)-norm of the reference solution.

We perform two different experiments for this domain. First, we study the convergence under
the coupling , and we expect by Theorem convergence of order 7V/27¢ for any € > 0.
This is depicted in Figure in the upper left plot, where the dashed lines indicate order %
The upper right plot shows the relation between the number of degrees of freedom and the error
and intends to show the superior scaling for higher order polynomials, since fewer degrees of
freedom are needed for k£ = 2,3 to achieve the same error as linear elements at least for finer
resolutions.


https://github.com/BenjaminDoerich/ExpoFem-LowRegWave

H k Cscal Tref href dOfSref H
1 108 ~1-100% ~1-107% 986,035
2 72 ~1-1003 ~2-1073% 1,116,329
3 72 ~1-100% ~3-107% 1,526,890

TABLE 5.1. Choice of the parameters for the experiment corresponding to the
initial datum defined in (5.3]).

10°
o
N
=)
Il
=
& 1070.5

Case of H"*~¢(Q))-solution

T T T 1117

Lol

Lol

1072

1071
h

L S R AL R A B e R
10° | 7
10—0.5 L N
| Ll Ll Lol Lol
ot 102 10®  10*  10°
dofs
ULLLL L AL S S L) S SR L L A N A1
100 | i
1070.5 - -
T T Y Y 71
10t 102 10% 10 10°
dofs

—o—k=1-oL=2-9oFL=3

FIGURE 5.2. Error plots for the initial data (5.3). Top row: Equilibrated error
E(T = 0.25) via (5.4) for kK = 1,2,3. In the left plot, the dashed lines indicate

order 72. Bottom row: Convergence in h for fixed 7. The dashed lines indicate

the expected order of convergence h

’k
Tt

1
12 from Theorem
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Second, we compute solutions with a fixed 7y = 47t and decreasing values of h in order to

4
visualize the predicted order hﬁ% This is shown in the lower left part of Figure From
which is again indicated with the
dashed lines. As above also the scaling in the number of degrees of freedom shows a gain in the
use of higher order polynomials.

our theory, we expect convergence with the orders

12 5
305712
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FIGURE 5.3. Initial datum defined in (5.5) for the parameters o = 55, %, 1 (from
left to right) computed with the L?-projection and cubic elements.

5.3. Scaled half sphere in an equilateral triangle

For the second experiment, we focus on a domain given by an equilateral triangle with center
at the origin and corners lying on a circle of radius 1.2. We study the convergence on a scale of

regularity parameters o € (0, %) i.e., we consider the family of initial values, cf. Figure

H(r? — |z|?)e, for |x| <,
o(x):{ (% |?) a

5.5
0, else where, (5:5)

for the radius r = Z and an amplitude H = 8. Note that these initial values cover the range
ul € H'/?te=¢(Q), see Corollary - C.2| for a proof. As nonlinear term we use f(u) = u?®, and
thus by Theorem we expect convergence of order 1 5 +a—e¢. In the following, we present the

results for o € {1—10, 13

Remark 5.1. For o = 1, the initial data satisfy (u°,1°) € H'=5(Q) x H=¢(Q) for all & > 0. In
the two-dimensional case, the cubic nonlinearity f(u) = u? satisfies the growth condition ([2.22).
For sufficiently small initial data, one expects local solutions on a time interval [0, Tiyax], where
Thax > 0 depends on the size of the data, for instance on the amplitude parameter H, and may
become large when H is small.

Moreover, by finite speed of propagation, for points (x,t) such that B(x,t) C 2, the so-
lution agrees with the corresponding full-space solution and hence admits the standard two-
dimensional Duhamel representation formula; see, for example, [18§]:

_ 1 ua(y) + tvua(y) ) (y ) (3 y) s
uwt) = 27{%,@ NGETErE / 1, . ¢ P

(5.6)

11 on the time interval [0, 0.3].

Here fB(% " denotes the average integral over the ball B(z,t).

Using the expression of v in (5.5, one formally finds that the linear contribution at the
origin behaves like

tVu()

B V2 — [yl?

