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the combination of the exact elastic localization relations for a periodic laminate

This allows a new formulation of the equations governing the evolution of the
plastic deformation as a closed system of equations. The yield functions form a
system of integro-differential equations that can be solved analytically. This new
framework allows to model the size-dependent mechanical behavior of multi-
phase lamellar materials where the subdomains are elastoplastic single crystals.
This is demonstrated using a two-phase laminate. In addition, bounds for the
qualitative distributions of the plastic slip and the back stress are derived using a
dimensionless quantity. The kinematic hardening due to the back stress depends
on the lamella width and the slip system orientation. The back stress vanishes
not only for increasing lamella widths but also in slip systems where the slip
plane normal is parallel to the lamination direction.
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1 | INTRODUCTION

Alloys with lamellar microstructures have excellent mechanical properties making them promising material choices
for structural components in modern, high performance engineering applications. They have thus been the subject of
numerous experimental and numerical investigations. [30] produced ultra-fine structured steel via chemical pattern-
ing with subsequent tests of macroscopic samples achieving ultimate tensile strengths up to 2.1 GPa. The macroscopic
compression creep response and microstructural evolution of binary Fe-Al alloys with lamellar microstructures have
been studied by [24] and [23], observing inhomogeneous plastic deformation as well as an increase of interface dislo-
cations. Using micropillar compression tests of lamellar TiAl structures, [20, 21] found a significant influence of the
lamella width and their orientation relative to the load direction. [15] investigated lamellar structures in high-entropy
alloys with two distinct phases, which showed fixed orientation relationships within the same lamellar domain. [16]
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identified extensive pile-up of geometrically necessary dislocations near the phase interfaces as the relevant hardening
mechanism. The mechanical behavior of lamellar TiAl alloys was investigated numerically by [25] and [26]. Both works
model the size-dependency by a Hall-Petch relationship for the critical shear stress in each slip system. Additionally, the
slip systems are categorized into three modes of different strength according to [14]. Alternatively, the size-dependent
mechanical behavior can be modeled using gradient extended constitutive models [11] with a systematic approach thereof
given by [6]. In the context of laminates, [3] studied the influence of different defect energy exponents of the local
distributions of the plastic strain, while comparisons with results from discrete dislocations dynamics simulations are
given. Analytical approaches of size-dependent plasticity in laminates include the comparison of different nonlocal con-
tinuum theories by [28] and [8]. Comparisons of different defect energies are given by [7]. Further works include the
study of kinematic hardening during cyclic deformation [33] and the study of size effects by [4] and [2]. Investigations
of different grain boundary models, taking slip transmission at the interface into account, have been conducted by [22]
and [5]. The analytical investigations of gradient plasticity in lamellar materials are limited in terms of the investigated
material systems and load cases. The elastic stiffness is often homogeneous and isotropic while the single slip system
is well-aligned with the lamination. For the load case of pure shear, this configuration allows for an analytical solu-
tion. However, the generalization to arbitrary lamellar material systems subjected to arbitrary strain rates is not obvious.
For classical laminates, that is, without gradient enhancements, a plethora of analytical approaches exist to access the
local stress and strain fields, cf. [10, 18] for investigations of the elastic behavior. A more extensive overview, includ-
ing the plastic behavior, is given by [9]. However, the most general formulation of the stress and strain localizations is
given by [12], where, in contrast to previous works, explicit expressions for the local stress and strain fields are derived
without the common assumption of piece-wise constant stress and strain fields. This allows for the consideration of
in lamination direction spatially inhomogeneous stress and strain fields within the laminate phases using a compact
notation.

Outline. This work starts with a brief introduction of the gradient-enhanced rate-independent crystal plasticity
model. Next, a general overview is given of the mechanics of laminates, with the focus on locally inhomo-
geneous fields and the exact strain localization relation. Subsequently, the constitutive model and the strain
localization are combined to derive a closed set of equations governing the mechanical behavior of the material
system, whose solution is discussed as well. Next, the influence of the phase widths is studied and a dimension-
less quantity for the spatial distribution of the plastic slip and back stress is derived, after which this work is
concluded.

Notation. In this work, unless mentioned otherwise, tensors of zeroth, first and second order are denoted by italic
letters, for example, a, lowercase boldface letters, for example, a, and uppercase boldface letters, for example, A, respec-
tively. Tensors of higher orders are denoted as blackboard bold uppercase letters, for example, A. The inner product is
defined via a - b = |a||b| cos(«(a, b)) and the outer product by (a @ b)c = a(b - ¢). Additionally, the symmetrized outer
product is denoted as a®’b = sym(a ® b). The linear mapping between tensors of order two is denoted by A = B[C].
The transpose of second-order tensors is denoted by 7. The inverse of a fourth-order tensor A is defined by AA~! =1,
with [ being the identity on the (sub-)space at hand. The jump of a tensorial field at a singular surface is [o] = ¢* — o™,
with e* and e~ being the right-sided and left-sided limit of e respectively. The volume average of a tensor field is
denoted as (e) := /v edV /V. If the averaging operation is only done on a subvolume V¢ C V, the subvolume is explic-
itly stated as ()¢ := /. edV/V<. The partial derivatives of tensor fields with unidirectional spatial dependency with
respect to the corresponding coordinate are denoted by A(y) := 0A(y)/dy. Summation over tensor indices is implicit,
however a direct tensor notation is preferred throughout this text. The summation over other indices is explicitly
stated. Vectors and Matrices are single and double underlined respectively. Matrix inverses and transposes are denoted
with e~! and e7.

2 | THEORY

2.1 | Kinematics

The geometric linear theory is based on the infinitesimal strain tensor € = sym(H), that is, the symmetrization of the
displacement gradient H = grad (u). The strain tensor is additively decomposed into an elastic part and a plastic part,

that is, € = €. + €,. The elastic part & contains the lattice deformation due to elastic stretching, whereas the plastic part
€, captures the lattice deformation due to glissile dislocation movement. In the context of classical crystal plasticity, the
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plastic strain tensor reads

&p = ZyaMa, 1)

o = / 7t @)

Here, y, are the unsigned plastic slips, in the following called slip parameters. These parameters are non-negative by
definition, as they are obtained by integrating the corresponding nonnegative slip rates y, € Ry resulting to monotonic
functions y, € Ry. The direction along which the slip occurs is given by the signed Schmid tensors M, = d, ®° n,, which
characterize the slip systems by their slip plane normals n, and the slip directions d,. Note, that two Schmid tensors are
assigned to each physical slip system to account for movement in two opposite directions, so that the number of signed
slip systems N doubles the amount of physical slip systems [3].

