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ABSTRACT

In this contribution, we seek to reduce the computational cost of structural simulations by taking advantage of a consistent

homogenization scheme for shell representative volume elements to train an artificial neural network (ANN) material model

for approximating the effective strain-stress relation. As ANNs can capture inelastic material behavior, this work focuses on

the application to high-dimensional strain-stress relations for shell structures with underlying viscoelastic microstructures.

We demonstrate that a small database comprising uniaxial synthetic material tests on a representative microstructure, in

combination with derivative information, is sufficient to train a feasible ANN material model. Furthermore, we explore the

limits of the approximation capabilities of the ANN by including non-strain-related parameters of the microstructure—such

as volume fractions—as inputs to the material model. Studies include comparisons with full-scale and multiscale models,

highlighting computational efficiency and practical feasibility in application to real-world engineering problems involving

complex microstructures.

1 | Introduction

The growing demand for high-performance materials has led
to significant advancements in engineering composite struc-
tures, such as laminates, fiber-reinforced materials, and novel
developments such as voided slabs for reinforced concrete.
Although these materials optimize structural performance by
taking advantage of the unique properties of the different con-
stituents, developing effective material models based on classical
phenomenological approaches remains challenging. Full 3D solu-
tions, on the other hand, under consideration of the complex
microstructures, quickly encounter the bottleneck of a high
computational effort.

As an alternative, multiscale techniques based on consis-
tent homogenization schemes, which effectively capture the
microstructural constitutive response at each macroscopic inte-
gration point, have been employed. Although this approach is
highly feasible for linear elastic structures—where the micro

problem only must be solved once—they become computa-
tionally expensive for inelastic microstructures due to repeated
microscale evaluations. To overcome this limitation, one can
train an artificial neural network (ANN) material model on the
effective strain-stress data, which will be the approach adopted
in the present work. Building on early works in neural network-
based material modeling [1-3], many advances have been made
in recent decades, particularly in modeling inelastic material
behavior [4, 5] and integrating ANNs within multiscale frame-
works [6, 7]. Recent efforts have focused on including physical
requirements, that is, thermodynamic consistency, either in a
weak sense via penalization [8, 9] or in a strong sense by
embedding the constraints directly into the ANN architecture
[10-12]. For an overview on neural network material modeling,
the reader is referred to [13].

In this work, we train an ANN on effective viscoelastic strain-
stress paths obtained from a shell representative volume element
(RVE) to gain significant computational advantages for structural
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simulations. Besides the time and history dependence of the
material, the ANN additionally learns the effective response of
the material under consideration of varying geometric features—
specifically, the radius of a void within the matrix. We show that
the proposed approach yields accurate results at both the material
point and structural level. Furthermore, we present a simple
sampling strategy that enables efficient training of the ANN, even
in the high-dimensional input-output space.

2 | Numerical Homogenization for Shell RVEs

For the derivation of the effective strain-stress relations for shell
RVEs, we introduce the shell’s reference surface Q, occupying the
three-dimensional Euclidean space B with shell height & in the
reference configuration. Displacement boundary conditions are
prescribed on I, and stress boundary conditionson I',, with I' =
I, UT, being the boundary of the reference surface Q, and I'; N
I, = @. At each material point X, we identify the general non-
linear Green-Lagrangian vector of shell strains ¢ and the work
conjugate 2. Piola-Kirchhoff shell stress resultants

r
X, v, t) = [€11, €205 2612, K11, K22, 2K125 V15 V2]

o(X, v, 1) = [1y1, g, Mgy My, My, s, 41, G517 @

with v summarizing the shell’s degrees of freedomandt € I C R
denoting the time in a closed interval I. The distinction between
covariant and contravariant basis vectors is neglected, since a
local Cartesian basis is introduced within the finite element
formulation. For further details on the kinematic assumptions,
the reader is referred to [14]. Within the scope of this work, all
derivations are made with limitations to small strains, but large
displacements. Without further specification of the underlying
constitutive relation, the material matrix reads

Dm Dmb 0
D: = 9o D=|D D 0
. = 68 s - mb b >
0 0 D,
(..),, = membrane,(..), = bending, (..), = shear, )

assuming D,,, D, = 0. To derive the macroscopic constitutive
relation o (e, t), an RVE is introduced at each material point X in
the form of a three-dimensional continuum B™, see Figure 1. The
RVE is described by a orthonormal coordinate system, where x, y
refer to the in-plane and z to basis vectors in thickness direction.
The domain B™ is bounded within
l

= 2
2’ 2

—

I,

—~

=

-=<x< <y< h~ <z <h*, (3)

_Ea

S

where it followsthat h~ = —h/2and h* = +h/2,if the midsurface
is chosen as reference surface. Further, we introduce

E= [E11!E227E33! 2Ey;,2E;, 2E23]T!