This indicates the formation of a logarithmic singularity in the linear part at ¢ = r. Accordingly,
one expects the full solution to lose boundedness in L near ¢ = r, since the nonlinear term
does not appear to provide a mechanism for cancelling the singular behaviour of the linear
contribution. At the same time, the interaction with the nonlinear term may further amplify
and complicate the singular profile. From a physical and analytical point of view, this reflects the
combined effect of wave superposition (or energy focusing) and nonlinearity. This illustrates
that a solution may remain in the low-regularity space H'!=¢(Q2) x H~¢(Q) while exhibiting
singular pointwise behavior, which further motivates the use of low-regularity spaces in both
the analysis and the numerical approximation.

Yay|~H|nlt—rl|, t—r
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FIGURE 5.4. Plot of the intial datum (5.5) for a = 3 (left) as well as the
numerical approximation at time ¢ = 0.25 computed on a coarse mesh with

quadratic elements.

This formal prediction is consistent with our numerical observations: in the right panel of
Figure [5.4] as t approaches r, the solution develops a very sharp, high-amplitude spike near
the focusing point. This numerically observed peak strongly suggests the onset of the singular
behavior described above.

We proceed as in the previous experiment and first consider the convergence under the
coupling (j5.4)) and reference solution with data from Table

H k Cscal Tref href dOfSref H
1 15 ~1-100% ~2-107% 623,286
2 10 ~1-1003 ~4-1073 907,878
3 10 ~1-1003 ~5-103% 1,304,920

TABLE 5.2. Choice of the parameters for the experiment corresponding to the
initial datum defined in ([5.5)).

We observe in the upper left plots of Figures and that under the coupling
33 11 1

condition (5.4)) the convergence order roughly behaves as 77 with v = ¢, 4,1, for a = 15, , 3,
respectively (indicated by the dashed lines), as predicted. In the lower left plots we studied

A
again the convergence in h and included dashed lines of order h%+1".
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A. Proofs of Lemma

To prove the estimate of the difference between two semigroups e’ and e!’» in the weak

norm Y° x Y71, we need first show the following equivalence norm result:

Lemma A.1 (Equivalence between the discrete and continuous Y~! norms). Under the As-
sumption (a), there exist constants ¢, C > 0, independent of h, such that

1/2

cllwnlly-1 < 145 Pwillyo < Cllwnlly- Vs € XE.

Proof. For wy, € X }’f, define

lwp|l-1,n == sup (wp,vp)H-
’UhEX];;
fon Iyt =1

Since X ,’f C HL(Q) = V!, Poincaré’s inequality implies that

<whyvh>H
lwpl|—1p ~ sup =
ozopext |[VUnllyo

Let zp, := Aglwh. Then, by the definition of Ay,
(wh, Uh)H = (Ahzh,vh>H = (Vzh, Vvh>H Vvh (S X}I;
Therefore,
<Vzh, Vvh)H
-y~ sup il
0AvpEXF | Uh”yo

where the last identity follows from the Cauchy—Schwarz inequality and the choice v, = zp if

Zh 7& 0.
On the other hand,

= [[Vznlyo,

—1/2 _
14, 2 wnl120 = (Ay Ywny wn) i = (zn, Anzn) i = [Vl 30.

Hence
—1/2
14, 2 wnllyo ~ wn]|-1n- (A1)
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Since XF C H}(Q2) = V!, we immediately have
lwnll=1,n < flwnlly-1. (A.2)
Conversely, for any v € V!,
(wh, V)i = (wn, Pro)a < [wn -1 [|Prollyr < Cllwnl[—1p llv][y1,

where we used that Pp is the H-orthogonal projection onto X}]’f and is bounded in Y' by
Assumption [2.5(a).
Taking the supremum over all v € V! with ||v]|y1 = 1 yields

[wnlly-1 < Cllwall-1p-
Combining this with (A.1]) and (A.2]) proves the result. O

Proof of for k > 2. We denote
ILV(0) =: Vo (t) = (vr(t), Bpur(t)),
e PRILV (0) =: Vi () = (vnr (2), Opvp o (2)).
By the definitions of !l and e'L#, the functions v, (t) and vy, .(t) satisfy
(Opvr(t), wr) i + (Avp (), wp)g = 0, (A.3)