2.2 | Field, constitutive and constraint equations

We are interested in quasi-static processes with vanishing force and moment densities, for which the balances of linear
and angular momentum simplify to

div (o) = 0, (3)

c=o'. (4)
The Cauchy stress tensor o and the infinitesimal strain tensor € are connected by the invertible, affine maps

o =Cle —g], (5)

£ =S[o]+ &, (6)

where C and S are the stiffness and compliance tensor, respectively, with CS = IS, where IS is the fourth-order identity
tensor on the subspace of symmetric second-order tensors.

The evolution of the plastic strain tensor can be described in two different ways. First, the rate-dependent approach
models a visco-plastic evolution by describing the evolution law for the plastic slip parameters. Alternatively, the
rate-independent approach introduces scalar yield functions ¢, and critical shear stresses z¢, for all N slip systems

Qo =My -0 —1C4, (7)

which form a system of equations to be solved incrementally under consideration of the Karush-Kuhn-Tucker (KKT)
conditions, cf. [17]

(pll S 05 j/a Z 09 (pllj/a = O' (8)

A systematic approach to extend existing constitutive theories by gradient effects is proposed by [6]. Using the principle
of virtual power, the field equations, that is, the standard balance of linear momentum, the micromorphic balance and
their respective boundary conditions are derived.

This scheme is applied to crystal plasticity and the plastic slips are chosen as the micromorphic variables to carry
the gradient effects. The scalar-valued micro stresses 7, and vector-valued micro stresses &, are then introduced as the
work conjugate quantities for the plastic slip rates 7, and their planar gradient V7, which are coupled via the microforce
balance [11]

M, - o +div(E,) — 7, = 0. )
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FIGURE 1 Periodic two-dimensional two-phase laminate with finite corresponding unit cell.

Note, that the subscript letter in V,, refers to the planar part of the slip gradient. This is not to be confused with the
letters meaning in &,, where it refers to the plastic part of the infinitesimal strain tensor. For the constitutive relations of
the vector-valued micro stresses we assume

ga = Kg,avp(%x - J/;), (10)

VpYa =T —n,Q@ny)Vy,. (11)

Due to the usage of unsigned plastic slips, the gradient stress involves the difference of the plastic slips corresponding

to different slip directions. For any given signed slip system «, we denote the opposite slip system with a. Although
the gradient fields, that is, the plastic slips, are scalar quantities, we can account for directional information by distin-
guishing their slip directions. These opposite directed slips can interact, limiting the influence of the gradient variable
during cyclic loading. This circumvents the conceptual difficulties arising in theories with one scalar plastic field which
is discussed by [32]. Under monotonic loading the influence of the gradient field is still unlimited, in the sense that
the back stress does not saturate. This can be circumvented by using, for example, a formulation based on saturating
variables [1].
Analogously to above, modified yield conditions ¢, are formulated for all slip systems

Qg 1= Ma -0+ diV(fa) — TC,a» (12)

which must comply with the KKT conditions. For a detailed derivation and discussion of the thermodynamic consistency,
see, for example, [5].

2.3 | Laminate mechanics

In this article, a laminate is a d-dimensional structure denoted by /3, whose properties are translationally invariant in d-1
orthogonal directions as depicted in Figure 1. The remaining direction is called the lamination direction and denoted by
n. This definition includes materials with continuous properties but also the classical multiphase composites consisting
of distinct phases. Points at which the property fields are differentiable are called regular points in contrast to singular
points, where the fields are not differentiable. Due to the unidirectional spatial dependence, the singular points form d-1
dimensional planes which separate the regular domains between them. In the following, the planes of singular points are
called interfaces and denoted by S and the regular volumes are layers or phases.

In general, this translational invariance implies that a tensor field of arbitrary order T can only spatially vary in
direction of n

Tx) =T(x-n) := T(x). (13)
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This implies the following form for the common differential operators

grad (T(x)) = T'(x) @ n, (14)
div(T(x)) = T'(0)n, (15)
curl (T(x)) = eilij’knlei ® e;. (16)

These expressions allow the formulation of two constraints for the stress and strain field within the laminate.

Equilibrium. Evaluating the balance of linear momentum in the layers implies a constant traction vector t = on
on planes parallel to the lamination direction. On the interfaces, the balance of linear momentum additionally implies
[[on] = 0. Combining both domains then gives the equilibrium condition, stating that on is constant at all points inside
the whole laminate

div(c) =0 = on=const. Vx€ B\ S

}o-n = const. Vx € B. 17)
[on] =0vxe S

Compatibility. A similar constraint can be derived for the displacement gradient using the integrability condition
curl (H) = 0, which ensures that the displacement gradient H is integrable to a unique displacement field. The evaluation
states that Hm is layer-wise constant, where m is an arbitrary vector orthogonal to n. At the interface itself, we make use
of its assumed coherency, such that the displacement field is continuous across it. This implies that [H]] = a ® n, that is,
the displacement gradient is rank 1 connected (cf. chapter 2 in [29]). Again, the constraint of the layers and the interfaces
can be combined, yielding the compatibility condition

curl(H) =0 = Hm =const. Vxe B\ S

}Hm = const. Vx € B. (18)
[Hl =a®n = [Hm] =0 VxeS
These two conditions must hold for all laminates, regardless of whether the material properties vary continuously or
discontinuously in direction of n and regardless of the specific constitutive model for the stress.

Since both the stress and the strain measure are symmetric, it is useful to reformulate Equations (17) and (18) for
symmetric tensors, by introducing the subspaces of exterior and interior symmetric second order tensors, denoted by V,
and V|, respectively

VY, ={A, =b®°n|b € RY}, (19)

v” = {A|| |A||n =0}. (20)

The projectors which project onto the subspaces are also known as interfacial operators [13] and decompose any sym-
metric second-order tensor into their exterior, that is, out-of-plane, and interior, that is, in-plane, part by A = P, [A] +
Py [A].

The projectors [P, and P have the following explicit form (cf. Chapter 9 in [18])

P, := %(n®1®n+(n®1®n)TR +m®I®N" +(n®I®N™)—n®nnn, (21)

]P)” = HS -P,. (22)

. . . . ”» . T T
Here, o', oTt, and e™» denote the minor right, minor left, and major transposition, that is, Aijil = Ajjik, AiﬂLd =

Ajir, and AZ;{”I = Auj. By construction, they possess the usual projector properties of idempotency, orthogonality and
completeness
P =P,P, (23)

Py =PyPy, (24)
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0=P,P, (25)

HSZPJ_ +P||. (26)

These projectors can be used to express the equilibrium and compatibility conditions, which state that the out-of-plane
part of the stress tensor and the in-plane part of the strain tensor are constant, compactly by stating that the stress and
strain fluctuations lie in the orthogonal subspace

Pil6 —(6)]=0= 06— (o) €V, @7

Pile —(e)]=0=e—(e) € V,. (28)

A thorough discussion of these subspaces is given by [12]. For the exemplary case d = 3 and n = ey, the stress and
strain tensor have the following form, where the spatial dependency of the components is explicitly stated

o1 012 013 en1(x) €12(x) €13(X)
6(x) =[ 012 622(%) 023(X) |, EX) S| enn(x) e 2
o013 023(X) 0633(%) en3(x) €33 €33
2.4 | Stress and strain localization

We seek the relationship between the macroscopic stress ¢ and macroscopic strain €. In the absence of cracks and pores,
the effective quantities are the volume averaged fields

In the case of an affine constitutive relation for the stress, such as small-strain elastoplasticity or thermoelasticity, the
localization can be expressed as the affine maps

£(x) = Ax)[e] — alx), (29)
o(x) = B(x)[c] — bx), (30)

where A and B are the strain and stress localization tensors and a and b are the strain and stress fluctuations, which
vanish for the linear elastic case. In general, the tensor fields depend on the material properties and on the inelastic strain.
Closed-form expressions for these tensors are generally not accessible due to the high complexity of the microstructure.
Note that the complete knowledge of these tensors corresponds to the complete solution of the problem.