S= [Sn’522’53315125513,523?, 4

where E denotes the Green-Lagrangian continuum strain mea-
sure and S the 2. Piola-Kirchhoff stress in vector notation.

Assuming the constitutive relation of different phases of the RVE
can inhibit viscoelastic properties, we define

_dS(E,&,1)

S:=S(E,¢§,t), C: 5

®)

with £ being an internal variable and C the material tangent. For
the coupling of the two scales, a modified form of the Hill-Mandel
condition, demanding equivalence of virtual work on both scales

sc’c =~ | sE'S dv )

0 Jpm

isused. The average is hereby taken only over the undeformed ref-
erence area of the RVE A, = I, l,. From Equation (6), admissible
periodic boundary conditions for the RVE

ut =u +A(Ax,Ay,z)e,

1A Axz 0
3 Yy

A=y Ay %Ax 0 Ayz Esz 0 0 ™

0 0 0 0 0 0 Ax Ay
can be derived, where (-)* and ()~ denote opposing lateral
surfaces perpendicular to the xy-plane. Furthermore, additional
constraints are used to ensure the independence of the effective
shear stiffness from the geometry of the RVE and to prevent rigid
body deformations, for details see [15, 16]. To obtain the effective
quantities from the RVE, we linearize both sides of Equation (6),
yielding
T 1 T T T
8eT(DAs + o) = A—/ SETCAE + ASETS + SETS dV. (8)
0 Jpm

Inserting a standard displacement ansatz into the right-hand side

of Equation (8) for the virtual and linearized quantities results in
the discretized global system of equations

T F,
A% K K AV
c&eT(DA£+cJ')=L nooe +|F, |},
A | e K, K, Ae

©

where V,K, and F refer to the assembled global vectors of
generalized displacements, the stiffness matrix, and the residual
vector, respectively. AV can be eliminated from the system of
equations via static condensation, and by comparison of coeffi-
cients the effective shell stress resultants and the homogenized
material matrix can be extracted

1 _ 1 _
g = A—(Fz - K21K111F1), D= A—(Kzz - K21K111K12) . (10)
0 0

The described framework for calculating the desired quantities
for a given prescribed strain vector at time ¢ will be used in the
following section to generate a database for training an artifi-
cial neural network as a parameterizable effective viscoelastic
material model.

20f8

PAMM, 2025

35U SUOWILLIOD SAIIER.D) 3] [dde 8L A pLLBAOB 312 SPILE YO ‘5N J0 S3IN. 10 ARRIG1T BUIIUO ABIM O (SUORIPUOD-PLR-SWLRILI0D A3 | IM ARG [BU 1[UO//:Sd1L) SUORIPUOD PU. S | 84} 385 *[9202/£0/ST] U0 AReiq 17 3UNIUO AB]1M ‘STO0L WLLEd/Z00T OT/10p/00" 5] M ARG [Bul[UO//:Schy W01 POpeo luMod ‘€ ‘SZ0Z ‘T90LLTIT



FIGURE 1 | Schematic representation of the homogenization procedure for shell representative volume elements (RVES).

3 | Parameterizable Viscoelastic ANN Material
Model

The following section is devoted to deriving an ANN material
model for replacing the time consuming microscopic finite
element calculations for the effective quantities. The authors have
previously shown in [17], that ANNs are generally capable of
approximating linear viscoelastic material behavior in the high-
dimensional stress—strain space of shell structures. Here, we
further enhance the potential of the model for parameterizable
RVEgs, including non-strain related input variables, for example,
volume fractions of inclusions.