(Ouvn,r(t); wn) i + (Apon, (1), wr) g = 0, (A4
for all wy, € X,’f.
We next decompose the error v, — v, as
Ur(t) — 'Uhﬂn(t) = Ur<t) — thr(t) + Qh(t), (9h<t) = Rpv, (t) — Uhjr(t). (A5)

Hence,
HetLHrV(O) - etLhPhHTV(O)HO = HU,«(t) - Uh,r(t)HyO + Hatvr(t) - 8tvh,r(t)”y*1
< 10n()llyo + [|0:0n(E)ly-1 + [[vr () = Ravr(t)[lyo + [[Opvr(t) — Rppvr(t)ly-1.  (A.6)
Since
(Ortvr (), wn) 1 = (PnOwvr(t), wn)m, (Ave(t), wp) g = (ApRpvr(t), wn)m,
subtracting from , and using the fact that dy commutes with Py, yields
(OuBn(t), wn) r + (Anbn(t), wp) i = —(Oupn(t), wn),  Yws € XF,
where
pn(t) == Prop(t) — Rpvr(t). (A.7)
Since 0 (t) € X,’i and Ay, is invertible on X,’f, we choose wy, = A;l&gﬁh(t). Using also that Ay,
commutes with 0y, we obtain

d _ _ _
= (14200130 + 106(8)130 ) < 145 (8)ly0 - 1450100 (8) 0

1, —1/2 1, ,—1/2
< 145 20150 + 5143000 (D)]130-
An application of Gronwall’s inequality therefore gives

145, 2000 (8)20 + 106130 S 145 /2 081(0) 130 + [164(0)]|30 + up 145,281 ()30
se|0,

By the equivalence between the discrete and continuous Y ~!-norms, we further obtain

10:0n (0131 + 1101 130 S 110600 (0)[15-1 + [101(0) 130 + . 1Bsepn (5)[|3-1- (A.8)
se|0,

We next estimate the last term on the right-hand side of (A.8). By the definition of py in
(A.7) and the estimates (3.5 and (3.6, we deduce, for k > 2,

10et 01 (5)]|y-—1 < ||Okvr(s) — PrOwvr(s)|ly-1 + [|0wvr(s) — RuOuvr(s)]|y—
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< 2000 (s) |y (8.9)
Moreover, since Oy v, (s) = —Av,(s), we have
10evr(8)lyrsr S [lor(s)llyrrs.

Combining this with (A.9)), and using the boundedness of €' together with the spectral local-
ization of IL,., we deduce

100n(5) 11110 S B+ 0r ()l yess S B2V (O) [y re (AL10)
We now estimate the first two terms on the right-hand side of . Since
0r,(0) = Rpvr(0) — Pror(0), 0¢01(0) = Rp0wvy(0) — Prowvr(0),
by , , and , we have
161(0)lyo + [[0:04(0)[|y-1 < [lvr(0) = Rpvr(0)]ly0 + [|vr(0) = Proy(0)]lyo
+ [|0:v,(0) = RiBrvr(0)[|y—1 4 [|0¢vr (0) = Prdyvr(0)[[y-1
S B0 (0) |ywer + B2 (180, (0) | yesa (A.11)

Noting that (v, (0), d;v,(0)) = IL.V(0), we obtain from the Bernstein-type inequality in Lemma/3.1]
that

[0 (0 lysr S T INILV O yvseynts 100r(0)lyrer S 7F27TLV(0) |y sypvt-
Therefore, combining this with (A.11)), and using the constraint »~! < h, we obtain

10r.(0)[lyo + [|0:0n(0) ly—1 (hkﬂ”’mlf7 + hk+27’k+277> [TV (0) [y scyr—1

S R IV (0) ][y xypv—1- (A.12)
Combining (A.g]), (A.10), and (A.12), we deduce
10601 (D) |1 + 168 (D)lyo S (REF2rE 277 4 1) TLV(0) [y -1 (A.13)

Recalling the decomposition of the error v, — vy, in (A.5)), we have
HetLHTV(O) — etLhPhHTV(O)HO < v (t) = Rpvr(t)|lyo + ||0svr(t) — RuOsvr(t)]|y-1
F116n () llyo + |00k () ly-1- (A.14)