An exception to this is the periodic laminate for which the exact relations were derived by [12]. In the original deriva-
tion by [12], the presence of interfaces is required to introduce the subspaces ¥, and V. This is not necessary, since the
subspaces can be motivated in their absence using only the translational invariance of the structure normal to the lamina-
tion direction as discussed above. Once the subspaces for the stress and strain fluctuations are motivated, the localizations
can be derived to be ([12] or Appendix A)

£ = (SZ + K(K)"(KC))[€] + KC[e,] — K(K) (KCle,]), (31)
o = (CK + Z(Z)(ZS))[o] ~ Zlep] + Z{Z) (Zlep)), (32)
where the auxiliary tensors can be expressed with the generalized inverse o' as

K :=(P.CP.)", st. KP,CP,) =Py, (33)
Z .= (]P)”S]P”)T, S.t. Z(P”S]P)”) = ]P)”. (34)
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These auxiliary tensors also appear in the context of interfaces [31] and can, for example, be used to express the jumps
of the strain and stress tensor at an interface between two elastic solids in terms of the one-sided limits

el = -K=[C] (7] (35)
loll = -Z=[S][o7]. (36)

Additionally, K can be expressed in terms of the acoustic Tensor Ly = Cyin;n; by 4K = Ll.‘kl njn; + Lj‘klnl-nl + L;lnjnk +
L}.‘llni ni. The auxiliary tensors are interconnected with the stiffness and compliance tensors by

CK +ZS = KC +SZ = I. (37)

A thorough discussion of the auxiliary tensors is given by [13] as well as [31].
Comparing coefficients with Equations (29) and (30) yields the localizations tensors

A = SZ + K(K)(KC), (38)
a = —-KC[¢,] + K(K) (KC[e,]), (39)
B = CK + Z(Z)'(ZS), (40)
b = Zley] — Z(Z) (Zlgp))- (41)

This result is valid for arbitrary functions of the stiffness and eigenstrain tensors in the form C(x) = C(x) and ,(x) = £,(x),
that is, as long as their translational invariance normal to n is preserved. Inserting the strain localization into Hooke’s law
and making use of Equation (37) yields the local stress field

o = Cle — &]
= C[A[£] - a — &]
= CA[g] - C(I® — KC)[ep] — CK(K)(KClep])
= CA[e] - Zlep] — CK(K) (KCl[e,]). (42)

We focus on material systems with M distinct phases, such that the stiffness is piecewise constant but the plastic strain
is inhomogeneous. Splitting the averaging operator as follows

d 1
@=Feer o=y [ e (43)

and using the linearity of integration, the last term in Equation (42) can be rewritten as
M
CK(K)"(KClep]) = CK(K)*ZC”K”(C”[(.SP)”]. (44)

n=1

This motivates the introduction of the phase-wise constant auxiliary fourth-order tensor

Y7 = (K)TKC, (45)
which allows to express the local stresses as
M
o = CA[Z] - Zlgy] - CK ) Y'[(g,)"]. (46)
n=1
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FIGURE 2 Phase-wise mapping between physical position x and the dimensionless coordinate z. The mapping of phase 1 (dashed,
blue) and that of phase 2 (dotted, red).

2.5 | Matrix formulation

In order to derive a system of equations which describes the evolution of the plastic deformation, we proceed as follows.
Inserting the local stress Equation (46) and slip system based plastic strain tensor Equation (1) into the yield functions,
Equation (12) reads:

N,
R R ]
p=1

M N,
- M- CKEY lw lZMg@gwl ] + div (Kg,avg?a(yf _yE )) — (47)
=1 p=1 * ’

Here, the superscript indices &,# € N are introduced to distinguish between different phases. Additionally, the subscript
indices a, § € N are used to denote tensors associated with different slip systems within the phases. For instance, the
stiffness tensor within phase & with & = {1, ... , M} is therefore denoted by C¢. The slip system specific quantities within
phase ¢ require the additional index @ with @ = {1, ... ,N;}, where N; is the number of slip systems within phase &.
The Schmid tensor of the ath slip system within phase ¢ is thus denoted by Mf, for example. Additionally, we split
up the averaging operation of the plastic strain tensor into averages of the phase and slip system specific plastic slips,
that is,

NH r] Nﬂ’
(ep)" = <ZMZVZ> = Y Mi(rl)". (48)
a=1 a=1

We concatenate all yield functions of all slip systems from Equation (47) into the vector ¢ € R with the total number
ofslipsystem N = N1 + N + - - - + Ny, thatis, ¢ = {97, 95, ... ,(pAN4M }. Analogously, the vectors y, y” and (y ), correspond-
ing to the slip parameters, their second spatial derivative and their phase-wise mean are assembled. Since the function
domains of ¢ (x) are different, we make use of the following phase-wise coordinate transformation from the position x
to the non dimensional coordinate r € [—1, 1]

¢
x=x*+ T%, (49)
where xf and L¢ are the coordinates of the phase center and the phase width, respectively. This maps the phase centers
to r = 0 and the phase boundary to = = —1 and = = 1 as visualized in Figure 2.