3.1 | Feedforward Neural Network Definitions
and Mapping

We define a feedforward ANN as an unambiguous mapping
fxw) i x> z 1)

with the input vector x, the output vector z, and the free param-
eters w. For parameterizable viscoelastic material behavior, we
define suitable input and output vectors

AEnJrl

z:=ceR® (12)
Athrl
P

with the subscripts n + 1 referring to the current and n to the
last time step, respectively. o, can be interpreted as an internal
variable accounting for the loading history and At,,, is the
current time increment. The vector p € R? contains the non-

strain related parameters, leading tox € R*>*P. Consequently, the
ANN material matrix follows

ao-n+1 — ao-n+1 aA"':n+1 — ao'n+1
a“5}1+1 aAEnJrl a‘Enwtl aAEVHl

————

1

DANN —

13)

Since DAMN depends on the current strain increment, the vis-
coelastic ANN material model is by construction non-linear, in
contrary to linear viscoelastic models, where the tangent only
depends on the current time increment. We further note that the
ANN architecture used is not thermodynamically consistent. An
approach, where this physical requirement is enforced in a weak
sense can be found in [9] or by construction in [12]. As error
function, an enhanced version of the classic mean squared error
is used

P
1
B xGiw) = = )

1 BEE & [oz,xC;w) ’
+ﬁ222(ﬁ—%<xi>> :
14

The first term is formulated with respect to the primary outputs
of the neural network, where ¢; is the reference stress solution for
a sample k and P is the number of samples in a given data set.
The second term is enforced by the penalty parameter A, where
we demand the derivative of the ANN to be equal to the material
matrix obtained from the homogenization scheme on a given set
of constraint samples Xf € PC, also known as Sobolev training
[18]. The search for a suitable set of weights, which minimizes
E(xy,x{; w) is done with the Levenberg-Marquardt method [19].
All details on the implementation can be found in [17].
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FIGURE 2 | 1D representation of the strain-time and stress—time paths used for the synthetic material tests on the representative volume element

(RVE).

3.2 | Generation of the Synthetic Material Test
Database

Having defined the ANN architecture, the next step is generating
asuitable database. In analogy to experimental testing procedures
for viscoelastic materials, the RVE will be subjected to relaxation
tests, cyclic loading and creep tests, see Figure 2. Although the for-
mer two are done strain controlled with prescribed strain vectors
£, the latter is done stress controlled with the prescribed stress
vector &. Additionally, the tests are done in a pseudo-uniaxial
sense, further replicating experimental setups, where only the
stress in the prescribed test direction is unequal to zero. This,
in combination with the constraint with respect to the material
matrix, leads to good generalization capabilities for multiaxial
and unknown loading paths, for example, unloading, see [17].
Each path P, therefore contains the following information:

Pa = {’ (8,,,, T tn’p’ D)’ (£n+1?o-n+1v tn+1’p’ D)’ '}a’

@ =1 ..., Npgps, (15)

where N,qp, refers to the maximum number of time paths
generated. p is constant for a given path a as well as the
material matrix D, since the time increment for a path is constant
as well. N, is usually a multiple of 24, resulting from the
number of strain components times the three different synthetic
material tests. We limit our material models to the small strain
assumption ||E|| < 0.03 from which one can derive the limits for
the curvatures

Ejj =¢j+2Zpe xij, Lj=12 (16)
considering the relation between the shell and continuum strains.
Within a preprocessing, the limits for the shell stress resultants
o are determined, such that the resulting maximum creep
deformation does not exceed the small strain assumption. Creep
and relaxation tests on the RVE are always done until equilibrium
is reached, and cyclic loading is at maximum for two periods to
avoid unnecessary sample repetition. From the time T it takes to
reach equilibrium, adequate limits for the chosen time step size
At are chosen, which seem suitable for engineering application.
Currently, a minimum of 20 and a maximum of 80 samples are
taken to discretize a time path to determine adequate boundaries
for At. After sampling, each time path is transformed to the
incremental form given in Equation (12).

3.3 | Investigations at Material Point Level

In the following section, the potential of the ANN for approximat-
ing effective viscoelastic behavior will be investigated. Therefore,
an RVE consisting of a viscoelastic matrix and an elastic spherical
inclusion is introduced; see Figure 3. The RVE is discretized with
104 27-node solid elements and periodic boundary conditions,
where five additional Lagrange parameters are set. Although the
length, width, and height of the RVE are constant, the radius of
the elastic inclusion is defined in an interval r € [7.5cm, 12.5 cm|]
and will be considered as an additional input parameter for the
ANN. For the matrix, a generalized Maxwell model with two
Maxwell elements of the form