The first two terms can be estimated in the same way as above by using (3.4), (3.6), and the
boundedness of e'”:

lor(t) — Ruvr(t)||yo + [|0wvr(t) — RpOpvr(t)]]y-1
< Ry () ykss + 2] By () e
S [TV (0) |y -1 S BV IITLV (0) [y 1. (A.15)
Together with and , this implies
|1,V (0) = =PIV (0)]]y S (250577 4 07 ) LV (0) g1,
which proves for k > 2. O

Proof of for k=1. When k = 1, the Y~ !-estimate for the Ritz projection is no longer
optimal. Therefore, unlike the case k > 2, we need to reformulate the argument so as to rely on
V%-estimates for the Ritz projection. To this end, we follow the argument in [2]. We continue
to use the notation

eIV (0) =: Vi (t) = (vr(t), Bpvp (1)),
e P ILV (0) =: Viy (8) = (vn(£), Opvn (1)),
and the decomposition
Op(t) — vpr(t) = vr(t) = Ruvp(t) +0n(t),  On(t) == Rpvr(t) — vny (D). (A.16)
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Then
[TV (0) — 2 PLILV(0)]] < 10(8) | y0 + 11885 1)y
 lon(5) = Rave (8)lyo + [970r (1) = Rudewr(D)ly1. (A7)
As in the case k > 2, the error term 6), satisfies
(Oubn(t), wp) g + (AROn(t), wp) g = —(Oupn(t), wn) m, Vuwy, € X}, (A.18)
where pp,(t) := Ppvp(t) — Rpvr(t). Define

t
@h(t) :—/ Gh(s) ds.
0
Integrating ((A.18) from 0 to ¢, we obtain

(00 (1), wr) i + (AROn(t), wn) i = —(Oepn(t) — Orpn(0), wr) i + (Ot0r(0), wp)m  (A.19)

for all wy, € X,ll.

Choosing wy, = 0;,(t) = 0,04,(t), we obtain
1d 1d
10000 + 5 < a(O1(1),0(1)) < (1021 (1) — Dupn (0) 30 + [90R(O)]1y0 ) 104) .

Hence, by Gronwall’s inequality,
100 ()30 + [[VOR(E)]|yo
S 10epn(0)[lyo + [[0:61(0)llyo + 10n(0)[|y0 4 sup [[0;pn(s)llyo, (A.20)

s€[0,t]
where we used that ©(0) = 0.
We now estimate the terms on the right-hand side of (A.20]). By the error estimate (3.4) in

Lemma [3.3]

180:m ()]l yo < [|(id — Pp) v (t)||yo + [|(id — Rp) v () [ yo S h2|[Opvr (2)]]y2- (A.21)
Similarly, since 0:0,(0) = Rp0:v,(0) — Ppd:v,(0), we have
10:64(0) o < 1id — Ri)Oyor (0) o + 1Gd — Pr)deor O)lyo S B2 100r(Olyz,  (A22)
and, since 05 (0) = Rpv,(0) — Pro,(0),
1040) 26 S B2 ()] (A.23)

Using the boundedness of e*” and the spectral localization of II,, we have
18s0r () ly2 S 2 IV (O) lyrsyv-1s Nor()ly2 S 72TV (0) Iy sy
Substituting these bounds into (A.21)), (A.22), and (A.23), and noting that r > 1, we arrive at

s 10epn(5)lyo + 10:on () yo + [18:0n(0)lyo + 10(0)llyo < A2~ [TV (0) |y g1
s€|0,t

Hence, by (A.20),

16r()llyo < B2 [TLV(0) [y -1 (A.24)