The linear transformation directly implies the following relations

ffo) =g W), (50)
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Eo NI dzfg(f) _ dzgg(x) dx\? _gg w( L ? 51
fr@)' = iz - ae (d_7:> =g x) <7> , (51)
1 Lf/2
FEf =1 [ fode= = [ geodx = (@) (52)
2/ L ) e

This allows the formulation of the vectors in terms of the nondimensional coordinate 7 as

ri(t) @ (ri (@)
Y@ = 7/21@ L yzl('f)” L ) = <Y21(.T)>1 (53)
7, (@) I, (D" (ry,, (O™
The yield functions can then be expressed by a vector-matrix notation
PO =-A @O +B " -C () ¢ (54)

where the coefficient matrices A, B, C € RV* are assembled from the corresponding prefactors and the vector ¢ € RV
collects the remaining terms. The structure and properties of A, B, C and c are briefly discussed in the following with

more details in Appendix C.
The matrix A has a block diagonal structure consisting of the symmetric submatrices A° € RNe*Ne which couple the

yield conditions within the same phase. The matrix A and the components of its submatrices AF are given by

A =block-diag(4', 4%, ... ,AM), AL =M - Z°[M;), (55)

The matrix Bmodels the contribution of the vector-valued stress towards the yield functions and therefore captures the
gradient effects. The structure of Bis again block-diagonal with submatrices B¢ € RN*N: which are block-diagonal them-
selves due to neglected interaction between the dislocation pileups of different slip systems. Note, that the slip gradient
within the same slip system can interact, which couples the slip system a with its opposite E, such that the block-matrices
within B¢ are € R

The matrix B and the components of its submatrices B¢ are given by

. 2\?2
B =block-diag(B", B, ... .BY), B}, = Kg’a<1 — - n)2)<E> Oups (56)

where ¢, accounts for the coupling between different slip direction of the same, which is defined as

1, for f=a
Oup =4—1, forp=a (57)
0, else.

In order to arrive at the compact form from Equation (56), we make use of the differential operator for unidirectional
fields (Equations (14) and (15)) to find

div (Kg,av;ayj) - Kgadiv<(1 . @nd)Vy )
= K, div(( - n} @ ny'n)
n
= K, (- ni @niyr'n) - n

"
= Kga(l - - n)2>yj . (58)
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From Equation (58), we conclude directly that in slip systems with slip directions parallel to the interfaces, the back stress
vanishes. This is a direct consequence of the chosen gradient energy in combination with the translational invariance of
the plastic slip fields, which prohibits slip gradients perpendicular to the lamination direction. This result is also intuitive
as the glide length increases infinitely in those slip systems.

In contrast to A and B, the matrix C has a dense block-structure consisting of submatrices C" € R¥<*N: which, in

general, are dense themselves. c therefore introduces a coupling between the yield conditions of the different phases. The
diagonal submatrices C*¢ are symmetric and for the off-diagonal submatrices, the relation ¢fC" = ¢/(C")" holds, such

that C is only symmetric if all lamellas are of equal width. The matrix C and the components of its submatrices C*" are
given by - -

[ Cll ClZ . ClM_
E21 Ezz . EZM
= = = ,cj’;, =M, - CEKEY"[M]] = M, - CEK(K) K"C"[M])]. (59)

o
I

oML oMz . oMM

Lastly, the vector c is assembled from the subvectors g§ € RM:. In contrast to the matrices, the vector is not constant
as it includes the contribution of the effective strain

Ko}

c=|" | ¢ =15, — M; - C°A°[z]. (60)

Note that the coefficient matrices A and C constant due to the restriction to phase-wise constant stiffness and Schmid

tensors C¢ and Mf, If we additionally assume phase-wise constant Ké,a,

as the following solution procedure exploits the linearity of Equation (54)and the constancy of the coefficient matrices A, B

Bis constant as well. These properties are required

and C. For the same reason the functional dependency of con y is limited to be affine, such that the hardening mechanisms
are limited to linear ones. The extension to include hardening is straight forward and described in Appendix B.

2.6 | Solution procedure

In this section, a constitutive integration algorithm for the spatially inhomogeneous plastic slips is proposed. To this end,
we formulate the yield conditions for all slip systems in all phases incrementally and set them to zero, such that

!

PN+ A =0 = ANy +BAY" =C(An)+A =B+ C (M +e (61)

Here, the superscript ()" is used to denote functional quantities from the previously converged step and A(e) denotes
the functional increment. The slip parameters must fulfill the discrete KKT conditions given by

pOAy =0, <0, Ay >0, (62)

where O is the element-wise product and the inequalities state that the vectors ¢ and Ay are element-wise nonpositive and
nonnegative, respectively. The solution of Equation (61) under consideration of Equation (62) requires special attention
for two reasons.

Firstly, analogously to the classical, that is, nongradient, formulation of rate-independent crystal plasticity, the set of
active slip systems is not known in advance, such that an active set search is required to determine a suitable set of active
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slip systems iteratively. In order to derive at a discrete system of equations, we assume that the slip system activity, that
is, the signs of the yield functions and slip increments, is phase-wise homogeneous. This allows the computation of the
plastic slip by only considering one set of yield functions in each phase. For the active set search, we make use of the
algorithm proposed by [27] to find an active set based on the values of the yield function and slip increment evaluated at
the phase center. Secondly, Equation (61) is classified as a system of coupled second-order Fredholm integro-differential
equations (FIDE) for the slip parameter increments, since the increments itself, their second spatial derivative as well
as their spatial mean as an integral quantity, appear. Its solution are nonconstant functions which are required to fully
describe the laminates state, and will be discussed in the following.

The set of currently active slip systems uniquely defines the matrix L : ¢ — ¢ which extracts the yield functions
of the currently active slip system @ from the full yield function vector . Similarly, the inverse mapping is given by
LT : A7 — Ay.This maps the solution increments Ay from the active set back to the full vector Ay. Inserting the relations

o=Lg. (63)
Ay =L" A7, (64)
Ay" =L" A}, (65)
(Ay)=L" (A7), (66)

into Equation (61) results in the reduced FIDE system for the currently active set

~LAL'Ay+LBL'A7" =LCL(A7)+LA " -

~—— N~—— ~——
A B

c

|1t
|1

rMHLC (M +Le (67)

As a consequence of the properties of A and B (cf. Appendix C), the solution of Equation (67) can be stated explicitly
as a hyperbolic series, which will be motivated later

Ay(r) = Aa+ ) Ab, cosh(@) + Ad, sinh(;7) = LT A7. (68)

i=1

By recursion, it is clear that the solution of the previous step can be expressed in the same way, as it is a sum of
increments with the shape of Equation (68), such that

y"(e) = @ + ) b} cosh(Qi7) + d' sinh(7). (69)

i=1

Here Aa, Ab,, Ad,,a", b}, d € R are coefficient vectors and Q; € R the frequencies of the hyperbolic functions. We want
to determine Ag, Ab., Ad. and €; by solving Equation (67). This is done using the direct computation method, which
transforms integro-differential equations into a system of ordinary differential equations and algebraic equations [19].
The generalization to systems of Fredholm integro-differential equations is, at least for this application, straight-forward.

For this, the incremental solution is additively decomposed into three parts which all solve Equation (67) for different
right-hand sides. This is possible due to the linearity of the equation. The Fredholm integro-differential equation can thus
be rewritten to the equivalent system

AZI + AZZ + AZ3 = AZ, (70)
~A A7, +BAT =0 7D
~A87,+B AT =LAG g LB/ o
~AA7, +BAT =, +AT, 4 M) FLAG L () FLe @
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The function Ay is the homogeneous solution of the corresponding ODE and the functions A7_and Ay are the partic-
ular solutions for the nonconstant and the constant right-hand side, respectively. The split of a function 1nto aconstant and
nonconstant part is not unique. Here we make the obvious choice, which results from the general solution, see Equation
(68). Note that the emerging system is only explicitly coupled, such that Ay Ay and Ay can be computed consecutively.