2

2
E.
E(t)=E,+ ) Ee'/", E,=E,+ ) E, = g
i=1 i=1

is used to describe the viscoelastic behavior for deviatoric parts of
the strain measure. For details on the numerical implementation,
see, for example, [20]. The material parameters for both the
inclusion and the matrix can be found in Table 1. They are
chosen in such a way that the matrix could be seen as a very
simple model for the elastic creep behavior of concrete with
a soft embedded inclusion, which could, for example, be lost
formwork. The size of the radius does not affect the time scale
of interest, but only the initial and equilibrium response of
the material. For the training of the ANN, ten uniaxial creep,
cyclic, and relaxation tests are performed on the RVE, resulting
in 240 paths and 9199 data samples. All tests are done over a
duration of 1-10°%s (~ 11.5 days) with At € [12500s, 50000 s]
resulting in a maximum of 80 and a minimum of 20 samples per
path. From Equation (16), with z,,,, = +h/2 = +15cm, one can
derive the limits for the sampling space under the assumption
that ¢;; = 0 for uniaxial testing, which here results in x;; € [-2 -
1073, 2 - 107%]. It has shown that reducing the curvatures by an
order of magnitude 10 improves the ANN training, as it avoids
unnecessary large bending moments compared to the remaining
shell stress resultants. With this consideration, for the creep tests,
the limits of the prescribed shell stress results are

kN kN kN
gl < 10000, |n;| <400, |x;] <600 ",
cm cm cm

kNcm
cm

kN ., .
|%;;| < 250 , Iqi|s3oo%, i# ], (18)
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lz] 30 ecm

ly| 30 cm
2 <]
¥ h| 30 cm
h
r |[7.5,12.5]cm
l'y
FIGURE 3 | Representative volume element (RVE) consisting of a matrix and spherical inclusion with variable radius.

TABLE 1 | Material parameters for the elastic inclusion and viscoelastic matrix of the reinforced plate.

Initial modulus E, Poisson ratio v, Maxwell term i Shear parameter u; Relaxation time 7;
(kN /em?) (=) =) (s)
Inclusion 500 0.20 — — —
Matrix 3000 0.20 1 0.25 10 000
2 0.25 100 000
TABLE 2 | Overview of generated test paths on the representative volume element (RVE); for the sake of readability units are neglected.
No. Test type Test method Prescribed strain Maximum strain values At T r
1 Tension Biaxial €115 Ex 0.02, 0.02 17 500 250000 7.5
2 Tension Biaxial €115 Ex 0.02, 0.02 47500 2000000 7.5
3 Tension Biaxial *11s Ko 1-1074,1-107* 17500 250000 10
4 Tension Biaxial K11, Kap 1-1074,1-107* 47500 2000000 10
5 Tension Biaxial Y1, V2 0.01,0.01 17 500 250000 12.5
6 Tension Biaxial Y1, V2 0.01,0.01 47 500 2000 000 12.5

to not exceed the small strain assumption for the resulting
creep strains at equilibrium. In addition to the data samples,
1000 random constraint samples are chosen where the material
matrix constraint is enforced. The neural network consists of
two hidden layers with 80 neurons per layer. This architecture
was determined in a preprocessing stage based on preliminary
studies and has shown to yield accurate and stable results across
the considered cases. As an activation function, a hyperbolic
tangent is used and the ANN training was terminated after =~
100 epochs, as convergence in the error measure was reached
with the Levenberg-Marquardt method. To evaluate the gener-
alization capabilities of the neural network, six biaxial tension
tests are performed on the RVE. These tests are done at two
different strain rates for the two prescribed strain components
and include both loading and unloading phases. Variations in the
inclusion geometry are introduced by considering three different
radii. Additionally, tests are carried out with either prescribed
membrane strains, curvatures, or shear strains. Lastly, smaller
time steps will be used for the tests under higher strain rates and

larger time steps for the tests under vanishing strain rates. The
data for the test paths can be found in Table 2.

The results of the tests with the ANN material model are depicted
in Figure 4 together with the reference solution. The rate depen-
dency is clearly visible in the strain-stress hysteresis, exposing
dissipation effects under higher strain rates (left column) and con-
vergence toward perfectly elastic material response for vanishing
strain rates (right column). Overall, the ANN provides satisfying
results for all tests, considering that the loading and unloading
paths and the combination of strain values are not included
in the training data and furthermore time steps and values for
the radii of the inclusion at the sampling space limits are used.
The slightly greater deviation from the reference solution for
vanishing strain rates is due to the under representation of the
purely elastic training samples. The creep and relaxation tests
are cut off at the equilibrium response of the material, which
is the point where the material is purely elastic. More accurate
results can be achieved by extending the duration of the tests or,
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FIGURE 4 | Results of the artificial neural network (ANN) for the biaxial tension tests at different strain rates and varying inclusion radius.

of course, simply including purely elastic samples directly into the
training data, for example, by conducting tension/compression
tests under vanishing strain rates. This is no problem in general,
it simply increases the number of samples. Overall, the ANN
is well suited for approximating effective viscoelastic behavior
under additional consideration of varying geometric parameters
of the underlying RVE.