Next, we estimate 9;0;,(t) in Y~!. By (A.19) and the norm equivalence in Lemma
10:0n () ly-1 S sup  (0i0n(t), wn)n

whEXI
lwpllyr=1

= sup ( — (ArOn(t), wn) g — (Orpn(t) — Opn(0), wp)m + <6t9h(0)7wh>H>
oo

S IVOL®) [yo + [10epn(®)llyo + 10:0n(0) 30 + [18:64(0) 0. (A.25)
Combining (A.20)), (A.21), (A.22)), and (A.25]), we infer
164 ()[lyo + 180 (D) ly-1 S H*r* Y [TV (0) [y syt (A.26)
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Finally, applying the error estimate (3.4), we obtain
[or(t) = Rpvr ()]l yo + [|0pvr(t) — RpOpor(t) [y
< lor(t) = Rpor(t)lyo + 180, (8) = Ridevr () [lyo S B2 ([or (0)ly2 + 100, (8) ] y2)-

Using again the boundedness of e!* and the spectral localization of II,, we obtain

[or(®)lly2 S 2LV (O0)lyrsyr-ts 1800 () Iy S 72TV (0) Iy sy
Therefore,
for(5) = Ravr (llyo + 1950, (6) = Radhor (B)ly- S (B2 + h23=7) [TV (0) |y gt
SRV (0) |yt (A.27)

where we used r > 1.
Finally, combining (A.17)), (A.26), and (A.27), we conclude that

e ILV(0) = e = PRILV (0)]|, < B2 [TV (0) |y syt
which proves ({3.8]) for & = 1. O

B. Proofs of the estimates for the nonlinear terms

PROOF OF . Slnce v € (0,1], it follows from and the Sobolev embedding Hé_'y
L7307 that L7205 < (H1 7)* = H7~1. Therefore,

g < < < 1 &y <1 &y
Il S 1o+ S LA g S I+ g ST+l

Moreover, by the Sobolev embedding V7 — H” (Q) — LP(Q), where

< 00, ford=2, y=1,

D 0d ¢ (B.1)

= a2 ord=2,0<y<1l,or d=3, 0<vy<1,

and by the assumption on &, in ([2.23), it is straightforward to verify that
2d 2d¢,,
d— d +2(1—7)

Therefore,

1 (@) lly-1 S 1+ ™ pie, S 1+ lull7, S 1+ IIUHW
L@ 20-7)

which proves ({3.9))
PRrROOF OF (3.10): We only prove the cases d =2, 0 <y < land d =3, 0 <~y <1, since
the case d = 2, v =1 is analogous. Note that

fw) — F) = (u—0) /0 F'(Ou+ (1 - 0)v) do.

y (2.22),
) = FIS (14l + ol ) u— o] (B.2)

2d
As before, Ld+20-7) — (HOI_A’)* = H7~!, and hence

1 (@) = f@)llyr-1 S 1f(w) = fF(0)]

Ld+2 (Q)

s (1+ |r|ur€f1um<m o 101 gy )l = o1l oo,

2d

=2 and

where p =

1 d+21-4) 1 1

q 2d p d
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so that ¢ = d. By (2.23), ¢(&y — 1) < p. Therefore, by the Sobolev embedding Y7 — H7(Q)) —
LP(9),

-1 -1
1£0) = F @y S (14 el gy + 1015y ) e = vlzogey
1 1
= L P )Hu—vuw,

which proves 1-
PRrOOF OF (3.11] - Since the inequalities ((3.11] can be proved in a similar way,

we present only one representative case, namely 1_'
Since Y1 = H~1(Q), the Sobolev embeddings yield LP*(Q)) — H~1(Q), where

1+, for d =2, (B.3)
! %, for d=3.

Thus, by :
1f () = f()lly-1 S [[f(w) = f(0)llLe

S o P Lo

)+l = vll 2,

L71(Q) L71(Q)
where Holder’s inequality is used with
1 1 1 : 2p1
— = — ——, thatis = . B.4
a p1 2 =3 — D1 (B-4)
Hence,
<1 Sl ) - B.5
Hf(u) ( )Hy 1 ( + H Hqu(év 1) + H H[/ﬂ(&w 1) ”’U, U”L2' ( . )
When d = 3, combining (B.3]) and - gives
2d
n(§—1)=d(& —-1) < :
Y Y d— 2,}/

Recalling the Sobolev embedding )Y — H7(Q) — LP(Q2) with p given in (B.1)), we obtain