Additionally, the linearity of Equation (68) allows for closed-form express10ns of t the functions Ayl Ay and Ay ,
which is outlined in the following. The function Ay is the homogeneous solution from the ODE of the active set

-A Ay + BAj" =o0. (74)

-A®+Bo (W)’ =0 (75)

Here, the matrix @ contains the generalized eigenvectors and the diagonal matrix (1\)2 contains the generalized eigenval-
ues of the pair (A B). Due to the block structure of A and B the eigenvalue problem is decoupled for all phases, such that
d> and (A)2 are block- diagonal as well

O :=diag(@, @7, .. . @Y), O =[4. ¢, ... ], (76)

(A 1= diag(AD2 A% oo AM2), (092 = diag( D2 (AP 0 ), (77)

with ®¢ and (Af)? being the generalized eigenvectors and eigenvalues of (A¢, B%). Since A and B are both positive

semi- deflnlte the generalized eigenvectors are orthogonal, that is, CI)_1 = CDT “and the generahzed elgenvalues of (A B)

are nonnegative. The components of the root A := , /A% which is diagonal as well, can be assumed to be nonnegative

without loss of generality.
In the following, the emphasis is placed on positive definite A and B, resulting in A being regular. In this case, Ag?l

takes on the following form

Azl = ® cosh(A 7) a + ® sinh(A 7) B (78)
=)' ¢ cosh(dit) ai+ ¢ sinh(4i7) . (79)
- —i =i
The coefficient vectors ¢ and f can not be determined from Equation (71) and will be determined when incorporating

the boundary conditions for the plastic slips.
The function Af/z is obtained from Equation (72) by choosing an ansatz of the same type similar to the forcing term

[
bS
>
R
+
o3
>
L
Il
lly
[
X
[
)
J
||t~<
J1ss]

Z . (80)

y"—a"= ) b" cosh(7) + df sinh(Qi), (81)
V" =Y Qb7 cosh(Qyr) + Qd} sinh(Q7). (82)
This motivates the following ansatz for Ay,

Ay, = 29 ¢ cosh(Q7) + @ IS sinh(Q;7). (83)
= =
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Inserting Equation (81) to (83) as well as Equation (75) all into Equation (80), and combining terms with the same
frequency yields

o

Y (Bo- A+ QDIe - L A — L BODE! ) cosh(@e)

i

+ D (BO- A+ QD - (LA - LB )sinh(@1) =0 (84)

Due to the nonadditivity of the exponential map, in Equation (84) each term must vanish by its own, resulting in the
decoupled equations

O-A*+ QDI - (LA -LBQ)b' =0, VieN, (85)

d =0, VieN. (86)

o |1t
&

Q
(-A+ Q) - (LA -LBQ

This gives explicit expressions of the unknowns I'; and I
2 — -1 2 .
[=@1-A)"@'B (LA -LBO)b. VieN, (87)

2 — ~—1 2 .
I =(gi%—éz) 'o™B LA -LBQ)Hd, VieN (88)

As mentioned above, this procedure assumes the regularity of B. This is equivalent to stating that the slip plane normal

vectors of the active slip systems are not parallel to the lamination direction (cf. Appendix C). The back stress in those
slip systems vanishes as shown later, such that we exclude them from the active set during the computation of AZZ which
contributes to the back stress.

For the next step, we consider Equation (73). Again, we choose a constant ansatz corresponding to the type of the
right-hand side. The integral terms of the already discussed solution increments and the solution vector of the previous
time step can expressed analytically:

(A47,) = D(cosh(AD))a, (89)
(A7) = Y\ D(cosh(@m)L, (90)
(y") =a"+ ) (cosh(@r)) b7, (1)

i=1

where the means of the hyperbolic sine vanish due to the symmetric integral bounds (Equation (52)) and the means of
the hyperbolic cosine evaluate to:

(cosh(A1)) = A™'sinh(A), (92)

{cosh(Q;7)) = Ql sinh(Q;). (93)

Since A;73 is constant, its derivatives vanish and its mean is the function itself, that is,

(A7) = A7, (94)

AP =0 (95)
such that A;73 can be computed from Equation (73) as

(96)

It~
o
<
Z
+
1t~

=3
. AN

A7, =-A+0O7'C(P(cosh(An)a ~(A+O)7'C (A7 ) +LAa" +

~
term 1 term 2
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Note, that Ay _is additively composed of two terms. The latter, term 2, involves only known terms, whereas the first
term still has the unknown contribution from the homogeneous solution.

Now that all solution increments are computed, we can determine those unknowns « and f using the boundary
conditions at the interfaces. In the case of a microhard interface, we can determine the coefficients directly from the
incremental solution

A7(-1) = ®cosh(A)a — @sinh(A)f + D @ I¥ cosh() — ) @ [¥sinh(Q) + A7, =0, (97)
Ay(+1) = @ cosh(A)a + Psinh(A)f + Y @ I¥ cosh(Q;) + ) @ I¥sinh(Q) + A7, =0. (98)

Note, that the assumption of microhard interfaces is not an inherent limitation of the proposed formulation. Instead
the equations for determining the coefficient vectors a and f from the general incremental solution need to be modified.
Consider the exemplary case of microfree interfaces, with ;anishing vector-valued stresses and consequently vanishing
slip gradient. Here, Equations (97) and (98) are superseded by 7'(+1) = 0, leading to « = f = 0, that is, a homogeneous
slip distribution, which corresponds to the classical, nongradien_t enhanced solution. To account for more complex grain
boundary behavior with slip system coupling and slip transmission [5], @ and f are obtainable from the grain boundary
yield conditions which are introduced at the N interfaces of the N phase laminate.

Lastly, the coefficient vectors of the general solution (Equation (69)) are updated for the next simulation step
according to

gn+1 - gn +£TA]73, (99)

b =b+ L@ +A LT a, (100)
== Jji = —i

& =d + L'®7+A LY fi (101)

Here, A is an assembling operator which assigns the contribution of the homogeneous solution to its corresponding
frequencyj and works as follows: If the eigenvalue is already in the set of eigenvalues, that is, Ax € {Q;}, we add the
contribution to its corresponding frequency. Otherwise we update the set of eigenvalues to include A; and initialize the
corresponding vectors b}*! = L'¢ acand &t = L' f.

In the described algorithrn,_all fields besides the plastic strain are assumed to be phase-wise constant, which allows for
a compact notation of the incremental solution. Conceptually, the approach remains the same if we allow continuously
varying fields in the phases, with the major difference being that the varying properties result in nonconstant coefficient
matrices A, B and C. However, as the linearity of the FIDE is preserved, a split of the solution vector can still be employed.
The majo?cﬁallenge lies its computation which requires a scheme for solving ODE systems with nonconstant coefficients,
which is beyond the scope of this work.