4 | Structural Simulation Using the ANN Material
Model

In this section, the ANN will be used as effective parameter-
izable viscoelastic material model for structural finite element
simulations with shell elements. The results will be compared
to full scale 3D solutions as well as results from an FE* (shell
+ RVE) computation as described in Section 2. For the system,

see Figure 5, one fourth of a quadratic plate will be modeled
with appropriate boundary conditions on the symmetry axes.
Simply supported boundary conditions (w = 0) are set at the outer
boundaries, where in the 3D case only the midside nodes at z = 0
are fixed. For the shell model [16], either an FE* solution with
the RVE from Section 3.3 is used at each of the 2 X 2 integration
points per finite element, or the ANN material model. The 3D
solution consists of 15 x 15 spherical inclusions embedded in
the matrix, so essentially 225 RVEs, which are discretized with
27-node solid elements, as described in Section 3.3. The shell on
the macroscale is discretized with 10 x 10 elements. For both
solutions, convergence studies have been done in advance. The
system is subjected to a surface load—at z = +h/2 for the 3D
model—which is applied in the first time step and held constant
in order to investigate the creep deformation under varying radius
of the inclusion. Although the FE* and 3D models require new
RVEs or, respectively, a new full-scale mesh to be modeled, the
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‘4 ‘ 450 em

simply supported BC. ----- sym. BC.

90 ‘ 5104 kN/em?

FIGURE 5 | Concrete plate with spherical inclusions as lost formwork. System and boundary conditions (left) and full 3D model (right).

0.45 -

0.4

0.35

r=12.5

FIGURE 6 | Creep deformation of the three different models under varying inclusion radius.

shell + ANN material model only needs to be evaluated for the
desired radius. The quantity of interest is the deformation w(t)
at the corner node (x = y = z = 0). The load is be applied over
5-10°s (~ 6 days) and calculations are done with At = 20000 s
(~5.5h).

The results for the corner displacement for all three models and
radii r = 7.5,10,12.5cm are shown in Figure 6. It can be seen
that similar displacements are obtained with the three models.
As expected, with increasing radius, the creep deformation of
the plate increases non-linearly, since the inclusion is softer
than the surrounding matrix. This leads to relative differences
in the deformation between the minimum and maximum radius
of about 10%-15%, depending on the underlying model. The
ANN shows some deviation in the displacements for the first
time steps and slightly overestimates the creep behavior for r =
12.5 cm before reaching the elastic equilibrium, but provides very
satisfying results overall. When it comes to computation times
and considering the ANN as reference, the relative difference
between the models is factor 10 for the 3D and 35 for the
FE’ solution. It should be considered though, that the ANN
is a nonlinear model and therefore makes about five Newton
iterations necessary to reach equilibrium, while the other two

models are linear. Furthermore, with increased complexity of
the microstructure, the computational advance of the ANN
approach increases significantly, which has been shown in [17]
for fiber reinforced structures. Lastly, the computational cost can
furthermore be reduced for solutions computed with the shell
model when using a formulation with a one-point quadrature and
stabilization as proposed in [21].

5 | Conclusion

In the present work, it has been shown that feedforward neural
networks are capable of approximating effective viscoelastic
material behavior under additional consideration of varying
geometric parameters of the underlying RVE. The ANN was
trained with only uniaxial creep and relaxation, as well as cyclic
loading data. In combination with Sobolev training, this provides
a feasible strategy for the training process and allows for a
simple generation of a surrogate model. Tests at the material
point level have shown good generalization performance of the
model, even for arbitrary unknown loading paths. The ANN
is capable of distinguishing between elastic and viscoelastic
behavior for different strain rates and provides good results
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even close to the sampling space limits. Lastly, one significantly
reduces the computational time for simulations on the structural
level in comparison to 3D or FE* solutions, which can be highly
advantageous in the design process of materials with complex
underlying microstructures.
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