&1 &1
£ (u) - < )Hy VS ([l 5 e = vl S © (Hullys lelly ) e = ollyo.
This proves ) for d = 3; the case d = 2 can be verified analogously

PROOF OF 1- From the Sobolev embedding H,, =7 «y [7307 and the boundedness
estimate in (B.2]), we have

1f(w) = F)llyv=1 S 1 (w) = )71 S (1f(w) = f0)]]

S| (1l 4 o) = v

2d
[ d+2(1—)

2d
[ d+2(1—)

< || o) =l = vl (B6)

for a € (0, 1], where Holder’s inequality is applied in the last step with exponents satisfying
1 1 d+2(1—7) 2
o, " 6, 2d ame 2Ty (B-7)

Since
(1 &+ o) fu = o 7 S 1 fufS 4 ol
we deduce from and (B.7) that
&v— &y—
1£G) = @)y S (1 [l am + ol a0 ) e = vl (B:3)
We first consider the case (d,v) # (2,1). Set

d—2y d+2(1—7)
Ty = 2~y ( d— 2y &) >0
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where the positivity follows from the growth condition on &,. If 0 < 1, < 1, we choose o = 7,.
A direct calculation using (B.7)) gives

2d
(& —a)ty = d—2y

Hence, by the Sobolev embedding Y7 — H7(2) — L%(Q), we deduce from (B.8]) that

1£(w) = F(@)llyr-1 S Cllully Iy ) [ = v]5o.
It remains, still with (d,v) # (2, 1), to consider the case n, > 1. We choose o« = 1. Then

0, = %, with the usual interpretation 61 = oo if v = 1. Moreover, the condition 7, > 1
implies
d+2—4y 2d
< — —-1)0, < .
fw d— 27 (g’y ) 1 d— 27

Thus the same argument based on (B.8]) and the Sobolev embedding above yields
1f(w) = f)lyr-1 S Clullyr, [0lly) [lw = vl yo.
Finally, let d = 2 and v = 1. We choose a = % Then 61 < oo, and, since &, < oo,
(& — a)bh < oo.
Using the two-dimensional Sobolev embedding H{ () < LP(Q) for every p < oo, and applying
(B.8]), we again obtain
1/2

1£(w) = F@)llyo < C(lullyr [ollys) e = vl

Combining the above cases proves (3.14]).

C. A regularity result

Lemma C.1. Let 0 < a < b and consider the annulus around 0 denoted by Aqp = By(0) \
B,(0) C R%. Further, let f € WYP(A,) be radially symmetric. Then, it holds

[fllmsa,s) S N fllwira,,) (C.1)

fors<%—% and p € (1,2).

Proof. We only prove this for smooth functions f. To each f, we associate a profile ¢ such

that f(z) = ¢(Jz|) for all z € Agp. A straightforward calculation, then shows that there are
constants only depending on a and b such that

coll fllzr(any) < lellzep) < Collfllir(a, ,) (C.2a)

allVFllizra,,) <19 1r@p) < C1lVFllLea, ,)- (C.2b)

An interpolation argument for p = 2 in the first estimates in ((C.2a)) and (C.2bf) then shows that
there is a constant which only depends on a and b such that for s € (0,1)

Csllfllmsan,) < lellms(ap)- (C.3)
Thus, the claim follows from the one dimensional Sobolev embedding W'P(a,b) — H*(a,b) for
5 < % - % and the second estimates in (C.2a)) and (C.2b|). O

Corollary C.2. The functions defined in (5.5)) defined for a € (0, %] is in H*(Q) for s < %+o¢.

Proof. We first consider a partition of unity of the circle by v¢; and o with 11 compactly
supported on an annulus A, 1, for i < a, and equal to one for |z| > % and 19 vanishes for
x| < % Then, we write

ug, = Y1 + Yaug = wy + wa, (C4)
and directly see that ws is a smooth function. For w; one can easily compute that wsy € Wl’p(Q)
for p < ﬁ Further, since it is compactly supported inside the annulus, we conclude by the
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above lemma that

lwallms @) = lwell#s(a,,0) S lw2llwirca,y = lwzllwie)- (C.5)

Finally, as s < % — % < % + «, we obtain the claim. O
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