3 | NUMERICAL EXAMPLE: INFLUENCE OF THE LAMELLA WIDTHS

To investigate the influence of the lamella widths, we consider the following model problem of a laminate with two phases
and n = e; subjected to a macroscopic shear deformation of the form €(f) = £(¢) e; ®* e;. Each phase has one slip sys-
tem with slip plane normals and slip directions of the form nf = —sin(y*)e; + cos(y®)e, and d‘f = cos(y®)e; + sin(y®)e,,
respectively. The chosen set of slip systems is defective, such that the macroscopic strain can, in general, not be realized by
a linear combination of the Schmid tensors. This leads to an apparent hardening in the macroscopic stress-strain curve.
In order to study the influence of the length in the hardening by itself, we align the systems with the macroscopic strain.
To circumvent the edge case where A becomes singular, we introduce a small misorientation of +1°. The elastic constants
of phase one resemble those of coﬁ)er, while the constants for phase two are half of those to introduce elastic hetero-
geneity. The remaining material parameters are taken from [5]. All parameters are listed in Table 1 The widths of the
lamellas are equal, L! = L? = L, and varied over a wide range in order to investigate their influence on the mechanical
behavior.
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TABLE 1 Material parameters.

Parameter Cun Cuz Cinz Tc K, "4

Phase 1 169.0 GPa 121.0 GPa 140.0 GPa 10.0 MPa 84.0 uN +1°

Phase 2 84.5 GPa 60.5 GPa 70.0 GPa 20.0 MPa 84.0 uN —1°
80

—— L=5x%x10"2 mm

—— L=5x%x10"% mm

40 L=5x10"% mm
Q:f —— L=3x10"% mm
—_
= / —— L=2x10"* mm
g Op-f---==""= T e T T T T T -
3 i
S |
|
—40 ;
|
|
!
—80 I
—0.002 —0.001 0 0.001 0.002
€12

FIGURE 3 Comparison of the effective stress-strain curves of a periodic laminate with different phase widths under cyclic shear
deformation.

Figure 3 shows the macroscopic stress response for cyclic shearing in the range £, € [-0.002, 0.002] for different
lengths. All stress-strain curves show a closed hysteresis with kinematic hardening. The kinematic hardening, shows a
strong size-dependency and decreases with increasing lamella widths. For L = 5x 107> mm and L = 5 x 10~ mm, the
stress strain curves coincide for all practical purposes, indicating that coarsening the lamellas beyond that has no further
effect on the macroscopic behavior.

Generally, up to three states can be identified based on the slip system activity. In the stress-strain curves, the states
correspond to sections with distinct slopes do1, /deq,:

« State I: No slip system is active and both phases deform elastically. This state occurs during the initial loading phase
up until the onset of plastic deformation and immediately after strain rate reversals.

« State II: Once the yield conditions in the slip system with the lower critical shear stress is activated, the associated
phase begins to yield, while the other phase continues to deform elastically. The effective stress increases further due
to the back stress evolution induced by the inhomogeneous plastic deformation.

« State III: After sufficient back stress evolution in the weaker phase, the slip is activated as well, which is accompanied
with an additional change of slope as both phases deform plastically.

The three states are shown in more detail in Figure 4 where the focus is set on the onset of plastification under
monotonic loading while the lamella widths are varied between L = 1 x 10*mm and L = 9 X 10~* mm.

For the chosen lamination direction and slip systems orientation, the resolved shear stresses in the slip systems
are approximately the macroscopic shear stress, that is, 7° & 51, such that the slip system activation can be directly
deduced from the macroscopic stress response. For o1, < 10 MPa, the behavior is elastic and identical in all cases.
Ato1; = 10 MPa the first phase shows plastic deformation and stage II is entered with differing hardening behavior based
on the phase widths. Once o1, ~ 20 MPa is reached, the second phase deforms plastically as well leading to a further
decrease of the slope do1,/de12. As the phase widths decrease, the macroscopic stress response converges towards the
elastic behavior indicated by the dotted line in Figure 4. Note, that for a given strain amplitude in the case of cyclic load-
ing or maximally reached strain in the case of monotonic loading, state III is only observed below a critical phase width,
where the size-dependent kinematic hardening is sufficiently pronounced to activate the slip system with the higher
critical shear stress.
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30
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FIGURE 4 Comparison of the effective stress-strain curves of a periodic laminate with different phase widths under monotonic shear
deformation.
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FIGURE 5 Comparison of the local distributions of the plastic slip for different phase widths L at £,, = 0.002.

Next, we investigate the influence of the lamella width on the local distributions by comparing the plastic slip at
€12 = 0.002 which is depicted in Figure 5.

As mentioned before, stage I1I is not reached for lamella widths L = 5x 107> mm and above, such that the phase
with the higher critical shear stress remains elastic with no plastic deformation. Although the macroscopic behavior
does not change for L = 5x 103> mm and above, the local distribution of the plastic slip undergoes a transformation
from a rectangular shape with a wide plateau (L = 5 x 107! mm) to a parabolic shape (L = 5 x 10~ mm). At first, this
mean-preserving redistribution of the plastic slip from the lamella boundaries towards the phase center leads to higher
plastic slip at the phase center. Only upon further decrease of the lamella width, the plastic deformation is hindered,
leading to a decrease of plastic slip, which is accompanied with an increase of the effective stress. This increase eventually
leads to activation of the slip system with the higher critical shear stress (L = 5 x 10~* mm). As the lamella width is even
further decreased, the plastic slip converges towards zero, which is evident macroscopically with the convergence of the
stress response towards the elastic limit.

4 | DIMENSIONLESS QUANTITY FOR THE SPATIAL DISTRIBUTION

In order to gain a more general understanding, we derive the underlying dimensionless quantity governing the spa-
tial distribution of the plastic slip. For this, we consider a M-phase laminate with microhard interfaces each with one
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active slip system only, such that we must only differentiate between the different phases but not between multiple

slip system within each phase. In this case, the plastic slips for £ =1, ... ,M in each phase have the following spatial
distribution
h(Q*
y‘f(r) o <1 — M) (102)
cosh(Q)

The distribution is zero at the interfaces, that is, at 7 = +1, and in between governed by the dimensionless parameters
QFf, the roots of the generalized eigenvalues of the corresponding ODE. Due to the assumed single slip in each phase, Q¢
has the following closed form expression

S . TETME &
of = M - ZS[MP) +h ’ (103)

k(- ) (2)

which depends on the local material properties, the orientation relative the lamination direction as well as the phase

width. The expression is bounded by
he L8 ;
—— < Q° < o0, (104)
K; 2

with the lower bound corresponding to slip systems with slip plane normals orthogonal to the lamination direction.
The upper bound is, regardless of the (finite) phase width, given in slip systems with slip plane normals parallel to the
lamination direction.

The qualitative shape of Equation (102) is bounded by a parabolic and a rectangular distribution for small and large
QFf, respectively, such that the following holds

lim y%(7) x (1 — 7%) (105)
Q>0

im 7% z
szlfl_ery (1) rect< > ) (106)

Here, the rectangular function rect(%) is used which is equal to one if |z| < 1 and zero everywhere else. From the dis-
tributions of y¢, we can derive the qualitative distribution of the back stress, which is proportional to y¢”, as well as its
bounds

¢
T cosh(Q T), (107)
cosh(Q%)
lim y¢"(7) « 1, (108)
Q-0
lim (1) x 1 — rect(z). (109)
Qf 50 2

The qualitative distributions of the plastic slip and its second derivative are shown in Figure 6a,b. Note that the bounds
only refer to the normalized shape, where the distributions are normalized by their maximum value, which occur at the
phase center for the plastic slip and at the phase boundaries for the second derivative.

If the gradient contributions in the yield functions dominate, which is the case for Q° — 0, the plastic slip distribu-
tion has a parabolic shape whereas the back stress in that slip system is constant and nonzero. With increasing Q° the
plastic slip distribution approaches the rectangular function as discussed. Additionally, the back stress, which initially is
significant in the whole phase, becomes increasingly constricted to regions near the interface. The limit coincides with
the classical laminate formulation where the fields inside the phases are constant and the back stress vanishes. Note that
the bounding functions for Q¢ — oo are pointwise discontinuous, such that functions inside the phases are constant but
different than the function at the interface.
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FIGURE 6 Qualitative distribution of the plastic slip (a) and its second derivative (b) for different values of QOFf as well as the limiting
cases Q¢ — 0 and Qf — oo. The plots are normalized by their respective maximum value.

5 | SUMMARY AND CONCLUSIONS

In the present work, a gradient crystal plasticity framework has been combined with the exact strain localization of
periodic laminates with multiple distinct phases in order to study the size-dependent mechanical behavior of lamellar
materials. The new approach uses the concentration tensors to access the local strain and stress fields inside the laminate.
This allows for a compact vectorized formulation of the yield functions governing the evolution of the plastic deforma-
tion. The approach has no constraints regarding the macroscopic strain rate and the elastic stiffness tensors of the phases
as well as almost no constraints regarding the orientation of the slip systems. The latter is a direct consequence of using
the planar slip gradient to model the size effect.

This generality opens up the possibility of investigating arbitrary, and therefore also more realistic, material systems.
The main conclusions are summarized as follows:

« The emerging equations for determining the incremental plastic deformation are classified as a system of Fred-
holm integro-differential equations. For linear work hardening, the system can be solved analytically. In contrast
to existing approaches, this new formulation allows for a general solution procedure using the direct computation
method.

« The approach can model the kinematic hardening due to the back stress, induced by the inhomogeneous plastic defor-
mation, under monotonic and cyclic loading. The numerical study shows a strong size-dependent kinematic hardening
which decreases with increasing lamella widths.

« The kinematic hardening depends not only on the lamella widths, but also on the orientation of the active slip systems.
Even for small lamella widths, the back stress, and therefore the kinematic hardening, vanishes in slip systems with
slip plane normals parallel to the lamination direction.

« A dimensionless quantity governing the qualitative distribution of the plastic deformation and back stress is derived.
For microhard interfaces, the qualitative distribution of the plastic slip is bounded by a parabolic shape in the case
where the gradient contribution dominates, and by a rectangular shape, when the gradient contribution vanishes. The
limiting distributions for the back stress are constant, but nonzero, and zero, respectively.

The generality of the presented framework makes it a suitable approach to be applied in multiscale simu-
lations of lamellar materials, where the material behavior of the individual phases is not resolved numerically
but, instead, the mechanical behavior is modeled using the proposed approach. To account for more complex
grain boundary behavior, the existing framework can be extended by considering additional yield conditions at the
interfaces.
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APPENDIX A. DERIVATION OF LAMINATE LOCALIZATION

The constitutive relation for the stress and its inverse are given by the following affine functions

o = Cle — gp], (A1)
€ = S[o] + &p. (A2)

Volume averaging the local stress and strain fields yields their macroscopic equivalents

Ql
I

™l
I

(o), (A3)
(€). (A4)

The equilibrium and compatibility are expressed using the projectors

6 = (o) +P[c - (o)], (A5)
e=(e)+P.[e —(e)]. (A6)

In order to derive the localization relations, we are interested in closed form expressions for the fluctuations in terms

of macroscopic quantities. This is achieved in the following way.
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Inserting Equation (A5) into Equation (A1) and Equation (A6) into Equation (A2) yields

o =Cl[e] + CP_[e — €] — Clgp], (A7)
€ =S[o]+SP|[c — o]+ &p. (A8)

Rearranging and projecting Equation (A7) onto V; and Equation (A8) onto V) yields
PLCPL[{:‘ —E] = PJ_[E] —]P)J_(C[E] +PL(C[£p], (A9)

P”SP” [O' - E] = P”[E] - ]P)”S[E] - P”[Ep], (AlO)

wherewe use P, [6] = P, [6] and P} [e] = IP|[€]. Next, we define the auxiliary tensors K and Z as inverses of the projections
of C and S onto Y, and V) with respect to those subspaces, that is,

K:= (]P)J_C]P)J_)T, s.t. K(PLCPL) =P, (All)
7 .= (IED”SP“)T, S.t. Z(P“S]P)”) = P”. (A12)

Note that the usual tensor representation of linear maps Sym — Sym as 6 X 6 matrices results in singular matrices, leading
to problems during the inversion. This can be circumvented by calculating the inverses on their corresponding subspaces.
With respect to the lower dimensional bases, the expressions P, CP, and PSP result in regular 3 x 3 matrices. Once
inverted by means of conventional matrix inversion, the corresponding representations as singular 6 X 6 matrices are
found using the projectors V, — Sym and V; — Sym. Alternatively, the same is achieved by using the Moore-Penrose
inverse. Using either approach, we can solve for the stress and strain fluctuations

P, [¢ — €] = K[6] — KC[€] + KCle,], (A13)
Pylo — o] = Z[€] - ZS[o] - Zlep). (A14)

Additionally, we average Equation (A13) and Equation (A14) and make use of the subspace inverses to find

P, [o] = (K)(KC)[€] — (K) (KClep]), (A15)
Pylel = (Z)(ZS)[o] + (Z)  (Zlep]). (A16)

Putting these results together, that is, inserting Equation (A15) and Equation (A14) into Equation (A5) and inserting
Equation (A16) and Equation (A13) into Equation (A6) results in

e=t+P e —g] = I® - KO)e] + K(K)(KC)[e] — (K) (KClep]) + KClep], (A17)
6 =0+Plo — o] = - ZS)[o] + Z(Z) (ZS)[o] + (Z)(Zlep]) — Zlep). (A18)

For a shorter expression, we make use of the identity
KC+SZ=CK+ZS=1I5 (A19)
to arrive at the final expression for the localization relationship

€ = (SZ + K(K) (KC))[€] + KC[ep] — K(K) (KClep]), (A20)
o = (CK + Z(Z)Y(ZS))[o] — Zley] + Z{L) (Z]&p)). (A21)

Comparing the coefficients with equations Equation (29) and Equation (30) allows the identification of all localization
and fluctuation tensors given in [12].
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APPENDIX B. EXTENSION DIFFERENT HARDENING MECHANISMS

The extension to account for different hardening mechanism is straight-forward. In order to preserve the linearity of the
Fredholm integro-differential equation, only hardening functions of the following form are investigated

N
& _ ¢ [
TC,a - TCO,a + Zhaﬁ yac,ﬁ’ (Bl)
p=1

where Tf:o , is the initial critical shear stress and hi 5 are the hardening moduli. If all slip system are of the same type, we

can choose a linear combination of isotropic latent hardening and self-hardening, with hardening moduli hf and hf, in
the form

he, = hS+h 6. (B2)

Independent of the explicit form of the hardening moduli, Equation (B1) can be assembled into matrix vector notation
yielding the hardening matrix H

H = block-diag(H', H2,--- ,H),  HS =h, (B3)
which modifies the vectorized yield conditions to be
¢=—A+H) y+By"-C(y)-c (B4)

The subsequent solution procedure using the direct computation method, described in Section 2.6, is not affected. In
contrast, the extension to nonlinear hardening is not straight-forward. If the full nonlinear relationship between the
critical shear stress and the accumulated plastic slip is considered, the FIDE becomes nonlinear, which prohibits the
incremental solution using an hyperbolic series. If we instead approximate the nonlinear relationship incrementally by
a linear one, the hardening matrix becomes spatially nonconstant due to different hardening moduli at different posi-
tions, leading to a nonconstant coefficient matrix H(r) in the FIDE. This also prohibits the solution using the proposed
method.

APPENDIX C. PROPERTIES OF THE RELEVANT MATRICES

Here, we show that the active set matrices A, H, B and C, which are the equivalents of A, H, B and C when defined for the

active set only, are positive semi-definite (E.s?i.)_and under which conditions they even are positF/e-definite (p.d.). The
active set matrices are obtained by “deleting” the rows and columns associated with inactive slip systems. Since 4, H, B

have a block diagonal structure, it is sufficient to show that its submatrices A%, H¢, B® are p.s.d., which will be done in the

following:
For A to be p.s.d, the following has to hold:

X' A x =) (Mix,) - Z51 ) Mipxs] > 0, Vx. (C1)
< - -
Ef—J %/—J
=E :=E

Due to semi-positive-definiteness of Z, we can directly conclude that A is always at least s.p.d as well. Furthermore, we
can specify when the matrix is even p.d. We see directly that Equatior? (C1) equates to 0, if at least one of the following
two conditions is met. Either the active slip systems are redundant, that is, nontrivial linear combinations of the Schmid
tensors exist that equate to zero, such that E = 0 for x # 0. Alternatively, E itself is an eigentensor of Z corresponding to
a zero eigenvalue, implying Z[E] = 0, which is fulfilled if E € V, .
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In order to have a unique active set, we wish H¢ to be p.d., such that the following has to hold

x" B x= Zxaﬁiﬂxﬂ > 0,Vx # 0. (C2)
= v

With the typical split into self hardening and latent hardening and using the coefficients of the one-matrix, thatis, J,5 = 1,
it follows that

&
Zxahaﬂx,; = Zxa<(hf - hf)éaﬂ + hf],,,; ).Xﬂ
a,p a,p

2
= (h§ - hf)(Zxaxa) + hf(Z%) > 0,Vx # 0. (C3)

e e

>0 >0

For nonnegative coefficients and hé > h'f the inequality is always fulfilled as seen above and H is p.d.

Although, B is block-diagonal, the projection onto the active set results in a diagonal B, since only one slip direction
per slip system can be active at once. Due to the diagonal structure of B we can inspect the matrix components on the
diagonal

B, =K, (1 — n)2><L2§ )2. (C4)

If all entries are nonnegative, B is p.s.d. and if all entries are positive, B is p.d. For finite lengths L¢ < co and kinematic

hardening, that is, Kg > 0, the components vanish only if n ‘n=1, Wthh is the case if the slip plane normal is parallel
to the lamination direction.

Showing the properties of C requires more work, as it is not symmetric in the used formulation, which naturally
arises when inserting the strain localization into the yield functions. Although, the matrices on its diagonal are symmet-
ric, that is, Cf,f; = Cii, its off-diagonal entries only fulfill ¢ C‘i'; = c”CZ‘Z. To remedy this, we multiply the &th block row
of the FIDE system of the active set (compare Equation (67)) by the volume fraction of its corresponding phase ¢¢. This
changes neither the systems solution nor changes any of the statements about A, H, B as they have a block-diagonal

structure, so every block is simply multiplied by a positive scalar. It does however modify Q into Q which is now

symmetric
_én élz . Cle_ [ el Af2 L. l0IM 1
. Ezl Ezz L EZM CZEZI czEzz . CZEZM
g —| = = = — = = = (CS)
éMl CMZ éMM cMC'Ml CMCM2 CMC'MM
From its the components which are given by
ot = MG, - CKE(K) K C M), (C6)

we can see that C‘i’; = é;i does indeed hold. Next we introduce auxiliary tensors Gf, for each slip system « in each phase

.. . NEn -
¢ giving us a shorter notation of C; via

& = G- (K)! G, = FKECE MG, (€7
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The condition for positive definiteness of C reads

Fex= Y Xl = <Zx§G§)-<K>—1 (ZGZxZ) > 0, Vx (C8)
- sanp sa .8
— ——
:=F :=F

Analogously, we can directly conclude that Q is at least p.s.d. since (K)~! is p.s.d. as well. Similarly to before, we can also
conclude, that Q is p.d. if one of the following is true. Either a nontrivial linear combination of Gf, exists, resultingin F = 0

for x # 0, or F is an eigentensor of (K)~!, which is the case if F € V. However, an intuitive mechanical interpretation is
not obvious.
The consequences of this are clear: Since H is p.d., its sum with any p.s.d. matrix such as A, C or both is always p.d.

and, thus, invertible. Furthermore, since A +71 is p.d. and B is almost always p.d. (except wh_en_slip plane normals are
parallel to the lamination direction), the generalized eigenvalues A? are always positive and almost always nonnegative
and, consequently, A is always real. B
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